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Codimension 1 linear isometries on function algebras

Kazuhiro Kasuga

Niigata University

Abstract

Let A be the ball algebra or the polydisk algebra in C". When n > 1, there are no codimension
1 linear isometries on A.

1. Introduction.

Let X be a compact Hausdorff space and C'(X) the Banach algebra of all complex-valued continuous
functions on X with the supremum norm. A uniformly closed subalgebra of C(X) is called a function
algebra on X if it separates the points of X and contains the constants. Let B, be the open unit ball of
C" and S, be the boundary of B,. Let D and T stand for B; and S; respectively. Let A(S,) be the
space of all f € C(S,) which can be extended holomorphically on B,. The algebra A(Sy) is called the
ball algebra. When n = 1, the algebra A(T) is called the disk algebra.

Let D" be the unit polydisk, D" the closure, D™ the topological boundary and 7™ the torus. Let
A(T™) be the space of all f € C(T™) which can be extended holomorphically on D". The algebra A(T™)
is called the polydisk algebra. We note that A(S,) is a function algebra on S, and A(T™) is a function
algebra on T".

Let E be a Banach space. A linear isometry ¢ : E — FE is said to be of codimension 1 if the range of
¢ has codimension 1 in E. We set M,(z) = (2 —a)/(1 —az) fora € D.

Theorem A ([9]) Let A be A(T) and ¢ a codimension 1 linear isometry on A. Then there are
a,8€C (Ja]=|B|=1) and a,b € D such that (¢f)(2) = aMa(z)f(BMs(2)) (fE€E A, z€T).

In this report, we studied codimension 1 linear isometries on the ball and polydisk algebras. Our
theorem is the following.

Theorem Let A be A(S,) or A(T™). When n > 1, there are no codimension 1 linear isometries on A.
2.Proof.

Suppose that T': A — A is a codimension 1 linear isometry. We denote by dA the Shilov boundary
of A. We say that the range of T" separates strongly the points of §A, if for given two elements of A,
z; and z,, there exists f € T(A) such that |f(z1)| # |f(z2)]- By [2, p.2277], Araujo and Font classfied
codimension 1 linear isometries T' on function algebras into three types:

Typel. The range of T separates strongly the points of 0 A, except two of them.

TypeIl. The range of T' separates strongly the points of 84 and there exists an element zq € A such
that f(zo) = 0 for all f € T(A).

TypeIIl. The range of T separates strongly the points of JA and, for each z € §A, there exists

f € T(A) such that f(x) #£ 0.



We shall prove that T is a codimension 1 linear isometry of type III. To prove this, suppose first that
T is a codimension 1 linear isometry of type I and let z; and z5 be the points which cannot be separated
strongly. Then by [1, Corollary 5.1 and Lemma 2.1}, A is homeomorphic to a quotient space of A
identifing with z; and z, in 8A. But S, and T™ do not satisfy this condition. This is a contradiction.

Next suppose that T is a codimension 1 linear isometry of type II. Let z¢ be the point in A such
that f(zo) = 0 for all f € T(A). By [2, Theorem 6.1], z¢ is isolated in 0A. This is absurd.

Hence, T is a codimension 1 linear isometry of type III. By [2, theorem A], there exists a homeo-
morphism ¢ of A onto A and a continuous map 1 : 84 — C such that |[¢(z)| = 1 for all z € 94,
and

(TF)(z) = ¥(z) f(p(z)) for all z € A and all f € A. (1)

Since T'1 = ¢ € A, ¢ is an inner function in A.
Case A = A(S»)

Since there is no non-constant inner function extends continuously to S,, TA = Ao C A. Since
the codimension of Aoy in Ais 1,

A=Aop+ Cg for some g ¢ Ao yp.

Therefore

Aop™l=A+Cgop™, gop ldgA (2)
By the above, Aop~! is a function algebra on S, and A is a proper subalgebra of Aop~. For a function
fon S, and ¢ € Sy, put fr(A) = F(A), A € T. Since go ™! ¢ A, there exists a point {p in S, such that
(g o9, & A(T), see [T, pBl. Put (Aop™l), = {fe,(\) : f € (Aop™)}. Then (Aop™ )¢ isa
closed subalgebra of C(T). Since A(S)¢, = A(T), A(T) & (Ao v~ ¢, C C(T). By Wermer’s maximality
theorem [3,p.214], C(T) = (Ao ¢~ 1)¢,. Therefore

C(T) = A(T) +Clg° 9™ )eo- (3)
Hence z = h; + a(g o ¢~ Y)¢, and 22 = hy + b(g 0 ¢~ )¢, for some hy,hy € A(T), a,b € C. Since
(o9 )¢ & A(T), a # 0. Then 22 — 2z = hy — ®hy. The right-hand side belongs to A(T), but the

left-hand side does not. This is a contradiction. Hence, when n > 1, there are no codimension 1 linear
isometries on A(Sy).

CaseA = A(T™)
Let Z be the set of all integers and Z. the set of all nonnegative integers. Let Z" and Z7 be the sets of

all @ = (a1,...,0,) With o; € Z and o; € Z,. for every 1 < i < n, respectively. Let f(k) be the k-th
Fourier coefficient of a function f on T™, that is

F(k) = /T f(uyatdmau)  (ke2?)

where @ = ;% .. . w,** and dm, = (—2-};)-,,—d91 ...db,.
By (1), '
TA=1p(Aoy) CA. (4)
Furthermore
Aoy C A. (5)



To prove this, let B be a closed subalgebra of C(T") generated by A and A o ¢. By (4), ¥B C A. Suppose
Aow ¢ A. Then there exists a function fy in B such that f; does not belong to A. By .[6, Theorem
2.2.1], there exists k = (kl,. ykn) € ZP\Z such that fo(k) # 0. We may assume k; < 0. Then there
exists a point wo € T"! such that fo(A, wo) € A(T). To see this, suppose that fo(A, w) € A(T) for all
w € T2 Then [ fo(A, w) *1dm;(A) = 0. Now mtegrate this with respect to w and conclude that
f()(kl, .,kp) = 0. This is a contradiction.

For a subspace L of C(T"), let Ly, = {f(A,wo) : f € L}. Then By, is a closed subalgebra of C(T").
Since A(T™)w, = A(T), A(T) S By,. By Wermer’s maximality theorem, By, = C(T'). Since ¥B C A,
then ¢y, C(T) = A(T), where u,(A) = ¥(A, wo). Since 9 is an inner function, |y,| =1 on T. Hence
Yuw,C(T) = C(T). This is a contradiction. Hence (5) holds.

First, suppose that 1/ is invertible in A. Since v is inner, v is a constant function. By (4), the
codimension of Aopin A is 1. Then

A=Aop+Cgforsomeg€e A, ggAop.

Therefore
Aop ' =A+Cgop™, gop 'gA

Hence A o ¢~ ! is a function algebra on 7™, and A is a proper subalgebra of A o ¢~!. In the same way
as the proof of (5), there exist a point wo € T™~! such that

1

(A+Cgop™ ), = C(T).
Therefore ' :
A(T) + C(g o ™), = C(T).
This leads a contradiction as the case A = A(S,).

Hence % is not invertible in A. We denote by f the Gelfand transform of f € A and A the Gelfand
transform of A. We identify A with the polydisk algebra on D™. We define an operator T on A by

Tf=TF feA
Since A — A is an isometry, 71" is a codimension 1 linear isometry on A.

So, by a simple caluculation, we see that ¥ has a unique zero p = (py, P2, - -,pn) € D"\T™. Since
1 is holomorphic on D", we have p € 8D™\T™. Thus there exists 1 < j < n such that |p;| < 1. Put

U={(s1,...,2) € D" : |z; — pil < 3(1 = Ips])
and zy =p; for 1 <1< n,l#j}
and
Uk = {(z1,-.-,2n) € D" : !zj—Pj|<%(1”|PjD
and z; = (1-%)p,for1§l_<_n,l;éj}
Then 9|y, is holomorphic on Uy and has no zero. On the other hand, P|v is holomorphic on U and

has a unique zero. By Rouché’s theorem, this is a contradiction. Hence, when n > 1, there are no
codimension 1 linear isometries on A(T").
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Ring homomorphisms on commutative C*-algebras.

Takeshi Miura (Yamagata University)

Abstract. We say that a map p between two algebras is a ring homomorphism, if p preserves
both addition and multiplication. We give a complete representation of ring homomorphisms

on a commutative C*-algebra into another.

A,B%##3E BanachiRE T5. B ¢d: A - BRRERBEERTHD LT, FED f,ge A

WX LT

o(f+g) = o(f)+(9)

o(fg) = o(f)d(g)

EHITILTHD. ELWLpBRANT—RBERETILE, pIXEREEH L VDRS.
Lo TRERBERIIA D 7 —F2REFT S LIZRORV. MBRHEI L) RERE
BERITABEEEERET I EB005E. Lo CERARBRERMEEGILTERE THS.
CE#ERPELEN B 57 Banach B L §5. C0b C~DOBREREEHEZEIZC L
DBRERMEGZLEEZLIZTE. Z0LEBBR () =0, (z € C), ¢(2) = z, (z € C),
$(z) =2, (z€ C)IZC LOREREERTHD. T IERLEETHE. Zhb%E
HARRERER LES. C LORERBEERIZIIFEEARLOPFEET 2 I EMHALA
TW3 (cf. [3]). &5IEC LOAHBERAEROLEL GC) LT5L, ZOEAEL
TOREIGC) X2 THB (cf. [7]). T ciTBEREBETHD. Z0L 5 REHESIT
—RFTEEROTHBRTOHELEAFETHD. Lt > TR OERK T A #: Banach B

EOBERBIELEOEELRETHIILIIESDIZEETHS L HICEDPNS.



FO—FTRERBEGIIHIEHEOD & TITFICHFFICEMABEZ LTV LD
5. Arnold [1] iX 2 > DERK TR Banach ] LOH FMBAEA R 2B 02 DER
Banach B ORI D4 HA B ER B EGIIHF £ 73 BHH ©hb D Z & 7R L. Kaplansky
2] 137 DREREIRD & 9 IC— ML LTz © p & 3B Banach B A > bl 00 3 B SR
Banach B~DABENBYERBER L TH. 0L E AT AL A, AA0EMERD. I

As IERBKRTT, pldA; EF, A EHREBRBETHD. TR TIIEES LIIRLRVERE

RAEEGOBEITED L 5 ThAHh. Mohar [5], Semrl [6] (L7#: C*- B EDORUERE
BHO¥EY, ThTNHDIEEOLETRELTWS. ZO/NRTIEAH] C-REDOR
URBEBEROEEY, MOKELRETTICRETS. £<FAFOBERICLY, (Bixz
b0 IR S 72V FERIZR Y B AT # Banach /26 (BALTE2 bo LIXR LR, EXE
Hl & &R 572\ B4 AT Banach R~ ORERABEROBELRET DI LN TED.

ST Co(K) 12 & 0 BFT= 237 + Hausdorff 22/ K L OERHEEREIK TERERT
012725 bDEENL A BanachBE2RT. ER KL WLV KDL K= 37 M

BRT. EELEEORD, KBRav I Mebil Ko T K BHEZRT I LTS,

BE 1 6: Co(X) » CHBERBERLETS. 0L ¢ DRERAMER YL LTO C(Xeo)

~DYLEE ¢ W17 1 SHEET .

. ¢ BNBEHL DIZZED C(Xe) ~DILEIIFBEZRIZ T THD. ¢ BFEEHTRITIL,
Pla) £072B a€ Co(X) BFETDH. TDLE

#(Aa)

(£, N) =d(f) + =~ Ok

(£, 2 € C(Xe0))

oD C(Xeo) ~D—BEDIIRTH 5. ]



EE 1 p: C(X) = Co(Y) 2 BERBEBEH L T5. FycYITHLTE S p,: Co(X) = C
ERTEET D :
py(F) = p(F)y), (f € Co(X)).
FE 1ICL D p, D CO(Xoo) ~DILER—BICHEETD. ThE s, LT5. Z0LXBER
BB, . CoChk

oy(A) = py(Ae), (A eC)

WWEVEETSD. ZlieldC(Xy) PEMTTHS.

WHE 2 ¢: Co(X) » CEBTRVEBERBER, ¢: Co(X) — Co(X)/ker ¢ % BHIRRER
MEG LT D, k72 F % Co(X)/ker¢p OFRLTE. ZDLE ¢ =10 g7 BEOERE
BT F— CHER L OFEETB.

i ker ¢ 28 Co(X) DIBRERIA FTA2BIE, 7IXCHhoC ~DETAVBEREE

R g1 Co(X) 7 CADFCRVERE TR L H72T 2 LR TES,

SE. B8 ¢ Dl ker ¢ 12 Co(X) DFA F TV THBZ EBHND. Cy(X)/ker ¢ DR F

DILE q(f)/e(g) LEL. BETEZRTEETUZ I

o(f)

m(q(f)/a(9)) = #a)’

(a(f)/a(g) € F).

F 7 ker ¢ B Co(X) DIBRERA 7T A7 513 Co(X) [ker ¢ 13 C L B THB DT, A

BB I: Co(X)/kerg - CHFETD. £TZTrol LTogEExNIEI V.

EE 2 p:C(X) » CY) 2RERAAEERLTE. Z0L&EYy, ={y €Y : g,(2) =

0, (2€C)}iBL. o, BEBITERLLERTDHS. £4Y,,Y,CY\L %



KRCEEHTS :
Y, = {yeY\Y:kerp, iZ Co(X) DBKRERAFTILTHS ],
Y, = {yeY\Y:kerp, it Co(X) DBRERA FT A TRV}
EEY, EbIRD3DIZHET 5.
Yo = {yeYn:o(z)=2 (2€0C)},
Vi = {yeYn:ig(2)=2 (z€C)}
Y1 = {ye€Yn:o, IXFEBBAND 0,(4) = -1},
Y1 = {ye€Yn:o0, ZEBHAID 0,6) =i}
£EY, 1,V CYL, ZUTICEVEET 5.

Y1 = {yeY, o) =—i},

Il

1 = {yeY,:0,(d) =i}

é BL:-Y:i,j :Ym,jUYI;,jv(jz —1:1) & L? Yd:Yd,l Un,—l &%< . Y—la%ayi)}{i&j:yg)
BEWCEREDEAT, Y=Y UK UV uY,ahd. {Y .Y ,N, Y 2Y Dpic

TEADEN LR LIZTB.

W 3 ¢ Co(X) > CRBERMEELT5. Z0LX §Okikerd1F Co(X) DBLL
DOEBRERA FTMZEENRSD. Lizdio T ker ¢ 13 C(Xoo) DITE 1 DDREKRA T T IVIZ

BEND.

GEEA. b L kerg B2 0DRZRAZBKRERATTNV{f € Co(X): f(z;) =0}, ( =1,2) i

BENLTBE, 5, e XOREFEU, CUNU,=0725bD% L 5. ZD& & Urysohn



@ﬁ%i D gj(mj) - l,gj(X \ U]) =075 g S Oo(X) i))ﬁﬁﬁ‘é X_[:glgg =0720DT
#(g195) =0 THBME d(g1) =0 E72 1L p(ge) =0 TH 5. Zhitgr,ge D&V FHICKT 5.

Lo Tkerd it Co(X) DE 41 DOMERIERIA T T VIZEEND.

FE 3 p: Co(X) = Co(Y) #BERBER, {Y.1,Y,, V1, Y} %Y O pltfT 258 L5,
TDEEyYeY\Y TR L g, Dl ker g, &L C(Xoo) DITE 1 DDBRA 77 NSRS
2EHE® LT (HEIBR). DF ker 5, 1 3BRA T TN {f € O(X) : F(2(y)) = 0}

WKEEND. ZDLEOER pOEEBRLEELEZ LIZTS.

WOFEIIER 5 OFEFAICEE BB ZRI-TH, TOFEMI 4 zzRavion.

WE4ERY, YL UYL UY XY OFRESTHD. FY, D0 IL 5B 0(Ye) 13 Xo
DELZEFREETHY, Kz, c V) ICHLER{yeYs: o(y) = z,} XY OREST

BHb.

EE 5 p: C()(X) — G()(Y) %%%E@E{&; {Y—h%ayia }fd} % Y D p E*ﬁ'@“é/\gﬂ 'é—
5. Fle®:Y\Y = X B pDEERETD. ZOLE QITERT, KOMEEZ L

&y € Yy IZR LT Co(X) /ker py DN C~DETRVVEDERIBES 7, RIFEL T

f(2(y)), y €Yy,

0, y €Yo,

(1) p(f)y) = § F(@®)), y ey,
7(f(2(y)), y€Ym-1UYny,
(w(f):  yEYaUYy

PETO feCo(X) T LTRHRY D, ZZIT g, 1 Co(X) 235 Co(X)/ker p, ~D BIR72

ERBEERTHD. SbI L.%\y eY I LT 7l iZC LOFERARRERMUERTHS.



B E Py e Y\ Yo o LCHIBE 25V p, = 7y 0.q, D Co(X)/ker p, DEIEDS C
~DFETRWEOHERBIES 7, BEETD. 222 g 1T Co(X) 15 Co(X)/ker py ~D B
RRERREBRTHD. ZOLE 0,7y DERICEY 1lc = 0, THD. y € YV, 2B
kerp, = {f € Co(X) : f(2(y)) =0} ThHB. LoTkerj, = {f € C(Xa) : f(2(y)) = 0}

LB, IDEXETDfeCyX)IRHLT f— f(By))e Ckerj, ThHBHME,

pu(f) = £ (f(2W)e)) = 0y (F(2(¥))), (F € Co(X))

L7, FoT (1) BEY o,

REKELED: Y \Y) = X DEFMEEZRT. OBY, BERETHHZLITMELLY
SMBEDT, VI ETEBETHEIZLEETRED. {yot CY\ Y &y € Y1 IZIIRT S net &
T5., ZDlEa>a kbify, eiu{yeY,: 0@) =d(y)} 2D s BHFEET DL

Wb, £oTa>a RBIFETD fe Cy(X) T LT

pya(f)7 Yo €Y1

@ [21 =
F(@() {f@(yl)), 2(y) = 2(11)

MY LD, Thbb

1£(2(wa)) = F( @) < 1oy () = o (Nl; - (f € Co(X))

Thbd. ZHiEdDY, TOEEELZRTLTNS. £ FEHIZLTY, TOEEE b RSN

5.

2% XK

[1] B. H. Arnold, Rings of operators on vector spaces, Ann. of Math., 45 (1944), 24-49.



[2] I. Kaplansky, Ring isomorphisms of Banach algebras, Canad. J. Math. 6 (1954), 374-

381.

[3] H. Kestelman, Automorphisms of the field of complez numbers, Proc. London Math.

Soc. (2) 53 (1951), 1-12.
[4] T. Miura, Ring homomorphisms on commutative regular Banach algebras, preprint.

[5] L. Molndr, The range of a ring homomorphism from a commutative C*-algebra, Proc.

Amer. Math. Soc. 124 (1996), 1789-1794.

[6] P. Semrl, Non linear perturbations of homomorphisms on C(X), Quart. J. Math. Ox-

ford Ser. (2) 50 (1999), 87-109.

[7] T. Soundararajan, On the automorphisms of the compler number field, Math. Mag. 40

(1967), 213.

[8] S.-E. Takahasi and O. Hatori, A structure of ring homomorphisms on commutative

Banach algebras, Proc. Amer. Math. Soc. 127 (1999), 2283-2288.



Stieltjes perfect semigroups are perfect
T. M. Bisgaard (Denmark) and N. Sakakibara (Ibaraki Univ.)

