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Approximate Solutions of Equations
by Using Reproducing Kernel Theory and Tikhonov
Regularization

(FFAEH% & Tikhonov O ERHEHEE FV 7=
FERO LR

S. Saitoh and T. Matsuura (Gunma University)
(BEBRFLF AR, oW 4

e-mail address: ssaitoh@math.sci.gunma-u.ac.jp

1 Introduction

In my talk, I will present prototype examples with figures of the general theory in
this abstract based on [9,10]. At first, we recall a fundamental theorem for the best
approximation by the functions in a reproducing kernel Hilbert space (RKHS) based
on [1,3,8].

Let E be an arbitrary set, and let Hx be a RKHS admitting the reproducing kernel
K(p,q) on E. For any Hilbert space H we first consider a bounded linear operator
L from Hg into H. Then, we shall consider the best approximate problem

(nf |ILf —dll (1.1)

for a member d of #. Then, we have

Proposition 1.1  For a member d of H, there ezists a function f in Hy such
that

. . d — ~_ .
/inf ILf —dllu=|ILf —dllx (1.2)
if and only if, for the RKHS Hy defined by
k(pv Q) = (L*LI{(,Q),L*LI{(,])))HA, (13)
L*d € H;. (1.4)

Furthermore, if the ezistence of the best approzimation f satisfying (1.2) is ensured,
then there exists a unique ertremal function f* with the minimum norm in Hy, and
the function f* is expressible in the form

filp)=(L*d,L*LK(-,p))n, on E. (1.5)
In Proposition 1.1, note that

(L*d)(p) = (L*d, K (- p)) s = (d, LK (-, D)5 (1.6)



that is, L*d is expressible in terms of the known d, L, K(p, ¢q) and H.
In Proposition 1.1, even when L*d does not belong to Hy, the function

a (p)=(d, LL"LK (- p))n (1.7)

is still well defined and the function is the extremal function in the best approximate
problem
inf ||L*Lf— L*d 1.8
fg}{}{ ” Lf “Hxv ( )

as we see from Proposition 1.1, directly.
Proposition 1.1 is rigid and is not practical in practical applications, because, prac-
tical data contain noises or errors and the criteria (1.4) is not suitable.

2 Tikhonov regularization

Let L be a bounded linear operator from a reproducing kernel Hilbert space Hg
admitting a reproducing kernel K (p, ¢) on a set E into a Hilbert space #. Then, by
introducing the inner product, for any fixed positive A > 0

(f7 g)HK(L;/\) = /\(f7 g)H}( + (Lf) Lg)'H) (29)

we shall construct the Hilbert space Hg(L;A) comprising functions of Hg. This
space, of course, admits a reproducing kernel and we shall denote it by K (p, g; A).
Then, we first have the elementary properties:

LEMMA 2.1 The reproducing kernel Ki(p,q; A) is determined as the unique solu-
tion K(p,q; \) of the equation:

. 1, - 1
K(p,¢; ) + 5 (LKq, LKp)u = v K(p,q) (2.10)
with _ _
K,=K(,qX) € Hy for g€ E. (2.11)

Note here, in general, that the norm of the RKHS H,g admitting the reproducing
kernel AK (p,q) (X > 0) is given by

1
1 Ve = 517 W (2.12)

and the members of functions of Hyx are the same of those of Hy.

We shall consider that the reproducing kernel K(p,q) is known and we wish to
construct the reproducing kernel K1 (p, ¢; A). For this construction we can obtain a
very effective method by using the Neumann series. We define the bounded linear
operator L from Hy into Hy defined by

(L) (p) = (Lf, LK) = (L*Lf)(p)-

Then, from (2.10) we obtain directly



THEOREM 2.2 If ||L|| < A, then Ki(p, ¢; \) is ezpressible in terms of K (p,q) by
the Neumann series:

Kio(p,:)) = (1+ f—) K0 = (—-f\i) K@, (1)

n=0

where (I + %)“1 18 a bounded linear operator from Hy into Hy satisfying

e < —

AR
+ 5 (B!

Of course, if the operator L is compact, then we can apply the spectral theory to

the equation (2.10) without the restriction ||L]| < A. In particular, ( + %)™ is a
bounded linear operator and

~\ —1
L 1

Furthermore, we can obtain a further related result. See, for example, [2].

We shall consider the best approximation problem, for any given fy € Hy and
deH:

inf (Mo = £y, + lld - LI, (214

in connection with the Tikhonov regularization for the equation Lf = f.
Then, we can obtain, from Proposition 1.1:

THEOREM 2.3 In our situation, for any given fy € Hix and d € H, the gener-
alized solution f* of the equations

fo=f i Hg

and
d=Lf in H

in the sense

Anf {Alfo = fllh + lld = LFI3}

= Mfo = f*1, +11d = L3, (2.15)
exists uniquely and it is represented by
f(p)
= Afo(-), Kp(,p; A)) e + (d, LK L(+, 05 )24 (2.16)



In Theorem 2.3, in particular, we shall consider the best approximating function,
for f 0= 0

which is the extremal function in the Tikhonov regularization (2.15) for fo = 0.

In general, in the Tikhonov regularization, the operator L is compact and the ex-
tremal functions are represented by using the singular values and singular functions
of the selfadjoint operator L*L. So, the representations are, in a sense, abstract.
From many examples in our situation ([5,6,7]), however we see that

lim K1, (p, ¢; A) (2.18)

and
lim(d, LK1 (p,q; A))u (2.19)
A=+0

do, in general, not exist.

3 Limiting Properties

THEOREM 3.1 For the two best approzimate functions f5 4(p) in (2.17) and
**(p) in (1.7) we have the estimate

1fXa(p) = f3(P)] < (/\HL!I +||LL*LL* ~ III\/—%—:\-) VE@p)ldlx.  (3.20)

COROLLARY 3.2 If LL* is unitary, then we have for the two best approzimate
functions fx 4(p) in (2.17) and f§*(p) in (1.7) we have the estimate

[f3a(p) = fa* (P)| < ALV K (p, p)ld|| (3.21)

which shows that as X tends to zero, f5 4(p) tends to f3*(p) with the order A and the
convergence is uniform on any subset of E satisfying K (p,p) < o0.

For the best approximate function f3*(p) when there exists, we have
a'(p) = (L°d, L*LK (-, p))
= (L*LL*d)(p). (3.22)
For the image of f3*(p), we thus obtain the estimate
ILf&" = dllw < [|ILL*LL* = I|||d]f5- (3.23)

The quantity ||LL*LL* — I|| may be understood as a distance of the operator LL*
from being unitary..

THEOREM 3.3 If L is a compact operator, then for the Moore-Penrose general-
ized inverse [},
lim f3 4p) = fa(p), (3.24)

uniformly on any subset of E satisfying K (p,p) < 0.
- 7 -



COROLLARY 3.4 If g € N'(L)*, then
lim f14(p) = f14(p) = () (3.25)

uniformly on any subset of E satisfying K (p,p) < co.

COROLLARY 3.5 If d € H belongs to R(Hk), then

/1\1_{)1(1) Lfxalp)=d in H. (3.26)
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A linear operator in Hilbert space and its Hyers-Ulam stability
Go Hirasawa, !
Takeshi Miura 2

Sin-FEi Takahasi?

Abstract

This note is-argued with the Hyers-Ulam stability of a linear operator (closed operator) in Hilbert space, and we

also handle a stability problem concerning a (bounded) normal operator: if
IT*T - TT*| <,
then, is there exist a constant K > 0 such that

lIT — NJ|| € Ke for some normal operator N?
1 Hpyers-Ulam-Rassias stability T2 T

1940 £4Z S. M. Ulam 2k ORBE#RH L7,

Ulam’s Problem FE;, By @3 Banach %, f : By — By % approzimately linear map £33, DL %, f O
HELIREER T : Ey = Ey BHEETBHI=00O5M L i3,

D. H. Hyers i 1941 FIZZ OB T 5 1 SOfFE % 5 2 7. %7-, Th. M. Rassias (Z 1978 (= D. H. Hyers
DFERERD X S IZ—fR{b L=,

Theorem 1.1 (D.H.Hyers, Th.M.Rassias) _
€>0,pel0,1) &L, By, Ey, % % Banach /] &55. B8 f:E) — By BT _TD g,y € By, (LT

If (= +9) = f(=) = FWII < elll=lP + [lyl1?)

BT e b,

lIf(z) - Tzl| < ellzll?, (z € Ey)

2
7=
#7=9 additive map T : By — Ep BR—BILHFETH. &61Z, & z€ B X LER t = f(tz), (t € R) BEFET
bivE, T IBBERICRS.

Remark 1.2 EOFHEDOFFHIL p< 0 TOBATS. F/-,p>1 07— THLRITAZ &% 1991 FiZ Z.Gajda
WRL, EBICp=1 CREBVBILARNI EETRLE.

! Department of Mathematics, Nippon Institute of Technology, Miyashiro, Saitama 345-8501, Japan
2 Department of Basic Technology, Applied Mathematics and Physics, Yamagata University, Yonezawa 992-8510, Japan
3 Department of Basic Technology, Applied Mathematics and Physics, Yamagata University, Yonezawa 992-8510, Japan



UL X 5 BHEAFRICETA2EEMDZ L %, Hyers- Ulam- Rassias stability & FREN T 5.
—77, 1998 £, Alsina-Ger N FERX f = f ICHETAROL I REEUOFEREEB TS,

Theorem 1.3 (Alsina-Ger) € >0, J # R OFKMH,
f:J R EWSTEELTS. Z0LE, FED te J ITHLT,

lf&)~ft)l<e

eI
g=g »2 [f{t)-gt) <3, (teJ)

TR g: J - R BFEETS.

COEBEFBRFBERARONLENH G X T, BIEEAFED Hyers-Ulam stability # E#E L THEWERS. D =d/dt
EWMOEREEL L, I #ESERFE L T5 L & Alsina-Ger OFRITKRO LI ICENRES.

(I -D)f(&) <eabiE (I-D)g=0n"2|f(t) - g(t)] < 3e,

ZIICT MO FTRERBIE g BEET D, & 25.
T T :=1-D OREHEEZRLTVAELIEELLND. Zha b &2, Banach ZE/H FOMRAEAZE @ Hyers-Ulam
stability # &L £ 5.

’RD D(T), R(T) W EAERSE T OER, EifizR7.

Definition 1.4 X, Y % Banach & 45.
BAERZ T: X DD(T) = Y # Hyers-Ulam stability & b2 L%, ROFMEHET LI RER K > 0 BHFEET
HILTHD:

ITz —ylly <e

EHTEED ze D), ye R(T), e >0 XX LT,

Ti=y »72 [z —%(x < Ke

L3 i e D(T) BEETS.
IDEE, DX IREHR K & o HUS constant L BV, TD TR Kr % the HUS constant & & 2.

Remark 1.5 FOEHRITKERETHD.
3K >0, Vz € D(T), 3 € ker T ; ||z — &l|x < K|[Tz|ly
HRBIAEMR #E O Hyers-Ulam stability I 2WTIRDFERDBH D.

Theorem 1.6 (H.Takagi, T.Miura, S.E.Takahasi)
Let X and Y be Banach spaces and T be a bounded linear operator from X into Y. Then the following statements

are equivalent.
(i) T has the Hyers-Ulam stability.

(i) T has closed range.



(iii) 77! is bounded.
Moreover, if one of (hence all of) the conditions (i), (ii) and (iii) is true, then we have K7 = ||T™1|).

Remark 1.7 T-' 3 T: X/kerT - Y OHEHRDOZ L TH B,

TIT, HRE IR LWVEREERRONREKS TH 5 & Hilbert 220 H O & CHHB2BEAE D Hyers-Ulam
stability OFBFHTEEX TN Z LITT 5.

T, FMERRORMD 1 203, FAIERR T OEEENR S 7 7 / V5 TEEAITEDIAE - Hilbert 25/ (D(T), ||
llr) Kheaz L THAD.

FOZEMH B Hilbert 25H H ~DFREARLEL L 2 DEAE

To: (D), llr) = H
#* Hyers-Ulam stability #b-2>Z & & T #% Hyers-Ulam stability % &> = v IERMED ?

Proposition 1.8 Let T be a closed operator in Hilbert space. The following conditions are equivalent.

(i) T has the Hyers-Ulam stability.
(3K >0, Vz € D(T), Iz € ker T ; ||z — &|| < K||Tz)))

(ii) Ty has the Hyers-Ulam stability.
(3K >0, Yz € D(T), 3z € ker T ; ||z — Z||l7 < K||Tz|])

ST, KIZ Kaufman ORBVEE L DBERIZOVWTHARCTAD. 757/ AbiL 5 Hilbert ZERizst LT,
(DT 1l - llr) = (M(A), |l - ll4), (de Branges space)
(isometrical isomorphism ) 72T A> 0 B—BIZEETSE. 20 A ZHAWT T 2ROERZR
T=B/A=B/(1-B*B)*? T:Au- Bu, uce€H,
TRELEZON Kaufman DRFEEETH 5.

Theorem 1.9 (W.Kaufman) Let T be a densely defined and closed operator in a Hilbert space H. Then there
uniquely exists a pure contraction B
(ker(1 ~ B*B) = {0}, ||B|| < 1)) such that

T = B/(1 - B*B)'/?,

and conversely, such a contraction B uniquely gives o densely defined and closed operator T.
In this case,
™ — B*/(l _ BB*)l/z,

and T is positive selfadjoint, selfadjoint, normal, quasi-normal, then B is so, the converse is also true.

I OFER L EE S THERE D Hyers-Ulam-stability #Z8& L THh L 5.



Theorem 1.10 Let T be a densely defined and closed operator in a Hilbert space H. It is uniquely represented by
a quotient
T = B/(1 - B*B)/2,

- Then the following conditions are equivalent.
(i) T has the Hyers-Ulam stability.

(ii) Ty has the Hyers-Ulam stability.

(iii) T has closed range.

(iv) B has the Hyers-Ulam stability.

In this case, the HUS constant K1, = Kg.
Remark 1.11 Inclusion map Jg : M(B) - H #H\5 &
Kp=|lJ5"l-
the HUS constant K1, = Kp ®FEH
FH 1.6 ¢ H.Takagi, T.Miura, S.E.Takehasi DR L0, Kp, = |To || € ET L. 22T,

To = BJA: M(A) = H, (kerTo)*4 = A(ker B)*

IEETD &,
K, = 1T I
_ o hlla
h&ranTy “h’“
”g”A

= sup
seer To)ta 1 Togll

vy Ll
g=Au,u€(ker B)L HBUH

Il

= ,T'I’;,“;L%—, (= B = Ka), (ker B): C (ker A)*

— sup | Bulls
wer [Ja(Bu)l|

=175l

, Jg : M(B) = H



2 IE3RTFHEZFD Hyers-Ulam-Rassias stability (22T
Hilbert =/ H LD EHIERZE D Hyers-Ulam-Rassias stability #5 % TH X 5.
- FIEECGE.
T #FRIEAZLL,peR &7T5.
IT*Te - TT || <ellell”, z€H (¢>0)
iebiE, HhHEMREAE N BHEELT
Tz - Nz|| < KellzllP, ze€H

EWMIITER K >0 BHFEETDIN?
THCELTRBSG 0 S.

Proposition 2.1 Let T' be a bounded linear operator on a Hilbert space H. If T satisfies that
IT*Tz — TT*z|| <ellzllP, z€H (1)
for some e >0, p# 1, then T is normal.

Pick = € H\{0} and fix n € N arbitrarily.
Put s = |1 — p|/(1 - p). It follows from (1) that

IT*T(n°z) — TT* (n°z)|| < €lln’z|.
The linearity of 7 and T implies that
|T*Tz — TT*z|| < en*®P~V]jz||?.

Since s(p — 1) < 0, taking n — 00, we obtain T*T = TT*.

Lo THAENRES T p=1TH5. 'é’fﬁb%,
IT*T - TT*|| <,

RBIE HAEMRIERAEZE N HPEELT
IT — N|| < Ke,

BB TER K >0 BEETHN?

i, ERIERE T LERERZEO 7 A EOEMOBMBICBRL Wb L BbhEd. (ERIFAERLE D IEEE
ANTIFEND S DEEHFILL > THEENTN D) 22T, xR ETHRBRKT R? ETOERITHNOGERL
THELE.

Theorem 2.2 If T is a 2 x 2-matriz over R, then there ezists a 2 x 2-normal matriz Ny such that

IT*T = TT*|| = 2||T — T*|IIT — Nol|.



a b .
J ), a,be,de R 726

1 a+d b-c 1 .
No:-i( >:§(T+T>

Remark 2.3 T = (
c

c—~b a+d

IEY, T B ETHERTRITIE,
IT°T - TT"|| <e,
2O, HDHEREMAE Ny BFELT

1
IT — Nl < ME,

2T
EON BT PEEHERETRITNEERITIIOY 7 A~OEEHEHEZ 52T 5.
z

Proposition 2.4 If N =

y), where z,y € R

(y #0), then
a+d\? b—rc\?
I = (2= 252) + (v-252)
2 2
+ V(@—-d)?+ (b~ c)? \/(m—a;d> +(y_b—2—c>
+ (az-d)221:+<b+c)2
Therefore,
7 - e » L= O
foreveryN:( Ty )
—y oz
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QUASISIMILARITY FOR LOG-HYPONORMAL OPERATORS

Kotaro Tanahashi
Department of Mathematics, Tohoku Pharmaceutical University
In Ho Jeon
Department of Mathematics, Ehwa Women’s University
Atsushi Uchiyama
Sendai National College of Technology

Abstract In this paper we show that the normal parts of quasisimilar log-hyponormal
operators are unitarily equivalent, Fuglede-Putnam type theorem for log-hyponormal
operators, log-hyponormal operator quasisimilar to an isometry is unitary, and a log-

hyponormal spectral operator is normal.

H, K Z2EI)VRIVMERMETS. T € L(H) (resp.L(K)) 28 (T*T) — (TT*) > 0
(p > 0) ZW/=9 & & p-hyponormal EAFEE W, log(T*T) > log(TT*) Z#M/zT & &
log-hyponormal fEFIZR &5 . BI#i7% p-hyponormal £ 581 log-hyponormal fEFZET
HBDM, LRI L 7R ([16]). LAL, ([16, 17]) T log-hyponormal % 0-hyponormal &
HIZE D EN D ERIEWERFN RSN TNV 3.

YER%E T = U|T| WKL, T = |T|2U|T)? % Aluthge &S, £, T @ Aluthge %
¥L (T @ 2 [ Aluthge Z5#2) % T TH Y. log-hyponormal /EfI5& & Aluthge ZHUZ DT
i&, #iF& D ”log-hyponormal fERI5RD Aluthge Z#13 2-hyponormal (812, 2 I8 Aluthge
ZHUX hyponormal)” NEHTHS.

EE X € L(H,K) 2 quasiaffinity TH 5 &3, X WBEH TN D dense range #FFD T
ETHB. T e L(H), S € L(K) % quasisimilar TH S &id quasiaffinity X € L(H,K)
KOY e LIK,H) MEEL, XT=SX WD TY =YS 2§ L TH5.

Jeon-Duggal [13] & quasisimilar T2 2 DD p-hyponormal fEfI5& D normal part
/& unitarily equivalent, isometry IZ compactly quasisimilar 7% p-hyponormal & normal,
p-hyponormal spectral fEF 5814 normal TH B & &R,



Z DFEETIE, EFELD Jeon-Duggal DFEEA log-hyponormal fERRICDWTHRRILY
L5 LEWMETS.

1. log-hyponormal fEfi3& ® normal part

EE 1. M 2 log-hyponormal fEfi5E T OAREERDZEHT, T O M ~NOHIR Ty 2
w72 5, Ty B FE 7= log-hyponormal fEFARTH 5.

Proof. T = (‘3 B) ,P= ((1) g) omH=MeoMtEBL.

C
(M. Uchiyama) fE&E® positive invertible operator X IZDWT
p_
log X = hm X 1
p
- T,

*T?—-1(1 0

P(logT*T\P = hm 0y rr-1t
00 p 00

Shml{((l ")”(1 ) -6 o))
pl0p 0 0 00
iy AT logA*A 0
]

[10]

(Hansen’s inequality [10] &

2 — i (TT*P -1 (1 0
P(logTT*)P =1li (0 O) — <0 0)

1o\
T ™ —1
10 00 10
00 p 00
(Lowner-Heinz’s inequality ([11, 14]) £9)

(AA*)P~1 *
pi0 0 0 0 0

> lim
pl0




Z T, T & log-hyponormal 72D T

log AA* 0
08 < P(log TT*)P
0 0
log A*A 0
< PllogT*T)P < [ % .
0 0
WZEIZ, A=T|pm b E log-hyponormal. O

#& [18, lemma 2]. T € L(H) & log-hyponormal, M {ZEDAEHAPEM ET 5.
ZDEE, T|pm % normal 7251, M i3 T @ reducing subspace TH 3.

LORENSEBITKOEERNENND.

EHE 2. T € L(H) % log-hyponormal 725, T =T, @ Ty on H = H; ® Hy LEFS
fRkS. 22T, Ty 1 normal, Ty V& pure 7% log-hyponormal, (i.e., Ty|r¢ #° normal IZ
125X I78 Ty DAREHLDPZEBM BHEELLEN) THS.

RDFHEE dominant operator DHE (15, Theorem 1] *° p-hyponormal operator D
B 13 KRENTWD. I T, M5 T € B(H) % dominant operator TH D &, £
BOAeClTHL, My >0 BEELT, (T - Nzl < My|(T - Nz forallz € H &
Mg ZETHD., £z, 2O M), DEFRTHS EE, T % M-hyponormal &5,

B 2. T € L(H) W& log-hyponormal, S € L(K) & normal £§ 5. ZDEE,
TX = XS #i/zL dense range 2#D X € L(K,H) PHEET LT IX normal T
H5.

Proof. TX = XS &0 T|T|2X = |T|2 X8, 2ZTT = |T|3U|T|5 W& T ® Aluthge Z5H#1

ETB. W = |T|2X 1 dense range 2%, T 13 semi-hyponormal 720 T T 3 normal,
&> T T & normal [16, Theorem 7]. O

fp8 (Williams [19]) T € L(H), S € L(K) %% normal, X € L(H,K), Y € L(K,H)
MEFTXT=8X, TY =YS 2Hkd725iE, T & S 13 unitarily equivalent.



Conway [4] t& quasisimilar 7% 2 D ® subnormal operator ¢ normal part 7\ unitarily
equivalent TH 5 = EERLIz., ZDO#EHEIT dominant [15] % p-hyponormal [13] D%E
ANEEEINTWS. Z ORI, log-hyponormal DFENBIRFRI N15.

FHE 3. Ty, T, 2EhZNne)b~b 22 Hy, Hy £ log-hyponormal operator &9
5. T,=N,®V,onH; =Hy ®Hiz 2 T; D normal + pure “\DHEET 5. ZDEE,
Ty & Ty B quasisimilar 72 51E, Ny & N, I unitary equivalent Tdh 2.

% 1. Ty, Ty »% log-hyponormal T, D, Ty & Ty A" quasisimilar &9 %. TDLE,
T, 7 pure 25X T  pure THD.

% 2. Ty % log-hyponormal, Ty % normal ©, D, Ty & Ty % quasisimilar &F 3.
ZD&E, T, & Ty i unitarily equivalent 7% normal operator TH 5.

2. log-hyponormal {Ef %D Fuglede-Putnam EEHE

Fuglede-Putnam NE®E T e L(#H),S € L(K) % normal, X € L(K,H) £95. C
DEE TX = XS b T*X = X5,

Z ® Fuglede-Putnam OEEIL T, 5* 78 normal & D BIRWHk& 720 5 ADIERR DS
BTHRIT D 2 ENSEOMEFICI>TRINTNWS, Bxlid, T,5* W p-hyponormal,
%=1 log-hyponormal M¥& £ T Fuglede-Putnam DEEZILET 5 T LOMHKT.

EE 4. T € L(H),5 € LK), X € L(K,H) £ 5. T, §* ' log-hyponormal EQ/al 8
p-hyponormal T, TX = XS i2biE T*X = X8* IBI, RX) R T %, NX)t & S
&ZNE N reduce L, Tlamy & Slveox I unitarily equivalent 7% normal operator.

Remark. T = U|T| 2858, T % T @ Aluthge B2 &, T* = |T|U* =
UUIT|U* = U*|T*| 13 DT, T+ = |[T*50+| 1%} = UT) U, (T)* = U"T*U. &>, T
% log-hyponormal (resp., p-hyponormal) T & % #E+ 5% (T)* %% log-hyponormal
(resp, p-hyponormal) TdH 5.



% 3. T € L(#) 7 dominant S* € L(K) %' log-hyponormal X € L(K,H) £ 5. C
DEE TX = XS B5IE T"X = XS, =51, RX) R T &, N(X)* 12 § #2hzh

reduce L, T|§DT) & S|n(x)+ & . unitarily equivalent 7% normal operator.

FEH 4 1I2BWT X 2 quasiaffinity £ 95 & R(X) =H and N X))t =K. ORI, T

& S 1 unitarily equivalent 7& normal operator.

% 4. T € L(H) 7 dominant, S* € L(K) %' log-hyponormal, X € L(K,H) &
quasiaffinity £ 5. TOEE, TX = XS BLE T*X = XS 6L, T £S5 &

unitarily equivalent 7% normal operator.
% 4 @ S % isometry X spectral operator I L7z REEZ 5.

FHE 5. T € L(H) » log-hyponormal, S € L(K) & isometry £&95%. T & § &%
quasisimilar 72 51X T & § 1& unitarily equivalent 7% unitary operator.

M —hyponormal spectral operator % p-hyponormal spectral operator {d normal Td %
ZEBHBENTWS [8, 13).

EH 6. T € L(H) 7 log-hyponormal, S € L(K) V& spectral operator £§%. ZD&
&, quasiaffinity X € L(K,H) T TX = XS 29 bONHNE T & normal, S &
scalar operator, T' & S I similar Tdh 5.

% 5. T € L(#) 7 log-hyponormal spectral operator 725X T I3 normal operator.

REFERENCES

[1] A. Aluthge, On p-hyponormal operators for 0 < p < 1, Integr. Equat. Oper. Th., 13 (1990), 307-315.

[2] A. Aluthge and D. Wang, An operator inequality which implies paranormality, Math. Inequalities
and Applications, 2 (1999), 113-119.

[3] T. Ando, Operators with a norm condition, Acta Sci. Math., 33 (1972), 169-178.

[4] J. Conway, On quasisimilarity for subnormal operators, Illinois Jour. Math., 24(1980), 689-702.

[5] B. P. Duggal, Quasi-similar p-hyponormal operators, Integr. Equat. Oper. Th., 26 (1996), 338-345.

[6] B. P. Duggal, On dominant operators, Arch. Math., 46 (1986), 353-359.

[7] D. Dunford and J. Schwartz, Linear operators, Part III: Spectral operators, Interscience, New York,
1971.



