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Abstract
Weak values are typically obtained experimentally by performingweakmeasurements, which involve
weak interactions between themeasured system and a probe.However, the determination of weak
values does not necessarily require weakmeasurements, and severalmethodswithoutweak system-
probe interactions have been developed previously. In this work, a framework formeasuringweak
values is proposed to describe the relationship between various weak valuemeasurement techniques
in a unifiedmanner. This framework, which uses a probe-controlled system transformation instead of
theweak system-probe interaction, improves the understanding of the currently usedweak value
measurementmethods. Furthermore, a diagrammatic representation of the proposed framework is
introduced to intuitively identify the complex values obtained in eachmeasurement system. By using
this diagram, a newmethod formeasuringweak values with a desired function can be systematically
derived. As an example, a scan-free andmore efficient directmeasurementmethod ofwavefunctions
than the conventional techniques usingweakmeasurements is developed.

1. Introduction

The concept of weak values wasfirst introduced byAharonov et al [1] as observable statistics influenced not only
by the initial state y ñ∣ i , but also by thefinal state y ñ∣ f of the studied system. Theweak value of the observable Â is

defined as y y y yá ñ á ñ á ñˆ ≔ ∣ ˆ∣ ∣A Aw f i f i , which is generally a complex number.Weak values are typically
determined experimentally using a technique calledweakmeasurements. Inweakmeasurements, a probe
interacts with the systemweakly enough not to significantly disturb the system. After the post-selection of the
system’sfinal state, a weak value is obtained as the average of themeasurement outcomes of the probe.Weak
values have been used to study various fundamental problems in quantummechanics [2–10] because they
represent intermediate aspects of pre- and post-selected systems. In addition, weak values are used for the
precisemeasurement of themagnitudes of weak system-probe interactions [11–15] because they can exceed the
eigenvalues of the observables. Furthermore, weak values are utilized for the directmeasurement of complex
functions such as wavefunctions and pseudo-probability distributions of the initial state of the system [16–25].

In these previous studies, weak values have been obtained byweakmeasurements, which involve weak
system-probe interactions. However, this is not the only possiblemethod for their determination, and several
alternative weak valuemeasurement techniques that do not involveweak system-probe interactions have been
recently developed, including those using strong system-probe interactions [26–29], modular values [30],
quantum control interactions [31, 32], an enlargedHilbert space [33], coupling-deformed pointer observables
[34], and a combination of several strongmeasurements of the system [35]. It should be noted here thatmost of
them [26–33] and someweakmeasurement experiments [2–10, 16–24] use qubit systems as the probes. They all
have the samemeasurement procedure of the qubit probes to obtain complexweak values—measuring
expectation values of two operators, such as Pauli-X and Pauli-Y. Therefore, it is expected that theseweak value
measurementmethods using qubit probes can be understood in a unified framework.
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In this work, we propose a framework formeasuringweak values common to the conventional weak
measurement using a qubit probe and other weak valuemeasurement techniques. This framework uses a probe-
controlled system transformation instead of theweak system-probe interaction to obtain a unified description of
the relationship between thesemeasurementmethods. In addition, a diagrammatic representation of the
proposed framework is introduced. It illustrates the time evolution of the system’s state for each probemode and
allows us to intuitively identify the complex values obtained in eachmeasurement system. Furthermore, using
the transformation rule of the diagram, a newweak valuemeasurementmethod that has a desired function, such
asmeasurement precision and a simple experimental setup, can be systematically derived, regardless of the type
of physical systems. As an example, this transformation rule is applied to a directmeasurementmethod of
wavefunctions usingweakmeasurement [16] to develop a scan-free andmore efficientmethod than the
conventional techniques usingweakmeasurements [16–25].

2. Framework formeasuringweak valueswithout weak interactions—definitions and
general properties

In this section, wefirst present a framework formeasuringweak valueswithout weak system-probe interactions
and construct a diagram that intuitively describes the relationship between the time evolution of the system and
complex values obtained by themeasurements. Next, we formulate a transformation rule of the diagram,which
can be used to derive another weak valuemeasurementmethod that produces the same results.