Abstract. An abelian involution semigroup S is perfect (resp. Stielljes perfect) if every
positive definite (resp. completely positive definite) function on S admits a unique dis-
integration as an integral of characters, that is, hermitian multiplicative functions (resp.
nonnegative characters). We prove that every Stieltjes perfect semigroup is perfect. The
‘converse was known earlier for semigroups with neutral element, but is here shown to be not
true in general. Furthermore, we prove that an abelian involution semigroup is perfect if for
each 5 € S there exist t € S and m,n € Ng such that m+n > 2 and s+ s* = s* +mit +nt*.
This was known earlier only with the equality replaced by s = mt + nt*. The equality
cannot be replaced by s + s* + s = s + §* + mt + nt* in general, but for semigroups with
neutral element it can be replaced by s+ p(s + s*) = p(5 + s*) + mt + nt* for an arbitrary
p E€N.

§0. &

A x X HOTLEREEHMARO BN BROZ R UREZRIEST 2HETH 5, C
NESELTEEEBERICBELALEE, TRELEAMEAHEL LI PR IOWRMSIEE > TL
OB TH 7. COMBIRODVWTIREBRNBEREZBLOTRET 2. £/, Telto+
SEEBEYT SERBIC>WT b 5 ([BS2)).

§1. E% - & - B
kSR O WHICEE S = (5, +, %) ZEM BT E VI . &7, S+ = {s+1]s,1 €5}
N

e e,
EL,HERE N coWwT S+---+S bEHMIKERT L. B o: 5+5 - C HIEE[ET
HBEE,SOEBEDERES {51, ,sn} EZAHF— 1, ,cn €EC kLT

n

D ciTp(si+7) 2 0

i,ji=1

BKALT2E&TH2. EFEER S+S EcotEBTchsroT, B S+S ELcERsh
TWhiE+ATh3. bb2A,S BT AL TEEFEDO S LTEHEs B oWE L
5. S FoME p T

(@) p# 0, (i) p(s+1)=p(s)p(t) (5,2 €5), (i) p(s*) = p(s) (s € 5)

2L 7T HARERBELLY, T0o2Es S FEEOSE L BIEERMEE ST &0 BE
BIEEMMEBOMBNBHTH 5. 5

A S oA, Bite B3 &y ERMc {0} 2mA ik EEHEE S =
SU{0} &g 2. M p:S—>CereSicont,

(Erp)(z) = p(r+z), €3

LEHT S FEDreSicoWT Ep s S EOEREEKICES & &, pid S toxs
EEHEMHETHEVD. S, ONRELEEHEMBORBNEH LS. —Mfic, TR/IEE



ER B HEEOA T LB, i, S VHiIxE T, TRLEEMBBGEEBEREE
5.

Example. 0 Llbo#BHLE%E2 Np & &icl, EENAxHEE ol xFH
S=(Ng,+,2*=2) %2FX 5. CoLx, {5ELAk ST ={n—a"|zeR} T2 ah,
EEMEBE @ 13 power moment function, > % v

p(n) = / z"dp(z), n € Ny
e
Th 3. £, ELTFEMEE ¢ i3 Stieltjes moment function, - F b
¢(n) =/ z"dp(z), n € Ng
Iy

ThHd. ST, ZBAUER—FLERBES R W,

Example. 0 Ll FoFEH2EE2 Qp & il EENTxBE2 b oA x 8
S=(Q4,+,a*=z) 2EX2. CoL&, FE2ERI ST =5 ={r—e*|zcR} T>
C&ah, FEMBY (= Z2EEMBEE) ¢ &

o) = [ e*dp(o), re

TH5H. T, RAMER (BERIER) —BRLEE 5.

Example. BB OBEBTHEHSM A xHEE o> A% ¥R S = (2%, +,2* =2) 2%
AAh. lDEE EE2ER S ={(mn)— 2"y |2, ye R\ {0}} To<(&hn 3. LirL
KBS, FORlOoLI) c EEMBEEBSLTLEE -2 FEEFRES WL,

TRTOD s €S IL>WT, point evaluation p — p(s) BEAFICE B L 378 S* ODHHES
b5 BEIND oring B A(S*) EdC T 5. S BABD & &, S* i 5 AINE IR %
EAIBED ST OF LV NVESIK B(S*) & A(SY) R—3 4 5. A« S M perfect T
HHER, S LOEEMBEE ¢ B4T AS*) ETEHEEINANE pick - T—ERNK

o(6)= [ se)dulp), s €3

s lErwnd. &/, 5 LORLEEMEL ¢ B4 A(SL) LTERS hcllE p
wk->T (S LoflEELLT) —EBH©

w@%=ﬁﬁd@@@%s€5

EiF B & &, S i Stieltjes perfect TH B E VI, CHOSDERBILBVWT—BUEIBRE X
hiswe &, S 3% h #h semiperfect, Stieltjes semiperfect T 2 & W5, chEcidh
TWicl T ik, perfectness & Stieltjes perfectness O E{IL - RELZIFIE—FH L T Wi, -



T, CDZ>DEN—HTH2DTRIEVDL, EVIOBIOMENIEE > TLRDOTFHET
&) - 1.

§2. FEHR
Ak EEMPHEATE S OEE, LOTFEHIELWI EHKELD SN, 2D,

Theorem 1. Bifift® b > Al #ft % FFE M5 perfect Tdh 5 T & &, Stieltjes perfect TdH 5 C
LREETH B.

Remark. semiperfectness & Stieltjes semiperfectness BE{EM E I A2 FE L B I &G H
BRI ETH2M, HEOVERENRVWERIPERTH 2 eBMoh T3 ([Bll]).

Fhold, Ex ERBBHATZEERVES, BHOIEBVALBLEELID. £ DFH I,
Tk ERERBEHTTEEUESEE TR VWIES D perlectuess OFEFRICH>VWTIRYD B - TH
2L, ROERBHOSNATWS.

o~

Theroem([S4]). S 75 perfect ©& 27 5,5 b perfect TH 5. S=5+S5 OEHfTTRH
bEKILT 5.

Example([S4]). Lo FEET 5= S+S O&BRBERTRTH 5. £, (Q4N[1, 00))U{0}
i3 perfect T& % 5, Q4 N[, 00) 1 perfect iTiz &7z W,

So perfectness & EHE b k51 S ofi4 & LT quasi-perfectness R D & 5 ITE
N

e e, ' .
#xha N23 &L, FEE@EMBE e: S+ -+5—>Coud AS*) EoERS W ANE
pick->T—EHNI
N

Y coummae N
30(5)=/_/J(5)dﬂ(/1), 5513

EbF B EE,S I3 quasi-perfect THBEWVWH. COTFEHRE N itk EPBHMonT
W3. Zoc Ll TRoERIEEA.

o~

Theorem([BS1]). S 48 perfect ©d 3 < & & S 2 quasi-perfect TH 2 C LBEETEH 5.

quasi-perfect TH 2 A x EH S KD X3 BEHEEMANIE, S » perfect TH 3 C
ELEMEIREETHAID. COZELICHMLTTORBENMONTWEN, ZTOFICWVL D
POEHRETSH. S LORE p A singular THBER, S+HS+S LT o=0ThHhBLE
%W\ 3. S ko nonzero, singular M EEEBESEFEELBVWEE, SE flat TH B &5,

Theorem([B12]). S #5 perfect ©& % & & &, quasi-perfect 2»> flat TH 2 C L HFE{ET
b 5.

Ak ERPBATLEEEIRVEAOAROBECRS . S BEATE b BRVIEES,
perfectness 7> & Stieltjes perfectness (3 EH & 4175 . Stieltjes perfectness & [HfHIC 78 5 &
SBRDODEMFEHBLEILKLS.

Definition. S O BAE o 75 Stieltjes singular ©5 % &1k, S+S LT p=0Ths L &%
V3. S L ® nonzero, Stieltjes singular ELEEHBMSEEL LW E &, S iE Stieltjes
flat tH 2 & 0.



Theoremn 2. S % Stieltjes flat 2» > perfect TH % & & & Stieltjes perfect ©H 3 & L iZFH
Hcdhs.

Example. £ 0 FEE T Stieltjes flat O RB B LBERARTEH 5. EE, Q:N(1,00) i3 perfect
T & %, Stieltjes flat T i3 72 <, Stieltjes perfect i & 73 5 72 L.

FEMEE s~t %, Vo€ Si,o(s)=c(t)” TEL,w(S):=5/~,¥3. COLERD
RBEMN B,

Corollary. S #8 perfect ©& 3 & & &, w(S) 45 quasi-perfect 22> S 45 flat TH 3 2 & i
EETH 5.

Remark. w(S) {2 archimedes component & L IEh 2HE:2 b >EWVWICERHOEHOM
BEEELTHCEBHEE. CORDIEFRIEEHEVEHOBOFERE LTHEHDAL C &
BHNZ. -7, — MO E % B D perfectness % 45 -1 5 58 1x, flatness % L F
LTEAZNE, EEENZEMOBSEE D quasi-perfectness 24 Mo T 2 MBEICEE T 5 C
EWbhhb.

§3. = o+ 9H%E
QoMELRTAH G2EL 5. EHHENEMORAES M » G-conelike TH 5 & 13

Vse M,3a(s) 20 st. aeGaza(s)=>aseM

MEOIT-2EE20WS. L2 BLREIKKROEBEREEZRL T W,

Theorem([NiS] & - &—fiic [FS2]). Btk > Q* oD A+ %8 S » Q-conelike
75,5 it perfect TH 3.

COBBRERTIKBEBELEWI EEE L. $/0, — BRoBUEH b EEKUEH AN 3
OTC, FEHHENEM TCORKREBAXEN TS 5.

Theorem 3. FHEKERZLH O oA x 5 S 5 G-conelike TH %78 5, S 13 quasi-perfect
TH 5.

FEDO s€SicowT, m+n22 s=mi+nt* £5%% L€S, mneNo BEET 5
&&,S i wdivisible tH5 &0 5. KOBKBRBMENT W .

Theorem([BR] & - & —fi%ic [BS1]). S #5 x-divisible T &% % 72 & perfect T& 3.
COHBITROEREEER .

Definition. F&® s € SicoWwT, m+n 22, s+s*  =s+mt+nt* 2373 t €S,
m,n € Ng BEAET %5 & %,5 13 semi-+-divisible TH 5 &\ 3.

Theorem 4. S 5 semi-*-divisible T & % 7% & perfect T4 3.

Example. FO&HE% s+s* +s=s+s"+mi+nt* Ch XA HBE, TEHEKILEW. E
B,3a=4a L7155 a THERE N ZAEEE S = {a,20,3a} T, FED s€S ico\<T
3s =55 T& %, perfect (27357 W,

L LIEHs, S WHERTE G 2BEICRKROEENS VLS.



Theorem 5. B{iixx b2 S OKL se€Slco20WT
eSS dpeN,ImneNy st. m+n2=2,58+p(s+s*)=p(s+s)+mt+nt*

Bk oiL-> & &, 5 13 perfect ©& 3.
.83 F T

NSO EDEEIE-fcDiRa =¥ vy RK¥0D C. Berg #1% 5 ic & 5 #{F [BeCR|
Thbd. Z0%DOFEEIZ [Bel], [Be2], [S3| Hic kD B2 & 8Hiks. SR E~2 > ¢
B $ 3 ki [A], [ShT] e & & < 51 & h 5. archimedes component 73 & o 3 B i i
B4 3 fike Lc [CIP], [T] 5 & 4% 3. perfect ¥BicM¥ 3 fboix & LT [B2], [BS],
[B7], (B8], [B10], [NaS] # & %3, semiperfect B3 2 o iRixx & L T [B1], [B6], [BY],
[B13], [B14], [S2] s & » b 5. {EF#IE © semiperfect B 13 2 sizx & LT [B3], [B4],
[FS1] 72 & 434 5. conelike £ ic >z [R] %, divisible ¥ #ic>wTid [S1] 28& 1
T5E LW,

[% % ik ]
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Hyperbolicity of a polynomial associated with a
trigonometric polynomial

ZAZERICEDS 2 THZIEXON S

Hiroshi Nakazato FRE 1{&

abstract We associate a ternary real form F'(t, z, y) of degree 2m with a complex trigono-
metric polynomial ¢(8) = c_, exp(—imb)+...+co+...+cm exp(t md) so that the equation
F(1,R(4(9)),3(4(0))) = 0 holds for 0 < § < 2r. The author gives a sufficient condition
for the form F(t,z,y) to be hyperbolic with respect to (1,0,0). A sufficient condition is
given by

m-1
2: k3|<|CmL

j=-m

1 1ZHO=ZAZIEN(CHD 2EHZIEN
ROL& S HERZREO 1 BH=AZER pd):

#(0) = i crexp(tk0)

k=—-m
= c_mexp(—imb) + comprexp(—i(m —1)0)+ ...+ co+ ... + cnexp(zmb)
[C LT 3EH, 2m RERERLIER F(t,z,y) EMEEIEDLEERD, £T, £T7 T4
YFERICBITHHIR C2RDKS ICRET B!
Cy = {(=(0),5(68)) -0 < 0 < 2},
ZCT,

m

z(8) = R(4(0)) = R(co) + i{%(ck) + Rer)} cos(k) + Y _{—S(ck) + S(c_i)} sin(k0),

k=1 k=1



mm=mwm=smn§;wm+%mmhmwné;ww—%mwhmw»

ST=ZASENS(0) IC 2m RARXR 3EHS RN F(t,2,y) Z #ig F(1,z,y) = 0 53R C,
IC—EITBLIICEDLD, MR Cu 5 BIERK F(1,2,y) E/BBJDEDITRDL S HRL%E
RAW3 ‘

z(0) = Hy(cos 8,sin6), y(6) = Hy(cosb,sin b)

C ZT Hi(u,v), Ho(u,v) BTRET u,v ILONTO m RETFOEEXTH S, s = tan(0/2)
LB, COEE, cosh=(1—s?)/(1+5%),sin =25/(1+ %) BHRILL. #>T

A(s'm)—~—(1+32)mm-+(1+32)mH(1_52 2y
1 M - 11+52’1+82 - ?
1—s% 2
. _ 2\m 2\m —_—
AZ(S'y)—“(1+S) y+(l+5) H2(1+3271+32)_0

E1r%, ED2DO0OFERDEDBIE. BENjz+pu; HEWNE vy + EEDEOE, FETT
s DBIERATH D, 2R F(l,z,y) &, Ai(s:z) & Ay(s:y) DARTET s ICBHT ik
I resultant ELTRDBZENTES, Z2IER F(1,z,y) Dz [CDNTOXRET 2m LT
ThYU., y ICOVWTORED 2m LITTHD, ZER F(l,z,y) D z,y SEICDNTO
REH 2m LT &AD, CTTRERCOVWTOERBAEMEICOVWTIUMNZS., 2
DD UIRZER f,9 EXRDELDIZH R S:

¢
f(s) = Z apst™F = aps® + st 4.+ ay,
k=0

£
9(s) = Bes™F = Pos’ + Bis" + ...+ B,
=0
T Rl o, 6 (BB 0 DBEOTE L. a0 £0 ETB. fLgDs BT B
#X R(f,9) 13RO LD 1 20 x 20575 R(f, 9) DFTFIRTH B,

Qp Q1 Q9 ... Qg1 (87 0 0 PN 0 0 0

0‘ Qg O e Opg Cp_q Oy 0 e 0 0 0

= 0 0 0 ... o Q) Qg aee e ... Qo Qg
R(f,g) =

(f 9) Bo Bi Bz .. Beer B 0 0 ... 0 0 0

0 B B ... B2 Beex Be 0 ... 0 0 0

\0 0 0 ... Bo B B oo i . B B



EBIFIE, T (2. R? OMESTSHB.

FHEAFIOESEMEICT3LE, FROLOBENESDHAL LTESEINBEN
EELTDBESPEBET 2, £7 Iw~/bﬁﬂwlﬁﬁm3mkﬁﬁfhéb
EkU. ROCEHSBYIDSENBRICHOND,

Bl A%, mxmEREATI £TBLE, 3THRRRZEN p(t,2,y) .

p(t,z,y) = det(t In + (/2)(A+ A7) — i (y/2)(A ~ A7)
TEHBLEE, pld. (1,0,0) ICEALTREHITH B,
ET. m 2EDOEHLL. EREFEHROZAZER

$0)= 3 c exp(ik0)

j=—m

BRER (com|+ .. +leol+ ...+ lem-1] < |en| &FHETETD. CDEE, WLTHRE
™ F(t,z,y) (XM F(1,0,0) #0 2Fkd. T, FFK

By(0) = R(( Z k ci exp(z k9)) Z cyexp(—ipb)) >0

k=—m p..—m
BPEED0<0,np<2r ICHUTHRYIDLI+0EMEE F ORMBEORAICANK
2. ET, RO&LSEEADHY LD,
By(0)
=mR({cn +(m—1)/men_rexp(—i8) +... — (m —1)/mc_my1 exp(—(2m — 1)0)
—m C_m exp(—2mO) Hem + Emrexp(in) + . .. + Tm exp(20mb)}).
ET. NZEDRBEL. BE cnrome1y - Com DIRDAF

| Z crl=leem+ .o+t .ot ema1| < Mewl,

k=—m

EBETETD, CDEE, FBE k/maldROFEREBET:

{ El (kfm)ck|l=|—com —(m—1)/mcemir — ...+ (m = 1)}/men_1]| < Alcm|.

k=-m

ROBWBEEEBT S,



#BEEX B(f,9) 3. RDESICRDENS:

R(f,9) = Y nlko, ..., ke ho,... heogtaf® - - ot G5B - - By
':- :—G%ﬁ n(k07 ‘e 7k£7h07 . 7h€) (igﬁfa U\ m@?aﬁ kOa e 7k£7 h07 ey hf ‘I;’Fﬁ@
BETHD. LOBRICBITHHIEIL, XN
ko+k1+...+ke=£, h0+h1+...+hg=£,
BEUVROESBREREH T

ko+ho <f, ki+h <4t ... kg+h <L

2 2ZHZEN (3XEHFRXRZEN) OWdhiE

3EHERLIER p(é) = p(t, z,y):
pl6)= 3wt Yt

it+j+k=m

DRHEEEZRODELIICEDD. £T. NI ML v = (1,0,0) [CH LT,

p(vO) = Qm,0,0 :/lé 0

THDEE, pld, v FRICIEFENTHDE D, v FRICIEFENTH S p ICHLU T,
% &nR3 IS LT, m BOEE A (6),..., (6 BEELT,

m
p(t,z,y) = p(1,0,0) [T(¢ -
]:1

ERBEE, pld, vARIC (HBME. (1,0,0) ICBBLT) MihEY (B) hyperbolic with
respect to vg THDEWND, LERITBWNT, N(kE =kXNE) B, &), BELU. E>01C
¥WMUTHERYILD. IS, €= (t,z,y) ITHL. (z,y) # (0,0) THDEE, N(6) # X6 D8
BRYUIDEE, pld, HMEWRMAY strictly hyperbolic T#H 2 & 1VD ([Nu] B8, Wihi/n%
ERICEY B4 DEERNEE 8. [A-B-G] TEBAEhTW3, fizld.