[8] C. K. Fong, On M-hyponormal operators, Studia Math., 65(1979), 1-5.
[9] M. Fujii, C. Himeji and A. Matsumoto, Theorems of Ando and Saito for p-hyponormal operators,
Math. Japonica, 39 (1994), 595-598.
[10] F. Hansen, An inequality, Math. Ann., 246 (1980), 249-250.
[11] E. Heing, Beitrage zur Stérungstheorie der Spektralzerlegung, Math. Ann., 123 (1951), 415-438.
[12] T. B. Hoover, Quasisimilarity of operators, Illinois Jour. Math., 16(1972), 678-686.
[13] I. H. Jeon and B. P. Duggal P-hyponormal operators and quasisimilarity, Integr. Equat. Oper. Th,,
(to appear).
[14] K. Lowner, Uber monotone Matrizfunktionen, Math. Z.,-38 (1934), 177-216.
[15] J. G. Stampfli and B. L. Wadhwa, An asymmetric Putnam-Fuglede theorem for dominant operators,
Indiana Univ. Math. Jour. 25(1976), 359-365. ‘
[16] K. Tanahashi, On log-hyponormal operators, Integr. Equat. Oper. Th., 34 (1999), 364-372.
[17] K. Tanahashi, Putnam’s inequality for log-hyponormal operators, Integr. Equat. Operb. Th., to appear.
[18] A. Uchiyama and K. Tanahashi, Fuglede—Pﬂtnam’s theorem for p—hyponormal or log-hyponormal
operators, (to appear).
[19] L. R. Williams, Quasisimilarity and hyponormal operators, Jour. Oper. Th., 5(1981), 127-139.
[20] D. Xia, Spectral theory of hyponormal operators, Birkhduser, Basel, 1983.
[21] T. Yoshino, The p-hyponormality of the Aluthge transform, Interdisciplinary Information Sciences,
3 (1997), 91-93.

Koétard Tanahashi
Department of Mathematics

Tohoku Pharmaceutical University
-Sendai 981-8558, Japan

In Ho Jeon

Department of Mathematics
Sungkyunkwan University
Suwon 440-764, Korea

Atsushi Uchiyama,
Sendai National College of Technology
Sendai 989-3128, Japan



On oo-hyponormal operators

Shizuo Miyajima Tokyo University of Science

Isao Saito Tokyo University of Science

Abstract. A bounded linear operator T is called co-hyponormal if T' is p-hyponormal for
every p > 0. We show that the outer boundary of the spectrum of a pure co-hyponormal
oerator T is a circle (see [2] for details). Note that the authors have obtained in [1] the
same conclusion under the additional condition that 7' has dense range and no nontrivial
reducing subspace.

Hilbert ZZB Lo FRBHMERK T » (T > (TT*)? (p>0) 25t X
p-hyponormal TH B2 EW. B4 LERIBLNTVWE, WEp— o0 2L XD
WTHEZ, RDLFITEET 5.

Definition #£8» p > 0 LT (I*T)YP > (TT*)? 2% 32 % T % oo-hyponormal
operator 2 \\J,

Bkl v L Tix. unilateral shift, quasi-normal operator, hyponormal weighted shift 7
Y2 %%, %7= oo-hyponormal operator I3tk & 5 B2~ +. (1)

o

T »* "% oo-hyponormal operator %t 512 T~! % oco-hyponormal TH %,

T #% co-hyponormal operator Zt 5 IIEBE D BRAE n 12 L T T™ 13 hyponormal T
H5,

(]

S, T #' co-hyponormal operator ¢ ST =TS, S*T =TS* XRyL+ 5456 ST %
oo-hyponormal TH %,

T #% co-hyponormal operator % & (X T 14 non-trivial invariant subspace % ¢ o,

T3~ 7 co-hyponormal operator @ BAEHITIE X ~7 FILIZRMIZE L T circularly
symmetric TdH %A, —BRIZERDOERIRIULT 3.

Theorem A ([1]) T #% pure &t ( normal part % % 7= 2\ \ operator # pure X\ 9 ) oo-
hyponormal operator T F#E LK% + 5. non-trivial reducing subspace # & 24 WH DY
+3, corx o) 2{zlz| = ||T|}U{z]|z| = a} 2 & 3. 7 La:=min{|z|;z € o(T)}
2+ 5,



SRS T B L EB % 3 & non-trivial reducing subspace 2 & 22 WZ WIH R
EALLTCERIET B 2. 2F ) pure & co-hyponormal operator » X7 kLo 5
nERe (FETLE) MloBRAIrRKEHR L2 TEARC L322 25T,

Theorem ([2]) T #% pure % oco-hyponormal operator 2 4+3%., ZD2 %
o(T) 2 {zlz| =T} U{zlzl =a} 22 3. R La:=min{|zl;z € o(T)} 27 5.

AEB DO BEEE 2R, AEHIICIARDOEEEZA WS,
Theorem (Olson) A, B % positive operators, A = //\dP()\), B = //\dQ()\) % A, B

7 spectral resolutions ¥+ 3%, oDz % A" > B* (V\neN) 2 2700 B+55%44
PN SQA) (VA20) sz 2Th3.

COEHMINKRIMELNS,

Theorem 1. T % pure operator, T' = U|T| # T o polar decomposition , Z L T
|T| = /)\dP()\) % T o spectral resolution 2 +%, 2oz %

UPNU* +1-UU*  (A>0)

QM) = { 0 (A <0)

332 % QM) iz |T* o spectral measure 2 & %, X =T T #' co-hyponormal operator
2R B7ODBEFFEMEIL PN SQA) (YVA20) zh3z2Th3.

XLICRDMESBRIALT 5.

Lemma 2. T % oo-hyponormal operator, P(}), Q(A) 2 kDEEDE D2 L, H3 A <
T #FEL T, FEEDA > Mo lzxd L P(N) = Q) Rtz +3., cox k[Tl =T 2
% % quasinormal operator To AFEHEL T T = To®Ty 24 3. X->To(T) = {z|z| <|T|}
PRI T S,

COBMEORAOEEER~S, A> 2L T=UT| 2T oBSMRc+ 5. T pure

LBz Uit isometry T

P(A) = Q(\) =UP\U*+1-UU"



PRIT B, XD
UP(\) = (UP(\NUNU = (P(A) = I+ UU*)U = P(\)U

x5, XtoT UP(\) =PA)U* 24 Hy:=R(I — P(M)) 12 U » non-zero reducing
subspace ¥ & %,
To:=T|Ho=Us|To| 2 To nBSBL T 22

Uo = U|Ho, |To| = |T]||Ho

171 = 1T = ol = | Tol
HEOL L Uo]To] = IT()IUQ »b

To|To| = Us|To| - |To| = |To|Uo|To| = |To|To
r &N Ty id quasinormal ¥ It %, X402
o(T) 2 o(To) = {z;|2] < || Toll} = {z; || < | T}

£ o(T) ={z <|T(} 2= 5.

FOWELNEEON < |T|| KL, $5 N> A 2HLELT P(V) < Q(N) RT3
LT\, (A<BIlt ASB»2 A% B #RITBI2E0S)

Al =T 2z & 2fE&» A ° T o approximate point spectrum 2 &% = 2 27K 7.

N 2 EEOBRMY, ey = ||T|/(NVNT1) 2+ 5. ECl~Ac2 i, b5
Av > ||T|| —env 2 HFHELT

POAN) < QOAw) = UPOAWU* + I - UU*

XRBDT
U(I — P(AN))U* < I = P(\y)
U™L(I — POW))U*™ < U1 — P(Ay))U*"

AR L {P.}n = {U™(I — P(AN))U*"}, 13 strictly decreasing sequence of orthogonal
projections ¥ &t %, X »7T z € Ran(Py)NRan(P)t ¥ % 3 unit vector z #* 2 1T {Umz},
I3 orthonormal system ¥ %t )

N THrU 2
I s
n=0



x5, yeR(Py) =R —P(An)) =L

IATT =17yl <

D =ITleP()

A (1Tl = )Py
(711 = o)yl < el

VAN

il

2w BNT
Tz — | T|Ue|| = [U(T] = ITI)z] = (7] = IT])elf < enllzll =en
s, RWELD

7" — |T"U"z|| < nen||T(*™ (n€N)

BRI N N
Tz HTH“ N+1
> 25 <
n=0
25, Lot
3
<l
i, 25t
N Ty TN+1
jr-2r= 25 - e
N+1 N+1 N+1
. 27y
= UN+I

PRI F B, LAsoTA »* T o approximate point spectrum 2 & %, X o To(T) 2
{z ]zl =TI} "R 20z,

o(T) 2 {z;|z| = a}, a = min{|z|;z € o(T)} iz2WTiZ, T T T oo-hyponormal
operator % & 1X T™! % oo-hyponormal ¥ &t %3 2 \\5 & 2 ¥, spectral mapping theorem
UL Rl (<

FAEED p> 0z LT (T*T) < (TT*)P ¢ & 32 % T % oco-cohyponormal operator
X X 3t, o oco-cohyponormal operator 12 oW TRAEILT 3.,

Theorem 1T ' pure & co-cohyponormal operator 2+%, D2 %

o(T) 2 {zlzl = T} U {zlz| = o}



%, 22 La:=min{lz;z€ ()} 2+ 3.

%E Bk

[1] S. Miyajima and I. Saito, co-hyponormal operators and their spectral properties, Acta
Sci. Math. (Szeged), 67 (2001), 357-371.

[2] S. Miyajima and I. Saito, A remark on the spectra of co-hyponormal operators, to appear
in Acta Sci. Math. (Szeged)



Gaussian estimates of order o and LP-spectral
independence of generators of Cy-semigroups

Hisakazu Shindoh (Graduate School of Mathematics, Tokyo University of Science)

1 MEOHRERVEEDRE®
QCRY FRKE LTS Fp€[L00) XL, Tp=(Tp(t)),y, 1+ LP(Q) LD Co- L L, 4,

EXTOEREAFLTD. I TRIZ, £ED p,ge[l,00)iTxfL, Tp & T, iZ consistent THoH & |
RETS. T, & T, 2 consistent &%, FEEDt>0 LEED fe LP(Q)NLIQ) XL,

LM f =T,(t)f

MEYIMHZ L ET 5.
TDELE, AT NLOTREH:

o(4p) =0(42) (p€[l,00)

DRV EHFL TS, RERTIER.

LiL, —fRIZiX, A7 bAOREMEILRRY L7720y (W. Arendt [2, Section 3]). £Z T, A~
7 MAVOTREREEL 2D, Ty &b E2HT 3,

S= (8(1)),50 & L*(RN) L positive 72 Co-3FE & $ 2 (positive tEDER/IZ OV T, HikES
B)., Zor&, Ty B SIZLY essentially dominate S5 &1,

IM > 03w e RIb > 0: |Ty(t)f| < Me“tS(t)|f| (V¢ > 0,Yf € L*())

BRRYSIOZ & LEETH. AL, fe LX)k, RV\Q TIHEN0 THBMEEKE LT, fe L2RY)
& HIRE. T D “essentially dominate 415 7 LW 5 &, S. Miyajima and M. Ishikawa [3,
Definition 2.1] TEA Iz,

T, BITHEEZRNTD. 20#k, SEELNEEREZRRS.

BT, Atx, H*RN) 2E#HIE L +5 Laplacian 15, S(t) = et® 12L& Y, Ty 23 essentially
dominate S5 Z & &, T, 23 upper Gaussian estimate (cf. [2, Definition 4.1]) Z&>Z & LiZR
EBTHs.

WOEE % W. Arendt 137~ L7z ([2, Theorem 4.2]) : T> 23 upper Gaussian estimate 8> & &,
Poo(Ap) = poo(A2) (p € [1,00)) BV ILD. {BL, pooldp) i, p(4p) DERERIDI L, 55D
weRIIZKL, BEFEH{AN€C|ReA>w} 2BLLDTHD.

ZED a € (0,1 TR, = (Falt)),ng Falt) =e U2 (t>0) £B<. FH & LA(RY)
Eo positive 72 Co- 8 TH 5 Z &M, [3, Proposition 2.3] TRER TN 3.

S. Miyajima & M. Ishikawa i%, W. Arendt O7R L7=EBEEZRD & 5 (23558 L7e ([3, Theorem 2.7]):
oW, Hdac (3,1 IxL, FuIZEY essentially dominate ST TV, ATED W. Arendt @
SR & R CHERRASAL D 320.



a=10%4, ZORFRL, W Arendt DR LICEELFHETHD. a DY, ac (3,1] Lo
CVBE, A, ac(0,1]icTEBT LR BoT.

EBHE. T = (T(t))tzo #L2(Q) Lo Co- 8L 5. 55 a € (0,1] 1%L, T %, 12X Y essentially
dominate 23 ERETD. DL & EED pe [1,00) XL, T & consistent 72 LP(Q)) Lo Cp-
BT, = (1) po B—BHIFELT, T =T, RV, k&MY :

poo(Ap) = poo(AZ) .

BL, A, 13T, DEFBERARTHY, pol(Ap) 1T, BIRDOBY, p(A,) DEHRID IS, HBweR
KL, BETEE{A€C|ReA>w} 22 HLHDTHS.

positive HEIZBE T D EEEZETD 1 pe[l,00) LT 5.

Hge Q) icxtL, f>g&id flz)>g(z) (ae.z€Q) DI ETHD. T, glz) =00 L X,
f>0e=EL.

HRGEERSE B : LP(Q) — LP(Q) 7 positive & 13, & f € LP(Q) It L, f>0= Bf >0
BRYIELDZETHY, B>0LbERT.

HFE S = (9(t)),5, 23 positive ENIDEE, SE) >0 (E>0) LI ETHS.

>0

2 TEEOHOHME
2.1 2HOHE

EEOFELALLS, T = (T())
Ihd ERETS. :

W. Arendt iX, T 7% upper Gaussian estimate #§F2o & &, EED t > 0iZxtL, T(t) "HESIEA
EThdILERL, TOEMBKOFMEDL LI, FROERELR L. SEOZEHX, W. Arendt
DZDOEREZEESTS. AVSENROFMIIME L2 TH~5.

FREA T 5. BOMOTE (ME 1) 2 2B, 01, 2218V, E£ED pel,0) i3t
L, T & consistent 72 LP(Q) k0 Co-¥BE T, = (Ty(t)) 50 B~ BHIHFET D Z ENFTENSD. K
2, B0 (G 1,2 DEAEDLE) 2L Y, W Arendt OFEAFERELD X510k b.
£, 23ZBWT, T, DEMMEAE A, KL, A7 MOTREENRENS.

FEED o € (0,1 KHL, F EEATLT, Su = (Salt)),ng Salt) = e8¢ > 0) &
B BICE_BHES LD, Sold, L2(RY) Lo positive 72 Co-kBThH 5. F7o, Kalt,z) =
a%ﬁé;é%aﬂwﬂm (t> 0,0 € RY) L. Sult) (¢ > 0) DHSER, Kalt,z ~y) ThHb
&L, ME3 TG,

i>0 (3 L2 (Q) £D Co- 8L L, F, 1T LY essentially dominate

WAL 0<a<1¢75.H35C>0MBFELT,

0 < Kalt,3) < C ¢

- (t >0,z € RV)
(t= +|2|?

yE+e
N A ASR

Ho(t, T) = W /RN eimse"t(l"'[‘flz)udg (t>0,zecRN) £B<.

—28—



@8 2 ([3, Proposition 2.4]). 0<a<1,0<6<1¢92.5H5C>0MBHFELT,

e'_ﬂzl

0 < H(t,x) <C (t >0,z € RY)

tie
DR Y L.
ffE 1 DIEEHIZHONWT, EELMEINALZ LTRBL. &I, |K(tz)| 22T, FURERRN
VIO L ZFEHTS. N =1 054X, FW.J. Olver [4, Theorem 1] OFEB %2 EHIXR .
N > 2 ®$41%, G.E. Andrew, R. Askey and R. Roy [1, Section 9.10] D#EREZE S Z &2k Y,
N=1DF&E LT LTEHTE 3.
0%, ZhEfAV, ROMES ZEAT5. ME3(1),(2) »5, Ku(tz) >0 (¢>0,zeRY)
BRENS.
WHES3.0<a<1ETh. Z0LE, RO LB LD,
(1) Sal) 20 (¢20)
(2) Sa(t)f = Kalt,)*f (t>0,f € L*(RY))
() FEE®D p € [Loo) XL, Sa = (Sa(t)),s, & consistent 72 LP(RYN) £D Co-8 Sup =
(Sa,p(‘t))tzo ﬁ’“ﬁﬁ@blﬁ& L, Sa,2 =85, RO
Sap(t)f = Ku(t,)x f (t>0,f e L*RY))
DERY LD, F7z, Sap I3 positive, contractive ThD. (Ko B p IEFELRVI LICEE.)

SERAIE, MR8 1 2T, [3, Proposition 2.3] & R#RIC T 5. [3, Proposition 2.3] /%, MmEE3 D
So, Ko ZENEIN Fy, Ko (CRETERTHS. '

2.2 consistent T EHDEFEE

Eix, T 2B S LD essentially dominate ST T3 & &, SARMIC S, 12 E > T essentially
dominate &5 (BROGES DR OHHAESM). MBE 41X, S, 12X Y essentially dominate &L
T3, LE(Q) £ Co-HEE28, consistent 2YEHEFOL VI ERTHSD. Zhicky, EHDORE
DG LT, T & consistent 7238 T, BIFET 5.

p,q € [1,00) LT 5. HERBEYEAR B: [P(Q) —» LI(0) BESERRZTHD LI, OxQ LOH
BRI K SEE LT, AED f e LP(Q) IRt L,

(BN)@ = [ Keniwdy (eaen)
RERY DT L #NS. DI L® B~ K(o,y) TRT. £72, K % B ORSKENS.
@R 4. T = (T(t)),5, & L2(Q) LD Co- 8L T 5. 5% a € (0,1 2L, TikSe IZXY essen-

tially dominate 813 L RET . 0L &, HEDt> 01Tk L, QxQ L0H s REK K, -,-)
BEELT, TE) ~ K(t,z,y) B

K (t,2,y)| < Me** Ko(bt,z —y) (ae (z,y) €2 x Q)

MRV, Fe, EED pe[1,00) IxtL, T & consistent 72 LP(Q) LD Co-HE T, = (Tp(t))tZO
R—BRICTFEL, Ty =T, Tp(t) ~ K(t,2,y) #5530, (K 23 p IKFF LN T LICHEE.)



T & consistent R¥FEDFEDLThHIE, KEE, M8 1(3) TH7z S,,p D contractive PED>
b, T<HED. T(t) OFESEOTFIEIL, [2, Proposition 6.2] %, T, ® Co-tEik, [2, p.1160] %, %
NENBRITNIESM 5.

2.3 ARY MILOFLETHE
AEL,2 XY, T AROFMASEINS
5. 0<a<1,0<0<1,0<0<1¢73.H5C>08FELT,

e—3(1-0)z| pAA{(N+20)9—-N}
||V +2)0

0< Ate)<C (t >0,z e RY)

DR Y L.

[3, Proposition 3.11 & ¥, FEED > 0 LEED f € L2RY), f > 0kF L, 0 < F@)f < Sat)f
Thd. kY, FEDOLt>0LEEDz e RV IZHL, 0 < Ha(t,z) < Ko (t,z) 3689 3L0.
9e(0,1) Lk, 0< H(ta) < At a) 0K (tz)? THBEME, ZHICHEL2 2EHT
ik, mELBELNS.

M, a€(1/2,1]] D&%, §=(N+1)/(N+2a) LE5 &, [3, Proposition 2.5] 23 h 5.

AE2L N/(N+22) <0<1&LibExnMBES #5812k, [2]1238V T W. Arendt
PRAVWEEREEZEITTES. W. Arendt 13, AEED o = 1 OFELRAERERE/B V3.

Hi(t,z) = e~ +50) T, TREHEBLT, 10 ICENE &, M2 IEEVTECH S,

(4rt) =

N/(N+2a)<0<lélicl&nmBES5E, ZORAEMOWBEELTNAB. LT T, W. Arendt

DIEREOHE 2 R T 5. WHERERIEDOY, H#ME TR b AN,
FEEE12EHELTEL. pg,7 €[l,00], HRHEIERFE B: LP(Q) - LP(Q) iTxt L,

IBll,, := sup{||Bfll.- | f € LP N L% || fll e < 1}

&ET5.
P,q€[1,00) £TB.FET, p€po(dy) ETD. p€po(dy) ZFRTITIE,

1T5(1) (e — 4p) M,y < 00

REZHUE+HSTH S ([2, p. 1166, 1167]).

2212BWVWTC, EED p e [1,00) KL, T & consistent 72 LP(Q) £ Co-# T, = (T,(1)) 5,
B—BRICHFETDIILERLE. 20T, b L8, $De>0&, HDCo>0T, |gf<eg #2d
EED e e RV I L, UTFOWHEERD, LP(Q) EO Co-¥B T, = (Tep(t)) 0 BFETD LD
RLOBHDZ L ETED:

() Top,=T, (pell,)).
@) pe [p(Aep) NpAp)] . BL, A, BT, DERFERETHS.
(3) 5 K. € L®(2x N) T, Tep(l) (p— Aep) ™t ~ Ko (z,y), BT,
|K.(z,y)| < Co (ae.(z,y) €2 xQ)
LB b ORIEET .



Ts,p o)ﬁE@:OV\VC‘!;}, #BikTaZ LT 5.
el SeoDEX, fLe=ef € P15 FIERLT, Top(l) (Ao p) ™ = e [Tp(1) (u—Ap) 1] (e~ f)
MRV LD, (3) EEHET,

|Ko(z,y)| < Coe™™*™¥ (ae. (z,y) € 2 x Q)

/5. 2hdY, |T,1) (k- Ap)"lum <00 EMRBDT, p€ pool(dy) .
T, Tep ODEEICHSVTHBATS. pe[l,0) &L, ceRY iTg| <gp & T 5.
Lr(Q) := LP(Q,e7P5%dz) £ T 5 (ex it e L o DEENHK). U, : L2(Q) = LP(Q) %,

£

(Uep F)(@) =€ f(z) (f € LE())

E¥B.I0lE, U, id SERAETHS.

T,

Tep(t) :=Usp Tp(t) Uep (¢20)

EBL Ty = (Tep(t) g 12 LE(Q) LD Co- B THS. (ZOWENPORT, M2 BUETH
B LIZRENOL EES) _

T.pld, EBD feLP(Q)NLE(Q) XL,

Ts,p(t)f = Te,p(t)f

BRLY LD, LP(Q) LD Co-¥REL LT, —BRICEES.

INDEIHATDITIE, KT, Fop KOV TEROERDOHEY IO L ERLTEL. ZORK, fir
2L N/(N+20)<0<1&LEELEORBEBMBETHS. TOH, TR Fy IZEXY essentially
dominate SN TWBHZ L H#HANWT, LOERERT.

TOEDITLTHELNET, B, BIED (1) ~ (3) ZWMT I L &FRTITL, ELEFERH»ND.
ThHITONTS, 2] DFEERA LIE, AVAFHMERNARR 57217 T, RRRERNBTE 3.

SE
[1] G.E. Andrew, R. Askey and R. Roy, “Special Functions,” Cambridge University Press, 1999.

[2] W. Arendt, Gaussian estimates and interpolation of the spectrum in L?, Differential and Integral
Equations 7(no. 5)(1994), 1153-1168.

[3] S. Miyajima and M. Ishikawa, Generalization of Gaussian estimates and interpolation of the
spectrum in LP, SUT Journal of Mathematics 31(no. 2)(1995), 161-176.

[4] F.W.J. Olver, Error bounds for stationary phase approzimations, SIAM Journal on Mathemat-
ical Analysis 5(no. 1)(1974), 19-29.



Higher order uniformly elliptic differential operators

Nagaoka Kotard(Graduate School of Mathematics, Tokyo University of Science)

1 Introduction
Davies i [6] IC38N T, &R FTRIBIE S R b OBM O —E4E R ER =

H= Y (-1)*D%gp(z)D? inL*(R")
Jel,|Bl<m
WBLCUTIEAT L 52 LP X7 MV ERRE, FEER, 209X, HA D functional calculus
EERELEREALE, ZORXOERERIE, 2m > N OFE, — H OAERT S angle 7/2 DHFAE
gt e H2 BRESH K(2,2,y) (22 Tid heat kernel »IFEER) % b5, Gaussian type DFEM & FF
ENAROFERE YOI LERLEZETHS -

ColT — y| =T cos
i

|K (2, 2,y)| < ci(rcos 0)~ %= exp (— + kr cos 9)

rIRoT
ZZTe,ep >0, B> 0IXER, 2 =re® LT3, ZOFHE,D, L2(RY) LOERASE e H2 BMEED
p € [1,00) izt LT LP(RY) £ angle /2 D RFENTHEE T, (2) IKILETE B Z L B350 5, EbIC
Ty(z) D) M BFEEERD D2 LIk Y, Ty(z) DABIERRE —H, & Uik %, o(=H,) = o(~H)
Tdh 5 Z &% functional calculus #8> TFHEH L T3, 4§ heat kernel DFHIL m = 1 DFH
Davies BEHDOHFE 3] BH B8, m=1& m > 1 TRALHICHETBERBEONH Y, §iF
heat kernel K (¢,z,y) PEETH B DI LTHEOTNITEETIIR, ZOWER WL ENE
RBTARERBLVEBES), —FH 2m < N OBEEIL2m > N OBSITH_RTERPELL, B
EENZV 5 &, heat kernel DFEER—RIZH N B2 2B, LH L Davies iX IP(L9) &5 /%
T, FHRICHEEOIIE (7 LETDpe[l,0) LW DIFITIEWNRSRBN), TO/ VA
FHE, AT PO [P REEER L, ARRIZBWT, 2m > N OBETHEED ) VAR
heat kernel TI372< IP(LY) 2BE-THOND Z L 28BN T 5, LTI OFHHEIX heat kernel # -
TROTEFEL Y bR o7, BEMIC,

heat kernel = [[Tp(2)]lpp < c1(cos§) ™2 13-31 exp(kr cos §)

P(L9) = |Tp(2)llpp < c1(cos6) 255 2= exp(kr cos )
LROTHHOWBEEEDDHZ N TERE, Ficoshd DREFERD B Z L IT integrated semigroup
D 2] KEERH B Z L AH BN TS,

ETEETOHERIIETRY OFTEXTVWBOEMN, Davies iX Barbatis & D3 [1] 121 T
RV% RN O—BROBHICEZ TS, HENREXTVBDIE 2m > N OHAT, heat kernel DFF
£, |K(t,2,y)| OFMEBTOBE, Zhnb [K(zz,y)| OFEEH/E - LRBIIPESTHY,



BC A A FEIR OB AR E 2, HBO ) VLY (S OMENSENEHT) RDBHZERT
T, BB, BEOBEEK f It —EEAEERR H #RALTELRS f(H) OERSEOEE, &
VEDFRIZOWTEEAT 5,

2 E&E

o, B 13 multi index, L? := LP(RN), H™ := H™RN), || ||, i LP /v A, (-, ) 1% L AT,
HREAFEA: L - L2 2L T ||Ap, = sap{ |[Afllq; FEL*NLP, |fllb=1} ¥ 5,
ETHARERREERLES. |al 18] S m TR LT aag : RY — C A RTRIBSE L, 1751
(aa,ﬁ)[a[,]ﬂ[=m FECHBTHEETH, TOLEERu>1BFEELT '

Y aoepbels < Y. Gup@éalp<p Y aoapbals
lal, Bl=m lod,|Bl=m lad, |Bl=m

(forall z € RY , £ € ®aj=mC ) BHLTET B, ZZT, aoap i

((=A)"u,v)2 = Z /RN 0,0,5(2) D*uDP5 dz
|ef,|Bl=m "

(for allu,v € CPRN) ) L LTEEENHZbD LT B, —F, 2hBRQ:H*"xH™ +R%

Q(u,v) :== Z / 0o,pD*uDPidz (foru,v € H™)
|l 81<m T RY

LEHET D, £ Q) = Qu,u) (forueD(Q) :==H™) LT3, —&IZ Qu) ITADED & 573,
FARERER B LT Cllul BMADZLICEVACHALRNETS (LTEB), ZOLE

Q(w) = ||H¥ull, (forue DY) =H™)

WY S0, 0O H #HRMNC H = 31 11<m D¥0a,p(z)DP LD L, BIEMEIERZRE (superel-
liptic operator) & FEE, &I,

Em={p € CPRY); ID%llo <1, forall1< |af <m }
L, RNz iy MEATHERS Z LRV E, FIZxLT
d(B, F) := sup {Inf ¢(z) — sup (y)}
ET5, BICE FAMNEAGD L XILEED2—2 ) v NI d(E, F) L RMEICRY
d(E,F) < d(E,F) < VNd(E, F)
ARV D, EBICAER, 9 €ER KR LT Qup: H* x H™ 5 C %

Qrp(u,v) = Q(e™*?u, eMv) = Z / aa p(x) (€M D¥e ™) (e~ ¥ DP?5) dz
la ll<m 'R



LEET Do Qap(u) = Qirp(u,u) (foru € D(Qny) := H™) 5%, Hip = e Her? | D(Hyy,) :=
{uel?;eMueDH)} LB, TDLEHLEKZL>0T

@xp(t) ~ Q)| < 7Q) + B+ ¥™)ulf (forall A€ R, ue H™)

WERY MO LBy BEERGEL 25, —H I3 L? L0 angle n/2 DF RETEFHEERTH L
IR, 72 Hille DA LD, e Bt = g~ High? R0 LD, > T —Hy, b angle /2 D
BRIBATERZERT 5.