For this purpose, we consider the composite system ÄS P of themeasured systemS (arbitrary
dimension) and the qubit probeP. Pauli operators inP with the orthonormal basis ñ ñ{∣ ∣ }0 , 1 can be
expressed as

s = ñá + ñá = +ñá+ - -ñá-ˆ ∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ ( )0 1 1 0 , 1x

ŝ = - + = + + - - -∣ ⟩⟨ ∣ ∣ ⟩⟨ ∣ ∣ ⟩⟨ ∣ ∣ ⟩⟨ ∣ ( )i 0 1 i 1 0 i i i i , 2y

s = ñá - ñáˆ ∣ ∣ ∣ ∣ ( )0 0 1 1 , 3z

where ñ ñ  ñ∣ ≔ (∣ ∣ )0 1 2 ,  = ∣ ⟩ (∣ ⟩ ∣ ⟩)/i : 0 i 1 2 .

2.1.Measurement framework and its diagrammatic representation
Let us consider themeasurement framework shown infigure 1(a). In this system, the initial state is set as

yY = +∣ ⟩ ∣ ⟩∣ ⟩i i . Itfirst undergoes the following probe-controlled system transformation T̂ :

Ä ñá + Ä ñáˆ ≔ ˆ ∣ ∣ ˆ ∣ ∣ ( )T T T0 0 1 1 , 40 1

where the absolute values of the eigenvalues of T̂0 and T̂1 are assumed not to exceed one, so that these
transformations are physically realizable. If T̂0 and T̂1 are unitary operators, T̂ is also a unitary operator;
otherwise, the initial state undergoes the transformation T̂ with a probability of less than one. The unnormalized
state after the transformation T̂ is described as ^ Y∣ ⟩T i , whichmeans that the normalized state ^ ^Y Y ∣ ⟩ ∣ ⟩/T Ti i is
obtainedwith the probability ^ Y ∣ ⟩T i

2. Next, the system is projected onto y ñ∣ f , and the probe ismeasured in the
bases ñ{∣ }and {∣ ⟩}i . Let ( )P [ ( )]P i be the probabilities that the initial state ∣ ⟩Psii undergoes the

Figure 1. (a)Quantum circuit of the proposedmeasurement framework ofweak values. (b)Diagramdescribing circuit (a) as the time
evolution of the system for each probemode. (c)Quantum circuit of panel (a), in which the pre- and post-selected states correspond to
the general (mixed) states r̂i and r̂f , respectively. (d)Diagram representing circuit (c).
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transformation T̂ and is projected onto y ñ ñ∣ ∣f y ñ  ñ[∣ ∣ if ].P(±) and ( )P i are expressed as

^ ^

^ ^ ^ ^

y y

y y y y y y y y

 = Y Ä   Y

= + 

( ) ⟨ ∣ (∣ ⟩⟨ ∣ ∣ ⟩⟨ ∣) ∣ ⟩

(∣⟨ ∣ ∣ ⟩∣ ∣⟨ ∣ ∣ ⟩∣ ⟨ ∣ ∣ ⟩⟨ ∣ ∣ ⟩)
( )

†

†

P T T

T T T T
1

4
2Re ,

5
i f f i

f 0 i
2

f 1 i
2

i 0 f f 1 i

^ ^

^ ^ ^ ^

y y

y y y y y y y y

 = Y Ä   Y

= + 

( ) ⟨ ∣ (∣ ⟩⟨ ∣ ∣ ⟩⟨ ∣) ∣ ⟩

(∣⟨ ∣ ∣ ⟩∣ ∣⟨ ∣ ∣ ⟩∣ ⟨ ∣ ∣ ⟩⟨ ∣ ∣ ⟩)
( )

†

†

P T T

T T T T

i i i
1

4
2Im .

6
i f f i

f 0 i
2

f 1 i
2

i 0 f f 1 i

Bymeasuring P(±) and ( )P i experimentally, the complex value y y y yá ñá ñ∣ ˆ ∣ ∣ ˆ∣†
T Ti 0 f f 1 i is directly derived as

y y y y+ - - + + - - = á ñá ñ( ) ( ) [ ( ) ( )] ∣ ˆ ∣ ∣ ˆ∣ ( )†
P P P P T Ti i i . 7i 0 f f 1 i

If { ˆ ˆ}T T,0 1 is selected to be {ˆ ˆ}A1, , the derived complex value becomes y y y yá ñá ñ∣ ∣ ˆ ∣Ai f f i , which is proportional to
theweak value á ñÂ w. Thus, the proposed framework can be used formeasuringweak values. The detailed
relationship between this framework and other weak valuemeasurement techniques (including thosewithout
weak interactions)will be explained in section 3.

