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0 Introduction

In this thesis, we discuss equivariant cohomology, equivariant characteristic classes and
their localization. Of our major interest is Cech-de Rham cohomology. As well known,
the Cech-de Rham cohomology of a smooth manifold is a hypercohomology joining the
Cech complex and the de Rham complex, which has been introduced for proving the
equivalence between these two cohomology theories (cf. Bott-Tu [4]). Afterwards, Tat-
suo Suwa has successfully established the Cech-de Rham theory as a tool for computing
and describing explicit formulae at the level of cocycles :

de Rham theory ~» Cech-de Rham theory.

Indeed, it yields several applications such as localization formulae of characteristic
classes and index theorems of vector fields on possibly singular varieties (Suwa [17, 19],
Brasselet-Seade-Suwa [6]) and also index theorems for fixed points of holomorphic self-
maps (Abate-Bracci-Tovena [1], Bracci-Suwa [5]).

The main aim of this thesis is to establish two different types of equivariant versions
of the Cech-de Rham theory.

First, we recall equivariant de Rham cohomology constructed by the Cartan model.
Let M be a smooth manifold with a compact Lie group action G, then naturally the Lie
algebra g and de Rham complex Q*(M) admit the adjoint action Ad, and the action
via pullback ¢g*. An equivariant differential form « is defined by a polynomial map
a:g— Q(M) such that the following diagram commutes:

g —— QY (M)

Ad, l l o

g —— Q (M)

The Cartan complex QF (M) is the commutative differential graded algebra of equiv-
ariant differential forms, and H*(25(M)) is the equivariant de Rham cohomology.
Our first attempt is to build its Cech version. Given a G-invariant open covering
U = {Us}aer of M, the associated Cech Cartan complex QF(U) is defined, and its
cohomology, called the equivariant Cech-de Rham cohomology, satisfies

H*(QcU)) = H* (Q;(M)).

Thanks to the Chern-Weil theory, for a complex vector bundle with U = {U, }aer
an open covering, Suwa has developed his method for dealing with characteristic classes
very explicitly at the level of Cech-de Rham cocycles by collecting arbitrary connections
Vo on U,. We follow his arguments in the setting of the Catran model. Of our particular
interest is to describe the equivariant characteristic classes and their localization at the
level of cocycles in an explicit and constructible way. Let M be a G-manifold and

m: E — M a smooth G-equivariant complex vector bundle of rank [ with the zero
section ¥ ~ M. Put W = {Wy, W} with Wy = E\ ¥ and W; = E. The equivariant



Thom form is explicitly given as an element of the relative equivariant Cech-de Rham
complex
(07 7r*56q7 _¢eq) € QZG(Wa WO),

where .4 is the equivariant Euler form and )¢, is the equivariant angular form such
that degtpeq = —7*eeq (Theorem2.24). A main result is an explicit expression of the
universal equivariant Thom form for the trivial U(l)-equivariant bundle C' — {0},
that involves an u(l)*-valued differential form whose constant term is just the classical
Bochner-Martinelli kernel (Theorem4.7). The above equivariant Thom form of E is now
obtained from this universal form via the equivariant Chern-Weil map. In our approach,
it may also be obtained via the localization of equivariant characteristic classes; the
equivariant Thom class d}eEq is equal to the localized equivariant top Chern class with
respect to the diagonal section sa:

ng = clE(ﬂ—*Ev SA)eq

(Theorem 4.11). Finally, we establish some applications. The first one is an essential
version of equivariant Riemann-Roch theorem:

chy(Aevpe, 80)eq = Wl - td™ (T E)eq

(Theorem 4.14). The second is to present the Atiyah-Bott localization theorem in our
setting (Theorem 4.20).

The most emphasized point is as follows. In the theory of Mathai-Quillen [15], the
equivariant Thom form is introduced through the fermionic integral and supersymmetry
arguments, and in this context, Paradan-Vergne [16] described equivariant Thom forms
for oriented real vector bundles in several variants of de Rham complex. In contrast, our
approach is elementary and simply minded — by means of our Cech-de Rham setting,
we use only definite integrals for computations without employing the Mathai-Quillen
framework. Our method presents the basis for further researches; for instance, it is
promising to study d-Thom forms and Atiyah classes in equivariant Cech-Dolbeault
theory in complex holomorphic context.

The first construction of equivariant Cech-de Rham cohomology using the Cartan
complex with some major results on the equivariant Thom form are collectively included
in my research paper which has been published this year [8].

The second definition of equivariant cohomology uses a topological method, called
the Borel construction: the universal principle bundle £EG — BG induces

MG:EGXGM:(EGXM)/G

and its singular cohomology is usually called the equivariant cohomology of M: HE (M) :=
H*(Mg). The Borel construction can also be formulated in a categorical approach,
called the simplicial method (Segal, Dupont [7]) so that M corresponds to a contravari-
ant functor (Mg)e : [n] = G™ x M from the simplicial category A to the category of
manifolds. The associated de Rham complex Q(Go x M) is called simplicial de Rham



complez. Our second aim is to present its Cech version. Given a G-invariant covering
U = {Uy}acr we define a simplicial space UM and establish the following expected
identity:

H (QUMe)) ~ H*(Q(Me))

(Theorem 5.11). This approach must have potential applications to some new de-Rham
theories for differentialble/topological stacks and to studies on secondary characteristic
classes, and so on.

As a summary, cohomologies of the following four complexs are isomorphic to
He(M);

(Equi. de Rham theory) Qg(M) ~ Qa (U) (Equi. Cech-de Rham theory)

! 7

(Simplicial de Rham theory) Q(M(;> ~ Q(UMg) (Simplicial Cech-de Rham theory)

The present thesis is organized as follows. The first chapter is devoted to basic
materials about Lie group actions on manifolds. In §2, we introduce the well known de
Rham theory under the setting of G-action. First, recall the definition of equivariant
differential forms and the Cartan complex, and then we describe its Cech version by
following Suwa’s construction [19, 17]. In particular, the fiber integral in our setting is
described in detail. The highlight in this section is to express the equivariant Thom form
in an explicit way. In §3, we go into the Chern-Weil theory in our equivariant Cech-de
Rham setting. Equivariant characteristic classes, especially equivariant Chern classes,
are discussed. In §4, we then take up the localization of the equivariant equivariant
characteristic classes. In particular, we show that our localized equivariant top Chern
form provides an explicit formula of the universal U(l)-equivariant Thom form. As
applications, we show the equivariant version of the Riemann-Roch theorem for the
zero locus of a section of a complex vector bundle and the Atiyah-Bott localization
theorem in our setting. In the final section, §5, we switch to the Borel construction of
equivariant cohomology — established is the simplicial Cech-de Rham theory.

Acknowledgements The author would like to thank his supervisor, Toru Ohmoto, for
guiding him to this subject and many instructions, and is also grateful to Tatsuo Suwa
for his interests and his warm encouragement.



1 Preliminary
1.1 Actions of Lie groups and Lie algebras
Let M be a smooth manifold and G a Lie group.

Definition 1.1. An smooth (left) action of G on M is a group homomorphism 7 :
G — Diff (M), where Diff (M) is the group of diffeomorphisms on M, such that the the
evaluation map

ev:GxM— M, (g,m)— 7(g)(m)

is smooth. We will denote 7(g)(m) by g - m briefly. A smooth manifold together with
G-action is called a G-manifold

Remark. In the above definition, if 7 : G — Diff(M) is an anti-homomorphism(i.e.
Tgh = Th © 74), we call 7 a G-right action.

Hereafter, an action always means a smooth action.

Example 1.2 (one-parameter group of differomorphisms). If X is a complete vector
field on M, then
¢ : R — Diff (M), t+— ¢ =exp(tX)

is a smooth action of R on M.

Example 1.3 (adjoint action, coadjoint action). Let g be the Lie algebra of G. Then
the adjoint action of G on g is

Ad: G — GL(g), g— Ady
In particular, the adjoint action of GL(n,R) on gl(n,R) is
Ady(X) = gXg~!
Similarly the coadjoint action of G on g* is
Ad*: G — GL(g"), g~ Adj
where Ad* is defined by (Ad;¢, X) = (§, Ady1 X) forall { € g*, X € ¢

Definition 1.4. Let M,N be G-manifolds. A smooth map f : M — N is called G-
equivariant, if it commutes with the group action, i.e. f(g-m)=g- f(m) for all g € G
and me M

Next we consider the infinitesimal action of a Lie algebra. Let X(M) denote the Lie
algebra of vector fields on M with bracket [X,Y]=X oY —Y o X for X,Y € X(M).



Definition 1.5. Let 7: G — Diff (M) be a smooth action. The infinitesimal action of
gon M
dr:g—X(M), X — Xy

is defined by

d
Xn(m) = 7 exp(—tX)-m
=0

forme M
The infinitesimal action has the following property (it is easy to check):

Proposition 1.6. The infinitesimal action dr : g — X(M) is a Lie algebra homomor-
phism, i.e.

(X, Ym = [Xu, Yu]
forall X,Y €g
Proof. Let us first note that if M, Ms are G-manifolds, and f : My — My is G-
equivariant map, then X7, , Xy, are f-related. Since Lie brakets of pairs of f-related

vector fields are again f-related, so it follows that if f is onto, and X — X, is a Lie
algebra homomorphism, then so is X — Xj,. Consider the following map:

F:GxM—= M, (a,m)—at-m

Letting G act on G x M by g - (a,m) := (ag~',m), F is a G-equivariant map. Xgx s
may be identified with the left-invariant vector field generated by X. Since F is onto,
and X — Xgxas is a Lie algebra homomorphism, so is X — Xy. O

1.2 Orbits and Stabilizers
Let 7 : G — Diff(M) be a smooth action and H a subgroup of G.

Definition 1.7.

(1) The orbit of G through m € M is G-m={g-m|g e G}

(2) The stabilizer of m € M is the subgroup G,,, = {g € G| g-m =m}

(3) The space M/G = {G -m | m € M} is called the orbit space for given action. We
will equip M /G with the natural quotient topology.

(4) The set M7 = {m € M | H C G,,} is called the fived point set of H.
Proposition 1.8. The orbit G - m is an immersed submanifold of M

Proof. Consider the evaluation map ev,, : G - M,g — g -m. It is equivariant with
respect to the left G action on G and the the G action on G : evy, 0L, = 740evy,. Since
dLg and d7, are bijective at each tangent space, it follows from the above equation that
the map ev,, is of constant rank. By constant rank theorem, ev,,(G) = G - m is an
immersed submanifold of M. O



By Cartan’s closed subgroup theorem, we see that the stabilizer G, is a Lie subgroup
of G, since Gy, = ev,,,}(m). Then we have:

Proposition 1.9. The Lie algebra of the stabilizer G, is expressed in the following:
gm ={X € g| Xn(m) =0}
Proof. The Lie algebra of Gy, is g, = {X € g | exp(tX) € Gy, for any t € R} It follows
that exp(—tX) - m = m for X € g. Taking derivative at t = 0, we get
gm C {X € g | Xp(m) =0}

Conversely, if X/(m) = 0, then the constant path v(¢) = m is the maximal integral
curve of the vector field Xj; through m. By uniqueness of the maximal integral curve
through m,

exp(tX) - m = y(t) = m.

Therefore exp(tX) € G, for all t € R. So X € gy,. O

1.3 Proper Actions

In general the topology of the orbit space M /G might be very bad, e.g. non-Hausdorff.
We will put conditions on the action to make the quotient space Hausdorff.

Definition 1.10. A smooth G-action on M is proper if the map
F:GxM—MxM, (gm)— (g-m,m)

is proper(the pre-image of any compact set is compact).

Proposition 1.11. If G is compact, any smooth G-action is proper.

Proof. If K C M x M is a compact set, then L = pr{(K) U pry(K) C M is a compact
set where pry, pry is the projection to the first and second factors respectively. It follows
that

FYK)YcFYLxL) cGxL

is a closed set in a compact set G x L, and thus F~!(K) is compact. O
Proposition 1.12. If G acts on M properly, the orbit space M /G is Hausdorff

Proof. Suppose the orbits of p and ¢ can’t be separated in M/G. Let U, and V,, be
balls in M of radius % around p and ¢ respectively with some metric on M. Then
G-U,NG -V, # ¢. Namely, there exists p, € Un,q, € V, and g, € G such that
Pn = 9n - qn. The sequence (pn,qn) = (gn - qn,qn) is contained in the image of action
map F' which is proper. It follows that (pn,q,) — (p,q) such that p = g - ¢ for some
g € G. Hence the orbits p and ¢ coincide. Contradiction. O



We claimed that an orbit G - m is an immersed submanifold in Proposition 1.8.
Under a proper action, moreover, we have the following theorem:

Theorem 1.13. Suppose G acts on M properly. Then each orbits G-m is an embedded,
closed submanifold of M, with

Tm(G -m) ={Xnu(m) | X € g}

Proof. Since the evaluation map ev,, is proper, its image G -m is closed in M. We have
already seen that G-m is an immersed submanifold of M, so there is a neighborhood U
of e in G such that ev,,(U) is an embedded submanifold of M near m. Since ev,,(U) =
evin (UGy,), we may replace U by UG, so that U D G,,. Since G-m = G -m/
for any m’ € G - m, to show G -m = ev,,(G) is an embedded submanifold of M,
it suffices to show that there exists a small neighborhood W of m in M such that
W Nevp(G) = W Nevy(U). We proceed by contradiction. Suppose there is no small
neighborhood W of m in M such that W Nev,,(G) = W Nev,,(U), then there exists a
sequence of points gy - m converging to m with g ¢ U. The set {(m, g-m)}U{(m, m)}
is compact. So by properness, the sequence {(gx, m)} is contained in a compact set.
By passing to a subsequence we may assume gp — goo. SiNCE gf - M —> M, We see
Joo - M =M, i.€. goo € Gy C U. Since U is open, we conclude that g, € U for large k,
contradiction. Finally since G - m is a submanifold, its the tangent space should be the
image of the tangent map, i.e. T5,,(G - m) = (devy,).(g). However, for any X € g and
any f € C*(M),

(devn)e(~X)(f) = ~Xelf oevm) = G| (foevm)(exp(~1X)
= 01 Hexp(—tX) m) = Xar(m)(P)
t=0
so the image of the tangent map (dev,,). is {Xar(m) | X € g}. O

We now consider the structure of a fixed point set of a proper Lie group action.

Lemma 1.14. Let M be a G-manifold, with G compact, and m € M. Then there
exists a G-invariant open neighborhood U of m and G-equivariant diffeomorphism
TM = U taking 0 to m.

Proof. Choosing a G-invariant Riemannian metric on M, the exponential map expy :
T,wM — M for this metric is G-equivariant, and its differential at the identity is in-
vertible. Hence it defines a G-equivariant diffeomorphism B.(0) — U C M for € > 0
sufficiently small. But B.(0) is diffeomorphic to all of T}, M , choosing a diffeomorphism
preserving radial directions. O

Proposition 1.15. Suppose G acts on M properly. Then, for any subgroup H of G,
the each component of the set M of H-fixed points is a closed embedded submanifold
of M.



