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Several properties of Aluthge transformation
FR)IRE (Ll LB (Takeaki Yamazaki)

Department of mathematics, Kanagawa University

This report is based on the following preprints:

[Y1] T.Yamazaki, Characterizations of log A > log B and normaloid operators via Heinz
inequality, preprint.

[Y2] T.Yamazaki, Parallelisms between Aluthge transformation and powers of operators,
to appear in Acta Sci. Math. (Szeged).

[Y3] T.Yamazaki, An ezpression of spectral radius via Aluthge transformation, to appear
in Proc. Amer. Math. Soc.

ABSTRACT _ _
- In 1990, Aluthge defined an operator transformation 7' of T by T = |T|*U|T]?,
where T' = U|T| is the polar decomposition of T'. This transformation has very mter—
esting propertxes, and many authors call T Aluthge tmnsformatzon and are studymg
properties of this transformation.
In this paper, firstly, we shall show properties of Aluthge transformation on operator
norm, and show a characterization g_f\n/ormaloid operators by giving a definition to

n-th Aluthge transformation T, = (Tj,_;).
Secondly, we shall point out that there are parallelisms between Aluthge transfor-
mation and powers of operators. Moreover we shall show lim |IT%|| = 7(T") which is
n—roo

a parallel result to lim 1T [I= = ~(T).

Lastly, we shall dlscuss relations between the orders |T|P > |T|P and TPt >
[T* [P~ for some positive number p.

1. INTRODUCTION

Z I T, BV NER H EOEREHIERROFEREL 5. EED p > 0 TRLT,
FI%E T 7 p-hyponormal &1, |T|% > [T PRV LOZ & LT 5. 22T, |T| = (T*T)2
Thd. HBIZp=10LE, T % hyponormal YEfAE £\ . p-Hyponormal {EF5&EIZEE
LTI, “every p-hyponormal operator is q-hyponormal forp > q > 0” BRELHLNTEH
v, Zhébb®T Sor each g > 0, there exists a g-hyponormal and non-p—hyponormdl
operator for anyp > q > 0” BFHTHDH. ZDOT L& LV, HiC %—hyponormé;l ThodH



hyponormal TR2WE 5 RERARBFEET A2 LB bhDb. £Z T, ZLOPEFEILL-T
3-hyponormal {Efi5E% hyponormal fEFISRICE#T 2 & 5 2RO ZoOERBHFE S iz,

Let T = U|T| be the polar decomposition of T.

(i) §=UIT?.

Gi) T = [T{%UIT]% (Aluthge transformation [1]).

T % %—hyponormal efERbIE, ED S & T 133EIC hyponormal fERISRIZ/R 5. BT
T 2o TR o(T) = o(T) THHEWIZEMR3, 4, 9] TRENTVWS. 22T, o(T) i
T @ spectrum &35, ZDZ L XV, Aluthge transformation X (i) DEH LD b BUWME
BERFO-TNWBHEWS T EBONn5.

= DGR TIX, Aluthge transformation DV DPDOHEEIZOWTE & B, BT
Aluthge transformation OEHE L ¥, EEOERMTITH LT T > |[T| Bk o2 &2
bhs. ZHREH LT, T = T &2ed5%% Uiz, —%, EAE T 23 normaloid T
L, T =r(T) BEYEDZLTHSL. 22T, r(T) X T © spectral radius &5 5.
Z LT, “n-th Aluthge transformation” £\5 b DEEFET 5 Z &IZ L T, normaloid {E
FF D characterization Z&7-.

T#&HIZ, n-th Aluthge transformation % f\\C, p € [0,1] DFFD p-hyponormal fEH
FORFICEAT HHER & parallel 2fER %, EIT n-th Aluthge transformation % i\ e
spectral radius OF LWFREEH~.

BABIC, 55 p>0 LT, (TP > TP & |TIP-1 > TP & oBRE T~

2. A CHARACTERIZATION OF NORMALOID OPERATORS

Fujii, Izumino, Nakamoto [6] I& Aluthge transformation % FiV 7= normaloid {EFZE D
characterization & LT, ROBEREH/H T\ A.

Theorem A ([6]). The following assertions are mutually equivalent:
(1) T is normaloid.

2 ITN = IT|| and T is normaloid (i.e., |T|| = r(T)).

TOEY Ve T, BINC|T| = ||T| v &L REREEERL, %ﬂ%ﬁ}/\é el
Lz & o T, Theorem A DIER%EZRT.
%@”C, Yj{@;%%%?%fc.

Theorem 1 ([Y1]). Let T € B(H). Then for each natural number n, the following as-
sertions are equivalent:

() 7] = ).

@ Il = 17



Remark. Theorem 1 [ZBW T, n=1 B 2L L>T, ROBEEBEREES.
1 o~
(2.1) ITI=1T%7 <= [Tl =TI

LT, RO “n-th Aluthge transformation” L\WD b DEEZBHZ LIZX-T, (2.1)
MO—{bzB/sZ LNTES.

Definition 1 (n-th Aluthge transformation [Y1]). Let T' € B(H) and T' = U|T| be the

polar decomposition of T. Then for each natural number n, n-th Aluthge transformation

T, of T is defined by Ty, = (i:;) and Ty =T

Theorem 2 ([Y1]). Let T' € B(H). Then for each natural number n, the following as-
sertions are equivalent:

() Il = Iz =

@) Il = ITall-

Theorem 2 {Z & o C, normaloid fEfiZE @ characterization T %K ® Corollary 3 %7
CIB/BHZENTEAS.

Corollary 3 ([Y1]). Let T € B(H). Then the following assertions are equivalent:
(1) T is normaloid.
(2) ||T|| = |[To|l for all natural number n.

723, Corollary 3 MHIRD X 512 LT Theorem A /5T LN TE 5.

T is normaloid

P

= ||T| =TI = “fn“ = ||(T)n-1| for all natural number n by Corollary 3
<~ ||T|| = |T|| and T is normaloid by Corollary 3.

3. PARALLEL RESULTS BETWEEN
ALUTHGE TRANSFORMATION AND POWERS OF OPERATORS

Normal fEf52° normaloid {EFSEIZ(MEE L CHITDIEAFR D class (ZBT 523, hyponor-
mal YEFSRIZBI L CIX [8] T “there exists a hyponormal operator T such that T? is not
hyponormal” D& 5 RFIBRENTND., ZDOZ LIZBE L T, Aluthge & Wang i [2] T
“if T is a p-hyponormal operator for p € (0,1], then T™ is g-hyponormal for all natural
number n? W05 2 EERLTNS. & bic, ROEER [7] CRENTHS.

Theorem B ([7]). Let T' be a p-hyponormal operator for p € (0,1]. Then for each natural

number n, the following inequalities hold:

(1) IT[2@+1) < IT2{P+1 < e < ITnIZ(P:l).
’ 2(p+1)
(ii) lT*I2(p+1) > {T*le+1 > .. > T ”:1 )



728, Ito [10] IZ& » T Aluthge & Wang @ EDOFERITKRD X H ITIEE SN TWD. Sf
T is a p-hyponormal operator for p >.0, then T™ is min{1, £ }-hyponormal for all natural
number n.” BT Tto [10] iX Theorem B (ZHBWT, p > 0 IR LR LR LTV 3.
Theorem B & parallel 22858 & LT, IROFEREE-.

Theorem 4 ([Y2]). Let T be a g-hyponormal operator for p € (0,1]. Then for each
natural number n, the following inequalities hold:

@) (TP < |TPPH < - < | TPt

(i) [T > | THPH > - > TP

Theorem 4 & Theorem B % L# U TH B &, n-th Aluthge transformation & {EFIEOE
FITBAEVMT parallel RZEFZFHTNDH LWV ZEBEBEZ NS, —F, fEFED spectral
radivs %3k HAXE LT lim IT™|% = r(T) EREBELTHS. 22T, ZORERE
parallel RIRDOEREZ/DHZ LN TEE.

Theorem 5 ([Y3)). Let T € B(H). Then lm ITnll = r(T).
Theorem 5 %7772 HICLL F D Lemma % AE L THL.

Lemma 6 ([Y3]). For a natural number n and k =0,1,--- ,n+1, let

_nl(n—=2k+1)
(3.1) Dk = ks D

Then the following assertions hold:
(3]
(i) Z(n — 2k + 1) Dy, = 2", where [§] ‘is the largest integer satisfying [3] < 3.
k=0
- 1

n—+00 AL

= 0 for all positive integer k.
Lemma 7 ([Y3]). Let T € B(H) and m = [5]. Then

AR e e Tk Y i T i

Lemma 8 ([Y3]). Let {an}52; be a sequence satisfying ]im an = a, and for each natural
. v . N300

number n, {cnx}r_; be a positive sequence satisfying

(3.2) tni+ o tenkt o+ enn=1 for all natural number n

and lim cpp =0 for fited k =1,2,---. Then
N-—3CO

Jlim (cp,101 + o+ Cokar + - - + Crnn) = a.



Proof of Theorem 5. m = [}] £%%. 7% & Lemma 7, Lemma 6 O (i), € LT fiFA%
EHOERLY, REES.
P(T) = r(To) < |Tall < [T [T - T2t o m2metd | 2

,D
< ot e ot 4 = oDt ey
et ( 2k2': l)nDk ”Tn-2k+1”;;-—27;;-
I (n —2m + 1)” m ”Tn-2m+l‘“;-_—51;n—4—_—1’

2n
—7r(T) asn— oo

ZZT lim IT™|% = r(T), Lemma 6 @ (i) & (i), Lemma 8 2@MA¥ 5 = &I Lo Tk

BN CTE 7. O

4. RELATIONS BETWEEN THE ORDERS |T|? > |T*[? anp |T|P~! > |T|P-1

TDEs VI LT, BB p>0 I LT, ZoDERKOIER (TP > TP & (TP >
ITPP~! & DBHRIZONWTIERS. Zh b OBERIC OV T, ROBRPFELTHD.

Theorem C ([1, 9, 14]). LetT be a guhyponormal operator for p > 0 (i.e., |T|P > |T*P).
Then the following inequalities hold:
(i) In casep € (0,1]. TP+ > TP+ > [(T)*[p+
(ie., T is ptl
(i) In case p € [1,2]. |T|]2 > |Tf2 > |(T)*? (i.e., T is hyponormal).

-hyponormal).

7233, Theorem C {Z&HHNC [1] TT = U|T| % polar decomposition & L7=ZEIC U A3
unitary OEHIRE I, W T—ROGED 9, 14] TRENZ. 12E, [9, 14] TiX Theorem
C DERDILHRPRENTN S,

Z ZClX, Theorem C QM DKL bE X HROERERE .

Theorem 9 ([Y2]). Let T be an invertible operator. Then the following assertions hold:
(i) For eachp € [2,4], [T? > |T|P ensures |T[P~1 > |T*[P~1.
(ii) For eachp >4, |T|? > |T|P ensures |T|® > |T*|°.
Theorem 9 ZRT7=HIZ, ROEABEFREXEZHE L TEBL.

Theorem D ([5, 11, 12, 13]). Let A and B be positive invertible operators. Then the
following assertions hold:

(i) A> B >0 ensures (B:ziApB:?‘t')flf% > Bt for1>p> %— withp >t > 0.

(i) A> B> 0 ensures (BFAPBH)5F > B¥ for % >p>130.



Proof of Theorem 9. T' = U|T| % T @ polar decomposition &3%. 95 &, T 73 invertible
THhdHZE LY, U i unitary &725.
Proof of (i). Theorem D @ (i) % |T|P > TP CEATS &, ROREES.

@y (T

—~ — 1t
ITPe [T 32) 75 > TP for 1> pp > -;- with p1 > 1 > 0.

2 )
SIT, (A1) KBV Ta = 2 = 117 LB LIk TREES.
=Lim ZLip— -
(77 | TR|T| 7 )Pt > (TP
FLTCIHEEROFXLLEEETHA.
(T 7 |T)2U*|TU|T2 || = 7=t > | TP
¥7- U 28 witary & 9, UHTP-IU > [TP~L. Lo T |T]P! > UITIP-1U* = |T*PL.

Proof of (ii). Theorem D @ (ii) % [T[? > |T|P ICERAT 5 = Lic k>, (i) & FAECR
TIERTES. O
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Powers of class wA(s,t) operators associated with

generalized Aluthge transformation

Masahiro Yanagida (Science University of Tokyo)

Abstract
This report is based on the following preprint:

[Y] M.Yanagida, Powers of class wA(s,t) operators associated with generalized
Aluthge transformation, to appear in J. Inequal. Math.

A bounded linear operator T on a Hilbert space is said to belong to class wA(s,t) for
5,t>0if |Ts,t|3% > |T)? and |T|% > [(Tst)*|?2f? hold, where Ty ; is the generalized
Aluthge transformation of T' = U|T|, that is, Ts; = |T|°U|T[*. We show that if
T belongs to class wA(s,t) for s,t € (0,1], then T™ belongs to class wA (2, %) for

every natural number n.

1 IEFZREFET SERFTFL

n'n

T, ERAFEEIZe v~V NER H EOFRBBIERAROZ L THY, TERIFT
RTbDLTDH, ke, FARTHETHD LIIEEME, BIH (Tr,z) >0forallze H
CEEL, T>0LERTHDLETH. Fig, THHAHREERARZTHIEE, T>0LFK
THLDETE, 2O00HCHEEAF A BIZONWT, A—-B>0ThbdLE, A>B¢

#THOLT 5.

=7, FERIERROWMEICHEFECERATHD, ROBREBNT5.

Theorem F (Furuta inequality [11]).
If A> B >0, then for each v > 0,

()  (BEA’B%)i > (BiB’BY)s

and

()  (ABAPAR)T > (ABBPA%)S

hold forp > 0 and ¢ > 1 with (L +r)g>p—+r.

(l+r)g=p+r

(L,1)

(0,~7)

(1,0) q
FiGURE 1

Theorem F @ (i) £721% (i) IB W TCr =0 &8 2 &I2L Y, Lowner-Heinz DRER
“A> B >0 ensures A* > B* for any o € [0,1]” 3&EH#15. Theorem F DBIFERAIL
[9][20] THA BN TEY, £ (12] TH 1=V DFEANBFEN TS, Theorem F D3
T A—% p,q,r DFEKLE R LTZDN Figure 1 ThH M, T DOFEIELIL best possible TH D 2

& 23 Tanahashi [22) IZ X W REN TS,



2 p-Hyponormal {fEf3, log-hyponormal {fEFZ%&®D
Aluthge it

ERERR (<= T*T = TT*) 2 &tr7 5 A& L'C, hyponormal {fEAR (<= T*T >
TT) BELHORTODAR, THEKELEbDE LT, KOEFRDS 725D 5.

Definition.
(i) T : p-hyponormal for p > 0 <= (T*T)? > (TT*)*.
(ii) T : log-hyponormal <= T is invertible and log T*T > log TT™*.

1-hyponormal /¥ hyponormal TH 5 Z LITBALNTHS. £, THHDI7 T ADEE
BEfRIIIRD & 51272 %.

Proposition.
(i) T : p-hyponormal = T : g-hyponormal for any q such that p > g > 0.
(ii) T : invertible and p-hyponormal for some p > 0 = T : log-hyponormal.

(i) IXATiE D Lowner-Heinz DREXD 5, (i) X logt BIEAREMRBHTHDH T 2D,
KICEZITREND. EIZ, FED X > 0122501 T lim XP‘I =log X BV LDZ &M

p—-}

5, log-hyponormal X p-hyponormal ® p — +0 @%A'C 3) V) Z D&% C 0-hyponormal
LEXBILNTESD.

= zw\zv NEM H LORRBHIERZET OBHSEE T = UT| & T5&&, T =
IT\SUIT|} % T ® Aluthge 642 & BER (|T| = (T*T)% £3%). Aluthge OB IE
LT, A7 MABRERLRNZ L, BIBEED TIZOWT o(T) = o(T) 5D 322
ZEDBETTRENTVD (o(T) X T DAY bERT).

Aluthge [1] i%, Theorem F ®Jif & LT, p-hyponormal fEFIZE® Aluthge Z#2(2 B84
BIRDFERER L. T Theorem A5, 0<p<1®&X, phyponormal {EFET
LY, Z0 Aluthge T T 1387 5 2B T2 2 L B8bh s

Theorem A ([1]). Let T = U|T| be the polar decomposition of a p-hyponormal operator
for0<p <1 and U be unitary. Then

(i) T = |T|2U|T)|z is (p + 3)-hyponormal if 0 < p < 1.
(ii) T = |T|2U|T|? is hyponormal fi<p<l

Aluthge A T = |T|zU|T|2 DB&R—RILE LT, T, = [TIUIT| (5, > 0) BEZD
nos. T1 1= =T ThBZ LiIALNTHS. Huruya [16], Yoshino [26] %, Theorem A Dk
EE L'C p-hyponormal fEFAZR O—(k Aluthge BH#IZ B9 2R %R U7-. Tanaliashi
[23] I%, ZA1& parallel 2R & LT, log-hyponormal R D—i¥{L Aluthge Z5#212
THERER L. '



3 Aluthge Z#ICEAZELEARDI SR

503F Aluthge-Wang %, Aluthge BHT = |T|2U|T|2 ok o TEB SN BROIEARED
75 AN M|, £, FEREEE L CROERRZERENZT LI 5]

Definition ([4][5]).

(IT*)2|T||T*|7)2 > ||

T : w-hyponormal <=> IT| > |T| =2 |(T)] <= {[T! > (ITI%IT*HTI%)%’

where T is the Aluthge transformation of 7.

Ito [17] i w-hyponormal D—f{t.&é LT, —f{t Aluthge BH T, , = |T|*U|T* (s, > 0)
LS TEBEBSNDBRD Y T AERN L. BT class wA (3, 3) 13 w-hyponormal /£
FR#EDI 7ATHS.

Definition ([17]). For s > 0 and ¢t > 0,

~ 2t ( i

Ts > TZt T*tT2sT*tm> T*Zt
[Tl 7% > |T)| {(I T |t 7% > |T|

T € class wA(s,t) <= { \ ~ ) o 19t P
T > [(Ts)*]++ T = (|| T [*[T]7) >+,

where Ts,t is the generalized Aluthge transformation of 7. For the sake of convenience,
we call class wA(1,1) class wA for short.

—77, Furuta-Ito-Yamazaki [13] IZIK®D “class A” LFHINLDIERAE D7 7 A2 EAL,
FIZ T T O log-hyponormal fEfFE T class AICBT D2 &, 33TD class A {ERAFEIX
paranormal (<= ||T2z]|| > ||T'z||* for every unit vector ) THDHI & Z/RLTZ. ZHi
‘Ando [6] IZ X DREROBEHZ 5 2 TW5.

Definition ([13]). T € class A <> [T?| > |T|*.

Fujii-D.Jung-S.H.Lee-M.Y.Lee-Nakamoto [10] iZ, class A, & D—fR{kTH 5 class A(k)
(= (THTP*T)E > |TJ? for k > 0 [13]) DEAH—RILE LT, KD class A(s, )
(5,t > 0) &N L. EEE, &k >01Z2WCclass A(k, 1) iZ class A(k) &, class A(1,1)
iXclass A & ENEN—EL T3 [25].

Definition ([10]). For s > 0 and ¢t > 0,
(i) T € class A(s,t) <= (|T*||T|%|T*[")7 > |T**.
(i) T € class Al(s,t) <= T € class A(s,t) and T is invertible.

BN T ADAEEMRIC AV TRIED o2 LR/ TEY, TRLFERL
72 b DA Figure 2 TH 5.

Theorem B ([10][17][Y]).

(i) -class A(s,t) 2 class wA(s,t) 2 class Al(s,t) holds for each s >0 andt > 0.

— G



(ii) T : p-hyponormal for some p > 0 => T € class wA(s,t) for'all s> 0 andt > 0.
(iii) T : log-hyponormal <= T € class Al(s,t) for all s >0 andt > 0.

(iv) class A(s,t1) C class A(s,tz) holds for each 0 < t1 < 5.

(v) class wA(s1,t1) C class wA(sg,t2) holds for each 0 < s; < 53 and 0 <1y < tp.

s,t
(o2) ’/,,V( )

-- ‘Vﬁclass A(s,t)

B o (5,)

b - (s,)

1 class wA(s,1)

v (5,1)
Yolass Al(s,t)

v " w-hyponormal

1)
7% invertible class A

©invertible w-hyponormal

, semihyponormal
@log-hyponormal @<

_hyponormal

invertible

semihyponormal p-hyponormal

invertible

hyponormal P
invertibl
FIGURE 2 p-hyponormal

4 FERERARORERICEHTHER

£:3%, p-hyponormal fEFE®E, log-hyponormal /EFRR D~ & RIZEIT B RN Aluthge-
Wang [2][3] 1T Lo TRENTz. £z, b DR Furuta-Yanagida [14][15], Tto [19],
Yamazaki [24) IZ X o> TR &, ZOFEEICE L UIATEIOZ 8 \EREZERE I F—T

WELEZDT, ZZTIHERTS.

ZOBEOFEE L LT, Aluthge-Wang [5] 1i¥7# 72 w-hyponormal {ERI 5 D~ & RIZH
THRDERER L. HEY.0Kim [21]12 L 5T, Z® Theorem C.1 DfEER2HIREHA

NEx BNk,

Theorem C.1 ([5]). Let T be an invertible w-hyponormal operator. Then T? is also
w-hyponormal.



Cho-Huruya-Y.O.Kim [8] 1%, Theorem C.1 D{REIZIBVT T OFFEZE K 0 550Gl
TH5 N(T) = {0} KEERX THRROFERIEIND I L ERT, ROBRETLE.

Theorem C.2 ([8]). Let T be a w-hyponormal operator with N(T) = {0}. Then T? is
also w-hyponormal. ' ’

—35, Tto [18] IXAI72 class A (EFIR O~ & RICEIT B IROBRE R Li-.

Theorem C.3 ([18]). Let T' be an invertible class A operator. Then the following asser-
tions hold for all positive integer n:

(1) [T™|% 2 |77 and |T™? 2 [T |35

(i) 7% > - 2 |T? 2 |T? and |[T*2 2 [T?| 2 - > [T,

(iil) |72 > |T™? and [T™*|> > |T™"|, i.e., T™ also belongs to class A.

Theorem C.1 & Theorem C.3 @ (iii) LR E LT, Yamazaki [25] id class Al(s,t) fEA
HRORERICEHTHROERE R L.

Theorem C.4 ([25]). Let T be a class Al(s,t) operator for s € (0,1] and ¢t € (0,1].
Then T™ belongs to AI(Z, %) for all positive integer n.

%EBR, Theorem B @ (i)(v) & Y class Al(3,1) C class Al(3,3) BV ILHZ Lnb,
s=t=32,n=2&B T LIZXY Theorem C.1 & H#5. F7=, Theorem B D (i)(v)
£ class AI(L, 1) C class AI(1,1) BV EZDZ Lnb, s=t =18 LITEY
Theorem C.3 D (iii) G bh 3.

Yanagida [Y] 1%, class wA {ERRORERIZETHROERERLE.

Theorem 1 ([Y]). Let T be a class wA operator. Then the following assertions hold for
all positive integer n:

(1) T3 2 [T and [T™2 2 [T+
() [T7f7 > - > |T?| > [T and [T*]? > |[T] > -+ > [T,
BT, class wA(s,t) (FARORERICHET HROFBERER L.

Theorem 2 ([Y]). Let T' be a class wA(s,t) operator for s € (0,1] and t € (0,1]. Then
T™ belongs to wA(2, %) for all positive integer n.

Theorem B @ (i) & ¥ class wA(s,t) 2 class Al(s,t) TH 2D Z &H6H, Theorem 1, The-
orem 2 {3E N E I Theorem C.3, Theorem C.4 DIETH . EVEZIIE, Theorem 1,
Theorem 21X, Z#LZ#L Theorem C.3, Theorem C.4 723 T D RHEEDRE 72 LIZ class wA
YERE, class wA (s, t) TEARICOWTHRIETBE Z 2R LTWA.

Theorem 2 Dffj#/25% & LT, Theorem C.2 DILIRTdH DIRDFERNBE NS .

Corollary 3 ([Y]). Let T be a w-hyponormal operator. Then T™ is also w-hyponormal
for all positive integer n.



S 3k
[1] A.Aluthge, On p-hyponormal operators for 0 < p < 1, Integral Equations Operator Theory 13
(1990), 307-315.

[2] A.Aluthge and D.Wang, An operator inequality which implies paranormality, Math. Inequal. Appl.
2 (1999), 113-119.

[3] A.Aluthge and D.Wang, Powers of p-hyponormal operators, J. Inequal. Appl. 3 (1999), 279-284.

[4] A.Aluthge and D.Wang, w-Hyponormal operators, Integral Equations Operator Theory 36 (2000),
1-10.

[5] A.Aluthge and D.Wang, w-Hyponormal operators II, Integral Equations Operator Theory 37 (2000),
324-331.

[6] T.Ando, Operators with a norm condition, Acta Sci. Math. (Szeged) 33 (1972), 169-178.

[7] M.Cho, On spectra of AB and BA, Proc. KOTAC 3 (2000), 15-19.

[8] M.Cho, T.Huruya and Y.O.Kim, A note on w-hyponormal operators, to appear in J. Inequal. Appl.
[9] M.Fujii, Furuta’s inequality and its mean theoretic approach, J. Operator Theory 23 (1990), 67-72.

[10] M.Fujii, D.Jung, S.H.Lee, M.Y.Lee and R.Nakamoto, Some classes of operators related to paranormal
and log-hyponormal operators, Math. Japon. 51 (2000), 395-402.

[11] T.Furuta, A > B > 0 assures (B"APB")'/9 > B(p+27)/q forr>0,p>0,q21with (1+2r)g >
p -+ 2r, Proc. Amer. Math. Soc. 101 (1987), 85-88.

[12] T.Furuta, An elementary proof of an order preserving inequality, Proc. Japan Acad. Ser. A Math.
Sci. 65 (1989), 126.

[13] T.Furuta, M.Ito and T.Yamazaki, A . subclass of paranormal operators including class of log-
hyponormal and several related classes, Sci. Math. 1 (1998), 389-403.

[14] T.Furuta and M.Yanagida, On powers of p-hyponormal operators, Sci. Math. 2 (1999), 279-284.

[15] T.Furuta and M.Yanagida, On powers of p-hyponormal and lbg—hyponormal operators, J. Inequal.
Appl. 5 (2000), 367-380.

[16] T.Huruya, A note on p-hyponormal operators, Proc..Amer. Math. Soc. 125 (1997), 3617-3624.

[17] M.Ito, Some classes of operators associated with generalized Aluthge transformation, SUT J. Math.
35 (1999), 149-165.

(18] M.Ito, Several properties on class A including p-hyponormal and log-hyponormal operators, Math.
Inequal. Appl. 2 (1999), 569-578.

[19] M.Ito, Generalizations of the results on powers of p~hyp0no7‘mal operators, to appear in J. Inequal.
Appl. ’

[20] E.Kamei, A satellite to Furuta’s inequality, Math. Japon. 33 (1988), 883-886.

(21] Y.O.Kim, An application of Furuta inequality, Nihonkai Math. J. 10 (1999), 195-198.

[22] K.Tanahashi, Best possibility of the Furuta inequality, Proc. Amer. Math. Soc. 124 (1996), 141-146.
(23] K.Tanahashi, On log-hyponormal operators, Integral Equations Operator Theory 34 (1999), 364-37 2.

[24] T.Yamazaki, Extensions of the results on p-hyponormal and log-hyponormal operators by Aluthge
and Wang, SUT J. Math. 85 (1999), 139-148.

[25] T.Yamazaki, On powers of class A(k) operators z'ﬁcludz'ng p-hyponormal and log-hyponormal opera-
tors, Math. Inequal. Appl. 3 (2000), 97-104.

[26] T.Yoshino, The p-hyponormality of the Aluthge transform, Interdiscip. Inform. Sci. 3 (1997), 91-93.



