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Estimators of Bivariate Extreme Value Copulas

SUZUKAWA Akio∗

1. Introduction

Copulas are functions that join multivariate distribution functions to their
one-dimensional margins. A class of copulas derived from the limiting behavior
of component-wise maxima of independent, identically distributed samples is
that of extreme value copulas. Unlike the univariate case, there is no finite-
dimensional parametrization in the multivariate extreme value distributions.
In other words, the class of extreme value copulas cannot be represented by
finite-dimensional parameters. The multivariate extreme value distributions
have been discussed in many textbooks of extreme value theory or copulas
theory, for example, Galambos [8], Resnick [20], Joe [13], Kotz and Nadarajah
[15], Beirlant et al. [1], Castillo et al. [4], de Haan and Ferreira [10] and Nelsen
[18].

In this paper we consider bivariate extreme value distributions. Without
loss of generality, we can assume that marginal distributions are exponentials
with unit means. Let X and Y be random variables with survival functions
F̄ (x) = P (X > x) and Ḡ(y) = P (Y > y), respectively. When (X,Y ) fol-
lows a bivariate extreme value distribution, its joint survival function can be
represented as

S(x, y) = exp

{
−(x+ y)A

(
y

x+ y

)}
(1)

for 0 ≤ x, y < ∞ with x+y > 0, where A : [0, 1] → [1/2, 1] is a convex function
satisfying A(0) = A(1) = 1 and

max(1− t, t) ≤ A(t) ≤ 1, t ∈ [0, 1]. (2)

The representation (1) was obtained by Pickands [19], and the function A is
called Pickands dependence function. The survival copula corresponding to
the survival function S is given by

C(u, v) = S(− log u,− log v) = exp

[
log(uv)A

{
log v

log(uv)

}]
, 0 ≤ u, v ≤ 1.

The copula is determined by the Pickands dependence function A. Important
examples of A are the lower and upper bounds of (2). If A(t) ≡ 1 (the upper
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bound), then X and Y are independent. If A(t) = max(1 − t, t) (the lower
bound), then X and Y are completely dependent, that is, X = Y holds with
probability one.

Several parametric models for A have been presented by Tawn [22], Joe
[13], Kotz and Nadarajah [15] and Beirlant et al. [1]. One of the classical
parametric models is the so-called logistic model, proposed by Gumbel [9],
and defined by

A(t) = {(1− t)q + tq}1/q, t ∈ [0, 1], (3)

where q ≥ 1 is a dependence parameter. Independence and complete de-
pendence correspond to q = 1 and q = ∞, respectively. Another classical
parametric model is the so-called Marshall and Olkin [17] model, defined by

A(t) = max(1− θt, 1− θ(1− t)), t ∈ [0, 1], (4)

where θ ∈ [0, 1] is a dependence parameter. Independence and complete de-
pendence correspond to θ = 0 and θ = 1, respectively.

We are concerned with nonparametric estimation of the Pickands depen-
dence function A. A nonparametric estimator of A was proposed by Pickands
[19]. Modifications of the Pickands estimator were suggested by Tiago de
Oliveira [23], Deheuvels and Tiago de Oliveira [6], Deheuvels [5] and Hall
and Tajvidi [11]. Another type of nonparametric estimator was proposed by
Capéraà et al. [3] . Modifications to satisfy the constraints of convexity were
suggested by Hall and Tajvidi [11], Jiménz, Villa-Diharce and Flores [12] and
Fils-Villetard et al. [7].

The nonparametric estimators can be classified into two families: Pickands
[19] type estimators and Capéraà-Fougères-Genest (CFG) [3] type estimators.
Based on a simulation study, Capéraà et al. [3] discussed comparison between
the Pickands-type estimators and the CFG-type estimators. The results indi-
cate that the CFG-type estimators are preferable to the Pickands-type estima-
tors under a wide range of dependence structures. Segers [21] gave a unified
treatment of the Pickands-type and CFG-type, and showed that the CFG-
type is asymptotically more efficient than Pickands-type under independence
of X and Y . The unified treatment and the moment formulas obtained by
Segers [21] are very useful to discuss several properties of the nonparametric
estimators. In this paper, we develop the unified treatment a little further
and propose a new class of nonparametric estimators for the Pickands depen-
dence function. The class includes both the Pickands-type and the CFG-type
estimators.

The outline of the paper is as follows. In Section 2, we define a new class
of nonparametric estimators for the Pickands dependence function. Asymp-
totic properties of the nonparametric estimators are investigated in Section 3.
In Section 4, we discuss asymptotic comparison of the estimators under the
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Marshall-Olkin model. In Section 5, we report simulation results under the
logistic model and the the Marshall-Olkin model. All the proofs are gathered
in an Appendix.

2. A class of estimators for Pickands dependence function

Let (Xi, Yi), i = 1, 2, . . . , n be random samples from the bivariate survival
function (1). For t ∈ [0, 1], define

ξi(t) = min

(
Xi

1− t
,
Yi
t

)
, i = 1, 2, . . . , n.

Then, ξi(t) is exponentially distributed with mean

1

A(t)
= E[ξi(t)]. (5)

Pickands [19] estimator is an empirical version of this moment equation, and
which is defined by

1

ÂP(t)
= n−1

n∑
i=1

ξi(t) = n−1
n∑

i=1

min

(
Xi

1− t
,
Yi
t

)
.

The estimator does not satisfy the constraints A(0) = A(1) = 1.
Deheuvels [5] proposed an estimator ÂD(t) defined by

1

ÂD(t)
= n−1

n∑
i=1

{ξi(t)− (1− t)(Xi − 1)− t(Yi − 1)},

and which satisfies ÂD(0) = ÂD(1) = 1. This estimator can be considered as
an empirical version of a moment equation

1

A(t)
= E[ξi(t)− (1− t)(Xi − 1)− t(Yi − 1)]. (6)

Another nonparametric estimator was proposed by Capéraà et al. [3]. They
focused on equations

logA(t) =

∫ t

0

Pr{Yi/(Xi + Yi) ≤ z} − z

z(1− z)
dz

= −
∫ 1

t

Pr{Yi/(Xi + Yi) ≤ z} − z

z(1− z)
dz.

Replacing the distribution function Pr{Yi/(Xi + Yi) ≤ z} by the correspond-
ing empirical distribution function n−1

∑n
i=1 I{Yi/(Xi + Yi) ≤ z}, where I is

3
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the indicator function, Capéraà, Fougères and Genest (CFG) [3] estimator is
defined by

log ÂCFG(t) = p(t)

∫ t

0

n−1
∑n

i=1 I{Yi/(Xi + Yi) ≤ z} − z

z(1− z)
dz

−{1− p(t)}
∫ 1

t

n−1
∑n

i=1 I{Yi/(Xi + Yi) ≤ z} − z

z(1− z)
dz,

where p(t) is an appropriate weight function on [0, 1]. Beirlant et al. [1] and
Segers [21] showed that ÂCFG(t) is an empirical version of an equation

− logA(t) = E [log ξi(t)− p(t) logXi − {1− p(t)} log Yi] , (7)

and ÂCFG(t) can be expressed as

− log ÂCFG(t) = n−1
n∑

i=1

[log ξi(t)− p(t) logXi − {1− p(t)} log Yi] .

