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A stochastic integral for Ll—process
Toshitada SHINTANI

Tomakomai National College of Technology

Abstract. Let v€ Ll( T®S?) and let f==(ft)ost$l be Ll-process
on a probability space ((2,, P ). Then f is of a. e. bounded
Y?riation on S0, so that the Stieltjes type stochastic integral
%v(t)df(t) converges a. e, This implies Ll([o,i])EE Hl(fo,il),
Ll(D)EEIHKD) ( when D is the unit disc ) and Ll(R)EE Hl(R).

These are the extension of Burkholder-Gundy-Silverstein theorem,

1. A stochastic integral.
Let (2,0, P ) be a probability space. Let ve&Ll( TOR) and

let £=(£(£)) (peq an Li-process on (R, A, P ).

. - ) (W) (_V\) e v 0 (“) —_
Here A: 0O ’co<tl<t2< <tn1_1 1. Then

Theorem ([7]).
Y\ W
P( sup)|e(t
A 3so e
That is, f is of a. e. bounded variation. Therefore the stochastic

) - f(if"_‘]))‘<bo )=1.

integral of Stieltjes type S“v(t)df(t) converges a. e,

[s]
This stochastic integral ([7]) is the generalization of Towghi's
integral ([8]) and this contains the Feynman path integral and

complex integral.

2. A relation of function spaces.
( This contains a part of a joint work with D. L. Burkholder. )
Background of below theorems.
Let £= (f£(t))( t€[o,1)) be a martingale or a Brownian motion
wifh a. e, ) continuous paths on Q2 . Then Re f(t)=£(t)é€ 11( lo,11).
Since Ll([o,I]) is a separable Banach space, by Banach-Mazur
theorem |f(t)lgg K <00 a, e. in t.

So (Re £ }'= sup |tco)| € ke 11([o,1]). Thus (Re t )*éLl([o,lj).
ostsl

._5.__



Then P, A. Meyer proved that <f(t))oStS1 is a Hl—martingale by
using Burkholder-Gundy-Silverstein theorem ( a martingale version),
i. e., f(t)€ Hl([o,lj) holds.

So f(t) is a, e. differentiable in t.

This is a counterexample for Paley-Wiener-Zygmund theorem.

Theorem 1. Ll([o,i])Eziﬂl([o;lj) ( coincides ).
So, on the exceptional set, path £(t)( t€lo,1)) is not smooth.

That is, except for the exceptional set all paths are smooth.

Sketch of proof, Put'.SE:[o,l] and Ll( [o,1])= Ll(.SE, P ).
)

1 e )W W) oees —
Let ¥ £(t)€ 17([o,1]), A : 0= ¢ < <&M < Ctpgp =1-

f(t(jv?l) - f(t(g))l ( € 1Mo, 1)) —>¢ slim g .

B n->oe0

( Here notice that g, 1is not definite.) Put f(t)==£(tit5(1ﬁegﬁa).

i
&= =2
azb

By mathematical induction on n {go,gl,,.,,g#} is uniformly
integrable for all natural numbers n=1,2,3%3,... «

In fact, since (f(t))o<t<l is Ll—bounded and integrable stochastic
process, g <00 a. e. in ' ( x=0,1).

So

sup ggk dP= Sg dP\/ & 81 dP\L 0 as cToo,

<kt ©
sl (8> ¢y {8CY 181> 3

S0 {go,gi} is uniformly integrable.
Next, suppose that {go,gl,gz,,,.,g#} ( n>1 ) is uniformly

integrable then

14!
sup S g, dP= S 8 P
o¢kintl K= 0
{g>c}

= Bup S gde \/ S gn+1 d_P\\/ ] ascTOO,

‘ |
ogkan gyl ¥na>CY



So, by mathematical induction, {go’gl’gZ""3gn} is uniformly

integrable for all natural numbers n=1,2,3,... o«
Therefore {go, gl,...,gn,...}

= 1im E 48 ,,...,g.}
‘n")OO{ o?"1> *n
o0

= Ur{gosgly""gn\}

=0
0o
is also uniformly integrable. ( Notice that \“/{go,gl,...,g;}
n=0o

does not include {go,gl,.,.,gn} by the definition. )
So sup E(gn)<:oo so that g, L 00 a. e. in t'¢ n=0,1,2,3,40.)0
n _

Here suppose lim g =00 for almost a1l Ve A% (=[o,l] ).
n-> "

Then by Fatou's lemma

E(g,) < Sgp E(g )< o0 .

This is a contradiction.
. r . . ’
So gm:\—:ooa. e. int, i. e., g <0 a. e. int.
' I4
Since, for all A, g8 <o a. e. in ‘\‘, and gn<oo a. e. in t
o
( n=0,1,2,...), sup g. <00 a. e. in %!
A n
That is,
n W)
P( sup 37 |£(t. ) - f(’é“?>\<oo ) =1
A 3=0 J+ J

so that (£(t)) is of a. e., bounded variation.

o4t&l
So f(t) is a. e, differentiable in t.

That is, Lv([o,1])== B ([0,1}).

Corollary 1. Let D be the unit disc. Then;Ll(D)EEEHl(D).

In fact, let C be any continuous curve with finite length in D
and letAg%j:zo,zl,zz,...,Zn+iaé}any partition of C,.

Theorem 2. Ll(R)EE Hl(R).

Notice that R:{x ‘-00<x<°0)=[inf X , sup x]'a
X =00 X <00

These are the extensions of Burkholder-GundyiSilverstein

theorem ([2)).
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Stieltjes quasi-perfectness of abelian x-semigroups

T. M. Bisgaard (Denmark)
N. Sakakibara (Ibaraki University, Japan)

Abstract
An abelian *-semigroup S is called Stieltjes gquasi-perfect of order
N > 2if § is Stieltjes determinate and every completely positive defi-
nite function admits a unique disintegration as an integral of hermitian
N

. . » - - “ -
nonnegative multiplicative functions on S+ .-+ 5. We prove that this
definition dose not depend on N and that it implies quasi-perfectness.

T & PO TR LI ERIL, TAM - quasi-552 M - Stieltjes T2
D 3ONREBEN, FRFNOBERPHERIZONWTHETSIN TV D, T 2T
Telzse@ik & LT Stieltjes quasi-perfect HEREFR TE 5 Z L 2T, hD5ERHE
EDEMRIZOVWTHRETSD.

S=(S,+,%) I& (K‘?‘L%iﬁiﬁ%ﬁ%okﬁﬁﬁﬁfib‘) ALK ERFELTHS
IR BALTE 0 20 Lic 82 5 Lk, S EofESER 5, FAE
DIEIREHE 5 LS. 5, §) bRHTHS. S+ 5 EOME REEET
37)5}:0:}: ey 51, -, 8, €S, ¢, CnECL_"Dll\T

> ciTrp(s; + s7) 2 0

J k=1
B MIDEEEWD. S L0 o PEREEETHH L1, FED ae S IC
DNTC, 503 pla+s) B S ETEEBETHZEEZND. pla+-) D0 TOE
DBHATHDIZENbERTHAREE LS. FAERE - BE (ERIZITEED
S+ S ~DHIR) 1T ThTh, FLEERE  EEEREHKE 25, § BEMTE LD
b EATEEBESIIERERETHS. EXEREE ¢ B4T S* LOHHED
BIE (S BAERLT FVRIE) p ICL > T—EHIC

o) = [ pldur)  (s€5+5)

LT B LD REMH kR S & perfect THDH LWV, e, RREEMEREK o
BT St EOHHBORE p iz ko T (5 LOREL LT) —EAIZ

o) = [ plduls)  (s€5)

St



LT B LD REHL x5 S & Stieltjes perfect THH LWV,
T2 IZLLANIZ perfect HEDOEHRZ W DD, N > 3 0L & EEMEEE o Bibd
S* EOHBHEDORE p i X > T—EHIT

N
o) = [ ple)iup)  (s€5T¥3)

EHNT B & D MLk S % quasi-perfect of order N TH 5 & L= ([BS1]).
THREFEHRIC, N > 2 0L &, EREEERE ¢ BT 55 LOHSEORE
k5T (S5 EOREE LT) —EHi

N
o) = [ p)dulp) (55T 43)

+

DT B &L S ARk 2EE S % Stieltjes quasi-perfect of order N THB L.
quasi-perfect 4 & BHEICIROEENBH Y I H, ZOFEFEIT N IEFELRWY.

Theorem 1. F[#i% ¥F S I DOWTKIIFMETH 5.

(i) $THD N > 2122V T S 1X order N O Stieltjes quasi-perfect TH 5;
(i) % N > 2 Z2WT S 43 order N @ Stieltjes quasi-perfect T 5;
(iii) S tX order 2 @ Stieltjes quasi-perfect TH 5.

$€-> T, Theorem 1 DWTNNEHIZT L & S X Stieltjes quasi-perfect T
HBHLW). MOFELMEE OBEKL U TROEERNR Y L.

Theorem 2. Mk YR S A3 Stieltjes perfect TéHhBH7e 5, Stieltjes quasi-perfect
ThD. FT, S B Stieltjes quasi-perfect T 572 b5, quasi-perfect TH 5.

foT, BEETIZHONEREE LY D LROED L F 12725,

S : Stieltjes perfect B 3. perfect,S =S+ S

v { [BS2]
S : Stieltjes quasi-perfect S : perfect ﬁ} S: perfect, 5 : flat
pY + [BS1]
S : quasi-perfect [(}38_12 S: perfect
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Domination property of the set of upper bounds in ordered linear spaces

N EA (Naoro KOMURO)

LW E B E R FZRNN B E=E (Department of Mathematics,
Asahikawa Campus, Hokkaido University of Education)

§1 Introducrion

Let E be a linear space over R, and P be a convex cone in F satisfying

(P1) E=P-P, (P2) Pn(-P)={0}.
An order relation in E can be defined by z < y <= y — z € P. We call a linear space
E equipped with such a positive cone P a (partially) ordered linear space, and denote
it by (E,P). For a subset A of F, we denote the set of upper bounds and lower bounds
by UA)={z€E|y<z, VycA}, LA ={z€E|y>uz Vyc A} respectively.
These sets have a property of symmetry in the following sence. ([4])

(1) UL(U(A) =U(4) (AcE).

In [4], the method of constructing a completion (E,P) of (E,P) by using the set of
upper bounds U(A) has been introduced. The relation (1) plays fundamental roles in
the construction of (E, 13). Also, the completion can be represented by the set of the
generalized supremum in E which has been introduced in [2]. We will state the summary
of those results in the first part of this section.

Let B and B’ be the family of all upper bounded subset and lower bounded subset in
E respectively, ie. B={ACE|A#0, U(A)#0}, B'={B C E|B+#0, L(B) # 0}.
The relations A ~ B ﬁ UA) =UB) (A,B € ®B),and C ~ D <d=#> L(C) =

L(D) (C,D e %) are clearly equivalence relations. We define
E=%/~ ={[A]| Ac B},

where [A] denotes the equivalence class of A. For every [A] € E, two operations
u([A]) = U(A4), I([A]) = L(U(A)) are well defined. We can see by (1) that 1([4]) ~ A.
Moreover, it is known that If A ~ A’ and B ~ B’ in B, then for A > 0, [A+ B] =
[A"+ B'] = [I([A]) + [([B])],and [AA] = [AA"] = [M([A])] hold where A + B and \A
denote the set {a+b|a € A, b€ B} and {Xa | a € A} respectively ([4]).

Definition. For [A], [B] € E and ) € R,

@ [4) < [B] = u(B) € u(4)
© [4)+(B] = [+ B]
(D] (x> 0)
@ N4l = § 0H(AD = [-P] (A =0)
ru(lA]) (A <0),

Typeset by AAS-TEX



where 0T C denotes the resession cone of a conver set C defined by 0YC = {z € E | C+
Ax CC, (A>0)}.

We define two subsets P and F; of E as follows.
P ={[A] € E|[4] > [-P)} = {[4] € | u(A) C P}
E; = {[A] € E | u([A]) = a + P for some a € E}.

We note that the correspondence which assigns a € E to [A] € E; such that u([A]) =
a + P is one to one.

Theorem 1. ([4]) Let E be a Banach space with a closed positive cone. Then E is
an order complete vector lattice with the definition (2),(3),(4), and

(a) P is a conver cone in E and satisfies (P1), (P2), and [A] < [B] <= [B]—[4] € P.

(b) Eisa subspace which is order isomorphic to (E, P) by the correspondence E >.
a +— [A] € Ey where u([A]) =a+ P. :

Remark. If(E,P) is order complete, then (E, P) is isomorphic to (E, P) as an ordered
linear space.

For A € B we can characterize U(A) by using the support function of A and the
boundary of the dual cone P* = {z* € E* | < z*,z >>0 (z € P) }. If A € B then

the support function f4(z*) = sup < z*,z > is ﬁnlte on P*. Indeed if o € U(A), then
z€A
< z*,r ><< x*,z9 > holds for all z € A.

Theorem 2. For every A € B,
N (o] <a®2>> fala?),

z*EOP*
where OP* denotes the algebraic boundary of P*.

Example Let X be the set of all bounded lower semicontinuous functions f on S =
{(cos,sind) | 0 < § < 2x}, and we simply write 6 for (cost, sinf) € Sl For f e X
let f be such that hypo(f) = hypo(f) where hypo(f) = {(0,t) € S* xR | f(8) > t},
and hypo(f) is the closure with respect to the product topology in S* x R. We define
an equivalence relation in X by f ~ g < f = § (f, g € X). Let E be the space
of all 2 x 2 real symmetric matrices with the positive cone P consists of all positive
semidefinite matrices in E. By the correspondence
T
E > (: 3) +— (z,9,2) €R®
2
where u = Y12 y = =82 F s identified with R? and P = {(z,y,2) | 2® + ¢ < 2%}.
In this case the dual cone P* can be identified with P itself. For A C E, the values
of the support function f4 on OP* are determined if we know the values only on the
set {(z,y,1) | z2 + y®> = 1} which can be identified with S'. From the previous two
theorems and the following lemmas, we can conclude that the completion E of E can
be identified with X/ ~ by the correspondence

Es[Al«—[fale X/ ~.




Lemma 1. In (R3,P), f4 = fp on dP*if and only if U(A) = U(B) for A,B € B.
Lemma 2. For every ¢ € X, there exists a subset A C R? such that ¢ = f4 on S*.

Corollary 1. If ¢ is a bounded lower semicontinuous function on S*, then there exists
a lower semicontinuous convex function f on the closed disk {(z,y) € R? | z2 +¢% < 1}
such that f = p on S*.

Let (E,P) be an ordered linear space. For A € B, and A’ € B’ the generalized
supremum and the generalized infimum are defined by

SupA={acU(A)|b<a, beU(A) = a=10} (A € %B),
InfA'={a€L(A)|b>a, be L(A)=a=0b} (4 €PB),
and we denote that S = {SupA | A € B}. The basic properties of generalized
supremum has been investigated in [2], [3]. A set A is said to have the domination

property if for x € A there exsists a minimal point zg of A such that zo < z. In this
paper we consider the condition

O U(A) = (SupA) +P (VA€ B),

which actually means that U(A) always has the domination property. If the space
(E, P) satisfies the condition (5), the correspondence

E>[Al+—U(A) +—SupAdecS

is one to one. In the rest part of this section we will state some results which suggest
the importance of the condition (5) in dealing with the generalized supremum. In the
case when dimFE < oo, some equivalent conditions of (5) are known.([2]) In the infinite
dimensional cases, it is not easy to see when the space (E, P) satisfies the condition (5).
In this paper we will give some sufficient conditions in §2.

Proposition 1. Suppose that (E, P) satisfies the condition (5). Then Inf A and Sup A
have a symmetric property, that is,

Sup(Inf(Sup A)))=Sup A (A € 8).

proof. Taking the set of minimal points of both sides of (1), we have

Sup A = Sup(L(U(4))).
Moreover it follows by (5) that Sup(L(U(A))) = Sup(L((Sup A)+P)) = Sup(L(Sup A))
= Sup(Inf(Sup A) — P) = Sup(Inf(Sup A)).

Proposition 2. Suppose that (E, P) satisfies the condition (5). If Sup A = {a} for
some A € B, then a =lub A ( :the least upper bound of A).

The proof is trivial. The conclusion of Proposition 2 is not valid when the condition
(5) does not hold. The following theorem is the fundamental rules on calculation of the
generalized supremum.



Theorem 3. ([4]) For A,B € B,

(@) UA+B)~UA)+U(B) in%,
Moreover, if (E, P) satisfies the condition (5), then

() Sup(A+ B)+ P D Sup A+ Sup B,

(¢) Sup(L(Sup A + Sup B)) = Sup(4 + B).

Under the condition (5), we define an order relation and a vector operation (the
addition @ and the scalar multiplication *) on S as follows.

Definition. For A,B C E and A € R,

SupA < SupB < SupB CSupA+ P
Sup A @ Sup B = Sup(A4 + B)
Sup(Al([A])) (A >0)
AxSup A=< {0} (A=0)
Sup(Au([4])) (A <0),

for Sup A, SupB € S and X € R.

Let Sy be the set of all elements Sup A € S such that Sup A = {a¢} for some ap € E.
Then by the following theorem,.S can be regarded as an order completion of (E, P)
which is isomorphic to Sp.

Theorem 4. ([4]) If (E, P) satisfies (5), then S is isomorphic to E as a vector lattice
under the one to one correspondence

S>SupA+— [A] € E,

Moreover, Sy is isomorphic to (E, P) under the same correspondence.

§2  Sufficient conditions for U(A) = (Sup A) + P

An ordered linear space (F, P) is said to be monotone order complete (m.o.c.) if
every upper bounded totally ordered subset of F has the least upper bound in E. In the
case E = R%, (E, P) is m.o.c. if and only if P is closed. In the case when F is a Banach
space with a closed positive cone P satisfying P*— P* = E*, it is known that (E*, P*) is
m.o.c. where E* is the topological dual of E and P* = {z* € E* | z*(z) > 0, z € P}.

Proposition 3. Suppose that an ordered linear space (E,P) is monotone order com-
plete. Then (E, P) satisfies (5). In particular, Sup{a,b} # 0, Inf{a,b} # 0 for every
a,b € E, and U(a,b) = (Sup{a,b}) + P.

The proof of this proposition can be seen in [2]. A convex subset C of F is said to
be algebraically closed if every straight line of E meets C by a closed interval. A point
z of a convex subset C' C F is called an algebraic interior point of C if for every z € F,
there exists A > 0 such that  + Az € C. Algebraic exterior points are defined similarly,
and we denote the algebraic interior of C' by C*. Moreover, 8C = (C*U(C¢)%)¢ is called
the algebraic boundary of C. Let (F, P) be an ordered linear space and suppose that



P is algebraically closed with nonempty algebraic interior. A convex subset F' of P is
called an exposed face of P if there exists a supporting hyperplane H of P such that
F = PnNH. By §(P), we denote the set of all exposed faces of P. For F € F(P), dim F
is defined as the dimension of affF" where affF' denotes the affine hull of F. We give
another sufficient condition for (5) by using the facial structure of P.

Proposition 4. ([2]) Suppose that P is algebraically closed and int P # (D IfdimC <
oo for every C € F(P), then (5) holds.

A positive cone P in a topological vector space is said to be normal if there exists
a neighborhood base of the origin consisting of neighborhoods V' satisfying

V+P)n(V-P)=V.

If P is normal, every order interval [a,b] = {z € E | a < z < b} in F is bounded
with respect to the norm. We also recall Bishop-Phelps theorem which asserts that
for a bounded closed convex set C in a Banach space E, the set of all bounded linear
functional which attains its minimum on C is norm dense in E*.([6])

Theorem 5. Let E be a Banach space with a closed positive cone P. If the dual cone
P* has nonempty interior in E*, then (E, P) has the property (5).

proof. It is known that P is normal if and only if P*—P* = E* ([1]), and in particular,
P is normal in the case that P* has nonempty interior in E*. For z € U(4), we
denote U(A); = (z — P) N U(A). It suffices to show that there exists an minimal
point zg of U(A), such that zo < z. Since P is closed, so is U(A),. We also have
U(A); Cla,z) ={y€ E|a <y <z} fora € A and hence the normality of P yields
that U(A), is bounded with respect to the norm in E. Therefore by Bishop-Phelps
theorem, we can choose an interior point =3 of P* such that z} attains its minimum
on U(A), at some point zg € U(A),. If there exsists ; € U(A), such that z; S o it
follows that z*(z1) < z*(zo) since z* is an interior point of P*. It is a contradiction
and z is a minimal point of U(A).

Corollary 2. Let E' be a Banach space and E = E'XR and P = {(=z, t) eE|t> |z}
Then (E, P) has the property (5).

Definition. Let E be a topological vector space with a closed positive cone P. A set
A C E is said to be P-complete if it has no covers of the form

{#a—P)|ael}

with {Ts }acr being a decreasing net in A.
In [5], one can see some conditions under which A becomes P-complete or has the

domination property.

Proposition 6. ([5]) Let E be a topological vector space with a closed positive cone
P, and let E D A # (. Then A has a minimal point if and only if there exists © € A
such that Ay = AN (z — P) is P-complete. Moreover, A has the domination property if
and only if for each y € A there is some x € A, such that A, is P-complete.



Theorem 6. Let E be a reflexive Banach space with a closed positive cone P and
suppose that P is normal. Then (E,P) has the property (5).

proof. Let © € U(A) and set U(A); = U(A) N (z — P). We will show that the section
U(A), has its minimal point. By Proposition 6, it suffices to show that U(A)y is P-
complete. Suppose that there exsits a decreasing net {4 aer in U(A); such that

U(A)s € U (@a — P)"

We observe that U(A); C [a,z] for a € A and hence the normality of P yields that
U(A), is bounded with respect to the norm in E. Hence it is weakly compact because
the space F is reflexive. Since each z, — P is weakly closed, we can choose a subcovering
Z_%Jn(ar:z — P)C D U(A), such that 1 > zo > -+ > z,. It is a contradiction, because

T ¢ Y (z; — P)¢ while z,, € U(A),.

The hypothesis on the positive cone P in Theorem 6 is weaker than that in Theorem
5. However, (5) does not follow from the condition that F is a Banach space and P is
normal. The space C[0, 1] with the norm ||f|| = sup |f(z)| and the usual positive cone

z€[0,1]

P={f]|f(z) >0 (z€0,1])} is a simple example.

Let E be a topological vector space with a closed positive cone P. (E,P) is said
to be boudedly order complete (b.o.c.) if any bouded decreasing net {z,} has an
infimum, where bounded net means that for any neighborhood U of origin {z,} C tU
for some t > 0. P is said to be Daniell if any decreasing net {z,} having a lower
bound has its infimum to which it converges. If P is Daniell (F, P) is obviously m.o.c.,
and consequently the condition (5) holds. Moreover, we can easily see the following
proposition.

Proposition 7. Let E be a topological vector space with a positive cone P. If (E, P)
is b.o.c. and P is normal, then (E,P) is m.o.c., and it satisfies the condition (5) in
particular.
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An Inequality and the Numerical range of a matrix

B8 {8 Hiroshi Nakazato (Hirosaki University)

Abstract

We associate a ternary real form F'(t,z,y) of degree 2m with a complex trigono-
metric polynomial ¢(8) = c_p, exp(—im8)+...+co+ ...+ ¢ exp(i mb) so that the
equation F'(1,R(4(0)), S(#(0))) = 0 holds for § € R. If ¢(f)satisfies |c_p| + ... +
lem—1] < |em|, then the form F'(t,z,y) is hyperbolic with respect to (1,0,0).

0. TTADEEDIRER ISR
nxn RIS THERDNELE, TORR WD) K, RORTERS S,
W(T)={&'T¢: €€ C" £ =1}.
SOEE, W(T) DRREREBBIE RS, TORMEERW ()"

oW (T)" = {(a,b) e R*:az + by + 1 = Oisatangent of W (T) },
DEFBSERADNRD Ft,z,y) = Fr(t,z,y) TEZ5h3:

F(t,2,y) = det(t I + (/2)(T +T*) — (iy/2)(T - T), (0.1)

CORRZIER FlE. 5 (1,0,0) [CBILT Atiya-Bott-Géarding [A-B-G] DEBET, M
HiBY hyperbolic T#%%. COEERE, F(1,0,0) # 0 TH>T. FBED (zo, %) € R?
EXMLT, ¢ ICEIT 35N F(L,70,50) = 0 18 n BDEIR ¢;(z0,%0) (7 =1,2,...,n)
EHOELENDETHD, 2T, FARDARBMRSEEME THILILKELY
SAEZCTRRT 3,

1. Z8ZERICOVTOARER
FEOEH m IIHLT, ROBZEEHO=F2Z1ER

o(0) = Em: cr, exp(i k 6)

j=~m
EEXD, ST F el Aol + o emot| < |om| B BRYIIDERSIE, H(h)
(F. LWEB0<0 <27 ICMLTH, R0 ZBEBBLAN. COMHIR, F(1,0,0)#£0

(s 3.
fid 1.1 $EEH 2, wITH L, ROEME



lw— 2]+ [z =1 <1

BO<n<LICHLUTRYIDET S, TDEE, BHin > 2 [CHL, ROFEXD
BRiIY 3.

R(n (1+w) - 2{w + (0 — 1) 21 +B)) > 20~ 1) > 0.

[FEER] ERBET O MPBLUTCREREFE>TCERT: z=2+iy, w=(z+iy) +
(p+ig). CHDEEREDRMEIE VP2 + 2 +V2? + 2 =n LKEND, EERMEEE
CEURERLT,

R([n (L +w) = 2{w + (n ~ 1) 2}](1 + )

=n+ (n - 2)|w|?+2(n — 1)[R(z0) + R(w - 2)]
n+(n—2{(z+p)>+(y+9°}~2(n-1){(z(z+p) +y{y+49) - 20}
n+ (n=2){(z+p?+(y+9)?} ~2(n - 1){z® +pe — 2p+y* +qy}
Z-nmzﬁﬁ%+m—ﬂﬂﬁ+ﬂﬂ—2@w+qm—2m—1w
9(z,y : p,q).

»NE{E5NnD, TIT. ROL SRR

n ol

z =17t coséb, y=mntsiné,

p=n(l—1t)cosp, g=n(l—1t)sing,
MEB0<t<1BLU0<0,¢0<2rZRAVTHEETHY., ThEFELT
g9(z,y:p,9)
=n—nn?t?+ (n— 29?1 —t)? = 2p%t (1 —t) cos(§ — ¢) +2(n — 1)y (1 —t) cos ¢
>n—nn?t? +(n-2n*(1-1t) ~ 27t (1~ t) — 2(n — 1Y (1 - t)
=1-n{2r-nt+{n-2)1-n)+2} >2(1-1n)

B DO 11 MBS,
fif 1.2 0 (F2LLLDBBTH>T, ERH w1, wa,..., w, [F5FH

lwi — wa| + [we — wa[+ ...+ |[Wn—1 —wa| + |wn| =< 1
Z20<n<1CHLTHETLTS, COLE, ROFEXMEIT S,
R(n (14 w1) —2(w1 +we + ...+ wp)](14+T7)) > 2(1—1n) > 0.

