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On powers of p-hyponormal and log-hyponormal operators

Masatoshi Ito, Takayuki Furuta, Masahiro Yanagida and Takeaki Yamazaki
Science University of Tokyo

December 23, 1999

Abstract

This report is based on the following papers:

[FY1] T.Furuta and M.Yanagida, On powers of p-hyponormal operators, Scientiae Mathematicae 2
(1999), 279-284.

[FY2] T.Furuta and M.Yanagida, On powers of p-hyponormal and log-hyponoral operators, to appear
in J. Inequal. Appl.

(Il M.Ito, Generalizations of the results on powers of p-hyponormal operators, to appear in J. In-
equal. Appl. '

[Ym] T.Yamazaki, Eztensions of the results on p-hyponormal -and log-hyponormal operators by
Aluthge and Wang, SUT. J. Math. 35 (1999), 139-148.

A bounded linear operator T on a Hilbert space H is said to be p-hyponormal for p > 0 if
(T*TY? > (TT™)?, and T is said to be log-hyponormal if T is invertible and log 7*T > log TT™. We
shall show several results on powers of p-hyponormal and log-hyponormal operators as extensions of
the results by Aluthge and Wang [1}[2].

1 Introduction

BUF, ERZLIZe VNNV N H LOBFRBERFEERTI L LS5, T/, (EAZETHETH A
LIXIESESE, Bl (Tz,z) >0forallz e H LERL, T>0LETI L LT A,

FEEREDNEFR 2 RET AAENTH S Lowner-Heinz DRER “A > B > 0 ensures A% > B® for any
a€e 0,1 X, ae[0,1] £V HENGIRD/-DILHT A LTRETH o720 £ TROMREIHEL SN,
Theorem F (Furuta inequality 1987 [8][9]). P
If A> B >0, then for each r > 0,

()  (BfAPB%)i > (BSBPBY)i
and

(i)  (APAPA%)iT > (A*BPA%):

hold forp >0 aend g > 1 with (1 +r)g > p+r. (0,—7)

FIGURE

Theorem F @ (i) F7:13 (i) 128V Tr=0%,¢BL I EITLD, Lowner-Heinz OTERAENI D, F
7z, Theorem F ? (i) & (ii) ZEWIZEETH A Z & PMON TV 5, Theorem F DI85 XA —% p g, v DFE
WaERLIDP LTS SN, Z OB best possible TéH B Z L ATREN TV 5 [14], Theorem F D Fl
FERHIE [4)[13] THALNTEY, F4[9) Tk 1 =Y DFWATREN TV 5, Theorem F DIBAIE, %<
DHEEIZL>T, ROELOHHTELN TS, BT, (A-5) ICHE LWL DD DEREENT b,

(A) OPERATOR INEQUALITIES

(A-1) Several characterizations of operators satisfying log A > log B and their applications
(A-2) Applications to the relative operator entropy

(A-3) Applications to Ando-Hiai log-majorization

(A-4) Generalized Aluthge transformation



(A-5) Several classes associated with log-hyponormal and paranormal operators
(A-6) Other order preserving operator inequalities
(A-7) Operator functions implying order preserving inequalities

(B) NORM INEQUALITIES

(B-1) Several generalizations of Heinz-Kato theorem
(B-2) Generalizations of some theorems on norms
(B-3) An extension of Kosaki trace inequality and parallel results

(C) OPERATOR EQUATIONS

(C-1) Generalizations of Pedersen-Takesaki theorem and related results

2 Results by Aluthge and Wang

F# (normal) fERZE (&L T 7 = TT*) #&BEHAEOI TR E LT, KPMSINTW5,

Definition.
(i) T : hyponormal & 7 > 7T
(ii) T : p-hyponormal for a positive number p > 0 &L (T*TYP > (TT*)P.
(iii) 7" : log-hyponormal &% T is invertible and log T*T' > log TT*.
(iv) T": paranormal YN | T2z|| > ||Tz||? for every unit vector = € H.

INED7 AL TREETICETICE L OWEFINTWEDS, FDOH T p-hyponormal 12 L T
{3 [17], log-hyponormal {ZB§ L Tid [15], paranormal (2B LTI [3][7][12] AL TH <,
BN T ADBERBRIIOVT, ROERIFHLNT Y5,

Proposition.
(i) T : 1-hyponormal <= T : hyponormal.

(ii) T : p-hyponormal for p > 0 == T : g-hyponormal for p > q > 0.
(iii) T : invertible p-hyponormal for p > 0 == T : log-hyponormal.
(iv) T : p-hyponormal for p > 0 or log-hyponormal == T : paranormal.

B, FEOWMLZEEREZE X > 01220 T pl;ugox';;[ =log X BV Lo L5, log-hyponormal
i¥ p-hyponormal @ p — +0 DHFETH Y, FDOEKT 0-hyponormal L #EZ 5 LHNTEX 5,

INED7TADIEHEDREFIIOVTERZ 5, FEOHRE nIZOWT, TH normal Z5IET™ b
normal Th b Z LIIBHIHEIO NS, F72, T A% paranormal 72 51X T b paranormal TH5H Z & H°
RENTWES [T, LIL, ZOHRETH S hyponormal fEFHFE T (22T, T2 1&—f%IZ1E hyponormal T
ERnZ EAmoNTED, (11, Problem 209] ICZ D & ) Z{EAFZE T OBIARENT WD, ZOHEITIE
Proposition (i)(iv) L BIRDOFER L Y T : hyponormal = T : paranormal = T2 : paranormal &\ Z &A%
DIBDHTH o7z, TNIZEL TR Aluthge-Wang (2 & o T, Theorem F OnH & L TROFERITR
EE (VA
Theorem A ([2]). Let T be a p-hyponormal operator for p € (0,1]. Then

(T™T™)% > (T*T)? > (TT*)? > (T™T™)*%

hold for all positive integer n.

Corollary A ([2]). Let T' be a p-hyponormal operator for p € (0,1]. Then T™ is E-hyponormal for all

~ positive integer n.

Corollary A %5, {EE® hyponormal fEf % T 122wV T T? i {-hyponormal TH 5 Z X Gh Y, =
E T? 13 paranormal TH 5 & V) FIB DR L N THELRFMTH S (Proposition (iv) £ 0)o

_2 -



3 Extensions of the results
Yamazaki [Ym] t&, Theorem A DL LT, ROERER,
Theorem 1 ([Ym]). Let T be a p-hyponormal operator for p € (0,1]. Then
(T T 22 (T2 T 2 T°T
and
TT* > (T°T%")% > oo > (T"T™)»
hold for all positive integer n.
F 72, log-hyponormal (2B L Th, FEELRDEREZE,
Theorem 2 ([Ym]). Let T be a log-hyponormal operator. Then
(T T™E > > (T2 T2 > 7T
and

*

TT* > (T°T%")% > --- > (T"T™)+
hold for all positive integer n.
logt IMEASEHAMK TH S Z L H 5, Theorem 2 DFR & LT, ROBERHIENPNS,
Corollary 2 ([Ym]). Let T be a log-hyponormal operator. Then
log(T™T™)* > log T*T > log TT* > log(T"T™)*
hold for all positive integer n, i.e., T™ is also log-hyponormal.

Corollary 2 1% Aluthge-Wang 2 & 2 RDFERD—FLIZR 2T b,

Theorem B ([1]). Let T be a log-hyponormal operator. Then T2" s also log-hyponormal for all positive
integer n.

Furuta-Yanagida [FY2] i&, Theorem 1 ###HL LzkERE LT, R&RL7
Theorem 3 ([FY2]). Let T be a p-hyponormal operator for p € (0,1]. Then
(Tn*Tn)P—jg% >...> (Tz*Tz)lbgl > (T*T)p+l
and
(@7 2 (LT 2 > ()
hold for all positive integer n.

= O p-hyponormal {EFIFEICBET % Theorem 3 ? p =0 DIFED, b &) & log-hyponormal ERFICHE
T % Theorem 2 IZXE L TWAB Z EIFEELTHE L, .
ST OERDTHABEANT2EDL I, BN 0, Theorem 3 DEREX O & B L b
2B ROFEROFEREBNT 5o
Theorem 4 ([FY1)). Let T be a p-hyponormal operator for p € (0,1]. Then
(T T > (T TP+ and (TT*)PFL > (T°T™) 5

hold for all positive integer n.



Proof of Theorem 4. 1% B DARER
(T TS > (T*T)P+! (1)

BIRAETHAT %, 2EHOARERDFABICEEHEN S, TFn=1DBAXHELITHE, Kiln==F
THRYUDEEET S, BB

(Tk*Tk)l’-“{l > (T"‘T)p"'l. ()
ITHEERB N IZOWT A, = (TVTE = |T7¥ B, = (TrT™)% = [T % LBk
Ay = (T¥'THE > (T*T)P > (IT*)? = By (3)

DY MDe B HIE, (3) DEDREFIL(2) \Z Lowner-Heinz DAERX 2 FHT 52 &, HEORERI
T 7% p-hyponormal TH B Z LW X WVRILTAPLTH S, T OWDHE T =U|T| £ ¥ 5 & T* OEHF
T =U*T*| Thb, ZZTp = ;’;3 >1, 7 = % >0&BWVWT, A4 > By > 012 Theorem F ##A T
BT EIZEY

1

(THH TR BT < (U T TR TR T ) B

- U*(]T*]T’“*T"'IT*[)%%U

= U*(BF A B )RTh U

> U*Bi*U

— U*{T*IZ(”"'I)U

= jle(”‘”)

= (I"T)"*,
FoTn=k+1TRIELTHIEIPRENT BENSQ) BTFRTOEBRE n IZOWTHILT 5, O

4 TIZZEIT 72 p-hyponormal IZH T A2ERIETXTp e (0,1 DHETH 7245, Ito [ &, — KD
p>0DHFEEEZ S EIZL o T, Theorem 4, Theorem A DR TdH HROFEREZR LI,
Theorem 5 ([I]). Let T be a p-hyponormal operator for p > 0. Then the following assertions hold:
(1) T*T™ > (T*T)™ and (TT*)™ > T™T™ hold for positive integer n such that n <p+1,
(2) (T™*T™ 5P > (T*T)PHL and (TT*)P > (TT™)™ hold for positive integer n such thatn > p+1.
Corollary 5 ([I]). Let T be a p-hyponormal operator for p > 0. Then the following assertions hold:
(L) 77T > (T*T)" > (TT*)™ > T™T™" hold for positive integer n such that n < p,
(2) (T™T™)% > (T*T)P > (TT*)P > (TT™)% hold for positive integer n such that n > p,

i.e., T™ is min{1, 2}-hyponormal for all positive integer n.
{2, Theorem 3 DR TH L ROFERZR LIz,

Theorem 6 ([I]). For some positive integer m, let T' be a p-hyponormal operator form —1 < p < m.
Then

(Tn*Tn)ﬂ;{l S>> (Tm+2*Tm+2)£,+T12 > (Tm—i—l*Tm-i-l)f,’.{ll > (T*T)p+2
and

(TT*)P+L > (TmHipm+*y i > (pmt2pm+2y 35y 5 > (prpne) S8

hold forn=m+1,m+2,---.



4 Best possibilities of our results

BIIZ, AT OHEER D best possibility 12DV TE%ET %, Tanahashi (14] (&, Theorem F D37 X —%
DA best possible TH B Z L 2RI RDOERLEHL T,

Theorem C ([14]). Letp>0,¢>0andr >0. If 0 < g <1 or (1+7)g <p+r, there exist positive
invertible operators A and B on R? such that A > B >0 and

341"

A" $ (ATBPA%)G.
Theorem C % AT, p-hyponormal IZB83 % Theorem 5, Corollary 5 2% best possible Tdh 5 Z & & FK
Tk Theorem 7, Theorem 8§ SR &N 4,
Theorem 7 ([I]). Let n be a positive integer such thatn > 2, p >0 and a > 1.

(1) In case n < p+ 1, the following assertions hold:
(i) There ezists a p-hyponormal operator T' such that (T™*T™)* # (T*T)".
(i) There ezists a p-hyponormal operator T' such that (TT*)"® # (T™T"")“.
(2) In case n > p + 1, the following assertions hold:
(i) There exists a p-hyponormal operator T' such that (T"*T”)y‘#lﬂ 2 (T*T)Pthe,
(ii) There exists a p-hyponormal operator T such that (TT*)P+le ¥ (T"T”*)“(ﬁnﬂ

Theorem 8 ([I]). Let n be o positive integer such thatn > 2, p >0 and a > 1.

(1) In case n < p, there ezists a p-hyponormal operator T' such that (T™*T™)* 2 (T™T™*)2.
(2) In case n > p, there ezists a p-hyponormal operator T' such that (T™*T™)% # (T™T™*)%.

TR FEREAB > 01220V Tlogd > logB TE#H SN A JEF % chaotic order &5, Chaotic
order 1%, logt PMERFHAMKTH LI L0, BEDIEF A> B L) bFHWIEFTH S, 0 chaotic
order DIFHfHT & LT, ROFERERMPHON TS,

Theorem D ([5][6][10][16]). For positive invertible operators A and B, log A > log B if and only if
AT > (A BPA%)FE
holds for allp > 0 and r > 0.
Theorem C DJHA & LT, Theorem D 7f best possible Tdh 5 Z & Z R TRDOFERATRINT W5,

Theorem E ([18]). Let p > 0 and r > 0. If o > 1, there exist positive invertible operators A and B on
R? such that log A > log B and

AT® F (AEBPA%)wEr,
Theorem E % > T, log-hyponormal {289 % Theorem 2, Corollary 2 %% best possible ThbhbI Etr
F9R D Theorem 9, Theorem 10 AR EM 5,

Theorem 9 ([FY2]). Let n be a positive integer such that n > 2 and a > 1. Then the following

-

assertions hold:

(i) There exists a log-hyponormal operator T such that (T™*T™)% 2 (T*T)°.
(i) There exists a log-hyponormal operator T such that (TT*)® 2 (T™T™*)%.

Theorem 10 ([FY2]). Let n be a positive integer and o > 0. Then there ewists a log-hyponormal
operator T such that (T™*T™)w # (TT™*).

Theorem 7, Theorem 8, Theorem 9, Theorem 10 {%, R® Lemma # HWTFEH E N5,



Lemma ([FY2]). For positive operators A and B on H, define the operator T on @ H as follows:

~
Il
%
W o
>
B o
o

where D shows the place of the (0,0) matriz element. Then the following assertions hold:
(i) T is p-hyponormal for p > 0 if and oﬁly if AP > BP,

(ii) T is log-hyponormal if and only if A and B are invertible and log A > log B.

Furthermore, the following assertions hold for 8 > 0 and integers n > 2:

(iil) (T”*T")% > (T*T)P if and only if (BgA"“kBg)f“: > BP holds for k=1,2,...,n—1.
(iv) (TT*)P > (T™T™)% if and only if AP > (A¥B"~%A$)% holds for k=1,2,...,n — 1.
¥) (T™*T™% > (T"T"*)% if and only if AP > BP holds and (BSA™*B5)% > Bf and A% >

(A5B"*A%)E hold for k=1,2,...,n— 1.
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Properties on several classes including log-hyponormal operators

Masatoshi Ito, Masahiro Yanagida and Takeaki Yamazaki
Faculty of Science, Science University of Tokyo

Abstract

This report is based on the following papers:

[1]  M.Ito, Some classes of operators associated with generalized Aluthge transformation,
SUT J. Math., 35 (1999), 149-165.

2]  M.Ito, Several properties on class A including p-hyponormal and log-hyponormal op-
erators, Math. Inequal. Appl., 2 (1999), 569-578.

[Y] T.Yamazaki, On powers of class A(k) operators including p-hyponormal and log-
hyponormal operators, Math. Inequal. Appl., 3 (2000), 97-104.

[YY1] T.Yamazaki and M.Yanagida, A characterization of log-hyponormal operators via p-
paranormality, to appear in Scientiae Mathematicae.

[YY2] T.Yamazaki and M.Yanagida, A further generalization of paranormal operators, to
appear in Scientiae Mathematicae.

Recently we introduced several new classes of operators including log-hyponormal opera-
tors in [9]. Here we shall discuss some properties and generalizations of these classes.

0 Introduction

TITEEANV NER H EOBERBIEERER (BT, (EARLIES) ICOWTE RS, EAET
28 positive T 5 & X positive definite, BIH (Tz,z) >0forallz e H EEEL, T >0 &ET,
Normal (T*T = TT*) & {EAHED class & LT hyponormal (T*T > TT*) ., £ Dk
& T D p-hyponormal ((T*T)P > (IT'T*)P for p > 0) ®° log-hyponormal (T is invertible and
logT*T > log TT*) B&L<HBNTWD, &L, I D p-hyponormal X log-hyponormal & para-
normal (||T%z| > ]]T:z:][2 for every unit vector z € H) OBIRIZHT 2 BRRMREE5 2270
2, IROEFAED class 28 [9) TEA ST,
Definition ([9]).
T class A & |T2| > |T)2.
T : class A(k) for k> 0 & (T*|T2T) &1 > |72,

T : absolute-k-paranormal for k > 0 gl ”]T[’“T:c” > HT:(:]]Ic+1 for every unit vector z € H.

FiZ, class A(1) <= class A, absolute-1-paranormal <= paranormal Th %, T b DMK
D class DERIZ DWW TIZROFERD [9] THLIL T D,

Theorem 0.A ([9]).
(1) T : k-hyponormal for k > 0 == T : class A(k).

(2) T : log-hyponormal = T': class A(k) for k > 0.

(3) T : invertible and class A(k) for k >0 == T : class A(l) forl > k.

(4) T : absolute-k-paranormal for k > 0 == T : absolute-l-paranormal for I > k.
(5) T': class A(k) for k > 0 == T : absolute-k-paranormal.



Theorem 0.A £ ¥, operator inequality TEZ 7z class A(k) & norm inequality TERE S
7z absolute-k-paranormal 73 parallel Z2B3fRIC72 > TWBH Z &b

¥72, 2B & B Aluthge-Wang 13 [3] T w-hyponormal (|T| > |T| > |(T)*| where T = U|T|
is the polar decomposition of T and T' = ]T]%U]T ]%) #ZE# L7, w-Hyponormal i T @ Aluthge
I T = |T|3U|T|? %o TEZSNTWAZ LIZEE LTE<, w-Hyponormal & i {EMH =
D class & DBRIZRD L S 1Zle>TH 3 [1],

Theorem 0.B ([1]).

(1) T': p-hyponormal for p > 0 = T : w-hyponormal.

(2) T : log-hyponormal == T : w-hyponormal.

(3) T : w-hyponormal => |T?| > |T|? (i.e., T : class A) and |T*|? > |T*’|.

%0 E TR LI/ERZED class DRI Figure 1 D X 5 12722 T3,

normaloid
(1Tl =_r(1))

/

7

absolute-k-paranormal (k > 1)

\

paranormal

/ ......

class A(k) (/571;

\

class

//w i Uﬁ//

hyponormal
p-hyponormal
(0<p<1)
hyponormal
k-hyponormal (k > 1)
\ .....
Figure 1

T, INOOERED class ICBHE L 7= 3 DDEEEIZOWTHR S,

1 Some classes of operators associated with generalized Aluthge

transformation

Class A(k) & w-hyponormal IFEIA IZEASINTbDTH DN, TN O EHR—AIZEMET ST
WIZIRDOVERFED class % & T Do



Definition 1 ([I1]). For s,t> 0,
T: class wA(s, t) &5 (T[T |T*H) =+

2 [T and [Tf** > <1T151T*|2t1fr}s>ﬁ—t

Class wA(s, t) DEFRIT T O—f%{k Aluthge H T:; = |T|*U|T| %555 TKRD BEx
BT EMWTE D,

Proposition 1.1 ([I1]). Let T U|T| be the polar decomposztzon of T. Fors,t >0,
T : class wA(s,t) <= [Ts,t[5+t > |T|% and |T|* > |(Ts)* |s+t

b b XY, class wA(k,1) = class A(k), class wA(JQ—, %) <= w-hyponormal TH5 =
EWbnD, Eie, ZO class wA(s, t) I L TROEREH T

Theorem 1.2 ([I1]).

(1) T : p-hyponormal for p > 0 == T : class wA(s,t) for s,t > 0.

(2) T : log-hyponormal = T : class wA(s,t) for s,t > 0.

(3) T : class wA(s,t) for s,t >0 == T: class wA(, f) for a > s and § > 1.

Theorem 1.2 & class A(k) \ZB89 % Theorem 0.A @ (1)~(3) & w-hyponormal {289 % Theorem
0.BEEATHKRETHD, £7-, Theorem 0.A D (3) IZDVV T invertibility DIRENSSLETH D
73, Theorem 1.2 @ (3) Tl invertibility IZ{RE SN TWRWZ LIZEE L TEBL,

2 Several properties on class A and class A(k)
Paranormal OHE & LT, IROBERBMON TV D,

Theorem 2.A ([7][8][10][11]). Let T be a paranormal operator. Then the following assertions
old for every unit vector v € H;
[lT“a:[] ]]Tm”, i.e., T': n-paranormal for all positive integer n.
(2) : paranormal for all positive integer n.
(3) T7*: pamnormal (sz is mvertzble)
(4) [lTa:” < ||T2:c||2 <- “T”m[[ hold for all positive integer n.

