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Abstract

In this paper, we classify generic isotropic map-germs arising from the symplectic
reduction process relative to a hypersurface (i.e. one-dimensional reduction), up to
symplectic equivalence in the C® category. These models are open Whitney
umbrellas of arbitrary dimension and their suspensions. These singularities appear in
the generalized Cauchy problem for Hamilton—Jacobi equations.

0. Introduction

A mapping from a manifold into a symplectic manifold is called isotropic if the
pull-back of the symplectic form is zero. Isotropic mappings arise particularly in the
process of (local) symplectic reduction due to Mardsen, Weinstein and Tulczyjew (see
[1,-29, 19]).

Let (M*™* w) be a symplectic manifold of dimension 2(n+k), where w is the
symplectic form, and K**** < M be a coisotropic submanifold of codimension k. We
denote by (T'K)* the skew-orthogonal complement to 7K in TM | K with respect to w.
Remark that the rank of (TK)* is equal to k. Since K is coisotropic, (TK)* < TK and
(TK)* is integrable. We call (TK)* (resp. the induced foliation on K) the characteristic
distribution (resp. the foliation) relative to K.

Ley x€ K. Then, in an open neighbourhood U of z in K, a submersion 7:U—> M"*"
is induced, where M’ is the leaf space. Then M’ has a unique symplectic structure
w" up to symplectic diffeomorphisms of M such that 7*e’ = w| K (see [1]).

Let N™ be an isotropic submanifold of M*™*% contained in K*"** and containing
z. Then we see that f=#w|N:N, x—>M’ is isotropic, that is, f*w" = 0, and that f is
immersive if and only if 7, N n (7, K)* = 0. Such a germ f is called an isotropic map-
germ arising from k-dimensional reduction. _

In this paper, we concentrate on the case £ = 1, that is, the case when K is a
hypersurface. This situation arises in the generalized Cauchy problem for
Hamilton—Jacobi equations [1, 15], where M is regarded as the phase space, K as an
equation and IV as an initial condition, and we allow characteristic directions to be
tangent to IV. In this situation, the singularity of the isotropic map-germ obtained by
reduction describes the tangency of characteristic directions to IV (and, therefore, the
singularity of the extended Lagrangian variety from IV by characteristic curves).

Let (M*"*% w) be a C® symplectic manifold, K***! be a C* hypersurface of M,
and N™ be an n-dimensional C® manifold.
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Denote by I = I(V, K) the set of C® isotropic embeddings +:N—M with 1(N) =K,
endowed with the Whitney C*® topology.

As local modes for singularities of isotropic mappings, we prepare isotropic map-
germs f, ;. Consider the cotangent bundle 7*R™ with canonical coordinates ¢, ..., g,;
Py, ..., P, and with the symplectic form o =3, dp; A dg;. Besides, consider the
space R” with coordinates ,, ..., z,. Then f, ,:R",0—T*R", (0 < k < [3n]) is defined

by ,
Qiufn,.’a::xf (Iﬂiﬁﬂ—l),

xk-r—l k—1 xk-—-i

%= uOtnn = (k+1)! +2$ =1

i=1

k—1 k=
y_j?ﬂafnk IE]:EE.H(A? i)’J
Zn (O du  0v Ou .
. = == --"":\: '-'g-:. - '
and D;Ofn.k L (55.."']- B, B, ﬁﬂ:j)dxﬂ 1<) n—1)
that is, .
r—z‘m-ﬂ m;:q-imzk /((k—t—1)! (k—2)! (2k—1—))) (Is)sk-1),
pof. . = 311 [k 1(2k—9) ! (Bk—3+ 1))
1OJn,k + DA g 23T [ (k—i—1) | (2k—j) ! (Bk—i—j)) (k<j<2k—1),
\0 2k <j<m).

We remark that each f, , is a polynomial mapping of kernel rank one and of very
simple form, and that it is a topological embedding.

We intend to classify isotropic map-germs under the following equivalence: In
general, let f: N*, x— (M?", w) and f*:N'", x — (M'*", ') be isotropic map-germs, where
(M?*", w) and (M'*", w) are symplectic manifolds. We call f symplectically equivalent
to f’ if there exist a diffeomorphism germ o:N,z—N,z" and a symplectic
diffeomorphism germ 7:M, f(x)—=M’, f'(2"), (T*w’ = w), such that 7of = f'o0.