,0,0) 1B L TIRMET

T [Atiyah-Bott-Garding] 3 ZEHRIREZIER p(t,z,y) &, (1
} @ (1,0,0) =ETHERRS

T
HdHLTD, CDEE. E£E {(t,z,y) € R®: p(t,z,y) # 0
.2 &L,

Yo ={(z,y) e R*: (1,z,y) € T}



fHifE 2.1 L ZIEDBH LTS, RO 2DOD=HZIHEN

Z apexp(—ikl) = ag + a; exp(—i0) + ... + agexp(—i {0),
k=0

¢
=Y byexp(ipn) = by + by exp(in) + ...+ byexp(idn),

p=0
0 FRK b = do BLUFERK

£

> |a a|+...+1a —= | ao|,
k 1 4 \/i 0

k=1
£

1
by| = [by| + ...+ |be| < —=|bo],
S Il = br] - [l < 5 o

p=1

ZamTEsE FAER

e .
By, 4,(0,7) (ZakeXp —1k0))(3_ by exp(ipd)) > 0

p=0

PEEBD 0 <0,n <2rIlHLTRYILD,
[BEBA] ao =0 =1 &ERELTLL. CDREDTT, FA

By, 4, (0,m) = R((1 + 2(9)) (1 + w(n)))

EBETEOIE . [2(0)] < (1/v2), [w(d)| < 1/vV2 THB 2(0), w(n) BHEET 3. #>
TR((1+2(0)(1+w(n)) >0 HEYILD,

ROELS1EBIZE

¢(0) = exp(2:0) + g exp(—id)
BALD, EEL., -1<g<l &%, B# B,(0,7) EROD&LIICEET S,

By(6,n) = R((2 — gexp(—3i0))(1 + g exp(3in))
=2 4 2g cos(3n) — g cos(36) — g* cos(36 — 3n).

ZDEE, By(0) 13 By(0,0) TEZ BN By(0) > 2—|g|—g* >0 &5, LML, By(d,n)
[FDRICEL NI DIFTIEIEN. ¢g=199/100 &F5. ZDEE. By(Tr/8,157/16) 1
BTH->T. EOELMES —0.0823766 THZ LIS,

w21 KU, ZABEN 40) PROFHEHIT L&, BB, (0) JIETHS



m-—1
3 lcklz|c_m|+...+[00|+..<.+Icm_1|<—\}_ﬂé—]cml.

k=—m

ch&¥, ROEEHIEHASND,
EE 2.2 ERZASEHEN

B(0)= O o exp(iko)

j=-m
HRESR

m—1

3 el < —= el
k=—m \/i

EEETERET D, COEE, MSTS 2m RITMELER F(4,2,y) 1. (1,0,0) 12
B L OB TH 3.

[EEBH) Bk cn =1 SRELTELN. SHZERSO) IS T 70 88 F(1,2,y) =0
EEZD, Thid, ROLSITENEHRREND :

m—1

z(0) = z(0) +1y(0) = exp(imb) + DY crexp(:0)

k=—m
(0<0<2r). ZDORA Ag(z(0)) EDNTEZS:
Arg(z(0)) = S(Log(2(0)).
ZHICDOWT, ROLSITABRRAMBERYID:
dArg(z(9)) z’(@))
dé z(0)”

m ¢y, exp(imb) + ...+ (—m)e_, exp(—im )
emexp(imb) + ... + cp exp(—im8)

1
- !cm exp(i m@) +...+cm exp(—-z' m@)!z X §R(L(0)),

= (

= R(

)

RILO)) = R( 3" Eerexp(ik0)( S & exp(~iph))

k=—-m p=—m



= 3 3 Rkt expli (- p)f) = By(0).

- k=—~m p=—m
HWRE21DTOERLY, R(LO) >0 BEED I RICHURYID, BB 0 KY 27
ETEHTHEE, TH Arg(2(9)) (T Arg(2(0)) &V Arg(z(0)) + 2mnr £ TEBNT S,
Tiabb ERLEH 2(0) DES 0 DEDLYDESAHIE m (ITHD. D &LEXRODFEK

LUBELND:
dArg(z(0)/ exp(im#))

dArg(2(0)) = / dA ; mé
/05952« rg(=(9)) 0<o<2m rg(exp(imd)) + 0<6<2m
=2mnr + 0 = 2mn,

ST 2(0)/ exp(imf) [RIEED0< 0 <2r [CHUAEEE {w € C: lw—1| < 1/v2} ICEBT
B, SO &ME. L 2(0)/ exp(imb) DO < 027 ST B 0 DEDY DESBA 0 T
HBZEERLTNS, #>T F(l,sc080,s5in60) =0 &VD s [CDWTOAEREE
cR (:i;j-b"c‘ 2 @@ 0 ’C‘f;b\%#ﬁ%%j:&ﬁfbﬁ\%o ﬁéjfﬁgﬁ F(t7m7 y)

(& (1,0,0) ICEEL T TH 5., (RERARRT)
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Topics of Hyers-Ulam Stability and Differential Operators

=ISEM (Sin-Ei Takahasi, Yamagata University)
=i# %% (Takeshi Miura, Yamagata University)
EB&# (Shizuo Miyajima, Science University of Tokyo)

Abstract. We introduce a new Hyers-Ulam stability of mappings and consider
Hyers-Ulam stabilities of a Banach space-valued linear differential equation and
the corresponding linear differential operator. The results presented in our topics
extend and improve the correponding results of the earlier paper [4].

1. Fref
BESICT—9xZANLT, AS-LEaZhNESEL5ELTH, BRUTADMAE
PTEBHOTIRAEN. ULHALHULHEAE &) BB a [SIEBICED>EL, F—Fx 240U
EFEETHIE, RS-/ e Z2USVHATEIENTELINEEIEENH D, &
DELEATERRINE, KEUTEAESS !
f=a = 3%, f(x,)=a and x,=x.
19 4 0% S. M. Ulam [5] (2 OBELZMENBRICDOOTERY EIF, RO K S npE
ZiREE L7
Under what conditions does there exist an additive mapping near an approximately
additive mapping?
ZHIZxH LT, D. H. Hyers R IEBERO LD EHBEESZA TS :
Given two Banach spaces X,Y and £>0, if T:X — Y isa mapping satisfying

“ T(x,+ x,) - Tx; - Tx, | < € forall x;, x, € X, then there exists a unique additive mapping

L:X—=Y suchthat llTx—Lx“se forall x&€ X,

HOERBIRFEL2DEEE—BEBES>LSICRABZH, ROLSCEZNIEL<ALBDTH
BENDDB.

KRB, £FX=MX,Y) 22X H5Y "DEHLEDEIBREEB LT, RIS B
BOEZFEBVNBED, Y=Y"®"2XOX hE Y AOEHLADEDERER LT 5,
RICENZFNOBEZE LICROLS> 5 —CBEEEATS .

px(N=sup {|f@]:xEX} (FEX

and
PrOw.s)) =50 | Y | @ D) EX® X} (Gus) ED).
ZFITH@@HEX®XITHLT
T, o) = fla+b) - f@) - fb) (f EX)
LEETD, COEERT,, HX DD Y AOBEHEREAZH. ThEDEBRS ML
BT
= (T(“’b)(f))(a,b)eX®X J&X)
=X H5Y AOBEERELD. COEERD 2 DORERHHY IO EICEST



5.

|f@+b)- f@- 10| <2 (Va,bEX) < pTN e
and
FEX jsadditive <« Tf =0,
FNHRD 2 DDHEIZRETH .

()If f:X—Y isamapping satisfying N fla+b)- f@a) - f(b) “ <¢ forall @, bEX,

then there exists an additive mapping Jfo: X — Y such that ]l Sx) - (0 ll <¢ forall x&€ X,

() If fEX satisfies that py(Tf) < ¢, then there exists an element fo €X with Tf,=0
and px(f- o) <e.

o THRDOEBIIE 2 DELLL<ALHDTHA I B89 MD. EITHLIEHE—
BRILERESALD

Definition 1. Let (X, py) and (Y, py) be linear spaces with gauge functions Py, Py
(Px:X—>10,] and py:Y —[0,]). Let T:X —>Y be amapping. Given a € T'(X), an
equation Tx =a is said to have a Hyers-Ulam stability (simply, HUS) if there exists K =0
such that for any £€>0 and x € X suchthat py(Tx-a) <&, one can find an element
Xy €X with Txy=a and py(x-xy) <Ke. Let Ky, be theinf of such K and we call it the
HUS constant of Tx=a.

EE . FOEEICHED &, Hyers OFB(E, HREROBEESRT ICxL T, HERX
If=0 S HUS 2855, TOEBUI1LUTTHHZLZFRL TS, BL—EEER<,

19 9 8% C. Alsina & R. Ger [1] (35 EFAZRICEI T 5 HUS MEICEB L. RHIERS

HOWMAAER O =u@) (ER) (FHUS 2#H5E0 HUS ERIIDLSEHILUTTH
B EERLE. TORBEEE 4G, INEBERL. 55 Banach ZREHEREB O
AKX W) =Au@) (ER) HHUS 2HDEHDOVERGIE ReA=0THY, CDOELEE
M HUS E#i|Re 2| THBZ L&RUL,

ETLEOFEHEIIAERXICETS HUS THEH., ARXZBHRIT HEHEDHOD HUS
NEBINTHRNTH S5, TNERICEITS

Definition 2. Given (X, pyx) and (Y, py) be linear spaces with gauge functions Py, Py
(px:X—10,] and py:Y — [0, ®]),amapping T : X = ¥ is said to have a HUS if there
exists K =0 such thatforany a €ET(X), €>0 and xE€ X suchthat py(Tx-a)<g, one
can find an element X, € X with Txo=a and px(x-x,) <Ke. Let K; be the inf of such
K and we call it the HUS constant of 7.

EEMSHLT: X =Y BMHUS 28 TUL, Fa€TX) IIHL T, AEEX Ix=a b HUS
EHBOLIEHALSHTHS, TOERTHEOADPRELVEVRETH S,

2. R
I TREBEEHS AERARVEEMAERRO HUS ICBT3EO0NREREBNTSH
LEWTH S,
%948 % Banach 2R X RUBRBEEGRH L R CBEI SN EE, 1 BiREH
MERE !
T,: C'(R, X) — C(R, X), (Tyu)(®) = u'(t) + h()u(t) (t ER)
MHUS #0100 GE2EZS, TOLOROLO L LREEETS !



1

C,=sup f (expf Re h(r)d-r)ds <o and D = sup f
rer | 1 1E€R |

CDEE, ROEBMSERYID,

Theorem 1. If either C < or D, <, then T,: C'(R, X) — C(R, X) hasa HUS and
K7, =min (C), Dy).

LOEBDSRORBEIND,

Corollary 1. Let A€ C be such that Re A= 0 and set T3() = #' + Au foreach u € C'(R, X).
Then T; : CY(R, X)) = C(R, X) hasa HUS and K7,

(exp f "Re h(r)dr)ds < oo,
{

:-——*—-—*l .

|Re A|

FER LDRT, ReA>055 Ky, =D, ReA<0E5 K, =C, BEZABHDT, TR
DEFFETETOBDOLEDNS, ;

STER1OFRGEBLITBHAZRIEDOLIEHDND > MUKW, ZDEDHIC.
ROEEZERBT B,

Lemma 1. (1)If Reh=¢'+ ', where ¢'()<-6 (|t|21,) forsome 7,>0, >0 and
|w(t)| <M (tER) for some M >0, then C; is finite.

2)If Reh=q¢' +', where 6< ¢'() ([t|zto) for some f,>0, 6>0 and |zp(t)]sM
(t€ R) for some M >0, then D, is finite.

EE1LBEIDPORDREBDILENTES,

Corollary 2. Suppose that Re A=P + f, where P is a nonzero polynomial with real

i
coefficients and f f(s)ds (t ER) is a bounded function on R. Let P(t) =ayt" + - + a,
0

(t€R). Then
(D) If n iseven,then 1) hasa HUS.
(2)If n isodd and a¢> 0, then T, hasa HUS.
(3)If n isodd and ag<0,then T, does not have a HUS.
ROEET, EHERHEEEBIAFEANS HUS 20 L&, MIST HHMOPERAEREDL

HUS 28> L EIdRETHD - LERR, BDOFNSMNHUS #H DO DONE+ SN
#52-Hb0DThS,

Theorem 2. Let X be a complex Banach space and D=d/dt. Let P(f) bea

polynomial with complex coefficients and deg P =n. Then the following conditions are
equivalent:

(1) The equation P(#) =0 has no pure imaginary solution.

(2) The differential operator P(D): C"(R, X) — C(R, X) has a HUS.

(3) The diferential equation P(D)u(f)=0 (t €R) has a HUS.

TOEBOFIBICHLTIE, RO22DOHERVR 1 EFHNICHANS :

Lemma?2. If T:X—=Y and S:Y —Z haveaHUS and T(X)=Y, then SoT:X—=Z
also has a HUS and K< KK,

Lemma 3 (cf. |3]). Let {&;, ---, &,} be afinite subset of the real group -R, and let £€>0

be arbitrary. Then there exists a sequence {7, 75, -} of natural numbers such that

n<ny <-- and [emE-1]<e (I sjsm, k=1,2,-).



3. 5%

S 3IEEREEO 2 BEHRAFER. 1 BOBNREMAHFER/RECETS HUS O
ARICEATITEEVEERITINS, TNERCEEOSZ01E. FHEEOBATH B,
CHBKEHUS, 1BOBATS HUS 2RO bOOBEET 5Hm> TN, HIRIE,
W() +sinu(t)=0 (tER) 3 HUS £BOBRHEZX SN BH, RiFS AL HUS &AL
CEMTREND, B, o +sinu =04 HUS 2870k S e>0 [HERICHET .
ARG X% v +sinu=0 DIFES(T ‘

u=2tan '(Ce™"), C : arbitrary constant
THHIEIEET S, Sp EBOERE UL E, u=pt(F|u+sinu |=|p+sinu]
<p+1&FET. LU +sinu=0 A HUS £BDELRETH L. ERK BEELT,

pt-2tan (Ce )| <Ko+ 1) (ER) YD, T, [1|<KEXDET yep) o

U, PEDBELS. LHLESS HUS OFHER., >0 p+RMEWNWELEIBICHY, ZD
BHTRLOBREIFENTE AN, RE>0D+aNEVNEE, FSTRENOERDN
[C u+sinu=0 P HUS ZHDODTIREWNEBA LD, ENTHEHEEZLRTDH
3, ERIFEHICRBTEL>EDTH D, ThERDEHIC, w+sinu=0 [FHEIC
HUS 28D ELRET S, 4. To/h&/ne>0 (I L TEHEE

11+ W (tER)

U =2tan"

r#25, coex, =13 p5ce Lzl TaEmD,

E ~ v1-3e> .. t
Sin = —ts cos =115 THB, B r,=1HEL0E EicNT, 6= Ze %
1+l; 1+[E 3412

B3, COEERGLHENDS, 2e+ecosu=sinu ZRTEBTES, LUENS,
lu‘(t) + sin u(f) l = } 2£ + £cos u(?t) l <3g tER) BRYILD, K> TREMS. HIEHK &
£ [TIRTFETHERC, BHEELT,

2
2

2tan” ' LEVL =387 pan-1(C e

# <3Ke (t €R, 0< ¢ sufficiently small)

PBRYILD, SZTt—o EFnld, @ 13
1l +4/1-3¢2
£

(##) tan < %K £ (0 < ¢ : sufficiently small)

ZEL, TITH IKBWTe | 0 &N, g— <0 ZBZFEPECD,

FECESIICBWT, Tpy(x-x)<Kej % [py(x-x)=p(e) for some positive
function p(f) with hmo pt)=0] [CBEWZ B ELBNERD HUS Z2EELTH, HEE

F:u+sinu=0(FFNDLS4 HUS HbRUTHEAWT LB EDIEBENLS RN D,
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Hausdorff dimension of Sub-self-
similar set and Gibbs measure

Junko Shinmoto! and Fukiko Takeo?

1 Master’s Reseach Course in Mathematics and Computer Science, Ochanomizu University
2 Department of Information Sciences, Ochanomizu University

Abstract

A compact set K C R" is called sub-self-similar set if K C Ule fi(K), where the f; are
similarity transfunctions. A Fibonacci set, a kind of sub-self-similar sets, has been studied by V.
Drobot & J. Turner[1]. Moreover, sub-self-similar sets, where all the ratios of the composition f;
are equal, have been studied by F. Takeo[5]. In this report, by using the Gibbs measure and the
pressure in the sense of thermodynamic formarism, we obtain fomulae for Hausdorff dimensions

of sub-self-similar sets, where the ratios of the composition f; are different.

1 Introduction

TS5y ZADEMEFET Hausdorf IKTTIZ DWW TIE, WAWSARRDENFFZES LT
5. ¥, Self-similar set {IZ2OWTIE, WAWARBENDLOHENR LI TWD. Self-
similar set & 1%, W< OO/ ER f;: RE— R* (j=1,2,--- ,k)I2& Y

k
U fiEx) =K (1.1)
i=1
Rl a0 MEEK DI ETHD. IR L,
k
UsrE) 2K (1.2)

BTy VEAE K % {f1,--, fi} 12X 9 % Sub-self-similar set £\ 5. Z D
Sub-self-similar set @ Hausdorff IRTT % K8 B 7912, BEBROEEIRL f 0 fr,0--- ZHER
FIZER B = {z € ()2, | z; € {1, ,k} for any j € N} &S5 HER &< A
Whha., FhiciE, B »bRI~OERT % 2 e RUCHL,

7(z) = lim fo 0 fo0-0-0 fr(2)  for g€ B,

EBLE, zE RACEBELARAVWTT 2—BILERTES. Z0LE, {fi, -, fi} 3T
% Sub-self-similar set K 1= E®) #5422/ K %

/CZ{QEEI(Cw)IT(meI?m+1-~-)€K for Ym € N}



& LTxHS &4, rank m @ cylinder set 2 K = {Ppz = (21 2m) | 2 € K} L BE,
s> 01Xt L,

1
9<s>=,,{gn;o( > ﬁ)
PzeK,, j=1

L EFET B & &, Falconer |2 & 5 Sub-self-similar set K ® Hausdorff /Rt dimy K (\Zxt9
BIRDESBREENHD.

EE A fi:R'—> R (j=1,2,-- k) BRI r; (0 <7y < 1) OFE/IELEH L
T5. RO K B {f1, fo, -+, fu} &+ 5 Sub-self-similar set TH ¥,

N HV) =8 (i#5) »> V)V (1.3)

BT ECRVERBESV C R MEETB LTS, IOLE, sE0(s)=1 %
TS,

§ = dlmHK

DRV L.

Sub-self-similar set & V5 E#id, Falconer 23 1995 FEDFML [3] TEEL TV DD, £
FLLARTIZ Z @ Sub-self-similar set O—F&Td> 5 Fibonacci £5 1289 L TiX, V. Drobot & J.
Turner[1] 73 Hausdorff IRIGZ KD THE Y, Sub-self-similar set THE/NLAETE CiHEIE
F. Takeo[5] B3FFEL TV 5. £ Z TAMI TIL, M/NLAERDEB/RDS 2D Sub-self-
similar set IZDWTEE A LI1XRR 2 HETO, Hausdorff RITEDRDFIZOVWTHFZE L
7o. FXUTHE, cookie-cutter set @ Hausdorff Ikt % B 15/ 72 Gibbs measure & Pressure
ERWTRKDBZFER]BHLR TS DT, Sub-self-similar set (2% L TH Z DF k%
LT, Hausdorff IRTTZ RO AHEHE2 287, SLICZOERBEZRAWT, TFIOR~RS |k
VRN D Hausdorf IRTT 2RO B EH 3 1572, Self-similar set D—F& T % generalized
cookie-cutter Cantor set (Z%f L Tid T. Nakata[4] i~ & ¥ Gibbs measure & Pressure %
WBHFIEIC LY, Hausdorff IRTTZ RO DHEN R I TS, I HIT, TNHEDEH?2,
3735, R?® Sub-self-similar set (Z%f5 5 Hausdorff k2RO L EHES B, Zh
%, EH A OBRESEMF(1.3) &V FHWEMT Hausdorff IRITEBRKDHENDHZ & &R LT
W5,

2 Notations and preliminaries
EY, BELRDINVLODPDORIBITOVTRRS.
e Elgw) ={z = (z;)2, |z;€{1,-- ,k} forany j € N}: HERI»L25ZER

o B ={a=(a)iy |y € {1l K} for 1< j<q} + I (REqeN) »
725 %EM



o ¥7 MERF o EY — B % (o{z))i =z WLV EHT B,

@ %%Zﬁs}%ipn : E,gw) — E,(cw) (TL € N) % Pn(ilfl,.’L'Q,.’Eg,"') = (1111,332,"' ,.’En) &
EETD.

e 0<r;<1(j=1,---,k) ZAWT, E¥ iR 2 MEMd % z = ()21, ¥y = ()30
WXL, zj=y; (=1, ,n) DD Tpy1 # Yoya PEE,

d(z,y) =[] (2.1)
j=1
LEHETD
o g>1izRtL, ES™) OBBEHES F = {a',0?,--,&/} C B (1>1) &%
z5.

o kIO FizxtL, EY o4z AF) %
A(F)={z € E* | zjz;41---zj1, € F for Vje N}
LEETD.
o FRDOF & neNIZXL, AF) DRDOEHND nBDOFINLRoREE

A(F;n) = {P(z) € B |z € A(F)},

@

7€ A(F;n) IZRL, ¥ D2DIeE S A(F) DEOEKEE

AF;y)={z|zec A(F)}

LEERTD.