[GEBH] &F 2= (w2t wet...twa)/(n—1) BELw=w KEYERE 2w
ERHB, COLE, TER

lw — wj| + |wj| < Jwy — wa| + |Jwg — wa| + ... + |wj_1 — wj| + |w;]
<lwr = wal 4.+ Jwje1 — wj| + |wj — wig| + -+ [ W1 — wa| + |wn| =7

PEBD2<i<nlCHULTHYID. Th&l, E5ICFRER

1
|w—-zl+|z|=n———l{l(n——l)w—(w2+...+wn)1+|w2—|~...wn|}



< gy {0 = wal+ sl ok (= vl + o)} < .
HRYIID, #oT. HE 1.1 OEEDRERBEH 0 < 7/(< 7)) IKHLTRYIID. “h
Y, TFR

R(n (14 w) —2(ws +wa + ... + wy)](1 + w7))
=R(n(1+w)-2(w+ (n—1) 2)|(1+w)) >2(1-17') >2(1~1n) > 0.

NESH, BE 1.2 LB EHhE,
COHE12 ZFE>T,. ROFHERED,
EE 1.3¢0) 2. RDLIE1LEHD=ABIER

B6) = 3 e exp(i k)

j=—m

ThHh>T. TOHEBIT, FH

m—1

Yo ekl < leml

k=—m
EBRETETS. CDEE, 0c[0,2r] ODBMICHU T, 4(0) DRERA Arg(4(0) & Ik
ERBEBMT S, 51T, 045, 005, 2rET. BRI [0,27] LEZEE)TB L%, ¢(9)
. EFBTEHACSVWTER0OAYEE &5 E m ARKEY ICEET 3,

9] REICD T o = 1 SRELTHEBTHIEL L, LUFChERETS, 8
NEBETRENIER 2(0) = 6(0):

2(0) = z(0) + iy(8) = exp(im ) + mz_: cr exp(i0)

k=—m

(0<0<2m) ICHULEDRA Arg(2(0) 25X 3:

Arg(2(0)) = S(Log(z(9))-
COBHE. EHICELTHATS:

dArg(2(6))
dé
Zl((’))
2(6)
g (™ Cm exp(imb) + ...+ (-m)c_p, exp(—z'm()))
cm exp(imb) + ... + c_p exp(—imb)

1
lem exp(imb) + ... + c—m exp(—i mb)|? X R(L(0)),




T, ROLOGEREMSELONDS,

RELE) = RS kerexp(k)( 3. T exp(—iph))

k=-m p=—mm

= i Emj R(crcpk exp(i (k — p)0)

k=—m p=-—m

By(6).

ROTRLG)) > 0 BEBED 0 < 0 < rITHUTRYND I LEREIE, 0 DO
HIZBBL T Argz(0) MEREINT B2 EMbhd. COFRERR(L(0)) > 0 ZFEAL
&3,

HrHE 1 DIEBDERY exp(i0) ZMY, 2z, =exp(i(j — m)O)c;( —m < j < m)
EEL, TnLE, XDERASBLND :

RE@) = 3 3 Rlask el (k- p)8)

k=—m p=-—

= i zm: %(kzk“z';),

k=—m p=—m

SOT EE 21y 20, s 2 IO LTRSS

m—1
Yozl =lzeml 4 |20l o A 2 =

k=—m

HEB0< <1 ICHLTRYID, ROKSLBEHERETD.
wo = 1+zm..1+zm_2+...+20+...+z._m,
w; =Yt 2, forl<j<2m

CDEE, ROLSBBREXAMBELSND :

S re—mkze = (m+ 1) wo — (wo + w1 + w2 + ... + Wam)
=muwp — (w1 + we + ...+ Wap)

=m(l+w)— (w+w2+...+ wom),

S 2k =wo =14 wy.

FLWERICDOWT, ROBFHRR

|'w1 — wzl -+ l’lDz - ’lU3| +...04+ 1w2m~1 - w2ml + l'meI =1

DERYSIONS, HEE1.2 O&MENSn=2m ITHLTHRYID. ch&Y, RO &M
BY3iD,

m

i Y. R(kz7)

k=—m p=—m



R( i f: k z,%p)

k=—m p=—m
= (1/2) R([2m (14 w1) = 2(w1 + w2 + ... + wam)] (1 + W1))
> 1-n>0.

®oT. R(L(F)) >0 THY, 6 DIFMICH L., Argz(0) HERIEMT S Z EMbhor,

ST, EH 0L 005 2rETHEMT D EE, T Arg(2(0)) 13 Arg(2(0)) S
Arg(z(0)) + 2mriICZ LB, THHOBERE 0 (CET S B () DOEEE winding
number (&, m THD. CO&E. ROBERXLUBSNDS

f dArg(2(0))
0<6< 2

= / dArg(exp(i m#f)) + / dArg(2(0)/ exp(i m#))
0<Lf<2r 0<6<L2m

2mm +0 = 2mm,

CC T, Bhsx z(0)/exp(imd) (&, EEDO<O<2ric®L., {weC:|lw-1] <1}
CETSD, DI ELY, 085, 05 2rETHEMTHEED, Ra0 (CEETS 85
z(0)/ exp(i mf) DEEHIL 0 THD, LELY, FE 13 FFEPHS I, COEHEE,
ZEXEFE>TERRTI L&Y ROEENB OIS,

T 1.4 6(0) 3. ROL I 1 EHBO=HSER

o0) = i cr exp(i k 6)

j=—m
THo>T. TOFRAL, &4

m-—1

> el < leml

k=—m

ERHETLETR, COEE, 3TED 2m RUTORREER F(t,z,y) T

F(l,?ff(qﬁ(@)),%(qﬁ(&))) =0

(0ER) LIGHAHDEELDEE, F(t,z,y) 1352 (1,0,0) ICBIL T Atiyah-Bot-Garding
DEBRT, RUMM¥TH S,

2. FTIC kB EIHR

X [C-N] ICBWTHEMR F(1,z,y) = 0 T, FHIRETH 2 ROiiEhHd
nTwn3,

— cos(2mb)

o(0) = =g



y(0) = A(6) ’
m~—1
A0) = T+ Y [am—; co8(76) — bn—j sin(j6)],
J=1

(n=2m BPEHDLE). HBVI
— cos((2m — 1)6)

y(0) = sin((Q)?\?(za—)— 1)0),
ZZT. »
A6) = Z [@m—j cos((2] — 1)8) — by—;sin((25 — 1)6)].

(n=2m-1HEHDLE). LEOBHERICENT, o;BLU b IRORBTHS.

EE 14 TliRZL DI, FEMIRT, MSTEHZERX F(t,z,y) PRETHSD
& O3, REQENRDP o7, COBRDOEHTIHEEN. [N] THRbh TS, £IT
(3. H > 1 [Cxd 2 ehig

2
z(0) = %i{cos(%) + H® cos(36)},
2
V(8) = g (= sin(26) + H¥sin(30)},
zZ/ki, 175
0 H® 0 0 0 0 1
0 0 H2 0 0 0
ray=| 0 0 0 H? 0 VHDO —1/H?
|l o 0o o o & 0
H?2 0 0 0 0 0
L0 0 0 0 0 0 |
M, FH4

det(I +(6)/2 (T(H) + T(H)%) — iy(6)/2 (T(H) - T(HW) =0,  (31)
#, 0<0<L2nIcUBrTLERLE, FOHRX [N] TIE, LEOFTHO—KI
HEZShTNS,
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On some convex functions related with norms
of Banach Spaces

Yasuji Takahashi and Mikio. Kato

Abstract. We shall characterize several geometrical properties of a
Banach space X such as uniform non-squareness and uniform convexity
etc. in terms of the convex function f on X defined by f(z) = ¢(||z]|),
where ¢ is a non-negative strictly convex and strictly increasing function
on [0, 00).

Let X be a Banach space (of dimension at least 2). Let ¢ be a strictly convex and
strictly increasing function defined on [0, co) with values in [0, 00) (such a function
is continuous on {0, c0)). Define the function f on X by f(z) = ¢(||z||). Then the
following inequalitites are immediately seen: For all z,y € X we have

f<m +y) < f@)+ 1)

2 - 2 ’ (1)

(550) +1(55Y) < @) + 10 2

1. Definitions (i) X is called non-square when
min(flz+yl, e —yl)) <2 if [|lz]| =yl = 1.

(ii) X is called uniformly non-square in the sense of James when there exists
d > 0 such that

min(||z +yl|, [l — yll) < 2(1 —4) if |zl = |lyll = L.
(iii) X is called strictly conver when
lz+yll <2 if flzl=]yll=1, z#y.
(iv) X is called uniformly convez when for any € > 0 there exists § > 0 such that

le+yll <21 -6) if [lz|l =yl =1, llz—yll=e

It is easy to see that X is non-square if and only if X contains no subspace
isometric to £2 (two dimensional real £;-space).



2. Theorem The following are equivalent.
(i) X is non-square.
(ii) For all z,y € X(z # 0 or y#0)

(55) +1(55Y) < f@) + 1)

(iii) For all z,y € X(z # 0 or y #0)
mm{f@:;_y), f<z;y>} 3 f(w);f(y)_

3. Theorem The following are equivalent.
(i) X is strictly convex.
(ii) For all z,y € X(z # y)

(240 10

4. Theorem The following are equivalent.
(i) X is uniformly non-square.
(ii) There exists § > 0 such that

H(5) +1(55Y) <r@+ fw-d it lall =l =1 @

(iii) There exists § > 0 such that

win {1(552), 7(55) < BT s it el =i =1

(iv) For any € > 0 there exists § > 0 such that

s (g”;y)” (“”;;y) < (1=8)(f(2)+1 () if llz] < LIl < 1, lz—yll = € (5)

5. Remark f is called homogeneous of order p if f(tz) = #f(z) for all
t > 0,z € X. It is shown that if f is homogenuous of order p with p > 1, then X is
uniformly non-square if and only if there exists § > 0 such that

(550) +1(55Y) < a-0(@+ f@) forall sye X (©)

6. Corollary Let 1 < p < co. Then X is uniformly non-square if and only if
there exists § > 0 such that

P T —y
+ 2

P

zty < (1= 0)(llzlP +lylP) forall z,yeX. ()

2




7. Theorem The following are equivalent.
(i) X is uniformly convex.
(ii) For any € > 0 there exists § > 0 such that

! (z___+_2__y> = W —6 if o] <L lwll <10z -yl > e

(iii) For any € > 0 there exists § > 0 such that

f<w—;—y> <a _5)I.(.§Z_‘;'_Jf.(..yl if ol <1yl <1, llz -yl > e

(iv) For any a > 0,b > 0,€ > 0 there exists 4 > 0 such: that
z+ z)+ .
(55Y) <a-ofO 0 st o <ap <o —al 2 ¢

(v) For any 7 > 0 there exists § > 0 such that

f(z) < flz+1y) + fz —79)

2

=6 if izl = llyll = 1.

(vi) For any a > 0,b > 0,¢ > 0(b < ¢), 7 > 0 there exists § > 0 such that

flz+7y) + flz—T1Y)

fle) < :

—6 if [z <a,b< |yl < e

(vii) For any 7 > 0 there exists § > 0 such that

fz+7y) + flz—T1y)
2

flz)<(1-9) if |zl = flyll = 1.

(8)

(9)

(10)

(11)

(12)

(13)

8. Remark Similar characterizations of uniform non-squareness holds true: X
s uniformly non-square if and only if the inequality (8) (resp. (9)) is valid for some

(0 < e < 2) and é > 0, and the same is valid for (11) (resp. (13)).

9. Corollary Let 1 < p < oco. Then the following are equivalent.
(i) X is uniformly convex.
.(ii) For any € > 0 there exists § > 0 such that

Tty
2

P _ el + Il
2

6 if |zl <L [lyll < L[l —yll 2 €

(iii) For any e > 0 there exists d > 0 such that

p P P
il o plelr

- 2

if 2zl <Lyl <L llz-yl=e

(14)

(15)



(iv) For any a > 0,b > 0,€ > 0 there exists § > 0 such that

z+ylf° z|? +|lyl” . |
2 < - B s o <ol < lo -z e (19)

(v) For any 7 > 0

. z +1yl|P + ||z — Y|P ' '
e { bl P he =il Joll =l =1} > 1. (17

10. Corollary Let 1 < p < co. Then the following are equivalent.
(i) X is uniformly non-square.
(ii) There exist €(0 < € < 2) and § > 0 such that

T+Y
2

ol 7]

< 5 § if [zl <Lyl < Lllz -yl > e (18)

(iii) There exist €(0 < € < 2) and § > 0 such that

z+y° z|” + llyliP .
20 < o i oy <1yl < vl -l ze (19)

(iv) There exists 7(0 < 7 < 1) such that

. z+ T1y|P + ||z — Ty||P
mf{” P+l — o7 nm||=||yn=1}>1. (20)

11. Remark Schéffer type constant is defined by

t _ t\ 1/t
inf { (”‘” 7yl *2” Iz =yl ) lzl| = |yl = 1} if1<t< o0,
SX’t(T) :

inf { max(||z + ryll, o = o) : ol =llgll =1} ift=oco.

It follows from (17) and (20) that X is uniformly convex if and only if Sx¢(7) > 1
for all 7 > 0, and X is uniformly non-square if and only if Sx;(7) > 1 for some
7(0 <7 < 1).
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Rouché Type Theorem and Operator Theory

Takahiko Nakazi (Hokkaido University)

Abstract. We show Rouché type theorems on the unit disc D in ' using operator
theory. As an application, we describe a function whose Denjoy-Wolff point is in 8D.

Rouché DEH & ERZEH

LR KRB ER AT IR
T BEZ

Rouché MFE| U 2 HMRMEOEMMAMMR CEENIER, f913 U LTE
ar mo FHEOU ILEA %:w_m\e-m b L |f(2)] > l9(z)| (z€0U) ibiE, fo
BI2EAOEEE f—g DU ZBITLIELOERILELY,

SEB te 0,1 LT f—tg IXMRELY OU L TELRLRNDT,

_ 1 fl(z) —tg'(2)

V() = omi Jou f(z) — tg(2) az
EFTHE.NH)RURBITD f—tg DU BT 2FERADEKE 2%, N(t) iX[0,1] T
BB L RD I ERTIENRTE, HRELTN@E) =N(0)=N(1).

Rouché MEET, f,g M 0U LTEFEELL, |f(2)] > |9(z)| (= € OU) &
1F(2)| > e+ g9(2)| (z€dU) £725 >0 BHEETDZLIZRETH S,

D %#HEAAMK, HP (0<p<oo) iX D ED Hardy L5, fe HP DL ZE,
27 X
f »% outer BA%K & 1% / log |f(")|d8/2m = log|f(0)] &72D & &, f 7% inner BEEL & 1

17(e®) =1 aeb LrBLEERND, —fROETR fe HP 13 f =gh LRFSAETE
B2 ENEBNTWA, & 2T ¢ld inner B, h X outer BECTH D, g =q[f] £F<,

¢1,q2 % inner L TB, ¢ - @2 &1F Guge = |f|/f £ 725 outer BAEK f € H'
WEETAILEThHB.e i - O ¢ <@ PEE q ~ g LEL, inner B ¢ %
Blaschke fi &2 L &, deg(q) 13 ¢ PEROEHEEK T, ¢ i finite Blaschke 0>2
go V¥ inner BEETHEE, q = ¢ 72 DIT deg(qr) > deg(qe) 227225 gp b finite
Blaschke F& & 25, q1 ~ g2 72 B deg(q:) = deg(g2) TH Do

YD EEIT Rouché DEED—EILTH D,



FE1] 0<p<oot¥d, fige HP BETHEVLT S, |f(2)] > ¢+
9(2)] (ae-z €0D) 725 € >0 BEET DR DI, ¢[f] ~ qlf — g] TH B,

s g =q[fs @@ =4q[f —g]. f=qih. h i outer ¥ k=g/h &T5
é:\ f_'g h(Q1 )&fiég ::TkEHOO 753‘/) ”kllooSlﬁ)/JQQ:(J{ql—k] (‘:fi
Dol q—kDouterpart LFTDHE, L LTe H® THD, gi—k=1-qik)g = gt
Agl)]

Qg2 = (1 - Q1k)€ Tgq, = T(l'*fnk)Te :
TH Do Ta—gry & Tp-1 25 invertible Toeplitz {EARTH 2 Z LIFR< BTV AN,
T41q, V& invertible T %, Widom-Devinatz DEHEEZANWT (FHITEHED) ., 1~ &
NI EMNTE B,

FE1Te=0,72&., q[f]~qf —g] HEIL LW, fi#R2L, f=2»D
g=1,95,. |f(2)|=19(2)] (2€8D) LML q[fl=2>q[f—g]=1THDDb,

ROFBIIEHE 1 Te=0 &Lt EEHFHITWE, LHL, Z0L % Widom-
Devinatz DEEZ AV SERHERV,

FH 2 0<p<oo t¥d, fg€ HP IETRVETS, bL |f(2)] >
l9(2)| (a.e.z € OD) 72 bIX. ¢[f] > q[f — 9] TH D, FEL f#£g &T 5,

EH 2 DA D . IR®D Adamyan-Arov-Krein O EE % H\ 5, Zhix
%12 & > T Hankel {’Eﬁ?%%ﬁb"(&%éﬂﬁ‘b@@ Nakazi [1] IZ X 2ERTH 5,

WE| o=f/|f\feH' > f£0ETBL,
{9; 9€ H®, |l — gllo <1}

F1-Q)(1-
_ { (11_6_2)& w>;w€H°°,|[w[|oo§1}

Thd, ZIT, Fe H 7D ¢F >0, D

1+Q(z)_/2ﬂ’e"t+z
1-Q(2) Jo e

|F(e®)|dt/2n (z € D),

EBE 2 O f = qh, ¢ = q[f], h X outer DO k=g/h T B,
Fog=h@-F)|Elw <152 k€ H® 2550 1= (1+a)2/1+aq(1+q) € B
"o d=q ELTHETERT L

{£; Le H®, ||g — {||o < 1}

S e sy

k=015, lgg—Llloo = |lkllo < 1225 £ = F(l —Q)(1-w)/(1-Qu) 2>> G F > 0

o 2D&E (1-Q)(1-w)/(1-Quw) I& outer B3N E. g[f - g] = gl — k] = q[€] = ¢[F]
L72%, q[fIF 20 25 q[f] = o[f - gl



% 1| (Sarason [2]) f % finite Blaschke &, g € H® 7D ||gllo <1 £ T 5
&, deg(f) > degq[f —g] THD,

22 ¢% Do DDODF~DERIEBZRID d£z £TDH, A% ¢ D Denjoy-
Wolff point (REIR) &2, £z

(3z + 2a)w — (z + 2a)

F@WOZ(&+EQ~(L+%@w

95, TZTaefl, laj=122weH® |u|lo<1, w#l &7T 5,

(1) A €0D THOHSLETDEHETHD b =1¢&RDbe £ BbHoT ¢(z) =
bF(a,w) 72 |a| =1 TH 3,

(2) X € D THDHUEBEFHEMEE ¢(2) = Fla,w) 2 |a] <1 TH D,

SEBA  Sarason [2] I3 A € D THILE+HZEHITHD b|=1LDbe L
BHoT, z—b¢ IZ outer Eﬁﬁé& A€ D THAILEFDEHETHD ae D ITHLT

qk_@zl__ B || Blleo <1532 ¢ £ 2 &7RDBMNE+S
ESCAN)

z—¢= 0w , wE H®, |Jw]le <1
Thd, ZDEE F=(z+a)(1+az), a€ £, |a] <1, v> 0502 Q = (14+2az)/(3+2az)
Thbd, 2T ¢d=Flaw), |a| <1 &%3B, LI TJ\L Sarason [2] ORIV, (1)
& (2) BEIT B,

Z2OAELT, ol =1, o] =1 22 ¢(2)

= Fla,0z) LE L, TDLE
a#1720 ¢(—a)=—a THHIH, bLa=172b64¢1)=1T

S B
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TENSOR PRODUCT OF LOG-HYPONORMAL
OPERATORS

KOTARO TANAHASHI' AND MUNEO CHOQ?

ABSTRACT. Let A (resp. B) be a bounded linear operator on
a complex Hilbert space H (resp. K). We show that the ten-
sor product A ® B is log-hyponormal if and only if A and B are
log-hyponormal, and we show similar result holds for class A(s,t)
operators.

1. F.
EAL 22 H OB RBIER® T #%2% %, hyponormal {E
J=ES
TT* < T*T
22V THIE Putnam RER; ([ 4])

|T*T - TT*|| < ——measz (e(T) / f rdrdf
o(T)

DALY LD,  Aluthge [1] (2 & > T hyponormal {EREDILETH 5
p-hyponormal fEAZ (0 <p < 1)

(TT*)? < (T*T)y
NEAINER, £, F# 3] 1L >TKRD & 57 p-hyponormal fEA

#® Putnam FER
* - *\p
” (T T) (TT ) ..<.. l/f ,,.2p—1d,rd0
p T o(T)
PR E NIz, G (16, 17) 1. ZZMB pos 40 & L
| log(T*T) — log(TT*)|| < = / / r~ldrdg
TJJ o(T)

% F48 L T log-hyponormal fEf5€® Putnam REXZFEHA L7, log-
hyponormal {EFIED T A 7713 %#E 2] CRONDH, ZORATEEZA
WD, B, IER. A 6] AR TH D, £D%. p-hyponormal
VERFEDIEA 72MEE A log-hyponormal fERAFEIZ OV THRIN, Wi
i¥. log-hyponormal fEF %% 0-hyponormal fEAR THBH L2 D Z
LR TET,

! This research was supported by Grant-in-Aid Research 1. No. 10640187, 2.
No.14540190
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Key words. and phrases. log-hyponormal operator, A(s,t) operator, tensor
product.




¥ i3 p-hyponormal, log-hyponormal {EFROME CTH S, ([1, 9, 16,
17))

[i#8 1] T € B(H) i& p-hyponormal, %7213 log-hyponormal £/
FLTHLERMVHBILT 2,

(1) Tz = Mz 25 T*z = Xz TH 5,

(2) (T =Nz =0 (|lza]] = 1) 2#BIE (T —-N2,—0TH2D,

(8) T =U|T| &£BHfET 5, T # p-hyponormal (0 <p < 1/2) 72
51T Aluthge &4t T = |T|V2U|T|/? iX (p+1/2)-hyponormal T 5,

2. &
Z Z T log-hyponormal {ERERED T v Y VEDHEE EZF 5,

[BHE] e LNV MER HK DT I NVEHOK

(21 ® Y1, T2 ® Y2) = (T1, T2) (Y1, Y2)
#Ex25, TZTAeB(H),Be B(K)DTYNVEARB € B(H®K)
& '
(A® B)(z®y) = Az ® By

TEDDND,

[&%] Jinchuan [13] X A® B % normal & 725 %LE+05MHIE A, B
M normal THAHZ L&ERLI (272U A B#0 &9 5), Stochel [15]
i¥ hyponormal, Duggal [4] i p-hyponormal, Jeon, Duggal [12] i class
A DFEETR LIz, LA L paranormal (|| Tz|? < ||T%z||||z]]) =2\ T
IXZ&HE 2] A T #° paranormal T% T ® T' 3 paranormal {272 b7\
EWVIFlEELTND,

[#R8 2] A = Ua|A| € B(H),B =Us|B| € B(K) LHB7%5ES 5,
() 4@ B|= [A]@ |B]. )
(2) A® B D581 AQ B= (Ua®Usg)(|4| ® |B|) Th 5,

({8 3] Ac B(H),BeB(K) ZTTHTOSAB &¥5, 2Ok
log(A® B) = (log A) @I +I® (log B) £72%,

[fEE 4] A ® B 78 log-hyponormal & 72 2% %E+35&ME A, B
log-hyponormal £725Z & ThH D,

[B%] T = U|T| LB LIEE T,y = |TI°UIT|* % Aluthge
transform for s, > 0 &5, BEH, D. Jung, S.H. Lee, M.Y. Lee,
7 7] X class A(s, t)

[Toel ™ > |T(
EEAL, b2, FHE [10] 1 class wA(s, t)
Toal %0 2 TP TP 2 |(Top)'| 5
BEA LR, ThOOERROBRE., B, 7R, LK, 918, FEO
IXEE L SRR, B, (FRE. LU [11]) 12K D class A(s,t) & class
wA(s,t) I F—ETHIENRINTNWD, F, class A(k,1) & class
A(k), class A(1,1) % class A £V TR BHIZOWTIZLIRT GFEAR




BTV ([8]). p-hyponormal, log-hyponormal {EFIS& I class A(s, t)
THY, class A(1,1) fEFFEIL paranormal THd Z L EDHEBAVVEE
MWRERTVS, (3,9, 10, 16, 17, 18]) |

ROEHEIT class A(s,t) DT VY AFEIZOWTER 4 LF UHEMN
YD LERLTND,

[BE 5] A,B iI|TRNET D, ZDL& A®B 78 class A(s, t) &
RBMEBYTEMEIT A B 8 class A(s,t) LB & ThH B,
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AROUND THE FURUTA INEQUALITY

E1zABURO KAMEI*

1. Introduction. Throughout this note, A and B are positive operators on a Hilbert space.
For convenience, we denote A > 0 (resp. A > 0) if A is a positive (resp. invertible) operator. The
a-power mean of A and B introduced by Kubo-Ando [18] is given by

Afe B=A¥(A"¥BA%)*A} for 0<a <1

The Furuta inequality [6] can be written by the form of a-power mean as follows ([2],[3],[12],[13],[14]).

Furuta inequality: If A > B >0, then
(¥ A* 1 BP<A and B < B*fi-u AP
p—u pP—u
holds foru <0 and 1 < p.
(F) is an extension of the Léwner-Heinz inequality:

(LH) If A>B>0, then A®>B® for 0<a<1.

As shown in [12](cf.[7]), we can arrange (F) in one line by the form of a-power mean as follows:

Satellite theorem of the Furuta inequality: IfA > B >0, then

(SF) A" fi-u BP <B <A< B fiu AP

P—u p—u

holds for allu <0 and 1 < p.
More generally, in [13], we have shown

(SFY A¥ #5-u BP < B%and A° < B* f1_. A?
P—u P—u

holds for 0 < d <pand u <0.
For positive invertible operator A and B, we denote A > B if log A > log B and called the
chaotic order ([3],[16],[17]).

The next characterization of the chaotic order we obtained in [3] is usefull and starting point of
our following discussions, so we call it chaotic Furuta inequality.

Chaotic Furuta inequality: Let A and B be positive invertible operators. If A > B, then

(CF) A —u BP<I<B*f_u AP
Pt P—u

2000 Mathematics Subject Classification. 4TA63 and 47A64
Key words and phrases. Positive operators, Operator mean, Lowner-Heinz inequality, Furuta inequality, grand
Furuta inequality, Chaotic order.
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foranyp>0 and 0 > u.

By the form of the Furuta inequality (F), we have the following ([16],(17]). As compared with
(SF), this shows the diﬁ'erence between the usual order A > B and the chaotic order A>> B.

Satellite theorem of chaotic Furuta inequality: Let A and B be positive invertible oper-
ators. If A>> B, then

(SCF) A¥ fi-w BP< B and A< B fi-u AP
p—u P-u
holds for anyp>1 and 0 > u.

We had generalized (CF) and (SCF) more as follows [16]:

Theorem A. Let A and B be positive invertible operators, if A >> B, then the following (1)
and (2) hold.

