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Abstract

To establish the existence of the linear-chain structure, we theoretically investigate excited states in
14C and 16C by using the antisymmetrized molecular dynamics. For 14C, it is found that two types
of linear-chain formation, π-bond and σ-bond linear chains, appear in positive-parity states. The
calculated excitation energies, moments of inertia, and α-decay widths of the linear-chain states are
compared with the observed data reported by recent experiments. The properties of the π-bond
linear-chain states reasonably agree with the observation, which convinces us of the linear-chain
formation in 14C. In addition, we suggest characteristic decay patterns and Coulomb shifts as the
way to distinguish the π-bond and σ-bond linear chains. As a result, the σ-bond linear chain is a
good candidate for the higher-lying resonant states reported by a cluster-transfer experiment. For
16C, it is found that the positive-parity linear-chain states have the (3/2−π )

2(1/2−σ )
2 configuration

and primary decay to 12Be(2+1 ) as well as to
12Be(g.s.) by α-particle emission. Moreover, we show

that they also decay via the 6He + 10Be channel. In the negative-parity states, it is found that
two types of the linear chains exist. One has the valence neutrons occupying the molecular orbits
(3/2−π )

2(1/2−σ )(3/2
+
π ), while another configuration cannot be explained in terms of the molecular

orbits because of the strong parity mixing. Their α and 6He reduced widths are sufficiently large to
be distinguished from other non-cluster states although they are smaller than those of the positive-
parity linear chain.
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Chapter 1

Introduction

1.1 Nuclear Clusters

Figure 1.1: Schematic illustration of

shell structure(left) and cluster struc-

ture(right)

The atomic nucleus is a many-body system of strongly
interacting protons and neutrons. To describe this com-
plicated system, there are many models. The shell model,
treating the motion of the nucleons as independent par-
ticles moving in a mean-field potential, leads to the most
notable success which explains the magic numbers [1]. In
contrast to this ”atom-like” picture, the excited states of
light nuclei show the α cluster structure composed of weak
interacting α-particles (formed from two protons and two
neutrons, that is, 4He nucleus), which is regarded as the
”molecule-like” picture (see Fig. 1.1). Because the bind-
ing energy of the α-particle is much larger than those of
other light nuclei, it is likely to form the subsystem in a
nucleus.

Such clustering and molecular states in atomic nuclei were predicted in 1930s [2], and were
reviewed in 1960s because of two reasons. The first reason is the Hoyle state. To explain the
abundance of carbon, Hoyle predicted the existence of the resonance state composed of three α-
particles around the α+α+α threshold to which 12C decays [3]. Such a state at an excitation energy
7.654 MeV was experimentally confirmed soon afterwards [4]. Therefore, this second 0+ state is
well-known as the Hoyle state and plays a important role in stellar nucleosynthesis. However, it
is not easy to describe this state by using the shell model with harmonic oscillator basis [5]. On
the other hand, several cluster models have challenged and succeeded to reproduce the excitation
spectrum of 12C, especially the 0+2 state [6–9]. It has been pointed out that the Hoyle state can
be viewed as a dilute gas of weakly interacting α-particles which is analogous to the properties of
a Bose-Einstein condensation [10–12]. Today, it still attracts much interest and is investigated by
many theoretical [13–16] and experimental [17–19] studies.

The second reason is the first excited state of 16O. This first excited 0+ state at 6.05 MeV was
not understood by the simple shell model, and hence, it was called as the ”mysterious 0+ state”. A
number of works [20–23] have been discussed this state, and at present, it is found that the 0+2 state
is the asymmetric cluster structure composed of α+ 12C clusters. While the 0+2 state is interpreted
that the α-particle goes around the 12C(0+) core with s-wave (notated as [12C(0+) ⊗ l = 0]J=0),
the 0+3 state at 12.05 MeV is interpreted that the α-particle goes around the 12C(2+) core with d-
wave ([12C(2+)⊗ l = 2]J=0). Moreover, such asymmetric cluster structure forms the two rotational
bands with positive parity (K = 0+) and negative parity (K = 0−), which is well-known as the

2



inversion doublet. The inversion doublet is the most prominent signature as the asymmetric cluster
formation and has been observed in not only 16O but also 20Ne (α + 16O) and 44Ti (α + 40Ca) by
many experiments [24].

Figure 1.2: Threshold rule shown by Ikeda dia-

gram [29,38].

In addition to the cluster structures as men-
tioned above, many different types of cluster
structure appear as the excitation energy in-
creases [25–28]. Figure 1.2, called as the Ikeda
diagrams [29], displays various cluster struc-
tures in terms of nuclei with an equal and even
number of protons and neutrons (Z = N). As
shown in this figure, cluster structures are pre-
dicted to appear as excited states close to the
corresponding decay threshold, which is known
as the threshold rule. The threshold rule pro-
vides us with an important view to understand
the clustering. However, the detailed mecha-
nism of the cluster formation has not been un-
derstood completely. To shed some light on the
clustering, we focus on the linear-chain struc-
ture which is one of the most interesting and
exotic cluster formation. Such a configuration
composed of linearly aligned three α-particles
was for the first time suggested by Morinaga
[30]. It has a 3:1 ratio of the large axis over
the small axis, so-called hyper-deformation, and
such extremely deformed nuclei have not yet been observed. Therefore, the linear-chain structure
can provide us with an understanding of not only the nature of the cluster formation but also the
extreme deformation of nuclear shape. For the above reasons, the linear-chain structure has long
been an important subject of the nuclear physics.

The 0+2 state in 12C was the first candidate for the linear-chain state. As mentioned above,
however, it turned out that it does not have the linear-chain configuration but are loosely coupled
3α clusters with dilute gas-like nature [10]. Sequentially, although the 0+3 state at 10.3 MeV in 12C
was suggested as the linear-chain state, recent studies [16,31,32] have pointed out that the 0+3 state
in 12C appears as a family state of the Hoyle state to have a higher nodal structure in the internal
motions of the 3α clusters. Alternatively, the 0+4 state in 12C has been suggested for the candidate
for the linear-chain state [16]. For 12C, however, the instability of the linear-chain configuration
against the bending motion (deviation from linear alignment) was pointed out and the bent-armed
configuration was predicted by the antisymmetrized molecular dynamics (AMD) [13, 33, 34] and
Fermionic molecular dynamics (FMD) calculations [12, 35]. This reason is explained as followings.
When aligned three α-particles in z-axis linearly, the eight nucleons composing of the two α-particles
must be excited with respect to principal quantum number of z-axis, nz, and occupy the higher
orbits because of the Pauli blocking. Bending the linear chain, one α-particle can be de-excited
and gain the less potential energy. Therefore, the bent-armed linear-chain configuration is more
stable than the ideal linear-chain configuration for 12C. Furthermore, a rotational band of 16O has
been observed around the 4α threshold with a very large moment of inertia [36], and hence, the
existence of the 4α linear chain has been discussed [37]. However, it is not clearly been confirmed
in experiments.
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1.2 Molecular Orbit

Figure 1.3: Extended Ikeda diagram suggested by

W. von Oertzen et al. [38].

A renewed interest in neutron-rich nuclei again
led to the studies on the linear-chain structure
because extra neutrons may stabilize unstable
cluster structure such as the linear-chain config-
uration [38]. Various types of the cluster struc-
ture composed of α and 16O core with several
neutrons are shown in Fig. 1.3 which was sug-
gested as the extended Ikeda diagrams. This
stabilization mechanism is well known for Be
isotopes in which 2α cluster core [39–45]. For
example, 8Be is a unstable nucleus for an α-
emission although it has a developed cluster
structure. Adding one and two valence neu-
trons, 9Be and 10Be become stable and they are
famous examples of the clustering. Therefore,
the role of valence neutrons can be interpreted
as the ”glue-like” effect and it is analogous to
the covalent bond in the molecule. Furthermore,
it has been suggested that more neutron-rich
isotopes 11Be and 12Be have more developed
cluster structure than 10Be [46, 47]. This fact
is also confirmed by the observations of the in-
crease of the proton radii [48,49]. Thus, the role
of valence neutrons is not only the bonding but
also the development for clusters.

These roles are explained by the molecular
orbits formed around the 2α core shown in Figure 1.4. Molecular orbits are composed of the linear
combination of p-wave around the core and classified into two types; π-orbit which is perpendicular
to the symmetry axis of 2α core and σ-orbit which is parallel to the symmetry axis. In the case
of 10Be, it is found that the two valence neutrons of the ground state 0+1 occupy the π-orbit, on
the other hand, those of the 0+2 state at 6.18 MeV occupy the σ-orbit. The π-orbit stabilizes the
cluster structure and shortens the distance of the 2α core, whereas the σ-orbit develops the cluster
structure and elongates the distance of the 2α core. Hence, 9Be and 10Be become more stable than
8Be occupying one and two neutrons in the π-orbit, and 11Be and 12Be develop the cluster than 9Be
and 10Be occupying additional one and two neutrons in the σ-orbit. Incidentally, it was suggested
by the generalized two-center cluster model [50] that as the excitation energy in 12Be increases
various ”ionic” configurations such as α+ 8He, 6He + 6He, and 5He + 7He appear as the molecular
resonances. It is also interesting phenomena as an analogy to the molecular structure.

As a natural consequence, it is expected that the linear-chain configuration can be realized in
neutron-rich C isotopes owing to the molecular orbits of valence neutrons (Fig. 1.5) instead of the
N = Z nucleus, 12C. This expectation has motivated many theoretical studies [51–61]. Itagaki et
al. [51] investigated the stability against the breathing and bending modes with respect to the linear-
chain configuration of the carbon isotopes (A = 12, 14, 16) based on the molecular orbital model.
As the result, it is found that the linear-chain state of 16C with the π2σ2 configuration for the four
valence neutrons is the most promising candidate among carbon isotopes. Figure 1.6 shows that the
only 16C(π2σ2) configuration has the minimum at the bending angle θ = 0, which means the stability
against the bending motion. Although this previous work used the microscopic model assuming 3α
cluster core, π and σ molecular orbits of valence neutrons, it attracted considerably renewed interest
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Figure 1.4: Schematic illustration of the π-orbit (top) and σ-orbit (bottom) in the 2α system. They

are described by the linear combination of p-wave at the α core.

in the linear-chain structure in neutron-rich nuclei. Suhara et al. [55] searched for excited states
in 14C using a method of antisymmetrized molecular dynamics (AMD) in combination with the
generator coordinate method (GCM). They found that the linear-chain band in positive-parity
states, here, the valence neutrons occupy the π-orbit located around two of the three α clusters,
namely, the α+ 10Be(π2). They in detail studied the origin of this asymmetric α+ 10Be correlation
and indicated that this configuration has its origin in the many-body correlation incorporated by
the parity projection [56].

1.3 Experimental Results for Linear-Chain States

,

Figure 1.5: Schematic illustration of the

π-orbit (left) and σ-orbit (right) in the

3α system. The parity of the σ-orbit is

different from that of 2α system

Although many theoretical calculations predicted the ex-
istence of the linear-chain configuration, it had not been
clearly observed by a number of experiments in 2000s
[62–68]. However, recent years have seen several impor-
tant experimental studies for the linear-chain states in
14C [69–73]. Rather promising candidates of the π-bond
linear-chain configuration in 14C were independently re-
ported by three groups [69–71]. These groups observed
the α + 10Be resonances above the α threshold energy in
both of positive and negative parity. In particular, Ya-
maguchi et al. [71] updated the information about the
candidates of the π-bond linear chain. Although the
spin-parity assignments for several states are not consis-
tent with those found in previous experiments [67,69,70],
they firstly observed a candidate for the band-head of the
linear-chain (Jπ = 0+) at 15.07 MeV, which should be compared with the theoretical calculations.
Owing to the better statistics and larger angular coverage, they provided more reliable spin-parity
assignment and evaluation of the decay widths. Figure 1.7 shows that the reported energies of
the positive-parity resonances measured from the α threshold are in reasonable agreement with the
excitation energies of the linear-chain states predicted by Suhara et al. [55]. Thus, rather promising
evidence of the π-bond linear-chain formation has been found.

Quite recently, very interesting data were reported by two works Tian et al. [72] and Li et
al. [73]. They reported the resonances populated by 9Be(9Be, α + 10Be)α reaction. In addition to
the same resonances reported by α+ 10Be elastic scattering, they reported the decay properties of
two resonances located above the α+ 10Be and 2α+ 6He thresholds, which are shown as the light-
blue lines and the relative branching ratio in Fig. 1.7. The relative branching ratio of the lower
resonance at 21.4 MeV shows that the decay into the π-orbit of 10Be(2+) is dominant. Therefore,
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this resonance is a good candidate for the π-bond linear-chain state. On the other hand, the relative
branching ratio of the higher resonance at 22.5 MeV shows that the decay into the 6 MeV state
of 10Be is dominant. Given that this 10Be state locates near the 0+2 state at 6.18 MeV, the higher
resonance dominantly decays into the σ-orbit of 10Be. Therefore, based on this very interesting
decay pattern, this new resonance was suggested as the candidates of the σ-bond linear chain.

A high-lying excited state at 20.6 MeV in 16C was observed by the breakup of 6He + 10Be [74].
Although further experimental studies are needed, given that the higher resonances in 14C are good
candidates of the linear-chain states, it is expected that the observed high-lying state can be also
the candidate for the linear-chain state in 16C.

1.4 Purpose

Figure 1.6: The 0+ energy curves against the bending angle

θ for carbon isotopes [51].

Although the reported energies in
Refs. [69–71] and the predicted exci-
tation energies in Ref. [55] are close
to each other, there are still sev-
eral gaps between theory and ex-
periment which must be resolved to
confirm the linear-chain formation in
14C. First, when measured from the
ground state energy, theoretically pre-
dicted and experimentally observed
excitation energies of the positive-
parity resonances disagree. This
may be because the effective interac-
tion used in the calculation [75] do
not reproduce the α threshold en-
ergy. Second, the experiments report
the negative-parity resonances, while
the negative-parity linear-chain states
were not clearly identified in Ref. [55].
Third, the experiments reported the α-decay width of the resonances which is a strong evidence
of the α clustering and must be verified by the theoretical calculation. Thus, further theoretical
studies are in need to identify the linear-chain states in 14C. Finally, the observed unique decay
patterns of the resonances reported by Tian et al. [72] and Li et al. [73] suggested the possibility
of the existence of the σ-bond linear-chain state. However, it has not been discussed in carbon
isotopes although the σ-orbit of beryllium isotopes is well known. Also, we are interested in how to
distinguish the σ-bond linear chain from the π-bond linear chain, especially their decay patterns.

