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NONLINEAR D’ALEMBERT FORMULA FOR DISCRETE
PSEUDOSPHERICAL SURFACES

SHIMPEI KOBAYASHI

ABSTRACT. On the basis of loop group decompositions (Birkhoff decompositions), we give
a discrete version of the nonlinear d’Alembert formula, a method of separation of variables
of difference equations, for discrete constant negative Gauss curvature (pseudospherical)
surfaces in Euclidean three space. We also compute two examples by this formula in detail.

INTRODUCTION

The study of constant negative Gauss curvature surfaces (pseudospherical surfaces, PS sur-
faces in this paper) in Euclidean three space E* was important in classical differential ge-
ometry, see for example [1]. On the one hand the method of integrable systems in theory
of differential equations, which started from 1960s, gave a new aspect for the study of PS
surfaces: The structure equation for PS surfaces is a famous integrable system sine-Gordon
equation, that is, u,, —sinu = 0 under the asymptotic Chebyshev coordinates (z,y) € R? for
PS surfaces.

Moreover, PS surfaces can be characterized as the existence of a moving frame with an ad-
ditional parameter A € R*, the so-called spectral parameter, and the compatibility condition
of the moving frame becomes the sine-Gordon equation, that is, PS surfaces can be charac-
terized by the existence of a family of flat connections on a trivial bundle R? x SU,. Such
moving frame is called the extended frame, and it is known that derivative of the extended
frame with respect to the spectral parameter reproduces the original PS surface. It is fun-
damental to see that the extended frame takes values in the loop group of SU, and thus the
loop group method can be applied for PS surfaces.

In [16, 21, 6], it was shown that loop group decompositions (Birkhoff decompositions, see
Theorem 1.2) of the extended frame F' of a PS surface induced a pair of 1-forms (£4,&-),
that is, F = F, F_ = G_G, with £, = F_'dF, and & = GZ'dG_. Then it was proved that
&, and £ depended only on x and y, respectively. Conversely it was shown that solving
the pair of ordinary differential equations dF, = F; &, and dG, = G £_ and using the loop
group decomposition, the extended frame could be recovered. This construction is called the
nonlinear d’Alembert formula for PS surfaces.
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A discrete analogue of smooth PS surfaces was defined in [2]: First of all discrete surfaces are
maps from quadrilateral lattice (n,m) € Z? into E®. Then discrete PS surfaces are defined in
terms of some geometric properties which are analogous to the case of smooth PS surfaces.
It is essential to see that the discrete PS surfaces have a discrete extended frame which is
an exact analogue of the smooth extended frame of a PS surface. Therefore it is natural to
expect that the loop group method can be applied. In fact in [18], the discrete PS surfaces
were obtained by a loop group action, and in [13], several examples were discussed with
taking into account a loop group structure.

In this paper, we show that there exists a discrete version of nonlinear d’Alembert formula for
discrete PS surfaces: Decomposing the discrete extended frame F' by loop group decompo-
sitions (Birkhoff decompositions), that is F'= F, F_ and F' = G_G,, the discrete extended
frame F induces a pair of discrete potentials (£,,£_) with &, = F7'(n,m)F, (n+ 1,m) and
¢ =G n,m)G_(n,m+1). It will be shown that £, and £_ depend only on n € Z and
m € 7, respectively, see Theorem 2.1. Conversely using the loop group decomposition and a
pair of ordinary difference equations F (n+1) = F (n)¢;(n) and G_(m+1) = G_(m)&_(m),
one has the discrete extended frame F' of the original discrete PS surface, see Theorem 2.2.
Finally derivative of the discrete extended Frame reproduces the original discrete PS surface.
We call this construction a nonlinear d’Alembert formula for discrete PS surfaces. Moreover
using the nonlinear d’Alembert formula, we consider two examples of discrete PS surfaces in
detail. It is interesting that difference equations obtained by these examples (see equations
(3.2) and (3.10)) are the same difference equations obtained by previous works [19, 13].

This paper is organized as follows: In Section 1, basic results about smooth/discrete PS
surfaces will be recalled. In particular we will recall the nonlinear d’Alembert formula for
smooth PS surfaces in Theorem 1.3. In Section 2, we will give a nonlinear d’Alembert
formula for discrete PS surfaces using loop group decompositions. Theorems 2.1 and 2.2
are the main results of this paper. In Section 3, two examples of discrete PS surfaces are
discussed in detail. In Appendix A, we will discuss a relation between a smooth/discrete
flow of constant torsion space curves and a smooth/discrete PS surface in E3.

1. PRELIMINARIES

In this section, we recall basic notation and results about smooth and discrete PS surfaces
in E* [17, 2] and the nonlinear d’Alembert formula for smooth PS surfaces [21, 9, 16].
Throughout this paper, we use the Pauli matrices o; (j = 1,2, 3) as follows:

01 0 —i 1 0
01:(1 0), U2:<i 0) and 03:<O _1).

1.1. Pseudospherical surfaces. We first identify E® with the Lie algebra of the special
unitary group SUs, which will be denoted by sus:

7 1 7
(z,y,2) € E3 +— 5%01 — Y0 -+ 5403 € Sy,

Let f be a PS surface with Gaussian curvature K = —1 in E3. It is known that there
exist the asymptotic Chebyshev coordinates (z,y) € R? for f, that is, they are asymptotic

coordinates normalized by |f;| = |f,] = 1. Here the subscripts x and y denote the z- and
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y-derivatives 0, and 0y, respectively. Let {e1, es,e3} be the Darboux frame rotating on the
tangent plane clockwise angle u, where u is the angle between two asymptotic lines. Then
there exists a F' taking values in SU; such that

(11) €1 = —%F/O'lﬁil, €9 = —%ﬁa@ﬁil and €3 = —%ﬁ()'gﬁil,

see for example [9]. Without loss of generality, at some base point (z.,y.) € R2, we have
F(z.,y«) = Id. Then there exists a family of frames F' parametrized by A € Ry = {r €
R | r > 0} satisfying the following system of partial differential equations:

(1.2) F,=FU and F,=FV,
where
U —u, A o 0 Al

The parameter A € R, will be called the spectral parameter. We choose F' such that
Flyei = F and Fl,. . =1d.

The compatibility condition of the system in (1.2), that is U, — V, + [V, U] = 0, becomes a
version of the sine-Gordon equation:

(1.4) Ugy — sinu = 0.