TR LIS LT class A OMEIZBE L TROEREET,

Theorem 2.1 ([I2]). LetT be an invertible and class A operator. Then the following assertions
hold;

(1) [T”]% > |T|? for all positive integer n.

(2)1T™: class A for all positive integer n.

(3) T+ : class A.

(4) Ile <|T? <+ < ]T”]% hold for all positive integer n.

(5) |T*|? > ]TZ*I > > ]T"*I% hold for all positive integer n.

Class A (2% % Theorem 2.1 @ (1)~(4) & paranormal {Zx19 % Theorem 2.A @ (1)~(4) i
FNZFh parallel RIER LR TNDHZ EIZEELTEBL,
¥ 72, [12] TiX log-hyponormal IZX 3" 2 IRDFERBIREN TN S



Theorem 2.B ([12]). Let T be a log-hyponormal operator. Then the following inequalities hold
for all positive integer n:

(1) T*T < (T?T'T2)z < - < (T T™)=.
2) TT* > (T2T%)% > --- > (T"T™")=.

Sl S

Corollary 2.C ([12]). LetT be a log-hyponormal operator. Then T™ is also a log-hyponormal
operator for all positive integer n.

IT| = (T*T)% 720D C, Theorem 2.1 @ (4),(5) i Theorem 2.B DIEE % log-hyponormal 5>
class AICETHEOONDZ EEZRLTVD,

E7z, class A(k) DNERICBE L TROBEREZF T,

Theorem 2.2 ([Y]). Let T be an invertible and class A(k) operator for k € (0,1]. Then'T™ is
a class A(%) operator for all positive integer n.

Corollary 2.3 ([Y]). Let T be an invertible and class A operator. Then T™ is a class A(L)
operator for all positive integer n.

Invertible class A(L)=>class A 72D T, Corollary 2.3 iZ Theorem 2.1 @ (2) & Y ¥H 2 &R
LizoTWVND,

7o, Aluthge-Wang [2] I3 “T : p-hyponormal for p € (0,1] = T™ : Z-hyponormal for all
positive integer n” TH DI & &R L, ZDfERE, Corollary 2.C, Theorem 2.2 % F & ®HTH
HERDEDITIRD,

e T : p-hyponormal for p € (0,1] == T™ : E-hyponormal for all positive integer n.
e T : log-hyponormal == T™ : log-hyponormal for all positive integer n.

o T': invertible class A(k) for k € (0,1] => T™ : class A(£) for all positive integer n.

T 7% p-hyponormal D & & T LT X VIRV  class ICEFEHL, T Hclass A(k) DEETIET &V
P class ICEEND, Eo, TNEIICBNTT BT class £ ¥ log-hyponormal 23TV class
WWEENDZ BN B,

& AT, &I [6] Tclass A(p,T) ((IT’“]TIlei"}T*‘[T)PrH > |T*|?" for p,r > 0) 28 class A(k) @
JERE LTERS N, £, class Al(p,T) &%, svertible class A(p,7) TH D [6), TP X class

A(k,1) <=>class A(k). class AI(p,r) <= invertible class wA(p,r) THBH I LIZEELTEL,
Z D class AI(p,7) DREFTIZONTH, ROBEREE,

Theorem 2.4 ([Y]). Let T be a class Al(s,t) operator for s,t € (0,1]. Then T™ is a class

AI(E, %) operator for all positive integer n.

& bIZ, invertible w-hyponormal <=> class AI(%,1) &Y. w-hyponormal D& FiTR D & 5
Wb LRibhd,

Corollary 2.5 ([Y]). Let T be an invertible and w-hyponormal operator. Then T™ is a class

AI(%, glﬁ) operator for all positive integer n.



Class AI(p,r) <= invertible class wA(p,r) & Theorem 1.2 @ (3) & ¥ | Corollary 2.5 /& Aluthge-
Wang [4] \Z & » T BN 7z “T : invertible w-hyponormal == T? : w-hyponormal” % & A/ 72152
ThHhdI BN D,

3 A further generalization of paranormal operators

% 0 EC class A(k) & absolute-k-paranormal 7% parallel 2 BA{RIZ72 > T D T & 2R ~72 23,
Z DE T absolute-k-paranormal DYLIRTH V., FE725 2 B THI L7z class A(p,r) & parallel
72BERIZ 3 BYEFAZE @ class & LT absolute-(p, r)-paranormal Z KD K S IZEFK L, EHIZDONT
DFEMEIT D0

Definition 2 ([YY2]). Forp,r>0,
T : absolute-(p, r)-paranormal =N ]][T[PIT*[%”T > ]][T*]%[[HT for every unit vector x € H.

12, absolute-(k, 1)-paranormal <=> absolute-k-paranormal T ¥ . absolute-(p, p)-paranormal
i [5] TEZ &N p-paranormal (|||TPU|TPz|| > [[[T[”:z:”2 for every unit vector x € H where
T = U|T| is the polar decomposition of T) &—ET 5T LB b»Dd, £z, absolute-(p,r)-
paranormal IZB§ DR DFEREHT,

Theorem 3.1 ([YY2]). For each p,r >0,
T : class A(p,r) => T : absolute-(p, r)-paranormal.

Theorem 3.2 ([YY2]). For each p,r >0,
T : absolute-(p,r)-paranormal = T : absolute-(s,t)-paranormal for s > p and t > .

F7z, [6] TR D & 72 log-hyponormal @ class AI(p,r) & MV 7z characterization 237 &1
TV 5,

Theorem 3.A ([6]). The following assertions are mutually equivalent:
(1) T': log-hyponormal.

(2) T': class AI(p,p) for allp > 0.

(3) T': class AI(p,r) for all p,r > 0.

Z @ Theorem 3.A & parallel 2R E LTROEERZHT,

Theorem 3.3 ([YY1][YY2]). The following assertions are mutually equivalent:
(1) T : log-hyponormal.

(2) T : invertible and p-paranormal for all p > 0.

(3) T : invertible and absolute-(p,r)-paranormal for all p,r > 0.

Theorem 3.3 Tl, class AI(p,7) & D IAWERAZED class T#H 2 (invertible) absolute-(p,r)-
paranormal AV Th, Theorem 3.A & [Al#k7% log-hyponormal @ characterization 235 5415 Z
LERLTND,

THNBHDORER LY, class A(p,r), absolute-(p, r)-paranormal 1 Figure 2 @ X 5 i & T2 H
BT ENDLND,
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FURTHER EXTENSIONS OF CHARACTERIZATIONS OF CHAOTIC ORDER
ASSOCIATED WITH KANTOROVICH TYPE INEQUALITIES

MASASHI HASHIMOTO, MASAHIRO YANAGIDA AND TAKEAKI YAMAZAKI
SCIENCE UNIVERSITY OF TOKYO

ABSTRACT. We showed characterizations of chaoti¢ order via Kantorovich inequality in [23]. Recently
as a nice application of generalized Furuta inequality, Furuta and Seo showed an extension of one of our
results and a related result on operator equations in [15]. In this report, we shall show further extensions
of the results by Furuta and Seo by using essentially the same idea as theirs.

1. INTRODUCTION

This report is based on the following papers:
M.Hashimoto and T.Yamazaki, Further extensions of characterizations of chaotic order associated
with Kantorovich type inequalities, to appear in Scientiae Mathematicae.

M.Hashimoto and M.Yanagida, Further characterizations of chaotic order associated with Kan-
torovich type inegualities via Furute inequalily, preprint.

BV MER H EOFFRBERRIC W TE XS, 1ERA%E T 4 positive TH 5 &1 (Tz,z) > 0 for
allze H LEHEL, T>0L%YT, £/, T 2 positive 52 invertible T 5 & & T I strictly positive
ThHhd LW, T >0 &%, Positive operator DJEFZ#RET D5 REX L L THEA % Lowner-Heinz O E
#: A> B >0 ensures A* > B* for any a € [0,1] BXHD P, a > 1 OFFHISLT UHRILLRVDTIGA
ERETH oI, £ CTIALERZR L S ICRDEEPHELENT,

p (14+r)g=p+r

Theorem F ([8]). :
If A> B >0, then for each r > 0,

(i)  (B®APB%)7 > (BEBPB%):

and

(i)  (AEAPAE)T > (AEBPAE)S

hold forp >0 and ¢ > 1 with (1 +r)g>p+r.

(0: "T)

FiGURE

Theorem F O (i) F721 (i) 2BV Tr =0 & B< Z &IC L Y Lowner-Heinz DEEAE Hi 5, Theorem
F ORFERR I [4][16] THE A B TE Y, E7 [9] TiX one-page proof R EN TV %, Theorem F D37
A—% pq,r OFEFEERLEON LR TH BN, Z OMFEBEIL best possible Th B Z &3 [19] TRE LT,
Theorem F O#LIR E LT [12] THR®D Theorem G BFEILEN Tz,

Theorem G ([12]). If A> B > 0 with A > 0, then for each t € [0,1] and p > 1,
(1.1) ALt = AB (AT APAT ) AT} ooorr > {AF (AT BPAT ) AR} oo
holds for any s > 1 and r > t.

Ando-Hiai [2] TiZ log majorization (BT 2 EEH L FAER LD L LT, ROERARFFEADBRENT
Wa: If A> B >0 with A> 0, then

A" > {AF(AT BPAT) A%}
holds for any p > 1 and r > 1. ‘

Theorem G i3 Ando-Hiai i2 & 5 EDOREH & Theorem F B & % interpolate 2% b D Tdh %, Theorem
G DRBIFERIL [7] T/RE4, [14] Tik (1.1) ® one-page proof R ENTW D, EARTEN(L]) IKBiT3



SMUDTER =5 7% best possible TH 2 Z & 48 [20] TR &, [6],[22] THRRBIFEAD & 2 bhi,

Fiz, Bt L7 2 B89 Lowner-Heinz O EBICHEEL CTKRDOMELELTHB: A > B > 0 does not
always assure A* > B® for any a > 1. ZOA EORBEI2FHE T3 —2>DFE L LT Theorem F &%
Bl [13] TROEEST SN,

Theorem A.1 ([13]). If A> B >0 and MI > A >mI >0, then

M\"!
(;;) AP > K (m, M,p)A? > BP forp > 1,
where
(12) Ky (m, M,p) = E= 27 (M7 —mP)”

PP (M —m)(mMp —mPM)PH

Theorem A.1 X Holder-McCarthy inequality [17] & Kantorovich inequality: If MI > A > mI > 0,
then (A?z,z) < (r;z;ﬂ]\{!)z (Az,z)? holds for every unit vector x in H OFHICHE LHRTHD LW
5 L HEBELTRERY, B3k @M i3 Kantorovich 3k & FEEH, MBZ2FHEIC Ly HM° _
(mEM)? /(VmBD)? LB TE D, Eloy Ky(m,M,2) = O 4\ S BaE e LTh B s L £V
Ky (m,M,p) iX Kantorovich EBED—RILTHD EEZX D,

& T positive invertible operator A & B IZ%t L Clog A > log B CiE# S 7z)EFF% chaotic order. & M

5 X logt 23 operator monotone function THaHZ &b, BEDIEF A> B LD bBWEFIZA-
TWAZ bbb, Theorem F DA & LTKRD & 9 72 chaotic order DIFHAT TR L mbhTWA,

Theorem A.2 ([5][11]). Let A and B be positive invertible operators. Then the following assertions are
mutually equivalent:
(i) log A >logB
(ii) AP > (A¥BPA%)Z for all p > 0.
(iii) A* > (A¥BPA%)7= for allp>0 and u > 0.
(i) (i) X [1] TRENTWD, HKiE, [21] T (i)=>(iii) ® Theorem F 72} % AV 7o FEE ISR R EER A
rE, (i)=(1) CHERIERN [15] TR,
LARTFAT= B 1%, Theorem A.1 & Theorem A.2 DS & LT, ELTFD & 5 72 chaotic order DT %
RUT,
Theorem B.1 ([23]). Let A and B be positive invertible operators satisfying MI > A > mlI > 0. Then
the following assertions are mutuelly equivalent:
(i) log A > log B.
. (mP + MP)?
(ii) WA” > BP for allp > 0.

Theorem B.2 ([23]). Let A and B be positive invertible operators satisfying MI > A > mlI > 0. Then
the following assertions are mutually equivalent:

(i) log A > log B.
(i) My(p)AP > BP for allp >0, where h =2 > 1 and

AR

1.3 M = ——
( ) h(p) elog hT{PE—-T

LIF? 250 Lemman I2 X9, £TD p > 01kt LT EZEMI? o ar () 38521 3250 T, chaotic order

4dm?P MFP

st B+434H & LT Theorem B.2 M523 Theorem B.1 £V bREHERFERICR>TWNHZ LN DND,
" Lemma B.3 ([23]). Let K. (m, M,p) be defined in (1.2). Then

F(p,r,m, M) = K+(m’",M",p—:r)

is an increasing function of p, v, and M, and also a decreasing function of m for p > 0, r > 0 and
M >m > 0. And the following inequality holds:

P
(1.4) (-Af[-) > K, (m’,MT,p+T> > 1.
m T




Lemma B.4 ([23]). Let M >m >0, p> 0 and K (m, M,p) be defined in (1.2). Then

) = M(p),

lim K, (m",M’", ptr
730 r

where h = X > 1 and My (p) is defined in (1.3).

1
i, My(l) = B=UA7T i3 Specht’s ratio [3][18] &FRIEN TS, ZOEHIE M > 2, > m > 0

elogh
(i=1,2,--,n) BT L5 REM o loxf Ly TS, MBETICET 5 RORERE LT,
(h“l)h"_}f,, T+ T2+ Ty
T ologh | VETrEn 2 n -

Fio, BER ML) ZEOREXITBWTRRTHIZ LbRENTNS,
Theorem G DS & LT, Furuta-Seo {2k ¥ [15] TROEEMSFEL S 417z,
Theorem C.1 ([15]). Let A and B be positive invertible operators. Then the following assertions are
mutually equivalent:
(i) log A > log B.
(ii) For each o € [0,1], p > 0, u > 0 and s > 1 such that (p + au)s > (1 — a)u, there exists the unique
invertible positive contraction T satisfying

e

TAPTesT = (A% BP AT ).
(i) For each o € [0,1], p > u > 0 and s > 1, there exists the unique invertible positive contraction T
satisfying
TAPtaw)sT — (A5 BPAS)S,
(iv) For each p > 0, there exists the unique invertible positive contraction T satisfying
TAPT = BP.
& b [15] T Furuta-Seo 13 £® Theorem C.1 DiSAE LTROERLRL TV D, Ziid Theorem
B.1 ZEATERERIZR->TVS,
Theorem C.2 ([15])). Let A and B be positive invertible operators satisfying MI > A > mI > 0. Then
the following assertions are mutually equivalent:
(i) log A > log B.
(ii) For each o €[0,1], p> 0 andu >0,
(Mptews 4 m(p+aw)s)?
4 M (prauw)sm(ptau)s
holds for any s > 1 and (p + au)s > (1 — a)u.
(iii) For each o € [0,1] and p > u >0,

Alptav)s 5 (A5 BP AS)s

(M(P-i—ozu)s + m(p+au)s)2

(pt+au)s au au. g
D T > (AT BPAT)

holds for any s > 1.
.\ (MP +mp)?
(iv) 4MPmp
Z Z Tk, Theorem C.1 D& B BPLEART, £ LT Theorem C.2 O3k E LT Theorem B.1 &
Theorem B.2 # F#|Z interpolate 3 5 EEZ TR,

AP > BP holds for allp > 0.

2. EXTENSIONS OF THE RESULTS BY FURUTA AND SEO
B#Z. Theorem C.1 M¥EE L LT, EAFEFHERE BV ZLL T O chaotic order ST 2 BN 5,

Theorem 1. Let A and B be positive invertible operators. Then the following assertions are mutually
equivalent:

(i) log A > log B.



(ii) For each natural number n, o € [0,1], p> 0,4 >0, s > 1 and r > 1—a such that {nr+(n+1)a}u >
(p + au)s, there ezists the unique invertible positive contraction T = T'(n, o, p,u,r,s) satisfying
T(APSHEE T = 4750 (A PP AR ) AT
(iii) For each natural number n, € [0,1], p > nu > 0, s > 1 and real number r such that {nr +
(n+ Va}u > (p+ au)s, there exists the unique invertible positive contraction T' = T'(n,a,p,u,T, s)
satisfying

T(A (p+c;t:£;+ru T)n _ A_w;?:-{)-sl_;nru (A%BPA%)SA-(p;?:iiTnTU
(iv) For each natural number n and p > 0, there exists the unigue invertible positive contraction T =
T(n,p) satisfying
T(ART)" = BP.

% Corollary 2 1% Theorem 1 @ (ii), (iii) I2B VT, r= Bt LB Z Lt ko THBNS,
Corollary 2. Let A and B be positive invertible operators. Then the following assertions are mutually
equivalent:

(i) log A > log B. ‘

(ii) For each natural number n, o € [0,1], p > 0, u > 0 and s > 1 such that (p + au)s > n(1 — a)u,
there exists the unique invertible positive contraction T = T'(n,a,p,u, s) satisfying
T(A™T)™ = (A% BPAT)’.

(iii) For each natural number n, o € [0, l]a p>nu > 0 and s > 1, there exists the unique invertible
positive contraction T = T'(n,a,p,u, ) satisfying

(ptau)s

T(A" = T)"= (A% BPA%)".

(iv) For each natural number n and p > 0, there exists the unique invertible positive contraction T =
T(n,p) satisfying

T(ART)" = BP.

Remark 1. Corollary 2 @ (ii) [(iii),(iv) bEHK] BT, n =1 LELFI XY Theorem C.1 D (ii)
[(iii),(iv) LFEER] 8L EHRTE B, D% Y Theorem 1 1 Theorem C.1 2B HE L LTEATHEE
Bhhd,

iz, Theorem C.2 D¥LIE L LT, Kantorovich BOERFERERZ B -, LUT® chaotic order D4
AT EENTB,

Theorem 3. Let A and B be positive invertible operators satisfying MI > A > mlI > 0 and K (m, M, p)
be defined in (1.2). Then the following assertions are mutually equivalent:

(i) log A > log B.
(ii) For each natural number n, a € [0,1], p > 0 and u > 0,

(ptau)stru (ptau)stru

K, (m T M A n+ 1) Alpteou)s > (A-"z—“BpAa_zu.)s

holds for all s > 1 and r > 1 — a such that {nr + (n + )a}u > (p + au)s.
(iii) For each natural number n, a € [0,1] and p > nu > 0,
{ptrau)stru (ptrau)stru

K, (m e | , M 1 ,n+ 1) Alptau)s > (Aaz_uBPAaT")s

holds for all s > 1 and real numbers r such that {nr + (n + 1)a}u > (p + au)s.
(iv) For each natural number n and p > nu > 0,
K+(m’T%,M%'—I‘-,n+ 1) AP > BP
holds for real numbers r such that nru > p.

Remark 2. Theorem 3 @ (ii) [(iii) & F#E] 128\ Tn =1, r = X282 L 35< & Theorem C.2 @ (i)
(i) bFHK]) #% 5. £/ Theorem 3 @ (iv) IKBWTn=1,r=2 L3< & Theorem C.2 ® (iv) &
%H55,



ZETRT&7 L 512, Theorem 3 i% Theorem C.2 # &% . Theorem B.1 DIEIRIZ S /2> T 5,
& 60~_\ Theorem 3 O (ii),(iii) {ZBV\T, 7 = EFemWs _ ndly L@ = Lz k> TR Theorem 4 %
WM TED, T Theorem B.1 & 0 bR ER T 5 Theorem B.2 DI > TV D, 2EY,
Theorem 3 % Theorem B.1 & Theorem B.2 % interpolate T 3R THB L2 5,

Theorem 4. Let A and B be positive invertible operators satisfying M1 > A > mI > 0, and K (m, M,p)
and My (p) be defined in (1.2) and (1.3), respectivery. Then the following assertions are mutually equiva-
lent:

(i) log A > log B.
(ii) For each natural number n, o € [0,1], p>0 andu >0

(ptan)s—au {p+ou)a—au

K+(m M ,n+1)A(P+“")sZ(A%‘-BpA%)s

holds for all s > 1 such that (p+ au)s > (n + o)u.
(i) For each natural number n, a € [0,1] and p > nu > 0,

(ptaun)s—au (ptou)s—au

Ky (m " M M+ 1) Alptau)s 5 (A5 BP A%S)s

holds for all s > 1.
(iv) Mu(p) A? > BP holds for oll p > 0, where h = % > 1.