16C is also very interesting nucleus as the most promising candidate for the stable linear-chain
state, because its stability against the bending motion was pointed out by molecular orbital model
calculation [51]. Because this previous work assumed the 3α cluster core and molecular orbits
of valence neutrons, it is very important to investigate the linear-chain state in 16C without any
a priori assumptions on the cluster core and valence neutron orbits. Furthermore, in addition
to the linear-chain configuration, triangular configurations of three α-particles are also suggested
in the neighboring nuclei such as 13C and 14C [55, 58, 76]. Therefore, it is also interesting to
search for analogous state in 16C. For further experimental study, we provide additional theoretical
informations. The first is negative-parity states. In the case of 14C, the experiments have reported
the negative-parity resonances [69–71]. Therefore, theoretical predictions are also needed for the
negative-parity resonances in 16C. The second is decay mode of the linear-chain configuration. If
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Figure 1.7: Left: Excitation spectra of the experiments [69–71, 73] and the calculation [55] in 14C.

Dashed lines show the experimental α + 10Be and 6He+2α thresholds. Right: Observed relative

branching ratio for two resonances with respect to three sets of final states in 10Be [73].

the linear-chain states of 16C are predicted above the α+ 12Be and 6He+ 10Be thresholds, the decay
pattern should provide important information to identify the linear-chain configuration.

For these purposes, we investigate the linear-chain states in 14C and 16C by using the method
of AMD. For the sake of the quantitative comparison of the excitation energy, we employ Gogny
D1S effective interaction [77] which reproduces threshold energies in 14C. From the AMD wave
function, we estimate the α-decay widths of the linear-chain states as well as those of other cluster
and non-cluster states. It is found that the calculated excitation energies of the π-bond linear-chain
states in positive parity are in good agreement with the observation, and only the linear-chain states
have large α-decay widths comparable with the observed data. Hence, we consider that the π-bond
linear-chain formation in the positive-parity state is rather plausible. On the other hand, in the
negative-parity state, the linear-chain configuration does not correspond to a single eigenstate but
is mixed with other configurations in the eigenstates. Thus, the linear-chain configuration does not
form a single rotational band. As a further evidence of the linear-chain formation, we focus on the
α-decay pattern. It is shown that the linear-chain states decay to the excited states of 10Be as well
as the 10Be ground state, while other cluster states dominantly decay to the 10Be ground state. In
addition to these analysis, it is found that the σ-bond linear chain decays to the 6He+ 8Be channel
as well as the α+ 10Be(σ2) channel, and their branching ratios are comparable. Hence, we suggest
that the sequential three-body decay of 14C∗ → 6He+8Be→ 6He+α+α is an important evidence of
the σ-bond linear chain. These characteristic decay patterns are, if it is observed, a strong signature
of the linear-chain formation. We also focus on the Coulomb shift of the σ-bond linear chain in the
mirror pair of 14C and 14O.

In the case of 16C, we study the positive- and negative-parity linear-chain states and discuss
their decay patterns. The positive-parity linear-chain has the valence neutrons occupying molecular
orbits (3/2−π )

2(1/2−σ )
2. We predict that the linear-chain states primarily decay to 12Be(2+1 ) as well as

to 12Be(g.s.). They will also decay to 10Be(g.s.) and 10Be(2+1 ) by
6He emission, which is a signature

of the covalency of valence neutrons. In the negative parity, two rotational bands composed of

7



the linear-chain configuration are found. One has the valence neutrons occupying the molecular
orbits (3/2−π )

2(1/2−σ )(3/2
+
π ), and the other does not have the clear molecular orbital configuration.

Their α- and 6He reduced widths are smaller than those of positive-parity linear-chain band, but
sufficiently large to be distinguished from other non-cluster states.

This paper is organized as follows. In Chapter 2, we explain the AMD framework which has
the advantage to describe the nuclear structure without any a priori assumptions. In Section 2.5,
we give the method to estimate the reduced widths amplitude for the α+ 10,12Be and 6He+ 8,10Be
decays in order to compare the α-decay widths with the observations and discuss characteristic
decay patterns of the linear-chain configuration. In Section 3.1, the excitation energies and decay
widths of the linear-chain states in 14C are shown and compared with the observed data to suggest
the assignment of the linear-chain bands. In addition, in order to show the further signature for
the σ-bond linear chain, the Coulomb shifts in the mirror pair of 14C and 14O are discussed in
Subsection 3.1.6. In the same manner, the results for 16C are also discussed in Section 3.2. In
Chapter 4, we summarize these works.
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Chapter 2

Theoretical Framework

In this work, using the intrinsic AMD wave function and effective interaction shown in Section
2.1, we perform the variational calculation shown in Section 2.2. Obtained wave functions are
not eigenstates of angular momentum so that the angular momentum projection is also needed.
To obtain the precise eigenenergy and eigenfunction, we perform the generator coordinate method
(GCM) shown in Section 2.3. In addition, using the wave function obtained by GCM, we calculate
the single-particle properties which are useful to check the properties of molecular orbits in Section
2.4. Finally, we mention the methods to estimate the reduced width amplitude using the two ways,
the approximated method and the Laplace expansion method, shown in Section 2.5. Main efforts
by the AMD calculation are reviewed in these Refs. [78, 79].

2.1 AMD Wave Function and Effective Hamiltonian

In this work the microscopic A-body Hamiltonian is written as

Ĥ =
A∑
i=1

t̂i − t̂c.m. +
A∑
i<j

v̂Nij +
Z∑
i<j

v̂Cij , (2.1)

where t̂i, t̂c.m., v̂
N , and v̂C are the kinetic energy per nucleon, kinetic energy of the center-of-

mass, nucleon-nucleon interaction and Coulomb interaction, respectively. The Coulomb interaction
v̂C is approximated by a sum of seven Gaussians. The Gogny D1S [77] is used as the effective
nucleon-nucleon interaction,

v̂NN
ij =

2∑
j=1

exp

(
−(r1 − r2)

2

µ2j

)
(Wj +BjP̂σ −HjP̂τ −MjP̂σP̂τ )

+iWLS
←−∇12δ(r1 − r2)×

−→∇12 · (σ1 + σ2)

+t3(1 + x0P̂σ)δ(r1 − r2)

[
ρ

(
r1 + r2

2

)]α
, (2.2)

where each term is central force, spin-orbit force, and density-dependent force in order. This
interaction depends on 14 parameters which are adjusted fitting sets of nuclear matter and finite
nuclear properties. The Gogny D1S parameters were modified from the Gogny D1 parameters [80]
to reproduce the barrier heights in actinides. At present, the D1S interaction has been used to
describe phenomena such as giant resonances, shape coexistence, super-deformation and fission
fragment properties. It is shown that the Gogny D1S interaction reasonably describes the n-, α-,
and 6He-threshold energies within 1 MeV error.
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The AMD wave function ΦAMD is represented by a Slater determinant of single-particle wave
packets,

ΦAMD = A{φ1, φ2, ..., φA} =
1√
A!

det[φi(rj)] =
1√
A!

∣∣∣∣∣∣∣∣∣∣
φ1(r1) φ1(r2) . . . φ1(rA)
φ2(r1) φ2(r2) . . . φ2(rA)

...
...

. . .
...

φA(r1) φA(r2) . . . φA(rA)

∣∣∣∣∣∣∣∣∣∣
, (2.3)

where φi is the single-particle wave packet which is a direct product of the deformed Gaussian
spatial part [81], spin (χi) and isospin (ξi) parts,

φi(r) = ϕi(r)⊗ χi ⊗ ξi, (2.4)

ϕi(r) =
∏

σ=x,y,z

(2νσ
π

)1/4
exp

{
−νσ

(
rσ −

Ziσ√
νσ

)2}
, (2.5)

χi = ai| ↑⟩+ bi| ↓⟩, |ai|2 + |bi|2 = 1, (2.6)

ξi = proton or neutron (2.7)

The centroids of the Gaussian wave packets Zi, the direction of nucleon spin ai, bi, and the width
parameter of the deformed Gaussian νσ are the variables determined by the frictional cooling method
explained below. It is noted that the AMD wave function Eq. (2.3) can be analytically decomposed
into the internal wave function Φint and the center-of-mass wave function Φc.m.,

ΦAMD = ΦintΦc.m., (2.8)

Φc.m. =
∏

σ=x,y,z

(2Aνσ
π

)1/4
exp{−AνσR2

σ}, (2.9)

Rσ =
1

A

A∑
i=1

riσ. (2.10)

Therefore, the center-of-mass kinetic energy t̂c.m. in Eq. (2.1) is exactly removed and the model is
free from the spurious motion.

The intrinsic wave function is projected to the eigenstate of the parity to investigate both of the
positive- and negative-parity states,

ΦΠ = P̂ΠΦint =
1 + ΠP̂x

2
Φint, Π = ±, (2.11)

where P̂Π and P̂x denote a parity projector and the parity operator, that is,

P̂xϕi(r) = ϕi(−r). (2.12)

2.2 Variation and Angular Momentum Projection

The variational energy is defined as,

EΠ =
⟨ΦΠ|H|ΦΠ⟩
⟨ΦΠ|ΦΠ⟩

(2.13)

By the frictional cooling method [82], the variables of the wave function (Zi, ai, bi, νσ) are determined
so that EΠ is minimized. To obtain the large deformed states, in this study, we add the constraint
potential to the variational energy,

ẼΠ =
⟨ΦΠ|H|ΦΠ⟩
⟨ΦΠ|ΦΠ⟩

+ vβ(⟨β⟩ − β)2 + vγ(⟨γ⟩ − γ)2, (2.14)
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where ⟨β⟩ and ⟨γ⟩ are the quadrupole deformation parameters of the intrinsic wave function defined
in Ref. [55],

⟨x2⟩ = R2
0

{
1 +

√
5

4π
β cos(γ +

2π

3
)

}
, (2.15)

⟨y2⟩ = R2
0

{
1 +

√
5

4π
β cos(γ − 2π

3
)

}
, (2.16)

⟨z2⟩ = R2
0

{
1 +

√
5

4π
β cos(γ)

}
, (2.17)

R2
0 =

1

3
(⟨x2⟩+ ⟨y2⟩+ ⟨z2⟩), ⟨z2⟩ ≥ ⟨y2⟩ ≥ ⟨x2⟩. (2.18)

Here, ⟨x2⟩ = ⟨Φπ|x2|Φπ⟩ (y and z are also same.). The vβ and vγ parameters are chosen to be large
enough that ⟨β⟩ and ⟨γ⟩ are equal to β and γ after the variation.

The variables are determined based on the imaginary-time evolution equation,

dXi

dt
= −µ

h̄

∂E

∂X∗
i

, (2.19)

where µ is the positive constant and Xi is the variables Zi, ai, bi, νσ. Using this equation, the total
energy always decreases as follows:

dE

dt
=

∑
i

(
∂E

∂Xi

dXi

dt
+

∂E

∂X∗
i

dX∗
i

dt

)
= −µ

h̄

∑
i

(
∂E

∂Xi

∂E

∂X∗
i

+
∂E

∂X∗
i

∂E

∂Xi

)

= −2µ

h̄

∑
i

∣∣∣∣ ∂E∂Xi

∣∣∣∣2 ≤ 0. (2.20)

By minimizing ẼΠ, we obtain the optimized wave function ΦΠ(β, γ) = P̂ΠΦint(β, γ) which has the
minimum energy for each set of β and γ.

Because the wave functions obtained by the variational calculation are not eigenstates of angular
momentum, the eigenstate of the total angular momentum J is projected [83] out from ΦΠ(β, γ),

ΦJπ
MKβiγi =

P̂ J
MKΦπ

βiγi√
⟨P̂ J

MKΦπ
βiγi
|P̂ J

MKΦπ
βiγi
⟩
. (2.21)

P̂ J
MK is the angular momentum projector,

P̂ J
MK =

2J + 1

8π2

∫
dΩDJ∗

MK(Ω)R̂(Ω), (2.22)

where DJ
MK(Ω) and R̂(Ω) are the Wigner D function and the rotation operator,

DJ
MK(Ω) = ⟨JM |R̂(Ω)|JK⟩, (2.23)

R̂(Ω) = e−iαĴze−iβĴye−iγĴz . (2.24)

The integrals over Euler angles Ω are evaluated numerically.
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2.3 Generator Coordinate Method

To obtain more precise wave functions and energies, we perform the generator coordinate method
(GCM) [84] by employing the quadrupole deformation parameters β and γ as the generator coor-
dinates. The wave function of GCM is expressed as

ΨJΠ

Mn =
∑
i

∑
K

cJ
Π

KinΦ
JΠ

MK(βi, γi), (2.25)

where the unknown coefficients cJ
Π

Kin and eigenenergies EJΠ

n are obtained by solving the Hill-Wheeler
equation [85], ∑

i′K′

HJΠ

KiK′i′c
J
K′i′n = EJΠ

n

∑
i′K′

NJΠ

KiK′i′c
JΠ

K′i′n, (2.26)

HJΠ

KiK′i′ = ⟨ΦJΠ

MK(βi, γi)|Ĥ|ΦJΠ

MK′(βi′ , γi′)⟩ ,
NJΠ

KiK′i′ = ⟨ΦJΠ

MK(βi, γi)|ΦJΠ

MK′(βi′ , γi′)⟩ .