It turns out that the sine-Gordon equation is the Gauss-Codazzi equations for PS surfaces.
Thus from the fundamental theorem of surface theory there exists a family of PS surfaces
parametrized by the spectral parameter A € R, see [9] for a clear explanation of it.

Then it is easy to see that F' defined in (1.2) together with the condition F|, ,.) = Id is an
element in the twisted SUs-loop group:

—t

(1.5) ASU, := {g :R* U ST — SLyC | g is smooth, g(A) = g()\) " and og(\) = g(—)\)} :

where 0 X = Ad(03)X = 03X03 ", (X € SLyC) is an involution on SLyC. In order to make
the above group a Banach Lie group, we restrict the occurring matrix coefficients to the
Wiener algebra A = {f(A) = >, 7 fuA" : St = C | X, 5 |fu] < 0o} Then the Wiener
algebra is a Banach algebra relative to the norm || f|| = >_|f.| and the loop group ASU, is
a Banach Lie group, [11].

Then the family of frames F’ will be called the extended frame for f. We note that in fact the
extended frame F' of a smooth PS surface is an element in the subgroup of ASU,, consisting
of loops which extend to C* := C\ {0} as analytic functions of .

From the extended frame F, a family of PS surfaces f*, (A € R,) is given by the so-called
Sym formula, [20]:
OF

(1.6) A=A Ft :
8)\ )\ER+

Remark 1.1.

(1) The immersion f*|y\—; is the original PS surface f up to rigid motion. The one-

parameter family {f*}ier, will be called the associated family of f.
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(2) It is known that a surface of negative Gauss curvature is a PS surface if and only
if the unit normal of the surface (Gauss map) is Lorentz harmonic. Note that the
Lorentz structure is induced by the second fundamental form of a surface.

1.2. Nonlinear d’Alembert formula. In this subsection, we recall the nonlinear d’Alembert
formula for smooth PS surfaces in [16, 21, 9]. Let Dt and D~ be the interior of the unit disk
in the complex plane and the union of the exterior of the unit disk in the complex plane and
infinity, respectively. We first define two subgroups of ASUs:

(1.7) ATSU, = {g € ASU, | g can be analytically extend to DT},
(1.8) A™SU; = {g € ASU;y | g can be analytically extend to D~} .
Then AfSU, and A, SU, denote subgroups of ATSU, and A~SU, normalized at A = 0 and

A = o0, respectively:
AfSU, = {g € ATSU, | g(A=0) =1d} and A;SUs = {ge A"SU, | g(A =o00) =1d}.
The following decomposition theorem is fundamental.
Theorem 1.2 (Birkhoff decomposition, [11, 4]). The multiplication maps
AFSU,; x A=SUy — ASU, and A;SU; x ATSUy; — ASU,
are diffeomorphisms onto ASU,, respectively.
We note that the Birkhoff decomposition is in general only diffeomorphism onto the open

dense subset. However, in [4], it was proved that if the group is compact semisimple then
the diffeomorphism extends to the everything.

From now on, for simplicity, we assume that the base point is (z.,y.) = (0,0) and the
extended frame F' at the base point is identity:
F(0,0,)\) =1d.

The nonlinear d’Alembert formula for PS surfaces is summarized as follows.

Theorem 1.3 ([21, 9]). Let F be the extended frame for a PS surface f in E3. Moreover, let
F=F.F andF = G_G be the Birkhoff decompositions given in Theorem 1.2, respectively.
Then Fy and G_ do not depend on y and x, respectively, and the Maurer-Cartan forms of
F, and G_ are given as follows:

R _ 7 0 efia(ac)
€+ = F+ dF+ = 5)\ (eioc(a:) 0 ) d$,

4 iy 0 eBy)
g_ = G_ dG_ = —§>\ (e_iﬁ(y) 0 dy,
where, using the angle function u(x,y), o and ( are given by

a(x) = u(x,0) —u(0,0) and B(y) = u(0,y).

Conversely, let &4 be a pair of 1-forms defined in (1.9) with functions a(x) and B(y) satisfying
a(0) = 0. Moreover, let F. and G_ be solutions of the pair of following ordinary differential
equations:

(1.9)

dFy = Fi &y,
dG_ =G_¢€_,
4



with Fy(z = 0,A) = G_(y = 0,\) = Id. Moreover let D = diag(e™2%,e2*) and decompose
(F. D) 'G_ by the Birkhoff decomposition in Theorem 1.2:

(F D) 'G_=V_.V !,

where V_ € A;SUy and V. € ATSU,. Then F = G_V,. = F_.DV_ is the extended frame of
some PS surface in E3.

The pair of 1-forms (£4,£_) in (1.9) will be called the pair of normalized potentials.

Remark 1.4. In [9], it was shown that the extended frames of PS surfaces can be also con-
structed from the following pair of 1-forms:

1 00
(1.10) n* = Z niNdx and 7Y = Z U?Ajdy,

j:—oo _]271

where 17 and 7! take values in su,, and each entry of 5§ (resp. 7)) is smooth on z (resp. y),
and det ny # 0,det n”; # 0. Moreover n; and 77;/ are diagonal (resp. off-diagonal) if j is even
(resp. odd). This pair of 1-forms (n*,n¥) is a generalization of the normalized potentials
(€+,&-) in (1.9) and will be called the pair of generalized potentials, see also [5].

1.3. Discrete pseudospherical surfaces. It is known that a discrete analogue of PS sur-
faces and its loop group formulation was defined in [2]. In this subsection, instead of the
smooth coordinates (x,y) € R? we use the quadrilateral lattice (n,m) € Z?, that is, all
functions depend on the lattice (n,m) € Z?. The subscripts 1 and 2 (resp. 1 and 2) denote
the forward (resp. backward) lattice points with respect to n and m: For a function f(n,m)
of the lattice (n,m) € Z?*, we define fi, f2, f1 and f3 by

fi=fn+1,m), fi=fn—1,m), fo=f(n,m+1) and f3= f(n,m—1).

