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PREFACE

This volume is intended as the proceedings of Sapporo Symposium on Partial
Differential Equations, held on August 4 through August 6 in 1999 at Faculty of
Science, Hokkaido University.

This is the 24th time of the symposium on Partial Differential Equations. The
symposium was founded by Professor Taira Shirota more than 20 years ago. It has
one of longest history among symposiums on partial differential equations in Japan.

It is our great honor that Professor Emeritus Taira Shirota, the founder of the
symposium, accepted our invitation and will deliver a lecture in this symposium. He
recently got a medal from Japanese Government for his contribution to mathematical
research and education. We take this opportunity to congratulate him as well as to
thank him for his contribution to this symposium.

We wish to dedicate this volume to Professors Rentaro Agemi and Kéji Kubota
for their large contribution to the organization of the symposium for many years.

Finally, we thank Springer-Verlag for permitting us to reproduce the first few
pages from the paper ‘On the initial-boundary-value problem for the linearized equa-
tions of magenetohydrodynamics’ by M. Ohno and T. Shirota, Arch. Rational Mech.
Anal., 144(1998), 259-299.

Y. Giga
T. Ozawa,
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Viscosity solutions of 1st and 2nd order
Hamilton-Jacobi-Bellman equations

Martino Bardi
Dipartimento di Matematica P. e A.
Universita di Padova
via Belzoni, 7; I-35131 Padova, Italy
e-mail: bardi@math.unipd.it

Abstract. The theory of viscosity solutions [CIL, BCESS] provides the ap-
propriate framework for studying fully nonlinear scalar PDEs of the general

form
F(z,u,Du, D%*u) =0

that are degenerate elliptic in the following very weak sense
F(z,r,p,X) < F(z,s,p,Y) if r<s and Y -X<0.
I will focus on the Hamilton-Jacobi-Bellman (briefly, HIB) equations of the form

sup L% = 0,

agd
where for each «, L% is a linear nondivergence form operator with Lipschitz
coefficients

8u N
L% = -—CLZ(:L)M + b3 (IL‘)E:L—Z +c*(z)u — f*(2), 1
and the matrix ¢ is nonnegative semidefinite for all z. These equations arise
in the Dynamic Programming approach to the optimal control of diffusion pro-
cesses. If a® = 0 the PDE is of 1st order: this corresponds to the control of a
deterministic system [BCD]. Many results hold as well for the Isaacs’ equations

sup inf L%y =0,
acABEB

where £%# are operators of the form (1). These PDEs arise in the theory of
deterministic and stochastic differential games.

I will first recall the basic theory of viscosity solutions and the connection
of the HJB equations with control theory. Then I will present some more re-
cent results on generalized solutions of the Dirichlet problem. In view of the



degeneracy of equation the boundary conditions are not attained everywhere
and must be interpreted in a weak sense. I will describe two different ways of
doing this. One of them is related to the exit times of diffusion processes from
an open set, the other corresponds to the exit times from a closed set. In both
cases the resulting generalized viscosity solution is not continuous in general,
as one expects from its control-theoretic interpretation. Some results are joint
work with P. Goatin and H. Ishii.

[BCD] M. Bardi, I. Capuzzo Doleetta: Optimal control and viscosity solutions
of Hamilton-Jacobi-Bellman eguations, Birkh&user, Boston, 1997.

[BCESS] Bardi, M.; Crandall, M.G.; Evans, L.C.; Soner, H.M.; Souganidis, P.E.:
Viscosity solutions and applications. Edited by I. Capuzzo Dolcetta and P.-L.
Lions. Lecture Notes in Mathematics, 1660. Springer-Verlag, Berlin, 1997.

[CIL] M.G. Crandall, H. Ishii, P.-L. Lions: User’s guide to viscosity solutions of

second order partial differential equations, Bull. Amer. Math. Soc. 27 (1992),
1-67,

[



ON PHASE INTERFACES IN THE VAN DER
WAALS-CAHN-HILLIARD THEORY

YOSHIHIRO TONEGAWA

1. INTRODUCTION

In my talk I briefly discuss some background materials and relevant results of
the van der Waals-Cahn-Hilliard theory of phase transitions, and in the second half
present a recent joint work with John Hutchinson (Australian National University)
on general asymptotic behavior of critical points of the following energy functional
which plays an important role in the theory. Since I do not have time to discuss
the results in full, I describe the assumptions and statements of the results in this
manuscript. The functional in question is

ul? u
(1.1) E.(u) = </l"j E-l-yé-—l—--f- -W-,—é-—)‘,

where u : U C R"® — R is the normalized density distribution of a two-phase fluid
and W is a W-shaped potential with strict local minima at 1. Such functional
is derived via a mean field approximation in statistical mechanics to explain the
macroscopic existence of ‘surface tension’ down from the intermolecular forces of
the large number of particles ([21]). Very much related is the phase transitions in
the context of the Ising model of ferromagnet, even though we do not deal with the
phenomenon of ‘phase transitions’ in the usual sense in statistical mechanics. Our
focus is, in a sense, within the domain of subcritical temperature with short range
intermolecular forces.
Critical points of the functional (1.1) satisfy

(1.2) eAu = g7 W’ (u) = ),

where ) is the Lagrange multiplier associated with a global volume constraint of the
form fU u = m. Here, € may be seen as the ‘thickness’ of the interface region, and
one is interested in the geometric properties of the interface regions when ¢ is small.
Thus we ask ourselves: what do we know, when given a sequence of solutions to
(1.2), about its limnit as € goes to zero? How does that converge? What is the ‘worst
thing’ to happen to the limit? For example, is it possible to have a configuration
where lots of ‘bubbles’ of little interfaces are all over the domain? Can interface be
smeared out?

For absolutely energy minimizing solutions with such a volume constraint, Mod-
ica [13] and Sternberg [18] used the technique of I'-convergence [5] to show that (on
passing to a subsequence) the limit of minimizers of (1.1) as ¢ — 0 is a function
with value 1 almost everywhere and with area minimizing interface in the appro-
priate class of competing functions. In particular, there is a known theory which
deals with such questions as the regularity of the interface, and one concludes that
the interface is a regular constant mean curvature hypersurface away from a closed
singular set of codimension at least 7. There have been works by many authors
on various generalizations and related problems in this direction, see for example
[3, 7, 11, 14, 15, 19, 20].

1991 Mathematics Subject Classification. Primary: 49Q20; Secondary: 35J60, 80A.22, 82B26.



2 YOSHIHIRO TONEGAWA

The focus of our present results is on general critical points which may not be
absolutely energy minimizing. A good understanding of such solutions is important
in the study of dynamical problems such as the Allen-Cahn equation [2]

and the Cahn-Hilliard equation [4]

!
U = A (-—sAu + _V_V;(_zi)_)

in bounded domains, since it has been observed numerically that the solution often
seems to undergo patterns similar to unstable equilibria before settling down to
a stable pattern. One also observes various metastable patterns from which the
interface typically moves extremely slowly, to the extent that the solution does not
move in the numerical simulations. From a purely mathematical point of view, one
can show the existence of unstable mountain-pass type solutions due to the non-
convexity of the functional (1.1), and it is interesting to know the asymptotic limit
of such solutions as ¢ — 0 in this generality. On the other hand, I-convergence
techniques essentially rely on energy minimality of solutions and thus do not deal
with general non-minimizing (or even locally energy minimizing solutions).

Roughly speaking, for A = 0 and any solution of (1.2), we show that as ¢ — 0
the interface converges in the Hausdorff distance sense to a generalized minimal
hypersurface. Moreover, the energy concentrates near the hypersurface and after
division by twice the surface energy constant ¢ = f_ll vV W{s}/2ds, the energy
density in the limit is an integer #™~! a.e. on the hypersurface. This integer
multiplicity allows for “folding” of the interface as € — 0. When A # 0, we prove
that the hypersurface has locally constant mean curvature #"~! a.e., determined
by A and the interface multiplicity. As a corollary, we show that the additional
assumption of local energy minimality implies no loss of energy in the limit, and
the limit interface is a locally area minimizing hypersurface of multiplicity one. To
describe our results in full, we state here some assumptions, notations and then our
main results.

2. PRELIMINARIES AND RESULTS

2.1. Hypotheses and easy consequences. Except where stated otherwise we
take the following as the starting point. These are satisfied for all interesting
applications with some minor assumption on the growth of potential W at infinity
and etc. Note that we do not assume any energy minimality for the u’.

Assumptions.

A: The function W : R — [0,00) is C® and W(£1) = 0. For some v € (—1,1),
W' < 0 on (y,1) and W' > 0 on (—1,v). For some a € (0,1) and £ > 0,
W"(z) > & for all |z| > c.

B: U C R" is a bounded open set with Lipschitz boundary OU. A sequence of
C3(U) functions {u*}32, satisfies

(2.1) gidu’ = g7 TW! (u) — N

on U. Here, limj., o €; = 0, and we assume there exist cg, A\g and Eo such
that supy |[u'] < co, |Ai] < Ao and

AT i ]2 i
/ &;|Vul] + W(u') < By
v 2 &

foralli.
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We next discuss a few immediate consequences of the assumptions. Let
3
B(s) = / VW2 ds,
0

and define new functions
w’ = <I> [o] u’

for each i.
Since |Vw'| = /W(u#)/2|Vu'|, it follows by the Cauchy-Schwartz inequality

that
T3 12 i
U 2Jy 2

[ 2

We also have ®(—cg) < w' < ®(cp). By the compactness theorem' for bounded
variation functions, there exists a subsequence also denoted by {w'} and an a..
pointwise limit w®, such that

,1im/|w"-w°°1=0 and /|Dw°°1_<_1iminf/ | V]
=300 U U 3—+00 U

Here, |[Dw™)| is the total variation of the vector-valued Radon measure Dw®™.
Let &1 be the inverse of & and define

u® = &~ H(w™).

Then u! — u® a.e., and by the Lebesgue dominated convergence theorem

f |uf — u>®| = 0.
U

Also by Fatou’s Lemma and the energy bound, we have

f W(u®) = / lim W(«) < liminf | W(u') =0.
U UZ-—)-OO U

3+ 0Q

This shows that u® = %1 a.e. on U, and the sets {u® = %1} have finite perimeter
in U, since

00 _ _! o= 1 o) < Lo
160w = 1H(©) = 5 [ 10w =7 [ ipu=i < 32,
where we define
1
a:/ vV Wi(s)/2ds,
-1

and where ||0A|| denotes the perimeter of A in the measure-theoretic sense (see [6]).

By the generalized Gau-Green theorem for sets of finite perimeter ([6, page
209]), there exists an (n — 1)-rectifiable set M (the “reduced boundary”) C
suppl||8{u™ = 1}||, and an H™~! measurable unit vector function > defined on
M (pointing into {u® = 1}) such that

/ divg = -/ v . gdH™ !,
{ue=1} oo

for any g € CL(U).
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2.2. The associated varifolds. In this section we recall various definitions con-
cerning varifolds and associate to each solution of (1.2) a varifold in a natural way.
We refer to [1, 17] for a comprehensive treatment of varifolds.