In this paper, we consider Box and Cox [2] power-transformation on [0,∞)
defined by

ϕλ(x) =

{
λ−1(xλ − 1), λ > 0,
log x, λ = 0.

It can be easily verified that

E[ϕλ{ξi(t)}] =
{

Γ(1 + λ)ϕλ{1/A(t)}+ λ−1{Γ(1 + λ)− 1}, λ > 0,
− logA(t)− γ, λ = 0,

where Γ is the gamma function and γ is the Euler’s constant. Let a(t) and
b(t) be appropriate weight functions on [0, 1]. Then, it can be seen that

E[ϕλ{ξi(t)} − a(t)ϕλ(Xi)− b(t)ϕλ(Yi)]

=

{
Γ(1 + λ)ϕλ{1/A(t)}+ λ−1{Γ(1 + λ)− 1}{1− a(t)− b(t)}, λ > 0,
−ϕ0{1/A(t)} − γ{1− a(t)− b(t)}, λ = 0.

From this, we can obtain an expression

Γ(1 + λ)ϕλ{1/A(t)} = E[ϕλ{ξi(t)} − a(t)ϕλ(Xi)− b(t)ϕλ(Yi)] (8)

−λ−1{Γ(1 + λ)− 1}{1− a(t)− b(t)}.

This equation is a generalization of equations (5), (6) and (7). When λ = 1
and a(t) = b(t) ≡ 0, the equation (8) reduces to (5). If λ = 1, a(t) = 1− t and
b(t) = t, then (8) gives (6). If two weight functions are chosen as a(t) = 1−p(t),
b(t) = p(t) and let λ → 0 in (8), then (7) is obtained.

4
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The equation (8) suggests estimating A(t) by replacing the expectation
term in (8) by the corresponding sample average. We define an estimator
Âλ(t; a(t), b(t)) by

ϕλ{1/Âλ(t; a(t), b(t))} (9)

=
1

nΓ(1 + λ)

n∑
i=1

[ϕλ{ξi(t)} − a(t)ϕλ(Xi)− b(t)ϕλ(Yi)]

−cλ{1− a(t)− b(t)},
where

cλ =

{
λ−1{Γ(1 + λ)− 1}/Γ(1 + λ), λ > 0,
−γ, λ = 0.

Noting that limλ→0 cλ = −γ = c0, as λ → 0 in (9), we have a CFG-type
estimator

− log Â0(t; a(t), b(t)) =
1

n

n∑
i=1

[log ξi(t)− a(t) logXi − b(t) log Yi]

+γ{1− a(t)− b(t)}.
From (8) and (9), we have

E
[
ϕλ{1/Âλ(t; a(t), b(t))}

]

=
1

Γ(1 + λ)
E [ϕλ{ξi(t)} − a(t)ϕλ(Xi)− b(t)ϕλ(Yi)]− cλ{1− a(t)− b(t)}

= ϕλ{1/A(t)},
for any fixed t ∈ [0, 1] and λ ≥ 0. Hence, ϕλ{1/Âλ(t; a(t), b(t))} is an unbiased
estimator of ϕλ{1/A(t)}. In (9), the term −cλ{1 − a(t) − b(t)} is a bias-
correction term. If a(t) + b(t) = 1, this term is not needed.

The Pickands [19] estimator, the Deheuvels [5] estimator and the Capéraà,
Fougères and Genest (CFG) [3] estimator can be expressed as

ÂP(t) = Â1(t; 0, 0), ÂD(t) = Â1(t; 1− t, t), ÂCFG(t) = Â0(t; 1− p(t), p(t)).

In the next section, we investigate asymptotic properties of Âλ(t; a(t), b(t))
with λ ≥ 0.

3. Asymptotic Properties

Assume that weight functions a and b are bounded on [0, 1]. Then, for any
fixed t ∈ [0, 1] and λ ≥ 0,

E[|ϕλ{ξi(t)} − a(t)ϕλ(Xi)− b(t)ϕλ(Yi)|] < ∞.
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Thus, by the strong law of large numbers, for any fixed t ∈ [0, 1] and λ ≥ 0,

lim
n→∞ϕλ{1/Âλ(t; a(t), b(t))} = ϕλ{1/A(t)} a.s..

Since the transformation ϕλ is continuous, Âλ(t; a(t), b(t)) is consistent, that
is,

lim
n→∞ Âλ(t; a(t), b(t)) = A(t) a.s..

The second moment of the transformed variate ϕλ{ξi(·)} is given by the
following lemma.

Lemma 1. For λ > 0 and 0 ≤ s ≤ t ≤ 1, covariance between ϕλ{ξ(s)} and
ϕλ{ξ(t)} is given by

Cov [ϕλ{ξ(s)}, ϕλ{ξ(t)}]

=
Γ(1 + 2λ)

2λ2

[ [
1− t

(1− s){A(t)}2
]λ

+

[
s

t{A(s)}2
]λ

+
λ

(1− s)λtλ

∫ t

s

wλ−1(1− w)λ−1

{A(w)}2λ dw

]
− {Γ(1 + λ)}2

λ2{A(s)A(t)}λ .

Letting λ = 1 in Lemma 1, we have

Cov [ϕ1{ξ(s)}, ϕ1{ξ(t)}] = Cov [ξ(s), ξ(t)]

=
1− t

(1− s){A(t)}2 +
s

t{A(s)}2 +
1

(1− s)t

∫ t

s

1

{A(w)}2dw − 1

A(s)A(t)
.

This formula has been obtained in Theorem 1 of Segers [21]. Covariance
formula between ϕ0{ξ(s)} = log ξ(s) and ϕ0{ξ(t)} = log ξ(t) has been given
in Theorem 2 of Segers [21]. The formula can be also derived from Lemma 1
as λ → 0. The result is given in the next corollary.

Corollary 2. For 0 ≤ s ≤ t ≤ 1, covariance between ϕ0{ξ(s)} = log ξ(s) and
ϕ0{ξ(t)} = log ξ(t) is given by

Cov[ϕ0{ξ(s)}, ϕ0{ξ(t)}] = lim
λ→0

Cov[ϕλ{ξ(s)}, ϕλ{ξ(t)}]

=
π2

6
+ (log t) log

1− t

1− s
+

∫ t

s

logw

1− w
dw − {logA(t)} log 1− t

1− s

−{logA(s)} log s

t
+

1

2

{
log

A(s)

A(t)

}2

−
∫ t

s

logA(w)

w(1− w)
dw.