On some classes of operators by Fujii and Nakamoto
related to p-hyponormal and paranormal operators

Masatoshi Ito
Faculty of Science, Science University of Tokyo

Abstract
This report is based on the following paper:

M.Ito, On some classes of operdtors by Fujzz and Nakamoto related to p-hyponormal and
paranormal operators, Scientiae Mathematicae, 3 (2000), 319-334.

Recently, we introduced class A as a new class of operators in [14]. Class A is defined by
an operator inequality, and also the definition of class A is similar to that of paranormality
defined by a norm inequality. We showed that every log-hyponormal operator belongs to
class A and every class A operator is paranormal in [14]. As generalizations of class A
and paranormality, class A(p,r) was introduced in [9] and absolute-(p, r)-paranormality was
introduced in [21]. Moreover, Fujii-Nakamoto [10] introduced class F(p,r,q) and (p,7,q)-
paranormality which are further generalizations of these classes.

In this report, we obtain some inclusion relations among the families of class F(p,r,q) and
(p, 7, g)-paranormality, and the result on powers of class F(p,r,q) operators.

1 Introduction

ZITHEE AL N ZER H EOFREERSE (LT, AR LES) oW TE LD, 1ERE
T 78 positive TH 5 & i3 positive definite, BH (Tz,z) > 0forallz € H LEHEL, T >0 &K
T, E£7=. T 73 positive 7> invertible Td B & & T I3 strictly positive ThHB E W, T >0 &
£,

Normal (T*T = TT*) #&Te{EFAZE D class & L T hyponormal (T*T > TT*) . % DKL
& T 5 p-hyponormal ((T*T)P > (T'T*)? for p > 0), log-hyponormal (T' is invertible and
log T*T > log TT*) HA &< HHN TV D, 7F. p-hyponormal for p > 0== ¢-hyponormal for
p > g > 0, invertible p-hyponormal for p > 0 == log-hyponormal T& %,

L. Z @ p-hyponormal <° log-hyponormal & paranormal (“szH > llT:z:[[2 for every unit
vector € H) OPFROIERAZED class & LT, class A (|T? > |T)? where |T| = (T*T)z) 2
[14] TEAE41. log-hyponormal = class A == paranormal C& 5 Z & B3R &7z, Class A 1T
operator inequality TiE & TH V., norm inequality TEZE & 417~ paranormal D & FEFHIT
ELBEHELTVWBZ LITEE TS, F7-, [14] Tid class A, paranormal DIEEIZE LT HE
#7372 &, p-hyponormal < log-hyponormal & paranormal O EHRIZ %35 BRAMRNE 2 5
Twna, ,

Bz, class A, paranormal % [2][5][14] TEZEINTIEAFED class DILEE LT, KROIEAE
® class EA I NI,

Definition ([9][21]). For eachp >0 and r > 0,

(1) T+ class A(p,r) €= (T[T PP|T*7)5% > T
d

T : class Al(p,r) S 7 is invertible and belongs to class A(p,r).



(2) T : absolute-(p, r)-paranormal e H'[T]pIT*ITxHT ZI[‘]T*I%HMT
for every unit vector x € H. ’ '

()X (9] T, (2) X [21]) TERENRZEA ST, F£7-. class A(1,1)=class A, absolute-(1,1)-
paranormal=paranormal T& Y, class A(p,r), absolute-(p, r)-paranormal (D& BRIZET Bk
DFEFRD [9][21] TRE T,

Theorem A.1 ([9][21]).
(i) T is log-hyponormal iff T belongs to class Al(p,r) for all p > 0 and r > 0 iff T is invertible
and absolute-(p, r)-paranormal for all p > 0 and r > 0.

(ii) If T belongs to class Al(pg,r0) for po > 0 and ro > 0, then T belongs to class Al(p,r) for
any p > po and T > 10.

(iii) If T is absolute-(py,r)-paranormal for py > 0 and ro > 0, then T is absolute-(p,T)-
paranormal for any p > po and r > 7.
(iv) If T belongs to class A(p,r) for p >0 and r > 0, then T is absolute-(p,r)-paranormal.

Theorem A.1 DFFERIZIRD Figure 1 DL I ICE L DB T LB TE D, ZO Figure 1 12BN T,

class A(p,r) & absolute-(p, r)-paranormal #% log-hyponormal % JF /5 & 95 2 A ® increasing line
TROENTWVWDZ LIZEET 5,

normaloid

v (1 7)

S absolute-(p, v)-paranormal

w (P 7)

paranormal > class A(p.7)

| class A

(0, 0)
log-hyponormal

&-hyponormal®=

p-hiyponormal ¥ =

FIGURE 1

®IZ. [10] Tclass A(p,r) & absolute-(p, r)-paranormal D E/RAILERNKD L H ITETR I NI,

Definition ([10]). For each p >0,7>0andg>0,

2(ptr)

(1) T class F(p,r,q) <& (T*||T2P|T*")7 > |T*| 5
1 r
(2) T: (p,r,q)-paranormal éi_g_g IHTI”U]T]’":CH‘? > “|T]Ej1r_:v|[

for every unit vector x € H, where T = U|T| is the polar decomposition of T'.

Dk x, class F(p,r, ET*“—T)zclass A(p,r) TH D, F£7-. KD Proposition 1 £ Y (p,r, EJ;—T)-
paranormal=absolute-(p, r)-paranormal T# 5 Z & b H 5,



Proposition 1. For each p > 0, » > 0 and g > 1, an operator T is (p,r,q)-paranormal if and
only if

st EN (el
for every unit vector x € H.

F7z, [10] Tikclass F(p,r,q), (p, 7, q)-paranormal D'EE BEHRIZBIT 2 IRDERB RIS TN D,

Theorem A.2 ([10}]).

(i) For a fized k > 0, T 1is k-hyponormal if and only if T' belongs to class F(2kp,2kr,q) for all
p>0,7>0and qg>1 with (1+2r)g > 2(p+ r), i.e., T belongs to class F(p,r,q) for all
p>0,r>0andqg>1 with(k+r)g>p+r.

(i) If T belongs to class F(pg,T0,q0) for po > 0, rg > 0 and go > 0, then T belongs to class

F(po,r0,4q) for any g > qo.
(i) If T' is (po,To, q0)-paranormal for pg > 0, rg > 0 and qo > 0, then T is (po, o, q)-paranormal

Jor any q = qo.
(iv) If T belongs to class F(p,r,q) forp >0, r >0 and ¢ > 1, then T is (p, 7, q)-paranormal.

Z Z Tk, class A(p,r), absolute-(p, r)-paranormal ® monotonicity {ZB§9 % Theorem A.1 &
%t~ L7= class F(p, 7, q), (p, 7, q)-paranormal ® monotonicity (ZB83 2 RIZOWTRINT 5,

2 Main results

[10] THE. class F(p, 7, q) {¥K D Theorem F 2> bIRAE LIZfEARD class TH D Z L S
TWd,

Theorem F (Furuta inequality [11]). P
If A> B >0, then for each r > 0,
(i) (B"Q‘APB%)% > (B%BPB%)i

and
(i)  (ASAPA%)7 > (A5BPA3)s
(1,0) q
l > > 3 > . (0’ ""')
hodforp__Oandq_lwzth(1+r)q_p+r FIGURE 2

Theorem F @ (i) £721% (ii) Tr = 0 & 75 & Lowner-Heinz DA% “A4 > B > 0 ensures
A® > B% for any a € [0,1]”%# <, Theorem F D FIFEIL [3][16]. F7=. 1 page DR FEH
23 [12] THEZX BT B, [17) Tid Figure 2 TR E L7 p, q, 7 DD Theorem F (2% L T best
possible T#Hh 5 Z &R &7, F£72. Theorem FIZIRDIENRARE LR ->TNWD T B 5,

Theorem F’. For A,B >0, A> B >0 if and only if

(B5APBE)» > BY"  holds for allp > 1 and r > 0.

—15—



A, B> 0L T, logA >log B %79 order ® Z & % chaotic order & FE5, logt M3EMSE
HEHEHTHH - L L V., chaotic order IX usual order A > B X U85\ > order TH 5,

Theorem F’ & %t/ L 7= chaotic order @ characterization & L TR Theorem B.1 231 H 41T
Wah,

Theorem B.1 ([4][6][13][18]). For A,B >0, log A > log B if and only if

(B%APB%)#* >B"  holds for allp >0 and 7 > 0.’

&Biz, Theorem F’ & Theorem B.1 Z#if4 5#%% & LT, kD Theorem B.2 7% Theotem F’
LD HBEIZEND,

Theorem B.2 ([7][8]). For A,B >0, A% > BY for a fized § > 0 if and only if

(B3 APB3)s5r > BT holds for allp > 6 and r > 0.

A+rig=p+r

Theorem B.2 iZBWT§ =1 &7 5 & Theorem F’

B, £, X >0KHLT Jim Xl — log X T (Fna=ptr
HBHZ L LY, Theorem B.2 {Z i"ab\’C(?—)JrO L= ’  TEEPET
D73 Theorem B.1 THDHEEXDHZ LN TE D, 1.

F 7. FHD Figure 3 iZ Theorem F’, Theorem B.2, koL

Theorem B.1 DERERDLLELDTH B,

-7l

FiGURE 3

Section 1 {238V T, class F(p,r, Bt )=class A(p,r) TH Y. 7=, class Al(p,r) & absolute-
(p, r)-paranormal I log-hyponormal ZJE A &% 2 KD increasing line & LTELENBZ L%
WA, XoT, ZHbDZ & XY class F(p,r,q), (p, 7, q)-paranormal ® monotonicity %% X %
B, NI RXA—F qg&q= 5+T LBEBIXAIENBRTHHEEZZXDZ LM TEB, EE. class
A(p,r), absolute-(p, r)-paranormal {ZB87 % Theorem A.1 &S LR L LT, class F(p;r, q),
(p, T, q)-paranormal IZB8 9 B ROFEREET-,

Proposition 2. For each § > 0 and ro > 0, T is §-quasihyponormal (i.e., d-hyponormal on
R(T)) if and only if T' belongs to class F(,r0,1) if and only if T is (4,70, 1)-paranormal.

Theorem 3. Let T be a class F(po,ro,%_l_—rr‘l) operator for pg > 0, rg > 0 and —19 < 6 < pp.
Then the following assertions hold _
(1) T belongs to class F(pg,r, 5+T BotT) for any T > 1.

(ii) If T is invertible and 0 < & < po, then T belongs to class F(p,r, g—i%) for any p > po and
T > T0.

Theorem 4. Let T be a (py, o, %—)—pamnormal operator for pyg > 0, rg > 0 and’§d > —ryp.
Then the following assertions hold:
(i) If —ro < 6 < po, then T is (po,T, 95_1—_—;) -paranormal for any r > rg.

(i) If 0 < 4, then T is (p, o, g—M—)—pamnormal for any p > po.



(iii) If 0 < § < po, then T is (p,r, HT)—pamnormal for any p > po and r > ro.

Theorem 3 ® (ii), Theorem 4 0 (ifi) IZBWTERZNE =0 £ F 52 L2 L ¥, Theorem A.1 D
(i), (iii) #&<, F£7-. log-hyponormal iZ invertible §-quasihyponormal (¥ 7-i3 §-hyponormal)
WBWTI =2 +0&LebnlAhREr i), ThoDHRE Figure 4 DX SICELDHBHZ
ENRTED (Figure 4 1BV TL 1<8<p 1<y <r THD),

‘@unormaloid

(pr)

abgelute-(p, )-
#% paranormal

xb alute-(8, 7a)-

(pr)

paranormal J

r (p.7)

E._L'l)
Y

§-hypouormal ®s A )
--._\p-quasihyponormal

p-hyponormal ¥

FIGURE 4

3 Powers of class F(p,r, q) operators

p-Hyponormal operator & log-hyponormal operator D& RIZH L TROBERB/FEN TN,

Theorem C.1 ([1]). Let T be a p-hyponormal operator for 0 < p < 1. Then T™ is B-
hyponormal for all positive integer n.

Theorem C.2 ([19]). Let T be a log-hyponormal operator. Then T™ is also log-hyponormal
for all positive integer n.

—7J5. invertible class A operator D& FIZDOWTR LT [15] OFEROILIRE LT, [20] TiX
class Al(p,r) operator D~ E FIZRHT A ROBRIGREN TS,

Theorem C.3 ([20]). Let T be a class Al(p,r) operator for 0 <p <1 and 0 <r <.1. Then
T™ belongs to class AI(%, =) for all positive integer n.



Theorem C.1, Theorem C.3 (28T, THBTHIERAFED class D37 A—F pr BT TIIF
NERE L L2y, Ti3bEDT LV log-hyponormal tTWMEAE D class B L TWH Z &
WEET 2, 2Tk, InbOfREKE—T 500 L LT, invertible class F(p,r, q) operator
DREFIZEAT DROBREHF.

Theorem 5. Let T be an invertible class F(p,r,q) operator for0 <p<1,0<r<1landg>1
with rq < p+r. Then T™ belongs to class F(E, L, q) for all positive integer n.

Theorem 5 IZB W Tg=1,7r=0 &3 2 & (invertible DFHE D) Theorem C.1 %, ¢ = E’:J— &g
% & Theorem C.3 # TN EHEL,
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FURUTA’S QUESTION ON CHAOTIC ORDER

MASATOSHI FUJIL

ABSTRACT. The chaotic order among positive invertible operators on a Hilbert space is introduced by
log A > log B. Uchiyama’s method brings us the Furuta inequality for the chaotic order from the Furuta
inequality. Related to this, Furuta posed the following question: For A, B > 0, A > B if and only if

z P st
@ ATt > {AB(ATEBPATE) AR} 0T

holds forall p > 1,7 > ¢, 5 > 1 and t € [0,1]7 Recently he gave a counterexample to the "only if" part.
In this note, we point out that the condition (Q) characterizes the operator order A > B. Moreover (Q)
characterize the spectral order by extending the bounds of t. Finally we give an affermative answer to
Furuta’s question by exchanging the bounds of t and s such as t < 0 and 1 <'s <2.

‘1. INTRODUCTION

Throughout this note, a capital letter means a (bounded linear) operator on a Hilbert space H. An
operator T is said to be positive, in symbol, T' > 0 if (Tz,z) > 0 for all z € H. In particular, we
denote by A > 0if A > 0 is invertible. The order A > B for selfadjoint operators A and B is defined by
A — B > 0. The operator monotonicity of the logarithmic function yields the chaotic order 4 > B for
A,B >0 by log A > log B.

We now recall the Furuta inequality [11] which is a beautiful and historical extension of the Lowner-
Heinz inequality. We call it (FI) simply.

The Furuta inequality. \\\\
If A> B >0, then for each r > 0, \\\\
()  (B%APBE)7 > (BEBrBE) \\\\
and “‘\\
(i)  (A3APAS)T > (ABPAS)S 1)
hold for p > 0 and ¢ > 1 with

(I+ryg=p+r

1
q

q
(L+r)g2p+r. (1,0)

(01_7‘)

Figure

We refer [18] and [3] for mean theoretic proofs, and [12] for a one-page proof of it. The best possibility
of the domain drawn in the Figure is proved by Tanahashi [22].

On the other hand, motivated by Ando [1], the Furuta inequality for the chaotic order was shown in
[4] and [13], cf.[6],[7] and [28], which is named (FC) in the below:

If A> Bfor A,B >0, then

AT > (AT BPA%)wH

holds for all p,r > 0.

Afterwards, Furuta [14] himself generalized the Furuta inequality, which interpolates the Furuta in-
equality and the Ando-Hiai one [2].

The grand Furuta inequality. If A > B > 0, then for each t € [0, 1],
ALHT S (AF (AT EBPATE) AR G
holds for all s> 1, p>1 andr > t.

1991 Mathematics Subject Classification. 47A30 and 47A63.
Key words and phrases. Furuta inequality, Grand Furuta inequality, chaotic order and speéctral order..
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We call it (GFI) simply and refer [8] for a mean theoretic approach and [15] for a one-page proof.
Tanahashi [23] also proved the best possibility of the power of (GFI) and its simplified proof are given in
[26] and [10].

2. UcCHIYAMA'S METHOD

Uchiyama [25] pointed out that (FI) implies (FC) by a marvelous method. In Furuta’s recent papoer -

[17], the heart of Uchiyama’s method is expressed as

log X
(U) (1+——of° ) X

for all X > 0. We now rephrase Uchiyama’s proof of (FC) by using (U): Suppose-that log A > og B for
A,B >0 and p,r > 0. Then we have

B
> B, =14 %
T A

>0

for sufficiently large n. Assuming (FI), we have

nr

A}l'f‘,"" ( 4“ B“ p 4 ) ul}l:;‘l:':- .
Taking n — od,vit follows from (U) and 4, — 1 that
A" > (AZBPA)FT,

that is, (FC) is proved.

Next we cite a proof of (GFI) = (FC) proved by Furuta [17], for convenience. Also we suppose
that log A > log B for A,B > 0 and p,» > 0. We apply (GFI) to np, nr, s = 1, t = min{l,7} and
A, > B, >0, where A, 'and B, are as in above, namely

oL Il tfart:

A}L‘L.*-"T Z {Jilnz 4»IL 2 BII[JA. * ) Llu- } npmiter,

Hence we have (FC) by taking n - co.
3. FURUTA’S QUESTION
Related to (GFI) and (FC), Furuta posed the following question for himself about 5 years ago.
Furuta’s question. For A,B >0, 4> B if and only if
(@ ATt (AR(ATEBYATE) ARy
holds forallp>1,r >t s>1andt€[0,1]%

Since it follows from (FC) that (Q) implies -4 3> B by taking ¢ = 0and’s =1, thé converse is'ehsential
in the question. Recently Furuta himself gave it a counterexample in [17]). Namely (Q)-is not neCESATY
to the chaotic order A >3 B. One can infer from reading between the hnu that thie exanple wad biised
on his tough work. As a matter of fact, it was given by A4 = e’ and B = &', where

. 2 2 B 1 3
(1) A=<2 _1> and 1 (3 _2>.

Then log A = X > Y = log B and
@) AT p (AR (AT EBPATE) AR o

Il

does not hold forr =2, t =1, 5= 2 and p=2.

We now point out that (Q) characterizes the operator order 4 > B for 4,8 > 0. As anrinmedioe
consequence, Furuta’s question is not true because the chaotic order is exactly wedker than thivperator
order.
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Theorem 1. For A, B >0, A > B if and only if (Q) is satisfied, i.e.,
Q) AT > (AR (ATEBP AT E) AR YT
holds for all p> 1,12 ¢, 8> 1 and t € [0, 1].

Proof. First of all, we recall the following Kantorovich type operator inequality, Theoremn 6” in [3].
¢f. also [27]) and [19]: If 4 > C for A,C >0 and 0 <m < 4 < M, then

(M +m)* N

K et 42 > (%,

() 4Mm At 2C

Now we suppose that (Q) is satisfied and 0 <m <A< M. Ifwe takep=¢t =1 and r =2 in (Q), then
we have

(3) A> {A(AT2BATE)*4}3,
so that
(4) M AmY s a(a-tBa—t) A

4 Mm
by (K). Hence it implies that

(M +m)? 1 ik
A PV > 4TI RATE
(5) ( 4Mm. >z BA

foralls >1andsol> A"%BA‘IE,« or equivalently 4 > B.
Conversely, if A > B, then (GFI) says that for each ¢ € [0, 1],

AV S (AR (ATEBrATE) AR ) G

holds for all s > 1, p > 1 and r > t. Since 117:5« € [0,1], the Léwner-Heinz incquality implies that (Q)
holds for all s > 1, p> 1 and r > ¢.
So the proof is complete.

Moreover we have the following extension -of Theoremy 1, which says that the bounds of ¢ is very
important in such discussion:

Theorem 2. For each o > 0 and A, B > 0, A* > B%, where the case o = 0 means log 4 > log B, if
and only if (Q) holds for allp > a, v > ¢, s> 1 and t €0, a].

Proof. The case a = 0 is just ensured by (FC). For each ¢ > 0, we can follow Theorem 1 by replacing
as A, = A® and By = B®

Since the selfadjoint operators does not form a complete vector lattice, Olson [21] introduced a new
order among the selfadjoint operators, by which it becomes a conditionally complete lattice, cf. also [9]:
Let E, (vesp. F,) be the resolution of the identity of A (resp. B), ie,,

A= / tdE, and B= /tdF,.

Then the spectral order 4 > B holds if E, < F, for all t. He also proved: For positive operators A aud
B, A > B if and only if ' ‘
A" > B"  foralln e N.
In addition, several useful properties of the spectral order are given by Uchiyama [24].
Anyway, as a consequence of Theorem 2, we have the following characterization of the spectral order
by virtue of Olson’s theorem:

Theorem 3. For A, B>0, A> B if and only if for each « >0, (Q) holds for all pZ e, v 21, 5
and t € [0, .

!

Y

In addition, we have the following slight variant of Theorem 3:
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Theorem 4. For A, B >0, 4 = B if and only if (Q) holds for all p, + >t > 1 und s > 1.

Proof. For the sake of completeness, we cite the proof. Suppose that (Q) holds for all p, + > £ > | and
5> 1. Wetake p=1t=n and r = 2n for a given n € N. Then, as in the proof of Theorem 1, we have
A" 2 {An(A-—.-',_;- B”A-%)SA“}%,
so that (K) implies
(M™ 4+ mm)?
4 M

Therefore we have A™ > B™, which means that 4 > B by Olson’s theorcmn.
The converse follows from Theorem 3.

> (A"EB"ATE)S.

4. THE CHAOTIC ORDER

As stated in front of Theorem 2, we should pay our attention to the bounds of ¢, c¢£.[20]. So we consider
the case t < 0 and give an affirmative answer to Furuta’s question in some sense.
For the sake of convenience, we cite the following useful lemma due to Furuta:

Lemma F. For 4, B> 0 and a € R,
| (AB®A)* = AB(BA*B)*"'BA4,
or simply (X*X)* = X*(XX*)* X for invertible X.
Lemma. IfA> B for A, B>0and0<p< B <2p—1t for sometl <0, lhen
(6) (BEA~'B%)5F < (BE AT BE)
foru <t
Proof. We first prove that
BY(BEA“B%)s=v B < A
for p> 0 and w <t <0, cf. [20]. Actually it follows from Lemma F and (FC) thal
BY(BYA-“B%)»i Bk
= [B-3(BSA-BE)IF B!
= [A"F(A"EBPA~E)emw A~ E]!
= A¥(ATEBPAT )T A
= A¥(A"¥BPA~%)5x =%
< AP AR 4
= Af

By using this, we have
(BEA~'B%)5* < (BEB-5(BEA—BY) =i p-E BE) I
— (BY A~ BY) =
Theorem 5. For A,B >0, A> B if and only if
Q) AT (AF(ATEBAE AR
holds for allp>0,7>0,s€[1,2) andt <0.
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Proof. Suppose that 4> B. Weput 8 =(p—t)s+tand v =1t—r <t <0 for convenicnce. Then
1<s<2ifandonly if p <8 < 2p—t and the conclusion (Q) is rephrased as follows:

P [i
AT > (AT (ATEBP AT ) AT

for0<p<B<—tandu <t <0
We now prove it, which depuuls on the use of Lemma, Lemma F twice aud (FC):

(AT (ATEBrATh) AT

}Ar = (A" ¥ BE(BY AT B =t pE A E e
< {A~EBE(BEA- BE)E Bl A E Y
= {(A"EBrA-E)MEIT S
:(A‘f‘Bi’A“i)F—T
< AT

Conversely suppose that (Q) is satisfied. If we take t = 0 and s = 1, then we have (FC). So the proot
is complete.

In addition, Professor Furuta kindly suggested us a related result by himsell [16; Remark 2], which
leads us the following parallel result to Theorem &:

Theorem 6. For A,B >0, A > B if and only if

QH AV S (A (ATEBPATE)SAS }U"‘—)T
holds for allp>1,r >0, s € [1,2] and t <0.

Proof. The proof is quite similar to that of Theorem 5.
Suppose that A > B. Weput = (p—t)s+tandu=1t—r <t <0. Asin the proof of Theorem 35,
1<s<2ifand only if p< 8 < 2p—t and the conclusion (Q’) is rephrased as follows:
At > {4 (4“B”A"“ v—l A }ﬂ C

for 1<p< B <2 —tandu<t<O0. Itis proved by the use of Lemma, Lemma F twice and the Furnta
inequality:
5 B- —u , e -
{.412 (, _§BPA )n ;AT}L:T-—»{A;—— (B%“i_LBLl)%T’FB%.l"j}:;‘:‘J
< {AT¥BY(BEATBE)FE BEATE) Y
- { 4"'BI’ l.-")t)*u" 1}—_
(A~% BrA=%)5%
< Al—u’

il

Conversely suppose that (Q’) is satisfied. If we take r = ¢ =0 and p = s = 1, then we have A4 > 3.
So the proof is complete.

REFERENCES

1. T.Ando, On some operator inequality, Math. Auu., 279(1987),157- 154,

2. . Ando and F.llial, Log majorizetion and complementary Golden-"Thompson type inequalities, Linear Algebra Appl..
197/198(1994), 113-131.

3. M.Fujii, furute’s inequality and its mean theorelic approach, J. Operator theory, 23(1990), 67-72.

4, M.Fujii, T.Furuta and E.Kamei, Purute’s inequalily and its application Lo Ando’s theorem, Linear Alg. and lts Appl.,
179(1993),161-169.

5. M.Fujii, S. Izummo, R.Nakamono and Y.Seo Operator inequalities related to Ceuthy-Schwarz and Hider-McCarthy
inequalities, Nihonkai Math. J., 8(1997), 117-122,

6. M.Fujii, J.-F.Jiang, E.Kamei aud K. Tanahashi, A characterization of chaotic order and a problem, J. Inequal. Appl.,
2, (1998), 149-156.

7. M.Fujii and B.Kamei, Furule’s inequelily for the chuolic order 1, 11, Math. Japon., 36(1991), 603-606 and T17-722.



12.
13.

15.
16.
7.

18.
19.
20.
21.

22.
23,
24.
25.
26.

27.

28.

MASATOSHI FUIT, BIZABURO KAMELI AND. RITSUO NAKAMOTO

. M.Fujii and E.Kamei, Mean theoreiic approach lo the grand [Purule inequalily, Proc. Amer. Math. Soc., 124(1996),

2751-2756.

. M.Fujii and L.Kasahara A remark on the spectral order of operators, Proc. Japan Acad., 47(1971), 986-988.
. M.Fujii, A.Matsumoto and R.Nakamoto, A short proof of the best possibility for the grand Furula inequalily, J.Inequal.

Appl.,4(1999),339-344.

. T.Furuta, A > B > 0 assures (BT APB™YYa > Br+2rYa forr > 0,p >0, ¢ > 1 with (1+27)q > p+2r, Proc. Amer.

Math. Soc., 101{1987), 85-88.
T.Furuta, Elementary proof of an order preserving inequdlity, Proc. Japan Acad., 65(1989), 126.

T.Furuta, Applications of order preserving operalor incqualilies, Operator Theorey: . Advances and Applications,
59(1992),180-190.

. T.Furula, Bxiension of the Furula inequality and Ando-Hini log-majorizalion, Linear Alg. and Tts Appl., 219(1995),130~

1585.

T.Furuta. Simplified proof of an order preserving operator inequalily, Proc. Japan Acad., 74, Ser. A(1998), 114.
T.Furuta. Operator funclions involuing order preserving inequalilies, Sci. Math., 1{1998), 141-147.

I'.Furuta, Resulls under log A > log B can be derived from ones under A > B > 0 by Uchiyama's melhod - associaled
with Furule and Kantorovich lype operalor inequalities - , Preprint.

E.Kamei, A salellite to Furula’s inequality, Math. Japon., 33(1988), 883-886.

.Kamei, Chaotic order and Furula inequality, Sci. Math., to appear.

E.Kamei and M.Nakamura, Remark on chaolic [uruia inequality, in preparation.

M.P.Olson, The selfadjoint operators of a von Neuwmann algebra form. o condilionally complele lallice, Proc. Amer.
Math. Soc., 28(1971), 537-544.