3 Pressure & Gibbs measure

EM iz (2.1) CEH LEHE ARD &, (B, d) B5EgER L 25, 0 EY &
DEREEE C(EY) DT o & ne NIxtL,

Varap = sup{|p(z) — p(y)| : 5 =1y; for je€[L,2,---,n]}

L EFETH. Hausdorff IRIEE RO BITHT= D, HE L 725 Pressure, Gibbs measure OFF
EIZDOWT, Falconer 2] DEHEDOFEEZ AV, ROBREE.



EE 1. e CEY) ITxtL, Y Varp<oo DLE,

n=0

n—1
(1) Plyp) = T}_i_)r{.loilog Z epow(ajlg_) ORBEREEL, TOMEE g€ B @
_’ZGA(F;n) Jj=0
Y I L B0,
(2) EY Lk o-FE7 Borel eRHIE u &, ag > 0BFELT, FEDOne N, z e B
Loy e A(F;n) L,
1 pA(F; 7))

Qg

~ exp(—nP(p) + X015 pl(oiyz)) =

DIFLY 3D,

4 FHINZEMEDOEAESIZH T S Hausdorfl Rt

EH 1 THEFE% TR LTZ Pressure & Gibbs measure Z V>, Hausdorff kT % KD B IR D
EEREET.

FHE 2. FxE™ oRBBIESLE L,
A(F):{_.'E_EE]SU)l$j$j+1"‘mj+qu for Vj € N}
LD, EbIT, ge CA(F)) ITxtL, g(_x_):;—ljf (if 1=37) &T5H. ZD&x,
P(—slogg) =0
e d s 25 A(F) @ Hausdorffik 7t dimg A(F) TH 5.

EHiZ, ZOFEELY, Pressure & Gibbs measure # AV, {TFID AT FAEREND
Hausdorff kT4 k0 572012, F € BT OFROEHO ¢ BOFIMHRZKROE S 72 F
e

F' = {PalacF}
— {ﬁ17—ﬁ_2,... ’ﬁm} C El(cq) ,
EL, mxm®(0,1)4T5 M = (m;,;) &

My =

1 Ja€eF s.t. qu:giEF’ 7D ag_z_@jeF’
0 otherwise

LEETDH. &I, mxm TS R, &

S s - & ¥ s
Tpr Tpe Tgm
s 8 v . ® s
R, = 7‘@3 "2 T/f;n
s s . . . S
Ty Tpe T



&L,
My = M o R, [ Schur & (45 Z & OF) |

LEHTSH. ToLE, Hausdorf KTEERKDBROEENBONS.
EH 3. F % B 0BRESERL L,
AF)={z¢€ E,(Ew) | Zjzjr1-- Tjpg € F  for Vj €N }

4B, (4.1) TEEENT mxm (0,1) 75 M = (m; ;) BEERATFIT, A 28 M, = MoR,
DARYT MR LT A,
IDEE, N\=1,75% s PEE—FEL, s=dimg A(F) A ZD.

5 RYFOHBNESIZxT B Hausdorff XT

ME#/f R — R (j=1,2,---,k) i&xt L, R (1.1) %73 Self-similar set 73
We—fELES B ICHE, BNERERIC 1 & W NOUER DB, R(L1) AT Sub-
self-similar set NME—TFET AT OITIFZUTOERIZERS Lo I/ NEiZ10bD%2E
HEELENWI ERHA.

EE 4. f;:R"— R (j=1,2,--- k) B M/ r; (0<r; <1) OM/NEHETS. F
BT OBRESES L L,

A(F)z{EEE,(CW)]xjmj+1...xj+q6F for VjEN}

ETB Tk E,

g+1

HTO‘J‘ <1l foralla= (o)t €F (5.1)

j=1
DRV D ETH. EBIZ, 7 AF) — R'%ze RUCHL,
() = lim fo 0 fo, 0 0 fo,(2)  for ze A(F),

CEHETDHE, 2€ RORTFELRWVT, 7(z) BWEE5.
S bz, 7 (A(F)) i% Sub-self-similar set TH 5.

Z® R* k@ Sub-self-similar set 7(A(F)) @ Hausdorff IRITIZE L CKROBERBED
ha.

SEE 5. fE/MABIEE f;, AL (G =1,2,-- k), B8 7, BTtV OBHEE F, AF)
BEBEJERALCEL, &H(6.1) 2H2TETD. £,

F'o= {PqQ|_0£€F}
= {Qlfﬁ‘?,"',ﬁm}CE,(f),



L, &b, RIDETRVWERBEAU N
G5 eF (i#5) extl, fu(U)[VfpU) =022 r(AF)cT
BT TS, COLrE, . i
dimy 7(A(F)) = dimg (A(F))

(5.2)

MEL D 3L,

COEBDE I, BHROMNMNEBRRZHBEITEBNTYH, TH A OBREASSEME(LI)
FVBVWRETHIRESSLMEF(B2) 2L TWEEES, FIIZEH EOWMSESTHD
A(F) @ Hausdorff (ke &, R® kO Sub-self-similar set 7(A(F)) ® Hausdorff 1k 7¢ DEIE
FLL2%.

ZOEBROGRFIZRICTT.

6 Example
ROBRYEC LD S5 DO NG {f1, fo, 3, fa, [s} EEBEZXD. z€ CITRL,
fi(z) = -z,
falz) = %e%iz 3+,
fola) = 5 1~ VB~
fa(z) = ez — 2v/3 — 61,
fs(2) = €Tz + 2v/3 — 6

E¥5H. T,
| Fy ={(12), (13), (21), (22), (23), (32), (33), (41), (42), (43), (51), (52), (53)}
ZRL, T(A(R)) B L, R1ER3.
F, ={(12), (13), (21), (22), (23), (32), (33)}
IR L, T(A(F)) B L, H2LiB.




1 &K 2 1X3£1Z Sub-self-similar set TH Y, 11, 2DIFE L A LB D23
DOEMHIZ L DBDOEMHRDO T, Hausdorff RITIIF U THH. £Z T, FEOEELRK
2 DA Hausdorff IRTTH KD 5.

F ={(12), (13), (21), (22), (23), (32), (33)}

ThHHEMND,
F'={(1),(2),(3)}
LB oL xE,

M =

S = O

11
11|,
11

&Y, MIIBERAITIICHSD. M/HiE, n=1rn=3%r=3Thh, (11)FFIT
ENRVOT, &1 Rz L,

s s 185 18

B O T2 7'3 0 5 5
— — s 5 5 — s 15 18
Mi=MoRy=|r r5 rs |=| 10 1* 1
s s 15 19

O Tz 7’3 O 5 '2'

EERIND. FEI LY, TO MDA MAEENERD, A, =1LDswRDD
(E )

—log 2 + log(—3 + /13)

~ 1.72368.
—log2

dimH .A(F) =

L5,

25 3K
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THE COMPLETION OF ORDERED LINEAR
SPACES AND THE GENERALIZED SUPREMUM

NE EA W o=
Naoto Komuro Shozo Koshi
ABSTRACT

We construct an order completion (E,P) of order linear space (E,P) in the case
when FE is a Banach space with a closed positive cone P. E can be identified with
{U(A) | A C E} where U(A) is the set of all upper bounds of a subset A C E. A
vector operation can be defined on FE and (E, 13) has a subspace which is isomorphic
to (E,P) as an ordered linear space. Moreover the space of all generalized suprema

Sup A in (E, P) is isomorphic to E as an order complete vector lattice, provided that
the condition U(A) = (Sup A) + P holds.

§1 THE COMPLETION OF ORDERED LINEAR SPACES

Let E be a linear space over R, and P be a convex cone in E satisfying

(P1) E=P-P,

(P2) Pn(—P)={0}.
An order relation in E can be defined by z < y <= y — z € P. We call a linear space
E equipped with such a positive cone P a (partially) ordered linear space, and denote
it by (E, P).

In many cases (F,P) is neither an order complete nor a lattice. In this note we
construct an order completion of (E, P) in the case E is a Banach space and P is a
closed convex cone in F. In this case we have by bipolar theorem that

P_—_P**d:f{:cEE'I <zt z>>0 z*eP},
€

where P* o {z* € E* | z*(z) > 0, z € P}.
€

For a subset A of F, we denote the set of upper bounds and lower bounds by
UA)={z e E|y<z, Vy e A},
LA ={zeE|y>z Vye A},

respectively. These sets have a symmetric property in the following sence.
(1) U(L(U(A4))) =U(A)

for every A C E. Let % and 9B’ be the family of all upper bounded subset and lower
bounded subset in E respectively, i.e.

B={ACE|A#0), UA)#0},
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B'={BCFE|B+#0, L(B) # 0}.
The relations
A~B ﬁ U(A)=U(B) (A,B e B),

C~' D= L(0)=L(D) (C,De%P)

are clearly equivalence relation. Now we define
E=%/~ ={A]| A€ B},

where [A] denotes the equivalence class of A. For every [A] € E, two operations u([4]) =
U(A) and I([A]) = L(U(A)) are well defined. We can see by (1) that I([A]) ~ A. For
A € B we can characterize U(A) by the support function of A and the boundary of the

dual cone P*. If A € B then the support function f4(z*) = sup < z*,z > is finite on
) z€A

P*. Indeed if zg € U(A), then < z*,z ><< z*,z¢ > holds for all x € A.

Theorem 1. For every A € B,
UA) = () el <z*,z>2falz")},
z*EdP*
where OP* denotes the algebraic boundary of P*.
Since the topological boundary of P* contains OP*, the same formula holds when

OP* is replaced by the topological boundary of P*. The proof of this theorem can be
seen in [7].

Corollary 1. Let A, B € B and suppose that f4(z*) = f(z*) on OP*, then [A] = [B].

This follows directly from Theorem 1. It is worth pointing out that there exist some
examples in which the converse of this corollary is not true.

Corollary 2. If z € E does not belong to P, then there exists * € OP* such that
<z*,r><0.
proof. Let A = {0} then u([A4]) = P, and fa(z*) = 0 (Vz* € OP*). Hence the
assertion of this corollary follows from Theorem 1.
Lemma 1. If A~ A’ and B ~ B’ in B, then for A\ € R
[A+ B] = [4"+ B'] = [I([4]) + {([B])]

[AA] = [AA"] = [M([A])]
hold where A + B and M\A denote the set {a +b | a € A,b € B} and {Xa | a € A}
respectively.

proof. It is sufficient to show that [A + B] = [I([4]) + I([B])] for A, B € B. Indeed, if
it is prooved we can see [A'+ B'] = [[([A]) +{([B'])] = [I([A]) +{([B])] = [A+ B]. Since
U(A+ B) D U(I([A]) + I([B])) is obvious, we show the converse. Let z € U(A + B)
be an arbitrary element and take a; € [([A]) and b; € I([B]). Since z € U(A + B),
z—b>afor every a € A, b € B. By (1), this implies that

z—beU(A)=U((A]),
and hence z — b > a;. Therefore we have £ — a; > b for every b € B. Hence z — a1 €
U(B) = U(I([B])) and this yields that z—a; > b;. This shows that z € U(I([A])+I([B]))

and the first equality is proved. The second equality is obvious. Indeed, U(AA) =
AU(A) = AU(LU(A))) = U(A([A])).

We now define an order relation and a vector operaton in E.
—4]—



Definition. For [A], [B] € E and A € R,
(2) [4] < [B] <= u([B]) C u({4])
® [A]+18] = [4+B]
RU(EN] (A>0)
@ Nl = 3 DAY = [-P] (=0
[Au([4])] (A <0),

where 0T C denotes the resession cone of a convez set C.([8])

We define two subsets P and E‘l of E as follows.
P={lAl€ E|[A] > [-P]}
={[A] € E | u((4]) C P}
E; = {[A] € E | u([A]) = a + P for some a € E}.

We note that the correspondence which assigns a € E to [A] € E; such that u([4]) =
a + P is one to one. Now we state the main theorem. We refer to [7] for the proof.

Theorem 2. E is an order complete vector lattice with the definition (2),(3),(4), and

(a) P is a conver cone in E and satisfies (P1), (P2), and [4] < [B] < [B] —[4] € P.

() Eiisa subspace which is order isomorphic to (E, P) by the correspondence E 3
a +— [A] € Ey where u([4]) =a+ P.

Moreover, let {As}oex C B, and {Batxea C B, be arbitrary families such that
Usex A5 € B and Uprep By € B’. Then

(€) Noex u([4s]) = w([Uses Aol)s  NMaea L([L(BA)]) = U{[L(Urea By)))-
(@) U(L(Ngex u([45]))) = Noex u([4s]), LU (Nrea H{[L(BA)]))) = Naea I([L(BA)])-

By [A] V [B], and [A] A [B] we denote the least upper bound and the greatest lower
bound of {[A],[B]} in F respectively.

Corollary 3. For [A],[B),€ E,
(a) [A]V[B] = [L(u([A]) nu([B])];
(0)  [AlA[B] = [L(uw([A])) N L{u(BD)];
Since (E, P) is a vector lattice, we also have the followings.

Corollary 4. For [A],[B],[C] € E,
(a) [AlVIB]+[AIA[B]=[A]+[B], and in particular,

(B ,
[Al4 + [A]l- =[A]  where [A]y = [A]V [-P], [A]- =[A]A[-P],
®) ([A]A[B]) VIC] = ([A] V[C]) A ([B] VC]),
([Alv B A[C] = ([AIA[CT) Vv ((BIA[C])-



Example 1. Let E = R3 and let P-be the cone-defined by

P = {iL‘ = (wo,ml,a:z) S Rs | Ty Z [331[ + I.’L‘z[ }
={zeR?®| <a;,z>>0 (i=1,23,4)},
where a; = (1,1,1), ap = (1,-1,1), a3 = (1,-1,1), a4 = (1,—1,—1). Then the dual
cone P* is given by
P* = {z = (zo, 71, 72) € R3 | 3o > max{|z1|, |z2]} }.
= K (a1, a2, a3, a4),
where K (a1,a2,as,as) denotes the cone generated by {a1,a2,as,a4}. It is easy to see
that (R3, P) is not order complete. We can verify that the completion R3 is the four
dimensional space with the basis

[A]={z e R®| <a4,z><6; (1=1,2,3,4} (j=1,2,3,4).

In the case that P is a circular cone, then the completion R3 is infinite dimensional.

§2 THE GENERALIZED SUPREMUM AND THE MONOTONE ORDER CMPLETENESS

Let (E, P) be an ordered linear space. For A € E, the generalized supremum and
the generalized infimum are defined by

SupA={a€ E|b<a, beU(A) = a=0b},
InfA={a€E|b>a, be L(A) = a = b}.

The basic properties of them has been investigated in [3],[4],[5], and [6]. If the space
(E, P) has the propertiy

(5) U(A) = (SupA)+ P (VACE),

the correspondence U(A) <— Sup A is one to one. Hence the completion E of F can
be identified with the set S = {Sup A | A C E} provided that (5) holds. Under this
condition, we define an order relation and a vector operation (the addition & and the
scalar multiplication %) on S as follows.

Definition. For A, B C E and A € R,

SupA <SupB <« SupB CSup A+ P
Sup A @ Sup B = Sup(A + B)
Sup(Al([A]))  (A>0)
AxSup A =< {0} (A=0)
Sup(Au([4])) (A <0),

for Sup A, SupB € 5 and A € R.

Let Sp be the set of all elements Sup A € S such that Sup A = {ao} for some ag € E.
Then by the following theorem, S can be regarded as an order completion of (F, P)
which is isomorphic to Sg.



Theorem 3. If (E, P) satisfies (5), then S is isomorphic to E as-a vector lattice under
the one to one correspondence

S>SupA«—[A]€E,

Moreover, Sy is isomorphic to (E, P) under the same correspondence.

proof. The only thing we need to prove is that the above correspondence is well defined
and one to one. However, since the formula (5) holds in (E,P), we have Sup A =
Sup B <= U(A) = U(B) < [A] = [B].

The following results are also fundamental.

Proposition 1. For A, B € ‘B,
(@) UA+B)~'"U(A)+U(B) in%,
Moreover, if (E, P) satisfies the condition (5), then
(b) Sup(A+ B)+ P D Sup A+ Sup B,
(¢) Sup(L(Sup A + Sup B)) = Sup(4 + B).

proof. It is easy to see that U(A+B) D U(A)+U(B). Hence L(U(A+ B)) C L(U(A)+
U(B)), and what we need to prove is L(U(A + B)) D L(U(A) + U(B)). For every
z € LU(A)+U(B)), we have z <a-+b (a€U(A), b€ U(B)). This mens that

z — U(B) c L(U(B)).
Since [-U(B)] = —[B] = —[L(U(B))], we have

5~ P~z —U(B)+ L{UB))
C LU(A)) + L(U(B)).

Taking the upper bounds of both sides, we obtain by Lemma 1 that

z+ P D U(L(U(A)) + LU(B)))
= U(A + B).

This is equivalent to z € L(U(A + B)), and (a) is proved. Next, by (5) we have
Sup(A+B)+P = U(A+B) D U(A)+U(B) D Sup A+Sup B which shows (b). Moreover,
by (a), U(L(SupA + SupB)) = U(L((SupA) + P + (SupB) + P)) = U(L(U(4) +
U(B))) =U(L(U(A+ B))) = U(A+ B). Hence Sup(L(Sup A+ Sup B)) = Sup(A + B),
and (c) is proved.

The sufficient conditions for the property (5) are given in [4]. The following propo-
sition gives one of these conditions ([4]).

Proposition 2. Suppose that a partially ordered linear space (E, P) is monotone order
complete. Then (E,P) satisfies (5). In particular, Sup{a,b} # 0, Inf{a,b} # O for
every a,b € E, and U(a, b) = (Sup{a,b}) + P.

Here an ordered linear space (F, P) is said to be monotone order complete (m.o.c.
for short) if every upper bounded totally ordered subset of F has the least upper bound
in E. In the case E = RY, (E, P) is m.o.c. if and only if P is closed. In the case when



E is a Banach space with a closed positive cone P satisfying P* — P* = E¥, it is known
that (E*, P*) is m.o.c. where E* is the topological dual of E.
A positive cone P in a Banach space is said to be normal if there exists a neighbor-
hood base of the origin consisting of neighborhoods V satisfying
(V+P)N(V-P)=V.
We also recall Bishop-Phelps theorem which asserts that for a bounded closed convex -
set C in a Banach space E, the set of all bounded linear functional which attains its
minimum on C is norm dense in E*.