Proof. We first observe that M = M¥  where H is the closure of H. Indeed, if m is
in M, and {h;} C H a sequence converging to h € H, then h-m = lim; h; - m = m
since G-action is smooth.This implies that M c M# (the converse is obvious). Since
G, is compact, H is also compact. Thus we assume that H is a compact embedded
Lie subgroup of G. By the Lemma 1.14(with G = H), there exists a H-invariant open
neighborhood U of m and H-equivariant diffeomorphism 7,,M = U taking 0 to m.
Thus, U¥ corresponds to (T M )H , which is a linear subspace of T}, M ]

1.4 Proper Free Actions

If G acts on M properly, then M /G is Hausdorff. But it is still possible that the orbit
space M /G is not a manifold. Then we will consider a proper free action to make M/G
a manifold.

Definition 1.16. The G-action on M is free if G, = {e} for any m € M

Theorem 1.17. If 7 : G — Diff (M) is a proper free action, then the orbit space M/G
is a manifold and the quotient map 7 : M — M /G is a submersion.

Proof. Since the action is free, the map ev,, is bijective. Moreover, (dev,, ). is injective,
since

Ker(devp,)e = {X € g | Xar(m) =0} = Lie(Gy,) = {0}.

Since evy, is a constant rank map, according to Sard " s theorem (dev,,), has to be
surjective for all g. It follows (dev,,)e is invertible, and in particular, T,,(G - m) ~ g.
Choose a submanifold S C M with m € S such that

We claim that the evaluation map ev : G x M — M restricts to a smooth map
ev: G x S — M whose tangent map at the point (e, m) is

(dev)em(X,Y) = (devin)eXe + Vi

which is invertible. In fact, to check the above formula, we take any f € C*(M),

(dev)em(X,Y)(f) = (X, Y)em(foev) = X(foevy) +Y(fore) = (devm ) X (f) + Y (f).

The invertibility follows from the uniqueness of the direct sum decomposition above
together with the invertibility of the map (devy,)e : § = T0n(G - m). By continuity, the
tangent map dev is still invertible at (e, m) for m’ € S close to m. By choosing S small

10



we may assume this is the case for all points in S. It follows from the commutative
diagram
GxSE M

Ly, xid Tg1
GxSZ M

that ev : G x S — M has invertible tangent map everywhere, and thus is a local
diffeomorphism onto its image. We claim that this is in fact a diffeomorphism onto its
image if we choose S small enough. If not, we can choose two sequences (g]f, m’f) and
(g5, m%) such that m¥ — m, m§ — m and g§-m¥ = g§-m%. Note that if we denote g% =
(g¥)~1gk, then g% - m5 = mk¥. Since ev is bijective near (e,m), there is a neighborhood
U of e in G so that g¥ ¢ U for all k. Now the set {(g*-m5, m5)} U{(m,m)} is compact
in M x M. By properness, the sequence {(g*, m5%)} is contained in a compact set, thus
has a converging subsequence. In other words, the sequence {gk} has a convergent
subsequence. However, the only limit point of the set {g¥} has to be e since the limit
point must take m to m, and the action is free. This contradicts with the fact that no ¢*
lies in U. Now denote by V the image of G x S under ev in M. Then the diffeomorphism
ev:G xS —V C M identifies V/G with S, hence gives a manifold structure on M/G
near the orbit G - m. Obviously the quotient map = : M — M /G is a submersion. [

In particular, if H is a closed Lie subgroup of G, then one can easily that the H-action
on G defined by
m:G—G, g~ gh?

is proper and free. So we have:

Corollary 1.18. If H is a closed Lie subgroup of G, then the quotient G/H is a
manifold and the quotient map G — G/H is a smooth submersion.

Since the stabilizer G,, is a closed group of G, G/G,, is a manifold. Moreover we have
the following:

Proposition 1.19. Suppose G acts on M smoothly. Then a map
¢:G/Gp - G-m, Gp-g—g-m
is a diffeomorphism.

Proof. ¢ is obviously surjective. It is injective since if Gy, g1 # G -g2, then g1g5 ! ¢ G,
S0 g1 - m # go - m. So it is a bijective map from G/G,, to its image, G - m. Note that
the tangent space of G/G,, at Gy, - € is g/gm. According to ev,, = ¢ o, we have
(devim)e = (dp)a,, e © (dm)e. It follows (do)a,,.e(X + gm) = Xar(m). In other words, d¢
is bijective at G,, - e. By equivariance,

G /G —22 G /G,

|,k

G m—=G-m

11



d¢ is bijective everywhere. If follows that ¢ is locally diffeomorphism everywhere. Since
it is bijective, it is globally diffeomorphism. O
1.5 The Slice Theorem

First of all, to formulate the slice theorem, we consider a principal bundle and an
equivariant vector bundle.

Definition 1.20. A principal G-bundle over a manifold M is a manifold P together
with a right G-action on P and a smooth map 7 : P — M, having the following local
triviality property; For each m € M, there exists an open neighborhood U of m and
G-equivariant diffeomorphism

7N U)=»UxG
where the G-action on the right hand side is (m,g1) - g = (m, g19)

Definition 1.21. Suppose 7 : P — M is a G-principal bundle and G acts on a topology
space F. Then G acts on the product space P x F' by

g9-wy)=w®-g "9y
Since this action is obviously proper and free, we get a smooth vector bundle
PxgF:=(PxF)/G— M, [py]— n(p),

where [p, y] is the equivalence class of (p,y) € P x F in P xg F. This bundle is called a
associated bundle. If F' is a vector space on which G acts linearly, the associated bundle
is a vector bundle.

Remark. It is easy to check the local triviality of P xg F = (P x F')/G — M. Indeed,
any local trivialization 7=1(U) = U x G gives rise to a linear local trivialization

(UxG)xgF—UxXF, [(m,g),y]— (m,g"y)

Definition 1.22. Let GG be a Lie group. 7 : E — M is called a G-equivariant vector
bundle, if 7 : E — M is a vector bundle and G acts on F by vector bundle maps.

Remark. In particular, note that a G-action on M naturally induces the G-action on
the tangent bundle TM by g -v = dLg4(v)

Lemma 1.23. Let GG be a compact Lie group and « : £ — M be G-equivariant vector
bundle. There exists G-invariant Riemannian metric on M

Proof. Since G is a compact Lie group, there exists normalized left and right invariant
Haar measure. We denote it by dg. Let (-,-) be a metric on 7 : E — M. We define the
G-invariant metric (-,-)g as follows: For u,v € E, = 77 1(z),

(u,v)g = /G (dLy)a(w). (dLy)(v))dg

12



Since
(dLn), (AL3)s0)G = /G (dLgp)at, (dLgp)ov)dg

= [ L) L) g
= (u,v)q,
we see that (-, )¢ is G-invariant metric on E. O

Corollary 1.24 (Equivariant tubular neighborhood theorem). Suppose G acts on
M properly and N C M a G-invariant embedded submanifold with normal bundle
v = TM|n/TN. Then there exists a G-equivariant diffeomorphism from vy to a
neighborhood of NV in M, restricting to the identity map from the zero section N C vy
to N C M.

Proof. This follows from the standard proof of the tubular neighborhood theorem, by
using a G-invariant Riemannian metric on M. O

Theorem 1.25 (The Slice Theorem). Let G be a Lie group acting properly on a
manifold M. Then, for any m € M, there exists a G-equivariant diffeomorphism from
the disk bundle G x¢,, D onto a G-invariant neighborhood of the orbit G-m C M, where
D is some G,,-invariant open subset in a vector space. Its restriction to the zero section
G x¢,, {0} = G/G), coincides with the diffecomorphism G/G,, — G-m, Gp-g+— g-m

Proof. Identifying V with a complement of T,,(G - m) in T,,M (e.g. the orthogonal
complement for an invariant inner product), we obtain an Gy,-equivariant embedding
V — M, as a submanifold transversal to the orbit G - m. It extends to a G-equivariant
map G Xg,, V — M. As before, we see that the map G xg,, V — M is in fact a
diffeomorphism over G X, B:(0) for € sufficiently small. Choosing an G,,-equivariant
diffeomorphism V' ~ B.(0), the slice theorem is proved. O

As an application of the slice theorem, we have the following theorem. This theorem
is used to show that the isomorphism between a equivariant de Rham cohomology and
a equivariant Cech-de Rham cohomology.

Theorem 1.26 (Invariant partition of unity). Suppose G acts on M properly. For every
G-invariant open covering, there exists an G-invariant partition of unity subordinate to
the covering.

Lemma 1.27. Under the above situations, let S be an G-invariant subset of M. If
S/G is compact, then S is closed in M.

Proof. Since M /G is Hausdorff by Propl.12, the compact subset S/G is closed. Because
the quotient map 7 : M — M/G is continuous, S = 7~ (S/G) is closed. O

13



(proof of theorem1.26). Let us use the name tube for an open G-invariant subset of M
which is equivariantly to G x g D where H is a compact subgroup of G and D is an
open subset of a vector space on which H acts. It follow from the slice theorem that
every invariant open set is a union of tubes.

Suppose we are given an open covering of M by G-invariant open sets. Since M is
locally compact and paracompact, we may take an open subsets W) ¢ W) c W, such
that W/ is a compact set in W’ and W, is a compact set contained in W such that each
W, is contained in a tube and in some element of the given covering, and such that W”
also cover M. Let V,, = (G- W,,) \Upn(G- W) and Cy, = (G-W))\Ug<n(G-W}). Then
{Vi }nen form alocally finite refinement of the given covering and each V;, is G-invariant,
which is contained in a tube and in an element of the given covering. Moreover, {C, } nen
still cover M. V,, is isomorphic to G xg D for some compact subgroup H of G and
H-invariant open subset D of a vector space. This isomorphism takes C,, to a set of
the form G x g K for some compact set K C D. We take any smooth function on D
which is positive on K and whose support is a compact subset K of D. Its average with
respect to H-action(which is possible since H is compact) has these same properties.
This gives rise to a function p), that is supported on V;,. Indeed, the closure of the set
where p/, is positive in V,, is G x g K. Since its quotient with respect to G is compact,
by 1.27, this set is closed in M. Therefore, the support of p), in V,, coincides with the
support of p/, in M. In particular, the support of p!, is contained in V,,. Then the
functions p, = p},/ > p). form an G-invariant partition of unity on M, subordinate to
the given covering. O
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2 Equivariant Cech-de Rham cohomology

2.1 Equivariant de Rham cohomology

Let M be a smooth manifold and G a Lie group with Lie algebra g. We denote by
(Q*(M), d) the C-valued de Rham complex of M and by Clg] the algebra of polynomials
on g (which is isomorphic to the symmetric algebra S(g*) of g*). For X € g, we denote
by Lx the Lie derivative

Ly = L(Xy) : Q¥ (M) — QF(M)
and by ¢x the contraction.
vx = u(Xap)  QF (M) = QF (M),
Then we may easily check the following identities: For X € g,
Lx =u1xd+dix
Lxd=dLx.

Suppose that G acts on M smoothly. If X1, ..., X,, is a basis of g, we will let z!, ...,z
denote the corresponding dual basis. Then we naturally get the action of G on Q*(M)
and C[g] as follows: For g € G,

n

wegrw:=Liw, weQ (M)

2l goal = (Ad;x)l, z! € Clg

where L7 _, is the pull back of a left transformation Ly and I = (1, ..., i) is a multi-

index.

Definition 2.1. o = Y, 2! ® w; € Clg] ® Q*(M) is called G-equivariant differential
form, if it satisfies the following condition: For any g € G

g-a::Zg-x1®g~w1:ZxI®w1:a
I I

The wedge product of two equivariant forms is defined as the usual wedge product
of differential forms. We denoted by Q% (M) := (Clg] ® Q*(M))Y the algebra of G-
equivariant differential forms. The degree of an equivariant form a = 2! ® w;(|I| =
p,wr € QF(M)) is defined by deg(c) := 2p + k.

Remark. In other words, o = ) ; ! ® w; may be also regarded as a G-equivariant
polynomial map a : g — Q*(M), i.e.,

ad 61X =) ¢wr, a(AdyX) =g a(X)



Definition 2.2. The twisted de Rham differential d., is defined as follows: For o €
Qg(M),

(deg@)(X) i= d(a(X)) — ixa(X) (X € g).
Lemma 2.3. Suppose that o € QF(M). Then, we have the following fundamental
properties:
(1) deqor € Q5 (M).
(2) (deg)? = 0.

(3) The twisted de Rham differential d¢q increases the degree of an equivariant differ-
ential form by 1.

(4) deg(a A B) = dega A B+ (—1)*a A deg 3, where a € QF,(M).

Proof. (1) Since a : g — Q*(M) is G-equivariant and de Rham differential d commutes
with pull-backs, for X € g,g € G,

d(a(Adg X)) = d(g - a(X)) = g - d(a(X))

Thus, the first component d(a(X)) is G-equivariant. To prove that tx(a(X)) is G-
equivariant, we use the identity

-1
lLAdgX = 9 lx g

Indeed, since

(AdyX)ps(m) = exp(—tAdy(X)) - m

t=0

il . —tX)-qg 1)
o tzo(g exp(—tX)-g~")-m

— dLydR, 1 Xpr(m),

dt
d

we get the above identity. Therefore,

tad, x (@(AdgX)) = (g 1x - g7 )(g- (X)) = g - (txa(X)).

Thus, we see that d.qo is G-equivariant.
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(2)Directly computing, we have

(deg)?a)(X) = d*(a(X)) — (dix + ixd)(X) + () a(X)

d *
= —LXO[(X) = - & Lexp(ftX)*la(X)
t=0
d
- — = t:(] exp(tX) - a(X)
d
- = % —o Oé(*Adexp(ftX)*X))
_ i Oz(e_ad(tX)X)
dt|—g
d
- ¢ X
il e

= 0.

(3) For a = 2! @ wy, a(X) = a3 €6X;) = ¢!w;. Thus,

(deg)(X) = do(X) — xa(X) =) &dwr > &isgix,wr
= > ldwr =) €l ehuxwr
1,
= (¢! @ dwr — Z(wle ® tx,wr))(X).

We see that with respect to the first component, d increases the differential form de-
gree by 1 and leaves the polynomial degree unchanged and the second component, ¢x
decreases the differential form degree by 1 and increases the polynomial degree by 1.

Thus, the total degree is increased by 1.
(4) Note that, (—1)P = (—1)P2¢ = (—1)*. For a € (C[g]? ® QP(M))Y, since

d(a(X) A B(X)) = da(X) A B(X) + (=1)Pa(X) A dB(X)

vx (a(X) A B(X)) = xa(X) A B(X) + (—1)Pe(X) A ex B(X),
we have deg(a A B) = dega + (—1)Fa A deg B- O
From the above lemma, we see that (25(M), deq) is a Z-graded complex.