The discrete extended frame F' of a discrete PS surface can be defined by the following partial
difference system, see [3, Section 3.2] and [2] :

(1.11) Fi=FU and F, = FV,
where
1 — 5 (u1—u) i 1 _iges(uztu) \—1
(112) U=— (6 21 ’%f)\u)) 5 V=— ( i 71'(1u +u))—1 2q€2 A ) 5
Ay 5P ezl A \—gge 22X 1
with Ay = /14 (p/2)2X? and A_ = /14 (¢/2)?A=2. Here u is a real function depending

on both n and m, and p # 0 and ¢ # 0 are real functions depending only on n and m,
respectively:

w=u(n,m), p=p(n), and q=q(m).

ISince the identification of E® and suy is different in [3], the matrices U and V of (3.22) and (3.23) in [3]
and our U,V are related by U = Ad(offdiag(1, 1)) and V = Ad(offdiag(1, —1))*V with hy,m = u/2,p, =
P/2,¢m = q/2. On the one hand if we normalize p = ¢ = J, then U and V are the same as Q,, ., and 0, ,,
in [18, Theorem 3.1].
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The compatibility condition of the system in (1.11), that is VU, = UV}, gives the so-called
discrete sine-Gordon equation:

(1.13) sin (u12 _ u14— Uz + u) _ % sin (U12 + U14+ Ug + u) ‘

The equation (1.13) was first found by Hirota in [12] and also called the Hirota equation.
Then a discrete PS surface f can be given by the so-called Sym formula, [2]:

OF
A -1
(1.14) Pr=AgF

AeRy

The family of frames F' defined by (1.11) with F|(,, m.) = Id will be called the discrete
extended frame for a discrete PS surface.

Remark 1.5. The geometric characterization of a discrete PS surface f was also given in
2, 3]. A discrete surface f is a discrete PS surface if and only if the following two conditions
hold:

(1) For each point f, there is a plane P such that

f? fla fia f27 fﬁ e P.
(2) The length of the opposite edge of an elementary quadrilateral is equal:

|fi = fl=1fiz = fal = a(n) # 0, [fo— f| = [fiz — fi] = b(m) # 0.

It is easy to see that the map f* defined in (1.14) has these properties and f* gives a family
of discrete PS surfaces, see [3, Theorem 3].

We now introduce a discrete analogue of the smooth angle function between all edges at
point (n,m) € Z?* as follows, see [2]:

U2 (A} ui U2

¢(1) = 5 T ¢(2) = 51 bR
@ =_4 _ U 4 =W Y
P = 5 ~ 3 P = 5 T3

where = means that the equalities hold modulo 27. Then from the symmetry of the quadri-
lateral and the fact that the sum of angles around a vertex is equal to 27 by (1) in Remark
1.5, we have

o0 =013, 01 = 08" and ¢+ 6P 160 461 =0,

Moreover, setting Q@ = exp(i¢")) and k = pq/4, the discrete sine-Gordon equation (1.13)
can be rephrased as

Q2_k2 Ql_kl
1_k2Q21_k1Q1’

see for example [3, Section 3.4]. We note that the other discrete angle functions exp(i¢")) (j €

{2,3,4}) also satisfy the same equation (1.15).
6
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2. NONLINEAR D’ALEMBERT FORMULA FOR DISCRETE PS SURFACES

In this section, we derive a discrete version of nonlinear d’Alembert formula for discrete PS
surfaces.

2.1. Nonlinear d’Alembert formula. From now on we assume that the base point is
(., ms) = (0,0) and the discrete extended frame F' at the base point is identity:

F(0,0,\) =1d.

Moreover, we also assume that the functions p and ¢ in (1.12) satisfy the inequalities

p
2.1 ’—
(2.1) 0< 5

<1 and O<‘%‘<1.

These inequalities imply that the zeros of A, and A_ are in the exterior and the interior of
the unit disk, respectively. Moreover it is easy to see that zeros of Ay are not on RU {oo}.
Then the discrete extended frame F' takes values in the twisted loop group ASU,.

The following theorem gives a pair of matrices, which depend only on one lattice variables
and it is a discrete version of Theorem 1.3.

Theorem 2.1. Let f be a discrete PS surface and F' the corresponding discrete extended
frame. Decompose F' according to the Birkhoff decomposition in Theorem 1.2:

F=F.F =G_G,,
where Fy € AfSUy, F. € A~SUy, G_ € A;SUy and G, € AT™SU,. Then Fy and G_ do not

depend on m € Z and n € Z, respectively, and the discrete Maurer-Cartan forms of F. and
G_ are given as follows:

1 4y p—ic
£, = F(E), (1 spe A

(2.2) Ardgpet™ L
£ =GHG )= ! 30"
_ = _ —)2 — A_ _%'qefiﬂAfl 1 )
where Ay = /14 (p/2)2X? and A_ = \/1+ (q/2)?\72, the functions p and q are given in

(1.12), and « and B are functions of n € Z and m € Z, respectively. Moreover using the
function u(n,m) in (1.12), a(n) and B(m) are given by

{ a(n) = fu(n+1,0) + u(n,0) — u(0,0),

(2:3) B(m) = 2u(0,m + 1) + Lu(0,m).

Proof. Let F = F,F_ = G_G, be the Birkhoff decomposition of the discrete extended
frame. Since F; takes values in A} SU,, F;l(FJr)g also takes values in AJSU,. On the one
hand, we have

FINFy)e=F . F 'K(F.);'=F.V(F.);"
Since V takes values in A;SU,, F_V(F_);"' can be expanded with respect to \ as
FV(F)y" = Vi + A Ve + A7 Vg + A7 Vg + -+
Thus
(2.4) FIYF) =1d.



Therefore F, depends only on n. Similarly F/;'(F,); takes values in AfSUy and F7'(F, ), =
F F'F(F.)'= F.UF.);'. Multiplying A, on both sides, we have

(2.5) A FIN ) = Uy + Ny = F_(ALU)(F)TY

where we use the expansion F_ (A U)(F_);" = AN+ U+ A"'U-1)+ - - . Since F; takes
values in AfSUs,, Uy = Id and Uy has the off diagonal form with two entries are minus
complex conjugate each other and det(U) + AU(1y) = A%. Then

2.6) A (_EQ—W “?A) with [£(n)|2 = p(n)?.