The estimator Âλ(t; a(t), b(t)) consists of random samples of 3-dimensional
random vector

[ϕλ{ξ(t)}, ϕλ(X), ϕλ(Y )].

A covariance matrix of it is directly obtained from Lemma 1.

6
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Corollary 3. For any fixed t ∈ [0, 1] and λ > 0, a covariance matrix of
3-dimensional random vector [ϕλ{ξ(t)}, ϕλ(X), ϕλ(Y )] is given by

Σλ(t) =

⎡
⎣

σλ(t, t) σλ(0, t) σλ(t, 1)
σλ(0, t) σλ(0, 0) σλ(0, 1)
σλ(t, 1) σλ(0, 1) σλ(1, 1)

⎤
⎦ , (10)

where

σλ(t, t) = Var[ϕλ{ξ(t)}] = Γ(1 + 2λ)− {Γ(1 + λ)}2
λ2{A(t)}2λ ,

σλ(0, 0) = σλ(1, 1) = Var[ϕλ(X)] = Var[ϕλ(Y )]

=
�
Γ(1 + 2λ)− {Γ(1 + λ)}2� /λ2,

σλ(0, t) = Cov[ϕλ(X), ϕλ{ξ(t)}]

=
Γ(1 + 2λ)

2λ2

��
1− t

{A(t)}2
�λ

+
λ

tλ

� t

0

wλ−1(1− w)λ−1

{A(w)}2λ dw

�

−{Γ(1 + λ)}2
λ2{A(t)}λ ,

σλ(t, 1) = Cov[ϕλ{ξ(t)}, ϕλ(Y )]

=
Γ(1 + 2λ)

2λ2

��
t

{A(t)}2
�λ

+
λ

(1− t)λ

� 1

t

wλ−1(1− w)λ−1

{A(w)}2λ dw

�

−{Γ(1 + λ)}2
λ2{A(t)}λ ,

σλ(0, 1) = Cov[ϕλ(X), ϕλ(Y )]

=
Γ(1 + 2λ)

2λ

� 1

0

wλ−1(1− w)λ−1

{A(w)}2λ dw − {Γ(1 + λ)}2
λ2

.

Tawn [22] has stated that correlation between X and Y , whose margins are
exponential, is given by

Cor[X,Y ] =

� 1

0

1

{A(w)}2dw − 1.

From Corollary 3, we can obtain a generalized formula

Cor[Xλ, Y λ] = Cor[ϕλ(X), ϕλ(Y )] = σλ(0, 1)/σλ(0, 0)

=
2−1λΓ(1 + 2λ)

� 1
0

wλ−1(1−w)λ−1

{A(w)}2λ dw − {Γ(1 + λ)}2
Γ(1 + 2λ)− {Γ(1 + λ)}2 .

This is a correlation under Weibull margins. For any λ > 0, the two ex-
treme case Cor[Xλ, Y λ] = 0 and 1 correspond to independence A(w) ≡ 1 and
complete dependence A(w) = max(1− w,w).
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Fundamental asymptotic properties of Âλ(t; a(t), b(t)) are given by the fol-
lowing theorem.

Theorem 4. Assume that weight functions a and b are bounded on [0, 1].
Then, for any fixed t ∈ [0, 1] and λ ≥ 0,

E
[
Âλ(t; a(t), b(t))

]
= A(t) +

(1 + λ){A(t)}2λ+1 τ2λ(t; a(t), b(t))

2n
+O

(
1

n2

)
,

Var
[
Âλ(t; a(t), b(t))

]
=

{A(t)}2(λ+1) τ2λ(t; a(t), b(t))

n
+O

(
1

n2

)

and

√
n
{
Âλ(t; a(t), b(t))−A(t)

}
L→ N

(
0, {A(t)}2(λ+1) τ2λ(t; a(t), b(t))

)
,

where

τ2λ(t; a(t), b(t)) =
η′(t)Σλ(t)η(t)

{Γ(1 + λ)}2 ,

η(t) is a 3-dimensional column vector defined by η′(t) = [1,−a(t),−b(t)] and
Σλ(t) is the covariance matrix defined in Corollary 3.

From Theorem 4, the expected squared error of Âλ(t; a(t), b(t)) is given by

E

[{
Âλ(t; a(t), b(t))−A(t)

}2
]
= Var

[
Âλ(t; a(t), b(t))

]
+O

(
1

n2

)
,

and its main contribution comes from the variance term.
When a(t) = b(t) ≡ 0, the asymptotic variance is

{A(t)}2(λ+1) τ2λ(t; 0, 0) =
σλ(0, 0)

{Γ(1 + λ)}2 {A(t)}
2.

Thus, asymptotic relative efficiency (ARE) of Âλ(t; 0, 0) with respect to the
Pickands estimator ÂP(t) = Â1(t; 0, 0) is given by

ARE
[
Âλ(t; 0, 0), Â

P(t)
]
=

{Γ(1 + λ)}2
σλ(0, 0)

,

which does not depend on t. Figure 1 shows the ARE for λ ≥ 0. We can
see that the ARE is less than one for λ �= 1. If weight functions are not
used, then the Pickands estimator is asymptotically preferable. The estimator
Â0(t; 0, 0) is an CFG-type estimator without weight functions, and its ARE
is 6/π2 ≈ 0.608. From these results, it can be seen that the weight functions
a(t) and b(t) play a very important role in Âλ(t; a(t), b(t)).
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Figure 1. Asymptotic relative efficiency of Âλ(t; 0, 0) with respect to ÂP(t) =
Â1(t; 0, 0).

We now consider some conditions for the weight functions. From Theorem
4, asymptotic variances of Âλ(0; a(0), b(0)) and Âλ(1; a(1), b(1)) are given by

τ2λ(0; a(0), b(0)) =
{(1− a(0))2 + (b(0))2}σλ(0, 0)− 2b(0)(1− a(0))σλ(0, 1)

{Γ(1 + λ)}2 ,

τ2λ(1; a(1), b(1)) =
{(a(1))2 + (1− b(1))2}σλ(1, 1)− 2a(1)(1− b(1))σλ(0, 1)

{Γ(1 + λ)}2 ,

respectively. Thus, if a(t) and b(t) satisfy conditions a(0) = b(1) = 1 and
a(1) = b(0) = 0, then the above two variances vanish. This is natural because,
under these conditions, Âλ(t; a(t), b(t)) satisfies a preferable property

Âλ(0; a(0), b(0)) = Âλ(1; a(1), b(1)) = 1.