K. Tanahashi, Best possibilily of the Furuta inequality, Proc. Amer. Math. Soc., 124(1996), 141-146.

K.Tanahashi, The besi possibilily of the grand Furule inequalily, Proc. Amer. Math. Soc., 128(2000), 511-519.
M.Uchiyama, Commulalivily of selfadjoint operalors, Pacific J. Math., 161(1993), 385-392.

M. Uchiyama, Some ezponentiol operalor inequalilies, Math. Inequal. Appl., 2(1999), 469-471.

T.Yamazaki, Simplified proof of Tanahashi’s resull on the best possibilily of generalized Furulo inequalily, Math. Tnequal.,
Appl.. 2(1999), 473-477.

T.Yamazaki and M.Yanagida, Characlerizalions of chaolic order associaled with Kontorovich inequalily, Sci. Math.,
2(1999), 37-50.

M.Yanagida, Some applications of Tonahashi's vesull on the best possibilily of Furula inequalily, Math. Inequal. Appl.,
2(1999), 297-305. '

DEPARTMENT OF MATHEMATICS, OSAKA KYOIKU UNIVERSITY, ASAHIGAOKA, KASHIWARA, OSAKA 582-8582, JAPAN.
E-mail address: mfujii@cc.osaka-kyoiku.ac.jp



Chaotic order and Furuta inequality

Maebashi Institute of Technology
Eizaburo Kamei

1. Operator Chaos. For a positive invertible opretor A on a Hilbert
space, we regard log A as the operator chaos of A. The reason why we can
regard log A as the operator chaos, we must go back to the von Neumann
entropy [1'6]. Von Neumann had given the entropy of a statistical operator
(i.e. positive trace class operator) A which is coresponding to a quantum
ensemble by

S(A) = —trAlog A.

As an extension of the quantum entropy, Umegaki [21] had. given the
relative entropy for statistical operators A and B as follows:

S(A|B) = trA(log A — log B).

This relative entropy has been an essential and fundamental concept
in the operator algebra or information theory and extended by Araki,
Uhlmann and etc.(cf.[22]).

Moreover Nakamura and Umegaki [15](cf. [22]) had shown the operator
entropy is definable as follows:

S(A) = —Alog A,

In this formulation, Nakamura and Umegaki needed a hard work to show
the operator concavity of this function, but very recently Furuta has given
a simple proof [8] about this.

We had been searched the form of the relative operator entropy, and
found the operator mean theéory which is established by Kubo and Ando
[14] being very useful for this purpose. Especially, the a-power mean f,
is essential and it is given as the follows:

For positive opretors A and B on a Hilbert space

Ate B=A3(A"3BA™%)*A3; for a € [0,1].

The case where o = % is just the geometric mean. By using this a-

power mean, we can define the relative operator mean S(A|B) for positive



invertible operators A and B as follows [3]:

Iim——-———————AﬁaBmA
ot

a—0

= A3(log A3 BA™2)A? = S(A|B).

This is an operator version of Uhlmann’s relative entropy [20]. The case
where B = I, we have the operator entropy S (A]I) = —Alog A. On the
other hand, we have S(I|A) = log A and regard this the operator chaos
of A. The order log A > log B, we call chaotic order and denote 4 > B

[4].

2. Chaotic Furuta Inequality.

In the process of considering the Furuta type inequality under the
chaotic order, we can obtain the next instrument [5]. This is an exten-
sion of Ando’s exponential inequality [1] and we call this chaotic Furuta
inequality.

Theorem A (Chaotic Furuta inequality). Let A and B be positive
invertible operators. Then the followings are equivalent.

(i) A>B
(ii) AT }jﬁ_ BP<I for 0<r and 0<p
(iii) BT - AP>1T for 0<r and 0<p.

ptr

We can generalize this as follows [12]:

Theorem 1. Let A and Bv be posz’iz‘ve wnvertible operators, then the
followings are equivalent.

(1) A> B (i.e.log A > log B)
(2) A“Tﬁ,s_?BPSB‘S‘ for >0 and 0<6<p
(3) B“Tﬂa_EA”ZA‘s for r>0 and 0<6<p



(4) A7 fr BP< AT for —r<y<0 and 0<p

P

(5) B $yr AP >BY for —r<y<0 and 0<p.

ptr

3. Furuta inequality. The original form of the Furuta inequality is
the following [6](cf.[7]).
IfA> B >0,
then for each r > 0,

p (1+r)g=p+1
(AFAPAR)T > (ASBPAS)T Q N\
and s\\\\\\\ \
A\
(B%APB%ﬁ > (BngB%)% ,.é‘\ \
N

1 ........... \
NN
holds for p and q such that p > 0 \ \ \%

and q > 1 with i 1

(I+rjgzp+r. —r

Figure 1

In this inequality, the case where r = 0 is the Lowner-Heinz one. The
best possibility of the domain for p,q and r in the Figure 1 is proved by
Tanahashi [17].

By the terms of a-power mean, we can give the Furuta inequality as
follows ([2],[6],[7],[11] etc.): If A > B > 0, then

1) A7 fe BP< A and B< B~ i AP

p+r ptr

hold for p > 1 and » > 0.

Moreover, we had given an another proof of the Furuta inequality by
using c-power mean 4, and obtained the following relations [11]:

Satellite theorem of the Furuta inequality: IfA > B >0, then

A 1w B? < B< AL B" f1-u AP

l—u
p—u pP—u



forall p>1and u <0.

Uchiyama [18] has pointed out that the chaotic Furruta inequality-is
obtained by only using the Furuta inequality. We explain about this
according to Furuta [9]. The tool is the following fact.

(5) T}er()lo(1+ ~ " =X.
Suppose A > B, then
1 ‘J/ ].
Ap=1+ %45 p 08D
n n

For A, > B; > 0, applying the Furuta inequality we have

nr %—I—r

m‘ k2 . -
(AF B AT ) < b,

and (4) is shown as n — co.

4. Chaotic order and Furuta inequality. In this section, we show
the converse of the above pointed out by Uchiyama [18]. Namely, the
chaotic Furuta inequality implies the Furuta one. First of all, we point
out the following which is the case where § = 1 in _Thedreiﬂ'l, but the
satellite Theorem shows the difference of the chaotic order > and the
usual order > clearly.

Theorem 2. If A> B for A, B >0, then

(1) A7 e B> <B and A< B f1. AP
ptr T

hold for allp > 1 and r > 0.

The equivalence of the chaotic Furuta inequality and the Furuta one is
shown as follows [13]:

Theorem 3. The followings are equivalent.

(i) If A> B >0, then (I) holds for p>1 and r > 0.



() If A> B for A, B>0, then (II) holds for p>1and r > 0.

5. Application. Very recently, Uchiyama [19] has shown the following
result which is an attempt to extend the Furuta inequality.

Uchiyama’s result. Let A, B and C be positive invertible operators.
IfA<B"YC, then fort>s>0andr >0

AF(B° v, C°)A% < {AF(B! v, CY AT,

Here B!y C and B vy, C are the harmonic mean and the arithmetic
operator mean respectively [14] which are defined as follows:
For A € [0, 1],

BLC=MB1+(1-XNC"  By,C=AB+(1-XC.

The following results are shown in [10], but in this note, we see them
from a little different view point.

Theorem 4. Let A, B, C > 0. If A< B!, C, then
At < Bl 7, Ct (or A< (B, CHY)

for allt > 0.
Applying Theorem 1 to this results, we can obtain the next theorem.

Theorem 5. Let A, B, C > 0.

If At < Btxy\Ct for allt > s> 0 and t > 0, then

(B 92 C) S A7 4y (B Vi OY).

Proof. We have only use Theorem 1 (3) and (x) for A < (B, C?)t.
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‘Weak projections on Unital Commutative C*-Algebras

Keiji Izuchi (Niigata University)

I talk about my paper with Sergio Canoy Jr. and Go Hirasawa in the same title which

appeared in Nihonkai Math. J. 10(1999), 157-164. The following is the introduction of
our paper.

Let © be a compact Hausdorff space and let C(f2) be the space of complex valued
continuous functions on Q. With the supremum norm, C(Q) is a unital commutative C”-
algebra. Let S be a unital C*-subalgebra of C({2). A bounded linear operator P on C(f2)
is called a projection onto S if Ph = k for every h € S and the range of P equals to
5. A bounded linear operator Q on C(R) is called a weak projection for S if Qh = h for
every b € §. If P is a projection onto S, then P is a weak projection for §. Converse
of this assertion is not true. A counterexample is S = {f € C([0,1]); f(1/3) = f(z) for
1/3 < z < 2/3}. For a unital C*-subalgebra S of C(f), there may not exist a weak
projection for S. Our problem in this paper is to find which conditions on S there exists
a weak projection for S.

A motivation of this study comes from Korovkin type approximation theorems. A subset
E of C(Q) is called a Korovkin set if for every sequence of bounded linear operators {Ty.}x
on C(f) such that ||T,|| < 1 for every n and T,h — h for each h € E, it holds T,,f — f
for every f € C(Q). Korovkin [4] (see also [6]) proved that {1,z,z%} is a Korovkin set of
C([0,1]). There are many researches on Kerovkin type approximation theorems, see [1, 3,
5].

By the definitions, if S is a unital C*-subalgebra of C(92) and S is a Korovkin set, then
there are no weak projections @ for S such that @ # I and [|Qf| = L.

Let S be a unital C*-subalgebra of C(f). For z € {1, put

E(z) = {y € & f(y) = f(z) for every f € 5}.
Then E(z) is a closed subset of {2, and it holds E(z) = E(y) or E(z) N E(y) = 0. We call
the family {E(z)}zen the Shilov decomposition for 5. We have the following proposition..

Proposition. Let S be a unital C*-subalgebra of C(Q) and let {E(z)}zen be the Shilov
decomposition for S. Assume that there exist a non-empty open subset U of Q and a
continuous map @ from U to Q such that

i) p(z) € E(z) forz €U,
i) @(z)#z forzel.
Then there exists a weak projection Q for S such that Q # I end ||Q]| = 1.

Proof. Let ¢ be a continuous map satisfying i) and ii). We shall prove the existence of a
weak projection @ for S with @ 5 I and [|Q|| = 1. Take a point zo in U and a continuous



function ¥ on £ such that 0'< ¥ <1 on Q,
(1) =0 on Q\U and $(z) =1. .
We define an operator @ on C({2) as

(2) (Q9)(z) = ¥(z)g(p(z)) + (I — ¥(z))g(z) for g € C(Q),z € .

Then it is not difficult to see that @ is a bounded linear operator on C(2) with Q|| = 1.
Let h € S. Then by i), h(p(z)) = h(z) for € U. Hence by (2), (Qh)(z) = h(z) for z € U.
For z € Q\ U, by (1) we have 9(z) = 0, so that (Qh)(z) = h(z). Thus we get Qh = h for
hesS.

Since o € U, by ii) we have ¢(zs) # zq, so that there exists go € C(f2) such that

go((z0)) # go(zo). Hence by (1) and (2), (Qgo)(z0) # go(zo): Therefore @ is a weak
projection for S with @ # I and ||Q|| = 1.

We conjecture that the converse of Proposition is affirmative.

Conjecture. Let S be a unital C*-subalgebra of C(Q) and let {E(z)}.eq be the Shilov
decomposition for S. If there exists a weak projection @ for S such that Q # I and
@]l = 1, then there exist a non-empty open subset U of  and a continuous map ¢ from
U to ) such that

i) (z) € E(z) for z € U,
i) p(z)#zforzel.

In the next section, we study this conjecture under some additional conditions.

2. Weak projections

In this section, we shall prove the following theorem.

Theorem 1. Let S be a unital C*-subalgebra of C(Q) and let {E(z)},eq be the Shilov
decomposition for S. Suppose that E(z) is a countable set for every z € Q. If there exists
a weak projection Q for S such that Q # I and ||Q|| = 1, then there ezist a non-emply
open subset U of @ and a continvous map ¢ from U to Q such that

i} w(z) € E(z) forz e U,
) p(z)#z forzel.

For a subset E of I', we denote by int E the interior of E. To prove Theorem 1. we use
the following theorem.

Theorem 2. Let Q and T' be compact Hausdor(f spaces. Suppose that po,x €T, is a
positive Borel measure on (1 such that sup {p(2);z € T} < oo, g, has an atom for every
z €I, and [ fdp, is continuous in z € T for every f € C’(Q)'. Then there exists a

continuous map \p from some non-empty open subset U of T' o ) such that i({e(z)}) >0
for everyz e U. -
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1 #EA

SERR YR ST 28R _E D RIBERIZ 1950 4548 Prokhorov. Sazonov. Minlos FMD{5F ([14, 15,
12]) T X DM LRSI F L LTS Shis, ZONFOZ L 2BBIcEAE 15
RRKTEZEM A% 72 Lebesgue FIEEIX, MARARTZER ETIXFEL RV, HRKITZER
Fiz Lebesgue BIEEIC T BEITEVEE 2 b o BIEEZ 2L 5 Z L BREBOEAITH
B.] WO LIZRBESS, LL, ERKRTEEVIEE L, FRUMESELRHA
WNELird, (bbAA, ERNECETIHELH D ([18]).) £ T, FLARE
5 Ri=d. BELTHHBEIX, Lebesgue BIEZ DY DO TiEA2< . Gauss FEEHRIEIC
725, Gauss HIEIX, ARKTER TOEREZOE X ERRT Hilbert 2R EIZB W
THIELTERTEXAN, Eix. Thixd ) »F—RETH-> T, o-MEEEZH
FTREOREIZR>TVARY, #oT, Z0 Gauss ¥V rF—RERED X 5 2EHE
Dt & TRIBICILRTRIC 2 500, BEERBBEL 25, 1962 4. Gross([5]) 2371
IIBEWSEEEEA LR, ZhikGauss Y ¥ —RIEZREICHERET 7200
&fTh B, 19714, Dudley-Feldman-LeCam b ([3]) BEIZEVWEHEHTO Y > & —
BIEEIZ W THIBELTTRE & R B RE+ARMAL LTREI VAEERLEL, 2022
DEEEIXED TCEVWREIIZ B2 B, ZDZ LiIZ2W T, Badrikian-Chevet([1]) 237§
RTDVY o F—RUEICHWTRERE TRV 20 ) Conjecture R LTz, T
1984 £E, Maeda([8]) I2& V. BEMNIMRENTND, ZD 2 ODFHE/ LV LADEL
B OEERD B, ZORIOPTIE, 6 2ORFIZOVTHERS,



2 #E{E

TR T, X % Banach 25, X'% X OGHHRPFZERE L, () X' EX
@ natural pairing &35, £7., B(X) % X E® Borel o-algebra £ 95, - H ZFEH
4y Hilbert 2. < -,- >% H EOWNH, FD(H) % H OFBRRTCHIERMEEK, F 2
H FOBFBRRITBIZB~DERHEDOSE LTS, £, [ THEE®RERTZ L
295,

ZH 6,606 € XD € BRD)IH LT, ROXILESNDLE, YV
F—HEELVD,
4 = {-’L‘ EX; ((6113’)’(62737)7”- 7(671,3;)) € D}

b6y EEBELILLEDVY U H—ERERIK, Re ... 0. 1F0-algebra lZi2 DN,
V) U H—EEL2E, R iZo-algebra lZ/2 D LIXR L RV, o

%72, Hilbert ZH LDV Y V¥ -G, BREEZE TROLIICRT LR
T&E D,

Z={xec H;PzeF} (P € F, FeB(PH))

wizo ) v —REESEET S,

ETH 2.1 (VU F—HE) R FItEEENBE p3ROFEEE-TLE, TV
VHE—RIETHD LV,

(i) p : R—1[0,1]

(i) p®D Re, g, e ~PHUMRITFERTE

Rz Hilbert %%ﬁt’(“@gfﬁ'&%ﬂ%%t‘ﬁ" Gauss V'V V' F—RIEEZEET 5,

% 2.2 (Gauss ¥ Y UF—ME) LMK 1 R - 0,1] BROX S RBTREN
BEE, GaussV U v E—HETHB LN,

|]

1" -
= 2
W2)=(752) [Le 2 do
2L, Z={zx € H;Pz € F}. n=dim PH, dz ¥ PH E® Lebesque I LT 5,
Kic, ZORIOEECH LT NV ADERET D,

£ 2.3 (Gross DREH/ L) FEEDe > 012 LT, 5 G € FD(H) BFEL
C.FLGERDEARF € FD(H)IZHLTH,



p({N.NF+F}) >1-¢
BERVMDEE, ||| t&u-FTH] (Gross) THB L9,

7efZL. N. = {z € H;||z|| <e}, FHiZ F OEZHZER &35,

MR TT Hilbert Z2M] L TiX, Gauss ¥V > & —HIE X AIEINERIRIE TiX2v, %
T, IDOMEEY bBENMEZEATIH LW VAeEL, BT 55
{LZEBOFTIICODZER LOT Y ¥ —HEEZEDALBERICLHBHEL LTS
25, THWHBFEMER ERDT20DO+2%&EERD =DM, L.Gross TH B,

Gross RA[H)./ VA% EE LIz, Dudley-Feldman-LeCam ASBIDA[HE 2 /b % EE
Lic, ZORE NV AZS Y > 5 —RIEE 2 ATRENER BB IR S 5 D DULE+-4
RELZDHDTHD,

£ 2.4 (D.F.LOAR/ L) FEDe > 012k LT, 5 G € FD(H) BHEEL
T.FLGERDBEARF € FDH)IZHLTH,

p({Pr(No) + Fr}) 2 1 —¢
BRI L E, |- || iEp-TTH (DEL) ThdEWn,

7eiZU. Ppld H b F ~DEZHE LT S,

LIeBoT, 22008 VADEEEHE TS L. DF.LOFHRE VADEELY
% Gross D AJH] / /V.Lx@%’ﬁ:@jii)‘gﬁ‘/‘%ﬁ"f?}bé LMD

3 ®WRl/ILVLEZMYBTUEEEZOER

= Tl&. Gross DA[H v ADZME. D.F.LOFH ) A AOSRHEE Y Bk b
FOBEBREBNTS,

EHE 3.1 HEZEIZEANNVIER, pe HEOVY U E—JIE, || | %2 H ETES
SN/ vh, BZ||-||icBT 5 HOFEMEL TS, Z0&Ex, RO (G) 5D (vi)IT
LT, (5) = (i) = (414) = (9v) = (v) & (vi) BEY LD, '

(1) [ZHRIBURYT D F OERE DS PA, EEDe > 01Zxf LT,

im p({z € H;||Paz — Pna|| >€}) =0



2T,
(1) || - || Bep-RIH (Gross) TH2.
(¢4) T ICHRULRS BB P, € F T, EEDe > 0ITH LT,
Jm p({z € H;||Poz — Przl| > €}) =0

EWHITHOBRFET D,
(sv) TIZBRIR T B8M%I P, € F T,
lim lim p({z € H; sup |[Pez|| > N}) =0
1<k<n

N-—4o00 n—+oo
BT b OREET B,
(@) || - || ¥&p-ml8 (D.F.L) THD,

(vi) i(p) BB IR T X B,
T L, i1XHHb B~DEDABEKT, i(u) =poi&T 5,

4 PPZEEREDOWN 2HDOH

Z ZCi. Hilbert 221 % &M 2 PEME L, BRI Y F—RIEL I VAE
R T, 3.1 Ot LDOBEBRERAND,

(£2)" B BALMC((02)", £2) B b o Te CORBATIGHZERM E L, I % {en},y, B
CORBEMEL TS, 1210, e, = (0,0,...,0,1,0,...) £ T3, (,-) % (&) & £D
natural pairing &9 %, n&FH

R EE DIERK
(@Y HCROED R a,bE LY, IR L, DiracUES, , 52525, Thh bl
AShB 2EDYY v F—EEp,, & T 5o

a€ () st(a,e)=1, n=12,... (a,6) =0, €a € I\{€n}p12..
be (52)* s.t (aaen) =n, n=1,2,... (a7ea) =0, e € I\{en}n=1,2,...

e({z € £ (< b1, >,< £3,2 >, ... ,< s,z >) € D})
= 8.({z € (6*)"; (&1, %), (€2, 7), - ,(€ns %)) € D})

pp({z € (< by,z >, < &,8 >,...,< &,z >) € D})
‘ = Jb({w € (32)*, ((flaw)ﬁ (52"7:).7‘ .. 1(€mm)‘) € D})

Ly €1,bs,e. bn €6, D € B(R™ LT3,



J IV IhDWERR

%9, open,convex,absorbing,circled 7288, Uy, Uy, UsZBIRD X S IZEET B,
FERFEEF {B.}.{\} ZERDEOIZED B, {ﬂn} IXIEOFEEFTCHEFEM T,
B — 00 (1= 00) &Ly {Aa} Hhgm = 0. Agmet > 0 T {Agm_s} IXEEFHRIIIFIC,
Agm—1 =+ 00 (m = 00) &T B,

%2 {t0i(er+e2+...+e);n=1,2,...} D convex hull,

D% {tM(er +ex+...+e);n=1,2,...} D convex hull,

3% {+M.(e1 +2e2+ ... + ney);n =1,2,...} @ convex hull
&L, Bi& CPLEOBRBMIK, B,ZHRES {z = (z,) € & Z( < 1} &L,

n=1

U1=F1+Bl, U2=F2+Bl, U3=F3+Bg &‘6‘60
0L, Uy,0:,Us, ByDgauge ELT, |- fly, 1Ml - lls s - lly ZEES 5o

IDXICEBLERELEL / VACBELT, BONWEEREEHE L TEMNT S,
EE 4.1 || - ||, Ey-FTHEITIEARV,
EH 4.2 || - ||5idustcov T (35) 2T
B 4.3 |- ||, iFu—"TH (D.F.L) TiXiv,
BE 4.4 || - ||, 1Zu 22T (443) T,
T 4.5 |||, & | - ||, Eua 2T (5id) BRI
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Quasi-norms for double sequences
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Abstract.

The purpose of this note is to characterize quasi-norms which are distinct weak IP-norms
for a double sequence. In fact we ¢an give some bound of the ratio of a weak [P-norm and
a successive weak [P-norm for any double sequences.

1 [FCHIC
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E7m, ¢ BAT—U VB Y 2T Ly MBS E RS
T ATy MOHMTEED H U FNTNEHEER > TS, BT R DTy
MEZKRD &S 7B EED:
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PLZIE 2 O (d=2) DEEIE
?ﬁgi)l,m) (37, y) = j,0¢j,l(m)¢j,m (y); ¢§}()l,m)($, y) = ¢j,l(m)¢j,nz (y),

By (@59) = 0@ 0imB)s V) (@) = D3 () him (V).

L0, FNEN [2(R?) OERESEETSHS.
NRTT I NEET AV Ly NEEREOERIC DWW TROEEAH 5N TV S:

3 1.1 (2) ERERY AT Ly kgl HE L1 EWEL, TO m AR ETS.
M = (e, i=0,..,20-1,5=0,1,2,..., k€ 2¢ THBEE, s> d(1/p— 1)+ KHLT

g/p) 11
ae
7 _

&,

: : 1/p 00 od 1
I fllz;,, ~ <Z ‘Céoﬂfp) + {Z gda(s+d/2~d/p) (Z )
k J=0 Ti=1 k

AN VAL IR

BAIZEOFBEOLICT 1Ty MNERBREKOTHEIC L VITOBEBORHERSND &
W BEHIZEH L, —EEGIETHET 520108 P- /) )V LAOEESEEBAL, TD/ IV LDENE
FHMmL 7=,

2 BIP-JIVADEEELEDHEE

p>1 &L, a=(ap), #EFNETS. £, of B {at}2, = {a}ily laf] 2 [a3] > - &
WY a OXREVIECE o EEIFET 5. JOLERBIRO—1 > /)b L

[e%) 91 l/q
- " {};(kl/plail) 7;} , 1<g<
2.1 al* = o=
, P,

Asgpk””la}‘;l, g = oo,

TEAZBND. TOINVAE1<g<p< oo DEX/IVARIZD, ¢>p DEZTHE/IVLTH
BT ERFLNTNS (L[4]). 4, |afo & alwr TRLE - JILAEES.
F7e, o = Y8 latl/k & B IRV O SV LS

00 1/q
2.2) = {g(kl/p"‘z*l)q%} e

sgpkl/”la?‘l, g= o0,

THEZLENS. (22) d¢>p DEED /IVAIRIES (]3], [6]).
(2.1), (2.2) NEMETH B Z 2RI T=DITROEEEM NS,

I 2.1 (BEURN—F 1 FER cf[3]) 0<0<1,1<g< 00 ITHLT



MEILL, ¢ =00 [T LT

1
supz Zl—<02-supi‘0|ail
=17 0 i

MERALT . 72720, C1, Co 13 0, ¢ [WIERRDELR TH 5.
L OFEBRN S ROGESHNS.
M 21 1<p<oo,1<qg<Loo ITRHLT/IVA (2.1), (2.2) HRMETH%. 37ab5

la]p ¢ < !alp ¢ < C3 Ialp g

ER 2.1 FE 2.1, i 2.1 1 3] OBEEITH B (9= 00 DEE cf.[6]).
L p>0 &L, b= (b)}, BEIAETSE, KD (i), (il) IIRAMETH S ([5):

1/p 1/p
(i) (%) <]b]<<clf’) . k=1,2,...n,

(it) {%J An Sk (bl > 2,k =1,2,...,n} < [CSJ

TP

FEU, ) Em<t<m+1 ZWEdBE m THs. ZOFRMEE =00 THRALIL, Cs &L
T |blwr ZENS. THERND EROFHENESNS.

FHEE 2.1 p> 0 ITRHLT
< (14 logn)Y? by

MERLT 5. ERIOESII p=00 DEETHS.

[blwwr < |blir

GIP-JIIVLE P- VLK DTN IV ITH B, FHITHE 2.1 O—RALNROGETH 5.
e 2.2 1<p,¢<oc0 ITHLT
Ibl5 4 < (1+10gn)1/q|blwm
MENLL, p<q,p> q DEETNTN
[blwi < Csblsg, p<g
{ [blwiwr < [bly p>1,

MEALY 5. 727120, Cs 1 p, ¢ WEBROEKTHS.

3 ZTEHIICHTBEIP-/IVADESE
A= (a;)1<icmi<j<n EEEFNIETD. A THLUTHIP- 2 IVLERDEDITEFKT 5.

Pl Rt g

EE 3.1 af 1T {alhichamn = {aij i<icm1<i<n, 165] > |ab] > - 22T A OREFWVIEC
ESEEAETS. TOEEEE) )V LAETNEN

(i) Al = [[{ois}werlwer,



(ii) [Alwer = sup k70,

EEFTD. (1) ERKE P-J VA, (i) 255 P/ VA ELE.

BRA13EZE 3.1 O (1), (i) TEED 2 DO JVLAOBEGRERN. EPBICEAFIcE
% 2 DO )V DERERRS,

5l 3.1
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IV EFF - IV AEENEN '
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[BIWII ~ IOg n.
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1 1
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IRFRALS 5. '
DED, BKEHIP- IV LE A DS DKRE ST TR FORFIOAFIZBEGT 2 = &
BA%.
5 TEEHEREITHT BEH-/ IIVAICDNT

TEESNT UTERE 4.1 OX S 73FHEAE S A, EEHR & LTSI LT b [
BRIC—BEOE - ) VLT, 28 L '

R ICBIFBNAR—JHIEE m &L, B f 2 ACR L TEHRIN-THERETS. &
R LTS py &

prA)=m{z € A||f(z)| > A},  A>0,
ELEEL, f OHES %
ey =imf{Apd) <}, t20,
ETBH IDEE f OFIP-/IVAI
| Flwir = iggtl/”f*(t)
THEA LN (cL[7).

EE 5.1 |flwe BEEBIRREE, O—L > ) IVAD g = co DBE (RIVFoF—T 109V /)
L) TH 5B (cf.[7]).