Definition 2.4. The p-th equivariant de Rham cohomology algebra is defined by the
p-th cohomology of the Z-graded complex (Q7 (M), deg):

HE(M) := Kerd?, /Imd?, "
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Proposition 2.5. Let M, N be G-manifolds. If ¢ : M — N is G-morphism, then it
induces a pull-back
¢ QL(N) = Q5(M), 2! @wr— 2! @ ¢*wr
and it satisfies that deq,¢* = ¢*dcq. Therefore, we get a ring homomorphism
¢": HG(N) = Hg(M).

Proof. For X € g, since de Rham differential commutes with pull-backs, it is sufficient
to show that

Kot =0k,
where ¢* is a pull-back in de Rham complex and Lé\g ,L% is the contractions of M ,N
respectively. Since

d
dom(Xar(m)) = - dlexp(—tX)-m)
t=0
= | () 60m)
then Xy and Xy is ¢-related. Thus, we have L%gb* = gb*L%. O

Definition 2.6. Suppose M is n-dimensional oriented, compact G-manifold. The in-
tegral of an equivariant form a € QF (M) over M is defined as follows:
For X € g, letting a(X); denote the component of a(X) lying in Q7 (M),

([ )X):= [ alx),.

Proposition 2.7. In addition to the above situation, we assume that any left transfor-
mation of G on M preserves the orientation of M. The integral of an equivariant form
have the following properties:

(1) fMa € C[g)®.
(2) HL(M) > [o] — [,, a € C[g]% is well-defined.

Proof. (1) Since a(Ady(X)), = g-a(X), and a left transformation L -1 preserve the
orientation of M,

( /M a)(Ad, X) — /M a(AdyX)n

= /Mg-a(X)n
::AlMan

= [ a0, = (] ax.
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Thus, ([,, @) € Clg]©.
(2) Let o be an equivariant exact form, i.e., &« = deq8. For S(X) =Y Bi(X) (Bi(X) €

(M),
(deq(B))N(X) = dB(X )1+ (dB(X)n—2 — txB(X)n) +---

Hence, we have a(X), = (degf)(X)n = dB(X)n-1. It follows from this and Stokes

theorem that
([ )= [ a1 =0,

2.2 Equivariant Cech-de Rham cohomology

Let G be a compact Lie group and M a G-manifold. Let U = {U, }ner be a G-invariant
open covering of M (i.e. for any g € G, g-U, = U,). We assume that I is an ordered set
such that if Uyy..., := Uy N+ NU,, # 0, the induced order on the subset {ap, ..., a,}
is total. We set

I = {(ag, ...,op) | g < -+ <y, a, € T}

Definition 2.8. We define C?(U, Q) to be the folloring direct product:

CP(U, QL) = [T QUapa,)-

(0 yeeyap)ETP)

An element o € CP(U, Q%) assigns to each (ap, ..., ap) € 1P aform oqy.a, € U(Uag-ay)-
The coboundary operator

§: CP(U, QL) — CPTH U, QL)

is defined by
p+1

(50-)a0‘..ap+1 = Z(_l)yaao...&;...ap+17
v=0

where ~ means the letter under it is to be omitted and each form Oag...@y...api1 18 tO be

restricted to Uyy...a,,,- Since a restriction map is G-equivariant, it is well-defined. This
together with the G-equivariant operator

deg : CP(U, QL) — CPU, QL)
makes C*(U, Q) a double complex. The simple complex associated to this is denoted
by (Q5(U), Deg), i.e.

QL) = @ crw,0f)
ptg=r

Deg := 0+ (—1)Pdeq, on CP(U, Q).

We call (€2¢;(U), Deq) the equivariant Cech-de Rham complex and its r-th cohomology
H{.(U) the r-th equivariant Cech-de Rham cohomology of U.
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Lemma 2.9. Consider a natural homomorphism

r: QL(M) — CP(U, Q%) @QP

which assigns to an w € Qg(M) the cochain £ given by &, = w|y,. The following
sequence is exact:

0 — Qa(M) - CP(U, Q%) -2 cP(U, QL) -2 cPu, 0%) -2

Proof. Clearly r is injective. Since an element of CP(U,22) defines a global form on M
if and only if its components agree on the overlaps, we see that Imr = Kerd. By Theorem
1.26, there exists an G-equivariant partition of unity {p,} subordinate to {U,}. Take
B e CP(U, Q) for ¢ > 0 such that §3 = 0. Then, we define a (p — 1)-cochain ~ by

Yagap_1 = § paﬁaaomap,l-
a

Since (68)aag--a, = 0, we have the following equality:

Z(_l)iﬂaao-n&?uo@ = Baou-ap

%

Then,
(Mapapy = P (1) Vagedray
i
= Zpaﬂaao-~ai~-~%
= ZpaZ )" B -
= ﬁao...ap.
It follows from this and 62 = 0 that the sequence is exact. O

Theorem 2.10. The natural homomorphism r : QF, (M) — CO(U,Q7) C QL(U) in-
duces an isomorphism:

r: HL(M) S HE(U)
Proof. Since Imr = Kerd,
Degr = (6 4+ deg)r = degr = 1deq.

Thus r induces a homomorphism Hf (M) — H{(U). First we show that r is sur-
jective. Suppose ¢ € Qp(U) and Deg¢p = 0. Furthermore, we may assume that
¢ € CO(U, Q% (M)). Indeed, decomposing ¢ as follows

b=+ ¢+ o € COUQLM)) S CHU, QM) D --- & C™ (U, QL(M)),

20



we easily see that 0¢, = 0 from D¢y¢, = 0. Then, by Lemma 2.9, there exists (r —1,0)-
form 1+ such that 69 = ¢,. Therefore, ¢ — Dyt is Deg-closed and still stay in the
same cohomology class as ¢ and has no (r,0)-component. After iterating this procedure
enough times, we get ¢' € CO(U, QF(M)) such that its cohomology class is equal to that
of ¢. Thus we assume that ¢ € CO(U, Q% (M)) such that Deg¢ = 0. Since

Degp =0 <= ¢+ degp =0
= 00 =0,degp =0

and Imr = Kerd, there exists 1) such that r(1)) = ¢. Furthermore, since

7(deq)) = deqr(p) = degdp = 0

and r is injective, we have de41 = 0. Hence, 7 is surjective as a homomorphism of coho-
mology. Now we show that r is injective as a homomorphism of cohomology. Suppose
r(¥) = Deg and ¢ € CO(U, Q1) as the same reason above. Since r(¢) € CO(U, QF),
we see that 0¢ = 0 and r(¢)) = deg¢. Then, we have r(deqt)) = degr(v)) = d2,¢ = 0.
Thus, we get deq?p = 0 and from this r is injective as a homomorphism of cohomol-
ogy. O

Now we consider a relative equivariant Cech-de Rham cohomology and its product
structure as a special case of equivariant Cech-de Rham cohomology (In fact, we may
also give a product structure of a general equivariant Cech-de Rham cohomology [17,19])

Let U = {Uy, U, } be an open covering of M with 0 < 1. Then we have

Qi (U) = Q5 (Uo) @ Q5 (U1) @ Q' (Un).
The differential of an element & = (&0, &1, &01) € Q(U) is given by
Deqf = (deq£07 deqfla 51 - fO - deq&)l)-

We define a product
Q) x Qe U) — Q5 U)

by for & = (€0, &1, 401) € Q) and 1 = (no, 71, no1) € Q5 U),
(€0, €1, €01) = (m0, 1, mo1) = (§o Amo, & A, (—1)"€o A mor + o1 A m).
Directly computing, we see that D, is antiderivation, i.e.,
Deq(§ = n) = Deg€ — 1+ (—=1)" = Degn.
Thus it induces a product of cohomology:

HELU) x HE (U) — HE™ W),
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Definition 2.11. In the above situation, we set

QLU Up) = {& = (&0, &1, €01) € QU(U) | & = 0}

Since
Deg(0,&1,601) = (0, deglr, &1 — deglor) € Q51U Up),

(Q5(U,Up), Deq) is a subcomplex of (25(U), Deg). Then the p-th cohomology of (25 (U, Up), Deg)
is called the p-th relative equivariant Cech-de Rham cohomology of (U,Up) and we de-
note it by HZ (U, Uy).

In the cup product Q(U) x Q& (U) — QE’J (U), we have

(€0, &1, 601) ~ (M0, M1, m01) = (§o Ao, &1 Am, (—1) € A mor + Eo1 A ).

If &g = 0, the right hand side depends only on &1, &1 and 7. Thus we have a following
paring Q7 (U, Up) x Q5(U7) — QT (U, Up);

(0,&1,801) — m = (0,61 Am, o1 A ).

2.3 Equivariant Fiber Integration

Before considering an equivariant case, we define the fiber integration of a usual differ-
ential form. General reference are e.g.,[11, 17, 19].

Let M be an oriented and compact smooth manifold of dimension m and F a
compact oriented smooth manifold of dimension ! possibly with boundary 9F. Also, let
m: T — M be an oriented smooth fiber bundle with fiber F.

Proposition 2.12. In the above situation, there exists a C-linear map
Tyt QP(T) — QPY(M)

which has the following property and 7, is uniquely determined by this property.

/w/\7r*9:/ Tew A 60
T M

for w € QP(T) and 0 € Q™T=P(M).

Proof. See [17, 19]. O
Definition 2.13. m, : QP(T) — QP~{(M), defined above, is called the fiber integration.
Since the following lemma is easy to prove, we omit the proof.

Lemma 2.14. Let M be a oriented compact smooth manifold of dimension m. If
w € QP(M) satisfies the following condition

/ wAv=0,Yve Q" P(M),
M
then w = 0.
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We consider the following fundamental formulae with respect to the fiber integration.

Proposition 2.15. Let M be a smooth compact oriented manifold of dimension m
without boundary and « : T — M an oriented fiber bundle with fiber a compact
oriented manifold F' of dimension [/ possible with boundary. Then, we have the following
equalities:

(1) For w € QP(T) and 0 € Q4(M),
Te(w A T0) = mew A 6.
(2) Let 0T be a boundary of T" and i : 9T < T be the inclusion. Then we have
meod+ (—1D)!"dom, = (On), o i,
where Om = 7o i.

Proof. (1) For any o € Qm+=P=4(M), we have
/ T(WAT ) Na = (WATO) AT
M

wAT(ON )

S— 3

mw A (0 A )

(mew A B) N .

T

Therefore, by Lemma 2.14, we have m,(w A 70) = m.w A 6.
(2) For w € QP(T) and o € Q™T=P=1(M), by using Stokes theorem, we have

/ (adw + (—1) T ldm) Ao = / r(dw) Ao
M M
+(—1)H+t / {d(mew A @) — (=1)P"Imw A da}
M

= /MW*(dw)Aoz—i—(—l)p/ Te(w) A da

M

dw/\7r*a+(—1)p/w/\7r*(da)
T

I
S—

= dlw N T*a)

N

Il
S—

ifw A (Om)*a
oT

(Om) 0w A au.

I
S~

Thus, we have 7, od + (—1)"T'd o 1, = (O7), 0 i*.
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Proposition 2.16. In the above situation, we obtain the following properties:

(1) Let ¢ : T — T and ¢ : M — M be a orientation-preserving diffeomorphism. If ¢
and v is m-related in the sense that mo ¢ = ¢ o 7, then we have

e 0 ¢ = " oy

(2) If Y € X(T) and X € X(M) are m-related in the sense that dm(Y) = X, then we
have
7w 0u(Y) = (~1)u(X) o o,

where ¢ is the contraction.

Proof. (1) Note that it follows that since ¢ and ¢ is m-related, ¢* o m* = 7* 0 ). For
w € WP(T),a € Qm P (M)

/M Pr(mwANa) = /M W A &

= /w/\ﬂ*a

T
= P (wAT )
T

= / O'w NPT
T
= / P'w AT Y
T
= / T w AP
M
Also, since fM P (mawAha) = fM Pr*mwAY*a, by Lemma 77, we obtain m,0¢* = ¢*om,
(2)First, note that ¢(Y) o n* = 7% 0 «(X). Indeed, for w € QP(M),Ys,---Y, € X(T),

Y)mw)(Ya, -+ ,Yp) = 7w Y1, ,Yp)
= w(dn(Y),dr(Ys), - ,dn(Y}))
= w(X,dn(Y2), - ,dn(Y}))
= (X w)(dm(Y2),--- ,dm(Yp))
( . ;Yp)-

mrixw)(Ya,

Hence, we have ((Y) o 7" = 7* 0 1(X). Now, take w € QP(T). For any 6 € Q™-P(M),
since w A 0 = 0,

0=1t(Y)(wA7T) =1(Y)w AT 0+ (—1)PTw A (V)70

= 1(YV)wAT0 = (—1)Pw A (Y)7"0.
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In the same fashion, we see also that +(X)mwAf = (—1)P"!mwAL(X)6. By using these
equalities, we have

/MW*(L(Y)LU)/\Q _ /T oY ) A 70
_ (—l)p/Tw/\L(Y)W*H
_ (—1)p/TwA7r*L(X)9
_ (—1)”/M7r*w/\L(X)0
_ (_1)1/ML(X)7T*M0.

It follow from Lemma 2.13 that 7, o t(Y) = (—=1)"4(X) o . O

Based on the above discussion, we shall explain the equivariant fiber integration.
Let G be a Lie group.

Definition 2.17. 7w : T'— M is called an equivariant fiber bundle, if m : T — M is a
fiber bundle and G acts on T by bundle maps (In other words, T,M are G-manifolds
and 7 : T'— M is G-morphism).

Definition 2.18. Suppose that M is an oriented compact manifold and 7 : T — M is
an equivariant oriented fiber bundle with fiber F' of dimension [, where F' is compact
oriented possibly with boundary. We define the equivariant fiber integration m, as
follows:

(mea)(X) == m(a(X)), for o€ Qn(T),X € g,

where 7, on the right hand side is the usual fiber integration.

Lemma 2.19. Suppose G acts on T" and M preserving the orientations. Then for any
aeQL(T), ma € Q%_Z(M ). Namely, we get a homomorphism

s QL(T) — Q%N (M).

Proof. For simplicity, we use the same notation L, of a left transformation to M and
T. Since a(Ady(X)) = Lz,la(X) for X € g and a left transformation L -1 preserve
the orientation of T" and M, we have

(mea)(AdgX) = m(a(AdgX))
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In what follows, we always assume that G acts on a fiber bundle preserving orientation.
The equivariant fiber integration has the same properties as Proposition2.22.

Proposition 2.20. Let M be a smooth compact oriented manifold of dimension m
without boundary and = : T' — M an G-equivariant oriented fiber bundle with fiber a
compact oriented manifold F' of dimension [ possible with boundary.

(1) For v € QF(T) and B8 € QL (M),

m(a AT B) = mea A .

(2) Let OT be a boundary of T" and i : 9T < T be the inclusion. Then we have

7w 0 dog + (—1)H deg 0 Ty = (97) 4 0 0%,

Proof. (1) For a € Q%,(T), B € QL(M) and X € g,

(AT B)(X) = m(a(X)AT"B(X))
= 7ra(X)AT"B(X)
= m(aANTB)(X).