Partition Σλ(t) of (10) as

Σλ(t) =

⎡
⎣

σλ(t, t) σλ(0, t) σλ(t, 1)

σλ(0, t) σλ(0, 0) σλ(0, 1)
σλ(t, 1) σλ(0, 1) σλ(1, 1)

⎤
⎦ =

�
σλ(t, t) σ̃�

λ(t)

σ̃λ(t) �Σλ

�

and put η̃�(t) = [a(t), b(t)] Then, the asymptotic variance of Âλ(t; a(t), b(t))
can be expressed as

{A(t)}2(1+λ)

{Γ(1 + λ)}2
�
σλ(t, t)− 2σ̃�

λ(t)η̃(t) + η̃�(t)�Σλη̃(t)
�
.

For any fixed t ∈ [0, 1] and λ ≥ 0, this is minimized at

η̃(t)=

�
a∗λ(t)
b∗λ(t)

�
= �Σ−1

λ σ̃λ(t)=

�
σλ(0, 0) σλ(0, 1)
σλ(0, 1) σλ(1, 1)

�−1 �
σλ(0, t)
σλ(t, 1)

�
(11)

9

Estimators of Bivariate Extreme Value Copulas 

- 125 - 

  

年報 公共政策学 Vol.13 

- 124 - 

  



if Σ̃λ is nonsingular. Corresponding minimal variance is

{A(t)}2(1+λ)

{Γ(1 + λ)}2
{
σλ(t, t)− σ̃�

λ(t)Σ̃
−1

λ σ̃(t)
}
. (12)

We call a∗λ(t) and b∗λ(t) defined by (11) as optimal weight functions. These
functions satisfy a∗λ(0) = b∗λ(1) = 1 and a∗λ(1) = b∗λ(0) = 0, and hence,

Âλ(t; a
∗
λ(t), b

∗
λ(t)) satisfy

Âλ(0; a
∗(0), b∗(0)) = Âλ(1; a

∗(1), b∗(1)) = 1.

Singularity of Σ̃λ occurs only in complete dependence case because σλ(0, 1) =
σλ(0, 0) if and only if A(w) = max(1 − w,w) for all w ∈ [0, 1]. In other
words, except for complete dependence case, the optimal weight functions are
uniquely determined by (11). However, we can not know the optimal weight
functions because they depend on the unknown dependence function A.

4. Asymptotic Comparison under the Marshall-Olkin model

The purpose here is to explore a little further into optimalities of λ, a(t)
and b(t) in the estimator Âλ(t; a(t), b(t)). It seems reasonable to consider that
the optimalities depend on the unknown A(t). It is quite likely that strength
of dependence between X and Y mainly influences the optimalities of λ, a(t)
and b(t). In order to investigate such an influence, we assume the Marshall-
Olkin model defined by (4). It is a symmetric case of the nondifferentiable
asymmetric logistic model introduced by Tawn [22], and is just the Marshall
and Olkin [17] bivariate exponential model transformed to have unit expo-
nential margins. When θ = 0, we have independence. Complete dependence
corresponds to θ = 1. The joint distribution of X and Y is singular on the
line x = y, and

Cor[X,Y ] = Pr[X = Y ] = θ/(2− θ).

Define a function fλ on [0, 1] by

fλ(t) = λt−λ

∫ t

0
wλ−1(1− w)λ−1 dw.

This is one of the Gaussian hypergeometric function, that is,

fλ(t) = 2F1[λ, 1− λ;λ+ 1; t] =
∞∑
j=0

(λ)j(1− λ)j t
j

(1 + λ)j j!
,

where (c)j is Pochhammer’s symbol defined by (c)j = c(c + 1) · · · (c + j − 1),
cf. Johnson et al. [14].

10

年報 公共政策学 Vol.13 

- 126 - 

  



Under (4), it holds that

λ

� t

s

wλ−1(1− w)λ−1

{A(w)}2λ dw (13)

=

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

�
t

A(t)

�λ
fλ

�
(1−θ)t
A(t)

�
−

�
s

A(s)

�λ
fλ

�
(1−θ)s
A(s)

�
, t < 1

2 ,

2
(2−θ)λ

fλ

�
1−θ
2−θ

�
−

�
s

A(s)

�λ
fλ

�
(1−θ)s
A(s)

�

−
�

1−t
A(t)

�λ
fλ

�
(1−θ)(1−t)

A(t)

�
, s < 1

2 ≤ t,
�

1−s
A(s)

�λ
fλ

�
(1−θ)(1−s)

A(s)

�
−

�
1−t
A(t)

�λ
fλ

�
(1−θ)(1−t)

A(t)

�
, 1

2 ≤ s,

for 0 ≤ s ≤ t ≤ 1. A proof of this is in Appendix.
From (13) and Corollary 3, we have, under (4),

2λ2σλ(0, 0)

Γ(1 + 2λ)
=

2λ2σλ(1, 1)

Γ(1 + 2λ)
= 2− fλ(1),

2λ2σλ(t, t)

Γ(1 + 2λ)
=

2− fλ(1)

{A(t)}2λ , (14)

2λ2σλ(0, t)

Γ(1 + 2λ)
=

(1− t)λ

{A(t)}2λ − fλ(1)

{A(t)}λ +
I(t < 1/2)

{A(t)}λ fλ

�
(1− θ)t

A(t)

�

+I(t ≥ 1/2)

�
2

tλ(2− θ)λ
fλ

�
1− θ

2− θ

�

−
�
1− t

tA(t)

�λ

fλ

�
(1− θ)(1− t)

A(t)

��
,

2λ2σλ(t, 1)

Γ(1 + 2λ)
=

tλ

{A(t)}2λ − fλ(1)

{A(t)}λ +
I(t > 1/2)

{A(t)}λ fλ

�
(1− θ)(1− t)

A(t)

�

+I(t ≤ 1/2)

�
2

(1− t)λ(2− θ)λ
fλ

�
1− θ

2− θ

�

−
�

t

(1− t)A(t)

�λ

fλ

�
(1− θ)t

A(t)

��
,

2λ2σλ(0, 1)

Γ(1 + 2λ)
=

2

(2− θ)λ
fλ

�
1− θ

2− θ

�
− fλ(1),

where I is the indicator function.
The correlation coefficient between Xλ and Y λ is given by

Cor[Xλ, Y λ] = Cor[ϕλ(X), ϕλ(Y )] =
σλ(0, 1)

σλ(0, 0)
=

2fλ

�
1−θ
2−θ

�
− (2− θ)λfλ(1)

(2− θ)λ{2− fλ(1)} ,

and which is non-increasing with λ ≥ 0.
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Under complete dependence: θ = 1