3 TH., 8
2m >N &£93, OFHEBELNTT:
BE 1 B >0,k>0B8EELT

(4m—~1)N

T (2)llp,p < c1(cos8) ™ o= I35 exp(kr cos0)

(forallz=re® , r>0, |0 <n/2, pel,o0]) YLD,

% 1. £E0 p € [1,00),n > (4m — 1)N|1/2 — 1/p|/2m (=5 LT iHp iX n-times integrated semi-
group Z4EKT 5,

HE 1. T c,e >0BFELT

He'"H*“PtHZ,OO < et~ iw exp (c2 (1 + A>™)t)
(forallt >0, A€R, p € En ) BV LD,
BB 2. TR, >0MFELT

< e;(rcos 9)'3% exp (car cos 6)

1Pge™"* Prll3 00

(forallz=re? , 7 >0, || <w/2, E,F :closed in RY ) AEEV Lo, 727 L Pgu = xgu &7
60 PF ‘t)[ﬁ-ﬁ%o

W 3. B, >0,E>0MBFELT

cod(E, F) 2T cos f
- I

r2m-1

HPEe_Hszllzm < ¢y (rcos 6?)’%,"T exp ( + krcos 0)

(forallz=re? , r>0, |0] <n/2, E,F : compact , convex , disjoint in RN) 23580 320,
KIZEREROFEE#EZXLD, 2m >N LT5,
EE 2. 'I_C‘E.'g C1,Co > O,k > 0 73§7[‘?ELT
(241N 11

1Ty (lpp < c1(cos) ™ 2m 127+l exp(fer cos )

(forallz=re? , r>0, 0| <n/2, pe(l,o0]) ALY LD,



% 2. £EDpe[l,00),n> (2m+1)N|1/2—1/p|/2m =% LT iH, i% n-times integrated semigroup
EERT D,

#7E 4. et |3 heat kernel K(t,z,9) b b, Efci,co >0,k> 0 BFEELT

2m
K — 2m—-1
! (t,.’,ﬂ,y)‘ < clt_zlyn exp <_. M_ 4 kt)

$Em=T
(forallt >0, z,y € Q) BV LD,
| RE 5. K(t,0,y) A% TE Rez > 0 ~EFMICER S, Efc,e>0,k>0REELT

2m
— 2m -1
|K(z,z,9)] < ¢1(r cosf) 7w exp (— calz ~ o] T cos? + krcos@)

T2m—1

(forallz=re¥ | r>0, |8] <7/2, 7,y € Q) BV LD,

B%IC f(H) OFEH#E Gr(z,y) IO TOEDBNT 5, 7L 2m > N OFHAET, heat kernel
DFHIZBNT k=0 Th5 &5 (Ziid H » homogeneous ThH D & RV D), RY tEx
BH, —ROTRTHHEDRL,

@Rl 3. fi(s) := (L+s)" e, (fors,t >0, v> N/2m ) &§5, ZDELE fi(H) iIHL
Git,z,y) b D

IG5 (t,7,9)] < cs(L+ )71 (1 + |z —y|) 3T (forallt >0, z,y € RY)
BV, 7oL e IHMEEDO0< i<y - N/2m ERT3EHLE T, iy > N+10KE
IGs(t,z,9)| < et + )N 2L+ |z — y))~ V) (forallt >0, 2,y € RY)

BEEVID, ¢ >0,0<e< 1ITEH
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Relations between two operator inequalities

via operator means

Masatoshi Ito
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Abstract

Let A and B be (not necessarily invertible) positive operators. We shall show relations
between two operator inequalities

Ff(BEAB%)>B and A > g(A*BA%),

where f and g are non-negative continuous functions on [0, co) satisfying f(t)g(t) = . This
result is a generalization of some results on operator means via their representing functions.

1 Introduction

v AL N ZER H OB RGIAERE (LT, /EAFEEFES) T AIETH 5 & 13 positive semidef-
inite, TROBIEEDz e HIZXH LT (Tz,z) >0 THEIZEEEEL, T>0TEbT. £7-,
T>0ThBIERZRLEDES%E B(H), TRDT.

Kubo-Ando i [8] IZEBW CIEAREHOBEMRIC OV T O IELITo7- (5] bBIR). 21E
¥ o:B(H), x B(H), = B(H), 2 A,B,C,D € B(H) =3 LTRD (1)-(iil) MW= & =,
o IXEfMZF A (operator connection) THd &1 5.

(i) A<C and B <D imply AcB < CoD,
(ii) C(AcB)C < (CAC)o(CBC),

(ii) An,Bn € B(H),, An | A and B, | B imply A,0B, | AoB,
where A, | A means that A; > Ay > --- and A,, converges strongly to A.

bz, EFHERKE o B
(iv) Iol =TI
oY & &, o lIEMZETEY (operator mean) THD &5, {EAFEREA o 1L, [0,00) EDIE
FAREFABE F >0 L 1R IR THY, Z0 f (0 ORBEEELIETN D) 2HNT
AoB = A3 f(A% BA7)A3

(BL, AIFFil§5) dkbEd. F/o, o BMERAZEHTHEZLE () =1THBI L
DBEETHD.

EABEHOF E LT, ®BE LA TVWA. For positive invertible operators A and B, and
for a € [0,1],



(i) Arithmetic mean: AV,B = (1 - a)A + aB,
(ii) Geometric mean (o-power mean): Af,B = A%(A_TlBA:zL)"A%,
(iii) Harmonic mean: A!4B = {(1—a)A™! +aB™1}1.

Va, oy lo OFBBEHIT, ZNEFh (1—-a)+at, t*, {1-a)+at™} 1= ﬁ:&%ﬁ-& ThBH. =
NOEDOERBEHCELT, RBMBNTWA. Let A and B be positive invertible operators.
For eachp >0 andr > 0,

BT r AP>1 < I>APf » B" (1.1)
p+r p+r
and
BTV AP > ] <= I > APl » B". (1.2)
ptr p+r

(L) iIF 4] TRESNTWD. F£72, (1L.1) I EAEKX 3] L EEREEEZF-~TBY, [1], 7%
T HAERNCX T AERAZEHOERZ A W=7 7o —F B ThL T A, (1.1), (1.2)
FHERIZOWTERD & 5 REBFRERFFO>Z LIZEB L TEL. Let A and B be positive invertible
operators. For each p >0 and r > 0,

B_Tﬁ#

I> APy 5 B" I>AP, B
p+r

p+r

AP > 1, BTV - AP > 1,
A>B = logA>logB = — P¥r

1EHORERT logt NMEABEFATHDZ L L0 bnd. 2EHORERT 2[4 TRENT
Vo 3EAORERLL 20,0 € [0, IR LT (1 a) +at 21% 2 iy PRV IO L
L 0bhs.

ABETIE, 7, —BOEAFEHICR LT (1), (1.2) LXISTIEBEHENTS. TL
T, ZZ TN LIZBEROALE L IR ORNW—ROEME A, BIZKHT24KEE LT, 220F
F7

X

f(BZAB?)>B and A> g(AZBA?)

(f,g > 0iZ f(t)g(t) =t BT E 57 [0,00) EDEKERIEL) OBMRIZOWTORBRERBATS.
ZOERIE, (6] [10] THLNIBERO—MBIIZLRoTND.

2 A result on a general operator mean

P, HHEMAETY o hLIRET 5V ONOERMRTHOERE, TOMEICHT 5 k2
Fik %,

Definition ([8]). Let o be the operator mean with a representing function f.

(i) o’ is said to be the transpose of o if o’ is the operator mean with a representing function

tf(th).

(ii) o™ is said to be the adjoint of o if o* is the operator mean with a representing function

{re=y



(iii) o is said to be the dual of o if o is the operator mean with a representing function
¢
T(t_).
FIXERFERL2OT, TNOORBBEED 0IZBITBEIEZt — +0 DBRETED S Z &2
TEDILICEETS.

Proposition 2.A ([8]). Let o be an operator mean and A, B € B(H)
(i) Ao’B = BoA.

+

(i) Ac*B = (A 0B )71 if A and B are invertible.
(i) (o) =(0*)* = (")t =0.
(iv) O.J_ — (0/)* — (0'*)’, o = (U*)_L — (U_L)* and o* = (UJ_)/ — (U/)_L‘

Proposition 2.A Z{-T, (1.1), (1.2) &S Li-—ROERZR T oHRE2HB 2 &
NTEB.

Proposition 2.1. Let A and B be positive invertible operators. For every operator mean o,
B7l0A>T < I>A"'"B. (2.1)
Proof. By (i) of Proposition 2.A,
B l'cA=AdBt>1 (2.2)
By (ii) and (iv) of Proposition 2.4, (2.2) is equivalent to
I>(Ad'B ) 1= A"Yo')*B=A"0"B.
Hence thé proof is complete. [

(o)t = ﬁl_a, (Va)t =li_q #DT, Proposition 2.1IZBWT A% AP, B% B" IZFNEThE
iz, a——Vr EELZEIZKY (11), (1.2) B2 &N TE 5.
E7, (2.1) ia@ﬁfﬁ&%ﬁf EHWT

1 1
F(BIAB3) > B <= A> — 207 (2.3)

EROTIENTEDZ LITEETD.

3 Main results

(1.1), (1.2) ZRBBEHEAVTROL I ICEXME B L, A, BATHETROESIZOVTH
EXBHZLNTES.

(BEAPBE)77 > B™ <= AP > (A5 BrAb)7r, (3.1)
Eor g2
DI+ 1-BEAPB: > B" <= AP > A2BT A . (3.2)
p+r p+r I_)EAZB'IA';_*_?I

(3.1), (3.2) D 2 ODFEXDERICOVT, A, BAFHELIFRE 20— ROBEDRERE L
T [6], [10] TROERMBFE NI



Theorem 3.A ([6]). Let A and B be positive operators. Then for each p > 0 and r > 0, the
following assertions hold:

(i) If (B5APBE)75 > B", then AP > (ABBrAR)si.
(ii) If A7 > (A8 B"A%)5% and N(A) C N(B), then (BEAPB%)5% > Br.

Theorem 3.B ([10]). Let A and B be positive operators. Then for each p > 0 and r > 0, the
following assertions hold:

i P I_B% 3
(i) If p+r.7+ p+rBzAsz > B", then AP > S aIpAl L 21

A5BrAS

S ASBrAR 4+ B

IHERBRIZLT, (23)DEEEZHZ LI2L Y, Proposition 2.1 DILEE L TROERE
BHZENTED. ZDORERIE Theorem 3.A, Theorem 3.B DILIEIZ G Ao TN 5.

and N(A) C N(B), then -2-I + -"-Bi APB% > B".

(i) I 47 = sl + 5

Theorem 3.1. Let A and B be positive operators, and let f and g be non-negative continuous
functions on [0,00) satisfying
Ft)g(t) = . (3.

(i) If g(0) =0 or N(A%BA%) = {0}, then f(B%AB%) > B ensures A > g(A%BA%).

(i) If N(A) C N(B), then A > g(AzBA%) ensures f(B2AB?) > B.

Theorem 3.1 IZHBWTC, f, g iFMEAFREATRITH IV, F7, f(0)>072561F(3.3) &Y
g0)=0&,25Z LITIERELTEL.

Theorem 3.1 1286\ T, A, B& A, o 2REBED f THIIERFEHLTH L, (21) &
(2.3) BEMETH 2D Z & XY Proposition 2.1 ## <. 7z, Theorem 3.1V T A% AP, B%
BriCEWENEE R, () =17%, g(t) = t5+ LM< & Theorem 3.A %, f(t) = ;2 + 51t
9(t) = == LB & Theorem 3B # ZhEThEL. ZDLE, EHLoDHEALg0)=0T

T

P
HBHZLILEETS.
Theorem 3.1 DFEF I3 L CTIIKROFEE W35,
Lemma 3.C. Let T be a positive operator. Then

. 1 . T —J; —
EgriloTz(T-keI) T2-51_1>I£0(T+EI) T = Py(ryL,

where Paq is a projection onto a closed subspace M.
Lemma 3.C 2L < HONTHERTHY, 96 RETHRENTNDS.

Lemma 3.2. Let f be a non-negative continuous function on [0,00) such that f(0) = 0 and
f(t) >0 fort > 0. Then N(f(T')) = N(T) for every positive operator T'.



Lemma 3.3. Let T = U|T| be the polar decomposition of an operator T, and let f be a
continuous function on [0,00). Then Uf(|T|)U* = f(|T*|) — f(0)(I — UU*).

Lemma 3.2, Lemma 3.3 OFEAITEK T 5.

Proof.of Theorem 3.1. Let € > 0.
Proof of (i). Since f(B%AB%) > B, we obtain
(B+e)™ > {f(|A2B3|?) + eI} .
Let AZB3 =U [A%B%] be the polar decomposition of A3 B%. Then we have
AZB3(B +el)'BiAs
> A3B3{f(|A?B3|?) + eI} 'B3 A2 |
= U|A3B3|{f(|A2B3|?) + eI} '|AZ B3 |U* (3.4)
= U{f(|AZB%|*) + eI} '|AZB3|PU"
= U{f(147B3") + eI} f(1A2 B2 ")g(| A2 B [)U* by (3.3).

In (3.4), by tending £ — +0 and Lemma 3.C, we obtain

(r0a2B32)

by the following: If f(0) > 0, then A3 B3|?) is invertible and P
y g It (0 F(141BEP) (adetn)

= U by Lemma 3.2.

A3 Py g A% > UP_ Lg(|AZB22)U* = Ug(|A2 B2 |2)U* (3.5)
L =1 1If

= UPyatptpe = Ulyatphye

= I if N(A3BA%) = {0}, we have

=0, th

. . _
Therefore, noting that UU* = PN(B%A%H = PN(A%BA%)l

A> A3 Py gy A3

> Ug(|AZ B3 2)U* by (3.5)
= g(|B2A2[%) — g(0)(I — UU*) by Lemma 3.3
= g(|B2 Az [%) since g(0) = 0 or N(A2BAz) = {0}
= g(A7BA?).
Hence the proof is complete. (ii) can be obtained by the similar way to (i). |

Corollary 3.4. Let A and B be positive operators, and let f and g be positive continuous

functions on [0,00) satisfying f(t)g(t) = t. If N(A%BA%) = {0}, then f(B%AB%) > B is
. 1 1

equivalent to A > g(A2 BA?).

Proof. Since N(A%BA%) = {0} ensures {0} = N(A) C N(B), f(B%AB%) > B is equivalent
to A > g(A%BA%‘) by Theorem 3.1. O

bbAA, A, BRAMEGIE N(AIBA?) = {0} Th 5.
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1 Furuta inequality & chaotic order D4F#T (T

LIF, EAREREIN VN ERH EOFRBRBERRTHD, HANFTERY. F
RARTHIETH S EIFIEEE, B, IXTDze HIHUT (Tz,2) >0 THD T &&
U, T>0&RY. T/, TOFHEREFARTHDEE, T>0LEKT.

XY, EERROIEFZRETDAEXNTH D, ROBREBNTS.

Theorem F (Furuta inequality [5]).

If A> B >0, then for each r > 0,
()  (BEAPBE): > (BEBPB):
and

(i)  (ABAPAR)T > (ASBPAR)S

(1,1

hold forp >0 and ¢ > 1 with (1 +r)g>p+r. (0,-7)

(1,0) q

Theorem F @ (i) £7214 (ii) KBWTr=0EB T &ICEK D, Lowner-Heinz DFRZER
“A> B >0 ensures A* > B® for any o € [0,1]” DNENNS. Theorem F D 1 X—TD
RIZFEIN 6] THA HNTWS. Theorem F D/XT A—4 DFEILIL best possible TdH

BT EN[15] TRENT NS,

A B > 0IZDWT, logA > logB KK > TEZEINSEF% chaotic order &FEXR.
Chaotic order I, log- 2MERAREMBEKTH L L5, A>BELUBTWEFTHS.
Theorem F DIFAE LT, [1] DFERDOIFRTH 5, KD chaotic order DRHE AT 5

NTn3.



Theorem A ([3][7]). Let A,B > 0. Then the following are mutually equivalent:
(i) log A > log B.
(ii) (BEAPBE)# > B" for allp> 0 and r > 0.
(iii) A" > (AZBPA3)" for allp >0 and r > 0.

Theorem A OHRRIZHIFERMN [17]) THEA 5N TWS. Theorem A D/NT A—F DIEIR
I best possible TH D I EMN[18] TRENTWD. E, pr> 0 DEEEELEZEE,
A B>0IZDWT,

(B3 APB3)## > BT <= AP > (AT BT AR)7
BROMD I ER, RO Lemma FN&ENNS,

Lemma F ([9]). Let A > 0 and B be an invertible operator. Then

1

(BAB*)* = BA*(A:B*BA%)*"1 A1 B*

holds for any real number \.

2 Relative operator entropy ICBIET SR EL

A,B > 01ZDWT, relative operator entropy & S(A | B) = Az log(A7 BAT)A: &
EEIND ([2]). S(A | I) = —Alog A I3 operator entropy T 5. Relative operator
entropy ICDWT, ROFERNHSNTNDS.

Theorem B ([8]). Let A, B > 0. Then the following are mutually equivalent:
(i) log A > log B.
(ii) log AP*" > log(A3BPA%) for allp > 0 and r > 0.
(iii) S(A™" | AP) > S(A™" | BP) for allp > 0 and r > 0.

p,r > 0 DEZBEE L& ENL, Theorem A £V, A,B > 0BT BIEFEFER
ZDOWT, ROBBANR DD, &£o5T, Theorem B @ (ii) = (i) I&, Theorem A @
(iii) = (i) DR TH 5.

log A > log B == A" > (A’ BPA%)m = log AP > log(A% BPA?).

p>0>rDFFITDONTE LS. Theorem A DIGHEL T, ROBEENESND.



Proposition 1. Let A,B > 0 and p > 0.
(i) In case s > ~p, log AP > 10g(A%B”A%) = AT > (A%BPA%):;’I;{;L forallr > s.
(ii) In case s < —p, log AP** > log(A2 BPA?) <= A=+ > (A5 BPAR)FH for all T < s.

RFIZ, Proposition 1 ®D (i) Ts = —¢, r =0&EBL T &L D, [12, Propositions 1, 2]
TL Nt ELREEITHIET D, RORVELNS.

Corollary 2. Let A,B >0 andp >t > 0.
AP > BP = log AP > log(A7 BPAT) = A > Bt.
UEDHERZEEDDE, ROLDITRS.
(i) p,r>0D&F,
AP > B? ) )
_ log A > log B == log AP™" > log(Az B? A?).
A" > BT =7
i) p>t>0D&E,

AP > BP = log AP > log(A7 BPAT) = A! > Bt = log A > log B.

(i) t>p>0DEE,
7 log A > log B
At > Bt = AP > BP
S log A7 > log(A7T BPAT).

[16][18] DFERDISH E LT, Corollary 2 D best possibility IZBIE %, ROFERINES
ns.

Proposition 3.
(i) Letp> g >0 andt > 0. Then there exist A, B > 0 such that
AT>B? and log APt ¥ log(AT BPAT).
(i) Let p>t >0 and ¢ > t. Then there exist A, B > 0 such that
log AP7* > log(A:‘fthA:ft‘) and A7 % BY.

Proposition 3 DA EL T, ROHERNESNS.



Theorem 4. Let p>t, s > 1 and r < 0. Then there exist A, B > 0 such that
AP > BP and log AP0t % log{A% (A7 BPAT)°A5}.
Theorem 4 & 1, generalized Furuta inequality ([9]):

A>B>0with A>0=> A" > [AF(AT BPAT) A5} o0
forp>1,t€[0,1], s>1andr >1¢

&, p>1,p>t s>1,r <0 TEHERDILERBRNIEBRDRNS.

3 Chaotic order DY T ICERN DS AEFER

Theorem A DAEZERICBNWTNTA—FOEZEELZHEEICDOWVWT, KROBEFGRIR
INTWA. EE, A B>00D%HEIL, Theorem F & Lemma FIZKDREINSD.

Proposition C ([11][14]). Let A,B>0,0<p; <py and 0 <7y <19,
(BF 47 B#)ntn > B — (BF A»BT)min > B,

Proposition CIZBWTpy > py Ezldr, > ry OBEEEZEZD. A BIWNEHTRNES
IZDWT, [13, Theorems 5, 6] DFEAZMKT 5 Z £ITL D, RPKDILD T EDND.

Theorem D ([13]). Let p; > 0 and 1 > 0. Then there ezist A, B > 0 such that
(BT AnBH)5i+n > B and (BT APB?)min # B
for all py > 0 and r9 > 0 such that py > ps.

A B THEIHEETONT, pr=r=2,pp=r=1DEETDEMFENHMELT,
RSN TNS.

Example E ([4][10]).

2
17 7 10 .
Let A= (7 5) and B = (0 4) . Then A,B >0, (BA2B)? > B? and (B3 AB?)? } B.

Proposition C, Example E D5 & LT, ROERNESNS.
Theorem 5. Let p; > ps > 0 and r1 > r9 > 0. Then there exist A, B > 0 such that

(B%LA“B%)P;HI > B™ and (B%ZAPZB:?Z)Pzr**fz ? B™.



Proposition C, Theorem D, Theorem 5 BT 2 (py, 1) DEEFHEERT &, ROLDHIZ
725,

 Pop.C

ol

A B>0 A B>0

Theorem D IZBWT A, BRI TH B ERITHIET 5, ROGENROLDNE SN
IIRBIRTH 5.

Conjecture 1. Let py > 0 and r; > 0. Then there exist A, B > 0 such that
(B# A B )m+w > B" and (BFAPB%)min ¢ B
for all p; > 0 and ro > 0 such that p; > py.

Conjecture 1 iIZBWNWT A, BIIRHETHSDT, Lemma F £V, Conjecture I NHES
RPEPND.

Conjecture 2. Let p; > 0 and r1 > 0. Then there exist A, B > 0 such that
(B+APB#)7it1 > B and (BEAPB%)min ¥ Br

for all p; > 0 and ro > 0 such that p; > py or 1 > 7.
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PARAMETRIC EXTENSIONS OF SHANNON INEQUALITY AND ITS
REVERSE ONE IN HILBERT SPACE OPERATORS

TAKAYUKI FURUTA"

Department of Mathematical Information Science, Faculty of Science,
Tokyo Um'vérsity of Science, 1-3 Kagurazaka, Shinjukuku,
Tokyo 162-8601, Japan
Abstract. We shall state the following parametric extensions of Shannon inequality and
its reverse one in Hilbert space operators. Let p € [0,1] and also let {A;, As, ..., An} and
{B1, By, ..., B,} be two sequences of strzctly positive operators on a Hilbert space H such
that EJ 1 Al B; < 1. Then

n

E Sp+1 AJ’}BJ’ = [Z(A thB Z Ajﬁp ] log {Z(A hp-HB (I - zn: Ajﬁij)]

j=1 j=1

>Iog[Z(A]hp+1B (I - ZAg,, ] ZS (A;1B;) w;h)g[Z(A by—13;) ZA]ﬁpB )

> ~[Z:(Ajhp-JB I ZAJﬁP }log[Z(/—l hp 1B I ZAJﬂP ] > ZSP—I(AjIBj)

j=1 J=
where Sy(A|B) = AZ(A BA 2 )1(log AT BAZ)Az for A> 0, B > O and any real number
q and Al B = Az (A7 "BA7T )qu for A>0, B> 0 and any real number q.

In particular, if 7% A; = 377, B; = I, then

> S(As1B) 2 |3 BiAT By 1og[ > BiA7 By | > log [Z BiA7'B;| > 3 Si(44By) > 0
=1 =1 j=1 =1 =

> Z S(Ale]) > —10g[§: AJB}—IAQ] 2 - [Z AJBJ_IAJ] 10g [Z AJB;IA:,] > Zs_l(A]tB])
J=1 g=1 j=1 j=1 j=1

where S(A|B) = So(A|B) = Az(log A% BA7 A3 which is the relative operator entropy of
A >0 and B > 0. Our results can be considered as parametric extensions of the following
celebrated Shannon inequality ([7],]9] and |233 p ,1]) which is very useful and so famous in
mformatlon theory. Let {ai,as,...,an} and {b1, by, ...,b,} be two probability vectors. Then
0> Za] logb; — Z ajloga; (see inequalities (2.4) of Corollary 2.4).
j=1 j=1
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§1 Introduction

First the Shannon inequality asserts: Let {ay, as, ..., an} and {by, bs, ..., b} be two proba-

bility vectors. Then
1.1 > § log L.
( ) O B j=1 aj Og a'j

n n
bj .
We remark that 0 > g a;log i in (1.1) is equivalent to D = E a; logZ—j > 0 which is

, j=1 7 j=1
the original number type Shannon inequality and this D is called “divergence” in [7] and

[9].
In this paper we shall state parametric extensions of Shannon inequality and its reverse

one in Hilbert space operators.

A bounded linear operator 1" on a Hilbert space H is said to be positive (denoted by
T > 0)if (Tz,z) > 0 for all z € H and also an operator T is said to be strictly positive
(denoted by T' > 0) if T' is invertible and positive.

