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SOME APPLICATIONS OF TANAHASHI’'S BEST POSSIBILITY
OF FURUTA INEQUALITY

MASAHIRO YANAGIDA
FACULTY OF SCIENCE, SCIENCE UNIVERSITY OF TOKYO

ABSTRACT. We shall give some applications of Tanahashi’s result which states the best possibility of
Furuta inequality. Firstly, we shall discuss the best possibility of a well-known characterization of chaotic
order: log A > log B if and only if A™ > (Ag BpAg)P_i' holds for all p > 0 and v > 0. Secondly, we shall
discuss the best possibility of p-hyponormality of generalized Aluthge transformation Ty ; = [T U|T|? for
p-hyponormal or log-hyponormal operator T' whose polar decomposition is 7" = U|T].

1. Introduction

This report is based on the following preprint:
M.Yanagida, Some applications of Tanahashi’s result on the best possibility of Furuta inequality,
to appear in Mathematical Inequalities and Applications.

A capital letter means a bounded linear operator on a complex Hilbert space H. An operator T is said
to be positive (denoted by T' > 0) if (T'z,z) > 0 for all z € H and also an operator T is said to be strictly
positive (denoted by T > 0) if T is positive and invertible. The following Theorem A is an extension of
the celebrated Léwner-Heinz theorem: A > B > 0 ensures A* > B* for any a € [0,1].

Theorem A (Furuta inequality [8]). » (1+r)g=p+r
If A> B >0, then for each r > 0, ’
@)  (BEAPB%): > (BiBPBE):

and

()  (AFAPAE)3 > (AEBPA%)S
0,~
hold forp>0and g >1 with (1 +r)g>p+r. 0=n) FIGURE 1

(1,0) q

We remark that Theorem A yields Léwner-Heinz theorem when we put 7 = 0 in (i) or (ii) stated above.
Alternative proofs of Theorem A are given in [3] and [13], and also an elementary one-page proof in [9].
Associated with Theorem A, Tanahashi [14] shows the following result.

Theorem B ([14]). Letp >0,¢g>0andr >0. If 0< ¢g<1 or (L+71)g < p-+r, there exist positive and
invertible operators A and B on R? such that A > B > 0 and
(1.1) AT f (AFBPASE,

Theorem B states that the domain of the parameters p, ¢ and r in Theorem A is the best possible for

the inequalities (i) and (ii) under the assumption A > B > 0. We remark that invertibility of A and B are
not mentioned in [14] but it is obvious by scrutinizing the proof of Theorem B in [14].

For positive and invertible operators A and B, chaotic order is defined by log A > log B. Chaotic order
is weaker than usual order A > B since logt is an operator monotone function. Ando [2] shows that
log A > log B if and only if A7 > (A% B”A‘%)% for all p > 0. As a generalization of this result, the following
characterization of chaotic order is given by using Theorem A.
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Theorem C’ ([4][5][10]). For positive and invertible operators A and B, log A > log B if and only if
(1.2) A" > (AEBPAS)#
holds for all p > 0 and r > 0.

For positive operators A and B, we consider an order A% > B for § > 0. By Lowner-Heinz theorem,
A%t > B% implies A% > B% for §; > 65 > 0. And we remark that the order A° > B? coincides with usual
order A > B in case § = 1, and approaches chaotic -order log A > log B as letting § — +0. The following
result is obtained by applying Theorem A to positive operators A and B which satisfy A° > B for § > 0.
Theorem D ([6][7]). For positive operators A and B, A® > B? for a fized § > 0 if and only if

A% > (A3 BPA%)E
holds for allp >0, r >0 andg>1 with (§+r)g>p+r.

Theorem D can be considered as a connection with Theorem A and Theorem C’ via the order A% > B?
since Theorem C’ can be rewritten as follows.

Theorem C. For positive and invertible operators A and B, log A > log B if and only if
A" > (A5BPAR):
holds for all p> 0 andr > 0 withrqg > p+r.

Figure 2 [7] shows the domains of the parameters p, ¢
and r on which the inequality A®" > (A BPA%)7 holds
under the assumptions A > B, A% > B for 6 € (0,1) and
log A > log B, respectively. We remark that the domain
drawn for p, ¢ and r in Figure 2 gets smaller as the order

gets weaker.

FIGURE 2

On the other hand, an operator T is said to be p-hyponormal for p > 0 if (T*T)? > (TT*)? and an
operator T is said to be log-hyponormal if T is invertible and log T*T > logTT™*. p-hyponormal and log-
hyponormal operators are defined as extensions of hyponormal one, i.e., T*T > T'T*. 1t is easily obtained
that every p-hyponormal operator is g-hyponormal for p > ¢ > 0 by Léwner-Heinz theorem, and every
p-hyponormal operator is log-hyponormal since logt is an operator monotone function.

Let T be a p-hyponormal operator whose polar decomposition is 7' = U|T|. Aluthge [1] introduced the
operator T' = |T|2U|T|%, which is called Aluthge transformation, and also showed the following result by
applying Theorem A.

Theorem E ([1]). Let T' = U|T| be the polar decomposition of a p-hyponormal operator for 0 < p < 1 and
U be unitary. Then the following assertions hold:
() T = |T|zU|T|z is (p+ 1)-hyponormal if 0 < p < 1.
(i) T = |T|2U|T|% is hyponormal fi<p<l.
As a natural generalization of Aluthge transformation, the operator T, ; = |T|*U|T|t for s > 0 and ¢ > 0

can be considered. The following Theorem F on Ts’t is a generalization of Theorem E on 7'

Theorem F ([11][12][17]). Let T = U|T| be the polar decomposition of a p-hyponormal operator for p > 0.
Then the following assertions hold:

() Qj’s,t =|T|*U|T|¢ is E—t’fﬂfﬁ-hyponormal for s >0 and t > 0 such that max{s,t} > p.
(i) Ts: =|TP°UIT|* is hyponormal for s > 0 and t > 0 such that p > max{s,t}.
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We remark that Theorem F yields Theorem E when putting s = ¢ = ; and the proof of [11] is cited
under the condition N(T') = N(T™*). As a parallel result to Theorem F for log-hyponormal operators, the
following Theorem G is given in [16].

Theorem G ([16]). Let T = U|T| be the polar decomposition of a log-hyponormal operator. Then T, ; =
|T|*U|T|t is %%&-hyponormal fors >0 andt > 0.

‘We remark that Theorem G is a parallel result to Theorem F. In fact, Theorem G corresponds to the case
p — +0 of Theorem F since p-hyponormality of T' (i.e., (T*T)? > (T'T*)?) approaches log-hyponormality
of T (i.e., logT*T > log TT*) as p — +0.

In this paper, we shall show some applications of Theorem B which states the best possibility of Theorem
A. In fact, we shall discuss the best possibilities of some applications of Theorem A.