Thus we have the form &, in (2.2). We now look the expansion of F_(A_U)(F_);"' more
closely. Since F- € A~SU,, we can set F_(\ = oo) = diag(e2/,e~2/). Then from (2.4), we
see that

L2 f

5 =5 (mod 27).
Then consider (2.5) multiplying AT' on both sides and set m = 0:
(2.7) & = FO (F )1 = FLU(EF =0 = FLU(FL)T inso-

Let F, be the solution of F;'(F}); = Ul with F(n = 0) = Id. It is easy to see that F,
does not depend on m € Z and takes values in ATSU,. Moreover, F, F~'|,,_ satisfies that
(Fy P2 (Fy FZ Y1 meo = FLU(FO)7 im0 Since FyFZHm=0.0) = Filmm=00 = 1d
and by (2.7), we have

FLF Y=o = Film=o.

Thus F_|meo(= F7'Fy|n=0) takes values in A*SUy N A~SU, and therefore F_|,,—o does not
depend on A. A straightforward computation shows that

1 —$(ui—u)=%(f1—f) ipos(fi+f)
F7U<F7)171‘m:0 = A_ (6 12 7%(flif))\ ;%ﬁei)+;(flAf)>
+ §p€ e m=0
Thus comparing this with &, in (2.6) and setting & = —1(f1 + f)|m=0, we have —(u; —

w)|m=0 = (f1 = f)lm=o and £ = Lpe~*®. The equation —(u; — u)|m=0 = (f1 — f)|m=o can be
easily solved to f with the initial condition f(0,0) = 0:

f(n,0) = u(0,0) — u(n,0).

Note that f(0,0) = 0 is satisfied since F_(A = oo) = Id. Therefore o can be explicitly
computed as

a(n) = %u(n +1,0) + %u(n, 0) —u(0,0).

For the case of G_, the verbatim argument shows that G_ does not depend on n and
¢ = GZ'(G_), has the following form:

e =66 = 5 (g P wh b = gt

A_ \—r(m)\™! 1
Thus we have the form £_ in (2.2). Consider
(28) é-, = G:1<G7>2’n:0 - G+V(G+);1|n:0.
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Let G_ be the solution of G=Y(G_)y = V]n—o with G_(m = 0) = Id. It is easy to see that
G_ does not depend on n € Z and takes values in A~ SU2 Moreover, G_G_T_l‘n:() satisfies
G+G (G ) (G+) 1‘71 -0 — G+V(G+) l’n 0- Since GJrG ‘(nm) 0,00 = G,’(n,m):(o’o) =1Id
and by (2.8), we have

GG =0 = G_|n=o-

Therefore G |,—o(= G:lé_|n:0) takes values in ATSUy N A~SU, and thus G |,,—¢ does not
depend on A. Moreover, since G-'(G_)y and V are in A;SU, and from (2.8), we have
Gy |n=o = Id. A straightforward computation shows that

) 1 ! igebluy-1
1 _ 2
Thus setting 8 = £ (us + u)],—o, we have r = —%qeiﬁ. Therefore we have
1 1
B(m) = §u(0, m+1)+ §u(0,m).
This completes the proof. (l

Definition 1. The pair of matrices (£_,&, ) given in (2.2) will be called the pair of discrete
normalized potentials.

Conversely, the pair of discrete normalized potentials give some discrete PS surface through
the Birkhoff decomposition.

Theorem 2.2. Let {4 be a pair of discrete normalized potentials defined in (2.2) with ar-
bitrary functions o = a(n), 5 = f(m) with a(0) = 0 and p = p(n),q = q(m) satisfying the
conditions (2.1). Moreover let F, = F,(n,\) and G_ = G_(m,\) be the solutions of the
ordinary difference equations

(Fi)1 = Fi&y and (G-)2 = G-E-,

with F(n = 0,)\) = G_(m = 0,)) = Id and set a matriz D = diag(ez*, e~2*) € Uy, where
k(0) =0 and k(n) =237~ s(=1)Y*"a(j) forn 2 1. Decompose (FyD)"'G_ by the Birkhoff
decomposition in Theorem 1 2.

(2.9) (FLD)'G_=V_V

where V_ € A;SUy, V. € ATSU,. Then F = G_V, = F_DV_ is the discrete extended

frame of some discrete PS surface in E3. Moreover the solution u = u(n,m) of the discrete
sine-Gordon for the discrete PS surface satisfies the relations in (2.3).

Proof. Set ' = G_V, = F,DV_ as in the statement of Theorem 2.2. Let us compute the
discrete Maurer-Cartan form F~'F, and F~'F,, respectively. A direct computation shows
that

F'P=VvI'D7,Dy(Vo)y = VI'GZHG ) (Vi) = Vi (V).

Here we use the property that G_ does not depend on n € Z. Thus F~ 1F1 takes values in
A*TSU, and using the expansion V- 'D 7Y (AL £,) D (Vo)1 = #A + #A\° + A7 4+ .- we have

A_;,_F F1 = F(O) + )\F(l)
9



Here Flg) and F{;) are diagonal and off-diagonal matrices, respectively. Moreover, from the
form of &, and V(A = 0) = diag(e2",e72") and o+ 1(k; + k) = 0, we have

1 eé(hl_h) lp)\
2.10 F'F = — . 2 .
(210) = a (T

Similarly we compute F~'F, as
F'F =V (Vi) =V (FLD) H(FyD)o(V)g = VH(V0)s.

Here we use the property that F, D does not depend on m € Z. Thus, noting that F~1F}, €
A SU,, we have

A_F'E =1d+X\"Fy.

Since F' € ASU,, F(_;) is an off-diagonal matrix. Moreover, since F' is unitary on A € Ry
and the form of £&_, we have

_ 1 1 _zqeiﬂf%(h+h2))\—1
1 L : :
(2.11) FF = A (_%qeiﬁJr;(thhg))\—l 1 .
From the compatibility condition of F', that is I3 = F5;, we have
(212) ~Xo+Y =X +Y; and e2¥? + %6%’/ =esX 4 %e‘%“,

where X = h; —h and Y = 25 — (hy + h). The first equation in (2.12) can be solved by a
function u = u(n, m) as

(2.13) hy —h = —u; +u and 208 — (hy + h) = us + u.

Then the second equation in (2.12) is the discrete sine-Gordon equation and F' is the extended
frame for some discrete PS surface. Let us look at the Birkhoff decomposition in (2.9) with
n = 0:

(FyD) 'G_|po = V-V 0.
Then since Fy D|,—o = Id and G_ takes values in A, SUs,, we have
V_|n:0 = G_|n:0 and V+|n:0 =1d.