The purpose of this paper is to prove the following:

TuEoREM 1. There exists an open dense subset G in 1 such that, for each 1€ G and for
each €N, the isotropic map-germ f:N*, x—M'*" arising from 1-dimensional reduction
relative to K is symplectically equivalent to some f, , (0 < k < [5n]).

For k=0, f, , is just the zero-section {,:R", 0—>T*R" and is the model for
Lagrangian immersions. We remark that any Lagrangian immersion-germs are
symplectically equivalent to each other. ‘

We can write f,, = for x X §n—ox- Therefore f, 1s a suspensmn of for - We call f,, ,
the 2n-dimensional open Whitney umbrella. This is a fundamental object: however
explicit investigations of it have only begun very recently.

Related to the problem of Lagrangian immersion of surfaces to four-dimensional
symplectic manifolds, the (two-dimensional) open Whitney umbrella f, ; is introduced
by Givental’[14]. The mapping (f, ,,€):R*—>T*R*x R = J'(R* R) defines a Leg-
endrian variety, where e is a generating funetmn of f, , (see Section 1). The wavefront
set of this Legendrian variety is called the composed Whitney umbrella [14]. This
object appears as a singularity of a tangent developable from a generic space curve
(8, 25, 27]. It appears also in the study of relaxation equations with two slow
variables [10].
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Open Whitney umbrellas in higher dimension are described in [15]. In that paper,
there are interesting characterizations of these singularities. For instance, the (image
of a) 2n-dimensional open Whitney umbrella is symplectically equivalent to the total
space of the conormal bundle of the n-dimensional openswallowtail in R**. (See also [4].)
Furthermore, a similar result to Theorem 1 is proved in [15] for isotropic
submanifolds belonging to an open dense subset in the space of all submanifolds of
dimension 7, but not in the space of isotropic submanifolds. (See [15], theorem 17,
p. 104 and also [4], §5-6.) Therefore it was unfinished to determine the density. This
gap is filled by Arnol’d in the case n =2 (unpublished). Thus our result can be
regarded as the completion of the result of Givental’ in any dimension. (This remark
is based on a letter from Givental’ to the author after the first draft of this paper.)

For further study of the singularities f, ,, especially on their Maslov classes, see
[14, 15, 18].

A proot similar to the proof of Theorem 1 gives the following result:

THEOREM 2. There exists an open dense subset G’ in the space of C% isotropic
mappings of kernel rank < 1 from an n-dimensional C* manifold N to a 2n-dimensional

¢ symplectic manifold M such that, for any fe G and for any xeN, the germ f at x is
symplectically equivalent to some f, . (0 < k < [In])

We should mention that, by Theorem 1 (resp. Theorem 2), for a generic isotropic
map-germ arising from one-dimensional symplectic reduction (resp. of kernel rank
one), the multiplicity merely as a map-germ turns to be the only invariant, under
symplectic equivalence. (Notice that also the explicit normal forms are given in
Theorems 1 and 2.)

In the usual singularity theory of C* mappings, generic map-germs are
(topologically) classified by their local algebras (see [22, 13] for C®-stable germs, and
(24, 12] for (°-stable germs). Therefore, it is very interesting to ask whether or not
similar results hold for classification of generic isotropic map-germs arising from
arbitrary k-dimensional reduction, in other words, for classification of generic
isotropic map-germs of kernel rank k. In the singularity theory of mappings, the
notion of determinacy is very powerful: see [28, 9]. It is natural to apply this to the
study of isotropic mappings. However, it is far from trivial and it seems particular
to the case treated in this paper that the normal forms of 1sotropic map-germs are
polynomials and that a jet of an isotropic map-germ has a polynomial representative
(cf. Section 1). See [4], for other difficulties in generalizing our results.

We also remark th_at there are extensive studies, for instance in [3, 19], on the
symplectic reduction (or push forward in the sense of Janeczko) of a Lagrangian
manifold rather than an isotropic manifold. Though an open Whitney umbrella can-
not obtain as a reduction of Lagrangian manifold, it arises as a component of a
reduction of Lagrangian manifold: see [4, 17]. This fact seems important for the
classification of generic isotropic map-germs of kernel rank 1, under Lagrangian
equivalence (Section 1). This classification problem is an interesting generalization of

the Lagrangian singularity theory of Lagrangian immersions [2, 5]. On this direction,
we observe the following weak result:

TueoREM 3. For a generic isotropic mapping [:V?* = T*R2" of kernel rank < 1 and
for a point xeN, if the germ f,:N, x — T*R?" has the maximal multiplicity, that is, n+1,
then f, is Lagrange equivalent to f,, ..
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Thus, the classification problem of germs of type f,, , under Lagrangian equwa,lenee
remains open in the case n > 2k.