IZECTOEHEDEMRERICEL DD ERDLDIZRD,

Theorem 3
~ | ~
Theorem C.2 Theorem 4

Theorem B.1 Theorem B.2

&T, ZZFTIX Theorem G %t/ L Theorem 1 #5R L, ZH % %42 Theorem 3 7R L T&E 7, FEiX,
Theorem 1 {ZH¥ 75 EH %, Theorem F ZIEA L T2 Y, & EiZ Theorem 3 (YN THH D%
KT e, TEHOEREEIZRY, "7 A-F20HEELEToN2ENbhoT, FNEHBLTD Theorem
5, Theorem 6 T 5,

Theorem 5. Let A and B be positive and invertible operators, and n be a natural number. Then the
following assertions are mutually equivalent:
(i) log A > log B.
(ii) For eacha>0,p >0, s >0 andr > max {0, 1(p + a)s — 2tla}, there ezists the unique invertible
positive contraction T' = T'(n,a,p, s,r) satisfying
TATEHE T = 475D (A3 BPA%)° A S0
(iil) For each a > 0, p > 0 and s > 0, there exists the unique invertible positive contraction T =
T(n,a,p,s) satisfying

{pta)s
n

TA™F T)" = (ATBPA%)".
(iv) For each p > 0, there exists the unique invertible positive contraction T = T'(n,p) satisfying
T(ART)" = B?



Theorem 6. Let A and B be positive and invertible operators satisfying MI > A > mI > 0, and let
K. (m,M,p) and Mp(p) be defined in (1.2) and (1.3), respectively. Then the following assertions are
mutually equivalent:

(i) log A > log B.
(ii) For each natural number n, o > 0 and p > 0,
(pta)otr (pta)atr

K, (m AT M A n 1) Alpte)s > (A%B”A%)s

holds for s > 0 and r > max {0, L(p + a)s — Ztla}.
(iii) For each natural number n, @ >0 andp >0,

{pta)s—a (pta)s—o

Ky (mTSEE MR 1) Al > (4% B AR

holds for s > 0 such that (p+ o)s > (n + 1)a.
(iv) For each natural number n and p > 0,

K, (m%,M%,nH) AP > BP

holds.

(m? + MP)?
) ~meatr
(vi) My(p)AP > BP holds for allp > 0, where h = X4 > 1.

ER. Theorem 1 & Theorem 3 O (ii),(iii) TiX. s > 1 TH o723, Theorem 5 & Theorem 6 @ (ii),(iii)
TiEs>0LIEB->TWAZ ERbha,

AP > BP holds for all p > 0.
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THE BEST POSSIBILITY FOR THE GRAND FURUTA INEQUALITY

MasaTosH! Fuan

ABSTRACT. In this note, we give a short proof to the best possibility for the grand Furuta
inequality: For given p, s > 1, £ € [0,1], r > ¢t and a > 1, there exist positive invertible
operators S and T such that § > T and

gli—tir)e ¥ [S"E(S'%TVS_%)’S%]G%‘:Z‘!%Q-

1. Introduction. Throughout this note, an operator T' means a bounded linear operator
acting on a Hilbert space H. An operator A is positive, denoted by A > 0, if (Az,z) >0
for all z € H, and we denote A > 0 if A > 0 is invertible.

One of the most important inequalities is the Lowner-Heinz inequality:

(1) A>B>0 implies A% >B* for «e€][0,1].

Furthermore it is known that [0, 1] is the best possible for (1). That is, for @ > 1 there exist
A, B > 0 such that

(2) A>B>0 and A% 2 B“°.

In 1987, Furuta established the following historical extension of (1), which is called the
Furuta inequality now:
P (L+r)g=p+r
Furuta inequality. [11] [fA > B >0, - B
then for each 7 > 0 = Pea
(3) AT > (AEBPAR)
holds for all p > 0 and q > 1 such that (11

*) (L+n)g=p+r

(1.0)
(0|—r)/ ‘1

The condition (*) is expressed as in the right. Figure

See {12] for a one-page proof and also [4, 21]. Recently the best possibility of the Furuta
inequality was discussed by Tanahashi [22]. He proved that the condition (*) is complete.
More precisely,

Theorem A. Let p> 0 and r > 0 be given. If either 0 < g <1 or (14 7)q < p+7, then
there exist A and B such that A> B > 0 and

ABE # (ASBPAS)I.
In the case of p > 1, Theorem A is rephrased as follows:

1991 Mathemalics Subject Classification. Primary 47A30, 47TAG3.
Key words and phrases. Lowner-Heinz inequality, Furuta inequality and grand Furuta inequality.



Theorem A’. Let p > 1 and r > 0 be given. For a > 1, there exist A and B such that
A>B>0 and

Al % (A5 BP AT )ERe,

2. Grand Furuta inequality. In 1995, Furuta [14] extended his inequality to an
interpolational form combining with the Ando-Hial inequality [2], which is called the grand
Furuta inequality in [10}:

Grand Furuta inequality. If S > T >0 and S > 0, then for each t € [0, 1]
(4) ST > (S5 (5 TS 8)0 55| mrhs

holds for all p, s > 1 and r > 1.

It was given a mean theoretic proof in [10] and very recently an elementary one-page proof
n [15]. See also {16, 17, 18, 19, 20]. Now Tanahashi [23] considered the best possibility. for
the grand Furuta inequality:

Theorem B. Letp, s > 1, 1 € [0,1], r 2 t. Then for each o > 1 there ezist S; T >0
such that S > T and

(5) S(l’—-t+1‘)a Z {S

[
—~
N
L8
u
N
Al
~—
«
n
b
h-]
]
o
4
o+
4
R

His discussion is analogous to Theorem A by himself and so more complicated. Very
recently Yamazaki [24] presents a simplified proof to Theorem B, which is based on the
Furuta inequality, Theorem A and Yanagida’s recent result [26] on the best possibility for a
Furuta’s type operator inequality equivalent to the chaotic order log A > log B for A, B > 0,
cited below:

Theorem C. Let p > 0. and r > 0 be given. For a > 1, there exist A, B > 0 such that
log A > log B and

AT # (AR BPA%)72,

We note that Theorem C says the best possibility for the following characterization of
the chaotic order, see [1, 3, 5, 6, 7, 8, 9, 13, 25]: For A, B > 0, log A > log B if and only if

A" > (AT BPAR)

holds for all p, > 0.

Yamazaki's simplified proof in [24] was surprising to us because both Theorem A’ and
Theorem C were used very well. To prove Theorem B, he divides into two cases; 0 <t < 1
and ¢ = 1. The former needs Theorem A’ and the latter does Theorem C. This striking
contrast is the motivation of this note. We present a short proof to Theorem B with no
use of Theorem C, in this note. Though our basic idea is essentially similar to Yamazaki’s

one, we use Theorem A’ only, where (2) is regarded as the special case p=1 and r = 0 in
Theorem A’.

3. The best possibility of grand Furuta inequality. In this section, we give a
straightforward proof to Theorem B. :

Proof of Theorem B. Assume that p > 1, s> 1, 7 > ¢, t € (0,1) and @ > 1 are given.
Incidentally, the case & = 0 is just Theorem A’ and so it can be omitted.



First of all, under the assumption p > t, we take 8 = l—l—t if0 <t < 1and g is sufficiently
large if ¢t = 1. Next we put

B3 1—t+r
(6) rn=rf, 6=—, p=(p-t)sfand o = mﬂﬁ-

Then we have ry, 6§ > 0, p1 > 1 and a; > 1. Hence it follows from Theorem A’ that there
exist A, B > 0 such that A > B > 0 and

(7) AW 5 (4T pm AT e,

We here put
S = AP and T = (ASB% A%)3,

we have an example for Theorem B. As a matter of fact, S > T' is ensured by the Furuta
inequality (3) because p > 1, 22 >0, § > 0 and (1+ 26)p > B 4 26. On the other hand,
it is easily checked that (5) is just the same as (7) by the set of (6).

Finally we give a counterexample for the case p=t=1(andr>¢ =1, s > 1, a > 1).
For this, we apply (2), that is, there exist A, B > 0 such that A > B and A® ¥ B*. And
we put

S=Ar and T = S3(S"5BS™%)55% = A% (A3 BA™%)5 A%,

in other words,

A=58" and B= 5% (5‘%]’5’—%)555,

Then § and T are as desired. Actually S > T is shown as follows:

S>T 1> (S"3TS7 %) = ST > S5(5™ 375" 2)°5% <= A > B.

Furthermore A® ? B® is an equivalent expression of (5) in this case p=1¢ = 1.
So the proof is complete.

We note that this article is appeared in J. of Inequalities and Applications, 4(1999),
339-344.

Acknowledgement. The authors would like to express their thanks to Mr. T.Yamazaki
for giving an opportunity to read his outstanding paper [24] before publication.
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Bloomfield-Watson Type Inequalities

T. Ando (Hokusei Gakuen Univ.)

1. Let ® be a unital positive linear map ® between C*-algebras. Here unital and
positive mean that ® is unit-preserving and positivity-preserving, respectively.

For such ® and A > 0 the following inequalities are well known

B(A)? < B(A?) or 0< B(A?) - B(A)?, (1)

BAHT<BA) or 0<P(A) - (AL (2)

Our aim is to obtain inverse estimates in an extended sens. Let

Amax(A4) “/ maximum spectre of A = [l 4],

Amin(4) f minimum spectre of A = ”A‘l]l"l‘

In a general C*-algebra Apac(A) and Apin(A) are the only natural values associated to a
general positive element A > 0.

The following are known extensions of Kantorovic type inequalities.

Theorem 1.

B(A?) - ®(A)? < {mee(4) ;’\mi“(A) E (3)
B(A) - A< (\/,\max(A) — \/Amm(A))z, (4)
and
0 BT i <5>
B(A) < Pmax(4) + Auinl AP g1yt (6)

= Apax(A) - Amin(A)



2. These inequalities are equivalent to the following numearical inequalities:

{’\max(A) - )‘min(A)_}z

Amax (B(47) — B(A)) < 1 , (7)
Aumax (B(4) = 2(A™)7Y) < (\/Amax(A) — \//\min(A))2, (8)
and
-1 2 -1 {)‘maX(A) + ’\min(A)}2
s (A UALIA) < T  S) ©)
e (204364104 3) 5 Ll LA (10)

4/\max (A) : /\min (A)

When the C*-algebra is the matrix algebra M, of n x n matrices, for a positive
elemement (matrix) A we can consider its n eigenvalues, arranged in decreasing order

A(A) > X(4) = - = Aa(A).

Since

)\1<A) = )‘max(A% )‘n(A) = ’\min(A)a

the inequalities (7) to (10) suggest some estimates for the remaining eigenvalues of the
matrices on the left hand side.

In the following we assume that ® is a unital positive linear map from M" to M,
with m < 2.

We need the notion of majorization. Given two sequences of m positive numbers

{o;}jy withoy 20> >am, and {B}jL; withBi>fe> 2> fn

{a;}7L, is said to be weakly majorized by {g;}7, if

k k

Zaj < lBj (k=1,2,,m)
1

J=1 j=
If equality occurs for k = m, we say majorization.
If {a;}}L, is the sequence of the eigenvalues of 0 < B € My, that is ,

a; = )\J(B) (]=1,2,,m)

we write B <, {8;}L;-



We aim to establish the following majorizations:

A) = Mnjn (A} }m
4

7

B(A?) — B(A)P < {{’\f(

j=1

o) -2ty < (VA - Vrsa@) |

and

(A) " B(ADB(A) <, {{/\j(A) + dnmjia ()Y }’”

4X;(A) - An—js1(4)

)
j=1

BA)IP(A)B(A™)T <, { {Ai(4) + Ay (A)F }m

4Xi(A) - Anjs1(4)

j=1

3. These majorizations do not hold for general unital positive linear map from
M, to M,,. We have to restrict our consideration to the case of compression.

For an orthoprojection P of rank m < 2, according to the decomposition I = P + Pt
each A € M,, is written in block form

A Ap
A= .
l: An Az }

The compression ®p(A) is
def
@p(A) - PAP = All-
®p(-) is considered as a unital positive linear map from M, to My,.

Fix A > 0 and write A\; = A;(A4) j =1,2,...,n. Then the following identities:

Bp(A?) - Bp(A)? = |Anf, | (11)
Bp(4) — Bp(A™) 7 = A A (12)

and
Bp(A) T 0p(AN)Pp(A)r = 14 |An AR (13)
Sp(A)20p(A)2p(A)E = (1 A% An A )™ (14)

Theorem 2.

(I)(AZ) = (I)(A)2 < {()‘J’ - ):ln-:i+1)2}m ,
j=1

that is,

Xi — Ap—in1)2 1™
]A21|2 < {( J 4 ]+1) }

i=1



More precisely

Ai — Aneipr )
|A21| <w { J J+1} )
2 .
7=1

In this connection Bloomfield~Watson [1] obtained the trace inequality :

moN N )2
Tr(@P(AZ) - @p(A)Z) < 2_:1 (A ’lﬂ~]+1) _

Theorem 3.

@p(4) - 2p(4™) " <y {(- \/_-;1)}
|A7 2 A )? < {(\/A—J_M)z}il

that is,

In this connection Rao [6] obtained the following trace inequality :

e (B00) - 2647)) < 55 (/8 )

Theorem 4.

log (p(4) @5 (47)25(4) ) <, {10% ((Aj ; An_Hl)Z) }m

4A] An_.j.*_]_ j:l

This implies

. . 2ym
(pP(A)—l@P(Az)@P(A)—I < { (A‘ZI:.;‘”_J+1) } .
jAn—j+1 =y

that is,

~112 ()‘j - ’\n~j+1)2 "
HAndi ! < { jAn—jrn Jio

(15)

(16)

(17)

(18)

In this connection, Khatri- Rao [3] obtained the following determinantal inequaltiy :

— . m /\<'+/\n-' ?
det (‘PP(A) 1®p(A%)®p(A) 1) < 1I ( jD\j/\nﬂ‘]d:l) '

i=1

(19)



Theorem 5.

(A + )‘n—j+1)2> }m '

log (2r(A™")"*@p(A)2p(A7)"?) <u {1°g< A Anji1
jAn—j+

i=1

This impies

?

Bp(A7)20p(A)Bp(A)? <y {(A,- +>\n—j+1)2}m

4AjAn—js1

j=1

that s,

. . 2™
(1= (A5 A gt <, { Qi A 1T (20)
4/\j)‘n—j-t—l

j=1

In this connection, Bloomfield — Watson [1] as well as Knott [4] obtained the following
determinantal inequality :

(Aj + Anjir)?

21
A1 (21)

det (B(A™)2(A)0(A™)Y?) < ]I

j=1

4. For the proofs of Theorem 3 — 5 we need Ky Fan’s principle: for 0 < B € M, and
1<k<m

i )j(B) = max {Tr(QB);Q orghoprojection rank(Q) = k}

and
k
I1 2(B) = max {det(QBQ); Q orghoprojection rank(Q) = k} .

Here det(QBQ) is understood as the product of positive eigenvalues of QBQ.

(1) To apply the principle to the proof of Theorem 3, we show that for an orthoprojection
Q@ < P with rank(Q) = k

Tr (Q - (@p(4) — @p(A™) ™)) < Tr (Bo(A) — Bo(A™) ™) (22)

and, then appeal to the inequalitiy (17) of Rao.

(2) To apply the principle to the proof of Theorem 4, we show that for an orthoprojection
Q < P with rank(Q) = &

det (Q - ®p(A)'Op(A%)Bp(A)! 'Q) < det (@Q(A)“I‘I’Q(Az)@Q(A)_l) (23)

and then appeal to the inequality (19) of Khatri-Rao.



(8) To apply the principle to the proof of Theorem 5, we show that for an orthoprojection
Q < P with rank(Q) =k

1

det (Q - ®p(A)E®p(A)Bp(AT)F) < det (Bo(AT)18(A)2o(A7)Z)  (29)
and then appeal to the inequality (21) of Bloomfield-Watson , Knott .

Therefore, for our majorization results the most essential are the classical inequatities
due to Rao, Khatri-Rao, Bloomfield-Watson and Knott.

5. What is the reason for non-validity of the theorems for a general unital positive linear
map ® between M, and M, 7

By Stinespring’s Theorem there is a *-representation 7 (-) of M, to the C*-algebra
of all bounded linear operators on a Hilbert space H and a projection P (of #) with rank
k such that

o(X) = @p(n(X)) (X € My).

Then
Amax(A) = /\max(W(A))a )\min(A) - /\min("r(A))

But usually Tr(w(A)) = oo, and the above approach can not be applied.
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The real part of an outer function and a Helson-Szego weight

Takahiko Nakazi, Hokkaido University
Takanori Yamamoto, Hokkai-Gakuen University

When F is a strongly outer function in H', we study the set
{f; fisouter and |F| < Re f a.e.on 8D},

where 9D is a unit circle. When v is a positive constant, we describe the set

1

{f; fis outer, [F|<< Re fand 7

<v Re }1; a.e. on BD}.

If W is a positive function in L', then a contractive function aw = aw(z) in H* is defined by

1+aw(z) 1 /7’ S
S 4 W A . do .
1—aw(z) 2n/_,€ed— zW(e ) (z€ D)

If W is a Helson-Szegd weight, then v is a real valued function such that [|[v]e < g and logW — 3 € L*®

if and only if
1-ap

(1-a)(1-p)

where « = ayw and a parameter 3 is a contractive function in H*® satisfying

v=— Arg a.e. on 8D,

1-ap __ 1-|af

<7 a.e. on 0D for some positive constant .
[1—of-[1-5| [1—of?

F1E FX
BRI MRS D THEL. BAEAE 0D CRT. &

¥
sup/ log™ | f(re'?)|dd < oo

<l J -7

e D LR f 02 be e N TR, bL fe N LT }i_rﬁf(reie) 28 a.e. on
0D THIEL., Th% f(e¥) TFT, &M
i [ 1og* e las = [ tog |5(cas

BT fe N O2knbliedEE% Ny TRY, [ OBEFRERBO2ENLRDEED N il Ny
THET, 0<p<oo XL, Hardy Zf#l% HP = N, NLP LEDH D,
N, OFH5%E outer LD, BTR f e H M4

{ge H: ;qc_ >0 a.e on C')D} ={vf; v IXEDH}
=9 & & f % strongly outer BV V5, H! ORWTTOFEHMBIEED H BEEIT strongly outer B

HTHBHZ EDBMBNTVD, H OFER® exposed point 13 strongly outer BIE{TH ¥, extreme point
I% outer B THAZ LB L AMBN TN D, |Q =1 ae ondD &WHi/-T Q € H® % inner B E W



9. BL fe Ny outer BEETRWRLIE, fIZEE TR inner B Q ZREICHSL, EIOESIT
g="f O g =1|Q — 12f bELAD £l # FHL. X->7T f i strongly outer BTV, #£-T
strongly outer BS%d outer B TH D, EEFFRLBEE W IH L. aw =aw(z) &

T 10 .
Ltow(z) _ 1/ ¢ F2w(edd (2 € D).

1—aw(z) 2n)_,e®—2z

TEDDH, ZDLE aw € ball;(H®) 772 |law(e?)| <1 ae ondD. 77ZL. bally(H®) i H® O
BATERERT, W 2 u,ve Re I®, [v]lo < g &Y

W =e%t? g on 8D
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A reduction of the problem
of characterizing perfect semigroups

Torben Maack Bisgaard and Nobuhisa Sakakibara

1. Introduction

Suppose (S, +, *) is an abelian semigroup equipped with an involuiion, that is, an involu-
tory autonmorphism, written s ~+ s*. Such a structure will be called a *-semigroup, abbreviated
“semigroup” when confusion is unlikely, such as when applying an adjective which is defined
only for *-semigroups (e.g., “perfect semigroup”). Define S+5 = {s+1¢ | s,t € S} and define

N

e o,
S+ .-« 4 S similarly for arbitrary N € N. A positive definile funclion on S is a function
@: S+ S5 — C such that
n

Z cjTep(s; +s§) 2 0

Jik=1
for every choice of n € N, s1,...,8n € S, and ¢1,...,cn € C. Denote by P(S) the set of
all positive definite functions on S. A character on S is a function o: 8 —+ C, not identically
zero, such that o(s*) = o(s) and o(s + 1) = o(s)o(t) for all s, € S. Denote by §* the set of
all characters on S. Denote by .A4(S*) the least o-ring of subsets of S* rendering the mapping
a ++ o(s): S* — C measurable for each s € S. A function : S+ 8 — C is a moment function
if there is a measure u defined on .4(5*) such that

w(s) = / o{s) du(o)

for all s € S+5, and a moment function y is determinate if there is only one such g. (In writing
an equation such as the preceding, it is understood that p should integrate the integrands.)
The semigroup S is perfect if every positive definite function on § is a determinate moment
function. For positive definite functions and (Radon) moment functions on semigroups, we
refer to {1], especially Section 6.5 on semigroups called “perfect” in that book but now called
“Radon perfect”.

A x-semigroup H is #-archimedean if for all z,y € H there exist z € H and n € N such
that n(z + 2*) = y + 2. A *-archimedean component of a *-semigroup S is a *-archimedean
*-subsemigroup of § which is maximal for the inclusion ordering. Every *-semigroup is the
disjoint union of its x-archimedean components. It was shown in [2], Theorem 3.1, that a
+-semigroup S with zero is perfect if and only if H U {0} is perfect for each *-archimedean
component H of S. We shall be concerned with extending this result to semigroups without
zero. It is not true that a *-semigroup S, even with zero, is perfect if and only if each *-
archimedean component of S is perfect. For example, if H = Qn[l,c0][ and § = H u {0}
then S is perfect ([4], Corollary 2) and H is a #-archimedean component of S, yet H is not
perfect (6], Remark 3.6). We shall define “quasi-perfect” semigroups in such a way that a
#-semigroup S satisfying § = S+ 5 is perfect if and only if each *-archimedean component of
S is quasi-perfect.