We also calculate the overlap between ΨJΠ

Mn and the basis wave function of the GCM ΦJΠ

MK(βi, γi),

| ⟨ΦJΠ

MK(β, γ)|ΨJΠ

Mn⟩ |2/ ⟨ΦJΠ

MK(β, γ)|ΦJΠ

MK(β, γ)⟩ , (2.27)

to discuss the dominant configuration in each state described by ΨJΠ

Mn.
When a rotational band is formed and its moment of inertia is large, the excited member state

decays into lower-lying levels with large electric quadrupole (E2) transition probability,

B(El; JI → JF ) =
∑
MF

∑
µ

∣∣∣∣∣
⟨
ΨF (JF ,MF )

∣∣∣∣ A∑
i=1

rliYlµ(ri)

∣∣∣∣ΨI(JI ,MI)

⟩∣∣∣∣∣
2

. (2.28)

2.4 Single-Particle Properties

The neutron single-particle orbits of the intrinsic wave functions Φint(β, γ) provide us the motion of
the valence neutrons around the core nucleus. In order to construct a single-particle Hamiltonian,
we first transform the single-particle wave packet φi to the orthonormalized basis,

φ̃α =
1√
λα

A∑
i=1

giαφi. (2.29)

Here, λα and giα are the eigenvalues and eigenvectors of the overlap matrix Bij = ⟨φi|φj⟩. Using
this basis, the Hartree-Fock single-particle Hamiltonian is derived,

hαβ = ⟨φ̃α|t̂|φ̃β⟩+
A∑

γ=1

⟨φ̃αφ̃γ |v̂N + v̂C |φ̃βφ̃γ − φ̃γφ̃β⟩

+
1

2

A∑
γ,δ=1

⟨φ̃γφ̃δ|φ̃∗
αφ̃β

δv̂N

δρ
|φ̃γφ̃δ − φ̃δφ̃γ⟩. (2.30)

The eigenvalues ϵs and eigenvectors fαs of hαβ give the single-particle energies and the single-

particle orbits, ϕ̃s =
∑A

α=1 fαsφ̃α. We calculate the amount of the positive-parity component in the
single-particle orbit,

p+ = |⟨ϕ̃s|
1 + Px

2
|ϕ̃s⟩|2, (2.31)
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and angular momenta in the intrinsic frame,

j(j + 1) = ⟨ϕ̃s|ĵ2|ϕ̃s⟩, |jz| =
√
⟨ϕ̃s|ĵ2z |ϕ̃s⟩, (2.32)

l(l + 1) = ⟨ϕ̃s|l̂2|ϕ̃s⟩, |lz| =
√
⟨ϕ̃s|l̂2z |ϕ̃s⟩, (2.33)

which are used to discuss the properties of the single-particle orbits.

2.5 Reduced Width Amplitude

Using the GCM wave function, we calculate the reduced width amplitudes (RWA) yljπn (r) for the
4He + 10,12Be and 6He + 8,10Be decays which are defined as,

yljπn (r) =

√
A!

AHe!ABe!
⟨ϕHe[ϕBe(j

π
n)Yl0(r̂)]JΠM |ΨJΠ

Mn⟩, (2.34)

where ϕHe denotes the ground state wave function for 4He or 6He, and ϕBe(j
π
n) denotes the wave

functions for daughter nucleus Be isotopes with spin-parity jπn . Yl0(r̂) is the orbital angular mo-
mentum of the inter-cluster motion, and it is coupled with the angular momentum of Be(jπn) to
yield the total spin-parity JΠ. AHe and ABe are the mass numbers of He and Be, respectively. The
spectroscopic factor S is defined by the integral of the RWA,

S =

∫ ∞

0
r2|yljπn (r)|

2dr. (2.35)

The reduced width γljπn is given by the square of the RWA,

γ2ljπn (a) =
h̄2

2µa
|ayljπn (a)|

2, (2.36)

where µ and a denotes the reduced mass and the channel radius, respectively. The partial decay
width is a product of the reduced width and the penetration factor Pl(a),

Γljπn = 2Pl(a)γ
2
ljπn

(a), Pl(a) =
ka

F 2
l (ka) +G2

l (ka)
, (2.37)

where Pl is given by the Coulomb regular and irregular wave functions Fl and Gl. The wave number
k is determined by the decay Q-value and the reduced mass µ as k =

√
2µEQ.

In the case of 14C, to reduce the computational cost we calculate the RWA employing an ap-
proximate method given in Ref. [86]. In this method the antisymmetrization effect is neglected by
choosing sufficiently large inter-cluster distance a, and the RWA is approximated by the overlap
between the GCM wave function and the Brink-Bloch wave function ΦJπjl

BB (a) in which He and Be
clusters are placed with the inter-cluster distance a,

|ayljπ′ (a)|2 ≃
√
γ

2π
| ⟨ΦJπjl

BB (a)|ΨJπ
Mn⟩ |2, (2.38)

γ =
AHeABe

A
νBB.

where νBB denotes the width parameter of the Gaussian wave packet of Brink-Bloch wave function.
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Figure 2.1: Density distribution of (a) 8Be, the positive par-

ity states of 10Be with valence neutrons in (b) π-orbit and

(c) σ-orbit, and (d)(e) negative parity states of 10Be. The

contour lines show the proton density distributions. The

color plots of (b)(c) show the single-particle orbits occupied

by the most weakly bound neutron. In negative parity state,

the color plots of (d) show the single-particle orbits occu-

pied by the most weakly bound neutron, and those of (e)

show the other valence neutron.

The Brink-Bloch wave function is
constructed as follows. First, the in-
trinsic wave function for 10Be and 8Be
denoted by ψBe are generated by the
AMD energy variation. The intrinsic
wave function of Be is approximated
by a single AMD Slater determinant
with spherical Gaussian wave packets
with the width parameter νBB = 0.16
fm−2. In the case of 8Be, the wave
functions of the 0+1 and 2+1 states are
calculated by the bound-state approx-
imation. The density distribution of
obtained intrinsic wave function of
8Be is shown in Fig. 2.1(a) in which
the distance between two α clusters is
approximately 3.4 fm. For the posi-
tive parity states of 10Be, we obtained
two different intrinsic wave functions
shown in Fig. 2.1 (b) and (c) in which
two valence neutrons occupy so-called
π- and σ-orbits, respectively. We re-
gard that the former correspond to
the ground band (the 0+1 , 2

+
1 , and 4+1

states), while the latter is the excited
band (the 0+2 , 2

+
3 , and 4+2 states). For

the negative parity states of 10Be, we obtain an intrinsic wave function shown in Fig. 2.1 (d) and
(e) in which one of two valence neutrons occupies π-orbit and the other occupies σ-orbit. Next,
they are projected to the eigenstate of the angular momentum jπ as ϕBe(j

π
n) = P̂ jπ

mkψBe, where we
approximate that the Be wave functions are the eigenstates of the angular momentum ĵz in the
intrinsic frame. The eigenvalue k is assumed to be k = 0 in the positive-parity states and k = −1 in
the negative-parity states. The construction of the wave function of 4He and 6He is explained later.
The Brink-Bloch wave function is constructed by placing these He and Be wave functions with the
inter-cluster distance a,

Φjm
BB(a) = A

{
ϕHe

(
−ABe

A
a

)
P̂ j
mkψBe

(
AHe

A
a

)}
, (2.39)

and projected to the eigenstate of the total spin-parity JΠ as P̂ JΠ

MmΦjm
BB(a). We construct the wave

function, in which the angular momentum l of the inter-cluster motion and the angular momentum
j of Be are coupled to the total spin-parity JΠ, by summing up for all possible values of m,

ΦJπjl
BB (a) = n

2l + 1

2J + 1

∑
m

CJm
l0jmP̂

Jπ

MmΦjm
BB(a), (2.40)

where CJm
l0jm and n denotes the Clebsch-Gordan coefficient and the normalization factor.

Generally, the partial decay width should be independent on the choice of the channel radius.
However, in the practical calculation, the channel radius must be properly chosen to stabilize the
results because of the following two problems. Firstly, the channel radius should not be too large
value, because we adopt the bound-state approximation in the GCM calculation and hence the wave
function is not correct at large inter-cluster distance. Secondly, the channel radius a should not
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be too small, because the antisymmetrization effect cannot be neglected and the approximation is
not valid. Therefore, we adopted two different values for the channel radius. The first choice is
a = 5.2 fm which is common to the value used in the R-matrix analysis of the π-bond linear chain
candidates observed in Ref. [69] and close to that in Ref. [71]. Unfortunately, this choice of channel
radius is found inappropriate for the analysis of the σ-bond linear chain. Because σ-bond linear
chain is dominated by the 10Be(0+2 , 2

+
3 ) + α channels and 10Be(0+2 , 2

+
3 ) have larger radii than the

ground state, the larger channel radius should be used to avoid the antisymmerzation effect. Hence,
we used a = 6.0 fm for the analysis of σ-bond linear chain.

Next, we explain how the wave functions of 4He and 6He clusters are constructed when the RWA
in 14C is calculated by the approximation. The wave function of 4He is approximated by a (0s1/2)

4

wave function of harmonic oscillator which is represented by the Gaussian wave packet with the
width of νBB = 0.16 fm−2,

ϕ0s(r) = (2ν/π)3/4e−νr2 ⊗ χ. (2.41)

The ground state of 6He is approximated by a (0s1/2)
4(0p3/2)

2 configuration as

ϕJ=0
He = A{(0s1/2)4[0p3/2 ⊗ 0p3/2]

J=0} (2.42)

where 0p3/2 is also the eigen function of harmonic oscillator. In the practical calculation, we do not
use harmonic oscillator wave functions directly, but the 0p3/2 wave function is represented by the

sum of the infinitesimally shifted Gaussian wave packets ϕ0s(r; ϵ) = (2ν/π)3/4exp−ν(r− ϵ2) ⊗ χ.
This greatly reduces the computational cost because it is possible to use ordinary computational
code for AMD to calculate Eq. (2.38). The relationship between the shifted Gaussian wave packets
and harmonic oscillator wave function is given as follows to the first order of the shift ϵ,

ϕ0s(r; ϵ)− ϕ0s(r;0) =
(2ν
π

)3/4{
e−ν(r−ϵ)2 − e−νr2

}
⊗(aχ↑ + bχ↓) (2.43)

≃
(2ν
π

)3/4
2νr · ϵe−νr2 ⊗ (aχ↑ + bχ↓) (2.44)

= −
(2ν
π

)3/4
2νre−νr2

[
aY1−1(ϵ)ϕp3/2 3/2

+ bY11(ϵ)ϕp3/2 −3/2

+

√
1

3

{
bY1−1(ϵ)−

√
2aY10(ϵ)

}
ϕp3/2 1/2

+

√
1

3

{
aY11(ϵ)−

√
2bY10(ϵ)

}
ϕp3/2 −1/2

+

√
1

3

{√
2bY1−1(ϵ) + aY10(ϵ)

}
ϕp1/2 1/2

−
√

1

3

{√
2aY11(ϵ) + bY10(ϵ)

}
ϕp1/2 −1/2

]
(2.45)

where Y1m(r) is the regular solid spherical harmonics,

Y1m(r) =

√
4π

3
rY1m(r̂), (2.46)

where ϕp3/2 m
and ϕp1/2 m

denote the 0p3/2 and 0p1/2 wave functions with the magnetic quantum
number m. From Eq.(2.45), we see that 0p3/2 wave functions can be described by the sum of the
ϕ0s(r; ϵ) with proper choice of a, b, and ϵ. Thus, Eq.(2.42) is represented by the sum of the Slater
determinant of the shifted Gaussian packets. In the practical calculation the magnitude of ϵ is
chosen as |ϵ| = 0.02.
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In the case of 16C, we calculate the RWA employing the Laplace expansion method given in Ref.
[87]. This method is applicable to unequal-sized and deformed clusters without any approximation.
The RWA is obtained by using the GCM wave function,

yljπn (a) =
1√
nJΠK

∑
1≤j1<...<jA≤A

P (i1, ..., iC1)[χl(a; i1, ..., iA)[N
j1π1(i1, ..., iC1)N

j2π2(iC1+1, ..., iA)]j12 ]JK ,

(2.47)
with the definitions of the overlaps:

χl(a; i1, ..., iA) =

⟨
δ(r − a)
r2

Yl0(r̂)

∣∣∣∣χ(r; i1, ..., iA)⟩, (2.48)

N j1π1
m1

(i1, ..., iC1) = ⟨Φj1π1

m1He|ΨHe(i1, ..., iC1)⟩, (2.49)

N j2π2
m2

(iC1+1, ..., iA) = ⟨Φj2π2

m2Be|ΨBe(i1, ..., iC1)⟩, (2.50)

where P (i1, ..., iC1) and nJΠK denotes the phase factor and normalization factor, respectively. The
intrinsic wave functions for 10,12Be and 4,6He are generated by the AMD energy variation. For 12Be,
we obtain an intrinsic wave function in which two of four valence neutrons occupy π-orbit and the
others occupy σ-orbit which is regarded as the 12Be(0+1 ) and 12Be(2+1 ). We also obtain another
configuration having four valence neutrons in π-orbit, which we regard as 12Be(0+2 ) and

12Be(2+2 ).
However, the decay width to these states are negligibly small, and hence, they are not discussed
here. In following calculation, we assume that the 4He and 6He clusters are always jπ = 0+.

We also calculate the neutron spectroscopic factors in order to compare with the α-cluster
spectroscopic factors. The neutron spectroscopic factor Sn is written as

Sn =

∫ ∞

0
r2|φ(r)|2dr, (2.51)

where φ(r) is the overlap amplitude which is the overlap between the wave functions of nuclei with
mass A and A+ 1,

φ(r) =
√
A+ 1 ⟨ΨJ ′Π′

M ′n′(15C)|ΨJΠ

Mn(
16C)⟩ . (2.52)

The intrinsic wave function for 15C is generated by the AMD energy variation. The spin-parity
of 15C are chosen as J ′Π′ = 1/2+ (the ground state of 15C) for positive-parity states of 16C and
J ′Π′ = 1/2−, 3/2−, 5/2− for negative-parity states.
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Chapter 3

Results

3.1 Results for 14C

For 14C, it is found that two types of linear-chain formation, π-bond and σ-bond linear chains,
appear in positive-parity states. The calculated excitation energies, moment of inertia, and the α-
decay widths of the linear-chain states are compared with the observed data for the first time. The
properties of the π-bond linear-chain states reasonably agree with the observation, which convinces
us of the linear-chain formation in 14C. The negative-parity partners of the cluster states are also
obtained by the energy variation. However, because of the mixing with the non-cluster configura-
tions, these cluster configurations do not correspond to a single eigenstate in excited states. Thus,
the present result does not show the linear-chain formation in the negative parity and further studies
are in need to identify the structure of the observed negative-parity resonances. Also, we suggest
the characteristic decay patterns and the Coulomb shift as the way to distinguish the π-bond and
σ-bond linear chains. As a result, the σ-bond linear-chain is a good candidate for the higher-lying
resonant states reported by a cluster-transfer experiment.

3.1.1 Energy surface and density distribution

Figure 3.1 (a) shows the energy surface as functions of quadrupole deformation parameters β and
γ for Jπ = 0+ states obtained by the constraint variational calculation and angular momentum
projection. The circles on the energy surfaces show the position of the energy minima.