The time evolution of the quantum systemdescribed infigure 1(a) can be illustrated by the diagram shown
infigure 1(b). In this diagram, the upper and lower rows represent the time evolutions of the system in the probe
modes ñ∣0 and ñ∣1 , respectively. The initial and final states of the system are described by the density operators
y yñá∣ ∣i i and y yñá∣ ∣f f , respectively. For the probe, it is assumed that the initial state +ñ∣ is set at the left end, and
the expectation values of ŝx and ŝy aremeasured at the right end. The complex value derived using equation (7)

is y y y y y y y yá ñá ñ = ñá ñá∣ ˆ ∣ ∣ ˆ∣ (∣ ∣ ˆ ∣ ∣ ˆ )† †
T T T Ttri 0 f f 1 i i i 0 f f 1 , which is the trace of the product of the operators y yñá∣ ∣i i ,

ˆ†
T0 , y yñá∣ ∣f f , and T̂1. These operators are ordered clockwise along the loop infigure 1(b); therefore, the derived
complex value can be intuitively identified as the trace of the clockwise product of the operators along the loop
(T̂0 needs to beHermitian conjugated).

This diagram can bemodified for the system inwhich pre- and post-selected states are themixed states r̂i

and r̂f , respectively, as shown infigure 1(c). In this case, the derived complex value is expressed as r r( ˆ ˆ ˆ ˆ )†
T Ttr i 0 f 1 ,

which is also identified in the diagramoffigure 1(d) as the trace of the clockwise product of the operators r̂i, ˆ†
T0 ,

r̂f , and T̂1 along the loop.

2.2. Transformation rules of the diagram
In themeasurement framework described above, the derived complex value can be identified as the trace of the
clockwise product of the operators along the loop in the diagram.Due to the cyclic property of the trace

=( ˆ ˆ) ( ˆ ˆ)AB BAtr tr , this value is invariant under cyclic permutations of the operators along the loop.We call this
property the diagram transformation rule. In the following, we show an example of transformation of theweak
valuemeasurement systemusing this transformation rule.

Let us consider the time evolution described by the diagramdepicted infigure 2(a). It shows that the derived
complex value is y y y y y yñá ñá = á ñ á ñ(∣ ∣ ∣ ˆ) ∣ ∣ ∣ ˆA Atr i i f f f i

2
w. Othermeasurement systems producing the same

complex value can be systematically derived using the transformation rule of the diagram as follows.
First, if Â is spectrally decomposed as = å ñáˆ ∣ ∣A a a aj j j j , the obtained complex value can be expressed as

y y y y y y y yá ñá ñ = å á ñá ñá ñ∣ ∣ ˆ ∣ ∣ ∣ ∣A a a aj j j ji f f i i f f i . Therefore, themeasurement system yielding the same complex

Figure 2. (a)Diagramdescribing the time evolution of theweak valuemeasurement system. (b)Measurement systemobtained by
spectrally decomposing Â in diagram (a). (c)Measurement systemobtained by rotating the loop in diagram (b) counterclockwise. (d)
Measurement system obtained by rotating the loop in diagram (b) clockwise.
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value can be described by figure 2(b), and the complex value y y y yá ñá ñ∣ ∣ ˆ ∣Ai f f i can be constructed by obtaining
y y y yá ñá ñá ñ∣ ∣ ∣a aj ji f f i for each j and summing up these valuesmultiplied byweights aj.

Next, after cyclicallymoving the operators in figure 2(b) along the loop counterclockwise [clockwise], the
diagrams depicted infigure 2(c) [(d)] can be obtained. In the diagramoffigure 2(c), the systemoriginally set as
y ñ∣ i isfirst projected onto y ñ∣ f in the probemode ñ∣0 , and then onto ñ∣aj in the both probemode. The derived

complex value is y y y yá ñá ñá ñ∣ ∣ ∣a aj ji f f i , which corresponds to the time evolution offigure 2(b). If Â is a non-
negative operator, the finalmeasurement can be regarded as generalizedmeasurement represented by the
positive-operator valuedmeasure element ˆkA, where k is an appropriate coefficient. On the other hand, in the
diagramdepicted infigure 2(d), the systemoriginally set as ñ∣aj isfirst projected onto y ñ∣ i in the probemode ñ∣0 ,
and then onto y ñ∣ f in the both probemode; the derived complex value corresponds to the time evolution

described infigures 2(b) and (c). If Â is a non-negative operator, the state preparation can be replacedwith the
preparation of the state represented by the density operator ˆkA.