Substitute θ = 1 into (14). Then, we have covariance matrix of (10) as

Σλ(t) =
Γ(1 + 2λ){2− fλ(1)}

2λ2

⎡
⎣

{A(t)}−2λ {A(t)}−λ {A(t)}−λ

{A(t)}−λ 1 1
{A(t)}−λ 1 1

⎤
⎦

under complete dependence. Because of the singularity, the optimal weight
functions are not determined by (11). In this case, the asymptotic variance of
Âλ(t; a(t), b(t)) is given by

{2− fλ(1)}{A(t)}2
λ2fλ(1)

�
1− {A(t)}λ{a(t) + b(t)}

�2
. (15)

Under complete dependence, if two weight functions satisfy a condition

a(t) + b(t) =
1

{max(1− t, t)}λ for all t ∈ [0, 1], (16)

then, (15) vanishes. This is a natural result. If (16) holds, then we have

Âλ(t; a(t), b(t)) = A(t) = max(1− t, t) for all t ∈ [0, 1] (17)

with probability one. This is shown in Appendix. When λ = 0, (16) reduces
to a simple condition a(t)+ b(t) ≡ 1. This shows that, in CFG-type estimator
(λ = 0), the weight functions a(t) = p(t) and b(t) = 1−p(t) are optimal under
complete dependence.

Under independence: θ = 0

When θ = 0, the covariance matrix of (10) is given by

Σλ(t) =
Γ(1 + 2λ)

2λ2

×
⎡
⎣

2− fλ(1) (1− t)λ−fλ(1)+fλ(t) tλ−fλ(1)+fλ(1− t)
(1− t)λ−fλ(1)+fλ(t) 2− fλ(1) 0
tλ−fλ(1)+fλ(1− t) 0 2− fλ(1)

⎤
⎦ .

From (11) and (12), the optimal weight functions and the corresponding min-
imal variance are given by

a∗λ(t) =
(1− t)λ − fλ(1) + fλ(t)

2− fλ(1)
, b∗λ(t) =

tλ − fλ(1) + fλ(1− t)

2− fλ(1)

and

1

λ2fλ(1)

�
2−fλ(1)− {(1− t)λ − fλ(1) + fλ(t)}2 + {tλ − fλ(1) + fλ(1− t)}2

2− fλ(1)

�
,
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respectively. When λ = 1, these reduce to a∗1(t) = 1−t, b∗1(t) = t and 2t(1−t),
respectively, and which have been already derived by Segers [21]. When λ = 0,
the optimal weight functions and the corresponding minimal variance are given
by

a∗0(t) = 1− 6

π2
L2(t), b∗0(t) = 1− 6

π2
L2(1− t)

and
π2

6
− {π2/6− L2(t)}2 + {π2/6− L2(1− t)}2

π2/6
,

where L2(t) is the dilogarithm function defined by

L2(t) = −
∫ t

0

log(1− w)

w
dw =

∞∑
j=1

tj

j2
.

These results for λ = 0 have been also obtained by Segers [21].
For λ = 0, 1/5, 1/3 and 1, the dotted curves in Figure 2 show the optimal

weight functions a∗λ under independence. The reason that two values of λ are
chosen as 1/5 and 1/3 will be discussed later. The optimal b∗λ is given by
b∗λ(t) = a∗λ(1 − t). The optimal weight functions under independence do not
satisfy the optimality condition (16) under complete dependence. They are
not optimal under complete dependence.

Under the Marshall-Olkin model: 0 ≤ θ ≤ 1

Covariances for general θ ∈ [0, 1] are given by (14). Unless θ = 1 (complete
dependence), the optimal weight functions a∗λ(t) and b∗λ(t) are uniquely deter-
mined by (11) and they are symmetric about t = 1/2. For λ = 0, 1/5, 1/3 and
1, the optimal weight functions a∗λ(t) are shown in Figure 2 when θ = 0, 0.5
and 0.8. In the Marshall-Olkin model (4), the correlation coefficient between
X and Y is given by θ/(2−θ). The two values θ = 0.5 and θ = 0.8 correspond
to the correlation coefficient= 1/3 and 2/3, respectively. The parameter θ can
be considered as one of the global dependence measures between X and Y .
From Figure 2, we can see that a∗1/5(t) and a∗1/3(t) do not so influenced by
θ. They are near to the simple weight function 1 − t. This is an important
property. For λ = 1/5 and 1/3, we can use the simple choice a(t) = 1− t and
b(t) = t independently of the dependency.

For each λ ≥ 0, the minimal asymptotic variance is given by (12). The
minimal asymptotic variances for λ = 0, 1/5, 1/3 and 1 are shown in Figure 3.
If two weight functions are optimally chosen, the Pickands-type (λ = 1) is inef-
ficient for all θ. Under independence (θ = 0), the minimal asymptotic variance
of the CFG-type (λ = 0) is the smallest. On the other hand, under θ = 0.5 and
0.8, the estimators of λ = 1/5 and 1/3 have smaller minimal variances than
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Figure 2. Optimal weight functions under Marshall and Olkin’s Model (4).
The dotted, broken and broken-dotted curves are under θ = 0, 0.5 and 0.8,
respectively. In each figure, the solid curve is the weight function ãλ(t) defined
by (18).

the CFG-type (λ = 0). When θ ≥ 1/2, the correlation coefficient between X
and Y is not less than 1/3. If the weight functions are optimally chosen, the
CFG-type is preferable under weak dependence asymptotically. The estima-
tors λ = 1/5 and 1/3 are superior to the CFG-type under dependence.

When the weight functions are optimally chosen, we can obtain the asymp-
totic relative efficiency (ARE) of Âλ(t, a

∗
λ(t), b

∗
λ(t)) with respect to the CFG-

type Â0(t, a
∗
0(t), b

∗
0(t)). Let us consider a relation between the ARE and the

parameter λ. We focus on the ARE at t = 1/4 and 1/2. Figure 4 shows the
relationship under θ = 0, 0.5 and 0.8. Under independence (θ = 0, the dotted
curves), the ARE for any λ > 0 is less than one. On the other hand, under
dependence (θ = 0.5 and 0.8, the dashed and solid curves), the ARE’s are
greater than one if 0 < λ < 0.4. Except for the independent case, there exists
a optimal λ ∈ (0, 0.4). This is the reason that we select λ = 1/5 and 1/3.

The above discussion is based on the optimal choice of the weight functions.
However, the optimals depend on the unknown dependence function A(t).
Segers [21] proposed an adaptive estimator, in which an initial estimator of
A(t) was used for estimating the optimal weight functions. Here we do not
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θ = 0 θ = 1/2 θ = 4/5

Figure 3. Asymptotic variance of Âλ(t; a
∗
λ(t), b

∗
λ(t)). In each figure, the solid

curve is for λ = 0, the dotted curve is for λ = 1/3, the broken curve is for
λ = 1/5 and the broken-dotted curve is for λ = 1.