Let G(n,n—1) denote the Grassman manifold of unoriented (n — 1)-dimensional
planes in R®. We also regard S € G(n,n — 1) as the orthogonal projection of R”
onto S, and write Sy - S = trace(S! - Sp). We say V is an (n — 1)-dimensional
varifold in U C R™ if V is a Radon measure on G,-1(U) = U x G(n,n — 1). Let
Va-1(U) denote the set of all (n— 1)-dimensional varifolds in U. Convergence in the
varifold sense means convergence in the usual sense of measures. For V € V,,_, (U),
we let the weight ||V]| be the Radon measure in U defined by -

IVIl(A) =V({(z,9) |z € 4, S€G(n,n-1)})
for each Borel set A C U. If M is a (n — 1)-rectifiable subset of U we define
v(M) € Va-1(U) by
v(M)(E)=#H""({z €U | (2, Tan" " (H""}|11,2)) € E})
for each Borel set E € G,-1(U), where Tan™"!(#"~1|pr,z) is the approximate
tangent plane to M at z and so exists for H"~! a.e. z € M. Wesay V € V,-1(U)

is an (n — 1)-dimensional rectifiable varifold if there exist positive real numbers
{ck}52, and (n — 1)-rectifiable sets {My}22, such that

o0
V= chv(Mk).
k=1

The density or multiplicity function 8 for V is given by
f(z)=> {ce|z€ M},

and then ||V|| = K"~ 1| M, where M = |J, Mi. If {cx}32; may be taken to be
positive integers, we say V is an (n — 1)-dimensional integral varifold.
For V € V,,.1(U), we define the first variation of V by

8V (g) = /Dg(:v) -SdV(z,S)

for any vector field g € C1(U;R™), and we say V is stationary if 6V (g) = 0 for
all such g. We also denote the total variation of §V by ||6V||. If ||§V]] is a Radon
measure and is absolutely continuous with respect to ||V|| on U, we define the
generalized mean curvature H(z) by

5W@=—/mHMWL

where H is defined ||V|| a.e. on U.
Finally we remark that if p is-a measure on U (e.g., ||V]] or ||§{u™ = 1}||) then
by suppu we will always denote the support of u in U.

We associate to each function w' a varifold V* defined naturally as follows ([10,
16]). By Sard’s theorem, {w’ =t} C Uis a C3 hypersurface for L! almost all ¢.
Define V* € V,,_1(U) by

Vi(A) = /_ Z o({uf = 1})(A) dt

for each Borel set A C G,—1(U). By the coarea formula ([6]), we have
[oe]
Wi = [ it =tnaya= [ 9]
-_00 A

__6_._
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for each Borel set A C U. One may interpret the varifold V* as a weighted averaging
of the level sets of u', which is concentrated around the transition region. The first
variation of V* is given by (see [16, Section 2. 1])

22 svio) = [ (ava~ 32 et o

Jik=1
for each g € C}(U;R").

2.3. Main results. With the above terminology and assumptions A and B, we
show the following.

Theorem 1. Let V* be the varifold associated with u' (via w') as in Sections 2.1
and 2.2. On passing to a subsequence we can assume

Ai &Aoo, U = u® ae., V'V in the varifold sense.

Moreover,

(1) For each ¢ € C.(U),

. i)2 i .
1vile) = fim [ 6L = tim (620 < yim [ 990,

(2) supp||6{u> = 1}|| C supp||V||, and {u'} converges locally uniformly to +1
on U \ supp||V]].

(3) ForeachU CCU and0< b < 1, {|u'| < 1—-b}NT converges to U Nsupp||V||
in the Hausdorff distance sense.

(4) o~V is an integral varifold. Moreover, the density 6(z) = oN(z) of V
salisfies

N(z) = { odd H" ! ae ze€EM™>,
T | even H™ ! ae. z €supp||V||\ M,

where M™ is the reduced boundary of {u™® = 1}.
(5) The generalized mean curvature H of V is given by

H(a:)—-{ ﬂuw(z) H"! ae. z € M™,
- H™~! a.e. z € supp||V]|\ M*,

where v™ is the inward normal for M.

Heuristic interpretations may be given as follow. From (1), we see that in the
limit the energy is equally divided between the two terms of the energy functional
(1.1). Part (4) suggests that folding of the interface as £ — 0 occurs locally as an
integer multiple of 1-D traveling wave solutions, almost everywhere in the measure-
theoretic sense. This can be seen more clearly in the proof of integrality in Section
5. Part (5) shows that whenever there is a cancellation of interface in the oriented
sense the mean curvature is zero there. More generally, if odd N-folding occurs,
the mean curvature decreases by that factor.

Without loss of generality, we may assume that M* C supp||0{u™ = 1}|. We
were not able to prove or disprove that H™~!(supp||0{u>® = 1}|]\ M*®) = 0 in
general. This is due to the lack of a uniform lower density estimate for the measure
||8{u* = 1}|| (as opposed to ||V]]) at H™~?! a.e. z in the closure of M. On the
other hand, if N(z) is odd H"~! a.e. for z € supp||V||, the result (4) shows that
H™=(supp||V]| \ M*) = 0 and supp||V|| = supp||0{u>® = 1}||. ¥ N(z) =1 ae,
then ¢~1||V|| = ||8{u™ = 1}|| and V has constant mean curvature on U by (4) and
(5). This last situation corresponds to “no energy loss”, since

[1pu18 = o l0tu™ = 131(8) = V1) = Jim [ [Vufls

_...7_...



6 YOSHIHIRO TONEGAWA

for all ¢ € C(U). The relation (5) between the Lagrange multiplier A, (or chem-
ical potential in the two-phase fluid model) and the mean curvature of the limit
interface, called the Gibbs-Thompson relation, was established by Luckhaus and
Modica in [12] in the case of no energy loss.

It is well-known that the support of a rectifiable varifold with bounded mean
curvature is locally a C1* graph on a relatively open dense subset O ([1]). More-
over, the multiplicity of V' on O is locally constant, and hence the support has
locally constant mean curvature by (5). Thus O is in fact a C* submanifold. On
the other hand, we do not know if #™~(supp||V|| \ @) = 0 in general.

If N =1, #*"?! a.e. on supp||V]|, then the support is locally a C* hypersuface
of constant mean curvature, except for a closed set of #"~! measure zero. Such a
situation occurs (away from the boundary) in the locally minimizing case discussed
in Theorem 2. First we need the following.

Definition. For U CC U wesay u € H Y(U) is locally energy minimizing on U for
- E, if there exists a positive constant ¢ such that E,(u) < E.(&) for all & € HY(U)
satisfying [, |[u— % <cand u—@=00n U\ . We may also (depending on the
problem) impose the additional volume constraint [ (u — @) =0.

Note that the definition is local in both the domain and the L! norm, which
differs from the local minimality discussed in [11]. With this, we prove

Theorem 2. In addition to assumptions A and B, suppose {¥*} are locally energy
minimizing on U CC U for E;,; (with or without volume constraint). Then N(z) =
1, H*"! a.e. on U Nsupp||V]||. The set 8{u™ = 1} on U has constant mean

curvature i‘gﬂ-u“ dnd no energy loss occurs on U,

For absolutely energy minimizing solutions with a volume constraint, Modica
[13] and Sternberg [18] showed that d{u®™ = 1} is an absolutely area minimizing
hypersurface with the given volume constraint. For this case, with the additional
Assumption A, Theorem 1.(3) gives a new result concerning convergence of the
interface in the Hausdorff distance sense. We also prove a version of the Modica-
Sternberg theorem for local minimizers, which was not known before.

Theorem 3. Suppose that W satisfies Assumption A and U is a bounded open set
with Lipschitz boundary. Suppose ¢ >0, v € HY(U), &; = 0, m € (—|U|,|U]) and
Ey < 0o satisfy

1. [y v =m and E,, (v) < Eq for alli,

2. E.,(v') < E,(@) for all i € HY(U) with [; |u' — @] < ¢ and [, & =m.
Then the assumption B is satisfied. Moreover, with u*™® as in Theorem 1, 0{u®™® =
1} minimizes area locally; i.e. for any & satisfying & = £1 L™ a.e. on U, fU u=m
and [, [u® — @| < ¢ (the same c in the assumption), we have

10{w™ = 1}]|(U) < |16{@ = 1}|[(T).

It is well-known that the support of a locally area minimizing perimeter is smooth
except for a closed set of dimension at most n — 8 [8, 9].
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On a large-time existence of three-phase boundary motion
by surface diffusion - symmetric case -
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1 Introduction

We study a sharp interface model for a three-phase boundary motion by surface diffusion
proposed by H. Garcke and A. Novick-Cohen [1]. Let € R? be a bounded region. We
consider a situation that a ternary alloy system with three phases in a non-equilibrium
state is contained in (2. These three phases are separated by evolving three interphase
boundaries I%(¢) (i = 1,2, 3) with a triple junction m(t) € Q where ¢ > 0 denotes the time
variable. Here we set I'(t) = U, I(¢). H. Garcke and A. Novick-Cohen [1] discussed a
formal singular limit in a Cahn-Hilliard system with a concentration dependent mobility
to derive a sharp interphase model in the following;

(A) along interphase boundaries I'"(t),
Vi = —l'o'k}, (:sutface diffusion flow equation),
(B) at T(t) N 89,
(angle condition)
I'(t) L 89 (: contact angle is 7/2),
(no flux condition)
K =0,
(C) at a triple junction m(¢),
(angle condition)
L), T2(0) = 6%, L(T2(2),T%(0) = 61, £(T3(2), T2(1)) = 6%,
(Young’s law)

ot o? a3

sinf! ~ sinf2? ~ sin 63
(the balance of fluxes)
Polkl = 2o?k? = 1303K3,
(continuity of the chemical potential)
olk! + 0%k2 + 0363 = 0,

with the initial condit%on
(D)) =T := YTy, m(0)=my,
i=1
Here, V' and &' stand for the normal velocity and the curvature of I'(t) respectively, and
s denotes the arc-length parameter of I'(t). s runs from m(t), at which s = 0, to the



point of intersection of I'(t) with 9, at which s = L[I(¢)], where L[I'(¢)] denotes the
total length of T'{(¢). V'(¢,s) and x'(t, s) are computed to the direction of the unit normal
Ni(t, s) to Ti(t) at s. Moreover I*,0%, and @' are positive constants with 8% + 82 + 6% = 2,
and £(I(¢),T9(t)) (3,5 = 1,2,3, i # j) stands for the angle between I'(t) and I (¢). In [1]
H. Garcke and A. Novick-Cohen also studied the problem (A)-(D) to obtain both a local
existence result for Iy € C*+* (0 < @ < 1) with a suitable compatibility condition and a
uniqueness result in a geometric sense.

In this talk, our goal is to obtain a global solution I'(t) with triple junction m(¢) of
the problem (A)-(D) for T’y € C® with a suitable compatibility condition in a symmetric
framework and also to show its convergence to a stationary solution determined by the

initial data as t — co. As far as we know this is a first contribution to global results for
the problem (A)-(D).

2 Symmetric framework

Let us explain our framework for the problem (A)-(D). Let O = {(z,y) € R? ; —a <
z < 0,—-b < y < b}, where a and b are positive constants large enough. We consider the
evolution such that I''(¢) always stays a segment on z-axis, ['}(t) and I'*(¢) are symmetric
with respect to the z- axis, and I%(¢) isin {(z,y) € Q; y > ()} In addition, let § € (0,7/2),
and set 0! = 26, % = 63 = m — 0. For simplicity we put 02=0¢3=1 and l1 =12=3=1.

Then Young’s laW and the balance of fluxes condition are simplified to 0! = 2cosf and
k! = k2 = k3, and by the symmetry the condition on the continuity of the chemical

potential is automatlcally fulfilled. Moreover we set

plé] = (= €, 0) : triple junction,
Alu, €] = U Afu, €],

A'lu,€] = {(33 0); —a<z < =¢},
[u)ﬂ = {(‘T’ —-u(:v)) ; =€ S T < 0}7
A3[u’£] = {(z,u(z)) ; -{ <z <0}
Then we define the following.

Definition 2.1 We say that a curve I' belongs to Sy, if there are £ € (0,a) and non-
negative function u € C3[—¢, 0] with u(—¢) = 0, uy(—¢) = tand, u,(0) = 0, and O, (uge(1+
u2)732) = 0 at x = —£,0 such that T' = Alu, f] and m = u[¢].

Definition 2.2 Let A > 0 be a given constant. We say that a curve I' belongs to Cg 4, if
there are ¢ € (0,a) and non-negatz’ve function u € H%(—¢,0) with u(=£) = 0, u,(—¢) =

tand, u,(0) =0, and/ z)dz = A such that T' = Alu, €] and m = p[g].