Thus, we have m,(a A 7*F) = m.a A B.
(2)First, for X € g, we show that X, and Xr is 7-related. For y € T,

d
dry(Xr)y = —

S alexp(-1x) y)

t=0

| eetx) w)

= (XM)n(y)-

Hence, Xj; and X7 is m-related. From this and Proposition2.16(2), we see that for
ae€Q(T) and X € g,

(Medeqar) (X) + (1) (degmear) (X)
= m(da(X) — txa(X)) + (-DFHdmea(X) — ixmea(X))
= (meda(X) + (- dmea(X)) — (mexa(X) + (=) Ty ma(X))
= mdo(X) + (—1)dm,a(X)
= (Om)«i"a(X).

Thus, we obtain 7, 0 deg + (—1)Ftdeg 0 mi = (O7). 0 7™ O
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2.4 Equivariant Thom Form

In this section, we shall define the equivariant Thom form as an element of relative
equivariant Cech-de Rham complex defined in Section 2.2.

To formulate the equivariant Thom form, we introduce the G-equivariant fiber inte-
gration on relative equivariant Cech-de Rham cochains. Let G be a compact Lie group
and M a smooth manifold of dimension m and 7 : £ — M a G-equivariant oriented
vector bundle of rank I. We identify M with the image of the zero section of F. Setting
Wo=FE\M and Wi = E, W = {Wj, W1} is an open covering of E. Let T3 — M be a
closed unit ball bundle in Wj with respect to some G-invariant Riemannian metric on £
and set Tp = E \ IntT7. Then {7y, 71} is honeycomb system adapted to W (for details,
see [17, 19]). Let m; and mp; denote the restriction of 7 to T} and Tp; respectively. Thus,

e m : 17 — M is a G-equivariant closed [-unit ball bundle
e o1 : Top1 — M is a G-equivariant (I — 1)-sphere bundle.

By the definition of honeycomb system, the orientation of Tp; is opposite to that of the
boundary 9T} of T}

Definition 2.21. The G-equivariant fiber integration on relative equivariant Cech-de
Rham cochains
T QL O, Wo) — Q71 (M)

is defined by
e = (71)x0 + (o1)«01,

where a = (0, a1, an) € QF (W, Wh).
Proposition 2.22. For a € QF, (W, Wy), 8 € QL (W), we have
(o — 7°B) = mea A B.
Proof. Take a = (0, a1, 1) € Q7 (W, Wp). By using Proposition 2.22,
Tl — 7°B) = (0,00 AT*B, 01 A T*B)
(m1)x (1 AT*B) + (m01)« (o1 A 7° )

(1)1 A B+ (mo1) 001 A S
= maApf

Proposition 2.23. In the above situation, we obtain the following formula

Ty © Deg + (—l)l+1deq om, =0
Thus, m : QLW Wy) — Q%ﬁl(M) induces a homomorphism m, : HL(W,Wy) —
HY N (M),
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Proof. Noting that for o = (0, a1, ap1),(071)« = —(701)4, we have the following equali-
ties:

° (Wl)*deqal + (—1)l+ldeq(7{'1)*0¢1 = (67r1)*i*a1
o —((m01)xdeqo1 + (—1)!deg(m01)x0001) = 0
o (mo1)«i a1 = —(0m)i*ay,

where ¢ : 917 — T} is the inclusion. Using these and directly computing, we get
T4 0 Deg + (—1)!Fdey o me = 0. O

The same Mayer-Vietoris argument in non-equivariant case (Theorem 5.3 in [17]) shows
that . : Ho(W,Wy) — H gfl(M ) is isomorphism. Then, there exists the inverse map

(me) ™ HET'(M) S HE(W, Wo)
and we denote it by T and call it the G-equivariant Thom isomorphism. Then, setting
Veg = Tp((1]) € HG(W, Wo) (1 € Qg(M)),
we call it G-equivariant Thom class. It follows from Proposition 2.22 that
m(Te([1]) — 7°B) = mTe(l) A B =5

= Tp(B) = vy — 7B

Under the assumption above, we have the following theorem.

Theorem 2.24. The equivariant Thom class wfq € HZG(W, Wp) is represented by the
following form
(07 7r*56q7 _weq) € QZG’(Wv WO)7

where e¢4 is deq-closed G-equivariant [-form on M and 1), is G-equivariant (I —1)-form
on Wy, such that

degtheq = —T€eq in Wy and — (m01)stPeq = 1
Proof. Suppose that ¥ = [(0,¢1,%01)] € H5(W, Wp). Since
Deq(07 ¢17 1/}01) = (07 deqT/JI, wl - deqw()l) = 07

we see that 1 is closed I-form on Wy and ;1 is (I — 1)-form such that degipo1 = ¢n
on Wy,. Note that 7w : £ = W7 — M induces an isomorphism equivariant de Rham

cohomology, because 7 is G-equivariant deformation retract. Thus, there exists ¢; €
QlG_l(Wl) and €., € QL (M) such that

Y1 = iﬁ*&“eq + deq¢1
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Here, setting teq := —%o1 + ¢1 which is (I — 1)-form on Wy;, we see that

(07 Y1, ¢01) = (Oa W*seqa _weq) + Deq(07 o1, 0)'

Thus, ¢ is represented by (0, 7*€cq, —1eq). Then we have

deqweq = _dequI +dop1 = =1 + (wl - W*Eeq) = —7'e.

Moreover,we have

(Wl)*¢1 7"'1)>k7"'*3'5€q + (pil)*deqd)l
T1)wdegdr = (0m1)xd1 + (—1)' deg(m1) b1

- —(Wol)*¢1-

From this and 7, (0,1,%01) = 1, it follow that

—~

(1)1 + (mo1)s%o1 =1 <= (m1)«¥1 + (T01)+P1 — (T01)seqg =1
Aand _(Wol)*weq =1
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3 Equivariant Chern-Weil theory

In this chapter, we will discuss equivariant Chern-Weil theory. In the process, we
introduce the equivariant Bott’s difference form. By using this, we may formulate the
localized equivariant characteristic classes defined in the next chapter. General reference
are e.g.,[2, 14].

3.1 Equivariant connection

We start by defining a usual connection of a vector bundle. Let 7 : E — M is a complex

vector space and
OP(M,E) =T (M,\°T*"M @ E)

be the vector space of E-valued differential forms on M (in other words, the vector
bundle of global sections of APT*M ® E on M). Note that QP(M, E) is the C*>(M)-
module.

Definition 3.1.
(1) A connection for E is a C-linear map
V:Q%M,E)— QY (M, E)
satisfying the following Leibniz’s rule: that is, if s € Q°(M, E) and f € C>®(M),
then
V(fs)=df ® s+ fVs.
(2) Inductively, a connection extends in a unique way to a map
V:QM,E) = Q*Y(M,E)
satisfying the Leibniz’s rule: if w € Q¥(M) and o € Q*(M, E), then
VwAa)=doAa+ (-1)'wAa.
Now let G be a compact Lie group and 7 : E — M be a complex G-equivariant vector
bundle. We define the vector space of E-valued G-equivariant differential forms by
Q5(M, E) := (Clg] © (M, E))°,
where G acts on the section of E such that for g € G and s € Q°(M, E)
-1

(g-s)(m):=g-s(g -m).

Definition 3.2. V : Q*(M, E) — Q*tY(M, E) is called a G-invariant connection, if V
commutes with G-action on Q*(M, E); that is, gV = Vg.

O (M,E) —— Q*+Y(M, E)

| Js

O*(M,E) —— Q**1(M,E)
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Remark. We may show the existence of a G-invariant connection as follows. Let V be
a possibly non-invariant connection (its existence is easy to prove by using a partition
of unity). Since G is compact, left and right invariant Haar measure dg exists. Setting

VY= /G(g‘1 -V - g)dg,

we see that it is a G-invariant connection.

Definition 3.3. The equivariant connection V.4 corresponding to a G-invariant con-
nection V is the operator on Clg] ® Q*(M, E) defined as follows; for X € g, a €
Clg] ® Q*(M, E),

(Veqa)(X) 1= (V = 1x)a(X)

Lemma 3.4. Suppose that a € Clg]®@Q*(M) and 8 € C[g] ® Q*(M, E). Then, we have
the following properties:

(1) Vegla AB) =dega A B+ (—=1)38% A V.
(2) If B € Q3 (M, E), then Ve 8 € Q4 (M, E).
Proof. (1) Note that for X € g,
V(a(X) AB(X)) = da(X) A B(X) + (~1)%Ea(X) A VB(X)

ex ((X) A B(X)) = exa(X) AB(X) + (=1)%B%(X) Arx B(X).
Thus, we have Ve (oA B) = dega A B+ (—1)38 % A V., B.
(2) Since a(AdgX) =g -a(X)andg-V=V g,

(Veg@)(AdyX) = (V — 1aq, x)o(AdyX)
V—gix-g g aX)
(Va(X) —ixa(X))

qg-
= g (Veq)(X).

(
(

O]

Lemma 3.5. A equivariant connection V., is a local operator, that is, a section s €
Q%(M, E) is identically 0 on a G-invariant open set U, then so is V¢4(s) = V(s) = 0 on
U.

Proof. Take m € U and let U,, be a G-invariant neighborhood of G - m in U. Using
Theorem 1.26, we may take a G-invariant partition of unity {p, '} subordinate to a
covering {U, M \ Uy, }. Since ps = 0 on M, so is Ve,(ps)(X) = dp® s+ pVs. Evaluating
the both sides at m, we have V¢4s(m) = 0. O

In the same fashion of Section 1, the G-action on E and QF, (M, E) induces infinites-
imal actions of g which we denote by L)E<.
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Definition 3.6. The equivariant curvature K, : Q% (M, E) — Q%(M, E) of an equiv-
ariant connection V., is defined by the formula:

Keq(X) = Veg(X)? + LK.
Lemma 3.7. For f € C®°(M) and s € Q%(M, E), we have
Keq(fs) = [Keq(s)-
Thus K., is an element of Q% (M, End(E)).

Proof. For X € g, we have

Keq(s)(X)

(VZ()(X) + LK (s)
— (VeVS)(X) + LE(s)
= Vs —u1xVs+ LE(s).

Thus, by using V2(fs) = fVs,

O(fs)(X) = V3(fs)+:xV(fs)+ L% (fs)
= V2% —ux(df @ s+ fVs)+ (Lxf)s+ fLEs
= V%5 — (Xyf)s— fixVs+ (Xuf)s+ fLEs
= fV3s— fLXvS-i-fL)E(S
= [(Kegs)(X).

Therefore, we obtain K.q(fs) = fKeq(s). O

3.2 Equivariant Characteristic Classes

We give some notations, before defining an equivariant characteristic classes.

Definition 3.8. A polynomial ¢ on M(l,C) is called invariant if, for all P in GL(I,C),
$(PTTAP) = ¢(A).
(that is, ¢ € C[gl(l,C)]¢LE0)

It is known that for an invariant polynomial ¢, homogeneous of degree k, there exists
k-linear form

¢:M(,C)x---x M(,C)—C,
k

called the polarization of ¢ such that ¢(A) = (A, ..., A). The invariance of ¢ implies
that

H(PYAP,...,PT A, P) = ¢(Ay, ..., A}) for all P € GL(I,C).
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Remark. The polarization of a polynomial ¢ homogeneous of degree k is given by

- 1 o

Note that the right hand side does not depend on the A;’s and is equal to the coefficient
of A1 -+ A in the expansion of ¢p(A\ A1 + - - + A\ Ay) divided by &l

Lemma 3.9. For B € M(l,C) and k-linear form ¢, we have

k
> ¢(A1, .. [Ai, B, ..., Ag) =0,
i=1
where [, -] is the usual commutator of matrices.

Proof. Since ¢(P~YAP,.... P~ A, P) = (A1, ..., Ap), letting P = e'P, and taking the
derivative at ¢ = 0 of the both sides,

d

(Z;(P_lAIP7'-'7%(P_lAiP)a"'7P_1Akp)‘t=0

] =

d~, __ _
ZOPTAP, L PTUAP) | =
=1

> |l

= P(Ay, ..., [As, B]..., Ay)
=1

<
Il

Il
e

O

Let U be an open set of M. Now we extend k-linear form ¢ on M(I,C) to an
invariant k-linear form on M (l,C) ® Q*(U) as follows; we set

(A1 @ Wi,y A @ wy) 1= G(A1, ooy ApJwi A=+ A wy,

and then extend it linearly. Using this, we may extend an invariant polynomial ¢ to an
invariant polynomial function on M(I,C) ® Q*(U) by

(&) = (&, ..., &) for £ € M(I,C) @ Q*(U).

The product of M(l,C) ® Q*(U) is defined as follows; for decomposable elements, we
set
(A1 ®@wi) A (A2 ®@ws) == (A142) ® (w1 A ws)

and extend it linearly. Also, we may define the bracket of £ € M(l,C) ® QP(U) and
ne M(l,C)®Q4U) by

[€.ml =&nn—(=1)PnA¢g
In the following, we define an equivariant characteristic form and class. Let G be
a compact Lie group and 7 : £ — M be a G-equivariant vector bundle of rank .
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Furthermore, let V be G-invariant connection and V., be its equivariant connection
and K., be its equivariant curvature as defined in Section 3.1.

Take a G-invariant open set U in M such that F is trivial on U. If s() = (81, S1)
is a local frame of ¥ on U, we may write, for ¢ = 1,...,] and X € g,

l
(Vegsi)(X) = Zeji ®sj, 0i5 € '),
j=1

l
(Kas)(X) = Domi(X) @35, my € (Cla] @ 2°(U) & Q2(U).

We call 8 = (6;;) the connection matrix and x = (k;;) the equivariant curvature with
respect to s,

Lemma 3.10 (equivariant Bianchi identity). In the above situation, the connection
form 6 and the equivariant curvature form x satisfy the following identity:

degk = [k, 0].

Proof. Note that [k,0] = k A — 6 A k, since k is of even differential degree. From the

definition, r;; is computed explicitly as follows. Letting LYs; = 22‘:1 0;i(X)sj, we have

(Kegsi)(X) = V2s; —1xVs; + LEs;

! l
= Z{d(gji + Zejk N Ori — tx05i + £;i(X)} @ 55
j=1 k=1

l
- I{ij(X) = dGU =+ ZGM A ij — LXHij + Kﬂ(X)
k=1
Computing dk;; and ¢x0;; respectively,

l
d/ﬁij(X) = Z(d@ik A ij — 01 N d@kj) + dbx(Qij) + dﬁji(X),
k=1

!
vxbi; = ux(dbi;) +Z vx (0ik)Orj — tx (O15)0ik)-
=1

Notice that —Lx0;;+dl(X);; = 22:1(Ejk(X)Hki—ijéki(X)). Indeed, since g-V = Vg,
we have

LEVs; = VILEs;.
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Computing the left and right hand sides,

l
L)E(Vsi = L?}(Z%@sj)

Jj=1
l

= Z(Lxeﬁ & Sj + HjiL)E;sj)

j=1
I I

= Z{(Lxeﬂeasj +05 @ (Ol }
j=1 k=1
I I

= Z{LXHWJFZ% )Oki ¢ @ 5,
j=1

l

VLEsi = V(O i(X)ss)

j=1
l
= Z(dfﬂ(X) & Sj + EJZ(X)VS.])

j=1
l l
= Z{dﬂji(X)@)Sj—l—gﬂ Z %@sk }
j=1 k=1
l
= > {deﬁ ) + Z 0;ilri(X } ® 5.
j=1

By comparing the both sides, we have the desired equality. Thus, we have

degriij(X)

dliij (X) — LXRij (X)

l !
D (dOik A Oy — i AdOry) — > (1x (038)0k; — 1 (Oxj)0ir)
k=1 k=1
—duxi; — 1xdbi; + dlj;(X)

l
> {(d0ix — 1x0ik) A Oy — Oik A (dOrj — 1x0k;)} — LxOij + dls(X)
k=1

l
> {(deqir + (X)) A O = O N\ (degBi; + € (X))}
=1

Therefore, letting £(X) = (¢;;(X)), the above equation may be written in terms of a
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matrix form as

degk = (degd + (X)) NI — O A (degf + £(X))
= (deg@ +ONO+LX))NO—ONA (degf +0NEO+L(X))
= KANO—-0NK.