3.Understandingweak valuemeasurementmethods in the proposed framework

The proposedmeasurement framework can be used to better describe the conventional weakmeasurement and
otherweak valuemeasurementmethods in a unifiedmanner. In this section, we explain how these
measurementmethods can be understood in the proposed framework.

3.1.Weakmeasurements in the framework
Weakmeasurements using a qubit probe can be included in themeasurement framework described abovewith a
smallmodification.Here, wefirst review the conventional weakmeasurement using a qubit probe and then
explain how they can bemodified tofit the framework.

The conventional weakmeasurement procedure using a qubit probe can be described by the quantum
circuit depicted infigure 3(a). The initial states of the system and the probe are y ñ∣ i and ñ∣0 , respectively. First, the

initial state y ñ ñ∣ ∣0i is evolved through theweak system-probe interaction x s- Ä( ˆ ˆ )Aexp i y , where sÄˆ ˆA y is an

interactionHamiltonian, and ξ is a small coupling constant satisfying x  Â 1 ( Â is themaximum

eigenvalue of Â). It is further transformed into

x s y x s x y

y x y x

- Ä ñ ñ= - Ä + ñ ñ

= ñ ñ + ñ ñ +

( ˆ ˆ )∣ ∣ [ ˆ ˆ ˆ ( )]∣ ∣

∣ ∣ ˆ ∣ ∣ ( ) ( )

A A O

A O

exp i 0 1 i 0

0 1 . 8

y yi
2

i

i i
2

Since this transformation is unitary, the state after the interaction is obtainedwith a probability of one.Next, the
system is projected onto y ñ∣ f , and the probe ismeasured in the bases ñ∣ and ∣ ⟩i . Let ( )P [ ( )]P i be the
probabilities that the system is projected onto y ñ∣ f and the probe is projected onto ñ∣ [∣ ⟩i ]. In this case, ( )P
and ( )P i can be expressed as

y x s y y y x x = á á - Ä ñ ñ = á ñ  á ñ +⎜ ⎟⎛
⎝

⎞
⎠( ) ∣ ∣ ∣ ( ˆ ˆ )∣ ∣ ∣ ∣ ∣ ∣ ˆ ( ) ( )P A A Oexp i 0

1

2
Re , 9yf i

2
f i

2
w

2

y x s y y y x x = á á - Ä ñ ñ = á ñ  á ñ +⎜ ⎟⎛
⎝

⎞
⎠( ) ∣ ∣ ∣ ( ˆ ˆ )∣ ∣ ∣ ∣ ∣ ∣ ˆ ( ) ( )P A A Oi i exp i 0

1

2
Im . 10yf i

2
f i

2
w

2

Then, theweak value á ñÂ w is described by using P(±) and ( )P i as

x y y x+ - - + + - - = á ñ á ñ +( ) ( ) [ ( ) ( )] ∣ ∣ ∣ ˆ ( ) ( )P P P P A Oi i i 2 . 11f i
2

w
2

Since y y xá ñ = + + - +∣ ∣ ∣ ( ) ( ) ( )P P Of i
2 2 , if ξ is known, theweak value á ñÂ w is derived experimentally by

measuring P(±) and ( )P i . The time evolution during this weakmeasurement can be represented by the
diagramdepicted infigure 3(b). According to this diagram, by ignoringO(ξ2), theweak interaction can be

Figure 3. (a)Quantum circuit used forweakmeasurements with a qubit probe. (b)Diagramdescribing the time evolution of the
system for each probemode in panel (a). (c)Diagramdescribing the time evolution of themodifiedweakmeasurement system.
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understood as an operation that extracts a small portion of y ñ∣ i proportional to ξ from the probemode ñ∣0 ,
transfers this portion to themode ñ∣1 , andmultiplies it by Â.