Definition 1.1. S,(A|B) for A >0, B > 0 and any real number ¢ is defined by
S,(A|B) = AT(AZ BA7Z )i(log A7 BA™ ) A3.
We recall that So(A|B) = Az (log AT BAT)A% = S(A|B) is the relative operator en-
tropy in [2] and S(A|I) = —Alog A is the usual operator entropy in [8].
Definition 1.2. A, B for A > 0 and B > and any real number q is defined by
Ah,B = A2(AT BAT )14z
and Al,B for p € [0,1] just coincides with Afi,B which is well known as p-power mean.

We remark that S;(A|B) = —S(B|A) and moreover S,(A|B) = —S1_4(B|A) for any g.
Following after Definition 1.1, The original Shannon inequality can be expressed as fol-

lows:

j=1

1 b, LI -1 =11 L
0> Zaj logj = Zajz (loga? bja;® )ai = ZS(ajlbj).
j=1 1 ‘ j=1

Consequently 0 > ZS(aj]bj) in the original Shannon inequality can be extented to
=1

n

0> Z S(A;|B;) in operator version case (2.4) of Corollary 2.4, so that the form of (1.1)
j=1

is convenient for operator type extension. We can summarize the following contrast:



The original Shannon inequality The operator version Shannon inequality

and its reverse one and its reverse one
n b n 0,2 kA n
OZZajlogﬁZ—logZ#. OEZS(AﬂBj)Z—logZAij"lAj.
=1 7 j=1 7 =1 =1

fO'f’ Cl,j,bj >0 with 1 = Zaj = Zb] for Aj,Bj > 0 with 1 = ZAJ = ZB]
Jj=1 j=1

Ge=1 J=1

§2 Parametric extensions of operator reverse type Shannon inequality

derived from two operator concave functions fi(t) = logt and f,(t) = —tlogt

Firstly we shall state the following parametric extensions of Shannon inequality and its
reverse one in Hilbert space operators derived from an operator concave function f t) =
log t.

Theorem 2.1. Let p € [0,1] and also let {Ay, A,, ..., Ap} and {By, Bs, ..., B,} be two

sequences of strictly positive operators on a Hilbert space H such that z AillpB; < I, where
Jj=1
I means the identity operator on H. Then
n

(21)  log| > (AitpriBy) +tolI = 3 AstpBy)| ~logto(I — 3 Ay By)
j=1 j=1

=1

> f:sp(Alej)

> —log[ > (Ayfy1B;) + tolI - ZlAjn,,Bj)] + log to(I — Zl AjfipB;)
i= j=

j=1
Jor fized real number ty > 0, where S,(A|B) is defined in Definition 1.1 and Ab,B is defined
in Definition 1.2.

Secondly we shall state the following parametric extensions of Shannon inequality and
its reverse one in Hilbert space operators derived from an operator concave function f (t) =
—tlogt.

Theorem 2.2. Let p € [0,1] and also let {A;, As, ..., A,} and {By, By, ..., By} be two
sequences of strictly positive operators on a Hilbert space H such that Z AilflpB; < I, where

j=1
I means the identity operator on H. Then

(2.2) Z Spy1(4;]Bj)



> [Z (Ajlp+1B;) +to(d ZAyﬁp ]1()%[2 Ajlip1B;) +to(l ZA o Bj ]

~tologte(L — Z A, B;)  for fized real number ty > 0,

and .
(22) > Spa(4lBy)
Jj=1
S - [Z(Ajhp—lBj) -+ tO(I - ZAJHPBJ)} ].Og [Z(Ajhp—lB ’Hfo ZA ﬁp :I
J=1 J=1 j=1
+to log to(/ Z Ailp,B;)  for fized real number to > 0,

where Sy(A|B) is deﬁned in Definition 1.1 and AbyB is defined in Definition 1.2.

We shall state the following result which can be shown by combining Theorem 2.1 with
Theorem 2.2.

Corollary 2.3. Let p € [0,1] and also let {A1, As, ..., An} and {Bl,Bg, vy By} be two
sequences of strictly positive operators on a Hilbert space H such that Z Aty B; < I, where

j=1
I means the identity operator on H. Then

(23) ) Spi1(441B;)

> [i(AjnpﬂBj) (- i )] 1083t ) 0 = 3 At
> log [En:( Ajbpr1B;) Z AjtipBj ]
=1

zisp(Alej)
> : ;g [i(Ajnp-lBj) +(I - Z AsfyBy)]
[ Astp-1B;) ZA]np ]1og[§_j Agty1B;) ZAap )]

where q(A[B) is defined in Definition 1.1 and Ab,B is defined in Definition 1.2.



Corollary 2.3 easily implies the following result which can be considered as operator

version of Shannon inequality and its reverse. one.

Corollary 2.4. Let {Ay, Ao, ..., Ay} and {By, By, ..., By} be two sequences of strictly
n n
positive operators on a Hilbert space H. If ZAj = z B; =1, then
=1

j=1

- =1 j=1

(2.4) isz(Alej) > [En: BjAj-lBj] 1og[iBjAj—13j] > 1og[i BjA;lej]
j=1 j=1

> " Si1(4;1B;) = 0> " S(44]B;)
j=1

J=1

S, ST R S VT I, SOy

j=1 j=1 j=1

> S_1(4By).
=1

Remark 2.1. We recall S;(A|B) for A > 0, B > 0 and any real number g as follows:

S,(A|B) = A7(AT BA% )i(log AT BAZ)A:.
By an easy calculation we have
415,(A|B)) = A3 (AT BA7 )illog A7 BAZ A3 > 0,

so that S;(A|B) is an increasing function of g, and it is interesting to point out that

the decreasing order of the positions of ZSQ(A]'IB]'), Z‘Sl (A4 B;), ZS(Alej), and
=1 =1

j=1

Z S_1(A;|B;) in (2.4) of Corollary 2.4 is quite reasonable since Z S(A;|B;) = Z So(A;|B;).
=1

J=1 J=1

This paper will appear elsewhere with complete proofs.
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SOME EXTENSIONS
OF

KANTOROVICH TYPE INEQUALITIES

Mariko Giga

Department of Mathematics
Nippon Medical School

Abstract

We consider Kantorovich type inequalities for bounded strictly pos-
itive operators on a Hilbelt space. Mici¢-Pecarié-Seo recently obtained
Kantorovich type inequalities between AY and BP for the casep > 1,9 >
1 under the assumption A > B. We extend it to more generalized Kan-
torovich type inequalities between (T'z, z)? and (TPz, z) for the case (a)
p>1l,g>1 (b)) p<0,g<0,{(c)0<p<10<q<1l We further
prove that these results are applied to the case chaotic order.

1 Introduction
ZDHEICIBWT, T, A, B Hilbert space £® bounded linear operator %
=7

Theorem A. (Holder-McCarthy inequality)
Let A be a positive operator on a Hilbert space H. For any unit vector z,

(a) (A*z,z) > (Az,z)* for any A > 1,
(b) (A z,z) > (Az,z)* for any A <0  if A is invertible,
(c) (A*z,z) < (Az,z)* for any X €[0,1].

Theorem A {ZBWT, (a),(b),(c) IXEVMZ equivalent TH 5.

Theorem B. (Kantorovich inequality)

Let A be a positive operator on a Hilbert space H such that
MI>A>mI>0. For any unit vector z ,

2
(4z,2)7 < (47m,7) < M (g gy

2
(Az,z)* < (A%z,2) < %(Az,x)z.



FRIDOAERIE, Holder-McCarthy inequality @ reverse inequality T 5.
Z DEHE, FMFHEHERFHOLEDO2RLEVIBELTND. £ O
Z2E )% Kantorovich inequality Z#f%% L C& 7228, #FIZ Mond-Pecaric i long
research series 2% % [10,11]. [9] T, Miéi¢-Pecarié-Seo t& [Theorem 2.1, 3] @
2B E p > 1,q¢ > LIZOWTARLEZ. It ordered operators A, B {Z-D
T Kantorovich type @ inequality Th 5.

ZDOHETIL, £ 223D Kantorovich type inequality %, (a)p > 1,q >
L(b)p<0,g<0(c)d<p<l,0<gqg<lZHETSD. £z, "Tbhik
Kantorovich type inequality % 5 LT, ordered operators A, B {Z-2W\WT®D
Kantorovich type @ inequality Z[E L (a), (b), (c) TEL. bHIiT, THLDLD
chaotic order version ~DEHAHE X 3.

2 Extended Kantorovich type inequalities

Z ZCi, main results T& 5 Theorem 2.1,Theorem 2.2 ##k-<X%. Theorem
220FB LY —REITHS.

Theorem 2.1 Let T be a strictly positive operator on a Hilbert space H such
that MI > T > mlI > 0. Then for any unit vector z,

(@) Ifp>1landg>1, (b) Ifp<0andqg<0,
K(m,M,p,q)(Tz,2)! > (T?z,z) > (Tz,z)P.
()f0<p<landO<g<l,
K(m,M,p,q)(Tz,z)? < (TPz,z) < (T'z,z)".

KM (m, M,p,q) if case 1 holds
K(m,M,p,q) = mP? if case 2 holds
MP—e if case 8 holds,

where Kantorovich constant KM (m, M, p, q) is

KO (m, M, p,q) = {4~ M) { (g = 1)(MP — m?) }

(g —1)(M —m) { g(mMP — Mmr)
r P P
j < I g (@), )
case 1. mP~lq ]\% —
> ———>M""'¢ (c)
| —
C P —mp
) 7w @0
< case 2. mP7 g < MP — mp ©
—-m
) S @0
case 3. MP~q MP —m?
\ > W—m




Theorem 2.2 Let T be a strictly positive operator on a Hilbert space H such
that MI > T > mlI > 0. Also let f(t) be a real valued continuous function on
[m, M]. Then for any unit vector z, '

(a) If ¢ > 1 and f is convez, (b)If g < 0 and f is conves,
Km,M, f,q)(Tz,z)! > (f(T)z,z) > f((Tz,z)).
() If0 < g <1 and f is concave,

K(m, M, f,q)(Tz,2)* < (f(T)z,2) < f((Tz,z)).

KM (m, M, f,q) if case 1 holds
m .
K(m,M, f,q) = 1(m) if case 2 holds

q
() .
e if case 8 holds,

where Kantorovich constant KM (m, M, p, q) is

D _ (mfM) — Mf(m)) ((¢—=D(FM) - f(m))*

KOm, i, 1,00 = P (s ) )

( case 1. f(M)> f(m), fg\];[) > fgzl), fS:) < f(][Vé[):J;(Lm) < f(]f/\[/[)q
(@) { case 2. F(M)> f(m), fggl) >fT;”), ff:‘)q > fw]@:f(m)

| case 3. f(M)> f(m), f(]\f/\;f) > fs;:?), f(]fy)q < f(]\/]{} : i(m)

w1100y i, 100 1) Sl SO0~ 1() _ 1000,
(b) § case 2. f(M)< f(m), f(]\‘]/\;[) < fszl), fs;n)q f(]\/]{} : f(m)

\ case 8. f(M)< f(m), f(]é\[/[) < f(:;), f(]f/\j/f)q f(]\/]'\[} : i(m),

e 1. 7081 g, L0 1) ) SO0~ 10 $100),
()4 case 2. F(M)> f(m), f(]gf) <f§;”;), fﬂT) < f(]vﬁ:f(m

\ case 8. f(M)> f(m), fg\]/;[) < fﬁ::t), f(]i?r)q > f(ﬂj\[} : Z;(m)

Theorem 2.2 DFFATIL, t DL

1 K—k
hit, b, K) = - <k+M_m(t—~m)>.



BROBREL LB LEETVD.
( (mK — Mk) ((q ~1)(K k)

q
) if case 1 holds

(g —1)(M —m) \ ¢(mK — Mk)

9 —l% if case 2 holds (2.1)
%—q if case 3 holds.

\

Kantorovich constant K1(m, M, p, ¢) 1£Z @ case 1 DEFHE T 5. case 2,
case 313, h(t, k, K) DBEAMENKE [m, M| DIRICHDHETHS. £ The-
orem 2.2 DEEBATIE, t* (p > 1,p < 0) A convex function, & (0 <p < 1)
concave function TH D Z Lo TW5D. ‘

3 Applications

Corollary 3.1 Let A, B be strictly positive operators on a Hilbert space H
such that MyI > A>miI >0, Myl > B> mel >0 and also A> B.

(a) fp>1, ¢>1, K(mg, Ms,p,q)A" 2 B?

(b) if p <0, ¢ <0, K(my, M,p,q)B? > A

()if0<p<l, 0<g<1l, K(my,My,p,qB?< AP

KM (my, M;,p,q) if case 1 holds
K(m;, M;,p,q) = & mi™? if case 2 holds
M if case 8 holds,

where Kantorovich constant K m(mi, M;,p,q) is

(meM? — M) {(q — (M — m}) }

W (m;, M; =

The classification case 1,2 and 8 is similar to it in Theorem 2.1.

Z #UiE Theorem 2.1 2 X IXFEBITE 5. Corollary 3.1 @ (a) IZ2W T,
Mi¢ié-Pegarié-Seo (2 & DBIFEAA & 2 [9)].
Proposition 3.2 For every p,q,
1

1 1 1
K(l) <ma A/[a _2"—pa §“Q> = (m]VI)q_pK(l) <ma ]V'[v '2'+pa §+Q> 3

where KW(m, M, p,q) is

KW (m, M, p,q) = MM~ Mm?) ((q — 1)(MP — m”))q'

(q — 1)(M —m) \ g(mMP— Mmr)

1 1 1 1
In particular, whenp = g, K (m, M, 3P 5-—(]) and KM (m, M, —2—+p, —2-+q>

L 11
are symmetric with respect to (p,q) = 53/



4 Applications to chaotic order

Theorem 4.1 & Corollary 4.2 1%, Theorem 2.1 & Corollary 3.1 @ chaotic order
version TH 5. TRED Sy(m, M,p,q) X, p = q® & E1I Specht ratio & FEX
412, Corollary 4.2 1%, Miéié-Pecaric-Seo (= & 2 BIFEBAD & 5 [9]. Proposition
4.3 1%, Kantorovich constant K (m, M,p,q) & Specht ratio ® 2 4R D [
DERZEZTWD.

Theorem 4.1 Let T be a strictly positive operator on a Hilbert space H such
M
that MI >T >mlI >0 and h = po > 1. Then for any unit vector z,

Sw(m, M,p, q) A (T?) > (TPz,7) > Az(T7)  for p>0 and ¢ > 0,

where Sp(m, M,p,q) and a determinant Ay (T) are

( h#P-1

p—a_ " o<
" elog R#-T fas log h

‘S'h(ma -ZV[:p) Q) = 4 mP—4 ’Lf f

| ur if e <
A4(T) = exp(((log T)z, 7).

Corollary 4.2 Let A, B be strictly positive operators on a Hilbert space H
such that MI > B > mI > 0. Then log A > log B is equivalent to

Sy(m, M,p,q)A? > B? forp>0 and g > 0.

Proposition 4.3

logm _ log M R
: (1) ) g —apPe_
nl—l—>H<>1oK <1+ n 1+ K nq) ™ elog h™=1’
M
where h = —:[~ > 1.
: m
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Hanner-type inequality and uniform non-squareness
for Banach spaces

Yasuji Takahashi and Mikio Kato

Abstract. We introduce Hanner-type inequalities with a weight for Banach
spaces X, and investigate some geometrical properties of X such as uniform
non-squareness, 2-uniform convexity and 2-uniform smoothness in terms of
those inequalities.

Hanner i& L, ® modulus of convexity % &3 4%, Hanner AERX & A7z [2].
ZTi, BanachZZR X ICBWTEFNETHETHEHA v %D Hanner ARER 2 EA
L, #15 % BT uniform non-squareness 72 & DEATEREE 2 HHO) 5.

1. Hanner inequality
() llz+ 9l +llz =l = ol + loll] + |lell = | VeyeL, (1<p<2)

@ llo+9lP + Iz — ol < [lll+ o]+ |lzl = Il Veyel, @<p<oo)

Hanner N3 L, 22 O Ath, p—Schatten class operator D72 §Z2EH C, T1 <p <
4/30L & (1),p>4 DL E (2) HPKILT 5 [1]. —i% D Banach ZEf] X TLEORER
REZTHLEE, (1) HBVIE(2) X THILY % 7% 51T, Lebesgue-Bochner 22/ L,(X)
THHILT AL, F/2, L, ZMICBVTid Hanner FERXD n EZ~DILENFTEET
HHT EREFHLNTVS [3],[4). BIZIT K &iE, ® 57D Hanner FAERIZOW
TREMIETEANERZDIWESTRETH AL I EWRINL(T. 2B, p=10%
A1), p=0co DHFA ) ETRTDO/ VAZETHRILT S, LLF, Banach 22/ X & 2
RIELEET B,

2. Theorem Let 1l < p,s,t < oco. Then the inequality

(3) Iz + ol + lle = ylI” 2 |llall + vl + |l = llvg |

holds in X with some 7 > 0 if and only if the inequality

@ Qe+all+ o=l 2 227 ([l + ol + el = 1ol [) i



holds in X with some vy > 0.

On the other hand, the inequality

(5) Iz -+ ol + s = w17 < |l + |+ [l = llvwll|

holds in X with some v > 0 if and only if the inequality

©  oroles e -1 <2 fi ool + et )

holds in X with some v > 0.

Hanner R (1) Tl 1<p <2, (2) T2 2 < p < o0 DEHFAVLETH 072775,
(3),5) Tld1<p<oo TEELL. TOZENFTEICZ 7D, INHOARENICE
Ay it L. BEOET, L, ZHTIE1<r <20t & (4),2<r< o
DEEB)DPMIALTAHIE,BIL, INOPRITE L) LREOERy 2 REL[7]:

3. Definitions (i) The modulus of convezity of X is defined by

T4y
2

(g =it {1- el =l = Llle -yl =} @< e<2)

(ii) X is uniformly non-square if dx(e) > 0 for some 0 < € < 2, and g-unifromly
convez (2 < g < o) if there is C' > 0 such that dx(e) > Ce? for all 0 < e < 2.
4. Definitions (i) The modulus of smoothness of X is defined by

pctr) =sup { LT NE =Ty gy -1

(i) X is p-unifromly smooth (1 < p < 2) if there is K > 0 such that px(r) < K7P
for all = > 0.

5. Notations Let X be a Banach space. Let 1 < 5, < 0o and v > 0. Denote by
¢(s,t,v; X) the best (largest) constant ¢ for which .

@ ool o= w 2 o (Jlell+ ol + el - oy v

holds in X.

Also denote by k(s,t,7v; X) the best (smallest) constant k for which

(8) (lz+yll* + |z -yl <k (lllxll + Hvyll‘t + ]llx!l - livyii’t) "



holds in X.

6. Theorem Let 1l < s,t < oo and+y > 0. Then for any Banach space X, the
following inequalities hold:

zl/s )
(9) (‘1 + ,-Ylt + |1 — ,-),lt)l/t < C(S,t,fy; X) < 21/ 1/t
- 1+ u)2Y/s
10) 2T <R(s, 17 X) < { ( >
(10) < k(s,t,7; X) < sup MFol w20

In particular, the ineqaulities (7) and (8) always hold for any Banach space X with

21/s (1 +w)2Y/e
C = and k = su su>05.
(149t + |1 = yf)2 p{(|1+wl*+ll—~mlt)1/t - }

7. Theorem (Yamada, Takahashi and Kato [7]) Let 1 < s,t < co.

(i) X is 2-uniformly convex if and only if there exists v > 0 such that c(s,t,v; X) =
21/.9—1/t.

(ii) X is 2-uniformly smooth if and only if there exists v > 0 such that k(s, t,v; X) =
21/s~1/t.

8. Theorem Let 1 < s,t< oo and v > 0. Then the following are equivalent.

(1) X is uhiformly non-square.

21/.9

(ii) c(s,t,1; X) > T+ A=A for any (some) v > 0.

- . (14 u)2/¢
(iii) k(s,t, 7, X) < sup{(ll Ry R : u > 0> for any (some) v > 0.

ZZTERLRMFENME L, uniform non-squareness, uniform 2-convexity, uni-
form 2-smoothness T# 5 7%, #DMBDOEMENMEE ©+ EH O X Hanner HIAZER %+ H
WD A Z &, T/, Hanner IAERIIHBE L TR B EH EMOBRMENE
#1 (Jordan-von Neumann, James, Schaeffer %) & DEZ FARE Z &, & i34 H O

BL95h. 28, Hanner BAERDE T, BUdtE% EICBET2RENERE (T 28
Bahiown,
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Square-root problem in C'(X) and the Cech cohomology
(C(X) DRFIRFEBEL IREOD )

Science University of Tokyo (BHRIERIAZEIHAEER)
Shizuo Miyajima (28 &)

Abstract. The relevance of the Cech cohomology to the square-root problem in C(X)
(X: compact Hausdorff) is discussed. It is shown that every invertible element of C'(X)
has a continuous square-root if and only if H*(X,Z2) = 0 or H'(X,Z) is divisible by
2, provided dim X < 1. Some remaining problems are posed.

1 Introduction

FRTEOES DI, HL<PEOFEETHHROFNRHEETHS.

EHIRERR: TRTOD f € C(X,C) DEGRTEARERD, DED f=¢% 24727 gc C(X,QC)
DEET 5L 5% compact Hausdorff 28/ X %ISR L.

WROBFDPEHPBLDIC, ERFEARERFOEDIIIMSPOREKT M RTH) BRI EHLE
ENSZeHFHEEIN, IHX 1RV >TCHARDL S REBADH > TEIHZDTH S.
i
(1) BAFMR {ze C ||zl <1} PEAM ST FERFESRESLT UHFI R0,
F2) =z BEBZNTZ L.
(2) [0,1] ®EAETERZEME CILBERLHRMSEETS. £72 R O Stone-Cech @737 Mt
AR bEFEAREEFT. Zhik C(BR) ~ C*(R) 56450 5.
(3) X =10,1) x {0}U2,[0,1] x {1/n} C R? i@ FEHREEFS 20,

Countryman, Jr. [1], WE-= [3], =W [7], ZB-#HE 8] bOFSICLY, E—ABAED
ZWEEFTEREE R CETORREF (T R TCEFEAREEBIRL DO FH2EEE T LR THE
RENTNWS. ZhEBRBEDICROESZEEALLD.

e N
T

e X 7 hereditarily unicoherent <= X OEHEHIMIES U,V T UNV HIEEF LIz
X5 bOIFEELRN.

o #7& /X7t (covering dimension)

RIFEZERE X DA IRTT dim X RO L > 2MEE2F O n e {0 UN OFR/NEEED

X OEFEOEHE A IR LTHD B T, n+2 BOHERS B OEBOBERPRD D 2F
WL RO DDEFEETS.

o X ¥ almost locally connected

£ X RO &S BEEHBIEET] {Coln BEERV

& Cp BEVCET, U,y Cn OEEATH, 5 o4, 4, € G, TTUENEL B RICIH

258 {zn}n, {Yn}n DPHEET .
- /

SIS DEZHED T T Countryman Jr. 5OFERIFMD IS T EHEND.




Countryman Jr. D58
X: compact Hausdorff ZER{D & &

C(X): B FHREFD = {X : almost locally connected and hereditarily unicoherent
X DBE-EAEEH L TCONEH BRI,

ZHFEDHER
X: JEFERER compact Hausdorff ZEfH 0D & &

C(X): EFHRERD <= X hereditarily unicoherent
<= dimX <152 BY(X,Z) =0
= C(X): &t n FRERFD (VneN)

HBEE LBOBRIZONT, DL D RBARGEHMBEPATL B, ThEICDNTESH
KIFEL, B EMEAZHELPICT I EPFBORNTH 3.

o FFTERMMEDS L TRHFEARE n FRBEOEZMELI—BT 2D, CHIPOTHEATER
W ? ' '

o BRATEMEERRELSICELREFOEMFERDOENBNR?
o THMMBEIZIL Z Tl Zo BWEBTARETERVP?

INSORMITDONT Cech DIAFEOV—HEANTHIREOREIBSNEOTH BN, 1
FEOY—HOERDPLE T, OX) DEROTIERFAIREROEMF 2RI L LIXTE
TLARN. TEEIER OX) Tk<, (C(X) DAHMTOLETHB) C(X)~t ORTHEHTE
HIREFORUOERTH .

2 (81) BFHEK Cech IREOS—(ZBAT 2 %(E
COFTIE, FifE, BRUZNS 2458 E §2 Cech TFEDV—IZ DV THBERBHZH~D
D, TERAMOHFZ XU THEE =N,
21 mIBLE
HE, BOESRNREKRIROL>RHDTHS.
o X LOHIE : X TRAMIZESSNZH D7 5 AOBEEEK. Fl2I5ERER, Rdoh
TRBAEL, fEHTRIEL.

e X FOE : X OERINEB ETERSNEDH L5 ADHEE (BROEF) 26, FIZXIEH
WBSR DB AR, ERO—REFILE T2HEEEE > 0 O FHRE (BAER) «4F.

% LROBE (EEFBOBE) , FEOTEBEROF2ERICORITEHDLEARLTIN. &K
B%, fENTRIRCERmER OB ST LER RV, BERERMBREZEZLLRR>TL 5.

Abel B G ICBERIEREZ - &, BERTR X xG X (G 2¥ELT3) —EBLWHINS
BLid. (G ERPEZEHRBHOIIXEZELZTHD)




T MM, AR X O L IAEZM B LSS5 p: E - X OXt (E,p)
<, p BERRHEES&ICZ>TVBbDEES>.

ER: P E-XDPXLOBETRE, EAUCX IIHLTIU) ={s|s: U= E &
EET,pos(z) =z (Ve e U)} LB &, {T(U)}y BEMREGLICELT X LoOmBLR25.
ZhEE (B,p) ODEEFEENS.

Remark. BB SHICE (FOE) 2E2Z¢HTE, BEIHBORNRDLARTI LT
BETHSH. THEITDWTIHAER [11], &F [10], Iversen [4], Godement [2] & Z SO L.

2.2 Abel EODHIE

4 N
EF: (IR X OEEOHES U I LT Abel HI'(U) PEDHLNTHD, BIZVCU
LT Abel BEQERE ryy: T(U) — T(V) BRIELTNT

ryp=id, W CVcU&bidrnw=ryvworyy

DEDIDLE, TU), ryv LWIT AT L% X LD Abel HOBIB LS.
J

Abel BEORBOR S MAMRAIE, T(U) L LT U LOESEERELD, rpy % U LTESS
NEBO V ~OHIRE LEbDTHS, ZLTHRETHEATEHDOE S ={2eC||z =1}
B2 B EREEORTHIES, 20L& CHRE DT RWEERREESGBERONRTHETH S
(roy &R D HIREE) .