Firstly, we shall discuss a characterization of chaotic order. In fact, we shall prove the best possibilities
of Theorem D and Theorem C, which are parallel results to Theorem B. '

Secondly, we shall discuss generalized Aluthge transformation for p-hyponormal operators and log-
hyponormal operators. In fact, we shall prove the best possibilities of Theorem F and Theorem G by using
the best possibilities of Theorem D and Theorem C, respectively.

2. On a characterization of chaotic order

We show the following Theorem 1 and Theorem 2, which state the best possibilities of Theorem D and
Theorem C, respectively. We remark that the fact of Theorem 1 was pointed out in [15].

Theorem 1. Letp>0,¢>0,r>0and 6 >0. If 0< ¢g< 1 or (§+71)g <p-+r, there exist positive and
invertible operators A and B on R? such that A® > B® and

(1.1) A" ¥ (AFBPAE)T.

Theorem 2. Letp >0, g > 0 and r > 0. If rg < p+ r, there exist positive and invertible operators A
and B on R? such that log A > log B and

(1.1) A" f (AFBPA%)T.

We remark that Theorem 1 and Theorem 2 are parallel results to Theorem B. We also remark that
Theorem 2 can be rewritten in the following form.

Theorem 2°. Letp >0 and r > 0. If o > 1, there emist positive and invertible operators A and B on R?
such that log A > log B and

(2.1) AT # (AZBPA%)w-,
Theorem 2’ states that the outside exponents on both sides of (1.2) in Theorem C’ are the best possible.

Proof of Theorem 1. Assume 0 < ¢ < lor (0+7)g <p+7. Put p = £ > 0 and r; = § > 0, then
(0 +7)g < p+r is equivalent to (1 + r1)g < p; + r1. By Theorem B, there exist positive and invertible
operators A; and B, such that A; > B; > 0 and

ptmy S LS
(2.2) A 7 F (AP BlPAP)S.

Here we put A = Al% >0and B = Bf > 0, then A; = A% and B; = B?, so that A; > B, is equivalent to
A% > B and (2.2) is equivalent to the following (1.1):
(1.1) ABE ¥ (AFBPAE)S,

therefore A and B satisfy both A% > B% and (1.1). Hence the proof of Theorem 1 is complete. O
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Proof of Theorem 2. Assume rq < p+7. Since 0 < L"q'—’- — 7, there exists a § > 0 such that 0 < § < Ef;—’" -7,
that is, (6 + 7)g < p+ 7. By Theorem 1, there exist positive and invertible operators A and B such that
A% > B¢ and

(1.1) ASF ¥ (AFBPAE)I.

A% > B? ensures log A > log B since log t is operator monotone, so that A and B satisfy both log A > log B
and (1.1). Hence the proof of Theorem 2 is complete. d

3. On generalized Aluthge transformation

By using Theorem 1 and Theorem 2 in the previous section, we show the best possibility of Theorem F
and Theorem G, respectively.

Theorem 3. Letp >0, s >0 and t > 0. And let T = U|T| be the polar decomposition of T. Then the
following assertions hold: ‘
- (1) In case max{s,t} > p, if @ > Lt‘—’f’si}tﬁ’—&, there exists a p-hyponormal operator T' such that Tor =
IT|*U|T|* is not a-hyponormal.
(i) In case p > max{s,t}, if @ > 1, there ezists a p-hyponormal operator T' such that Ty, = |T|°U|T|* is
not a-hyponormal.

Theorem 4. Let s > 0 and t > 0. If a > —m—i%_%—ti, there exists a log-hyponormal operator T such that
T,: = |T|*U|T|* is not a-hyponormal, where T = U|T| is the polar decomposition of T.

In order to prove Theorem 3 and Theorem 4, we prepare the following lemma.

Lemma 1. For positive operators A and B on a Hilbert space H, define the operator T on @Pre._ ., H as
follows:

&
o
[ o]

(3.1) T= B

o

N
s
N
N =
o]

where D shows the place of the (0,0) matriz element. Then the following assertions hold:
(i) T is p-hyponormal for p > 0 if and only if A > BP.
(i) T is log-hyponormal if and only if A and B are invertible and log A > log B.

Furthermore, define Ty =|T|°U|T|t for s > 0 and t > 0 where T = U|T)| is the polar decomposition of T.
Then the following essertion holds:

(iil) Tus = |T|°U|T|t is a-hyponormal for o > 0 if and only if both
(B%AsB%)“ > pletta
and
Aletde > (AFBEAS)

hold.

Lemma 1 can be proved by easy calculation, so that we omit to discribe the proof of Lemma 1.
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Proof of Theorem 3. In the process of the proof of (i), we divide the case (i) into (i-a) and (i-b) as follows.

(i-a) Case t > s > 0 and ¢t = max{s,t} > p > 0. Assume o > Lﬂr;l}%fﬁl = ’;’-H Put ¢ =1 > 0 and
§ =p >0, then (6 + s)g < t+s. By Theorem 1, there exist positive operators A and B on a Hilbert space
H such that A% > B% and

(3.2) AT F (A3BtA%)S.
Since ¢ = L and 6 = p, A° > B’ is equivalent to A? > BP and (3.2) is equivalent to
Alsttla 2 (A5 BtAS)>,
Here we define the operator T'on @7, _ . H as (3.1) in Lemma 1. Then T is p-hyponormal and Ts,t is not

a-hyponormal by (i) and (iii) of Lemma 1.

g+t °
6 =p>0,then (§ +t)g < s+ t. By Theorem 1, there exist positive and invertible operators A; and B

on a Hilbert space H such that A > B} and

(i-b) Case s > ¢t > 0 and s = max{s,t} > p > 0. Assumea>%5’—t}-=’it~ Put ¢ = 2 > 0 and

att t t o3

(3.3 A7 2 (AFBiAD)Y.
Put A= B;! and B = A7, then A§ > BY{ is equivalent to A% > B® and (3.3) is equivalent to the following
(3.4):
(3.4) (B A*B%)% ¥ BT.
Since ¢ = 1 and & = p, A’ > B? is equivalent to A7 > BP and (3.4) is equivalent to

(B%AsB»%)a # pglett)e
Here we define the operator T' on @y H as (3.1) in Lemma 1, then T is p-hyponormal and T, + is not
a-hyponormal by (i) and (iii) of Lemma 1.

(ii) Case p > max{s,t}, i.e., p>s>0and p>t> 0. Assume a > 1. Putq=%>0and6=p>0,then
0 < g < 1. By Theorem 1, there exist positive operators A and B on a Hilbert space H such that A% > B?

and

(3.5) A" # (A5 BtA%)S.

Since ¢ = £ and & = p, A% > B¢ is equivalent to AP > BP and (3.5) is equivalent to
Alettlx 2 (A5 Bt A%,

Here we define the operator T on @;..__ H as (3.1) in Lemma 1. Then T is p-hyponormal and T, ¢ is not
o~hyponormal by (i) and (iii) of Lemma 1.

Consequently the proof of Theorem 3 is complete. J

Proof of Theorem 4.