(1) A* fs- BP < B® and A° < B* fs-u AP for u<0 and 0<6<p
p—u P

(2) A% fa-u BP < A* and B* < B* fla-u AP for u<a <0 and 0<p.
p—u p—u

2. Grand Furuta inequality. As a generalization of the Furuta inequality; Furuta [8] had
given an inequality which we called the grand Furuta inequality in [4],[5] and [15]. It interpolates the
Furuta inequality and the Ando-Hiai inequality [1] equivalent to the main result of log majorization.

The grand Furuta inequality: If A > B >0 and A is invertible, then for each 1 < p and
0<t<,

(GF) AT e (A" BY) S A and BS BT faoue (B 47)

holds fort <r and 1 < s.

The best possibility of the power ﬁﬁ—; is shown in [19]. Replacing s with %_:_%, 1<p<pB,
we can state this theorem by the satellite form as follows [15]:

Satellite theorem of the grand Furuta inequality. If A > B > 0, then the following holds
for0<it<1<p<pPandu<0.

A* f1-u (A' hpo: BP) < (A! hooe BP)® < B< A< (B’ gzt AP)? < B* f1-u (B! hs_s AP).
B=w Pt (2= Pt o P—1

To prove this, we had shown the following theorem ([4],[5]).

Theorem B. If A > B > 0, then the following holds for 0 <t<1<p<f

(A ho—e BP)? < B and (B s A7) > A.
p-t p—t



3. Uchiyama’s Theorem and Furuta’s Theorem.

Recently, Uchiyama [20] has shown the following inequality as an extension of (F).
Uchiyama’s Theorem. IfA> B >C >0, then for eacht € [0, 1] andp > 1

(©) AT 2 A7 fame (BTAOPBEY
holds forr >t and s > 1.

Related to this, we proposed the following inequality in [5] because (U) seems a skewed form
from our view point.

Theorem C. If A, B, C > 0 satisfy A>> B and B > C, then for each t € [0, 1]
B> C 2 (B, )& 2 A7 § 1y (B 4, CF)

t
p—t)adr

holds for allp>1, s> 1 andr > &.

In this inequality, if A > B = C, then we have (F) and if A = B > C, then (GF) is obtained.
Very recently, Furuta [9] extennded (U) more precisely(cf.[10],[11]).

Furuta’s Theorem. IfA> B > C > 0, then the following (1) and (2) hold for each t € [0, 1]
andp>1l, r>tands>1.

(1) BU2BECB Rz ATy (BTHOPBHY 2 AT e (BTEOPBTHY

(2) Bt >B 3CB % > A" f;-e.r B"3CPBE > A" | 1otie (B~icPB~%)°
p-t)odr

ptepr

We state these inequalities by simillar forms to (SGF) replacing s with gi_'-f for B > p and give
proofs.

Theorem 1. IfA> B > C > 0, then the following (1) and (2) hold for each t € [0, 1] and
1<p<LPandt<r.

(1) B>C2(B'hazy C7)P 2 BEA™BE f3 (B' o=y CF) 2 BIATBE Yy (B' gy O7)

@) B>C>BiA "B} fizese CP > B3A-TB3% $izssr (B' Ho=s C7)
Pty —fher p—t

To prove this theorem, we prepare the next lemma which is a modification of Theorem B.

Lemma. If B> C >0, then the following holds fort € {0, 1] and 1 <p < 8.

(B hey CP)E < CP



Proof. The first step, for 1 < ;L:% <2,
Bt fg_s CP = CP ljp—s B* =CP(C? §-p B~)CP < CP(C™P fp-p, C™*)CP = C*
p—t p—t p—-t p—t
By (LH), we have (B* fjp-: CP)% < CP. The second step, put C; = (B* 5. C’”)?l’, then C; < B
« b=t e _
andforls%f}gz

B! Hoyx CF = B'bigy=t (B' o=t C7) = B' gy cl <ot
That is, B' lizy=: CP < (B' gzt CP)'?. So by (LH), we have
(B hoy—e CP)F < (B hoe C7)B < CP.
Pt Pt
Repeating this, we have the conclusion.

Proof of Theorem 1. Since (B? hg___ C”) < C < B by Theorem B and (LH), (1) is shown
as follows:

A7 iy (B-tcPB~%)~5= < B s (B"i’CPB'%)“%E‘:‘
BH{I fy (B bzt C7)}B = B~ ?(B‘ o CP)3 B4
< B-3C'B~% <B-$B'B-% =1,

i

hence {A%(B~31CPB-% )P~B A%} < At. Applying (SF)’ to these,

(A= f,,re {AR(B-ECPB1)5 A%}EY < (AB(B-ECPB1)FTAR}EE,
that is, A+ f1_usr A3(B-$CPB~%)55 A% < {A%(B-3CPB~$)7 A$}3. Multiplying A~# to
the both sides of this formula, we have

Bt

A" famee (BTECPBTE)PS < ATy (B-iCPB—1)7=
< BTy (B~3CPB~%)5= = B~#(B! 5-. C°)#B~% < B~3CB~% < B,
p—t
(1) is obtained by multiplying B% to the above each formula.

We can show (2) by similar methods. Since {A%(B~#CPB~ ’5‘)2”'/1 #}% < A, we can use (SF)’
(AH~F § Lr=t {A¥(B~ torp- !)p—-t A%}z‘a < {A3(B~ fCPB r)p_tA%}z‘a%
that is, A~ fa-rsr AS(B-5CPB-%)5% A5 < {AS(B~CPB~1)7= A%}5. Multiplying A~%
from the both sides of this formula and using Lemma, we have
A7 fgeeee (BTHCPBTH)SE <A™ iy (B~4CPB~1)5=
< Bty (B~4CPB )5 = B~H(B' 4 O")EB~8 < BTICPBTE.
p—t



Again multiplying B* to each sides of this formula, we have
BiATB?% Hp=ex (B bozy OP) < CP.
Since BEA~TB% ;- —ix (B he= CP) = B3A-"B% P {B%ATB% gg_m (Bt he=: CP)},
we have B¥ A—"B*% ﬁz—a$r (B hg__ CrP) £ BEA"TBE ﬁl Sty CP. As the next step, we show
Pt
T by v
BtA-TB3 ﬁp-—-:$r C?<C<B. Smce
A7t Y, B~3CPB % <B~'{, B-#CPB~% =B~ %(I§, CP)B~% = B~#CB~% < B1~t < Al,
P ) 4 b4
that is, (A¥ B-3CPB~%A%)? < A. Applying (CF) or (SF)’, we have
A Y . ATBTICPBEAR <.

Pt

This is equivalent to A~ § st B-3CPB~% < A~*. So the following holds.

T fazyr BTICPBTE = BECPBH | o AT =BT3CPBE i (BTHCPBTH n_z?_ A

B-icrB-t fozs (A7 §zssr B~ 170:9: e ’«‘)SB $CPB~% fpus At = A"t §,- B-¥CPB~%
P Pt P P
< B B~%CPB~% = B~3(I B CP)B—% = B-3CB~%

By multiplying B~ % to the both sides of these formulas, we obtain B¥ A-"B% ﬁ1-c$r C? < C<B.
p—t4r
We show similar ineqalities as applications of Theorem A.
Theorem 2. If A > (B‘!t?C’PB“é)Fé?, the the following (1) and (2) hold fort € [0, 1], 1 <

p<PBandr>t.

(1) B' 1 C7 > BEAT'BY {; (B ezt CP) BiA"B} Hyzeee (B' o=t CF)

(2) B*f1x O72 BtA~'B% by €7 > BiA"B3 fizgge CF 2 BiA~"B3 fizeer (B' hey C)
Proof. (1) is given as follows:
A fyer (BTECPB™H)55 = (BTECPBH)75 § oy A

= (B*%CPB-—’:’)%E—:' HEEA {(B“%CPB—%)%:—:. ﬁ _g - A“r}

= (BTECPBH)% o (AT § e (BHOPBH)FH)

< (B"f‘C”B’%)‘g‘:‘ﬁ ﬂg_il At = A" g% (B~%CPB~%)€—Z—§

= A7y (BHCPBTH)SE < (B-iorBE)R
The first inequality follows from Theorem A (2) and the second one is also given by (1) of Theorem

A. The conclusion is obtained by multiplying B# both sides of every formula.
(2) is also obtained by similar caliculations to (1).

T lgme (BEOPBTH = A7 e (AT g (BECPBT z)p-i}
A gy (BTECPBE) = (BTICPBTH)§ oy AT
(B~#C"B™#) foos {(B™3CPB7H) g, A7} = (BTHCPBH) foms {477 fese (BTECPBTE))
< (B7iCPB %) fpy At = A"t b B 4CPB~% = A~ §1_. B-ECPB~% < (B~3CPBH)5=
? -—z%p,

IA

i



The first and second inequalities are led by (2) of Theorem A and the final one is led by (1) of
Theorem A. Multiplying B# to each formula from both sides, we attain the conclusion.
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OPERATOR CONVEXITY IN FURUTA TYPE
OPERATOR INEQUALITIES

MASATOSHI FUJII

ABSTRACT. In this note, we propose a new characterization of the chaotic order log A >
log B for positive invertible operators A and B on a Hilbert space. It is related to the
operator convexity of the function ¢* for 1 < a < 2. Precisely, log A > log B if and only
if .
AT 2 BP > B% or equivalently 4°> BT} str AP
T ptr
hold for 0<p<d<2pandr>0.

1. INTRODUCTION

The positivity of operators acting on a Hilbert space H is defined by (Az,z) > 0 for
all z € H. The Furuta inequality [4] characterizes the operator order A > B for positive
operators A, B > 0, see 2, 5, 7, 8, 10]. Ando [1] substantially attempted to characterize
the chaotic order log A > log B among positive invertible operators A, B > 0 in terms of
Furuta’s type operator inequality. Afterwards, it was generalized in [3, 6] as follws: For
A,B >0, log A > log B if and only if

(1) A" > (A3BPAR)7E  (p,r > 0).
or equivalently,
B" < (BiAPB3)7"  (p,r > 0),

see also [11].

On the other hand, the a-geometric mean f, among positive operators is introduced

by Kubo-Ando:
(2) A, B=A7(A7 BA7)%A2
for A,B > 0 and a € [0,1]. Kamei [8] pointed out that the Furuta inequality can be
represented by a chain of operator inequalityies via the a-geometric mean: If A > B > 0,
then
(3) A7 1 BP< B< AL B f14r AP

ptr ptr
holds for p > 1 and r > 0. Furthermore it suggested that two inequalities on both
sides in (3) hold under the assumption log A > log B; actually Kamei [9] proved that if
log A > log B for A, B > 0, then the chaotic Furuta inequality
(4) AT $s0. BP < B®, A° < BT fis AP

ptr ptr

holdforpZéZOand’rZO.

1991 Mathematics Subject Classification. 47A30 and 47A63.
Key words and phrases. Chaotic order, operator convexity, Furuta inequality and chaotic Furuta
inequality.
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Now we recall the fact that a nonnegative continuous function f on [0, c0) is operator
monotone if and only if £f(¢) is operator convex. Especially, the Léwner-Heinz inequality
says that t® is operator convex for & € [1,2]. From the viewpoint of this, we want to
propose a characterization of the chaotic order which is an operator convex version of (4).
Precisely, it is given by the following inequalities parallel to (4). We here denote o by
the same formula as ff, in (2) for & € R. Then log A > log B for A, B > 0 if and only if

(5) A7 hays BP2 B, AP B s AP

pt+r

hold for 0 < p < § < 2p and r > 0. We note that the condition 0 < p < § < 2p

and 7 > 0 ensures g-j—} € [1,2] which corresponds to the operator convexity of power

functions. Consequently the order relation in (4) and (5) is reversible. Moreover, we

discuss the monotonicity of some operator functions raising from (5). It is equivalent

to the monotonicity of the operator function F(r) = A™" § sir B? under the assumption
p+r

log A > log B for A, B > 0.

2. A CHARACTERIZATION OF CHAOTIC ORDER

The purpose of this section is to give a characterization of the chaotic order related to
the operator convexity.

Theorem 1. The following statements are mutually equaivalent for A, B > 0:
(1) log A > log B.
(2) A" ﬂg% BP < B holds forp>6 >0 and r > 0.

PTT

(2) A< B ﬁ.s+r AP holds forp> 6> 0 andr > 0.
(3) A~ Th_i_ B”>B‘5holdsf0r0<p<6<2pand'r>0
(3’) A‘5>B"’ hi AP holds for 0 < p < 8§ <2p and r > 0.

For convenience, we cite some formulas on the binary operation f; (s € R), wich will
be used below.

Lemma. The following equations holds for X,Y > 0 and 5,7 € R:
(l)X hs Y:th—sx

(2) X hst Y=X hs (X ht Y)

(3) X V= X(X—l s Y_l)X'

(4) X1, v = (X, V)™

Proof of Theorem 1. Suppose that (1) holds, i.e., log A > log B, and p, r > 0. Then A
and B satisfiy (1) in Introduction, in other words,

B AT=AT}. BP<I
Hence it follows that for 0 <6 <p
A" fogs BP = BP s A7 = B? s (B 2. A7)
< B fps I=14s B =B,

that is, (2) is obtained.
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Next we assume (2). For0<p<d§d <2pandr >0, weputn=2p—4. Since 0 << p,
we have

AT ﬁ% BP < B" andso A" ﬁﬂ% B™? > B™".
Therefore it implies that
AT h%% BP = BP h;,_;g AT = B”(B_p_b%ﬁl A")B?P
= B"(A" z-sx B7")B” > BPB"B" = B?,
so that (3) is proved.
Finally we show that (3) implies (1). So we put § = 2p in (3). Thus we have
B <A™ Napr BY =B Y-, A7 =B"(B™" {2 A)B".

‘"Therefore we have
1<B?Pf§s A"

p+r
and so

1>BP ﬁ;;;_r AT=AT¢
which is equivalent to log- A > log B.

In addition, the equivalence among (1), (2’) and (3’) is ensured by that among (1), (2)
and (3) because (1) is understood as log B~! > log A~

3

pr

3. THE MONOTONICITY OF OPERATOR FUNCTIONS

In this section, we discuss the monotonicity of the operator function
Fo(r)=B"" l;{%rl AP (r > 0).
T

Theorem 1 says that if log A > log B and 0 < p < a < 2p, then F(0) > F(r) for r > 0.
Combining with the monotonicity of the function

F5(T) = B7" ﬁﬁ_'-_% AP (’l” _>_ O)

for given 0 < § < p, we can conjecture the monotonicity of F'(r). As a matter of fact, we
have the following theorem:

Theorem 2. Let F,(r) and Fs(r) be as in above. Then the following statements are
equivalent;
(1) Fu(r) is a decreasing function if 0 <p < a < 2p.
(2) Fs(r) is an increasing function if 0 < § < p.
Moreover, if log A > log B, then both (1) and (2) hold.

Proof. 'To prove the first half, we put § = 2p — a. It is clear that 0 < p < a < 2p if and
only if 0 < 6 < p, and we have

Fo(r) = B gz A?= AP lp-e B = AP(A fop B)A?
= AP(AP ﬁa_—_-_p_ B—T)—lAp = AP(B—T ﬁ2g—:+r Ap)—lAp

pr

= APFy(r)"1AP.
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To show the second half, we take s for a fixed r > 0 such that 0 < r < s < 2r. Then
it follows from (3) in Theorem 1 that A~? h%z B"™ > B¢, and so AP h_.:x_:_::_a BT < B~
r+p TTp

Therefore we have
Fo(r) = B fatr AP = AP lp-a B™" = AP fp-a (AF lpss B).
ptr p+r pts

T
Noting that —1 < g;—‘: < 0, we remark the reverse order preserving property on lfg; if
Y>Z>0and X >0,then X | s Y <X b g Z for 0<f <1 Actually (3) in Lemma
implies that
XhpgY=XXTh Y HX<=X(X"05pZHXX VY42
Hence we have
Fu(r) == AP hg_—_*_-g_ (AP bEP B7). > AP fp—a B7° = F,(s).

pts

Incidentally we give a similar proof of (2) to the proof of (1) in above. By (2) in
Theorem 1, we have A™P ﬁ%g B < B", or AP ﬂ%g B~ > B for 0 < r < s. It implies
s4p s4p
that

Fy(s) = A fozs B~ = AP o (AP faiz B™) 2 A" fos BT = B fape A" = F(r).

pts pr

Finally we discuss the monotonicity of the operator function
Gy(p) = B gt A”.
p4r
for fixed r > 0 and > 0.

Theorem 3. Let G,(p) be as in above for a fized r > 0, and suppose log A > log B for
A, B > 0. Then for each § > 0, Gs(p) is a decreasing function of p > &, and for each
a >0, Gu(p) is an increasing function of p € [, al.

Proof. For a given § > 0 and ¢ > 0, we have
Gs(p+¢) =B f s4r AP =B " fisrn (BT §per APYO) > BT H51. AP = Gs(p)
Petr PE= potr pr

by (2’) in Theorem 1.
Next it follows from (3’) in Theorem 1 that for 0 < c<a—p
Cale) =Bty =B gz, (B by #) =B by, 47 = Gulp+),

Incidentally we note that the cases § in Theorems 2 and 3 have been discussed, e.g.
§3.3.2 in [7], whose proofs are different from ours.
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BEHERICETEFREBROMENERIZE D
RIS AL

R, MZER (UERFETE)

1. 41>kO853 3y
Fe LAY 72 Korovkin DEB Z IR L 5.

EH 1.1 (Korovkin)

IZHREARME U, {¢.} &, [ LOEREIE (resp., FHIE) ERREBDOEEC(I) (resp.,
Cr(1)) 225 C(I) (resp.,Cr(I)) DH~D pesitive linear map DFIET5. ZD & &, {d. ()}
(5=0, 1, 2) BANZ—REIZBRTHUE, FED f € C(D I LT, {gn(f)} 1T fIZ—BRIZIR
THIENEMNSE. EL,

Lz)=1, =)=z, *z)=2* (z€l)
THb.

T DFEBZOWT, BEEzER £ unital isometory % unital contraction MF| Tl 5 &
WIHIRETERERLZW. IFLOFEE, REONFRIZEL B E, —BINEIZ X DT
H5.

2. TEH

M% C(X) ®Dsubspace &9 5. {EED f € MIZFH LT, Sz € XIZRBiT5 fOREHEZ
%fits &H B functional 27y (z) £ T5. ZDE X, my(z) B3, M OIEEXEOBABEAER O A
BT BL57%r € XORDERI %, M®D Choquet boundary & FE5[3].

I THA DEBEIRARA.

EHE 2.1

X & Y % compact Hausdorff space, M % C(X) (resp., Cr(X)) P subspace, S& MIZ&E=%
N3 X E0 function space & 5. £7z, ¢po% MDD C(Y) (resp., Cr(Y)) DF~D unital
linear contraction & L (n = 1, 2,..), ¢o® M5 C(Y) (resp., Cr(Y)) DF~Dlinear
isometry £ 9%, EHIT, Iy CrkT5. ZOEE EEDf € SITHLT, {ga(f)} 23



Goo(f) WRBIZNERT UL, EED f € MIZH LT, {9a(f)} 23000 (f) W EBITINIRT 2 =
EENND. 2L

N = Span(fj Nn), ¢u(M)=N, (n=1, 2,...,00), T = ¢o(S)
nz=1

ThH5.

EHE 2.2

X & Y% compact Hausdorff space, M% C(X) (resp., Cr(X)) ® subspace, S& MIZE&F
1% X £ function space £ §%. ¥£7z, g% MD 5 C(Y) (resp., Cr(Y)) DH~D unital
linear contraction & L (n = 1, 2,..), ¢oo® M5 C(Y) (resp., Cr(Y)) DHF~Dlinear
isometry £9°%. EbIT, Iy C & §5. ZDEX, EBDF € SIZHLT, {¢.(f)}
Doo(f) ‘ﬁhﬂyﬁ?‘ﬂi EED f € MIZx LT, HyDEED compact subset =T
{0n(F)} Do () IT—ERITIIR S 5 Z L D3 ENB.

B2, Ty 75 compact 72 B, FEED f € MIZH LT, {¢n(f)} D3doo (f) 1Z—HRITUIRT 5
EREIND.

I, N,M, (n=1, 2,...,00), TIXEHE21 TR HDTH 5.

EE2.1, FHE2.2 DFFADAE L, function space, function algebra ¢ Choquet boundary
BT 5 RORETT (1], [4], 72 E) &, isometry DIEEEIRICIERTHZ LITH 5.

8 2.3

(1) MZ X E®Dfunctionspace & L, 2’ € X &5, ZD L& o' €Iy THHZHDL

BT, o, B (8> a>0) &, ?DEBOBREEUICH LT, f € MBPEELT, £
Bz e XIZx LT f(z )@%ﬁﬁﬁ/\b>1}3“€f£< EEDz € USIZHR LT f(z) DEHERSD
—BXV/EL, f(2) DEEE DBl D RENZ L THB.

(2) M%Z X E®Dfunction algebrad& L, 2 € X &35, ZDE& %, 2/ €y THHHD
VBEADEEFL, o, B(B>a>0) &, dDEEOREFEUICH LT, fe MBTFELT, £
B0z e XIEHLT|f(@)| <1,z € UNCHLTf(@)| < o, |f(z)] > BTHBT L Thb.

I 2.4 (isometry DEETE)

M% X _E®function space & L, ¢% MD>H C(Y) (resp., Cr(Y)) DH~O linear isometry
£9%5. N = ¢(M) &34, N© Choquet boundary D EED y2> 5 M DSilov boundary
Yy D £~ continuous map n B—EIFELTC, EEDfe Mty e TniZHLT,

MR LD, S hiZ, y € Tylcwt LT,
[p((@)l =1 (resp., $(1)(y) = +1)

THY, (lly) i3y & —5T 5.



X6, FHE2.1, FHE2.2 EAERNCE UFEIL XL - TC, S function algebra @ & {2k
DEBZE Z LNTE5:

T 2.5

X & Y % compact Hausdorft space, M % C(X) @ subspace, S& MIZEE45 X £D func-
tion algebra &35, ¢ % MDD C(Y) DH~0 unital linear contraction & L (n=1,2,..),
boo® MH>5 C(Y) OF~Dlinear isometry & 5. 61T, Iy Clr kT2, TDEE,
SIZH1T % oprator norm ||, — Peolls AOITHUIRT D72 B, MIZHIT 5 oprator norm
1Br — Boollar B OIWTIRT D Z LBEIND.

3. IuH
427228 Choquet boundary & —E$ 5 7-® D mild 725HHICER LT, EHE2.1, FHE2.2
MBIRDFZBENND.

% 3.1

X & Y % compact Hausdorff space, S% X L function space & 9°5. ¢, % C(X) (resp.,
Cr(X)) 235 C(Y) (resp., Cr(Y)) ®H~D unital linear contraction (n =1, 2,...), ¢oo @
C(X) (resp., Cr(X)) 225 C(Y) (resp., Cr(Y)) ®F~Dlinear isometry &§ 5. EED
y e YIZR LT, g(y) DFEEEOD0IZELL, o ERRBERDy € YITH L Ty(y) PE
EEOBIETHD L7, gBT = 9o (S) ICFET D LT D, ZDLE, EED f € SITX
LT {én(f)} Do (f) ITRBIZIRT B 72 BIE, f£EED f € C(X) (resp., Cr(X)) X LT,
{6n(F)} Ddoo(f) WREIZPIRT B Z W EIND. FTo, FEED f € SIZH LT, {da(f)}
oo (f) IZ—IEITNET B2 H1E, FED f € C(X) (resp., Cr(X)) LT, {ga(f )} 23
boo(f) IC—ARITUNERT B Z & A3 ED LD,

= DF%H>5 Volkov, Morozov DEHED 7 a o—& L TRORBEDNS:

% 3.2 (Cf. Volkov[5])

Q% pIRTTFEL—7 U v NZEHIDZE T2V compact subset & L, ¢, % C(Q) (resp., Cr(£2))
M5 E L b DO~ unital linear contraction (n = 1, 2,...), dooZ C(Q) (resp., Cr(£2)) 2>
R C b DOHAD linear isometry &35, 20D & &, {,(:2)} 23U, {dn(tr)} Dipoo(tr) =

{an (Z Lk>}7aa¢m (}: Lk> S 2 IC BN BRI 572 b, (LB [ €
C’(Q) (resp., Cr(0)) X LT, {¢n(f )}Eglboo(f) \ZEEIZIGRT 5.
% 3.3 (Cf. Morozov[2])
C(RP)ax (resp., Cr(RP)er) & piRkTEL—7 U v RZEM EOEH 2r DERE 2 EREE
(resp., EHUE) BHIBEEOSE LTS, ¢ C(RP)ar (tesp., Cr(RP)ar) D>BR L HDDHF~

? unital linear contraction & L (n =1, 2,...), ¢oo & C(RP)2r (resp., Cr(RP)or) MHRICH
DDHF~D linear isometry &3 5. ZDE X, {¢,(:0)} BT, {pn(cosg)} D3Poo(cosE) = cosi



(2, {@n(sing)} Didoo(sing) = sing i ENEIVEBEITIRT 572 51F, FEED f € C(RP)or
(resp., Cr(RP)2ntZH LT, {¢n(f)} 1Edeo (f) ICRBITIIRS 5.

F#3.2, R3.31, BEOIHEZ —HRINEIZHEL THLRV TSI ¢ L BAATHA.

BRYE L OB DONES CRESTHY 2 D L OERERE:, BATME T FIZEIRRL
TH O 5 BBEEMADMES function space # A(T) & §5. 2D & & EHE24DHIRDFZEH
Eh)hb:

% 3.4

¢ % C(T) D>5[R L b DOHF~D unital linear contraction & L (n =1, 2,...), ¢oo % C(T)
D BE CHDDHA~D linear isometry &35, ZD& &, A(T) IZ331F % operator norm || ¢y, —
bool| aery DIOITIRT D72 HIT (T D & & ool algebra isomorophism TH V), C(T) 12k}
% operator norm ||¢n, — Goollcir) L0 T 5.
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On the Hyers-Ulam stability constant of a first order
linear differential operator

Sin-Ei Takahasi
Department of Basic Technology, Yamagata University

Takeshi Miura
Department of Basic Technology, Yamagata University

and

Shizuo Miyajima
Department of Mathematics, Faculty of Science, Science University of Tokyo

Abstract. Given a complex Banach space X, we gave a necessary and sufficient
condition in order that a first order linear differential operator 7, from C 'R, X)

to C(R, X) has the Hyers-Ulam stability in [1]. In this talk, we give a complete
description of the Hyers-Ulam stability constant of T}, in terms of an integral of % .
The resulting constant is Banach space free.