Next, wemodify the conventional weakmeasurementmethod tofit the proposedmeasurement framework.
Instead of using theweak interaction, the state described by equation (8) can be producedwithoutO(ξ2) by
setting the initial state yY = +∣ ⟩ ∣ ⟩∣ ⟩i i and transforming it via the probe-controlled system transformation

x= Ä ñá + Ä ñáˆ ˆ ∣ ∣ ˆ ∣ ∣T A1 0 0 1 1 . The absolute values ξ aj of the eigenvalues of x x= å ñáˆ ∣ ∣A a a aj j j j do not exceed

one so that the transformation xÂ is physically realizable. By performing thismodification, theweak
measurement system satisfies the developedmeasurement frameworkwhere x={ ˆ ˆ} {ˆ ˆ}T T A, 1,0 1 in
equation (4). This time evolution is described by the diagram infigure 3(c). LetP(±), ( )P i , andP(0) be the
probabilities that the initial state Y ñ∣ i undergoes the transformation T̂ , the system is projected onto y ñ∣ f , and the

probe is projected onto ñ∣ ,  ñ∣ i , and ñ∣0 , respectively. Using equation (7), theweak value á ñÂ w can be described
viaP(±), ( )P i , andP(0) as

y y y x y x+ - - + + - - = á ñá ñ = á ñ( ) ( ) [ ( ) ( )] ∣ ∣ ˆ ∣ ( ) ˆ ( )P P P P A P Ai i i 2 0 . 12i f f i w

Although themodifiedweakmeasurementmethod requires an additionalmeasurement of
y y= á ñ( ) ∣ ∣ ∣P 0 2f i

2 (unlike the conventional weakmeasurement technique), if ξ is known, theweak value á ñÂ w

can be derived experimentally. The obtained complex value y y y x y y y y y xá ñá ñ = ñá ñá∣ ∣ ˆ ∣ (∣ ∣ ∣ ˆ)A Atri f f i i i f f can be
identified using the diagramdepicted infigure 3(c), as was described previously in section 2.1.

It should be noted that themodifiedweakmeasurementmethod allows estimation of weak values at higher
accuracy and precision as compared to those of the conventional one. According to equation (11), the estimator
of weak values in the conventional weakmeasurement includes the error termO(ξ), which does not disappear
even in the limit of a large number ofmeasurements. On the other hand, in themodifiedweakmeasurement
method, the estimator of weak values contains no error terms as shown in equation (12), and the obtained results
match the trueweak values in the asymptotic limit; as a result, themodifiedweakmeasurement technique
exhibits higher accuracy than that of the conventionalmethod.Moreover, during the conventional weak
measurements, ξmust be small enough to reduce the effect of the error termO(ξ), and selecting small ξ values
results in a large estimation uncertainty proportional to ξ−1. In themodifiedweakmeasurementmethod, ξ can
be as high as - Â ;1 therefore, the estimation uncertainty can be smaller than that of the conventionalmethod at
the same number ofmeasurements.

3.2.Otherweak valuemeasurementmethods in the proposed framework
Many othermeasurementmethods of weak values can alsofit the proposedmeasurement framework like weak
measurement. In the following, wemention some examples of them and explain how they correspond to the
proposedmeasurement framework.

When themeasured observable Â corresponds to the projection operator =ˆ ˆA A
2

or Pauli operator ŝi

(i=x, y, z), the strength of the system-probe interaction can be arbitrarily high [26–29]. In the former case
[26, 27, 29], the interactionwith the optimal coupling strength ξ=π/2, whichmaximally entangles the total
state, can be described as p s s- Ä = - Ä +[ ( ) ˆ ˆ ] ˆ ˆ ( ˆ ˆ )A Aexp i 2 1 1 iy y , and the resulting state after the

interaction is y y- ñ ñ + ñ ñ( ˆ ˆ)∣ ∣ ˆ ∣ ∣A A1 0 1i i . Therefore, thismeasurementmethod corresponds to the case

= -{ ˆ ˆ} {ˆ ˆ ˆ}T T A A, 1 ,0 1 in our framework. The resulting complex value is y yá ñ á ñ - á ñ∣ ∣ ∣ ( ˆ ∣ ˆ ∣ )A Af i
2

w w
2 , and the

weak value á ñÂ w is derived experimentally bymeasuring P(±), ( )P i , and y y= á ñ á ñ( ) ∣ ∣ ∣ ∣ ˆ ∣P A1 2f i
2

w
2 , where P

(1) is the probability that the initial state undergoes the transformation T̂ , the system is projected onto y ñ∣ f , and
the probe is projected onto ñ∣1 . In the latter case [28], the interactionwith the optimal coupling strength ξ=π/4
can be described as p s s s s- Ä = - Ä[ ( ) ˆ ˆ ] ( ˆ ˆ ˆ )exp i 4 1 i 2i y i y , and the resulting state after the interaction is

y s yñ ñ + ñ ñ(∣ ∣ ˆ ∣ ∣ )0 1 2i . Thismeasurementmethod corresponds to the case s={ ˆ ˆ} {ˆ ˆ }T T, 1, i0 1 in our
framework, and the resulting complex value is y y sá ñ á ñ∣ ∣ ∣ ˆif i

2
w, which includes theweak value sá ñˆi w.