Note that a curve in Sp or in Cy 4 is symmetric with respect to the z-axis. In view of the
structure of the evolution problem (A)-(D) it can be expected that if I’y € Sy, then the
solution I'(t) of (A)-(D) also belongs to Sy for all ¢ > 0 as long as it exists. So we consider
the evolution problem (A)-(D) on Sp and set I'(t) = Afu(t, -), £(¢)] with m(¢) = p[¢(¢)] and
Lo = Alug, &) with mg = p[éo]. Then (u,£) is the unknown function to be looked for and
the equations (A)-(C) for ¢ > 0 is reduced to

( 1 Ugg
= (s (ayam) ) <= <o
ug(t, —&(t)) =tanf, u.(¢,0) =0,

Oy W =0, atz=—¢(t)andO0,
L u(t,—€(t) =0,
and the initial condition (D) is reduced to
£(0) =&, u(0,2)=up(z) for —& <z <0. (2.2)
Thus our task is reduced to solve the problem (2.1)-(2.2).

(2.1)

3 Variational analysis for the energy

Let A > 0 satisfy £y 4 < a where
€04 = To,aSID0,
24 172
oA = (9 — sin 8 cos 9)
For such A, we also set
ug.A(T) = —rg.acosf + (rg,A — )2 g e [—¢4,0]

Then, if we define ‘

Lo = Alug.a,€p,4], (3.1)
I'g,a belongs to Cy 4 and it consists of one segment 1"(1), 4 = Aug ,&o,4] on the z-axis and
two circular arcs Iy 4 = A’[uga,8p,4] (i = 2,3), which are symmetric each other with
respect to the z-axis. I'g 4 is also the unique stationary solution of (2.1) such that the area
enclosed by I'g 4, the z-axis, and the y-axis is equal to A. In addition, I'y 4 has another

important meaning. To explain this, as in [1], we introduce the associated energy E with
the problem (2.1) defined by

El'l == (a—&)cosf + /_Og(l +u2)2dz  for T' = Afu, €] € Co.u.

Then we obtain the following theorem.



Theorem 3.1 The functional E : Cga — R has a unique minimizer in Cq 4, which
coincides with I'g 4 in (3.1).

A similar argument can be valid for the length of I'® = A3[u, ¢];
0
L[r?] = / (1 + u2)2dz.
-

That is, we get the following result.

Corollary 3.2 The functional L : T% — L3 with T = U3, TV € Cpa has a unique
minimizer T'g 4 defined by (8.1).

Now we turn our attention to the solution I'(¢) of the problem (A)-(D) with the initial data
Ty € C3. Let A(t) be the area enclosed by I'3(¢), the z-axis, and the y-axis, and also let
Ag be the area enclosed by '3, the z-axis, and the y-axis. First we mention the energy-
decreasing and area- preserving properties found by H. Garcke and A. Novick-Cohen [1] in
the following lemma.

Lemma 3.3 (H. Garcke and A. Novick-Cohen {1])
There hold fort >0

dur)=- [ (s, 5)ds,
A(t) = AQ

Then we have a priori estimate for E[T'(¢)] and L{I3(t)].

Proposition 3.4 There hold fort >0

E[Tg 4]
L[TG 4]

EL(t)] < E[T],

<
< LIM3(1)] < BTyl

4 Global existence and convergence to the minimizer
of the energy

The purpose of this section is to obtain the global solution of (2.1) when the initial data Iy
and the stationary solution I'p 4,, which is the minimizer of the energy E, are sufficiently
close to each other in some sense, and to derive that its global solution converges to I'y 4,
ast — oo. To prove this, we shall first extend the result of H. Garcke and A. Novick-Cohen
[1]. That is, we show a local-time existence result of (2.1)-(2.2) depending on the magnitude



of Ty € C?** (0 < a < 1). This expansion is useful to obtain an a priori estimate for the
solution I'(t) of (2.1)-(2.2).

To derive the local existence result, we prepare the following.

We shall first obtain the & equation. Assume that (u,¢) satisfies (2.1)-(2.2). Then we
differentiate the equation u(t,—£(t)) = 0. Using the equations u,(t,—£(t)) = tané and
O (Use /(1 + u2)3/?) = 0 at x = —£(t), we get

€(t) = Cl(e)ummmm(tu ”f(t)) + 02(0)21%%“’ “f(t)) (41)

where C1() = 1/(1+tan?8)?tan 6, C2() = 3(1 +5tan?8)/(1 +tan®#)* tan §. Conversely,

assume that (u,¢) satisfies (2.1)-(2.2), which excludes the equation u(t,—£(¢)) = 0, and

(4.1), and that the initial data u, satisfies ug(—&) = 0.Then the equation u(t, —£(¢)) = 0

is obtained. Thus we use (4.1) with uo(—¢) = 0 instead of the equation u(t, —£(¢)) = 0.
In addition, we perform the transformation

n=1+ ) v(t, ) = u(t,—(1 — n)é(t)),

carrying (2.1)-(2.2) into the form;

.

Uy = f(na'vm 'Unna'vnnmvnnnmgv f) for (tﬂ?) € (OaT) x (07 1)7
vy (t,0) = €(t) tand, v,(t,1) =0,
_ 3tanf  v2.(t,0) _
§ o0 = e Ty v =0 (4.2)
v(0,n) = ve(n),

f)=-C (G)M + Cofp)' 0

\ £4(t) £8(t)
with £(0) = &, where
f(77, Vs Vgmys Unpyy ’017171)7]75 6)
_ 1 1Ov,,v,7,, 3(€ —5up)vgy (1~ m)éwy
G U ) I (i

Here, we set I = [0,1], Ry = (0,T] x I, and R} = (6, 7] x I for any 6 € (0,T). In
addition, we define the spaces as

Yy = CO**(Ry) n CY2([0,T); C*(I))
Yo = {v € Yoy N CY**(Rr);

= 61/4 B
”””'y(l) [vllyo + oi%ET l[ommnll co. (RS)



+ sup 62 ||v ol B
0<6£)T l[23mmn |l co. (RS.)
1/2 B
+ sup 0 llvell o sy < 00}
2
Vi = {£ € Cl0,TIn CY(0, T};

2y 1= + sup 642 ¢ < o},
1€l == ll€llcpo.my Sup 1€l jsmy }

for a € (0,1). Here the spaces CP([t1,to]; D), CO¥**A([t1,te] X I), CHE+([ty,t9) X I) (k =
1,2,--+; 0 < B < 1) used here are defined in [2] and [3].
Then, we obtain the following theorem.

Theorem 4.1 (Local existence) Let us assume that vg € C***(I) and that vy satisfies
v9(0) = 0, voz(0) = &g tand, vg.(1) = 0. Then, there ezists a T = T'(&y, 1/|vol|co+e(r)) such
that the problem (4.2) with £(0) = & has a unique solution (v,€) € y((é,)ﬂ % y((g,)T]_

Remark 4.2 Ezistence time T obtained by 4.1 increases with & and 1/||vo||ce+e(ry. So, if
we choose (&(tg), v(to,-)) (where to > 0) as the initial data, existence time T is a increases
with &(to), 1/||v(to, )|lc2+a(ry. Thus, as long as there exist constants vi,v, such that

0 <1 <&(t), |lv(to, )llc+aqy < ve < o0,
existence time T is bigger than to. That is,
T =T(&(to), 1/llv(to, Mezran) Z T(v1,1/12) > to.
Moreover we get the further regularity result.
Theorem 4.3 Let (v,£) be the solution obtained from 4.1. Then,
(v,8) € CH+*((0,T] x I) x C1+@+)/4(0, 77,
Next we shall derive a priori estimate for £(t) and |[v(¢,)||c2+e(r). For simplicity we set
k=r |-lle=1"llzzscey
Fix §; > 0 so small so that 1 —§/tand — §; > 0 and let us define

_ 4 312 _ 73/2 2
H[d,N] = 2(1 = — = 8) = 3d*N> = d**(50 + ——}) for d, A > 0.

Then we obtain

o3+ [ EIBIDoL, ()] - s (I dr < s+ Cota (BITo] = Bllon), (4:3)



where Cy 4, = C(61)0* L[ 4,17
To make the statement precise, we put

Po = l|ko,sll3 + Co,a0 (B[To] ~ E[Toa,]).

Then we say that I’y and I'g 4, are close to each other if H[E[T], po] > 0.
Here we assume the following conditions on initial data Iy ;

E[To] > E[Tg,4,), HI[E[T0], po] >0,

sind 1 4.4
— —2-E[I‘0]5/2p0 > 0. (44)

0+ E[Lo]*py < /2, L[TG 4]~

By virtue of the inequality (4.3), we obtain a.priori estimates for £(t) and ||v(t, -)||c2+e()-

Proposition 4.4
(i) There holds fort > 0

sinf 1 sinfd 1
E[I‘O]s/z po < &(t) < E[FO]T + = E[I“O]5/2 0.

3 mimim——— —
L[FO,AO] 0 2 2

(%) Let o € (0,1/2]. Then we have
”’U(t, ')”C.’H—a(]) <Ny fort>0,
where No > 0 is a constant depending only on I'y through py, Ay, and E[I'y)].

Remark 4.5 Owing to the third assumption in (4.4), T3(t) is prevented from a graph-
breaking. Moreover, owing to the fourth assumption in ({.4), it is assured that £(t) > 0 for
t>0.

Consequently, by virtue of Remark 4.2 and Proposition 4.4, one can always solve the
problem (4.2) with £(0) = & on the time intervals [0,Ty], [To,270], [2Tp,3T0), - -+, for a
Ty > 0 which is determined only on I'y. So we arrive at the following global existence
result.

Theorem 4.6 Let o € (0,1/2] and assume (4.4). Then the problem (4.2) with £(0) = &
have a unique global solution (v,€) € )7((3300) X y((gfoo).

Then we obtain the following theorem concerning the convergence as ¢ — oo for the global
solution of (2.1)-(2.2) obtained by Theorem 4.6.

Theorem 4.7 Let I'(t) be a solution obtained by Theorem 4.6 and let T'g 4, be the mini-
mizer of the energy E obtained by Theorem 8.1. Then

I'(t) = Tga, ast— oo.



In addition, we get the following result.

Theorem 4.8 Let I'(t) be a solution obtained by Theorem 4.6 and let Ty 4, be the mini-
mizer of the energy E obtained by Theorem 8.1. Then

E[I(t)] — E[lg,4,] ast— oo,
L[T3(t)] — LT 4,] ast— co.
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§1. Introduction
Consider the Cauchy problem for the simplest Hamilton-Jacobi equation, namely,
Bu/0t + f(Ou/dz) =0 in DL {¢t>0, 2 €R"}, (1)

u(0,2) = ¢(z) on {t=0, z€R"}. (2)
Here, the notation 8/0z denotes the gradient (8/0z1,...,3/0z,). Let Lip(D) def
Lip(D) N C(D), where Lip(D) is the set of all locally Lipschitz continuous functions
u = u(t, z) defined on D. In this note, a function u = u(t,z) in Lip(D) will be called
a global solution of the Cauchy problem (1)-(2) if it satisfies (1) almost everywhere in
D and if u(0, z) = ¢(z) for all z € R™. A global solution of (1)-(2) is given by explicit
formulas of Hopf [see Hopf, E., Generalized solutions of nonlinear equations of first-
order, J. Math. Mech. 14 (1965), 951-973] in the following two cases: (a) f = f(p)
convex (or concave) and ¢ = ¢(z) largely arbitrary; and (b) ¢ = ¢(z) convex (or
concave) and f = f(p) largely arbitrary. It is unlikely that such restrictions, either
on f = f(p) or on ¢ = ¢(z), are really vital. A relevant solution is expected to
exist under much wider assumptions. According to Hopf, that he has been unable
to get further is doubtless due to a limitation in his approach: he uses the Legendre
transformation globally, and this global theory has been carried through only in
the case of convex (or concave) functions [Fenchel’s theory of conjugate convex (or
concave) functions].