The energy minimum of the 0+ state is located at (β, γ) = (0.36, 14◦) with the binding energy
of 106.1 MeV. This intrinsic wave function is the most dominant component of the ground band as
discussed in the next subsection. It is interesting that this minimum state is deformed, as seen in
its intrinsic density distribution shown in Fig. 3.2 (a), despite of the neutron magic number N = 8.
However, the deformation is not large enough to break the neutron magicity as the last valence
neutron occupies p-wave that can be deduced from the density distribution of the valence neutron
orbit shown in Fig. 3.2 (a).

In the oblate deformed region, the different structure which we call triangular configuration
appears. Fig. 3.2 (b) shows the density distribution of the wave function located at (β, γ) =
(0.60, 25◦). The proton density distribution have triangular shape showing possible formation of 3α
cluster core with triangle configuration. As shown in the next subsection, this intrinsic wave function
becomes the most dominant component of the triangular band, which has large α reduced widths.
Owing to the parity asymmetric shape, the valence proton orbit is an admixture of the positive-
and negative-parity component as confirmed from the properties of the single-particle orbit listed
in Table 3.1. The table also shows that two valence neutrons occupy positive-parity orbit (sd-shell)
indicating the 2h̄ω excitation.
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Figure 3.1: Angular momentum projected energy surface for (a) the Jπ = 0+ state and (b) Jπ = 1−

state as functions of quadrupole deformation parameters β and γ. The circles show the position of

the energy minima.

In the strongly deformed region, the linear-chain configurations appear. There is an energy
plateau around the local energy minimum at (β, γ) = (1.00, 0◦) which approximately corresponds
to the deformation ratio equal to 3 : 1. As clearly seen in its density distribution shown in Fig.
3.2 (c), this local energy minimum has pronounced 3α cluster structure with linear alignment. The
properties of the proton single-particle orbit shows that the last two protons are excited into sd-shell,
that is because of the Pauli principle in the linear-chain configuration. The density distribution and
properties of the valence neutron orbits show that they correspond to the π-orbit of the molecular
orbital picture which is schematically illustrated in Fig. 1.5. Namely, the valence neutron orbit
is a linear combination of the p-wave perpendicular to the symmetry axis and has the angular
momenta |jz| = 1.5 and |lz| = 1.0. It should be noted that the π-orbit of 14C do not have parity
symmetric distribution but is localized between the center and right α clusters. In other words,
this configuration is the parity asymmetric and has α+ 10Be-like structure, which is consistent with
the discussion made in Refs. [55, 56]. Because this linear-chain configuration and the triangular
configuration explained above have asymmetric internal structures, we expect that the corresponding
negative-parity partners may exist and constitute the inversion doublets.

With further increase of the deformation, the other linear-chain configuration which we call
σ-bond linear chain appears around (β, γ) = (1.27, 0◦) which was not mentioned in Ref. [55]. This
intrinsic wave function is the most dominant component of the σ-bond linear-chain band discussed
in the next subsection. From the density distribution (Fig. 3.2 (d)), it is clear that this configuration
has another valence neutron orbit that correspond to the σ-orbit which is a linear combination of
p-wave parallel to the symmetry axis and has the angular momenta |jz| ≈ 0.50 and |lz| ≈ 0. It is
interesting to note that this configuration has parity symmetric shape, and hence, do not have its
negative-parity partner.

The energy minimum of the energy surface for the 1− states (Fig. 3.1 (b)) is located at (β, γ) =
(0.52, 19◦) with the binding energy of −98.2 MeV, and its density distribution is described in Fig.
3.2(e). From Table 3.1, it can be seen that this minimum has the same proton configuration with the
positive-parity minimum, but a neutron is excited into sd-shell from p-shell (1p1h configuration).
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Figure 3.2: Density distribution of (a)-(d) positive-parity states and (e)-(h) negative-parity states.

The contour lines show the proton density distributions. The color plots show the single-particle

orbits occupied by the most weakly bound neutron. Open boxes show the centroids of the Gaussian

wave packets describing protons.

In the deformed region, many different kinds of configurations appear. As reported in Ref. [55], it
is found that these configurations are strongly mixed to each other and the unique band assignment
of negative-parity states is impossible. Therefore, we do not discuss each configurations on the
energy surface, but explain the negative-parity partner of the cluster configurations found in the
positive parity. Because the triangular configuration and the π-bond linear-chain of the positive
parity are parity asymmetric, their counterparts appear in the negative parity. Fig. 3.2 (f) and
(g) show the triangular configuration and the π-bond linear-chain configuration in the negative-
parity state located at (β, γ) = (0.72, 14◦) and (1.05, 3◦), respectively. Although the cluster cores
are more distorted than the positive-parity states, their neutron single-particle configurations are
similar to their positive-parity counterparts. However, as already mentioned and explained in the
next subsection, these cluster configurations do not form single rotational band and are mixed with
other configurations to yield several excited states. For example, the negative-parity π-bond linear-
chain strongly mixes with the largely deformed non-cluster states such as the configuration shown
in Fig. 3.2 (h).

19



Table 3.1: Properties of the most weakly bound proton and neutron orbits in the configurations

shown in Fig. 3.2 (a)-(h). The column occ. shows the number of the nucleon occupying the orbit.

When two valence nucleons occupy the almost degenerated orbits, the single-particle properties are

averaged and occ. is equal to 2. Other columns show the single-particle energy ε in MeV, the amount

of the positive-parity component p+ and the angular momenta defined by Eqs. (2.31)-(2.33).

occ. ε p+ j |jz| l |lz|
(a) proton 2 −17.4 0.00 1.5 1.5 1.1 1.0

neutron 2 −6.6 0.22 1.1 0.6 1.2 0.9

(b) proton 2 −14.1 0.08 1.6 1.5 1.2 1.0

neutron 2 −5.3 0.98 2.2 0.5 1.8 0.3

(c) proton 2 −12.5 0.97 2.2 0.5 2.0 0.2

neutron 2 −7.0 0.09 1.8 1.5 1.4 1.0

(d) proton 2 −15.6 0.99 2.5 0.5 2.3 0.1

neutron 2 −4.4 0.01 2.8 0.5 2.6 0.1

(e) proton 2 −16.0 0.00 1.5 1.4 1.1 1.0

neutron 1 −3.8 0.99 2.2 0.5 1.8 0.4

(f) proton 1 −12.6 0.53 1.9 0.9 1.6 0.8

neutron 2 −6.6 0.98 2.1 0.6 1.8 0.3

(g) proton 1 −12.4 0.72 2.3 0.9 2.1 0.6

neutron 2 −7.2 0.11 1.9 1.4 1.6 1.0

(h) proton 1 −13.1 0.52 1.9 1.0 1.6 0.8

neutron 2 −8.2 0.92 2.2 0.7 1.9 0.4
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3.1.2 Energy spectrum
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Figure 3.3: Positive-parity energy levels up to Jπ = 10+. Open boxes show the observed states with

the definite spin-parity assignments taken from Ref. [88], and other symbols show the calculated

result. The filled circles, triangles and filled boxes show the ground, triangular and linear-chain

bands, while lines show the non-cluster states which have the reduced widths less than 0.08 MeV1/2.

Table 3.2: Excitation energies (MeV) and

proton and neutron root-mean-square radii

(fm) of several selected states. Numbers in

the parenthesis are the observed data [88,89].

Band Jπ Ex rp rn
Ground 0+1 0.00 2.53 2.58

2+1 8.41 2.58 2.69
(7.01) (2.34)

Triangular 0+2 7.49 2.67 2.92
Kπ = 0+ 2+2 9.26 2.64 2.83

4+1 12.00 2.65 2.89

Triangular 2+3 10.99 2.68 2.92
Kπ = 2+ 3+1 12.03 2.68 2.92

4+2 13.83 2.68 2.92

π-bond 0+4 14.64 3.27 3.20
linear chain 2+5 15.73 3.37 3.28

4+5 17.98 3.33 3.24
6+2 21.80 3.39 3.30

σ-bond 0+7 22.16 3.91 4.12
linear chain 2+10 22.93 4.02 4.21

4+11 24.30 3.97 4.15

Figure 3.3 shows the spectrum of the positive-
parity states obtained by the GCM calculation. The
properties of the several selected states are listed in
Table 3.2. The detail of the α reduced widths is given
in next subsection. In the case of the positive-parity
states, the cluster states are assigned in the rota-
tional bands without uncertainty, because the band
member states are connected by the strong E2 tran-
sitions as listed in Table 3.3.

The ground state and the first excited state
(2+1 ) are dominantly composed of the configurations
around the energy minimum of the energy surface.
The ground state has the largest overlap (Eq. (2.27))
with the configuration shown in Fig. 3.2 (a) that
amounts to 0.98, and the calculated binding energy
is −106.3 MeV that is reasonably close to the ob-
served value of −105.3 MeV. The excitation energy
of the 2+1 state is also reasonably described. However,
the calculated B(E2) strength overestimates the ob-
served value which may be due to the overestimation
of the deformation. This overestimation of B(E2) is
common to 16C.

Owing to its triaxial deformed shape, the triangu-
lar configuration generates the rotational bands built
on the 0+2 and 2+3 states that are shown by triangles
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in Fig. 3.3. We call them Kπ = 0+ and 2+ bands, respectively in the following, although the mixing
of the K quantum number in their GCM wave functions is not negligible. Compared to the linear-
chain states, these bands have less pronounced clustering and α clusters are considerably distorted,
therefore the band head energies are well below the cluster thresholds. The member states have
large overlap with the configuration shown in Fig. 3.2 (b) which amount to, for example, 0.91 in
the case of the 0+2 state.

Table 3.3: Calculated in-band B(E2) strengths for the low-

spin positive-parity states in unit of e2fm4. For the negative-

parity states, the transitions between the low-spin cluster

states (diamonds in Fig. 3.4) are shown and the transitions

less than 10 e2fm4 are not shown. The number in parenthe-

sis is the observed data [90].

Ji → Jf B(E2; Ji → Jf )

Ground → Ground 2+1 → 0+1 8.1 (3.74)

Triangular Kπ = 0+ 2+2 → 0+2 7.6
→ Triangular Kπ = 0+ 4+1 → 2+2 7.9

6+1 → 4+2 19.8

Triangular Kπ = 2+ 3+1 → 2+3 17.6
→ Triangular Kπ = 2+ 4+2 → 3+1 8.5

4+2 → 2+3 5.4

π-bond linear chain 2+5 → 0+4 165.5
→ π-bond linear chain 4+5 → 2+5 257.4

6+2 → 4+5 276.5

σ-bond linear chain 2+10 → 0+7 441.9
→ σ-bond linear chain 4+11 → 2+10 655.9

Negative-parity states 3−4 → 1−3 21.9
3−5 → 1−3 32.4
3−6 → 1−5 60.1
3−10 → 1−5 31.5
5−2 → 3−4 63.0
5−4 → 3−5 54.5
5−7 → 3−6 53.9

The linear-chain configurations
generate two rotational bands in Fig.
3.3. The first one which we call π-
bond linear-chain band is built on
the 0+4 state at 14.6 MeV close to
the α threshold energy and composed
of the π-bond linear-chain configu-
rations. The bandhead state (the
0+4 state) has large overlap with the
configuration shown in Fig.3.2 (c)
which amounts to 0.87. The other
band which we call σ-bond linear-
chain band is built on the 0+7 state
at 22.2 MeV (about 9.18 MeV above
the α threshold) and composed of
the σ-bond linear-chain configura-
tions shown in Fig.3.2 (d). This in-
trinsic wave function has the largest
overlap with the band head state
that amounts to 0.99. The B(E2)
strengths between the member states
of these bands are rather strong com-
pared to other in-band and inter-
band transitions as listed in Table 3.3,
which is consistent with the domi-
nance of the strongly deformed intrin-
sic shapes with linear-chain configura-
tion. Because the σ-bond linear chain
is more strongly deformed than the π-
bond linear chain, its in-band transi-
tion strengths are stronger than those
of π-bond linear chain. Deference of the deformation also reflected to the moment of inertia;
h̄2/2ℑ =179 and 98 keV for π-bond and σ-bond linear-chain bands, respectively. The π-bond
linear-chain band is the candidate for the observed resonances and the comparison with the obser-
vation is discussed in Subsection 3.1.4.

In the case of the negative-parity states shown in Fig. 3.4, it is found that the α cluster config-
urations are mixed with other configurations and yield many excited states having non-negligible
α reduced widths. As a result, the E2 transition strengths are also spread to several states, and
it makes the band assignment ambiguous. For example, as listed in Table 3.3, there are two 3−

states that strongly decay to the 1−3 state. Therefore, applying the same standard with the positive
parity, we classified the excited states which have larger α reduced widths than 0.10 MeV1/2 as
cluster states (diamond symbols). Those cluster states are shown by diamond symbols which are
mainly composed of the configurations shown in Fig. 3.2(f), (g), (h) and other non-cluster config-
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Figure 3.4: Negative-parity energy levels up to Jπ = 10−. Open boxes show the observed states

with the definite spin-parity assignments taken from Refs. [53, 69–71, 88], and other symbols show

the calculated result. The diamonds show the cluster states having non-negligible α reduced widths,

while lines show the non-cluster states which have the reduced widths less than 0.10 MeV1/2.

urations. For example, the 1−3 state has the largest overlap with the configuration shown in Fig.
3.2 (h) that amounts to 0.93. But, at the same time, this state also have large overlap with the
triangular configuration shown in Fig. 3.2 (f) and the π-bond linear-chain shown in Fig. 3.2 (g)
which amounts to 0.85 and 0.70, respectively. This means that these excited states are the mixture
of cluster states and non-cluster states. As a result, the correspondence between the theory and
experiment is not unique. We also performed an additional test calculation. We pickup the π-bond
linear-chain configuration with positive parity shown in Fig. 3.2 (c) and artificially project it to the
negative parity to estimate the energy of the ideal π-bond linear chain with negative parity. We
see that the energy of the ideal linear-chain is too high to be assigned to the observed resonances.
Thus, the present calculation does not support the formation of the linear chain in negative parity.
The fragmentation of the cluster configurations can be more clearly seen in their α reduced widths
which are discussed in the next subsection.
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Figure 3.5: Calculated α-decay reduced widths compared with the observed widths reported in

Ref. [69]. Panels (a)-(d) show the decay of the positive-parity states to the ground band of 10Be

(π-bonded 10Be). Panel (e) shows the decay of the 0+ states to the excited band of 10Be (σ-bonded
10Be). Panels (f)-(h) show the decay of the negative-parity states to the ground band of 10Be

(π-bonded 10Be). Numbers in parenthesis show the excitation energy. The channel radius a is 5.2

fm.
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3.1.3 Reduced width

Figure 3.5 shows the α reduced widths of several selected low-spin states with positive parity. The
decay channels are indicated as [10Be(jπ) ⊗ l] where jπ and l denote the angular momenta of the
10Be and the relative motion between 10Be and α-particle, respectively. Here, except for the panel
(e), 10Be is assumed to have two neutrons in π-orbit, i.e. the ground band [39].