Thus h|,—o = 0 and the second equation in (2.13) is equivalent with the second equation in
(2.3). Similarly consider the Birkhoff decomposition in (2.9) with m = 0:

(F D) 'G_| =0 = V-V 0.
Then since G_|,,—0 = Id and F, D takes values in A"SU,, we have
V—|m:0 =1Id and V+|m:0 = F+D|m:0.

Thus hl,u—o = k and from the first equation in (2.13) is equivalent with k1 —k = (—uy+u)|m=o-
1

Since k(n) = 22?:—()1(—1)j+”oz(j), we can solve the equation for «, that is, a(n) = ju(n +

1,0) + 3u(n,0) — u(0,0), which is the first equation in (2.3). O
10



2.2. Pairs of discrete generalized potentials. In Section 2.1, we discussed the construc-
tion of discrete PS surfaces from pairs of discrete normalized potentials. In this subsection,
we generalize the pairs of discrete normalized potentials to pairs of discrete generalized po-
tentials and show that those pairs produce also discrete PS surfaces. Let &4 be a pair of
discrete normalized potentials and set

Here we assume that P} (x = [ or r) take values in A*SU, and do not depend on m and n,
respectively, that is, P* = P*(n,\) and P} = P}(m,\). Thus the n, and 7,, do not depend
on m and n, respectively:

M = (1 A), N = N (M, A).
Then the pair of discrete generalized potentials (7,,7,,) produces a discrete PS surface as
follows.

Theorem 2.3. Let (1n,,nm) be the pair of discrete generalized potentials defined in (2.14).
Moreover let F,, and G, be the solutions of the ordinary difference equations

(Fn)l - ann and (Gm)Q - Gmnm7
with some initial condition F,,(n = 0) and G,,(m = 0) taking values in ASUy and let D =
diag(e2*, e72%) € Uy, where k = k(n) is

n—1

E(0) =0, k(n)=> (=1/*"(2a(j) — 6'(j) + 6"(j)) forn = 1.

=0
Here 6! and 0" are defined by P.(n,\ = o) = diag(e2? ™ ¢=3' ™) and P’ (n,\ = c0) =

diag(eéoT(”), e_%m(")), respectively. Then decompose (F,,D)~'G,, by the Birkhoff decomposi-
tion in Theorem 1.2:

(F,D)'G,, =V_V 1,

where V_ € A;SU,, V. € ATSU,y. Then F = G,V = F,DV_ is the discrete extended frame
of some discrete PS surface in E3.

Proof. Set F' = G,,V,. = F,,DV_ as in the statement of Theorem 2.3. Let us compute the
discrete Maurer-Cartan form F~'F, and F~'F,, respectively. A direct computation shows
that

F'F =V'D™ ', Dy (V) = VG HGm) (V)
Since G, does not depend on n, the right hand side of the equation becomes V- *(V/,); which
takes values in ATSU,. Therefore, A, F~'F; has the form
AJrFilFl - F(O) + )\F(l)

From the twisted property of F,, and G,,, V4 and F' also have the same property. Thus F{o)
and F{;) are diagonal and off-diagonal matrices, respectively.

Moreover, from the form of D', D; and using o — (6" — 67) + 1 (k1 + k) = 0, we have
g = L (MY g
AL\ iphn emzlmh) )7
11



where we set V(A = 0) = diag(e2", e~2"). Similarly we compute F~'F} as
F By = Vo (Vi)s = VoL (EWD) N (FuD)a(Vo )y = VLV ),
Thus, noting that V-'(V_), € AfSU,, we have
A_F'Fy =1d+X""FLy).

From the twisted property of F,, and G,,, V4 and I also have the same property. Thus F(_)
is an off-diagonal matrix. Moreover, from the form of 7,,, we have

1 _ i iB—t(hthe—wltw”) y—1
F71F2:_ . —iB ihlh —wl ™\ =1 2qe ’ A )
A _%qez+2(+2w+w)/\ 1

where we set PL(A = 0) = diag(e2*', e 2*') and P7(A = 0) = diag(e*",e2*"). Since
F7'Fy and F~'F, have the forms in (2.10) and (2.11), respectively. Thus we can use the
same argument in the proof of Theorem 2.2 and there exists a function u such that

hi—h=—u+u, 28— (h+hy+w +w")=uy+u,

and u satisfies the discrete sine-Gordon equation. Then F' is the discrete extended frame of
some discrete PS surface in E?, which completes the proof. U

Definition 2. The pair (7, 7,,) given in (2.14) will be called the pair of discrete generalized
potentials.

Remark 2.4. The pair of normalized potentials (£, &_) and the corresponding pair of discrete
generalized potentials (7, 7,,) in (2.14) give in general different discrete PS surfaces.

3. EXAMPLES

In this section, we discuss two examples using the nonlinear d’Alembert formula.

3.1. Discrete pseudospherical surfaces of revolution. We recall that the construction
of smooth PS surfaces of revolution via the nonlinear d’Alembert formula. Let (7%, n¥) be a

pair of generalized potentials as follows:
: 0 AN+
T __ Yy _
(3.1) n* = Adx, n¥ = —Ady, with A= (i(/\+)\1) 0 )

It is easy to see that solutions of the pair of ordinary differential equations dF* = F*n* and
dGY = GYn? with F*(z = 0,\) = GY(y = 0, \) = Id can be computed as

F?(z) = exp(zA) and GY(y) = exp(—yA).
Consider the Birkhoff decomposition in Theorem 1.2 as (F*)7*GY = V_V ! and set
F=F"V_=G"V,,

where V_ € A;SU, and V, € ATSU,. Then F is the extended frame for a PS surface of
revolution: Let 7 be a translation of (z,y) to (x + p,y — p) with some p € R. Then

VT = F(x +p,y —p,A) = exp(pA)F",
7'GY = GY(x +p,y —p,\) = exp(pA)GY.
12



Thus (v*F*)"14*GY = (F*)7'GY, and V- 'y*V_ = V. '4*V,. The left-hand and the right
hand side take values in A, SU, and ATSUs, respectively. Thus we have
YV_o=V_ and vV, =V,.
Therefore, we conclude that
v F = exp(pA)F.

Inserting v*F' into the Sym formula (1.6), it is easy to see that the resulting surface is a
PS surface of revolution. The sine-Gordon equation with coordinates (z,79) = (z +y,z — y)
becomes

Uzz — sinu = 0.