O]

Lemma 3.11. Let s') = (s}, ..., s)) be another local frame of F on U’ and P = (p;;) :
UNU" — GL(I,C) be a C* map such that s, = Zé‘:1 pjis;. If we denote by &’ the

curvature matrix with respect to s/,
k' =P kP on UNU'.

Proof. Note that p;; is also G-invariant. From the definition, we compute

(Kegsi)(X) = V% —1x Vs, + L&,
l l l
= V2> _pjisy) —x VO _pjisi) + LY O pjisj)
k=1 k=1 k=1

l l

l
= > piV(s) = > ex(dpji @ 55 +piiVisj) + > {(Lxpji)s; + pjil%s;}
k=1 k=1 k=1

l
= > pii(V(sj) = x Vs + LKs;).
k=1

O]

Therefore, for an invariant polynomial ¢, choosing a local frame of E|y (where U is
G-invariant open set), an equivariant curvature K, is locally represented by a matrix
Kk € M(l,C) ® ((Clg] ® Q°U)) ® Q3(U)) and ¢(K,,) is defined by ¢(x). By Lemma
3.11, this definition is independent of the choice of a local frame of E, so that ¢(Kcq)
is well-defined. Moreover, it is easy to see that ¢(Kcq) is a G-equivariant form.

Proposition 3.12. For any homogeneous invariant polynomial ¢, the form ¢(Kcq) is
deq-closed.

Proof. 1t is enough to show that ¢(x) is deq-closed. Since ¢ is multilinear,

k
deqd(k) =D Gk, .., deghis ..., K).
=1

By Lemma 3.9 and Lemma refequivariant Bianchi identity, we see that the right hand
side is zero. ]
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Definition 3.13. The equivariant characteristic form of V., with respect to ¢ is defined
by
P(Veq) = d(Keq)

In the following, we introduce the Bott’s difference form for some connections.
Proposition 3.14 (Bott’s difference form [3, 17, 19]). Suppose VSQ,), vﬁ{? are equiv-

ariant connections for £. For an homogeneous invariant polynomial ¢ of degree k, there
exists a form gb(Veq), e VE;Z)) € Q?;kip (M) satisfying the following properties:

(1) QS(VQ, s ngq))) is alternating in the p + 1 entries.
(2) S0_o(—1)7B(VE) o, VI V) + (-1)Pdeg(VE, .., V) = 0
Proof. Let V be the connection on the G-equivariant bundle
Txid: E=E xR — M x RP
obtained by

p p
= (1= 6)VE + 6V,
v=1 v=1

where GG acts on RP trivially. To be more specific, on sections s which are constant in
RP-directions, let
0

) =
ot;
Every section is expressed by a function-linear combination of sections constant in R”.
Hence V extends to all sections such that V satisfies the Leibniz’s rule. It is easy to
check V is a G-equivariant connection. Denoting by AP the standard p-simplex in RP
and by p: M x AP — M the projection to the first factor, we have the fiber integration

@i_s_(vg)( 0 (fori=1,..,p).

pe s (M x AP) = Q5 P(M).

We set
SV, VE) == p.o(V).

It follows from the definition that ¢(V6q e V(p )) is alternating. Also, by Proposition
2.22 (2) and that ¢(V) is deg-closed,

(0p)s 0" O(V) + (—1)Pdegpud(V) = —pudeqd(V) = 0

By using the Stokes theorem with respect to a standard simplex, we have
(0p) 0 i*6(V) = S (1) ¢(VD,.., V), ., V),
Then, we get the property (2). O
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In particular, by using this, if V., and V’eq are equivariant connections for F, then we
have

?b(v,eq) - ¢(veq) = deq¢(veq, v,eq)'

Thus, we see that [¢p(Veq)] € HE(M) is independent of the choice of an equivariant
connection V.

Definition 3.15. Let 7 : E — M be G-equivariant vector bundle of rank [ and V,,
be an equivariant connection and ¢ be homogeneous invariant polynomial on M (I, C).
The equivariant characteristic class of E for polynomial ¢ is defined by

¢(E)eq = [¢(veQ)] < Hé(M)

In the same way, we may define an equivariant characteristic classes in an equivariant
Cech-de Rham cohomology. Let U = {U,}qer be a G-invariant open covering of M as
in Section 2.2. Also, let # : E — M be a complex vector bundle of rank [ and ¢ an
invariant polynomial homogeneous of degree k. For each «, we choose a connection
VE(O]‘) for E|y, and for the collection Vi, = (Vég))ael, we define ¢(V},) € QZF(U) by

* k—
(Viaga, = OV, .. VB € QL P (Ung-ay)-
Lemma 3.16. In the above situation, we have the following properties:
(1) Deg#(Ve,) = 0.

2) For another collection V* = (V éa) acI, there exists the element v € Q2114 such
eq q G
that

O(Vi,) — &(Vi,) = Degtp

Proof. (1) By Proposition 3.14, we obtain

(Deqd(Veg)aoap = 00(Vegag-ap + (1) deqd (Vg ag-ay,
p
= Z(_l)y¢( :q)ao---au---ap+(_1)pdeq¢(v:q)ao~-ap
v=0
p
= Y (—1)"(VY, ... VY, VD) 4 (=1)Pdegp(VE), .., V)

eq eq
v=0
= 0.
(2) Setting

Y=gV, . v vl i),
v=0

we easily see that ¢(V7,) — ¢(V},) = Degib. O
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It follows from this lemma that the element ¢(V7,) defines a cohomology class [¢(V,)] €
H ék (U) which depends only on E but not on the choice of the collection of connections
Vi, Also, from the following theorem, we may naturally regard [¢(V7 )] as a charac-
teristic class in HE (U).

Theorem 3.17. The class [¢(V,)] in H,(U) corresponds to the class ¢(E)q in HE (M)
under the isomorphism of Theorem 2.10.

Proof. Take an equivariant connection V., on M. For each U, € U, defining vé‘;‘) to

be Veq4|v,,, we see that it is an equivariant connection for E|y, . Then for the collection
Ve = (Vg?;))aeh by definition,

3(Ve,) € COU, G).

Thus, 7($(Veq)) = d(Vey) and r([9(VEg)]) = (E)eq- H

3.3 Equivariant Chern Classes

In this subsection, we introduce the equivariant Chern form and the equivariant class
and investigate its properties.

For A € M(r,C), det(I; + A) is a homogeneous invariant polynomial and is decom-
posed into
det(I, + A) =14 01(A) + -+ + 0, (A),

where 0;(A) is of degree i. We call o; the i-th elementary invariant polynomial. We set
¢ = (g)iai and call it the i-th Chern polynomial.

Definition 3.18. Let m : E — M be G-equivariant vector bundle of rank [ and V4 be
an equivariant connection for E. The i-the equivariant Chern form of V., is ci(Veq).
Its class [¢!(Veq)] € HE (M) is denoted by ¢ (E) and call it the i-th equivariant Chern
class of E. Also, if  is the equivariant connection matrix of V., with respect to some
frame of F|y, the total equivariant Chern form is given by

V-1

" (Veq) := det(I, + .

R) = 14 g(Veg) + -+ clg(Veq) € Q5(M)
and the total equivariant Chern class of F is defined by its cohomology class
G (BE)=1+cl(E)+ -+ (F) e H5(M).

Note that the form c¢*(Veq) and the class ¢, (£) is invertible in QF (M) and HE (M)
respectively, since these 0-th terms is 1.
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In what follows, we prove that the equivariant Chern form (or class) has functoriality
with respect to a pull-back and additivity with respect to an exact sequence.

e Pull-back: Let 7 : ' — M be G-equivariant vector bundle and V., an equivariant
connection and f: N — M a G-equivariant map. Set

[TE={(y,e) e Nx E| f(y) =m(e)}

and consider the projection
fTE =N, (y,e) = y.

Suppose G acts on f*E diagonaly. Then, we see that f*E — N is G-equivariant vector
bundle. For G-invariant open set U in M, f induces a homomorphism

1" QgU.E) = Qg(fH(U), [*B).

Since every section of f*E is obtained from the pull-back of a section of F (i.e. f*s =
so f, for s € Q%L(M, E)), we may define the equivariant connection f*V, of f*E as
follows:

f*Veq : QUIN, f*E) — Q&(N, f*E).

F*Veq(f*8) 1= f*(Vegs) for s € QL(M, E).

In this situation, we consider the relation between equivariant Chern classes of V., and
[*Veq. Let 6 and & be, respectively, the connection and equivariant curvature matrices
of V¢, with respect to a frame (s, ...,s;) of E|y. Then, since (f*s1,..., f*s;) is a frame
of f*E|s-1(1y, it follow from the definition of f*V¢, that the connection and equivariant
curvature matrices of f*V,, with respect to this frame are given by f*6 and f*x. From
this, in particular, we have

¢(f"Veq) = [7¢"(Veq) and ¢, (f"E) = frcgy(E).
e Exact sequences: Let

0 E'

E 2 E" 0 (%

be an exact sequence of G-equivariant vector bundles on M where f and g is a bundle
map and a G-morphism. Also, let V’eq, Veq and V’e’q be a G-equivariant connections for

E', E and E", respectively. The triple (Vi,, Vg, V¢,) is said to be compatible with the

above sequence (x), if the following diagram is commutative:

OL(M, E") —L— QU B) —2— QU(M,E")

Veq l Veq l Veq l

aL(, B 2L, abv, B) <25 LM, E")
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Proposition 3.19. Given an equivariant connection V¢, for E”, there exist connections
Veq, Veq for E' and E such that the triple (Veq, Veq, V0 ) is compatible with the above
sequence.

Proof. Suppose E is isomorphic to E' & E” as an equivariant vector bundle. Letting
ng be an arbitrary connection for E’ and choosing an equivariant connection V, for E
corresponding to Vi, ® V¢ , we see that (V,,, V¢ , V7,) is compatible with (). Hence
it is sufficient to show that the sequence (x) has a G-equivariant splitting (i.e., a G-
equivariant homomorphism 7 : E” — FE such that nog = 1g). Let U = {U,} be a
locally finite G-invariant covering of M such that the bundle are trivial on each U,.
Choosing suitable G-invariant frames, we see that there exists a splitting 7, on each
Uq. Let {po} be a G-invariant partition of unity subordinate to &. Then n =" _ pata

gives a splitting of (x) O

Proposition 3.20. For a compatible triple (Veq, Veg:, V2 ) of equivariant connections,
we have the following;:

C*(Veq) = C*(véq) ’ c*(v,e/q)‘

Proof. There exists a local frame s(!') = (s}, ..., s},) of F' such that E has a frame s(!)
of the form

S(T) = (f(8,1)7 B f(sg’)a Sl 41509 Sl)'
Then, 5" = (g(sy41),...,g(s1)) is a local frame of E”. Let ¢,0 and 6" be the con-
nection matrices of V/, V and V” with respect to s'¢), s and ") respectively. Then
since (Vi,, Veg, Vi) is compatible with (), we have

eq’
Veq(f(3;)> = f(v/eq 7,)

= ZG’ ®s
= Z%@f(s’
j=1

and by go f =0
Ve(9(sk)) = 9(Veqsi)

!
(D Ok @ sp)

G=l'+1

!
= ) 0ir®g(se).

j=U'+1

0 %
o=(% o)

41

Thus, we have



and it implies the desired proposition. O

By Proposition 3.19 and 3.20, we have the additivity of Chern classes

cog(B) = czy(E') - cgy(E").
e Virtual bundle Let E and F' be G-equivariant vector bundles on M. We consider
the formal difference F' — E. Since c¢*(F) is invertible, we may define the total Chern
class of F' — E by

Coq(F = E) = ¢ (F) /ey (E).

For equivariant connections qu and Vf; for E' and F respectively, we set Vg, =

(qu, qu)- Then the class ¢}, (F — E) is represented by the form

¢*(Veg) = (Vi) /" (Viey)-

More generally, since every invariant polynomial ¢ is a polynomial in the Chern poly-
nomial, we write ¢ = P(c!,c?,...) where P is a polynomial with coefficient in C. From
this, the equivariant characteristic class of F' — F for ¢ is defined by

G(F — E)eqg = P(cty(F — E),c,(F — E), ...)
and it is represented by the form

3(Vey) = P(c'(V2,),*(Vey), )

For p + 1 pairs of connections v;g,) = (qu(y), Vﬁ;(”)) (v=0,...,p), we may define the

difference form ¢(V;§O), s V;((Ip )) in the same way of the usual difference form. To be

more specific, let 651 be the connection for the vector bundle £ x RP — M x RP given

by
p p

VE =1-Y t,)VEO +3 1, vE)
v=1

v=1

and let @51 be defined similarly and set @;q = (@f;,

S F
V.,) and define

O(Vel) . VeP) = pu((V2))),

where p is the projection M x AP — M. Then we have the following property as
Proposition 3.14:

P

(1) (Ve L Ve V) 4+ (—1)Pdegd(VE, .. VElP)) = 0.

eq eq
v=0
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Proposition 3.21. Let ¢ be a homogeneous invariant polynomial and

0— g I v p_ 9 g,

be an exact sequence of G-equivariant vector bundles on M. For triple equivariant
connections (qu (V), VEJ(V), Vf; (V)) (v =0,...,p) compatible with the above sequence,
we have

PV, . Vel = ¢(VE'O | vE®)

eq

where V;((IV) is the pair of connections (qu/(y), Vf;(y)) for E — E’. In particular, ¢(F —

E') = ¢(E").

Proof. From Proposition 3.20, we have the above proposition. ]
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4 Localization of equivariant characteristic classes

In this subsection, we define the equivariant localized characteristic classes by referring
to Suwa [17, 19]. Also, we show the vanishing theorem of a Chern class with respect to
frames and by using this we will define a localized equivariant Chern class by frames.
In Section4.4, we will check that an equivariant universal Thom form may be expressed
by a localized equivariant Chern form. Finally, as applications, we show the equivariant
version of the Riemann-Roch theorem for the zero locus of a section of a complex vector
bundle and the Atiyah-Bott localization theorem in our setting.