(a) Caset > s > 0. Assume a > minf{st} — s pyt g = —i— > 0, then sq¢ < t + s. By Theorem 2, there

s+t s+t
exist positive and invertible operators A and B on a Hilbert space H such that log A > log B and
(3.6) A # (A3BtA%)S.
Since ¢ = 1, (3.6) is equivalent to

Alstia % (42 BEAT)>,

Here we define the operator 7' on Pre._ . H as (3.1) in Lemma 1, then T is log-hyponormal and T, ; is
not a-hyponormal by (ii) and (iii) of Lemma 1.
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(b) Case s >t > 0. Assume o > E—"s‘jr-_st—tl = sL+t Put ¢ = %; > 0, then tq < s + t. By Theorem 2, there

exist positive and invertible operators A; and B; on a Hilbert space H such that log A; > log B; and
2t t t
(3.7) A" ¥ (APBjA7)S.
Put A= By 1 and B = AT!, then log A; > log B; is equivalent to log A > log B and (3.7) is equivalent to
the following (3.7):

(3.8) (B:A*B%)7 ¥ BT,
Since ¢ = L, (3.8) is equivalent to
(B3 A°B%)* $ Bletd,
Here we define the operator T' on @je._., H as (3.1) in Lemma 1, then T is log-hyponormal and T ; is
not a-hyponormal by (ii) and (iii) of Lemma 1.

Consequently the proof of Theorem 4 is complete. O
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Equivalence relation between an order preserving
operator inequality and related operator functions

Masatoshi 1to, Masashi Hashimoto and Takayuki Furuta
Faculty of Science, Science University of Tokyo

Abstract

This report is based on the following two papers:

[FHI] T.Furuta, M.Hashimoto and M.Ito, Fquivalence relation between generalized
Furuta inequality and related operator functions, Scientiae Mathematicae, 1
(1998), 257-259.
[F] T.Furuta, Simplified proof of an order preserving operator inequality, Proc.
Japan. Acad., 74 (1998), 114.

In this paper, we shall show equivalence relation between an order preserving
operator inequality and related operator functions.

1 Introduction

F1ENGE SEX [FHI IESNVTN 3,

ZZTIRe AL MER H EOFFBBERARICONWTEZL S, LT, BIZERRELE
FELZ L1295, EDOHRTHHEIC positive RIFHRIZOWTEZ 2, T ZTERET R
positive T 5 & X positive definite, BI'H (Tz,z) > 0forallz € H EEHEL, T >0 &
9, F£7=. T positive 2> invertible THh 5 & &, T i strictly positive TH D & ),
T >0 &£&7, positive operator DIEFZRFT 2 RENE L THA R Lowner-Heinz DFE
BH: A> B >0 ensures A > B* for any a € [0,1] BH B2, o > 1 ORFILT L AL
LBRVWOTHRAERETCH -7z, £ Z CIALENR L S ICROFEHESHEL SN,

P l1+r)g=p+r

Theorem F ([4]). :
If A> B >0, then for each v > 0,
()  (BEA"BE)7 > (BiBrB)s
and

() (A5arAR)i>

hold for p > 0 and ¢ >

(0: "‘7')

(A5 BPA3)q
1 with (14+7r)g > p+r.

FIGURE

Theorem F @ (i) E 72k (ii) 128 W Tr =0 £B< T &IZ LY Lowner-Heinz DEHBHEH
5, Theorem FOJBIFERIL[2)[11] THEZ LN TEY, &7z [5] Ti¥ one-page proof A5
26 TWB, £z, Theorem F DT A—F p g, r DEHZR LT2DOB EHTH 523,
Z OFEIRIE best possible Th D Z & 43 [12] TREN T,

Theorem F D#L3E & LT [6] TIRD Theorem G ASHEML STz,



Theorem G ([6]). If A> B > 0 with A > 0, then for each t € [0,1] and p > 1,
F,:(A,B,r,s) = AT{A5 (AT BP AT A3} o0 AT
is decreasing for r >t and s > 1, and F,:(A, A,r,s) > Fp:(A, B,r,s), that is, for each
t€]0,1] and p > 1,
(¥) AT > {AF(AT BPAT )P AR} Gooue
holds for any s > 1 and r > t.
Ando-Hiai {Z & % [1] Tidlog majorization (ZB 9 5 FFH L ki, Th L RERIERAERET

EXE L THRBELRANINTNS:
IfA> B >0 with A>0, then

A" > {A5(AT BPAT Y AS)s

holds for anyp>1 and r > 1.

Theorem G X Ando-Hiai iZ & 5 DA% & Theorem F H & % interpolate T3 b D TH
%o Theorem G DHIFERIX [3] T/RE I, ERARAEX (+) BT 300K (;j)”:_’{_r i

best possible T 5 Z & 23 [13] TARS 7z, &L, Theorem G DILIRE LT [7] TROFE
REBRBI ST,

Theorem H ([7]). Let A> B > 0 with A > 0. For eacht € [0,1], ¢ > 0 and p >
max{g,t},

Grat(A, B,r,s) = AT {45 (AT BPAT ) AF} 507 AT

is decreasing forr >t and s > 1.

Theorem H D EZFEAIL 8], [9] TRII, FFERHFEN [10] TTRENTZ,

2 Result

4 [E, F4 X Theorem G, Theorem HIZBHE L TROBREZBDZ LN TE T,
Theorem 1. The following statements hold and follow from each other.

(i) If A> B >0 with A > 0, then for each t € [0,1] and p > 1,
Al=t+ > (AT (AT BP AT ) A5 Y005 holds for any s > 1 and r > ¢.

(ii) IfA> B >0 with A> 0, then for each 1> q>¢>0 and p > q,
AT > {Ag(A:iinA:zi)sAg}(P:’%-:*r“ holds for any s > 1 and r > t.

(i) If A> B >0 with A > 0, then for eacht € [0,1] and p > 1,
F,i(A,B,r,s) = AT{AF (AT BPAT ) AF} o0 AT
ts decreasing for r >t and s > 1.



(iv) If A> B > 0 with A >0, then for each t € [0,1], ¢ > 0 and p-> ¢,
Goot(A, Byr,s) = AT{AS(AT BPAT ) AF}o0rir AT
is decreasing for r >t and s > 1 such that (p —t)s > q —1t.

(i), (iii) #% Theorem G & LT, (i), ( v) tX Theorem H XU DHRIE & L TENLENEE
CBELRTWS, i, (i), (iv) 1. 4E£T(), (i) DEEL VI RFE Sh, Fhth
AlalZfEA S TE 7z, LL, FiX() 25 (iv) BETEVWC#EEH XD, 2F0 (1) 2
b (iv) D ENPOEHDZ 2P NE, Mz R T OICEMERFERAEZERS THRN, &)
Z & % Theorem 1 iZBER LTS, £ T, &IXH T (ii) D simplified proof Z HfH T
T Do
LIT OFEAH, ROMEPEEICR D,

Lemma F ([6]). Let A> 0 and B be an invertible operator. Then
(BAB*)* = BAz(A7 B*BA7)*"1 A7 B*

holds for any real number A.