There are two prominent features to be noted in these results. The first is the magnitude of the
reduced widths. The π-bond linear-chain band (the 0+4 , 2

+
5 , 4

+
5 , and 6+2 states) have large reduced

widths compared to the triangular bands and the ground state. It is also noted that the α reduced
widths of other excited states are also smaller than the π-bond linear-chain band, and even smaller
than or comparable with the triangular bands. Hence, in the calculated energy region, the π-bond
linear chain band has the largest reduced width. In Fig. 3.5 (b)-(d), the observed reduced widths
of the linear-chain candidates [69] are also shown for 2+, 4+, and 6+ states. Since the decay to
the 10Be ground state was assumed in the R-matrix analysis made in Ref. [69], those values may
be compared with the calculated results for the [10Be(0+1 ) ⊗ l] channel, and we see that only the
π-bond linear-chain band can explain the magnitude of the observed reduced widths. The details
are discussed in the next subsection.

It is also interesting to note that the other linear-chain band, i.e. the σ-bond linear-chain
band, has suppressed reduced widths despite of their prominent α clustering. The reason is simple.
Because the σ-bond linear-chain band does not have valence neutron in π-orbit, it is orthogonal to
the decay channels to the 10Be ground state that has π-orbit neutron. This is confirmed in Fig.
3.5 (e) where the reduced widths for the decays to the 10Be with σ-bond (the excited rotational
band, 10Be(0+2 , 2

+
3 , 4

+
2 )) are shown. Since other bands do not have valence neutrons in σ-orbit, their

reduced widths are suppressed, and only the σ-bond linear-chain band has large widths. The details
are discussed in Subsection 3.1.5.

Another point to be noted is the decay pattern of the π-bond linear-chain band. The reduced
widths in the [10Be(2+1 )⊗ l] channels are as large as or even larger than those in the [10Be(0+1 )⊗ l]
channel. This dominance of the 10Be(2+1 ) component in the π-bond linear-chain band is owe to
its unique structure. When three α-particles are linearly aligned, because of the strong angular
correlation between α-particles, the 10Be(2+1 ) and

10Be(4+1 ) components become large. This property
is in contrast to the Hoyle state where α-particles are mutually orbiting with l = 0, and hence,
the 8Be(0+1 ) component dominates [15]. Similar property of the linear-chain configuration were also
discussed in 12C [91]. Therefore, if the large contamination of the 10Be(2+1 ) component is confirmed,
it will be a strong evidence for the linear-chain formation.

10Be(π-bond)

K

z

Figure 3.6: Schematic illustration which

explains the relationship between the K

quantum number and the angular mo-

mentum of 10Be.

The 10Be(2+1 ) component in the triangular bands also
show an interesting feature. There are two triangular
bands with Kπ = 0+ and Kπ = 2+. The 0+2 , 2+2 and
4+1 states are the member of the Kπ = 0+ band, while the
2+3 , 4

+
2 and 6+1 are member of the Kπ = 2+ band. Here, it

is clearly seen that the 10Be(0+1 ) component is dominant
in the Kπ = 0+ band, while the 10Be(2+1 ) component is
dominant in the Kπ = 2+ band. This feature is explained
by Fig. 3.6. In the triangular bands, 4He and 10Be are
placed in a triangular shape and the intrinsic z-axis is cho-
sen to be perpendicular to the deformation axis of 10Be.
Since the K quantum number is the angular momentum
directed to the intrinsic z-axis, K must be equal to the
angular momentum of 10Be. This makes the difference in
the amount of the 10Be(2+1 ) component in the Kπ = 0+

and 2+ bands.
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For the negative parity, we show the states which have the reduced widths larger than 0.10
MeV1/2 in Fig. 3.5 (f)-(h). we can see that there are many states which have non-negligible α
reduced widths, and not able to identify the linear-chain band. As already mentioned, the linear-
chain configurations are mixed with the non-cluster configurations and yield many excited states as
found in Ref. [55]. We also see that none of the calculated state can explain the observed reduced
widths that are twice larger than the present results. This requires further theoretical study of the
negative-parity states, although the current result looks negative to the linear-chain formation in
the negative parity.

3.1.4 Comparison of the π-bond linear-chain states with the experiments
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Figure 3.7: Positive-parity energy levels up to Jπ = 8+.

Filled circles show the resonances with the definite spin-

parity assignments observed in the α+10Be resonant scatter-

ing [69–71]. Blue line shows the resonance at 22.5 MeV with-

out spin-parity assignment observed by a cluster-transfer ex-

periment [73]. Filled boxes show the calculated linear-chain

bands, while lines show the other states. Only even angular

momenta are shown.

In this subsection, we discuss the as-
signment of the π-bond linear-chain
band based on the latest experimen-
tal data. Freer et al. [69], Fritsch et
al. [70] and more recently, Yamaguchi
et al. [71] independently reported the
resonances observed in the α + 10Be
scattering, which are shown by cir-
cles in Fig. 3.7 and summarized in
Table 3.4. Freer et al. reported the
4+ and 6+ resonances at 18.22 and
20.80 MeV, respectively, while Fritsch
et al. reported the 2+ and 4+ reso-
nances at 15.0 and 19.0 MeV. A can-
didate for the 2+ resonance at 17.95
MeV was also reported by Freer et al.,
but not shown in Fig. 3.7 because
the spin-parity assignment is not so
firm. Yamaguchi et al. reported the
0+, 2+, and 4+ resonances at 15.07,
16.22, and 18.87 MeV. The 4+ en-
ergy is very close to that observed by
Fritsch et al. and the 0+ state may
correspond to the Fritsch et al.’s 15.0
MeV state which was assigned as 2+. We also note that the same resonances were also observed in
the two-neutron transfer reaction [68] and cluster-transfer reactions [72,73], although the spin-parity
assignment was not given.

We consider that they observed essentially the same resonances which are assigned to the π-
bond linear-chain band from the following reasons. Firstly, it is clear that these resonance energies
very nicely agree with those of the calculated π-bond linear-chain, regardless of the spin-parity
assignments. Furthermore, the experiments show the large moments of inertia; h̄2/2ℑ = 116 keV [69]
and 190 keV [71]. The very large moment of inertia is consistent with the large deformation
of the linear-chain band which reaches to 3:1 ratio of the deformation axes. In particular, the
moment of inertia reported by Yamaguchi et al. (h̄2/2ℑ =190 keV) is very close to the present
result (h̄2/2ℑ =179 keV). However, it is reminded that there is an experimental uncertainty in the
assignment of the 15.0 MeV state (Jπ = 0+ or 2+). Since the experimental spin-parity assignment of
the broad resonances is no easy, it should be carefully discussed as it strongly affects the discussion
of the moment of inertia.

Secondly, as listed in Table 3.4, the observed resonances have large α-decay widths to the
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Table 3.4: Excitation energies (MeV) and α-decay widths (keV) up to Jπ = 8+ of the linear-chain

states and the experiments. Γα shows the decay to the ground state (0+1 ) of 10Be. Numbers in

parentheses are tentative.

π-bond linear chain σ-bond linear chain Exp. [69] Exp. [70] Exp. [71]

Jπ Ex Γα(5.2fm) Γα(6.0fm) Ex Γα(6.0fm) Ex Γα Ex Γα Ex Γα

0+ 14.64 250 179 22.16 0.2 15.07 760

2+ 15.73 214 188 22.93 0.4 (17.95) (760) 15.0 290 16.22 190

4+ 17.98 149 147 24.30 0.3 18.22 200 19.0 340 18.87 45

6+ 21.80 123 151 26.45 0.2 20.80 300

8+ 27.25 77 120 29.39 0.2

α+ 10Be(0+1 ) channel comparable with those of the calculated π-bond linear-chain. Unfortunately,
experimental data are not quantitatively consistent to each other. In particular, the α-decay width
reported by Yamaguhi et al. [71] are getting smaller with the increase of J much faster than the
calculated ones while those reported in Refs. [69, 70] are getting larger. Nevertheless one would
conclude that most of them are few hundreds keV which are the same order of magnitude with the
calculated π-bond linear-chain. This is an evidence of the linear-chain formation, because theories
predict no other states than the π-bond linear-chain states which have large α-decay widths in this
energy region. It must be noted that the σ-bond linear-chain band has rather small decay widths to
he α+ 10Be(0+1 ) channel, which distinguishes the σ-bond linear-chain from the π-bond linear-chain.
The reason for this decay suppression will be explained in the next subsection.

Finally, theories predicted the decay of the π-bond linear-chain to the α + 10Be(2+1 ) channel
despite of the smaller decay Q-value (Table 3.5). This is because of the strong admixture of the
α + 10Be(0+1 ) and α + 10Be(2+1 ) configurations in the π-bond linear-chain, which originates in the
strong coupling nature of the linearly aligned alpha clusters. Experimentally, the width of the
α+10Be(2+1 ) decay has not been measured, but Fritsch et al. reported the decay of the 4+ resonance
to the α + 10Be(2+1 ) channel. Thus, the excitation energies, moment of inertia, and decay widths
are consistent between the theory and the α+ 10Be scattering experiment, and hence, the formation
of π-bond linear-chain in 14C looks rather assured. However, it must be emphasized that further
experimental studies are in need to resolve the inconsistency between the data and to firmly establish
the linear-chain formation. In particular, the following points are essential and indispensable;

1. The assignment of the 15.0 MeV state, Jπ = 0+ or 2+.

2. Quantitative agreement of the resonance widths between the experimental data and also with
the theoretical results.

3. The confirmation of the decays to the inelastic channels and quantitative evaluation of the
partial decay widths.
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Table 3.5: Excitation energies (MeV) and α-decay widths (keV) to the 2+1 state of 10Be.

π-bond linear-chain σ-bond linear-chain

Jπ Ex Γα(5.2fm) Γα(6.0fm) Ex Γα(6.0fm)

0+ 14.64 - - 22.16 0.6

2+ 15.73 - - 22.93 0.2

4+ 17.98 118 111 24.30 1.8

6+ 21.80 256 271 26.45 0.4

8+ 27.25 397 421 29.39 0.8

3.1.5 Comparison of the σ-bond linear-chain states with the experiments

In addition to the candidates of the π-bond linear chain, several α-decaying resonances are reported
above the α+10Be(0+2 ) and 6He + 8Be(0+1 ) thresholds [63, 67, 72, 73]. In particular, quite recently,
Li et al. [73] reported the decay property of a resonance located at 22.5 MeV, which provides new
insight into the structure of the resonance. Since the spin-parity of the 22.5 MeV resonance has not
been assigned, it is shown by blue line in Fig. 3.7. We see that its energy is close to the calculated
0+, 2+, 4+, and 6+ states of the σ-bond linear chain, although we cannot exclude the assignment
to the 6+ or 8+ states of the π-bond linear chain.

In order to identify the structure of these resonances, we focus on the decay patterns of the
π- and σ-bond linear chains. The reduced widths to various decay channels summarized in Figure
3.8 suggests unique decay patterns of the linear chains. From the panels (a) to (d), we see that
all of the π-bond linear chain states decay to the ground band of 10Be (0+1 and 2+1 ), but not to
the excited band (0+2 and 2+3 ). On the other hand, the σ-bond linear chain has quite the opposite
pattern; it decays to the excited band, but not to the ground band. This clearly distinguishes two
linear-chains, and the reason of the difference is qualitatively understood from the intrinsic density
distributions of the 10Be and linear-chains shown in Figs. 2.1 and 3.2. Both of the ground band
of 10Be and π-bond linear chain has π-bonding neutrons, and hence, the π-bond linear chain can
be described by the linear alignment of the 10Be(0+1 and 2+1 ) and alpha cluster as illustrated in
Fig.1.5. Since this configuration is orthogonal to the α+10Be(0+1 and 2+1 ) the decay suppression to
the α+10Be(0+1 and 2+1 ) channels can be naturally understood. In the same way, the σ-bond linear
chain can be described by the linear alignment of the 10Be(0+2 and 2+3 )+α which explains the decay
pattern of the σ-bond linear chain.

Experimentally, it has been reported that several resonances above 20 MeV primary decay to
the excited states of 10Be around 6 MeV [63,67,72,73] (see TABLE. I of Ref. [73] for the summary
of the experimental data). In particular, Li et al. [73] reported the relative branching ratio of
some resonances and showed that the 22.5 MeV resonance has approximately three times larger
branching ratio to the 6 MeV state of 10Be than those to the 10Be(0+1 ) and

10Be(2+1 ) shown in Fig.
1.7. Unfortunately, the experiment does not have enough energy resolution to identify the 6 MeV
state of 10Be out of the 0+2 (6.179 MeV), 2+2 (5.958 MeV), 1−1 (5.959 MeV), and 2−1 (6.263 MeV)
states. However, if we assume that the 6 MeV state is the 10Be(0+2 ), we consider that the decay
pattern of the 22.5 MeV resonance is similar to the calculated σ-bond linear chain. To illustrate it,
we calculated the decay of the linear chains to the 10Be(0+1 ),

10Be(2+1 ) and excited states around 6
MeV. The decay to the 10Be(2+2 ) is not calculated because the triaxial deformation of 10Be(2+2 ) [44]
demands much computational cost. However, we expect that the decay to the 10Be(2+2 ) should
be negligible because its neutron configuration mismatches with the π- and σ-bond linear chains.
In addition, we ensure that the decay widths into 10Be(1−1 ) and 10Be(2−1 ) are negligibly small.
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Table 3.6 summarizes the calculated decay widths of the linear-chain states around 22.5 MeV. We
see that the calculated σ-bond linear chain states have much larger decay width to the 10Be(0+2 )
than to the 10Be(0+1 ) and 10Be(2+1 ) in order of magnitude. On the contrary, the π-bond linear
chain states primary decay to the 10Be(0+1 ) and 10Be(2+1 ), which contradicts to the observation.
Thus, the 22.5 MeV state is a good candidate for the σ-bond linear-chain. Of course, it must
be emphasized that further experimental and theoretical studies are required to establish the σ-
bond linear-chain. For example, the measurement of the absolute value of the partial decay widths
is essential. Theoretically, the admixture of the π- and σ-bond configurations in 10Be(0+1 ) and
10Be(0+2 ) should be properly considered, as it quantitatively affects the decay branching ratio of the
linear chains.
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Figure 3.8: Calculated α- and 6He-decay reduced widths up to Jπ = 8+. Panels (a)(b) show the

decay to the ground band of 10Be (π-bonded 10Be). Panels (c)(d) show the decay to the excited

band of 10Be (σ-bonded 10Be). Panels (e)(f) show the decay to the negative parity states of 10Be.