4.1 Localized Characteristic Classes

Let M be a G-manifold and S a G-invariant closed set in M and 7 : E — M a complex
G-equivariant vector bundle. Letting Uy = M \ S and U; a G-invariant neighborhood of
S, we consider the G-invariant covering U = {Up,U;}. In what follows, let Hq (U, Up)
denote Hg (M, M\ S).

Suppose there is some “geometric object” v on Uy, to which is associated a class C
of equivariant connections for £ on Uy such that, for a certain homogeneous invariant
polynomial ¢,

qb((V(O))g, - (V(k))g) =0 if every (vg’;})o belongs C.

€q €q

A equivariant connection (V¢q)o for £ on Uy is said to be special, if (Veq)o belongs to
C and the polynomial ¢ as above is said to be adapted to 7.

Lemma 4.1. In the above situation, suppose ng is special and ¢ is adapted to . we
consider the cocycle

¢(v:q) = (07 ¢(Viq)7 (b(vgq? véq)) S QG(U7 UO)

Then its class in HE (M, M \ S) is independent of the choice of the special equivariant
connection ng or the equivariant connection Véq.

Proof. If ng and V’gq are both special, by using qS(ng, V’gq) = 0 and Proposition 3.14
(2), we have

(07 ¢(Véq)7 ¢(V/2q, Véq)) - (07 QZ)(viq)u ¢(v(e)q7 viq)) = Deq(O, 07 ¢(v(e)q? vlgq’ véq))

Similarly, for equivariant connections V! and V’ fqu on Uy,

1
eq
(0, (V' eg)s (V0 Vo)) —(0, (VL) (V0 VE)) = Deq(0, ¢(V' 20y V2g), 6(V0, VE, V'e0)).

O]
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Definition 4.2. If (V.,)o is special and ¢ (homogeneous of degree d) is adapted to 7,
the class ¢g(E,v) € HZ(M, M \ S) is defined by

¢s(E,7) = [0(Vey)]-
and is called the localized equivariant characteristic class of ¢(E)eq at S by 7.

In the following, we consider a geometric object by frames and its localized equiv-
ariant Chern class. Suppose 7 : E — M is a complex G-equivariant vector bundle of
rank [. Then, it follow from a way of definition of the Bott’s difference form that for

any k equivariant connections VSI) s ooy Vg’;) for F,

¢V ...,Vg’;)) =0 for ¢ >1+1.

eq
As a consequence, we have the following lemma.

Lemma 4.3. Let s(") = (sq,.... s,) be an r-frame of E on a G-invariant open set U in
M. 1V, Vv s s0) trivial on U, then on U

ci(Vgé), ...,Vg;)) =0 fori>l—r+1.

Proof. Let E' be the G-equivariant subbundle of E on U spanned by s() and V'’ (62) (j=
0,...,k) be the restriction of vé{} on U (we easily see that V', (j ) is an equivariant con-
nections for E’). Then ng) induces a G-equivariant connectlon AVA U ) for the quotient

bundle E” = E/E’ on U so that (V' gq), V.(gq),V”gq)) is compatible Wlth the exact se-
quence

0 Bt g 9, g ' 0.

V( )) by Proposition 3.21, we have

Setting Vg, = = (v'V)

eq >

Ve, i) = A

k
o), WL v,
Also, since the G-equivariant connection matrix of V’ g{} with respect to the frame s(")
of E' is zero,

° o(k i 1 k
VD, Vi) = (VY ..., V).

eq

This implies that c( 53 ..,ng)) = (V”( ) V”g’;)) and since the rank of E” is

o
l—r,c (V”( V” ) vanishes for ¢ > [ —r + 1. Hence ci(Vgl), ...,Vg;)) =0 fori>
[—7r+1. O

Definition 4.4. Let s() be a local frame on M \ S. If ng is s("-trivial, by Lemma
4.3,

(Vi) =(0,c(V,), (Vo Vi) fori>1l—r+1

45



and induce the class [¢'(V},)] € H, 2i(M, M \ S). Since this class is independent of the

choice of s(")-trivial G-equivariant connection ng on Uy and a G-equivariant connection
Véq on U; by Lemma 4.1, we denote by

Cfg(E, S(T))eq = [Ci(v:q)]

and we call it the localized Chern class of ¢'(E)e, by s at S.

4.2 Equivariant Thom class via localized Chern class

By referring to the above argument (and Suwa [17, 19]), we give the equivariant universal
Thom form by using the localized Chern class. Suppose the unitary group U(l) acts on
C! naturally. Then

7: Cl = {0}

is clearly an U(l)-equivariant vector bundle. Setting
Wo =C'\ {0}, W, =C,

we have an U (I)-invariant covering W = {Wy, W;}. We consider the pull-back of C! by
T, 1.e.,

w*C' = {(21,22) € C' x €' | w(21) = m(z)} = C' x C'
w:mC =C x C - C,

where w is the projection to the second factor. From the definition of pull-back, U(I)
acts on C! x C! diagonaly (A(z1,22) = (Az1, Az)) and w : 7*C! = C! x C! — Cl is an
U (1)-equivariant vector bundle. Then the diagonal section

sp:Cl s Cl=C x C, 2+ (2,2)

is naturally U (I)-invariant frame on C'\ {0}. Thus, we may consider the localized Chern
class of ¢! (7*Cl)¢q by sa, that is,

(m*C sa)eq € Hiypy (C,CH\ {0}).
This class is represented by the following form

(0, ceg(Deg)s clg(Deys Deg)) € QEW, Wo),
where

e D, is an sa-trivial U(l)—equivariant connection for *C! on Wy = C'\ {0},

e D!, is an U(l)-equivariant connection for 7*C! on Wy = C.
On the other hand, as a real vector bundle of rank 2/, we may consider the U(I)-

equivariant Thom class wécql € HZQJZU)((CZ, Ch\ {0}).
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Theorem 4.5 (equivariant universal Thom class). In the above situation, we have

l
(Tl s )eqg = VS .

€q

Proof. Setting
=D’ ={zeC||z <1}, Tp=C"\IntTy,
we have a honeycomb system {Tp, 71} adapted to W. Note that Ty; = —S?~1. By the
definition of weq, it suffices to find the equivariant connections DY, D}, satisfying
(m1)+¢! (Deg) + (mo1)¢! (DY, Deg) =
where 71 : T1 — {0}, mo1 : Tor — {0}. Let sections s1, ..., s; of @ : m*C! — C! be

si(z) = (e;,2) (1=1,...,1),

where {e;} is the standard basis of C!. Now we define the connection D; for 7*C! on
C! by

l l
Di(Y_ fisi) ==Y _dfi@s;i (for f; € C=(C)),
=1 =1

which is s' = (s1, ..., 5)-trivial. Also, we easily see that D; is a U([)-invariant connec-
tion. Thus we may define the equivariant connection Déq corresponding to D;. From

the definition of D} , the form degree of its curvature form is 0 and (Trl)*cl(Di,q) = 0.

Next we define the connection Dy for 7*C! on C!\ {0} by
% <
Dys; = _W Zde ® s (i=1,..,1)
z
=1

For f; € C®(C'\ {0})(i =1,...,1), g€ U(l), we have

l

g9+ Do Zfzsz =Y ((g-dfi) @ (g- )+ (9- fi)(9 - Dosi))

=1

l

Zfzsz => ((g-dfi) @ (g-5:) + (- fi)(Dolg - 51))).

=1

Therefore, to show that Dy is U(l)-invariant connection, it suffices to check
g - (Dosi) = Do(g - si)-

For g = (gs5) € U(l), directly computing, we have

Zi
MEEREEH
[ 212 Z ’H !!2
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Thus, we have

z
g+ (Dosi) = —ngi”zlﬂQZ

2k
= - Z gkiw 6mn(dzm ® Sn)
k=1 m=1n=1

and
l l l 1

zZ
Do(g-si) = Do(Y_ gisk) = Y griDosk = — ngzﬁ D dz @ s
=1

k=1 k=1 k=1

So we get g - (Dps;) = Do(g - s;). Also, for the diagonal section sp = 2221 28, We
easily see that Dgsa = 0. Hence we have an sa-trivial U(l)—equivariant connection
DY, corresponding to Dy for 7*C! on Wy = €'\ {0}. The rest of proof is to show that

l 0 1y _
_/SQH (DL, D) = 1. (1)

The connection matrix 6y = (6;;) of DY, with respect to (s, ..., s;) is express by
bij = — 3%

while the connection matrix 61 of Déq with respect to (s1,...,s;) is zero. For t € R and
the natural projection p: R x (C!\ {0}) — C'\ {0}, we set

Deq = (1 - t)p*D(e)q + tp*D;qv

and denote p*ng, p*Déq by ng,Diq for short. Then the connection matrix 6 of f)eq

with respect to (si, ..., s;) is given by 6 = (1 — ), and thus by (k) in subsection 2.1,
the corresponding equivariant curvature matrix £ is given by

R(X)=di+0N0—1x0+((X)
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for X = (X;;) € u(l). Recall that £(X) = (¢;;(X));; is defined by LEs; = Eé-:l 4ii(X)s;.
For later use, we rewrite it as

R(X) = —dt Ao+ re(X),
ke (X) = (1 —t)dy + (1 —t)%0g Ay — (1 — t)exbp + £(X).
By the definition of the equivariant Bott-difference form,

d(DY, DY) = pld(R)
!

v—1

m

__ﬁ>” ! 4ot
- <27T ;/0 detQ;dt,

where (); is the matrix obtained from r; by replacing the j-th column by that of 6y. In
the following, we compute det@;. Computing the (i, j)-entry of dfy, Oy A 0y, ¢(X) and

tx by, we have
1
(d60):j = <|r e+ Ad <Hzr2>>”’“'

l

(90 A 90) || ||4zjdzl (Z 5kdzk)
k=1
(txbo) = Tz ||2 Z ik k-
We set the matrices 7(X) and n(X) as follows;
1-¢
T(X)ij = (H ||2)dz]/\dzl+XZ]
n(X)y = —(1-1)z (H H2> Adz 4+ (1 =)0 A 6o)ij + (1 — ) (ex00)s;-

Then, r(X) = T(X) + n(X). Denoting k-th column of k;(X) and 7(X),n(X) by
ke (X )(k and 7(X)®), (X)) respectively, the matrix (); may be expressed as follows;

det@; = det[ry(X)D, .09, . k(X))

We decompose this determinant with respect to the columns 7(X)®), n(X)*) by using
multilinearity of determinant. Note that, if more than two columns of n(X) appear in
the determinant obtained from the decomposed term, the term vanishes. Thus, we have

detQ; = detR; + ) _ detRyy,
k£
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where .
R, = [r(X)M,..69 . r(x)")

Ry = (X)W, .., 609) ()P, .7 (X)),
By the definition, we see that detRj;, = —detRy;. Directly computing, we have

(0 Pl VI G- I
¢'(Degy Deg) = _<27T> Z/O detRjdt+/0 ) detRjpdt
7j=1

=1 kj
(=) %]
S det R; dt
2T = 0

P
1 Di(2) NP(2
= —Cl Zj_l H]Z(‘Q)l ( ) + (teI'HlS with Xij)a (2)
where
O(z) = dn N---dz
D,(z) = (—1)i_1zidzi Ao A cfz\z A ANdz
and (- 1)
w-n (I —1)!
Cp=(-1)"2 ——2
l ( ) (27’(’ ﬁ—l)l
t i\Z z
Thus, we have — [¢_, (D, D},) = 1, since Cl% coinsides the Bochner-
Martinelli kernel 3; on C(see [17]). O

4.3 Explicit formula of universal U(l)-equivariant Thom form

We give an explicit formula of universal U (()-equivariant Thom form

b eq €q7

(O cl (D;q)vcleq(DO Déq)) € Qg(l)(waw())

In particular, higher terms in (2) are precisely determined.

We provide some notations to simplify a calculation. Let V be a complex vector
space of dimension [ with a basis e, - - - , ¢;. For any anticommutative Z-graded algebra
A, we consider the algebra AQA*V with the following wedge product; (a®&)A(f@n) =
(A B)® (EAn). It is easy to see the following lemma:

Lemma 4.6.

(1) Let w; = 22:1 wik ® ey, then

Wi A Awyp = Z sgn(0)(wig(1) A+ Awig)) @ (€1 A--- Aey).
e,
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(2) Let a = 22:1 ar ® e, and f = Zﬁf:l Br @ e € AR N*V with deg(ay) = s and
deg(Br) = t, then
aAfB=—(-1%"BAa.

We write [I] := {1,2,---,{}. If I is a subset of [l], we denote by e; the product
ei, N -+ A e, where we write I = {i1,42,...,4p} with 43 < iy < --- < i,. Denote by
[I| = p, the cardinality of I. For I = {i1,i2,...,ip} and I' = {i},5,...,4;,} in [[], we set
€)= (—1)25=10H)  TLet X = [Xy;] € u(l), and denote by X ;v the retainer minor
of X with respect to I and I': X;p = det[X s Ji<sp<p. 1 <k <land k ¢ J, we
denote by €(k, J) the sign such that e A ey = e({k’} J)egryus- Put

l
V= (/=1
Ve1,0) = (1) 2 <27T> \J|! e(k, J).

Theorem 4.7. For X € u(l), we have

Yeo(X) = (D) = (‘f)ldetx

™

deZJ/\dZJ/
Beq(X) = ngaDl Z’Y(MJ Z II’)XIIW
k,J g

where for 1 < k <, the sets I, J vary over the subsets of [{| such that {k} UITUJ is a
partition of [I], and I” and J’ vary over the subsets of [{] such that |I| = |I'| and I' U J’
is a partition of [I].

Proof. Let 61 and k1 be the connection matrix and the corresponding equivariant cur-
vature matrix with respect to the frame (sq,...,s;). Since 6; = 0,

El(X) =db; +61 N6y —thg1+€(X) IK(X) = X.

l
Thus, cl(Déq) =d(X) = (g) detX. Next, we compute c (ng,D;q). Set Y =
~I= X Then
detRy = det[r(X)D, .00, . r(X)")]

e =pt
= U R
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P = Z sgn(o)(dz A dza(l) + Ylg(l)) JAEEREE A Z_kdza(k) Ao A(dz A dzg(l) + Ylg(l))
e,
= Z sgn(0) > (dzj, Adzg(j) A A (Bdzg) A A (dZj, Adzo) Vit Yipoty)
I1,J
U\(lf\ 1) o
(k, J) . deZJ .
I,J

Y seu(0)dzo(jy A Adzg A Adzo(i) Yiro(in) - Yipo(in):
geG;

where {k}, I = {i1,49,...,4p} and J = {j1, j2, ..., jq} is a partition of [I]. Set

! !
Z:Zdzi@)ei, ij:zyji@ei-
i=1 i=1
By Lemma 4.6, we see

D sen(0) dzgy A Adzg(ey A Adzo(i) Yisa(in) * Yipatip) @ (1 A+ Acr)
oeG;
= Z/\.../\Y;l/\.../\Z/\.../\Yip/\.../\Z

()P A AV A(Z A A 2)
where m = 3" i, — ip(p + 1). Note that

Yi1A"'/\Yip:ZYIJ’€I’= Z/\'“/\ZZZ(Q'f'l)!dZJ’@@JH
g J!

where I’ runs over subsets of p elements in [I], J’ runs over subsets of (I — p) elements
in [I], and Y7 ;v is a retainer minor of [Y;;] with respect to I and I’. Then

(1" (Vi Ao AYy) A(Z A7 2)

= (=™ Z Yir Z (g+Ddzy @ (ep Neyr)
I’ J’

= (q + 1)! Z(—l)zgzl(is—i_ig)y},pdz‘]/ & (61 VANRIERAN 6[).
1,.J

[12]12
1t

Since Yy = — X7, we have

ZrdzZy Ndzy
detRy, = e(k, J)(—1) (J1+ D e Xer ij(l — )Ml
IJ o

[J1(J]=1)
e

52



Hence,
1 1
v—1
Cl(ng,D;q) = - (27‘_) Z/O detRk dt
k=1

Zrdzyg AN dz g
= 2 er) D Xnr T
k1,J r.J

O]

Example 4.8. For small [, the equivariant Bochner-Martinelli kernel is computed as
follows.