3 Proof of Theorem 1

B 7% invertible T 5 LRE L Th—MMEIXKbIRy, () 2256 (iv) DEFE%E (iv) —
(iii) = (i) = (ii) — (iv) PIEZR LT,
Proof of (iv) = (iii).
(V) Cq=1LBE, p>1ET5E (i) 285,

Proof of (ili) = (i).
(i) IZBWT, BEEEEREZLEANDZ LIZL YV ROFNERERF/D
For each t € [0,1] and p > 1,

Fo4(A,B,r,s) < Fy4(A, B,t,1)
= AT BA7 » | (3.1)
< At by A> B

holds for any r > ¢ and s > 1.

(3.1) DFEMING Az ZHiTHZ LICXY () BBLND,

Proof of (i) = (ii). , v

q€[0,1] 725 A > B > 012 Lowner-Heinz theorem A3 5 & A7 > BI 28pk Y 32D,
() ICBOT, A=A, By=Byty =€ [0,1],p=L>1,n=2>4 LESRIHT
EIZE, ENEN

ALt o et AT AE AR = A7 B = BP
L2y, HIOIMUDEEIT

1_t1+7"1 _ q—t-*—T
(p1 —t1)s+r; a (p—t)s+r




CERTE, RD(3.2) 2F 5D,
Foreach1>¢g>t>0and p > g,

AT > TAF(AT BPAT ) A5} Goae

holds for any r >t and s > 1.

DED ()b (i) ZB/BOIENTE,

Proof of (i) = (iv).

({H) IZBWT D= AT BPAT, =1t LB LKRD (3.3) 2185,
For each ¢ € [0,1] and p > ¢,

A" > (A2 D° A% )i

holds for any r > ¢ and s > 1.
(3.3) 1X Lemma FIZ X VIRD (3.4) ERMETH D,

D* < (D} A" DF)650s5,

(3.3) & (3.4) 1T Lowner-Heinz theorem ZHEHT 5 &,

D2HAB/HND,

ZZT, Gpei(A,B,r,s) Br, siZ

B
Gp,q,t(A,B,r,s)_ = A
A

A* > (ASD°ADY0sF  forr > u >0,
(D%Arpé)é% >D¥ fors>w>0

gt T -
=ttt AS

1 NLI’
<
e,

—t—(p—t}s

2
$(D$ A D3) "9 D3 by Lemma F

LEXHZTEBL, ZIT,

F(s) = (A5 D° AF)E5o
g(r) = (D} A7 D#) T

T35, LT f(s), g(r) BENEILr, s ICEHLTHFABD THD Z & E2TFT,
(a) Proof of decreasing for s > 1 such that (p —t)s > g —¢.

fls) =

v

(A% D AF) e

((A3 D A%) TR G for s > w >0
(A3 D3 (D% A7 D$)59+% D3 A5 }=5G+o% by Lemma F
(A% D3 D D3 A5 )G=itrures

(A5 D*+v A5 ) Gittarsr

f(s+w).

(3.2)

(3.3)

(3.4)

(3.5)
(3.6)

LTENENEFRD TH D Z L R LIZWDTEDR,



BHRORENIL (3.6) 1085, RS (il) DFRMFLY feit €[0,1] K225 Lowner-
Heinz theorem & ¥ 5% Y 32, |
Lo T Gpgi(A, B,r,8) = AT f(s)AT 1L (p—t)s > q—t THDE IR s> 1IZONTH
PR TH B,
(b) Proof of decreasing for r > ¢.
g(r) = (DA D% G0

(D3 47 D3) Goae Y i forr>u>0

(D3 A5 (A5 D*A%) G A5 D3} 604 by Lemma F

> (DiAFAvARDE) GO
= (D%AT%‘U‘D%)%
= g(r+u).
BH%ORENL (35) 1085, 28RS (i) DML v ==t o 19 0] 7225 Lowner-
(p~t)strtu

Heinz theorem & MM inverse M2 Z &2 X VY 3o,

£ 2T Gpyi(A, B,r,s) = Dig(r)Dz iXr > t IZOWTHFABL TH B,
(a), (b) 12XV (ii) 22D (iv) /b T,

PAEX Y Theorem 1 IXFERA S 47z,

4 Simplified proof of (ii)

% 4 BT [F ICESNW TN B,
FTHOICKD (4.1), DFEV r=t DFEEHEAT 5,
If A> B >0 with A> 0, then
A7 > {A3 (AT BPAT ) A% i (4.1)
holdsfor 1 >g>¢t>0,p>qand s > 1. _
2> s> 1D%E, &ML s -1, =7 € [0,1]5 % 7z Lowner-Heinz theorem X 9
At > Bt (%) 2D D IRDAL Y 3L,
B, = {A%(A% BrAT) At}o=o
{B¥(B2A*B%)*"'B8}#9+ by Lemma F
< {B¥(B%B~'B%)"'BE}T¥ by (+x)

i

BY < A7 = A, (4.2)
for1>qg>t>0,p>qgand 2> s52>1.
TZTA>B 20 LTHU2) ZEATD L.
At > (AT (AT B A, T A Y e (4.3)

holdsfor 1 > ¢ >t >0, p1 > ¢ and 2 > 51 > 1.
2B,

A9 > A3 (AT BP AT ) AR}y T0srE (4.4)



holds for1 >q>t>0,p>gand 4 > ss; > 1.
LUF (4.2) 535 (4.4) ZEWEFIEEBRVETZLIZED, (A1) IF&TOs > 1 THRILY
Do

o e
N N

Ay = A7, B, = {A3(A% BPAT) AT} G0
LTBHE, (41) XY Ay > By, > 0 W72 T DT, Theorem FIZLY
A > (AQ%BZWAZ%)P%% (4.5)
holds for p, > 1 and r; > 0.
Beti (4.5) Tpy = &=t > 1y = 1=t > 0 LIBE, Ay, By IR T L,
foreach 1 > ¢>t >0 and p > gq,
AT > (A5 (AT BPAT ) AT} oaer
holds for any r > ¢ and s > 1.
EoT (i) BFEEAS T,
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SIMULTANEOUS EXTENSIONS OF SELBERG
INEQUALITY AND HEINZ-KATO-FURUTA INEQUALITY

MasAaTosHI Fuin

0. Introduction.

. Throughout this note, an operator means a bounded linear one acting on a Hilbert space.
An operator A is positive, denoted by A > 0, if (Az,z) > 0 for all z € H. We first cite the
Heinz-Kato-Furuta inequality, [5]:

The Heinz-Kato-Furuta inequality. Let A and B be positive operators on H. If an
operator T' on H satisfies T*T < A? and TT* < B2, then

(1) ((TIT1** = 2, )| < (A%l BPy||

foralla,f e (0,1) witha+f>1 andz,y € H.