EE 5.1 R?2 ITBIFBINAR—FHEE my &L, B g 2 B c R? _ECEEI NS -
TB. & g iR L THMRIK pe %

p2(X) = ma{(z,y) € B|lg(e,9)| > A}, A >0,
EERL, g OHESIE
g*(t) =inf{X | p2(A) < ¢}, >0,
ETB. ZDEE, BREIP-/ IV, §IP- ) IV LAEFNTN



(1) lgllwe = llg(=, Ylwilwe,
(ii) lglwe = stggt””ig*(t)!,
LEFET D,
HGRES 1P- VLT DWTIIEE 4.1 O X S il T Z 720

fil 5.1 B=1[0,1 ETHH h(z,y) = 1/oy ZEZD. TOEXEKE -/ VA |hllwe = 1.
LA LEE - LAl

p2(A) = mg {(a:,y) l l:'c%{ >>/\} :/Oi (1/‘\7\%) dz = —)\l—(log/\+ 1).

H-T,tL0T
N 1
R¥(t) ~ Iogg+1 .

o |t

¢
, 1
lh’IWll = sup (lOg - 1) = 00
. >0 t

E72B7D, b IFHH M WWESTan. Z0 LD ITHEIRZEIT B DT D RIS s ik
DG (P- 7 VA TITERE 4.1 O & S5 BEHEIT 2 720,
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On Construction of Continuous Functions

with Cusp Singularities

Hidenori Watanabe

Abstract

We study the following problem: Let s be a function from [0,1] to [0,1]. Under
what conditions on s does there exist a continuous function f from [0,1] to R such
that the regularity of f at z, measured in terms of the pointwise Holder exponent,
is exactly s(z) for all z in [0,1] and each point in [0,1] is a cusp singularity?

We obtain a necessary and sufficient condition s and give a construction of the
associated function f. We can find the value of their pointwise Holder exponents in

terms of computing the value of their weak scaling exponents.

1 Introduction

Let s be a positive number, which is not an integer and let o be a point in R™. Then a
function f on R™ belongs to the pointwise Holder space C*(zy), if there exists a polynomial
P of degree less than s such that

|f(z) — P(z — z0)| < Clz — of°

in a neighborhood of z9. The pointwise Holder exponent of a function f at a point zj in
R™ is defined as

H(f,zo) =sup{s >0; f € C°(xo)}.

However the pointwise Holder exponent of a function f at a point zp in R” is not
stable under the pseudo-differential operators. Similarly it does not fully characterize the
oscillatory behavior on a neighborhood of zo. This implies that f € C*(zy) cannot be
characterized by size estimates on the wavelet coefficients of f.

Here let us recall the definition of the weak scaling exponent characterizing the local
oscillatory behavior.



So(R™) denotes the closed subspace of the Schwartz class S(R™) such that

/n z*P(z)dz =0

for every multi-index e in Z7%. Then a tempered distribution f belongs to I'*(zo), if for
every ¥ in So(R™), there exists a constant C(¢) such that

F@) =y (”3 ‘””“) o
R~ a a

The weak scaling exponent of a function f at a point zo in R” is defined as

< C(W)a®, 0<a<l

B(f, o) = sup {s € R; f locally belongs to I'*(xo)}.

Since it is known that the pointwise Hélder space C*(zo) is contained in local I'*(z), it
is obvious that

H(f,zo) < B(f, o).

Several scientists have been studied constructing irregular functions. The well-known
example is the Weierstrass function [6]. It is an example of a nowhere differentiable

continuous function. Hardy gave better estimates for the Weierstrass function

We(z) = Z a” cos(b"mx)

n=0

and its sine series

Ws(z) = Z a"sin(b"nz),

n=0

where 0 < a < 1, b > 1 and ab > 1 [2]. He proved that these functions do not possess

log(2)

finite derivatives at each point z and showed more precisely that if ab > 1 and ¢ = Togs

then these functions W(z) satisfy the condition

W(z +h) = W(z) = O(|h[)
for each x, but do not satisfy

W(z + h) — W(z) = o(|h|f)

for any z.
Here let us recall the definition of the Takagi function [4]. Let 6* be the 1-periodic

function such that



Then the Takagi function is defined by
- 07(2"2)
T(m) - Z ont+l
n=0

It is another example of a nowhere differentiable continuous function.

Using the scaling exponents, Meyer defined two types of singularities of functions as
follows [3): a point zo in R™ is called a cusp singularity of a function f, when

H(fvmﬂ) =,6(f,$0) < OO,

while a point zo in R” is called an oscillating singularity of a function f, when

H(fim()) </6(f7$0)'

When a point g is a cusp singularity of a function f, the pointwise Holder exponent
can be found by computing the size estimates on the wavelet coefficients of f inside the
influence cone. Using this fact, we construct continuous functions which have a cusp
singularity at zq.

Daoudi and his team studied the following problem which was raised by Lévy Véhel [1]:

Let s be a function from [0,1] to [0,1]. Under what conditions on s does there ezist a
continuous function f from [0,1] fo R such iﬁdt'ﬂ-(f, z) = s(z) for all z in [0,1]?

They proved that the conditional Weierstrass type continuous functions are examples
of the associated functions.

Our main theorem is the following:

Theorem 1. Lets be a function from [0, 1] to [0, 1] such that s(z) = liminf, . 5a(z),
where {sp}nez, 5 a sequence of continuous functions. Then there exists a continuous
function f from [0,1] to R such that

H(f,iE()) :/B(fam()) - S(IBQ)

at each point zq in [0, 1] and hence each point in [0,1] is a cusp singularity of this function.

From now on, in the following section, we give a constructive theorem of this result.
In Section 2, we construct the Weierstrass type continuous functions which have a
cusp singularity at each point.

2 Use of Weierstrass Type Functions

In this section, we construct two types of the Weierstrass type continuous functions which
have a cusp singularity at each point.



To construct a continuous function defined on [0, 1] which has a cusp singularity at
each point in [0, 1] using a sequence of continuous functions, we need a following lemma.
Lemma A [1, Lemma 2.]. Let s be a function from [0,1] to [0,1], which is the lower
limit of a sequence of continuous functions. Then there ezists a sequence {Pn}nez, of

polynomials such that

s(z) = liniinf P.(z), z€l0,1] (1)
and
sup |Pi(z)|<n, meEN, (2)
0<z<l

where P! is the derivative of P,.
Let {Qn}nez, be a sequence such that

Qu(z) =/ Pu(z)2+ =, z€]0,1],

where {P, }ncz, satisfies (1) and (2). It is obvious that {Qn}nez, satisfies (1), (2) and

1

Qn(m) 2 -—\/—77—7

neZ,, =z¢cl01]. (3)

Theorem 2. Let s be a function from[0,1] to (0,1), which is the lower limit of a
sequence of continuous functions and let {Qy}nez, be the associated sequence satisfying

(1), (2) and (3).

We define two continuous functions f and g defined on [0,1] by
f(z) = IZ;WSIH( z +0)
and
@) = L cos(¥z +6)
T o em !
where A > 1 and 8 € R. Then

H(f,z0) = B(f,0) = s(20)

and

H(g,0) = B(g, o) = 5(0)



at each point o in [0,1] and hence each point in [0,1] is a cusp singularity of these
functions. v

In the case where s is a continuous function, we have the following result.

Theorem 3. Let s be a continuous function from R to (0,1] such that

s(zo) < H(s,zo)

at each point zo in R.
We define two continuous functions f and g by

1
Als(z)

sin(\'z + 6)

[]e

f(z) =

l

It
=]

and

g(z) = IZO e cos(N'z + 6),
where A > 1 and § € R. Then

H(f,(L’o) - ﬂ(fv mﬂ) = S(.’IL’Q)

and

H(g,%’g) = ﬂ(gamﬁ) = S(mO)

at each point o in R and hence each point in R is a cusp singularity of these functions.

In the case where s is a differentiable function, we have the following corollary.
Corollary 1. Let s be a differentiable function from R to (0,1) at each point o in

R.
We define two continuous functions f and g by
[e¢] 1 . l
flz) = IZ_; Wsm(}\ z+6)
and

=1
9(2) = D spey cos(Nw + ),
1=0
where A\>1 and 8 €¢ R. Then

H(f7 mO) = ﬂ(f: (L‘o) = S(mﬁ)



and

H(g,mo) = IB(ga :Eo) = S(Il)o)

at each point z¢ in R and hence each point in R is a cusp singularity of these functions.

Corollary 2. Each point in R is a cusp singularity of the Weierstrass functions.
The direct proof of this result can be found in [5] the case where A € N>, and s € (0,1).
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Complex form of a Poncelet type property
appeared in the Numerical range of a Matrix

TODHBRICEZ T HR A VEDOUHEDERR

Hiroshi Nakazato FE 18 ( Hirosaki University, SARIRZ)

Abstract The author gives a complex formulation of a Poncelet type property for the
numerical range of some contractions. A new view point is presented for a theorem of Wu
and Gau.

1 Poncelet OF®BE L (L7

Poncelet (RURAL~) &WVD 75 RDEFEE (1788 F4E, 1867 FEIEEK) ICLBRD L
S REBEBTEE "Traiteé sur les propriétés projectives dés figures” (R D EIELRILE
HEICDWTORE) 25, 1822 FEICHIiRE Wi,

TEIE (Poncelet) By & Ep (&, FELD2DDEMT. E; 3. E\SBELEEOAIRICH
5&9 B, E\DEDA PINOIRSD, PROoREHEYDAERIC EICiERES|&E P T, E
EXDDET D, P, By, REFHEDYICEFZEE|E PR, TEERDDETS, &
D& DBREE n BT T, REDERY PP, THD LT3, M EOEY % 1ELL
IRELAE®R =P (n>3) &ARBELIE, BIOHRER P £#EZIEATH, —F
D nllxULT, P=P BDRICEKRYID,

COEBEOHDIRY EE/EEIBALS, Schoenberg (0 "Mathematical Time Exposure™ (1982)]
#RER M#Z =5l AREEDL) 01 4EBICEH->TWS, & T, LOFEBICEWT IFEREI &
(F. 2 RFEA—2 Uy RER R? Thd. ChE,. 2 RTEZRSHER CP? (ER5EFRE)
TEEH|X., £, F, 2. ERFETEICETSEERLRZIERE GHEFR) 2 iR TE sk
ZTHEBIIRYID, 2L, SDHEEIE. LDOEFED Poncelet DEEDISSDRHRTE &
B>T, Ei, B, I8, (BEDBSIR) 4@ADREEEHDOT. E, LDIES P; ZI3Th< %
CEBD B, DR L = PP BHBEDETH (P, ;) ZEBEE LT, (P, l) = (Pa, )
ET5B% (Po,bo) BN, E,LDEDH P EFDEERD E,DER (WEEEICE /=
EEICH, (Po,lo) = (Po, L) BRYIID., THHERAD Poncelet DEBETHY., DO



TOEEOIBHEIZ. 8 (3&8F) XkED M@=l (FHdtdhk, 199 %) 01 2F
(CE->TW3,

2 dilation BL U & Poncelet B2OHE OB R

#5 DRRE T Poncelet IO EMNEH TS DL, (unitary) dilation IZEEHELTTH .
dilation & ZEDEART Poncelet BIDMHEICE< BIFT5HD %S &, Boris Mirman K
(A7~ 7 AVUAH) D 1968 EDRI [Mir] 8D, COMXDENTRDELIBERES
ZTW3, ThICDWTIE, BH FEERD, 82T (Y. Na] T, fEELEBHZSZ T
2. (77 or 78 EOHIL [G-S] T. M. Goldberg, E. G. Straus HRIFIBESITNS)

£ (B. Mirman) EJL AL MZERE H le’:‘»fj‘éﬁﬁﬁﬁ%’Fﬁ%ﬁ T O W (T) 78, B
MEICHIET3=/8% A IKEEND W(T) C ASE, TREBMERZETSHS: ||IT]| <1

ZOEBO®%S. Mir-2] £ 12Y Mirman K, Goldberg K, Wu (&) K& [CLU.
I TBIE T S Poncelet L DEEDHAMNITONTINVD, ZZTEZSDIE. Wu ( Pei-Yuan
Wu, B #25%) LU Gau ( Hwa-Long Gau, &) [CKBDRDEETH S,

EE ([Wu-Gaul, 1998 £) T &, n x n OHIMTITH > T, wIHME 1 OEEEITEFE
¢, rank(l — T*T) = 1 8, RYUIIDET D, TDEE, BUAA 2] =1 LOEEDR
A=A MOIED. Ao DD, REFEY OABICOW (T) ICERESIENT, 2|=1&KDb
5L %, LUTEEIC, \,050. REFHEYOARIZOW (T) ITEEZSIE N1 T, 2| =1
LXDBETD, TDEE, Ay = WDBBTHRYILE, Ao, A, oo, Anp1 ZIERRS THA
EHDld, in+ 1 BEDLDELED.

Wu-Gan OB TIL. LEROL D7 n xn O completely non-unitary contraction Tdd D
TrREERE (I - T*T)Y? DA B LOE 1 THRALIBRHDLUNERDI IS RE,
S, TRLLTWA, T, TS, 1L, BAAR |z|=1 LD 18 X ZEY, EEOKX
SN (j=1,...,n+1) ZEHTINK LE, TNHEEBEELTDHD (n+1)x(n+1)
unitary 758, T O unitary dilation &7#52 Z & BB TIVS, EBIC. TDOn+1
RITCEMICH1T S unitary dilation U Z2EBICENE, EOBEFEOEREERITRTIT
HoT, U QBEEEE. REFTEDUIC do,.. oy dn EL dupr = Ao EEDHNIE, S
M Ai] (7=0,1,...,n) D1 ATIOENE, OW(T) LETBZEMRENTNS,

3 BBORATHIBMESURARBREEZEZDS

T, A E—RD nxn fT5&T B, g W(A) DIRF OW(A) BHETIIELS T, (
W (A) LICBHDBEDIAENEAICIR) ThEESD L ARREKEHREEZ S, ThiL,
W(T) DIEREERT B8 boundary generating curve £IEEN D, Z0D & D IREHRI.
1951 #EIC Kippenhahn [C& > THIBOMEICEA SN, FhlL, ROLDICEEREI NS,



F(T, X,Y) =det(T I, + (X]2)(A + A%) — i (Y/2)(4A — 4%))

ck VU 3ZEHn RELER F(T,X,Y) £EHD, n(n—1) REUTFTOXREHEHDODRSEN
flt,z,y) =0%, g {(z,y) e R*: f(l,z,y) = 0} LOBR (z,y) 05 #g C: {(X,)) €
R?: F(1,X,Y)=0} LDOEAICEIFSC OFE {(X,Y)eR e X +yY +1 =0} &2
5LDICEDH S, boundary generating curve &Id,

{z+iy:(z,y) € R* f(1,2,y) = 0}

DZETHB. COMBB. W(T) &—HT B, OW(T) LITESBBEHLENEEE, <
DEhERIE. OW(T) 2BATNS., ST ETRODILEDBEZXS.

GETcS, EL. U %, n+lXRTEEBICEIFSD, TO uitary dilation U, TOEFIE
., REBHEYIC Ao, ..., 0 £T5B, COEE, FED0< 1<y <n WL, M) &
FEARER L; 2NE COERLEEZO—ET, W(T) OREREERT 2HBROTRE
IE->TW3B,

X510, COSRBEOTREERNESRAFTDOICEEMA D LEE25, £7. B
1A {exp(if): 0 € R} #HEHETH L. C\{0} £L#&D, T €5, D n+1RLERICEIT
% unitary dilation DHEIF. BHAMAE {cc C: || =1} LEBINTA—-F—[CED. T
Nz, {ceC:c#0} LEBK NFA—F—ICHD. T O dilation (T, AIELHD) D
BRICHART 5. &T. T &% dilation Z21TFIRRL LD,

4 S, DITETD dilation DITFIRR

T €S, &L, Tl n-iRFTEIARIV MR H EOERRELET B, [Wu-Gau] p. 53 (12T
T & Z0 dilation DIFFIRTEEZ S, T 3. HIMERZETH>TLDH, rank(l,-T*T) =
1 TH305, HORKRT1 OBETESEM BFE) K T <TETy>=<&n>H F
BOEn e K ICHUTRYNIDE I BBOBS—BICHET . CD&EE, K =T(K) L&
(Hf, K1 &, H OBFEFEELD, KICERTIEMARS ML fi BXU, K ICEXRTSE
RRG P fEED, CDEE, HB0<b<1ITHLT, T*T(f) =bf1, TT(f2) =0 f2
THo>T, b=lq]* EMBHBEREK ¢ ITHUT, T(f)=qfo. T*(f2) =7/ L7135

ET. {enea,. .6} B, H OEBOEREREEELT S, ZIT.

fi = ate; + ageg + ... + pen,
fz = bie; + bgeg + ... + bue,.
ETB (a;,b; € C). BEERWT T 275RFT3:



tiy =< T(e;), e >

(1,7=12,...,n)y TODEE, T=(ty)1F. (n+1)x(n+1) A=FUFTH U =Ule) =
(uij) = (

i) = (uij(c)) TROKDIEHDITHEK (dilate) T,

Uij = i (1)
(1,7 =1,2,...,n) THo>TEHIC

Ung1y =< ([ = T*T)(e;), f >=<¢j, (I — T*T)V?(f;) >=< ¢;,V/I = bf, >

—VI=b< s, fi >= V=0 @

Uinpr =¢ < ([ — TT*)l/z(fg),ez- >=cV1—=b< fy,e;, >=cV1 - bl (3)
(1=1,2,...,n),

Unginrl = —C < T7(fa), fi >=—c < fa, T(fr) > . (4)

FREIEBENT, c i3, #3HE 1 DEBOBERHTHS. ZDEE, U=U(c) [FaA=4 YT
BElrd, EEOEALYBMNICU() 1L, T @ dilation T 3,

ST, c#0IRMLTH, (1),(2), (3), (4) ERVWT n xn 75 U(c) ZRBT B L&,
Ule) RAIFEFTHITH > T Ule) ™ = (wijc)) &TDEE, 1<4,j<n LT
wij(c) =15
Fr 1<1,5<n [T,
Wni1,i(c) = ¢t < e, (I = TT*)?(f) >= V1 - bb;
Wint(e) =< f1, (I = T*T)"?(&;) >= V1 — ba;,
1U7I,+l,n+l(c) - _c—l < flaT*(.f2) >= __c——l < T(fl)?f? >

E1XD. T TOIDEL DL (non unitary ) dilation U(c) &, c#£0 EEZBEEALT
EWEZADDMERICEZD, BRHM c£0IZHLT

G(t,z,y:c) = det(t Lns1 + (x/2)(U(c) + U(c)™) + (=1 y/2)(U(c) — Ue)™), ()

EEBL, ZIT U(QU(e) =U(e) ™ U(e) 2 (1/2)(U(e) +U(e)™) & (—i/2)(U(c) -
Ule)™) BRB=BFAETHY, COZELUB c£0ITHL, Glt,z,y:¢)(F. n+11E



D 1R t+ oj(c)a + Bi(c)y DHEEED, Ulc) DEBEZE. {\,..., a1} &TB, &
DEE. Aj(e) #0TH2T, (Ule) +U(e)™)/2 DEFMEIZ. o; = (N +A71)/2, (Ulc) -
U(e)™)/(2v-1) DEHMEIZ. 5 = (N —A)/2V-1) TH>T, ol +42=1 &35, &
T, Fc#0I[CHLUT, Glt,z,y:¢) =0 OMXF &L LB HD ( dual object) 13, BEIL.
RHERTERLDO n+ 1 BOSRTHS. BRED c ITHLTIE, FALDDIED 2 SHSER
BEHHYBD. ET. ZOLIB2EADSIEREDIBDEELY, 202 SEEIEE
EEZANE, ZOERIELT W(T) OBREERT 8E (DEZRL) OEBEA3, =
hOERTHS. Tk,

F(t,z,y) = det(t I, + (z/2)(T + T*) —1y/2(T — T7)), (b)

EB<, LRDILE WHERDHDEFE->TEXEIDEDLS TS
BET €S, &, c % £ 0 RMBEBEODERRET S, SER F BLU G ¢) %,
(b), () TEDD, t+a(c)z+Bi(c)y BV t+ aj(c)z + Bi(c)yE Gt,z,y: c) DIBR

BBTREFET S, 2ERt+a(c)rs+bi(c)y=0& t+a;(c)z+Bi(c)y =0, &RD
RTXbb.

(t,z,y) = (uf; — a; 5;, B; — B, ¢ — ).
CDRZE. W(T) OREFEERT DHBOVER F(t,2,y) =0 (1B8BT S :

F(ouf; — i, Bi — B;, a5 — o) = 0,
TROE T PMERT B n RITEM H ORI MV 40 TROELDIEBOHHELET S,
(B = BT +T7)/2)€ + (a5 — i) (T — T*)/(20))€ + (e85 — ; 8;)€ = 0.

5 BIDER

n=20&&E, 2x21TH AR, ROLIABFTINEAZSIVURIEDLE, £FDLE
[CBRY A€ S k735 :

0 b
(a,6€C,la| <1, b <1)e —BDYA XDITF TOBED M ERBICKRD & 575 1751
EAZHVENED EE, E/-FDEEICRY Te S, &5 (cf. [Wu] p.536) : A = (aj;)
ol <1 (i=1,2...,n) TH>T. 1<i<j<nCHULTIE, £Fj=i+1 DLa,

<a (1 —]a)®)?(1 - W)lﬂ)

tiipr = (1= Iaiilz)l/z(l - [ai+1,i+112)1/2

ThH>T, j2i+2 DEE,



;= (=171 = Ja) (L = Jags[*)! H Tk
k=141

¥ 1<j<i<nDEE a;; =0, CORFBIITLY. T €S, 3BHITHBRTE D,
T € 5, O unitary dilation [CEDI<BEIITEHALTT € S; DTN 1 EFHELZD
unitary dilation D& U(s;c) (1<s<o00,c€C,|c|=1) ZRDLIICHEZS :

U(s:e)
(2 -1)? -1 25)(s2—1)2"
iy i 0 ~(1-1) LLL““-Q)S ) V2e By
(s2-1)2 . (2s) 25) (52—1 {25)%(s%—1)
0 T (2412 T ° (5245-1)2 ~(1-1) LT%?’T)SL —V2 RS 52:1)3
j2s@ (s2~1) (1 . 523!152-—1!2 . j(s -1)2—§25[ ) _ \/_!23“5 -1)
3) (s2+1) - 7') (s241)3 ? (s2%1)2 ) s241)2
(25)(52—1)~ (25)%(s2—-1}) (25)(s2~1) - | -1)2—.(2)
\/— S +1 \/— 52+1)"1 '——1' f 2 :_1)'7 1C As (S2+1)2S

i@ﬁ?‘]@ﬁi%ﬂ@ BITEBVD3FNEFE b DB T = T(s) Thsd., T, s=20
EEIX, RDEIITID. LIER F(t,z,y) FXRODEDITHEZBND,
625 F(t,,y) = 625 det(t Is + (z/2)(T + T* + (~iy)/2(T — T*))
= 625¢% + 175¢* ¢ — 288t.2? — 337t y* — 175z y°.
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CONDITIONAL STABILITY OF A REAL INVERSE
FORMULA FOR THE LAPLACE TRANSFORM

S. SarroH, Vu Kim TUAN AND M. YAMAMOTO

ABSTRACT. We establish a conditional stability estimate of a real inverse formula for the Laplace transform
under the assumption that Bergman-Selberg norms of Laplace transforms are uniformly bounded. The rate of
the stability is given by a logarithmic function.

§1. Introduction and main results.
‘We are concerned with the Laplace transform

(LF)(z) = /000 F(t)e "tdt, z>0.

Our main purpose is to get some estimates of F'(t), ¢ > 0, by means of sup,~ |(LF)(z)|. In particular, we
are interested in such estimates of F, that are small when sup, s |(LF)(z)| is small. This kind of estimates
is called stability estimate for the inverse Laplace transform, and, in general, we cannot expect such
stability estimates, because the Laplace transform £ advances the regularity of F very much. For example,
consider F,(t) = sinnt, n € N. Then (LF,)(z) = %7, £ > 0, and sup,, [(LF)(z)| = L —0as
n — 00, but limy .o || Fr |l o= (0,00) 7 O-

The lack of stability implies the ill-posedness in taking the inverse of the Laplace transform if we choose
L*-norms for functions under consideration. However it is possible to obtain some stability estimates
provided that we restrict to some reasonable space of functions. They are called conditional stability
estimates and there are many such estimates depending on the choice of norms and ”reasonable” functions
spaces. In this paper, we establish such a conditional stability estimate in L®-norm for a subclass of
Holder continuous functions. The image of this space under the Laplace transform turns out to be a
Bergman-Selberg space.

For ¢ > 0, we can define a norm equivalent to the Bergman-Selberg norm || - l[ H,®+) by

00

1 TL / 7
(11) e =D s agesy J, RS @l

It is known (e.g. Saitoh [4], Chapter 5) that

1
00 Pl
(1.2) nFnLgs(/o |F(t>|2t1-2wt) — ILF ).

The equality (1.2) means that the Laplace transform is an isometry between the norms || - HLg and

| - | &7, m+) for any fixed ¢ > 0. The norm || - ||z, r+) specifies our choice of an admissible sét. We state
our main results.

Thebrem 1. Let % <g<1l,M >0, and

(1.3) max{%,Zq—l} < a<min{l,2q}.
Set
(1.4) U={fillfla,@ey < M [2°FOm,_g @) < M}

Typeset by AAS-TEX



Then for 0 < tg < t; < 00, and for 0 < v < 2"‘4'1, there exists a constant C = C(U,tg,t1,7) > 0 such
that

-1 4
1.5 Pl <C
( ) “ ”L (to 1) = (log ”CF”LW(O,OO))

if LF el

The right hand side of (1.5) tends to 0 as ||LF|[f=(0,00) — 0, but with the logarithmic rate. So the
conditional stability estimate is worse than any Hoélder continuity.

We can give another characterization of an admissible set I, independently of the Bergman-Selberg
space.

Theorem 2. Let a,7,q,ty,t1, M,C be defined as in Theorem 1. Set

ML (3 - o)

kv Ea/ A Y

ey, = =

(1.6) V= {F € C'[0,00); F(0) =0, || Fllz < M, ||F'

Then the estimate (1.5) holds for all F € V.

In the next section Preliminaries, we shall show that the condition o < 1-in (1.3) is sharp. That is,
this assumption is needed essentially in the paper [2], which is the base of Theorems 1 and 2.

§2. Preliminaries and best possibility for a.

The keys to the proofs of Theorems 1 and 2 are the real inversion formula of the Laplace transform
(Byun and Saitoh [3], Saitoh [4]) and the error estimate of this real inversion formula (Amano, Saitoh
and Yamamoto [2]):

Proposition 1 ([3), [4]). Let g > 0 be fivzed and ||F||zz < co. Let f = LF. Then the inversion formula

F(t) =s— lim /oo f(z)e™®t Py 4 (xt)dz, t>0
0

N0

is valid, where the limit is taken in the space Lg and the polynomials Py 4 are given by the formulas

(=1)“"'T(2n + 29) vizemt
PN,q(é) = Z g'n. v+2g
0<v<n<N vi(n —v)I0(n + 2 + 1)I'(n + v + 2q)
2(”+Q) 2 2(n +q)
x{n+v+2q£ mea L LR Gl
Moreover, the series
i —-——-—-—-———1——————— /‘00 lan(mf'(m))l2$2n+2q_ld$
n=0 nl(n+2g+1) Jo ~°

converges, and the inequality holds

2

HF(t) - /000 f(z)e * Py o(zt)dz

L3

o
1 o
< T T nlp f( o (2p2nt2a—1 gy
—n_§+1 n!F(n+2q+1)_/o |0z (zf'(x))|*x dz



INVERSE LAPLACE TRANSFORM.

Proposition 2 ([2]). Let (1.3) hold. Then for f € Hy(R") there exists a constant My = Mi(g, ) > 0
such that

I ta-1te
< My|le®f (W a,_ g @) X ——za=
N==

Stq~1+%o( 21a—1 .
N7

However, from the proof given in [2], we easily specify the dependency of the coefficient at the right hand
side of (2.2) to obtain the inequality (2.1).