Note that u depends only on z and the above equation is an ordinary differential equation.
It is well known that the above ordinary differential equation can be explicitly solved by an
elliptic function, see for example [15].

A discrete analogue of the above argument holds. Let (7,,7,,) be a pair of matrices as
follows:

_ . 1 1 +igat! . . i
. 1 _ _ ) 2 — ic ic
Mo =mn,, =A,LA_| with Ay = AL (j:%q)\il 1 and L = diag(e', e™"),
where Ay = /1 + (¢/2)22*2, ¢ (0 < |q/2| < 1) and ¢ = w¢~! (¢ € Z,) are some constants.
Here we can consider £, = Ay, P = LA_ and P! =1d for n,, and £ = A”', P} = L1 A7
and P. = Id for 7,,, respectively. Thus (1,,,7,,) is a pair of discrete generalized potentials in

(2.14). It is easy to see that solutions of the pair of ordinary difference equations (F},); = F,n,
and (G,)2 = Gy with F,(n =0) = Gp(m =0) = 1d as

F,(n) = (A LA_)" and G,,(m)= (A LA_)"™.
Here we denote X ™ = (X~!)™ and X = Id for a matrix X. Since P’ |y—oo = LA |)o0o =

diag(e', e7'*), we can define the matrix D as in Theorem 2.3. Consider the Birkhoff decom-
position in Theorem 1.2:

(FaD) " Gy = VoV,

where V_ € A;SU,, V, € ATSU,, and set F = F,DV_ = G,,V,. Let v be a translation
of (n,m) € Z* to (n + p,m — p) € Z* with some p € Z. Then v*F, = (A LA_)PF,,
VG = (AL LA_)G,, and ~*. Thus (v*F,D)"'v*G,, = (F,,D)"'G,,, and we have

YV_o=V_ and vV, =V,.
Therefore, we conclude that
v'F = (A LA_PF~*D.
Note that v*D € U;. We now set M = (A LA_)? and insert v*F into the Sym formula
(1.6):
Y f=MfM ™+ XNO\M)M ™.

Then a direct computation shows that M fM~!|\_; represents a rotation around an axis
L = (1,0,—-3/4) and an angle 2pf{. Moreover an another direct computation shows that

A(O\M)M~1|,—; perpendicular to the axis L. Thus v* f|,=1 represents a rotation around the

axis L through a point po. In fact py can be explicitly computed as pg = —1/2cot ¥ (¢ € Z).
13



Therefore the resulting surface is a discrete PS surface of revolution with period ¢ € Z,.
The discrete sine-Gordon equation in (1.15) becomes

2
(32 2= (155)

where k = ¢*/4.

Remark 3.1. Tt is known that Equation (3.2) is a special case of the dPyy; equation discussed
in [19].

3.2. Discrete Amsler surface and discrete Painlevé Il equation. We recall a con-
struction of smooth Amsler surfaces via the nonlinear d’Alembert formula. Let £, be a pair
of normalized potentials as follows:

€ = Mdz, & ——\"'Ady with A= ((2) 6) .

Let F, and G_ be a pair of solutions of ordinary differential equations dF, = F &,
and dG_ = G_¢_ with initial conditions F(z = 0) = diag(e*,e ™) and G_(y = 0) =
diag(e®, e~%) with s # £. It is easy to compute the solutions as

F (2, )) = diag(e™, e7™) exp(zAA), G_(y, ) = diag(e”, e ) exp(—yA ' A).
Consider the Birkhoff decomposition in Theorem 1.2:
FI'G_=V.V "

where V_ € A;SUy and V, € ATSU,, and set F = FV_ = G_V,. Let v be a transformation
of (z,y,A) to (zp,yp~', Ap~!) with p € R*. Then it is easy to see that

v'F, =F, and v*"G_ =G_.
Thus v*(V_V ) = F{'G_ = V_V !, that is,
V_(zp,yp~ " Ap~ )Wa(ap,yp™" Ap™") ™" = Vo (@, y, MV (2,9, A) 7

Then V_(zp,yp~ ', Ap~') and Vi (zp,yp~t, \p~!) clearly take values in A;SU, and ATSU,,
respectively, and thus v*V_ = V_ and v*V, = V,.. Finally, we have

v*F = F.

This implies that F' depends only on » = zy and A, and the resulting surface is a Amsler sur-
face. The sine-Gordon equation becomes the so-called Painlevé I equation in trigonometric
form with fixed parameters [10, p. 443]:

1
a"(r)+ =@ (r) + sina(r) =0,
r
where @(r) = u(z,y) and r = 2,/—xy. We note that if the initial condition F,(z = 0) =
G_(y =0), that is s = ¢, then the resulting surface is a line.

Moreover, the Amsler surface has an additional reflection symmetry as follows: We first
define a transformation 9 as

§*L(z,y,\) = L(y, z, \71).
14



It is easy to see that §*F, = CyG_ and 6*G_ = CyF,with Cy = diag(e~*“**), ¢!***)). Then
a direct computation shows that (6*(F;'G_))™! = (6*G_)"*6*F, = F_'G_. On the one
hand, from the decomposition F;'G_ = V_V ! we have V.V = §*V, (6*V_)~h:

0*V_ =Vid and 0"V, =V_d,
where d~' = V, (A = 0) € U;. Finally using §*F, = CyG_, we have
V'F =0"(F V) =CoG_V,d = CyFd.
Inserting this symmetry into the Sym formula, we have
0" f = fly.a, A7) = —Cof(z,y,)Cq .
Thus, at A = 1, this implies
fly,x) = =Cq ' f(x,y)Co.
This represents a reflection through a plane. Thus we have
u(y, ) = u(x,y) (mod2m).