Figure 4. Asymptotic relative efficiency of Âλ(t; a
∗
λ(t), b

∗
λ(t)) with respect to

Â0(t; a
∗
0(t), b

∗
0(t)). In each figure, the dotted curve, the broken curve and the

solid curve are under θ = 0, 0.5 and 0.8, respectively.
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use such an adaptive method. We propose weight functions

ãλ(t) =
1− t

{max(1− t, t)}λ and b̃λ(t) =
t

{max(1− t, t)}λ . (18)

When λ = 0 (CFG-type), these are the simple weight functions 1 − t and t,
respectively. When λ = 0, the simple weights are optimal under complete
dependence. For any λ ≥ 0, ãλ(t) and b̃λ(t) of (18) satisfy (16). Thus, these
are optimal under complete dependence. The condition (16) is important
in the sense that (17) holds if the bivariate data are completely dependent.
The weight functions defined by (18) can be considered as a generalization
of the simple weight functions. The solid curves in Figure 2 show ãλ(t) for
λ = 0, 1/5, 1/3 and 1.

Figure 5 shows the asymptotic variance of

Â0(t; 1− t, t), Â1/5(t; ã1/5(t), b̃1/5(t)), Â1/3(t; ã1/3(t), b̃1/3(t)). (19)

We can see that the estimator Â1/5(t; ã1/5(t), b̃1/5(t)) is asymtotically more

efficient than others. Even if θ = 0, Â1/5(t; ã1/5(t), b̃1/5(t)) is superior to the
CFG type with the simple weights. As we have seen in Figure 3, if the weight
functions can be chosen optimally for each λ ≥ 0, the CFG-type (λ = 0) is
more efficient under independence. As has been pointed out, the CFG-type is
sensitive to choice of the weight functions. In the CFG-type, the simple weights
a(t) = 1 − t and b(t) = t are optimal under complete dependence. However,
under weak dependence, the simple choice is inadequate for the CFG-type.
This is a reason that Â0(t; 1− t, t) is inferior to Â1/5(t; ã1/5(t), b̃1/5(t)) even if
θ = 0. Figure 6 shows the relationship between the parameter λ(≥ 0) and the
ARE of Âλ(t, ãλ(t), b̃λ(t)) with respect to Â0(t, 1 − t, t). It can be seen that
each curve representing the ARE attains a maximum around at λ = 1/5.

θ = 0 θ = 1/2 θ = 4/5

Figure 5. Asymptotic variance of Âλ(t; ãλ(t), b̃λ(t)). In each figure, the solid
curve is for λ = 0, the dotted curve is for λ = 1/3 and the broken curve is for
λ = 1/5.
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Figure 6. Asymptotic relative efficiency of Âλ(t; ã
∗
λ(t), b̃

∗
λ(t)) with respect to

Â0(t; 1− t, t). In each figure, the dotted curve, the broken curve and the solid
curve are under θ = 0, 0.5 and 0.8, respectively.

5. Simulations

To compare the finite-sample behaviours of the estimators (19), we car-
ried out the Monte-Carlo experoment under the logistic model (3) and the
Marshall-Olkin model (4). In the logistic model, Kendall’s tau and the corre-
lation coefficient are given by

1− 1/q and q−1{Γ(2/q)}−1{Γ(1/q)}2 − 1,

respectively.
For sample saizes n = 30, and 100, data are generated. In the Marshall-

Olkin model, the parameter values are selected as θ = 0, 1/2 and 4/5. The two
values θ = 1/2 and 4/5 correspond to the correlation coefficients= 1/3 and
2/3, respectively. In the logistic model, we choose q = 1.435 and q = 2.378,
which correspond to the correlation coefficients= 1/3 and 2/3, respectively. In
each experiment, the pointwise mean square errors (MSE) of three estimators
(19) are numerically evaluated.

Under the Marshall-Olkin model, simulation results show similar features
to the theoretical variance curves given by Figure 5.

Figure 7 shows the MSE under the logistic model. Under this model,
Â1/3(t; ã1/3(t), b̃1/3(t)) is not preferable. The difference between Â0(t; 1− t, t)

and Â1/5(t; ã1/5(t), b̃1/5(t)) are slight. When q = 1.435, Â1/5(t; ã1/5(t), b̃1/5(t))

has smaller MSE than Â0(t; 1 − t, t). However, the dominance relation is re-
versed when q = 2.378.

6. Concluding Remarks

A new class of nonparametric estimators for the Pickands dependence func-
tion has been proposed in this papar. It is based on the Box and Cox [2] power-
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n = 30
q = 1.435 q = 2.378
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n = 100
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Figure 7. Pointwise mean squared error of Âλ(t; ãλ(t), b̃λ(t)) under the the
logistic model (3). In each figure, the solid curve is for λ = 0, the dotted curve
is for λ = 1/3 and the broken curve is for λ = 1/5.
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transformation of a key random variable ξ(t) = min{X/t, Y/(1− t)} which is
exponentially distributed. The class contains the Pickand [19] estimator and
the Capéraà, Fougères and Genest (CFG) [3] estimator. Asymptotic proper-
ties of the estimators have been investigated. Under the Marshall-Olkin model
and the logistic model, both theoretical and numerical results indicate that
the estimator

Â1/5(t; ã1/5(t), b̃1/5(t))

is more preferable than the Pickand estimator and the CFG estimator. It is
likely that the fifth-root transformation has a connection with a normalization
of the exponential variable ξ(t).

The Marshall-Olkin model and the logistic model assumed in this paper
are symmetric at t = 1/2. It seems reasonable to suppose that performances
of the estimators depend on the asymmetry of the true dependence function.
It is a debatable point.

The Pickands dependence function is convex. In this paper, we have paid
no attention to convexity of the estimators. A convex estimator is obtained
by the projection method proposed by Fils-Villetard, Guillou and Segers [7]
using Â1/5(t; ã1/5(t), b̃1/5(t)) as an initial estimator. There is room for further
investigation on this point.

Appendix

Proof of Lemma 1.

Essential techniques for derivation of the covariance formula can be found in
Segers [21]. For any λ > 0, some modifications are needed. For 0 < s ≤ t < 1,

ξ(s)ξ(t) = min

(
X2

(1− s)(1− t)
,

XY

(1− s)t
,
Y 2

st

)
.