Panels (g)(h) show the decay to the ground band of 8Be. The l denotes the relative motion between

Be(2+) and α-particle. The channel radius a is 6.0 fm.

Finally, we discuss the decays to 6He + 8Be and 5He + 9Be channels. Fig. 3.8 (g) and (h)
show that both of the π- and σ-bond linear chains have large reduced widths in the 6He + 8Be
channel, which is another interesting feature of the linear-chains. Therefore, the σ-bond linear
chain and high-spin states (JΠ ≥ 6+) of π-bond linear chain which locate above the 6He + 8Be
threshold should also decay to the three-body final state through the sequential two body decays,
14C∗ → 6He + 8Be → 6He + α + α. As listed in Table 3.6, the decay widths of the σ-bond linear
chain to the 6He + 8Be channel are in the same order with those to the α + 10Be(0+2 ) channel,
and hence, the decay to 6He + α + α is another evidence of the linear-chain formation. We also
comment on the decay to the 5He+ 9Be channel (4He+n+ 9Be) whose decay threshold locates very
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close to that of the 6He+ 8Be channel. Theoretically, the decay width calculation for the odd-mass
daughter nuclei demands much computational time, and hence, it is not performed in the present
study. Nevertheless, we would expect that the decay of the σ-bond linear chain to the 9Be ground
state should be suppressed because of the π-bond nature of the 9Be ground state. On the contrary,
the decay to the first excited state of 9Be should be relatively enhanced as it has the σ-bonding [41].
This decay pattern will also serve as another evidence of the σ-bond linear chain.

In conclusion, the π-bond linear-chain states decay to 10Be(π2)+α and higher-spin than the 6+

states can decay to 6He+α+α. In the case of the σ-bond linear-chain, they decay to 10Be(σ2)+α
and 6He + α + α because all member states are above the both threshold energies. This decay
pattern is an important evidence to show the formation of two linear-chains in 14C.

Table 3.6: Partial decay widths (keV) in six different channels for (a) the σ-bond linear-chain states

and (b) Jπ = 6+, 8+ states of the π-bond linear-chain. The channel radius a is 6.0 fm.

(a) σ-bond linear-chain

Jπ Ex Γ(10Be(0+1 ;π
2)) Γ(10Be(2+1 ;π

2)) Γ(10Be(0+2 ;σ
2)) Γ(6He + 8Be)

0+ 22.16 0.2 0.6 136 38

2+ 22.93 0.4 0.2 99 29

4+ 24.30 0.3 1.8 63 23

6+ 26.45 0.2 0.4 42 17

8+ 29.39 0.2 0.8 17 13

(b) π-bond linear-chain

6+ 21.80 151 271 0.0 0.0

8+ 27.25 120 421 0.0 1
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3.1.6 Coulomb shift in 14C-14O

To establish the existence of the linear-chain structure, we also focus on the Coulomb shift in the
mirror pair of 14C and 14O. Because of charge symmetry of nuclear interaction, the spectroscopic
properties of mirror nuclei should be quite similar. However, the large difference in the excitation
energies of the s1/2 levels exists in the nucleus with the loosely bound proton and its mirror nucleus.
It is due to the reduction of the Coulomb energy associated with the spatially extended s-wave,
which is known as the Thomas-Ehrman shift [92–96]. The Thomas-Ehrman shift can be extended
to the cluster structure based on the molecular orbital picture of Be isotopes because the σ-orbit is
composed of the s-wave and d-wave. In fact, the Coulomb shifts of the 10Be and 10C was discussed
from the viewpoint of the molecular orbital picture [97]. In this previous work, the Coulomb shift
is prominent for the 0+1 state with the π-orbit nucleons which is dominated by the p-wave. On
the other hand, the Coulomb shift of the 0+2 state with the σ-orbit is rather smaller than the 0+1
state. This reduction is due to the spatially extended σ-orbit which dominated by the s-wave and
enhances the α-α clustering.

In this subsection we extend the discussion to the linear chain of 14O. In particular, we expect
large Thomas-Ehrman shift in the σ-bond linear chain because of its much larger spatially extent.
However, the σ-orbit of 14C-14O does not have the s-wave but the pf -wave. Therefore, it is not
clear that the σ-bond linear chain of 14C-14O shows the Thomas-Ehrman shift. Thus, we investigate
Coulomb shifts of the linear-chain states in 14C and 14O based on the β-constraint AMD calculation.
In particular, we focus on single-particle properties of the molecular orbits to clarify the origin of
large energy shifts in the σ-bond linear chain.
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Figure 3.9: Left: Positive-parity energy levels of 14O up to Jπ = 8+. The filled circles, triangles

and boxes show the ground, triangular, and linear-chain bands, while lines show the non-cluster

states. Dashed lines show theoretical threshold energies. Right: Density distributions of intrinsic

wave functions in 14O. Contour lines show the neutron density distribution and blue plots show the

single-particle orbit occupied by the most weakly bound proton.

Figure 3.9 shows the calculated energy levels of 14O as a function of the angular momentum (left
panel). These energy levels are classified into three cluster bands and non-cluster states. The filled
circles, triangles, blue and red boxes show the ground, triangular, π-bond, and σ-bond linear-chain
band, respectively. Each band is dominantly composed of the intrinsic wave function shown in
density distributions (right panels). It is found that these bands correspond to the triangular, π-
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and σ-bond linear-chain bands in 14C discussed in the previous subsection. To investigate the charge
symmetry between 14C and 14O, we compare geometric properties of the linear-chain states with
each other. For example, the root-mean-square radii of π- and σ-bond linear-chain states in 14O(0+)
are 3.23 and 3.96 fm, which are almost same those in 14C(0+), 3.24 and 3.98 fm, respectively. In
addition, the moments of inertia of the linear-chain bands in 14O are h̄2/2ℑ = 177 keV for π-bond
linear-chain and 103 keV for σ-bond linear-chain, respectively. They are very close to those of 14C,
h̄2/2ℑ = 179 and 98 keV. These suggest the good charge symmetry of the mirror pair of 14C and
14O. Binding energies and Coulomb energies of the ground states are listed in Table 3.7.

Table 3.7: Binding energies (MeV) and Coulomb energies (MeV) of the ground states in 14C and
14O.

14C 14O Difference

Binding energy −106.19 −99.99 6.20

Coulomb energy 7.31 13.34 6.03
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Figure 3.10: Energy spectra for Jπ = 0+ of 14C (left levels) and 14O (right levels). Levels are
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Figure 3.10 shows the comparison of excitation energies between 14C and 14O for Jπ = 0+ states.
The energy shift ∆Ex is defined as the difference of excitation energies,

∆Ex = {En(
14C∗)− Eg.s.(

14C)} − {En(
14O∗)− Eg.s.(

14O)}. (3.1)

The energy shift of the σ-bond linear-chain, ∆Ex = 1.53 MeV, is much larger than those of the
triangular-cluster configuration (∆Ex = 0.68 MeV) and the π-bond linear-chain (∆Ex = 0.08
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MeV). To discuss the origin of this large energy shift, we compare them with the Coulomb energy
differences in Table 3.8. The eigenenergy can be divided into the Coulomb energy component and
other components from Eq. (2.1),

En = ⟨Ψn|Ĥ|Ψn⟩ = ⟨Ĥsym
n ⟩+ ⟨v̂Cn ⟩ , (3.2)

⟨Ĥsym
n ⟩ = ⟨Ψn|Ĥsym|Ψn⟩, (3.3)

⟨v̂Cn ⟩ = ⟨Ψn|v̂C |Ψn⟩. (3.4)

If the mirror pair has the good charge symmetry,

⟨Ĥsym
n ⟩ (14C) ≈ ⟨Ĥsym

n ⟩ (14O), (3.5)

the Eq. (3.1) can be rewritten as,

∆Ex ≈ {⟨v̂Cn ⟩ (14C∗)− ⟨v̂Cn ⟩ (14O∗)} − {⟨v̂Cg.s.⟩ (14C)− ⟨v̂Cg.s.⟩ (14O)} ≡ ∆ ⟨v̂Cx ⟩ . (3.6)

The Coulomb energy difference of the σ-bond linear-chain, ∆ ⟨v̂Cx ⟩ = 1.45 MeV, is rather larger
than those of other configurations. Note that this Coulomb energy difference is very close to the
energy shift (∆Ex = 1.53 MeV). Therefore, we conclude that the large difference of the excitation
energies in the σ-bond linear-chain dominantly comes from the Coulomb energy difference.

Table 3.8: Energy shifts ∆Ex (MeV) defined by Eq. (3.1) and Coulomb energy differences ∆ ⟨v̂Cx ⟩
(MeV) defined by Eq. (3.6).

0+ 2+ 4+

Band ∆Ex ∆ ⟨v̂Cx ⟩ ∆Ex ∆ ⟨v̂Cx ⟩ ∆Ex ∆ ⟨v̂Cx ⟩
Ground 0 0 0.27 0.01

Triangular (K=0) 0.68 0.72 0.85 0.73 1.04 0.83

Triangular (K=2) 0.85 0.76 1.09 0.77

π-bond 0.08 0.59 0.24 0.63 1.04 0.00

0.27 0.30

σ-bond 1.53 1.45 1.31 1.04 1.49 0.34

1.01 0.40

To get a deeper insight into the origin of the large Coulomb shift, we focus on single-particle
properties listed in Table 3.9. We calculate the single-particle Coulomb energy,

⟨v̂Cs.p.⟩ = ⟨ϕ̃s|v̂C |ϕ̃s⟩, (3.7)

and the root-mean-square radius of the single-particle orbit,√
⟨r2s.p.⟩ =

√
⟨ϕ̃s|r̂2|ϕ̃s⟩. (3.8)

We roughly estimate the Coulomb energy induced from two valence protons in the σ-orbit from
Table 3.9,

−2{⟨v̂Cs.p.⟩ (σ)− ⟨v̂Cs.p.⟩ (g.s.)} = −2× (2.42− 3.10) = 1.36, (3.9)

which is also close to both the energy shift and the Coulomb energy difference, that is,

∆Ex ≈ ∆ ⟨v̂Cx ⟩ ≈ −2{⟨v̂Cs.p.⟩ (σ)− ⟨v̂Cs.p.⟩ (g.s.)}. (3.10)
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Table 3.9: Single-particle energies (MeV), radii (fm),

and Coulomb energies (MeV) of the most weakly bound

neutron (for 14C) or proton (for 14O).

ϵ
√
⟨r2s.p.⟩ ⟨v̂Cs.p.⟩

14C 14O 14C 14O 14O

Ground state −4.37 −1.82 3.12 3.11 3.10
Triangular −5.32 −2.14 3.72 3.90 2.80
π-bond −6.95 −3.92 2.92 2.95 2.96
σ-bond −4.11 −1.76 4.85 4.85 2.42

This reduction of the Coulomb energy of
the σ-orbit is derived from its large spa-
tially extent. For example, the radius of
the single particle of π-orbit, 2.95 fm, is
smaller than those of ground state (3.11
fm) and triangular cluster configuration
(3.90 fm). In contrast, the radius of the
single-particle of the σ-orbit is 4.85 fm,
which is huge. Therefore, the large en-
ergy difference of the σ-bond linear-chain
can be illustrated by the reduction in the
Coulomb energy associated with the spa-
tially extended σ-orbit. Namely, we can see
the Thomas-Ehrman shift in the σ-bond
linear-chain states although the main component of the σ-orbit is pf -orbit in the case of 14C-14O.
The Thomas-Ehrman shift is also suggested in the pair of 10Be-10C [97]. In the mirror pair of
10Be and 10C, the energy difference of the σ-bond states is ∆Ex = 1.0 MeV against the ground
state, which is a bit smaller than that of 14C-14O. The radius of the single-particle of the σ-orbit in
10Be-10C must be smaller than that in 14C-14O. Therefore, this difference may arise from the gap
of the spatially extent of the σ-orbit between 10Be-10C and 14C-14O.

In addition to 0+ states, we show the comparison of excitation energies for Jπ = 2+ and 4+ states
in Figs. 3.11 and 3.12, respectively. For 2+ state, the energy difference of the π-bond linear-chain
states is also small (∆Ex = 0.24 MeV) and the same magnitude with that of the 2+ member states
in the ground band. In contrast, the larger difference of the σ-bond linear-chain states (∆Ex = 1.31
MeV) can be also seen clearly. It is close to the Coulomb energy difference, 1.04 MeV in Table
3.8. The same tendency as the 0+ states appear in the 2+ states, i.e., the energy shift is negligibly
small for the π-bond linear-chain states, while it is prominent for the σ-bond linear-chain states
because of the Coulomb energy reduction. For 4+ state, π- and σ-bond linear-chain states of 14O
are fragmented into two states because of the coupling with other configuration. The lower σ-bond
linear-chain state shows the large energy shift, 1.49 MeV. However, it cannot be explained as the
Coulomb energy reduction because the Coulomb energy difference is 0.34 MeV, too small. It shows
that the mirror system does not have the good charge symmetry written by Eq. (3.5) for 4+ state.
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Figure 3.11: Energy spectra for Jπ = 2+ of 14C and 14O.
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3.2 Results for 16C

For 16C, it is found that the positive-parity linear-chain states have the (3/2−π )
2(1/2−σ )

2 configuration
and primary decay to 12Be(2+1 ) as well as to

12Be(g.s.) by α-particle emission. Moreover, we show
that they also decay via the 6He + 10Be channel. In the negative-parity states, it is found that
two types of the linear-chains exist. One has the valence neutrons occupying the molecular orbits
(3/2−π )

2(1/2−σ )(3/2
+
π ), while the other’s configuration cannot be explained in terms of the molecular

orbits because of the strong parity mixing. Their α and 6He reduced widths are sufficiently large to
be distinguished from other non-cluster states although they are smaller than those of the positive-
parity linear chain.