When themeasured observable Â is arbitrary and the strength of the system-probe interaction ξ is arbitrarily
high, amodular value is used as the parameter of a pre- and post-selected quantum systems (instead of theweak
value) that provides a complete description of its effect on the qubit probe [30].When the initial state is y ñ +ñ∣ ∣i ,

the interaction is x- Ä ñá( ˆ ∣ ∣)Aexp i 1 1 , and the post-selected state of the system is y ñ∣ f , the resulting

unnormalized probe state is ñ + á ñ ñ∣ ˆ ∣A0 1m , where y y y yá ñ á ñ á ñx-ˆ ≔ ∣ ∣ ∣ˆA e A
m f

i
i f i is amodular value. The

modular value is obtained bymeasuring the probe state in the bases ñ{∣ }and  ñ{∣ }i . Thismeasurement

method corresponds to the case = x-{ ˆ ˆ} {ˆ }ˆT T, 1, e A
0 1

i in ourmeasurement framework, and the resulting
complex value is y yá ñ á ñ∣ ∣ ∣ Âf i

2
m.When ξ=π/2 and Â is a Pauli operator, á ñ = - á ñˆ ˆA Aim w, and themodular

value coincides with theweak value of Â.
In [31], the probe-controlled system transformation T̂ is used to investigate the trade-off between the

measurement back-action and the resolution.When = ñá{ ˆ ˆ} {ˆ ∣ ∣}T T a a, 1,0 1 , and the initial and final states of the
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system are r̂in and ñá∣ ∣b b , respectively, the probemeasurement results in various bases reflect the effect of the
successivemeasurements ñá∣ ∣a a and ñá∣ ∣b b for r̂in. In particular, a part of themeasurement results exhibits the
Kirkwood–Dirac distribution r rá ñá ñ( ) ≔ ∣ ∣ ˆ ∣a b b a a b, in , which is a complex joint probability distribution
showing a nonclassical correlation between the non-commuting operators ñá∣ ∣a a and ñá∣ ∣b b . In our
measurement framework, ρ(a, b) can be obtained via equation (7) directly, while it has been previously
determined byweakmeasurements [36] as a numerator of ^ ^r r=⟨∣ ⟩⟨ ∣⟩ ( ∣ ⟩⟨ ∣ ⟩⟨ ∣) ( ∣ ⟩⟨ ∣)/a a b b a a b btr trw in in , which is
theweak value of ñá∣ ∣a a for the initial state r̂in andfinal state ñá∣ ∣b b .

Theweak valuemeasurementmethod using an expandedHilbert space [33] is derived bymodulating the
transformedweak valuemeasurement technique described infigure 2(c) of section 2.2. The complex value
derived by thismethod is y y y yá ñá ñ∣ ∣ ˆ ∣Ai f f i , but determination of y yá ñ∣i f in this value is not required for

obtaining theweak value á ñÂ w. Therefore, we can omit the projection onto y ñ∣ f in the upper part of the diagram
infigure 2(c); instead, it is necessary only to set the total initial state y yñ ñ + ñ ñ(∣ ∣ ∣ ∣ )0 1 2f i . Thismodification
produces aweak valuemeasurementmethod using the expandedHilbert space.

4. Application of the diagram—derivation of a newdirectmeasurementmethod of
wavefunctions

In section 2, we introduced a diagram to intuitively identify complex values obtained in ourmeasurement
framework and its transformation rule. Both the diagram and the transformation rule can be used for the
systematical derivation of a newmeasurementmethod ofweak values that has a desired function. In this section,
the derivation procedure is described inmore detail. As an example, herewe deal with the directmeasurement of
wavefunctions byweakmeasurement [16]; we develop a scan-free andmore efficient directmeasurement
method ofwavefunctions than the conventional techniques usingweakmeasurements.