(2.1) l ) — / f(z)e ™ Py q(zt)dz

Theorem 1 in [2] only asserts that for N — oo

2.2) lF(t) - /0 % F(w)et Py o(at)da

In order to see the condition (1.3), recall
Proposition 3([2], Lemma). If f € C*°(0,00) and

o0

(23) half) =3 m:l‘z‘a:ﬁ B2 ()] P22 d < oo,

for a fized o, @ > max (%,2q - 1), then

(o <]

'n T —tx 2n42q-—1
ﬂ§+1'——“nvr(n+2q+ - / A (Zf (x)) O (zBz(e7%))x dz

= ta;zg'o(

, N — oo.

We set oo
FN(t):./o f(z)e ™ Py q(zt)dz

for any ¢ > 0 and F € L2. Then, as shown in [3,4],
3 t2a °° £\, 2n+2g—1
F = — 8 (zf (z)).0" —tzy),.2n+2¢+
W0 =D gy, % @ ) e s
and by Proposition 1
s — A}gnm Fy = F.
In order to examine the property of the functions f satisfying (2.3), for the Mellin transform of f

(MF)(s) = /0 " fa)ztd,

recall the identity

= [(MA)g ),

27 IT(q —it)]2 = ”fﬂ%],,_(m),

hade

and notice that
K01 = 0P+ 17+ 2}l 1P 4 )

=2 /00 |82 (zf(z)) |2z** T2 1dg
0



([4], page 207, (28)). Hence,
o0
271'/ |0 (zf! (z)) |Pa?F2ateldy
0

=/oo |(Mf)(g+ % —it)]*{(a+ %)2 +82}{ (g + 92‘- +1)2+12} - {(g+ —;f +n—1)%+¢2}dt,

and so

(2.4)

1 & 1
Lialf) = o7 TZ—;) nll'(n+2g+1)

X/_oo (Mg + 5 =0 {(a+ 37+ Y {@+ 5+ 12 +8} - {@+ 5 +n-12+ )

+it) (g+ % —it)

~dt
(2¢+ 1) ! ’

1 o0 o .2 o 2 (¢+%
= srraerny [ |0 § il e

where (a), = ala+1)--- (a+n—-1) = %’3 Applying the famous Gauss summation formula ([1], page
556,15.1.20 and 15.1.1)

(2.5) 3 (‘Zz;rfgn - 11:22)?(5); (‘Z: Z; Re(c—a—b)>0, c#0,-1,-2,-,

n=Q

and using the property I'(Z) = I'(z) we obtain

i (g+§+it), (a+§—it), T2g+1I(1-a)

~ (2g + 1)nn! T T(g+1-g+ait)]?
Hence
o _T(l—a) [* , a | (g+£)%+¢
13,a(f) o /m I(MP) g+ 5~ zt)pmq " %-“%‘Jr it)_lzdt
_IMl-o /°° |(Mf)a+5—it)? (a+8)°+¢
T ) Mla-g+it)P -3 +?
* |(Mf)(g+§ —it)]?
< | “ra-soor
Note that -
(Mg +G—it)= [ Fe)et e = M(F(w)a) (o~ 5~ it)
Hence,

Lol <C [ (MG 1@~ - P e = AT @, o

We see that if 2% f(z) € H,—g (R"), then the function f(z) satisfies the condition (2.3). In this way, we
have Proposition 2 with the condition & < 1, which comes from (2.5).

We show now the condition o < 1 is sharp. In the case a = 1, we shall show that (2.3), that is, (2.4)
does not converge for f # 0.
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Indeed, from (2.4)

1 o 1
loalf) = 27 Z Il (n +2g + 1)

n=0
(8
2

5ot g A
n=0

X/_m[(Mf)(q+§-~it)lz{(q+%)2+t2}2{(q+—;‘-+1)2+t2}... {g+ 2 +n—1)2+e)at

1 o0
2 2T (g +1) /_Oo I

Since (2¢ +1) — (¢ + %) — (¢ + §) <0, the series is divergent, and Iy,o(f) is finite only if

/m (M) g+ 5 —it)]dt =0,

-

that is, if f =0.
For the proofs of Theorems 1 and 2, look the original paper.
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Yoneda’s problems for compact Toeplitz operators on the
Bergman space

Kazuhiro Kasuga
Niigata University

Abstract
In this report, we give counterexamples for one of Yoneda’s problems.

1. Introduction

Let D be the open unit disc in the complex plane C. Let dA be the normalized area
measure on D. The Bergman space on D, denoted by L2(D), is the space of analytic
functions f on D such that

1712 = /D F(2)FdA() < oo

Let P be the orthogonal projection from L?*(D,dA) onto LZ(D). For ¢ in L*(D) the
Toeplitz operator Ty : L2(D) — L2(D) is defined by Ty f = P(¢f), f € LL(D). Put
1= |z
(1 - zw)?
and k, is called the normalized reproducing kernel for z. For z € D, define
zZ—w
1—zw’
We shall give known results about the compactness of Tj.

k. (w) for z,w € D,

we D.

‘PZ(w) =

Theorem A ([6]) Let ¢ be in L*°(D). Then the following are equivalent.
(i) Ty is a compact operator on L2(D).
(ii) ||Tpk:|| = 0 as |2| = 1—.
(iil) ||[P(doe.)|| = 0as|z| =1 —.

Theorem B ([1]) Let ¢ bein L*(D). Then Ty is a compact operator on L2(D) if
and only if ¢(z) = 0 as |z] — 1—, where
i) = [(@opdwiiAw) =eD.
Let

S,={weD:|z|<|w| <1,|argz —argw| < 27(1 — [2])}
be the Carleson square at z and |S,| be the dA-measure of S.:



Theorem C ([4]) Let ¢.be a nonnegative function on D. Then Tj is 'a compact
operator on LZ(D) if and only if ¢(2) - 0.as |z| —+ 1—, where

3y = - [ dw)dAw) =
$(z) = |SZIL;¢( JiA(w) ze€ D.

Theorem D ([3]) Let ¢ be a bounded:radial function in D. Then T} is a compact
operator on L%(D) if and only if

I i
m—lgl— 1 —z

/: $(r)dr =0.

2. Examples

R. Yoneda studied compact Toeplitz operators on the Bergman space for special sym-
bols and he posed several problems. The following is one of these problems.

Problem Let {a,} bea sequencein [0,1) such that 0 = ap < a; <+ < a; and
an — 1 asn — co. Let E, = [ay, ans1). Let d(re?®) = 3 e™xg, (r). Whether Ty is
n=0

compact or not?

We shall show that both cases occur.

Example 2.1. We choose a sequence {R,} C (0,1) such that R, increases to 1. By
induction, we can choose sequences {a,} and {r,} which satisfy the following;

1 1
—1l<—= forn>1, (1)
(an)" n

0=ay< @, <7Tp<anp <1l formn>1, (2)

and
Pra(Rn) =ty @r,(—Rn) < anya. 3)
First, put ro = Ro. Then ¢,,(Ro) = ap = 0 and ao < ro. We find a; such that |£—;—-1[ <1
and ¢, (—Ro) < ay. Then ap < 1o < ¢r(—Ro) < a1. Suppose that ro, -+, rg—1 and
ao, - - -, ai are chosen satisfying (1), (2) and (3). There exists 7 such that ¢, (Rx) = ax.

Then a; < ry. Choose agyy such that l@—;ﬁ-)m — 1| < 37 and ¢, (—Ri) < apgy. Then
ar < Ty < arp1. This completes the induction.



Put E, = [an, any1) and ¢(re??) = 5 e xg,(r). Then

n=0

[ dopndd- [ popda
D Dr,

—Qasn— o0

and

~+0.as n — oo,

/‘z" o, dA — z" o, dA
D Dr,

where Dp, = {z € C: |z| < R,}. We have

@ra(Ra) < | 7| < ra(~Fn), € Dr,.
Then by (3),
¢ra(Dr,) C{re? 1 an <7 < appr}.
Therefore

Dr,

By (6) and (1),
z’ﬁ- o ()07'11
— — 2" 0, |dA
‘/DRn <lzn o (Prn] So >

¢, dA = / ¢ o o, dA = / Z 2P 4.
Drg, Dr,
1

Izn 0 ‘707'711
< -
- \/Z;Rn (a"ﬂ)n

1
< ~dA(Dn,)-

—-lldA

Then by (7),

¢ o, dA— 2" o, dA
Dr, Dh,,

Hence by (4) and (5),

/¢onprndA—~/z”ogorndAAOaS'n——)oo.
D D

— 0 as n —r oo.

Now, by [7, p.52],

/ 2" o pp dA = (2"ky,, kr) = (T0)"
D
Therefore
/ ¢ o, dA~ (r,)" = 0 as n — oo.
D
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By (1), (a,)™ = 1. Then by (2), (r»)" — 1. Hence

/gbogorndA—)lasn—)oo.
D

By Theorem B, Tj is not compact.
Example 2.2. Let 0 <t < 1. Then we have
sup

2T ein()
S—, 'Y}
/ = reop o/

Let N; be the smallest positive integer satisfying
sup

2 eine
———df /27
0<r<t /0' ll_rezelfi /

Then it is easy to see that Ny = 1, N; increase with respect to ¢, Ny =+ oo ast — 1, N
is left continuous, and N; = 1 for sufficient small {. Put

— (0 as n — oo.

< % for all n > N.. (8)

{n;j}2o={N;:0< ¢t <1}, wheren; <nj4 for any j.
Then no = 1. For each positive integer j, we define ¢; = inf{t : N; = n;}. Then we get
O=c<c <--- <1,
{t: Ny=no}=100,c1],

and

{t: Ny=n;}=(cjcia] j21.
Next we divide the interval [0, ¢;] into n; equal intervals. And we

divide the interval (c;,c;41] into njy1 equal intervals. Then we get divided points {ax}
such that

0=ay<a; <---<ap<1landa; —1ask— oo
For a sufficiently large k, there exist a unique j; > 1 such that [ak, axq1) C [y Cirt)-
We put E; = [ag, ary1). Then by the above, we have

N; < n;, forallt € E and n; < k. (9)

Put d(re?) = 3 *yg (r). Let r € Ep. By (9), N, < nj, < k. Since N, is left

k=0

continuous, N,,,, < k. By (8),
k6 1
su ——df /27| < ~.
03"55:4—1 /0 ll - rezﬂl4 / 2

Therefore

<L
2

2T eik9 .
—_—_dO/2
| T e /2



for r € E; and z € D. Thus
[ sovan| = | [ supaa = - | [ A )
D D p |1 — Zw|

/21r ' 2 ko eikBXEk(r)ZrdrdG/%r
0

o |1—Zref|t

27 eikﬁ
———df /2
/0 T zred /2

= (1~ [Py

2rdr

k41
k

<a-EPrY [

k=0 Y%

Akl

S(l—[z|2)22f rdr
k=0 ¥ %k

1 2)2
:5(1——|z|) —0as [z| = 1.

Hence by Theorem B, T is compact.
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The Composition Operators On Weighted Bloch Space

Rikio Yoneda ( Hokkaido University )

Abstract
We will characterize the boundedness and compactness of the composition operators on
weighted Bloch space Blog = {f € H(D) : sup,cp(l — |2*) (log T:%;p) [f'(2)] < +oo},
where H (D) be the class of all analytic functions on D.

Let D denote the open unit disk in C and 8D = {z € C;|z| = 1} denote the unit circle.
Let H(D) denote the space of analytic functions on D. For 1 < p < +00, the Lebesgue space
LP(D,dA) is defined to be the Banach space of Lebesgue measurable functions on the open unit
disc D with

) 1
| f llzeeaay= (/D IJC(Z)I"’dA(»Z)>p < 400,
where dA(z) is the normalized area measure on D.  The Bergman space LE(D) is defined to

be the subspace of LP(D,dA) consisting of analytic functions. - And the reproducing kernel (

Bergman kernel ) at a point w € D is ky(2) = ——-—_—_}5;)5 for z € D . There is the orthogonal

(1
projection ( Bergman projection ) P from the Lebesgue space L%(D,dA) onto the Bergman
space L2(D,dA) :

Pf(z) = /D (T%)—sz(w), f € LX(D,dA).

Given a function f € L?(D,dA), we define an operator Hy : L2 — (L2)* by
Hpg=(I-P)(fg), geLi

The operator H; is called the Hankel operator on the Bergman space with symbol f.
For 0 < p < 400, the Hardy space H? is defined to be the Banach space of analytic
functions f on D with

17 = (oo o [ lf(?"e"")l”d(?)% <oo.

O<r

The orthogonal projection from L2(8D) onto H? is called the Szegd projection and is also
denoted by P. Then given a function f € L?(8D), we define an operator Hy : H? — (H?)' by

Hjg=(I—-P)(fg), geH.



The operator Hy is called the Hankel operator on the Hardy space with symbol f.
The Bloch space B of D is defined to be the space of analytic functions f on D such that

| £ llz:=sup{(1~ |2*) | £'(2)] ; 2 € D} < +00.

This defines a semi-norm and it is Mdbius invariant in the sense of || f o ¢ {[p={| f ||z for all
f € B and ¢ € Aut(D), where Aut(D) is the Mdbius group of bi-analytic mappings of D. The
Bloch functions form a Banach space with the norm || f ||= |f(0)|+ || f ||z. The space of
analytic functions on D of bounded mean oscillation , denoted by BMOA, consists of functions
f in H? for which

I f Isaroa = sup{|| f o pz — f(2) lla; 2 € D} < +o0-.

And the following are the classical results for the spaces B and BMOA ( see [11] ) : For
f € L2, Hankel operator H? : L2 — (L2)! is bounded if and only if f€ B .
And for f € H?, Hankel operator H: H? — (H?)' is bounded if and only if f € BMOA, i.e.

v f

s?p —]% ./; o |f(2)|* log é—idA(z) < +oowhere I denotes a subarc of the unit circle, |I| denotes
the arclength measure of I, and S(I) = {re?;1—r < |I|,e? € I}. It is clear that |¢'(0)] <|| g [l
for every analytic function g on D. Applying g = foy, — f(2), it follows that (1—|2[%)|f/(2)| <||
f o, — f(2) ||2 for an analytic function f on D and z € D. Thus it follows that the inclusion
BMOA ¢ B. We will say that a holomorphic self map ¢ of D has Bloch-to-BMOA pullback
property if it has the following property : foo € BMOA for all f€ B. In [3], B.R.Choe,
W .Ramey,and D.Ullrich studyed Bloch-to-BMOA pullbacks.

On the other hand , in [1], K.R.M. Attle proved that for f € L2(D), the Hankel operator
Ll — L' is bounded if and only if

sup{(1 — 2[") (log ] _21512) |F/(#)];2 € D} < +oo,

and in [4], Cima and Stegenga proved that the Hankel operator Hy : H 1, H', with an analytic
symbol f ( see their paper for the definition of this Hankel operator ) is bounded if and only if

2
(log—r%l) / y 9 1
SUP e 2)|“log —dA(z) < +o00.
up =77 S(I)lf().l glzl (2)

For g analytic on D, the operator Jj is defined on the Bloch space by the following:

T = [ mOd Qe

If g(z) = z, then J, is the integration operator. If g(z) = log -, then Jj is the Ceséro operator.

In [9], we showed the following result about the operator J, defined on the Bloch space B.

Theorem A. For g analytic on D, the operator Jy is. bounded on B if and only if

sup(1 [+ og {—T-l6/(2)| < +o0.



In [8], A.G.Siskakis and R.Zhao showed the following result.

Theorem B. For g analytic on D, the operator Jj is bounded on BMOA if and only if

ICoD

log ), ..
sup (T /S(I) lg'(2)|2(1 - ]zlz)dA(z)) < +00.

Accordingly, we define the weighted Bloch space Bioz of D to be the space of analytic
functions f on D such that

2
1|2

Il £ | Biogi= sup{(1 — |2*) (log ) |/'(2)|;2 € D} < +o0 .
And we define the space of analytic functions on D of weighted bounded mean oscillation ,
denoted by BMOA,q; , to be the space of functions f in H 2 for which

2
(tog ) A1 L
= sup log —dA(z) < +o0.
e e T L
For an analytic function f on D and z € D, (1 —|2]?)|F/(2)| <|| fows— f(2) |2 .

On the other hand, for g(e®) € L!(T), it has been shown in [6, Lemma3.2, page 237] that
| 906 — 9(2) IB< Jp(1— lps(@)P)lg'(w) PdAw). Since 1 — |p,(w)? < 2log by for 2 ,
w & D, we have

2 2
(o= ) -] < (e 2s) [ i@ on s aaco)

2
2 —Z !
Since sup (bgl__ Izl2> /D log lz_zfu” |f(w)PdA(w) < C || f Basoa,, (see 6] or [11]), thus

we have BMOAjog C Biog. We will also say that a holomorphic self map ¢ of D has Bjgg-to-
BMO Ajog pullback property if it has the following property : f o € BMOA,qg for all f € Biog.

Let ¢ denote a holomorphic function taking the open unit disk D into D and C,, denote
the composition operator with ¢. Then it is trivial that C,, is bounded on B. In fact, if f € B,

(= BB o) ()] = (L~ ) £ (o] )
|2
= B @0l )

By the Schwarz-Pick lemma, \
1— 2|
e l¥'(2) < 1.

Hence we see || C,f ||a<|| f |lp. But, it is not trivial that C, is bounded on Big. In [7),
K.Madigan and A.Matheson showed the following result about the compactness of C, on B :



Theorem C. Let ¢ be a holomorphic function taking the open unit disk D into D.
Then C, is compact on B if and only if for every € > 0, there exists 0 < r < 1.such that

lw(z)ﬁr ((1 - |<p(z)|2)|90( ) <

We can prove the following theorem with respect to the boundedness of Biog.

eorem 1. et ¢ be a holomorphic unctlon ta ng the open unit dis into D.
Th 1. Let ¢ be a hol hic f m%h it disk D into D

| |2°) log 1=
Then C, is bounded on Bjog if and only if  sup IZI2 |/ ()] | < +o0.
zeD (1 = [‘P(Z)! )log ==

pI'OOf Suppose sup
zeD

( (1~ J#f?) log -2

(1- {¢(z)32)10g,__z___7l<p’(z)l> < +400. Let f € Biog. Then
1=Je(2)]

we see

sup [(f 0 ) (2)| (1~ =" log jzlz

= sup |(f'(¢(=))| [¢'(2)I(1 — |2l*) log
zeD

2
1— [z

< sup (7 (o] (1~ ) >(xog-i—-—-) O-FDlehe oy
? ? ()P ) =eb \ (1~ I¢(2) ) log =2z
<Clflmy -

To prove the converse, suppose that C, is bounded on Biog. Then || fo @ ||, < C || f || B
for all f € Biog. For w # 0, let fy be the anti-derivative of

w2\ 2 -
1 ——‘2—22 10g "-——"-—"——2‘
]’w‘ 1- 'l;_-u—lgz

2 -1 2 |7 .
with f,(0) = 0. Since sup (1 — |21}?) [ log —— ll - z%l log —5| < +oo, applying
- z1€D 1—|z1] 1— 2§
2 = ﬁz, we have
o |-l
2 W, :
sup(1 — |2]) log 1- 52 Iog < 4-00.
zeD I l iwl - T‘TQ‘

Hence we have f,, € Biog for w#0.  Since C, is bounded on Blog, we have || fu 0 ¢ |5 <
+00. Thus for w #0,

sup(1.— [+f") (106 =15 ) [(fw 0 (2)] < K€ < oo



For any z € D and w # 0 € D, we have (1 — |2]%) (log P ) |1y (0(2))] 1€ (2)] < K. Fix an

arbitrary z € D with ¢(2) # 0, applying w = ¢(z) to the above inequality, we have
-1

(1— 12[%) (IOg _1':2]:'}_2) 1- lzgzpcp( 2)%|  |log ,_;2_2 I (2)] < K < 0.
~ e’
(1 -z log 2 ,

Hence for an arbitrary z € D with ¢(z) # 0, ¢’ (2)] < K < 400. For

(1= lp(2)[*)log T_TJ(?)I’
an arbitrary z € D with <p(z) =0, since ¢ € Biog, we have

( IZ] ) g 1 2 1 .
) = L ) (10
2 = g
((1 - I‘P(z)l )l g 1— |‘P(z)[2 10g2 \
This completes the proof of the theorem. O

1 ——2!Z|2) “Pl(z)l < +00.

We can also prove the following theorem with respect to the compactness of Biqg.

Theorem 2. Let ¢ be a holomorphic function taking the open unit disk D). into D.
Then C, is compact on Bleg if and only if ¢ € Biog and for every € > 0 there exists 0 <7 < 1

such that
( e ’(z») N
wetor \ (L— le(2)) log TReP

By a direct calculation, it is not easy that we do see when Cf € BMOAg for f €
BMOAjsg. So by the following proposition, we can get the condition of a holomorphic function
@ that Cpf € BMOAg for f € Big holds. In particular, we can get the condition of a
holomorphic function ¢ that Cyf € BMOAjg for f € BM O Ao holds because of BM OApg C
Biog.

2
Proposition 3. If sup (e 1) / e LRIAC] -dA(z) < +00, then
T Js (1 ()2 (tog =i2eyp)
¢(2) has Bigg-to-BMOAjeg pullback property. Conversely, if there exists a sequence {wp }o2; C
8D such that o(D) C U21{z € D : |1 — Wrz| < A(L — |2]®)} where A > 0, if ¢(2) has Biog-to-
BMOA,q pullback property, then

o e )’ [ O-Eer

‘ dA(z) < +o0.
PO s 0 jpame (log )
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Nevanlinna-type spaces on the upper half plane

AL KFAF R SRR ER R R

(Yasuo IIDA, Graduate School of Information Sciences, Tohoku University)

abstract

In this paper, we shall define the Smirnov class M, and its subspace MP, p > 1, on the upper half

plane and show some properties of 91, and a canonical factorization theorem for 917.

1. #fE

I3, MR U = {z € C||z] < 1} L ® Nevanlinna BIZEEDNE#HE 52 5 .

F3% 1-1(N, N, , NP)

FRU LOENMEET B, 370 T={z€C||z| =1} £F 5,

2

1. sup / log™ |f(re®®)|df < +o0 BiliFFEE, FEN EF5,
0<r<1 Jo

(F) feNObE, f* () := lim. f(re®) 2fae. e € T THEETHZ Db TV A,

2. HBPecLYT),¢=20 L log™ |f(2)] £ Q[¢)(2) (2 €U) ZWilzTLE, feN, ¥ %,
72720, AR U o Poisson Boa & T,

2w
3. p>1&¥5, sup / (log+ ]f(v'ew){)pcw < 4oo Bz EE, fFENP £T5,
0

0<r<1

N % Nevanlinna class, N, % Smirnov class, NP(p > 1) % Privalov space &IE8, N & ZDE5GZ2EMH
N, , N? %% #% L T Nevanlinna B2 LT85,
INLDEBOHVEIE, BEHEB NPCN,CN((p>1) ) iLo,

—%. L¥FH D = {2 € C|Imz > 0} L Nevanlinna BZER 2OV Tid Mochizuki DR [M] & 1&
L, WBWAELN TS, Krylov i D L0 Nevanlinna class M #ATFO L HICER L2 [K] :

£ 1-2 ([K])

D ORI f A* sup/ log™ |f(z +1y)|dx < +oo ZifITEE, fFeM LT,
y>0JR




Z 2Tl N,,N? (p > 1) K35 D EDZER & LT, Smirnov class M. & Privalov space NP (p > 1)
EUTOLIICERTS ([1) -

EE 1-3

1. f4 D EOERBHKT, % ¢eL'(R), 620 KL log* |f(2)] £ Plg](z) (z€D) %
Wt EE, feMm, L35, 72720, HlE D LD Poisson BoEERT.

2. p>1¢&75, D LOIERIBEE f & sup/ (log+ |f(.7:+iy)|>pd.1: < 4oo BifilzTEE,
y>0J/R
feMm L¥%,

HTARTOBE L A ASOZEEOBICE, AEHE NP CcN. cN(p > 1) PY L2,

2. n [CBYT 2BHBOERSHEER

ROEHEIL Krylov DFERTH 5 [K|o

E3E 2-1 (Canonical factorization theorem [K])

feM, fAO0RRDBIL—EILHHING.
£(2) = ae®*b(2)d(2)g(z) (z € D).
T,

i) a€eT,az20.

(i) b(z) & f DEEH)SHERE NS Blaschke 8.

" ~ 1 14tz 1
i = —_ ] — (t) dt
(ili) d(z) = exp (m’ /R P log h(t) ),

72731 h(t)20,logh € LNR, (1+12)7'dt), log" h e L'(R) TH 5.

) s =on(} [ FEEmm)

7220 o id R EOAEBRERRE T, Lebesgue MIBEICH L THET, $6 1K

/O+ﬂMMﬂ%ﬂm%ﬁt?
R




£ 2-2 ([K])

fENBRDOEEZHO.

(i) =)= 1'11(1)1+ flz+iy) »ae. z€ R THETS.
y—

@) sup [ log |f(a+in)lds
R

y>0

y—0+

= lim /log+ lf(m+iy)|dd:=/10g+ }f*(17)|d.17+1_/ w(1+z*) dpt(x)
R R 2 J/r

RSN ASTS

3. m, OHEE

R EDOMBEE ¢ #, ¢ 20 2R T, 11i-—m —99—(;2 =oo TdhbL X, strongly convex &5,

T2 3-1 (1], [K])

FEM f#0LTD, TNEE, UTOFHREVICFAETH S !

(i) fem,.

(i) folU~'eN, ZIT¥(z)= ;Z (:e D) Ths.

(i) FEH2-1BWT, p<0.
(iv)  lim / log™® | f(x + iy)| da :/ log™ |f* ()| di.
y—0* Jr R

(v) K%&i{#7:7 strongly convex function ¢ P’FFHET 5 sup/ p(log |f(x + iy)|) dz < oco.
y>0JR

(vi) {log™ |f(z +iy)|}y>0 2° R E—HETHSThH 5.

Remark.
v & R O strongly convex function &%, D EOIERIEA# f A% sup/ o(log™ |f(z+iy)|) de < +o0
y>0JR
EWATLE, feH, L¥h, '

ZOLE, BEILLDVRIPBLNS,

N, = U{Hlp | ¢ : strongly convexz}.



4. o (CRAT BHER

p>1ETAB REIDHEB o . t200LE pt) =, t <O DEE p(t) =0 £F 5, T strongly
convex function ZNT, T ¢ 23t L TR~ Remark. ® 7 7 X H, & W &—5¥ %o

F3°, LT O EIE [SW, Chapter II, Theorem 4.6] & ) T<CIZH D LD Z LG %0

#nRd 4.1([1)

NP(p> 1) WETABEE f 20T, LFAHY LD,
(i) (log"|f])? H least harmonic majorant P[r] 3D, ZZT 7 i3 R LOFREMETH 2,

(i) LEO 7 LT, |7 [|S sup / (log* |(z +i)]) d ALY 2,
y>0J/R

(ili) Ds={z€C|Imz>6} &%, |z| - +oo(z€Ds) DEE logt |£(2)] — 0 2BV L2

COEETAVD L, M BUTOREEFEOZ LA TRENE,

EE 4.2([1)

B f e 122w T, ITFHHY LD,

(i) fol~!e N

(ii) sllp/R(Iog+ |f(z+ iy)[)p dv = lim ‘/R(log+ |f(z + iy)[)p de = L(log*’ [f*("z,)|)p dx

y>0 y—0+

T, W BT AHBOREIWEELLUTOLIICER 0N,

£ 4-3 (Canonical factorization theorem [I])

p>1LT2, feEM, f#0 RRODBII—FEILHTHEND,

£(2) = ae®*b(z)d(2)g(z) (= € D).

(A) a,a,b(2),g(z) BEHE2-1 LR L.