3.2.1 Energy surface and density distribution
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Figure 3.13: Angular momentum projected energy surfaces for (a) the Jπ = 0+ and (b) Jπ = 1−

states as functions of quadrupole deformation parameters β and γ. The filled circles, triangles and

boxes in the panel (a) show the ground, triangular and linear-chain structures, while in the panel

(b), the circle shows the position of the energy minimum and filled boxes show the linear-chain

configurations.

In Fig. 3.13, the energy surfaces for Jπ = 0+ and Jπ = 1− states are shown as the function of
quadrupole deformation parameters β and γ. The circles on the energy surfaces show the position
of the energy minima. First, we discuss three different structures on the energy surface of positive
parity based on their intrinsic density distributions shown in Fig. 3.14.

The energy minimum of the 0+ state is located at (β, γ) = (0.45, 31◦) with the binding energy of
110.5 MeV. The intrinsic density distribution at the minimum is shown in Figs. 3.14 (a)(b). These
figures clearly shown that this structure has no outstanding clustering. Figs. 3.14 (c)(d) show a
different structure which we call triangular configuration located around (β, γ) = (0.70, 37◦). The
3α cluster core forms triangle configuration as seen in the density distribution. Table 3.10 (c)(d)
show that four valence neutrons occupy the (sd)4 shell, indicating 2h̄ω excitation. However, because
of its asymmetric shape, the valence proton orbits are an admixture of the positive- and negative-
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Figure 3.14: Density distributions of positive parity states of the ground (a)(b), triangular (c)(d),

and linear-chain (e)(f) configurations. The contour lines show the proton density distributions. The

color plots show the single-particle orbits occupied by four valence neutrons. The lower panels show

the most weakly bound two neutrons, while the upper panels show the other two valence neutrons.

Open boxes show the centroids of the Gaussian wave packets describing protons.

parity components. We note that a similar configuration appears in 14C, which also have valence
neutrons shown in the panel (c) but without those shown in the panel (d).

Table 3.10: Properties of the valence

neutron orbit shown in Fig. 3.14. Each

column shows the single-particle energy

ε in MeV, the amount of the positive-

parity component p+ and the angular

momenta defined by Eqs. (2.31)-(2.33).

ε p+ j |jz| l |lz|
(a) −8.69 0.01 0.7 0.5 1.1 1.0
(b) −3.95 0.99 2.2 0.5 1.8 0.4
(c) −5.84 0.98 2.2 1.9 1.9 1.6
(d) −2.97 0.98 2.4 1.9 2.1 1.8
(e) −6.31 0.05 1.8 1.4 1.4 1.0
(f) −3.16 0.07 2.8 0.6 2.6 0.3

Further increase of the deformation realizes the linear-
chain configuration in the strongly prolate deformed re-
gion. In this region, there is an energy plateau around
the local energy minimum located at (β, γ) = (1.08, 0◦).
As seen in Fig. 3.14 (e)(f), its proton density distribution
shows striking 3α cluster configuration with linear align-
ment. In addition, the properties of valence neutron orbits
listed in Table 3.10 (e)(f) show that two valence neutrons
occupy the π-orbit and the other two neutrons occupy
the σ-orbit. Here the π-orbit in 16C denotes 3/2−π and the
σ-orbit denotes the 1/2−σ depending on the value of |jz|
and parity. Therefore, with these definitions, this state is
regarded to have the (3/2−π )

2(1/2−σ )
2 configuration.

The energy minimum of the energy surface for the 1−

states (Fig. 3.13 (b)) is located at (β, γ) = (0.59, 40◦)
with the binding energy of 103.6 MeV. At the minimum,
the single-particle properties show the 1p1h-configuration
ν(p1/2)

−1(d5/2)
1.
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Figure 3.15: Density distributions of negative parity linear-chain states. The panels (a)-(d) cor-
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the single-particle orbits occupied by four valence neutrons. The panels (a) and (e) show the most

deeply bound valence neutrons, while the panels (d) and (h) show the most weakly bound neutrons.

Open boxes show the centroids of the Gaussian wave packets describing protons.

Table 3.11: Properties of the valence

neutron orbits shown in Fig. 3.15. Each

column shows the single-particle energy

ε in MeV, the amount of the positive-

parity component p+ and the angular

momenta defined by Eqs. (2.31)-(2.33).

ε p+ j |jz| l |lz|
(a) −6.76 0.05 2.1 1.5 1.7 1.0
(b) −6.63 0.16 2.0 1.5 1.7 1.0
(c) −2.10 0.03 2.7 0.5 2.5 0.3
(d) −0.78 0.92 3.0 1.5 2.7 1.0

(e) −4.80 0.08 2.6 1.1 2.3 0.7
(f) −4.48 0.16 2.7 1.2 2.4 0.8
(g) −4.07 0.23 2.8 1.0 2.6 0.6
(h) −2.23 0.57 3.0 1.2 2.8 0.8

Figs. 3.15 (a)-(d) show a basis wave function located
at (β, γ) = (1.02, 1◦) in Fig. 3.13(b). This linear-chain
configuration appears in the prolate deformed region, al-
though there is no plateau in the energy surface of neg-
ative parity. The density distribution and properties of
valence neutron orbits show that the 3α core is linearly
aligned and three valence neutrons (Figs. 3.15 (a)-(c))
occupy (3/2−π )

2(1/2−σ )
1 orbits similar to the linear-chain

configuration of positive parity. However, the most weakly
bound valence neutron (Fig. 3.15 (d)) occupies a different
orbit. The properties of single-particle orbit (Table 3.11
(d)) show that the most weakly bound valence neutron oc-
cupies the ungerade π-orbit which is a linear-combination
of 10Be π-orbit with anti-phase as illustrated in Fig. 3.16.
In addition, it can be seen that this (3/2+π ) orbit locates
around α-particle of right side preferably. It is noted that
this type of the linear-chain has not been found in 14C.
We consider that this orbit is unbound in 14C, and makes
the negative-parity linear-chain unstable in 14C.

Figs. 3.15 (e)-(h) show another intrinsic wave function
belonging the linear-chain configuration appeared around
(β, γ) = (1.23, 1◦). Although the density distribution and
properties of valence neutron orbit do not show the clear
molecular orbital nature because of the strong parity mix-
ing, this intrinsic wave function has the largest overlap
with member states of a linear-chain band as mentioned
in next subsection.
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{
Figure 3.16: Schematic illustration of the ungerade π-orbit around the linear chain.
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3.2.2 Energy spectrum

-110

-105

-100

-95

-90

-85

-80

 0  1  2  3  4  5  6  7  8

en
er

g
y

 [
M

eV
]

angular momentum

exp.
ground band

linear-chain band
non-cluster states

triangular band

6He+10Be

4He+12Be

2n+14C

n+15C

Figure 3.17: Positive-parity energy levels up to Jπ = 8+. Open boxes show the observed states

with the definite spin-parity assignments, and other symbols show the calculated result. The filled

circles, triangles and boxes show the ground, triangular and linear-chain bands, while lines show the

non-cluster states which have reduced widths smaller than 0.10 MeV1/2 except for the triangular

band.

Table 3.12: Excitation energies (MeV), α reduced

widths (MeV1/2), α-cluster and neutron spectroscopic

factors of several selected positive-parity states. The

reduced widths, α and neutron S-factors are calculated

for the decays to the ground states of daughter nuclei.

Band Jπ Ex γα(6.0fm) Sα Sn
Ground 0+1 0.00 0.00 0.03 0.22

2+1 1.69 0.00 0.00 0.35
4+1 4.04 0.00 0.00 0.01

Triangular 0+2 8.35 0.01 0.05 0.12
2+4 10.22 0.00 0.00 0.01
2+5 10.79 0.00 0.01 0.02

Linear-chain 0+6 16.81 0.28 0.11 0.00
2+9 17.51 0.23 0.07 0.00
4+10 18.99 0.26 0.09 0.00
6+5 21.49 0.23 0.07 0.00

Figure 3.17 shows the spectrum of the
positive-parity states obtained by the
GCM calculation. The properties of the
several selected states are listed in Table
3.12. For the positive parity, it is found
that three different bands exist; ground,
triangular and linear-chain bands. We
classify the excited states which have α re-
duced widths larger than 0.10 MeV1/2 at
the channel radius a = 6.0 fm as cluster
states. In these results, only the linear-
chain band satisfies this condition. For
the triangular configuration, the member
states have overlap larger than 0.50 with
the configuration shown in Fig. 3.14 (c)(d)
are classified as the triangular band. The
intra-band B(E2) strengths are listed in
Table 3.13.

The member states of the ground band
are dominantly composed of the configura-
tions around the energy minimum of the
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energy surface. The ground state has the largest overlap (Eq. (2.27)) with the basis wave func-
tion shown in Fig. 3.14 (a)(b) that amounts to 0.98, and the calculated binding energy is 111.2
MeV which is close to the observed binding energy of 110.8 MeV. The excitation energies of other
member states 2+1 and 4+1 are also reproduced well. This band has no outstanding clustering
but has a shell model like structure with a ν(sd)2 configuration which can be confirmed from the
small α-cluster spectroscopic factors and large neutron spectroscopic factors given in Table 3.12.

Table 3.13: Calculated in-band B(E2) strengths

for the low-spin positive-parity states in units of

e2fm4. The number in parenthesis is the observed

data [98–102].

Ji → Jf B(E2; Ji → Jf )

Ground → Ground 2+1 → 0+1 6.7 (0.92∼4.2)
4+1 → 2+1 4.1

Triangular 2+4 → 0+2 2.5
→ Triangular 2+5 → 0+2 0.9

3+3 → 2+4 9.5
3+3 → 2+5 8.5

Linear chain 2+9 → 0+6 380.3
→ Linear chain 4+10 → 2+9 544.3

6+5 → 4+10 891.4

Because of its triaxial deformed shape, the
triangular configuration generates two rota-
tional bands built on the 0+2 and 2+5 states.
The member states have overlap larger than
0.50 with the configuration shown in Fig. 3.14
(c)(d) which amount to, for example, 0.78 in
the case of the 0+2 state. The member states
with Jπ ≥ 5+ are fragmented into several states
because of the coupling with the non-cluster
configurations. Compared to the linear-chain
states, these bands have less pronounced clus-
tering and α clusters are considerably distorted.
As a result, the member states gain binding en-
ergy and the low-spin states are located well
below the cluster thresholds. Because of the
α-cluster distortion and deeper binding, the tri-
angular configuration has small α spectroscopic
factors and reduced widths as listed in Table
3.12.

The linear-chain configuration generates a
rotational band which built on the 0+6 state located at 16.8 MeV. The band-head 0+6 state has
the largest overlap with the configuration shown in Fig. 3.14 (e)(f) that amounts to 0.94. The mo-
ment of inertia is estimated as h̄2/2ℑ =112 keV which is considerably larger than those of ground
band (h̄2/2ℑ =196 keV) and triangular band (h̄2/2ℑ =238 keV). Owing to its large moment of
inertia, the member state Jπ = 8+ located at Ex = 24.8 MeV becomes the yrast state. In addition,
the large moment of inertia brings about the huge intra-band B(E2) compared with those of ground
and triangular bands as listed in Table 3.13. In contrast to the ground and triangular bands, the
linear-chain band has the large α cluster spectroscopic factors and very small neutron spectroscopic
factors. As all member states locate above the α+ 12Be and 6He+ 10Be thresholds, the linear-chain
states should decay into these two channels, which can be an important observable to identify the
linear-chain state as discussed in the next subsection.
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Figure 3.18 shows the spectrum of the negative-parity states. Only two states (2− and 5−), which
are described by open boxes in the figure, were observed with the definite spin-parity assignments
[64, 103]. Our calculation shows the yrast band which is built on the 2−1 state located at 6.0
MeV, and the 2−1 and 5−1 member states of this rotational band are close to the observed two
states. Since this band has the 1p1h-configuration ν(p1/2)

−1(d5/2)
1, the spectroscopic factors in the

[15C(g.s.)⊗ j] channels are negligibly small but those in the [15C(1/2−)⊗ d5/2], [15C(3/2−)⊗ d5/2],
and [15C(5/2−)⊗ d5/2] channels are large as listed in Table 3.14.

Table 3.14: Neutron spectroscopic factors of yrast

band for negative-parity. The components of
15C⊗ s1/2 and 15C⊗ d3/2 are negligibly small.

2−1 3−1 4−1 5−1
15C(1/2−)⊗ d5/2 0.03 0.42 - -
15C(3/2−)⊗ d5/2 0.34 0.04 0.19 -
15C(5/2−)⊗ d5/2 0.67 0.07 0.48 0.27

In the case of negative parity, the linear-
chain configuration generates two different
types of rotational bands. In the same manner
to the positive-parity states, the excited states
which have α reduced widths larger than 0.10
MeV1/2 are classified as cluster states, and only
linear-chain bands satisfy this condition. These
bands are also located above the α + 12Be and
6He + 10Be thresholds. This is in contrast to
14C in which the linear-chain band is not ob-
tained. The properties of the several selected
linear-chain states are listed in Table 3.15 and
B(E2) strengths are listed in Table 3.16.
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Table 3.15: Excitation energies (MeV), α reduced widths (MeV1/2), α-cluster spectroscopic factors

of several selected states for negative parity. γα and Sα show the decay to the ground state (0+1 ) of
12Be.

Band Jπ Ex γα(5.5fm) γα(7.0fm) Sα

Yrast band 2−1 6.11 - - -

3−1 7.25 0.00 0.00 0.02

4−1 9.34 - - -

5−1 10.71 0.00 0.00 0.00

Linear-chain 1−7 18.28 0.04 0.00 0.01

band 1 1−8 18.64 0.02 0.01 0.00

3−9 19.45 0.10 0.01 0.03

3−13 21.57 0.05 0.02 0.01

Linear-chain 1−11 22.05 0.04 0.12 0.03

band 2 3−14 23.00 0.04 0.12 0.03

5−15 24.76 0.03 0.11 0.02

7+6 27.35 0.06 0.11 0.01

The first band, which we call the linear-chain band 1 (blue square), is dominantly composed
of the wave function shown in Fig. 3.15 (a)-(d) although it is mixed with non-cluster configura-
tions. Furthermore there is a mixing of K = 0− and 1− components. As a result, the member
states of this band are fragmented into several states. For example, we classify both of the 1−7
and 1−8 states as the member states of the band, whose overlaps with the basis wave functions
shown in Fig. 3.15 (a)-(d) are 0.24 and 0.64, respectively. Because of the fragmentation, the
intra-band B(E2) values are smaller than those of positive-parity linear-chain band. However, the
moment of inertia, h̄2/2ℑ =118 keV, is comparable with that of positive-parity linear chain. In this
band, the neutron spectroscopic factors are negligible. Compared with the positive-parity linear
chain, α spectroscopic factors are small, but sufficiently larger than other negative-parity states.