Thus, for λ > 0, we can express as

E
[
{ξ(s)ξ(t)}λ

]

=

∫ ∞

0
Pr

{
ξ(s)ξ(t) > z1/λ

}
dz

=

∫ ∞

0
Pr

{
X2 > (1− s)(1− t)z1/λ, XY > (1− s)tz1/λ, Y 2 > stz1/λ

}
dz

=

∫ ∞

0
E

[
I
(
X2 > (1− s)(1− t)z1/λ

)

× Pr

{
Y > max

(
(1− s)tz1/λ

X
,
√
stz1/λ

)
|X

}]
dz.
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From Lemma 1 of Segers [21], conditional survival function of Y given X = x
can be written as

Pr(Y > y|X = x) = exg(x, y),

where g(x, y) = S(x, y)Q(w), Q(w) = A(w) − wA�(w), w = y/(x + y) and A�

is a right-hand derivative of A.
Hence, we have

E
[
{ξ(s)ξ(t)}λ

]

=

∫ ∞

0
E

[
I
(
X2 > (1− s)(1− t)z1/λ

)

× eXg

(
X,max

(
(1− s)tz1/λ

X
,
√

stz1/λ

))]
dz

=

∫ ∞

0

∫ ∞

0
I
(
x2 > (1− s)(1− t)z1/λ

)

×g

(
x,max

(
(1− s)tz1/λ

x
,
√
stz1/λ

))
dxdz.

Let (x, z) = (x, uλx2λ) and v(u) = max((1− s)tu,
√
stu). Then,

E
[
{ξ(s)ξ(t)}λ

]
=

∫ ∞

0

∫ ∞

0
I((1− s)(1− t)u < 1)g(x, v(u)x)λuλ−1x2λ dxdz.

=

∫ 1
(1−s)(1−t)

0
λuλ−1

{∫ ∞

0
g(x, v(u)x)x2λ dx

}
du.

Denoting w(u) = v(u)/{1 + v(u)}, it can be written as

E
[
{ξ(s)ξ(t)}λ

]
(20)

=

∫ 1
(1−s)(1−t)

0
λuλ−1Q(w(u))

[∫ ∞

0
x2λ exp {−(1 + v(u))A(w(u))x} dx

]
du.

=

∫ 1
(1−s)(1−t)

0
λuλ−1Q(w(u))

Γ(1 + 2λ)

{(1 + v(u))A(w(u))}1+2λ
du.

= Γ(1 + 2λ)

∫ s
(1−s)2t

0

λuλ−1Q
( √

stu
1+

√
stu

)

{
(1 +

√
stu)A

( √
stu

1+
√
stu

)}1+2λ
du

+ Γ(1 + 2λ)

∫ 1
(1−s)(1−t)

s
(1−s)2t

λuλ−1Q
(

(1−s)tu
1+(1−s)tu

)

[
{1 + (1− s)tu}A

(
(1−s)tu

1+(1−s)tu

)]1+2λ
du.
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Put w =
√
stu/(1 +

√
stu) in the first term of (20), then

the first term of (20) =
2λΓ(1 + 2λ)

(st)λ

∫ s

0

w2λ−1Q(w)

{A(w)}1+2λ
dw

=
Γ(1 + 2λ)

(st)λ

∫ s

0

2λw2λ−1{A(w)− wA�(w)}
{A(w)}1+2λ

dw

=
Γ(1 + 2λ)

(st)λ

[{
w

A(w)

}2λ
]s

0

=
Γ(1 + 2λ)

{A(s)}2λ
(s
t

)λ
.

Put w = (1− s)tu/{1 + (1− s)tu} in the second term of (20), then

the second term of (20) =
Γ(1 + 2λ)

(1− s)λtλ

∫ t

s

λwλ−1(1− w)λQ(w)

{A(w)}1+2λ
dw

=
Γ(1 + 2λ)

2(1− s)λtλ

∫ t

s

(
1− w

w

)λ
{(

w

A(w)

)2λ
}�

dw

=
Γ(1 + 2λ)

2(1− s)λtλ

{[(
1− w

w

)λ( w

A(w)

)2λ
]t

s

+ λ

∫ t

s

wλ−1(1− w)λ−1

{A(w)}2λ dw

}

=
Γ(1 + 2λ)

2

[{
1− t

(1− s){A(t)}2
}λ

−
{

s

t{A(s)}2
}λ

+
λ

(1− s)λtλ

∫ t

s

wλ−1(1− w)λ−1

{A(w)}2λ dw

]
.

The result follows from

Cov[ϕλ{ξ(s)}, ϕλ{ξ(t)}] = Cov

[{ξ(s)}λ − 1

λ
,
{ξ(t)}λ − 1

λ

]

=
E
[{ξ(s)ξ(t)}λ]− E

[{ξ(s)}λ]E [{ξ(t)}λ]
λ2

.

Proof of Corollary 2.

Let, for λ > 0,

g(λ) = λ

∫ 1

0
uλ−1(1− u)λ−1 du =

2{Γ(1 + λ)}2
Γ(1 + 2λ)

.

Then, by using L’Hôpital’s rule, we can easily verify that, for any fixed x > 0,

lim
λ↓0

g(λ) = 2, lim
λ↓0

2− g(λ)

λ2
=

π2

3
, (21)
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lim
λ↓0

ϕλ(x)− log x

λ
=

(log x)2

2
, lim

λ↓0
ϕλ(x

2)− g(λ)ϕλ(x)

λ
= (log x)2. (22)

From Lemma 1, we can express as

g(λ)

{Γ(1 + λ)}2Cov[ϕλ{ξ(s)}, ϕλ{ξ(t)}] (23)

=
2

λ2
+ λ−1ϕλ

(
1− t

(1− s){A(t)}2
)
+ λ−1ϕλ

(
s

t{A(s)}2
)

+λ−1ϕλ

(
1

t(1− s)

)∫ t

s

{
1 + λϕλ

(
w(1− w)

{A(w)}2
)}

dw

w(1− w)

−g(λ)

λ2

{
1 + λϕλ

(
1

A(s)A(t)

)}

=
2− g(λ)

λ2

+
1

λ

[
ϕλ

(
1− t

(1− s){A(t)}2
)
+ ϕλ

(
s

t{A(s)}2
)
+

∫ t

s

dw

w(1− w)

−g(λ)ϕλ

(
1

A(s)A(t)

)]

+ϕλ

(
1

t(1− s)

)∫ t

s

dw

w(1− w)
+

∫ t

s
ϕλ

(
w(1− w)

{A(w)}2
)

dw

w(1− w)

+λϕλ

(
1

t(1− s)

)∫ t

s
ϕλ

(
w(1− w)

{A(w)}2
)

dw

w(1− w)
.