In the present note, we propose to examine a class of concave-convez functions
as a more general framework where the discussion of the global Legendre trans-
formation still makes sense. A Hopf-type formula for non-concave, non-convex
Hamilton-Jacobi equations can thereby be considered.

We shall often suppose that n def 11 + ng and that the variables z, p € R™ are

separated into two as z def («',2"), p def (o', p") with z', p' € R™, ", p" € R™.
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2 A HOPF-TYPE FORMULA FOR GLOBAL SOLUTIONS

Accordingly, the zero-vector in R™ will be 0 = (0',0"), where 0' and 0" stand for
the zero-vectors in R®* and R™?, respectively.

Recall that a function f = f(p',p") is called concave-convez if it is a concave
function of p' € R™ for each p" € R™ and a convex function of p" € R" for each
p' € R™.

§2. Conjugate concave-convex functions

We use |.| and (.,.) to denote the Euclidean norm and scalar product, respectively,
in R™. (It will cause no confusion if we use the same notation for the corresponding
ones in R™ or R™2.) Let f = f(p) be a differentiable real-valued function on
an open nonempty subset A of R®. The Legendre conjugate of the pair (A, f) is
defined to be the pair (B, g), where B is the image of A under the gradient mapping
z = 0f(p)/0p, and g = g(z) is the function on B given by the formula

9(2) & (2,(8f/0p) (=) — F((BF /0p)*(2)).

It is not actually necessary to have z = 3f(p)/Op one-to-one on A in order that
g = g(z) be well-defined (i.e., single-valued). It suffices if

(z,p") — f(p') = (,p*) — F(®*)

whenever 9f(p!)/0p = 3f(p?)/dp = z. Then the value g(z) can be obtained
unambiguously from the formula by replacing the set (8f/0p)~1(z) by any of the
vectors it contains.

Passing from (A4, f) to the Legendre conjugate (B, g), if the latter is well-defined,
is called the Legendre transformation. The important role played by the Legendre
transformation in the classical local theory of nonlinear equations of first-order is
well-known. The global Legendre transformation has been studied extensively for
convex functions. In the case where f = f(p) and A are convex, we can extend
f = f(p) to be a lower semicontinuous convex function on all of R® with 4 as
the interior of its effective domain. If this extended f = f(p) is proper, then the
Legendre conjugate (B,g) of (A4, f) is well-defined. Moreover, B is a subset of
dom f* (namely the range of 8f/8p), and g = g(#) is the restriction of the Fenchel
conjugate f* = f*(z) to B.

All concave-convex functions f = f(p',p") under our consideration are assumed
to be finite and to satisfy the following two “growth conditions.”

1o

'p/llﬂoo i(_zl;_:l%—)- = oo for each p’ € R™. (3)
'l

e e
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Let f*2 = f*2(p', 2") [resp. f** = f*1(2',p")] be. for each fixed p' € R™ [resp.
p" € R™], the Fenchel conjugate of a given p-convex |resp. p' -concave] function
f=f(p,p"). In other words,

Fr2 (p’, ,3") def ,,Séﬁl?{(zuﬂ’”) _ f('pl’p’f‘)} (5)
resp. 7 ()% inf {(,0) = F(0' ) (6)

for (p'.2") € R™ x R™ [resp. (2',p"") € R™ x R™|. If f = f(p',p") is concave-
convex, then the definition (5) [resp. (6)] actually implies the convexity [resp.
concavity] of f** = f*2(p',z") [resp. f** = f*1(<',p")] not only in the variable
=" € R™ [resp. z' € R™] but also in the whole variable (p', 2") € R™ x R™ [resp.
(=',p"") € R™ x R™]. Moreover, under the condition (3) [resp. (4)], the finiteness
of f = f(p',p") clearly yields that of f*» = f*2(p',2") [resp. f*t = f*1(2',p")] with

' fr2 (p’, Z") ' fre (Z’,p")
]z”lll—rEi—oo B =400 [resp. lzlllil}ioo P = —00]
locally uniformly in p' € R™ [resp. p' € R™].
If (4) [resp. (3)] is satisfied, then (5) [resp.(6)] gives
*a(pl oM o .
W, 2) (li'l ) > ————-———~f(1‘)p'l ) —+oo as |p/| — +oo (7)
(&, p" F(0',p") .
[resp. -—%—l < —_Tl;"-‘— — —o00 as |p'| — 4o0] (8)
uniformly in 2" € R™ [resp. 2/ € R™].
Now let f = f(p',p'") be a concave-convex function on R™ x R"?. Besides

“partial conjugates” f*2 = f*2(p',z"") and f** = f*1(2',p"), we shall consider the
followmg tvvo “total conjugates” of f = f(p',p"). The first one, which we denote

by F = F (z',2"), is defined as the Fenchel conjugate of the concave function
R™ 3 p' s —f*2(p', 2"); more precisely,

T2 % it {(,p) + F2(p',2")} 9)

'E]Rnl

for each (z',2"") € R™ x R™. The second, f* = f*(z',z"), is defined as the Fenchel
conjugate of the convex function R™2 3 p" s — f*1 ( L, o) ie.,

2 E sup {(",0") + £ (20"} (10)

- P"E RNz
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for (2',2") € R™ x R™. By (5)-(6) and (9)-(10), we have

4

FE )= nf sup {(z",p") + (", 0") = (0, ")}, (11)
p" €R"2
f_*(zl,zn) — Sup IIlf {(Z,,p’> +_ (Z",p”) _ f(P’,p”)}- (12)

P! €R"2 p' €RP1

Therefore, f = 7*(2' ,2") and f* = f*(2',2"") will usually be called the upper
and lower conjugates, respectively, of f = f(p',p'). [Of course, (11)-(12) imply
7*(:5’,2") > f*(#',2").] For any 2’ € R™, the function

R™ x R™ > (p',z") . h(pl7zn) d'_gf <Z’,p,> +f*2(p’,2")
is convex. Thus (9) shows that F= 7*(2’ ,2"") as a function of 2" is the image

R™ 5 2" s (AR)(=") L int{h(p,2") : A(P,2") = "}

of h = h(p', z") under the (linear) projection R™ xR™ 3 (p/,2") — A(p,2") e,
Tt follows that f = _—f*(z’,z" ) is convex in " € R™. On the other hand, by
definition, f = —f*(z’ ,2'") is necessarily concave in z' € R™. This upper conjugate
is hence a concave-convex function on R™ x R™2. The same conclusion may dually
be drawn for the lower conjugate f* = f*(z,z").

We have previously seen that if the concave-convex function f = f(p',p") is
finite on the whole R™ x R™ and satisfies (3)-(4), its partial conjugates f*? =
f*2(p',2")and f** = f*1 (2, p") must both be finite with (7)-(8) holding. Therefore,
F =TF(<,2") and f* = f*(2',2") are then also finite; and hence it is known that
they coincide [for this see Corollary 37.1.2 in Rockafellar, R.T., Convex analysis,
Princeton Univ. Press, 1970]. In this situation, the conjugate

fr=rrEL A E T = £ (13)
of f = f(p',p") will simultaneously has the properties:
f*(zl 3'”)

'zu!—rgi—oo lzt'[ =+oo for each 7 € Rnl’ (3*)
* ! 1
' ’lim ! (Iz I’IZ ) = —co for each 2" € R™. (4%)
z!|—+4oo z

A finite concave-convex function f = f(p',p") on R™ x R™ is said to be strict
if its concavity in p' € R™ and convexity in p" € R™ are both strict. It will then
also be called a strictly concave-convex function on R™ xR"™?. We use the following
technical preparations: ‘

Lemma. Let f = f(p',p") be a strictly concave-convez function on R™ x R™
with (3) [resp. (4)] holding. Then its partial conjugate f*2 = f*2(p',2") [resp.
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[ = fa(2,p")] defined by (5) [resp. (6)] is strictly convez [resp. concave] in p' €
R™ [resp. p" € R™] and everywhere differentiable in 2" € R™ [resp. 2/ € R™].
Besides that, the gradient mapping R™ x R™ 3 (p',z") — 0f*2(p',2")/0=" [resp.
R™ x R"2 3 (2/,p") w— 0f*1(2',p")/0z"] 1s continuous and satisfies the identity

f*2(p’7 Z") = <Z”, af*z(pl7 Z")/@Z”) . f(pl7 af*g(pl7 2’”)/82”)
[7‘63]7. f*l(z',p") = <Zl,af*l(2",p")/az’> _ f((‘)f*‘(z',p”)/@z',p")].

Proposition. Let f = f(p',p") be a strictly concave-convex function on R™ x R™
with both (3) and (4) holding. Then its conjugate f* = f*(2',2"") defined by (9)-(13)
is also a concave-convez function satisfying (3%)-(4*). Moreover, f* = f*(z',2") is
everywhere continuously differentiable with

§3. A Hopf-type formula
We now consider the Cauchy problem
Ou/dt + f(Ou/Oz) =0 in DX {t>0, 2=(a",2") e R™ xR™}, (14)

u(0,z) =¢(z) on {t=0, z=(z',2") e R"™ xR™}. (15)

An explicit global solution u = u(¢,z) = u(t,z’,z") of the problem will be found
under the following three standing hypotheses.

(I) The nitial function ¢ = ¢(z) = ¢(z',z") is of class C° and the Hamiltonian
f=Ff(p) = fp',p") is strictly concave-convez on R™ x R™ with (3)-(4) holding.

( II) The equality

su inf t.z = inf su t.x
y’Elng‘l yII€Rn2 C( ? ,y) yIIeRﬂz y/ e]RI?ll C( ! 7y)

i satisfied in D, where

def

C(t,z,y) = ¢(y) +t- f*((z —y)/t) (16)

for (t,2) = (t,z',2")eD, y def (y',y") € R™ xR"2. Here, f* = f*(2) = f*(2',2")
denotes the conjugate defined by (9)-(13) of f = f(p',p").
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(II1) To each bounded subset V of D there corresponds a positive number N(V') so
that

min  sup ((t,z,w’,w")< sup ((¢z,w,y"),

w!' cR™2 w! €RB1 w! €R"1
jw" |[<N(V)

max inf ¢(t,z,w, w")> inf ((tz,y,w”
w! €R™1 w"ER"zC( T, W, w) w"e]R"zC( 2,y w")
Jw! [<N(V)

whenever (t,z) €V, y def (v',y") € R™ x R™ with min{|y'|, [y"[} > N(V).

The main result of this note reads as follows.

Theorem. Assume (1)-(III). Then the formula

u(t,w)q_.%f sup inf ((t,z,y)= inf sup (({,z,y) for (t,z) €D (17)
y’' €Rm1 ¥ €ER™2 Yy ER™2 yreRn,

determines a global solution of the Cauchy problem (14)-(15).

Remark 1. Our hypotheses imply that a “saddle-point” (y',y") of the function
R™ x R™ 3y = (y',y") = ((¢,2,y) by (16) [with respect to maximizing over R™
and minimizing over R™] exists. If f = f(p',p") has a special representation

f(o',p") = g2(p") — g1(p') on R™ x R",

with ¢ = ¢1(p') and g, = g2(p") convex, then one can use the “index of non-
convexity” and a classical minimax theorem to give sufficient conditions for (II)
to hold. [Concerning this question, see Bardi, M. and Faggian, S., Hopf-type esti-
mates and formulas for non-convex non-concave Hamilton-Jacobi equations, SIA M
J. Math. Anal. 29 (1998), 1067-1086.]

Remark 2. If ny = 0 or ny = 0, the Hopf formulas for convex or concave Hamil-
tonians [see Hopf, E., Generalized solutions of nonlinear equations of first-order, J.
Math. Mech. 14 (1965), 951-973] will be obtained from (17).