Based on (1), we have the following extension of a recent Lin’s refinement [7] of the
generalized Schwarz inequality. Let T' = U|T| be the polar decomposition of an operator T'
on H in the below.

Theorem A. LetT be an operator on H and 0+ y € H. Forz € H satisfying T|T|**#~12
# 0 and (T|T|2+P~12,9) =0,

(1T 2, 2) P(IT* [Py, y)

o+ 1 2
@ Iz yp+ LR

< (ITPoz, 2)(IT* [y, y)

foralla,B20witha+B>1andz € H.

We here remark that Lin’s theorem is just the case @ + = 1 in Theorem A. As a
consequence, we have the following improvement of the Heinz-Kato-Furuta inequality via
the Lowner-Heinz inequality, i.e., A > B > 0 implies A* > B* for « € [0, 1]:

Theorem B. Let A and B be positive opemtors on H. If an operator T' on H satisfies
T*T < A? and TT* < B?, then

(7122, 2) (1T [y, v)

3) |(T|T|> P~ 1z, )| + (T[22, 2)

< A%zl B y)|?

Jor all o, € [0,1) with a + 8 > 1 and z,y,2 € H such that T|T|* 12 # 0 and
(T|T|*P~12,y) = 0.

On the other hand, Kubo {6] informed us of the Selberg inequality which is a generaliza-
tion of the Bessel inequality: For given nonzero vectors 2z;,--- ,z, € H,

(@ > S < el



2

holds for all z € H.
In this note, we first point out that the Selberg inequality (4) is refined as follows: If
(y,2;) = 0 for given {z;}, then

®) o) + Z 5 (=, "j”m P < llel2ll?

holds for all z. Though the refinement (5) is motivated by Theorem A, it gives us further

extensions of Theorem A, precisely a simultaneous extension of Selberg and Heinz-Kato-

Furuta inequalities. We moreover consider its generalizations via the Furuta inequality.
This is a joint work with R.Nakamoto.

1. Preliminary. For the sake of convenience, we first give a proof of Theorem A:

Proof of Theorem A. We only use the positivity of the Gram matrix
G = G(U|T|%z, |T*|Py, U|T|*2).
Noting that
(IT* 1Py, UIT|*2) = (y, IT*PU|T|%2) = (3, TIT|**~*2) = 0

by the assumption, we have

IT|*z]® WIT|*z, |T*Py)  (UIT|*z, U|T|*2)
G (U|T|*z, |T*|Py)* Iz Pyl 0 :
(UIT|>2, UIT|*2)* 0 71>z

Since |T'|*z 5 0, we have

TPz, 2) (1T %y, y)
(T2, 2)

[(T|T|* P~ 2, y)* + < (T2, 2)(IT* [Py, y).
Next we cite the Furuta inequality, (2] and [3] for a one-page proof:

The Furuta inequality. If A > B >0, then
for each r > 0,

(BTAPBT)l/q > (BTBPBT)l/q P (1+2r)q=P+2r
=1 A =
holds for p > 0 and q > 1 with e \\\\ p=q
*) 1+2r)g>p+2r §\\~
R
N
(1, DR
’ (i§
3 q
(0, —2r) /
Figure




2. Refinements of Selberg inequality.
We begin with the proof of (5), which is done along with Furuta’s way [4]:

Lemma 1. If (y,2;) = 0 for given nonzero vectors {z;;1=1,2,---,n}, then

(5) 9 + 3 szi z)l Sl < P

holds for all x.
Proof. We put

(z, zl)
Z 1G] Z‘“

Then we have

llull® = flz ~ Zalztll
< llel® = 2Re ) @iz, z) + ) {lasf? Z (22, 2;)[}

S

Hence it follows that

RIS Z“”;(Z; 2 TPl > [

o 22“) AP = [(3,2)P.

IZJ’

Now Furuta showed the following extension of the Selberg inequality: Let T be an
operator on H with the kernel ker (T"). For given {z;} ¢ ker(T™),

(T:l: Z,)[
©) 2 =2

57 < < i7"z

holds for all x € H and e € [0, 1].
Thus we have a refinement of (6) by Lemma 1.

Theorem 2. Let T' = U|T| be the polar decomposition of an operator T on H, {z;;1 =
1,2,---,n} ¢ kex(T*) and @ € [0,1]. If (UIT}™*y,2;) =0 for all i, then

™ (7172 + 3 5+ e o < el

holds for all x € H.
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Theorem 3. Suppose that {z;;1 = 1,2,--- ,n} & ker(T*) and o, > 0 with o+ 3 >1 >
a~B. If (|T*|Pt 2y, 2;) = 0 for all i, then

(T, 2) P Pyl
(T [P0z, z)

(8) (TIT|*+P "z, ) ? +Z < Tl IT Pyl
22 |

holds for all z € H. In particular, if (|T*|?0~%)y, 2;,) = 0 for o € [0,1], then

(T, z) |||~ ‘*yH2
2 TPz, )] —

(9) Tz, y)* + Z < IT Pl e yl?

holds for all z € H.

By a similar way to Lemma 1, we have an alternative simultaneous extension of Selberg
and generalized Schwarz inequalities:

Theorem 4. Suppose that {z;;i1=1,2,--- ,n} ¢ ker(T) and o, > 0 with o+ 5 > 1. If
(T\T|**P~1z;,y) = 0 for all i, then

Tz, 2;) P|IT* Pyl
225 (T Pz, 2)

10 @ity < WrfeslPl PP

holds for all z € H.

3. Refinements of Heinz-Kato-Furuta inequality.
Corollary 5. Suppose that o, ﬁ >20witha+B =212 a—0and z & ker(T*) satisfies
(|T*|PHi=ey, 2;) =0 fori=1,--- ,n. If|T|> < A% and |T*|> < B? for A,B > 0, then

(T2, ) o
(7 020z, 2,)

(11) [(TIT |+, )2 + Z » < 1A%z ||| Byl

holds for all x € H. In particular, if (|T*|*~*)y, z;) = 0 for o € [0, 1], then

| T 2z 2 T l—ay 2 o —o:
(12) L e L
J

holds for all z € H.

Corollary 6. Suppose that o ,8 20witha+f>12a—~f and z & ker(T) satisfies
(TIT)* = 2;,y) =0 fori=1,2,--- ,n. If|T|* < A% and |[T*|?> < B? for A,B >0, then

20:1 *ﬂ 2
I e e L et

holds for all z € H.

To give further extensions of the Heinz-Kato-Furuta inequality, we apply the Furuta
inequality [2] and [3].