1 1+tz 1
(z) =exp | — e () dt
(B) d(z)=exp (m?/R P 10gh(t)rt)

7210 h(t)20,loghe LY(R, (14+t2)"'dt) T, 51 logt h e LP(R) B3LY ALD.
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Norm of a linear combination of two operators
on a Hilbert space

Takahiko Nakazi
Department of Mathematics, Faculty of Science, Hokkaido University

Takanori Yamamoto
Department of Mathematics, Hokkai-Gakuen University

Abstract

Let a,3,7,0 be complex numbers such that v§ # 0. If A and B are bounded linear
operators on the Hilbert space H such that vA + 6B is right invertible then we study the
operator norm of (aA + BB)(vA+ 6B)~! using the angle ¢ between two subspaces ran A and
ran B or the angle ¥ = ¥(A, B) between A and B where

[ < Afa Bf > ]
cosp(A,B) = sup  TAA[-IBAT

AMS Classification: 47A30; 47B35.

Keywords: Operator norm; Angle; Hilbert space; Idempotent operator.

F£1E FX

BALME T £ Helson-Szegd fiE W IZ W CHEBESTEHASR

$5n© =5 [ T2 (”)C

e AL N2 [AW) EOBERIERZ ChH AN, MFHE P=(1+8)/2% Q=1-P

D v DRI, Pl =1Q (cf [1]), [ISI =Pl ++/IPI* =1 (cf. [7]) BF BTN
%5, LLT® Feldman-Krupnik-Markus (2 &% FKM ARiFZDO—KETH Y, ||P| ZHWT
laP + BQ|| ZELTW3, EZ, ||P|| it 2 D45 ZE/ ran P = HA(W),ran Q = H3(W) ®
RTAE ¢ #FRAVT||P||=cscod ERINDZEBRHMBNTVD

UTOHEBRIT—BEOE A~ NER H TR Y Lo, UT a,,@,'y,(S €C,(vd#£0) LT3,
A,B € B(H) \Z2WTC yA+ 6B BNE[HD L & /) VA ||(ed+ BB)(yA+6B) Y| &

cos= sup | < Af,Bg > |
arz0.Bgz0 || Af|l - [ Bgll

LV EEDESZEM ran A,ran B DR TAE ¢ = ¢(ran A,ran B),(0< ¢ < §) £

| < Af,Bf > |
cosy) =  sup
V= TAFI-TBS

dn (ae€eT)




IVEEHIERE A,B ORTAE v =¢(4,B),0< ¢ <Z) ZAVTHD, cosy(4,B) <
cos ¢(ran A,ran B) £ Y (A, B) > ¢(ran A,ran B). Fexld ¢(A,B) MR A &L B OR2Y
B LIER T Lo T B, b L P2= P(£0,1) 73> Q = I— P 7 biE ¢(ran P,ran Q) = ¥(P, Q)
MLV LD, RERGIE h=Pf+ Qg IZDOWTIRMBHLY 3L,

| <Pf,Qg>|_|<PhQh>|
IPA-TIQel ~ TPAI-T@AI

-

EE 1

2

2
o] = 18
t-’r( 9 )

F(a,B,t) = J}%——-

HLt>07%61E F(a,B,t) > max(|al,|8])-

FKM 2%| PeB(H),P#0,I,P?=P & Q=1I-PIZo\"T

leP +8Q| = F (o, 8, | P|* ~ 1) .
ZDEE ¢ =¢d(ran P, ran Q) = %(P,Q) = . FIZ ||P|| =cscp £V ||P|* —1 = cot? .
Lo T ||eP + BQ| = F (a, B,cot? ¢) = F (e, B,cot?9). ZDBRDO—f{bE LT H LD

B#%E A, BZHL [aA+BB|| % ¢ ¢ ZRANVTEE] LWOMBEETELY, £ THLIT,
Fl(eA+ BB)(yA+d0B) Y| & ¢ ° ¢ ZRHWTERE] LWHRBEEZE X5,

F2FE. fAE f¢@an A, ran B) >0 DL E

ZDEEN, Y(A,B) > ¢(ran A, ran B) >0, Lo T cotd > cotyp B3V LTV D,

WE 1| FETHRVWABcBH) Mran (A+B)=H 2L T35 & EROFEMHFITENT
FET®H 2,

(1) ran A N ran B = {0}.

(2) ran A N ran B = {0}.

(3) ¢(ran A, ran B) > 0.

(1)~ (3) BV -oTNBEE, (A+B) itk A+ B OAFETLO1>ERL,
P="A(A+B)', Q=DB(A+B)y! LEDS, cOLE P & Q11 (A+B)" DBOK
KO TICEED, P+Q=1, P2=P+#0,I, ranP =ran A, ranQ =ran B 23V 3D,

T® 1| HLECTRW A Be BH) N

ran (YA+6B)=H »> ran A N ran B = {0}



BT 7261, ¢ = ¢(ran A,ran B) >0 5D
|(cA + BB)(yA+6B) Y| = F <% g cot? qb) .

7L (YA +6B) L ITAMTO 1 % ET,

EFE L IIME 1 & FKM AREvELIZEIMD, HIC A=P, B=Q Ot& FKM
AKIZ b, B A=P, B=Q* DL &iX, A+ B IEF#IiZ72Y ranA L ranB. £»>T
¢(ran A,ran B) = Z. Theorem 1 &£ ¥

|(cA+ BB)(A+ B)7Y| = F(e, 8,0) = max(|al, [8)-
SDLE AA+B)t & B(A+B) Tl HHOHBAEREETTHD,

%1 HL A Be B(H) Bran(A+B)=H &L, pgrsPpt+tr=q+s=1,
ps—qr #0, ran(pA+qB)# H, ran(rA+sB)+# H, ran(pA+¢B) N ran(rA+sB)= {0}
e A Y Y

(aA + BB)(A+B)™Y| =F (Zz = g: ’;ﬁ = Zf_“,coﬁ #(ran(pA + ¢B), ran(rA + sB))) .

72720 (A+B) Y iZ A+ B OBEFTD 1 2ERT,

EE 2| bL ABeBH)IZONTyA+IB BRHHTHY K =ranA N ranB H
A(YA+6B) OFERHZEMTH Y K #rand 7> K #ranB 251,
¢ = ¢(ranA 6 K,ran BO K) >0 >

lad+6B) A+ 55 2 F (2,5, o4

ER2OHEHICIIHEL LR 1 205, EE1 LY, bL K={0} 2#biIZEHE 2
LEDMY LD, ¢(rand,ranB) =0 7D

d(ranA© K,ranB& K) >0

BT TERZE A, B3 &b b, b L AB = BAbiE A(yA+6B)™'B = BA(yA+6B)™
MRV SLoH3 5 K =tanA N ranB X A(yA +6B)™! OFRERNEMIZ/RD, EH2 XV b
— R IR DEENHE YLD, b LETRW A,B € B(H) IZ2WT A+ B BAAETHY, B
\ZBRER A ZER M A

ranA N ranB C M C ranB,



ERWILTWE2RBIE

lad+ 6B) A+ 5B | 2 F (2,5, 0076

722l ¢ = gb(PMJ_A(A + B)"liMl,PMlB(A + B)_llM_L) > 0.

¥3E. A=I, B*"=00LED/ NLAK

Feldman-Krupnik-Markus [1] iX A=1I, B?=1 0L D/ VAR bIG LA L—
RRRYR A Z KD T D, Nakazi [5] I1Zi%, KROMBE 1 LHEEABE NN TV D, BT [6]
VIO FKM B3 E AW RIEER 2 5 2 T,

@1 BcBH)MPB=0%MzLTn32bIE

2

B
2

o + 5B|| = J

1B+ o+ 5] 151

zp
e
X

BeB(H) # B =0 £z LTVWAR 5T

2
loT + BBl > J;g} (m—

+mp+gwmaﬁj.

F4E. AFEYAB)>0DEE

Y(A4,B) >0 £V ¢(ran A, ran B) > 0 ZET 2 0ENTONLR, F2ELEFEIETH,
FKM AREEZ 720, TOETIEHELRY, FAIUTOME 2,3 2AVWTER 3 ZfEHAT
X5, HICEHE 3 (1) X A, B ICAMEEZEE LR THRVLL2Z LMD, R 2BEDPND,
EE 3 V2R 3 OFERIX, FKM AXOFIFERIZR > T D,

®% 2| fge HiZxL

el F#0, g#0 DEX
0 ZDfh

RE 2| MBERD o, 20T z>max(|a,|8]) £ 0<p< 1 BEVIL->TND L X,
KOZEHFEZEWVIZRETH 5,

) mZF«m&—é—)

1—p?




) ot = (Ll = B o + 197 )+ o > 0

2 —of| 1
) o= fls = V=7
(4) (a* - [a]2) (&~ 161) = 7 |+ — o -

ZORMEMHIIARE ST TRSFEFIIH L THALY 3L,

M 3] LLFETR fige H N p=p(f,g) <1 ZWmizd20IE

llaf +Bgll o (2 P p?
{lvf +ogll = F(’Y 5’ 1—p>

EE 3| HLETEW A Be BH) B y(A4,B)>0 2#il=72bid,
(1) FA+6B#0 H>

l@A+ BBl _ (¢ B )
oasd o AT o3y = F (wa’“’t WAB)).

(2) HLyA+ B BEFETLE L OROIE,

|(e + BB)(yA + 6B) || < F (—-, 0 cotu(a, B)) ,
72120 (yA+6B) N IFEETD 1 2EK T, (AB=BA=0 D& &HE5HL)
3) HLyA+B BEHFTLE HOROIX
i

(A + BB)(vA+3B)7H| < (YA + 6B)(yA + 6B) || F (—, 5 cot® (A, B)) .

L (yA+ 6B L ITEHTEO 1 22K T,
(YA+6B)™r BAEWTD & Fid ||(yA+0B)(yA +8B)Y| = || I|| = 1.
Bz (1) 12 A, B (IS RSB (REETITR Y S22, (1) &V
A+ 6Bl < 0o #0 $(4,B) >0 = |laA+BB| < |[yA+ 8B|F (o, 8, cot* (4, B))
f-oT

ld +BB| _ F(a p

hasop| = F 5 gct vAB ))



%2 bl H FOBGIERS A, B % ||[A+ B|| < oo 5 %(4,B) > 0 &ilikd2bid
A < 0o 72 ||B|| < co.

Helson and Szegd IITEN & L2 2 LOMNTHE P © FRMEZRT L& (P, I-P)>0
L |P|| < oo DRMEMEZFE o7z, ROWE 4 Ti=1 & LI RERXDER 3 (1) 1278->T D,
WEE 413 A, B \CHERMEORBEE ERTIZAY 3L,

WE4| HLLETRWH EOEAK A B M Y(A,B)>0 2T R0

sup = sup l{otA + 5B = Ssup  sup [{eA + BB)S |
1eC (yta+sB)f#0 ||(YEA + 6B)f|| teC (ya+atB) 0 ||(YA+ 6tB)f||
= F ( ,'? cot? (4, B))

%3] bLLECTANH LOBWIERR A B M $(4,B)>0 & AB=BA=0 2l LE
T YA+ 6B AT BT

l(ea+pB)aa-+58) ) = F (25, cor via,B)).
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Weighted Shift Operators And Rudin’s Orthogonal Polynomials

Takahiko Nakazi (Hokkaido University)

Abstract. H® and H? denote the Hardy spaces on the open unit disc D. Let
¢ be a function in H* and ||¢|lcc = 1. If ¢ is an inner function and ¢(0) = 0, then
{¢" ; n=0,1,2,---} is orthogonal in H2 W.Rudin asked if the converse is true and
C.Sundberg showed that the converse is not true. Therefore there exists a function ¢
such that ¢ is not an inner function and {¢"} is orthogonal in H2. In this paper, the
following is shown : {(]5"'} is orthogonal in H? if and only if there ex1sts a unique probability

measure vy on [0,1] with 1 € supp 1 such that Ny( log dz/o for nearly all 2z
oz 2|

in D where Ny is the Nevanlinna counting function of 0. If ¢ is an inner function, then
vy is a Dirac measure at 7 = 1.

§1. Rudin DEXRHE

HP(1 < p < o0) & C OBEAMAFAMAKR D LD Hardy L T35, ZDL X
H? |3 Hilbert ZEfi & 725, HP OB$T radial limit & 3 Z &2k Y Lebesgue 22
ffl LP(0D,df/2n) IZ isometrical IZHEO Z¢eZ LN TE D, ¢ € H® 2 inner B &1
¢ 230D T ae MAE 1 &RDZLTHD, ¢ 2 inner B 5D ¢(0) = 0 72 biE
{6"; n=0,1,2,---} 13X H? CERREADZERTTILIFRS LU, 1988 412 Rudin
IEEDHERE LW EWD EEZRH L,

Rudin OB : ¢ € H® 50 |[fllo =1 T 5, bL {¢™ n=0,1,2,}
N H? TERRZEOIE ¢ i inner B E 2507

Z ORI, ¢ € Lipa, o > 1/2 72 BIFXIE LY (Cima-Korenblum-Stessin [2],1999
7)o E7z ¢ 23 univalent 72 HIFIE LV (Bourdon [1], 1997), L#4>L Sundberg [5] i 1999
4 7 |Z Rudin OERMEIL ¢ 23 continuous TRWRBIFIE L RN E WS TRV,
L oT ¢ 2 inner BETRWA {¢"; n=10,1,2, -} PERXRRERDLONEET 5,
;of%ht%ﬁﬁ&%&LT%ﬂMT%éma Txid {o" :n=0,1,2,--} BEX
Z LB ¢ % Rudin DEATEE & FES,



§2. Weighted shift {fEF%

H % Hilbert ZZf, {ep; n=1,2,--} EZTDEHREREEL TS, TP H Lt
® unilateral weighted shift fEfZZ &1, {w, € C; n=1,2,---} BFELT Te, =
Wnenir (n=1,2,---) £2BbDEND, ||T| = sup, |w,| > T 2 compact EAET
HAEVEFSEFIT w, 50 (n = 00) THEIZLBMOATWD, £z {lu,|} Z2E
Bb¥ 5 shift AT L. {w,} ZEH & T 2 shift FAK similar THDHZ &, T A
injective THHUE+HEMHIT jw,| >0 (n=1,2,--:) THLZEBMLNTNHDOT
Ut w, >0 (n=1,2,--+) EIRET Do

weighted sequence space H%(8) &%, f = {B(n); B(0) =0, B(n) >0 (n =
1,2,--)} @& & flF = Toe [f(n)[PB(n)? <oco £72% f={f(n); n=0,1,2,-} D
SkaeTT, HXB) FAME (f,9) = 22, f(n)§(n)B(n)* &3 2 Hilbert space Th Do
FeHP) E f(z) = T f(n)e LS ZERTE B, HAB) EOBRAERE M, 13,
(M, f)(z) = ¥, f(n)z"™ L LTEERSND,

weighted Hardy 228 H%(v) &% v 2% D E® probability measure T z D
Ko&iko 12(D,v) CORAETT, ¢ H® 20 ||gllo=1 LTHLE, ¢ DHEN
@ H? c L*(D,df/2n) TORAE LT D,

WD (1) ~ (4) IZBWT T IXED {w,} D weighted shift ERAR LT 5. (1) ~
(4) 1% Shield [4] IZEAHL TV DA (3) i C.A.Berger, (4) i R.Gellar-L.J. Wallen (2 & %,

(1) T 7% injective ThHBREBIE, fn)=we - wey (n>1) 722D HE(B) £O
M, BTEEL T, T X M, I unitary equivalent ThH 5, EEDHE LT D,

(2) T 7% hyponormal T B %E+HEMEIL w, < wppr (n>0) TH D,

(3) T 8 subnormal > sup, w, = 1 THDLE+HFME, [0,1] L probabil-
1
ity measure vy T 1 € suppyy £725 bDOBFELT (wo -+ wp-1)? = / rduy(r) (n>1)
0
DSREALT Do

(4) T % subnormal 7> sup, w, = 1 TH DMHE+LEME, D E£O probability
measure v C dv = dyy(r)df/2m 7>2 H2(B) 2 H*(v) L T&EHZ & THD,

p€ H® 55 |flle = 1 £F 5, {¢"; n =0,1,2,---} # H2 T
BERRZThHUESEMT D £O probability measure v T dv = diy(r)df/2r 7>
H () L TEBT L THA,

” 1/2
HR wERE () 5 H CEEFRET B, A = ([ i oPds/on) " (n=

M

0,1,9,-) b5, F=3 (/Oszénde/%r) & = S ) v B ko
n=0 n=0

T, HL = HAB) M, & HA(B) ETD 212k B multiplication, My % #H3 ETD ¢ i
X % multiplication &9 5 &, M, & My i% unitarily equivalent TH D, LT M, &
subnormal Cd# 5, 7= sup, w, =sup,(B(n+1)/8(n))=1Tha0b, (4) £V D Lk



? probability measure v T dv = dyy(r)df/2m 52 H? () = H*(v) £ T& %, £»T
H; = H*(v) &72D Tt DD

§3. Nevanlinna counting function

¢ € H® D ||dlleo =1 & T D, Ny(w) 25 ¢ D Nevanlinna counting function &
i, we D\{¢p(0)} IEH L TIRDIFIZEZSNDHDTH D,

$(z)=w

0 w ¢ ¢(D)

KD (5) ~ (7) iZL <0 ERTVT, (5) 1% Littlewood-Paley identity DR T,
(6) % Littlewood’s inequality & FRE#LD, (7) IZ ¢ 2% inner function @ & &I Frostman,
— %% W.Rudin (2 & 3, ,

1
Ny(w) = { > log‘-;] w € ¢(D)

(5) fe H2gp € H® 5 ||gllo =1 £F 5 &

1 Fogll3 = 17 (SO +2 ] |£'(w) P Ng(w)dA(w),

(6) p € H® 22 |[¢lloo =1 72 B

NNMSbg

(7) ¢ € H® 52 |[fllo <1 72 B

2 . 0
1mi/1%wﬂﬂil d /2
0

1 — we(re?)

(nearly all w € D),

L | wm g

BE| s H® 5o |pllo =1 7254

w — ¢(e”)
1— Bg(e?)

2

“%@ﬂ)=j£ log

df/2m — log %‘

(nearly all w € D),



S (6) DALY,
— om VR
N(w) _:lig%/oz log w = ¢(re”)

w — ¢(0)
= wg(re?) db/2m — log
KV

1 — w(0)

\ (e D\{B(0)}) b (1)

FH 2| g H® 130 ||pllo=1 &THEE, KD (1) ~ (3) IERETH S,
(1) {¢"; n=0,1,2,-- -} I& H* TERZRTH D,

(2) Ny(z) = Ny(|z]) (nearly all z € D),

(3) [0,1] 2@ probability measure vy B—EIZFE L, 1 € suppyy 72

Ny(z) = /0 1 log T%dvo(r) (nearly all z € D)
&£ TE D,
BB (3)= (2) HHALATH D, 2) = (1) (5) £V n>mZHLT
/0 T e man 2
— 2nm /D 215N (|2])2rdrdf/2n
= 4nm /01 rP LN (r)dr /027r efnmdg j2m = 0,

(1) = (3) FHE 1 XY dv = dug(r)de/2m 3> HE = H2(v) &72% v BFET
5, ZHEY we DXL T

/27f w w—2z|"
o |1

dv(z) (n=20,1,2,--+)

___wd) d6/27r=/D‘1_ ks

CERTIENTED, ElLIndY

[
/oogl

BRTILENTED, MELY nearly allw € D IZH LT ¢(0) =0 EdbH

§d0/27r.-/ log |2

T dl/( )

Ny(w) = /log T dV() loglwl

w -
= /0 d(r) (/0 log 1~:————- df/2mr — log !w])
X oTnearlyallwe D IZX LT
1
Ny(w) = | log—duw(r) o



{7 &

/027r log

w—r

log — (jw| < )
1_*—:’—;5 ('wl
— WTe O

(lw|>7)

df /2w — loglw| = {

& E X
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Completely Positive Matirces

T. Ando (Hokusei Gakuen Univ.)

EEFEETHICDONT

ZEE & (LEZEXH)

1. ZO®ETHE nxn ZTFEERTD, THEMTOERZIEFH#EE L TIE, $EFEME
(positive semi-definite) {75108 P, ICETIEFOMIC, BRMTRTHEN (entrywise
non-negative) ITHID# F, KKEISZDONEXSND. ZOZDODHDFERDTZE DP T
Ho5bL, T7abs DP =P, NF, TTIKASTH% WEM (doubly positive) V13,
PAFTIRIEFRES A> Bid Py KLBIEFZRTODLET S,

HFEEMETH AR A= BB OBIIRRTESIERIILENTED, 5T B 2P
Dnxn (FEEMW FIKEDIED, ek (FRRBT) ZATIICESILBUETSH 5.
LML, &X B2 nxm OEFRTHITY, BB Z¥EEMEICRDIEHHASNTH S,

Rl & L LT, B MEERNITRTHARFTHTHS L E BB 1IN ARMITEMITZ 52,
BRI D L7272, TOXKDRFREHTITH % FLIEM (completely positive) &
LU, TnghkE CP &<,

1<n<4 T, DP = CP ThBZEBH5NTNS (cf. [Da], [MM]). LDL, n>4
TRINAED LRI EIZROFTRENS (cf. [GW), [HL], [Y] ) :

fon 100 ... 0 17
1 pn 1 0 ... 0
A, =10 1 po 1 0 n = ZCOS(Z)
. : n
10 0 ... 1 pn]

COBEICHELT, BMS 57 I M TLIEMS 57 (completely positive graph) &id
T OBETHIERUAMEIZ 0 29D A e DP R RTRLIEHE)
IETEHETD. 77 7DTLEMIER,
T NEEN 5 U EOFRROYA Z IV EEERN
THREBHT5N% (cf. [KB])

COWEIL, AecDP N TREM KRIEHOBETHRILLOTWESIFEITODWTOINE
TRONTVLIRROFHRTH S, FERHSIAOEN/ — b [An] KETVWTWS,



2. 9 CP MWEAUHERDZIEOREANSHEDLD,

A=BB' = [b;,by, - ,by] - [br, by, ,bn]" = A=) bybj.
k=1
THDHMS,

A REEM & A=) bb, 3IbeR} (k=12,...,m)
k=1
B, L7e¥o> T, CP W8T, 0D extremal ray 3% 1 @ bb* Tb € R} OEOBHD
NSRBI LbHB. S5z, P, DX 22 THENS, A= bibl OFRT, #
MIZ by BEPETIE, m < N =200 SEETS I LnTES. RLERETFIRTNRN
5Z&40,
1Al > [[bgl[* (k=1,2,...,m)
L2505, CP & M (closed cone) THDZ &0,

1731 A = [a;;] #¥ (f7) diagonally dominant &1
IG‘HIZZ'G’WI (7'=112a ,TL)
g
DZETHB. ZDERMI
2[aiilZZ]aijl (7":1)2: $n)
j=1
EENTHXN,
[EE] AeDP 75,
(1) ([Ka]) A % diagonally dominant = A: SE2IE{E,
(2) (IDIL]) 2-diag(4) > A = A: ZEEE

3. 2D0EHFHTH C = [ey], D =[d;] THL T, FFHOMI, BERBORTERIND
Hadamard #& (Hadamard product) Co D = [¢;di;] W EA 505,
H5,»IZ, DP % CP ® Hadamard 8T LU TW5., Z5ICEEK f(t) °

F) = out* (x>0, 0<t < 00)
k=0

ERRSIND &,
CeDP = [f(c;)]eDP, CeCP = [f(c;)]e€CP
MEZH D, IR f(t) = exp(t) KHEATNBM, TSHRSKEDT ENRDILD.

(BANGHRE] A=(0)eP, = [explay)] RESEME ()



ZOHEHIE CP BSE#TI EICEDWTEY, A= BB Be F, &35 B #HiT 3 B4EH
TEFIRZE Z 720,

#1750 C = [¢;;) BALT, UTDBRISHASNTWSL (cf. [R1], [R2]), FAABHETHS :
[exp(—tci;)] € DP Vit>0 <= [exp(—tc;)] €eCP Vi>0

n n 1 1
‘ - J— —_— DN C ] - =<
@i;cwgzgj <0V ;gj 0 &= (-=J)C-(I-=J)<0
ZIT J BEENTRT 1 2FFITH S,

to (FHEZs) HEZESHDEETH C 13 FMHHTEREME (conditionally negative definite)
&A BB (negative type) EEHN 5.

FOBREEBRT BB TODRDNOEIL, A = [ay] a; >0 KEWLT

= oo os(2))] - o ()]

DEXE, CP VMR IETH S,

€] A=ay;]€DP, ay;>0(,5=12...,n) £T5.
(1) |log <—1—)] : negative — type == A: TEIEME,

(2) ai] : negative — type = A: TREME &)

ZIEHNA&GERETELS L, ROLDITR S,
(1) [1og (;%)} ' negative — type <= [afj] eP, VO<p<l
-

(2) [T;] . negative — type <= [t—&lz—]—} EP. Vit>0.

KB, (2) ORHEOHHN (1) OFHELDEN T &1, FIZITHEIER

) = ) [ g
0

id t+ ai;
- TH D,

—fD A e DP IKELTIRRNEZ 3,

[EIE] A= [Cbij] e DP IcBEBL T

[tzii‘} €EPy YVt>0 = [a;]€P,V0<p<]l = A : ZLEME )
1]



751 A=la;] € DP ¥ [af] e PLVO<p <1 ZWLTEE, AR BRGBETHE

1

(infinitely divisible) &\ 5. FEEEEFTIILLT U bERIMEREE TR (cf. [FR]).

4. HIEITIREE f(t) & BREIC (entrywise) IKBAL THLWTHZIES TITo 722, <
DOETIZEFED functional calculus ZBL T, HLOEREED S,

C € DP = exp(C) € CP RARITHBA, T5IED T, ERFATH C ITHUTRARR
DILD:

exp(—tC) eDP Vt>0 <= exp(~tC)eCP Vi>0 <= diag(C)-CeF;
COBBOEER, C O off-diagonal ERNITART " <0 OIETHB., ZOXIR
1751% Z-f751 (Z-matrix) LR, Z-175I& D BBMNEEELLT, Z - 751 C 2' M-117

(M-matrix) TH5 &1, #2%>T C~! € F,. Perron-Frobenius OFERM S, C 28 MAT
FIThBZEE, ROZETHREMTONS :

(C=pI—D Jp>0, DeFy, p> "D DARY FIVHEE"]
CORERBIGHT AIC4 o Tobhbhofetd, A>0BRLT:

A=exp(—log(4™)) = /000 exp (—tA™) dt.

R2%ERE, CP WH#RILETHS.
[EE] 0<AecDPiELT:
(1) log(A™Y) : Z-175 = A: %EZRIEME,
(2) At M~5 = A: TRFEE #)
TTRBENB L&A EHOB TE LROL SRS,
(1) A1 : M-8 <«  A{tI+A)reF, Vi>O0.

(2) log(A™l) : Z-173 <« APecF, VO0<p<l

RIED & 5 IS EREEXIT, (2) DRE (1) DREELDHRNT EAHI5, —BDA € DP
L TERNE A S,

[EE] AeP, WELT:

AR+ A Te FLVE>0 = APeF V0<p<l = A : %EZE[E (&)

FOFBOLEN S, B AT € DP N THOTIEH B, AL 1T 2L40HR, K
TEKBEEIEEHT T 5DITBIDE T AICHEND S,



5. SATEMEFHORR A=BB' 3IBeF, T, B E¥ZH (upper triangular) I
ERBEE A e UL FHZH (lower triangular ) IKEX3LE AcLU &FI5. I
T, EE5DFES, Bl nxnfTFlTHsd I LITERT 2.

BEFEFFICET20EE, KT n KHT2RWETERTHOIREARFRELT, BEX
5% P ic&% E# (compression) PAP Offiic, (A ®) PAP icBLT® Schur #1751
(Schur complement) A/PAP %&%% :

AJPAP = PLAP'— PYAP.(PAP)™.PAP*.