Theorem 4. Let E be a Banach space with a closed positive cone P and suppose that
P is normal. If the dual cone P* has nonempty interior in E*, then (E,P) has the
property (5).

Outline of the proof. For z € U(A), we put Sy = (z — P)NU(A). It suffices to show
that there exists an minimal point zo of Sy such that z¢ < z. Since P is closed, so is
Sz. We also have S; C [a,z] ={y € E|a <y <z} for a € A and hence the normality
of P yields that S; is norm bounded. Therefore by Bishop-Phelps theorem, we can
choose an interior point z3 of P* such that z} attains its minimum on S; at some point
zo € Sy. If there exsists z; € S, such that z1 S zo it follows that z*(z1) < z* (o) since
z* is an interior point of P*. It is a contradiction and z¢ is a minimal point of Sj.

Example 2. We consider the space lg = {z = (z0, 1,2, -*) | z; = 0 except for
finitely many i} , [; = {z = (%0, %1, T2, ) | Zo%o|zn| < o0}, l2 = {2 = (20, 21,22, - )
| 20 22 < oo} and define two typical cones;

o0
Py ={z = (z0,%1,%2,""-) €l1 | Zo > Zl$n|},
n==1

o]
Py ={z = (z¢,21,2Z2," ) €la | 20 > (foz)%}
n=1

Then (I3, P), and (I, P2) are m.o.c., and (lo, P1), (lo, P2), and (I3, P») are not m.o.c.
Some of these results can be seen in [7] with proofs. Moreover (I1, P1), (l2, P2), (lo, P2),
and (I, P) all satisfies the property (5).([7])
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Entrywise matrix functions
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1. INTRODUCTION

There are two important order for matrices; one is the order induced by positive
semidefiniteness and the other is that induced by the positive cone of entrywise non-
negative matrices. On the other hand, there are two ways in applying functions (defined
on an interval) to matrices, the usual functional calculus A — f(A) and the entrywise
calculus A — f[A]. In this way, one may take the following four combinations to study
monotonicity or convexity for matrix functions:

(1) functional calculus and positive semidefiniteness,
(2) functional calculus and entrywise positivity,
(3) entrywise calculus and positive semidefiniteness,
(4) entrywise calculus and entrywise positivity.

The last situation is trivial; it has nothing to do with matrices. The first situation
is most standard (and most important) in matrix theory; we have a well-developed
theory of operator monotone and opérator convex functions initiated by Lowner. The
case (2) was treated by Hansen [Ha], and the case (3) is in this notes.

Let M, (C) be the set of complex n x n matrices, and M,(R) be the real n x n
matrices. For A € M,(C) we write A > 0 if A is positive semidefinite. For Hermitian
A, B € M,(C) (in particular, for symmetric A, B € M,(R)), A > B means A— B > 0.
In this notes let us consider a real function on an open interval (—ca, ) where 0 <
a < oo. For a Hermitian matrix A in M,(C) whose eigenvalues are in (—a,a) let
f(A) denote the usual functional calculus of A by f. On the other hand, for a matrix
A = [ai;] in M,(R) such that a;; € (—a,a) for all 4,7 we write f|A] for the matrix
given by applying f to each entry of A, i.e., f[A] = [f(asy)].

Definition 1. Let f be a real function on (—«, ) where 0 < o < 00, and let n € N
with n > 2.

(i) f is said to be S-positive of order n if f[A] > 0 for all A > 0 in M,(R) with
entries in (—a, a). :
(ii) f is said to be S-monotone of order n if f[A] > f[B] for all A> B > 0 in M,(R)
with entries in (—a, o).
(iii) f is said.to be S-convex of order n if fINA+ (1 — A)B] < Af[A] + (1 — \) f|B] for
all 0 < A< 1andforall A> B >0in M,(R) with entries in (~a, a).

In [Ha], a real function f on (—a,«) was said to be m-positive, m-monotone and
m-convex if it satisfies the respective conditions as in Definition 1 in the situation (2).
A bit surprisingly, Hansen’s characterization ([Ha]) of these functions is completely the
same as that given in Theorem 12 below, so the class of m-positive (resp. m-monotone,
m-convex) functions on (—o,«) coincides with that of S-positive (resp. S-monotone,
S-convex) functions on (—a, o).



2. LOWER ORDER CASES

We denote by SS;Z;(-@, ) (resp. Sr(.@no(—a, a), Sgg,)w(—-oz, «)) the set of all real func-
tions on (—a, «) which are S-positive (resp. S-monotone, S-convex). Let f be a nonneg-
ative real function f on the open interval (0, ). We say that f is 4/ -submultiplicative

if
F(Wst) < \/f(s)f(t) forall s,¢ € (0,0).

The class of / -submultiplicative increasing functions on (0,) can be described as
follows.

Proposition 2. For a nonnegative function f on (0,c) the following conditions are
equivalent:

(a) f is increasing and +/ -submultiplicative;

(b) f is increasing, continuous and «/ -submultiplicative;

(c) f isidentically zero, or else there is an increasing convez function g on (—oo,log o)
such that f(t) = exp g(logt) for allt € (0, ).

We denote by A(0,c) the set of all nonnegative functions on (0, ) satisfying the
equivalent conditions (a)—(c) in Proposition 2.

Proposition 3. For a real function f on (—a,a) the following conditions are equiva-
lent:

(1) f € Sior(~a,@);

(2) flow € A0,a), 0 < f(0) < f(0+) (:= limeoy f(2)) and |f(—1)] < f(t) for all
0<t<a.

We denote by M©(—q, ) the set of all measurable real functions f on (—a,a)
such that f|pe) € A(0,@) and |f(—t)] < f(t) for a.e. ¢ € (0,«). Furthermore, let
MWD (—a, ) dentoe the set of all continuous functions f on (—a, ) which is differ-
entiable on (0, @) and differentiable a.e. on (—a,0) with f/ € MO (~a,a). In other
words, f € MM (—a, ) if and only if there exists g € M©(—a, @) such that

f(t)-—f(O):/Dg(s)ds for —a<t<a.

Proposition 4.
5@

mono

(——Ol, OZ) - M(l) (-—Ol, CY) .

Proposition 5. For a real function f on (—a, «) the following conditions are equiva-
lent:

(1) f € 58 (~a,0);
(2) f is differentiable on (—a, ) and f' € MY (~a,a) (= Sr(fgno(-oz,a)).

In the above we characterized functions in the three classes Ségg —a, o), ng@no(—a, o)
and Sé?r)w(—-a, «) for the first non-trivial case n = 2. Although we cannot completely
characterize functions in these classes for the next case n = 3, it is not difficult to show
the following necessary conditions for real functions on (~a, @) to belong to S,gi)s,(—a, )
and t0 S&hno(—a, ).



Proposition 6. If f € S(%)s(—a ), then it is continuous on (—a, o).

Propos1t10n 7. If f €S ono( a, @), then it is continuously differentiable on (—a, ).

3. CHARACTERIZATIONS

We first present some relations among three classes S;(,’;i(—a, a), ng))no(—a, a) and

c(gx)w(—a, a) for genreal n.

Proposition 8. For everyn € N,
S;S%TSL)( -, OZ) - Sr(r?o)no(“aa a) ) Sr(r%;?o(_a: CY) - Ségl)w("aa Ci) 4

Proposition 9. Assumen > 3. For a real function f on (—a, a) the following condi-
tions are equivalent:

(1) f € Shho(—a,a);
(2) f is differentiable on (—a, ) and f' € S &2( Q, Q).

Proposition 10. Assume n > 3. For a real function f on (—a,c) the following
conditions are equivalent:

(1) f € Sh(~a,a);
(2) f is differentiable on (—o, @) and f' € S S8 o(—ar, ).
(3) f s twice differentiable on (—o, @) and f" € Ségg(—a,a).

Proposﬂslon 11. Let N € N, n > 2. If f € S&(~a,a) and f(0) > 0, then
fE ono( a,a).

We now give the main theorem characterizing the S-positive, S-monotone and S-
convex functions on (—a,«). The theorem quite explicitly explains the differences
among the three notions of S-positivity, S-monotonicity and S-convexity.

Theorem 12. Let f be a real function on (—a,a), 0 < a < oo. The following state-
ments hold:

() f is S-positive if and only if it is analytic and f*(0) > 0 for all k > 0.

(ii) f is S-monotone if and only if it is analytic and f('”)( y>0 forallk>1.
(iii) f is S-conver if and only if it is analytic and f®(0) >0 for all k> 2.

Corollary 13. For a real function f on (—a,«) the following conditions are equiva-
lent:

(1) f is S-convez;

(2) f is differentiable and f' is S-monotone;

(3) f is twice differentiable and f' is S-positive.

Corollary 14. If f : (~a,a) — R is S-positive, then f has a complez_analytic con-
tinuation f on {z € C: |z| < a} and f is S-positive in the sense that [f(ai;)] > 0 for
all A = [a;;] > 0 in M,(C) with |as;| < o for all 4,7, and every n € N. The similar
statements are valid also for an S-monotone function or an S-convex function.



Example 15. We consider fractional power functions. For p > 0 define an even func-
tion ¢, and an odd function 1, on R by

$p(z) =z, Pp(z) = (signz)zff  (z € R).
Also, set ¢o(z) := 1, tho(z) :=signz (= —1,0,1if 2 <0, z =0, z > 0 respectively).
(1) f n > 2, then ¢, (resp. 9,) € S;()Z%Foo, o0) if and only if p > n — 2.
(2) If n > 1, then ¢, (resp. ¥,) € Sﬁ@no(—oo, o0) if and only if p > n — 1.
(3) If n. > 1, then ¢, (resp. ) € S8, (—o0, oo) if and only if p > n.

These facts extend [FH, Theorem 2.2 and 2.4]. A non-differentiable example in
S;(,i?s(—oo,oo) is f(z) = |z] on R. The function f(z) = (signz)z? is in Sr(fgno(—oo, 00)
but it is not twice differentiable. These examples suggest that the necessary conditions
in Propositons 6 and 7 are rather optimal.

4. NORM INEQUALITIES

We give related norm inequalities for unitarily invariant norms. The following
strengthens the norm inequality shown in [Bo, Corollary 1] (note that the formula
there is inaccurate). :

Proposition 16. Let n > 2 be an integer and assume f € Sr(,ﬁ,)m(——a,a). If A e
M,(R), A>0, with || A|| < « (J|A|| denotes the operator norm), then

AfIA] = £(0)1)) =< Af(A) = FO)T),

and hence .
IfTA] = FO)JI1] < (I1f(A) = fO)I]]]
for every unitarily invariant norm ||| - |||.
Corollary 17. Ifn > 2 is an integer and p > n—1, then
e [ANN < AP AN < (1147
for all A >0 in M,(R) and every unitarily invariant norm ||| - [||.
Remark 18. For 0 < p < 1 we have ¢, € Sl(,%)s(——oo,oo) by Example 15. Whne

A= E;g ig} we compute

golA] =2'PA, AT =A,

and hence '
#plAlll = 287 > 1 = || 47|

Thus, the norm inequality in Proposition 16 is not valid if the assumption f € Sgﬁ,)no(-—a, @)
is weakened to f € S;(,Zg(—a, Q).

Proposition 19. Let n > 2 be an integer. Assume f € Ségr)w(—a,a) and f'(0) > 0.
If A,B >0 in M,(R) with || A|, | B|| < «, then

s(fIA] = f[B]) <w fU(A(A), A(B)) 0 s(4 - B),



and hence

171A] = FIBIlI] < (max f[ll()\z'(A)M\i(B)))“IA - Bl||,

1<i<n

FTA] = FOJI < [11f(A) = £(0)]]]

for every unitarily invariant norm ||| - |||.

Corollary 20. Ifn > 2 is an integer and p > n, then
s(¢plA] — 6p[B]) <w (w”)m(/\(A),,A(B)) °s(A-B),
s(YplA] = Yp[B]) <w (=")(A(4), \(B)) o 5(A - B)
forall A,B >0 in M,(R).

Remark 21. Let A = B ﬂ and B = [_11 ——11} For p > 0 we have ¢,(A4) = A,

¥p(B) = B, s(A— B) = (2,2), MA) = XA(B) = (2,0) and (2”)1(A(A),\(B)) =
(p2P~1,0). If the weak majorization in Proposition 19 holds for ,, then we must have
4 < 2p2P~1 ie. 2277 < p. This gives p > 1.4---. So we observe that Proposition 19 is
not valid if the assumption f € Séggv(——a, «) is weakened to f € S,(&)no(—a,a). Is the
assumption p > n in Corollary 9 sharp?

Proposition 22. Assumen > 3 and f € S,(:fgno(—oz, a). Let A, B > 0 in M,(R) with
entries in (—a,a). Then

17141 = FIBII < (s 7 (as, b)) 114 — B}

i<i<n
for any unitarily invariant norm ||| - ||.

The second divided derivative f/@(a,b,c) is defined by
(1 — £l
f[2] (a, b,C) — f (a‘7b) f (b7 C) )

a—C

In particular,

I CETCEVIUELY
13(a,0,0) = 5 "(a)
under the assumption of f being twice differentiable.
Proposition 23. Assumen > 3 and f € Sc(gzv(—a,a). Let A,B > 0 in M,(R) with
entries in (—a, «). Then
If[A] = F[B] = (A— B) o f'[B]|l]
< (max /% (as, b, b) 1104 — B) o (A = B

< (mmax £ (e, bis,bi) ) l1(A - BY?|

- <1§i§n

for any-unitarily invariant norm ||| - ||].
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Functions related to convexity and smoothness
of Banach Spaces

BAGAM (Yasuji Takahashi) [ 18 37 A4 T
PIMESHE (Mikio Kato) AT KT

Abstract. We introduce some functions related to convexity and smootn-
ness of Banach spaces, and investigate several geometrical properties of
Banach spaces such as uniform non-squareness, p-uniform smoothness
and g-uniform convexity in terms of those functions.

INFuNEEORMEVNEEICEEL T, WP ORMENERDSAMON TS,
Uniform non-squareness OB L T, James €%k J(X) & Schiffer £ S(X)
MEASN/AH, TN 5L uniform non-squareness DEAWVERTINDEEZ LN
5. LPLEHFL, ThODERE AW T8RO R EORUTFHHEE 28R T 5
TEETER . ZTITIE, James B J(X) & Schiffer RO EREHEL (—
k) LT, BMFHHELRAT S L) ZHABKPERETEAL, o EHAWT
uniform convexity, smoothness 7 EDFFBATIT 2479 . THIZL D, W D DHA
FHEEH— ST oS LT X 25 v NERET 5.

1. Definitions (i) X is called uniformly non-square in the sense of James when
there exists 6 > 0 such that

min(||z +yll, |z —yll) <201 - 6) if [lzf| = |lyl| = 1.
(ii) The James constant is defined by
J(X) = sup {min(|lz +y|, lz —yl}) - llzll = llyll = 1}.

(iii) X is called uniformly non-square in the sense of Schiffer when there exists
A > 1 such that

max(||lz +yl|, [z —yl) = A if |lz]| = |lyl| =1.
(iv) The Schdffer constant is defined by
S(X) = inf { max(|lz + y||, |z —yl) : llzll = [lvll = 1}.

It is obvious that X is uniformly non-square in the sense of James, resp., Schaffer
if and only if J(X) < 2, resp., S(X) > 1. On the other hand it is known that



J(X)S(X) = 2 for any Banach space X (cf. [3, 6]); therefore, these two notions are
equivalent.

2. Definitions (James and Schaffer type constants): We define for 7 > 0
JX’t(T)

_ sup{ (Ha:+ry!ft42-||x——7yllt>l/t: nwu=nyn=1} e

sup { min(llz + 7yll, = = ryl) : Jlzl =yl =1} if¢=—oo.

SX,t (T)

_ inf{<“$+7'y“t;”m‘”’”t)m; Haz[{z”y”zl} if1<t< oo,

inf { max(|z + ryl. llo = ryl) : Jall = sl =1} ift=oo.

3. Definitions (1) The modulus of convezity of X is defined by

w—gyl; Azl =yl =1, llz -yl =e} 0<e<?).

Sx () = inf {1 -

(2) X is uniformly convez if dx(e) > 0 for all 0 < € < 2, and g-unifromly convex
(2 € ¢ < o0) if there is C > 0 such that dx(e) > Ce? for all 0 < e < 2.

4. Definitions (1) The modulus of smoothness of X is defined by

petr) =sup { BETIEZ Ty g — =1}

(2) X is uniformly smooth if px(7)/T7 — 0 (7 — +0); and p-unifromly smooth
(1 < p < 2) if there is K > 0 such that px(7) < K77 for all 7 > 0.

5. Theorem Let 1 <t < co. The following are equivalent.
(1) X is uniformly non-square.

(2) Sx,t(l) > 1.

(3) Sxs(r)>1 (0<3Ir<1).

(4) Sxi(1)>7 (1 <3t < 0).



6. Theorem Let —oo <t < 0o. The following are equivalent.
(1) X is uniformly non-square.

(2) Ix:(1) < 2.

(3) Ixi(t) <147 (0< I < o0).

(4) Jxs(7) <147 (0< V7 < o0).

7. Theorem Let 1 <t < oo. The following are equivalent.
(1) X is uniformly convex.

(2) Sxu(m)>1 (0<Vr<1).

(3) Sxs(r) >71 (1 <V7 < 0).

8. Theorem Let 1 <t < 00 and 2 < g < co. The following are equivalent.
(1) X is g-uniformly convex.
(2) There is C > 0 such that

Sx+(1) > (14 Cr)Y for all 7 > 0.

9. Theorem Let —oo <¢ < 1. The following are equivalent.
(1) X is uniformly smooth.
(2) (Uxu(r)=1)/r =0 (7 — +0).

10. Theorem Let 1 <t < oo and 1 < p < 2. The following are equivalent.
(1) X is p-uniformly smooth.
(2) There is K > 0 such that

Jx:(1) < (14 K7P)V? for all 7 > 0.

11. Theorem The following are equivalent.

(1) X is isometric to a Hilbert space.

(2) Sx () = (1 +72)Y2 for all 7 > 0, where 2 < t < oo.
(3) Ixu(r) = (1 +7%)Y2 for all 7 > 0, where 1 <t < 2.

12. Remark If X is a Hilbert space, then for all 7 > 0

1 t 1— 7t 1/t

Sx(T) = <I *l ;I Tl) if 1<t<2.
1 i 1— t\ 1/t

Ix(T) = (1 i ;' i ) if 2<t<o0.



13. Theorem Let X be an L,-space with dim X > 2.
(DLetl<r<2and1l/r+1/r'=1. Thenforall 7 >0

Sralr) = (““l;‘l““ > ifr << oo,

Jxe(r) =0+ if —co<t <7
(2) Let 2<r <ooand 1/r+1/r' =1. Then for all 7 > 0

Sxi(m) =1+ TT)I/T if 7' <t < oo.

Txa(r) = ('1“’“” ;‘I“T' ) if —co<t<r
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A remark of the numerical analysis of an operator on Hilbert spaces and its application

Hideo TAKEMOTO
(Department of Mathematics, Miyagi University of Education)
and
Atsushi UCHIYAMA
(Mathematical Institute, Tohoku University)

Abstract. We shall mention an algebraic property related with an operator a in this talk
that a numerical range of a with respect to the von Neumann algebra containing a .
The usual numerical ranges of an operator acting on a Hilbert space H is depended on
the vectors in H. In this talk, we give another notion of numerical ranges for a.
Under this consideration, we shall show that the n u111er1'ca] ranges of every element of

*.algebra M with the predual space M. is defined by M. in a sense of notions by
Berberian and Orland [1] and Bonsal and Duncan [2 and 3].

We use the following notions in this talk:
Let H be a separable Hilbert space and B(H) the von Neumann algebra of all
bounded operators on /. Ifa is an operator on H, then M(a) means the von Neumann

algebra generated by a and the identiry 1.