2.3 Abel HOFIE £ [LEEEFOIREDY - H*(X, &)

Step 1. BHEBILES F o4 VEAEZOIREOV 8 U= {Ustaca BNAZR X OB
BryrlE, JBFM (a0, 01,...,04) € AT T

LB, ZLT & (0p,- - ,a4) € AT IZH LT Abel B F (Uay,... 1aq) DIT Cag,... 0y PIEESH

b0, DELER
c: A 5 | {F(U)|UCX, open}

C(Oto, e ’aq) = CCVQ,... 1&g € E(UO‘OV" 104‘1)

B U LD FARBD ¢-aF =4 VD, ThHD ¢-aF oA VEKRDES CU(U, F) BRI
Abel BEX 123, Z LT CUW, F) H B CItH(4, Z) ~OHERE 57 (UERIZS TRY) #

§: CUL, F) — CIHLF) (g=0,1,...,),

+1, v
(50)(&0, e ,aq, aq+1) - Eg=0 (_1)zca0,... ,ai,... s Qg1



TERTDHIENTEDS @l a; PRIFTWBZEETT). 25958 §08=0bwD>
0T,
oW, 7)) -5ty 2) S L oy, ) S oy, ) S

EF oA VEEERT. ZLUTCF A VEKOIFEOY—E
HY(Y, Z) = Ker 67/Im 677, H*(U,F): Zﬂq(u F)
q=0

DEFES.

Step 2. BHEEIZHES IR EQ S ~BOIBINMIBIR & BR > TSRk  AHZER X OF®E U =
{Uslaca & X LORIE & 75 Abel 3 H*(U, F) DEE o=, U DG & Ro T\ BB E
B (The U>-VTERT) PH3L, BRKITERY —HOBOERL

W - B4, F) —s HY(D, F)
DEFEDILDPRDD. X OFBESEEIMSRER ~ LRV ERIBEFEGLRD, hy I0LoT
H*W, F) QIRMAR L 23 :

(1) EROBEHEICN LT by =1,
(2) U005 by o by = hiy.

T, JRINHIERR

HY(X,Z) =lmH&, &), H'(X,F):= ZH‘J(X F)

q=0

BEEFBHDT, hiE X O F-{REoatend—EELNnS.

2.4 Abel 8 G [2ff#% D Cech JREDS—F H*(X,G)

Abel BE GIZHLT, G IEERFOERFIE ¢ 2REE T5aF-EnY—H H(X,9) %2, G =
8 &35 Cech AFEOV—HEEN H*(X,G) TET.

3 FARBREICIFEDS-HABET IS
ZHZHVFEO VB EOLIRBATHEHP LS &, KBEEZEFROLS RS

TR IREOY-BERME AEEERENREERCHS. (LR UBMERLLoDD L
ThWaRLWETA L)

T, BUDICEHREETEL T2 Abel HEBIBICOWTRATHEI S,

% BERZ ={1,-1}~Z/2Z =Z,.
Zy =BFEAUCX ENLTU Lo Z} EOEHBEREME I'(U, 25) 23ins ¥ 5R1E.




3.1 BFWRERTEAREDIF = 4 > L OWS

X compact Hausdorff, f € C(X,C)~! £45%. FED z € X LT z Db BEHEE O, T,
f(Oz) CC LTI 2z DIERIREDELET 2L 5RbDBH 2. hhbd ge C(0,,C) T, O,
ET P =F eRBIODDEELNSDLD (BAHRERTEAIROELE) .

ZDZERZED, X DILNT MEBEEST, X OFREHE U = {Us}aes T, H U, £T
G2 = f BAHRTEGREE 9o PEETILIRDODENSE. COLEIZq, fc AICRLT

zeugw@aam(%%92=%%=1

Zhb

UanUp b @) _ 4y
95(z)

THd. Chdb, DEIIRUTUDHMDZR>T, 1 OLWThHIDEERZDTIERL,

UanUs £ 9% 1 spw vonu, b 28 -
95(z) g98(z)

ETED. 2T (0,0) € A2 IINUT gop ZBIDLSWLTHRES 1 2 -1 PDEBSDPDE
9B, 2595LER

(Oé, :8) =~ gap € F(Ua n Uﬂ,Z;)
i CL(Y, 2) OIF =1 L EEDD.

3.2 [BATEYGHERTE S RO ATREM

B ERTEARZED L, DREHTIELDEBSTWVAREGLHNE, —1 EBEITTRT
WBEELHD. COBTFEEBLTNWEHDONSE 1 ROIAF AV ROTHD.

TREDLIBGEICITNZMETELD?

Gop=—1E2i5, U TOEHGFAREUT gg DRODIZ —gg ZE>TPNIE, go &5
FLERLTCUL,UUs LOFEREFARPTES. BRUICEZNE, ERELIPZNOTINER
DRBIFEIVWELDICBZZD, COXSI TBRELI BPIFELNLCEISCULTEREES>THR TR
HDFETDEFIROTEREZI RV EVITRRBZ LD TCIREEBIATH 5.

SELERT 2 EOORSOEENREL LTEANIITE 2 HDT2%M4H

[%akﬂﬂjtﬁezgf,%ﬁ=MN;ﬁﬁf&DﬁOi5@%@ﬁ§ETé (a)

WS rTHD.
EE, HLEDLSR fo PBNNIE, 2 € UaNUg T galz)/98(%) = ga,p = f3/fa RDT,
fagoz(m) = fﬁgﬁ(m) b, £oT

Uy £T g(z) = fa galz)

LEBLL geC(X,C) &z, f=9¢% BRDID.
ZH () FF oA VEERKOEETEZR

CH 8, 25) 2 {9a,6Hapeaz = 0({fa}a) € Im &



Ligh, ThIZIFREOY—# HY(X,Z3) OFTE LT {gaplapeaz =0 LNITETH5B.
£oT

[ﬁl(x, Z3) =0 R SFERD f e C(X) L iLEREAIRERD : !

LS ik,

4 IREOD-FLRAFEBWEEEA

HIETOEBNREZIFEO V—F2RI WS machinery ZAWTEELLS. aFEny—
SEERTIOEMNDLIRDS.

4.1 FIEBOIREDS LR

/
F. 4, #E X LD Abel HORIET, HBOEREER ¢, ¢ IZXHLT A

0—ZF g Lm0
BEETHIE, TIFEDV—EHOKELRT

0 — H(X, Z) 25 BO(X,9) 5 Bo(x,9) - BY(X, 2) 25
B max, ) 2 Bux,9) Y Bux,9) S g (x, 2) £

MERALT 5. (0 T EFERET)

ZHhIETFEO Y —REOFEBEOEEBIEE .

42 BOIRED-RLRF

4 v ‘ N\
FH: X LD Abel HOB F I LT, ZOEERE F 278 L T52hEDY—#%E F-

BEOaREO VLN, H*(X,F) TET. J
- :

/F, G, H i2/t5 3214 MRz X £D Abel HOBT, BORRABER o, v HLT
0—F -G 5 H—0
Hachnid, JhEDY—BOKERT
0 — H9(X,F) 25 B9(X,6) ¥ BO(X, G) 5 AN H) £
o ax,E) s 79X, G) Y H(x, H) 2D B (X, F) L

L DRLILT B, (6 IZEFEERE)




4.3 EHBREEOORTOY—zL B35S
MTTIE ST ZERTFEORMAERA—RLT, BAICED Abel BLEZ3.
Pa(2) = 2% (z € C) EVWDBHIZL D Abel HDRL R
0— 25— S 281 o (1)

BED LD, TTT 0 IZBMEEET. S' T compact Hausdorff 228 X ko SEEER8 0
HOBERL, o PHEETIEOERT S » ST 40D ¢, TET L, B2ZRH (1) ICLVE
DFRERT ‘

0— Z5 — S 28 40 )

BRO D, TIT Z I 23 EEL T A—EBREET. o CUBOINED S —HOEL R
0 — HY(X,Z5) — H°(X,8Y) & Bo(x,8Y) 2 7YX, Z5)

— JY(X,8Y Y gx,st) 2L 52X, 78) —s - (3)

"RHND.
MOBHERRERITERL LS.

[ﬁ%XﬁU:CW&E)#OC@E@T¢§ﬁfo2tﬁ%. )

TRTD f € O(X)~! WEHRTARERDT LIk A(X,8Y) Y5 H9(X,S) Halch 2
ZELEMETHB.

R, feCX)TTITRLT, f/Ifl € C(X,S") PERFAREFHOILL f Db DHERE
FARERF O LOREEIMSPTHS 3.

Ins &b
[cmyifﬁﬁmﬁ%ﬁ%ﬁ%<=>ﬁ%xswisﬁmam)ﬁOE@ j
YNSRI,

oT, BARF (3) BAV, HI(X,Z,) ~ HI(X,Z;) BT 5 LHANEEE LTRSS
ns:

EH 1 compact Hausdorff Z2RY X [Zx¢ LT, HY(X,Z3) =0 & 51E C(X)™! [HEHEFEHIR
Y. '

MRS I —BAATELRE0DDD, APDPTVRHFLEBELRNTHSS !

FIH 2 compact Hausdorff 22 X 123 LT, C(X)™! MEHGEAREHFTHETIEMHIE
RER HY(X,Z8) — HY(X,S') hBgte a3 TH?

ELRHLWERERLEDICE X ORTEGIRT Z0ENHS.
WIEIZDNWTIE, FREIC L BMDBERPREBITHS.



EHE 3 (HHE#—) X % compact Hausdorff Z2f& 33 &

dmX <1 = ifi‘mﬁﬁgf‘ﬁ% FCX OB feC(F,SY) ldgeCX,S") ~hiRa

HHOEEE dimX < 1251 S EOEGEIBOE S' MREE (soft sheaf, faisceau mou) T

HBZLREBLDT, DREOQAT—FHIDNWTOROERMPEINS . FEBRIZ OV TIE R. Godement
[2] @ Théoréme 4.4.3 R L.

#E 1 (dmX <1 0#%E 1) X H compact Hausdorff 2T dimX <1 &£§3 &, FED
g>1[ZxLT HYX,S) =0 &h3.
dimX <1 D0HS5—2DMBIFIROZ & THB.

178 2 (dim X <1 O#R 2) X H compact Hausdorff 22T dim X S 1&93%&, X £OD
EED Abel EHDRE F ZHLT, ¢>2 25 HY(X, £)=0 £h3.

FEHE2 CHE L, BELUP Zy 75 LD IROBERMBLNDS :

EHE 4 dimX <1 ##7=F compact Hausdorff 22/ X (Zxf LTI, C(X)™! MEHRFAHIR
EHTHBETIERMEIE AY X, Z) =0 £232ETHD.

% 5 compact Hausdorff ZZf X A dimX < 1 »D CX) HEHEFHREHFTRL(L
HY(X,Zy) =0 TRIFhER S L.

EHICHLLES L, dmX <1456 A2(X,Z3) =0 Eb5, 3) PORDI LIPS,
EH 6 dimX <1 &##/=F compact Hausdorff Z2f] X (Zxt L TIE, Abel 8¥& UTRODME
BIAREDILD :

C(X)™ /{C(x)')Y = HY(X,Z3).

Remark. dim X < 1 Z2{RELRVEAI, 5F£R50 (3) 6 C(X)™ / {C(X)™1) ik HY(X, Z5)
OB TH 5 HY(X,Z3) — HY(X,8') @ kernel LEBTHZZ LMD 5.

Wiz, FIZBBUE BY(X,Z) =0 LW &L, IR ERY—HORERTHS H(X,Z) D
MELOBDLIEEZLS. ZOEDICEROEEREEHEPBELRS.

VREDV-BOEBFAEEE  (E.H Spanier [9], Theorem 6.8.10)
X}’ compact Hausdorff ZERI¢, T id X O torsion free R module DFIfE, G »* R module
ET 3L, RO functorial IREESEEFTIDEKD LD ¢

0— HYX,T)®G — H(X,T®G) — H (X, T)*G—0
- |

ChETZ2—EB X XxZ L LTGERL, ZQZL =17y & Zy ~ L5 ZAVNERIF/ONS.

W 3 (HY(X,Z3) & HY(X,Z) OBR) X H compact Hausdorff Z2f& 9 % £IRD func-
torial RIEFLINED LD :

0 — HY(X,2) ® B — H'(X,Zp) — H*(X,2) xZp — 0



#E 4 (AY(X,2Z3) & HY(X,Z) OEF) X 7 compact Hausdorff £ T dimX <1 &7
3¢
HYX,Zy) =0 < HY(X,Z) |& 2 T divisible

THh5.
SRR WEE2 EMETICLN HYX,Zy) ~ HY(X,Z)R%Zy DT, HY(X,Z) =0 1& HY(X,Z)®
Zo=0F%bb HYX,Z) %* 2 T divisible % = & L FETH 5. QED

PEPSROEHBIBRGIZENINS.
I 7 compact Hausdorff 2] X (CH LT, dimX <1 &5 C(X)"! »WEFGEHREET
TBE+SEM4E HY(X,Z) »* Abel #& LT 2 T divisible 52 & TH 3.
ELERBIZLTROEBDIRTIENTES,

3% 8 compact Hausdorff ZZfE X (WL T, dimX <1 &5 C(X)! &8k n FiR%E
T UBE+AEME HY(X,Z) #° Abel B & LT n T divisible k2 & TH 3.

5 JIF-Z@#ICLmAEDER
[5] (preprint) DR E FHBIFHL LB THERD LRO L 1% 5.
1. X PERERa 87 MEEZHOLE, OX) PERTFAReHEOLETTREE, X »RF
EE OO BMAlRER I VI L THS.
2. X %% compact Hausdorff ZZH]D & &, C(X)™! »ERTFEHREFOLETF &M HU(X, Z)
A% 2-divisible %2 Z £ TH 5.
JIH 6] THE B IZRDEE S BHRT A,

3. compact Hausdorff Z2ff] X %% sequentially compact T7"2 almost locally connected THhi
ERTIEE 4 1.

6 Eah/i-RE

o C(X) ! TH{ CX) WEBFHIREFOLM+HHEIEBETELZON?
(BRmEREE, £—TEAEZ L) GE 9082 Fo 3) 1tk>T, aFEDY—
HY(X,Zs) DI Tl C(X) OLERFHREF IR THE LD Dh5.)

o [C(X)HBVIEboLEHL CX)™! OELFEFRFHFREF UL dnX <1] £wH T L
PEED X THRYMLOH»?

o FHRMBEABAMTZLLEI L0 (TNEIEED fc CX) HRADDH 5 IEHETITE
BEFBREFHEOL I L&t RkOLEVIMETHS.)



o FHBMBELBALT 2 L) &l D507 (0FNEED fe CX) BEADD HEE
TIEEFFEFAREFOLE, X ERTERFEFREZEFOLDICIEVI L 5542 AEIT L
Wi ?)
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On the structure of linear isometries between
noncommutative [P spaces
(Introduction to results of D. Sherman)

WATANABE, Keiichi (Niigata Univ.)

Abstract. We will survey current developments in the study of linear isometries between
noncommutative LP spaces associated with von Neumann algebras. We also explain

connection with the linear extension problem of measures.
l<p<oo, p#2.
BRI iEE

Theorem (Banach [B], 1932). T : F — (7, R EIREER S
= q,0);
a:N=>C, Jan)|=1,
c:N—=N, EH,
(Tz)(n) = a(n)z(c(n)), =z €P.

Theorem (Lamperti [L], 1958). T': I?(X,§,u) — LP(X, 5, p), AL EREHEM SR
= (b, B);
h; FIHIBSE,
5§ o F, Co-TATT T RED,
(Tf)(z) = h(@)(Jf)(z), f€LP(X,3,m),
AP = d(p o =71)/dp,
IITJTJIED DD, JXs=Xga, A€F, KL THFEINLER.

Cp = {a;H LD a3y MEMZE, Tr(lalP) < oo}; Schatten D Cp 7 7 A
Theorem (Arazy [Ar], 1975). T : Cp — Cp, EHHUEIREEEMR
= (u,w); ==% UERAF O,
T(x)=u-z-w, 2€C, FiX T(z)=u- -zt -w, z€C,
T, BEShEERERERICET 2EEE2RDT.

Theorem (Yeadon [Y1], 1981). (M;,7), i = 1,2, ¥HR von Neumann 5 & BEE

H¥EERIL—X, T: Lp(Ml,T1) — LP(Mg, 19), HEE R ER SR
= I (w, B, J);
w € Mg, B EIEREIERAE,
B; ManNJ(M,) (2T 23R B R IEAE
J: My = My, IEH. Jordan *-[FIHY,
T(z) = wBJ(z), z € LP(My,m)NMi,
w*w = J(1) = s(B),
71(z) = o(BPJ(2)), =z >0.



RERGRE [P FEMIERASR

(M1,90), (Ma,o); FEE D von Neumann 3 & BEREERLFRHANE WTHB) .
LP(M1;00), LP(Ma;1hg); Haagerup DHERLIEIC & BIETH LP 2[4,

M, LT D 4 SBOFEERET 5.
3(J, A, E1, B);
J: My = My, Jordan *-[E8, J(My); WOT B =-I&,
A C May; von Neumann DR T JIJ(M1) C A 7DHD,
E; : J(1)AJ(1) —» J(My), BEERSHFHRHE,
Ey : My — A, BEIEHSHTHRFE

(1)  J IFEAHEOB D4 Jordan B J ([cikiEsh 3,
J 1 My Xgeo R = J(M1) %001 R,

&bz, JIEFARERRROBO Jordan +-RABICIER S, 20 LP ZR~OHIBIZED
EHRUEERERAR L 2 3;

J : IP(Ma;p0) = LP(J(M1); 00 0 T71).

) REAEMEEIC LB b 0.
g=J(1) LERDT. BESHy : J(M)) = ¢ g 1T, EEFEOMD, B0 «FHE %
WL, [P SRR L 2B,

@

El . J(Ml) X J—1 R — qu XUSEOOJ‘IOEI R,

o¥0°

it LP(J(M1); 00 0 J71) — LP(gAg;po © I 71 o By).

(3) WEOHREZIZLZbLO.

A LICEEERLERTE 1 BROL I IZEND; g€ AY 23D qihyq; FHR, 22
T AY = {2 € A;0}*(z) = z,t € R}.

gAq EIZIE 2 SO BEERERREENFET D, T80, ppoJ Lo Er & qihig. =
DL &, FEERR 2N «-FIEH Connes DA 7 VERWCEE Y, LP SHEEEERE L
B,

K;l : qu NaipooJ—loEl R —+ qu Nnglq R)

R1: LP(qAg; o 0 I o By) — LP(qAg; qihrq).
@) FESBICETAHECLSbO.

qEAVN LWVH T b, BEEH L : gAqg - A, BAROAEE®REFEL, F~0
LP SHRHEERSE L 72 5;

7: qu X qv1q R— Q(A X R)q,
7: LP(qAq; q1q) — qLP(A;41)q C LP(A;11).



(5) (2) LIA#k. Eq X LP SEEHERARZFET 5,
iy : LP(A;91) — LP(Ma; 9y o By).

(6) (3) &R My EDBEERFEFIRWE ¢ o By LILRD oy OEEEZIT, &4 LP
FHRRHERFEEFET D,

Ry : LP(Ma; 11 o Ep) — LP(Ma; ).

LEROFEGEZERL, ZRBICEL LM EFHEEEERAR w e My OBEEZHET w- ko000
o Ry oy o J IXHBE 2R A~OKRE [P SIEEHERR L 25,

Problem ([W4]). T :LP(My;p0) = LP(Ma;), FEVEFRREIER R
:?> E(wv J7 Aa Eq, EQ);

T=w-RKgoigoioRkioiiod on LP(My;pg).

L7 EEHERAROBEER L, REOHRERMEE & DOREE

HEOR ¢ = uplp] € (M1)e 2B uph /P € LP(My;00) LWV I TREAEY, FIREL 225
T3 T TELTHUMESET 5,

T(uphiy)/?) = vphg(p) /P
LT s (M) = (Ma)e B, 7(0) = 0,8(0), 9 € (My)s I E>THBKICES SR,
(1) y(ap) = ar(p), a €C,
(2) w1 L2 = v(p1+p2) =7(p1) +7(p2),
3) vl = llell,
(4) & HEHME

DREND. HIZ, Clarkson N EXDESHRIFHFLRANTENMND (2) IKERTD L,
Mackey KJZO’CF’/T%S:}’LK,, von Neumann I M DFEITLEME My, LORIEOHRT
PEEREE BRI TOIRERTH .

p s Mproj. — [0, 1] DA RHESRRIE

def,
(1) ef =0 = ple+ f)=ple) +ulf),
(2) p(1) =1

Z ORAREIL Gleason, Aarnes, Gunson <2, RIIHJE-—BR, FEEfIZ & Vo B4 T BHFE
£, 1985 £ E T BAICRIE SN (M]).

Theorem (Christensen [C], Yeadon [Y2]).
M; Ip BIEFIRLS % b 7272V von Neumann I8, p: Mpyej. — [0, 1], TESRMAIE

= BI(P € M—{-; w(p ) = ¢(p ), pe Mprog.-



i May — [0,00) BEFEAFREIE
def,

(1) pla) = ap(p), a =0,

(2) o1 Lz = plor+p2) = ple1) + pp2),
3) ple) < llell,

(4) llen =l =0 = plen) = p(e).

von Neumann I M 7% (EP) &>

9 v M,y EOEREBME, oe My plp) = o(z), @ € My,

Theorem ([W4], [W5]). My; (EP) &b,
T : LP(Mi;p0) — LP(Ma; 1), +-R7F, SEREEIREEER R
= (2, 7);
z2€ My, FLIZET2ECHE =4 U EAR,
J: M; = Ma, 258 Jordan »-[A%!,

T=z-kodJ on LP(M1; o).
EBIZ (EP) 285> Z SR EN T3 von Neumann D7 TR ILLTFDO LY.

Theorem ([W4], [W5]).
(1) M; I, BERIRS % b7/ o-FH B OFRZ von Neumann 2§
= M T (EP) &H.

(2) M; ¥FR von Neumann &, 7; BEEFLHFRIL—R
p; T 1(SOT), 7(p;) < 00, p;Mp;; Ip BB FIEKS \’Sf%)titb\

= M X (EP) 2.

(3) M =\/M;, {M}; (EP) &> von Neumann EEROERF v b,
Bii M - My BEEREIHSISE, B oB = B, i<
= M b (EP) .

Theorem (Haagerup and Stgrmer [HS]).
M; S IRRT 22/ &2 b 1M1 BR-FE&R
= I M,}; Il B von Neumann EBDEROBERE|, M = \/Mn,

n
En: M= My, BEEREHGHEFE E.oFE,=E, m<n.

Theorem (Junge, Ruan and Xu. Quoted in [S2]).
M; hyperfinite IIT & von Neumann 2%
= I{Myp}; I B von Neumann HZ3EDERI, M= \/Mm

Bn: M = My, BETEHEMEMAIEE,  EnoB, = En., m<n.



Theorem (Sherman [S2]).

M; F¥FR von Neumann IR, hyperfinite von Neumann IR, %7213, B 4572 B0 22
b0 Uiy MEFROWTINT, I, MEFMKSZ LR
=> M X (EP) Z¥D.

D. Sherman DX ER

WOERIIX, J(M;) BETRWEELANN—LTWT, LV FETWRFETHAS.
Definition (Sherman [S2]).
T : LP(My; o) — LP(Ma; o), MEVEREREIERED typical
% 3w, 1, P);
w € My, BB EIERHER R, w'vw = J(1),
J: My — Mg, IEH Jordan *-[RI1H,
P: My — J(My), EOERSRE (ie. P28 J(M)) OB EEBHE/2),

T(h’(ﬁl/p) =w- h(poJ‘loPl/p; pe (Ml)*’_,_.

Theorem (Sherman [S1], [S2]).

(1) &5 LP SIEEHEASRIIE T typical.
(2) L' £EBHERRITET typical

(3) My # (EP) & (EP), %8> — LP SHBHERRIX typical.
My 3 (EP) 28> = ED LP EFEEEERFEIL typical

PUFE, B R TISRIETRHAD K 5 ThH B;
I, BEFIRR S % b 72720 von Neumann &iX (EP) 247
25 ERL 2V LP SEEEERARIT typical 737
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The integration operators on BMOA-type spaces and

Dirichlet spaces

Rikio Yoneda

Let D = {z € C : |z| < 1} denote the open unit disk in the complex plane C and let
0D = {z € C : |z| = 1} denote the unit circle. For 1 < p < 400, the Lebesgue space LP(D,dA)
is defined to be the Banach space of Lebesgue measurable functions on the open unit disk D
with

| £ llze(aay= (/D IJ‘(Z)I”dz‘l(Z))'115 < +oo,

where dA(z) is the normalized area measure on D. The Bergman space LE(D) is defined to be
the subspace of LP(D, dA) consisting of analytic functions. For 0 < p < 400, the Hardy space
HP? is defined to be the Banach space of analytic functions f on D with

1

2w L
—— i0 P
IS = (oil:% 21r/o |£(re )]pdg) <teo.

For z,w € D, let B(z,w) := Llog %, where ¢,(w) = £2%. For 0 < r < 400 and
z € D,let D(z) = D(z,7) ={w € D: B(z,w) < r} denote the Bergman disk. |D(z,r)| denotes
the normalized area of D(z,r) and |D(z,)| is comparable to (1 — |z|?)2.

The space of analytic functions on D of bounded mean oscillation , denoted by BMOA,
consists of functions f in H? for which

Il f llBMoa :=sup || f o, — f(2) [la< +oo .
z&D

Let o > 0. Then a-Bloch space B is defined to be the space of analytic functions f on
D such that

| £ 1= sup(l — |2]*)* |f'(2)| < +oo .
zeD

And the little a-Bloch space, denoted B, is the closed subspace of B* consisting of functions
F with (1 —|z|*)*f'(2) = 0 (Jz| = 17). Note that B!, B} are the Bloch space B, the little
Bloch space By, respectively.

Let X and Y be Banach spaces. Then a function f on D is a multiplier of X into Y if
fg €Y for all gin X. In the case, we write fX CY.

For g analytic on D, the operators Iy , J; are defined on the weighted Bloch space by the
following:

L) = [ QR , TN = [ £ (0

If g(z) = z, then J, is the integration operator. If g(z) = log 12, then Jy is the Cesaro operator.
In [6], Ch. Pommerenke showed that J, is bounded operator on Hardy space H 2 if and



only if g is in BMOA , and this result was extended to the other Hardy space H? 1 < p < 400
in [1]. In [2], A.Aleman and A.G.Siskakis studied the operator J; defined on the weighted
Bergman space. In [10], A.G.Siskakis and R.Zhao studied the boundedness and compactness of
Jg on BMOA. | ‘

In [12], we proved the following result:

Theorem 1.1. The operator Jg is bounded on B if and only if

1 '
sup(1 — [=f') (log {7 ) /(2] < +eo

and the operator J; is compact on B if and only if

tim_(1~|2f*) (log 7= ) 19(2)] = 0.

|z[—+1-

And let & > 1. Then the operator J, is-bounded on B if and only if ¢ € B. And the operatoz;
Jg is compact on B® if and only if g € By .

In [13], we also proved the following results :

Theorem 1.2. Let @ > 1 and g be analytic on D. Then the operator I, is bounded on
B® if and only if g € H*®. And the operator I; is compact on B* if and only if g =0 .

Theorem 1.3. For g analytic on D, the following are equivalent :

(2) gB C B (gBy C By) ;

(¢¢)  Both I and Jy are bounded operators on B ( or By) ;

... 1
(i) g€ H= , sup(1 = |of) (log 75 ) 16(2)] < +oo.
z€D 1- lzl

And let a > 1. The following are equivalent :

(&)  ¢B*CB* (¢Bf CBf);

(i1)" I, is bounded operator on B* (‘or Bf) ;

() g€ H™.