2. Reduction to the x-archimedean case

Say that & *-semigroup H is quasi-perfect of order N > 2 if for each ¢ € P(H) there is a
unique measure p on A(H*) such that

P
v(m)=/ n(z) du(n), z€H+---+H.

Then H is perfect if and only if H is quasi-perfect of order 2.



Theorem 1. For a *-semigroup H, possibly without zero, the following three conditions are
equivalent :

(1) H 1s quasi-perfecl of every order grealer than or equal to 3;

(i1) H is quasi-perfect of some order greater than or equal 1o 3;

(iii) H is guasi-perfect of order 3.
Proof. (i)=>(ii): Trivial.
(ii)=>(iii): Suppose H is quasi-perfect of order N > 3. We shall show that H is quasi-perfect
of order M for 3 < M < N by backwards induction on M. Suppose 3 < M < N and that
we have shown that H is quasi-perfect of order M + 1. Suppose ¢ € P(H). Since H is
quasi-perfect of order M -+ 1, there is a unique measure p on A(H*) such that

o(z) = / n{z) dp(n) (1)

M1

Y e
for z € H-+ .-+ H. Clearly there is at most one measure with the corresponding property
M

. r—_—/\_—\
for z in the larger set H+ .--+ H. Thus we only have to show that (1) extends to all
M M1
Pr—— N— —
z€ H+---+ H. Suppose h € H. Forzy,...,z2pn € H+- .-+ H and ¢1,...,cn € C we have
by the Cauchy-Schwarz inequality

n 2

n
Y civthte)| < olh+57) Y cmmele; +23)
i=1 Fok==1
n 2
= wlh+h*) | | esniz;)| dun).
H*

We used the fact that for j,k=1,...,n we have
M1 M~1 2M—2 M1
ety €H+ - +H+H+ - +H=H+ - +HCH+ -+H

since 2M — 2 > M + 1 because of M > 3. The above inequality shows that the mapping

(n - Zcm(mj)) - Z cje(h + z;)

j=1 i=1

is a well-defined bounded linear form on a linear subspace of L?(u). Extend this linear form
to a bounded linear form Ly on all of L2(g). Then there is a unique %y € L? () such that

L(f) = ff‘l/’h dp for all f € L?(p). In particular,

tp(h+w)=/ (=) ¥a(n) du(z) (2

M—1 M4
e e, e e,
fore€ H+---+ H. Forx € H+---+ H we have by (1) and (2),

/n(h)n(w)du(n)=/ n(z)¥n(n) du(n).

Since H is quasi-perfect of order M + 1 it follows that ¥, {(n)du(n) = n(h)du(n) (cf. [1],
Proposition 6.5.2), so (2) reduces to

p(h +z) =/ n(k)n(=z) du(n).



M

e N,
This is the desired representation since each y € H + .-+ H can be written as y = h+ =z
M-1

) S N—
withhe Hande € H+ -+ H.

(itt)=>(i): Suppose N > 3; we have to show that H is quasi-perfect of order N. Suppose
@ € P(H). Since H is quasi-perfect of order 3, there is a unique measure x on A(H*) such
that

plx) = / n(z) du(n)
N

s meam—, L. A .
forz € H+ H + H. Since H+ .-+ H C H + H + H, this integral representation holds, in
N

o N,
particular, for £ € H 4+ .+-+ H, and the problem is to show that g is uniquely determined by
the latter property. Assume that p; and p3 are measures on A(H*) such that

p(z) = / 7(z) dpi(n)
H‘

N
[ —
forx € H+4---+ H for i = 1,2; we have to show u3 = puy. Forhe Handa € H+ H+ H
N

s e,
we have (N ~3)h+z€ H+---+ H, so
/ A(W)N=2n(z) duzi(n) = o ((N ~ 3)h + )

for i = 1,2. Since H is quasi-perfect of order 3, the mapping

A (/ n('—v)dA(n)>
* seHAH+H

is one-to-one on the space of complex measures on A(H*) integrating the integrands, so from
the preceding we can infer n(h)N=3du; () = n(h)NV =3 dp2(n). Hence py |Gy = p2|Gh where
G = {n € H* | 9(h) # 0}. This being so for all h € H, since H* = UheH Gh, and since
every element of A(H?*) is, by definition, contained in the union of countably many G, it
follows that py = p2, as desired. Q.E.D.

We call a #-semigroup H gquasi-perfect if the equivalent conditions of Theorem 1 are
satisfied. An ideal of a *-semigroup X is a nonempty x-stable subset H of X such that
X+ H C H. If H is an ideal of X then, in particular, H + H C H, so H is a %-subsemigroup
of X. In [4], Theorem, it was shown that if 5 is a (Radon) perfect semigroup with zero and
if T is a *-subsemigroup of S containing 0 and such that T'\ {0} is an ideal of S then T'is
likewise (Radon) perfect. The following result seems to be the closest analogue of this for
semigroups without zero. The proof, like the proof of Theorem 1, is strongly inspired by the
argument in [4].

Theorem 2. If X is a quasi-perfect semigroup and H is an ideal of X then H is quasi-perfect.
Proof. Suppose € P(H). For b,k € H and n = 0,1,2,3 define @4 t,n» € P(X) by
Phokon (2) = 0B+ h* +2) + P p(h + k* +2) + i~ ok +h* +2) + ok + K +2)

for z € X + X. Since X is quasi-perfect, there is & unique measure Agt,n on A(X*) such
that

ehknle) = [ E(z)dAn k0 (€)
X‘



for z € X + X 4+ X. We now introduce a subring Ag(X*) of A(X*) which generates the
latter as a o-ring, as follows. For z € X and n € N define Ge,n = { EeX* | lé(z)| > 1/n }
Then let Ap(X*) be the set of those elements of A(X*) which are contained in the union of
finitely many Gz,n. Clearly A¢(X*) is a subring of A(X™*). This subring generates A(X*) as
a o-ring since for each A € A(X™) there is a countable subset Y of X such that foreach§ € A
there is some y € Y such that £(y) # 0. This is because the set of all subsets 4 of X* with
the property just described is a o-ring of subsets of X* which renders the mapping & — £(z)
measurable for each z € X, hence contains A(X™*) by the definition of A(X™). Since Ag(X*)
generates A(X*), every measure i on Ag(X*) which is finite in the sense that u(A4) < oo for
all A € 4¢(X™*) extends to a unique measure on A(X*). Thus measures on A(X*) can be
identified with their restrictions to Ag(X™*). If u is & measure on A(X™) which integrates the
N

. MM . . -
function £ v+ £(z) forall z € X + --- + X for some N € N then u|4p(X*) is finite since for
z € X and n € N we have

i) / ()N du(6) < / @)Y due) = f JE(Nz)| du(£) < oo.
G.—.,n . .

n

If we now define

3
1 .
'\h,lc‘= I E T AR kyn

n=0

(as a set function on Ag(X™*)) then Ay i is the unique complex measure on A(X™*) such that

elh+k* +a)= [ &(z)drpi(€)
X.

fbr z € X + X + X. We see that for each y € H + H there is a unique complex measure Ay
on Ag(X™*) such that

plz+y) = £(z) dAy (8) (3)
X.
forz € X+ X+ X. Indeed, any y € H + H can be written as y = h + k* with h,k € H,
and then we have to define Ay == Ap 1. This definition of Ay is independent of the choice of h
and k since if hy, ho, k1, k2 € H and hy + k] = hy + &k} then A, &, = Ap, &, since these two
measures represent the same functionon X + X + X. lf y,z € H + H then

E(@)E() dA:(€) = p(z+y+2) = §(z)€(z) dAy ()
X* X*
for z € X + X + X, and by the quasi-perfectness of X it follows that
§(y) dAz (§) = €(=) dAy(§). 4
For h€ H write G, = {£ € X* |£(h) # 0}. If for y € H + H we define a measure ky on Gy

by
drey (€) = €(y) ™ dAy (€)|Gy
then (4) shows that for y,z € H + H we have
ky[(Gy NG:) = &:|(Gy N Gs).
Hence there is a unique measure £ on the set

G = UG},:{EEX'

heH

gH#0}

such that

ky = &|Gy
for all y € H+ H. More precisely, « is defined on the o-ring A, (G) consisting of those elements
of A(X*) which are contained in the union of countably many G;. We claim that

dy (§)|G = &(y) dr(€) (5)



for y € H + H where |G denotes the operation of restriction of a measure to the g-ring A«(G).
Since G is the union of the sets G, z € H + H, it suffices to verify dAy (£)|G: = &(y) de(€)|G.
for = € H 4 H. But the right-hand side is equal to £(y)£(z)™} d\;:(€)]|G:, so the desired
equality follows from (4). This proves (5). For x € H+ H + H and y € H + H, since
characters outside G vanish on H, by (3) and (5) we have

elz+y) = E(m)df\u(€)=_/f(w)d'\y(£)=/€(=°)€(y)d'€(€)-
xe e G

Thus, for z € H 4+ H+ H+ H 4+ H we have

plz) = / €(z) dr(€)-
G

Now k is uniquely determined by this property. To see this, note that if 1 and k2 are
two measures with this property then @(3h + 3h* + z) = fG |6(h)|5€(z) dri(€) for k € H,
z€ X+ X+X,and i=1,2, so by the quasi-perfectness of X it follows that |£(h)]® dr;1 (€) =
[€(h)|® dra(€), hence xy]|Gp = k2|Gp. Since every measurable subset of G is contained in the
union of countably many Gy}, it follows that ;) = xs.

Now the mapping £ ~+ £]H: G ~+ H* is a bijection. To see this, we first have to show that
it is one-to-one. So suppose £,n € G and £|H = n|H; we have to show that £ = 7. Choose
h € H such that £(h) # 0. Then for z € X,

£(h)é(z) = &(h + ) = n(h + =) = n(h)n(z) = {(h)n(=),

and dividing by £(h) we obtain £(z) = n(z), as desired. Conversely, suppose 7 € H*; we have
to show that there is some £ € G such that £|H = 7. Choose h € H such that n(h) # 0 and
define £ € X* by &(z) = n(h + 2)/n(h) for € X. Then £ has the desired property. We
leave it as an exercise to verify that the mapping £ —+ £|H is an isomorphism between the
measurable spaces (G,A,(G’)) and (H",.A(H‘)). Now if u is the image measure of x under

the mapping £ ++ £|H then ¢(z) = fH‘ n(z)du(n) forc € H+ H+ H+ H+ H, and p is
uniquely determined by this property (since x is unique). Thus H is quasi-perfect of order 5,
that is, H is quasi-perfect. Q.E.D.

It is not true that every ideal of a perfect semigroup is perfect. For example, if H =
Qn[l,c0f and X = H U {0} then X is perfect and H is an ideal of X, yet H is not perfect.

Corollary 1. A #-gemigroup H is quasi-perfect if and only if the *-semigroup X = H U {0}
obtained by adjoining 1o H a zero external to H is perfect.

Proof. If X is perfect then H is quasi-perfect by Theorem 2 since H is an ideal of X.
Conversely, if H is quasi-perfect then the perfectness of X follows just as in the proof of [6],
Theorem 3.2, that perfectness of H implies perfectness of HU{0}, only the argument with the
Cauchy-Schwarz inequality has to be applied twice, first to get from the integral representation
on H+ H+ H+ H (C H+ H+ H) to the integral representation on H + H and a second
time to get it on all of H. Q.E.D.

Corollary 2. Every *-homomorphic image of a quasi-perfect *-semigroup is quasi-perfect.
Proof. Suppose h is a *-homomorphism of a quasi-perfect *-semigroup H; onto some *-
semigroup Ha; we have to show that Hp is quasi-perfect. For i = 1,2 let S5; = H; U {0} be
the #-semigroup with zero obtained by adjoining to H; a zero external to H;. By Corollary
1, 51 is perfect. Extending h to a x-homomorphism of S; onto Sz by defining ~(0) =0, Sz is
a *-homomorphic image of the perfect *-semigroup Sy, hence perfect by [3], Theorem 1. By
Corollary 1 it follows that Hj is quasi-perfect. Q.E.D.

Suppose (S;)ies is a family of x-semigroups with zero. The direct sum § = €Biel S; is

the set of all families (.s;) € H‘. el S; such that s; # 0 for only finitely many i € I. Addition
and involution in § are defined componentwise. It is known that if each S; is perfect, so is



5 ([3], Theorem 3). Now suppose {H;)igs is a family of *-semigroups not necessarily having
zeros. The free sum H of the family (H;) is defined as follows. For i € I let S; = H; U {0}
be the #-semigroup with zero obtained by adjoining to H; a zero external to H;. Define
S=€Biel S;. Then H = S\ {0}.

Corollary 3. The free sum of an arbilrary family of quasi-perfect *-semigroups is quasi-
perfect.

Proof. With notation as above, for i € I, from the quasi-perfectness of H; it follows that S;
is perfect (Corollary 1). By the result from [3] cited above it follows that S is perfect. By
Corollary 1 it follows that H is quasi-perfect. Q.E.D.

A face of a x-semigroup X is a *-subsemigroup H of X such thatifz,y € X andz+y € H
thenz,y € H.

Corollary 4. Suppose H is a face of a *-semigroup X. Then X is quasi-perfect if and only
if both H and X \ H are quasi-perfect.
Proof. This is clear from Theorem 2, Corollary 2, Corollary 3, and [5], Theorem 2.1. Q.E.D.

Corollary 5. Suppose H is a x-semigroup and S = H U {0}. Under the assumption that H
s quasi-perfect, the following two conditions are equivalent:

(i) H is perfect,;

(i) if ¢ € P(H) and h,k € H then the measure pp i on S* defined as in [6], (3.1),
satisfies pup,k({170}}) = 0.
Proof. This is clear from [6], Proposition 3.5. Q.E.D.

A *-semigroup H is #-divisible if for each =z € H there exist y € H and m,n € Ny with
m -+ n > 2 such that 2 = my + ny*. It is known that every *-divisible *-semigroup with zero
is perfect ([3], Theorem 4).

Corollary 6. Every %-divisible *-semigroup is perfect.

Proof. Suppose H is a +-divisible *-semigroup. The #-semigroup 5 = H U {0} is a +divisible
*-semigroup with zero, hence perfect. By Corollary.1 it follows that H is quasi-perfect. But
the *-divisibility of H implies that H = H + H, so' H is perfect. Q.E.D.

For a #-semigroup S we denote by J(S) the set of all +-archimedean components of S.
For every nonempty subset H of S there is a least face of S containing H, viz., the intersection
of all faces of S containing H, the set of such faces being nonempty since S itself is such a
face. If H is a *-subsemigroup of S then the least face X of S containing H is the set of those
z € § such that ¢ +y € H for some y € S. If H is a *-archimedean component of S then X
is the set of those z € S such that z + H C H. In particular, X+ H C H.

Theorem 3. A *-semigroup S satisfying S = S+ is perfect if and only if each *-archimedean
component of S is quasi-perfect.

Proof. First suppose S is perfect and H € J(S). Let X be the least face of S containing H.
Being a face of the perfect semigroup S, X is perfect ([5], Theorem 2.1). Moreover, X+H C H.
By Theorem 2 it follows that H is quasi-perfect. Conversely, suppose each H € J(S) is quasi-
perfect. Then for H € J(S) the semigroup H U {0} is perfect (Corollary 1). By [3], Theorem
3, it follows that the direct sum R = @HeJ(S)(H U {0}) is perfect. Now SU {0} is perfect,

being the image of R under the *-homomorphism (sg)geg(s) - ZHGJ(S) s {[3], Theorem
1). Since S = S+ S, by [6], Theorem 3.2, it follows that S is perfect. Q.E.D.

In the proof of Theorem 3, we did not apply the hypothesis in the proof of “only if’.

However, for “if”, that hypothesis is necessary. For example, if $ = H = Qn {1, 0 then H
is the unique *-archimedean component of S, H is quasi-perfect, and yet S is not perfect.



3. Reduction to the rational case

A x-semigroup S is rational if S is isomorphic to a subsemigroup of a rational vector
space carrying the identical involution. The condition is equivalent to saying that .S carries
the identical involution, is cancellative, and the group S — S is torsion-free. For an arbitrary
*-semigroup S, denote by S the greatest rational *-homomorphic image of S, that is, the pair
(S, s =+ §) consisting of a rational semigroup S and a *-homomorphism s ++ 3 of S onto S such
that for every rational semigroup T and every *-homomorphism f: 8 — T there is a unique
homomorphism h: § — T such that f(s) = h(3) for all s € 8. (This property is what we mean
by greatest.) To see that such a pair (S, s — 5) exists, let ~ be the least congruence relation in
S such that s* ~ s for all s € S, define T = S/~, and let f: S — T be the quotient mapping.
Then T is the greatest identical-involution *-homomorphic image of §. Now let (G,g) be
the pair—unique up to isomorphism—consisting of an abelian group G and a homomorphism
g: T — G such that {or every abelian group H and every homomorphism h: T — H there is &
unique homomorphism k: G — H such that h = k o g. This construction is well-known from
algebra. The semigroup g(T') generates G as a group, and for z,y € T' we have g(z) = g(y) if
and only if a 4+ 2 = a¢ + y for some a € T'. Finally, let H be G modulo the torsion of G and
denote by ¢: G — H the quotient mapping. Then S can be identified with ¢ o go f(S), at the
same time identifying the mapping s ++ 3 with the mapping ¢ogo f.

Theorem 4. A *-semigroup S satisfying S = S+ is perfect if and only if H U {0} is perfect
for each x-archimedean component H of S.
Proof. See [2] for the definition of the concept “Stieltjes perfect”. We have the chain of
bi-implications :
S is perfect & H is quasi-perfect for all H € J(S)
< Hu {0} is perfect for all H € J(S)

< H U {0} is Stieltjes perfect for all H € J(S)

< Hu {0} is perfect for all H € J(5).
The first bi-implication is by Theorem 3, the second by Corollary 1, and the last two by [2].
Q.E.D.
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On some generalizations of
the von Neumann-Jordan constant

YASUJI TAKAHASHI and MIKIO KATO

Abstract. We consider some generalizations of the von Neumann-Jordan
constant of Banach spaces.

1. Von Neumann-Jordan constant

The von Neumann-Jordan (NJ-) constant of a Banach (or normed) space X is
defined by

21 + 2zo||® + ||lz1 — 2o
(1) Cyy(X)=  su
llz1 |2+ 250 llza]|® + [|z2]|?

(Clarkson [2]; <f.[8]).

Proposition A (Jordan-von Neumann [3]) For any Banach space X
(2) 1< Cna(X) <2
Cns(X) =1 if and only if X is a Hilbert space.

Theorem 1 (Kato-Takahashi [6, 9]). (i) Cns(X) < 2 if and only if X is uni-
formly non-square ([9]).

(i) Cns(X) < 2 if and only if X is super-reflezive, where Cny(X) denotes the
infimum of all the NJ-constants of equivalent norms to the original one of X ([6]).

Theorem 2 (Kato-Takahashi [6]). Let Cns(X) < 22/P71, 1 < p < 2. Then X is
of type r and of cotype ' for any 1 <r < p. The converse is not true.

Theorem 3 (Kato-Takahashi [6]). Let X be a Banach lattice and let 1 < p < 2.
Then the following are equivalent.

(i) Cns(X) < 2%/71,

(i) X s of type r and of cotype r'. for any 1 <r < p.
(ii1) X and X' are of type v for any 1 <r < p.
(iv) X and X' are of cotype r' for any 1 <r < p.
(v) X is r-convez and r'-concave for any 1 <r < p.



2. n-th von Neumann-Jordan constant

The n-th von Neumann-Jordan constant of X is defined by

Z@~——:l:1 27—1 O;z;
3 C(n)(X) — sup = n 7=
8 o s lleglpgo 20 2o Izl

2

(Kato, Takahashi and Hashimoto [7]).

Theorem 4 (Kato-Takahashi-Hashimoto [7]).
(i) For any Banach space X

(4) 1< CPNX) <

C’](\?J)(X) = 1 for some resp., any, n > 2 if and only if X is a Hilbert space.

(i) C’](\?;}(X) < n if and only if X is uniformly non-{}.

(iii) Let 1 < p < 2. Then X has type larger than p if and only z'fC](\?}(X) < ni/r-1
for somen > 2.

We refer to [7] for some further results.

3. A-von Neumann-Jordan constant

Let A = (a;;) be an m x n, &1 matrix, m, n > 2, i.e., a;; = 1 or —1. We define
A-NJ constant by

m
i=1

n .. .
j=1 &igT;

(5) Ca(X)=  sup =
S llmleo e ||

We consider the following 41 matrices as our typical examples.
(1) Littlewood matrices L, = (€;;):

11 Ly, Ly
L1:<1 _1), Ln+1:<Ln —Ln> (n=1,2)

(ii) Rademacher matrices R, = (7"2(]”)) (2™ x n matrices; cf. [9]):




(iii) Admissible matrices A, = (cu;):

11 - 1 1
11 -~ 1 -1

A= 1 1 - =1 -1 | (n=1,2.)
1 =1 o =1 -1

Remark. (i) Let A = L; (the first Littlewood matrix). Then Cr,(X) =
Cny(X).
(i) Let A = R, (the n-th Rademacher matrix). Then Cg,(X) = C{}(X).