We shall mention the numerical range of an operator a :

Define W(a)={(a & | £);&€ H, || £ || =1}, then W(a) is a convex subset of the complex
plane C.

We have the following notion introduced by Berberian and Orland:

Let A be a C*-algebra containing a and 1 and S(A4) the state space of 4 consisting of
¢ with ¢ (1) = 1 and ¢ x*x)= 0 for all x € A. Then S(4) is a convex,compact
subset of the dual space of A with the weak*®-topology. Furthermore, let U(a)={¢ (a);
€ S(A)}, then U(a) is a compact and convex subset of C and U(a) = W(a).



By considering the notations of numerical ranges for C’-type introduced in above and
defined by Bonsal and Duncan [2] and [3], we introduce the following another notion of

numerical range for an operator a.

Let M be von Neumann algebra containing a and 1, NS(M) be the set of all normal
states of M and V(a) = {¢ (a); ¢ € NS(M)}, then V(a) is a convex subset of C.

Since A vector state o ;(£€ H, || & ||=1) defined by w .(a)=(a£ | &) for each a€¢ M
is a normal state of M, we have the relation W(a) € V(a) € U(a). Furthermore, we

have the following fact:

If Mis a von Neumann algebra containing an operator a , then V y(a) =V yg (a).

Lemma 1. Let M be a von Neumann algebra containing a and {1 .}, ,CV(a) a
sequence. If {a o CR'is a sequence with Z a, =1, then X a,1,€ V(a). In

particular, if {1 } 7, CW(a) is a sequence and {a .} ,, CR" is a sequence with X o ,=1,
n=1 n=| )

then X a, A€ V(a)

Lemma 2. Let A be a bounded convex subset of the complex number plane C, then A
= {Zajlj; }le A , aij, Zaj=l}

From lemma 1 and lemma 2, we have the following;

Theorem A. We have the relation; W(a)= V(a) for every a € B(H).

Corollary 1. Let a an operator on H = H*=He He He - and (a,) an operator on
H™ with a, = a, then W(a) = W((a,).



Corollary 2. Under the notion in Theorem B, if ¢ is a normal state of M, then there

exists a vector £ € H.satisfying ¢=.:w ;.

Let M be a von Neumann algebra atcing on a Hilbert space and = a faithful normal
*_.representation of M to a Hilbert space H,, then we have the relations ‘n(NS(z(M))) =
NS(M) and ‘n(¢)@) =¢ (n (a)) for every ¢ in NS(n(M) and every a in M. By

considering this fact and Theorem A, we have the following theorem.

Theorem B. Let a be an operator on H and M a von Neumann algebra containing a.
If n is a faithful normal representation of M, then W(a) = W( = (a)).

Berberian and Orland introduced the numerical ranges for elements of C*-algebras in
[1]. Furthermore, Bonsal and Duncan introduced the numerical ranges for elements of
normed algebras and Banach algebras in [2] and [3]. As an application of Theorem B,

we can introduce the numerical ranges in a sense of notions in [1], [2] and [3]:

Let M be a W*-algebra with the predual space M«and (M.)"; = {¢ € M.:¢ (1) =1and
¢ (x*x) >0 for every x € M}. For every ain M, define Vy(a) = {sé (a); € M.)";}. Then,

we have the following Theorem C.

Theorem C. Under the aboved mentioned notions, let M be a W*-algebra with the
predual space M«and a an element of M. If n is a faithful normal *-representation of M
to a Hilbert space H,, then Vy(a) = V(n(a)) = W(n(a)).
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Monotonicity of Sequences of Operator Means

Mitsuru Uchiyama
Department of Mathematics, Fukuoka University of Education
Munakata,Fukuoka, 811-4192

Abstract

Let A and B be positive definite operators. Let a, b and ¢ be positive
real numbers and d a real number. Define a pair of operator valued func-
tions F(r,s) and G(r, s) of real variables » > 0 and s > 0 by F(r,s) =
AS(A~5B°A~5) = AF and G(r,s) = AS(A~FBSA~%)Fe AE. F(r,s)
and G(r, s) are considered as weighted geometric means of A” and B?,
and F(r,s) = G(r,s) if d = 0. We will show that if F(a,b) <1 (or
F(a,b) > 1) and if —a £ d < be, then F(r,s) and G(r,s) are both
decreasing (or increasing) for 7 > a and for s > b. This will lead us to
a new approach to the study of operator inqualities: in fact, we will see
how easily we can get some operator inequalities by using it.

1 Introduction

In this paper we denote bounded positive semidefinite operators on a Hilbert
space by A, B, C and so on. A real valued continuous function ¢(z) on [0, 00)
is called an operator monotone function if 0 < A < B implies p(A4) < ¢(B).
The fact that * (0 < a < 1) is operator monotone is called the Liwner-Heinz

inequality.

For 0 < A < 1 and for invertible A the weighted geomeﬁric mean is defined

as:
A#B — AI/Z(A~1/ZBA—1/2)AA1/2_
A

Furuta [3, 4] showed that A < B implies for 1 < s,pand 0 <r

AL+ < (A%BPA%)%E,
Al-ttr < {A‘Z‘(A“'%BPA“%)SA%}%E%H? (0 <t<l1l, t<£ r).

Further, in [1, 2, 10] it was shown that A < B implies for 0 < p,r

A A, _r
er4 < (e%'epBer—z‘)r-Hv,

(1)
(2)

(3)

These inequalities can be rewritten with the symbol #; for instance, (1) is

equivalent to A < A™" # BP.
14r

14r
ptr



Kubo and Ando [6] defined a connection, which is denoted by o, and showed
that there is a one to one correspondence between o and an operator monotone
function ¢ > 0 on [0, 00) by the formula

AoB = AV2p(A~V2BAY2) A2 (4)

if A is invertible; o is called an operator mean if AcA = A, which is equivalent
to p(1) = 1. The operator mean corresponding to ¢(z) = z'/% is clearly
geometric mean.

In this paper we write o, for o corresponding to ¢. Our previous investi-
gations have led us to set up a pair of operator monotone functions {¢,} and
{#»} with the following situation:

br(2"g(2)) = o, ie, o "oy g(e)=1, (5)
6r(z"g(2)) = a'h(z), ie, 770y g(2) = h(z). (6)

In this situation, 15, may be considered to be the subsidiary function of ¢,.

From now on, we assume that {1, }r>0 and {¢,},>o are families of non-
negative functions on [0,00) satisfying (5) and (6) respectively, where g and
h are continuous and g is increasing and that ¢, and ¢, are both operator
monotone for every r which is not less than a non-negative real number. Note
that ), is strictly increasing on [0, co) with 1,(0) = 0 and 1, (00) = oo, so the
inverse function ;! on [0, 00) exists. For instance, in (5) and (6) set g(z) = z*
for a fixed t > 0 and h(z) = £, then ¥,(z) = z7/(*") is operator monotone
for 7 > 0; on the other hand ¢,(z) = z(~1#7)/(+7) i operator monotone for
r>1.

2 Criteria for Monotonicity

Theorem 2.1. Let {r}r>o and {¢}r>a (a > 0) be families of non-negative
operator monotone functions satisfying (5) and (6). Then the following hold:

(a) if A%oy, B > 1, then A" 0y, B and A" 04, B are increasing for r 2 a;

(b) if A and B are invertible and if A®oy, B <1, then A" oy, B and A" 0. B
are decreasing for r > a.

Proof. 'We only prove the first statement of (a). To do it, it suffices to
show

A®oy, B > 1for some s > a = A" gy B > A’ oy, Bfor everyr € [s,2s].



Indeed, from A%y, B > 1 it follows that A" oy, B is increasing in[a, 2a] -and
hence not'less than 1; by the mathematical induction, we can see the statement.
Since A" = (A®)"/*, we may show that

Aoy, B > 1for somes > a = A"/* g, B > Aoy, Bfor everyr € [s,2s]. (7)

Notice (A + €) oy, (B +¢€) > Aoy, B > 1 for € > 0. If we could show (A4 +
€)"/* oy, (B +¢€) > (A +e€)ay, (B +¢), then we would get (7) as € — +0. We
therefore assume that A and B are invertible. Put y = z° in ¥,(z°g(z)) = z*
and 9,(z"g(z)) = =”. Then, by setting b = =2, we obtain

Yo W) =y, de, y o (y) =v (8)

The assumption Aoy, B > 1 implies 1,(A~2BA~7) > A~L. Here, denote the
left-hand side by H and the right-hand side by K. Since H > K and0 <b <1,
by the Lowner-Heinz inequality, K~ > H~. Hence we have

K 04, 7 (H) > H oy, 7 (H) =
Multiplying the above from the left and the right with AY/? yields
A*loy B> Aoy, B
Consequently, we have (7). O

Theorem 2.2.  Let {¢r}rs0 and {¢r}r>0 be families of non-negative
operator monotone functions satisfying (5) and (6). If A < B or iflogA <
log B for invertible A and B, then for r > 0

A" <, (A%g(B)A%), ,(Btg(A)B?) < B (9)
ARh(B)AF < ¢(A%g(B)A%), ¢,(BFg(4)B%) < %h(A)Bz. (10)

Remark 2.1. In the above theorems, we assumed that the families {¢, }r>0
and {¢, }»-o satisfy (5) and (6) respectively. However their proofs are still valid
if

&Y ®) =1's(¥;(¥) (v >0), (11)

and (8) hold. Therefore, theorems are true even if we assume that 1, and ¢,
are non-negative operator monotone functions on [0, c0) with 1,(0) = 0 and
¥, (00) = oo and that for all r and s withr > s> 0

Pr(1ha(z) 7 T) =1ho(z)* and ¢ (1ho(z)F z) = ths(z)

= ¢s(z)



instead of (5) and (6); because they satisfy

r—a r

Y=Y W) =7 and e(yT U W) =y 6(¥ (),
from which (8) and (11) follow.

Remark 2.2. Let {A},>0 be a weakly continuous semi-group of positive
semidefinite operators, that is, Arys = ArAs. Then we get (A,.)* = Ay, for
a > 0. Thus from Theorem 2.2 we obtain

(a) if Agoy, B> 1, then A, oy, B is increasing for r > 1;

(b) if Agoy, B <1 for invertible A, and B, then A, 0y,, B is decreasing for
r>1.

3 Weighted Geometric Means

Note that A# B = B # A.
A 1-A

Lemma 3.1. Leta >0, c >0 andc > d. Then the following hold:
(a) if A and B are invertible and if A* # B < 1, then A" # B is decreasing

a rid
a+tc r+e¢

for r > max(a, —d);

(b) if A* # B > 1, then A" # B is increasing for r > max(a, —d).
2 rid

ate rdc
Theorem 3.2. For a given ¢ > 0 define a function F(r,s) by

F(r,s)=A" # B* forr>0,s>0. (12)

r+sc

Then, forr > a >0, s > b > 0 the following hold:

(a) if A and B are both invertible and F(a,b) < 1, then F(r,s) < F(a,b);

(b) if F(a,b) > 1, then F(r,s) > F(a,b).



By using the above theorem twice, from F'(a,b) < 1 it follows that F(rq, s3) <
F(r1,81) < F(a,b) forrg > 71 > a and for s; > s, > b.
The case A = 1/2 of the following corollary resembles the result shown in

[].
Corollary 3.3. For a given A as 0 < A < 1 the following hold:
(a) if A#B <1 for invertible A and B , then A" #B" is decreasing forr > 1;
A A

(b) if A#B > 1, then A" #B" is increasing for v > 1.
A A
The following is the main theorem of this section.

Theorem 3.4. For real numbers ¢ > 0 and d, define F(r,s) by (12) and
G(r,s) by

r4d
T+ 8C

G(r,s)=A" # B®° forr>0,5s>0 with 0<
rtd

r+sc

<1 (13)

Leta>0,b>0and —a <d<bc. Then forry > 11 > a and for sp > 81 > b
the following hold:

(a) if A and B are both invertible and F(a,b) < 1, then G(re, s2) < G(r1,81);
(b) Zf F(a, b) > 1, then G(Tz,Sz) Z G('I‘l,Sl).

The above theorem says that if Fi(a,b) < 1, G(a,b) < K then G(r,s) < K
for r > a, s > b; moreover, if F(a,b) = 1 then G(r,s) is constant, though
this directly follows from the definitions of F(r,s) and G(r,s). Notice that
G(r,s) = F(r,s) if d = 0.

So far, we have seen that F(a,b) < 1 (or F(a,b) > 1) has a great influence
on G(r, s). Now we give a sufficient condition on G(r, s) in order that F'(a,b) <
1 (or F(a,b) > 1).

Proposition 3.5. Let A and B be invertible. Let a > 0 and c > d > 0.
Then the following hold:

A* #B< A = A*#B<1;
atd a

atd

a+tec a+te
A* #B>A% = A°#B>1.



4 APPLICATIONS

We mentioned after Theorem 2.3 that (9) and (10).are extensions of (1) and
(3). However we give a simple proof of (1) to explain how Theorem 3.4 is
useful, and we give an extension of (2).

(1): We may assume A and B are invertible. From A < B it follows that
A~ > B~ for every a with 0 < a < 1. Substitute A~ for A in (12) and (13),
and put c=1and d =1. Then

Flo,))=A" #B2 B #B=1, Ga1)=A"#B=5.

a+1 a+1 a+1

Thus by Theorm 3.4
G(r,s) =A™ # B°

r41
r+a

is increasing for 7 > a and for s > 1; especially, G(r,s) > G(a,1) = B > A.
Since a is arbitrary, we have G(r,s) > A for r > 0,s > 1. Replace p for s to
get (1). O

Proposition 4.1. If A < B < C and if B is invertible, then for0 <t <1,
t<r,1<pandl<s
ALt < {Ar/2(B—%OpB—%)sAr/2}5—i—§£t_:—r’ (14)
{CT/Z(B—%APB_“%)‘?CTM}M% < Ci-t+r,

Proof. If t =0, (14) reduces to (1). So we assume 0 < t < 1. We may,
without loss of generality, assume A is invertible. Put

K =B":C?B"1,
Then (14) is equivalent to

ATP< AT # K® (t<rm 1<p 1<Ls).

r4-1-1
r+ps—~ta

Put
F(r,s)=A"" # K° and G(r,s)=A" # K°.

PR A— r41-—-t
r-+pa-—~ta r+ps—ts

B! > At yields A¥B~tA% < 1; since z# is operator concave (see [5]) we obtain

ASB~5(CP)7 B 1A} < (ASB $CPB 1A%,



from which it follows that
F(t,1) = AT'#K'> B iC'B™% > 1,
¥
A" #K'> B"iCB~% > Bt > A,
1

7

G(t,1)

Il

By virtue of Theorem 3.4, G(r,s) is therefore increasing for r > ¢ and for
s >1; in particular, G(r,s) > A'~*. Thus we get (14). The second inequality
follows from (14) by taking the inverse of it. ]
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Abstract

We considered a generalization of the Pythagorean theorem with geometric meanings and from the
generalization we were able to obtain a general and fundamental concept for the inversion of a family
of bounded linear operators with continuous parameters on a Hilbert space into various Hilbert
spaces. After reviewing the applications to linear transforms in the framework of Hilbert spaces of
the general theory of reproducing kernels, we shall state the results for the case of operator versions.
We shall consider solutions and generalized solutions of general bounded linear operator equations
with continuous parameters on a Hilbert space.

1. Reproducing kernels

We consider any positive matrix K (p,q) on E; that is, for an abstract set £ and for a complex-valued
function K(p,q) on E x E, it satisfies that for any finite points {p;} of £ and for any complex numbers

{Ci},
>_>_CiCiK(py.p;) 20.

7 7

Then, by the fundamental theorem by Moore-Aronszajn, we have:

Proposition 1.1([1]) For any positive matriz K(p,q) on E, there ezists a uniquely determined functional
Hilbert space Hy ( RKHS Hg) comprising functions{f} on E and admitting the reproducing kernel
K(p, q) satisfying and characterized by

K(,q) € Hx forany gqe E (1.1)

and, for any q € E and for any f € Hy
fla) =) K(+a) - (1.2)
For some general properties for reproducing kernel Hilbert spaces and for various constructions of

the RKHS Hy from a positive matrix K (p,q), see the recent book [15] and its Chapter 2, Section 5,
respectively.



2. Connections with linear mappings

Let us connect linear mappings in the framework of Hilbert spaces with reproducing kernels ([8]).
For an abstract set E and for any Hilbert (possibly finite-dimensional) space H, we shall consider an
H-valued function h on E

h: E—H (2.1)
and the linear mapping for H

fp) =(f,h(p))u for feH (2:2)

into a linear space comprising functions on E. For this linear mapping (2.2), we form the positive matrix
K (p,q) on E defined by

K(p,q) = (h{q), h(p))r on Ex E. | (2.3)

Then, we have the following fundamental results:

(I) For the RKHS Hg admitting the reproducing kernel K(p, q) defined by (2.3), the images {f(p)} by
(2.2) for H are characterized as the members of the RKHS H.

(IT) In general, we have the inequality in (2.2)

Il S 1 Fles (2.4)
however, for any f € Hy there exists a uniquely determined f* € H satisfying

fp)= (" h(p))n onE (2.5)
and

I lere = WM er- (2.6)

In (2.4), the isometry holds if and only if {h(p);p € E} is complete in H.

(III) We can obtain the inversion formula for (2.2) in the form
f - f**: (27)
by using the RKHS Hp.

However, this inversion formula will depend on, case by case, the realizations of the RKHS Hg.

(IV) Conversely, if we have an isometric mapping L from a RKHS Hy admitting a reproducing kernel
K(p,q) on E onto a Hilbert space H, then the mapping is linear and its isometric inversion L~! is
represented in the form (2.2). Here, the Hilbert space H—valued function h satisfying (2.1) and (2.2) is
given by

h(p) = LK(-,p) on E (2.8)
and, then {h(p);p € F} is complete'in H.

When (2.2) is isometrical, sometimes we can use the isometric mapping for a realization of the
RKHS Hy, conversely — that is, if the inverse L~! of the linear mapping (2.2) is known, then we

have || fllry = IL7' flla-
We shall state some general applications of the results (I)~(IV) to several wide subjects and their
basic references:



(1) Linear mappings ([8],{12]).

(2) Linear mappings among smooth functions ([19]).

(3) Nonharmonic linear mappings ([9]).

(4) Various norm inequalities ([9],{13]).

(5) Nonlinear mappings ([13],[16]).

(6) Linear integral equations ([20]).

(7) Linear differential equations with variable coefficients ([20]).
(8) Approximation theory ([3],(2]).

(9) Representations of inverse functions ([14]).

(10) Various operators among Hilbert spaces ([17]).

(11) Sampling theorems ([15], Chapter 4, Section 2; [5]).

(12) Interpolation problems of Pick-Nevanlinna type ([9],[10]).

(13) Analytic extension formulas and their applications ([21],[11}).

In this survey article, we shall present also new results on

(14) Inversions of a family of bounded linear operators on a Hilbert space into various Hilbert spaces,
which are generalizations of [22] and [7].

Furthermore, in connection with Kaczmarz’s Method for a finite number of bounded linear operator
equations on a Hilbert space, we shall give our generalized solutions for general operator equations with
continuous parameters.

3. Operator versions

We shall give operator versions of the fundamental theory (I) ~ (IV) which may be expected to have many
concrete applications. In particular, for full generalizations of the Pythagorean theorem with geometric
meanings, see [7]. Some special versions were given in [22].