Theorem 7. Let A and B be positive operators on H and T an operator such that T*T <
A? and TT* < B?. Then for eachr, s>0

2 *|2(14-2s)3
(1+2r)ot(14+28)f~1, V12 | [(Tz, 2;) |2 (1T Y, Y)
(14) [(TITI I Z E (IT'Z(I-Q Zra)z 2 )

ry 3327 * * 128
< (TP A%P|TIP7) 555 2, 2) (1T BX|T* ) 575y, )

forallp, ¢ > 1, a,f € [0,1] with (1+2r)a+(1+28) > 1> (1+2r)a and x,y, 21, ,2, €
H such that z; & ker(T*) and (|T*|(1+28)8+1-(42r)ey, ) =0 fori=1,---,n

Similarly we have the following further extensions by Theorem 4:

Theorem 8. Let A and B be positive operators on H and T an operator such that T*T <
A? and TT* < B?. Then for eachr, >0

[+2r), ) P(IT [+, )
¥, (TP, )

+2r) - 5)B— T
(15) |(T|T|(Heneta28-15 y2 | §° I(
< ((ITPr APPIT ") 57 g, ) (1T 22 BT ) 5757 y, )

forallp, ¢ > 1, a,f €[0,1] with (1+2r)a+ (14+25)8 > 1 and z,y,21, - , 2, € H such
that z; & ker(T) and (T|T|(+21)et+(1428)0-15 4y =0 fori=1,--- ,n
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Hanner type inequality with random coefficients

Aoi HONDA, Yoshiaki OKAZAKI(Kyushu Institute of Technology)
and Yasuji TAKAHASHI(Okayama Prefectural University)

Abstract

Let 1 < p < o0, and let (5,5, 1) be a measure space with p(S) = 1

and L? = LP(S, %, ). The norm of L7 is given by ||z|| = (J {.’c(.s)lpd,u‘(s))r'l’.
Hanner proved the following inequalities. For 1,29 € LP?, it holds that for
1<p<L2

e 4+ 2ol + ller = @2l P 2 [llea]] + llw2ll” + lel] = 117
andfor2<p< o0
lle1 + ol P + w1 = @2l P < [llz1]l + lw2llP + [Hea]] — [Jz2]|I".

In our recent works, we extended Hanner’s inequality to the n-element in-
equality as follows. Let 01,09, ...,0, be the independent symmetric real valued
random variables and let zy,29,...,2, € L’é, then it holds that

n r n P

E Z(Sirvii > E Z&H"LIH forl < p < 2,and
i=1 =1
n P n P

E Z(Sz’l,2 < E Z&'HMH for2 < p < o0,
1=1 i=1

where E means the expectation with respect to the distribution of {4;}. In
this short note, we consider the complex valued random variables {J;(w)}.
We shall give the range condition for {&;(w)} which implies the above in-
equalities.

1 Introduction
Hanner DAER, Pavlovic DRER IOV TIILTORESE LN TV A,

Hanner DAE ([1]) 21,20 € LL, 1 < p < 2. & T 5 & EROFERDHL Y LD,

21 + @all” + llox = 2af” 2 [llal] + [l:lI” + Mol = ll22ll-



2 < p < ool bHiEDRERSRY LD
Bilp =1 DA/ VADZARERLFAETHNVERD / IV LAZERTHRYIL
D p=27%b%ERT. ZN% Rademacher FlZffo TRD L H 12 b b TEHAH

‘:‘\.

-

o

)

) N
X

T3 72 Rademacher F1& 5. T2bLIERLI Tl T LS
P 5 P
il 2ED el (1<p<2) (1)
i=1

T1,22 € L%

Hanner ODAREIIRD &L ) ICBRICn BREICIETE 5.
n B3 Hanner DARER ([2,3])

T r
E Z E;8;
i=1

(1<p<2) (2)

Z}MH]

z_.

L1, L2y, Tp - Llé
—7J7. Hanner DARERDOPFEEE L TlL, Pavlovié OARERAH 4. Hanner DA
RICHEBEOREE D720 DTH LD, DA 2y, 20 € LL TELT LB
WIA72F . e € LR &2 5.
Pavlovi¢ DAZEZ ([5])

lwiay +wams||” + [Jwrzr —wazs||? > Jwr]|ar]] + wal|a || + fod |2 ]) — wallwe]l|P (3)

(1<p<2)

KT nBEFE Pavlovié DARER % /RT. Hanner DA & [EER IR 72 Rademacher
FlafFo TR LTWA,
n B3 Pavlovié([4])

r

>E

13 »

Z E;U T

1==1

7

> eiwillzil]

i=1

E

(1<p<2) (4)

w; € Cox; € L 1=1,2,...,n

(3)(4) BT a; € L THELT LB LCC\/‘ n B Hanner DAFER L n B
3% Pavlovi¢ DARERDHRIEE {e;w;} 05 — I DIRILMERZEEAILRR L7z DHTR
Thb.

{8;(w) Yo, TR AIHR TR MR R

By Ty ey Ty € L

COE KOTSRS T,

n r
E|Y 6| >E (1<p<2) (5)
i=1

n r
> 6l
i=1




(8:(w) ey AT TS TS

. ?
1,82, ...,Tp € L

Zi:l (Si (w):z:.i Zn; (u))]l

rE (1) 225 (6) HET2<p< “C“Giiﬁ_ﬂfﬂé DAL L 72 4. Pavlovié &L
€ LL CHBIZLLRW, TZTIEHBILTEL0DEMHIIONTEETS.

pZE (I<p<?) (6)

::>EJ

2 Results
p=2 CIEBICETIFRILT A,

Theorem 1 |
zi € LL, {6;(w)}r = 1 BT HEHRLEE T4, 72721, E[6] = 0,E[6*] <

co. TDE&ERNPHEYILD.

.
E IZ(S"’LZ |2
i=1

=E

n 2
> billil]
i=1

Theorem 2
{6;(w)}r, € C”, a1,29,...,0, € LEL L L, GV %

V = V((Sl) ")

promd {(21,...,,..,, EC’” _<_E

S 6z

i=1

BRI ETAH. T EROFRERIE Y LD,

< é&(w)“miﬁ

(1<p<2)

P
>E

w)x;

Theorem 2 % Pavlovié FERDEICET &
w; € C,z; € LE; (x1(t),-..,2.(t)) €V ae.

V = V(w,...,ws)

= {(2{1, .. E C" | E < B

1 asrsy

Zcﬂl)z lz.,

Ze w;z;

< Sewvled|

P
> E

2
g E{WT;

i=1

= E
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On minimal Banach spaces

Yasuji Takahashi

Department of System Engineering, Okayama Prefectural University

and

Mikio Kato
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Abstract. We consider a Banach space X which embeds 'into any one of
its infinite-dimensional subspaces. Such a space X is called minimal.
It is shown that a non-reflexive Banach space X is minimal if and only
if it is isomorphic to a subspace of co or £ ,. It is also shown that
a minimal Banach space X is isomorphic to a Hilbert space if and only
if any quotient space of any subspace of X has the Gordon-Lewis (GL)-

property.

Definitions and Preliminaries

Let X be an infinite-dimensional Banach space and X* be its dual.

(1) X is minimal if it embeds into each of its subspaces. (Unless
otherwise stated, a subspace means an infinite-dimensional closed lin-
ear subspace; the notion of minimality was introduced by Rosenthal.)