Main theorem

Let X be a complex Banach space, 4 : R — C a continuous function and
T,: C'(R,X) — C(R, X) afirst order linear differential operator defined by
(Tu)(®) = u'(t) + h(Hu(t) VuEC'(R, X),VtER).
We say that T}, has the Hyers-Ulam stability if
3K =0 :Forevery e20,vEC(R, X) and u € C'(R, X) satisfying “ Tu—v ]]m <g,
du, € C'(R, X) such that Tju,=v and H u—u, ”m <Ke.
We call such K a HUS constant for 7T),. If, in addition, minimum of all such K 's exists, then
we call it the HUS constant for 7). Define

h() = exp f h(s)ds (t ER), C, = sup —1— f | As) lds
0 1ER lh(t)l '

—I-;—(% fo l h(s) Ia’s

.

teR

= 1 ("7 =
D, = sup lﬁ(t) 'f_m } h(s) }ds ,E = sup
Then we have the following

Theorem. (1) T, has the Hyers-Ulam stability if and only if one of C,, D, and E, is
finite.
(2) () If C,, is finite, then C,, is the HUS constant for T, .

(ii) If D, is finite, then D, is the HUS constant for T, .
(iii) If E, is finite, then E, is the HUS constant for T, .



Remark 1. Note that only one of C;,, D, and E,, could be finite. Of course, all of C,, D,
and E, could be infinite, in such case, T}, doesn't have the Hyers-Ulam stability.

Outline of Proof. (1), (2)-(i) and (2)-(ii) are already obtained results in [1]. (2)-(iii) can be
shown by the following two lemmas:

Lemma 1. Let T be a bounded linear operator of a Banach space X into another Banach
space Y and X, the closed unit ball of X. Let @,:Y — R* be a function defined by

@) =sup {|z—y|: zE€ T(X))}
forevery y&€ Y. Then @ (y) takesthe minimumat y=0.

Lemma 2. Let K, be the infimum of all HUS constans for it if T, has the Hyers-Ulam
stability and K, = % otherwise. Then

Ky, = inf sup sup 71~(1—t)(x+ fo ﬁ(s)w(s)ds)

wECR, X):}w],s1 TER

holds.

Remark 2. 1 B#RREM O EAZED Hyers-Ulam Stability [CE 9 23413320 [1] 2518
Ehi=iy,

Proofs

Proof of Lemma 1.
Let f be an arbitrary unit element of the dual space Y* of Y. Set p= sup l Sf(Tx) I
xEXl

We can without loss of generality that p>0. Let C,={z€C: lzl < p}. Then
C,C f(T(X)) C C_;,. In fact,let A€ C,. Since ll l < p, we can take an element x, € X
such that [A] < l Ff(Txy) l <'p. Moreover, we can take suitable real numbers r and 6 such
that O0<r<1 and A=ref(Tx,) . Itfollowsthat A€ f(T(X,)) and then C,C f(T(X)).
Also, f(T(X)))CC, is trivial. This observation implies that F(T(X,))={zEC: |zl < p}.
Now let yE Y. Then

#70) = sup {| f(T) - FO) | xE X} = p= swp | (70| = | ')

Since f is arbitrary, it follows that @ (y) = lt T " = l[ T “ = @A0) as desired.

Proof of Lemma 2.
Let K, be the right hand of the equality in Lemma 2 and set

wECR, X):|w], =1 /ER

K(x) = sup sup —E(%)-(x + fo ’ ﬁ(s)w(s)ds)

foreach x € X. Suppose that both K7, and K, are finite. Assume that K; < K,. Then
we canfind p ER suchthat K; <p <K, andthen p isa HUS constant for T,. Let
w & C(R, X) be such that l] w [Im = 1. Since p isa HUS constant for T, it follows that
there exists u, € C'(R, X) suchthat Tu,=w and " U, "0c = p. Therefore, we can find
x, € X such that

u(f) = Z"%B(x" + L h(s)w(s)ds (tER)




and hence

p=|u. = sup h—(ltg(x + [ Komisyds

Since w is arbitrary, we have p = K, (x,) and hence p =K, which contradicts p<K,.
Next assume that K> K,. Then we can find x, € X with K;> K(x;)>K,. Since

K> K,(x,), there must be u, € C'(R,X) and v EC(R, X) such that " T, —v, !lm <1
and ” u,—u Hm > K(x,) whenever u € C'(R, X) with Tju=v,. Set w,=T,u,—v, and
then n w, "m =< 1. Since Tu,=w,+v,, wecanfind x, € X such that

u,(t) = (x2 f h(s)v,(s)ds + f h(s)w, (s)ds) (t€R).

Set

h(t)
Then u, € C'(R,X) and T,u,=v,, so that “ U, — U, ” > Ky(x;) . However we have

u,(t) = 1—1—(x2 - X, + fl ﬁ(s)v,(s)ds) (t€ER).

u(t) — (1) = (xl fh(s)w.(s)ds) (tE€R)

and hence

nul — U Itw:,sgg h( ) = Ko(x))

X, + f h(s)w,(s)ds

because w, € C(R, X) and [‘ w, |[w = 1. This is a contradiction. These observations implies
that Ky, =K, whenever both K7, and K, are finite. We next show that Ky, =0 ifand
only if K,=0c0. Suppose that K, is finite. Then there exists an element x, € X with
K(x,) <. If there exist u;, EC'(R, X) and v, € C(R, X) such that " T, —v, ”w <1

and n u,—u “w > K,(x,) whenever u € C'(R,X) with Tu=v,,then we arrive a
contradiction by the latter half of the above proof. Therefore K(x;) isa HUS constant for
T, andso Ky, isalso finite. Next suppose that Ky, is finite. Choose a positive number p
suchthat K, <p. Then p isaHUS constantfor T, and hence there exists an element

X, € X with K (x,) < p by the first half of the above proof. Therefore we have that K|,
is finite. Q. E. D.

Given a nonzero continuous function @ : R — C, let us consider a mapping
S, : C(R, X) — C(R, X) and its norm (admitting % ) defined by

(SN = 5%5 fo @(s)f(s)ds (VfEC(R, X), VtER)
and

|Sel=,_.5m, _[S4PL.

FECRX): | flos!
Then S, is a linear operator of C(R, X) into itself. We show the part (2)- (iii) of Theorem
applying the above conception.

Proof of Theorem (2)-(iii).
We first show that ” S; " =FE,. Infact, ]] S; " < E, istrivial. To show the converse, take a
LGl

R (tER). Then | £].=1 and |Si(f)|.=E

unit vector x, in X andset f() =



This implies that " S u = E,. Now by Lemma 2, we have

K, = inf sup

FEX wEC(R.X):ﬂwlwsl

Siw) - =

o

Suppose that £, is finite. Set

tER

p(x, w; h) = sup i )(x + f A(s)w(s)ds

foreach x€X and w€E C(R, X). Then by Lemma 2, we have Ky, < E,. In fact, take a
|A(0) |
)

required. Therefore we see that K7, is finite. We next see that “ 1/h ".» <o, Infact, if

unit vector x, in X and set wy(?) =

x, € R). Then K; = p(0,wy; h)=E, as

II 1/4 ]lw =0, then ,i'rallf? l h(t) ] =0 and so we arrive at a contradiction because

t

l [ Lol
0

holds. Now note that S; is a bounded linear operator of the Banach space C’(R, X) into

itself, where C°(R, X)={f EC(R, X) : ﬂ f ||m <o}, Then by Lemmas 1 and 2, we have
K, = inf sup Si(w) — ;12- ‘X “ > o ]] Siw) |, =i = E,

FEX e ChR, X) ] st w wECKRX):]

sE, k0| tER)

and hence K7, = E;, sothat Ky, =E,. Consequently, E, is the HUS constant for T, .
Q.E.D.
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Multiplier of weighted Dirichlet spaces

Rikio Yoneda (Aichi University of Education)

Let D = {z € C : |z| < 1} denote the open unit disk in the complex plane C and let
0D = {z € C : |z| = 1} denote the unit circle. For 1 < p < 400, the Lebesgue space LP(D,dA)
is defined to be the Banach space of Lebesgue measurable functions on the open unit disk D
with.

15 liany= ([ 1£IPaAG)7 < oo

where dA(z) is the normalized area measure on D. The Bergman space L5(D) is defined to be
the subspace of LP(D, dA) consisting of analytic functions. For 0 < p < 400, the Hardy space
HP is defined to be the Banach space of analytic functions f on D with

‘1 2T 0 %‘ _
nf1|p==(sup o [ s >|pde) <o .
O<r<1 27 Jo

For z,w € D, let B(z,w) = }log %,‘ where @,(w) = #=2. For 0 < r < +00 and
2z € D, let D(2) = D(z,7) = {w € D: B(z,w) < r} denote the Bergman disk. |D(z,r)| denotes
the normalized area of D(z,r) and |D(z,r)| is comparable to (1 — |z|?)2.

The space of analytic functions on D of bounded mean oscillation , denoted by BMOA,
consists of functions f in H? for which

I £ Iznoa =17+ 5w [ |£@) (1 lpa())dA(z) < +oo
eeDJD

Let a > 0. The space of analytic functions on D of bounded mean oscillation , denoted
by BMOA®, consists of functions f in H? for which

I £ llBMoa= = | £(0)] + sup(L — |af*)**~2 / | (2)]” (1= |pa(2)P)dA(2) < +o00 .
a€D D

Note that BMOA! is the space BMOA.
Let a > 0. Then a-Bloch space B® is defined to be the space of analytic functions f on
D such that

I f IlBe:= |70} + f‘gg“ —2%)*|f'(2)] < +oo .

And the little a-Bloch space, denoted Bg, is the closed subspace of B consisting of functions
f with (1 — |2|*)2f/(z) — 0 (|z| — 17). Note that B!, B} are the Bloch space B, the little
Bloch space By, respectively.



Let o > 0. Then the weighted Dirichlet space D% is defined to be the space of analytic
functions f on D such that

I £ llpmi= 17001+ [ (1= |=)° |2 dA(2) < +oo.

Let X and Y be Banach spaces. Then a function f on D is a multiplier of X into Y if
fg €Y for all g in X. In the case, we write fX CY.

For g analytic on D, the operators I , Jy are defined on the weighted Bloch space by the
following:

0@ = [ dOKQdC , (D) = [ 10O
1

If g(z) = z, then J, is the integration operator. If g(z) = log 1=, then J; is the Ceséro operator.

1—-2?

In [6], Ch. Pommerenke showed that J, is bounded operator on Hardy space H? if and
only if g is in BMOA , and this result was extended to the other Hardy space H? 1 < p < 400
in [1]. In [2], A.Aleman and A.G.Siskakis studied the operator J, defined on the weighted
Bergman space. In [10], A.G.Siskakis and R.Zhao studied the boundedness and compactness of
Jg on BMOA :

Theorem A. The operator Jg is bounded on BMOA if and only if

(log #)? ,
sup (——-—m——— IOl lzl")dA(z)) <-+os

IcdD

and Jy is compact on BMOA if and only if

) (103%)2 17N 2 2 _
lim ("Tﬂ”"‘ /S 19 EPA= 1A | <o,

where S(I) ={z:1—[I| < |2| < 1, & € I} for an arc I in 8D.

In [12], we proved the following :

Theorem B. For g analytic on D, theoperator Jg is bounded on B if and only if

1
1— 12?1 '(2)| < o0,
32{3( |[%) log 7— PR l9'(2)] < +

and the operator Jg is compact on B if and only if

. 1
lim (1 - |2|%)log i‘“:'l;“lﬁlgl(z)l =0.

21

Theorem C. Let a > 1. Then the operator Jy is bounded on B* if and only if

sup(1l — |z|2)]g'(z)| < 400, i.e g€ B,
zeD



and the operator J, is compact on B* if and only if

lim (1- 1z)|d'(2)| =0, e g€ By.

|21

In [16], the following result were introduced :

Theorem D. The following are equivalent :

(#) gBCB;

(i) gBoC Bo;

(¢¢c) g€ H™®, jgg(l — |2|%) log ﬁ—%;i}g'(z)] < +00.
And for a > 1, the following are equivalent :

() ¢gB*C B%*;

(i) gBfCBg;

(i) ge H®.

Let w be a continuous non-increasing function on [0, 1] with w(|z]) — oo ( |2| — 17),
(1 —122)Pw(|2]) = 0 ( |z| — 17 )for any B > 0. Then we define the following spaces :

B* :={ fe H(D): sup(1 - |2/*)%w(l2) |£'(2)] < +oo}

2a-2,,(1 _ |J1)2
BMOA** :={ fe H(D): sup lI' ;1 1) f |f'(z)|2 (1 - |2|?)dA(z) < 400}
IcoD 1| S(n)

D = { f € HD): [ (1-1e®)%w(lz)) |7/ ()] dA(2) < +o0}

- Note that B ¢ B** ¢ B*, BMOA C BMOA* C BMOA®*, D C D*¥ C D®. Then we
proved the following:

w'(r)
Thorem 1. Let a > 1. Suppose (1—7) e

For g analytic on D, then Jg is bounded on B if and only if

<C<a-1 for some constant C > 0.
g € B.

/
Thorem 2. Let o > 1. Suppose (1 - r)%z%z < C<a~-1 for some constant C > 0.
For g analytic on D, then Jg is bounded on BMOA®¥ if and only if

g € BMOA.



U)’

Thorem 3. Let o > 1. Suppose (1—r) ” :) < C<a-1 for some constant C > 0.

For g analytic on D, then Jg is bounded on D** if and only if

g€ B.

Corollary 1. Leta> 1. For g analytic on D, the following are equivalent:
(%) 9Baw C Bay ;
(i)  Ig: Baw — Bagw is bounded operator

(i3i) ge H*™.

Corollary 2. Leta>1 Forg analytic on D, the following are equivalent:
(2) 9BMOAy, C BMOAqyy ;

(44) Ig: BMOAy, — BMOA,,, is bounded operator
(i) ge H™.

.
?

Corollary 3. Let a> 1. For g analytic on D, the following are equivalent:
(4) gDa,w C Dy ;
(i)  Ig: Dgw — Dqy, is bounded operator

(i#5) geH™.
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Generalized Riesz Projections

Takahiko Nakazi (Hokkaido University)
Takanori Yamamoto (Hokkai-Gakuen University)

Abstract Hunt-Muckenhoupt-Wheeden proved that if 1 < p < oo and w satisfies the
Muckenhoupt (4,) condition, then the Riesz projection P is bounded on LP(w). Then the ad-
joint operator P* satisfies P*f = w™'P(wf), f € L?(w). For a measurable function v satisfying
|v|Pw € L', the generalized Riesz projection P is defined by P'f = v~'P(vf), f is in the
dense subspace of L?(w). P? is a bounded operator on L?(w) if and only if |v|Pw € (4,). The
adjoint operator (P?)* is described. Then the condition of v and w such that (P?)* = P? is
established.

1. Riesz projection DIt L B IERFE

T = {lz] =1}, dm(e”) = £ ZFLE RO LK% C TR,
"+ C=span{e’™; —co < n < co}. P =span{e™’;0<n <0}, Q=span{e;n <0}
LEDD, . C=P@®Q. Riesz projection P:C — P I

(P =P ( i akei’“") — i apett?
k=0

k=—00

LEEEND, W P?=P. 7L, aq = f(k) 1% f € C @ k-%H ® Fourier {23 % 57,
P X Cauchy ®EfEFESY -

6500 == [ LD em), fe)= ["eor s @

XY, 2EDXHIZRTZLHBTES (f. [1, p.38], [6, p.58)).

pp=ft8F _f+if+i(0)

5 5 , (fec)

1<p<oo e, X
HP ={fel”; f(k)=0, (n<0)},
H={fel”; f(k)=0, (n>0)}

LEETD, 1<p<ocoDL&, HFIZP DL JVABBE—FKL, HLIZ QD LP /LA
Eﬁ@&_ﬁTéo p=2@&%,

fT (i ak@”‘") ( > bkei’“") dm = /T ( 3 akei“) (gbkeika) dm.

k=0 k=—o00 k=—00




P*=P,
P : I? - H? selfadjoint projection.

P % L[ E~FBRICHEELEZERAREZR LT P TR,
(Riesz, 1924) 1<p<oo ML &, P : LP — HP, bounded projection.

1Pfll»
rec.iz0 || fllp

p=1,00 &%, bounded projection : LP — H? IIHFEL

< o0

(Newman, Rudin, 1961)

v, iz
sup RSl _ 1P flleo _

rec.izo £l

1

recizo |fllo

(cf. [13, p.115)) L
QM IP JNVAMHE%R HY TKYT, 72 70FRLY,

(1) l<p<oo®ii¥, IP=HFaH].
2) p=loo Dt ['#H'@H], L*#H oHy
L, [P=HP+HL B HFNHE =0 CThoHEE [P=H @ H) L &7,

LP @ bounded operators D&{k% B(LP) TERT,
l<p<oo Mt %, LERUFEILLY, P*=P. . ||P|swre = |P*llee = |P|lBLe)-

(Verbitsky-Krupnik) 1<p<oo Z2WT
T
P = ||P — = ot ————rre,
1P — Qlips) = |P — Ql|pze) = co S max(p,q)
72iZL, Q=I1-P, % + -;— = 1. (cf. [1, p.220, p.246])

(Hollenbeck-Verbitsky, 2000) 1<p<oo Z2WT
1 1
P qy = py = = .
WPlaten = Pllow) = o mac(p, ) ~ snte /)

1<p<ooc. weLl,w>0IZDNT,
1/p
f e ) & |17l = ([ 1fPwdm) < co.

C,P,Q O LP(w) / /v ARREIL LP(w), H (w), H (w).
Riesz pI‘OJGCthll PixIP (w) @ densely defined operator Th 5B,

i

(Helson-Szeg6, 1960) P € B(L*(w)) & w = e**?, wu,v € L, ||v]|ew < §-
(cf. [5, p.147], [12, p.450], [13, p.99])

__61"_.



l<p<ooDt&E, wel'w>0 P ROFHERHZTLE we (4, LEL

p—1

w € (4,) & ilcl']i)‘ (E%[S/dem) (%Aw'”“"”dm) < 00.
(cf. [13, p.107]) L w € (4,) 72 51F w -1 ¢ L1,
2<p<oo D&XE,w,wte(4,) e we (4)
(Hunt-Muckenhoupt-Wheeden, 1973) P € B(LP(w)) © w € (4,)
(cf. [1, p.39], [5, p.255], [12, p.209, p.450], [13, p.119])

ZDLE,

P : IP(w) — H?(w), bounded projection, IP(w)= HP(w)® HE(w).
wel', w>0IZXLT, KP(w) & K§(w) E2EDEHIZED D,

ko) = {f e 1Pw); [ ™5 u(c)dm(c?) =0, (n<0)},
Kiw) = {f e 12(w) s [ e f(eyu(c")dm(c®) =0, (n<0)}.
% + % =10LE, H(w)!t = K{(w), HE(w)'=Ki(w), ranP*= K9(w).

H L h 2 outer BETHY, w=|hPP 251,
Wl Wl

p .
p — ‘p:__ P P — — p:—»——- p
KP(w) = —H? = —H"(w), Kf(w)=——H} = —Hj(u),
h hP h hP
q = —H9= —HY q = —H! = —HY .
Ki(w) = H = —-H(w), Kj(w)=_—Hf="—Hjw).

bLw=17%25b1F, K(w)=HP, Kl (w)=HE. =Dk X,
PYg=w"'P(wg), (g€ Lw))
LEDDHE, &TO fe LP(w) T2,

fo Prgwdm = fode: fT (Pf)(wg)dm = fT (Pf)gwdm.

P*=P¥. .. ranP* = P*LY(w) = P"LY(w) = K%(w).
P*=P" : L (w) - K%w), bounded projection,
Lq(’w) = Kq(w) &) Kg(’ll)), HPWHB(Lq(w)) = ”P”B(Lp(w)) SPF=P & w liﬁﬁ



2. Generalized Riesz projection 0)%‘ St

Riesz projection P € B(L?(w)) DHBAFARERD S L PY ThBI LR,
pPY LUTARRRE LTRO L 57 PP 252 %, logw € L' DL &, outer %k h FFEL
Tw=|hP. feIP(w)= hf € IP = P(hf) € HP. 2D & &, Pif = h-LP(hf) & EW B,
(P")?2 = P* on LP(w). (A4,) &HFIHERL,

(Coifman-Rochberg, Nakazi) p=2 D& &, w=|h]%,

P": L*(w) — H*(w), selfadjoint projection, L*(w) = H(w)® K3(w).

. o
l1<p<oo®k¥, P":[P(w)— HP(w), bounded projection, ILP(w)= Hp(w)ﬂaﬁﬂg(w).

hy* w/h q h(2—p)/2 . e
(P")* = P¥*: LY(w) — e el (w), bounded projection
he-P/2 . ST~
D) = 1 ) K@), ker(PH)" = K]
. 1
1P |pzr(y = 1Plle) = sin(r/p)’

1<p<do,p;£2,}%+%=1, wlel L&, (P =P & h & widEK
P R Pt EEFE IRV EL D 72DIT, |v| > 01220 T
Generalized Riesz projection P?:v71C — v™C X
P'f=v"'P(vf), (fe€v™C).

LEESND, WE1(1) £V, PY i3 LP(w) LD densely defined operator Th 3,
bLuv=17256iL, PP=P ThHd, vfelC &V, P(vf)eP. #ic

(P")*(f) = P*(v7"P(vf)) = v P*(vf) = v P(vf) = (P*)(f).

ME1| 1<p<oo.well,w>0.|pPwell. ZOL Xk,
(1) v 1C X IP(w) THETH 5,
(2) ®BLlogwe L' kX outer BAETH Y, |v| = |k| b, k7P iX HP(w) CHRHB TH 5,

EH 1 well,w>0 ZD&x,

1) L ||'wel! 251, P ¢ B(L\(w)).

(2) BL1l<p<oo, |v|Pwe Ll 26IT,
P' e B(IP(w)) & PeBIP(v?w) <& |v|Pwe (4.
SDEE, ||Plpe ) = IPllaEs(vl-+uw)-

FHE1EY, 1 <p<oo, wlogw e L' IZR LT, LP(w) 25 HP(w) ~® bounded
projection 3FET D, b L h 2% outer B TH Y w = |l RO, ||P?|pwew) < oo.



EE2| 1<p<oo. w, logwe L'. kX outer Bk & T35, D& X,

1) bL |o|= k|, |o|Pwe L* 2513,

P € B(IP(w)) & P*e B(IP(w) & IP(w)= HP(w) @ %H'g“(“w_),

®IZ, ran P’ =ker Q" = EHP(w), ker P’ =r1an Q" = %Hg(w) efEL, QU=1- P

(2) bLw=k]? w®PR2c ! 7253,
P* € B(I’(w)) ¢ w® P2 ¢ (4,) & IP(w)= H(w)® KL (w).

3. Generalized Riesz projection MIL#{/EF &

EHE 3| 1<p<oo. well,w>0,P cB(LP(w). ZDL X,

(P*)(g) = ;Z-P (%g) , (g€ LY(w)).

EH 4 1<p<oo,%+%=1.w,logwEL1. L,

(1) LU PYe B(LP(w)), |v|"%w € L 725,
(PY=P" & w=cf, ZEZLci3EHK
(2) HLE D outer EETHY |k =w, P¥ e B(IP(w)) 72 b, (P*)* = Pk
p=2DFEEEZXD, bL w=|hl? h X outer B2 51T, EE?2 LV,
ran P* = ker Q" = H*(w), ker P* =ran Q" = %Hg(w)

7L, QP =1-Ph EH3 XV,

(P(6) = 2P (%)

1

= EP(hg) = Ptg, (g€ L*(w)).
HIZ,

P" : L*(w) — H*(w), selfadjoint projection,

Q" : L*(w) — KZ(w), selfadjoint projection,

L*(w) = H*(w) ® K¢(w). o,B € L*® iZ2WT,

leP" + BQMIpewy = lloP +BQl w2

MF;WP+JkﬁnkP+<WP;WP>

1

= inf

kcH> ’

o0



infimum | attained ¥ % (cf. [11]). R#RIZ,
Pt . L*(w) — K*(w), selfadjoint projection,
Q" : L*(w) — HZ(w), selfadjoint projection,

L*(w) = K*(w) ® H{ (w), |aP"+ ﬂQE“B(B(w)) = ||laP" + BQ"| 5(r2(w)-
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Abstract

We introduce various convolution inequalities obtained recently and at the same time, we give
new type reverse convolution inequalities and their important applications to inverse source
problems. We consider the inverse problem of determining f(t), 0 < t < T, in the heat source of
the heat equation d;u(z,t) = Au(z,t) + f(t)e(z), z € R*, t > 0 from the observation u(zo,t),
0 <t < T, at a remote point o away from the support of w. Under an a priori assumption
that f changes the signs at most /N-times, we give a conditional stability of Hélder type, as
an example of applications.

1 Introduction

For the Fourier convolution -
(Fa)@ = [ fa-09©d,
the Young’s inequality

If = gll- <Wfllpllglle,  f € Lp(R), g € Lg(R), 1)
T—l = p-l + q_l -1 (p7_Q)r > 0)7

is fundamental. Note, however, that for the typical case of f,g € La(R), the inequality does not
hold. In & series of papers [12-15] (see also [5]) we obtained the following weighted L,(p > 1) norm
inequality for convolution:

Proposition 1.1 ([15]) For two nonvanishing functions p; € Li(R)(j = 1,2), the Ly(p > 1)
weighted convolution inequality

1.
| @1y # o)) (o1 % 22037 < By 1Pl )

holds for F; € L,,(R,‘ijl)(j = 1,2). Equality holds here if and only if
Fj(z) = Cje™, 3)
where o is a constant such that e** € Ly(R,|p;])(j = 1,2) (otherwise, Cy or C; = 0).Here

1

WL, (rtel) = { / : IF(fv)l"ip(z)tdw}p .

Unlike the Young’s inequality, inequality (2) holds also in case p = 2.

Note that the proof of inequality (2) in Proposition 1.1 is direct and fairly elementary. The
proof will be done in three lines. Indeed, we use only Holder’s inequality and Fubini’s theorem
for exchanging the orders of integrals for the proof. So, for various type convolutions, we can
also obtain similar type convolution inequalities, see [18] for various convolutions. However, to
determine the case that the equality in (2) holds needs very delicate arguments. See [5] for the
details.

In many cases of interest, the convolution is given in the form

Pz(CE) =1, FZ(x) = G(m)’ (4)



where G(z — £) is some Green’s function. Then inequality (2) takes the form

1
1(Ep) * Gli, < llolle " NG, IFIlL,(r 10 » ()

where p, F', and G are such that the right hand side of (5) is finite. Inequality (5) enables us to

estimate the output function - ;
| PonecE-o ©)

in terms of the input function F in the related differential equation. For various applications, see
[15]. We are also interested in the reverse type inequality for (5), namely, we wish to estimate
the input function F' by means of the output (6). This kind of estimates is important in inverse
problems. One estimate is obtained by using the following famous reverse Hélder inequality

Proposition 1.2 ([19], see also [10], pages 125-126). For two positive functions f and g satisfying
f

0<m<=<M<oo )

on the set X, and forp,q > 1, p7l+q 1 =1,

(/dep)%(/xgdu) <A,,,,, /fpqup, 8)

if the right hand side integral converges. Here

1
‘ 11 t (1l —t
Apq(t) =p~7q" 1( )

(-9) (-#)

Then, by using Proposition 1.2 we obtain, as in the proof of Pfop_osition 1.1, the following

Praposition 1.3([16]) Let F; and Fy be positive functions satisfying

1 1
0 <m} < Fi(z) < M} < o0, O<m <F2(:z:)<M2 <oo, p>1, z€R. 9)

Then for any positive continuous functions py and pa, we have the reverse L,—weighted convolution
inequality

-1
mypms
Lo (2 1 gy 1

< (@p2) # Fapa)) (pa % p2) (10)

Inequality (10) and others should be understood in the sense that if the right hand side is finite,
then so is the left hand side, and in this case the inequality holds.