Theorem 5. Let A = (a;;) be an m x n, £1 matriz. Then, for any Banach

space X (# {0})

(6) max{1, -7’-;-} < Cu(X) < n.

Theorem 6. A Banach space X is a Hilbert space if and only if for any, resp.
some, n there exists an m X n, &1 matriz A such that C4(X) = max{l,n/m}.

Remark. (i) If A is the n-th Rademacher matrix R, and X is a Hilbert space,
then Cg, (X) = 1.

(ii) Assume that m > n and Cy4(X) = 1. Then m is even, and for every
1<j,k<n (j#k) we have

m
E Ai3Qk = 0.
=1

For the case m < n we have a similar result.
As the case where C4(X) has a non-trivial value we have the following:

Theorem 7. Let X be a Banach space.

(i) X is B-convez if and only if C4(X) < n for some m x n, £1 matriz A.

(i) X is uniformly non-£} (B,-convez) if and only if Cgr,(X) < n, where R, is
the n-th Rademacher matriz.

(ii1) X is uniformly non-square if and only if Cp, (X) < 2, where Ly is the first
Littlewood matriz.

(iv) X is super-reflezive if and only if Cys,(X) < n for some n, where A, is the
n-th admissible matriz.
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Weighted Djokovic and the Reversed Inequalities

Yasuji Takahashi (Okayama Prefectural University)
Sin-Ei Takahasi (Yamagata University)

Shuhei Wada (Kisarazu National College of Technology)

Abstract. In [6], the present authors considered an extension of Hlawka's
inequality on a Hilbert space H in an integral form, and gave the following

inequality as an application of their extension.

(WDI) Let X1, X2,..., Xn€H (n=3) and u; = 1 (j = 1,2,...,n). Then
n n n n n
b ws Ixsh+ (Zwpws; -2)l Zwsxs 1= Zwuws Ixs -2 wexs |
j=1 Jj=1 i=1 j=1 i=1

This inequality may be interpreted as an weighted version of Djokovic's
inequality. (If w; = 1 for all j, then this is called Djokovic's
inequality.) Here we consider an extension of (WDI) and the reversed

inequality on a Banach space isometric to a subspace of L*.

BanachZRI XD/ VAl | RETARERCEH L2 ZD08D0 . ZHOKBMEY
RHHABR ST 20050, EEO/ VATHRITS (HHERERL VD)
LbObdHb, PlaiE. LPZER (1<p< ) IZBIJ 3 Clarkson FEXRPZORFENLL &
X ZHannerREX 2SI, LPEHO—HLMESLELNS. ChOE2EFRO/ U
AREXTH23 I, L'ERTEEARZAERN 2> TS, XE, L'ERIZET
B2BHFO)NVARERE. EEDHEBanachZBH O/ L ARODWTHRILT 3. ZOD
Tl BEO2RAE /) NV AEBIFZL' O ZER L isonetric 22 B3NS EED
SHh5 (cf.[5]) « UHPLLEHS, HannerRERX# 3 BRRER T I LERBE—F
T3 (cf.[3]). EEE. L'ERICBY 3 3 EHRHanner AEAX P SHlavkafiEX 2z ES
EHTES (BEHE) o (DjokovicARHEHXTn=3 D& & ZHlavkafFERX LWV D, )
Hlawka RERXBR VI D/ VA ZER ZdlavkaZBB L R L IZThiE. HlavkaZE [T
BWTDjokovicREXPRIL T A2 L ETBHEHNREREEZRHVWTRENS., L2 5T,



HilbertZM HIZ B 2 Hlavka R ER T D THRRAHAEINZDTH B8, 22T
MOFERAEEBNAL LS. £, TREE/NVAZER (ZEREM) oBalciE. #
HNEOHEDT%2EFE22L,. HEHNABRRENBZCLETHTILADPEZTHSD. £
for (WDI) D& >HARERE, B3/ NVAEBME TCHRITA2426E. HS L (E)
BENHEEZOTATOBAEMIE SV THRIT 5. EBOTHELERE (1<p=2) i
L*[0,1] O H2ZEM & isometric T&H 3 (cf. [1]1) 4 5. Hilbert R PLPERH T
Hlawka R EXPRIL T 22 B o9 3. (2 0. 3SRTUEOLPEREL'D
o ZEM & isometric iR S0, HlawkaZZf TR WL EI 2T RHEH, =P L.
p BHAIABBEKRKENWE & Hlavka ZE Tl LW, )

TZTC. N DB THABEHD EDjokovicAER L Z2OERERXEEZL Lo
PIF. ERL'O#HAZER L isometric . n =2 3 L 93, TTCRAXREZEFEZEDPS, E
RBNWT(WI) BHILTE2cePBadPd. COLE,. n; =21 ODEEBVLETHS
CEREBLEDY. cOTliF. 5% 0, xa =0 (i # j) LTI 2#F2hif
BHRHP3. TlH. n:; <1 23b08h2&. REKX(WI) FnhrLr 2B TH
ALTBTHID

FHE1. w; >0 (§=1,2,...,n) £33, FEED X1, Xz,.2..- , Xa € E XL
ROREXBR Y LD,

n 41 n- n n
Zps Ixs + (Zws ~2u) IZ2wsxs 12 Zws Ixs - 2 waxs |
j=1 j=1 j=1 j=1 i=1
Tct;:t/\ 0n = min{ 1,[1.1,“.2, ..... sy M n } °
FE. w; = 1 (§=1,2,...,n) O&E, n =1 FEREREHCTH»S. o >1 T

RERBHLT LRV, LCB3T. ns <1 RZ2b0BHBEE. =,
BRENZOT, FRIZBT 20 ThoBACLEEEH CH2. EH 1
(WDI) O—fR{ETH BB, TOIEHIZ W) ZHANTRENh3. EE. 0< u <1
DLERLHHATNELINWD S, w; Su = v; &B8LE v, =21 i), 2O
v, KMLTHDI) ZBALAULEBLEEI., 0< v <1 REETBELEHLD
Bond. EREOLZA. (WI) BPHEITA2EBREBVWTERLIIEILT 3.
(HlawkaZZfIZ BN T (WI) BEILT 3L EPEF. WEOELIEZFHPE5RN, )



B, uw =0 THNNEEEO /) NARCHODVWTEBRIPRILTACLTHSLTH A
. E=1LPD ¢ &, 1 = p= 2CTHNEEB1IIEIMITTAHB, 2 <p <o DLER
BEEBuLERETZ2CLEBE TR N,

Wiz, (WI) OFMEDOAERAE2F 220, BHl. ClarksonAREX, HannerFRERK
HANVEFED—BOIINVAREZERICBNWTS, BanachZBEE X BN THI3AREKXBAE
MT2LE, FOFEREKXIET XD dual space X* THEXHOPEBETHD. HFER
fle LTk, typek cotypeDduality H 2. LPLZHF S, TTTEATVEAF
K (WDI) FL'ZEHECHILTA2HDOTH2H» S5, £ dual space TIHEHHLZAERXL
PHESDNEBENVTH A,

F9. (WI) OFREXBKVILOO Dweightu ; KHIT B3EZE/EEZ B, TR

TOup; BELWEE, Thbbui=uz= -+~ = ua=C>0 ODEE, EZBNT
(WDI) O ARERXBHR VIO OMVETHEHFE C=1/(n-1) THEIZEHBREN
50 CDEE, T s - u; =1 (G=1,2,...,n)TH3HP. XEx. CcOFHEDODHET

(WDI) O ARERXBHYIL DT EBRENS,

n
EFE2. v; >0 (j=1,2,...,n) &% 35, 2 v: - v; =1 (j=1,2,...,n)
i=1
&6@‘3\ E%o) X], X29-0-, Xn E Eazﬁb\ w@x%ﬁﬁsfﬁnﬁoo
n n n n n
Sy Ixsl+ (Zvs -2 )l Zvsxs 1= Zv,; x5 -2 vax: |
J=1 j=1 j=1 J=1 i=1
n
TE. Sv; £ 125, FEOAREXTFEEDBanachZEB THRIL T 5 & B
Jj=1

RENDB. £, (WI) BT 3 & > ZBanachZBEREICBWVWTEHEH2BHEILT R L
LbREND (FIHE) .

REBEIZ. FR1IECHT2HEARAEXE252 5.

FTHE3. v; >0 (§j=1,2,...,n) 93, FED X1, X2,-..., Xan € E WL
RKOAREXBEY LD

=

n n n
Sy x5l +(Zvs -2 v) [ Zvsx; 1 2w xs - Zovaixs |
j=1 i=1 j=1 j=1



v
[y

n
L. Zv: - v; = v (j=1,2,....,n), v
1
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Pick function which are defined implicitly and
extensions of Lowner-Heinz inequality and Furuta
inequality

Mitsuru Uchiyama
Fukuoka Univ. of Education

For selfadjoint operators A, B A < B if (Az,z) < (Bz, ) for every .

f : real continuous on Iin R. f is called a monotone opefator (or operator monotone)
function

if f(A) < f(B) for all A, B on all Hilbert spaces such that A < B and o(A4),0(B) C 1.
A holomorphic function which maps the upper half plane II, into itself is called a Pick
function; for instance,
- 22(0<a<l), logz, tanz, -1/z,
((A—2)"'z,z) (z:wvector), where A is a selfadjoint operator.

Lowner
f is a monotone operator function on an open interval I if and only if f has an analytic

continuation f(z) which is a Pick function
Especially if f(t) is operator monotone on (0, o)

o 1 s
1) = bt——/ e
f{t)=a+ 0 (t+s s2+1

where a and b are real and b > 0, v is a non-negative Borel measure such that

Ydu(s) fort >0,

o 1
/0 i—;—gz-dv(s)<oo.

Example

—1/(1+1), t*(0 < a < 1), log(1 + t) are monotone operator functions on [0, c0).



A>B>0 implies A*>B* for O<a<l,

that is,
AP > BP for p>1, A,B>0 implies A > B, (1)

which is called a Léwner- Heinz inequality.
But A > B > 0 does not generally imply A? > B?; actually we have shown that
if A,B>0and (A+tB")?> A? foreveryt >0and n=1,2,---, then AB= BA .

Theorem. (A converse prop. of Léwner-Heinz theorem)([19]).
Let 0 < A < B, and let B — A be of finite rank.
Then the following are equivalent:

(i) A* < B® for some s > 1,

(ii)) N(B — A) is invariant for A,

(iti) N (B — A) is invariant for B,
where N(T) := {z : Tz = 0}.

Corollary. Let 0 < A. Then the following are equivalent:

(i)A* < (A+ z®z)° for some s > 1.

(i) A° < (A+ z ® z)° for every s > 1.

(iii) = is an eigenvector of A.

Example. Let A, B be n X n positive semi-definite matrices such that the all entries of
B — A are the same positive number. Then A* < B* for some s > 1

if and only if A®* < B® for all s > 1.

Chan-Kwong had posed a conjecture:

Does A > B >0 imply (BA*B)Y/? > B? ?

Furuta inequalities

A>B>0=> (B"/24APB"/%)Y1 > (B'/2BPB/2)}/1, @)
(Ar/zApAr/Q)l/q > (A'I‘/ZBpAr/Z)l/q’

where r,p>0and ¢ > 1with (1+7r)g>p+r.

The essentially important part of Furuta inequlities are the case of p > 1 and (1+1r)g=
p+r.



Ando, Fujii-Furuta-Kamei showed that for p >0, r > s>0

A>B=> (e2BerAetB)ris > B (3)
e54 > (e5AePBesA)Tiv,

Recently we gave a simple proof of (3). The essentially important part of these inequalities
are the case of s = r.

Motivation
A,B>0,A>> B? implies (A+1)?>(B+1)%
because A > B follows from (1).

But we can easily construct 2 x 2 matrices A, B such that
(A+1)2 > (B +1)?, but A?#B?

for example,
21 10
a=(135) m=(6 ta)

The above results mean that ¢(f) = (/2 + 1) is operator monotone on [0,c0), but
Y(t) = (/2 — 1)% is not on [1,00). We may say that ¢ and ¢ are implicitely defined
by ¢(t?) = (t+1)? (¢ > 0) and ((t+ 1)®) = ¢* (t > 0).

2. New operator monotone functions
In this paper we consider a function u(t) represented as

k
u(l) =] ¢+a), (m<a<-<am=1,7%>0) (4)
=1

We denote the restriction of u(t) to [—ay, 00) by . (t), which is a non-negative increasing
function.

Theorem 2.1.
Let us consider a function s = u(t), where u(t) is defined by (4). Then the inverse function
u7'(s) is operator monotone on [0, c0).

Example.
(1). Set u(t) =7, (y > 1). Then u;(s) = s*/7 is operator monotone (L&wner-Heinz).
(2). amap: (t+n/a)® — tisom. forn > 1.
Thus a map : e — ¢ (i.e., logs) is operator monotone .

To see the necessity of condition v, > 1 we give
Counter example.



Set u(t) = t'/2(¢+ 1). Then v/(t) = 2¢~1/%(3¢t + 1).
w'(t) = 17328t - 1). u ( )<0 (0<t<1/3).
(ujrl)”(s) >0 (0<s<a).
u3!(s) is not operator monotone on [0, c0).
Theorem 2.2. Let u(t) be represented as (4). Set

1
v(t) = [[E+b)%, bi<by<-- <b,0<) (5)

Then, if the following conditions

a;<b, > XN<m+..+yforl1<i<k, whereaz = o0, (6)

bj<aity
are satisfied, a function ¢ defined on [0, c0) by
d(u(t)) =v(t) (-a1<t), thatis, ¢(s) =wv(uil(s)) (0<s)

is an operator monotone function on [0, c0).
Theorem 2.3. Let u(t),v(t) be functions defined by (4),(5). Suppose that condition
(6) is satisfied. Then, if 0 < 8 < «, a function ¢ on [0, co) defined by

P(u(t)e™) = v(t)e” (—a;<t<oo, 0<r<1))

is operator monotone on [0, co).

Corollary 2.4. (l-parameter family) Let u(t), v(t) be functions given by (4),(5).
Then £(t) := v(t)* is operator monotone, where A = A; +. .. + Ak,
and a function ¢,(s) on [0, c0) defined by

ér(u(t) f(2)e) = f(B)**

is operator monotone if 0 <r, 0<a, 0<c<I.

or(s) defined by
pr(u(t) (v()e™)) = (v(t)e™)”
is operator monotone.
3. Extension of Furuta inequality

Lemma 3.1. Let ¢(¢) > 0 be an operator monotone function on [0, c0). Let k(t) be a
non-negative and increasing function on an interval I C [0, co). Suppose

P(k()t) =* (teI).



Then
sp(A),sp(B) C1 A>B = ¢(B?*k(A)B'?) > B~

Proof. Let us assume that sp(A),sp(B) are in the interior of I, that is, A and B are
invertible. By making use of a connection o corresponding to ¢, we have

B~i¢(Btk(A)B%)B"% = B~ lok(A)
> A7 lok(A) = A $(Ak(A)) = A > B.

Lemma 3.2. Let {¢, : r > 0} be a one-parameter family of non-negative functions on
[0,00). Let f(t), h(t) be non-negative strictly increasing functions on an interval J. If for
a fixed real number c: 0 < ¢ < 1, the condition

¢ (RSO = f@° (L€ J;r>0) (7)

is satisfied, then
bosan(sdi (s) = s* (s in the range of f(1)°*").

Theorem 3.3.(Essential inequality) Let {¢, : 7 > 0} be a one-parameter family of non-
negative operator monotone functions on [0,00). Let f(¢), h(t) be non-negative strictly
increasing functions on an interval J. Suppose that for a fixed ¢ condition (7) is satisfied
and that sp(A),sp(B) C J. Then

f(A) = f(B) = ¢:(f(B)"?h(A)f(B)"?) = f(B)*™. (8)

Proof.For 0 < r < 1 (8) follows in the same way as Lemma 3.1. We next assume (8)
holds for all 7 : 0 < r < n. Take any r : n < r < 2n and fix it. Because of ”—";—‘5 < n, we have

e

bese(F(B) T R(A)(B)F) 2 f(B)F".

Here we simply denote the left hand side by H and the right hand side by K; clearly
H>K. Set I := {f(t)r‘g“2 :t€ J}. Then I C[0,00), sp(K) C I and sp(H) C I. It follows
from Lemma 3.2 that

¢r(s¢:__2_;(s))'—_- s2 forsel.

Thus we can apply Lemma 3.1 to get
6(KV2¢e (H)K'?) > K2,
2

which means

o-(f(B)ER(A) f(B)E) > f(B)™*". -



The following is a generalization of Furuta inequality (2).

Theorem 3.4. Let {¢, : 7 > 0} be a one-parameter family of non-negative operator
monotone functions on [0,c00). Let f(¢), h(t) be non-negative strictly increasing functions
on an interval J, and
let f(t) operator monotone. If for a fixed ¢, condition (7) is satisfied then

sp(A),sp(B) € J, A> B=>
¢-(f(B)*h(A) f(B)™?) > f(B)“*". 9)

We explain that the above theorem includes Furuta Inequality. Let p > 1, and define -
ft)=t, h{)=1 (0<t< ).
Define a one-parameter family of operator monotone functions {¢, : r > 0} by
(t) = 7+ (0 <t < c0).

Then
¢r(h(E) f(2)7) = 11" = f(t)*.

Thus (7) and other required conditions in Theorem 4.3 is satisfied. Therefore, from Theo-
rem 4.3 it follows that

A>B>0 = (B2APBT)5r > B+, (10)
If g(1+7r) > p+r, take X such that

:/\1+r_
p+r

1
q

Then (10) implies
pir

A>B>0 = (B?APB"/HY1 > B7.

This is just the Furuta inequality.

Corollary 3.5.(See Cor. 2.4) Let u(t), v(t) be functions given by (4),(5). Set-f(t)
'u(t)%, where A = A\; + ... + \g. Define a function. ¢,.(s) on [0,00) by ¢n(u(t) f(£)"e*) =
f@r.Ifo<r, 0<a, 0<c<l1l,then A>B> -0 =

br(f(B)2u(A)e™ f(B)?) > f(B)™*".

4. Extensions of exponential type operator inequality



Theorem 4.1. Let {p, : > 0} be a one-parameter family of non-negative operator
monotone functions on [0, 00). Let f(¢) and h(t) be non-negative strictly increasing func-
tions on an interval J. If log f(t) is a non-constant operator monotone function on the
interior of J, and if the condition

er(R()F@)) = f()" (t€ Jir>0) (11)
is satisfied, then

sp(A),sp(B) C J and A > B
= o (f(B)"?h(A)f(B)"*) > f(B)". (12)

Corollary 5.2. Let 0 < f(t) be a strictly increasing function on an interval J. If log f (%)
is an operator monotone function on the interior of J, then for » > 0,p >0

sp(A),sp(B) CJ, A>B=
(f(B)Ef(AYPf(B)5)7 > f(B)". (13)

Corollary 5.3. (Concrete extension of (3)) If a,p,r >0, then A > B > —a; =
[(w(B)e*B)? (u(A)e* )P (u(B)e*P)5]7F > (u(B)e*®)".

Corollary 5.4. For p > 1 and ¢, > 0 let o.(s) (r > 0) be an operator monotone.
function on [0, co) defined by @, (u(t)v(t)"e®+P)) = v(t)"e’” (¢ > —ay). Then A > B >
—Q] =

- ((v(B)e’P)E (u(A)e™?) (v(B)e’P)E) > (v(B)eP)".
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On the characterization of 2 x 2 p-contraction matrices

Kazuyoshi Okubo (Hokkaido University of Education Sapporo)
Joint work with Ilya Spitkovsky (College of William and Mary)

Abstruct
We give an explicit description of all p-contractive (in Nagy-Foiag sense) 2 x 2
matrices. This description leads to the formulas for p-numerical radii when the
eigenvalues of such matrices either have equal absolute values or equal ( mod )
arguments. We also discuss (natural) generalizations to the case of decomposable
operators with at most 2-dimensional blocks covering, in particular, the quadratic
operators.