In Theorem 1.3, the equivalence of (i) and (¢1z), the equivalence of (¢)' and (i) were
proved in [16] and [17].

In [14], we were proved the following examples. The equivalence of (i) and (iii) also were
proved in [5]



Exa,mple 2.1. Let 0 < a < B < 1. For g analytic on D, the following are equivalent :
() gB*CB?;

()  Jy: B — B? is bounded operator ;

(iti) geBf.

Exa,mple 2.2. Let 0 < a <1< 8. For g analytic on D, the following are equivalent:
(@) gB*CB;

(#)  Jg: B* — BP is bounded operator ;

(ii5) geBP.

Example 2.3. For g analytic on D, the following are equivalent:
(r) ¢BCB; |

(¢¢) I4,Jg : B — B are bounded operators ;

(i) ge H™, fgg(l — 2% (log f——}l_;ﬁ) lg'(2)] < +oo.

Example 2.4. Let a > 1. For g analytic on D, the following are equivalent:
(#) gB*CB%;
(¢3) I : B* — B®is bounded operator ;

(i) ge H™.

Example 2.5. Let 1 < a < B. For g analytic on D, the following are equivalent :
(2) ¢B*C B?;

(i) I, : B* — BP is bounded operator ;

(946)  Jy: B® — BP is bounded operator ;

(iv) ge BP T,

() sup (1=1#2)" " la(a)] < oo



The space Biog is defined to be the space of analytic function f on D such that || £ ||B,,=

sup,ep(l—|2[?) (log "i’:??l‘f) |#'(2)| < +oo . By using the test function f,(z) := log (log (1 — @z)),
it is also proved.

Example 2.6. For g analytic on D, the following are equivalent:
(7’) gBlog C Blog 3

(i5)  I4,Jg : Biog — Biog are bounded operators ;

- 1 1
(¢3) g€ H™, jgg(l —12]%) (log T——TZF) (log (log m)) l9'(z)] < +o0 .

In [15], we proved the following results :

Theorem 3.1. Let a < 8. For g analytic on D, the operator Iy : BMOA® — BMOAP
is bounded if and only if

sup(1 — |2|%)P¥|g(2)] < oo
z€D

Theorem 3.2. Let « < 8 and 0 < o < 1. For g analytic on D, J; : BMOA® —
BMOAP is bounded if and only if

g€ BMOAP.

By using Theorem 3.1 and Theorem 3.2, we have the following corollary :

COI‘OH&I‘y 3.3. Let a < B and 0 < a < 1. For g analytic on D, the following are
equivalent:

(i) gBMOA®C BMOAP ;
(¢t) Jg: BMOA* - BM 0 AP is bounded operator ;
(iii) g€ BMOAP.

Proposition 3.4. Let 1 < o < f. For g analytic on D, if J;: BMOAs — BMOAg is
bounded operator, then

g€ BMOA/Q_OH_].
And if g € BMOAP—+1 then J; : BMOA® — BMOA?P is bounded operator.



Corollary 3.5. Let 1 < a < B. For g analytic on D, if ¢ € BMOAP~t1 then
gBMOA* c BMOA®.

Theorem 3.6. Let a > 0, the operator I, : BMOA, — BMOA, is bounded if and
only if

g € H®.

Theorem 3.7. Let a > 1, the operator Jg: BMOAy — BMOA, is bounded if and
only if

g € BMOA.

By using Theorem 3.6 and Theorem 3.7, we have the following corollary :

COI‘OH&I‘_V 3.8. Let a > 1. For g analytic on D, the following are equivalent:
(2) gBMOA, C BMOA, ;

(i) Ig: BMOAL - BMOA, is bounded operator ;

(i4d) ge H™.

Theorem 4.1. Let a < 8. For g analytic on D, the operator I : Dy — Dpg is bounded
if and only if

sup(1 — |2|%)7#~9|g(2)| < .
z€D

Theorem 4.2. Let 1 < a < B. For g analytic on D, the operator Jy : Do — Dg is
bounded if and only if

B—a
sup(1 = |2 ¥ g/ (2)] < oo.



Corollary 4.3. Let 1 < & < 8. For g analytic on D, the following are equivalent:
(2) gD, C Dg ;

(i) Iy: Do — Dg is bounded operator ;

(¢¢i})  Jg: Dy —+ Dg is bounded operator ;

() sup(1 = [of") 3y (2)] < oo
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Generalized Riesz Projections and Toeplitz Operators

Takahiko Nakazi (Hokkaio University)
Takanori Yamamoto (Hokkai-Gakuen University)

Abstract Let P = span{e™;n > 0}, and let Q = span{e™;n < 0}. The Riesz projection P
maps P + Q onto P. Let v be a measurable function on the unit circle T satisfying |v| > 0. In
this paper, the generalized Riesz projection P? is defined by P*f = vP(v7lf), (f € vP+vQ).
Then vP NvQ = {0}, and P’ maps vP + vQ onto vP. Hence, (P")? = P’. Let w be an
integrable function on T satisfying w > 0. Let 1 < p < co. If v € LP(w), then vP +vQ is dense
in LP(w). Let 1 < p < oo, and let 1/p+ 1/¢ = 1. If w satisfies the Muckenhoupt condition
(A,), then it is well known that the Riesz projection P = P! is extended to a bounded operator
on LP(w) and the adjoint operator P* satisfies P*f = PY*f, (f € L9(w)). We discuss the
operators P? on LP(w) and the adjoint operators (P”)* on L?(w). We also study the generalized
Toeplitz operators which are defined by P".

1. Generalized Riesz & P* OB F 4t & LRIEASE

P = span{e™™:n > 0}, Q@ = span{e™®;n < 0}, dm(e?®) = df/2r W ZEAMMHA T EOERILIH
7= Lebesgue HIETH 5, WEEEK w 2 w >0, w, logw € L' = L*(dm) 2W=3HE2E A
%, 1<p<oo DBHEEEZD, HP(w) X P @ LP(w) / VABE, HY(w) ik Q O LP(w) /
NLBEERT, Riess i P: P+ Q- P iX

(PA(E) =3 f(R)E™, (feP+Q).

k>0

EEEIND, P:LP(w) — HP(w) BEFMERRICR D IO DLEAFHRFIE w € (4p):

o) (g )<

LEMETH B T &% Hunt-Muckenhoupt-Wheeden DL L TL S HBI TS, (cf. Bottcher-
Silbermann|[1, p.39], Garnett[3, p.255], Nikolski[8, p.209, p.450], [9, Vol.1, p.119]).

T EOTEIBIEK |v| > 0 122V T, Generalized Riesz 5% P’ &
(P°f)(€?) = v(e”) P f) ("), (f €vP+vQ).
LEET D, Lo T, PP :vP+vQ — vP.

T 1| veIlP(w) T2\ T, PU: [P(w) = LP(w) BESMEARTH D7D DLEFHIEM
X vfPw e (4,) TH D,

EE 2| ve LP(w) IZDWTIKMEY (LD,
(1) ©L P':IP(w) — LP(w) BEFRMEAFRL O, ranP’ = vH?(julPw) = [vP]ieqw), 1272




L, [vPlmow) & P © LP(w) / M ABREEERT, :
(2) kX k| =|v] 2T outer B ET B, QU=I-P' £T5H, ZDLE,
b L PY: [P(w) — LP(w) BEFMERAZ R LIE, PF: [P(w) — LP(w) bEFMEARTHY,

ran P’ = ker Q° = -Z—Hp(w) C I’(w), ker P’ =ran Q' = =Hf(w) C LF(w),

??‘[l <

IP(w) = H?(w) & %Hg(w) = ranP* @ ker P*.
3) b LP(w) = H?(w) ® LHf(w) 72B1F, P*: [P(w) = LP(w) WAFRMEARTH D,
KP(w) % KP(w) = {f € LP(w) ; fw OAD Fourier HRHIL 0 THD } LEET D, B

KP(w) = {f € KP(w) ; fw ® 03%H D Fourier #EL 0 TH2 } LEERT D,
p=2 DL EL, ERXHHE L*(w) = H*(vw) ® K¢(w) 3FLY 3L,

R 1| oliXw=|a™? ZHMizT outer Bk &35, TDLE, KHPALY LD,

(1) P2:IP(w) — HP(w) BERMERRTH D120 DNE+HIEEIT w22 e (4,) THD,
(2) bLIKwCP2e(4,) 7261, LP(w)= H(w)® Ki(w) THY, P*:LP(w)— H(w)
TERMEARZTHY, P (f+g)=f, (fe€HP(w), g€ Kj(w)).

KiZ, PY ORBIERFICOVCELSD, L+1l=1 273, felP(w),ge Li(w) iLOVT

1
P
(.90 = [ Fqwdm

LEC. ToLE, B = (g€ Liu); (fah =0, (f € HP(w))} = Ki(w) K50 52,
Zhi, B4EOEHE S OFEHICEY, p=2 0L &L, H(w)' I3 Hilbert ?Ef'ﬁﬁ@&: =32)
H?(w) DERMZER Ki(w) OERHE K2(w) K25, w=10L &L, (H): =K, = H;
LB, ZOX 5T, H*(w)t i Hilbert WFE}UD}: X H2(w) DERMHER Kj(w) @@iﬁé
Bz s, EEORFBBILEE ¢ € LP(w)* XL, ME—D2D ge Li(w) BFELT

B(F) = (f,00 = [ Fgwdm, (f € LP(w)).

BT D, |6l = Ngllaw) LY, LP(w)* & L4(w) HEEHRE TH B, EED P IIHL, ¥
=20 (P*) BFEL, (P°f,9)w = (f,(P)* 9w, (f € LP(w), g € L*(w)).

EH 3| |vPw e (4), v|'w e L' D& &, (PY)'g=Pg, (g€ LP(w)NLi(w)) BY LD
=D DOUEA LM [oPw BERERDZ L Th B,

% 2| w?P2e(A4), aldw=|a|"? ZHizT outer B LTS, ZDLE,
P%: [P(w) — HP(w) & (P*)*: LY(w) = HY(w) I3ERLHEZERFETHY,

(P (g1 + 92) = g1, (g1 + 92 € H'(w) ® K{(w)),

(P*)* = P* on LP(w)nLYw).



2. Ty & ¢P° + Q° OF[HE

1<p<oo, we (4p) P&, Hunt-Muckenhoupt-Wheeden theorem & ¥, P : LP(w) — HP(w),
HRIEAFETH D, ¢ € L™ Ikt L Toeplitz AR Ty % Tpf = P(of), (f € HP(w)) &
o5&, Ty: H(w) — HP(w), ERMEARTH 5,

—7%, we (4,) BRYILERI TS [vPwe (4,) DLx, FE1 LY, PY: IP(w) = LP(w)
BERERR Ch B, (P')2=P' LY ran P 13 [P(w) OEBAEMCTH B, ¢e L okt L
Toeplitz 1EHSE Ty % Ty f = P*(¢f), (f €ran P*) LEDD &, Tg :ran PY — ran P” i35
RMEAFETH D, vfPw e (4y) D& E, RIZFAETH 5,

(1) T :ran P’ —ran P* IZERHTH D,

(2) Ty : HP(|JvPw) — H?(jv|Pw) IZEFHTH 2,

(3) ¢P + Q@ : LP(Jvffw) — LP(JvPw) ZEFHETH 2,

(4) ¢PY + Q" : LP(w) — LP(w) ITEFH TH 3,

ZOSERICH, FE 2 LWEME VAT EREHE D, outer K A A% |BP = w BT L &,

kh
¢=¢Eﬁ

LEDD, TOLE, |khP = |ofw THEZEERED L, KLRETHDZ ERDND,
(5) YP+Q: I[P — [P XETHTH B,
(6) Ty : HP — HP BETHThH 5,

Gohberg-Krupnik [4] i%, BEBOEAE ¢P +Q TN D, |vffw € (4,) DEE, KX
FETH 5,

(1) T3 :ran P* — ran P iIIA[# TH D,

(2) PU¢PY + @ : LP(w) — LP(w) IZFHTH 5,

(3) ¢PY+ Q" : LP(w) — LP(w) WFIHTH 5,

TOFBRICE v =1 DL & LFARKC, PP+ QY =TiP" +Q° L (pP+ Q) (I — Q°¢PY) =
PUgPY 4+ QY & (I— Q¢PY) ™ =1+ Q'¢P” %5,

EE 4| pe L™ vfwe(dy). ZD&E, PU: [P(w) = LP(w) TEFMERAFETHY, KT
FMETH 2,

(1) T3 :ran PY — 1an P’ iXA# TH D,

(2) ¢p=7yexp(U—iV) LE T B, LIEL, viX |y|=1725EH, U ITEHREERBEE, V IiX
EHIE L' B3, |v[Pwexp(pV/2) € (4,).

REA . (1) = (2): LRI, p=¢kk & o 2EDD, WEME / NVAREREES &,
Tg :ran P” — ran P* OEFHHELY, Ty : HP — HP [3EFHTH D, KIT, Nakazi [7] &
FI#RIZ, ranTy, C HP, PETHD I 2R T LB TED, £oT, Ty: HP — HP [FFHET
H 5, Widom-Devinatz DEB LY, o =vyexp(U —iV) £ BB, HiEL, vid|y|=1%%
T, U FERER R, V ISERE L B, eV € (4y). ThE ¢ I oW TEEML 4
HH (2) TH B,

(1) = (2): Widom-Devinatz DEE LY, T, : H? — HP [IFHTH 2D, WEME /S VLATRE
REefEd &, Ty DEFMEMELY, T) :ran P’ — ran PY 3EFRHF TH D, KRIZ, Nakazi[7] &



FAIZ, ranTy C ranP®, WETHD Z L &RTIERTE B,

v=1&%, ran P’ =ran P = HP(w) THHN1H, TE 4 LV IROFR 3 1EH 5, Rochberg
[10] 1%, Widom-Devinatz DFEH # W ET OFAIC—MIL L7 FIETREA L, Widom-Devinatz
DEBBEIIE > TR,

% 3| Rochberg-Simonenko M EH.(cf.[1, p.216], [10])

FEL® we(4). TDEERIIAETH B,

(1) Ty : HP(w) - H?(w) 1XFTTi 5,

(2) d=vexp(U—1iV) £E T D, I21EL, yid |y|=1R22EHK, U ITEBEEREE, VI
EHME L' B, wexp(pV/2) € (4,).

w=|a|?DLE, |afw=wlCP? LD, ROZRPEY LD,

24| L™ alFw=|o|™? 2T outer (LK, w?P/2e (4, LT3, ZTDLE,
P [P(w) — HP(w) ZHRHEEAFETHY (PY)* = P* on LP(w) N LY (w) WL TR
D, WIIFRETH S, ‘

(1) T3 : H?(w) — HP(w) IAHETH D,

(2) ¢= fyexp(U—-z'V) EETD, EEL, yid|y|=17%22FH U ITEBEFFEL VI
EEME L B, w? P/ 2exp(pV/2) € (4,).

w2 e (A) EVIEMEE, p=2 DL ET v IKHIREMZ RV, Ko TRHBELY LD,

%5 ¢eL™® alfw=|a|™? ZHT outer Bk L5, ZTD L&, P: L*(w) - H*(w)
IXECHENEERARTHY, RIIFRETH D, ((2),(3) PREMEMIT Widom-Devinatz D EH)
(1) Tg: H*(w) — H*(w) iZA#HETH B,

(2) Tp: H? = H? XA 5,

(3) p=vexp(U—=iV) EET B, 21EL, v |y =175 EH U XEHEFREE, V IX
EHE L' BIE, eV € (Ay).

3. RE O

Generalized Riesz 582 & L, P*, k % outer DB EDHEE XD, ¢ L™ It LTHE
FA%% RE : HP(w) — LP(w)/ker P* Z KD & 5 IZEET B,

REf=of +ker P, (f € HP(w)).

|REFII = llof +ker P¥|| < ||gf1l < [dlloollfllpw & Y95 (Ap) M2 TEH, —fROWE w i
DWT, R WERERKRTHSD, EH 2 LY, ker P = LHI(w). k =1 OHE, Nakazi [7]

% Ry = Ry : HP(w) — L?(w)/HE(w), Ref = ¢f + M), (f € HP(w)) DL S

HERDTz, FFIZ outer B o 25 w = |a|™® 2W/T L &, ker P* = Kf(w), RS : HP(w) —
LP(w)/K§(w),

Ryf = o¢f + Kg(w), (f € H?(w)).
k X outer Bk CTH A M5, FHE 2 K0, ranP* = HP(w) DALY 3L, FFIZ [kPw € (4,) D L&
&%, P*:LP(w) - HP(w) IZEFERECH I, T : HP(w) — HP(w) OFHEE R O



AEEERETH D, KOTHES X, TH4D v =k DEREEATND, #iZ, TH4Z, &
H5 D |kPw e (4p) DA, Thbb, PF: LP(w) - HP(w) PEFMEAROBEEEA TN D,

FH 5| ¢e L™ kouter A%, h ¥ w=|hlP ZH7=T outer BEE,

3
b= ¢

LD, TDEE, RIZEETH D,

(1) sz : HP(w) — LP(w)/ ker P* IX7[#TH 5,

(2) Ry: HP(w) — LP(w)/Hf(w) EF#TH 5,

(3) z,b = ku(h_o/hg)(h/ﬁ) &%07 B, 1272 L, ko,ko—l S Hoo, ho e |holp € (Ap) %729 outer
B#Tdh 5,

(4) v =vexp(U—iV) EEF S, 7L, vid |y =1%5F% U XEKESFREE V ix
KefE L' B, wexp(pV/2) € (4p).

(5) ¢ =vexp(U—iV) LEITD, 12721, vk |y| =128, U XEREFRELE, V IX
FEE L' BAEL, |k[Pwexp(pV/2) € (4,).

FEEA : Nakazi [7) £V, (2) & (3) < (4).
(1) = (2): EE2 LY, ker P*=L2Hf(w). RE OEFHHELDY,

k
[16f + ZgPwdm > ¢ [ |fPwdm, (f € B (w), g € Hi(w)).
Zo&E, HP(w)t = K§(w) BV LDh 5, Hahn-Banach DEEEY, fe LIITHL,

w| = inf —_

Fer(j;,l[Er”p,wzl I/, g> ‘ ge}%’(w) I\ f g“P

DY 32D (cf. Garnett[3, p.13*2])0 L oC, EHEEERT : HP (w)* = L‘f(w)/Kg(w) —
R, (LP(w)/EH5(w))" = EKe(w) B30 310, 2T, (RE)* : EK9(w) — L(w)/K§(w)
THEREAEZETHY,

(RE)” (—Z—F) = F + K§(w), (F e Ki(w)).

R OAFHHELY, (RE)* REAHETHD, WEMNE /) VAREXEMES L, Ry OEFAH
MERTIENTED, £oT, Ry ITAFAHETHD, (2) = (1) bRIRICTTZ LN TE 5,
(4) = (5): (4) FRELFEETH D,

2

k S
¢ = ’Yomg exp(U - ZVB),

L, U IXSEREE R, Vo TEEE L' BE, wexp(pVo/2) € (4,). k 1% outer BBETH
5, k* = exp(log k|2 +i(log |k|*T) L ET D, £oT, ¢ =rexp (U —i(Vo —log|k|?)).

IDEE, V=Vy-loglk|? LEDDE ¢ =yexp(U—iV), |kPPwexp(pV/2) = w (|k128V)”/2 =
wexp(pVo/2) € (4p)-



26| ¢geLl™ alfw=|o? 27 outer B LT3, ZDE&E P*: L} (w) — H*(w)
FERLECEBHEEREZECTHY, KOV TKIIFRETH B,

(1) Rg: H*(w) = L*(w)/K(w) ZAHTH D,

(2) ¢ = ko(h—o/ho), f;fi L/, ko,ko_l & Hoo,‘ho hl lh(]l2 € (Az) 75:'?%71‘:-?" outer Bﬁ@kf“&)éo

(3) ¢=7qexp(U—1iV) &E T2, I21EL, vid |y|=1722EH, U IIEHEFFRELE, Vi
EHE L' B, eV € (4,). :
(4) Ty: H> - H? [IF[HTH D,

(5) Tg: H*(w) — H*(w) IA#ETH 5,

BEA (1) & (2: FE 5 LY, (1) 13 ¢(@/a) = ke(ho/ho)(@/a) EFMETH B, LoT,
¢ = ko(ho/ho) EFMETH B,

(2) & (3) & (4) i% Widom-Devinatz DEHTH 5,

(4) & (5): F5ick5,
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Invariant Subspace of Finite Codimension
and
Uniform Algebras

Takahiko Nakazi
(Hokkaido University)

Tomoko Osawa
(Asahikawa National College of Technology)

Abstract. Let A be a uniform algebra on a compact Hausdorff space X and
m a probability measure on X. Let H”(m) be the norm closure of A in L?(m)
with 1 < p < oo and H”(m) the weak * closure in L*(m). In this paper, we
describe a closed ideal of A and a closed invariant subspace of HP (m) which
is of finite codimension.

A 1x X ko uniform algebra, M(A) i% A @ maximal ideal space #7~"§ &§ 5, [ITAD
closedideal &35, Z D& & A/I1E Q-algebra LFREND, ZDEETIL, dimA/l <
DEEWT] ZRET D, BT, HRKTT Q-algebra 1T F BN EE o TWVBEH, Z
ISR D 1 SOEMETH D, m % X Lo probability measure, HP(m) (1 < p < o) i
A @ LP(m) T® norm cldsure, H>(m) iX A @ L*(m) T weak * closure 27§ & ¢
%o M % HP(m) (Z33(F % invariant subspace & 13 AM C M 25%3L¥ % closed subspace
DZELEBWKRT D, ZOEETH, dmH(m)/M <o DEEIIMEHRETDH, AR
polydisc algebra T m 2% Lebesgue measure 732 p =2 M & &{Z Ahemn-Clark [1] /3% A
7 invariant subspace % ZIHFUER D ideal & VN TRV,

QeEMA), k>0mnE%, HH AD (@,k)—subalgebra &%, H 2% A @ closed sub-
algebra TH Y, KA A D closed subalgebra D {A;}_) BEETHZ L TH



Do A=A DA D - DA 1 DA=H DD A; 1T Aj_1 D @ ITHRIT D continuous point
derivation D; @ kemel T& 5,

Dy % @ € M(A) \Z331F % bounded point derivation T 5 & i3, Dy 7% A L® contin-
uous linear functional ThH Y, f,ge AT LT D¢(fg) = @(f)Dy(8) + 0(8)Dp(f) *
FRLTHZ L Th B, |

EE1 | dimA/l < 7251E, A ® closed subalgebra E = E(I), ¢ € M(E) & E 2B
LT® (@,k)—subalgebra HE LT, I=HENkerp L TE%, ZIT, E={f€
As@i(f) == ()}, {9}jos CM(A) 2 @=@JE(1<j<n) THD,

Rl dimA/l=27%bE, o,y e M(A) BFEEL T, I=keroNkery L7255
I =keronkerDy £725,

EE2| (1) dimHP/M =n <o 251L, dimA/l=n L7125 A ® closed ideal
I BPEELT, [p=M»>I=MNA L T&5, bL Hy ®"E=E() <@L
T (@,k)—subalgebra 72 & 1E, BN 0< j<k—1 12 LT [Ejly 2 [Ejt1]y 2
dimHP [[E], = dimA[E L7225 Tu\3,

(2) bldimA/I=n<oZbiEdimHP [, <nThd, ZDLEFEFEN0Lj<k-1
2 LT [E)]p 2 [Ejri]p 7> dimHP[[E)p, = dimA[E 72 513, dimH? [[I], =n 7>
[1,NA=1TCh5,

%2| dimHP /M =2 7251, ®, ¥ e (HP) BEELC M={fcH;®(f) =
W(f)=0} L T&D, L, @ & WYITKRD (1) 7 (2) DEEERHRT D

(1) @A e M(A) > WA eM(A)

(2) DA € M(A) h2 Y]|A X ®|A IZBTF 5 A D continuous derivation TH 5.




EB1DHADTAT 4T
Gamelin [2] iZ A @ subalgebra B T dimA/B < o ® L &, B % (¢,k)—subalgebra % F
WTH#IWE, FxIXB=C+1 & LT, Gamelin OEEZ A5 &, BT A OERHZ
subalgebra 72 DT, BIXiZ5 5T simple 7et&Ex2 o2 L ERTIEBTE S,

% 1 DFEHA
dimAll =2 TH5hb, EBITE=APE={fcA;0(f)=n(N} (,nc
M(A)) ThD, E=ARDIE, A=Ay pA1=H, =I+C (9 €M(E)=M(A)) TH5
hb, Hy ={f €A;Dy(f) =0}, Lo TI=kerpnkerDy, E={f€A;01(f)=o(f)}
20lX, E=I4+C7E»D I =kerg Nker,,

EE 2 DB
p=212m% X =T" _L® normalized Lebesgue measure & 3%, A % polydisc algebra
5, n=10L & dimH*/M=1735(% M=qH? 7> g% degree [ ® finite Blaschke
product & 725?11 Beutling DEHDOERTH D, n>1 DL E dimH?’/M=1< o 72
bif, ZEKXE C[z,...,2,] DED zero set A polydisc DEIZH 5 finite codimension
Thdideal ] BEELT, M=[Ih 22> MNCz,...,z0) =1 £TeoTWn5, FHLERX
AT B, Ziid Ahemn-Clark [1] 1 K> CTEEFA E47eh, T2 OFEE 2 L BT A 2
LITE%RD B,
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HE
Clziye. oz @ ideal T ZEBRBEOERTE b OERMOAT NS, V() =
{(z1,--y20) € C";f(21y-0y20) =0 ("feD} BRESKEALTTSB, [ 13A
BEOCLZEXNTEREINDIOT, VI) IABRBEOCZEXROEXBERIIR S,
H{v(D}y={f €Clzi,...,z]; f(c1,..sen) =0 (Y(c1y.eyen) EVI))} LT BE, BN
NV NOBRERL, HIV(D}={f €Cz1,...,z]) mENst. fM€l}, LoTHV(} DI
Thd, FIRE Cz1,...,2)/] © maximal ideal X EZ4&E V() PEETEZ0T,
BETHD, Cz,...,2)/] ® prime ideal F TE % 7= b DX maximal ideal DEE LY
JRNRE ERDD, TV Y AX—(iE, BEORE 5 2 122/ Clzi,...,z.) /I DT
T4V AF =L LI TS, FRE Cz1,...,2)/] BAEBRITO L &, 1 DA
Slaeeis u COWTHIRR f;=0(j=1,...,n) DEATORDLY DEEEEZRT,

Clz1,...,24] ? T" LD Lebesgue measure (Z-2\ T D L2 (2381} 5 closure i T" LD
%38 Hardy space H? T 5, H? D C[zi,...,z1] 1< & % invariant subspace M (20>
T, MiZidealI=MnNC[z1,...,zn) LBARL TV, LHAL—KIZ M IZFREDOERK
bR ERmbHTVnAS,

g&j}.