For an abstract set A, we shall consider an operator-valued function Ly on A,

A — Ly (3.1)
where Ly are bounded linear operators from a Hilbert space H into various Hilbert spaces H,,

Ly:H — H,. (3.2)
In particular, we é.re interested in the inversion formula

Lyz — z, ze€H. (3.3)

Here, we consider {Lxz; A € A} as informations obtained from z and we wish to determine z from the
informations. However, the informations Lz belong to various Hilbert spaces H,, and so, in order to
unify the informations in a sense, we shall take fixed elements b ., € H) and consider the linear mapping
from H

i

Xb(/\,u)) (L,\:E, b)‘v“’)H,\

{z,Libru)yg, z€H (3.4)

i



into a linear space comprising functions on A x £2. For the informations Lz, we shall consider X, (A, w)
as observations (measurements, in fact) for z depending on A and w. For this linear mapping (3.4), we
form the positive matrix K, (A, w; A’,w') on A x §2 defined by

Kb()\,w;)\',w’) = (L:‘\,b,\f‘wl,L:‘\b,\,w)H
= (L,\Lf\'b)\',w',b)‘,w)HA on A xS, (3.5)

Then, as in (I} ~ (IV), we have the following fundamental results:
(") For the RKHS H Ky, admitting the reproducing kernel Ky, (A, w; X',w’) defined by (3.5), the images
{Xp (A w)} by (3.4) for H are characterized as the members of the RKHS HKb.

(Il’) In general, we have the inequality in (3.4)
Xl < Dol (36)

however, for any Xy, € H Ky, there exists a uniquely determined £’ € H satisfying

Xp\w) = (z,Librw)yr on A xS (3.7)
and

IXplme, =1z o (38)
In (3.6), the isometry holds if and only if {L}by o; (A, w) € A x 0} is complete in H.

(III’) We can obtain the inversion formula for (3.4) and so, for the mapping (3.3) as in (III), in the form
L)\.'IZ —+ (L)\IL‘, b'\v“’)H,\ = Xb(/\,w) —* .’L", (3.9)
by using the RKHS HKb.

(IV") Conversely, if we have an isometric mapping L from a RKHS H Ky, admitting a reproducing kernel
Kb(A,w;A’,w’) on A x € in the form (3.5) using bounded linear operators Ly and fixed vectors b,

onto a Hilbert space H, then the mapping L is linear and the isometric inversion L~! is represented in
the form (3.4) by using

Libyw = LKp (-, ;A w) on A x . (3.10)
Further, then {Liba.; (A, w) € A x 2} is complete in H.

The author obtained the above concept for the operator versions from a generalization of the Pythagorean
theorem in the following way:
Let z € R™ and {e; };-‘zl be linearly independent unit vectors. We consider the linear mappings

L:z— {z - (z,e5)e;}j; (3.11)

from R™ into R™. Then we wish to establish an isometric identity and inversion formula in the operators.
Recall the Pythagorean theorem for n = 2. By our operator versions, we can establish the desired results.
Note that in (3.11), for n 2 3 if we consider

{llz = (z.5)e5l1}i= (3.12)

as scalar valued mappings, then the mappings are not linear more. So, we must consider the operator
valued mappings in the problems.



We found the book[6] and we see that some related equations were considered as.in the following way
([6], pages 128-157):
Let H,H;;j =1,2,...,p be Hilbert spaces and let

Rj H — Hj, ] = 1,2,...,p (313)

be linear continuous maps from H onto H;. Let g; € H; be given. Then, consider the problem to
compute f € H such that

Rif=g;, 7=12,..,p (3.14)

This equations are very important in the theory of computerized tomography by the discretization. The
typical method is Kaczmarz’s Method based on an iterative method by using the orthogonal projections
P; in H onto the affine subspaces R; f = gj.

Our direct solutions for (3.14) seem that the result is stable for the sake of the use (3.14) as data,
because we use (3.9) which is given by the inner product.

In general, in equations (3.14) we have noises and errors for the data g; and so, in those cases the
equations do, in general, not have solutions. So, we will consider a more general solution which is called
a generalized solution (inverse) in the next section.

4. Generalized solutions and best approximations

In order to represent our generalized solutions explicitly, we shall consider bounded linear operators on
a reproducing kernel Hilbert space. So, we consider the Hilbert space Hx on E stated in Section 1. We
consider H as Hg in Section 3. We assume that the direct integral

&3]
H = /A Hdp()) (4.1)

of the Hilbert spaces H, on A converges with a o finite positive measure dix on A. We assume that the
bounded linear operators Ly in (3.2) are bounded on Hg into H in the sense:

[y VES U, ) < M1 £ 1, (42)

for some constant M = 0.
In this setting, we consider the extremal problem:

ot [ AT =900 Iy, dul) (43)

which gives a generalized solution for the equations
Lyf=g(A) on Hg and H,. (4.4)

We shall write the operators {L,} as L from Hg into H in the sense (4.2). Let L* be the adjoint
operator of L from H into Hy. We form the positive matrix

k(p,q) = (L"LK(-,q), L"LK(-,p))H, on ExE. (4.5)
Then, we obtain

Theorem 4.1 For a function g € H, there erits a function f in Hy such that

nf [ 1EAs =0 Iy, dut) = /A I LaF = 900 I3y, du() (4.6)



if and only if, for the RKHS Hy
L*g € Hy. 4.7

Furthermore, if there exist the best approzimations f satisfying (4.6), then there exists a unique extremal
function f with the minimum norm in Hg, and this function is expressible in the form

f(p) = (L9, L*"LK(,p))r, on E. (4.8)

In this theorem, note that

(L*g)(p) = (L*gv K('vp))HK = (gaLK("p))H; (49)

that is, the adjoint operator L* is expressible in terms of g, L, K(-, p) and H.

For some proof of this theorem, we can apply the argument in [3].

As a simple example, we shall consider the space Hg on [0,00) for K(z,y) = min{z,y}. This space
is composed of all absolutely continuous real-valued functions on [0,c0) and f(0) = 0 equipped with the
norm

e = [ £lerde (4.10)

As a space H we consider the space L»((0, 00}, e"'\dbx\) and a bounded linear operator L:
A
Inf = [ feye (4.11)
0
from Hp into H. Then, the adjoint operator L* from H into Hg is given by
* 1 [* 2 -2 = L 2 -2
(L*g¥{z) = 5 g e M + g(M) [z — 5% lem*dA (4.12)
0 T

and we can discuss the problem, for any g € H,

oo A
inf/o ]/O fE)de — g(N)|?e™*dA. (4.13)

feHk

We can give a complete solution for the problem. We would like to discuss those concrete problems
in separate papers.

We are interested in some concrete results for typical problems such as generalized solutions for
ordinary differential equations in connection with reproducing kernels, Green’s functions and the related
completeness in (4.8).
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Bochner-Schoenberg-Eberlein type extensions of

measure algebras and its application

J. Inoue (Hokkaido Univ.)

Let G be a LC A group, and M(G) denotes the usual measure algebra on G. In
this note, we consider Bochner-Schoenberg-Eberlein type extension of M(G), and
show that this extension can be used to construct the structure semigroup of M(G).

1. Bochner-Schoenberg-Eberlein type extension of M(G).

Throughout this note, G denotes a LC'A group, in which the group operation of
z and y is denoted by zy. M(G) stands for an usual measure algebra of all the
bounded regular complex Borel measures on G with the convolution multiplication.
A = Apye) is the maximal ideal space of M(G).

Dfinition 1. For a complex function ¢ on A, we define
lollpse := inf {C >0, | > co(d) < CID . adilluie
i=1 i=1

G €e€C d;eNi=1,..,n,n€ N}
Bochner-Schoenberg-Eberlein type extension of M(G) is defined by
Dpsg(A) = {o; complex function on A, ||o||pse < oo}

The following Theorem A and B are due to [3].

Lemma A [3; Lemma 1.] With the pointwise sum, multiplication, scalar prod-
uct, (Dpse(A), || - ||ssg) becomes a semisimple commutative Banach algebra.

Lemma B [3; Theorem 4.] Let o be a complex function on A. Then the
following (a) and (b) are equivalent each other.

(a) o & DBSE(A)
(b) 3{ua}ren; @ bounded net in M(G) such that }\1€mA pr(e) =o(p) (o€ A).



2. Construction of the structure semigroup of M(G).

In the following, we give the definitions and Lemmas (without proofs) which lead
to the construction of the strucuture semigroup of M(G).

Lemma 1 is derived from Lemma B. Lemma 2 , Lemma 3 and Lemma 5 are derived
by similar aruguments in Chapter 3 of [1]. The remained lemmas and theorem can
be proved by standard arguments in haramonic analysis,

Our method can be applied not only to M (G) but also to any closed L-subalgebra
of locally compact abelian topological semigroups. .

For Taylor’s representation theorem of commutative convolution measure alge-
bras, see [4] and [5].

¢ = {du}tuem(c) is called a generalized character on G if the following conditions
are satisfied:

©) goel=(nl), neM@),

(ii) | u |>>| v | implies ¢,(z) = ¢.(z) a.e.z/v

(iii) pu(zy) = Gu(z)Pu(y) a.e.(z,y)/px p

(iv) sup{[|@pllco; v € M(G)} <1

Note that 1:={1,},em(q), where 1,(z) = 1 a. e.z/p, is obviously a generalized
character. _

It is well known([1]) that we can identify A with the set of all the generalized char-
acters on G, and by this identification, we can define multiplication and involution
in A:

oY = {(Ib,uwu}ﬂeM(G), ¢ = {ap}ueM(G)

With thes definitions, A become a commutative semigroup with the involution *
and the unit element 1.
A function o on A is positive definite if and only if

Z C]EEU(¢;¢k) 2 0 (C] € Ca¢] € A)j =1,.,n,ne€ N)
Jk=1

Defintion 2 We put

P := {0 € Dpsg(A) : ¢ is positive definte,o(1) = ||o||pse = 1}



, and introduce in P the pointwise convergence topology on A.
By Theorem B, it is easy to see that P forms a compact convex set.

Lemma 1. (1) Vo € Dpsg(A),30, € P,0 < oy <2|lollpse 7 =1,2,3,4; |
0 = Q101 — Q0g + Q303 — 1Q04.
Thus we have
Dpsp(A) = {a101 — agos +iazos —tauos : oj € P,0 < o < oo}

(2) 0 € P <= Fnet {u} C M(G)T s.t., limy ia(p) = 0(p) (p€A),
where M (G){ denotes the set of probability measures in M(G).

Lemma 2 Vo € P,V¢ € A, we have the follwoing relations:

(i) o(6*) = o(9) (i) | o(g) P< a(¢*9) (iii) |o(¢) <1

Definition 3 A denote the set of bounded semicharacters on A.

Lemma 3 (i) ex[P]=P NA. (i) ex[P] forms a compact abelian semigoup.

Definition 4 S := ex[P] and S denotes the set of all continuous semicharacters
onS.

Lemma 4 A C & and A separates points of S.
Lemma 5. (i) Vo € P, v, € M(S)] s.t,
o(9) = / H)dva(s) (pe )
(ii) VYo € Dpsp(A),31 v, € M(S) s.t.,
= [ 60)v.(5) (6 € A), Ioll < Blollsss

(iii) The map o — v, is an injective bounded linear operator of Dpsp(A)
onto M(S).



Definition 5 For 4 € M(G), ii belongs to Dpsg(A), and by Lemma 6, there
exists a unique v; € M(S) which satisfies

i0)= [ oluls) (@)
We denote this v; by us, and put M(G)s := {us : p € M(G)}.
Lemma 6. M(G)s is a weakx-dense L-subalgebra of M(S).

Lemma 7 (i) Vf e C(S),
[1flleo = sup{| /Sf(S)dﬂs(S) - pe M(G), llull <1}
() For each p = 5, cis € span(A), we have [[pasgs) = il
Lemma 8 For each u € M(G), we have ||u|| = ||Ellzse = ||1s]]

Lemma 9 A=3.

Theorem 1 (i) ex[P] = A NP holds, and if we put S := ex[P], S is a compact
abelian topological semigroup.

(i) If we put ¢(s) := s(¢) (s € S) for each ¢ € A, we have A = S (the set of
all continuous semicharcter on §). and A separates the points of S.

(iii) For each o € Dpsp(A) there exists a unique v, € M(S) which satisfies

o) = / o(s)dve(s) (0 € D),

and this map is isometric isomorphism of Although we omit the proofs of lemmas
and theorem below, but we give some comments on thier proofs. Dpgg(A) onto
M(S).

(iv) If we define ps := vz € M(S) for each p € M(G), the map u — ps form a
L-homomorphism which is also isometric algebra homomorphism from M (G) into a
weak+-dense L-subalgebra of M(S).
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Brown-Halmos and Hartman-Wintner Type Theorems of Weighted Toeplitz Operators

Takahiko Nakazi (Hokkaido University)

Abstract. Brown and Halmos showed that the spectrum of a Toeplitz operator
on the classical Hardy space H?(df/2m) are contained in the convex hull of the essential
range of the symbol. Hartman and Wintner showed that the spectram of a selfadjoint
Toeplitz operator on H?(df/2m) is just the convex hull of the essential range of the symbol.
These two theorems are not valid on the weighted Hardy spaces H?(Wdf) or the Hardy
spaces H? (p # 2). In this lecture, we introduce a generalized convex hull and using it
gives Brown-Halmos and Hartman-Wintner type Theorems on H2(Wd6) or HP.

Brown-Halmos, Hartman-Wintner % A 70D &

JERARZE R - BFEHFER
R E

§1. Classical ZiG&

H? #B(IAE LD Hardy 22/ & 45, P % Lebesgue ZZf L2 73b H? ~O
orthogonal projection & 9%, ¢ € L® WX LT T,f = P(@f) (f € H?) &35, Ty ix
Toeplitz 1M & FHTIL D, R(¢) 1% ¢ D essential range, o(Ty) 1L Ty DAT M %R
¥, Hartman-Wintner I&, R(¢) C o(Ty) B—MRIZEILTDZ L #R LT,

Brown-Halmos O
¢ € L* 7261T o(Ty) C h(R($)) BALILT B,

S K % R(¢) B LfEED open halfplane &35 L. B¢ K 72b B ¢ o(Ty)
EIRT, ZOLEBEHITRIND,

0¢ K—-pBTENPL, R-F) C K-8 LVHHELD o € ¢ BDEEL.
Rla(p-PF)) Ca(K—-pF)C{ze £ ; Rez>0} £ TEZ, A={ze f; |z—1 <1}
ERSE >0 BFELT, eR(a(d - B) = Rlea(p —B)) C A ¢ TEB, £oT
1= Tratppll = 1 —ea(d— B)llow < 1o £ T3y BERET B0, B¢ 0(T)) T b,



Hartman-Wintner R
¢ € L™ 75 real value. a = essinf ¢.b = esssup ¢ 72 BIE o(Ty) = [a,b] DAL
'g‘éo

AEBA  a,b € o(Ty) 7275 Brown-Halmos DEE LIV, o(Ty) C [a,b] TH D,
[a,0] C o(Ty) ZRT L LV, X ¢ o(Ty) BEHERLIT. X ¢ [a,b] THD, kR b,
Tp-rg=1 L2 DEENTIIFRTRN ge H> BFEETDHDT, (¢—Ng=1+h &5
hee®H? BEFEET D, £oT (p—N)|g]? = (1+h)g tX H' IZET 5 real value 2B T
HD, H IZEELSMNT real value 2B EEZERVDT, (¢ — N\)|g|? IFEEE 2D,
d—A>0 ae. ™ dp—A<0 ae, £>TAé][ab] THD,

§2. AIHHEIZOVWTHERE

m & BN ME EDOER Lebesgue W, LP = LP(dm) (1 < p < oc0) & T 5,
WelL'iZTW >0 aem 22 LP(W) = LP(Wdm) &35, P IZL£TD analytic
polynomials D&fEELTH L&, HI(W) X P O LP(W) CORBETE, ZDLE, RO
(1) ~ (3) HFMECH 5 = & i b CB, (1) HP(W) # LX(W) ; (2) H (W) = h-1H?,
ZZTW =|hP 2> h IZ HP @ outer B3 TH 5, ; (3) logW € L%,

o (m /s de) (m Js W_m’”)p*l <

LirBEE, Wed, LB, ZITIIE[0,21) KEENDZETORMEEL, C13LT
? trigonometric polynomial DEAEETFRT, ZNDEE C=P+Pyp. TI TPy ={f €
P; f(0) =0} P & C—P &72% projection & 92, We A, THDHZ LIL P LP(W)
ECHERTHAZ L LEMETH D Z & T Hunt-Muckenhoupt-Wheeden DEH & L THA
Thd, We A, 2oL H(W) £ LP(W) Th 5,

WeA, &35, g L>®iIZxLT

T, (f) = P(¢f) (f € H'(W))
ETBHLE, T i3 H (W) £® Toeplitz EAR & FFTN D, o, € L™ (Zx LT
Sep(f) = aPf+B(I—P)f (feLP(W))

ETHEE, SY L LP(W) i@ﬁ%sﬁ%ﬁﬁfﬁ%&ﬂ?— I 5, kD WDRS EHIL Widom-
Devinatz 28 p=2 22 W =1 D& &, —xBIIZIE. Rochberg & Simonenko (2L - T
MSLAZEERR S iz,

WDRS EH

- Ll1<p<ooWeA, W =|h]P 5> h e HP iZ outer s ET5E. kD (1) |
~ (3) IIFMETH 5,



HP(W) LT invertible T 3,
o T T k.k™t € H® |ho|P € Ay H>D hg € HP 1% outer [# T

HD,
(3) ¢ = yexp(U —iV)e ZZT vy € £, |'yl 1, Ue Ly, Ve Ly »o

wwm(%ﬁeApﬁhéo

ILp=222¢,¢tel® 3L, RO (1) & (2) TRAETH D,
(1) T¢ % H? £ "C invertible TH 5,
(2) ¢ = |Ble?t .t € Ly, 32 ||t|' = inf{||t — § — a||wo ; s € LY, a € R} < 7/2,

l<p<oco ™ WeA OL&, Sy 2% LP(W) LT invertible 'Cﬁ;%’) &I,

TYs 25 HP(W) ET invertible z’JVJ a”l, gt 6 L® ThBZLLFEETH D,

Krupnik EE

l<p<oo, Ip+1l/g=1, e L® &F5, ko (1) ~ (3) RAETH 2,

(1) Ty & HP & HY ET invertible T D,

(2) Ty 1% min{p, ¢} < £ < max{p,q} THHEED £1Z% LT H? £ T invertible
ThHd,

3) ¢ = kexp(U +iV)e 22T bkl € H® UV € L® 55 [V]e <
7/ max{p, ¢}

WDRS FHIE, %% [2] i2 k5T, weighted norm inequality & 0 BIfR%TRTE L
THRE&Sh T3,

§3. Generalized convex hull

a=o +ic € £\ B=0+if € £ ICHLT () = a1fr + apfa
0(c, B) = arccos({a, B)/[el|B]) £F 5. €5 ={2 € £; (z,0) 2 1}, f7 = {z €
; (z,a) <1} 3D & ﬁ—Ezﬂﬁj (i=+or—j=+o0r—) &35, FED apfIZDO
C=EHUEFUELSFUE ThD, L=—i, m=—j DLE (EWm) = \5“35”
“ B, ﬂ'@*ﬁ"%AE J‘TUC 0(c, B)| =7 —2t, 0<t< /2 DL ZE

Ad‘@d

W(EB)=n{Ef% ; €4 D B, t=—i, m=—j}

L¥B, ZDEE t<s 20T R(E) C(E). t=0251E h(E) = h(E) Thb, E=

[a,] 72 B BH(E) = Ale,r)NA(E,r) THY, E=A(0,1) 251X h¥(E) = A(0,1/ cost)
THd, TZTec= a;b —z'a;bcot% A Ale,r) OFL, r=— LAY 3