We now give a discrete analogue of the above argument as follows. Let &4 be a pair of
discrete normalized potentials

: 1 1 +ig)\EL
(3.3) &, =A,, & =A with AL = AL <j:%q)\i1 26{ > 7

where Ay = /1 + (¢/2)?22*2 and ¢ (0 < |g/2| < 1) is some real constant. Note that a(n) =
B(m) = 0 for {4 in (2.2), thus the matrix D in Theorem 2.2 is identity matrix. It is easy to see

that solutions of the pair of ordinary difference equations (F); = F, &, and (G_)s = G_&_
with initial conditions F(n = 0) = diag(e’®,e~%) and G_(m = 0) = diag(e®, e %), (¢ # s)
as

(3.4) Fy(n) = diag(e”, e ) A% and G_(m) = diag(e’, e ") A™.
Here we use notation AY = Id. Then a straightforward computation shows

F;lG, = A;”diag(e"(ks),e’i(e’s))A’_”

_ 1 1 —%qA " (i) 4() 1 —%q)\_l "
AnA™ \—zqA 1 0 e =gt 1 '

Consider the Birkhoff decomposition in Theorem 1.2 as FIIG_ =V_.V ! and set
F - F+V_ - G_V+,

where V_ € A;SU, and V; € ATSU,. Then the discrete extended frame F' has the special
property as follows.

Theorem 3.2. The A-derivative of the discrete extended frame F has the following form:

1 a bA! + C)\)

-1 _ _
(3:5) AP0 = ALAZ (—b)\_l — A —a

where a € iR and b,c € C are functions of (n,m) € Z2.
15



Proof. Since F'= F,V_ = G_V,, we have
(3.6) AFT'ONF = VI'EDOWF) Vo + VIV = VG (AWG) Ve + VIV,
Using the explicit forms of F, and G_ in (3.4), we compute

o _angh (01 o _imgATt (01
(37) )\F+ 6)\F+ = m (1 0) and )\G_ 8>\G_ = W 1 0/
Therefore, multiplying (A, A—)? on the both sides of (3.6), we have the equality
ngA
(3.8) %A%V:l ((1) (1)) Vo4 (ALA PV
_imgA\T! 0 1

5 AZVT (1 0) Vi + (AL APV,

Moreover, since V_ € A;SU, and V, € ATSU,, we have
AV = MId4A Vg + A Vg 4+ - ) (=AWl — 203V gy + -+ +),
= _)(1f/(_1) FA 2
and
NV, = AT 4 A Vi + N4V )V + 20V ),
= MWV + A+

Here we set V_ = 1d +)\_1V(_1) + )\_2‘7(_2) +--and Vi = V(o) + AV(y) + /\QV(Q) +---. Noting
that (AL A—)? = ¢*(\> + X7%) /4 + ¢*/16 + 1, we have

(ALALPFINOF = X' F L) + Floy + AF).
Since F' takes values in ASU,, AF~10\F takes values in Asu,, and F(_y1) and F{y) are off-

diagonal matrices and F{g is a diagonal matrix. This completes the proof. 0

The discrete Amsler surface was defined in [13] using the discrete sine-Gordon equation
constrained by the equation [13, Equation (4.26)]:
k—Qi  k—Qs )

(39) (m_n)<Q_Qi§):<n+m> (1—]€Q1 - 1—kQQ

where k = ¢?/4. This is equivalent with that the A-derivative of F' has the form in (3.5), [13,
Theorem 4.3]. Thus, we have the following corollary.

Corollary 3.3. The surface constructed by the pair of discrete normalized potentials in (3.3)
is actually the discrete Amsler surface. The discrete sine-Gordon equation for the discrete
Amsler surface is given as follows:

310 @@+ -n@e- ) () <o (BEL)

where k = ¢* /4.

Proof. In the discrete sine-Gordon equation given in (1.15), we eliminate Q3 by (3.9). Then

the equation (3.10) follows. O
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We finally show that the resulting discrete surface has an additional reflection symmetry and
contains two straightlines as follows. Therefore it is natural to call the resulting surface f a
discrete Amsler surface.

Theorem 3.4. The resulting discrete PS surface f given by the pair of normalized potential
(&4,&-) in (3.3) has a reflection symmetry:

f(m,n) = —=Cy' f(n,m)Co, u(n,m)=u(m,n) (mod2r),
where Cy = diag(e™+) ¢!+ and u is the solution to the discrete sine-Gordon equation.

Moreover f contains two straightlines.

Proof. The argument for proof is similar to the case of the smooth Amsler surface: Define a
transformation ¢ on a loop

§*L(n,m,\) = L(m,n, A\71).

It is easy to see that 6*F, = CoG_ and 0*G_ = COF+ with Cy = diag(e™"(“**), ¢(***)). Then
a direct computation shows that (6*(F;'G_ )) = (*G_)'*F, = F_ 1G_. On the one
hand, from the decomposition F'_ 'G_=Vv_ VJr , we have

VoV =8V(8* Vo) that s, §*Vo =Vid, §*V, = V. d,
where d' = V, (A = 0) € U;. Finally using §*F, = CyG_, we have
V'F =0"(F, V) =CoG_V,.d = CyFd.
Inserting this symmetry into the Sym formula, we have
§f = fly,z, A1) = —=Cof(z,y, \)Cy .
Thus, at A = 1, this implies
f(m,n) = —C5tf(n,m)Co.

This represents a reflection through a plane and the angle function u has the symmetry
u(n,m) = u(m,n) (mod2m).

Let us consider the case n = 0. Then
F'G |0 = = diag (e, emilt=5)) g™
and the Birkhoff decomposition can be computed explicitly as
V_|neo = diag (e~ 7)) A™ diag (e 7179 (679, V+|n:0 = diag(e 79 %),
Thus Flp—o = F,V_|n—o = G_V|u—o = diag(e®, ) A™ diag (e~ ¢*~*)) and
Vipeo = F ' Byl = Ad(diag (e, ﬂf@»L
Therefore u(0,m) = 4(¢ — s) — u(0,0) if m is odd, and u(0,m) = u(0,0) if m is even. Using
the A-derivative of G_ in (3.7), we compute that

- 2imq [ 0 e
f(0,m) = MNO\F)F | pmone1 = 14 (e—m 0 ) :

Thus f(0,m) represents a line in the (x,y)-plane through origin.
17



Similarly let us consider the case m = 0. Then
F_;lG_|m:0 _ A;n diag(ei(ﬁ—s)’ e—i(f—s))7
and the Birkhoff decomposition can be computed as
V. |meo = Id, Vi|meo = diag(e’®™9 710y 4n
Thus Flp—o = F4V_|meo = G_Vi|m=o = diag(e’, e**) A and
Ulm=o = F ' Fi|m—o = Ay
Therefore u(n,0) = u(0,0). Using the A-derivative of F'; in (3.7), we compute that
22nq 0 621'5
— -1 —
f(n,0) = ANO\F)F ™ |jmore1 = e (6—2i5 0 ) :

Thus f(n,0) also represents a line in the (z,y)-plane through origin. This completes the
proof. 0

APPENDIX A. DISCRETE FLOW OF DISCRETE CURVES AND DISCRETE
PSEUDOSPHERICAL SURFACES

It is known that the sine-Gordon equation ug — sinu = 0 (or equivalently PS surfaces) has
another geometric interpretation; the flow of a constant torsion curve v in E?, see [7, §].
In [14], a discrete analogue of the flow of constant torsion curves was introduced. In this
appendix we show that the discrete flow of a discrete constant torsion curve can be identified
with a discrete PS surface.