In Section 1, we consider the relation between Lagrangian equivalence of isotropic
map-germs and E*-equivalence of generating functions. In Section 2, we study the
module of generating functions, in order to reduce generating functions to normal
forms under R‘*-equivalence. Theorem 1 is proved, in the last section, via a
transversality argument. We also remark that Theorems 2 and 3 can be proved by
a slight modification of the proof of Theorem 1.

Throughout this paper, all manifolds are assumed to be paracompact of class
and mappings are also of class C%.

1. Generating functions and R -equivalence

Let g = (¢4, .-+, 9n): NV, z—>R™,0 be a map-germ, and f:N, x—T*R" be an isotropic
map-germ covering g, that is, mof =g, where 7:7*R" - R" is the projection. Set
0 =Y ,p;dq; (Liouville form on 7T*R"). Then f*@ is closed. Thus, by Poincaré’s
lemma, de = f*6 for some e€ k), ., where Ky , denotes the R-algebra of function-
germs of NV, z. The function-germ e (which is unique up to an additive constant) is
called a generating function of f.

Denote by H, the set of generating functions of isotropic map-germs covering g.
The following relates H, with the Oth relative de Rham cohomology of g (cf. [21]).

Lemma 1'1. H, ={ecE, ,|decldy,,....dg,)> Ey .}
Proof. Let ee H,. Then de = f*8, for some isotropic f:N, z— T*R". Then

n
de = 2. p;ofdy;.
i=1
Conversely, suppose de = Y, a,dg,, for some a,eE, , covering g. Define f by
p;of =a; and ¢,of =g, (1 <7 < n). Then f is isotropic and covers g.

Definition 1-2. Two isotropic map-germs f:N, z—T*R" and f":N', "= T*R" are
called Lagrange equivalent if there exist a diffeomorphism-germ o:N, x—N', 2" and
a m-fibre-preserving symplectic diffeomorphism-germ 7:7T*R", f(z)— T*R", f'(z)
such that f'ooc = Tof.

If f and f* are Lagrange equivalent, then they are symplectically equivalent.

The following notion is a variant of R*-equivalence in [5], and it is utilized in [11].

Definition 1'3. Let g:N,xz— R",0and ¢":N', " - R",0 be map-germs and e: IV, x - R
and ¢ :N', "= R be function-germs. Then two pairs (e,g) and (¢’,g’) are called R*-
equivalent if there exist diffeomorphism-germs o:N, z—N',2" and 7:R", 0 R",0,
and a function-germ «:R", 0— R such that

e=¢ooc+aog and goo=rTo0g.

covering g and g’, with generating functions e and e’ respectively. If f and f* are Lagrange
equivalent, then (e,g) and (¢',g’) are R -equivalent.

Furthermore, assume the set-germ of critical points of ¢’ is nowhere dense. If (e, g) and
(e/,9") are R*-equivalent, then f and f’ are Lagrange equivalent.

ProrosiTioN 1'4. Let f:N, x—T*R" and f":N', 2" = T*R" be isotropic map-germs
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Proof. First suppose f and f’ are Lagrange equivalent, and (o, 7) realizes this
equivalence. Write T in the form

(P, )= (P(p,9),7(q)).

n 1
Then 2 Bdr;— 2, pydg; = dA(p, q),

i=1 i=1
for some A :T*R", f(x) - R. Since d4/dp, =0 (1 < ¢ < n), we have 4 = w*& for some
i:R®, 0—R. Thus 7%0 = 0+ n*da.
Since f oo = T of, we see that
d(c*e’) = o*f'*0 = f*(0+n*dd) = d(e+g*a).

Thus e = eocog—daog+c¢ for some ceR. Then it suffices to set @ = —a+c¢ to see that
(e,g) and (¢’,g") are R™-equivalent.