In formula (10) replacing ps by 1, and Fao(z — £) by G(z — £), and taking integration with
respect to z from ¢ to d we arrive at the following inequality

{400 (G} ([ pte dé)p_l JIRCLEE: : P (o)

d oo 4
< [([ ronoca-ou) (1)
if positive continuous functions p, F', and G satisfy
0<m? <F(E)G(z-§ <M?, zeled, (€R (12)

Inequality (11) is especially important when G(z — ) is a Green’s function. We gave various
concrete applications in [16] from the viewpoint of stability in inverse problems.



2  Remarks for reverse Hélder inequalities
In connection with Proposition 1.2 which gives Proposition 1.3, Izumino and Tominaga [8] consider

the upper bound of
ODCARLIOIN ALLEDY PFA A

for A > 0, for p,q > 1 satisfying 1/p+ 1/q = 1 and for positive numbers {ar}i=; and {be}7_,, in
detail. In their different approach, they showed that the constant A, 4(t) in Proposition 1.2 is best
possible in a sense. Note that the proof of Proposition 1.2 is quite involved. In connection with
Proposition 1.2 we note that the following version whose proof is surprisingly simple

Theorem 2.1([17]) In Proposition 1.2, replacing f and g by fP and g9, respectively, we obtain the
reverse Holder type inequality

(L7 pd")% (/ ”qd")% <(5)7 [ sodu (13
Proof

Since fP/g? < M, g > M"%fg. Therefore
fg2M7if*E = M

{/ f”du}l/p <ui{[ fydu}l/p- (14)

On the other hand, since m < f?/g%, f > m!/Pg9/?. Hence

/fgdu > /m”"y”%d.u =m1/”/g"du,

(fom) 2o f )

Combining with (14), we have the desired inequality

o) {foa)"

< MY/ {/fgdﬂ}l/pm—l/pq {/fgdﬂ}l/q
) f o

3 New reverse convolution inequalities

and so,

and so,

In reverse convolution inequality (10), similar type inequalities for m; = my = 0 are also important
as we see from our example in Section 4. For these, we obtain a reverse convolution inequality of
new type.

Theorem 3.1 Letp>1,0>0,0<a< T, and f,g9 € Loo(0,T) satisfy

0< f,g <M < o0, 0<t<T. (15)
Then )
2p-2 T+6 t P

e oz, 00 < M5 ( [ ( [ #rgte- s)ds) at) . (16)

In particular, for

t
(490 = [ f6-s)glo)ds, 0<i<T
0
and for a = 0, we have

2p-2
P

2 1
I Lpmllgllz 06 < M7 If *glI7, 0.745) (17



4 Applications to inverse source heat problems
We consider the heat equation with a heat source:
Owu(z,t) = Au(z,t) + f(t)p(z), z€R™t>0 (18)
u(z,0) =0, r € R™. (19)

We assume that ¢ is a given function and satisfies

>0, #0 in R"
 has compact support, (20)
@ € C®°(R™),ifn >4 and p € Ly(R™), if n < 3.

Our problem is to derive a conditional stability. in the determination of f(t), 0 < ¢ < T, from
the observation

u(mo,t), O0<t<T (21)

where 2o € supp .

We are interested only in the case .of 39 € suppy, because in the case where zo is in the
interior of suppy, the problem can be reduced to a Volterra integral equation of the second kind by
differentiation in ¢ formula (25) stated below. Moreover zy € suppy means that our observation
(21) is done far from the set where the actual process is occuring, and the design of the observation
point is easy.

Let

2

1 L=
=l R™, t>0. 22
)= om0 T (22)

Then the solution u to (18) and (19) is represented by

K(z,t

t
u@t)= [ [ Ke-yt-9fe)pds, z€R,i>0 (23)
0 JR»
(e.g., Friedman [6]). Therefore, setting

o (t) = /R K(zo —y,t)p(y)dy, >0, (24

we have .
w(@ost) = hay(t) = / fa(t — 5)f(s)ds, 0<t<T, (25)

0

which is a Volterra integral equation of the first kind with respect to f. Since

&
tim Tz 1) = (AR)(a0) =0, k€ NU{0)
by zo € suppy (e.g., [6]), the equation (25) cannot be reduced to a Volterra equation of the second
kind by differentiating in ¢. Hence, even though, for any m € N, we take the C™-norms for data
h, the equation (25) is ill-posed, and we cannot expect a better stability such as of Holder type
under suitable a priori boundedness.
In Cannon and Esteva [3], an estimate of logarithmic type is proved: let n = 1 and ¢ = p(x)
be the characteristic function of an interval (a,b) C R. Set

V= fectoonio =0 |4 |2 SM}- (26)
di{{cpo,00) 1 48 llcpo,00)
Let zo € (a,b). Then, for T' > 0, there exists a constant C = C(M, a,b,zo) > 0 such that
¢ 0<t<T, (27)

£ < (oo

20, )| L2 (0,00) 12

for all f € Vj. The stability rate is logarithmic and worse than any rate of Hélder type:
]lu(md,-)”%z(o o) for any @ > 0. For (26), the condition f € V) prescribes a priori informa-
tion and (26) is called conditional stability within the admissible set Vjs. The rate of conditional



stability heavily depends on the choice of admissible sets and an observation point . As for other
inverse problems for the heat equation, we can refer to Cannon [2], Cannon and Esteva [4], Isakov
[7] and the references therein.

We arbitrarily ix M >0and N € N. Let
U ={f€C0,TIfllcio,r) < M, f changes the signs at most N-times}. (28)

We take U as an admissible set of unknowns f. Then, within U, we can show an improved
conditional stability of Holder type:

Theorem 4.1 Let ¢ satisfy (20), and z¢ € suppp. We set
4
p>{ i—n s (29)
1, n>4.

Then, for an arbitrarily given § > 0, there ezists a constant C = C(zo, ¢, T,p,6,U ) > 0 such that

1
4
1fllz,0.1) < Cllw(wo, M, 0,7+5) (30)

forany feU.

We will see that lims_,o C = oo and, in order to estimate f over the time interval (0,T), we
have to observe u(zo, -) over a longer time interval (0,7 + §).

Remark 1
In the case of n > 4, we can relax the regularity of ¢ to H*(R") with some a > 0. In the case
of n < 3, if we assume that € C°°(R™) in (20), then in Theorem 4.1 we can take any p > 1.

Remark 2
As a subset of U, we can take, for example,

Py = {f; f is a polynomial whose order is at most N and I fllcio,n < M}.

The condition f € U is quite restrictive at the expense of the practically reasonable estimate
of Holder type.

Remark 3
The a priori boundedness ||fllcjo,7) < M is necessary for the stability. See [17] for a counter
example.

Remark 4
For our stability, the finiteness of changes of signs is essential. In fact, we take

Fn(t) = cosnt, 0<t<T,n€eN. (31)

Then f, oscillates very frequently and we cannot take any finite partition of (0,7") where the
condition on signs in (28) holds true. We note that we can take M = 1, that is, ||fnllcio,r; < 1
for n € N. We denote the solution to (18) - (19) for f = f, by u,(z,t). Then, we see that any
stability cannot hold for f,, n € N. See [17] for the proof.
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ON THE BERGER-COBURN-LEBOW PROBLEM
FOR HARDY SUBMODULES

MICHIO SETO
(Mathematical Institute, Tohoku University)

1 Abstract

The Toeplitz algebra, which is the C*-algebra generated by the Toeplitz operator T, on
the one-variable Hardy space H2(D), is a rich object in operator theory. It has been .
revealed that there is a close relation between the analytical indices and the topological
indices of continuous functions on T. It is interesting to consider an analogue to the
Toeplitz algebra in the multivariable case. In this report, we shall study the problem

posed by Berger, Coburn and Lebow in [2], and solve this problem affirmatively.

2 Preliminaries

Definition 1 Let H? = H?(D?) be the Hardy space over the bidisc ID?. A closed sub-
space M of H? is said to be a Hardy submodule or an invariant subspace of H? if M
is invariant under the multiplication operators by the coordinate functions z and w. V,
denotes the restriction on a Hardy submodule of the Toeplitz operator T,. Similarly, we

define V,, with the variable w.

In [2], Berger, Coburn and Lebow studied the C*-algebras generated by commuting
isometries, and in Section 9 of [2], they defined the following equivalence relation between

Hardy submodules:

Definition 2 Let A(V,, Vyy; M) = A(M) = A(V,,V,,) be the C*-algebra generated by
V, and V,,, where we consider A(V,, Vyy; M) = A(V,,V,,) as a C*-subalgebra of B(M).



Two C*-algebras A; = A(V®, VD, M;) (i = 1,2) are said to be unitarily equivalent if
there exists a unitary operator U from M; to My such that U* AU = A;.

In Section 13 of [2], they posed the following problem:

The Berger-Coburn-Lebow problem ([2]) If M is any invariant subspace of H*
of finite defect, then is A(V,,Vy,) unitarily equivalent to A(T,,Ty) ?

We shall call this problem the BCL problem, for short. In [2], they gave an affirmative
answer in the case where Hardy submodules are generated by monomials, and it has
been remarked that if M has codimension 1, then the answer is affirmative. In fact, if
the set of all common zeros of M consists of one point, then one can give an affirmative
answer to the BCL problem with a slight modification of their technique. And we need

to note the following facts:

Theorem 1 (Rigidity theorem [1]) Two different Hardy submodules M; and My,
which are both of finite codimension, are not unitarily equivalent as modules. Or equiva-
lently, if there exists a unitary operator from Mj to Ma such that U VvU* = Vz(2) and
UVAU* = V2| then My = Ma.

We shall give several well-known properties of Hardy submodules.
Proposition 1 Every C*-algebra A(V,, Vy,) is irreducible.

Theorem 2 (Yang [4]) If M is a Hardy submodule generated by a finite number of
polynomials, then [V}, V] and [V}, V,][V.r, V] are both of Hilbert-Schmidt class.

Corollary 1 Let KK(M) be the set of all compact operators on M. If M 1is a Hardy
submodule generated by a finite number of polynomials, then K(M) is contained in
A(V,, V).

3 An affirmative answer to the BCL problem

Let N denote the orthogonal complement of a Hardy submodule M in H2 In the

following argument, we suppose that the dimension of N is finite. We shall briefly



sketch the outline of an affirmative answer to the BCL problem. Let S, = PyT,|x and
Sw = PyTyly. The assumption that the dimension of N is finite implies S, € Co, that
is, f(S,) = 0 for some function f(z) in H*°(D). Let ¢;(z) be the minimal function of S,.
Then ¢;(z) is a finite Blaschke product. Since 0 = ¢1(S,) = Sq,(z) = PnvTgy(2) v, We have
q1(z)N' C M. Hence q;(z)H? C M. By this observation we have the following:

Lemma 1 Let M be a Hardy submodule. Then dim (H?/M) < +o0 if and only if there
exist two finite Blaschke products q;(2) and go(w) such that

q1(2)H? + go(w)H? C M.
For any Hardy submodule of finite codimension, we define two subspaces as follows:
Mo = qi(2)H? + go(w)H?, Fpy = M S My,

where ¢;(2) and gy(w) are the minimal functions of S, and S,, respectively. Let H?(z)
be the usual one-variable Hardy space with the variable z. Similarly, we define H?(w)

with the variable w. Since
Fum € (H© Mo) = (H2(2) © a1(2) H*(2)) @ (H(w) © ga(w) H?(w)) ,

we have dim Fj, < +oo. Without loss of generality, we may assume that ¢;(0) = 0 for

the minimal function of S,.
Lemma 2 If ¢1(2) is a finite Blaschke product of degree k and ¢:(0) = 0, then there
exists a basis {e;}°2) of H?(2) © q1(2)H?(2) which satisfies
zeg-1 = q1(2),
ze; € H3(2) © qi(2)H?*(2) (0<i<k-—2).
Next, we define an operator.

Definition 3 Let ¢;(2) and go(w) be two finite Blaschke products, and k = degq:(2)

and | = deg go(w). We define an operator as follows:
Us: u(2)H? + go(w)H? — 2°H? +w'H?,

QI(z)f(zaw) = zkf(sz)a

pw)wie; — 2w



where {e;}*=} is the basis of H?(z) © q(2)H?(z) obtained in Lemma 2. It is easy to
check that Uy is a unitary operator from ¢ (2)H? + go(w)H? to 2*H? + w'H2.

Theorem 3 ([3]) If M = q;(2)H%+qa(w)H? for two finite Blaschke products ¢i(z) and -
q2(w) such that degqi(2) = k and deg ga(w) = I, then A(V,, Viy; M) is unitarily equiv-
alent to A(Ty|vom, Twlvom; UoM). Or equivalently, A(qi(z)H? + go(w)H?) is unitarily
equivalent to A(2*H? + w'H?).

Proof U,V, Ui and U§T,U, can be described as follows:

k=2 k-1 o
UV,U; = Tz|zkH2 + Z (Z ai’jT:zTngle(w)zi) + T;quz(w)Tzlw‘Hz(w)zk’l,

i=0 \j=0
USTzUO = ‘/Zlm(z)Hz + 5+ %Z(w)%vqilqz(W)Hz(W)Ek-17

where S is a certain truncated shift operator associated with the basis {e;} obtained
in Lemma 2. Then one can verify that UgV,Us € A(2*H? + w'H?) and U3T, U, €
A(q1(2) H*+go(w) H?) with some computations. Therefore Uy A(q1(2z) H?4go(w) H*)Us =
A(z*H? + w'H?). O

Moreover, by using Theorem 3, we have the following.

Theorem 4 ([3]) Suppose that M is a Hardy submodule of finite codimension. Then
A(V,, Viy; M) is unitarily equivalent to A(Ty, Tyy; H?).

As a corollary of Theorem 4, we have a commutative diagram.

Corollary 2 ([3]) Let K(M) be the set of all compact operators on M. If M is a Hardy
submodule of finite codimension, then there exists a unitary operator U from M to H?,

and we have the following commutative diagram:

0 — KM) — A(V;, Vo) — A(V2, Vo)/KM) —— 0

lAd Ulkom) lAd U l

0 —— K(HY) —— A(ToTy) —— ATy, To)/K(H?) —— 0.

To classify Hardy submodules, Corollary 2 may be more important than Theorem 4.
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Prime ideals and complex ring homomorphisms on commutative algebras

Takeshi Miura (Yamagata University)

Abstract. Let A be a commutative algebra and P a prime ideal of A. We give a necessary

and sufficient condition in order that P be the kernel of some complex ring homomorphism

on A.

AB%ZTAH# (3FR) ZxBRETE. ZZTIIBCEMNTOEEZREL THRY., 20
EXp A BRRERVBEBRTHDI LIX, ABEREATELEZODERBERTHLZ L,

Thbb

p(f+g) = p(f)+plg)

p(fg) = p(f)p(g)

BETD f,ge AR LTHIIEDZLTHS. bHAALRERBERIIZLITCREITRG
BRORIHLTHERTE S,

REMBEGIT, TOERBNOHALNREIIC, AW T—FEE2REFT D LITRLR.
EE, 1KITHER Banach I}, TROLEREUEC 15 C~DREFBEHIT—RIZAD
T—EeRFELRV. BIZITERO, 2, 2 1 3EREE C LoERRRERBEL TH LM, 2z
FAD T —FEREFELRY. ZZIETIEEREETHS. #HIT p: C - CHRERTHIT,
p(2) =0 (z€C), p(z) =2 (z€C), plz2) =2 (z € C) DWFHMERSD., ZDOZ EITRH
b RADETRVRERAEBIIIEEERIZBL Z LNOEDIIRENS. ZhbECLE
D HALRRERUES &L,

Tzt LT, CEiZiIFEE ARBRERBERSTFET 22 LM b T 5. Segre [9]

13 C LITIIFEEARREREFEBFE LRV E TR LTV L ) Thb. F/z Dedekind



IX Segre & IIMNTIC, FEHBFARERBEGEOFEELEICLTHELITHS (f [1)).
1907 4EiZ Lebesgue [8] X Segre DRIEIZE 2 2T CHEAPRRERBEHOTFELZ R LE
B, TITRZEOLIREBPEBHTHEINEIPIERIN TR, BETIIIEEH
RBRERBEGOW ODOEERMONTNAED (cf. [6]) FEMERHINTHRWVEHRSHS

BRI Tnb5E5THS.

Bl1 (a) G(C) % C LOEAPRLHRERMERAKDES LTS, ISICLVESSD
BEZETL, 1GC)=2CTHd (cf [3)) .
(b) C LOFEBRALRERBERIZIISH TRV DLFEET S e b2fkofEs&% I(C)
4B EHI(C) > HCTHSD.
(c) pZ C LORERBER LTS L, UTIHFMETHS.
() pIXEBATH S,
(ii) mo, Lo > 0 BREEFEL T, |2| < mo 72 51F |p(2)| < Lo &725.
(ili) p ITERCTERETH 5.
(iv) plIFERTEHRTH D.

(v) pITEREEERET S : p(2) =p(2) (2 €C).

L7=d8oC p BRIEEBTHIIT, BRI {z.}nen T
1
|zl < — & |p(zn)| > 7 (n€N)
ELHIETHOBFEL, plERICBWTRERTHY, IOITERERERELRV.

ERROMEZATHH1D X5, FERLRREREERIIFEICEESEEL LT

D, LEdoT, &V —MRICERKITO Banach B EOBRERIBIEEOEERRHD Z &,



FHEETHD L O IZBbNanb Ly, LrLels, ERRTOGEITEICERREL
LTWaZ bbb, #lzxid Arnold (2] IZERKIC Banach 22 X, Y OB RBEERER
£fkD 724 Banach 8 B(X), B(Y) IZ5 LT, £BMHBRERBER p: B(X) — BY) i3/
WE TR Th 5 = L &R L. Kaplansky [5] iZ Arnold DR EZRD X 5 IZHEERL
7z : A, B Z¥-H#fi Banach 3], p: A > B2 2HERRERAEHRLTILE A=A0AH® A3
ETAH. I ATEBKRTTHY pld A R, Ay ERBBETHB.

20 & 5 I HEIRAKST Banach Bt FOBREFRBERIL, HERAED D L TRIBHH BT
HERBITEVRDBVWETHZ LRHMONTND. £ 2 TEEH L ITR G RWERERE
FROBEZRD Z LITFEFIZHIRR O EETHD.

ﬁﬁMﬁ@memﬁL@ﬁﬁﬁﬂE@@%%%%QL,m<owmﬁ%éﬁfwéﬁ,
ﬁ“a‘%rﬂﬂﬁfﬁ p: C[0,1] = C[0, 1] Iz DWW T TE 2 bFERIZITL > TRy, EEE, Ch
5 Cl0,1] ~DRERBER T, EHTRVLOBRFETIONIZHDRWV. EDp%
WETBET, te0,1IT8 LT plf) X o)) (f € C0, 1) 2B Z LIZEATHS
9. TITED—|IC, REFEESR p: A - COBEEZFS, BREVERSIF LN
DT ZITHESETWEEL.

UTTIRA LY, AICEITe2BMLTELNDETRERT. L, ANBZ
BT b o TIN5 L&, A Y ALEETS. ROBREOREHREE () = (d) 12
BB RENINWD &, EEOREIDNSHIUL, REBEEZRTFTHIEBREEBHRTES
TEZRERLTVD, ZOZLIEIREFTCILHONTVIBBEE (. [7) ZAVWCE

HEb.

BE 1 AZWHRERETR, PEADOETRLLTORATTNETE. ZOLELUT



RETH 5.

(@) kerp =P L RDBRERBES p: A - CHHFETS.
(b) §(A/P) = #C TH 5.
() #(Ae/P) = CHDANP =P L7235 A, DEAFT NP REET .

(d) Ankerp =P L2 5REREER j: A. - CHFET 5.

. g Ao AP REEEREL, ac A\ P EEET 5.

(a) = (b) z € C & g(za) ZRA—ETHiZ
#C = #{q(za) : z € C} < H(A/P)

ThH. BOFRBRETRT. PREATFTATHEND, A/PEERLRS. LoTA/P

DEEFRERIND. DL E

r(a(f)/a(g) %— @()/alg) € F)

i% well-defined RIEDERBEBR THLINOHFATHS. Lo THA/P) <HF <HC, 72
b {(A/P) = fC L5,

(b) = (c) H(A/P) =HC £ ¥55. PE{(f2) € A: fa+tzac P}ITL Y P 2EHRT S
L, PR A DRATFTTLUTPNA=P 2HETIERSND. §: A — AP 2 FEER

ETAhH Tokx

a(q(f,2) € q(fa+za)  (§(f,2) € A/P)

BEE LD, Ko THA/P) <H(A/P)=HCTHB. ¥7=fc AL (,0) € A BF—



BLEEZ q(f) = q(9)  §(F,0) = G(g,0) TH5B. DFY §(A/P) > §(A/P) = iC Th
5. EIZEY {(A/P) =HC 2 E5.

(©) = (d) F & A /P ORI EF 5. =L X BRI LV §F = $4,/P = IC &7
HZERSND. QEBRAEEKEEORTE 12 FOQ LoBBEELTS. Zo
LEWT = §F =fC & RZZ LB 5H. FRICLTCOQ LOBHEE T IZHLTH
IT, = §C THBZERFEND. ZZCREH0: Ty - Ty, MEET 5. T 8 Q Lot
EECHDZehb (LVERCIET, 38 Q EREMICINICHD Z L5 D) 0 1XEOKER
BB G: QT1) — Q) TOHr) =7 (r € Q) ZHETHOR—BMICHIRINDG. Fid
Q(T) PREFERETH Y, CRAREMICEHLTNEME 1L F b C~DEDERRE
BICHEIR S ND (cf. [7, Theorem 2.8 of Chapter IV]). ZDHEREEHE § THT = Lz
T5L, ok sb0Th3.

) = (a) p & pla LBTIEp: A — CIHBRERBEH Ckerp = ANkerj =P Th5.
a2

TR 1INPLBONIRERAND, ZOKEEHIC [4 THLA TS,

%2 Q% COfER HQ) % Q LoFERESSEoRTETRETHE, HQ)FBREL

TCITHEDIAEND.

R, FRBIZTINLRBATTNV(0) X H(Q) DRATTNERY, $H(Q) =HCRDT,
EH 1 &Y REFLETG p: HQ) — C Tkerp=(0), $2bLEFRLONFETS. B
Z D& 5 IR RBRSOFRRIMESRA EHEBERICRES LTS Z 2 2dH 5. KR, H(Q)

b H(Q) ~ORERAEGAEEREL LS OIT, FRBEKCET 2HEEREELA



T, HBEICHTOEREIACR D Z LRREND (o, [4)).
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RADIAL GROWTH OF C? FUNCTIONS SATISFYING
BLOCH TYPE CONDITION

TOSHIHIDE FUTAMURA AND YOSHIHIRO MIZUTA

ABSTRACT. The aim of this paper is to give a simple proof of results by Gonzélez-
Koskela concerning the radial growth of C? functions satisfying Bloch condition. Our
results also give generalizations of their results.

1. INTRODUCTION

Denote by % the Bloch space of all holomorphic functions f on the unit disk U which
satisfy

£l = [£(0)| + 323(1 — ZP)If' ()| < .

The radial growth of Bloch functions was extensively discussed by Clunie-MacGregor [2],
Korenblum [4], Makarov [5] and Pommerenke [7]. The law of the iterated logarithm of
Makarov [5] states that if f € %, then

1) lim sup [£(r<)]

r—1 \/ log 1= loglog log v~
for almost every ¢ € AU, where C is a universal constant. Pommerenke [7] proved that
this inequality is true for C' = 1 and this inequality is false for C' < 0.685. Recently,

Gonzélez and Koskela studied the radial growth of C? functions on the unit ball B® of
R”™ which satisfy

(2) V(@) + u(z) Au(z)] <

< Cllfll=

(1 - lol)? (log 25"

for all z € B, where ¢ > 0 and v < 1. They showed the following result ([3, Theorem
1.2]). '

THEOREM A. Let u be a C? function on B" satisfying (2). Then, for almost all ¢,
Il =1, |

lim sup [u(rO)l

— <
1 \/(log =) " loglog =

ify < 1; and

lim sup M <c
r»1  loglog 1=~

if v = 1. Here the constants ¢; and c; depend only on n, c, 7.



We denote by B(z,r) and S(z,r) the open ball and the sphere of center z and radius
r, respectively. We set B™ = B(0,1) and S ! = 5(0,1). The Hausdorff measure with a
measure function h is written as Hy. In case h(r) = r%, we write H, for H}.

Our first aim in the present note is to extend Theorem A by Gonzilez-Koskela. For

this purpose, let ¢ be a positive, continuous and non-decreasing function on the interval
[0,1) satisfying

(3) 0(1—1/2) < Ap(1 — ) for every r € (0,1)
with a constant A > 1 and
1
(4) / (1= 1)p(#) dt = oo,
0
Set

B(r) = /0 "1 = lt) dt.

THEOREM 1. Let u be a C? function on B™ with u(0) = 0 such that

(5) () = |Vu(z)|? + |u(z)Au(z)| < ¢(|z]) for all z € B™.
Then for Hp_1-a.e. ( € S
lim sup [w(r¢)| < VA.

r—1 \/<I>(r) loglog 7

REMARK 1. If we take ¢(r) = ¢(1 — r)"*{log(2/(1 — 1))}~ for ¢ > 0 and v < 1, then
Theorem 1 gives Theorem A.

On the other hand, we have the lower limit result as follows:

THEOREM 2. Ifu is as in Theorem 1, then

L |u(rd)]
hITIEPf v/ @(r) loglog ®(r) =

for Hp_q1-a.e. { € S™7L,
By Theorems 1 and 2, we have the following corollary.

COROLLARY 1. Let u be a C? function on B" satisfying

-1 1 —
-2 1 logrp —— ) (logg ——
#y(x) < c(1 - |z])™* | log, 1 |z| I e TG Ve 2| 08 7T ] ,

where ¢ > 0, v < 1 and 10g;,,1)(t) = log) o logy,(t) with log(;)(t) = log(e +t). Then for
H,1-a.e. ( € S™7L,

lim sup lu(rd)l <
> <
=1 (loggy 2£5)" M logey

(5]

—84—



and

lim i{lf IU(:C)l <ec
r— -
V/ (log 1) 1084 1

when v < 1;

lim sup [u(ro) <cs

1 Jloggeiny £ log) 2

and

lim inf [u(ro)l <

i
~ \/ log g1 = logg13) =
when v = 1. Here ¢y, co, c3 and ¢4 “are constants depending only on ¢, v and .
2. EXPONENTIAL INTEGRAL

In this section, we present an exponential estimate for C? functions satisfying (5). For
this we prepare the following lemma, which is a generalization of [3, Theorem 2.2].

LEMMA 1. Let ¢ be a positive continuous function on [0,1), and set

B(r) = / (1—1)p(t) dt.
0
Let u be a C? function in B™ with u(0) = 0 which satisfies condition (5). Then

©) [ QP as(q) < ot (2]
Sn—1
for all k € {0,1,2,...} and all 7 € (0,1), where o, denotes the surface measure of S™*.