1. In the case of [ =1,
V-1 zdz \/—1%

2r ||z||2 27 2

/Beq(X) =

This is nothing but the original (non-equivariant) kernel.

2. In the case of [ = 2, for X = (Xj;) € u(2),

3 (X) . (\/-1)2 {21(122 ANdz1 N dzo B ZodZ1 Ndz1 N dzo
“ 27 124 I]*
Zodzo Zodzy Z1dzo 2’le1}
+ X117 X2 — Xenm X2 -
1212 122 112 1212

To be more specific, we see the real part of this form: Set z; = x1 + v/ —1y1,
zo = x2 + v/ —1lys and

X:( V—1A B+\HC>’

—-B++v-1C v—1D
where A,B,C,D are real numbers. Then, a simple computation shows
Re(Beq(X))
1
= ———(z1dxo A dys A dys + xadzy A dyr A dys
2m2|2[|*
—y1dzy A dxo A dys — yodxy A dzo A dyl)
1
+47T2H'2'7H2 (—Azodys + Ayadzs + Bridze + Byidys — Bradzy — Byady

+Cx1dys — Cyrdzg + Cxodyy — Cyadxry — Dx1dy; + Dyedzs).

This form coincides with the angular form for s0(4) of Proposition 4.10 in Paradan-
Vergne [16].
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4.4 Explicit formula of G-equivariant Thom form

In this subsection, applying the equivariant Chern-Weil map [2, 16] to Theorem 4.7, we
obtain a formula expressing the equivariant Thom form for general G-vector bundles.

Definition 4.9. Let M be a manifold with a Lie group G-action. « € Q*(M) is called
horizontal if txa = 0 for any X € g. We denote by Q*(M ), the subalgebla formed
by the differential form that are horizontal. Also we define the algebra of the basic
differential forms as follows;

Q*(M)basic = (Q*(M)hOT)G

Let m : P — B be a principal G-bundle. And suppose G acts on a manifold F'. For
the associated bundle F = P x ¢ F', The Chern-Weil map in non-equivariant case gives
the following isomorphism;

¢ : QG(F) 5 Q(F),
where 6 is a connection form of P. In more details, for a G-equivariant form «, ¢g (o) is
equal to the projection of a(Q2) € Q(P x F)& on the basic space Q(P x F)pqsic — Q(F),
where () is the curvature of the connection . We give the equivariant version of this
construction in the following.

Let K and G be two compact Lie groups and P be a smooth manifold. We assume
that K x G acts on P as follows; (k,g)(y) := kyg™!, for k € K, g € G. And G acts
on P freely. Then, B = P/G is a manifold provided with a left action of K. There is
K-invariant connection 6 of P, since K is compact. Then, for a K-invariant connection
0, K-equivariant curvature of P is defined as follows;

X 1
Q= dg0+ 5167 6],

where di is K-equivariant differential. Using this, we consider the equivariant Chern-
Weil map;

0y : QG(F) = Qe (F).
It is defined as follows. For a G-equivatiant form « on F, ¢5 () is equal to the projection
of a(Q) € Q5 (P x F)@ onto the basic space Q5 (P X Fpasica — Qi (F).

Proposition 4.10. The equivariant Chern-Weil map above satisfies the following con-
dition;
¢b odg = dg o ¢f .

We construct the explicit formula of G-equivariant Thom form in the following.
First, we consider a G-equivariant vector bundle 7 : £ — M and take a G-invariant
metric for E. Then, for any x € M, set P, = {¢ : C' — E, : isometry} and P = Uycpr Py
is naturally U (l)-equivariant G-principal bundle. The above argument applying for this,
we get the following Chern-Weil maps;

l * ~ *
6y (C) S Q5(E)
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o O 0p ) (€ {0) S Q5(B\ %)

By using this, we may give the G-equivariant Thom form as follows;

l ch\{o
(0,05 ¢ (DL,), 65 ‘e (DY, DL)) € QA (W, W)

eq eq’

It follow from Proposition 4.10 that this form is closed. Then, we denote by ¢ (7*E, $a)eq
the class of this form, where sa : E — 7*FE is the diagonal section and ¥ is the zero sec-
tion of E. It is not difficult to show that the equivariant fiber integration is compatible
with the equivariant Chern-Weil map. Thus, we have the following formula:

Theorem 4.11. In the above situation, we have
M7£ = ch(W*E, SA)eqs

where ng is the G-equivariant Thom class for F.

4.5 Equivariant Riemann-Roch Theorem

Let M be as above, s a G-invariant section in M. Let S denote the zero set of s (note
that S is also G-invariant). Letting Uy = M \ S and U; a G-invariant neighborhood of
S, we consider the G-invariant covering U = {Uy, U1 }. We set Ag= = Zézo(—l)i N E*.
Let Vo be an s-trivial G-equivariant connection for E on Uy and Vi an arbitrary G-
equivariant connection for £ on U;. Consider the Koszul complex associated to (F, s)
(for more details, see [19]);

0 /\lE* ds . ds /\1E* ds /\OE* 0

which is exact on Up. It is easy to show that the family A*(VZ,)o = (/\Z(qu)o, e /\O(qu)g)
is compatible with the above sequence on Up. The fact that ch*(A*(V,)o) = 0 follows
from this. Then, we have the localization ch§(Ag=, s)eq in HE (M, M \ S;C), which is
represented by the cocycle

b (A\"(Vi)e) = (0,ch* (A (Vi) e (A (Vo AT (Vi)

We also have the inverse equivariant Todd class tdfl(E)eq, which is represented by the
cocycle

647 ((Veg)w) = (6d ™ ((Ve)o), td ™! ((Veq)1), 8™ ((Veg)o, (Veg)1))

We give some definitions for the theorem in the following. Let p : R x Un — Un
be the projection and we consider the connection Ve, = (1 — £)p*(Veg)o + tp*(Veg1
for p*E. Let A\*(V},), denote the family of connections (/\Z(V:q),,, ...,/\O(V:q)y) on
U,, for v = 0,1. Also we denote by /\'(@:q) the family (/\l(@zq), ...,/\0(@:(1),,). Let
p':10,1] x Upr — Up: be the restriction of p.
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Theorem 4.12. In the above situation, we have

b (N (Vi) = A((Veg)e)) — tdH((Veq)s) + Degr

where 7 = (0,0, 791), 7 = P/*(Cl(p*(veq)o)a Veq) - deqtdil(P*(veq)l)a Veg)-
The following corollary follows immediately from this.

Corollary 4.13. We have
chi(Ags, 8)eq = C5(E.8) - td ™ (E)eq

Also, as an applications of the above, we may get the equivariant universal localized
Riemann-Roch theorem for embeddings by using the result in the previous section. Let
m: E — M be a G-equivariant vector bundle of rank [. We have the G-equivariant
Thom class Weh; and the Thom isomorphism

Tg: H5(M) — HE(E,E\ )

which is given by Tg(a) = Lpgl - . Since We]f] = CZZ(TF*E,SA)eq, applying the above
Corollary to 7*E and sa, we have :

Theorem 4.14 (Equivariant universal localized RR for embeddings).

chi(Appe,sn)eq = Wl td™ (7" E)eq
= TE(td_l(E)eq)

4.6 Atiyah-Bott localization theorem

In this subsection, we prove the Atiyah-Bott localization theorem. The idea of it is to
express the global integral of an closed equivariant form over M in terms of its "residues”
at the fixed points of G.

Let M be a n-dimensional oriented, compact manifold with a compact Lie group
G-action. Moreover, we assume the action of G on M preserves the orientation of G.
Let X be a connected components of M, and suppose we have chosen an orientation
on X (note that X is a closed embedded submanifold of M by Proposition 1.15). Let
7 : N — X be a G-equivariant tubular neighborhood and suppose the rank 2. We may
consider the following G-equivariant Thom form of N (refer Section2.4):

(07 W*Eeq, _¢eq) € Q%{(Z/L U0)7

where U = {Up, U1} = {N \ £x, N}. Then we have:
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Lemma 4.15. In the above situation, we have the following equality: for d,-closed

form p € QF U, Uy),
/z n= /,u/\w €eqs

where i : X — N is the (equivariant) inclusion.

Proof. Since X is a G-equivariant deformation retract of N, idy and ¢ ox is homotopic.
Thus, the restriction of any deq-closed form p € QF (U, Up) is homologous to 7*i*u :
(p] = [ *p] € HE(U, Up), ie. p=m"1*pu+ Degy. Hence

/ (077*5eq> _1/}eq) ~ = / (0,7 €eq» _Q/Jeq) — i +/ (O,ﬂ'*&‘eq, _weq> — Degy
N N

= / (0, m*€eq, —theq) — T i*p (. Leibniz rule)

z

= / Tx(0, T €eq, —theq) — "1 (" projection formula)

X

/ (0777*56117 _weq) ~ K = / u~ (077T*€eq7 _weq)
N N

= / 1% A\ 7-‘—*56[]
N

Since X is fixed points of G, G acts on X trivially. Thus,

»

On the other hands,

H(X) = Clg*]% ® H*(X)

SO
ceq(N) :=ceqg = fi+ fiian + - +a;,  fi € Ci(g"), a; € Q*(X).

Suppose that f; # 0. Then e.4(N) may be written as

eqd(N) = il = 2), = —(fiston + -+ + 1) = —eeg(N) + fi

Ji
Taking the inverse of the both formally, we get
1 1 14 & « . o? n aq_l
Eeq(N) fl f 12 lq_l ’
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where ¢ — 1 is the largest integer which is less than or equal to %dim X. We multiply
the both sides by f!, we have

B(N) = fi + i 2a+ - +ath,
Since degeeq(N) =0,
0= degeeq(N) = deg(fi — @) = deg i — degat = ~degar = degar = 0.
Then we see that d.,5(N) = 0, and we have
B(N)eeg(N) = ff

Thus, if we replace p by pu A 7*B(N) in Proposition 4.15, we get

/Xi*uAB(N)Zf{’/NM

We may rewrite this as follows:

/N o /X <7v>

The formula express an integral over N in terms of an integral over X. Until now, we
assumed that the codimension of X is even and f; # 0. In the following, we give some
propositions to satisfy these conditions.

(%)

Proposition 4.16. Let T' be maximal torus of G, 29 € X and Ny = N|,,. Then, f; # 0
if and only if the weights of the isotropy representation of T" on Ny are all non-zero.

Proof. Since the dimension of Ny is even, we may regard Ny as a complex vector space
with dimension [. Putting G-invariant metric on Ny, we have a homomorphism

G — U(Ng)=U(l)
. So we get a homomorphism
h: Clu())7® — Clg)@
If jo denotes the inclusion of Ny in N, then

I
Ji = Joeeq(N) = €eq(No) = <\/2j1> h(det),

™

where det is the determinants with respect to u(l). Let T" be a maximal torus of G with
Lie algebra t. Then, for any g € G, there exists h € G such that h~'gh € T. Since
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h(det) is invariant for the adjoint action, thus it is determined by its restriction to t*.
So it is sufficient to compute the image of h(det) under the restriction map

A : Clg'] — CJ¥.

We use the weight decomposition of Ny under the isotropy action of the torus: We may
identify Ny with C! in such a way that the action of T is given by

(exp&)v = (eisl(g)zl, ... ,eism(g)zl)
Directly computing, we get
)\oh(det) =818
O

Note that since X is a connected component of fixed points, the isotropy represen-
tation of T on the fiber of the normal bundle of X is the same at all points. And,
even if we take another maximal torus 7", since T” is a conjugacy of T, so the isotropy
representations is equivalent. Thus, the hypothesis of the above proposition does not
depend on the choice of g and T. Since f; # 0 if and only if N7 = N, so we may
assume that G = T without loss of generality, i.e., G is an torus group.

Lemma 4.17. Let Ag be the group lattice of G. Then, there exists a finite number of
weights 31,..., 3, in A7, with the property that if { € g satisfies

Bi) #0 (i=1,...,q)
the corresponding vector field £y, on M is non-zero except at points of ME.

Corollary 4.18. Let & be in gg := {;% | n € g,m € Z} and satisfy the Lemma 4.17.
Then the circle group S* generated by & has the property

M¢ =M
Then, consider the set

The connected components of this set are called the action chambers of g

Proposition 4.19. The connected components of M are of even codimension. More-
over, having fixed an action chamber, one can assign to each of these components a
canonical orientation

Theorem 4.20 (Localization theorem for S* action [15]). If € QF, (M) (k > d) is

€q ¥
q X

where the sum runs over the connected components of M 51, ix is the inclusion of X
into M, and e.q(Nx) is the equivariant Euler class of the normal bundle of X.
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Proof. We set U = M — M S Since S is one-dimensional, it acts on U locally free;
thus HE, (U) = H*(U/S') and in particular, since dimU/S* = d — 1, HE (U) = 0 for
k > d. Thus, there exists v € Q¥TH(U) such that y = dev. Let Ux be a tubular
neighborhood of X and px be a Sf invariant smooth function which is identically one
in a neighborhood of X and zero outside of Uyx. Letting v/ =v — > pxv,

M:deqyl+ZNXa

where uyx € Q’gl(UX)o and px = p on a neighborhood of X. Therefore,

w= /MX

=2,
(g0

/Mlu /X5eq NX

We shall extend this result to torus actions. Recall that if K is a subtorus of G,
there is a natural map

and by the equation (x),

O

HG(M) — Hp (M)
induced by the restriction map on forms. To be more specific, given equivariant form
in QF (M),
p:g— QN (M)
one gets an equivariant form in Q7 (M) by restricting p to ¢, and the restriction p1 — fu,
induced the above map on cohomology. In particular, let { € gg and let K be the circle

subgroup of G generated by &. If £ satisfies the Lemma 4.17 M& = M¥; hence, applying
HE(M) — Hi (M) to ple and (gcq(Nx))le:

qu
/ Z»/X 5eq NX
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5 Simplicial Cech-de Rham cohomology

Until now, we have considered the equivariant Cech-de Rham cohomology using the Car-
tan model. In this section, we recall another definition of equivariant cohomology from
a topological viewpoint, i.e., the Borel construction via the simplicial method. Then we
introduce the equivariant Cech-version, say simplicial Cech-de Rham cohomology.