Next suppose that (e,g) and (¢’,g") are R*-equivalent, and (o, 7,a) realizes this
equivalence. Define a fibre-preserving symplectic diffeomorphism-germ 7':7*R",
T*R*— T*R", T§ R" covering 7 by T%60—6 = —dn*c. Then

(Tofoo™)*0 = o7 Hf*(0—dn*a) = o7 ¥(de—dg*a) = o7 *(do*e’) = de’ = f'*6.

Both Tofoo™ and f’ cover ¢’. Since the critical point set of ¢’ is nowhere dense,
as easily verified, each map-germ covering ¢’ is uniquely determined by the pull-back
of 8. Hence T'ofo o™ = f’. Thus Proposition 1-4 is proved.

Now assume that g is of the form g = (2/,u(x’,z,)):R*, 0—=T*R", for some
coordinates @, ..., z, of the source, where 2’ = (z,, ..., %,_,). Let f: R", 0 - T*R" be an
isotropic lifting of g. Set v = p,, of. Then we have

LeMMA 1-5. For a generating function e of f, there exists a function-germ [ = f(z’)
such that

elz,x,) = fcn v(x’, 1) %if (z/,t) dt + B(x').

Proof. Since de = Y7 p;o fdx;+vdu, we have de/0x, = v(0u/0x,). This leads the
required result.

Given ve K, with v(2’,0) = 0, define f,:R™, 0> T*R" by wof, =g, p,of, = v and

“n [ v du ov ou
; i S ft—— ft—— r e I “‘g'-‘-{h S .
p;of, f {amj_(mat(x,) ag(max;w}d" (1<j<n—1)

Lemwma 16. Let g = (2", u(2’,z,)) and ve K . (1) If v(z’,0) = 0, then f, 13 an isotropic
lifting of g. (2) Asswme that the set-germ of critical poinis of g ts nowhere dense. Then any
wsotropic lifting f of g with p,of = v is Lagrange equivalent to f, ... 4.

Proof. (1) Set e, = [Frv(x’, ) (Ou/0t) (2, t) df. Then we see that
de,/0x; = pof,+ [v(x', 1) (Ou/0x;) (', 6)]i=2» (1 <j<n—1).

Since v(x’,0) = 0, we have de, = fF 6. Hence we have (1).
(2) By Lemma 15, a generating function e of f is equal to

Ev—w(z’,ﬂ} _l_?}(xf: U) u(x,r: 33“) ~t ﬁ(xf)
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for some f. Therefore, setting o« = v(q;; ..., gn—1,0) ¢+ B(41; - - -5 ¢5—y) in Definition 1-3,
we see that e and e,_,, ,, are R*-equivalent. Thus, by Proposition 1'4, we have (2).

Example 1-7. Set g = (z',u(2’,x,)), and u=zEt/(k+1)! =& o, 2" /(k—1)!.
Then f, , = f,, where v = S F 32, . 2k~ /(k—1) .

Remark 1-8. Using Lemma 1-6, we can construct a perturbation of fin the space
of isotropic mappings, from perturbations of v =g,of and v = p,0f.

2. Generators of the module of generating functions
Consider the space R® = R*™! x R with coordinates y,, ..., ¥,_,;¢. Set
R ={(y1; -1 Yn-1) ER*" gppy = .. =91 =0 (0O<r<n—1)
Denote by j,:R™ x R— R" x R the inclusion defined by

jr(ylz "'ryr—l;t) = (yl:' “':y:r—-lio;t} (1 Srs n__l)

Then, set ¢, =7, ,0...07,.,:RTxR->R*" xR (0 <r <n—1), and ¢,_, the identity
on R* 1 x R.

Denote by Z,,, the R-algebra of € function-germs at (0,0) in R"x R. Then £,
has unique maximal ideal m,,, generated by y,,...,¥, and .

Now fix an element of &,

P=t/k!+a,(y)tF Y/ (k—1)+...+a.(y),

which is a polynomial with respect to £, and assume that g, is an analytic map-germ
with @,(0) =0 (1 <1 < k). Then set

B, = {heE,, |0h/0t is a multiple of g* Pin E, ,} (0<r<n—1),

e
)= [ 5PwdseE,, 0<1<h,
T
and L=, oy dfH) RRXR-R" xR (0<r<n—1).

Remark 2:1. Set g =T,_, = (5, **/(k+ 1) +a,(y) t*/k!+...+a;(y)t). Then H, =
B, ,ink,.