Corollary. Under Hypotheses (1)-(II), suppose that

! 1"
Ilix}ninf ﬂ:[ilnT__) > —oo locally uniformly in z' € R™,
z!|—+o0 T

! "
lim sup ﬂ:—lc—’,li“)‘ < 400 locally uniformly in " € R™.
l2'| oo 1T

Then (17) determines a global solution of the Cauchy problem (14)-(15).



Semilinear elliptic equations on a thin network-shaped domain
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We consider the following semilinear elliptic equation in a thin network-shaped
domain 0({) C R™ with variable thickness (see Figure 1):

I zgu + f(u) =0 in Q(¢),

(1) L 5% = on 89(()

where v denotes the unit outward normal vector on 9(¢) and f is a real valued
smooth function on R. We consider a situation that Q(¢) approaches a certain
geometric graph when ( tends to zero (see Figure 2). In this situation, we deal

with the asymptotic behavior of the solution of (1) as { — 0.

Figure 1 Figure 2

To simplify an argument, we consider a simple graph such that several line
segments meet one point, that is, let p;(s) (0 < s < 1;, 1 =1,...,m) be the arcs

of the graph with p;(0) = --- = pp,(0) where [; denotes the length of the arc and
Typeset by ApsS-TEX



m is the number of the arcs. Let S;(¢,s) be the intersection of Q(() and an n —1

dimensional normal plane at p;(s) for s € (¢,!;). We assume an n — 1 dimensional

domain D;(s) = (15;(¢, s) is invariable when ( varies and let a;(s) be the volume
of D;(s).

We consider that the associated limit equation on the graph is

(2)

(1 d du;
— | a;(s)— ) = <s<1;,15:<m,

) u1(0) = d - = umn(0),

m U;

_Z aZ(O) ds (O) = 0’

=1 '~

du;

L N - < 1 < .

P (l;)=0 1£:5m

Our first purpose is to show that the solution of (1) converges uniformly to

a solution of (2) as ¢ — 0. This is proved if the solution of (1) is bounded

independently of ¢. Conversely, the following problem occurs naturally. Let a

solution of (2) be given. Can we show the existence of a solution of (1) which

approaches the solution of (2)? Our second purpose is to show that if the eigenvalue

problem of the linearized equation around the solution of (2) has no zero eigenvalue

then there exists a solution of (1) which approaches the solution of (2). These

results are stronger than the results of Kosugi [11] in the sense that the domain is

not necessarily required to bo constricted.

1.

10.

11.
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Multiple positive solutions for semilinear elliptic equations *

Kazunaga Tanaka
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1. Introduction

In this talk, we study the following nonlinear elliptic problems:

—Au+u = a(z)u® + f(z) in RY,
u(z) >0 in RV, (%) ¢
u(z) =0 as |z| — oo,

In particular, we would like to consider the continuous dependence of solutions to the data

a(z), f(z), etc. For example, suppose that f(z) — 0 in a suitable function space, then we
would like to ask the following question:

“Does a solution u(z; f) of (x)s converge to a solution u(z;0) of the following
(¥)o as f — 07"
—Au +u = a(z)u? in RY,
u(z) >0 in RV, (*)o
u(z) — 0 as |z| — oo,

Such a question is important in various situations (not only for (*)f). In general, it is a
very delicate problem and here we give some examples.

2. Results
In what follows, we assume

N +2

1
<p<N_‘2

fN>3 1l<p<oo fN=1,2

and

(A0) a(z) € CRM,R).

* Joint work with Shinji Adachi, Department of Mathematics, Waseda University, Japan



(A1) a(z) > 0 for all z € RY.
(A2) a(z) — 1 as |z| — oo.
(A3) There exist § > 0 and C > 0 such that

a(z) > 1 — Ce~(+olal

for all z € RY.
Under these assumptions, the existence of at least one positive solution of ()¢ is shown
by Bahri-Li [2] (See also [7, 3]).
Now we add a small non-negative inhomogeneous term f(z) > 0. We consider the
existence of positive solutions. This question is studied by [4, 5, 6, 8] under the assumption:

(A4) a(z) > 1for all z € RV.

Their result is the following

Theorem 1 ([4, 5, 6, 8]). Assume (A0)—(A3) and (A4). Then there exists a constant
M > 0 such that if f > 0, f #0 and ||f||g-1(mr~) < M, then ()5 has at least 2 positive
solutions in H*(RY).

We can also observe that their solutions ui(z; f), ua(z; f) satisfy

ul(m; f) — 0, (1)
uz(z; f) = us(z) (2)

in HY(RY) as || f|lg-1(m~) — 0, where u,(z) is a solution of (x)o.
Next we consider the case

(A5) a(z) € (0,1] for all z € R" and a(z) # 1.
In this case, we have the following existence result.

Theorem 2 ([1]). Assume (A0)-(A3) and (A5). Then there exists a constant 6o > 0
such that if f > 0, f # 0 and || f||g-1(g~) < 0o then (x); has at least 4 positive solutions.

As to the behavior of our 4 solutions, we have

Theorem 3 ([1]). Let (f»)32, be a sequence of such that

fnZO, fnfi—-oy anHH—l(RN)"')O.

Moreover let ui(x; fr), ua(z; fr), us(z; fr), va(z; fn) be solutions obtained in Theorem 2.
Then there exists a subsequence — still we denote by n — such that
(1) ui(z; fn), ua(z; frn) behave as in (1), (2).



(ii) There exist 2 sequence (y,), (z,) C RY such that
lynlv |25 | — 00,
|us(@; fr) — w(@ = yu)llar @yy — 0,
[ua(z; fn) — w(z = 20) |2 @) = 0,

as n — 0o, where w(x) is the unique positive radial solution of
~Aw+w=wP in RM.

In particular, N = 1, we have y, — 00, 2, — —00.

2. Radially symmetric case

As a special case, we study radially symmetric cases:
(R) a(z), f(z) are radially symmetric.

Theorem 4. Assume (R) and a, <0, f. <0 in addition to the assumptions to Theorem
1. Then any solution of (%) is radially symmetric and it tends to 0 if || f|| g-1 g~y — 0.

In contrary, under the condition (A5), we have the following theorem as a special case our
Theorems 2 and 3.

Theorem 5. Assume (R) in addition to the assumptions of Theorem 2. For sufficiently
small || f|| p-1 g~y (but not equal to 0), (x)¢ has a positive solution, which is not radially
symmetric, and the conclusion of Theorem 3 holds.

Thus the shape of a(z) plays an important role for the continuous dependence of solutions
to f(z).

Proofs of the above theorems are variational and we find solutions of (%) as critical
points of the following functional

1

I(u) = —-/ 1Vu|2+]u[2da:———1—-——/ uPtl dg — fudz: H*RY) = R.

An idea from concentration-compactness arguments will be used to find critical points of
I(u).
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On Liouville theorem and application to
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equations
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Abstract
Let (S™,go) be the n-dimensional sphere of R™! with the gy induced
from the flat metric of R™*!. For a given C! function K on S™, we want to
seek a metric g conformal to gy such that K is the scalar curvature of the
new metric g. Write g =¢, - = go for some suitable constant ¢, > 0. Then

u satisfies 0
(1) Au——n(n_ )u—%—Ku::tg =0 on S™

In this talk, we want to prove some estimates of u in the region where K < 0.
This can be done by proving some Liouville-type theorems.

In R", we consider the equation

2) Au + Q(m)u':‘% =0in R™,
uw>0 in R?

where ( is a C' homogeneous function of degree I > 0. Assume that Q
satisfies the nondegenerate condition:

(3) alel ™ < |V Q)| < elzf 7! for z € R™\{0}.

Then we have the following theorem.

Theorem. Let QQ be a C' homogenous function of degree | > 0 such that
(3) holds. Then equation (2) possesses no positive solutions in R™.



We should give a scatch of the proof of our Main Theorem and its appli-
cation to apriori estimates.



Global Solutions of Systems of Wave Equations

with Quadratic Nonlinearities
Kazuyoshi Yokoyama

Hokkaido Institute of Technology,
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Sapporo 006-8585, Japan

Let ¢; > 0(i = 1,2) and set 9, = 8/0z* (0 < a < 3) where (2°,2',2%,2°%) € R*. We

consider the Cauchy problem

ut — 2 33_, 0%u* = Fi(u,0u) in [0,00) x R?,

. o . (1)
u*(0,-) = eft, Bou*(0,-) = eg* inR?® (i=1,2),

where ¢ (i = 1, 2) are real-valued unknown functions on [0, 00) x R3. We set u = (u!, u?),0u
= (Oul,0u?) and Ou' = (Ouu')o<acs- We assume that fi g € CP(R®) (i =1,2) and e is a
nonnegative small parameter.

In order to have a global solution for the Cauchy problem (1) for small initial data, we
need the nonlinear terms F*(u,0u) (i = 1,2) to be small enough at the origin, as it is seen
typically in the problems 93u—33_; 0%u = |ulP or O3u—Y5_; 0?u = |OulP. In fact, they have
critical powers p = 1+ /2,2 respectively, and if p is smaller than or equal to the critical
power, the solutions usually blow up in finite time ([6],[11],[4],[7]).

We suppose that the nonlinear terms F?(u, 0u) (i = 1,2) are quadratic forms of (u, Ou).
Since B2u — 3°3_, 8%u = |0ul? have the critical power p = 2, quadratic nonlinearities are the
critical nonlinearities for global existence of small solutions when nonlinear terms depend
only on du. Though the nonlinearities are critical, if £"(u,du) are independent of u and

satisfy certain algebraic conditions which are often refered as the null conditions, we have a



unique global solution for (1) provided ¢ is sufficiently small ([2},[3},[8],[12]. See [i],[5] and
references cited there for two dimensinal case). Hence, even for critical nonlinearities there
are some good forms for which we have global solutions.

In this talk we consider the case where the nonlinear terms are quadratic and depend also
on u. As it was shown in the case where the nonlinear terms depend only on du, discrepancy
between the propagation speeds ¢, ¢, make a good possibility of global existence. By (3],[9]
and [12], the Cauchy problem (1) for

2 3
Fru,0u) = 3" Y BY0,u'pu’

i,j=1 a,f=0
2 3 .. . -
FP(u,0u) = Y Y Dip0au'dse,

i,j=1 a,=0

has a global solution if ¢; # ¢z and
Bl =0,D%=0 (0,p=0,...,3)

So the question is whether the Cauchy problem (1) has a global solution even for the nonlinear
terms F*(u, Ou) containing u, if ¢; # c.

For quadratic forms

F*(u, 0u) = Z Z Ay 00 + Z Z Bjp0ati'Opu’ (2)
,g—‘l a=0 ,J—-l aﬂ~
)= 32 3 OOl + 32 > Do, @)
1,j=1 a=0 1,0=1 o, 3=0
we assume that

Then we have the following theorem.

Theorem. Let ¢, # ca. Assume (2)-(4). Then there ezists o positive constant €o such that

the Cauchy problem (1) has a um’qde C*® global solution for arbitrary € provided 0 < € < &o.
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1. INTRODUCTION

In this talk, we consider asymptotic behavior of solutions to the nonlinear Klein-
Gordon equations (NLKG) and the nonlinear Schrodinger equations (NLS):

i — Au+u+ |uffu=0, (NLKG), (1)
it — Au+ |uffu =0, (NLS), (2)

where v = u(t,z) : R - C, p > 1 and f : C — C. For any function u(t,z),
denote by eq(u) the left hand side of the equation, denote by eq; (u) := eq(u) — |ulfu
the linear (free) part, and

-1
g (u,v/1—A 4), (for NLKG) 3)
U, (for NLS)
We have the following conservation law of the energy:
2|ulp+1
E(u;t) := Vul? 2 . = E(;0). 4
(wit) = [ IVal+ fuP + 25 = B(ui0) @

In this talk we deal with every solution with finite energy and investigate asymp-
totic behavior of the solutions by comparing with the solutions to the free equation
eqy(v) = 0. Let uy(t, z) and v(t, z) satisfy eq(u+) = eqy(v) = 0 and

Tim [[v(t) — ()] = 0. (5)
Then the wave operators are given by the correspondences W : v(0) — u4(0),
and the scattering operator is given by S = W 'W_. Our main result is the as-
ymptotic completeness of the wave operators, namely that they are well-defined as
homeomorphisms from H! into itself.