ERICELTIE
A>B>0 => PAP>PBP3>0
B 5 A TH B, BB O Schur HEFFICELTS

A>B>0 = A/PAP>B/PBP>0.
LRDNOCETH D, CHIRRDED REREZEANIEMTES .
PLA'PL = (A/PAP)™L.
BLE<HEPNEDIE 1< < - <ip<n DESIT index DHAEEEED, PLLT
Ciyy e ey KRS NBBAEMADHEE LBHETHD, TOLERDKIITETS !
PAP = Afiy, i),  AJPAP = AJAliy,+ i

AcF, DEE, Aliy,- i) € Fy THBN, —RIIX A/Alir, - 0] € Fy THD. MAT
FIDBEEMIIROBEEIIHS :

A Mwﬁﬁj:?A[zl”zk]’ A/A{Zl) )ik] : M—-ﬁﬂo

3] (LM], [M]) AeDP iKBLT:
(1)
(2)

A e UL e A/Akk+1,...,n]eDP (k=12,...,n),

AeF, « A/A[L2,...,kleF. (k=12,...,n) (&

[E¥] (cf DJ]) 0<AcDPHLT:
A7l M =175 = AJAfi1,ig,. .. i) €Fy Vi <ip<... <1



SE IR

[An] T. Ando, Completely positive matrices, unpublished note, Sapporo, 1991.

[Di] P.H. Diananda, On non-negative forms in real variables some or all of which are
non-negaive, Proc. Cambridge Philos. Soc. 58(1962), 17-25.

[FH] C.H. Fitzgerald and R.A. Horn, On fractinal Hadamard powers of positive definite
matrices, J. Math. Anal. Appl. 61(1977), 633-642.

[DJ] J.H. Drew and Ch.R. Johnson, Completely positive matrices associated with M-
matrices, Linear and Multilinear Alg. 37(1994), 303-310.

[DJL] J.H. Drew, Ch.R. Johnson, and F. Lam, Completely positive matrices of special
form, Linear Algebra Appl.

[GW] L.J. Gray and D.G. Wilson, Nonnegative factorization of positive semidefinite
nonnegative matrices, Linear Algebra Appl. 31(1980), 119-127.

[HL] J. Hannah and T.J. Laffey, Nonnegative factorization of completely positive matrices,
Linear Algebra Appl. 55(1983), 1 - 9.

[H1] R.A. Horn, On infinitely divisible matrices, kernels and fuctions, Z. Wahrsch. Verw.
Gebiete 8(1967), 219-230.

[H2] R.A. Horn, The theory of inifitiely divisible matrices and kernels, Trans. Amer.
Math. Soc. 136 (1969), 269-286.

[Ka] M. Kaykobad, On nonnegative factorization of matrices, Linear Algebra Appl. 96
(1987), 27-33.

[BK] N. Kogan and A. Berman, Characterization of completely positive graphs, Discrete
Math. 114(1993), 297-304.

[LM] C.M. Lau and T. L. Markham, Square triangular factorizations of completely positive
matrices, Indust. Math. 28(1978), 15-24.

[Ma] T.L. Markham, Factorizations of completely positive matrices, Proc. Cambridge
Philos. Soc. 69(1971), 53-58.

[MM] J.E. Maxfield and H. Minc, On the matriz equation X'X = A, Proc. Cambridge
Philos. Soc. 69(1971), 53-58.

[Yc] B. Ycart, Extrriales du céne des matrices de type non-négatif, a coefficients positifs
ou nuls, Linear Algebra Appl. 48(1982), 317-330.



CONVEX ANALYSIS AND APPROXIMATION OF FIXED POITNS

WATARU TAKAHASHI

Department of Mathematical and Computing Sciences, Tokyo Institute of Technology,
O-okayama, Meguro-ku, Tokyo 152-8552, Japan

Key words and phrases: Fixed point, nonexpansive mapping, approximation of fixed points, prox-
imal point algorithm.

1. INTRODUCTION

Let H be a nonempty closed convex subset of a real Hilbert space H and let g be a proper
convex lower semicontinuous function of H into (—o0,c0]. Consider a convex minimization
problem:

min{g(z) :z € H}. (%)
For such a g, we can define a multivalued operator 8g on H by

dg(z) ={z" € H : g(y) 2 g(z) + (2", y —z),y € H}

for all z € H. g is said to be the subdifferential of g. Let C be a nonempty closed convex
subset of H. Then a mapping T : C — C is called nonezpansive on C if ||[Tz — Ty|| <
llz —y|| for all z,y € C. We denote by F(T') the set of fixed points of 7. An operator
A C H x H is accretive if for (z1,vy1), (z2,92) € A, (31 — 22,51 — y2) = 0. If A is accretive,
we can define, for each positive A, the resolvent Jy : R(I+XA) = D(A) by Jy = (I+AA)™"
We know that J is a nonexpansive mapping. An accretive operator A C H x H is called
m-accretive if R(I + MA) = H for all A > 0. If g : H — (—o0,00] is a proper lower
semicontinuous convex function, then g is an m-accretive operator. We also know that
0 € 9g(z0) & g(zo) = min{g(z) : z € H}
& Jyzg=1x9 for A >0.

Thus, a convex minimization problem is equivalent to a fixed point problem for a non-
expansive mapping. Further, we know that one method for solving (*) is the prozimal point
algorithm first introduced by Martinet [18]. The proximal point algorithm is based on the
notion of resolvent Jj, 1.e.,

Jyz = argmin{g(z) + %Hz —z|®: 2z € HY,

introduced by Moreau [19]. The proximal point algorithm is an iterative procedure, which
starts at a point z; € H, and generates recursively a sequence {z,} of points £,4; = J), %4,
where {)\,} is a sequence of positive numbers; see, for instance, Rockafellar [23].

On the other hand, there are two well-known iterative methods for approximation of
fixed points.- Mann [17] introduced an iteration procedure for approximation of fixed points
of a nonexpansive mapping T in a Hilbert space as follows: z; =z € C and

Ln+1 :anxn"*“(l‘—an)Twn, n=1,2,...,



where {a,} is a sequence in [0,1]. Also, Wittmann [38] dealt with the iterative process:
z; =2 € C and

Tpp1 = oz + (1 — o)z, n=12,...,

where {a,} is a sequence in [0,1}; see originally Halpern [8].

In this article, we first deal with weak and strong convergence theorems of Mann's type
and Halpern’s type in Banach spaces. Then, using these ideas, we obtain weak and strong
convergence theorems for resolvents of accretive operators and consider the convex mini-
mization problem of finding a minimizer of a convex function. These results. are connected
with the proximal point algorithms.

2. PRELIMINARIES

Let C be a nonempty closed convex subset of a Banach space F and let T be a mapping
of C into C. Then we denote by R(T") the range of T'. Let D be a subset of C' and let P be
a mapping of C into D. Then P is said to be sunny if P(Pz + t(z — Pz)) = Px whenever
Pz+t(z—Pz) e Cforz € C andt > 0. A mapping P of C into C is said to be a retraction
if P2 = P. If a mapping P of C into C is a retraction, then Pz = z for every z € R(P).

Let E be a Banach space. Then, for every ¢ with 0 < ¢ < 2, the modulus §(e) of
convezity of E is defined by

ste) = nt {1 - B o <1 < ool 2 ¢

A Banach space E is said to be uniformly convez if §(¢) > 0 for every ¢ > 0. E is also
said to be strictly convez if ||z + y|| < 2 for z,y € F with ||z]| < 1, |lyll < land z #y. A
uniformly convex Banach space is strictly convex.

Let £ be a Banach space and let E* be its dual, that is, the space of all continuous
linear functionals z* on E. The value of 2* € E* at z € £ will be denoted by (z,z*). With
each @ € E, we associate the set J(z) = {z* € E* : (z,2*) = ||z]|* = ||2*||*}. Using the
Hahn-Banach theorem, it is immediately clear that J(z) # ¢ for any = € E. Then the multi-
valued operator J : E — E* is called the duality mappingof E. Let U = {z € E : ||z|| = 1}
be the unit sphere of E. Then a Banach space E is said to be smooth provided

L e tyl — iz
=0 t

exists for each z,y € U. When this is the case, the norm of E is said to be Gateaux
differentiable. It is said to be Fréchet differentiable if for each x in U, this limit is attained
uniformly for y in U. The space E is sald to have a uniformly Gateauz differentiable norm
if for each y € U, the limit is attained uniformly for z € U. It is well known that if £
is smooth, then the duality mapping J is single valued. It is also known that if E has a
Fréchet differentiable norm, then J is norm to norm continuous; see [7] for more details. A
Banach space E is said to satisfy Opial’s condition [20] if z, — z and = # y imply

liminf ||z, — z|| < liminf ||z, — ||,
n—~¥00 -0

where — denotes the weak convergence.



3. WEAK AND STRONG CONVERGENCE THEOREMS

Mann [17] introduced an iteration procedure for approximation of fixed points of a
nonexpansive mapping 7' in a Hilbert space as follows: z; = 2z € C and

Tnt1 = AnZn + (1 — @)Tzn, n=12,...,

where {a,} is a sequence in [0,1]. Later, Reich [21] discussed this iteration procedure in a
uniformly convex Banach space whose norm is Fréchet differentiable.

Theorem 3.1 ([21]) Let C be a closed convex subset of a uniformly convex Banach space
E with a Fréchet differentiable norm, let T': C — C be a nonexpansive mapping with a
fixed point, and let {c,} be a real sequence such that 0 < ¢, <1 and £ ,¢,(1 —¢,) = co.
If 2; € C and

Tny1 = Clzn + (1 —cp)zn, n=1,2,...,

then {z,} converges weakly to a fixed point of T.

Wittmann [38] dealt with the following iterative process: z; = z € C and

Tpp1 =0z + (1 — )Tz, n=12,...

7

where {a,} is a sequence in [0, 1]; see originally Halpern [8]. The following theorem was
proved by Wittmann.

Theorem 3.2 ([38]) Let H be a Hilbert space. Let C be a nonempty closed convex subset
of H. Let T be a nonexpansive mapping of C into itself such that F(T) # 0. Let {3,} be a
sequence of real numbers such that 0 < 8, <1, limy oo Br =0, Y oo | |Bns1 — Bal < o0 and
> oy Bn = 00. Suppose that {z,}is given by z; =z € C and

Tpp1 =Pz + (1 =G )Tz, n=12,....

Then, {z,} converges strongly to Pz € F(T), where P is the metric projection from C' onto
F(T).

Shioji and Takahashi [25] extended Wittmann’s theorem to a Banach space.

Theorem 3.3 ([25]) Let E be a uniformly convex Banach space with a uniformly Gateaux
differentiable norm. Let C be a nonempty closed convex subset of E. Let T' be a nonexpan-
sive mapping of C into itself such that F(T) # 0. Let {8,} be a sequence of real numbers
such that 0 < 8, <1, limposoo Bn =0, Yoo |Bnt1 — Bnl < 00 and 577, B, = oo. Suppose

that {z,}is given by z; = z € C and
Tni1 =B+ (1 = Bn)Tzn, n=12,....

Then, {z,} converges strongly to Pz € F(T), where P is a unique sunny nonexpansive
retraction from C' onto F(T).



4. APPLICATIONS

Kamimura and Takahashi [10] obtained the following theorem, which is connected with
the proximal point algorithm.

Theorem 4.1 ([10]) Let E be a uniformly convex Banach space whose norm is Fréchet
differentiable or which satisfies Opial’s condition, let A C E x E be an accretive operator,

and let C' be a nonempty closed convex subset of E such that-D(A) C C C (4 R({+7A).
Assume that {a,} C [0,1] and {r,} C (0, o) satisfy limsup,,_,, &, < 1 and liminf,_ . 7 >
0. Let z; = z € C and let {z,} be a sequence generated by

Tnt1 = QpZp + (l - Q’n)JrnCEn, n=12,....

If A='0 # 0, then {z,} converges weakly to an element of A~10.
The following is the proximal point algorithm by the Mann iteration proceduce.

Theorem 4.2([11]) Let H be a Hilbert space and let f : H — (—o00,00] be a lower
semicontinuous proper convex function. Let ¢ € H and let {z,} be a sequence defined by
) = z and

Topp1 = 0nZn + (1 —an)d 2, n=1,2,..., (1)
1
J;, T, = arg min {f(z) + 5—“2 —z, |z € H} )
Tn

where {a,} C [0,1] and {r,} C (0,0) satisfy @, € [0,k] for some k with 0 < & < 1 and
limyyeq 7 = 0. If ()10 # ¢, then {z,} converges weakly to v € H, which is a minimizer
of f. Further

1—a,
e CAE A [ RN

Kamimura and Takahashi [11] also obtained the following strong convergence theorem.
Theorem 4.3 ([11]) Let H be a Hilbert space and A C H X H be an m-accretive operator.
Let « € H and let {z,} be a sequence defined by z; = z and

Tpt1 = 0nZ + (1 — an)drzn, n=12,...,

where {a,} C [0,1] and {r,} C (0,00) satisfy limyyeon = 0, > oo @, = oo and
lim, ;o = 0o, If A710 # ¢, then {z,} converges strongly to Pz € A~'0, where P is
the metric projection of H onto A~'0.

Compare Theorem 4.3 with that in Rockafellar [23]. Using Theorem 4.3, we obtain the
following theorem.

Theorem 4.4 ([11]) Let H be a Hilbert space and let f : H — (—oo,00| be a lower
semicontinuous proper convex function. Let z € H and let {z,} be a sequence defined by
2y = z and

Lpt1 = an$+(1 _an)Jrnxna n=12,...,

Jr, Tp = argmin {f(z) + ZLHZ —z,|*:z € H} )



where {a,} C [0,1] and {r.} C (0,00) satisfy lim, o0, = 0, >0 o, = oo and
liMyyoo Tn = 00. If (0f)710 # ¢, then {z,} converges strongly to v € H., Which is the
minimizer of f nearest to z. Further

1 —

= o = 012

We do not know whether Theorems 4.1, 4.2, 4.3 and 4.4 would hold in the case when
A C E x E* is a maximal monoton operator. We also know that if £ and E* are uniformly
convex Banach spaces and A C F x E* is a maximal monotone operator, then for » € £
and r > 0, there is a unique element z, € D(A) such that J(z, — z) + rA,z. 5 0. So, we
can define the resolvent J. of A by J.z = z,; see [32] for more details.

f(@n41) = f(v) £ an(f(z) = f(v)) +
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Chaotic semigroups generated by certain
differential operators of order 1

Mai Matsui and Fukiko Takeo

Ochanomizu University

1 Introduction

The equation

du  Ou ~

i C(T)E; + gz, u)
has been used to model the dynamics of a population of cells undergoing simultaneous
proliferation and maturation, where x is the maturation variable ([4], [5]). The solu-
tions of the partial differential equations have some connection with Wiener process.
In fact, A. Lasota and M. C. Mackey showed how to construct an exact, continuous
time, semidynamical system on a measure space coming from a one dimensional Wiener
process, which corresponds to the above partial differential equation with c(z) = —x
and g(z, u) = su ([3]).

We consider the case of ¢(z) = vz (y € R) and g(z,u) = au (a € C). At first we

shall consider the space X = {f € C([0,1]) | f(0) =0} and the following initial value
problem of a partial differential equation:

.Q:L_L_ —_ ﬁp-gl.{ + U
ot '1’3117 @ (1)
u(0,2) = f(x)

where v > 0, a € C and f € X. For f € C([0,1]) N X satisfying vz f'(x) + af(z) €
X, u(t,z) = e f(evx) is the solution of (1). By using the representation formula
e® f(ez) of the solution of (1), we define the bounded linear operator {T;},, on X
by T;f(z) = e® f(e"'z) for f € X. Then {T}},., is a strongly continuous semigroup on
X (Theorem 1). Here we call {T}},,, the solution semigroup to the partial differential
equation. -

A strongly continuous semigroup {T}},s, is called hypercyclic if there exists an x €
X such that the set {T;x | ¢ > 0} is dense in X. The semigroup {7;},5, is called chaotic

if {T}},5, is hypercyclic and the set of periodic points X, ={z € X | 3t >0 s.t. Tlx =z

is dense in X. In [1], W. Desch, W. Schappacher and G. F. Webb gave a sufficient
condition for a strongly continuous semigroup {7}},, to be chaotic in the following
Theorem A, by using the eigenvectors of the infinitesimal generator A of {T;} -

Theorem A ([1]).

Let X be a separable Banach space and let A be the infinitesimal generator of a strongly
continuous semigroup {T;},~, on X. Let U be an open subset of the point spectrum.
of A, which intersects the imaginary axis, and for each A € U let x5 be a nonzero
eigenvector, t.e. Axy = Axy. For each ¢ € X* we define a function Fy: U — C by
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Fy(A) = (¢, xy). Assume that for each ¢ € X* the function Fy is analytic and that F
does not vanish identically on U unless ¢ = 0. Then {T;},5, ts chaotic.

By applying their result to the solution semigroup, we give a sufficient condition for
the solution semigroup to be chaotic on X' (Theorem 1) and on L?([0, 1],C) (Theorem
2). We also consider the case with ¢(z) =1 and g(u,x) = h(z)u, and give a sufficient
condition for the solution semigroup to be chaotic (Theorem 3).

2 chaotic semigroups

We shall consider the solution semigroup to the partial differential equation (1) and
give sufficient conditions for the solution semigroup to be chaotic.

Theorem 1.
Let Xy be the space {f € C'([0,1]) | f(0) =0} with sup norm. We consider the follow-
ing initial value problem of a partial differential equation:

ou du
= =YX+ au
€

ot d (2)
u(0,x) = f(x)

where v < 0, « € C and f € X,. Then the solution semigroup {T)},, (L f(x) =
e fleMx)) to the partial differential equation is a strongly continuous semigroup on
X1. Moreover if the real part R(a) of a is positive, then {T}},, ts chaotic.

Proof. Tor f € Xy, we have

ITif — fll = sup ]e"“f(e”"';z:) — f(2)]
0<e<1
< et —1] sup |f(e’x)|+ sup |f(e7x) — f(x)]
0<x<1 0<2<1

e = UIfIl+ sup [f{e) = fl2)].
0<a<l
which implies the strong continuity of {T;}.

We shall show that {T}},, is chaotic if ®(a) > 0. To show that all assumptions of
Theorem A hold, we verify the following:
(1) X is a separable Banach space. ;
(ii) The existence of an open U7 of the point spectrum of the infinitesimal generator 4
which intersects the imaginary axis.
(ili) For A € U. put fy(x) = 25", For each ¢ € XT we define a function Fy : U = C
by Fs(A) = (&, fr). Then for each ¢ € X} the function Fj is analytic on U.
(iv) If Fs=0o0n U, then ¢ =0.
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(i) It is clear that X is a separable Banach space by Weierstrass approximation theo-
rem.

(ii) Let A: D(A).C X; — X be the infinitesimal generator of the strongly continuous
semigroup {T:},~, on X; as follows:

D(4) = {f € X,

. Lf—1f .
Hm f =1 exists. }
tl0 t

and

Tif -

Af = ltli%l for f e D(4).

Put
D={fe X\ | yvaf +afeX}.

For f € D(A), put g(t) = Tif. Then ¢'(0) = af + vxf belongs to X, which
implies D(A) ¢ D. For f € D, af +yxf € X;. So for any & > 0, thele exists

1>51>0suchthat[af +71f’ )| < & for any 2 € [0,44], laf’ Lf’ N<e
and |f(z)— f(2')] < € for any z, 2’ € [0,1] with {x —=z'| < J;. Since hmw){ =1 _a]=0
holds, t-here emsts d; > 0 such that
et — 1 |
Y
t T

holds for 0 < t < &,. Then for 0 < ¢ < min{Llog(l— 6;).d},
o s

T @) = 1) )+ af(@))]

t
naf 1
< - fle"x) —af / |ve?xf (e vaf'(x)|ds
< (lal + 147
which implies D C D(A). Hence D(4) ={f € X1| vaf' +af € X,}. Put

U={\eC | RN <Ra)}.

For A € U, fi(z) = 2"+ belongs to the domain D(4) of the infinitesimal generator 4
of {T;},5, and is an eigenvector of A. So U is an open subset of the point spectrum of

(ili) Put vp(x) = f,\+h('17)h'“ falz) and gy(2) = Lg—z = for x € (0,1] and g,(0) = 0.
Since lim,_,0 gx{x) = 0, we have g, € X|. For A € l , we have

1
log 2, A-attn A-a
vp(x) — galz) = / i (x7 —ax 7 )dt
Jo

. P
= g/\(‘;lf)‘/o (x~ —.1)dt.




Let ¢ = }R(“)h ) > 0. For any & > 0, there exists 51 > 0 such that- I—(’-gil g | <€

for 0 < & < &), and there exists d > 0 such that |z =1 < fordy <w<1and
“1‘ < ()2
For x € [0.4,] and |h| < ¢, we have

1 1
], "L A—a-th 1 L A-g
lep(2) = ga(@)] S/ IOgl;r\ T ldt—i—/ IOg‘Lar\v It < 2
0 Y Jo Y

For x € [0),1] and for |h| < &y, we have

)

1
len(2) — ga(2)] < ’g,\(.l,)l/ Il_L — 1]dt < e.

Hence we have |v,(x) — ga(z)] < 2¢ for |h| < min{c,d>} and for z € [0,1]. So
|up(2) — ga(x)| goes to 0 uniformly on [0,1] as A — 0 and

Dy = (4.03).

Therefore F;()) is analytic with respect to A € U.

dFy 1<¢f)\+h

d )\ h—0 h

(iv) We shall show that if Fy(A) = 0 for all A € U then ¢ = 0. We recall the
following: U7 = {A € C | R(\) < R(a)} and fi(z) = 25 for A € U. Forn €
{1,2.3,-+-}, put A\, = yn+a.- The a.ssu.mption v < 0 implies A, € U for n =
1,2,3,---. Then we have f\ (z) = 2" for n =1,2,3,---. (From the assumption,
Fs(An) = (6, foa,) = (9,2") =0 holds for n = 1,2,3,---. By the Stone-Weierstrass
theorem, we have (¢, f) =0 for any f € Xj, ie. ¢ =0.

By (i) to (iv), all assumptions of Theorem A hold. So {Ti},5, is chaotic by Theorem
A. - ]

If we consider the mapping ¢ : X; — Y, defined by (¢f)(z) = ( ), the space

= {f € C([1,00) | lim, o f(z) = 0} has correspondence with the space X; =

{f € C([0,1]) | f(0)=0}. So we shall consider the same equation in Y; as that
considered in Xj. Let {T:} 5, be a strongly continuous semigroup on X; and put

X, —2y Xy
Sy =¢oT, 00 . Then the following diagram commutes: ¢l l
Y — Y

So {St}t>0 is also a strongly continuous semigroup on ¥ and the equamon (2) in The-
orem 1 becomes
‘ du du

a3t Wy e

So we have the following.
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Corollary.
Let Y; be the space {f € C([1,00)) | limyoeo f(z) = 0} with sup norm. We consider
the following wnitial value problem of a partial differential equation:
ot ——7( (9;‘7: _ “
u(0,2) = £(2)
where v > 0, a € C and f € Y1. Then the solution semigroup {S;};5 (Sif(z) =

e f(eMz)) to the partial differential equation is a strongly continuous semigroup on
Yi. Moreover if R(a) > 0 then {S;},5, is chaotic.

Similarly, we have the following.

Theorem 2.
Let X, be the space L*(Q, C) with Q@ = [0,1]. We consider the following initial value
problem of a partial differential equation:

du  du

a'—- ’yzb—; + au

u(0,2) = f(2)

where v < 0, a € C and f € X,. Then the solution semigroup {I}}., (Tif(x) =
e f(e"z)) to the partial differential equation is a strongly continuous semigroup on
X. Moreover if R(a) > 7 then {I}},., is chaotic.

Corollary.
Let Yy be the space L2(2,C) with Q = [1,00). We consider the following initial value
problem of a partial differential equation:

u _ Ou

T qa,ag + au

u(0,z) = f(z)

where v > 0, a € C and f € Y. Then the solution semigroup {T,},5, (Tif(x) =

e® f(e"z)) to the partial differential equation is a strongly continuous semigroup on
Yy. Moreover if R(a) > 1 then {Ti},5, is chaotic.

We also consider the case c(x) = 1 and g(x,u) = h(xr)u. We deal with the partial
differential equation

du _ Ou

ot Ox

with the initial condition u(0,z) = f(x) with some f € Cy(I), where I = [0, ¢)

and Co(I) is the space of all complex-valued continuous functions on I satisfying

+ h(z)u (3)
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lim, oo f(2) = 0. If i is a bounded continuous function on I satisfying fox h(s)ds = oo,
we show that the solution semigroup {T}},5, to the partial differential equation (3) is

strongly continuous and chaotic on Cy(I) (Theorem 3) by using the result in [6].

Theorem 3.
Let X = Co(I) with I =[0.oc). We consider the partial differential equation:

du  du
= 9 + h(x)u

u(0.2) = f(2)

(4)

with some f € ‘Z Define T, X —» X us f,f(;zr) = u(t,x) for f € X. by using the
solution u(t,x) of (4).

If h is a bounded continuous function on I satisfying fox h(s)ds = oc. then {'ff}
' >0

s a chaotic and strongly continuous semigroup on X.
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The Elliptic Differential Operator with First Order Terms in
Lipschitz Domain and Analytic Semigroup

Mariko GIGA

Department of Mathematics
Nippon Medical School

Abstract. In this report, it is shown that the elliptic differential operator with first order
terms in Lipschitz Domain generates an analytic semigroup of bounded linear operators in
LP(Q). The same result is already obtained in the case that the differential operator is Laplacian.
But, in the proof of Laplacian case, it is used that the operator is selfadjoint, and the same

argument cannot be applied to the operator with first order terms. So we use entirely different
argument.

1 E%@%

Q c R™%Z% 5472 Lipschitz domain &9 5.
FEHBURMOMERFZEA L L TROBDEEZZS.

Au =T -\/ﬁgg—i[«/a(m)aﬁ(w)%] + 27 bj(:c)—g;%
a() = detfag(z)]
Dirichlet BREMH  ulsq = 0.
ZIT
aij € C? &iﬁﬁ, Qij == ajfﬁ ‘»ﬁ(@*’%ﬁ'@@%ﬁ"&ﬁf:@“
Zi,j aij(:c)fifj > 5()]6[2 (50031:13, f‘:'fK%fibﬂE@%&)

bj < ct bj:ﬁﬁ
volume element & U T doz = /a(z)dz; ... dz, BEAS.
Z DfRBSHERZEZ

D ={u|ueC*Q)NLPQ) NHLRQ), Au € LP(Q)}
KHIBUTA = Alp&B< &, FEHRADLP(Q) (1 < p < o) IZBW B smallest closed exten-

sion (ZNDFE T AEEL)NLP(Q) IZHB1T B bounded linear operatorT; (¢ > 0) D analytic
semigroup 24T B T L&A,
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2 Laplacian D&&

Lipschitz domain {ZBWT, {EHFZE AN 1 BMOOEE bERWESE, ZOERITTTIES
NTN3. '

FTDUEDE] ThD. ZITHELIP(Q)(L < p < 00) IBITS semigroupT N Gaussian estimate
ERFDZEERET D E, TNAYEIANCHERTE S, LW AETHHSNTNWS. TI T,
A 7P selfadjoint Tdhd I EREHNTNS.

HIOEDIEIM.Gigall LB HDT
(1) A& Cy-semigroup D generator
1
(2) 14 = 0(3) (£ 1 0)

BRI ZEIIED, A analytic semigroup TH DI EZFAHAL TS, £ITh, AMiselfad-
joint TH B Z ENEHINLTNS.