5.1 Equivariant cohomology by Borel construction

Let G be a topology group and X a G-space. Fix a classifying bundle EG — BG (for
example, if G is a compact Lie group, it exists. See [11])

Definition 5.1. Let R be a commutative ring. The equivariant cohomology H(X; R)
is defined by
HE(X: R) == H*(Xe; R)

where the right hand side is the singular cohomology with coefficient in R of the asso-
ciated fiber bundle
Xg = FEG xg X = BG.

The space X¢ is called the Borel construction.

Remark. It is well-defined. Indeed, given a different model for classifying bundle,
since these are G-equivariant homotopy equivariant, hence define the same equivariant
cohomology.

For example, let G be a Lie group and M be G-manifold. If G acts on M freely and
properly, we get a fiber bundle with fiber EG on M/G;

MG:EGXGM:MXGEG%M/G.
Since EG is contractible, we have H} (M) = H*(Mg) = H*(M/G).

Theorem 5.2 (e.g.,[11]). Let G be a compact Lie group acting on a smooth compact
manifold. Then we have

HG(M,C) = H*(25(M), deg)

5.2 Simplicial manifolds

Let A be the simplicial category, whose objects are non empty ordered sets
[n] :={0,1,..,n} C NU{0} for n>0

and the set of morphisms is the set of order preserving maps

A([nl, [m]) = {f : [n] = [m] | f(i +1) = f(i) for all i}
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The morphisms of this category is generated by the following coface maps 0° and code-
generacy maps o' (it is easy to check):

_— i [ if j <
9" :[n 1]—>[n],3(3)-_{j+1 if >4
N if j <
a.[n+1]—>[”}va(‘7)'—{j_1 if j >4

One may think of [n] as the vertices of an n-standard simplex A™. Any order-preserving
map determines a map of simplices,

A(f) AN Am, Zn:tiei — itief(i).
=0 1=0

Abusing the notation, we use the notation 9" = A(9%) and 0! = A(c?).
Here, we denote by Top the category of topological spaces and by Mfd the category
of smooth manifolds.

Definition 5.3. (1) A simplicial space (or manifold) X is a contravariant functor from
the simplicial category A into the category Top (or Mfd), i.e.,

Xo : A — Top (or Mfd)

(2) A simplicial map is a natural transformation between two simplicial spaces.

Given a simplicial space X,, we may identify X with the collection of topological space
{Xn} (X5, := X([n])) together with continuous maps X (f) : X,, — X,, for any order-
preserving map f : [n] — [m] such that X(fog) = X(g) o X(f). Also, a simplicial map
F, : Xo — Y, is identified with the collection of continuous map F,, : X,, — Y, such
that for any order-preserving map f : [n] — [m], the following diagram commutes:

X,, X(f) X,

. 5
Y —— Yy
Y(f)
The maps 9; := X () and o; := X (o) are called the face and degeneracy maps of
the simplicial space.

Definition 5.4. Let X, be a simplicial space. The geometric (fat) realization of X, is
the quotient space

X =[] A" x Xp/ ~

n=0
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under the equivalence relations
(0't, x) ~ (t,0;x)
for any v € X,,,t € A" 1.i=0,..,nand n=1,2,....

From this definition, we easily see that a simplicial map F, : X, — Y, induces a
continuous map

L AX = Y0 [ 2)] = [ Fal2)],

where [(¢, z)] is the equivalent class of (t,z) € A™ x X,,. In other words, the geometric
realization is a covariant functor from the category of simplicial spaces into the category
of topological spaces.

In the following, we introduce some examples of simplicial spaces this paper deal
with.

5.2.1 Classifying Bundle

Let G be a Lie group. A simplicial space E,G is the collection of E,G = G"t! with
(EG)(f) : E,.G — E,G, (xo, ,:L“m) — (xf(o), ,SUf(m))

for any order-preserving map f : [n] — [m].

Lemma 5.5 (Dupont [7]). The geometric realization of F.G, that is ||[EG]||, is con-
tractible.

Proof. We denote by [go, ..., gn] the quotient of A™ x {(go, ..., gn)}.Then, we may regard
[90, .-, gn] as an n-simplex with elements g; as its vertices and thus [go, ..., gn] as the
O-face of the n + 1-simplex |e, go, ..., gn]. Given z € [go, ..., gn], using the linear structure
in [e, go, ..., gn|, consider the continuous map

H :le,g90,..-,9n] X [0,1] = [e, 90, .., 9n], H(z,t) = (1 —t)x + te.

For each [go, ..., gn], putting the above map all together, we obtain a homotopy H from
|EG|| onto [e]. Hence, || EG]| is contractible. O

Now we define the right G-action on ||EG|| by

17 "'79”971)]

9-[(t, (905 -+ 9n))] = [(t, og™
and let ||BG|| = |EG||/G with the natural projection ||[EG| — ||BG||.
Lemma 5.6. |[EG|| — ||BG]| is a principal G-bundle.

From the two lemmas above, ||[EG| — ||BG]|| is the model for the classifying bundle.
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5.2.2 Borel construction X as a simplicial space

Suppose X is a G-space. A simplicial space (X¢)e is the collection of (Xg), = G" x X
with face and degeneracy maps

(92, -+ gn, @) if i=0
Oi(g1, s g T) = (91 GiGit1s s Gno ) if 0<i<m

(gla"-agnflagn':f) if i=n
O-i(gl""’gn7x) = (glu"‘7giae)gi+17'”7gnax)

This simplicial space is naturally identified with the simplicial space FE,G xg X as
follows: Consider the following simplicial map (this map is well-defined)

EnGxg X = G"x X, [(g0s- Gn» )] = (90G7 s v Gn1Gp L5 G - )

We easily see that this simplicial map gives rise to an isomorphism between simplicial
spaces EoG X X and (X¢)e. Hence the geometric realization of this simplicial space
is the Borel construction Xg.

5.2.3 Nerve of a Cech cover

Let X be a topological space and U = {U, }ocr an open covering of X as in section 2.2.
A simplicial space Ue X is the collection of

unX = H Uao...an
(0‘07-"70‘”)6[(”)

with face maps induced by inclusions, and degeneracy maps induced by the natural
bijections Un...a;a...an — Uag...an-

Theorem 5.7. If X a paracompact Hausdorff space, the geometric realization of U X
is homotopy equivalent to X. In more detail, the natural inclusion U, X — X induces

a homotopy equivalence map
IUX| — X

Proof. Let g : [UX]|| — X be a map induced by the natural inclusion U, X — X (i.e.,
g([(t,x)]) = x). We define a homotopy inverse f : X — ||[UX]| of g as follows. Choose
a partition of unity {p,} subordinate to U = {U, }aer. For any x € X, since {supppa }
is locally finite, there exists (ag,...,an) € I (") such that

Zpai(x) =1, €Uy .a,-
=0
Then, define f(z) to be the image of

(Z pai(x>eiax) € A" x Uao.‘.an
=0
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This definition is independent of the choice of (aq, ..., ) € I™ satisfying the above
conditions (notice that we allow p;(z) = 0). For each Us,...q,, such that > 7" ; pa,(x) =
1 (x € Uag...a ), since flu,, ., is the composition of a map X > z — (371 pa, (2)ei, ) €
A" X Uyy...a,, and the quotient map [[7 (A" x Up X — |[UX]||, we easily see that f is
continuous. By definition, we have g o f(x) = z. Also, we see that f o g is homotopic
to the identity idy x| as follows: The required homotopy is induced by the homotopies
I X (A" X Ugg...an) = A" X Uqg...am

n n

(t, O siei, ) = O_((1 = t)si + tpa, (z))ei, )

=0 =0

From this theorem, all homotopy invariants of X may be studied in terms of U, X.

5.3 Simplicial de Rham theory

First, we define a singular cohomology of simplicial spaces Xo

Definition 5.8. A simplicial space X, defines a double complex
(C*(Xe; R),d,0)

where C?(X); R) is singular n-cochains with coefficient in an abelian group R and
d: CYX,;R) — C1(X,; R) is the usual coboundary map and 6 : C9(X,; R) —
C9(Xpy1; R) is defined in terms of the face maps as

q+1 '
5= (=1)"(a)".

i=0

The total complex associated to this double complex is denoted by (C*(X; R), D) where
C"(X) = P CUx,)
ptg=r

and D =0 + (—1)Pd on CI(X,).
Note that a simplicial map Fy : Xe — Y, induces a map of double complexes F* :
CU(Yp; R) = CU(Xp; R).

Proposition 5.9 (See [7]). Suppose X, is a simplicial space. Then, there exists iso-
morphism

H* (| X]; R) = H*(C"(X; R))
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which is natural, i.e., if F' : X, — Y, is a simplicial map then the following diagram

commutes N
H*(|Y|; R) —— H*(C*(Y;R))

71| |7

H*(|X|; R) —— H*(C*(X;R))
Proof. We will give a sketch of proof (for more details, see, [7]). For a simplicial space

{X.}, consider the double simplicial set S(X) = {S;(X,)} (where S;(X)) is the set of
all singular g-simplices in X,,) with face maps

Sq(Xp) = Sq(Xp-1), Sq(Xp) = Sg—1(Xp).
We have the geometric realization for this double simplicial set

IS = JT A7 x A? x S4(X,)/ ~
p,q>0

with suitable identifications. Then [|S(X)| is of a CW-complex structure. We may
check that

e The celluler cochain complex of [|S(X)| is naturally identified with the total
complex C(X). Thus, we have H*(||S(X)||) = H*(C*(X)).

e ||S(X)]|| is homeomorphic with the geometric realization of the simplicial space
15 (X )l

e There exists a natural simplicial map pe : ||S(Xe)|| = Xe and ||p]| : [|S(Xe)| —
|| Xe|| induces an isomorphism in cohomology with coefficient in R.

This implies that H*(|| X||; R) = H(C*(X;R)). O

Now we will prove the simplicial de Rham theorem. Namely, we will show that the
cohomology of geometric realization of a simplicial manifold equals to the the cohomol-
ogy of the double complex of simplicial differential forms. For the proof of the simplicial
de Rham theorem, let us recall briefly the usual de Rham theorem (For more details,
see, i.e., [7]). We denote by C}(M) a complex of smooth singular chains of a manifold
M. Since one proves that the inclusion map C}™ (M) C Cy(M) is a chain homotopy
equivalence, dually the map C*(M,R) — Hom(C;{™(M),R) is a cochain homotopy
equivalence. Integration over smooth chains defines a homomorphism

I:Q"(M)— Hom(C;™(M),R)

(@)@) = [w= [ o

and this map is a cochain homotopy equivalence. This is a summary of the usual de
Rham theorem.

by the formula
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Let M, be a simplicial manifold. As the same way above, we consider the double
complex of differential forms,

(€ (M,),d, 0)
where d : Q4(M,) — QIT1(M,) is the usual de Rham differential and 9 : Q4(M,) —
Q9(Mp41) is again alternating sum of pull-backs of face maps. Let Q*(M) be the

associated total complex. Furthermore, we have an integration map I : QI(M,) —
Hom(C;™(Mp); R) as above. Then we have

Theorem 5.10 (Simplicial de Rham theorem). I : Q¢(M,) — Hom(C;™(Mp); R) in-
duces a canonical isomorphism from the cohomology of 2*(M) to the singular cohomol-
ogy of || M|| with coefficients in R.

Proof. I : Q%(Mp) — Hom(CJ™(Mp);R) is a homomorphism of double complex. In
fact, for w € Q4(M,), o € Csm( )

/dw —/ w= ))(0o)
oo
a+1

q+1 4 '
G*w— — w=(I(w —1)4(;)x0).
/ >/@_)m (1@)((=1)i(3).0)

=0

and
+1

q
/&u—

By usual de Rham theorem, the induced map in d-cohomology is an isomorphism.
Thus, since the associated spectral sequences coincide at the Ej-term, we see that the
above map induces an isomorphism of cohomology groups for the total complex. So is
C(Mp,R) — Hom(C;™ (M), R). O

5.4 Simplicial Cech-de Rham cohomology

In what follows, we consider the simplicial counterpart of Cech Cartan complex and it
is a sort of the Cech version of the Borel model of the equivariant cohomology.

Let G be a compact Lie group and M a G-manifold. Given a G-invariant open
covering U = {Uqy }aer as in section 2.2, we may define a simplicial manifold (UM¢)e
which is the collection of

(UMg), = I (6" xUs.q)
(QQyeeryap)ETP)

with the face map for each GP x Uy,...q,,

. -1
81 . Gp X Uao._.ap — Gp X Uao...a;...ap

(925 -+s Gps @) if i=0
8@'(gla -'-agpvx) = (91, <y 9iGi+1, --wgpax) if 0<i<p
(917"'7gp—17gp 33') if 4 =p-

A similar argument in the following can be found in Kiibel [13].
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Theorem 5.11. The inclusion GP x U, C GP x M induce a simplicial map
(UMg)e — (Ma)e
which induces an isomorphism
H (@ (UMg)) = H* (2" (Mg))

Proof. Consider the following triple complex (it is a Cech resolution with respect to the
covering G* x U = {GP x Uy }p):

CPI(G® x U) = H Q" (G x Uag...aq)

(00 yeenyrq) €@

with boundary d + (—1)"d 4+ (—1)P*"§, where 0 is an alternating sum of pull-backs of
face maps and d is the usual de Rham differential and ¢ is the usual boundary in Cech
cohomology (as in section 2.2). Since differential forms form a fine sheaf, i.e., admit a
partition of unity, in the same way of Theorem 2.10, one may show that the natural
restriction
(G x M) — P (G* x ) = [T (G x Ua)
ael
induces the isomorphism between the cohomology of the de Rham double complex on
G* x M and the above triple complex.
On the other hand, we have an equality of vector space

QP (UMe) (= Q" (UMg),)) = CPP(G* x U).

That is, Q*"(UM¢) coincides on the set-level with the diagonal of the bisimplicial
complex C.’.’T(G' x U). Furthermore, it is easy to check induced map by face maps
in these complex coincides. Hence the cohomology of Q*"(UM¢) is isomorphic to the
cohomology of C**"(G* x U).

By the generalized Eilenberg-Zilber theorem (see [9]), there exists a chain homotopy
equivalence between the diagonal and the total complex of a bisimplicial complex (in this
case D, g1r=n CP*"(G* xU) is chain homotopic to @ CPP"(G* xU)). Composing
these maps defined above, we have the map

P orrwume) - @ TG xuy» P PG xUu) +— @ oPT(Mg)

pF+r=n p+r=n p+q+r=n p+r=n

p+r=n

which induces the desired isomorphism in cohomology. O

From this theorem and the simplicial de Rham theory, we have the following iso-
morphism:
H*(Q*(UMg)) = H*(Mg) = Hg(M)
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