Table 3.16: Calculated in-band B(E2) strengths

for the low-spin negative-parity states in units of

e2fm4.

Ji → Jf B(E2; Ji → Jf )

Linear-chain band 1 2−9 → 1−7 53.2
2−9 → 1−8 25.0
3−9 → 2−9 37.7
3−13 → 2−9 0.1
4−11 → 3−9 72.0
4−11 → 3−13 4.0

Linear-chain band 2 3−14 → 1−11 492.2
5−15 → 3−14 561.6
7−6 → 5−15 556.1

The other band, the linear-chain band 2 (red
square), is built on the 1−11 state at Ex = 22.1
MeV which is about 3.6 MeV higher than the
linear-chain band 1. The 1−11 state has the
largest overlap with the wave function shown
in Fig. 3.15 (e)-(h) which amounts to 0.92. In
contrast to the linear-chain band 1, the mem-
ber states of this band have the K = 0 quan-
tum number and clearly form a single rota-
tional band. In addition, the moment of inertia,
h̄2/2ℑ =98 keV, and the intra-band B(E2) val-
ues are as large as those of positive-parity linear-
chain band. As well as the linear-chain band 1,
the neutron spectroscopic factors are negligible
while the α spectroscopic factors are a bit larger
but smaller than those of positive-parity linear-
chain band.
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3.2.3 Decay mode
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Figure 3.19: Calculated α-decay reduced widths. Panels (a)-(c) show the decay of the positive-parity

states to the ground band of 12Be. Panels (d)-(f) show the decay of the negative-parity states to

the ground band of 12Be. The channel radii a are 6.0 fm for (a)-(c) and 5.5(left side), 7.0(right side)

fm for (d)-(f), respectively.

Figure 3.19 shows the α reduced widths of several selected low-spin states. For positive parity, we
show the member states of the ground, triangular and linear-chain bands, while for the negative
parity, we show only the states which have reduced widths larger than 0.1 MeV1/2. The decay
channels are indicated as [12Be(jπ)⊗ l] where jπ and l denote the angular momentum of the 12Be
ground band and the relative angular momentum between 12Be and α-particles, respectively. Here,
12Be is assumed to have two neutrons in π-orbit and the other two neutrons in σ-orbit. The channel
radii a are 6.0 fm for (a)-(c) and 5.5(left side), 7.0(right side) fm for (d)-(f), which are chosen to be
smoothly connected to the Coulomb wave function. The detailed values of α and 6He decay widths
for linear-chain states are listed in Table 3.17.

45



Table 3.17: Partial decay widths (keV) of linear-chain bands for (a) positive-parity and (b) negative-

parity linear-chain band 2. The channel radii a are (a) 6.0 fm and (b) 7.0 fm, respectively.

(a) Positive parity

Jπ Ex Γα(
12Be(0+1 )) Γα(

12Be(2+1 )) Γ6He(
10Be(0+1 )) Γ6He(

10Be(2+1 ))

0+6 16.81 335 1 - -

2+9 17.51 300 118 0 -

4+10 18.99 505 954 33 -

6+5 21.49 535 1591 78 18

(b) Negative parity

1−11 22.05 198 567 77 63

3−14 23.00 196 597 84 115

5−15 24.76 181 615 92 173

7−6 27.35 224 763 100 225

In the positive parity, the linear-chain band (the 0+6 , 2
+
9 , and 4+10 states) has large reduced widths

compared to the ground and the triangular bands. It is also noted that the α reduced widths of
other excited states are also much smaller than the linear-chain band. Hence, in the calculated
energy region, the linear chain band has the largest reduced widths. Another point to be noted
is the decay pattern of the linear-chain band. The reduced widths in the [12Be(2+1 ) ⊗ l] channels
are as large as or even larger than those in the [12Be(0+1 ) ⊗ l] channel. This dominance of the
12Be(2+1 ) component in the linear-chain band is owed to the strong angular correlation between
α clusters which is brought about by their linear alignment. This property is in contrast to the
Hoyle state where α-particles are mutually orbiting with l = 0, and hence, the 8Be(0+1 ) component
dominates [15]. Similar properties of the linear-chain configuration was also discussed in 12C [91]
and 14C. Therefore, if the decay to 12Be(2+1 ) is confirmed, it will be a strong evidence for the
linear-chain formation.

Figure 3.20 shows the 6He reduced widths of linear-chain states for positive parity. We calculated
the 6He reduced widths for both 6He + 10Be(0+1 , 2

+
1 ) and 6He + 10Be(0+2 , 2

+
3 ) channels. Here we

assumed that the ground band of 10Be(0+1 and 2+1 ) has the π-orbit neutrons, while the excited state
(0+2 , 2

+
3 , and so on) of 10Be has the σ-orbit neutrons. Fig. 3.20(a) corresponds to the decay to

6He+ 10Be(0+1 , 2
+
1 ) and the panel (b) corresponds to the decay to 6He+ 10Be(0+2 , 2

+
3 ), respectively.

Although the magnitudes of the 6He reduced widths are about a factor of 2 smaller than that of
α reduced widths, they are still sufficiently large compared to any other excited states. It is also
noted that the magnitudes of 6He+ 10Be(0+1 , 2

+
1 ) and

6He+ 10Be(0+2 , 2
+
3 ) reduced widths are almost

of the same order. This is caused by the unique configuration of linear-chain state in 16C. The
linear-chain configuration in 16C has the two π-orbit neutrons and two σ-orbit neutrons, hence, the
linear-chain configuration of 16C can decay into both 10Be(0+1 , 2

+
1 ) and 10Be(0+2 , 2

+
3 ). The results

shown in Fig. 3.20 are consistent with this explanation. This decay property should be compared
with that of the linear-chains in 14C. As already discussed in previous subsection, the π-bond
linear-chain state of 14C decays into the 10Be(0+1 , 2

+
1 ) dominantly, while the decay to 10Be(0+2 , 2

+
3 )

is suppressed. In contrast to the π-bond linear-chain, the σ-bond linear-chain state of 14C decays
into the 10Be(0+2 , 2

+
3 ) dominantly and the decay to 10Be(0+2 , 2

+
3 ) is suppressed.

For the negative parity, it can be seen that the linear-chain band 1 and 2 show relatively smaller
reduced widths compared to the positive-parity linear-chain band. The linear-chain configurations
of negative parity do not match the α + 12Be(0+1 , 2

+
1 ) configuration because of the existence of
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the valence neutron which occupies the ungerade (3/2+π ) (see Fig. 3.15). Therefore, the decay to
the α + 12Be(0+1 , 2

+
1 ) channel is suppressed. The characteristic decay patterns of the linear-chain

configuration can be also seen in negative parity, namely, the reduced widths in the [12Be(2+1 )⊗ l]
channels are larger than [12Be(0+1 ) ⊗ l] channels. In addition, the partial decay widths of the
linear-chain band 2 listed in Table 3.17 (b) are very large because of their high excitation energies.
Therefore, if it is observed, the linear-chain formation in the negative parity can be supported
strongly. However, it is not easy to distinguish the linear-chain band 1 and 2 from α reduced widths
because they are almost of the same magnitude.

Figure. 3.21 shows the 6He reduced widths of negative-parity linear-chain states for both
10Be(0+1 , 2

+
1 ) and 10Be(0+2 , 2

+
3 ) channels. It is interesting that a characteristic difference between

the linear-chain band 1 and 2 appears in the 6He reduced widths. The linear-chain band 2 has the
same magnitude of the 6He reduced widths as the α reduced widths. In addition, the 6He reduced
widths of the linear-chain band 2 are even larger than those of positive-parity linear-chain band (see
Fig.3.20). On the other hand, the linear-chain band 1 has the smaller 6He reduced widths, especially
as it rarely decays into 6He+10 Be(0+2 , 2

+
3 ). This characteristic difference enables to distinguish the

linear-chain bands 1 and 2.
A high-lying excited state at 20.6 MeV was observed by the breakup of 6He + 10Be [74]. Since

its spin-parity has not been assigned, several calculated excited states can be the candidate for
the observed high-lying state, including the linear-chain states naturally. However, the positive- or
negative-parity linear-chain states only show the large 6He reduced widths near 20.6 MeV. Although
further experimental studies are needed, we suggest the linear-chain state as the candidate for the
observed high-lying state.
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Figure 3.21: Calculated 6He-decay reduced widths of linear-chain states in negative parity. Panels

(a)-(c) show the decay into the ground band of 10Be. Panels (d)-(f) show the decay into the excited

band of 10Be.
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Chapter 4

Summary

To investigate the existence of the linear-chain state, we study the excited states of 14C and 16C
based on the AMD calculation.

In the positive-parity states of 14C, it is found that three different configurations appear de-
pending on the magnitude of the deformation and the valence neutron configurations. At oblate
deformed region, the triangular configuration of 3α cluster is obtained, while at strong deformed
prolate region, two different linear-chain configurations with valence neutrons in π-orbit and σ-orbit
are obtained.

These cluster configurations generate clear rotational bands. The π-bond linear chain generates
a rotational band around the α threshold energy, while triangular and σ-bond linear chain generate
rotational bands well below and well above the threshold, respectively. The energies, moment
of inertia and α-decay widths of the π-bond linear chain are in reasonable agreement with the
resonances observed by the α+10Be. Thus, the π-bond linear-chain formation in 14C looks plausible.
Furthermore, the calculation predicts that the π-bond linear-chain also decays to the 10Be(2+1 ) as
well as to the 10Be(0+1 ). This characteristic decay pattern is, if measured, another evidence of the
linear-chain formation.

On the other hand, the σ-bond linear-chain generates a rotational band around the 6He threshold
energy which is 7.5 MeV higher than the α threshold energy. Newly observed resonance states are
close to energies of both the low-spin states of the σ-bond linear-chain and the 6+ state of the π-bond
linear-chain. In order to distinguish the π- and σ-bond linear-chain, We focus on the decay patterns
of them. Reduced widths show that the π-bond linear-chain states decay into the ground band of
10Be, while the σ-bond linear-chain states decay into the excited band of 10Be. This difference is
due to the molecular orbit of 10Be. From 6He reduced width, in addition, it is found that the σ-bond
linear-chain states decay into not only the excited band of 10Be but also 6He + α+ α. Similarly to
10Be, the calculation predicts that the σ-bond linear-chain states decays to the 8Be(2+) as well as
to the ground state of 8Be. Therefore, this three-body decay can be also a additional signature of
the σ-bond linear-chain formation.

We also discuss the energy shift of the linear-chain states in 14C-14O. In 14O, we find three
types of cluster configuration, the triangular, π-bond linear-chain, and σ-bond linear-chain, which
is already mentioned in 14C. The energy shift is negligibly small for the π-bond linear-chain while
it is prominent for the σ-bond linear chain. The large energy difference of the σ-bond linear-chain
can be accounted for in terms of the reduction in the Coulomb energy associated with the spatially
extent of the σ-orbit. This result is supported by the large radius of the single-particle orbit and the
reduction of the Coulomb energy of the σ-orbit. Therefore, the Thomas-Ehrman shift can bee seen
clearly in the σ-bond linear chain. The same character is also seen in the mirror pair of 10Be-10C.

In the negative-parity states of 14C, the negative-parity partners of the cluster states are also
obtained by the energy variation. However, because of the mixing with the non-cluster configura-
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tions, these cluster configurations do not correspond to a single eigenstate in excited states. As a
result, many excited states that have sizable α reduced width are obtained, and it makes the corre-
spondence between the theory and experiment ambiguous. Thus, the present result does not show
the linear-chain formation in the negative parity, although further studies are in need to identify
the structure of the observed negative-parity resonances.

In the positive-parity states of 16C, it is shown that the linear-chain configuration has the valence
neutrons occupying molecular orbits (3/2−π )

2(1/2−σ )
2. It generates a rotational band built on the

0+ state at 16.8 MeV and its moment of inertia is estimated as h̄2/2ℑ =112 keV. It is shown
that the linear-chain states have the large α and 6He reduced widths. In particular, the large α
reduced widths in the α+ 12Be(2+1 ) channel is a strong evidence for the linear-chain configuration.
In the case of the 6He decay, the magnitudes of the reduced decay widths in both 10Be(0+1 , 2

+
1 )

and 10Be(0+2 , 2
+
3 ) channels are almost of the same order. Compared with 14C, this is caused by the

unique configuration of the linear chain in 16C.
In the negative-parity states of 16C, is is found that two types of linear-chain bands exist. The

first band, which we call the linear-chain band 1, is composed of the linear-chain configuration with
the (3/2−π )

2(1/2−σ )(3/2
+
π ) molecular orbits. This band is built on 1− states located around 18.5

MeV. Because of the mixing with non-cluster states and the mixing of K = 0− and 1− components,
the member states are fragmented into several states. The other band, which we call the linear-chain
band 2, is built on 1− states located around 22.1 MeV. Although this band does not have the clear
molecular orbital configuration, the single rotational K = 0 band is clearly formed with the large
moment of inertia h̄2/2ℑ =98 keV. The α reduced widths of these two linear-chains are smaller than
those of positive-parity linear-chain band, but are sufficiently large to be distinguished from other
non-cluster states. These two linear chains cannot be distinguished based on the α reduced widths
because they are almost same magnitude. However, the 6He reduced widths of the linear-chain
band 2 are larger than those of linear-chain band 1. We conclude that this characteristic difference
enables to distinguish the linear-chain bands 1 and 2.

In conclusion, the present study has provided the significant progress for the establish of the
linear-chain formation in carbon isotopes although it must be emphasized that further experimental
studies are in need to resolve the inconsistency between the data and to firmly establish the linear-
chain formation. More neutron-rich carbon isotopes serve more interests us because the valence
neutrons in such isotopes need to occupy the higher molecular orbits in the linear-chain configura-
tion. Therefore, we consider that we can find new types of the molecular orbit in the linear-chain
states of 18C and 20C. In addition, it has not been yet clarified that the 4α linear-chain formation
appears in oxygen isotopes. It is very important to get a deep insight into how heavy the linear
chain can exist.
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