In 1960, Pelczynski [Pe] showed that co and spaces £, (1<p<x)
are minimal. (For the other examples‘of minimal Banach spaces; see
Casazza-Johnson-Tzafriri [CJT] and Schlumprecht [Sc].) It is easy io
see that any minimal Banach space is separable; and all subspaces of
minimal spaces are also minimal.

(2) X is homogeneous if it is isomorphic to each of its subspaces.

0f course, any separable Hilbert space is homogeneous, and homogeneous

Banach spaces are minimal.



omogeneous Banach space (HBS) problem: Is any homogeneous Banach

space isomorphic to a Hilbert space ?

This problem has frequently been called the Banach's HBS problem
(cf.[Ba],1932). In 1988, Johnson [Jo] showed that if X and X* are hom-
ogeneous and have the Gordon-Lewis (GL)—prdperty, then X is isomorphic

to £ .. Recall that X is called to have the GL-property if any absol-

utely summing operator from X into L. factors through some L,-space.
In 1995, Komorowski and Tomczak-Jaegermann [KT] showed that if X is
homogeneous and has a subspace with an unconditional basis, then X is
isomorphic to £ 2. Recently the HBS problem was solved in the positive
by Gowers [G] proving that any homogeneous Banach space contains a
subspace with an unconditional basis. It is also true that any minimal

Banach space has a subspace with an unconditional basis, see [G].

Main Results

It is easy to see that an infinite-dimensional Banach space X is
isomorphic to a Hilbert space if and only if any separable subspace of
X is isomorphic to £ :. Hence the positive answer to the HBS problem
implies the following result.

Theorem 1. Let X be a Banach space such that all separable sub-
spaces are mutually isomorphic, then X is isomorphic to a Hilbert
space. (X is not necessarily separable.)

Remark 1. Even up to this day no direct proof is known that if X is
homogeneous, then X is uniformly isomorphic to all of its subspaces,
that is, there is a constant C>0 such that the Banach-Mazur distance
d(X,Y)<C for all subspaces Y; in this case we say that X and Y are
C-isomorphic.

The following result is easily proved.

Theorem 2. Let X be a Banach space such that for each n and for all
n-dimensional subspaces Y and Z of X, Y and Z are C-isomorphic, where
C>0 is a constant. Then X is isomorphic to a Hilbert space.

Remark 2. If C = 1, then X is isometric to a Hilbert space.



As mentioned above, any minimal Banach space has a subspace with an
unconditional basis. Hence, by a rerult of James [Ja], we have

Theorem 3. Let X be a non-reflexive Banach space. Then X is minimal
if and only if it is isomorphic to a subspace of co or £ ;.

It is well-known that any subspace of £, (1<p =2) has the GL-
property and any quotient space of co or £ 4 (2=q =o00) has the GL-
property. In general, X has the GL-property if and only if X* has it,
and if X is of cotype 2 and has the GL-property, then any subspace of
X and any quotient space of X* has the GL-property (cf.[Pil]l). In the
following, we consider Banach spaces X such that any quotient space of
any subspace of X has the GL-property.

Lemma 4 (Johnson {[Jol]). If any subspace of X has the GL-property,
then X is of weak cotype 2.

Remark 3. It is known that weak cotype 2 implies cotype q for all
q > 2, but the converse is false. For the details of cotype and weak
cotype, see Pisier [Pi2].

Weak Hilbert space (cf.[Pi2]): X is called a weak Hilbert space if X

and X* are of weak cotype 2 and X is of type p for some p > 1.

Lemma 5. If any subspace of X and any quotient space of X**° have
the GL-property, then X is a weak Hilbert space.

Lemma 6 (cf.[Jo]). Let X be a minimal Banach space. Then X is iso-
morphic to a Hilbert space if and only if it is a weak Hilbert space.
Theorem 7. Let X be a minimal Banach space. Then X is isomorphic
to £ : if and only if any quotient space of any subspace of X has the

GL-property.

The proof can be done by Theorem 2, Lemmas 5 and 6.

Remark 4. Without the assumption of minimality, it can be shown
that if X is reflexive and any quotient space of any subspace of £ z (X)
has the GL-property, then X is isomorphic to a Hilbert space. It is
known that if any quotient space of any subspace of £ ;(X) has a basis
, then X is isomorphic to £ : (cf.[MT]). It seems to be unknown that
if any quotient space of any subspace of£ :(X) has the approximation

property, is X isomorphic to a Hilbert space ?
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EXTRAPOLATION THEOREM ON LORENTZ SPACES

TAKUYA SOBUKAWA (&77)11#A)

Okayama University ([LIKZEEFER)

Abstract.  Extrapolation theory was constructed by B. Jawerth and M. Milman
([JM]) to treat Zygmund class Llog® L as the “limit case” of the family L?, p \ 1.
In the present paper, we shall investigate the “limit” p ™\, po > 1 or, more generally,
such “limit case” on Lorentz spaces.

1. Introduction and Results.

BEEZE RN BT DM ERRGIE, YRD Yano DEBNZFOHFERTHS.

Theorem A([Y]). (Qpu) ZARAEZERETD. T2 EED 1 <p<2iTXL
T LP(Q) ECEBIN= BB LGRERAFZ L L,

) s T L)

EWVIFHIMERD f € LP(Q), 1 <Vp <2 IR LTV IIDHDELTH. ZD&
& T X

1/p

/ T (2)|du(z) < B / F@)I( +log | £(z))*du(z) + C,
0 Q

VNS I . bbb T IHMEE® Llogh L BT 584 % L ~BE4 15
FLib.

ZOEHRE S LIZ, B.Jawerth & M.Milman 23—A%® (quasi-)Banach spaces iZ
U CHIgRY 2 mish 2R & LT B, Rt Lz,

EFE. {Aotococs IFHE/ VATRHHOBKETHY, ROMEZRMIZTETSH ¢
(1) (strongly compatible) 22D ) WV ARHHEE A & T BH-o T,
ACAyCX forany 0 <6 <1
THY, TOHDIAZFRITER TH>D,
(2) (weak ,-condition) a € ¥ 2% a = ) a, (convergence in I, a, € Ay,
0<0,<]l) OREINDEE, ZOLI RGO I BB EH 11T

> <H”H|,LE> <00

n==1

BBIF LD R b ONEIET B (2 DR [IM] IodhBAEE D B3V,




TDEEFEED g > 1w LT L LT
Zq Ap Zq{A(), <0< }

0<o<1

%, a= 3 a; (inX), a; € Ag, EVI GNP L H TBVFELT,
=

o q
Hal]zq{Ao:o<o<1} = inf {Z ”a’i[lcfllgijl <0

=1

BT LSk a e s 2k LTERTS. 2L, SoToinf a= 3 a
=1
a; € Ag, EVIRTEREERLDHEDETD.
TDEE, RO EBRREND.
Main Lemmal. {A9}0<9<1 j%J:U\ {Be}0<9<1 @j:_t@ Weak EP %{4:7:\? pP= 17T
Bl 5. T BEIMERT Ay 2D By ~DFE/IMERSE (0 € (0,1)) ThiuZ, T
1357 {Ae} to S, {Be} DEFMEARZTHS (1 <p<o0).
0<0<1 0<h<1
DT &% %, B extrapolation method THDH & B D).
ROZLPTREND.
Theorem B2. (Q,p) ZHARRAEZEREL, 1 <py<co, a>0 LITBH ImEE
LP ZERORIZF L TIRDO L HIZ & %Fﬂ%*ﬁ%iéifbé.