2. KNOWN RESULTS

First we mention the known results on the asymptotic completeness.

1. [6,7,11,12] Let n > 3 and 4/n < p < 4/(n—2). Then we have the asymptotic
completeness for (NLKG) and (NLS) in the energy class H'.

2. [18] Let n > 3 and p = 4/(n — 2). Then we have the asymptotic completeness
for (NLKG) in the energy class.

3.[10,24,8 Let ne N, p > 8/(1/(n+2)?2+8n+n—2) and (n—2)p < 4. Then
we have the asymptotic completeness for (NLS) in ¥ := {¢ € H' | zp € L?}.



3. MAIN RESULT

Theorem 1. Let n € N and (n — 2)p < 4 < np. Then we have the asymptotic
completeness for (NLKG) and (NLS) in the energy class.

The large data scattering of NLKG for n < 2 was one of the major open problems
in [22, pp. 247]. Here we consider a single power nonlinearity for simplicity, but our
proof can be applied to more general nonlinearity f(u) satisfying

U

JF:R—> Rst. f(u)= 2F’(]u|)m, F(0) = f(0) =0, (6)
|f(u) = f()] < Clu = v|(Jul™ + [vf* + [uf* + [v]*), (7)
for some p; < ps satisfying (n — 2)p; < 4 < npy, and
G(u) == R(f(w)u) — F(u) > 0. (8)
In the preceding works, it was needed that
G(u) > C min(|ul?, [u[?*), Ips > 2. 9)

If we write F(Ju|) = V(|u|)|ul?, (8) is equivalent to V' > 0. We remark that if
V(r) < 0 = V(0) for some r > 0, there exist standing wave solutions to (NLKG)
and (NLS) [2], so that the asymptotic completeness does not hold.

4. DIFFICULTIES IN LOW SPATIAL DIMENSIONS

There were two difficulties in proving the asymptotic completeness for n < 3.
The first problem was that we can not prove the Morawetz estimate, which has
been essentially the only a priori estimate for global space-time integral used to
prove the asymptotic completeness. The second problem is on the decay order ¢~/
of the free evolution. For n > 3, it is integrable on (1,00), so that we can show,
only by the boundedness of the solution, that the nonlinear interaction at a fixed
time has little influence on the behavior of the solution in the distant future or past.
Such an argument was essentially used in the preceding works, but it can not be
used if n < 3. We overcome the first difficulty by a new Morawetz type estimate
which holds in any spatial dimension and independent of the nonlinearity, so that
we can also improve the generality of the nonlinearity (regarding (8)). To avoid
the second difficulty, we employ a new idea inspired by Bourgain [5]. Separating
localized energy into rapidly decreasing free solutions, we can reduce the problem
to that for small energy data.

5. NEw MORAWETZ TYPE ESTIMATES

In this section, we deal with the equation with the general form of nonlinearity

eq(u) + f(u) = 0, (10)
to show how we can replace the assumption (9) with (8). Assume (6) and (7). The
Morawetz estimate is

G(u)
dzdt < CE(u), (11)
R |T]



where v is any solution to (10) and n > 3. For n = 2, the following estimate can be
proved so far only from the main estimate (25) of asymptotic completeness.

/ / R+ 1x| M dnat < c(8(w), (12)

for any ¢ > 2+ 4/n. If n =1, (11) is obviously false. Our estimate is

Lemma 2. Let n € N and assume (6), (7) and (8). Then, for any finite enrgy
solution u and p satisfying p > 2+ 4/n and (n — 2)(p — 2) < 4, we have

2|“|p /2
0z di < C(p)E(u)P”, (13)
x |(t,z)
where K = {(t,z) | |z| < |t|} for (NLKG) and K = R*" for (NLS).
Any Morawetz-type estimate or conservation law is based on some integral identity
derived by variations of the Lagrangian. We mention a general formula for such
identities. First we have to prepare some notation.

<CL, b) — %(CLB), 8 = (3t; vm)’ D= {(_aty vm)’ (fOI' NLKG) (14)

(—3/2,V;), (for NLS)
26(u) = —|af? + |Vul? + |u] + F(u), (for NLKG)
| (B, w) + |Vul? + F(u), (for NLS)
£(u) is the Lagrangian density associated to the equation eq(u) = 0. The differential
operator D naturally appeares from the variation of ¢:
6,0(u) = lim L(u+ev) — £(u)

e—0 £

(15)

= (eq(u),v) + 8 - (Du, v). (16)

Using this identity, we can easily obtain the following formula.

2
(eq(u),h-Du+qu) = —0- (Du,h-Du+ qu) + D - (h@(u) + |“T q)

+ (Du, (0h)Du) — %37) +0¢+ (29 — D - h)l(u) + G(u)g, (17)

Now let
(t, z) D-h
h = , = §R———-— 18
&) 1o
and integrate the real part of (17) over
{@,z) | |t] > 1}, (for NLKG)
K1 = 9 9 (19)
{@,z) | [t|* > |z|* + 1}, (for NLS)
Then we have
2
// (Du, (0h)Du) — I—UZ—ER’D - 0¢ + G(u)q dzdt < CE(u). (20)
K1
Since ¢ > 0, |RD - 8q| < C/t3, we obtain
[tVu — zDyul?
dzdt < CE(u), 21
I e © )



which comes from the first term in (20). Such an estimate was first derived in [17,
Proposition 4.4] for (NLKG) with n > 3. Now we use the following Sobolev type
inequality.

Lemma 3. Let V : R* — R* and x : R* — R. Then for any u € H(R") and
p > 2+ 4/n satisfying (n — 2)(p — 2) < 4, we have

[ ctupds < Olulzs? [ ¢1vuivulds + OVl lulfy, (22
R» R=

where ¢ = n(p — 2)/2 and C > 0 depend only on n and p.

We can apply this inequality directly to (21) in the NLS case. In the NLKG case,
we apply it to the function v(7,z) = u(4/7% + |z|?,z) and use the boundedness
of the energy on the hyperboloids. Then we obtain the estimate on K;. Indeed,
the estimate on K \ K is trivial from the Hardy inequality: |||z|~%u||z2 < C||ul|as,
where 0 < 6 <1 and § <n/2.

6. GLOBAL SPACE-TIME ESTIMATES AND ENERGY CONCENTRATION

For simplicity, in this section we consider (NLKG) for n < 3 and (NLS) for any n.
For (NLKG) with n > 3, we have to change the exponents of the space-time norms
below, though the arguments are essentially the same. The asymptotic completeness
means that at time infinity any free solution can be approximated by a nonlinear
solution and any nonlinear solution can be approximated by a free solution. That is
possible because the nonlinear interaction term loses its effect as || tends to infinity,
since |u| decays pointwise by the dispersion of wave. However, we can not expect
any uniform decay estimate for the solutions because our setting is invariant under
space-time translations and time inversion. Since the decay property of the solutions
comes from the finiteness of the energy, it is natural that the decay property is also
described in (space-time) integral forms. In fact, we know the Strichartz estimates,
for example

lolle;Bs ,®my) < Cllvllam, (23)
for any linear solution v, where p :=2+4/n, 0 = 1/2 for (NLKG), 0 = 1 for (NLS)
and By, is the inhomogeneous Besov space (cf. [3]). Moreover, let w be the solution

for the linear inhomogeneous equation eq;(w) = —|v|Pv and w(0) = 0. We have
also by the Strichartz estimate and well-known power estimates,

wllzge sy < IV llvllzesryze ,@n)- (24)

Since [|v]|ze((sz; B (&) Vanishes as § — co by (23), (24) means that the nonlinear
interaction loses its effect for linear solutions. It is easy to construct the wave oper-
ators by a fixed point argument using such estimates as (24). Thus, the asymptotic
completeness will immediately follow if we can prove that global space-time norms
such as (23) are finite also for the nonlinear solutions:

lulle@;ps @) < C(E(u)), (25)
which can be derived by a standard argument from the following weaker estimate:
[ullLagreny < C(B(w)), (26)



where ¢ = p(n + 2)/2. Thus, our objective hereafter is (26). From now on, we
denote

lullzen = lullzo@pg @y, ullagn = llulls@xre).- (27)

Indeed, it is the hardest step to prove the global estimate for the nonlinear solutions
in the proof of asymptotic completeness, for we can not approximate the solution
by one free solution as in the construction of local solutions and wave operators or
as in the small data analysis. Of course we can divide the time axis into many inter-
vals such that we can approximate the solution on each interval by a free solution.
But how can we get any asymptotic imformation from those many free solutions?
Bourgain [5] considered instead the space-time distribution of the energy density
of u on each time interval using a standard local approximation by free solutions.
More precisely, we have the following lemma essentially due to Bourgain (here the
situation is simpler because we are considering the subcritical case).

Lemma 4 (Bourgain). Let u be a nontrivial solution of (NLKG) or (NLS) with
E(u) = E < 0o and ||ul]|r =1 < oo for some interval I. There exists a constant o
such that if n < my then we have a subinterval J C I, a point X € R* and R > 0
such that for any t € J and s > 1 we have

/ luf'dz > C(E,n) > 0, (28)
lz—X|<R

|J| > C(E,n) >0 and R < C(E,n).

Outline of proof. Let v be the free solution with the same data at the top of I. Then,
by the Strichartz estimate and the well-known power estimates we have

lullge;ny < ollan + Cllullfx,pllvllzn < CE + CnPllulliy. (29)
oI

From this, we have |jul|(x,y < CE if 7y is sufficiently small. By the interpolation
inequality and the Sobolev embedding, we have

n = llulla) < Cllullisy “Ilullf < CE)|lulliz’, (30)
(K) = (B)

where we denote (B) := L*(Ban!>™) with a constant € > 0 small enough for the
above interpolation to hold. Thus we obtain ||ul|(z) > C(E,n), which means by the
definition of (B),

ANO=1/2-9| (o 4 u)(T, X)| > C(E, ), 81)

for some —~1 < N € Z, T € I and X € R*, where {p;}2_; C S(R") is a Paley-
Littlewood partition of §(z) satisfing ¢;(z) = 27™py(2/z). On the other hand by the
Sobolev embedding we have

2V loy + u(t) ||z < Cllu®)lla: < C(B), (32)
so that N < C(E,n). Moreover we have by the equation,
llon * (u(t) = u(T) ||z < 202N u(t) — w(T)|lg- < C(B, Mt ~T], (33)

so that the estimate (31) remains valid for T € J with some interval J of length
> C(E,n). Since |py(z)| is sufficiently small for |z| > C2~V, we obtain the desired
result from (31). O



Now let I be a finite interval and let us estimate ||u||(x;r). First we divide I into
subintervals {I;}}_; such that ||lu|/(x;;;) = 7 on each subinterval. Applying the
above lemma on each subinterval, we obtain |J;| > C(E), X; € R* and R < C(E)
such that for any ¢t € J; C I; and any 2 < s < g we have

/| > v =(E) >0 (34)
T <

Let T; :=inf J;, B; := {(T},z) | |z — X;| < R} and K := {(t,z) |t > T}, |z — X;| <
M|t—T;|+3R}, where M =1 for (NLKG) and we can choose M = C(E) sufficiently
large for (NLS) such that the loss of the L? norm inside K is at most v/2. We can
choose P C {1,..., N} such that