The directmeasurement of wavefunctions byweakmeasurements has been first proposed and
experimentally realized by Lundeen et al [16], where ‘directmeasurement’ denotes themeasurement with a
single setting of themeasurement apparatus. Figures 4(a) and (b) show the diagramof its time evolution and the
optical systemused in the experiment. Here, the transverse spatialmode of a photon and its polarizationmode
are used as themeasured system and the probe, respectively. The total initial state is set as yñ ñ∣ ∣H , where yñ∣ gives
thewavefunction in the transverse spatialmode as y y= á ñ( ) ∣x x , and ñ∣H is a horizontally polarized state.Next,
the transverse position of the photon is weaklymeasured by coupling it to its polarization; this weak interaction
is described as x s x s x- ñá Ä = - ñá Ä +( ∣ ∣ ˆ ) ˆ ∣ ∣ ˆ ( )x x x x Oexp i 1 iy y

2 and realized by a slightly tilted half-wave
plate (HWP) at the position x. In the diagramoffigure 4(a), this weak interaction is regarded as the operation

Figure 4. (a)Diagramof the time evolution of the directmeasurement of wavefunctions byweakmeasurements. (b)Anoptical system
used for the realization of the time evolution process described in panel (a). On the Fourier plane just before the slit extracting the
p=0 component, the Fourier transformof the original wavefunction ỹ( )x and tilted plane-wave self-reference light appear in each
polarizationmode. (c)Diagram of the time evolution described in panel (a) transformed to fit the proposedmeasurement framework.
(d)Diagram illustrating themethod derived bymodifying diagram (c) so that the directmeasurement of thewavefunctionψ(x) is
performedmore efficiently without scanning. (e)Anoptical system that realizes themeasurementmethod described in diagram (d).
On the image plane just before the polarizer and detector, the original wavefunctionψ(x) and non-tilted plane-wave self-referencing
light appear in each polarizationmode.
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that extracts a small portion of yñ∣ proportional to ξ from the probemode ñ∣H , transfers this portion to themode
ñ∣V (vertically polarized state), andmultiplies it by ñá∣ ∣x x . The photon undergoes an optical Fourier

transformation induced by the 2-f optical system and then is post-selected in = =∣ ⟩ ∣ ⟩p p: 00 by the pinhole
placed in the Fourier plane. Finally, the photon passes through the polarizer tomeasure the expectation values of
s = ñá + ñáˆ ∣ ∣ ∣ ∣H V V Hx and s = - ñá + ñáˆ ∣ ∣ ∣ ∣i H V i V Hy , fromwhich theweak value á ñá ñ∣ ∣x x w is derived
experimentally.When the pre- and post-selected states are yñ∣ and ñ∣p0 , theweak value á ñá ñ∣ ∣x x w is proportional
to thewavefunction y ( )x :

y
y

yá ñá ñ =
á ñá ñ

á ñ
µ∣ ∣

∣ ∣
∣

( ) ( )x x
p x x

p
x . 13w

0

0

As described above, weakmeasurements can be used to directlymeasure the complexwavefunctionψ(x).
However, when using thismethod, it is necessary to perform a large number ofmeasurements to achieve high
precision because the system-probe interaction is veryweak, and themajority of the incoming photons are
discarded through post-selection. It is also necessary to scan the location x of theHWP for theweak interaction,
which requires themeasurement time scalingwith the dimension of the system’sHilbert space andmakes it
difficult to characterize the state of a systemwith large dimensions.

Next, we show that the directmeasurement systemofwavefunctions usingweakmeasurement can be
modified to develop a scan-free andmore efficientmeasurementmethod according to the transformation rule
of the diagram. Theweakmeasurement systemdepicted infigure 4(a) can be transformed into the system
described by the diagramoffigure 4(c). Here, we select the value of ξ as themaximumvalue (ξ=1) to increase
themeasurement efficiency. In order to realize the scan-free directmeasurement of wavefunctions, the
operators in figure 4(c) aremoved counterclockwise along the loop according to the transformation rule of the
diagram; as a result, the diagramdepicted infigure 4(d) is obtained. Since themeasurement basis of the system
becomes ñá{∣ ∣}x x , wavefunctions can be obtainedwithout scanning by using an appropriate detector with
spatial resolution.