Proof. Using the divergence theorem, we have

(7) % /s () ds(Q) = ¢ /B M) av

for each v € C?(B™).
We prove this lemma by induction on k. Clearly, (6) holds for k = 0. Suppose that (6)
holds for k. Using (7) and the assumption on induction, we obtain

4 2(k+1)
2 [ e ase)

= 2k + 1) /B e (u(w)Au(w) + (2% + 1) Vu(w)?) dw

INA

Ak + 1)2t1""/ |[u(w)|** o, (w) dw

B(0,¢)

st 18 [ ol ([ o) asta)) do

i
ond* TR (K +1)2 ¢4 / P ro(p)[@ ()] dp.
0

VAN

IA



Integrating both sides from 0 to r and applying Fubini’s theorem, we have

/ u(rQ)PED dS(C) < opd* Ukl (k +1)2 / v f (0)[@ ()] dp dt
gn—1

= a2 [ [0 ”dt) (DB dp
< otk +1)! [+ )0 ARG o

= o) [ e dp
0 dp
= o 4" (k4 1) [®(r)]FH.
Hence (6) also holds for k + 1. The induction is completed. i

LEMMA 2. Let u be a function in B™ satisfying condition (6). Then for all ¢, 0 < ¢ <
1/4, and for allT,0 < r < 1,

) [ ow (%) as() < -2

3. PROOF OF THEOREM 1

Let ¢ and ® be as in the Introduction, and let u be as in Theorem 1.
To prove Theorem 1, we need the following lemma.

LEMMA 3. Let u be a C? function in B™ such that |Vu(z)|* < ¢(|z|). Then for every
z € B™\ B(0,1/2),

lu(y) — u(2)| < A[@(|z])]/?
whenever y, z € B(z, (1 — |z])/2).

Proof of Theorem 1. From Lemma 2, we see that

o=t (o 2g) o () s <

for all ¢, 0 < ¢ < 1/4, and all § > 0. Then there exists a set £ C S™ ! such that
Hn—1(F) =0 and

/01(1 )t <log 2 T)‘H exp (%) dr < oo,

for each ( € S* '\ E, 0 < ¢ < 1/4 and § > 0, which implies that
(1+47)/2 9 \ 10 ()2
9) lim 1-1)" <1og 1‘7-"2) <c|“ 9 )

r—1 r

Fix ( € S® '\ E. For 0 < r < 1, define I, = [r, (1 +7)/2). From (9), we obtain

: 1\ cinfyer, [u(tC |2
lﬂfi(bgm) ‘*XP( 1+n)/




which implies that

3 2
(10) cinfier, U _ (1 1 4)10g10g

O((1+1)/2) 1—r
for r near 1. Hence it follows from (10) and Lemma 3 that
lim sup [u(rd)l < M
=1 \/<I>(r) log log 7= dc
Here, letting ¢ — 1/4 and § — 0, we obtain
lim sup [uro)l < VA4,

r—1 \/ ®(r) loglog -
which proves Theorem 1.

4. PROOF OF THEOREM 2

In this section we complete the proof of Theorem 2.
By Lemma 2, we see that

— |z T z)t T "1"‘5ex c]u(x)|2 T < 00
[B ey A (1)) o 0(1=) p( o )d <

for all ¢, 0 < ¢ < 1/4, and § > 0, where ry = ®~!(e). Consequently,

lim /T (1= t)p@)®(F) " (log ®(t)) ™ exp (%) dt =0

r—1

for H,_1-a.e. ( € S™ 1, 0 < c<1/4 and ¢ > 0. This implies that

(11) lim 1(1 ~ )p®)®E) ™ (log &(t)) " ex (O IR
T'-‘)l - QD g p @(t) 2

where g,(¢) = inf,<,<1 [u(p{)|. Since €%® > éz for z > 0, we have

% (_ (1o &(£))~ exp ((1 + 52;(1;%(02))

< A48+ 6H{A—-t)p@)@@)" (10g<b(t))'1"6 exp (

for 7o < t < 1. From (11), we obtain

- (log (r)) " exp ((1 + 5()1)“(5%(0 ) _o,

which implies that |
(1 +9)tegr(0)?

< (1+9)loglog ®(r)

o(r)
for 7 near 1. By letting ¢ — 1/4 and § — 0, we have
2

<
o1 ®(r)loglog®(r) = 7



which completes the proof of Theorem 2. a

COROLLARY 2. Let u be a harmonic function on B™ satisfying
IVu(z)|? < ¢(|z|) for all z € B™.
Then for H,_;-a.e. { € S*71,

: [u(r()]
fim sup /3 (r) loglog &(r)

5. HAUSDORFF MEASURES AND RADIAL GROWTH

Take a positive non-decreasing function ¥ on [0, 1) satisfying
®(r)loglog(1/(1 —r))

()P
For A > 0, consider the measure function h, such that

ha(t) = t" texp (43A-4,\2w> )

—>0asr—1.

We finally establish the following result.
THEOREM 3. If A > 0 and u is as in Theorem 1, then

lim sup _lu(rg)|

<A
=31 \I/('r) -

for Hp,-a.e. ( € S™L.
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Hulls and kernels on compact spaces with
actions

Jun Tomiyama (Prof.Emeritus of Tokyo Metropolitan University)

Abstract. For a topological dynamical system ¥ = (X, o) where o is a
homeomorphism in an arbitrary compact Hausdorff space X, we consider
the noncommutative hulls and kernels with respect to the action o in
the associated C*-algebra A(X). We shall present a part of the following
results obtained recently ; several ideals important for the structure of
A(X) have the form of such kernels with topological characterizations of
their hulls from the behavior of orbits in the dynamical system

LIZUOIT, ZBM X a7 b NURAFVTZER, C(X) 20
EoEGEEEOERE Lzl &, B AL hull-kernel 13 X DY
ELHSLCX)DATHN JIZDOWTKRDEIICERESNLTND ;

k(S)={feCX)| F|§=0}

Sy
h(J)={z € X|f(z) =0 VfelJ}
Z L CHEEOEARBRIT,

hk(S) =35, kh(J)=J

THEZBNTV S, TNbidEc2BE CRERBEEZE L TVH, =
ZCHEZER X CER (AME® ) BRE2bMTVWA L& LD hull
kernel [2XST A& E EDOFICE L, T EMCEZINEEZD, B
MIZEZIIE SEREEEGE L, J EXRERATYMITHIENBR
SN2, TRATIAUEIMbERLRVNOT, CHREORMEHE L



5, TOEEIHER T = (X,0) EXBZ L L OX) Llczn
ko ‘

o(f)(z) = f(o™*(z))

TEADNDREXNG a 2E2 52 LIZEBRMICRAETHE1HTHS,
L2 LIDEETIE {O(X), o} R ERBEREL VD LLDES T
HBAEDEILR>TNWDDTIDOmE % b A~V M EE LD RERHIE
ARLEVORLEBROLDIERT 2EELEZX D, OB TITETED
BHRO—EHEES bO L LTHERBOWA L EAT B,

B(H) 2~V MER H OB RBBIERTED L BAF v g
5, TAUILZTO/ VLATHHBCH-RIZR>TWA, {1,u} % C(X)
DHE~DRHELH LOa=ZV{EfAFu OMETHLEE, Zan
{C(X),a} DIERBELIZ

m(a(f)) = ur(flu* Vf e C(X)

R IOEEE D, T TEIINLETTEDE CLE AD) &%
%5 (HRIICIENS), ZRIEKOEE 2,

(1) A(Z) F C(X) & EEXIG a % implement 52 =% U 5t § T4
REhD,
(2) A(Z) £ C(X) ~ Banach ZERIE LTD /A AN 1 ORE E 5

- FET S,
(3) FEERBUZ-DOVT universal property & &,

IZTa & s DBEENIL,
dg = 0g0*6 = a(g)o

LRBOT, (1) TOERITEEHES
D g6 |fieC(X)}

D J VA closure &> TWTHEICHELEWEIZ/R-TWS, £
E X C(X)-module DHEZFL, WFEROFEHRE AX) FTHEDL LT



HEENEREL TS, BEIZCHER  AD) OF a IHROXTERI N
c—R{bENTT7 =V =R a(n) = E(ad*™) ZFEOOTINEFEST
(WbIEFER#LD) Hull-Kernel ZIRO L HIZED D

S %X OREFHER. I & AX) 04T ¥ ET5,

Ker(S)={a€ A(Z) | a(n)|S =0,¥n)

Hulll)={z€X | a(n)(z)=0, a €l and n}
L L Z & CEKRBRIT,
Hull(Ker(S)) =S

LR B, MDD Y LI TREORRCIE  Ker(Hull(D)) 1 A(X)
EEIZbR D, EDIEN Ker(S) B3 A TYNVZRDDHENERALNT
IRV, B EFRRLCH ERFETIIROME (O—8) Z2Ww7 2.

(2) NFEROERDEARENODEDESE D Kernel ideal 13 & A7

HERFO>»M?
(b) A(X) DHFD CH-BHRERDA T ¥ /L0 Hull i3 EARFFFRIIE

HEEZLOM?

2. FER
EFRDOZENEZLD, UT AL) OFA FYTEIZA T s
AT EILT B,

HEL (1) S RX OREEAD L E Ker(S) I AEZ) AT ¥k
725,

(2) I % A(D) OA F¥ethE, Hul(l) i X OMRERIERT
H5,

I CRAMRAERONFERTIE

Ker(Hull(I)) = A(X)

PHAB LS REEOENASFYANRTTL BB, £ F Y VO CEE
@ hull-kernel L &5 2BE2E L 5 ZEICOWVWTKROEENED
ns,



FHE2 AX)DATFTFA IOV TERDOZ LIIFMETH B,
(1)

I = Ker(Hull(I))

= [ D fi6' |fi € k(Hull(D))]

(closed linear span),
(2) E(I) C I,
(3) I X AZ) ~D b —F ADTHRER &4 LV RETH 5,
T ZCRREM &1

a(f) =1 (FECX)), &) =es
DOEEBFHZRTEDOND AX) OREXIGEHETH 5,

DM bo LEELT D L NFERVERRER L2V E ST AR
DATXVETRTZORIZRDZ LB D,
HEZDORYEEEOES %, Per(o), EAMALEDES%E Aper(o),
LELZERT D, BT A(Z) DFRRITEEMIRED T X TOEZOILE
4. ETERRTHENRROTATOZEOLESETNEN g, &7
BERNRRY =D,

EH 3

(1) Ip = Ker(Per(o)), (2) I« = Ker(Aper(o))

ZZT AR OFRKITENRBRITZTNT X ORNLI|ESREISND
(BEMEE) Z LMo TWNBDT (1) OERIIBARRERTH D45,
ZER AN EEREZER] TV & E T ERK TTBENRBOZ O Hull 4T LD
X OEOBETEXELRVOT, (2) FEFICEATRVWERTH D,

FOBRENSSMND Z EIX Per(o) X Aper(o) DRE S (density 72
E) BAERIIRET D CRBORETIEIEDL LRV, WhITRERI 2T
TETHAILETHD, BETIIEEC- BORAEKISIZE>TTDT
22N EOBERBRICRD T, ERSBEAABEORDOHR LDgroT
WRWDT, Z0L D RERPKEILRD,

Ip B 0-AF ¥ E&, BIBEABAN dense 225 L&
(Bernoulli shift <CHESH I (3 HEEEERR &) KX EOZ LML HRKT



BEMFRE A+ SRILTEET 2ERS 01D, DX 5 7% CHEBi Residually
finite dimensional C*-algebra & FEIINEEICEHETENTHHIBLE W
7 AL LT CRBRBORMDTRERREIZFE LTV B,

—F I MO-A T ¥ NI D & EIIFERABADEASD dense 12HH =
D X 5 R FEFREEEIT Topologically free 7R EFEATE, ZD & &k
AD) ICERR TTBENRBA S+ 2IRIUEET 5, —RICSFE L0 FI1ER
THHBEERAHREE«TEELPR2VOTEALIRE D7 T XIZBL,
IR EDDNEEONFEROFBERTIEIO 7 7 AW b T
W LLZDEE AD) IZCHRELTHEICIWVWEEEZRHZ DI T
23 CRRMOBRVWHFERIZR - TS,

3CHER

1J. Tomiyama, The interplay between topological dynamics and theory
of C*-algebras, Lecture note No.2,Res. Inst. Math. Seoul,1992.

2.J. Tomiyama, Structure of ideals and isomorphism problems of C*-
crossed products by single homeomorphisms, Tokyo J. Math., 23(2000),
1-13.

3.J. Tomiyama, Hulls and kernels from topological dynamical systems
and their applications to C*-algebras, to appear in J.Math.Soc. Japan



ON COMPONENTS AND POWER COMPACTNESS OF
COMPOSITION OPERATORS ON THE DISC ALGEBRA

TAKUYA HOSOKAWA

1. INTRODUCTION

Let D be the open unit disc and dD be the unit circle. Let H*™ be the
set of all bounded analytic functions on D and A be the disc algebra. Let
S(D) be the set of all analytic self-map of D. Then S(D) is the closed unit
ball of H*®. If ¢ € S(D), this self-map induces the composition operator C,
which acts on H*. Similarly denote S(D) the closed unit ball of A. Then
@ € S(D) induces C, which acts on A. It is easy to see that the operator
norm of all C,, is 1 on the both spaces H® and A. If p(z) =w € 8D, then
 is not in S(D) but in S(D), which acts as the point evaluation at w. By
the Maximum Modulus Principle, it is shown that S(D) \ D ¢ S(D).

For z and w in D, the pseudohyperbolic distance 8 on D is defined as

Z—w
1-Zw

B(z,w) =

and for z € 8D and w € D, z # w we can define §(z,w) = 1, B(z,2) = 0.
Denote the metric dg($, %) = sup{A(¢(2),%(2)) : z € D} for ¢, % € S(D).
S(D,dg) is the topological space of S(D) with topology induced by dpg.

Let C(A) be the collection of all composition operators on A, endowed
with the operator norm. Let B = {C, € C(A) : p =w € D} and K be the
collection of all compact composition operators on C(A). Then B C K. We
denote C, ~ Cy in C(A) if C,, and Cy are in the same component of C(A).
In next section, we will study on the components and the isolated points of
C(A).

The bounded linear operator T on X is called to be power compact if
T™ is compact on X for some positive integer n. Especially, T is called to
be n-power compact if 7%~ ! is not compact and 7™ is compact on X. It is

known that C,, is compact on A if and only if ||¢|lc < 1. Therefore C, is



n-power compact on A if and only if ||¢" || = 1 and ||¢™||c0 < 1, where
@™ is the n-th iteration of ¢.

The eigenvalue equation for composition operators : C,f = fop = Af.
This eigenvalue equation is (;alled Schrioder’s equation. In 1884, Gabriel
Konigs solved Schroder equation for ¢ € (D) with its fixed point in D.

Theorem (Konigs, 1884). Suppose that ¢ € S(D) is a non-constant, non-
automorphic such that ¢(p) = p € D and consider C,, as a linear transfor-
mation of H(D) of all analytic functions on D.

(i) If ¢'(p) =0, then 1 is the only eigenvalue of C.,.

(ii) If ¢'(p) # 0, then there erists a principal eigenfunction o analytic
on D, ¢'(p) = 1 of Schréder equation with A = ¢'(p) such that the
eigenvalues are precisely {A\"}3°, and the coresponding eigenfunction
for the eigenvalue A™ is o(2)"™ with the each of multiplicity one.

(iii) If ¢ is univalent, then so is 0.

We call o above the Kénigs function. More precisely, if p = 0 then o is

the limit function of

(1) ou(2) = (p:Sf)

This limit converges uniformly on compact subsets of D. We call {o,,} the

normalized Konigs seuence.

Let @y, w € D, be an automorphism exchanging 0 for w defined by .
w—z

2 w = .
) o 1 -z

Hence if the fixed point p # 0, put ¥ = a, 0 @ 0 ap. Since ¥(0) = 0, we

can construct its normalized Konigs sequence 7, and its Konigs function

7 on the way above. Putting o, = ¢™'7, 0 0y, and 0 = ¢~!7 0 o, Where
¢ = o4(p) = (|p|* — 1), then o is the Konigs function of ¢ and it is easy
to see that o, converges to o uniformly on compact subsets of D.

In the last section, we will consider the relation between the power com-

pactness of composition operators on A and its Konigs function.



2. TOPOLOGICAL STRUCTURE OF C(A)

In [6] and [5], the topological structure of C(H*) is studied. We can get
similar results on the topological structure of C(A4).

Theorem 1. Let C,,Cy, be in C(A).

. _ —2_2 1—dﬁ(‘/’,"/))2
@ IC, - Cyll = dg(p, )

(i) Cp~Cy inC(A) < ||IC, — Cyll < 2

(iii) Cy, is an isolated point of C(A) <= for all Cy # C,, ||C, — Cyl| =2
<= ¢ is an exztreme point of S(D) <= /021r log (1 - ](p(em)[) df =
—00.

(iv) Every C, € B is compact on A and isolated in C(A).

(v) K\ B itself is a component of C(A).

Remark. (i) implies that C(A4, ||-||) is homeomorphic to S(D, dg). (i) implies
that C(A) is locally path connected, and then all components of C(A) is path
connected. In [1], H. Chandra showed a part of the statement of (iii), that

is, if C,, is an isolation, then ¢ is an extreme point of S(D)
3. THE ITINERARIES OF THE POWER COMPACT COMPOSITION OPERATORS

In general, the collection of composition operators is not a linear space
but is a semigroup under the multiplication C,, : Cy + C,C,. Hence we can
consider the dynamical systems on C(A). Theorem 1 implies the following

proposition.
Proposition 1. Let C,, ~ C,, and Cy, ~ Cy, in C(A). Then C,,Cy, ~
Cyp,Cy, in C(A).

Let ¢ : C(A) — C(A)/~ be the cannonical map. We call the sequence
{¢(C2(Cy))} in C(A) the itinerary of Cy generated by C,. By the propo-
sition above, we can assert that the equivalent relation, that is to be in the

same component in C(A), keeps the itineraries, as following,.

Theorem 2. If C,, ~ C,, and Cy, ~ Cy, in C(A), then (C} (Cy,)) =
(C%,(Cy,)) for all positive integer n.

We will study on the simply generated itinerary ¢(C7). At first, consider

in the itineraries of the compact composition operators.



Proposition 2. (i) For aliC, € B and alln > 1, C; = C,.
(ii) For allC, € K\ B and alln > 1, 4(C}3)= K\ B

Next we will consider the itineraries of the pwer compact composition
operators. The example below guarantees that for any positive integer n

there exists at least a n-power compact composition operator on A.

Example 1. (i) Let ¢(2) = i(z + 1)/2. Then C,, is 2-power compact on
A.
(ii) Let ¢, be a (enough thin) lens map which fixes —1, 0, and 1, and
p(z) = =L, (2) + 1. Then C, is 3-power compact on A.
(ili) For n < 4, let P, = {1,e?™/n ¢22mi/n ... g(n=2)2mi/n} and ¢, be the
Riemann mapping from D to the (n— 1)th polygon whose vertexes are
just P, and which fixes every point of P,. Put ¢ = e2m/np, . Then

C,, is n-power compact on A.

We can apply Theorem 2 to the n-power compact composition operators
on A.

Corollary. Let C, and Cy be in C(A) such that Cy ~ C, in C(4). If C,

is n-power compact on A, then Cy is n-power compact on A.

Theorem 3. Let n > 1 and C, € C(A) be n-power compact on A.
(i) For my,mq < n,my # my, t(C*) # ¢(CF?).
(ii) Form > n, «(C7') = K \ B.

For example, let C,, be 10-power compact on A. List up the order of the
power compactness of {CE}12,, 10,5,4,3,2,2,2,;2,2,1. Thus, by Theorem
3, this itinerary includes five different 2-power compact components in C(A4).

Now for n > 1, denote K, the collection of all n-power compact compo-

sition operators on A.

Corollary. For every n > 1, K, consists of infinite components of C(A).

4. POWER COMPACTNESS AND KONIGS FUNCTION

In the introduction of this paper, it is shown that C, is power compact
on A if and only if ||¢"]|cc < 1 for some positive integer n. In this section, -
we will try to characterlize the power compactness of composition operators

on A in other way.



At first, suppose that ¢ is an elliptic automorphism, then all iteration
™ are also elliptic automorphisms. This means that ||¢™|| = 1 for any
positive integer » and C,, is not power compact on A.

Next we suppose that ¢ is not an elliptic automorphism. By the Denjoy-
Wolff Theorem (see [2]), ¢ has the Denjoy-Wolff point p € D and @™ converge
to p on compact subsets of D. If the Denjoy—WoIﬁ point p of ¢ is on 8D,
then p is just a fixed point of . This implies that ||¢"||cc = 1 for any
positive integer n, and then C,, is not power compact. (This result holds on
the composition operators on H* induced by ¢ € S (D) with Denjoy-Wolff
point p € dD. Indeed p € (D) for all n. This implies ||¢"]|co = 1)

From now on, we deal with ¢ € S(D) which is not an elliptic automor-
phism of D, with the Denjoy-Wolff point p € D, which is just a fixed point
of ¢. As the aplications of Konigs Theorem, the following two results on
the relation between power compactness of C, on H* and its eigenfunction
have been shown in [10]p23, p25.

Proposition 3 ([10]). Let ¢ be in S(D) such that p(p) = p € D and
¢'(p) # 0. Let o be the Kinigs function of .
(i) If C, is power compact on H™, then o € H*™.
(i) If ¢ is univalent on D and o € H™, then C, is power compact on
H*.

In [8], Poggi-Corradini has shown that the size of the Kénigs function is
estimated by its radial maximal function. In our situation, Poggi-Corradini’s

theorem implies the following lemma immediately.

Lemma 1. Suppose that ¢ € S(D) such that p(0) = 0 and the Kénigs
function o is in A. Then, there is a constant C > 0 independent of n such
that

(3) lloallee < Cllollo

Now, without the univalence of ¢, we can get the relation between the
power compactness of C, on A and the boundedness and continuity on D

of the Konigs function of ¢.



Theorem 4. Suppose that ¢ € S(D) with a fizxed point p in D. Then the.
following are equivalence.
(i) C, is power compact on A.
(1) |l¢™|leo < 1 for some n > 1.
(iii) the Kénigs function o is in A.
Moreover if one of the three conditions holds (then all of them hold), the

Konigs sequence o, converges to o in A.
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The essential norm of a weighted composition operator
on the disc algebra

TARVREORESTIEAZROERE /) )V L

Junji Takahashi Hiroyuki Takagi
EfE = B BT
(Shinshu University {8/HK%)

Abstract. We estimate the essential norm of a weighted composition oper-
ator uCy, : f > u-(foyp) on the disc algebra A(ID). The estimate determines
the essential norms of a composition and a multiplication operator on A(ID),
and gives Kamowitz’s characterization of the compactness of uC,. Further-
more, we obtain an analogue for H*(ID), the Banach algebra of the bounded
analytic functions.

X % BanachZEfi& U, L(X) & X FOBEFRBEAEAFER2MED BanachIRE T 5.
Se L(X) ik, X OFBAIEkE X OH D237 PVEARDOHIZI DT L E, 228
7 MERIRCIEENS. X Lo 37 MEAREKROES K, LX) I2BW\WT
B4 S 7V ERT. WE, T e L(X) KR LT, TH 5 K~OEMEEZ,

Tl =t {7 - S| : S e K}

EBL. Th#E, T OFRE /L (essential norm) &\ 5. Thid, BzEM L(X)/K
WBIBINVA|IT+KE|THB. HEDPIZ, |T). < |T| PEEbILD. £, KO
EHNZ B, '

IT|]e <00 <= THER (T HERTRVEE, |T] =0 £EZ3)
IT]e=0 <= T H 3237 MERSE
2T, |T|. DFHERXDBEZ S5hB L, T OFFRERI /37 MED R

SiIFeh3. COLSIZ, KE VL, EREOMEEZHS S5 2T BEEREGEZ
HoTW3.

R, XX IEREAROEKE ) VARSI TWS. ARFAREETHE,
MOANF=BICLoT, BROEAROERE ) W ADPRDLENTNS. '

J.H. Shapiro [3] Hardy 22/ H?(D) L& HER&R
A. Montes-Rodriguez [2] Bloch Z2fd]_ E DR ESIEA R
L. Zheng [6] Hardy Z2f] H>(D) L O&HIEHER

moEE CER BEEM 5 CX) LoREARERAR
ZZTR, T4 RVBE HD) LOREARIEAZRORE ) VA% FND.

§1. T4 AV B LOWEAKERAZROXRE/ IL L
D% COBMEMAKRE L, Z0OHE%2 D, ERE2 Te»<. D LTERM »>D
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L CEGR BB 5 5 BBRE, T 4 X V1R (disc algebra) EIFT, A(D) T
£ VWE, u,pe AD)TC,olX DS DANOEHRLTS. COul pZANT,
A(D) LRI uC, %,
(uCpf)(2) = u(2) f(p(2)) (2€D, f € A(D))

LEETD. WP, uC, € LIAD)) T, |uCy| = |u| TH 3. uC, &, AD) LD
FIEARERAF (weighted composition operator) LIEIZH 5. & <IZ, u HEHE
B1DHAE, uC, =Cy: f i fop &, BRIEAE (composition operator) &\ 5.
g, o B D DEEEROBEE, & {HM5NE=HEEAR (multiplication operator)
uCp =M, : frru-f TH5.

AD) FOMEERIERRORE ) )V AiE, RO L1233,

EE1. uC, % AD) LOREAREARL T 5.
(a) ¢ B EBEAB DGR, [uC,yl. =0 TH 5.
(b) @) NT =0 DFE, |uCyple =0 TH 5.
(c) o BPEBEI TR 2 oD)NT 0 OBFE,

sup{|u(z)| : z € ! } < JuCyple < 2 sup{ju(z)| : z € ¢ 1('1[‘)}

DR D L.

EHE 1D (b) DBEE, o U(T) =0 &35 5, sup{|u(2)| : 2 € o™ (T)} =0
LIEIRTED. 25358, (b) i (c) ICEHBHILHTE S,

FELIZBWT, u BEHEB L 0BG D5V ga # D DEEEBROBEEE
Z&3. Ebo0EHEY, (c) D sup{|u(z)| : z € p}(T) } DIES Ju| &Y, —75
€ Gyl < Gy = Jul £95, WO, = lul £33, =5 LT, ®D 200

z215.
%1| C, % AD) LOARIERARL T L, ROADERY ILD.

ol — 0 (@D ERBEE =& oD)NT =0 DHE)
1Cele =1 (25 TRVWER)

%2 M, % AD) LOBIEREZL T2 L, Myl = |u| THS.
Fie, FE1IT |uCyle =0 DBEEEZ D L, ROMONEHRY /Bo5h 5.

% 3| (Kamowitz [1]) uC, % A(D) LOHEBEABIEARE T5. o B EHEIHKT
BWEE, uC, B A3 MERARTH 2 =0OLETIRAE,

w(z) ¥0 = |p(z)| <1

BERYIEDZLTHB.
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CNLDRT, FH 1(c) ZH#B T B, |uCyl. = sup{|u(z)] : z € ¢ (T)} &
BRoTWE. MOEEBTCHE, 2R35O0 +05M4%252%. #EBTE, TED1
It Lebesgue HIEZE m & <.