On the left-hand side of (23), g(λ)/{Γ(1 + λ)}2 → 2 as λ ↓ 0.
On the other hand, from (21), the first term on the right-hand side of (23)

converges to π2/3 as λ ↓ 0. The last term of (23) converges to zero. The third
term converges to

log
1

t(1− s)
log

t(1− s)

s(1− t)
+

∫ t

s
log

{
w(1− w)

(A(w))2

}
dw

w(1− w)

= −1

2
(log t)2 − 1

2
(log s)2 − 1

2
{log(1− s)}2 − 1

2
{log(1− t)}2

+2(log t){log(1− t)}+ (log s)(log t) + {log(1− s)}{log(1− t)}
−2{log(1− s)}(log t) + 2

∫ t

s

logw

1− w
dw − 2

∫ t

s

logA(w)

w(1− w)
dw.
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The second term can be written as

2nd term of right-hand side of (23)

=
1

λ

[
ϕλ

(
1− t

(1− s){A(t)}2
)
+ ϕλ

(
s

t{A(s)}2
)
+ log

t(1− s)

s(1− t)

−g(λ)ϕλ

(
1

A(s)A(t)

)]

=
1

λ

[
ϕλ

(
1− t

(1− s){A(t)}2
)
− log

(
1− t

(1− s){A(t)}2
)]

+
1

λ

[
ϕλ

(
s

t{A(s)}2
)
− log

(
s

t{A(s)}2
)]

− 1

λ

[
ϕλ

(
1

{A(s)A(t)}2
)
− log

(
1

{A(s)A(t)}2
)]

+
1

λ

[
ϕλ

(
1

{A(s)A(t)}2
)
− g(λ)ϕλ

(
1

A(s)A(t)

)]
.

From (22), it is seen that the second term converges to

1

2

[
log

1− t

(1− s){A(t)}2
]2

+
1

2

[
log

s

t{A(s)}2
]2

−1

2

[
log

1

{A(s)A(t)}2
]2

+

[
log

1

A(s)A(t)

]2

=
1

2
{log(1− t)}2 + 1

2
{log(1− s)}2 − {log(1− s)}{log(1− t)}

+
1

2
(log s)2 +

1

2
(log t)2 − (log s)(log t)− 2

(
log

1− t

1− s

)
{logA(t)}

−2
(
log

s

t

)
{logA(s)}+

{
log

A(s)

A(t)

}2

.

Proof of Theorem 4.

Let, for i = 1, 2, . . . , n,

Wλ,i(t) =
1

Γ(1 + λ)
[ϕλ{ξi(t)} − a(t)ϕλ(Xi)− b(t)ϕλ(Yi)]− cλ{1−a(t)− b(t)},

then, from (9),

ϕλ{1/Âλ(t; a(t), b(t))} =
1

n

n∑
i=1

Wλ,i(t).
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It is nothing but an arithmetic average of the i.i.d. random variables Wλ,i(t),
i = 1, 2, . . . , n, with mean

E [Wλ,i(t)] = ϕλ{1/A(t)}
and variance

Var [Wλ,i(t)] = τ2λ(t; a(t), b(t)).

For λ ≥ 0, define a function hλ(x) on [0,∞) by

hλ(x) =

{
(1 + λx)−1/λ, λ > 0
e−x, λ = 0.

Then, the k-th derivative of hλ(x) is given by

h
(k)
λ (x) = (−1)k(1 + λx)−khλ(x)

k−1∏
j=1

{1 + jλ},

and which is bounded on [0,∞) for k = 1, 2, . . .,. Noting

Âλ(t; a(t), b(t)) = hλ

(
1

n

n∑
i=1

Wλ,i(t)

)
and A(t) = hλ (ϕλ{1/A(t)}) ,

from Theorem 4.2.1 of Lehmann [16], we obtain

E
[
Âλ(t; a(t), b(t))

]
= A(t) +

τ2λ(t; a(t), b(t))

2n
h
(2)
λ (ϕλ{1/A(t)}) +O

(
1

n2

)
,

Var
[
Âλ(t; a(t), b(t))

]
=

τ2λ(t; a(t), b(t))

n

{
h
(1)
λ (ϕλ{1/A(t)})

}2
+O

(
1

n2

)

and
√
n
{
Âλ(t; a(t), b(t))−A(t)

}

L→ N

(
0, τ2λ(t; a(t), b(t))

{
h
(1)
λ (ϕλ{1/A(t)})

}2
)
.

Proof of equation (13)

We present a proof for s < 1/2 ≤ t. Equations for other cases can be shown
similarly.

λ

∫ t

s

wλ−1(1− w)λ−1

{A(w)}2λ dw

= λ

∫ 1
2

s

wλ−1(1− w)λ−1

(1− θw)2λ
dw + λ

∫ 1
2

1−t

wλ−1(1− w)λ−1

(1− θw)2λ
dw.
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Changing variable by y = (1− θ)w/(1− θw), we have

λ

∫ t

s

wλ−1(1− w)λ−1

{A(w)}2λ dw

= (1− θ)−λ

{
λ

∫ (1−θ)s
1−θs

1−θ
2−θ

yλ−1(1− y)λ−1 dw

+λ

∫ (1−θ)(1−t)
1−θ(1−t)

1−θ
2−θ

yλ−1(1− y)λ−1 dw

}

= (1− θ)−λ

{
2

(
1− θ

2− θ

)λ

fλ

(
1− θ

2− θ

)
−

(
(1− θ)s

1− θs

)λ

fλ

(
(1− θ)s

1− θs

)

−
(
(1− θ)(1− t)

1− θ(1− t)

)λ

fλ

(
(1− θ)(1− t)

1− θ(1− t)

)}
.

Proof of the equation (17)

Under complete dependence, Xi = Yi, i = 1, 2, . . . , n with probability one. In
this case, we have

ξi(t) = min

(
Xi

1− t
,
Yi
t

)
=

Xi

max(1− t, t)
=

Xi

A(t)
,

and

ϕλ(ξi(t))− a(t)ϕλ(Xi)− b(t)ϕλ(Yi)

= λ−1
[
Xλ

{
(A(t))−λ − a(t)− b(t)

}
− 1 + a(t) + b(t)

]

= λ−1{a(t) + b(t)− 1}.

Thus, from (9), it holds that

ϕλ(1/Âλ(t; a(t), b(t)))

=
1

nΓ(1 + λ)

n∑
i=1

λ−1{a(t) + b(t)− 1} − cλ{1− a(t)− b(t)}

=
a(t) + b(t)− 1

λ
=

(A(t))−λ − 1

λ
= ϕλ(1/A(t)).
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Estimators of Bivariate Extreme Value Copulas

SUZUKAWA Akio

Abstract

Extreme value copulas are the limiting copulas of component-wise maxima.
A bivariate extreme value copulas can be represented by a convex function
called Pickands dependence function. In this paper we consider nonparamet-
ric estimation of the Pickands dependence function. Several estimators have
been proposed. They can be classified into two types: Pickands-type estima-
tors and Capéraà-Fougères-Genest-type estimators. We propose a new class
of estimators, which contains these two types of estimators. Asymptotic prop-
erties of the estimators are investigated, and asymptotic efficiencies of them
are discussed under Marshall-Olkin copulas.

Keywords

bivariate exponential distribution, extreme value distribution, Pickands de-
pendence function
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