1. FLE®HIC

p>01Zd LT nxn BRITH A B p-W/MTFTHDHLITL DC* 2B

VINEBK 2D EDa=2 Y ERR U BH-T,
A" = pPU%cn (n=1,2,--)
BERVILDZ L LT D, ZZTPIEK 2D C ~DERHEERAZETH 2,

Z OEEENE S.-Z. Nagy and C. Foiag IZ Lo TEAINTE ([5,6] BR), £2Z TREN
TeX DITATHN A B p- W TH DD DYUEFZHFFITR e C, zeD = {2:|z| < 1}
2 S AN
(1.1) (p = 2)||(I — zA)R||*> + 2Re((I — zA)h, k) > 0
Thd, &M (1.1) b, 0(A) % A DEFEEEOER LT B L X,

(1.2) AW p—Hi/h = o(A)cD

MUNVZ %, Holbrook [3] IZ& > T, nxnfTol AWK LT, p-FE w,(4) B
(1.3) wp(4) =inf{r >0 : ~A B p— FITH )
ko TEES N, (1.1) b,
(1.4) wo(U*AU) = w,(A) for any unitary U
w,(€4) = [¢lw,(4) (€€C)

BNZR D,

Ando and Nishio[1] T,
(1.5) w,(A) X p € (0,00) 2B L CHBEMBEE

pwp(A) = (2 — pJwz—,(4), 0<p<2
BRENT,



LR oT, ZTIZTHEL p 2 1IZ2WTERD, £72, [3] T wi(4) = ||4]],
wy(A) = w(A) (A DEIAEE), B,
w(4) = sup{|(AR, R)[ : |[r]| =1}
Z LT,
Weo(A) := pangO wo(A) =r(A)

(r(A) = max{|A|: A € 6(A)} A DART FVHE) BRENTVD,

2. p T2 x 2 1751

—fRIZ n x n TTHDp-FDTINTHBNE S PEHET D Z LIEES TRODR,
2 x 2 fTANZEE U TIERD T & 2343 H3o T % (Nakazi and Okubo [7])e (1.2) . (1.4)
Bb. 2 x 2 TH%

(2.1) A= [g z]

a,beD PEELTNE ELTE,
Theorem. a,b €D:={z € C | |2|<1} £TD, ZDLE, p>1 LTHLE, A
DB p-HEMTIN T B 72 D HLEA43 1
Ay _ b2
(22) 1612 + Ia' . b[2 S mf f{p + (1 P)GC}{P + (1 ,O)bC} ablCl l2
¢eD p¢

(22) DEBODIFED L LTHEL, LER-T,

2D = ] 113 — 2
(2.2) DAL _W<0r<n7%,%<z<1]z(9)+p:v +ab(p — 2)z|

72120 2(0) = (1 — p)(bet® +ae™¥) &Liz5,

Problem. EO&/MEZEMAB ETEL, ThobL, |z| = 1 TR/MEZ &
503,

ZDZ X, BAEACE, BEREFLETEIHEHAE={204) : n<6< 7} %
H={pz7 1 +ablp—2)z : z € (0,1]} IZIhoTEMNT & &, FHRD2D DR IEHE
BEEORE (z=10kE) ElzdHd0, LWHIZLTHD, ZOZLITHEEMT,
ROEREHD,

Theorem 2.1. p>1 &35, DL &, AR p-HM/MTHITH D7D DLEAH5%
i |al, 8] < 1 T,
el +la—b]* < _min |2(6) + p +ab(p — 2)|”

=2, 2(0) = (1 — p)(be? +ae~) LT3,

3. BHEEAABLICHEES
EAEEAMAELEICHZ LS, b, o =|b| (= R) £25 L%, R=0 25,
AW p- N THBILIE, || <p LAETHEZERMOENTVS (1,3] BH),

DT LT A= {8 (C)] (p> D) IZR LT, wy(A)=|c|/p LIFMETH D, L3>

T. R>0 OFAEEEZNIEI W,
Theorem 1 HIRDZ ENRNZ B,



Theorem 3.1. p>1 ¢75, |a|=bj(=R) >0 DL E, AW pHMTITHD
T DBEFFTRMEITRS1 T

f? +la=b" < (R~ = (p— 2)R)|a— b
1 2
+ (mox0, 5(0R + (= 2R+~ 2o~ VR

BRVIDZ & Th B,
Theorem 3.1 @ Corollary & L TIRD Z L BN 5,

Corollary 3.2. p>1 & 9%, la|=b|(=R)>0 DL &,
(i) lel-la+8l < (p—1)a—bf 25T

(3.1) wy(4) = % (\/ 1+ m_lil‘z’z;(z' + \/ (p—1)2 + -—-——la|f_lzbl2>

(1)) FOMOL X

(52) gl = LV DT

EREL. Q=lc|+(p—1a+b ThH5,

Bizp =2 D L &iX, (3.1),(3.2) 1% Johnson, Spitkovsky and Gottlieb [4] (T X
TRLNTEY, ROE D25,

R .
la—o] el +la—b* if || |a+b] <|a—bf

lc| + |a + b]
2

’U)z(A) =
Z DO

4. BEENERLIZHL L E
Theorem 4.1. p>1 ¢ LT, abeR &5, ZDLE, AN pMMTINTHS
2.8 DD LT A5 BfHFIE: |al, B < 1 C
le|? + |a — b* < (p + (p — 2)a@b — (p — 1)]a + b|)”
BV IMDT & Th D,
TDZ ENnb, ROFHENRTE D,
Corollary 4.2. p>1 &L T, @GbeR &75, ZDLX,

P+ /P2 —4p(p — 2)ab
2p

wy(4) =




7L, P=(p—Dla+b|+/[e +a— b Th2,

p=2DEE,
|a+ 8] + /e + |a — B2

’wz(A) =
L7 BN, ZD T Lid Johnson, Spitkovsky and Gottlieb [4] IZ X > THIHIL TN D,

5. —#&it
24 EFa = ) —REOHTEL ZERTE S, EIE. (2.1) DFOITH A 2%
LTRD Z & BR—RENIWNZ D,

|ab]®

5.1 al? + 6% + |e* = ||A]|* +
(5.1) |al* + (B + |c|* = ||A]] A

LieioT, (2.2) 13

|abl*
1Al

(5.2) IA[[* + ~2Re(ab) < _min 12(6) +p+ab(p - 2)*

720, iz abe R 261X, (5.2) %

@b
A <p+ 2)ab — (p — 1|a+ b
[|All ~ ATl <p+(p—2)ab—(p—1)|a+d
Lird, ¥z, Ja| = b)) = RDEE, (5.1)Hb, M_HMIH He&w(snwz)

BINEFESTETZERNTES, ZbLDFEE, LV —BWRBOTINCIERL
X9,
175 A B HERK p,q T

(5.3) A? +pA4ql =0
BRI L X, A X quadratic 1781 & XiEN 5, quadratic 751 A 2R LTRO Z
ERNZ B,

Theorem 5.1. A(# 0) % quadratic {T51& LT, a, b & 22 +pz+¢ = 0 OIR
ETB, TDEE, p>1IZ LT, A DB p- HATEICd B T D DBBE SR
a1

2, ol _ a ; b — 2) — (o — i | - —ify|2
A[I" + JA[]? _QRE(ab)—i—”inSlngW[p—}-ab(p 2) — (p—1)(be” +ae™)]

ERBTETH D,

(5.3) TIR¥K p,q BWEERHIE, ZOW a, b FEHEPERERICND, 34 FEDOZ
EE—RIL L TRD p—¥8E w,(-) DRERFD,



Theorem 5.2. A (#0) % (53) DFHRE p,q PEETH D quadratic 1751 L7 5,
IDEE, p21ITHLT,

2 2
(i) p* > g #7202 < (Al + ) — (p-1? (2 -p) D

Sp+ /52 —40(p = 2)g
2p

(5.4) w,(A4) =

’»VG
S N

S, = (p—1)lp| + || 4] - ﬂ‘?iT\

L33,
(i) (i) LD & X,

(5.5) wi) =2 (VITT, + o174 1,)

Vil s DN ,
q

i)
. (11~ 75

g 4q — p?

&V;ﬂéo

Sp = (p—2)Ip| + S2 7ZH5

2 2
2 ag 2t < (all+ 14 —maxd, (o7 (4 - )

BT p,g WX LT

wr(4) + L5 2 1pl + \/ (10a) + 25 201) = plo 230

P

wp(A) =

LB, Kz
() A2 =3I, s>0 DEX

0,(A) = wa(4) + \/wz(;i)2 + p(p —2)s

(i) A2 =pA(p € R) DL X

wp(4) = 222 4) +p<P —~2)[p| _ |14]+ <;» ~1)jp)

BNZ B, BED220KIE s=1,p=1 & LT Ando and Nishio [1] THRLNT
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For the Fourier convolution, the Young’s inequality

I *gll- < Iz llgllq

| () Boo2)) (ol #102)3 ||| < 1B, gty 12l

holds for F; € Lp(R,|p;i)(j = 1,2). Equality holds if and only if

Fy(z) = Cje*%,

where o is a constant such that e*® € Ly(R,|p;]) (j =1,2).
Unlike the Young’s inequality, inequality (2) holds also in case p = 2.
In many cases of interest, the convolution is given in the form

p2z) =1, Fy(z) = G(z),

where G(z — &) is some Green’s function. Then inequality (2) takes the form

11

I1(Fp)* Gll, < llolls ™ 1Fll, (10 NGl

where p, F', and G are such that the right hand side of (5) is finite.

Inequality (5) enables us to estimate the output function

/fﬁummcw—@%

(1)

for f € Ly(R"),g € Ly(R™) and for r™ ' =p~t +¢~1 -1 (p,q,r > 0), is fundamental. Note, however,
that for the typical case of f,g € Ly(R™), inequality (1) is not valid. In a series of papers [4,5,6] (see also
[1]) the first author obtained the following weighted L,(p > 1) inequality for convolution
Proposition 1(/7]). For two nonvanishing continuous functions p; € Li(R)
Ly(p > 1) weighted convolution inequality

(j = 1,2) the following

()

(6)

in terms of the input function F. In this paper we are interested in the reverse type inequality for (5),
namely, we wish to estimate the input function F' by means of the output (6). This kind of estimates is
important in inverse problems. Our estimate is based on the following reverse Holder inequality



Proposition 2([2], see also [3], pages 125-126). For two positive functions f and g satisfying
f

O<mSE§M<oo )

on the set X, and forp,q >0, p~t+¢ 1 =1,

(/x fdu>% </x gdu>% < Apyg (%) /Xf%g%du, (8)

if the right hand side integral converges. Here
=1
t7 (1 —1t)
N N
() (-e)

A general reverse weighted L, convolution inequality is given as follows:
Theorem 1 Let Fy and Fy be positive functions satisfying

1 1 1 1
0<m? < Fi(z) < Mf <oo, 0<mi <Fy(x)<MJ <oo, zTER. (9)

Then for any two positive functions p; and py belonging to Li(R) we have the reverse Lyp-weighted
convolution inequality

ll ((Fip1) * (Fap2)) (p1 * Pz)%_al pd {Ap,q (%‘i%) }-1 1B L, R0y 120 2, Ry - (10)

Inequality (10) and others should be understood in the sense that if the left hand side is finite, then so
is the right hand side, and in this case the inequality holds.

Let pg = 1, and Fy(z—¢) = G(z—§) be a certain Green’s function. In formula (10) taking integration
with respect to z from ¢ to d we arrive at the following inequality

/cd (/: F(£) pl€) Glz = &) d€>pdm

ma Y P ) p—1 poo d—¢
> =2 P P
>0 ()} ([ et0e)” [~ s [ e (1)
for positive continuous functions p, F', and G, satisfying

0<mr <FE)G(—& <M», zeled, £cR (12)

Examples: ‘
The first order differential equation. The solution y(z) of the first order differential equation

Y'(z) +Ay(z) = F(z), y(0)=0, (A>0)
is represented in the form
y(z) = / Ft)eMe=04t.
b
So we shall consider the integral transform
f@) = [ FOpt)e
0
The condition (12) reads

0 <m? < F(t)e = < M5, (13)



It will be satisfied for 0 <t < z < d < oo, if we have
1 M
0<mpeM M < F(H) < Mie™, 0O<d< g (14)

Take
Ao >0

o
G(z) = {0, <0

then we have

d—¢ g~ Pe_g=ipd eME f<e

GP(z)dz = 3%,
et ”1:%5:“ eMrt, E>ec

Thus the inequality (11) yields

/c " o) ( /0 " ot) dt)l_p do

> (e ()} 5 |7 - ) [ oo
+ / PO - e“*”de*”f)%} : (15)

. Here we assume that p is a positive continuous function on [0,d], and F satisfies (14).
Picard transform. Note that %e“lm"tl is the Green’s function for the boundary value problem

y —y=0,  lim y(z)=0

So, we shall consider the Picard transform

i@ =3 [ FOpme=a

Since
el < elrtl < eteltl |z] < a,
we see that the condition (12)
‘ 0<mb < Ft)e 1=t < M3, (16)
is valid if . M
0 < m7 e2elt! <F@) < M%e”“elt‘, t€ R, 0<a< -2—2; log o (1n

‘We have " J
d—t | T t[e—pc_ep], t<c
—plz — e"P d
/c e~ Pl dg = - [P —eP°], t>d

—3 pt—pe pd—pt _
e ket m o2 ; 2 c<t<d

Thus, for —a < ¢,d < a the inequality (11) yields

[ ez g (o) (e ()}

[(e“”c — e7Pd) /_c FP(t)p(t)ePtdt + (eP* — ) /:o FP(t)p(t)e Pidt
d
+ / FP(t)p(t) (ePi~Pe 4 ePi=Pt _ 2) dt} , (18)

for a positive continuous function p, and for a function F satisfying (17).



Heat equation. We consider the Weierstrass transform

u(z,t) = \/—~ / (€)p(8) exp( (= ;f)2> dg, (19)

which gives the formal solution u(z,t) of the heat equation

ut=A'u, on R+XR,

subject to the initial condition
u(z,0) = F(z)p(z) on R.

Let
4t M
- — < 2 1os =,
z € [~a,a], £ e€[-b,b], a‘+b_’/plogm
rom (5 - ) b)?
. T — a+
< Sl 7 I
1‘“(4t)* ( )
we have )
0<m?» < F(&)exp (_(a: ;tg) ) < M7,
if 2
m? exp (—(-%-)—) < F(g) < M¥. (20)
‘We have

e s |

Therefore, for —a < ¢ < d < a, the inequality (11) yields

d myy—-p [ [?
/C u(z, t)pdxzm {Ap,q ("M—)} (/—b P('E)d§>

- VPA-§)  VBle=§)
[f@M*ﬁzﬂ 2J}@, (21)

for a positive continuous function p on [—b,b], and for a function F' satisfying (20).
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Weak and Strong Convergence Theorems
in Banach Spaces with Applications
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Abstract In this article, we first prove weak and strong convergence theorems for resolvents of
accretive operators in Banach spaces. Next, we prove weak and strong convergence theorems for finite
families of nonexpansive mappings in Banach spaces. Finally, using these results, we consider the convex
minimization problem of finding a minimizer of a proper lower semicontinuous convex function and the

feasibility problem by convex combinations of nonexpansive retractions.

1 FU®IC
H % Hilbert 228 & U, g & H D5 (—o0,00] IZH%E & 5 proper Ti/a FAEiRk s 5. Cn&E,
min{g(z) : z € H} (1)
ENSHIMEUMERIEREZD. ZOXD g KNUT, H LOESHEEL Oy %, € HITHLT,
89(x) = {a* € H: g(y) 2 9(a) + =",y — 2), y € H)

TEHL, TNE g OLHBAERLR. H FOESEES A C H x H 1%, H£ED
(z1,91), (z2,32) € AITHLT,

(£1 — 22,91 —12) 20
= T/anlE, MATHDENnbNDS, APHEKRKTHDEEIE, A > 01U T, 4 @ resolvent 2%
Iy = (I+A4)~

TEHEINSG. WMREH AN, TXNTOAS>S0INLT, R+ MA) = H 2972561, m—#ERkEn
b, 72720, R(I+MA) T+ A DESREZKT. proper Trh/x FAEEREREE g : H — (—o0, 00] iZxt
UT, TO%HMS 0g 1 m— HBRIZ/IZS ZEPHBNTNS.

(1) O ERDDL<AENAHE LT, Martinet[9] 12k o TEA X7z proximal point algorithm
EVNSHDONHD. ZOTIVAU XA, resolvent J, IKBHRAHS. T72bb5,

Jrz = argmin {g(z) + 2i}\Hz —z|?: z € H}

TdHBD (Moreau[10] £ZHEE XL) . proximal point algorithm &I&, {M\,} C (0,00) ETBEE, 29 € H
ZPHIREL,

Tpp1 =D, (n=0,1,2,...)



TIRABNT TP {2, } ZEERKL, (1) OfERD 2 RAIHERED Z & THSD (Rockafellar[11] ZBHEEX) .
BAVTE - HRTEEMRIE S WS D EOMEZ M- TS, {g1,92,...,9n} B H D (—00, 0] 1% &
% proper TIWR TEFBIAETS. CDLEE,

EWi/ed z € H & RDBHIETHD.
—4, B, IEEKER T O 2 DOAERELIEEH > Tna. Halpern(3] Itk > TEASIN/ZRF
BT

o=z E€H, Zpnp1=anz+(l1-0p)Tz, (n=0,1,2,...)
&, HEiE Mann[8] Itk o TEAINE
=2 €H, zny1 =ontn+ (1— )Tz, (n=0,1,2,...)

DEETHB. 72720, {a,} C[0,1] THS.

Z Z T, Halpern & Mann {TK > TEA SV PR RGAMEEHWT, £7419IC, Banach 28
BT B BAVER D resolvents [Z S AT R ORIIBREHZAIHT 5 2 & THD. 0%, ARFEDIE
PREAGIT T A RICREREZEIT 5. BB, 5O RZHWT, proper Tz R4
BE%XD minimizer %3R5 M/IMERIE S, FEILKL BT FOIERIC K o TROA N D HH AT REE R
BERD.

2 %l
E % Banach Z5#]& U, E* Z2TDHBEEETS. ¢ € EIXBITS 2* € EB* DEE 2*(z) /2 (z,2%)
TET. EIXBITZ50 {2, } W2 \TRICRTE &R 2, - 2 TERL, BICET5 L% 2, — 2 TKT.
E DD modulus§ 1d, 0S5 e L2 &85 e )L T

o) = int {1 - L oy <1 i < 1 o -0l 2

TEHKRIND. Banach ZEE] E RN THB LML, > 01t UT, 6(e) > 0 DRITKD LD EEEWN
5. EDLz ITRLT,

J(z) = {z" € B : (z,2%) = [z]|* = |]="||*}

MEFEINDN, 2D J % E LD duality BEEWS. U ={z € E: ||z]| =1} ELLD. TDEE,

. x4+ ty|| — llz
BEZIXD. EDJ VA Gateaux O TIRETH B &1, H£ED 2,y e U IR U T, 2) BPDRICHEHET S
EEZRND. E D/ IVLD—HEIZ Gateaux FOTRIRETH B &1T, EED ye UIRKRLT, () Nz elU i
BLT—HEICIRT B & E 50D, E D J VA Fréchet ATIRETH B &1L, H£ED ¢ e U T LT, (2)
Wy e U RBELT—REIIGET 5 & &2 1S, E S Gateaux JOTRE/RR IV AZ D TIE, E £ duality
EHI—MERICIRS.

E % Banach ZEf1& U, A ¢ Ex FE &L XS, A DAV (accretive operator) TH 5 &I,
(z1,91), (z2,92) € ATRLT, DRI (y1 —92,7) 2 0 £73B j € J(z1 — z2) BFET HELEZEND.
72720, JI1X E @ duality B THS. E % Banach ZElE L, AC E x E #KXERAEETS. Z0&
&, TNTDA>0IZHLUTD(A) C R(I + M) DRRIT B 51, A ERSEM (range condition) %



WizdEnbng. Z0EE, A710={ze€ D(A): 0€ Az} & A D resolvent J. DFRENHRDES F(J,)
Dl

F(J)=A"10

EWIH BB HS.

3 Resolvents DUREIE

ZDEITIL, Halpern & Mann OARBIFUERIED Y 1 74 7 ZHNT, resolvents DIHEBERSB.
EHE 3.1[6] E &4 Gatéaux I IEER / )V L% B D—4%/x Banach Z8#& L, AC Ex E %{#
BT AERERETS. C %R FE OB TRNEITEEST

DA)ycCcC rQOR(I+TA)
EWTHDETSB. =z C &L,
Tpt1 = anZ + (1 — an)Jr, Zn (n=0,1,2,...)

E¥B. FEEL {oa} C[0,1] & {ra} C (0,00) 1 lim @ =0, Zan =oco, lim ry = oco /=T HD

ETB. ZDEE, A0+ ¢ THBREIE, {z,} bj:A 10 0)7{:u J’ﬁﬂﬁ?’"% ZIZT, Per=u&B<
&, PidC 5 A0 @ _E~® sunny nonexpansive retraction Th 5.

TEME 3.2[6] E % Fréchet OTIRER / V% B O— ™2 Banach Z8E1& U, A C E x E Z{EH&M
BRI TEAMERRE TS, C & E OETRVEAMERT

DA)cCcC TQDR(I-I"T’A)
BRI THDETS. zgp=2eC &L,
Tni1 = CnZn + (1= a,) ], 2p (n=0,1,2,...)

ETB. 2L, {an} C[0,1] & {rn} C (0,00) i limsup e, < 1, lirginfrn>0 BT HDETS.
n—+o0 n—00
TDEE, A0 # ¢ THBRLIE, {2} I XA 0 DHBITv ICTPLICET 5.