The optical system corresponding to the diagramoffigure 4(d) is shown infigure 4(e). The total initial state is
set as y yñ +ñ = ñ ñ + ñ∣ ∣ ∣ (∣ ∣ )H V 2 . The probe-controlled system transformation

= ñá Ä ñá + Ä ñáˆ ∣ ∣ ∣ ∣ ˆ ∣ ∣T p p H H 1 V V0 0 is realized by setting a polarizer pinhole, which transmits all the
vertically polarized light, and horizontally polarized light at the center of the pinhole, on the Fourier plane. After
passing through the 2-f optical system, photon’s polarization ismeasured in the bases of ñ{∣ } (diagonal
polarization) and {∣ ⟩}i (circular polarization), after which the photon enters the detector with spatial
resolution such as a charge-coupled device camera. LetP(±) and ( )P i be the probabilities that the initial state
undergoes the transformation T̂ , the system is projected onto ñ∣x , and the probe is projected onto ñ∣ and ∣ ⟩i ,
respectively. UsingP(±) and ( )P i , themeasuredwavefunction is obtained as

y y y+ - - + + - - = á ñá ñá ñ µ( ) ( ) [ ( ) ( )] ∣ ∣ ∣ ( ) ( )P P P P p p x x xi i i . 140 0

As described above, thewavefunctionψ(x) is directlymeasured in the optical systemoffigure 4(e).
Themain advantage of this approach is that the number ofmeasurements conducted for the direct

measurement of wavefunctions can be reduced comparedwith the previous directmeasurementmethods
[16–29, 31]. Because our approach does not useweak system-probe interactions, themeasurement efficiency is
much higher than those ofmethods usingweakmeasurement [16–25].Moreover, our approach does not
require scanning of the probe and can obtainmeasurement data ofP(±) or ( )P i in equation (14) in a single
shot, in contrast to other directmeasurementmethodswith strongmeasurement [26–29, 31], which needs
scanning of the probe and a number ofmeasurements. It should be noted that the scan-free directmeasurement
of wavefunctions usingweakmeasurement has been realized in a previous study [22]. However, this approach
requires a large number ofmeasurements because of the inefficiency of weakmeasurements, and themeasured
wavefunction is determined as a reciprocal of theweak value. In contrast, the technique proposed in this work is
more efficient becauseweak interactions are not used, andwavefunctions can be obtained directly without
calculating their reciprocal values, as shown in equation (14).

In addition, besides the practical advantage, our approach has a conceptual advantage that themechanism of
wavefunction determination ismore straightforward. In the directmeasurement of wavefunctions usingweak
measurement [16], the necessity of weakmeasurements is not obvious, and it is difficult to understand how
wavefunctions can be obtained in the optical system.On the other hand, weakmeasurements are no longer
required in the proposedmethod, and themechanismofwavefunction determination ismore clear; that is, in
front of the detector depicted infigure 4(e), the interference between themeasured light (vertical polarization)
and plane-wave self-reference light (horizontal polarization) leads to the directmeasurement of wavefunctions.
Thismechanism ofwavefunction determination—interference betweenmeasured light and plane-wave self-
reference light—has been previously used in classical wavefront sensing applications [37]. Hence, the direct

7

New J. Phys. 21 (2019) 043013 KOgawa et al



measurement of wavefunctions byweakmeasurements can be considered equivalent to a simple classical
measurement technique—complex amplitudemeasurement using plane-wave self-reference light.

5. Conclusion

In this study, we proposed ameasurement framework of weak values that represents amodified version of the
weakmeasurement using a qubit probe and some other weak-valuemeasurementmethods. In addition, we
constructed a diagram that allows to effectively identify complex valuesmeasured by the describedmeasurement
systems.We also showed that the newweak valuemeasurementmethodwith a desired function can be
systematically derived using the transformation rule of the diagram.

Finally, it should be noted that theweak valuemeasurementmethods included in the proposed framework
could not be utilized for all weakmeasurement applications. For example, they cannot be used for the precise
measurements of themagnitudes of weak system-probe interactions [11–15] because such interactions are
replacedwith the probe-controlled system transformations in themeasurement framework.On the other hand,
thesemeasurementmethods can be used instead of theweakmeasurement for studying various fundamental
problems in quantummechanics [2–10] and directmeasurement of complex functions such as wavefunctions
and pseudo-probability distributions of the initial state of the system [16–25]; it is because the purpose of these
applications is to experimentally determine theweak values themselves regardless of the utilizedmeasurement
method.Moreover, our approachwill provide a simple and effective way tomeasure joint weak values [38, 39]. It
is expected that comprehensive understanding of variousweak valuemeasurementmethods yielded by this
studywill help to derive suitablemethods for particular applications and provide intuitive understanding of the
elusive concept of weak values.
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