A.1. Pseudospherical surfaces and the flows of constant torsion space curves. Let
v be a constant torsion curve 7 in E? and denote by x and 7 the curvature and the torsion
of v, respectively. We use the parameter s for the curve v. Moreover, set

Kk=1u, and \ = —iT.

Then the Frenet frame for the curve ~ taking values in SUj is described in the first equation
in (A.1). We now consider a special flow given by the second equation in (A.1) with the flow
parameter ¢, see [8]:

(A.1) F,=FU and F,=FV,
where

~ 1N —u ~ 1 (cosu —sinu
(A.2) U:§(us —A)’ v_ﬁ(—sinu —COSU)'

Then the compatibility condition of the above system is the sine-Gordon equation:
Ug — sinu = 0.

Moreover, the constant torsion space curve v with curvature x = u, and torsion 7 can be
represented by the following formula:

(A.3) v(s,t) = i=——F"




The A\ = —i7 can be considered as a parameter of the system (A.1) and £ is an element of
the loop group, which is not in ASU,, since the twisted condition is not satisfied. We call F’
the extended frame of the curve 7.

The extended frame F and the formula for the curve 5 in (A.3) is similar to the case of PS
surfaces in Section 1.1. In fact they are gauge equivalent as follows, see also [7, Section 2.1].

Proposition A.1. The extended frame F of a PS surface and the extended frame F of the
flow of a constant torsion curve are conjugate by some constant matriz C':

3 1 in in
(A.4) F(z,y,\) = C ' F(z,y,i\)C, with C = — ejﬁ ejl .
\/5 —e 2 e 1

Moreover, the immersion f in (1.6) and the flow of constant torsion curve v in (A.3) are
related by rotation of the matrix C' :

fher = (—iT)C14C.

Proof. 1t is straightforward to compute F, = FU and F), = F'V in terms of F as follows:
E,=F(CUC™) and F,=F(CVC™).
Then it is easy to see that CUC™! = U and CVC~! =V with X replaced by . O

Remark A.2. F is an element of some loop group, but it does not satisfy the usual twisted
condition, that is, Adosg(A) = g(—A). However, it satisfies another twisted condition
Ad(a3C1)g(A) = g(—A), where C'is given in (A.4).

A.2. Discrete flow of a discrete constant torsion space curve. From the result in [14,
Theorem 6.2], we discuss a discrete flow of a discrete constant torsion space curve. Let 7 be
a discrete constant torsion curve parametrized by n € Z and denote the torsion by 7. Then
we evolve the curve v as follows:

' b
72 =7+ d(cosul +sinwl), 0= o

wi + k’l b+a w
= an —,
2 b—a 2
where T and N are the tangent and the principal normal vectors to v, respectively, and a
and ¢ depend only on n and m, respectively?:

a=a(n), b=>b(m).

tan

It is known that k = k(n,m) and w = w(n,m) can be rephrased by u = u(n,m) [14, (8.3)
and (6.22)] as

UL — U U + Uq
and w = — .

k=
2 7 2

Note that in [14], the identification of E® and su, is different from our paper and they use different
notation; the relations are given by a(n) = a, and c¢(m) = 1/b,,.
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The discrete Frenet frame ® = (T, N, B) taking values in SOs with the binormal vector B
of the curve v satisfies [14, (6.14) and (6.16)]

O = dL, Py=DM,
with
L=RY(—v))R®(ry), M =R®w)RY(1)R® (—w; — k),
where v, = 2 arctan & 7, f = 2arctan % and RY)(x) denotes the rotation matrix around the

vector e; with angle . Then there is a 2 to 1 corresponding from SUs to SOz such that the
corresponding matrices R € SU, have the following forms:

SO; 3 RW(z) +— RO (z) = ( cosy  —isin ) € SU,,
—ising  cosg
SO3 3 R®(z) «+— R®(z) = diag (e‘i%, ei%) € SU,.
Thus we translate the Frenet frame ® in SOs into the corresponding frame ® in SU, see for

example [14, Section 2] for the explicit correspondence. From this correspondence, it is clear
that the discrete Frenet frame ® satisfies

(A.5) O, =dL, By =DM,

where
— +u U2 + U
L= ROy R® (HLZYY gy p@ (_H27T M) p @ (H2 T
RY ()R 5 : R 5 RY ()R 5 ,

where u1; = u(n + 2, m). Then we have the following proposition. It is already mentioned
in [14, Remark 8.3], but we give a proof for completeness.

Proposition A.3. The discrete Frenet frame ® in (A.5) and the discrete extended frame F
m (1.11) are related by

F=®G, G =diag (e"UITﬁ, e_"u14;u> :

Moreover both F' and ® define a same discrete PS surface.

Proof. We first rephrase the matrices U and V' in (1.1

U_ (e 5(wm—u) (ios % 1sin p2 ) ( cos L- q —ie—%(“ﬁuj sin %) |
isin &- e3(1—0) cog 2 e? (“2+“ % cos &-
where p* = 2arccos (1/ 1+ (p/2)2)\2> and ¢* = 2arccos (1/ 1+ (q/2)2)\*2>. Let us
compute the moving frame equations for ®G:

(@G 1 (@G), = G'LG,, (PG) H(PG)y = G MG,.

Since G can be rephrased by G = R®) (—%) and using the property of the rotation matrix,
we compute

G'LG, = R(S)(%)R(l)(—yl)R(S)(u), G MG, = R(?’)(—%)R(”(u)R(?’)(“z—f‘).

2

Then a straightforward computation shows that G™'LG; = U and G~!M G, = V under the
identification @ = p and b = 4/q. Here we use the identity arctan(z) = arccos(1/v/1 + z?)

for x > 0. This completes the proof.
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