FH31BLNEE 32 DEBHERELUTDOED 2 DDOEHENELND.
SEHP 3.3 H % Hilbert Z8f1& U, A: H — 28 ZiABIERARETS. o=z H &L,

Tpt1 = anz+ (1 —an)dr 2, (n=0,1,2,...)

E95. 2L, {az} C[0,1] &{r,} C (0,00) IX Jim o =0, Zan =00, lim r, = o0 A IS

DETBH, ZDEE, A0+ ¢ THDBIE, {z,} @iA 10 @jcu %J’@Wﬁ?% ZIZT, Pr=u&P
<&. P HMPS A0 O EAD metric projection TH5.

FEHE 3.4  H % Hilbert ZE& L, A: H — 28 ZEKRWERARETS. zo=zec H &L,
Tpp1 = Unn + (L—an)r,zn (n=0,1,2,...)

ETB. 2L, {a,} C[0,1] &{r,} C (0,00) I hmsup a, <1, hmmfrn> 0 &R/=THDETS. &
DEE, A70+£ ¢ THBRHIE, hmHiAlowmuk%mmﬁé '

EH 3.3 BINEHE 34 ZHNT, R/MEBIEOE%ERY B proximal point algorithm Zi#fd 5 2 &
INTES.



T 3.5 H #HibertZBi&L, f: H— (00, 00] % proper TR B 5. zg=z € H
&L, :

vo = axgmin { £(2) + 5llz = a*}
ze€H

Tnpt =nz+ (L—an)yn (n=0,1,2,...)
ETB. 2L, {an} € [0,1] & {r,} C (0,00) & hrn an =0, Zan =co, lim r, =00 ZWZd D

DETB., ZDEE, (8f)710+ ¢ THBRLI, {a:n} W (0F)~ 10 0)7[:1) kﬁ'ﬁlﬂlﬁiﬁ'é T, vide
IZ—B f O minimizer THD. X 5IT,

Fans1) = (o) S an(F(2) = £(0)) + “222 [y — vl ~ 2l

RO 3.

T 3.6 H % Hilbert Z5H&E L, f: H — (—00,00] % proper T FYB/R W BIE T2, ep=2€ H
&L,

yn = argmin { f(2) + 5|1z — o]
ce H { 2rn }

$n+1=6¥nﬂ3n+(l—an)yn (n:0,1,2,)
ET5B. 727EU, {z,} C[0,1] & {rn} C (0,00) %ihmsup an<l, hmmfrn> 0 ZFTdHDETSH. T
DEE, (8F)710+# ¢ THBRBIE, {z,}1E(0f) 1O G)jm) b%ﬂﬁ'@“% X5IT,

1—a
Loy, — oy 2al

F(zng1) — f(v) € an(f(zn) — f(v)) +
RN ILD.

4 EIREOIFEKREERICHT DR EE EEDIGH

AR T HE [16], EZ-E4E [1] 1%, Crombesz[2] REME-HFN [17] &i1dE D HORERGEEEICE > TH
HFMERE L. MO DEBEZIRANZENC, TORE2R/-DICEELRLZHHEHE2EREL L
9. C % Banach ZEf F OFMESEL. 11, Th,...,T. 2 C LOEHETS, £/2. o1,00,... ,0, &
0< <1 (i=1,2,...,7r) &2 ELTH, ZOLE, DEOXSICERINDEHZE W T, Ts, ..., T,
Eag,an,... 0 KREDTERING W B b [15].

Siz =Tz + (1 -~ ai)z,

Sor = Ty Sz + (1 — az)z,

Sr—l = ar—lTr—»lsr—-‘ziL' “+ (1 - (l',-_l)(L‘,
Wz = o, T 5,12+ (1 — o)z
ZD W-BIZH U TOEDOEEIFHATES.
EHE 4.1 E #PE2 Banach ZEiE L. C % F OMMESETS. Ty, Ty, ..., T Z O F(T) # ¢

E725 C LOEFREMBEL, a1, 0,... 00 BO< oy <1(i=12... 70— 1), 0<a, <1 ERBEHK
c‘:ﬁ":ﬁ w % Tl,Tg,... ,T,- & Qyp,09,... , 0 ‘:i?fé}&éh% W)EJ*@CE@AEJ TDEE

= F(T)

fz=1



PERD L.

EE-THE [16] 13 EH 4.1 2HWTOEOEHETHLUE.
S 4.2 F %2—FIYT, Fréchet 43 TI8E/L / V% HD Banach ZEEIE L. C 2 F OFMESE
I5. T, Ty,..., T, & N_F(T;) # ¢ &£725 C LOFEHEAEREL, ar,00,... 0, 0 < a; < 1
((=1,2,...,7=1),0< <1 ERBZEHELTE. W EN,T,..., T, &ay,ay,... 0, KD TER
AND WEHKETSE. CDEE, FED z€ CIZRUT, {Wre} 1 N, F(T;) OITITIPERT 5.

Z DFEEE WIS T 2 LD EDHICIRD.
EIE 4.3 F Z—05 T, Fréchet #WIEEAR ) VA% HD Banach ZEHlE L. C % F OBMESET 5.
C1,Cay...,Cr B (0, C; # ¢ E7BIEHEK retracts &L, Pi(i=1,2,...,r) & C 5 C; ~DIEILK
retractions &§%. £ ag,09,...,00 2 0< <1 (i=12,...,7r—1),0< o, <1 &722FEHETS.
W% P,Py,...,P. & og,00,...,00 REDTEREND W BHETD. ZOEEEED z € CITHL
T{Wnz} & Ni_,C; DITICHFEIERT 5.

ZHITRLUT, EZ-BE 1 W, €8 41 2ANWTOEDOERZIEHALE.
FIR 4.4 E #—IYT, —# Gateaux M EIRES / VA% H D Banach ZEH &L, C % F OBMES
ETB. T, Ty,..., T & (o F(T9) # ¢ £72% C EOIEIERESREL, ar,as,... 00 20 < a5 < 1
(i=1,2,...,r=1),0< e <1 &BBEEETE W ZE T, Ts,..., T & og,00,...,0 KX TER
EINBWEHETS. ZOLE FED 2y =2 CITHLT

Tpy1 =P+ (1= Bn)Wez, (n=1,2,...),

0< <1, lim Bo=0, z;llﬁn+1‘*ﬂn]<oo, ;ﬂn — o
TEHEENBEF {2.} W& (I F(T) DR z KRIGRTS. 22T, Pr =2z &35&, P C 25
Ny F(T;) D E~DYZ—IFIK retraction THS.

ZDEBZ MHKBEISHET 5 S DEDOHITES.
T 4.5 F & —#NT, —8 Gateaux M ERE/L / VA% HD Banach ZEi& U, C % F OHES
E§5B. C,Cy...,Cr &N C; # ¢ &735 C DIEW K retracts & U, Pp, P, ..., P ZENENC N
5 Cy,C,...,Cr DENDIEILK retractions &5, ag,09,...,00 Z0<a, <1 (i=1,2,...,r=1),
0<a <1 &35 EU, W %E P,L,P,,... P Eag,a,...,0 KK TERIND W BEHEETS. -
DEE FEBD 2, =2z CITRLT

Top1 = Pnz+ (1= Bu)Wz, (n=1,2,...),

o o0
0<Ba<l, limfa=0, Y |fatri—Fnl<oo, D Ba=oc0

n=1 n=1

TEBSNBRG {2,} 1 N, C DR z KHRANEKTS. ZZT, Pe=2 &935&, P C A5 NG
D_EANDY Z—IJEHK retraction THB.
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Abstract

We give a necessary and sufficient condition for a translation semigroup to be
supercyclic in a weighted function space.

1 Introduction

For a strongly continuous semigroup {T'(¢)} on a Banach space X, W. Desch et al.[1]
investigated the conditions of a semigroup to be hypercyclic, where a semigroup is called
to be hypercyclic if there exists z € X such that {T'(¢)z | ¢t > 0} is dense in X. In [1] they
considered the translation semigroup on a weighted function space LE(I) or Cq,(I) (I is
an interval [0, co) or (—o0,00) ) as a special case and they gave a necessary and sufficient
condition to be hypercyclic. The hypercyclic semigroup is called to be chaotic if in addition
the set of periodic points is dense in X. In [5], M. Yamada and F. Takeo gave a necessary
and sufficient condition to be chaotic for the translation semigroup on a weighted function
space Lb(I) or Cy,(I). When there exists © € X such that {¢T'(¢t)z |t > 0,c € R} is
dense in X, the semigroup is called to be supercyclic [4]. In this paper, we investigate
the property of a supercyclic semigroup on a Banach space and show that the translation
semigroup on a weighted. function space L2(I) or Cy,(I) is always supercyclic if I is an
interval [0, 00). For I = (—o00,00), the semigroup is not always supercyclic, and so we
give a necessary and sufficient condition to be supercyclic for the translation semigroup
on a weighted function space L5(I) or Cy,,(I) for I = (—o0,00).

2 Preliminaries

We shall give some definitions and known results about hypercyclic and chaotic translation
semigroups on a weighted function space.



Definition 1. ([4]) A strongly continuous semigroup {7'(¢)} is called supercyclic (resp.
hypercyclic) if there exists z € X such that {cT'(t)z |t > 0, ¢ € R} (resp. {T'(t)z | t > 0})
is dense in X. A strongly continuous semigroup {7'(¢)} is called chaotic if {T'(t)} is hy-
percyclic and the set of periodic points X, = {z € X | 3t > 0s.t. T(t)z = z} is dense in
X.

Definition 2. ([1]) Let I be the interval [0, 00) or (—o0,00). By an admissible weight
function on I we mean a measurable function p: I — R satisfying the conditions:

(i) p(z)>0forallz € I;

(ii) there exist constants M > 1 and w € R such that p(z) < Me“!p(t+z) for all z € I
and £ > 0.

With an admissible weight function, we construct the following function spaces:

LA(I,C) = {u :I—=-Clu measumble,/]u(T)[pp(T) dr < oo}
1

with (1] = ( [ lu(r)Potr) dr ) g

Co,(I,C) = {u : I — C | u continuous, lim p(T)u(r) = 0}

—=+00
with ||uf| = f;}égIU(T)lp(T)-

We consider a translation semigroup {T'(t)} with parameter ¢ > 0 such as [T(t)u](7) =

u(r +t) for u € Co,(I) or LA(I). When p(r) = 1, weighted function spaces are equal

to LP or Cy and the hypercyclicity of the translation semigroup doesn’t occur, since the
norm of T'(t) is equal to 1 for all ¢ > 0 in LP or Cy. Necessary and sufficient conditions
for the translation semigroup in L} or Cj,, to be hypercyclic and to be chaotic are known
as follows.

Theorem A [1]. Let X be LA(I) or Co,(I) with an admissible weight function p.
Then the following (1) and (2) are equivalent:

(1) The translation semigroup {T'(t)} in X is hypercyclic;

(2) (i) If I =[0,00), then liminf; ,o p(t) = 0 holds.

(ii) If I = (—o0,00), then for each 6 € R there exists a sequence {t;}32, (t; — oo
as j — o0) of positive real numbers such that

lim p(t; +6) = lim p(—t; +6) = 0.
j—ro0 j—roo
Theorem B [5]. Let I = (—oo,'oo) (resp. I = [0,00)) and let X be Lb(I). The

translation semigroup {T(t)} is chaotic if and only if for all € > 0 and for all 1 > 0, there
exists P > 0 such that

Z p(l+nP) <e (resp. Zp(l +nP) < e)..

neZ\{0} n=1



Theorem C [5]. Let I = (—oc,00) (resp. I = [0,00)) and let X be Cy,(I). Then
the following assertions are equivalent:

(i) the translation semigroup {T'(t)} in X is chaotic;

(ii) for all € > 0 and for all 1 > 0, there exists P > 0 such that
p(l+nP)<e forallneZ\ {0} (resp. n€N);

(iii) there ezists {1;}32, C R* whose limit is infinity, such that for all € > 0 and for all
i € N, there ezists P > 0 such that p(l; +nP) < € for alln € Z\ {0} (resp. n € N).

3 Supercyclic semigroups

In this section, we shall give a necessary and sufficient condition for the translation semi-
group to be supercyclic. In the first subsection we consider a semigroup on a Banach
space, and in the next subsection we treat a translation semigroup on weighted function
spaces.

3.1 Supercyclic semigroup on a Banach space
The next lemma is useful in proving the following lemma.

Lemma 1. Let X be a separable infinite dimensional Banach space. Suppose that {T'(t)}
is supercyclic, i.e. there ezists ¢ € X such that the set {cT'(t)z |t > 0, c € R} is dense in
X. Then the set {cT'(t)z |t > s, c € R} is also dense in X for all s > 0.

Proof. Assume there exists so > 0 such that A = {cT'(¢)z |t > s, ¢ € R} is not dense in
X. By the assumption, there exists a bounded open set U such that U N A = ¢. Then
we have

X = {IT(t)z|t>0,ceR}
= {cT'(t)z|t>s0, ce R}U{cT(t)z |0<¢< s, c€R}

Note that U  {cT'(¢)z |0 <t < sy, c € R} because U has no intersection with A. By
the definition of semigroup, if there exists t5 > 0 such that T'(tg)z = 0 then T'(t)z = 0
for all t > #;. So we have T'(t)r # 0 for all ¢ > 0 since the set {cT'(t)z |t >0, c € R}
is dense in X. Considering that T'(t)z is continuous with ¢ and T'(t)z # 0 for all ¢ > 0,
there exists mi,my € R such that 0 < m; < {||T(t)z|| | 0<t < s} < mg. Since
U is bounded, there exists M > 0 such that ||y|] < M for any y € U. We have U C
{cT(t)x | 0<t<sg,]c < mﬂl} Consider the map (,¢) € [0, s0) x [~ 2L, &) s cT'(t)z €

my1’ my
X. Then the image is compact since the set [0, so] x [«;an—, mﬁl] is compact. It means U is

compact, i.e. X is finite dimensional, which contradicts that X is infinite dimensional. [

Lemma 2. Let {T'(t) |t > 0} be a strongly continuous linear semigroup on a separable
Banach space X. Then the following are equivalent:
(1) {T(t)} is supercyclic;



(2) for all y,z € X and all € > 0, there exists v € X, t > 0 and ¢ € R such that
lly —v|| < e and ||z — cT(t)v]| < g;
(3) forally,z€ X, alle >0 and for alll > 0, there existsv € X, t > [ and c € R such
that ||y — v|| < € and ||z — T'(t)v]| < €;
(4) for all € > 0 there ezists a dense subset D C X such that for all z € D there exists
a dense subset D' C X such that for all y € D’ there exists v € X, t > 0 and ¢ € R such
that ||y — v|| < € and ||z — cT'(t)v]| < e.
Proof. (1) implies (3): Let {cI'(t)z |t > 0, ¢ € R} be dense in X. By Lemma 1, for any
Y,z € X and any [ > 0, there exists s > 0 and ¢; € R such that ||y — ¢;T(s)z]|| < €, and
there exists v > s+ and c; € R such that ||z — 2T (u)z|| < &. Put v = ¢;T(s)z. Then
we have the first inequality. Put ¢t = u— s > [ and ¢ = 2—'1’ Then we have the second
inequality.
(3) implies (2): It is obvious.
(2) implies (1): The proof is similar to the proof in the case of hypercyclic. Let {21, 22, 23, -+ }
be a dense sequence in X and we construct sequences {y1, y2,ys, - - } C X, {t1,%2,¢3,--- } C
[0,00) and {¢1,¢9, 3, } C (—00,00) inductively:
put y3 = 21,6, =0,¢1 = 1
for n > 1 find y,, t,c, such that
2—‘77,
oo =il S G T <5 <)
lzn = T (ta)ynl] < 277 (1b)

Since (1a) implies ||yn — yn-1]] < 27, the sequence {y,} has a limit v. By (1a) and (1b),
we have the following:

|20 — eaT (ta)v]]

and (1a)

zn = T (tn)ynl] + llenT (&) ll||yn — vl|

zn = caT (tn)ynl| + [lenT @)l |E2 041 lys — Yi-1ll
2—1

sup;<; [le;T'(45)]]

27" 4 N2 27 =97

i=n+

<
<

< 27" A | T (ta) 152 01

IN

£

Given z € X and € > 0, there exists an arbitrarily large n such that ||z, — z|| < £.
Choosing 7 large enough satisfying 27"*! < £, we have
lenT(tn)v — 2l| < Iz = zall + llzn — caT (tn)]] <e.

Therefore {c¢T'(t)v |t > 0,c € R} is dense in X.
(2) implies (4): It is obvious.
(4) implies (2): The proof is similar to the case of hypercyclic. Let € > 0 and y,z € X.
Since D and D' is dense, we can pick 2’ € D and y' € D' such that ||z — 2|| < £ and
lly — 'l < §. We choose v, ¢ and ¢ according to (4) with £, ¢/, 2’ instead of €, y, z and
obtain

T (v — 2] < |lcT(t)v - 2| +]|2' - z]| <&,

lo=yll < [w="yll+]ly -yl <e



3.2 Supercyclic translation semigroups on a separable Banach
space, L5 and Cp,

Let I be the interval [0,00) or (—oo,00) and p be an admissible weight function. We
shall give a necessary and sufficient condition for the translation semigroup in h4 (I) and
Co,»(I) to be supercyclic.

At first we shall quote the lemma, which is needed to prove the following theorem.

Lemma 3. [1] Let I be the interval (—oo,00) or [0,00) and p be an admissible weight
function on I. If w > 0, then there exists a constant M, > 0 such that the inequality
w:0(0) < p(1) < Myp(o +1) holds for any 1 >0, any o € I and any T € [0,0 + 1.

By using the lemma, we give the following necessary and sufficient condition for super-
cyclic.

Theorem 1. Let X be the space LY(I) or Cy (1) and p be an admissible weight function.
Let {T(t)} be a translation semigroup on X. Then the following assertions hold:

(1) If I =[0,00), then {T'(t)} is supercyclic;

(2) If I = (—00,00), then {T(t)} is supercyclic if and only if there exists a sequence
{t;3521 (t; — 00) such that lim;_, p(t; + 0)p(—t; +0) = 0 for each § € R,

Proof. (1) Let Xy be the set of all z € X such that the support of z is compact. For
[ >0, let X; be the set of all z € X such that for each £ > 0, there exists some w € X
and t > [ such that ||T(t)w — z|| < &. In the both cases X = L5(I) and X = Cq,(I),
we can prove that Xj is dense in X. For any [ > 0, X = X holds. We use Lemma 2(4)
with D = X; and D’ = X,. For any y € X, there exists ¢; > 0 such that for any s > #;
T (s)y]| = 0. Put [ = ¢; and pick any z € X;. For € > 0, there exists v’ € X and
t > t; such that ||[T(¢)w' — z|| < €. Put ¢ = U%M and w = ﬂ%’iﬂ ‘Then ||T(t)w' — z|| =
T (t)w — 2]| < € and ||w|] = & < € hold. Put v =y + w. We have ||y — || = |jw|| < €
and ||z — cT'(t)v]| < ||z — T (t)w]| + ||cT()w — T (t)v]| < € + ||cT'(t)y]| = €. By Lemma
2(4), {T(¢)} is supercyclic.

(2) We suppose X = Lb(I,C). In the case X = Cy,(I,C), we can prove in a similar
way.

(«=) Let {T'(t)} be supercyclic. We will show lim;_, p(t; + 0)p(—t; +0) = 0.

Fix any 8 € R. Let y,z € X be functions with compact support C [§,6 + ] (I > 0) and
y > 0,2 <0,|lyl| = ||z]] = 1. By Lemma 2, for any £ > 0 there exists v. € X, t. > 0
and c. > 0 such that ||c.T(t:)v: — 2| < € and |[v. — y[| < e. Put wi = vJ,,,, and

W2 = Vglgts, 0-4i+e]" .
We can show the following:

|leeT(te)un|| < & (a)
lyll = llwn]] <& (b)
l|lwal| < & (c)
2l = lleeT (te)wnll <. (d)



By Lemma 3 and the above (a)-(d), there exists some constant M such that ¥ >

(1"5)2;1”2(2;*(232?)(9‘15). If £ tends to 0 then p(f — t.)p(0 + t.) tends to 0.

(=) Assume for each 6 € R, there exists a sequence {¢;} whose limit tends to co such
that lim;,c p(t; +6)p(—t;+80) = 0. Let y and z be any functions with compact support,
[0—1,08] (6 €R, | >0). By assumption and Lemma 3, for any € > 0, there exists t; > {
and the constants M > 0 such that p(t; + 0)p(—t; +6) < ﬁﬁ%%.

Put

y(T) TE [9 - la 0]
vi(T) =< Aj-z(r—t;) TEt;+0—11+0]
0 otherwise

1
and ¢; = 4, where A; = (——5’3(-0-—”—-—)”.

A7 EREECED
By Lemma 3 and the above inequality, we have ||v; — y||P <€ and llc;T(t;)v; — 2|]P <€,
therefore {T'(¢)} is supercyclic by Lemma 2. O
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Convergence to the limit set of linear cellular
automata

Mie Matsuto and Fukiko Takeo

Ochanomizu University

1 Introduction

A cellular automaton consists of a finite-dimensional lattice of sites, each of which
takes an element of a finite set Zy; = {0,1,..., M —1} (M € Z,) of integers at each
time step and the value of each site at time £+ 1 € Z, is determined as a function
L of the values of the neighbouring sites at time ¢.