TT



Estimates of the a-Riesz potentials with
weight in metric spaces

Akane Iwamura and Hisako Watanabe

(Graduate School of Humanities and Sciences, Ochanomizu University)

Abstract. We define a-Riesz potential operators on L”(X, 1) in a quasi-metric space
X. The measure y is the doubling one satisfying a certain lower bound for the measures
of balls. For these operators we give estimates of a-Riesz potentials with weak type.
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a-Riesz potential, quasi-metric space, Sobolev space
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1. F

QX R OFEEE T 5. distribution EEEZESTY RV I7OFRERXL Y bo LIBER
fEFA O'Neil [6] <° Peetre [7], Brézis & Wainger [1], Hansson [3], Maz'ya [5] HIZ & - T
BonTWS, EEABFZTNLORERD 1O5THY, O'Neil [6] % Peetre [7] DiERD
LR/ELND.

THEOREM A . 1<p<n T, uid ||Vulleg) <1 THD L 7% CR(Q) DR LT
. FDLE, WREWETIOIRER C>0BFETD.

(1.1) /O°°tp-1|{{u( >t} Ede< O

IZIT O BE u CIRERBRRRERTHY, A ZRE A O n-RIEAX—TRET
5.

T, T A OBROBFE L LT, ROFERN, Brézis & Wainger [1] X° Hansson (3],
Maz'ya [5] IZZ > THRBN TS, '



THEOREM B . Q i R® OF 2L L, uwlid ||Vullpro <1 THDE 5% CL(Q)
DEELTD. ZDLE

tnl

1.2 =
(1-2) e )
MDD, ZZTCC>01Fu CIIMIREHTHA.

dt <C

AEK (L) & (1.2) X YRV 7 ZEM Whe(Q) COFMETHD. —F T G & m kD
Bessel fi#t& L7z & &, Bessel potential Z2f L™P 1%

(1.3) L™ ={Gn=f : feL’(R")}

T, JNVBLE |G * fllmp = ||fll, £ EZE LT Banach ZZETHD. 7z m PIEEEK

THDHEEITIE, L™P iZBanach ZZfjE LT W™P(R") LRETHDZ Lidk<abhn

TW5. m PEHTHRSTYH G HEETEZ0DT, Q=R" OB4, LoP [ TFEEKK
DIRVTEREBRTIENTES.

2002 2517 J. Maly & L. Pick [4] I3 HIRAEEEEHEZER X (diam X = g L3) T,
W(X) < 0o Tho L3 RBE 1T, [¥7 YL 75| & TROBECRT S T b0
fli] (BiCEHALBND) ZREETREEZE X, ZOZEMTKIE 1 © Riesz potential %

R

(1.4) <mmm=£(éwﬂmmwﬁﬁ

TEHLE. ZLTROERLTEHL TS,

TaEOREM C . g FEAORFATES B L,
Gu=G={yeX : (Lg)(y) >t}

EBL<.

Ml<p<noz, BHCO>0BFELT, |4l <1 &80 EARFARNK
geLP(X,p) I LTh, KREMET; A

‘Awtf4p«%¢f‘5dt§(l

(i) B2 C > 0 BEEL, |jgll <1 £725 EAREAEE g € [™(X, 1) K LTS,

RAERMT=T; X
© 2MCX7} -
"1 dt < C.
/0 {Og 1(Ggp) B



EREEBEZERE X L 2O EOBE picxt L, FEESHK Y R 1L 7 22/#C, Theorem C 1248
YT HFEIIELNAEDOTHA D D,

COMBEZEZDTHIT, B0, HEMEROERZ BT, ROMEERHT

X FOEEERE p NFEET DL E, X TEEHERTHI L)

) ETD z, ye X IZx LT 0 < p(z,y) < co.
({H) &TD z, ye X LT p(z,y) = p(y, z).

(i) EHd>0BHFELT, E8TDz, y, z€ X R LT p(z,y) < d{p(z,2) + p(2,9)}
NI

X ERE L, diamX = -125 LB, Blaer) ML o TEES r ORERERT.
X to FEA Radon JIE p l3kD 2 >DOMEEZESL D LIEET 5:

(W) F7 VTR HDERD>0BFELTCzeX Lre(0,2)icxLT

"/'L(B(‘% 2T)) < D/'I'<B(-'B7 T))

(u2) BRDOBEIZRH L TOTHoDFHE: 5 vy>0LHDn>1 BEELTze X &
re(0,R] ICRLT

w(B(z,r)) = ™.
ZDZEf X BT, k¥ a @ Riesz potential {EAE I, &

(1.5) (lag)(z) = /0 * gt (]g - 9(y) du(v)) dt

L E®#FE LT, Theorem C IZHYET 5 [,g DFHEREOLNZZ L 2HRETS.
IRERRBEDICEP, X L0 pw S REAEK g KR LT,

G =Gr={ye X : (I.g)(y) >t}
LR, ZTDEE, ROEENPELND.

THEOREM . 1<p<oo THY a>0¢75. £/ X HERNERZEERZMT,
pid (X)) <oo THBHE I (ul), (u2) ZWETS X LD Radon BIE LT 5.
DL E,

pu
S

ap<nDlE, BHRC>0DBFELT, |gll, <1 &2 EARIEERE g e LP(X, 1)
X Lb,

/oo tp-ll'b(Gg,t)lwg”E dt < C
0
BT,



(i) ap=nDLE, BHC>0NFELT, ||g||p<1kfotéc‘:/ufi#ﬁgg%(gel}p()( 1)

X LTh,
@il =
(Goyt)
BT
2. 1HEE
LP(X, ) OBS g © LP-) v % ||g]l, CEHETS. 1<p<oo lKHLT g = I-)—’i—-l-

L#<. k7, re(0,R) KL, A% EL %

E0)e) = [t (f, st

LEDD. EAEFERBRLT

Ea)w) = [ ([ ) )

B9)(a) = | Eula,v)e(y)du(y)

E-T

B y)= [ o
(3,y) = ——
V= Jaaxtrpony 1B, 1))

p-FIFE S 72 BEEK g SR LT, BRIEASR Mg 1%, ze X IR,
(Mg)(@) = sup{}, lo(w)|du(y) ; BIZHT o &5 T}
EEDD.

WD 250 Lemma NEBEREEZRZLTWVAS.
LeMMA 2.1. 2 X,p>1, L TO0<r<R &T3B. TDLE,
' R ’
/ ET(z,y)" du(y) < 0/ gle—n) (@' -1)+(e-1) jo
X T

BRI TIOREHE C>0BEFEETS. AL Clidp, n, o, vy KLIMRFLRV.

i, +HKREVLE F=D2d) % Rou(X)F TEDSD. ZObE, ROFESEY

VAN



LEMMA 2.2. 1<p<n&¥5. Z0OLE, REWMETERC>0L a>1 BEET
B llgll, <1 THDIEIREARIAD ge LP(X,p) & t>FIZHLTH

R , -1
(2.1) tpsc{qf""”(a/ stermimreTy dS) }/G o (Mo WP duy)
. gt t/a at

1
MWKV LD. ZIZT, qt:(ﬁb_ﬁ%g;&) ThH5.
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An operator transform from class A

to the class of hyponormal operators
and its application

Takeaki Yamazaki (Kanagawa University)
Muneo Cho (Kanagawa University)

ABSTRACT
In this report, we shall give an operator transform T' from class A to the class of
hyponormal operators. Then we shall show that o(T) = o(T') and o4 (T") = 04(T)
in case T belongs to class A. Next, as an application of T', we will show that every
class A operator has SVEP and property (3).

1. INTRODUCTION

BV MR H EOIEERERROMZEIC BV TIE. hyponormal fEAROMED
FEBICBAKARIN TN, iz, REOEARTEXDREREIC LD, hyponormal fF
BABEDISAZERLIBRERREDI SADBERINTED, L ORREICL>TH
RENTETWB., ChSDERZEDOYZ S ADMERMET 5I2H 7= > T, Aluthge &
HhIEEICER T 5. Aluthge Z#1 L 1% w-hyponormal - semi-hyponormal fEFi& %
hyponormal IZZH#t Ui ds5 &, spectrum Z2RE YT % L VWIRERWHEEEZR>TV 5.
I ko THA4 I Aluthge Z#2 hyponormal {EFI R DMHE % F T hyponormal %2
EHERAZED I S ADMBEERFEARBZLHTES. LI L, w-hyponormal fEHERZ ST
VEFZEDY 5 R TH 5 class A fEFEED Aluthge P ED L 5 B EFOOPEE
HoNTWRN. 2OZ & &D,class A EAROMEZRNLENCOPRETH -, &
OHE T, HLld class A D5 hyponormal fERIRD 7 5 A~NEHT 25 LWERRD
5 T R EHL, BB T 7 class A FAECH o EBE, o) =o(T) 277, ZL
T, ZDERBEDOLERE H HWNWT class A fEARDEEZ —DmR Y.

BRIV MBS H E DB REERAERE T D8 positive 21, (T'> 0 £&K) (Tz,z) >0
PEBD z € H TROIVDOBLEETS. EF p LT, EHREFRESNX (TP >
(TT*P DR ILD & &, fEAZEK T i& phyponormal & W5. FiZ, p=1,p = ;D
i3 hyponormal, semi-hyponormal ¥\ 5. ZODDIEH s, t I8 UTERAETEFR
(|T*[tIT{23[T*|t)'s% > |T** Bk vz & &, fEAR T I class A(s,t) BT AL,
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1T class A(1,1) ZEIZ class A L& <. Class A ZBYIC Furuta FE [7] DS L
LT [8] WBWTERERTER |T? > |T|? O MDERARDOI S AL BRI N, Z
LT [6] iICBWT class A Z—fft U7z class A(s,t) DERSI . ThEDERRDY
T ADBERIILITOEY TH 5. ‘
{hyponormal} C {p-hyponormal, 0 < p < 1}

C {class A(s, 1), s,t € (0,1]}

C {class A}

C {paranormal, i.e., ||T2z| > ||T'z||? for ||z| = 1}.
RAIDEZBRIL Lowner-Heinz inequality £ V%5 h, 2FBIE [6] TRITLTWS.
SEBOASHERI [10) TREN (FARPAHOHER 6] THRINTWVWS. [9] &%
BEICBEELTW3), 4BEOESRIRIE 8] TREIhTWNS.

AR T PEFRB N TBOWCQROFEEDPRD DL E, T iE A IZBNT single valued
extension property (B&L C SVEP &507) 20 L EET 3.
If D ¢ C is an open neighborhood of A and if f : D — H is a vector-
valued analytic function such that (T — p)f(u) = 0 for all u € D, then
f is identically zero on D.

ERERE T BT RTDERE N IZBWT SVEP 2 ok &, BIZ T X SVEP 2>
=570.

SVEP 3% { O FRFIC L > THARL N, (FARRADZ L OBERBPAS TN S. fi
ZIZEAE T B SVEP 28T, T - A DPEHTHI L L, 2N THZ I LHRET
&% Z LD Finch [5] LK > TmREN TN 5.

SVEP O—fb& LT, (8) LW HHEEHHSNTWS. fEHE T PERE X ITBW
TROEEDHEDIDEE T (B) LWIIEEREOLEET 3.

If D C C is an open neighborhood of A and if f, : D — H (n =
1,2,...) are vector-valued analytic functions such that (T'— u) fn (@) —
0 uniformly on every compact subset of D, then f,(x) — 0, again

(1.1)

uniformly on every compact subset of D.

BRI, T DT RTCOERBNICBWT (B) 2o &, Blc T d (B) 2F>&E5.

(B) EEANINF v NZER_EDFEF R D spectral theory (24 LT Bishop [4] TEAS
N7=. ¥7=, Putinar & [15] T “every hyponormal operator has property (8)" 2R LT
W5,

feF% T »° w-hyponormal T& 3 & i, EAEFER |T| > |T| > |T | DEb 22
CLrEHTS, 22C, T =|T|2UIT|z & T @ Aluthge ZHTH 2. ([2], [3]) &B
w-hyponormal fEFR®D Y 5 X L class A(, ;) EELEAROI A THHEN [9] ©
[10] CTHEfiah T\ 2.
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BRI % > C, Kimura i [14] © w-hyponormal {EFi %L SVEP & (8) 2HKoFE%& T
L.

semi-hyponormal /EFZEDEE Z TN BRRIZ, BLIFIRD &5 2ZEHE LI UVIEHW5.
() S=U|T|5, (i) T =|T|2U|T|? (Aluthge transform).

T' % semi-hyponormal 72 53, § & T &I hyponormal I2%4 5. Lo THLIZIN S
DEHLZE W 5B L > T semi-hyponormal D& % hyponormal OMEIZFE T 25
CE o THRDZEPEIFTES. LIAH (i) i o(T) = o(T) DD ILDODIZHL, (i)
X o(S)#o(T) TH3. 2D & &b, spectrum DIFFEE T HREICIE (i) OEHD D
LD INVEHFELARTENTE S, Aluthge i & h —EHRROFERZ 2] THTW
%: “If T is p-hyponormal, then (i) T isp+ 5-hyponormal in case 0 < p < %, and (i) T
is hyponormal in casep > 3.”

Aluthge ZHUZZh B HIERICERENVEE 203, BIZE, |T)| < T ®
W(T) C W(T) ([12, 13, 16, 17]). ¥ 5Zik n EIFHE Aluthge T T, 2E X 2HIT Lo
TROBRBFEIN TN, lim Tl = ~(T) ([18]) & (\W(Tn) = convo(T) ([1]). &

B, 2T W(T) ZfEAE T @ numerical range t‘é‘"%.n

ZHET class A fEARD Aluthge EMB LD LS REEZFFDOPHME N TR
Moz, £z, class A 75 w-hyponormal fEFIZEANDE#L LTHE—HISNL TV DD
X T2 CHot=. LD L. BISDIZ o(T?) #o(T) THD. D7, class A fEHRZHT
%59 B FRIZ hyponormal fEFZEOHBIZRE T 2EFPRETH -2, ZOMETHE, =4
IZ class A %5 hyponormal {EFIED Y 5 X~OEM T 252, 2h o(T) =o(T) %
B TEEENTS. ZUC, & DEEER supectrum [ZBI T BERZMB LRI, class
A fEEZIX SVEP & (8) 2F>F 2N T2, Zhid Kimura @ w-hyponormal (ZE8
TAHEBRELD—MRELEHBDOTHS.

2. AN OPERATOR TRANSFORM FROM CLASS A
TO THE CLASS OF HYPONORMAL OPERATORS

BAICIROFERZRT.
Theorem 2.1. Let T = U|T| be the polar decomposition of a class A operator. Then
T =WU|T?|?

is hyponormal, where W is the partial isometry satisfying the polar decomposition |T'||T*| =
W || T||T*||.

Theorem 2.1 ZRTE=DICROFERZENLTB I S
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Theorem A ([10]). Let A and B be positive operators. Then for eachp > 0 and r > 0,
the following assertions hold:

(i) If (BEAPB%)%ir > BT, then AP > (A5 BrA%)5.

(i) If AP > (A3BrA%)5% and N(A) C N(B), then (B3 APB3)7+ > Br.

Theorem B ([11]). Let T =U|T|, S = V|S| and

TS| = W||T]|5"||
be the polar decompositions. Then T'S = UWV|TS| is also the polar decomposition.
Theorem 2.1 OFEH. T I class A fERZRR DT, ROFFADEKD LD,

(2.1) (TIU*|TPUIT))? = |T? > |T|? <= (IT*(|TPIT*)? > |72
ZZT Theorem A @ (i) &V, DEDFEXZTS.
(2.2) IT]? > (IT||T*P|T))* = (IT|U|T|*U*|T))3.

£, (2.1), (2.2) &V, |T|U|T| & semi-hyponormal.

—H4,|T| = U*U|T| & U|T| &% 2 polar decomposition Tdh 25 Z & & D Theorem
B IZ &> T |T|U|T| @ polar decomposition ZRMD L 515 5:
(2.3) IT|-U|T| = U*UWU||T|U|T||,
Z 2T, W i polar decomposition |T||T*| = W||T||T*|| \=¥ih % partial isometry T
HB T, WOEHKRLY ROBEKRERS. NU) C N(|T*H|T|) = NW*), Th&Db
W*U*U =W*onH=N({U)®RU*). T (2.3) FRDLSCEFLTES:

(2.4) |T|\U|T| = U*UWU||T|U|T|| = WU|T?|.
IT|U|T| = WU|T?| i& semi-hyponormal fEFI%E® polar decomposition DT, T' =
WU|T?|? i& hyponormal &7 %. &> CEERAT & /. O

Wi ERAE T D class A WBT 2L ED, T & T O spectrum OEHRIZ DWW T DR
DFEREBNT 5.

Theorem 2.2. Let T be a class A operator, Then o(T) = o(T).

Aluthge Z5#: T 13 —812 o(T) = o(T) DRk D 20M, T I —BIC R OBIRIZAL Y
IR NERUT OB S35,
11
re (3 0).

T35, o) = {0,1} TH%. TIT, T = U|T| % polar decomposition &9 % &,
T2 =T THBIL Ly, |TUIT| = |T| >0 BRI 2T (24) & T DESEPS,
T %#18%.

T =|T|3.
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EoC, BEREEDIS T 2B2ENTED.

2 1 ]. = N %_ ]. 1 1
IT| _(11) <HBENPS T ...5-3-/2<1 1).

£oT o(T) = {0, V2} # o(T).

{EFHZE T M class A KB L TWAIBEIE Theorem 2.2 2L W BB UEER2E85
EMNTES.

Theorem 2.3. Let T be a class A operator. For a complex number p and a sequence
{z.} of unit vectors,

(T — )z — 0 if and only if (T' — p)z, — 0.
Corollary 2.4. Let T be a class A operator, then o,(T) = 0,(T) and 0,(T) = 04(T).

3. AN APPLICATION OF T' To SVEP AND PROPERTY (8)
BEBIC T OIBA L LT, class A fEFIEMSVEP & (8) 28DBZENT 3.
Theorem 3.1. If T belongs to class A, then T' has SVEP and property (3).

FERHIE B D=8, class A fEFIERD SVEP 2RDOFZRT .

BERH. D 2ERE )\ OFEEL TS, ZLTC, f B D TERINENY MVERITE
U, D ET(T—pf(p) =0 THOILDELTS. §25&, Theorem 2.3 IZL 2T,
(T —wf(w)=0babzD

—75, Theorem 2.1 &b T & hyponormal {272 ¥, Putinar [15] OFFRIZL D i
SVEP #fD. £>TD e f(u) =0 PERDILD. WZIZ T & SVEP Z2RDHEIIR
Ihiz. O

Class A {EFIZERS (8) ZIEOEOEHIE, FOIMH L AEOHETREE L.
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On the Hyers-Ulam-Rassias stability of first order linear differential
operator with constant coefficient

Takeshi Miura (Yamagata University)
Sin-Ei Takahasi (Yamagata University)
Soon-Mo Jung (Hong-Ik University)

Abstract. Let f be a strongly differentiable function on an interval I to a Banach space X.
In this note, we show the Hyers-Ulam-Rassias stability of the X-valued differential equation
Yy’ = Ay, where A € C: If f is an approximately solution of the differential equation ¢’ = Ay,

then there exists a solution g of 3y’ = Ay such that g is near to f.

1940 E1Z S. M. Ulam I3 FBRROLREMEICET 2 ROMEEZER Lz (91 2H) :

For what metric groups G is it true that an e-automorphism of G is necessarily
near to a strict automorphism?

Z OREIZR$ 5 1 oD% %, D. H. Hyers [3] 8 1941 FEI2 5 2 7=, £D#%D Th. M. Ras-
sias [7] XKV Z. Gajda [2] I X BYEIR S AL CTLULTIZIRA~S -

EE A (D. H. Hyers, T. M. Rassias and Z. Gajda) Fi, F» %% Banach Z5[#], ¢ >
0,p>0:p#1,7T5. (EfLOBRBELRLRW) B f: B — B, BN RERTZT L
75 :
If(z+y) = flz) = f <e(l=IP + lyl?)  (z,y € E).
IDLEREHRZTIMENERT: B, — B, PME—DOHFET S :
I#0) - T@)) < =g IelP (s € B).

EEAILD. H. Hyers 3| I &>Tp =0 DHFAMARETz. T. M. Rassias [7] 1 1978 4
0L p<1DHFBEERL, 1< p<oollF UTHREBROFRERMBEY SIH>D T, &
OREEERA L. £D% Z. Gajda [2]131 <p < o0 IZXH T DRREFTLEDBIT, p=1
AT ARBlEE R T

FDH, Z0 XD REEMR Hyers-Ulam stability & FEiEI, %4 2BEEFRAUCK LT
HFFEn72 XT3, C. Alsina and R. Ger [1] X7y = y 1259 5 Hyers-Ulam
stability ISR LTW5B, AW OO HFRNICET 2R EEIC OV T O
REB/EN[MA,5, 8, ZIZTElBOERMRERBSIERRICH LT, BICRREN—tRL
ERS2VES, TRLBESICI VM ESNDEES, TONWTEETD.

LIFCIEX £ {0} &/ VA || #bo%E% Banach ZZf#, C(I, X) @R f: I = X
SEOBRTERBFEME TS, L 1BEBOFTRRER f T e CU,X) L2db
DEENSRD CI,X) DMHEME CL(I,X) £T5. EHIcE e CITHLTEMSE
Ty: CY(I, X) = C(I, X) 2D L 5 I EHET S :

Tf € f=Xf  (f € CYI, X))

IDEERPF/LONI.
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EBE 1 e: I —[0,00) BEREE, feC'(I,X)iX
ITZf O < e(t)  (Vteld)

EHIETETH. ZDOrELse I&:ﬂL’CTAgs =0L72%5g9,€CHI,X) T

]
/ elo)e Rerdg

8

17(2) — ga(®)]] < e (tel)

ERDHDRME—DFET D.

FEE 1 MAeC, feCH{I,X) TR LTKRIIFETH 5.

(@) f(t)=0  (tel),
(b)z € X BFEELT f(t) =Mz  (te ).

O X & X OFHEMET B, € X RERICIOEEL, f,: [ - CERTES
T5:

fot) € o(f(t))  (tel).
IDLE, o DEFGEMEND f, IWMOTHET, SHIEEte I LT(L) () =o(f/ () &
IRBZ NG nnb. LoT
[(£)(8) = Mo )] = (£ ®) — eAFE)] < llell ITF B < lelle®) (e D).
Lo T, &s,tellziLT

(e f(t) —e™f(s))] = |e7fo(t) — 7 fy(s)

/ (e fy(0)Ydo
[ 1) =20
/St e(o)e Rerdg| .

< el

IZTpe X EIEREKE-TDT

e 10) ) < | [ o] (e ()
2EA. FZTsellzxtL
g,(t) & M(eMf(s))  (tel)
EBITIE, EE1ITCRRELSIC, Thg=0ThHY
150 - 0.0l < | [ el oao e
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LI, —EHEIROLSICLTRENS 1 ge O, X) 25 1oOBEKET 5 L

t
/ e(0)e Fe M do

g(s) £72B. ZZTThg =070DTg(t) =Mz
= (e f(s)) = g,(t) L 72V —BHEBTENT.

lgs(2) — g(t)|| < 2e™

(tel)

ThHHEND, Bt =s EThiZg(s) =
EETBDE f(s) =e¥e, THDD )
&

EE 2 Bk et ,fst e(a)e‘Re)"’d(fI F—RICKBRTHZ LIETERY. ERE, sel, z€
X i zo]| = 1 RUERERES e: T — [0,00) Z 1 DEEL,

t
f()(t) ciﬁ_f (e)\t/ e(a.)e—ReAado.> To (t = I)
L L, MERFREICLY
T)\fo(t) - e(t)eﬂm At (t € I)

ERBIEDBIDD. Lo T | Tafolt)]| =€t) (t€ ) THB. fFT

1
/ e(o)e Mo

THHND, FRID gGIF—BEMNELY g, =0Ths. UECIVBEZEBREOKEENRI
7.

I ()]} = e (tel)

# 2 (S.-E. Takahasi, T. Miura and S. Miyajima [8]) ¢ > 0, A € C : ReXA # 0,
f e\, X)1x
1@ <e  (Vtel)

BERETETDH. ZOLERse IR LTIy =0&725g,€ CH(I,X) T

eRe At

170 - 0O < oy [1- S| €D

L72% b DRME—DFET 5.
iz sup{efM :t € [} = co 2B IX

Sup [ £(t) = g(t)]]| < oo

B geClI,X) : Thg=01TH—DTH 5.

SEER. RTEEAIIER L OEEORTH I D, sup{fM:tel} =co DHEEEEZD.
Red>0&F5. (1) &Y {e*f(s)}ser X Cauch net THHM b, s—+ oo & LIzt XDIE
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5&75377(“?*25 TNE Too T, BLte IITHLTe™f(s) = To (5 = 00) THB.
Joo(t) & Mz, (t € 1) EFHLIT

17() = 9@l < €™ M)e™F(t) — e F(s)]] + %Xl f(s) — Too|
Re At
ge |6—ReAt _ e—Re)\s! + eRe)\t”e-—/\Sf(S) — Too||

|Re Al
£

|Re )|
LB, WIZ—EMETRT. ge CYI,X) : Thg =028

<

1

(s = )

sup || f(t) — g(t)|| = C < o0
tel
LB ETH. gt) =Mz LEIT DD
e N (leMze0 — () + 1 £(2) — €¥a]])

< e (e +©)

— 0 (t— o)

IA

|17e0 — 2]

Thbbr =12, &5, XoT—BENRENT.
FoAFIZLTReA < 0DF A BRINS. &
[8, Remark 2.2] IZ8 T, ReA # 0, sup{efM:t eI} <ocoRBLEL, R2DLH2

—BHEESLT USRI RWHIRET LN TS, ZZTiRED—&iZ, EofHFob

ETHE, —BMHITRLUTHRYSIERWI EEZRE D,

%3ec>0,Red#0,sup{efM:tel} <& T3, feCHI,X)B|Thft) <e(tel)
AT
Thg=0 and 2yuw—gmn<m

LB ge OV X) ik, M &b EBIEER T EET .

EIBl. ZZTHReA>0DFADHELIN, ReA< 0D L E BT oL AL TTE
. ZOLEFRENPLEMIT = (a,b) b<coDETHD. ETR2OIMEHALFERFIZLT
e RX P D s S ODBBRBFEET D ERFNEDT, ThEkzmeX &TdHL

eRe At

“f(t)—e)‘mb” < ]—R{Z_)\T (1—m) (tEI)

Lind. LERoTE\a LT

Re Aa

170 - e*al < g (1= Gmm) €D
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ER/D. ZZT|lr—z) <e BN ERBre X BERBIZLIDEVEET S &
At At Re Mt ghera
1£() — ¥l < [1£() — ol + ¥ -z < ( ) 11 e

LB, Lo Teds: ||z — o) < e BN OBOBEENKDEHOTHY, .'DEX@@
CHE»DZ D& REBIIV R L ERRELTHEETS. =

2% ik
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Which weighted composition operators
on uniform algebras have the Hyers-Ulam stability?

BHUR LD & AR E A E AR D Hyers-Ulam stability %3 /= 9 5 ?

Hiroyuki Takagi® ®&A BT (IBMX-H)
Takeshi Miura? = # (ILEX-I)
Sin-Ei Takahasi? ## E¥ (LK I)

Abstract. In this note, we consider the title question. In particular, for a weighted
composition operator uCy, : f = u - (f 0 ) on C(X) or the disc algebra, we give a
necessary and sufficient condition for uCy, to have the Hyers-Ulam stability. Also,
we make some remarks on the best constant of its stability.