EHE2. uC, % AD) LOREARERRL T5. Xk, o & EBHEB TR
P2 e@NTx0 LT3 m(pY(T) =0 DL &,

[uCyle = sup{|u(2)| : z € ¢™}(T)}
TH5.

§2. H>(D) LO®RESHIEREZEDOARE / )L L

D tOFEFRIERIEERLKRD Banach %, HX(D) TEXT. VWE, u, p € H*(D)
T, ol E DL DADEHRLTS. CDul p ZHNWT, H°D) LOEAEZ uC,
Z,

(uCp f)(2) = u(2) f(p(2)) (2€D, f € H*(D))
LERTB. P DI, uC, € L(H®(D)) T, |uC,| = |u| TH 3. uC, %, H*(D)
L OEEARKIFARE (weighted composition operator) £W\W5. F 4 A VBOBS
CRRIC, v PEBBEE 1 O5E, uC, 2 SR{EAR (composition operator) &
WoC, C, TERL, ¢ ¥ DOEEEHRDBEE, uC, & BIEAR (multiplication
qperator) sV, M, 2ET.

EE1D AD) B HD) ICEELTALS EE10 (¢) T,

sup {|u(z)|: z€ o™ (T)} =inf{r>0 : p({zeD:|u(z)]>r})cD}

B D LD, H2(D) OHBEE, ¢ ({z€D:|u(2)] > r}) orbbi,

7 ({z eD: |u(z)|] > 7"})
—QEQOBEEERT (QCC)— 2EZ15. ZLT, ROEHZH=.

FE3. uC, % H*D) LOHEAREARL T 3.

a:inf{r>0 : go({zE]D:lu(z)[Zr})C]D)}

B,
a < |uCyle £ 2a

DY LD,
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81 LRRICER TR L, EHIDS, RO I D2DRDBABUDINSB.
% 1| (Zheng [6]) C, % H®(D) LOSHIEARL T2, WORDE Y L.

"Cwne:{ 0 (oM cDoBs)

1 (e@NT=0 OBE)

22| M, % H°(D) LOBEARL T3 L, |M).=|u| TH 5.

3| ([4]) uCpZ H*D) LORWEGHERARE T5. uC, ¥ T30 MEAE
THB5EHDOMBETHEHE,

ERO r>0Z8LT, p({z€D:|u(z)|>r}) CD
BRYIDZILTHS.

i : CONER, E—EFHOBLMX (BNKE) KRB FETHS. SHE F#L LK,
ZhzsRahn.,

& F X Wk
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Finite codimensional linear isometries on function

algebras

Kazuhiro Kasuga (Niigata University)

Abstract. Let K be a compact subset of the complex n-space and A(K) the algebra of
all continuous functions on K which is holomorphic on the interior of K. In this report
we show that under some hypotheses on K, there exists no linear isometry of a finite

codimension on A(K).

ZDOVER— MIPESEELE L OBIFEZEIC LD TY,

E % Banach 22 & ¥ %, Linear isometry ¥ : E — E BRIRT I TH B LIty OER
NEOPFTRRTITHIHFIZND, ZZTIRXEDOEKTHSD,

F %%% Buclid 22 C» OWAES L5 5, FIZF OBA®»EL, oF 13 F ORI
BERERL, tFIXFOPRRBERTHOLTE, —RICGEC OEKET S, HG) &
G LOERIBEREEEE L. )12 G LoBEKIEEEREOhErET O LT 5,

B, 2785 Euclid 22 C* OBATER YL L. S, #BAIERE L35, A(B,) = H(B,)NC(B,)
E8<, A(B,) ® S, E~DOHIBRE A(S,) £EL Z LT 5, A(S,) % ball algebra &
E5. n =1 O AS,) XAERTHS, MHEREDRRE 1O linear isometry 1177
Ty 5, D REMMKE LT 2EMAELT 5, /bbb D = B, T = 5 Tha,

My(z) = (z—a)/(1 —az) (a€ D) LEDSH, KiLTakayama-Wada DFERTH D,
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Theorem 1. ([7)) A(T) ZAKBRL T 5, ¢ & A(T') LORKKIE 1 O linear isometry. &5
B, ZOKa,f€C (Jla|=|8]=1) La,be DBFEL (¢f)(2) = aM(z)f(BM:(2)) (f €
A(F), ze F) %‘7%7‘:'3_0

KICHRTEDERZ DN T LD & ) RFEERPRI Y 2555 T 5, D" % C OHAIS
HAEKE L, T* % —F5RL$5, AD*) = HD*)NC(D*) £¥B<. AD*)DT™ E~
DHIR%E A(T) & EL Z L2753, A(T™) % polydisk algebra & & 9, n'=1 O A(T")

FHRRTH D,

Theorem 2. ([6]) A IZ ball algebra A(S,) %7z polydisk algebra A(T™) ERTHO

LT 5, n>1 0O, ALEORKTT 1O linear isometry 1XTFEE L2V,

B(p,e)={ze€C:|z—p|<e} LB, TTTpeC" Te>0Th%bB, AK)ZKD
PRECIERIZ K EOBRIKESHESReEL 5, H(K)% K CERNZBKO K ETo
—AEEIRAR LT 5, A(K). H(K) X\ Thb K ETORSET

H(K) C A(K)
AEL Y ST,

BA(K) % A(K) O Shilov 55 & ¥ 5,

Theorem 3. ([5]) n>1 &35, KiZCr D737 MEZER TR (i) 55 (v) &
b0 ed 23,
() WK=K

(i) K = N2, Dns 7272 L Dy O Dppy T Dy IXERSSERIMTH S
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(iii) K DERORplZi Le, > 0 BFEL, 0 < € < ¢, RBEED cl2x L B(p, e)Nint K
RS

(iv) A(K) = H(K) -

(v) uw€AK) TOAK) ETlu|=1THhoRbIE, uwiIBEE LT K OWNBTER
o oA

Z OFF A(K) LEDRRIT | O linear isometry IFFFFE LRV, ZZ THXEDOERTH 50
KRIZEBOREEZTET K OBlZ3T 5,

Example 1. n > 1 &9 %, D % C" ® C? boundary %5 strictly pseudoconvex domain

L¥5, K=D L35 LERID[) 2D (v) OREEELT

Example 2. n>1¢7 5, KIZCPOav g bhoESTmtE = K R5 b0 L
HEEHEID () DD (v) DIREEH =T

Example 3. n > 1 &9 %, K; i3CDar MBLESTOK; IXHRBEDERS 572

Pl b 22 b0 T3, K=[]K &2 TR0 () 25 (v) DIER LT,

i=1
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Martin boundary of finitely sheeted unlimited covering
surfaces of C and quasiconformal mappings

Hiroaxt MASAOKA and SHIGEO SEGAWA

Abstract. Let W; and W5 be p-sheeted unlimted covering surfaces
of C. Denote by A}}V" the minimal Martin boundary of W;. Suppose
that W is quasiconformal equivalent to W3. In case p = 2 or 3, we show
that #A;Vl = #A‘I’VZ, where #A}'V" is the cardinal number of A‘{V".

AR p(22) THL,C D p BHREFFREBEEREZMEZC, TRI. WeC, D <)
F > compact & W*, YIVF UER 2 AV (= W\ W), S5 W OB/ ILF
VERE AV (C AV) 95, AV id, W OBEERIE Lo EERNER O
BERDDODTHS. WHLE CANOHEZ 7w EL, W =W\ ({|z]| £1})
EBL. W DHMERE oW TKRT: oW = m ({2l = 1}). W' LOFFIEIHK
hTh20,hloW' =0 2H2THDODEEE HP(W,0W') £BL. ZTOLE,

H#AY =n

[}
Up, - U (€ HP(W',OW")) MEEL T, & he HP(W',0W') I
h=>" cu; (c €R,¢ 20) DREIZT—EHICERINS.

L7120 TS (Heins[H] 1&, 2D n 2 W O BERTT EFEAR). £z, 2Thhb,
WeC, DEE LS H#AV S p B35 (cf. H)). LT TR, ROMEITDNTE
25,

Bl W1 e€C, & W, €C, PREAREDEE, #AT = #AY? LB M7?

— iz, IF ER (£, EED I OH SR EZER) IHREARE TR
72 WA (cf. [L], [S], [ST]), LOBIEEMNTHEHDEFRLTNS. Z T T,
p=2BLV3DHEBICEEEZS. £T, —D p IZDWT, RO EDRLDIT
.

EE 1 W) €C, & W, DEEARMBET #AM =p DEE, #AV2 = p TH
3.

EE 2. Wi €C, & Wy €C, PEEARMET #A) ' =p—-1DLE,

#AV2 =—p 1 ThH3.
p=2 30&E FB1IBXV2EVEBICLOMEOENESNS.
IEE. p=2FL[E 3 LTE. W, €C, & W, €C, PEEARIERLSIE,
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#AW = AW ThHB.

UFTH, 2 1BLU2 OFHHOERITDOWTHBNRS. oo A% Dirichlet &
T2 EEABERAT B TS LS C DEEEAEE M TRY. 25T,
WeC, & MeMKHL, ;1 (M) QR OFRE ny(M) TEY, 22T my
W HECADHRETHD. ZDEE, #AV 1, nw(M) Z2E>TROL ST
oI55 (cf. [MS)):

i 1. #AY = maxpyem nw (M)

F/-, BEARER 2 DOFEBEBOERICONT, RO ENHMSNTNDS (cf.
[LSW]):

& 2. f IZTEESR D, 55 PEEE D, ~\OBEAEHT D, ~OEHLE
 EEDET S, COEE, b D, OKERMBREASE, F4(b) b D, O
FRERETHS.

WeC &¢e AV ITHL, K, &2 W KBTS ( O Martin #£E9 5, ZIT
W =W\m;r({|z| £1}), 7w B W 25 C ~OHETHZ. W OBIES E I,
REOW' £ K, 237§ £ &, ( T minimally thin TdEWS. T, REW
W Lo ENW IZBET % K, © balayage(iffl) 2K 9. & 2 OFEHITE, L
DOfE1 BLU2 DMK DOME 3 BBEL LS (cf. [M]).

@E 3. L % W(EC,) ROERHETW DBERANIEZTIHDLTS.
ZOLE, AV OR ¢ BEELT, L 1 ¢ T minimally thin T,
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PARABOLICITY OF RIEMANN SURFACES
MITSRU NAKAT! and SHIGEO SEGAWA?

1. Introduction

Throughout this paper the notation R is always used to mean an open (i.e. noncom-
pact) Riemann surface. In the classification theory of Riemann surfaces the class Og
of parabolic Riemann surfaces R is the most basic category of degenerate Riemann sur-
faces. There are hundreds of mutually equivalent characterizations of the parabolicity
of R, among which we state here the following ring theoretic one (cf. e.g. [7]). The
Royden algebra M (R) over R is the normed ring obtained by the completion of the ring
{f € C=(R) : ||f]| < oo} with respect to the norm

1= 151+ [ 1oser) "

where V f(2) = (fz(2), fy(2)) (z = z +1y) is the gradient of f. The potential subalgebra
MAa(R) of M(R) is the closure of the subring C§°(R) of C*°(R) consisting of functions
with compact supports in R. The potential subalgebra Ma(R) is an ideal of M(R).
Then the parabolicity of R is characterized by the triviality of the ideal Ma(R):

M(R) = Ma(R),

i.e. the ideal boundary of R is so small that any Royden function (i.e. any function in
M(R)) can be approximated by Royden functions with compact supports. Of course
the notation O¢ comes from the most basic characterization of the parabolicity of R
that there are no Green functions on R: in the notation Og the letter O suggests the
nonexistence and the letter G in the suffix is the capital of Green. Open Riemann
surfaces R not in Og (i.e. R ¢ Og) are said to be hyperbolic. The closed (i.e. compact)
Riemann surfaces are said to be elliptic. Hence all Riemann surfaces (open or closed) are
classified into three categories: elliptic, parabolic, and hyperbolic, and all open Riemann
surfaces into two categories: parabolic and hyperbolic.

The classification is the most illuminating if R’s are restricted to those of simply
connected ones. The uniformization theorem says that all simply connected Riemann
surfaces (open or closed) are conformally one of the following three surfaces: ¢ (the
Riemann sphere or the extended complex plane), C (the complex plane), and I (the
unit disc). Hence a simply connected open Riemann surface R is either C or D and
therefore R € Og (R ¢ Og, resp.) if and only if R = C (R =D, resp.).

Let P be either one of the complex plane or the Riemann sphere ¢ = C U {o0}, o0
being the point at infinity of C. An open or closed Riemann surface S is said to be
a multisheeted plane over P if S is a covering Riemann surface (5, P,w) of P, i.e. S
is a Riemann surface and 7 is an analytic mapping of S to P, with the following two
additional conditions. Firstly, the cardinal number card 7~(a) of the fiber 771(a) is a
constant ¥(S) € NU {RXo} for every a € P, where N is the set of all positive integers
1,2,--- and Rp = card N. Secondly, 57\ S is of (logarithmic) capacity zero measured
on S; for any covering extension (S, P,m1) of (S,P,n). Here a covering extension

!Professor Emeritus at Nagoya Institute of Technology
2Daido Institute of Technology
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(81, P,m) of (S,P,) is a covering surface (S1, P,m1) of P such that S; is a Riemann
surface containing S as its Riemann subsurface and m1|S = 7. That the closed subset
S1\ S of S; is of capacity zero is characterized by the existence of an Evans function
h on S for S; \ S which is a continuous mapping of S1 to [—00, +0c0] such that h|S is
harmonic with negative logarithmic singularity and h|S; \ S = +00. The constant v(S)
stated above is referred to as the sheet number of the multisheeted plane S, or more
precisely, of (S, P, ), and if v(S) € N (v(S) = Ry, resp.), then we say that S is a finitely
sheeted plane (infinitely sheeted plane, resp.) over P. obviously infinitely sheeted plane
must be open.

We are interested in the problem, which we call the (generalized) type problem (cf. e.g.
[3],(4]), to judge whether a given multisheeted plane S over P is parabolic or hyperbolic
based on the covering information of S over P such as the topological and metrical
distribution of the branch points, i.e. points @ in S such that the order of the zero of
w(z) — m(@) (2 being the local parameter at @) is at least two. Since it is easy (although
nontrivial) to see that S is elliptic or parabolic along with P if v(S5) € N, we can restrict
ourselves to infinitely sheeted planes over P in the type problem. In particular the type
problem for simply connected R over C is referred to as the (classical) type problem,
about which we will discuss in this paper.

2. Concretely given simply connected infinitely sheeted planes over C

We are going to discuss the parabolicity or nonparabolicity (i.e. hyperbolicity) of a
certain simply connected infinitely sheeted planes W constructed by the method of
scissoring and pasting. We take a variable sequence a = (a,)nen of increasing positive
numbers:

(1) 0<a1<ay< - <ar<anp1<- Na=:a[a] < +oo (n— oc0).
Fixing the above sequence o we consider the sequence (I, )nen of slits I, given by
(2) I,:=[-L1]+ia, ={z€C: -1 SRez<1,Imz=a,} (neN).

We then consider the sequence (F),)nen of slitted sphere Fn given by

(3) Fp=C\(In-1UL) (neN),

where Iy = ), so that F is a once slitted sphere and F,, are twice slitted spheres for
n > 1. A slit I, gives two sides, the upper side I} and the lower side I;, to Fy, and Fy, 1
(n £ 1). More precisely, there are two boundary points a* and o~ in the Caratheodory
compactification F; and Fj;,,, respectively (cf. e.g. [8]), of F,, and F, 1, respectively
lying over a € I, characterized by

ot = lim(a + it)
t10

in F; and F;,,, respectively, where + and — in the double sign + are taken in their
natural corresponding order. Here a¥ = a~ if and only if a is the rightmost and the
leftmost end point of I,. Then, precisely defining, I* := {a* : @ € I} (n € N).
Identifying a™ (a™, resp.) in F} with a™ (a™, resp.) in FJ we get a set Fy U Fy U Jj.
Here J; consists of two copies I;; and Iy of I;. The set I3 (I12, resp.) comes from
identified I7 in Ff and I in Fy (I in Ff and I in F, resp.). Two sets I1; and I are
viewed to be disjoint except their identified end points. At each point a in Fy U F U J;
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except the end points of J; we give a local parameter Z := z — a naturally induced by
the global coordinate 2 of C. At the end points e; and ep of Ji, we give Z := /z —¢; as
the local parameter at e; (j = 1,2), so that, by setting (%) =a+(z—a) =a+3 for
FiUFRUJ\{e,ea} and w(2) = e;+ 2% at ¢; (= 1,2), (FiUF, UJy,C, ) is a covering
Riemann surface of C with two branch points of multiplicity 2 over e; and ez. Then J;
becomes an analytic Jordan curve in F; U F; UJ; in which F; = J;. We will denote by
Fy + F5 the Riemann surface F; U F5 U J; constructed above. Usually Fy + F, is referred
to as the Riemann surface obtained from F; and F; by pasting crosswise along the slit
I;. Similarly we construct the Riemann surface F; + Fy + F3 obtained from F; + Fj
and F3 by pasting crosswise along I;. Repeating the process inductively we obtain a
Riemann surface W = W{a] determined by «, which we denote symbolically by

The surface W,, := Fy + --- + F,, is relatively compact in and a Riemann subsurface
of W = Wla]. The relative boundary W, of W, in W is an analytic Jordan curve.
Conformally W, = D for every n € N. We can see that (W,,)nen is 2 regular exhaustion
of W. From this we can see that W{a] is simply connected. By the construction we
see that (W[a],@, w), w being defined naturally as in the explanation stated in the
constructing Fy + Fy, is a covering surface. ' :

We denote by A the set of sequences & given by (1). Then we have obtained a one
(sequential) parameter family {W[a] : @ € A} of simply connected infinitely sheeted
planes W (o] over €. We now discuss the classical type problem for {W{a] : a € A} and
the complete answer is obtained as follows. ' '

THEOREM A. The infinitely sheeted plane Wla] € Og (Wla] ¢ Og, resp.) if and only
if ale) = +oo (ala] < +oo, resp.).

The part of this result that ala] < 400 implies W(a| ¢ Og is due to Professor Hisashi
Ishida [2] at Kyoto Sangyo University. His proof goes follows. The standing assumption
in this part is a = afa] < +oo0. Consider the set

Gi={z€C:-1/2<Rez<1/2,0<Imz < ay},
whose boundary consists of four segments
oj={2€C:-1/2<Rez=1/2,Imz=4q;} (j=0,1)

with ag = 0 and
75 = {2€C:Rez=+£1/2,00 £Imz < a1},

where the double signs are taken in its natural order, so that 0cGy = oo U 01 U71+ Uy .
We may understand that G together its boundary OcG; is embedded in Fy UdF;, 0F;
being considered in W as G; and 8G;. Similarly we consider

Gpi={2€C:-1/2<Rez<1/2an_1<Imz<a,} (neN, n<2),
whose boundary consists of four segments
gj:={2€C:-1/25Rez<1/2,Imz=4qa;} (j=n-—1,n)

and
7',,::: ={2€C:Rez==%1/2,ap_1 SImz = an}.
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Then Gy, with its boundary dcGr, = 0r—1 Uon, UT,F U7 in C is embedded in F, USF,
in W as G -and 0G,. Since oy, in F, and o, in G,41 are identified in W, we see that

G=|JGn

neEN

is simply connected open set in W and
G={2€C:-1/2<Rez<1/2,0<Imz < a}
is a rectangle considered in C. Its boundary dcG consists of two horizontal segments
op:={2€C:-1/2<Rez<1/2,Imz =0},

O ={2€C:-1/2<Rez<1/2,Imz=a}

and two vertical segments 7% where
7 :={2€C:Rez==+1/2,0<Imz < a}.

Then the relative boundary G of G in W is oo U U7~ but oo should be considered
as the part of ideal boundary of W.

The subsurface G of W is thus noncompact. Solving the Dirichlet problem, the
existence of nonconstant bounded harmonic function A with 0 < A < 1 on G such that
the boundary values of h on 0G is zero and that of h at the ideal boundary o is 1 except
the end points of 0. Such a subsurface, i.e. the subsurface of carrying nonconstant
bounded harmonic functions vanishing continuously at its relative boundary, is said not
to belong to SOy p, which assures that the original surface is not in Og, i.e. W ¢ Og in
the present case (cf. e.g. [7]). This is the Ishida proof for the necessity of the condition
ala] = 400 in Theorem A. : O

The last part of the above proof can also be seen directly as follows. Observe that

WuNG={z€C:~-1/2<Rez<1/2,0<Imz<a,} (neN)
and its relative boundary (W, NG) in W is
OWuNG)=0coU (T NW,)U (17 NW,)

so that o, C OW,, and W, NG \ 0, C W,,. Let w, be the harmonic measure of 8W,,
on Wy, \ 0y, i.e. w, is a continuous function on W,, = W,, U OW,, harmonic on W, \ 0o
with boundary values wn|og = 0 and w,|0W, = 1. The decreasing limit w of (wp)nen
is the harmonic measure of the ideal boundary of W on W \ ¢¢. By the comparison of
boundary values of two functions w, and h on (W, N G), we see that w, = h > 0 on
G so that w > 0 on W, which is one of the characterization of W not to belong to Og.

Compared with the proof of the necessity which is quite simpler and easy as is seen
above, that for the sufficiency, i.e. a[a] = +oco implies W[a] € Og, is much more com-
plicated and cannot be stated here because of the restriction of the number of pages and
therefore we refer the reader to [4] whose proof for a corresponding situation, although
quite different at least superficially from our present one, must convey a feeling about
the basic idea for the sufficiency proof.

3. Generalizations and conjectures
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In order to increase the applicability of Theorem A we relax the rigidness of the slits as
follows. In addition to the sequences & = (an)nen satisfying (1) we take another kind of
the class B of sequences 8 = (by)nen 0f real numbers b, satisfying simply the condition
b, > 0 (n € N). Replacing the interval [—1,1] by [—bn,bn] we consider the sequence
(In)nen of slits I, given by

(2) I, == [~by;by) +ia, ={z€C: ~b, SRez S by, Imz=1a,} (neN)

in place of (2). Then we consider two (sequential) parameters family {Wle, f] : (o, ) €
A x B} of simply connected infinitely sheeted planes Wa, 8] determined by (3) and (4),
ie.

4 Wi, Bl =Fi+F+ -+ Fy+Fppg 4.

It may be natural to discuss the type problem for W{a, 8] according to the cases
ala] = +o0o and ale] < +oo separately. Concerning the former case we wish to prove
the following assertion.

CONJECTURE 1. When ala] = 400, W{a, ] € Og no matter how 3 may be chosen in
B.

At present we can show the validity of the above conjecture under an additional condition
which is satisfied e.g. when § is nondecreasing:

THEOREM 1. When afa] = +oo, Wla,f] € Og if the sequence (a2 + b2)nen is
nondecreasing except for the first few terms, i.e.

(5) @ +bi<ali +bhy (REN, n2m)
for a certain m € N.

We believe that the technical condition (5) is redundant but we have been unable to get
rid of it yet. The latter case (i.e. afa] < +oco) is of much more diversity. In this case we
expect the validity of the following result:

CONJECTURE 2. When ala] < +o00, Wa, 8] € Og if and only if

(6) liminf b, = 0.

n—~3>00

We can prove the necessity of the condition (6) for the validity of W{e, ] € Og:

THEOREM 2. When ala] < 400, the condition

(7 liminfb, > 0

—»00
implies the hyperbolicity of Wla,f], i.e. We, 8] ¢ Og.
However we are still unsuccessful in proving the sufficiency of the condition (6) for the

validity of W/a, 8] € O¢g unless assuming an additional condition which is the case e.g.
if B is decreasing. Namely
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THEOREM 3. When ala] < +oo, Wlw, 8] € Og if the condition (6) holds under the
restriction that ((an — afe])? + b;";)nGN 18 monincreasing except for first few terms, i.e.

(8) (an — ale])® + b7 2 ((an+1 — ala])* + b2y,

for almost all n € N in the sense that there ezists an N € N such that (8) holds for all
n €N with n= N.

Again we think the condition (8) is only technical and not essential. We can easily
construct an admissible W{a, 8] € Og with ala] < +o0, (6), and

limsup b, = +o00.
T3 OO

This is one of instances backing up the feeling that the condition (8) can be dispensed
with.
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STRICTLY CONTRACTIVE COMPRESSION ON
BACKWARD SHIFT INVARIANT SUBSPASES OVER
THE TORUS

KUNIAKI NAGAI

ZOEETIE K. Izuchi & R.Yang D [ Strictly contractive com-
pression on backward shift invariant subspaces over the torus| %8¢

ER-P

Definition 1. 2 KT b—F X T? LDON—F 1 ZEf#l% HX(T?) £ 5,
T, % f € H¥T?) KHUTTLf = 2f TEES HAT?) 5 HY(T2) ~
DEFBREEARL TS, T, DAKET 5.

H*(T?) OEAERS3 22/ N 2% backward shift invariant subspace &1
TNCNTINCNZHEZTZETH S,

Py & HYT) 5 NAOREEL, S, % f € NIAKL S, f = PyTLf
TEXDNMNS NDFFRUEARET D, 5, bAKET 3,

—fRIZ||S.]| S 1 TH DA, ZOMITR|S| <1DEEIBEL
TERL TV,

Lo % f € H(T?) ITH L Lof(z,w) = f(0,w) TEES HATH) H5
H(T,) ~NOHFMREERRET S ERKAROILD,

Proposition 1. N % H?*(T?) L ® backward shift invariant subspace
ETBEERIFEETH S,
@ lIS:]l <1
(i) Loyld& N ET1x 15D LN 1 HY(T,) DEHAEMTH 5.
(iil) FEED h € NITH U ||h|| < C||Loh|| W= ERK C > 1 BEE
95,
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Proof. (i)=(ii)||S,||<1&T 5. EED f e NIZTHL

AP = Lo f11 + IS FIP < M|Lo 1P + 1181211 £112

CNED A= ISP < Lol < IFIP E720, (i) AR D LD,

(ii)=>(iii)the open mappinig theorem & 0, {E&E®D g € LyN IZX L

ILotgl] < Cllgl| ZH=TERKC > 1 WEET B, £oT, HED
h € NIZX U [|h|| < C||Loh|| 2¥6L D iLD.

(ii)=-(i) (iii) KDL DET D, ZDEE, FEDhe NITHL

1SA2 = (IRl Loh||* < (1~ AP ARDILD, 2T, ||S.]] =
I1S2]| < LSRR B 3T D. O

ZZT, 1S <1, |IS:]| =1 &6z HT5,

Example 1. ([5]) p(w) 2 ||p|| < 1725EHRET S, N, = H¥(T?)e
[z—p(w)] &9 % & N, 13 H2(T?) £ O backward shift invariant subspace
L12B. TDEES, = Spw) ETRD IS < |Ipllee < 1 E72 B

Example 2. N = H*(T?) @ wHX(T?) £§5& N = H¥T,) £750
H?(T?) £® backward shift invariant subspace &72%, TD&EE||S,|| =
ISII = T2 =1 &7 5,

Proposition 1 &0 ||S,|| < 1 L/R2BBERED Lyld N ET1x1 &
WORHICHERT S, ZOEE AR fe NIKHU A(Lof) = LoSf T
EED LoN 5 LoN NOBRBERAFT (ARTHS LB 50n) A
EETERMRKDILD,

Proposition 2. N % H?*(T?) kO backward shift invariant subspace
LU LEN ETINLETSD, ZDEEAWFRZSITRD (1)~ (iii)
EHIZT p(w) € H*(T,) BEET 5.