1 B DER S B & Aldselfadjoint T/RWN S, ZOFETIERFEZRN.
M.Giga @ (1) DFEHOH T
G\ &5 Co(Q)ICBVT D Green operator(\ — A)~1& LT, TR

1
< - %
(3) /QG,\(:B, Y)dey < ;) for a.a.z

R BREOERRITRB ZEERL, UKD LP(Q) 1BV S bounded 7% Green operator 2%
L7z, ZOHEZERY 7ZDIT

Gi(z,y) = Gy(y,z) for a.a.(z,y) €2 xQ
RN, UMD TERFED selfadjoint TRV ES 2720,

3 1R#HSDIEZEOUEAZEMIMERROERE
Ay = div(Vu) + (b-Vu) EEZB &, u,ve CEQ)ITHLT,

(Au,v) = /Q{div(Vu) + (b - Vu)}vdz

- /Qudlv(\?v)dm—/Qsz(x)amiudm—/QZamiuvdm
= (u, A™)

&E72BING, ADformal adjointA* I

A*v = div(Vv) = (b- Vv) — (divb)v
= div(Vov — bw).
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A, A* D Green operator ZZILIGy, G5 ET 5.
Proposition 1 u € C}(Q),v € C}(),divb =0 i IR
((b - Vu),v) = —(u, (b- Vv)).
l;rf){)é)sition 2 feClR),g9€ Ci(R),divb =0&T B &, density Gi(z,y), G} (z,y) DFFIEN
=

?

Gx(z,y) = Gi(y, 7).

%, divb=02IRKETS. Thabb

{Au = div(Vu) + (b - Vu)
A*u = div(Vu) — (b - Vu)

Mullfz + IVullzz — (b Vu),u)rz = (fu)g2 < | fllz2llull z2-
Proposition 1 25 Z &2k D

MulZz + 1Veulza < fllzzlullze
1.,
lellze < S0Flzs.
£oT |G ]|<-1- Rk HG*H<—1-
A > A — Al S )\

ZH & Proposition 212K D, (3) DIED Green operator DFHEAHE 2. ZOFHE 2> T LP(Q)
BT BF 573 Green operator ZEE I 2 ENTES. 595 L, FDHII selfadjoint 721F
RO L E LFAROBRNTES. Lo Tdivb=0DHERREI VLI LEEZD.

Proposition 3 A*w =0,w > 0in QZ M2 T ERWNEETS.

(GEFD) Q c R™ZF7: Lipschitz domain &5 5. HED51{Q,} T, o, id+0ESM,
Qp:compact THBHHDTQ, T VRDBDNEETS. £{Q,}ITBNT, A*u, =0, unlag, =1
7258 v, > 0 MFIET .

o € QEEFETS. wu(z) = Un(2) B L,

'U"n,(m()) v
Afwy(z) = 0, wyp(zg) = 1.

n E—NEE Y B &, Harnack @ lemma XD, %éﬁﬁcﬁnﬁi‘ﬁ?‘fb'ﬁ FEEOL>nicHL, £
BEDz e Q izl T

1
—wi(z0) < wi(z) < e wi(7o)-
‘q,

—110—



G2 {wp(z)} 1EQ, T—HRERE25.

12N, BQIBNT, {wili=ntinte,. PHDERIFNI—HRIELT 5.
SHABEEIC LD, {wp} DB DTN {wy } IR EDQ, DFTH—HRICET 5.
£oT, n}i_{noown/(m) =w(z) EHL &

A*'w =0,w > 0in Q. /l/
Proposition 3 TIE>ewEE 2 5.
1
b, = -(;(wb - Vw)
EB<. volume element % d,z = /a(z)w(z)dz; - - dzm &T 5 &, divergence DI div, & =
L aiv(we) £, £RD
divoby = ~ diviws(wb— Vw)}
Woby = =div{w=(w w
-1 div(wb — Vw)
w
= -—iA*w = 0.
w
A, BRODEDITHBL.
Ay = div, (Vu) + (by - Vu).
Proposition 4 A, = A.
GiEH) Agu = % div(wVu) + (%‘(wb ~ Vw) - Vu)
= %(Vw - Vu) + %w div(Vu) + (b - Vu) — %(Vm -Vu)
= div(Vu) + (b - Vu) = Au. ///
CNTRYINTRU DI EE . LA TA L Aldoperator ELTIRRAIL HDTH BN, €

Z T S measure(volume element) 13,

ADEE/a(z)dT - - - dTpm, A, D EEVw(z)/a(z)dzy - - - dopy
THB. 7ZM5 semigroup THNTH
ey —u , ey —qy .
— Au (in LP(Q, dox)), — Ayu (in LP(Q, dux))

V3 H72% measure 2> T3 Z &iTiR5.

ADEET, BRAMORELD /a(z) >HDEE> 0MEABN, A,0EER, ZOEDHTE
w(z) > 0 LMBATARWN, 25, JTTDmeasure &EDFMEMIZHT LB E AR EAFEERT
BH5.
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On the Hyers-Ulam stability of a differentiable map

Takeshi Miura (Niigata University)

Abstract. We consider a differentiable map f from an open interval I to C(X), the Banach
space of all complex-valued bounded continuous functions on a topological space X. Let €
be a non-negative real number, A a complex number so that Re A # 0. Then we show that
f can be approximated by the solution to C(X)-valued differential equation x'(t) = Az(t), if
Il7 @) = Af(®)]loo < € holds for every ¢ € I.

R CEHLEDELSEFDLT LTS, L ITRROMEMETSE. TROLI =
(a,b),—~00 < a < b< 0o Thd. KB LRVIBY A IZ0 THRVERE, < BFFAOEHKL
$%. Alsina-Ger[1] i3 TRERBE f: T > RT|f (1) = f@)| <&, (t € ) BHTZTHD
PEAICHREL, TOLEXELIEHDTEH e BPFELT|f() — cet| <36, (t € I) BEY L
DI EERLL. ZORBOTRERE, BE f IMOTER o (t) = o(t) OIITEVIRS
ENETD L, BERIIHMOTBRROMCEHUENDZLEERLTCNS. 20X REK
TOREM# Hyers-Ulam stability &FFA TS, £ FHRIZL TO TROWEK r 2/ LT
IF () —rf()| <&, (t € ) RO |f(E) — cef| < 3¢/lr|,(t € ) RBER c BIFET D LD
ShB.

C(X) BAIFIZER X EOEREEA RNEEEHEA» D 725 Banach ZER &35, Bx
DEENEER f: T — O(X) 22T b Hyers-Ulam stability B8 Y 22 L &2FTZET

BB, TITCOX)IHEE & DBROMSTHMEERD L 5 1 EET 5.

BE 1 EE [ [ OX) PEOTHRETHS L%, EEOte KR LTS (1) € O(X) B

FELT

fi+h)—f
h

lim
h—0

(ﬂ—fﬁwm=0
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LRBIETHD. T o 1 X EORKE VETHD.
KROGEAFHESZHEICLVEDIIR/OND.
RE1f: ] CX)ZWMATEEL TS, ZOLERIIFAETHS.

L) = 2MO)lo <6, (E€T).

2. 55 g: I - CX)BEELT () = g()e™, |9’ (D)l < gem®eNt (1) D,

BT £'(1) = Af(t) DRRIZ f(t) = ge™, g € C(X) TH 5.

Cr(X) BALHZER X b0 Sk A FOE R 257> b 72 5 Banach M $5. r #0
R LB f T = Ce(X) B IF () = rf Dl < &, (t € 1) EHIFLE, [1] LRBC
Hyers-Ulam stability B Y 325 2 & BE BN TNS ([2]). 0% Y EOFERE 27T 5
FIES HBERO B B g 1o L VEHEh .

Fox DB F: T — C(X) ® Hyers-Ulam stability #7732 L Th B8, E9° X B—A

ELHTHIERICONWTE LS. ZOLERPF/LOND.
FEH 1 Red£0, f: [ - CIFBITHEET

IF'(®) =A@ <e, (tel)
ETBH. ZDEE

V2e
Re )|’

|f(t) = 0| < (tel)

250 € CRFETS.
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Sl ReA>0DEXHEXDL. ETHBLIMO |F (1) — M) < e DIRFIX F(2) = g(t)e
DFELTEY, |g'(t)] <ee®N EHId. Big OER, BWMELNLTI v u,u &F

BE ui(t) <ee®N(1=1,2) THB. ZTDLE
(1) = ui(t) = goye "V (te D)
REZBE, 0<i,(t) <2e®NTHHT Db, t<sRDIE
0 < fig(s) — (1) < oy {7 BN — N,

BBV SID. DT EDD supe; (1) < 00 THY, limy peupr () = supserii;(t) L8 D

b nB. Lo T

; € _(Re 5
ii;(t) + 5y e BN —diy(s)

’U,J(t) — hm ’f&j(S) R,e)\

s/supl

= lim
s Ssup

E
< ~(Re)\)t
= Rea®

ThB. TDEE O = lim, pep r{iia(s) + iiia(s)} £ B

1/2
FO =6 = lim [fn(®) = ()} + {ualt) — 5a(s)}?] " e
< 3/_2_£ o~ (Re )t (Red)t _ V2
- Re )\ Re )\

PEEDt € TR LTV DI LR ENT. FRIZLTRel < 0 DEE BIEHAS L

5. 8

EH 2 Red £0, f: I — C(X) i3S TRET

1F@) = M Olleo <&, (tET)
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CTAH TDEE

V2

I17() = 0o < R

(tel)

7% 0 € C(X) WFIET 5.

EI-I'I

Bl FzcXIHLTf: I 2CERDEDICEDD.

fao(t) = f(t)(=), (teD).

IDEE fIIMATIRET, SHIKFze XITHLT

(fo) (t) = f'(t)(z), (tel)

LB, ¥l

(f2) (8) = Ma®] <) =2 (D)oo <&, (EE D).
THBEPD, Fre XTRHLTEHRL OERATHRONIERE (z) LEL 2 LILTH. &
DEXOIEX D C~DEEKT

() = 6™ < l%%-l (e

BRI, E5120(z) DBV FND, 01X C(X) DEESIO—EFBRIZR>TnDd I Ld

5B, EoToeCX)Thb.

1 1 ReX = 0 @ & = Hyers-Ulam stability Z—BIZIERI LRV, EEE, ¢ > 0L
f) =ete® BBXDE|f' (1) —if(t)| =€ LD LDBHNPD. LIZBHD|f(E) —ce| < ke

725k>0,cc CIXFELRV.
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A Remark on Random Clarkson Inequalities

YAsuIl TAKAHASHI AND MIKIO KATO

Abstract. This is an announcement of the author’s recent result concerning an ex-
tension of the random Clarkson inequality.

Introduction.

Recently the authors et al. showed the following. If (p,p’)-Clarkson inequality
holds in a Banach space X, then the random Clarkson inequality (RCI) holds in X
([9, 10]), and a "weak converse” holds true in the following sense: If RCI holds, then
(p, 1)-Clarkson inequality holds in X ([2]; see also [10]). ((p,p')-Clarkson inequality
implies (p,1)-Clarkson inequality, whereas it is not known whether the former is
strictly stronger than the latter.)

We shall present an extension of the random Clarkson inequality which is valid
in a Banach space satisfying (p,p’)-Clarkson inequality, and as a consequence we
shall obtain that the converse assertion is true for our extended version of RCI

1. Random Clarkson inequality for a Banach space

In what follows let 1 < p <2, 1 <rs<ooand 1/p+1/p =1/r+1/r =
1/s+ 1/s'" = 1. In connection with the generalized Clarkson inequality given in
Kato [1] A. Tonge [11] presented the following random Clarkson inequality for L.

Theorem A (Random Clarkson inequality (RCI) for L,; Tonge [11]). Let
1<p<2, 1<rs<ooandn € N. Let A, = (a;;) denote a random n X n-matriz
whose coefficients are independent identically distributed random variables taking
the values +1 or —1 with equal probability. Then, E denoting the mathematical
expectation, for all fy, fa, ..., fa € Ly

n n s\ Vs n Lr
(1) E(Z > aif; > < Kneren) (Z Hfjli;> .,
p j=1

=1 ' j=1
where ¢(r,s;p) = max{1/r' +1/s—1/p', 1/s, 1/r'} and K is a constant independen!
onn,r and s. ‘
For the case 2 < p < co RCI (1) holds with the constant c(r, s; p').

This inequality was proved in a general Banach space setting by Takahashi and
Kato [9]:
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Theorem B (RCI for a Banach space; Takahashi-Kato [9], see also [10]).
Let1 <p<2, 1< r,s< 0. Assume that the following (p, p')-Clarkson inequality

(2) (lz +ylI”" + llz = yl")" < 247 (|[2|P + ly|P) /7

holds in X. Let A = (a;;) be as in Theorem A. Then, for allzy,zq, -+, 2, € X (resp.

X', the dual space of X)
s 1/s n 1/r
) < p,c(rsip) (Z H:LJHT> :
J=1

(3) E (Z
1=1

In the above theorem we note that (p,p’)-Clarkson inequality holds in X if and

only if it does in X' ([3]). A "weak” converse of Theorem B holds:

n

E aij:cj

i=1

where ¢(r, s;p) is as in Theorem A.

Theorem C (Kato-Persson-Takahashi [2, 10]). Let 1 < p < 2. If RCI (3) holds
in X, then the following (p,1)-Clarkson inequality

(4) lz + yll + llz = yll < 2(llll” + [lylI7)H?

holds in X. (Note that (p,p')-Clarkson inequality (2) implies (p,1)-Clarkson in-
equality (4), whereas it is not known whether the former is strictly stronger than the
latter.)

2. A global version of type inequality

A Banach space X is called of type p, 1 < p < 2, if for any (resp. some)

1 < 5 < oo there exists M such that
s 1/s n 1/p
dt) <M (}: ll%ll’”)
1=1

5) (/

for any finite system z;,---,z, € X, where r;(¢) are the Rademacher functions.
The smallest constant M satisfying (5) is denoted by T},;)(X).
X is called of cotype q, 2 < q < oo, if for any (resp. some) 1 < s < co there
exists M such that
s 1/s
dt>

n 1/q 1
) ,(lemvll") <M ( /

for any finite system zy,---,z, € X. The smallest constant M satisfying (6) is
denoted by Cy5)(X).

n

> ri(t)z;

1=1

n

> i)z

i=1
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Remark. If1 < s <355 < 00, then
1< Tp(Sl)(X) < Tp(Sz)v(X)y
Caon)(X) 2 Cy(e)(X) 2L

The next result of Kato-Takahashi [3] states the exact relation between the
notions of type, cotype, and (p, p')-Clarkson inequality (see [3] for further results).

Theorem D (Kato-Takahashi [3]). Let 1 <p<2and1/p+1/p' =1. Then the
following are equivalent.

(1) (p,p")-Clarkson inequality (2) holds in X.

(ii) X is of type p and T, (X) = 1.

(iii) X is of cotype p’ and Cp(y(X) = 1.

‘We now consider a global version of the type inequality (5), which we will need
to obtain our main result (Theorem 2). Obviously the left term of (5) is rewritten

as
e s 1/s n s\ 1/s.
([ [$0f)"- (o)

where ¢; denote a sequence of "random signs”, i.e., independent identically dis-
tributed random variables taking the values +1 with equal probability. We shall
use the latter expression in the following.

n

> ori(t)z;

i=1

Theorem 1. Let 1 < p < 2. Assume that (p,p’)-Clarkson inequality (2) holds
in a Banach space X, namely, X is of type p and T,y (X) = 1. Then for any
1 <r,5 < oo and for all finite systems z1,Tq, "+, Tn in X

R 1/s n 1/r
(7) (E ) < n7(e) (Z chjllr) >
7=1

where T(r, s;p) = max{l/r' = 1/p', 1/r' = 1[5, 0} = c(r,s;p) — 1/s (c(r, s;p) is as
in Theorem A).

n

E :fjmj

7=1

3. An extension of the random Clarkson inequality

Owing to Theorem 1, Theorem B is extended as follows; and as a consequence
the converse holds true for our extended version of RCI.

Theorem 2. Let 1 < p < 2. Suppose that (p,p’)-Clarkson inequality holds in «a
Banach space X. Let A = (a;;) be as in Theorem A. Then for any 1 < r,s,t < oc
and for all z1,Tq, -+, 2, i X, (resp., X').

o I

1/t
n

E ai]-:‘vj

i=1

n Hr
S_nc(r,s,t;lf) (Z HSII]”r> ’
7=1
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where c(r, s, t;p) = max{1/s +1/r = 1/p',1/5,1/¢',1/s+1/r' —1/t}.
Conversely, if the inequality (8) holds in X (or X'), then (p,p’)-Clarkson in-
equality holds in X .
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Convex sets and Inequalities

Sin-Ei Takahasi
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and
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Abstract. In view of the convex analysis theory, we give a new type of the power mean
inequality and the Holder inequality.

LD 8 AR CBRME S N e JERIBRENT % & BT B O REL T, ThdiR
2R LOBRME S DE FIT—DODARERANBHE LTS & &, BREALERITHN
LTCWB S BITFIEE 2B OTHA 5] LWVOMBRREZ FElk, —
DDERBE KA, T LTEDIGAFIE LT, Hlawka AR DO—D>DHAETH S
Djokovic NERICHRR 2 527z, 22Tk, ZOLEOHEBTHEL LTHRY
Frefh DRIz ONTEERT B,

ETEEPLBDE Y. WELEEOES X FoOIEAMEEE ¢ ¢, 0, 2E 2.

. (x) @(x)
= By M= o
where Z(p) ={xEX: @(x)=0} (i=0,1) LEX, O<mM<o 2KET D, f£-T
m@y(x) < px) <M, (x) (VxEX)
MDD, TZTH xEX THLT
D, ={(a,p)E R* @(x) < ag,(x) + ﬁfpo(x)}

m

LEE, ZOL5RbDDETOIEE
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Dy= 0, Do)

q}
BEZD, ZOEE, D, i3 R® EOZETRCHAMEELZEY. D, D&
(a, B) 12X ED—DDARER,
p=ag + Py,
BB LTS, £Z THAME D, 2FNDTDRO L > REKEEHT 5.
_ M @(x) — mM @y(x)
aq) B ;\an(-\'s)lil?nq)u(‘\') M (pl(x) — icho(x.)

ZDLE O=a,=M THYH., RO—BNHEREED,

Theorem 1. (i) Let (&, B) €D, be such that 1= W/T ,[,37 Then a,=a.
(i) {(o, HER™: 1 =+ 7 +,/,37 a,sar& D,

(iii) 1f a,<M. then D,C{(cf)ER | =15+0}.
(vi) If o,=M, then

D,N {(c, ﬁ)ER*[;’ZO}C{(a [3)ER =0 and ls ,/,32
REAH. (D) (26 LTI, (i), (i) and (vi) @2 L TIR(2) 22,

R, LOBHET, a,=M 0L&d, D,C{(a,B)ER™ 15 m} PSER Y AL
DOP, KERPTH D,

STEOHHTHME LTIRY EFTeROIEHFIZONTEET S,

JRHBI 1, Let X={(x;, -, x)ER":x, -+, x,>0} and rER. Set

1

X/ e+

@olxy, =, x,)y=min(x,, -, x,), @(f) = (———- 5 )I and @, (x,, -, x,) =max(x, --*, X,,)
foreach (x, -~ x)EX. ffoT m=M=1 ZDLE, HAOHMIMHEE D, 2RE
TBHZETHB. Let (a, HER™ RIZFMETH 5 :

(1) (. B)ED,,

+ e+ x)

!
) < amax(x, =+, x,) + fmin(x, -, x,), forall (x, -, x,) EX.

o[
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X,

: ()RR EFETH S -

Replacing x; by y;=
P B4 OV )i max(x,, =+, X,)

I

I + s F
(3) a+ Pu=sup {(__,._"._‘i) : min(y,, *--, ¥,) =4 and max{y, ---,y,) =1} forall

O<uxl.
(3) DHEW%E fu) TERY L.

fay=ut"" (O<u=<l) if t=0
and
1

fw) = (”“ +‘%")’ O<u=<l)if t=0.
T OBBIcEBRTS . EBRIROZ EBRDPD

The case of f<1: a(,,':",}l and

-1 1
1

ﬁz(n:.u-r)_(n_ 1)1‘(1—1)(11?0-1)) ! for all (nn

7l
D,:
" a+pB=1 forall a>n—,}—l-
if t>0 and
NS
ﬁz(nls(l..z);'(lz_1)'“(1*’)(11*(%1))[ forall 0<a=< —-‘1,',1
D,: n-1 '
no
if r<0.
- The case of t=10
(}’l-l)" i

p=

a+ﬁ>1ﬁxm1a>"~P

01 ol-n fora110<oc<”nl
a(/):T and Dq}

The case of t>1:

cmz(nﬁW’ramiawzuaJDERZ%hh)T'saam1a+ﬁzly

PLENBIROZ 3025,
(i) Let 0<r<1. Then
4rl’+"'+'x”’ ’ ] 1i(l-0 ’;l
— _<_oz.x,,+(nl - (n-1) ‘af <’"”) X

holds for all O0<x, <--- <x, and ( n-l ) <ax< ﬂ-,’,—l—. In particular,
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x4+l - (n- Dx, + x
n - n

(a)

holds for all 0 <ux, <--- <ux,
(i) Let t<0. Then

T -1

; !
X+ -+ x, : Li(L-1 ba-ogeea-n)
(‘"‘—_ﬁ‘“_" <ax,+|\nt -0 (n-1) ol By x

holds forall 0<x; <--<x, and O<a< ﬂﬁl- In particular,

L
x4+ x| (- Dy +xy
i = 7l

(b)

holds for all O0<x, <-- <x,.

(i) 4/x - x, <ox,+ ——r— ol holdsforall 0<x, < <x, and

O<acx<l- 71,— In particular,

x,+(n-1)"1x
(C) \ X Xy = : 7l i

holdsforall O0<x; <+~ =<x,
(iii) Let #>1. Then

1
x4+ x|
1 .
( i 'L) <ax, + (1 - o),

|
holds for all 0<ux, <+~ <x, and (iﬁ—l) <a. Inparticular,

L |
(d) (X[i-i- ” + ,\"11)11 . (-/1;2 1 )l =.'X” .\ (1 ) (ﬂ’—z 1), . ,)X’

holds for all 0 <x; <. <.x,.

JGHBI 2, Let (£2.w) be afinite measure space and 0< p<g<rso. Let
X =L, 1
and set
euN=|f|, eH=|r|, and @(NH=]s],
for each fE€L(L, 1). Then
m= ‘u(Q)'I""’ and M = ,u(Q)““”.
and
D,={(a, ) ER*: Q)" = o ()" + B u() "} if dim L'(Q, wy=1.
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T CRAIIENDOESEEERT D,

M Q={L2}u{1H=a>0,u{2N=b>0,p=1 and r=o OHfH,

“DrE. m=(a+b) and M=(a+b) MBEELY ¥, Let (o, f) ER® KITFEIE
ThHd :
4) (. HED,

[
%) (axq + byq)q < o max (x, ¥) + Blax + by) forall x,y=0.

1
(6) a+ Bt=sup {(axq + 17)"1) T:ax+by=10<x,y<1 and max (x,y) =1} forall

min (g, b)) <t<sa+ b.
1

I
(7) a+/31,>.(a"‘!(t—b)‘1+b)‘7 forall b<t<a+b anda+ﬁtz(b'"’(1-cz)"+a)” for all

astsa+b.
ZITCHEE (D ERSBETLH L.
Dw=«a¢96R2Jﬁsa+ﬁaa%sa+ﬁaam1m+hﬁsa+ﬁm+bn
BV SOz Eban B, FZ T, Theorem 1, (i) and (i) 7> 5
_ b¥a+b) - bla+b)
(A min(a, b)

B, ZOLE D, OEEEZRD 2 EPBTRD T LR,

min(a, b) ' min(a, b) b-a * b-a

(b%(a +b)-bla+b)t (a+b)i-bi )'a d (a#b -abt bi- a%,)

BN BIIROAER 2 AT

1 .t
(ax‘l + byq)" < %(W(a + b) - b(a + b)%) +

ax + by

m((a + b »lﬁ)

forall @. b, x,y>0 and g> 1. FFZ,

1
(e) (x‘f + _)-'q)"’ < max(x, y) + (2’[' —l)min(x, y)
forall x, y>0 and ¢> 1. %5 2 QU SEIFKROAERNE LT
1 aib - ab bi-at
€ g\ e T ) 70 a4 . ,
.((u 1+ by 1) < b a max(x, y) + b o (ax + by)
forall a, b, x,y>0 and g>1. &FT.
: 1
¢y) (x‘l + )“1)‘7 < max(x, y) + —%min(x, v)

forall x,y>0 and g>1.
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FEE 2. (@) ~ O BBFOARERPHEL Z L3RS,
?j‘Ef‘FifS (d) T =2 BIL, (e) XTTL %,

ARG 2«‘1-1<;‘1— g>1) THAEPD, @I ® L0y —7Thd, I2bhhrb
Ef\ :ﬂ 6 &i—?ﬂ‘fi 5.&%1[‘1;‘?‘%)) 6éEihTCZ:%ﬁ-(‘:%5 .

()l <p<g<r and u is non-atomic NHFHE.

let fEX. %«1—7[;:6/,—}— T“l Vi AANEN t:;:f), SZ;“:Z’
P _ P\1_49_1 p

p_t-pq 1/q-1/1r _1.L . 1/q-17r

SgTrg-pqd— 1/p-17r g~ "S54~ " "1/p-1/r

BIY o, BT T, y= i EBC L, 0<y<1 THY, Holder DR
B/
¢ ) T]
11, —(fcfiw) (/mm ax) <[ 171" f 111
(8)

’I

. /,

RiT. >0 ZEMIC fix T 5. vu—ﬁ7_ L rw< e, Young DR

LA A= (1) sl ) = L
() =u-ﬁﬂfw+4deWHw
=drl+o(1%)"" 171,
HL., a=(1-pe LLEMPD,
(10) 71, =al 7l o(7%) oA,

BV IED, ZZT, a>0 |ZEETHHZeExD L.
{(e, B):a>0, =)} & D,

ALY . AL, /z(a):y(]fj‘},)"'““"’ (@>0). LZAT, 4

o= (1 - () r
e SR
(11) {(a. By O<a=<oy Bz} =D,N{(c. f): 0<a=ag
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AT LRTES, KB (10 RTEBHLOLEFARME. (8)and (9) &as
EBRIThHI LICERT B L.
£,

{]f(u))l weQ}C {0, c} forsome ¢ ER and( ) ][fi
THHZ RPN D. I T,

Pr

az(T%VyF7W
LRL. O<asa, THBMY, asuQ) THBEZEBRIETE DT,
m&=aﬁéﬂM%éw4%ab.AfwﬁwﬁﬁxA%%iéa\

[1%) Tl =1,

MO, Fe-T F=xa 13 (10) ROFEFEHY TSP D, (1) BRERD
itz d, REII

He =y 1% T = (%) @0

and

] Ll a V' o1 ([ a Y (40
h(w*W-YVb-y) ‘yu-w(le (>0

THBEPL, o) FERFIMEETHD, HoTU) AP D ay=o, 2155,

W = @) P IR LT, W)= &R &, a=a, &ED, B

i (e Iag) WEHR &+ Bo1 LieRoTn BT LaRBT ERTES, HIE
y-1 1-v_ Iy_ r9-pr-p_ 4-p_pr-49_1_1
e =0 P= G5 = 5 = pd =q 7
ICHERLT,

m(l W‘—)"LL(Q)‘I P-u(Q)' /7(1 )’)M(Q)I’ G

I- 1o
"M(Q)‘/ 1’-[1(‘9) /7 + r +'ylu(g) /7 * ;:/

|
,yu(Q) p ey
—/l(ao)

LRBPOTHD, #-T, Theoreml, () 5. a,<a, TRIFITRER, H
Eb,

a,=(1-Pu@)r 7
and
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l%:ﬂmﬁr0<asawﬁzM@}Uﬂmﬁ%az%ﬂ%ﬁgzl}

ThHD, FHZIRDOAFALERD Y LD,
[£],<U- pu@7 7 7], + v * 1

L/ig-11/r
where y= T/—%_—ﬁ?'

HEE4. (10) 2T, wQ) REBE TR TH, FELNQ, )NL(Q, wy THIuLHE
T AYAC R

p!

23 3k

I. S.-E. Takahasi, Y. Takahashi and A. Honda, A new interpretation of Djokovic's
inequality, to appear in J. Nonlinear & Convex Analysis.

2. S.-E. Takahasi and Y. Takahashi, MEE&IZBIT B AEXD—DODEAE, to appearin
RIMS Kokyuroku.
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