BIBUR O ESHE KD Hyers-Ulam stability 2 & DB&DORER (5], [6], [7] &£, 20
B bhoklleRETS.

§1. Hyers-Ulam stability 1940 ££4%D S.M. Ulam % D.H. Hyers I & B HI3EHKE &
DIFFEIZH & DNWT, Hyers-Ulam stability & W3 EEEHEBAX W= (3)).

EE. A BB INVLERE L, TR ADPS BADE#BETS. TH Hyers-Ulam

stability Zd D id, ROSEM (1) ZA=TER KD FETZILTH B,
0 ITf—go| <eTHBERD g €T(A),e>0, fe AITHLT,
Thh=g D2 |fo—f] <Ke &i2% foc AD HEET 5.
=, B K 2, TOHUS-EHELITY, T OHUS EROTREEZ Kr 25K

A, B 7 Banach ZZC, T A D5 B~OBEFRBEAERARDFE, T D Hyers-Ulam sta-
bility 29D & &, BMEEZ S DI LI, FEICRS ([5]). TOI &5, Hyers-Ulam
stability 75, BISEIT O EE LSO — L TH B L WZE 5.

DEI, T % WHOERRO LS REBEKNRERRL UT, FRRA Tf = g0 O f #RD
HZrEEZLD. COLE, BROFM (1), “cELE f 25 Ke OFEEELAIIZ B
fEfoDPEETD L Eo2TNWD. T5BIRTHL, HUSER KO TE3EIFT/NEWER
ROTHBEEV. ZOK, ROFRHEL .

. Kpld TOHUS EHICHRZH?
HL Z515, Krld FZICHRED HUS EH (the HUS constant) T&H 5.

WE,T:A—>Bk feA MCAZHRLT,

KerT={he A:Th=0}, dist(f,M)=inf{|f—h]:heM}
EMLZLIZTHE, RDILEDBNVZB.

1. Department of Mathematical Sciences, Faculty of Science, Shinshu University, Matsumoto 390-8621,
Japan. E-mail takagi@math.shinshu-u.ac.jp / 2. Department of Basic Technology, Applied Mathe-
matics and Physics, Yamagata University, Yonezawa 992-8510, Japan.
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adEl. A, B%& J)VLZERME L, T% A5 BADEEERARLE TS, £/, T
Hyers-Ulam stability Z& D& 9%, ZO&E, K BT O HUS BHIZR 28
DBEREME, dist(f,KerT) = Kp, [Tf] = 1CH B EED f € Akt L
T, |f—h| =dist(f,KerT) £ 722 he Kee TR HFEETHILTH 5.

SRR, T ORMFEMEDS, KPR TOHUS EHTHAEZ LIZ ROLSTEV LI SNS.
KigTOHUS E¥TH3
%—ﬁ (NTf—go|l e THBHERD goeT(A),e>0, fe AlTHLT,
Tfo=g0 D |f—fol < Ke L7253 foc ABNEETS.

(2) Tf<eTHBERD >0, f e ATHLT,

= Tfo=07D |f - fol < Ke L7125 fo € ADEET 2.
— (Tl =1TH3EED f e ATHLT,
i If—fol K L7253 focKaT HEET 2.

£oTC, KH»P TOHUS EZH=Z5IZ,
ITfl=1CH2ERD f e AN LT, dist(f,KerT) < K
ThHbd ZZT, KOFRELS L,
(3) ITfl=1THBERD f e AITHLT, dist(f,KerT) < Kp
L%, , ,
(BEMW] Kr P TOHUSEHETS. §5&,(2) &b,
@ ITfl=1THBERD fec ATRLT,
If—h|<Krtizd heKeTHEETS.
&2, dist (f,KerT) = K, |[Tf]| =1 THBEBD f € AR LTH, |f-h| < Kr &
b heKerTHhEHETS. ZDLE,dist(f,KerT) < |f — h| < Kz = dist (f,Ker T') 72
5, |f —h| =dist (f,KerT) TH 5.

[+44E] dist (f,KerT) = K, |[Tf]| = 1 THBERDf € ATHLT, |f -4 =
dist (f,KerT) £72% he Ker TR EHETHERETS. (2) &b, KrH T O HUS BEIC
RBITHE, (4) PO UTIEIN. 28T, |Tf|=1Ths feAZEIRIILD. TOLE,.
(3) &b, dist(f,KerT) < Kr CTH 5. dist (f,KerT) < Kr D, dist (f, KerT) DEFED
b, |f—h| < Kr %% heKeeTHEET 2. —74, dist (f,Ker T) = Ky OB &, /E
£V, |f~h|=dist(f,KerT)= Ky &% he KaTHELT 5. (4) BmEi. o

Al &b, AD [FJFHC Ker T DB 22 OGS, H D0V, AR BRI TRITH
Ker T DBWERIRTTOEE, Krld T O HUS B#IZ 2. KA, Ko N T O HUS EHIZ 7%
LRWNFIEH DK BILEDNTES.

&P, 33 BanachZ2R A Cid, proximinal TR WEIEAZEE M B ELETS. OFD, |f-h| =

dlst(f,M) BB hEMBPEELRENEIR fec ALRBSZER MPEETS. 0

&, dist(f,M)=1&{RELTLN. VD HlEHITEE,
A=C[0,1] : BXR [0, 1] LO#EFEIE 4K D Banach 2%/ (sup / )V L),

1/2 1
f(z) = 4o, M= {h eCo,1] : /0 Ma)do= [ hiz)da }

WE,B% BEZEMA/M L, ADS BAOERGEEMAEZEE,
Tg=g+M (g€ A)
LEDD. THEL, KeeT=M7ThH5. Fi, ThoFEEIND A/KerT 5 BAD 1R 1
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ofemE T i, .
T(g+KerT)=Tg=g+M =gt+kerT (g€ A)

c’h, A/IM DIEZEEHAZICREDS, [T = 1THs. Lo, [5, Theorem 2] 5,
Kr=|T"Y=1¢%k%. 250U,
- dist(f,KerT) =dist (f, M) = 1= Kr, |Tf]=|f+M]|=dist(f,M)=1

ERRBW, |f—h|=dist(f,KerT) %5 he AR FEELRW. ©ZIZ, GE1LD, Kl

T O HUS EH TR, O

2], [8] T, H BEDWAERE T IZDWT, T 1 Hyers-Ulam stability 2 & D= D%
B+AEMGEL, ZTOLED Kr DEERD, X512, Z0 Ke ¥ (BR)HUS EHuc s &
Uz, CCTH, BER LOREBEAREARICOWT, AL L EEZLTHS.

§2. IR L OWEARIFAER X% 22/%7 b Hausdorff 28R & U, X ORI
2K 5725 Banach 38 (sup / V) &, C(X) TRT. X _LORBEIR (uniform algebra) &
&, C(X) ORISR T, EBEBZEE», X D2REAHMTEHDTHE. WE, A% X L
DEBIRET5. ECXDLE, XOMETO EQA%E FT&L, AICET 328#%0
fHco EoBas B 9. £, AD Choquet R, Silov 5%, ZhZh Ch(A),
[(A) & <. —RiZ, Ch(A) = T(A) DR D LD, BEEBEOBEIZ DWW T ORI, 9] %
[1] 2 SR hizw.

X, Y% 237 b Hausdorff ZER L U, A, B%Z Z12h X, Y LOBEEIRET5. BO
TLul, Y PO XNDEER o ZEELTBE, fc AXNLT,Y OB uC,f %,

(5) (uCo f)(y) = uly) fe(y)) (yeY)

CEETD. uCp(A) CBOLE, uC, i ADDE BAOERBIAMERRICRSG. ZOLE,
uC, &, AN B BADEHESRKIFAE (weighted composition operator) &\ 5. HEAHK
TERZDMERBIL, &[4 IZFE L.

XH, ¥4 MVICLEROHEEZEZEZ XD,

M. R Lo ARFMERKIERAERED Hyers-Ulam stability 6 Dh ?
ZOMEQV L ODER [6) THAE. ThE b,

FHE1. A B%Z ZhZ2h X,Y LOBEEIRE U, uC, & AD S BADHERRKE
AHRET3. DI, MOIZMEATZTESGF (CX) PELETHLERET S.
o Flid AICEET 2 [F&EER 1
o p({yeY :u(x)x0}) CFCp({yeY :u(y) x0})
o FNCh(A) = FNT(A).
ZD & &, uC, D Hyers-Ulam stability & & D/ D BEDEME,
(6) p({yeY:|uly)>7r}) D FNT(A)
BAETIEDOER r P EETHILTHBH. IHI,
Kuc, = L/sup{r > 0:ri% (6) 2H~=7T }

WD LD,
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SEH 11, [6] D Theorem & BREPCKMUPETERL D, il Fo=<AKICTE 3.
EELE, WEPEMTH DD, A BIC BEFNRBEERZH TEDHE L A#PTRDT
LDHB. HLD2DDHET, ROGEEMILL THB.
3. A=C(X), B=C(Y), §4 A=B:F1RIH
Z 2T, §1 TRz (RE)HUS EBOEMICd SR ULEW.

§3. C(X) 1o CY)NDHESKIERE TE1HL, C(X) D5 CY) NDHES
RAER D Hyers-Ulam stability % & D7z DDOME+SEMEE, RO K525 (5], [7]).

EE2. uC, % C(X) 56 CY)NOHEGHEARL T5. uC, ' Hyers-Ulam
stability 2 & D /= DD BHE+ A,
(7) p({yeY lu@lzr})=p({yeY uy)=0})
EHETIEOER r P HFHETHILTHD. Tz,

Kuc, = 1/sup{r>0:r Giv(7) EHIZT }
D EE D ILD.

SE, ROZ Db o)k,

SHE2. EE2IHVT, X HEMEEO L S, Ko, & uC, © HUS 2HIZ 72 3.

a8 2 MEFMHIZ I, YRD Bishop DEEDHPEHATH 5.
Bishop DE# ([1, Theorem 2.4.1]). A% X FOBEIREL, F (C X) 2 AICHET
BEESLTS. ZOLE, F LTEENIZ0OTRVWERD f e AITHL,
g(z)=f(z) (zeF), lgl=)|<]g] (zeX\F)
BHRETge ABEFEETS.

WE2OEHE. F=p{ycY uly)x0}) B Fk, [uCef| = 12HET f € CX)
BAERICLE. COLE, [0 () @—Y) &b,
|f + KeruCy| = sup{|f(z)| : z € F'}
WD IED. TIT, JuCufl=1&D, ZOROMEIZ0TRW. DED, fid F LTIESH
T OTRY. ¥T, CX) LT, X DFTRTCOMEADV BEEATHSHD, &I X W
FEMZERE DB ST BERITRD. o7, Fi C(X) BT 2 EEAICR 5D T, Bishop O

FEHEANWDS &,
g(@)=f(z) (zeF), lg@@)|<|gl (z€X\F)
BHET geC(X) DB ehd. TOLE, gid FOHLRATHRAMENMERZ L5025,
lgl = sup{|g(z)| : c € F} =sup{|f(z)| :z € F}
<Hh,
dist (f, KeruCy) = | f + KeruCy| = sup {|f(z)| :z € F} = |gl = |f — (f - 9)I
s, 5, (f-g9)(z)=0(z € F) THHIehb, f—g e KeruCy, BDOPED5,

If — | = dist (f, KeruCy) £72% h € KeruCp, W H Doz, WX, 1 KD, Kyg, &
uC, ® HUS I 12 5. o
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§4. T4 RAVIRLOPMESHIFAE D2 HEFHC OBEMEIFRE L, Z0OBa% D,
BERET L. D LTER D> D L CIERBEREE» SR 2B8EE, TR VE
(disc algebra) W, AD) <. WE, u,p € AD), (D) c D e L, AD) LORES
BERRE uC, %, (5) LRI,

(uCpf)(2) = u(2) f((2)) (2€D, f € AD))
LEBTH. TITHE, uid BEBTRL, PO, o Ik EHEIE TRV EEEL, TOL SR
HED uC, & EBHTH DL NS LT 5. EH 1&D, uC, 7 Hyers-Ulam stability
ZHDEOOBLEFSSEME, MOXSI225 ([6]). '

EE3. uC,% AD) LOFBHBHESHIEAZLT5. uC,» Hyers-Ulam
stability & & D=0 DMBHE+ S5,
(8) e({zeT:|u(z)|>r}) DT
EATIEQER r P HEETHIETHD. =,

Kuc, = Ysup{r > 0:rix (8) &H7=¥}
DD ILD.

EH3D uC, I DWTH, Kerul, = {0} L2 B50T, 41 L b, ROMGENS B,

HES3. EHE3OD Kye, & uC, ® HUS BHIZ R 5.
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B EARERX

(Semi-commutativity and inequality)

Sin-Ei Takahasi
Department of Basic Technology, Yamagata University

and

Takeshi Miura
Department of Basic Technology, Yamagata University

Abstract. We introduce a "semi-commutativity" and investigate a certain family of
functions, which imply the Holder-Rogers inequality and the Minkowski
inequality.

1.8/ %

A & B DRMATETHDEE, A £ B BAMRTHDELEODTH S, RRICHEEA
BOEVERAENEDEN, FSBEIAOFRS — A ABREHEOAZLT L. BEORS
VA EBREORI VB DELLERICMUTHERES >ES—AVBRCTHNIL £
ZFoMULWATHREMY THSDH, £EEZOLS REBREBEBAONZZ LN, 0D
BE. AB & BA THEBOMERLWMETZIEL, BASHICBA THSS, DFEY
AB<sBA &3> TWS, BEICNEFFAMEFATNSS, AETERTDIERIESLS
DIFEHFARTHDI LB, LHOLANSZDOFRABEROPICH, R<BZELTLUD
YERBERDPHDDTIIEND?

2. & W

$H 3 Z & THA Maliglanda DFRE MathSciNet THRTWES, ABRVERXERR UL,
R '
A simple proof of the Holder and the Minkowski inequality
EWVWDHDT (cf. [2]). J. Rakosnik [Tk B Review [ZIF.
[The core of the paper is the following lemma: For 1 = p < and any a, b >0 we have

-1
=q'lrp! z

inf [%t””“a +(1 —~~}5)t”"b

and

in [z' ~rge 4 (1 = t)’-"bp] =(a+b).

Two proofs are given. The first =+« -+« | EHhoi, BE. MEZBRLEOHLEHE f, g LT,
| el =lfllel, £ +el, =171, +lgl, Qsp<e1/p+1/g=D
MERYUILE, RiEZE Holder DARER. %E % Minkowski DFREFELERRDTH B, HEH
[C Maligranda @ key lemma (C& Y. BEDAFRET<ENMNS, LhLIDLE. D
BEDTERT THIEBEOFHL, HEIEHREABREBICHFARTHS] EERLTVDS
DTEAENNEND ZEICRHADPENLDTHS (cf. [5). LUTOETHODLEFL HEAN

&£,

Ay
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3. W

%9 D #R" EOMEE. S ERFEERE. S, ZZ0OBHES. © % S OPHEBOER
SESEL. ROFHERILTETS
(px; -, px)ED Vx|, -, x, ES;, VpE D).
S DOE @ LOBHK: (@) =gs) (PEP,sES) LRALT. TN2GhE
S={5:5€8} TRIZLICL, ZOHLUELOTSE2RET S,
ZOEE S FARICHIEFREEZMEDLSM. SUTOLS 42 DOMK
mM:D—R 2EZ5:
(1) m(%,, ==, &), M(%,, -, £) €S forall x, =, x,ES,.
() m(L%y, -+, LX) = L((M(%,, -+, £,)), M(L%,, ---, L%)) 2 L(M(X, -+, £,))
forall x,, -+, x, € S, and all order-preserving linear functionals L from S into R such that
(Lx,, -, LX) €D forall x, -, x, € S,.
CDEELDOBEE m M EZENTNhISR
(m)=(m;D,S, S, @), M)=(M;D,S5,S, ?)
BT 3LEERELT S,

Remark 1. Let ay, **+, &, € R . Then the following function on D belongs to both (m) and (M) :
f(ah B) an) =qa;+ -+ aa, ((ala B an) S D)

This is a trivial case but it gives to us an impotant suggestion for a construction of functions
which belong to the class (m) or (M).

BREEHMITHEVHAICKRDS EVNDNDSD, 25X (M) &M) ICET SIEBPAREG
Z|IFLS :

Let D=R*xR*,S=R*,S,=R*x R* and ® = {p,, ,}, where ¢, is the i-th coordinate
function. Then (@x, @x,) € D forall x|, x, €S, and @ € ® . In this case, we have

() M(a, b) = (/@ +¥B)", M(a, b) =Vab € (M).

(i) m(a, by =Va + b* , m(a,b)=a*/b € (m).

Remark 2. Let L be an order preserving linear functional on S such that (L%,, L£,) € D for all
X, %, €8,. Let a=L(1,0)" and B = L(0, 1) and set x, = (a, b) and x,=(c,d) € §,.
() Let 2={1,2}, u(1) = o, u(2) = B, | /(1) |= 7@, | f2)| =V, | (1) | =/ and
lg(Z)[: Jd . Then
M(LE,, L%) = LM (R, 2) = | £, + | 8], 2 7 +] ]
when M{(a, b) = (fa' + JE)Z and
M(LE,, LEy) = LM%, 5) <= | f|, | e], 2| %],
when M(a, b) =Vab .
(i Let @={1,2}, p(D) = o, (@) = B, | f(D)|=a% | f@)| =0 | g(1)| = ¢? and
|3(2)|=d". Then
mht, L8) < L((m(2, £20) < | £],+ 8]0 5] £]+] 8
when m(a, b) =va®+ b* .

Alsolet @={1,2}, u(1) = o w(2) = B, | f(1)|=a%| @] =% [(D)|= 4| 2@ | = .
Then

2

12

m(LX, LX) = L((m(X,, £,)) < “f ][1/2 “ 8 “—1 = u Je “l
when m(a, b)=a*/b.
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ETHRBIIEDOLDIGHABBINODISRICETAINEND ZETH S, Maligranda
D key lemma (EFD—DDHEZFEZZTINBDTH S,

5T 2FEDES. a, . a,B, .0, 2T LORKEBHTROFHEBZTHO
TS

(1) For each (a, -, a,) €D, m(a,, ,a,) = 352? a,(ta, + - + a,(t)a, and
M(a,, -, a,) = aligf;-ﬁl(t)al + e+ B (Da,.

) m(%,, -+, %) €S and M(%,, -+, £,) € S for each x,, =+, x, € S,.
ZDEE, BelZRDEREHD .

Lemma 1. m belongs to the class (m) and M belongs to the class (M).

Proof. Let x,, *-+, x, € Sy and L an order-preserving linear functional from S into R such that
(Lx,, =, LX) € D forall x,, -+, x, €S,. Note that
o (DX + - + ()X, =m(R, -, %) and B (X, + -+ + B, (X, = M(X,, -, %,)

forall t €T . Then

o (OLxX, + - + a,(t)LX, = L(a,(£)%, + - + o (1)X,) = L(m(X,, -+, £,))
and

B\(OLE, + -+ + B, (OLE, = L(B (DX, + -+ + B(DX,) = LM(X,, -+, X))
forall t € T'. Therefore

m(L%,, -+, LX) s L(m(%,, +++, £,)) and M(L&,, ---, L%,) = LIM(%,, -+, %)) ,

so that m belongs to the class (m) and M belongs to the calss (M). Q. E. D.

4. B & @

(1) Holder function. Let D =R" x ==+ x R" and p,, -, p, € R with p; + =+ + p,=1. Set-

Hol(ay, -+, a,) =HOL, .. ,(a), -, a,)= I ar
for each (a,, **+, a,) € D . In this case, we have the following
Lemma 2. Suppose that HOI(%,, -+, £,) € § forall x,, *=+, x, €S, . Then

(i) Ifall p; are positive, then the function HOl belongs to the class (M) .
(ii) If the only one of {p,, **+, p,} is positive, then the function H6l belongs to the class (m) .

Proof. Let T=R* x -« x R*.
(i) Suppose that all p; are positive and let (a,, **»,a,) € D. Foreach t = (t,, =, t,) ET, we

have
I 1
‘Z-:l pla; = 'I=Il (ta)’
and hence
Pid e P2

Z} p,‘zf,-Hl tjPila; = I_Il afi=Hor(a,, -+, a,).

i= j= i=
Set

B0 = Pltij;I' FREAELI B = PntndjIl ¢t % and h, ay, -+, a,) = B(Da, + - + B,(Na,
foreach t =(t,, ==-, t,) € T . Then we have
,igg nt, a,, -+, a,) = Hor(a,, -+, a,) .
Also since A(t., a,, -*-, a,) =Hol(a,, -+, a,) fort,=(a', -, a;") €T, itfollows that
[i‘IElg, h(t,a,, -~,a,) = Hol(a,, *+, a,) . Therefore the desired result follows from Lemma 1.
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(i) Suppose that the only one of {p,, ***, p,} is positive and let (a,, **+, a,) € D . For each

t=(t,,,t,)ET, wehave Z pita; = H (t;a)”". Then the desired result follows from the
similar argument in (i). Q. E. D

(2) Minkowski type function. Let D=R" x -« x R* | f: R* — R : a concave (convex) function
with inverseand p: R* — R . Set

fl;(al’ B an) =f(l§ fﬁl(p(ai)))
foreach (a,, -, a,) € D. Alsolet

)= meV<m»)

foreach 0 < T < 1. Moreover set
T= {t= (l‘l, ey l‘") e+, = 1, by ooy t">0}

(resp. (%) = 3sup 5 f(f G (S)))

and
al(t) = fp*(tl)v "t an(t) = f;a*(tn) (resp. ﬁl(t) = j;:(tl)’ Y ﬂu(tn) = fp*(t))

foreach £ € T'. In this case, we have the following

Lemma 3. (i) If f is concave, then Sglr) (a,(t)a, + e a,,(t)a,,) < f(a,, ---, a,) foreach
(a, =,a)ED. l

(ii) If f is convex, then tnen; (ﬁ,(t)a, + o ,B,,(t)a,,) z f(a,, *--, a,) foreach
(a,, ,a,)€ED.

Proof. (i) Let (a,, -, a,) €D . Foreach t=(¢,, -, t,) €T, we have
2—-‘[ Lf(b) = f(,; tibi)
foreach (b, ---, b,) € D and hence by putting b, = f~'(p(@)) / t,, =, b, = f '(p(a))) / t, in

the above inequality,
igl t"f(f_—ifi_(gi)_) = f(é:l f_l(p(a,.))) .

-1
[ n a'
Note also that Z} foltda; s Z} t,f(—f———(—él(—in) foreach t = (¢,, »*-, t,) € T . Then we have

§ﬂww§d§fﬂmmﬁ

foreach t = (¢, -, ¢t,) € T . Then we have desired result.
(ii) Similarly for the concave case. Q. E. D.

Definition. We say that f;, is of Minkowski type if

flay, = a,)= sup (a,(t)a, + e a,,(t)a,,) (when f is concave)

= jof (ﬂ,(t)a, M- ﬁ,,(t)a,,) (when f is convex)
foreach (a;, -,a,) €D. '
In particular, let p # 0 and set f(£) =¢t?, p(t) =t (+>0). Then
flay, o a) = (alilp_;_ +'a,‘,"’)p
is a Minkowski type function on D . In fact, let (a,, -, a,) € D. Then we have

h.(t*’ al’ Tty an) =f;3(al’ B an) for L= (tl’ ) t") E T’ where
a.llp .
me (i=1,-,n).

Henc f, is of Minkowski type on D .
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Let D=R*x -« x R*, S : areal linear space with dual S", S, cs,
® :asubsetof S* suchthat (@x, -, @x,) ED forall x,, =, x, ES, and ¢ E P,
(@)= qp(s) (PED,sES),S={5:5€ S} and S & =y £ €S forall x;, =+, x, ESy.

Then we have the following

Lemma 4. Suppose that f,(%,, -+, £,) € S forall x,, =+, %, €S,. Then
(i) If f is concaveand f, is of Minkowski type, then f, belongs to the class (m) .
(i) If f is convex and f, is of Minkowski type, then f, belongs to the class (M) .

Proof. This follows directly from Lemma 1. Q. E. D.

Problems. Define a Holder type function. Also find a resonable new Minkowski type function.

5.5 A

Let S be the m-dimensional Euclid space R" and Sy=D =R" x - x R* . Set
D={p;:j=1, -, m}, where @, (x, -, x,,) = x; foreach (x;, -+, x,) ER" and1 < jsm.
Then we have ((pf, L, @f)ED forall f,, fES;and p ED. Let f;, -+, £, E S, and put
g =HoI(f, -+, f) ES. Note that f(@,) = f(w) (fES, w € Q). Then

HOI((9). -, J(@)) = HOL(f, , . f,.) = 8(0) = &(g)
forall | = j<m and hence HOI(f, ---, f) ES. :
Now fix A, *+=, A, > O arbitralily and set

L(%)= Jé:l A
for each x = (x,, =+, x,,) €S . Then L is an order-preserving linear functionals from S into R
such that (LF, -+, L) E D forall f,, -+, . € S,. Moreover we have

HSI(LJ -, Lf) = H(X Aﬁ,)
and

LBl -+, fo) = & 4, T 47

forall fi=(fi}, === finds s = (s =+, ]f,,,,) €5,. Then by Lemma 2, we have the weighted
version of genelalized Holder—Rogers inequality :

" n n n Pi
. Pi
(i) ;, A'l' ,IJ, ﬁf = ;[J;: (}Zl Aj ”)
when all p, are positiveand p, + -+ p,=1.

" " ” 111 Pi

when the only one of {p,, ***, p,} is positiveand p,+ -+ p,=1.
Similarly we have from Lemma 4 the weighted version of generalized Minkowski inequality :

m 2 14 2 n 1p P
S8 ) =[5 (2 )")
when0<p<1.
) m 1 0 n m Ip p
(iv) /Z (Z p) : (Z Ajﬁj)
when p>1 or p<0.

NHBREBOBEEL. fO)=t"(p=0), p)=t t>0) EHNT, FHEH

f;,(xh -.-’x") = (xlllp.l. . +x'l,/p‘)
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EZEZTWS, ULOLABSELEENEZRR(LL LT T, K72 Holder-Rogers &
Minkowski DR ZIFLAE—SFHHTWAVDTH S, ZOFEMEREICHZD &, §F
BEOI SAPKTET, (M) LB DIHFEREBD S S AHILFIKT, (m) ICET S IEER
B DY S ANEHEKTH Y., FmibEERICEFNZThHolder—-Rogers KBE, Minkowski A RE
DPEEEDO>TNSRN, ELEEOIHAREEZERELTWINWEWNWDSZETHS, LIIUEDA
FEOWHDEELALHAES,

FE ;. FEE Holder DRSS
" N 11pf n Iigq
/;::1 b= (kzl a,{’) (kzl b’?)
(p>1,5+5=1,8,>0,b,>0,k=1,-,n)
[$L.J.Rogers ICk>T 188 8FEICRRENA, H/- 0. Holder (FTh % 188 9FEICHE
MICHERUTNSD (cf. [1,4). TNEEH % (L L. Maligranda DFRICEVNCh %
Holder—Rogers MDARZE & AR (cf. [3]).
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