(1) k,]EP,k#j=>BJ¢Kk

(ii). V4, 3k € P, B; C K.
From (i) and the energy propagation estimate, we have F > #Pv/2, so that #P <
C(FE). Using (ii) and the Morawetz type estimate, we have

CE) =Y / = Tk dzdt > Z | t”l@l‘ > )oY (35)

keP max; ||

so that max; |I;| > C(E)log N > C(E) log|]u|](x;1). Now assume that ||u||(x;r) is
very large. Then, there exists a very long I; with ||u||(x,;;y = 70 fixed, which means
that the mean density in I; is very low. Nevertheless, we have (T}, X;) € I; x R?,
where there exists certain amount of energy v > C(E) in a fixed radius R < C(E).
Thus in this interval there exist two waves whose scales are very different from
each other. The smaller one comes from the energy localized around X; at ¢ = Tj.
Now we seek the larger one which spreads very thinly around the smaller one.
To this end, we divide I; =: (S,T) into further subintervals. We suppose that
T; < (84 1T)/2. Otherwise the time direction should be reversed in the following
argument. Let A > 1, Sy := T; — R+ (MA)*R, Hy, := (Sk, Sk+1). Let A € N and
assume that for k¥ < 3A we have Sy € I;. Then, there exists some k< 3A such
that ||ul|x;m) < m0/AY? and ||ul(x,m,) < C(E)/AY?. By the energy propagation
estimate we have

/ e(u; Sg)dz > v/2, (36)
lz—X;|<R!

where e(u;t) denotes the energy density and R' := R+ M (S, —Tj) < M(MA)*R <
|Hg|/(A —1). Thus, for any € > 0, there exists N = N(F,¢) such that if ||ul|x;n >
N then we have a subinterval J = (S,T) C I, X € R* and R > 0 such that
llull ;) + llallx0y < &, R < elJ| and f|x_X]<R e(u; S)dz > v/2. If € is sufficiently
small depending on v, F, we may assume that ||u/{z)|zz < +/v. Then, we can
separate the energy around (S, X) by a free solution v such that

E(v;S) <Cv, E(u-v;S)<FE-v/3, diamsuppv(S)<CR. (37)
Using the support property of v(S) and the decay estimate for the free evolution,
we have for ¢t > T,

[0l gzns2 < CHIT2IIV(S)l 573 < C(R/IN™2V(S) ]l < Ce™?Vv. (38)



Interpolating with the Strichartz estimate, we obtain ||v]|(x;r,c0)) < C(E)e®, where
« is a positive constant. By the energy identity, if € < /v we have E(u — v; T) <
E(u — v; S) + C(E)v**?/2, We may assume without loss of generality that v(E) is
so small that C(E)v**?/2 < v/12. Thus we obtain E(u—v;T) < E —v/4. Then we
can reduce the energy level by the following perturbation lemma essentially due to
Bourgain.

Lemma 5 (Bourgain). Let eq(u) = eq(w) = eq;(v) = 0 and u(0) = v(0) + w(0).
Let E(u), E(w) < E and ||wl|(x;(0,00)) < M. Then there eists e = e(E, M) > 0 such
that if ||v]| ;0,000 < €, we have ||ul|x;0,000) < C(E, M).

Now we prove the global estimate (26). It is well-known for solutions with suf-
ficiently small energy. We use induction on the energy E. Suppose that for any
solution u with E(u) < E—v(E)/4 we have ||ul|(xg) < M. Let u be a solution with
E(u) < E. Take 7 < 7 such that HUH(X;(—oo,'r)) = “'U'H(X;('r,r')) = H'LI,H(X;(T/,OO)). By
the above argument, there exists N = N(E, M) such that if |[u||(x,) > N then
we have some T € (7,7') and a free solution v satisfying E(u—v;T) < E —v/4 and
vl (xi,00)) < (B, M) or ||v]|(x;(~co,y) < € (in the case where Tj is in the later half
of I;). Then, by the above lemma, we obtain C(E, M) > |[ul|x;70) > [lullcx(r,00))
or C(E, M) > ||ul|((x;(~co,r)). Thus we obtain ||u||(xry < 3max(N(E, M),C(E, M))
for any solution u with E(u) < E. Since it is obvious that we can take v(E) de-
pending continuously on E, by induction we obtain the desired estimate (26).
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1. Introduction and results

‘We will consider the well-posedness of the initial boundary value problem for
the linearized equations of ideal MHD. The original system of equations takes

the following form.

pp(0y + (u,V))p + pdivu = 0,

(1.1) PO+ (v, V))u=—Vp+pu(V x H) x H,
OH—-Vx(ux H)=0,

(0 + (u,V))s =0 in [0,T] x Q.

The boundary condition is
(1.2) (v,u) =0 on [0,T] x 99.
The constraint conditions

(1.3) (v,H)=0 on [0,T] x 092,

(14) divE =0 in [0,T) x

are also imposed. Here §) is a bounded domain in R®, T is a positive constant
and v = v(z) = '(v,v2, v3) denotes the unit outward normal to the boundary at
z € 0N Pressure p = p(1,z), velocity u = u(l,z) = *(u;, u2, u3), magnetic field
H = H(i,z) = '(Hy, Hz, H3) and entropy s = s(i,z) are unknown functions.
We suppose that density p = p(p,s) is a smooth known function of p > 0 and
s satislying p > 0, p, = Op/0p > 0. The magnetic permeability po is a positive
constant.

In order to employ a useful symmetrization of (1.1), we introduce the new
unknown vector valued function U = *(g,* u,! H, s) in place of *(p,* u,! H, s), where
¢ = p+ 5|H|? is the total pressure. We linearize the equations (1.1) about a real
vector valued function U where U = (g} %,! H,3) € C™([0, T]x Q) is a solution

of (1.1) which satisfies (1.2)-(1.4) with 5 > 0 in [0,7] x © (@ = QU Q).

(1)



Definition. The initial boundary value problem for the linearized equations
is said to be well posed in the Sobolev space H!(Q2), for an integer | > 1, if the
following conditions are satisfied:

For any initial data Uy € H'(Q2) satisfying

(1.5) (v,Hp) =0 on 99,

(1.6) divHy =10 in §2,

and the compatibility conditions of order [—1 for the linearized equations and the
boundary condition (1.2), there exists a unique solution U € C([0, T1]; H'(2)) of
the linearized equations such that it satisfies (1.2), (1.3), (1.4) with T =T} and

the estimate

(L.7) HU @1y < CllUollaa)

holds for any t € [0,T;]. Here C and T1(< T') are positive constants independent
of Ug. (For 8,U, see, e.g., R. Temarm [15], ch IL.3.)

Let Q € C'*3, [ > 1, then main results of the present paper are the following

two theorems.

Theorem I. The initial boundary value problem for the linearized equations (2.2)

with (1.2), (1.3), and (1.4) is well posed in H'().

Theorem IL. Let H # 0 on [0,T] x 0Q. Then the above problem is not well
posed in H'(Q) for 1 > 2.

Theorem I has the following significance. First it releases us from troubles
with compatibility conditions, since one of order zero is the boundary condi-
tion itself and also it follows the well posedness in H9(§2) in more precise sense
than J. Rauch’s result (cf. [9]) under the condition of Theorem I . As a special
case, where T is a static equilibrium defined over  whose boundary is a mag-
netic surface, i.e., a surface where (v, H) = 0, contained in plasma region, these
facts above mentioned ig agZa:fuL to the linearized internal (local) stability
second-order system. (See I. B. Bernstein et al. [1] and J. P. Freidberg [3]. For
equilibrium, see R. Temam [12], [14] and A. Friedman & Y. Liu [4]. For the

existence of solutions, see R. Temam [15], ch I1.4.) *)

(2)



"Theorem I, which proves the non-existence of “loss of regularity” of solutions

in H1(), has been found by us after the completion of the proof of Theorem I1

Theorem Il implies that, for any  with smooth boundary, the regularity loss
of solutions of the linearized problem always arises in H'(2) (I > 2). The initial

data are to be taken in a way such that their supports are sufficiently small and

intersecl with d92. Obviously Theorem II is also valid in the case where the

linearized equations are such that the equation
(7tH + (%, V)H — (H,V)u + H(divu) = a certain terms of lower order

guarantees that (v, H)|an(t) = 0fort € [0, T;] whenever (v, Ho)|an = 0 and where

the condition divH = 0 in § is neglected as usual.

But Theonem I swme 1 fwﬁ&&t a wwf%vﬁpu?jmw”),j the P/%la(eaf
dotivation 14 o /yylm/@ﬁ (1.1) "/[/~9‘){17r+7‘w— /magfwt@/e%ﬂ cm«:f-»’md
phosama,,

We do nomark that (fiesiiged) olassicnd physicat
sopapls of hillals Yooy yolice pachlom for oy prnboie
,Agdﬁww /bq,ﬁ@ il o mi;j/ang W/ww—hlww Lo o /zz/,ézoz;l/wz,
Lichamoctmiibic Lone, assorialid wH paulounded chanacliitie
Moo Nz, %, ?a) wort. &y ( Cf- Section t.)

2. Linearized problem

Using the unknown vector valued function U = (g, 'u,'H,s) we rewrite (1.1)
as follows.
a(0 + (v, V))g — o(H,0,H + (v, V)H) + divu = 0,
(2.1) PO+ (u,V.))u+ Vg — (H,V)H =0,

OH 4 (u,V)H — (H,V)u + H(divy) — (divH)u =0,
(0 + (v, V))s =0 in [0,T] x €.

(3)



Here we put pg = 1, for simplicity and a = p,/p. Then we linearize (2.1) about
a solution U € C'*1([0,T] x Q) to (2.1) with (1.2)-(1.4). The resulting equations

are the following.

&0+ (T, V))g - a(H, 0 H + (3, V)H) + dive = I,
(0 + (U, V))u+ Vg~ (H,V)H = Iy,

2. v v/
(2:2) OH + (u,V)H — (H,V)u + H(divu) = 3,

(0 + (@, V))s =14 in [0, 7] x €.
We observe that the terms of lower order l;, i = 1,... ,4, are linear combinations

of the components of U with coefficients depending smoothly on the components
of U and their derivatives of the first order with respect to z and . In particular,

we have

l = —(u,V)H + (H,V)z — H(diva)

and @ = (g, H,5), etc. We obtain (2.2)3 by subtracting T(divH )+u(divH) from

the third equations of the linearizetion of (2.1). For simplicity of the description

we omit s in (2.2) without loss of generality, In the following, assuming

that p and p are independent of s, we may set U and U to be *(g,'u,'H) and
(3,5, ‘F), respectively, which are all real vector valued functions.
Adding (2.2); x (—H) to (2.2)s, we get the following system which is a sym-

metization of (2.2).

@0, + (7, V))qg —&@(H,0.H + (4, V)H) + divu =1,
(2 3) ﬁ(al +(Hiv))u+v__g—(H:v)£ = Iy, .
) 8H + (3, V)H - (H,V)u - GH{(0: + (& V))g — (. 6. H + (T, V)H)}
:lg——llH in [O,T] x 2.

We write equations of our problem in the following form.

— 3 — -
AU + S AWKV +BOU =0 in [0,T] x 0,
i=1

(2.4) MU =20 on [0,T] x 022,
NU=0 on [0,T] x 992,
divH =0 in [0,T] x ,
U(0,2) = Up(z) for 2 € 02,

C¥



where 9; = 0/0z;, = 1,2,3,
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Ay(U) = 0_ 0 0 p 0....2 .:—.0_ __0— :
~aH, | 0 0 0 | 1+&H; @HH; oHH;
-@H, | 0 0 0 | &@H,H, 1+aH, GHzHy
~aHs | 0 0 0 | @H,Hs wHyH; 1+GHjg)

0 ty 000

000000

3 v {0 0 0] 000
AO) =) v 4;(0) = 0 0 0|00 0} onde,

i=1 0000000

0ojJooo|0oo0o0

0ojJooof0oo0o0

_ all elements are equal to zero except
™ that the (2,2),(2,3),(2,4) entries are equal to ‘v,

__ all elements are equal to zero except
= that the (5,5),(5,6),(5,7) entries are equal to v,

and B(U) = B(U,8,U,0;U;1<j < 3).