To see the structure of B,_;, we show the following:

n—1»

ProrosiTioN 2-2. (a,) 1,0¥H,,...,¢F H, generate B, over E,,, via I'}:E,  ,—~FE. .,
0 <r<n—1). (b,) Kerjr, = ¥ M1y By, where 7B > B, (0<r<n—1).
(¢,) jr 4 induces an 1somorphism

3:Bpe/ Tl My sy Bryy 2 B,/TFm, 0 B,
of R-vector spaces (0 <r <n—1).
Proof. Step 1: (a,). It is easy to see that
B, = {h(t)e K, | 0h/0t is a multiple of ¢}

is generated by 1,t¥*2 ... t***1 over B, via (¢**")*:E,,, - B,,,. Thus B, is generated
by 1,95 H,,...,¢5 H, over B, via 'y : B, = F,,. Therefore we have (a,).
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Step 2: (b,), (0 <7 <n—1). Let A(y,,...,¥,,0;t) = 0. Then b =y, 9(y,, ..., Y,0q, £)
for some gek,,,,, and 0h/0t = y,,,(0g/0t). On the other hand, dk/dt = we¥ , P for
some WELH, .. Set ¥, = 0. Then w(yy,...,y,,0,t) ¢ P = 0. Since ¢* P is not flat,
we see that w(y;,...,¥,,0,{)=0. Thus w=y, & for some Wwek, . Hence
Yr+1(09/0t— 07, P) = 0. Therefore dg/dt = w¢f,, P. This implies that geB,,, and
hel¥ M 11, 8,.,. We have (b,), (0 <r<n—1).

Step 3: (@) and (b,) imply (c,), (0 < r <n—1). For this, first we will show that g
is surjective. In fact, let A€ B,. By (a,), |

k
h = F::wu"‘z F::wsqsfﬂsr

s=1

for some wy, w,, ..., w,€H, ;. Set

k
h = F;!:'l ﬁﬂ—l_ ZI P':F&-l ﬁ}s ¢f+1Hs=
g
where W el ., is defined by @,(y,, ..., ¥, Y, 13t) = wy(Yy, .-, Y,;t). Then j:,"ﬂf; = h.
Therefore j is surjective.
Next we will show that j is injective. For this, let A€ B,,, with j* heT* P B,
Then j7, b = 3, I'7 we u, (with u,€B,, w,em, ;). By (a,), there exists i,€B, ., such
that j;7, % = u,. Set

e ke e *
h=2T7, W, 8eTk My B,,,.
&

Then j¥, h = j} . Thus 5} (h—h) = 0, and h—heKerj*,. By (3,),

")
h—he L1 Mys11 Bry
Hence h€I7 my 1 By
Step 4: (a,) and (c¢,) imply (a,.,), (0 <r <n—1). We remark that

Jr Pri Hy = (Prit O )*H,=¢FH, (1L1< k).

By (a,), 1,97 H,, ..., ¢7 H generate B,/T',m,,, B, over R. Thus 1,¢*  H,, ...,¢%, H,
generate B, /I m, 14, B, over R, by (c,).

By [16], we see B, is a differentiable algebra in the sense of Malgrange. Then, we
have (a,,,) by Malgrange’s preparation theorem for differentiable algebras ([20]).

3. Proof of theorems

Let I be as in Theorem 1 and let i € I. Then there exist a locally finite open covering
{Va}rea of N and a collection of charts (U,; P, ..., P,, Q. ..., @,) of M such that i(V;) =
U ENUy={F=0}, o|Uy=3".dP, A dQ; and (Q,,....,Q,_,)0i: V>R is a
submersion. In this setting, for each A, the reduction f is written as (Z,, ..., P,,Q,, ...,
Q) oi:V,— T*R™, |

As the generic condition, we impose that the mapping

‘f! = (Q?l':"'iJ e Qnoi:PnDi):E—} Rﬂnl

is of Morin type [26]. More precisely, we define 1€ G if and only if the r-jet extension
JI:V—=J(V,R*) of f" is transverse to 3% ° for 0 < k < r, where r = [.n]+2 and
el =310 (k times), is the Thom—Boardman symbol: see [6, 23].
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The transversality condition for f” is achieved by small perturbations of ¢, 07 and
P, o1. These perturbations induce an isotropic perturbation of f, therefore, of 1|V,
fixing @,0¢. (Notice also that the condition is open, because of Whitney regularity
of the stratification.) Hence, we see that G is open denae in I. We remark that the
codimension of 3} ° is equal to 2k, and (Jif )T (%) = 1f n > 2k.