(i) A=Tlon

(i) 1Al = llelleo
() N = {2 (T30)2" g(w) € LoN}
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Z 2T AM well-defind THEANEFRTRVWHZHIT 5,

Example 3. p(w) € H*(T,) KL N, = H(T?) 8 [z — p(w)] £T 3
& N, 1& HY(T?) £ O backward shift invariant subspace &782. Z®D
EE pw)= 3% = —logl—w) (weD) ETBHEAWEN, £T
well-defind ¢ % 25 R T/z 10,

BRI ADWEREIDD EEOHHMTELTROEENH 5.

Theorem 1. N % H?(T?) _E£® backward shift invariant subspace &3
% & ERD (i)~ (iii) I EEETDH %,
() LWE N ET1IM1THD, 2D AFTHER
(ii) S, = Sp) EHET p(w) € H*(Ty) DEFET 5.
(iil) z — p(w) € N* ZH=T p(w) € H®(Ty) WFET 5.
FIDEE o) id||Al =@l CEDTENTES,
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An example of a z-invariant subspace of H*® with index ¢
(REGRED index &b D H® O - AEH 5y 22/ D —451)

Norio Niwa (F139 S8EA)

Abstract. We consider norm closed z-invariant subspaces of H®. Borichev [1]
proved an existence of a z-invariant subspace of H> with index ¢, that is generated by
an uncountable family of Blaschke products. Here ¢ is the cardinal number of real field.
We show an existence of a z-invariant subspace of H* with index ¢, that is generated
by an uncountable family of singular inner functions.

D #ERFEOHEMBMR, 0D Z¥MME LT 5. H® = H°(D) % D LOFRE
RIBE% 20> 5725 Banach B, L*(0D) % 0D EOAREHA F /2w HIBIE A5 72
% BanachZR &9 5.

inner function (P¥FEIEL) & MEIE 5, H® ORI CEELRZE % 2o+ HE
B&HD. (z) 2 inner function TH D &1X, ¢(z) € H*® 52 |p(e?)| =1 a.e. on 6D
Zlcd & &V ). —MRIT inner function 1%, Blaschke # & singular inner function
(FrEANIREIE) L IRiZN 3 2 DD E O inner function DETREN 5.

{za}n 18, Yoo (1 —|2n|) <0 ZW=T DHNDRFIETE. ZTDL &

oo —
—Zn B Zn
- D
B(z) H|zn]1__2_nz, z€ D,

TEZESN 585 % Blaschke L V5.

Pu(z) = exp (-— /a e+ zd/»t(e”)) , z€D,

Deie“‘Z

% singular inner function &\ 5. ZZ T, uld 0D £ Lebesgue lE & A\ T singular
RAETHD.

M % H® @ (closed) subspace & ¥ %. M 73 z-invariant TH D &Ik, "fe M 2b
T2f e M T EERVD. ZZT2XEEBEHTHS. 22T, 2 20175
BIBMERSRIZEA LT invariant 72 b DT 2 E X 2D T, 72" &M L CTHEIZ invariant
EWVWH T LIZTD. |

H®[ZBWTIE/ VAR & (L2(OD) D weak-star fLFH% H*® IZHIFR L7z) weak-star
PNARD 2 DONHEEEZX D ENRTES.
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ETHRAYINC, M % H* O weak-star closed invariant subspace & 5. ZD& %, M
IX H® @ weak-star closed ideal Téh 5. H*® @ weak-star closed ideal iZ 2N Tikik®
ST Rmoh T s,

EH ([2, p.85]) M % nonzero 72 H® @ weak-star closed ideal £+5%. D& ¥,
inner function ¢ MWFFEL T
M = oH®.
ZIZT, pidfEHE 1 OBEERVWT—RIZEE S, #iZ, HB inner function ¢ (2%t
LT, pH™ X H*® ® nonzero 7% weak-star closed ideal Tdh 5.

Zhizxt LT, H*™ ® norm closed 72 invariant subspace IZBI Y BRERILHE D 415
NTHWRWDOTIEZRWAEE S, LUTFIZ H® ® norm closed invariant subspace i
2pleh 2%,

H®> @ norm closed invariant subspace ?

(1) BAZBFAMAR D EoEkkiEseiks C(D) L T5.

A(D) = H* nC(D)

iZ H* ® norm closed invarinat subspace T 5. A(D) XM & IS,
(2) acD 5.
{f € H®; f(a) = 0}
i H® @ norm closed invarinat subspace T 3. Zhit H® OERA T 7L T

bD.
(3) O£ feH® £¥5.

{z"fin - 0,1,2,...} @ closed linear span

IZ H*™ @ norm closed invarinat subspace T 2. Z I single generated invariant
subspace & FEIINS.

IV, M% H®® norm closed invariant subspace &4 %. BZEM M/zM O
BEEME LTORTN n ThdEE, Midindex n &b~ (7L codimension n
property &b-2) L\ 5. H® OFA, Wit n & LTIHIFAER0,1,2,..., TRRE
DERR, FIXEBRECERELY 5.

ETE 27 H® ® norm closed invariant subspace ®#ll33 T index 1 TH 5. %
KCHBH, =2 CHardy 22 H?(D) @ invariant subspace IZDWTa A2 b 5.
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H?(D) @ invariant subspace {2 LT, H® DFA L FHEIC, index ZEHTS. 20
& &, Beurling ®E# & Richter [6] DFER X Y, H?(D) ® nonzero 72{EZ D invariant
subspace i& index 1 L2 b 7272202 & 305035, LarL, H® X index 232 L E®D norm
closed invariant subspace ZZA TV 5. #l2IE, index 2 DFIZ-OVNTid Richter [6] %
SRR L. S 51T, Borichev IFRDBEIRIEWHEREEX TV D, UTIZBVT, [0,1]
IR, c1Z[0,1] DIRETHS.

EHE ([1]) Blaschke D% {By;a € [0,1]} TROEMEZEZT L ONREET 3,
{Ba;a € [0,1]} Z&Te H™ D&/ norm closed invariant subspace 73 index ¢ % % 2.

Borichev % Blaschke #% FV T, EHIRED index % b2 H* ® norm closed in-
variant subspace Z{E-> TV 5. ZOREREZITT, b5 —2>DHMBIEZ inner function
T % singuler inner function & AV T k& F#72 M E % b - invariant subspace % &
BLENTEBRRELIN? LVWIRBEEE L, ROBEHNRERNE LT ’

FEH singular inner function D& {¢, ;a € [0,1]} TROSLMEZRE- T DREET
D {Yu; @ € 0,1]} ZETe H™® D FK/ID norm closed invariant subspace 7% index ¢ &
0.

L@ Blaschke &, %7213 singular inner function D RDERFIEIZEkD H 5 ik
Borichev [1], ¥£721% Niwa [5] &R LT LV,

£ 30k
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On a Theorem of MacCluer and Shapiro

Yasuo Matsugu
Faculty of Science, Shinshu University
and
Sei-ichiro Ueki
Graduate School of Science and Téchnology, Shinshu University

Abstract

Let u be a holomorphic function in the unit ball B of C"* and ¢ be a univalent holomorphic
self-map of B. We give some sufficient conditions for u and ¢ that the weighted composition
operator uC,, is bounded or compact on the Hardy space H?(B) and the weighted Bergman
space AP(vy) for all 0 < p < co and —1 < a < co. This our result is a generalization of a
theorem of B. D. MacCluer and J. H. Shapiro[6] concerning the composition operator Cp.
And we also give similar sufficient conditions for such operator to be metrically bounded or
metrically compact on the Privalov space N?(B) and the weighted Bergman-Privalov space
(ANYP(v,) forall 1 <p< oo and -1 < a < 0.

1 Introduction

B = B, # C" OEfi3k, S = 0B Z¥AMRAET 5. v i3 B LOE#LI Nz Lebesgue
HEEEL, 0 13 S EOERILI N7z Lebesgue HIEEET. a € (—1,00) KL, cq =
T(n+a+ D/{T(n+ T (a+ 1)}, dve(2) = ca(l — |2>)?dv(2) (z € B) £BL. TOLE, v,
13 B EOIFfE Borel BIEETH D, v,(B) =1 TH5. H(B) 2k b B LOERIBEHOLEEZET.

p € (0,00), a € (=1,00) IZxtL, B £® Hardy 2] H?(B), #7& Bergman ZZf#] AP(v,) 2K
DEITEET 5:

H?(B) %gf{feH(B)  If% = sup /lf,[”da<oo},
O<r<1Js -

w0) S £ € HB) 5 1y = [ 1P v < o0}

ZZT, £ = f(r¢) (r €(0,1), (€ 8) THB. B L0 Privalov ZEff] N?(B) (1 < p < 00),
Nevanlinna Z2ff] N(B) 2RO & D IKEET 5:

N7 (B) & { fEH®B) : 1f1Ry = s [{log1-+1)} do < o0 }
0<r<l Js

N(B) ¥ { fEHB) : |flves) = s, /S log(1 + |,]) do < oo }

fEHE, N(B) # NY(B) T&79. &5I, #E Bergman-Privalov ZZf] (AN)?(vy) (1 < p <
0, —l <a<oo) BROLIICEET 5:

(AN 0) {1 € HB) + I Eanpi = [ Qo8+ 1) de < 00 L
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B75 B ~OERE®E o L, BRIEEEC, : f o fop i HB) 75 H(B) ~O&
BAERRTHS. 1 RTDBA, Littlewood D subordination FEIZL D, C, IXBEMAK D LD
Hardy 22f] HP(D) 05 H?(D) NOHFFEARTH 5. £/, o WD 5 D NOHEEREF4
Dk, C, 28 HP(D) D3 XY MERRITRDBOBET 7 &H1

lim _1__—__[31_2_

2111 1 = |io(2)[?
T&% (J. H. Shapiro[7], p.39). ZRITOHA, C, BLT LS HP(B) LOFRIEAFE LI
72572 (Cima, Stanton and Wogen[d]). B 75 B ~OHEREAESK o ITHL, Q,(2) =
le' (2))12/1J,(2)|? (z € B) £BL. TTT, ¢'(2) 1 2 12BIF B o © Fréchet A THD, |l¢'(2)]|
i ¢ (2) OIERE VA THS. £, J,(2) i 2 125135  OREYIET > THS. 1986 £, B.
D. MacCluer-J. H. Shapiro iJBERIERE®R ¢ 123U, Hardy 25/ H?(B) kU, & Bergman
ZEfH AP (vy) LTO C, OFRME, 327 MEZDOWTERL, ROBREFZ:
Theorem([6], B. D. MacCluer-J. H. Shapiro). 0 <p < oco,-1<a<oo &45. o & B
M5 B NOBEERERERKT,

=0

sup Q,(2) < 0o
zeB
BT ETSD. ZOR, RVRILT S:

(@) C, V& H?P(B) "5 HP(B) N\OHEFMERAKTHS.

(b) C, 2 HP(B) Loar Ny MERRIZRSZHDBETFEEI,
) 1—1z)?
lim ———— =0
2l 1= ()P
TH5.
(€) Culd AP(vy) M5 AP(vy) NODERERARTH 5.
(d) C, A AP(vy) LD XD MERERITRBHZDLETEEI,

. 1— |22
lim ————— =0
=111 1 = [ip(2)[?
ThH5.

N?(D) EOBREMRICDVTORER J. S. Choa & H. O. Kim Ik [1, 2, 3] £4t5 0,
(AN)'(v) LOBHRIERFIZEL T J. Xiao[8] 215 5. —RRIC, X 2O A I @RZEm e T
5. X ETERINSEMEMBK | - |x 45K0 2 ffERMET EF5:

[fllx =0 <= F=0,
If +9gllx <IIfllx +llgllx  for f,g € X.
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RADA S FEHBZER Y ICOWTHREREEREL || - |y NEZShTWAEEETS. X
5Y "OBWERAZETIZHLT, HEEHK0 < K < oo BEFHEL,

ITflly < Kllflx (f€X)

ASEE D ML DK, {EfIFE T 13 metrically bounded TH 5 &S, &z, T X IZBITF B EE QAR
Br={feX :|flx <R}ZY iiBFaxa> Ny FMEBIETH, fER%E T VX metrically
compact TH B &S (cf.[3], p.381, 2.4). X &Y B/ NV LZEROHERE, T HNERTHBZ
& & metrically bounded TH S Z EEBFHETH D, £, THRINT M THSB I & & metrically
compact TH B Z LIIRAMETH 5.

Z T, EF® MacCluer-Shapiro DEEO—RLE U THESRIEAR uC, : f— u-(fop)
IKDWTE R, Thit HP(B) H2Wik AP(v,) EOBRMERR, 2287 MERRICE 350145
GHIZDNTIRB. X817, uC, 28 NP(B) &5 (AN)P(vs) £ metrically bounded & T,
metrically compact 12723 %D+ HEBITONTHHRT 3.

2 Results

EREREK C, D NP(B) BT, (AN)?(vy) £ T® metrically bounded £iZ D W T,
MacCluer-Shapiro DEH & [FlHk OFERAER D ILD.

Lemmal. 1<p<oo, ~1<a< &9%. pZ& BN BAOBEEREAFHT,

sup Q,(2z) < 00
2€B

BT &Y. O,

(a) C, : NP?(B) — NP?(B) id metrically bounded T %.
(b) Cyp : (AN)?(va) — (AN)?(vy) i metrically bounded TH%.

WEARIERTE uC, ® HP(B) BT, AP(va) £TOI /N MECOWTRARR D L.

Lemma 2. 0<p< oo, ~l<a<oo&d5. X % HP(B), AP(v,) DN ETS. u e H(B),
@ % B5 BADOEMEET, (uC,)(X) C X £¥5. ZOR, RO 2 R£HZFHETS 5:

(a) wCy,: X —XBFarNI MERETHS.
(b) HEEBOERH {fi}jen CX M0 B LTEEHRICEL T3 51T,

jgrgo luCy fillx =0
TH5.

uCyp @ NP(B) R, (AN)P(va) LT metrically compact HEIZDWTH Lemma 2 EFEHKOD
FERIPERDILD.
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Lemma 3. 1 <p<oo, -1 <a<oo &35, X & NP(B), (ANP(vy) DfINNET S,

u € H(B), p 2 Bi5 BADOEREHKHT, (wCp)(X) C X &§%. O, RD 2 &HIIFRET
H5:

(a) uCy : X — X id metrically compact TH 5.

(b) BEOERM {f;}jen C X D0IZ B LTEBH—RIRL TS 51T,
Jim [luCefillx =0
TH5.

LR, u € H(B), ¢ id sup Q,(z) < 0o #§/=9, BH5 B \QEREHRET 3.
Sl 4 .
Theorem 1. 0 <p< oo &T 3.

(a) u& N2 D054M4:

lim sup |u(2) P~ (Va) (2) (1 — |2I?) < oo,
|z|11

o )P = 12
I
D I-le@E S
TR, WESRIEASE uC,y, 13 HP(B) LOBFERZETH 5.
(b) u& @2 DDRM:

lim |u(2)[P2|(Va) (2) (1 - |21*) = 0,

E!
. Ju@)P( — |2?)
1 =0
s 1 o)
EWT TR, MEARIERE uC, 12 HP(B) Lo a2 )Xy MERETH 5.

Theorem 2. 0 <p< o0, ~l1<a<oo &T53.

(@) uEpht2 o0l

lim sup |u(2) [P ~2|(Var) (2) (1 ~ [2]*)? < oo,

2|11
. 1 . lzlz 0£+2

lim sup |u(2)|P (——————) < 0o
J2I11 1—|e(2)?

ERTR, WEARERS uC, 1 AP (v,) LOBRERZTH 5.
(b) u& A2 DDEH:

lim [u(2)P~2|(Vu)(2)P(1 — |2*)? = o,

) _ 9 a2
1mumaw<;Liﬂ-) —0

l=IT1 1= |p(2)P?
EWIZTRE, MEARIEAR uC, 13 AP (vo) LOITNT MERETH 5.
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Theorem 3. 1 <p < oo &7 5.
(a) u & N2 DD%EM:
(i) 1<p<2 Ok,
lim sup [max{|u(z) [P, 1}|(Vu)(2)*(1 = |2]*)] < oo,

[z]11
im su max{|u(z)[P~3, [u(2)|?}(1 - |=|%) 00
lim sup [ T~ lo(o)? } <

(i) 2 < p < oo DEF,
imsup e fu(2)| % ()P H(T) (L 1] < o

sy [N Y]
211 1= |ip(2)[?
Zimre g, HESRIERE uCl 13 N?(B) L metrically bounded T®%.
(b) u & p M2 DDSKM:
(i) 1<p <2 DH,

lim [max{|u(z)["~*, 1}(Vu)(2)*(1 - [2]*)] =0,

lz|T1
 max{ju(@) P2, ()P} = |2 _
fim [ = [p(a)P ] =0

(ii) 2 < p < co Dk,
lim [max{|u(z)| 2, [u(2)[P2}(Vu) (2)P(1 - |2*)] =0,
 [max{lu(z)| ", Ju(2)[P}(1 — |2!2)]
1 —
i | T lo()P ’
Zimz gk, WESRIEAR uC, & NP(B) L metrically compact T#H 2.

Theorem 4. 1<p<oo, ~1<a<oo &T3.
(a) u & P M2 DOFM:

lirlrgﬁlllp [max{|u(2)[P~*, 1}(Vu) (2)]2(1 = |2*)?] < oo,
imsup | max{|u(2)|P~3, |u(z)|? __L“_‘__I?_E__ "
imap | maxl(u(e)”*, ()P} (T ) | <0
(ii) 2 < p < co DEE,

imsup [ Ju(2)| %, ()P 2H(T) ()P = |7] < o

iz sup | max{lu(a) ()P (1—1_]'—90'(—'5,—)? <o
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iR, HIESRERR uC, 13 (AN)P(vy) L metrically bounded T® 5.
(b) u & p 82 DDEM:
(i) 1<p <20,

lim [max{lu(z)P~*, 1H(Vu)(2)P(1 - |21*)?] =0,

Ei
: . 1—|Z|2 o2 B
lim [max{tu(z)l 3 lu(z)?) (m) ] 0

(i) 2 < p < oo DK,

lim [mazx{ju()|, [u(z)P~?}|(Vu)(2) P(L - |=%)?] =0,

i | max{fu(2)], lu(2)F} (-—i—‘—'—'—)w 0
2111 ’ 1 - |p(2)[? -
BWMTR, WEAREMAE uC, 13 (AN)?P(vy) L metrically compact TH 5.
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Norm closed invariant subspaces in L* and H*

Keiji Izuchi and Daniel Suarez

ABSTRACT

We characterize norm closed subspaces B of L*°(9D) such that C(0D)B C
B, and maximal ones in the family of proper closed subspaces B of L°(dD)
such that A(D)B C B, where A(D) is the disk algebra. Analogously, we
characterize closed subspaces of H* that are simultaneously invariant un-
der S and S*, the forward and the backward shift operators, and maximal
invariant subspaces of H®.

1 Introduction and Preliminaries

Let L™ be the Banach space of essentially bounded functions on the unit circle
8D, and H* be the norm closed subspace of functions that admit an analytic
extension to D. Let z be the identity function on 8D. A norm closed subspace B
of L™ is called invariant if zB C B and doubly invariant if zB C B and ZB C B.
Weak-star closed invariant subspaces of L*° have being known for a long time as
Beurling’s theorem, see [1, pp. 131-133]. They have one of the following forms:

(a) B = xgL®, where E C 8D is a measurable set and g denotes its charac-
teristic function. This happens when B is doubly invariant.

(b) B = uH®>, where |u(2)| =1 for almost every z € §D.

It follows immediately that every weak-star closed invariant subspace of H* has
form (b) with u an inner function. Since the structure of inner functions is
known completely, see [2], by Beurling’s characterization, one can write down all
weak-star closed invariant subspaces of H* in an explicit way.

09000 Mathematics Subject Classification: primary 47A15, secondary 46J15. Key words:
Invariant subspaces, supreme norm.
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Despite these results, very little is known about closed invariant subspaces
of L™ and H* with respect to the norm topology. In this paper, we concern
with only the norm topology. In the family of proper invariant subspaces of L™
or H*, the maximal one is. called a maximal invariant subspace of L or H*,
respectively.

First, we give a complete characterization of doubly invariant subspaces of L*°.
From this, we are able to determine maximal invariant subspaces of L*>°. Let Sf =
zf, f € H*®, and S* be the operator on H* defined by (S* f)(z) = z(f(2) — £(0)).
We characterize the closed subspaces of H* that are simultaneously invariant
under S and S*. Also, we describe the maximal invariant subspaces of H*.

Let A be a uniform algebra. We denote by M(A) the maximal ideal space of
A, that is, M (A) consists of the linear functionals on A that are multiplicative and
nonzero. It is a compact Hausdorff space with the weak-star topology induced by
the dual space of A. The Gelfand transform, defined as a(p) = ¢(a), fora € A
and ¢ € M(A), establishes an isometric isomorphism between A and a closed
subalgebra of C(M(A)), the space of continuous functions on M(A).

If A is also a C* algebra, the Gelfand transform is a *-isomorphism from A
onto C(M(A)). This allows us to identify L with C(M(L>)), from which the
dual space (L*°)* is identified with the space (M (L>)) of finite regular Borel
measures on M (L*) with the total variation norm. Specifically, every element of
(L*°)* has the form

np= [, fa (fer)

where p € 9M(M(L>®)), and for every such g, the above formula defines a linear
functional on L*® with ||L,| = ||u||. Put ker L, = {f € L= : L,(f) = 0}. When

i) ML) fdu = 0 holds, we write as f L pu. For a subspace B of L®, we write
B 1l puif f L u for every f € B. We denote by supp u the closed support set of
L

The fiber over A € 0D in M(L™) is defined by My = {p € M(L*®) : 2(p) =
A} Since |2| = 1, M(L*®) = Jyeap M. Measures that are supported on a single
fiber will be of particular interest in our discussion. So, we define

5 = {u € M(M(L*)) : supp . C M, for some A € dD}.
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2 Doubly, and maximal invariant subspaces in
LOO

Recall that a norm closed subspace B C L™ is called invariant if 2B C B (i.e.:
A(D)B C B), and is called doubly invariant if 2B € B and ZB C B (ie.:
-C(8D)B C B). If f € C(8D) and-A € 8D, then fA]MA = f(A). So, if p € Fis
supported on M) for some A € 8D, then f = f(A) on supp 4, and consequently

fker L, CkerL,.

That is, ker L, is a doubly invariant subspace of L™ for every u € §. It follows '
immediately that if & C §, then [{ker L, : 4 € &} is doubly invariant. The
following theorem shows that the converse is also valid.

Theorem 1 FEvery doubly invariant subspace B of L™ has the form
B=()kerL,

HES

for some family & C §.

To prove our theorem, we need the following lemma due to Glicksberg, see [1, p.
61].

Lemma 2 Let B be a doubly z'nvaﬁant subspace of L™ and f € L. Then feB
if and only if flu, € Blu, for every A € 8D. Also, if p L B then p|y, L Blu,.

Proof of Theorem 1. Put ® = {u € §: p L B}. For A € 8D, let &, denote the set
of measures  in ® which are concentrated on M. Then & = | J{®, : A € 6D}.
By Lemma 2, we have u|y, L Blasg, for all p L B. Hence by (1, p. 57], B, is
closed in C(M,). Therefore we have

B = ﬂ {feL*: flu, € Bly,} by Lemma 2
A€8D

= ﬂ {feL®:fLpfor every u € ©,}, because By, is closed
A€8D '

= {feL®:f L pforevery u€ &}

= ﬂ ker L,,.

ne®

Let B be an invariant subspace of L. We can similarly define maximal invariant
subspaces of B.
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Corollary 3 -Let B be a doubly invariant subspace of L*. and.N be dn invariant
subspace of B. Then

(i) N is mazimal in B if and only if N =ker L, N B for some measure y € §
with p X B

(i) N is contained in a mazimal invariant subspace of B if and only if Un_>_0 E‘”N
is not dense in B.

3 Invariant subspaces in H*®

We recall that Sf = zf and §*f = 2(f — £(0)) for f € H*™. Let B C H* be
a closed subspace. Then B is an invariant subspace if and only if B is invariant
under S. Put Fo={peF: p L C}.

Theorem 4 Let B be a closed subspace of H*® such that B # {0}. Then B is
invariant under both S and S* if and only if there is a family & C Fy such that

B = ﬂ ker L, N H>.

nesd

Corollary 5 Let B be a mazimal invariant subspace of H*. If there ezists f € B
which is invertible in H*, then B =ker L, N H* for some v € § with v L H*®.

For w € D, we write ¢,(2) = (w — 2)(1 — Wz).

Lemma 6 Let B be a mazimal invariant subspace of H® and b be a finite
Blaschke product. If B # @, H® for all w € D, then BNbH*> = bB.

Theorem 7 Let B be a mazimal invariant subspace of H*®. Then either B =
PuH® for some w € D or B=ker L, N H® for somev € § withv Y H®™.

Proof. Let Bo, be the closure of | J,.,2"B in H* + C(0D). Assume first that
1 € Be. Then there are g € B and a nonnegative integer n such that ||z%g —
llo < 1/2. Hence, |lg — 2"*|lo < 1/2. Since |z%| = 1 on M(H*)\ D, then
1G] > 1/2 on M(H>)\D. It is well known that a function g in H* non-vanishing
on M(H>)\ D can be factored as g = bf, where f € (H*)™! and b is a finite
Blaschke product.

If there is some w € D such that B = wwH®, we are done. If not, Lemma 6
says that f € B. Hence, Corollary 5 says that B = ker L, N H* for y € § with
p £ H*®. Thus our theorem holds when 1 € B,,.
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Now suppose that 1 € B.,. Since B, is a doubly invariant subspace of L,
Theorem 1 states that there exists a family & C § such that By, = [\ {ker L, :
© € &}, Since 1 & By, there must be some v € & such that v £ 1. Thus

B C B NH™ CkerL, N H™.

Since 1 & ker L, N H®, this space is a proper invariant subspace of H*. Since B
is maximal in H*°, B = ker L, N H*, as claimed.

Open Problems. The most important open problem is to obtain a complete
characterization of invariant subspaces of L and H*. If B C H® is invariant,
the weak-star closure of B has the form wH®, where u is an inner function.
Thus, TB is an invariant and a weak-star dense subspace of H*. Therefore, the
‘problem for H* reduces to characterize invariant subspaces which are weak-star
dense in H*. A similar analysis can be done for L*, in which case we also
have to characterize invariant subspaces whose weak-star closure is gL, where
E C 8D is some measurable set. The results of this paper suggest that the whole
picture may be not out of reach.

We have other questions. Is every invariant subspace in H* contained in a
maximal one? How

about L>®? Obviously, these questions are less ambitious than the ones in the
previous paragraphs.
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