Concerning a linear cellular automata rule L with A = 2, S. J. Willson considered
the subset of a product space Z¢ x Z, which consists of sites taking the state 1 up
to time 2" with an initial configuration w, that is,

K(nw)={(z,t) €2 xZ, |0<t < 2", (I'w)(z) =1}

He showed that a limit of K'(n,w) contracted with rate 1/2" exists in the sense of the
Kuratowski limit and that the limit set does not depend on an initial configuration.
As an extension of the above result, S. Takahashi considered the limit set in the case
M = p" (p is prime and r € Z,). By considering the set K (n,d) (the configuration
J takes 1 at the origin and takes 0 at other sites) of sites taking nonzero state up to
p" — 1. that is,

Knd)={(z.t) €2 xZ, |0 <t <p" —1, (L'6)(z) s 0}.

He showed the existence of the limit set of {%%ﬁ} Moreover he investigated the
set of sites which takes the state b (b=1,2,... ,p" — 1)

Ky(n,0) = {(2.t) € 2 x Zy | 0 <t < p" — 1, (L'6)(x) = b}

and showed the existence of a limit set of {W} [2].

In [1], we consider series Lw up to time p™ as a function ¥, (w) with M = p, where
p is a prime integer and show the convergence of ¥:,(w) in the pointwise topology.
Let T be an operator from ¢, (w) to ¥%,41(w) and g be a limit function of ¢, (w) in the
pointwise topology. We verify that g is T-invariant and that § (an upper envelope
of ¢) is a scalar multiple of a characteristic function of the limit set of { K (n,w)/p"}.
In order to investigate the topology which {¢,(w)} converges to §, we consider the
space USC of all Z,-valued upper semi-continuous functions and the metric Dy on
USC and verify that {¢:,(w)} converge to ¢ with respect to Dy.

We extend the result above to the case mod p” and we show the existence of the
limit function of {¢,(w)} with respect to Dy and the relation between the limit set
of {Iy(n,w)/p"} and the limit function.



2 The convergence in the pointwise topology

We define a d-dimensional p"-state linear cellular automata (LCA) as follows:
Let p be a prime number and let P be the set of all configurations a : Z¢ — Z /p"

with compact support. We define § € P as
1 z=0

5(m):{ 0 z#0.

Let L:P — P mod p" be a linear transition rule as follows:
(2.1)

(La)(x) = Z aja(x + kj) for a € P,
jeG
where G is a finite subset of Z with §G > 2, k; € Z* (5 € G) is a neighbouring site
of origin, a € Z,-\{0} and the summation ) is taken as the summation with mod

P
Let r
(=, 2)eRx[0,1] |z € Z4t € 24,0 < t < p"}

X, =

for n € Z, and put
Gy = {t € 2! | (L3)(¢) # 0}

for j € Z..
Define a map ¥, from P to the function space on R? x [0,1] for a € P and n € Z

by
- ; xIr t (Lla)(r) lf (fﬁ'« ;%{) E -Xrna
(Ln(a))(;)'n'ﬂ ;}7) - { 0 if (pin ;5%7) e (Rd X [07 1]) \—Yn
and a map S;;: R x [0,1] — R? x [é— %—1-] by
x t ( )
— l)

Se (e t) = (=, =)+ .
ej(.t) <p'p) (p.,. »

For a function g on R? x [0,1], by using maps S ; define a function Tg on R? x [0, 1]

by
To(y.q)= Y (I 8)(6)g(57(9.9))

CEGjPr-—l
for%<q§%’—with0§j§p—1and

Tg(y.0) = g(py.0).

We can show the following theorem.



Theorem 2.1. For a € P with «(0) # 0, we have the following assertions:
(1) The sequence {¥y,(a)} converges to a function on R¢ x [0,1] in the pointwise

topology.

(2) The limit function g, of the sequence {¥,(a)} in the pointwise topology 1s T'-
mnvariant, that 18, Tg, = gq.

(3) As for the limit functions gs and g, of {¥n(8)} and {¢,(e)} respectively. we
have a(0)gs = ga-

3 The space of Z,-valued upper semi continuous
functions

In this section, we shall introduce two metrics dy, Dy in the space of Z,--valued
upper semi-continuous functions on a compact subset of R¢ x [0,1]. Let ISC be the
space of Z,--valued upper semi-continuous functions on R4 x [0, 1], where Z y-valued
upper semi-continuous functions mean upper semi-continuous functions embedded
in R-valued function spaces. For functions f, g € USC, the order f > g is defined
by f(y,q) > g{y.q) for any (y.q) € R? x [0,1] by considering Z,- as a subset of R.
For functions {f)}xea € USC having an upper bound. let

g1(y.¢) =inf{g(y.q) | g € USC.g > f» for any X € A}
and
g2(y.q) = inf{fi(y.q) | A € A}.

Then g¢; and g; belong to USC and g; is the least upper bound function / f, and
g2 is the greatest lower bound function A fy in USC. So the space USC is an order

complete lattice.
Let Ii be a compact subset of R x [0.1] and (yo, o) be a point of (R? x[0,1]) \ K.
Let

USC|x ={g € USC | support of g C K’}

By using the Hausdorff distance D(A4, B) of non-empty compact sets 4 and B in
R? x [0, 1]. we shall define the pseudodistance Dy(A. B) of A and B in R¢ x [0,1] by

Do(A.B) = D(AU {(¥0-9)}.B U {(y0,9)})

and metrics dy, Dy in USC|g as follows:

di(g1:92) = maxicjcyr1Dolg7 (), 95 (5))

Df(al ) gl) = 11133515.;5;;'*-1130 (g;l[s—{—]a 93—] [5+]) .

for g1,92 € USC|x, where g7 '[s+] = {(z,t) | g(z,t) > s} and g7 '(j) is the closure
of the set g7'(j) = {(=.t) | g(x,t) = j}. It is easy to see that d; and Dy satisfy the
axioms of metric in USC|g. Then the following theorem holds.



Theorem 3.1 ([1]). For {f,} C USC|k, suppose ds(fn,fm) = 0 as n,m — oc.
Let g = N2y Vosi fn- Then we have

D¢(fnyg) =0 as n— oc.

4 Results

Using the metrics df and D; in Section 3, we consider the convergence of {1, (a)}72,
to the limit set.
Definition 1. An element j € G is prime if a;/p ¢ Z.

We have the following theorem by Theorem 3.1.

Theorem 4.1. Let the set G in (2.1) with mod p" have at least two prime elements.
For a nonzero a € P, we have

(1) dy(¥p(a).tm(a)) = 0 as n.m — oc.
(2) Put fo = /\ \/‘zl._f'.',,,_,_,‘_](a'), where \ and \/ are lattice operations in USC.
k21 n>k

Then we have
Dy¢(wn(a), fo) =0 as n-—oc.

Put
E'(nd)={(zt) € ZxZ, |0<t<p" =1, L'6(z) #0 (mod p')}
for f € {1,2,..., r} and

o R Kf(né
1"f=ﬂU‘—z(—)—’}—'—‘—>l,

k=1 n>k
which is the limit set in the sense of the Kuratowski limit. Let § be the upper
envelope of ¢, that is,

g(z.t) = inf{o(x.t)|¢ € USC.d(x.t) > g(x.t)}.

The following theorem shows the relation among the limit set Y%, g5 in Theorem 2.1
and Ar—, Vs ¥ntr—1(0), which is the limit function with respect to Dy.

Theorem 4.2. Suppose that the set G defined as (2.1) has at least two prime ele-
ments. Let the function gs be defined by gs(y.q) = limy e (¥(0)) (¥, q)-
Then.

) A
gs= 2 0" =Py,

1<f<r

and

o
.()5 = /\ \/ '¢"n+7*—1 (5)

k=1n>k



For @ = a(x) € P, put
Gy = {.’77 =/ l (l,-(.'T,‘) 75 O}

Let 7,: P — P be a shift operator such that

a(y) = a(y — ).

The following theorem shows the relation among the limit set Y}, g, in Theorem
2.1 and A72; Vs Yntr—1(a). While the upper envelope of g, depends on only the
value a(0), Areq Vysg Cntr—1(a) depends on all values a(z)(z € Z). So g, is not
necessarily equal to Are; \/, sz Untr—1(a) and we have the following

Theorem 4.3. Suppose that the set G defined as (2.1) has at least two prime el-
ements. For a € P with a(0) = kp’ for k/p ¢ Z, and j € {0,1,...,7r — 1}, put

9a(y. q) = limy oo (¥nla))(y. @)
Then

Ja = Z (" — Pf_]ﬁ)l)‘}\u{;;}}
< fsr—j

and

o
| /\ \/ Upgr—1 (@) = \/ br(@-

k=1n>k z€Gq
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Prime ideals in H® +C

Keiji Izuchi
Niigata University

ABSTRACT. It is given an affirmative answer to the problem on prime
ideals of H* + C posed by Gorkin and Mortini.

This is an abstract of the paper [5].

Let D be the open unit disk in the complex plane. Let L* and H* denote the
usual Banach algebras on the unit circle 8D. A closed subalgebra B of L*° containing
H* is called a Douglas algebra. We denote by M (B) the maximal ideal space of B
and can be viewed as a compact subset of M(H®). Identifying each point of D
with the point evaluation, we think D as a subset of M (H*). The smallest Douglas
algebra, except H*®, is H*® + C, where C' denotes the space of continuous functions
on 8D, and it is known that M(H*® + C) = M(H*)\ D, see [1]. For a subset
E of M(H* + C), we denote by E and int E, the closure and the interior of F in
M(H®> + C), respectively. For a function f in H* + C, we put

Z(f) ={¢ € M(H> + C); f(¢) = 0}
and
{Ifl <1} ={¢ € M(H*>+ C); |f({O)] < 1}.

Similary, we define the set {f # 0} in the space M (H* + C). ’
For a sequence {z;}; in D such that 322, (1 — |2;]) < oo, there is the associated
Blaschke product b given by

wi

j.zﬂ_zj, z € D.
11zl 1-%;

8

b(z) =

[N

.
1t

Then {2;}, is the zeros of b. It is known that |b] = 1 on M (L), see [3].
In this paper, we study topological properties of Z(f),f € H* + C, and apply
them to study prime ideals of H* + C.

Theorem 1. Let {b,}, be a sequence of infinite Blaschke products. Let E be a G-
subset of M(H* + C) such that Use1{|bx] < 1} C E. Then there exists a Blaschke
product B such that U2 ,{|bx| <1} C Z(B) C {|B| < 1} C E.




Applying Theorem 1, we get similar results obtained in [4] and we have the following
theorem which is the key of this paper.

Theorem 2. Let f € H* +C,f # 0 and int Z(f) # 0. Let E be an Fy-subset of
M(H® + C) such that E Cint Z(f). Then EN{f # 0} = 0.

Applying Theorem 2, we answer the problem posed by Gorkin and Mortini [2,
Q4]. Let z € M(H*> + C). We denote by J(z) the ideal of functions in H* 4 C
which vanishes in a neighborhood of z. In [2], they studied these ideals and posed

the problem whether J(z) is a prime ideal of H* + C' or not.

Theorem 3. For every z € M(H* + C), J(z) is a prime ideal of H* + C.

Proof. Let f,g € H® + C such that fg € J(z). Then there is an open Fi-subset U
of M(H* + C) such that z € U and

(1) fg=0 on U.

To prove our theorem, suppose not, that is,

(2) f¢J(z) and g ¢ J(z)

If f(z) # 0, then by (1) we have g € J(z). So we may assume that

(3) f(z)=0 and g(z)=0.

Let

(4) Up=1{C€U; £(Q) #0} and U, = {¢ € Usg(¢) # O,

Then by (2) and (3),

(5) z € U;NU,

Since U ia an Fy-set, Uy is an F,-subset of M (H>+C), and by (1) and (4) Uy C Z(g).
Then by Theorem 2, Uy N {g # 0} = 0. Since U, C {g # 0}, Uy NT, = 0. This

contradicts (5).

Let z € M(H® + C). Then by Newman’s theorem [6], J(z) N H* = {0} if and
only if z € M(L*). By Theorem 3, we have the following corollary.

Corollary 4. Letz € M(H*® + C)\ M(L*®). Then J(z) N H* is a prime ideal of
H*>.
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On Closedness of the Range of the Generator of a
Cy-semigroup

Shizuo Miyajima
Dept. of Math., Faculty of Science, Science Univ. of Tokyo

Abstract. An elementary proof of the following known theorem is presented to draw attention
to the characterization problem of the closedness of the range of a generator: “a bounded Cp-
semigroup is uniformly mean ergodic if and only if the range of its generator is closed.”

MHIT, TOMEIROTRARGEIEAEDOTT Co- ¥ GRELRERD OARY, ThoXH
IR LELREALHATEERBMY LT &L,

&T, Banach ZZR X EOMBEERICAOVTIE, Co-¥8E {T(t)} >0 £Z D generator (AEFAEH
#) A FI3ZE D resolvent R(\, A) (ZBBITHEUDWT 5 (Hille-Yosida DR . £ LT, F8E
{T()}1s0 DHEA A Ti2i3 RO\, A) ORETHEMT 5 2 EW & fTb 5. FIAE, {T(t)}iso 2
FER (T <L VE>0) THBI &R, AD mdissipative THBZ ER, RO, A)| < 1/A
(VA > 0) THESMTIT SN S, &7z, T(t) % Banach lattice LONFEFFARFIERFR (positivity preserving
operator) &35 Z &MY A IZDWOTD abstract Kato's inequality S 4U&FTREM T ON B &
(W. Arendt) bASHT TS, THODEHTOOTI [1] P [3] FBBELTHZE L.

SR To T &L, FBROUENSHMRELT, ThEEBFERARIIOLVTORETEERZ 5 L0
IHFMTHB. hid, FHIRBEFER du(t)/dt = Au(t) OVIEREOREEZ S LS L
MoThE, ZOFBADBITOOTOUENSHFETLENIIETHY, BARLEODOTHS. L
MAUREH S, BRI EAERFERARIE 1 LISHELTED, EbohEFENI T EEEL
DT, A DFRARROTHE CLBHOME THEM T2 L0 MEDRKICEL ohT LU,

ZIT, FHOILADPBHFTHE LI UEEELTH LS.

N(A) T A O (null space) £2ETE, e NA) B TWz=z (Vt >0) LRAFETHS I &h%
DoTOBDT, ABNEETHS I &I T{T(H)}iso DREIED 0 KW THB] LI ¥BHONE
THREMIohs Z &1t 5.

ZNTRRICADPEHTHBEEGHIP LML U7, TA DPBEEERD ] &) HEICHIE
T HHBHOUERIFAIE I MEEEL LS.

{T)} o BRI ETY A ZEBIEAEETS X LO Co- B LT 50, HFEEEL
THhI9. %9, AODEFE DA) ik

DA) ={zeX| Bltilrg(T(t):c —z)/t} (1)
THEZ56h, zeDA) IKHLT
Az = lim LT =T )
.0 t

Ths. LT, zeDA)BOHEt >0 LT T(t)z e D(A) THY,
%T(t)w = T(t)Azx = AT (t)x 3)

WO MO ERAEBIZHNB. N(A) BEHTR~72ED A O null space &L, R(A) TA DE
B (range) FT. ¥/, N(4*), R(4*) TZhZTH A @ conjugate operator A* @ null space &
T



T=Ay € R(A) THBIED {T(t)}io IKE>TOBREEZ 5 LTEEL O, (3) HoHEh
NE3ROXTH S . ) .
—1-/ T(s)xds = }-/ T(s)Ayds = W 4)
tJo t Jo t

ORNS, HL {T(t)}hizo BER (Le., sup,so [|T()] < 00) BBIE, 7€ R(A) DEET(t)r O
Cesaro ¥4 (1/t) [E T(s)zds 1 t — 0o T O/ VAURT 5, L0 IFLOHEEFHDI LA%
N, TOTENS, BTICROLTIE {T(H)}ipo FERERELTEL JEKKT 5.

T, EEfFAR A OREREICSOT, HEFICIRBETETOEN 72O TH LYY, TOR
ROERVFMONTNEZ EHHEA L.

Theorem 1 ( [2] Chapter 5, §4) Banach Zf X EOFRN Co-k8 {T(t)}ino DERIEREE
AETBE, ADESRRA) BPHTHBZ & Cesiro T4 1 [ T(s)ds i ZHRIERFIC) IV
LINHF 3 & (uniform mean ergodicity) ICRIETH5.

CDEHENSRDFNESITHONS.

Corollary 2 EOFBERURKEDOTT, 045 A @ resolvent set IZBT 5 7cdDMLE+FERM,
{T(t)}io0 DFREIEA 0 I THY, D Ceshro FHP0IZ/IVLAPKRTHILETHS.

Remark. %0 Lemma 6 #F i, A DEHTHE1DOEFBRI LEOROEH/LRA—THBZ L
WEFN5.

CNODERIBOT, {T()}so OHRIEDEER crucial THBA, T DRES L TR
HBAERTE A OBESMEE {T(0)} o OWE TR IR EIEET, FIORMRER
bhsd.

BRI ITBE I OO TOPSFN LR, —ROBEITDVTRELERETES LD
RIERFBONTHENODT, I TH Theorem 1 @, Banach ZRMOEFRERIZOSE T,
elementary proof 252 % Z &1295. ([2] 128~ T 3 Theorem 1 DFEMIT, N(A4)+ R(A) 2
THHIEEE->THBD, EHRINTHNENEITHS.)

FRIAER (T }iso DEBIEAFR A KOO TROMBEEEMB L TH L.

Lemma 3 N(A)NR(A)={0}.

Proof. z e N(A)NR(A) £F 3 &, ze N(A) &V z 3T (t)z(= z) @ Cesaro FHITHITFLL
M, —FH 4) KLY, ZOFEIEt— o TOKNERTEHS, 2=0&EU5. O

Lemma 4 N(A*)NR(A*) = {0}.
Proof. f = A*g (f,g € D(A*)) I LT, weak® integral DEWKT, (4) ERERE
t ¢ N
-1-/ T*(s)fds = 1/ T*(s)A*gds = T(_t)u
t Jo tJ t
AKOILDODT, FELARKICLTORENS. O

Lemma 5 R(A) closed < R(A)+ N(A) closed.



Proof. $fIFMIC~NUE, N(A) & R(A) ¥ 0 THROLAETRD->TS, EWH T ELDOTH
B, M :=sup;s |[T()]| £UT, 21 e N(A), 22 € R(A) £LT

lz1]l < M ||lz1 + ||

DERONDI EERFEZEBRFBICREING. ZORERR T(s)(z1 +22) = 71 + T(s)z2 DO/ ND

1 1 1 .
loall < 2 / T(s) (e + o5) ds / T(s)zz ds
0

L1
t

E Q) EEAEBESNS. O

Lemma 6 R(A) closed <= R(A)dN(4) =X.

Proof. BN 5 « WHSHMIOT, = OAFHTLL. R(A) EIETSE, BUEREEH S
R(A*) BT, R(A*) = N(A): BH D LD, #-T, Lemmad &£V

(R(A) + N(A))* C R(A)F NN (A = N(A*)NR(A*) =0

BANG. FHEEMN S N(A) + R(A) BB - 72DT, N(A)+R(A) = X dR&Ehi. O

Lemma 6 7% S Theorem 1 OIEHREZTH 5. EEE, A PBHAERE LT {T®)}izo W
uniformly mean ergodic Tdh 5 Z EARTITIE, NA) O R(A) =X ERABHREFIZL-T, H3%
EFRHC>0DH-T, EBEDze R(A)ITHLT |ly| < Clz| 2A7cT ye R(A) Tox=Ay &I
B5HD0FETHEICHERLT @) 2ELE L0, #C {T(#)}ipo ¥ uniformly mean ergodic &
U, Cesaro FHOMBRE P L&D, TOEE, N(P) & R(P) BEDBIZ {T(t)} o IXDPWVTH
ZILOT, MEZINSOEBHOBOEDOTELNE L. LML R(P) LTRT(E) =1 (vt >0)
WOT, THoOZEMETIREBERROMESE {0}. #€-T, N(P) LTOAEZhIIL. h
BREANS P=0 EEELT RA4) BPHTHEI EAERFELNENITILETHSE. LTI TEDL
IIARELTHL &, $5 to >0 T ||(1/to) f° T(s) ds|| < 1/2 %H7F S OWEFLEET B 2 &iTiE
5. ZOEE seDA) ITHLT

1
.

to rs
/ / T(T)Az drds
o Jo

to s
/ / M| Az| dr ds
o Jo

t3 M || Az
2
THBIEBBERITHDD (M = sup,so [T@)]). &7, &€ D(A) IKHLT ||z|| < to M [|Az]|
MEONT, A ORESHEIREINS.

1 1 [ to
—Q-H:I:H < “t—- / T(s)rds —z (T(s)x — ) ds
0 Jo 0

THHM,

/ N (T(8)x — ) ds
0

IA
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