Now let ieG and 2z°€N. Assume 2°¢V, and 2°€ 'Tf (3 0). Consider the
reduction f:N, z° - T*R"™. Then f is symplectically equwa.lent to an isotropic map-
germ f:R*, 0> T*R" with

gof =2, (1<j<n—1),

_ k-1 |
g, 0f = u(z,t) = 1/ (k+ 1)+ 3 2,857 /(k—
=1
paof = (@, 1),
with (0v/dt) (0,0) = ... = (0*»/0¢*) (0,0) = 0, for some coordinate (z',f) of R",0,

where &' = (2, ..., Z,_;)-

In fact, first set ¢; = @,—@,(2°), p; = P,—P,(2°) and 2’ = (¢, 0%, ...,9,-,0%). Then
(',q,0% p,0%):N, 2= R"* is of Morin type. Second, we may assume the order
of g,0¢|{x" =0} is not greater than that of p,o%|{a" =0}, and it is equal to
k+1, changing g, and p, if necessary. Then ¢,o? is an universal deformation of
g,01|{x’ = 0}:see[7]. Lastly, it suffices to use the symplectic diffeomorphism of 7*R",
which is the natural lift of a diffeomorphism of type (¢°,q,)~ (#(¢), £q9,+ ("))
where ¢ = (¢4, -.-,¢,—;), and a diffeomorphism of source.

Let ¢:R”?, 0> R be a generating function of f. Then

n—1
de = 3, p,0fdx;+vdu.
i=1
Hence 0e/0t = v(0u/0t). Thus e belongs to B,_; introduced in Section 2, setting
P = 0u/0t, with respect to the coordinate (y,t) = («’,¢{). We remark that, in this
situation, Hy=w and I',,_, = (%,,...,%,_,, %) is identified with g = (g, Of, svis G OF )
R”, 0—-R",0
By (a,_,) of Proposition 2-2, we have e = 4,09+ Y%, 4;0¢H;, for some function-
germs A,,4,,...,4;:R", 0—R. Then we see that

v = (04,/0q,) 0g+2 (04;/0q,) 0 gH; +2Aj09 /5.

j=1

In particular, by the definition of H; (1 < j < k), we see that 8’v/0¢’ = 4;0g, modulo
the ideal (x,,...,%,_;,t> = {0u/ot,...,0%u/0t*) in E,,.

From the condition (dv/dt) (0,0) = ... = (6*v/dt*) (0,0) = 0, we have 4,(0) = ... =
A,(0) = 0. By the transversality condition, (0u/dt, ..., 0%u/0t*, dv/0t, ..., 0%v/0t) is a
submersion at 0 in R™. Hence we have

dg; A ... Ndqe_y NdA; A ... NdA, A dg, ¥ 0,
at 0 in R”. Define ¢:R", 0 R"*,0 by

{x; (1<i<k—1,2k <1< n),
X, 00 =
209 (k<1<2k—1).
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Then H;joo=H; (1<j<k), and goo =710g, for some diffeomorphism-germ
7:R", 0= R" 0. Furthermore,

k
e=Ayog+ 2 A;09H, = A,0og+¢ ou,

I1=1
ke (3 k .
where ¢ = 3wy H; = f {Z Ty 57/ I} (0u/3s) (&, 3) ds
0

j=1 i=1

is a generating function of f, .. Thus (e,g) and (¢’,¢) are R*-equivalent, and f is
Lagrange, hence symplectically, equivalent to fa. e by Proposition 1-4. This completes
the proof of Theorem 1.

To prove Theorem 2, it is sufficient to start with f, instead of ¢, in the proof of
Theorem 1.

To see Theorem 3, we remark that, for a generic isotropic mapping f: N*" — T*R2"
of kernel rank < 1, each point, where the multiplicity of fis n+ 1, is isolated. Thus
it is sufficient to add the condition that, at each such point z, mo f: N, x— R?” is of
kernel rank one of multiplicity »+ 1. Since we use only Lagrangian equivalences in
the proot of Theorem 1, except for exchanging ¢, and p,,, and this exchanging is not
necessary in this case, we see f, is Lagrange equivalent to Towi o

The author would like to thank Professor A. B. Givental’ and Professor S. Izumiya
for valuable comments and information.
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