2sin 2t
LTCW3, RI(E) ITEE 3| Itk o THEASKT,




§4. H*(W) E® Toeplitz {Ef%

Wed ChdW=et bEFEILBMBATVS, ZIZTuve Lm0
vlloo < 7/2 T Y. W X Helson-Szegé @ weight & FHIN TV 5, se LP IZDOVT §
X s+is€ H2 12 50)=0 LRBHbDTHD, W=e"? inDuvelP Ok X

tw = ||| = inf{|jv — 5 — aljes ; s € LY, a € R}

EFT B, We A IHLUTW & tw i 15 1ICET2, WIW1eL® b ty =0
ThbH, 0 §ORRET 3] 1Lh B,

EE 1

W € Ay 32t =1tw 26T R(P) C o(T})) C A (R(g))

EHE 2

W e A, t=tw, ¢ € LY 5D a =essinf¢, b =esssupp £ T5&. R(4) C

w _ . - :a+b_.a—-b . __a-=b

o(Ty) € Ale,r) N A6 ) THD, TIZTec 5 = cot 2t M2 r = Py,
Th D,

W=10t& T/ = ¢l THD, LBL W £ 10L&, T)| <

IPllwlldlloe BEESLT B, ZZT ||Pllw X L2(W) TD P D/ VATHD, W1 D
L& ||Pllw >1 THDHDT, W # 1 OHEIT Brown-Halmos D EHE DFER 13572 <
o(Ty) C h(R(¢)) DS LRV, FEH 1 OFEH T WDRS EHE & 1y ZHNTN 5,

§5. HP £ Toeplitz {fEAHE

O §DOFERD p>2 OFEET 3] ITH B,

fHRE
2<p<oo. l/p+l/g=1.t=(p-2)n/2p D> pec L™ &¥F2L. |J a(T(ﬁ) C
' ' ‘ g<4<p
h(R(¢))
EH 3

1<p<oo, t=|p—2lr/2p 25T R(¢) C o(Ty) S h*(R(¢))

l<p<ooDEE, || Tylly < IPllplldllce BAEILT D, ZZ TP, i LP TD P
DINLTHD, p#2 DEE ||Pll,>1 THDHDT, p+#2 DAL Brown-Halmos D



FEEOFERIZEN2< o(Ty) C h(R($)) XA L2V, FH 3 OFFAIZIE Krupnik F8
Lit=|p-2\n/2p ZAWS,

§6. L LOBFEBHMEMAER

D §OFERIT [3] I2dh B,

EH 4
a,feL® t=n/472061F R(a) UR(B) C 0(Sap) C A (R(a) UR(B))

EH 5
a,f € LE 72 bid {h(R(a)) N h(R(B))} U {h(R(a))* N A(R(6))} C 0(Sap) C
Afe,r) N A(E,r)e 22T a = min{essinfa, essinfa}.b = max{esssupa, esssupf}.
a+p a-f a—b .
c= 5 ——2‘2 YD p o= — '
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Multipliers On Weighted Bloch Spaces

Rikio YONEDA

Abstract

Let g be an analytic function on the open unit disk D in the complex plane C.
We will study the following operator

LNE) = [ P09, (e = [ £0dOd

on weighted Bloch space. We express the essential norm of operators I, ,J; on
weighted Bloch space. And we also study the multipliers in weighted Bloch space.

DEBRVE EORBAMAKE T2, w: [0,1] — Ry % continuous non-increasing
function Tw(l) = 0, w(r) > 0 (r €)0,1) ZFW=THbDET5, w: D — R, IX the
radial extention w(z) = w(|z]) &%, £DE& &, weighted Bloch space B, 1% || f ||lz.:=
sup,cpw(z) |f(2)] < +o0 %??ﬁt.@‘D,l:U)ﬁﬂﬁF%%C SENORDZEMET D, D O
B gloxt LC, fERR I, J, |

I,(h)() = / 9O QS , Jp(F)(=) = [ F(Og (e

LEEIND, X,Y % Banach ZEf & 9%, BBEL 16t LT, multiplier of X into Y fg €
Y forall gin X THDOELEEREIND, TDEE X CYEEL, FDLE, M, =
I+ J,TH 5,
The associated weighted wiZ
1
ORI 17tz

& LTERT D, ABIFETIX. 1ERER L, , J,&2RIA8 Uiz, FEf & Bloch 2/ LD multiplier
BT AMAERREITH, TOLE, RO LD ERE2E,

T 1 o [0,1] — R4IX continuous non-increasing function T w(1l) = 0,
w(r) >0 (r€0,1] 75.’7%71@"%@&@‘5 w: D — R, ¥ radial extention w(z) = w(|z|)

RPN supw( )n|z|"1 ( ) < 400 for anync‘:{}iﬁ“é‘f) % L J, is bounded on B, 725

%0)&?%

I Jy lle~ Jim sup E im )

=17 g5 W



L1725, $72bb. C- lim sup E

s—1- |>s ') < g lle< hm sup g ;!9 (2)| iR EHK
CHTFET 5,

2),
)

fé@ 2. w: [0, 1] — R; ¥ continuous non-increasing function ¢ w(1) = 0,
w(r)>0 (relo,1) EMmdTbDEd b, w: D— Ry iXradial extention w(z) = w(|z|)
&L, ¢ = w(ry)nr® ! and that {c,} converges to some positive constant ¢ as n — 0o %
Wl T 5 {r,} C[0,1) PEETDH LD LRET D, £DLE, b L I, is bounded on B, 72
oY=

I g lle= lim sup |g(z)]

T z|>s

L3,
FoEE] CEH2EFIA LT, kDL 5 R EIERT A2 L ASHES,

Theorem 1. B,, ¢ B,, c HL{RET S, Z0OL &, RITFETHS
(#)  gB., C By, (M, : B, — B,, is compact) ;
() Jy: B, — B,, is bounded operator (compact operator) ;

(#)  lim sup we(z)lg'(2)] < +oo ( lim sup wa(2)lg'(2)] = 0).

z|>s
Bl 1. 0<a<B<1:F5, ge HD)IZH LT, KIZFAETHS :
(i) gB*c B? (M, : B* — B’ is compact) ;

()  J,: B® — BP is bounded operator (compact operator) ;

(iii) ge BP (g€ BY).

Theorem 2. B,, c H* ¢ B., T EZ) is comparable to (1 — |z|?)? (8 > 0)
CIRET D, £DEE, WIXRETHS :
(i) 9B, C Bu, (My: B, — B,, is compact) ;

(#) Jg: By, — B,, is bounded operator (compact operator) ;

(i) Jim supwa(2)lg/(2)] <-+oo (Jim sup en(2)lg/(2)[ = 0)
817 y|>s 8717 e|>s

B2, 0<a<1<pi¥3, ge HD)IZHLT, WIIFETHS :
(i)  gB*C B? (M,: B* — B’ is compact) ;
(1)  J,: B® — BP is bounded operator (compact operator) ;



(iii) g€ B? (g€ BP).
Theorem 3.1. kizFRETHS :

(4) 9Bu; C Boy

(1) I, Jy: Bo, — B., are bounded operators ;

(¢ie) g€ H®, hm sup wi(z )lg (2)| < +o0.
517 2> W 1( )

Theorem 3.2. ®izRETHS :
(¢) M, : B, — B, is compact ;
(#) I, : B., — B, is compact operator ;

(i) g=0.

5 3.1.1. g H(D) IR LT, KIFETHS :
(z) g¢gBCB;
(15) Iy, Jg: B — B are bounded operators ;

(i) g€ H™, sup(l 1z|%) (log ] 1{ P ) 19'(2)] < +o0 .

51 3.1.2. ge H(D)Izx LT, WIZFMETHS
(Z) gBlog C Blog 3

(#) Ig,Jg: Biog — Biog are bounded operators. ;

(i) g€ H*, sup(1~|aP) (log -1-—_—1-‘;]—2) (log (log - 1‘ : )) 19/(2)] < +00 .

ZZT, Bigld || f |l Bu,= suPsep(l — |2 (log =) 1f/(2)] < +o0 &Wi7=F D LD
TR E A X N A

Theorem 4. ‘28 <1 =12)* (a > 1) 2= THEESy > 0BTFETH &
RET D, TDEE, RIIFETH S :

(3)  gB., C B, (Mg : B,, — B., is compact) ;

(#) I, : Bu,, — B., is bounded operator ( compact operator ) ;

(#1) g€ H® (g=0).



Bl 4. a>1L95, ge HD) LT, RIIFETHS :
(i) gB®C B*(M,: B* — B” is compact ) ;
(i) I,: B* — B%is bounded operator ( compact operator ) ;

(@) g€ H® (g=0).

Theorem 5. g>0&43, 2L< B, C By, - L:_z% is comparable to (1—|z|?)?
v 1

wi(2) is comparable to (1 — |z[?) 2Tz T D ETE, TOLE, SXIRETHS :

t (51(2’)
(3)  gBu., C Bu,(My: B, — B,, is compact) ;

(#) J;: B,, — B., is bounded operator ( compact operator ) ;
(13) Ig: B, — Bw; is bounded operator ( compact operator ) ;

wa(z)

@) lim sup 5519 ()] < +o0 (= 0);
(v)  lim sup wa(2) lg(2)] < +o00 (=0) .

817 115 W1 (z)

Bl 5. 1<a<pfets, ge HD) LT, WIZFETHS :

(1)  gB*c BP (M, : B*— B® is compact ) ;

()  I,: B* — BP is bounded operator ( compact operator ) ;
(m) Jy : B* — BP is bounded operator ( compact operator ) ;

(i) ge B (ge BF ),

) sop (1= (=) lg(e)] < +oo (im (1~ J2)" " lg(e)] = 0)
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Two Dimensional Commutative Banach Algebras
and von Neumann Inequality

Takahiko Nakazi (Hokkaido Univ.) and Takanori Yamamoto (Hokkai-Gakuen Univ.)

Abstract

We show the following: Let B be a two dimensional commutative Banach algebra with
identity. If B satisfies

TeB, |TI<1 = |fD))<1

whenever f is a polynomial satisfying |f(z)| < 1 (|2| < 1) then B is isometric to a subalge-
bra of the algebra B(H) of all bounded linear operators on some Hilbert space H, and B satisfies

ToeB, |Tll<1 (k=1on) = [|f(Th..T)|<1

whenever f is a polynomial in n variables satisfying |f(z1,...;22)] <1 (l2e| <1, k=1,..,n),
for all n.

£1E FH 1 & TH 2

AWFEEEL, B HEATE .5 b7k Banach BA% L, B(H) it Hilbert 20 H EOHRBHIEARL
Ot @ESRF £, A <1 oWT Mobius ZH#% ¢y TET :

z—A
—— 1).
==, (el <)

Pa(z) = 7

B2 |f(zryenzn)| <1 (2] €1, k=1,.,n) ZWLTRTOBER f IZ01T
ToeB, |Tell<l (k=1.0n) = [f(T,.T)<1

T L&, Bk a(N) 2TV, LoT a@EN) = (n-1)(vN).

[von Neumann OEE| [10] B BH) OHA% = B 1(vN) &7,

[1]  BiiBH) OHSE = B 2(wN) &H#ikd.

Varopoulos 1 B(H) ® 5 RITAIHRERSE B T 3(vN) &l S fl&fEole, (B Pisier [11, p.23))

. {Craw-Cole @iﬁl [2, pp.271, 272]
B £ TH n 22T a(vN) 2Wi7cd = B X B(H) OHLRE

PRHEmEL,

4

FE 1| [9] dmB=2 B BZ1(N) ikt = Bl B(H) OWSR L SHEMRL,



NdimB =2 = Bid B(H) DR L SEERE | BBV 20EBE LT, ||Plaeey # I - Pllage)
#W7=d P € B(IP) \2\WT B=span {I,P} C B(I?) 855, 1oL %xiE, 1<p<oo, p#£2 DL E P (38
F ¢ # 0 122V T P(zo, 71, T2, Tz, -..) = (To + €21,0,0,0,...) L EDRIEL,

(Nakazi [8, Corollary 2], [9])

dmB=2 B B B(H) OBHE = BELTO n i2oWT a(wN) 2lET,
FE1L EE2 JVELICKD R 1 %85, #iZ, %1 & Craw-Cole DEE L0 £HE 1 %85,
[0 dmB=2 B BiX1(N) ZHEET = BIEETO n oW T a(wN) 2T,
£28 EE1 OIH
EE 1 OFERIE, KOWME ABC 2RV EHLNTHS, HE 1, 2 I3HE C ORI >, & 3(1) &
WA 1 2RVT, BREC() 2IEHT 5. M, MW 3(2) LHE 2 #AVT, BECQ) £IHTES,
(Nakazi [8, Proposition 1]) dmB=2 D&%, BIiIRO2EHRIZRD,

(1) B={aP+8Q; a,€C} EL P*=P, P#0,I,Q=1I-P
(20 B={al+BN;aBeC} #=EL N2=0, N#O.

B : T OERETRN X e BREETS, X2eB L0 X2=al +bX %#W7F a,be C BEET S,
T (2X b= +4a)l. .. NEP%
b2 +4a=0 = N =2X —-bI
I  2X-bI
b% + 4a # 0- = P==-4 22"
a# 2 2v/b* 4+ 4a

LEDDLENTED, O

(Feldman-Krupnik-Markus [5]) & (1), (2), (3) 2SH Y 322,

mas@ = [(5)"+ (28 J2) ¢ (252) pmmaes

(1) PvQEB(H)a p? =P#0,I, Q=I—-P = llaP+lBQ“ =ma,ﬁ(|a—mv“P“2’1)-

(2) I,NeB(H), N*=0, N#0 = |lal +BN|| = mqa (6] - | V]])-
I X
(3) H=HoH, 50T, A= (‘; po )EB(H) S 1Al = map(IXI).
0] a>10Ex w= TZ%}‘% B {0< o<1} % w FEAKCEET 5,
B Ti—l =my, (jw— 1|ve? - 1).
12
B e>00rE w= -1-7154— H{0< |2 <1} % w FEEKICEET 5,

m 1 (|w|a).

EZ ﬁ



#HE 3| [9] KD (1), (2) B IO, (FEEEEHICLTHRYILD,)

(1) mas (o~ BIVITPTE- )<|1ﬁ N 1‘:%5% < B max(al,lB) <1
® maallfl IND <1 @ (A< B <l

BEO : (1)~ max(lal,1B]) < mas(z) £ 9. mas (o= BIVIPIP=1) <1 = max(lal,|8) <1.
TDLE, map(V/I-eP/I-1BP) =140,
mas (le—BVIPE-1) <1 & la=BVIPF—1<I-laPVi- [P

2): —BIZ | < Moa(@) £9, Mau(Bl-IN) <1 = |of<1 ZOLE, mea(l-|af?)=1 &Y,

lﬂl 1
<
1—[of? = NI

= TPl

Mmaa(Bl-IN) <1 & 1Bl INI<1=]of &

[0 dmB=20kE, kO (1), (2) B IO,

(AN) 2V RERNS ) L LAREVIERANREPND T LEE > T D,)
(1) B={aP+8Q; a, € C} B 1(vN) &Hilcd, =KL P*=P#0,[,Q=1-P

= |laP + BQ|| = ma,p(la - BlVIP|? - 1).
(2) B={al+BN; o, € C} 2 1(vN) &Wiled, =L N?=0, N#0
= |lel +BN|| = ma (18] - INV])-

B (1): c:=|aP+0Q|,a:=2,b:=8. " |aP+bQ||=1. PP=P,Q=1-P LY,
llaP|| = [[(aP + bQ)P|| < [P, QI = ll(aP +5Q)QIl < [|Q];

PQ#0 XY, la,|b| <1 -Jal,[b] <1 & LTREEL, Mobius ik ¢y(2) K2NT () =0 &Y,
¢ (aP + Q) = ¢p(a) P + ¢5()Q = 5= bt;P

"a—b
1—ba

<

laP+bQ|=1 B B 1(wN) &= 725  |gs(aP +bQ)|| < 1.

L
Pl

W 3(1) &9, may (o= bly/TPIP T <L Mo (1ea - cbl /ITPIP - 1) <e
Map (;a — BIVIPIE= 1) <leP +8Q|. ®i#HAE ORERERT,
Al <1 0L % Mobius i ¢a(2) & t:=||P|| Lo T
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Backward shift invariant subspaces on the torus

‘Keiji Izuchi

This is a joint work with T. Nakazi and M. Seto.

Let I'? be the 2-dimensinal unit torus. We denote by (z,w) =
(e, €®) the variables in I = I', xT,,. Let L? = L(I'?) be the usual
Lebesgue space on I'? with the norm || f||z = (. | f(€”, €)2d0dg/ (2m)?) /2.
For f € L?, the Fourier coefficients are given by

fn,m) = [ f(e%,e?)e ™™™ dodg/(2m)? = (f, 2"w™).
I‘Z

Let H? be the Hardy space on I'?, that is,
H?={feL*f(n,m)=0ifn <0 orm < 0}.

For f € H?, we can write f as

o0 [0 e]
f= Z ®a; j2'w’, where Z a3 < oo.

t,5=0 1,j=0

For a function v € L®, let Ly, f = ¥ f for f € L?. A closed subspace
M of L? is called invariant if L,M C M and L,M C M. Let P be
the orthogonal projection from L? onto H?. For a closed subspace
M of L?, we denote by Py, the orthogonal projection from L? onto
M. Put Ty = PLyg2. Usually Ty is called a Toeplitz operator on
H? with symbol %, and it is well known that T} = T

For ¢ in H*, put

Vy = PyTyPu|M.

It is known in [5, 6] that V,V* = V*V, if and only if M = gH? for
some inner function ¢ in H*.

Let M be an invariant subspace of H?. Then TX(H?2© M) C
(H?o M) and T(H*© M) C (H*© M). We call a closed subspace
N of H? backward shift invariant if TN C N and TN C N.

Let N be a backward shift invariant subspace of H? and ¢ € L*°.
Put

S¢= PNL¢PN on N.

Then we have S} = Sz and 57 = T; on N. We are interested in
backward shift invariant subspaces N which satisfy S,S;, = S,S,.
The following is the main theorem.



Theorem. Let N ‘be a backward shift invariant subspace of H?
and N # H?. Then S,S} = S*S, if and only if N has one of the
following forms;

(i) N = H? © ¢1(2)H?,
(i) N = H? © go(w)H?,
(i) N = (H? © q(2)H?) N (H? 6 g2(w)H?) = (H* © ¢1(2)H?) ©
a1 (w)(H? © 1(2)H?),

where q1(z) and ¢2(w) are one variable inner functions.

Corollary 1. Let M be an invariant subspace of H?> and M #
{0}. Put N = H?© M. Then S,S, = S35, on N if and only if
M has one of the following forms;

(i) M = q1(2)H?,
(i) M = QZ(w)HQ'
(iii) M = q(2)H? + go(w)H?,

where q1(2z) and ga(w) are one variable inner functions.
The following answers a question posed in [4].

Corollary 2. Let M be an invariant subspace of H? such that
dim (M © (zM +wM)) = 1. Put N=H*© M. If 8,5}, = S,S:
on N, then M has one of the following forms;

(i) M = q(2)H?,
(i) M = go(w)H?,

where g1(z) and ga(w) are one variable inner functions.

Proof. By Corollary 1, M = ¢1(2)H?, or M = gy(w)H?, or
M = q(2)H? + qu(w)H?. Suppose that M = q1(z)H? + go(w)H?
holds. Then

0(2), go(w) € M © (zM +wM).

Since dim (M © (zM +wM)) = 1, ¢1(2) = cgz(w) for some number
c. This implies that ¢,(z), g2(w) are constant functions. Thus we
get M = H2.

Our theorem can be generalized in several ways. These results
will come in the forthcoming papers.
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