M

The resulting system (2.4)1, (24)2  ¢§ a symmetric hyperbolic system
with characteristic boundary of constant mwultiplicity in the sense of J. Rauch
[9]. Note that Ao(T) is positive definite, although Ao(U) # I. The boundary
condition (2.4); is maximal nonnegative. Actually, the boundary matrix A, =
Z_?=1 v;A; is of a constant rank 2 on 8% and Ker A, C Ker M on 99 which is
maximal nonnegative subset of 4,. Now we give a lernma which will be useful

in the proofs of theorems.
Lemma

(i) Let U be a solutione C'*1([0,T) x ) of (1.1)-(1.4). Then the assumption
in Theorem I, i.e., H # 0 on [0,T] x 89, implies that H # 0 on {i =
0} x 69.

(§5)



(i) Assume that U € C'([0, T]xQ) satisfies (1.2), (1.3) andp > 0 in [0, T]x
Q. This implics that U satisfies neither (1.1) nor (1.4). Then if (1.5) holds
for U(0), the solution U(t) of (2.4); that belongs to € C([0,T1]), H*(R))
satisfies (1.3) in [0,T1] x 0.

(iii) Let U € C™1([0,T) x Q) satisfy (1.2)~(1.4). Then if (1.6) holds for U(0),
the solution U(t) of (2.4); that belongs 10 C([0,T1]); H*(Q)) also satisfies
(1.4), i.e., (2«.4)4, in [O,Tl] x §2.

LemAmo 2.0, Tl uo that Jm.rafd_'wwt propetics of WHD
* (1.3) omd L) ane., donivee] éw«m (.5) amel (L 4)
mf,w'&w% o f"W’Wt Jor e Mw}d %uﬂi’om
(2.2) or (2.3).

Ty Hhe éﬂ//wﬂ;vj W@M ashtme that U ,dq;é{o][;[
'H\L M,{Mﬂ/fi('m JZ Z,&;M/MA N (Zb]. 5,7 /\/ézzzl,l aZ
Lorrna 2.1 /ilt’z)} we ronsider 2oludis o Mm/ch"un/?,
L/.;L)»rmo[ [147 i /&M,&W /O/L»Mm wdesd, L ,D,,,,,f

3. owtline o Pposf of Theorem I

Taking account of the finiteness of the speed of propagation for the solution,
we use a suitable finite partition of unity {¢a} of © where Yoada = 1 and
diffeomorphisms. Then we are reduced to the problem in the half space. We
fix p € 9Q arbitrarily. We assume that 9Q € C'*3. Then there exists a C'+2-

admissible boundary coordinate system (y(z)) which maps p to the origin. We

have

. 1 0 0
P=(==), 'PP={0 on {y; = 0},
(3-1) (aw) (0 G ) Y

P = (6;;) at the origin,
where the G is a certain 2 x 2 matrix (cf. p301 of [6]).

(£)



Let us denote the inverse map of y(z) by ¥. Then the known and unknown
functions are changed as follows: for z = ¥(y)
Ut,y) =P lu(t,e), H(y)=PHLz), §(ty)=q(2),

2, y) = p(t,2), ?(t,y) =Pyt z), H(,y)= P-1H(t,z),
7t y) =19(t,z), a(t,y)=2az), »(y)=7n-z)

Our problem in Theorem I is reduced to find the solutions to the following local-
ized system of equations. For T} << 1,

3 ~

Ao(0)0,T + ;__j 4,(0)8;T + BT =0 in [0,T3) x {gx > 0},
(3‘-2) A:Zg =0 on [0,71] x {y: = 0},
{YU = O~ on [0,T1] x {y1 = 0},
U(0) = ¢oUp for a certain « in {y; > 0},

The concrete form of (§,.); is as follows.

FO7 + @ V,)7 - (PPH, 0. + (8, V,)H)) + divi=T,
FPP(OT + (T, Vy)T) + Vy§ — 'PR(H, v,)H =
3.3) PP + (2, V,)H - (H,V,)u
+EH{~8:7 — (7, Vy)7+ (‘PPH, 8. H + (%, Vy)H)}]
in [0, 73] % {y1 > 0}

where Ti, i=1,2,3, denote terms of lower order.

For some ro > 0 we set B(0) = {y;dist(0,y) < ro and' 31 > 0}, Assame thet
supp &, C<B0),

Furthermore, let U be vector valued functions € C19([0,T1] x B(0)) such that

Assuming that Q € C*, we consider the approximate problem: for 71 << 1

and for sufficiently small § > 0 ( 55 & C([D, Tij) "\2(@(0))))

e T e B T o~ T .
(T8, 0% + ¥ A,T )00 + B )T =0 in [0,T1) x {v1 > 0},
i=1

(3%) MU® =0 on [0,T1] x {y: = 0},
NU® =0 on [0, T3] x {1 = 0},
e (0) = f" with compact support on {y >0}

Here T U, in HA(Bw) (§50), NEZ0 on {9, =0} omd
JFX 50{,‘}'15-}1(’/-) c.c, o,[, Orﬂ(irv 4 F)r\ (3.4')1)(3;4‘)2.

7)



Lemma, The solution U® of the problem (3Y4) satisfies the following

eslimale

(3% IOl asy < CNT Oy fort € (0,71,

Proof. We omit simply the indices § and tilde in the proof.
Swnc
(A061U, BIU)(t) — (AoaiU, f)lU)(t’)
>y )
= / / 0:(A0,U, 8,U)(r, y)dydr, (t'=0)
v JBY

we have from (3M) that for a constant C > 0 depending only on U, P and their

derivatives up to the second order

The right hand side &'I{{A& ﬁ'&’ﬂ\)e %M/ﬂ/&' {}'

t 3 :
< */ /;\ Zaj(Aja1U,31U)dydT + C/ 16U - ”U”)‘Jl(ng)dT-
v JR2 .,

+ =1

(36)

Using (34)2, (343, and (3.1), we see from the corresponding form to (3.3 ) that

(?1(1!!/1:0 =1y Iy;:Oy . .
Ovuly, =0 = [~@{8iq + Tadag + Tadag — (‘PPH)20,H; — (‘"PPH )30, H3
*(t]plpﬁ)g(ﬁzag + ﬁsaa)Hz - (’lP]P’H)g(Eg(’)g -+ ﬁ303)H3}

—0gug — daus +Tl]ly,=o for t € [0,T1].

(3.7)

Note that U € C3 and P& C3 on & neighborhood of supp U. The first term on
the right hand side of (3.6)

t
/ / (A1, 8,U)(r, 0, o )dy'dr
v amgr
L
=2// (014,011 )(7,0,y")dy'dr .
t! angr

Here M‘WJ Ll'?'.)-@léﬂ«ﬂ/t'm%/ we obbin(35). Then )’J o
Lomik yprocss (5-20) we goe the uw&dn‘/}y »% Theonem T

(8)



The «&’/nwwgﬂ* paolblem (2.4) i ppolyeed. {z tha.
}wzoé&m wdith Baogen c«vﬂ»f{ca‘xwf:a ot the, origin. :

a(Oug -—Q{_, G HY) + dive = 0,
(‘,-1) poiu— (H,Vz)H +Vzq=0,
OH — (H,V;)u—aH[0ig— (H,0,H)] =0 in[0,00) x {27 > 0}.

Hew , d, A=toh,0) ad cpmitart, K50 amd
#2) U, =Hs =0 on [0,69) ¥ iz,so}J

“=H o on Jb=ol #3 X120},
bt & omd L&ﬁ/ﬂqw by

— ) = ), N

as(Bf =15 37 ) , b= MP)=

A#?n. we  paove Lomnias , we olita iy +he -f;)/bu),,,‘,j;

ﬂw W&ZZ ?&'W v H’e{_r),) w. Y A [Q,;L) %//W 'é‘/rqf

v He [K*)?/ w. Yt (F.1) and (4,2) AM Ahat 4o she.
cofution V) =850, 5 )it ) omnd 4or £ €L0,09)

(ff‘g) I/ U['f“/”h,( < Co )l U["///H{. (j,__}z)
how, Mo’b&y% .
Z(z %35, zu,-)—‘fe”t (AT R 19 X
/éar‘ zfq’if/bf///ww 7/ }z/%-//gz/;?) ww,zumé Mw[,
Y20 we e Hak He charaddsrilic ejuczlfﬂz, to

]
H)e %)5’ ”ou.l ll\nj g

: ..
e 1 ZzJ—;fj,ﬁ)-z(z"l (6% 4257 %[H, £))5°)=0

(7)



det XU, 3., %) Le the cbanactioiste sonts
of hY¥) Wyt §,
Here we asdume Thal’ for o >0
Im X'y0 , TmA <o
Siwee  N(7~ 0¥ 3q, 55)= /\/7 7 %) Ay
{ A7 %, 5,0 b azal
7 ImAye = Xeln, 5. 5050
Thon +he bichonactsrisie dimt avsocalid
with Yo ohonabrlic acot 5= A (1, 3=, 33.)
) efined ao follows :

-._;% /\7“ (1, 32,?7)) )XL /\5L ([Z/ ;Z%)

WIJI’E ‘Z‘LLQ ’Zl/fté, AL'O'))Q,MMS[ onl C;Q/lﬂb@/bb'h"’é‘”;?
NS z;)”‘ ane %M@M&M’C/M nﬁdlﬁfﬂu&%’
jw#llﬂj, that /'\:';// O:Z'““‘S’Z- “\""dﬁrgi’, e
ace that «z 'Zz/fl/ ay 4 C"’/ /\+('Z/d}/0’%‘)*~)+l70_
= %ao’b we, have that for = 15,050 € T o)
(A (r(o,70),0.))?

_ (o2 —i10)* = (a® + b?)|o[*((cop — i70)® — (c0a)?) = (coa)® ;
(a? + b%)((co2 — i70)? — (co2)?) 2(a? + 6%y .

ot

T=7(0,7) =c o2~ iy, ¢ = a?p? \*
e =leErE/) o m>o.

(/o)



Bt 2 (72,0300 < 27 os| < loal < 2oal, 7205 > 0, lo > Claa)}y € (5) 74

Therefdre we ate that for pveh o

r=0(lol), 1% =0 ((oh?), ma* =0 ((e?),
(+.5) x =2~ i%} = O(lo]"), ¥ = 242 (72 — c03) = O(lo]),
2 = 0(lol¥) 102X = O(lol"), TosY = O(IoF).

how we can rw//oxtwh/'f 'H’C& ,Ao,&()l(('o'r(_{g/ L/, Hj of ('f'\/)
on the j‘-o“ ow:/nﬁ, éor"m,7 60,y ,@;MWP&
Eﬁl(r,xl,ﬂ) . 2
— 0o (/m e;,\+(=,+y),/,(y,a)dy+/o AT @ -Vy(y, o)dy
0
—/oo e_i)“l‘(::;—y),'b(y,o—)dy)

£

oo Troy4
iat(z14y) dy + / ¢r 31V (y, )dy
+0(1) (/ﬂ e ply,0)dy + |

—fw e_l.)‘-’r(::;—y)(lg(y,d)dy) éal‘ ip EZCCG) .

Ty

@ddu/ﬁu)m/g_ L‘]‘nj)a”w( Y%g’]ﬂwdﬂwo{ W_e_ Lol —
)

fukl caloulalion wseod (4.5) we aripe ad”

(28 WM‘DM,

( For odetails of /D/Z/D%J/ dee Arch, Ralionsl. Mook,
and Amal, WP (1993) 25 7—227.)
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