Z { <————1—)—-—> LP(Q):pg<p< oo} = LPologh®® L(Q2)
Po P—DPo

po =1 DBPAZEAVIIE, £D Lemma 55 Yano DEEPENND Z &3 0H
2z ([IM)).

— T T O IR ERRRIEEZER b o> LP ZEROEIIRT L THERE T S = & &2
B, KOFERZE ([S1]).
Theorem C. (Q, 1) % oBRAEZEMEL, 1<po<p<p<oo, 20 &7
A, ZEE LP RO D, EREPKRO XL IR bb.

P—"Po

I\~ P PO , Py
EZ{(< >1f@0 ‘P0<p<m}:4m”%@aﬂﬂﬂm+%Uﬂﬂﬂm
TITER Ea>0BION <p<oo XL (KLP)> &I

A1l = [k / 1f<m>lpdu<w>}% <o

1g=1 DEFAIXIM], ¢ > 1 DFEITIL (S2).
2py = 1 DBEIL(IM) (IZFEARH B, po > 1 DFEITS ZOEHENRLY IO Z LT
M.Milman HSEFIZEEAZ LSRR Lz, FEBRNE (s3] 25,



BB EE EAE LTI LP EF—) 5725 quasi-Banach ZEfTH 5.
T DFERHDE Yano DFEBEETRER, BLU p\ po > 1 DL EIZFRT H1EA
ROFFEIZOWT, FROFBERIMELND.
L2 L Z X5 LP ZRZ DS D2 f-> TVRvy. £ I TRIZEZ D DI
po>1DEXIT > {(p—po) *LF} &\ ZEME BRI HHEST 2
ro<p<p1
ZEThD.
TDTEEFTND D BIIROFERNE L.
Main theorem. (,u) Z—MROREZEME TS, 1 < py < p1 < 00, @ > 0,
1<qg<oo &75.
7 < 00 DA

ZCIO {( p' > 7,p4(P) (Q)} = [Po:90 Jog®* [, 4 [P1:40((Q)).
po<p<pl Pp—Po
p1 = co DHFEITIT
2 { ( : ) e (m} = LPo0 log®* L+ L=(Q).
po<p<oo P—Po

TIZTq() T p EKFELTEDD 1< q(p) < oo 12 DEBEDE, LPorwo Jog?™ L +
LPra Jogh ™ [ 137 OBEECHIBEE f* 1L T

L A

</ [tﬁ%(l“"gt)a(’f'*(t)]w%)q +</ 7 (1+1ogt)‘”.f*(t)]q1£i;>q < oo.
0 1
BRIV f 2R0EETHD.

2. Our result is ---

2.1. Natural.
Extrapolation theory i interpolation theory &##/RBRNHS. K, B
LIVEIRDFFERZE 2 5.

((LPo)Po, (LP )P )g 1 0 = (LP)P - p= (1= B)po + O

1-0 0
g = I =

Sp-space & Ky, space 1d, EFEEZ RAUIB L EZERM DKL L <X pair @ “p-
sum” THDHERDIENTES., LWHZ &1L, ZdD L 57 Lorentz BIDZEM %235
2B ELIFBRTHDEEZLLD.

2.2. General.

g =1, q(p) = p L BIFITH A~ OREOEZNGELND. 725 2 5 RIELERNE
FRAIBEZERI 72 & po = qo = q(p) & ¥31TIX Theorem B B3G5 N5. 1-C, THET
DFEREZED—RARFERTHE Z L bhb. |

2.8. Yields Yano’s type estimation.

'(LPD)(IO , Lpl 341 )(-)



Corollary. 1 < pg<p1 <0l <rg<r <oo &35, T H sub-additive T
LpaP) iy 180 ~DFRIEAE, 72720 po <Vp < py 1o <Vr < r 1 3REHIZ

Po D DPo b1 To 7 Tp ' 7[\

72 1< q(p),s(r) < oo, a>0. EHIZZDIEHE T O LP a(®) yaiy [750) ~DfE
Fi%e ) L BIMEBD p 12kt LT (p—po)™> DEEMETREZ BB LTS, Ok
& TIX

LPodlogPte [ 4 P b [odlog’ L+ LM ~OFRMERETHD

(8>0,1<g<00)

2.4. Partially improves known results.
Z DFERIT Bennett - Rudnick @ interpolation theorem ([BR]) DA A H#57H)
WCSBRT 5. TOFTERDTEDIL, 1 OREHZZETD.

Example. T = I, % Riesz potential operator, 725

I)\f(:lt):/R -——f—(g)—~—dy (0<A<1).

n lT _y['n.)\
&5,
I ¥ weak type (1,1/)) 2>Dstrong type (p,r) (; — 3 =1—2) THD I &1

HILTWA.
Bennett - Rudnick O EH & Riesz-Thorin D#FEEZ AV 5 &

Iy : LY logP™ L+ LPvt — L3 Jog? L+ L™ bounded(3 > 0)
EVO FEHmAE LD,
—J5, Marcinkiewicz O#ifE EEROFHM % F5#51Z LT Riesz-Thorin DFEHE & A
abed e

TN 3A< ) 171l

EVOFHEEED (2 - L =1-X Fx DRIz Corollary 2T ZIZHWVD La = ),
po=1,79= ip%—*—=l—— W LT

’Bl)—‘

In: LM 1ogP ™ L+ LPY — L3l ogP L+ L™'  bounded(8 > 0)

EWVWH M EES
0<A A<l Thas.
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An Introduction and Consideration of the Robbins' Paper
on BSE-Banach modules

Sin-Ei Takahasi
Department of Basic Technology
Applied Mathematics and Physics
Yamagata University

Abstract. By using bundle techniques, D. A. Robbins answered affirmatively
a question on a BSE-Banach module over a commutative Banach algebra with
bounded approximate identity, which raised by the author.

JE P el ¥ _E 04 R Borel fllE£ @ Fourier-Stieltjes ¥ 2 HiB O H D OME
CHHEAT T 7z Bochner-Shoenberg-Eberlein OEH (cf. [5, p. 32 13— D E[#t
Banach TR EIZ5E2ICBEEESIL, FD X 5 REBEORL Y 37~ [ #t Banach BiX
BSE-ZRE B I, BSE-ZRROFECIGFHABRIIZR S LT E f2(cf. [1], [21, [7] and [8])-
BSE-BROEsE & 1 FIE¥EFT LT, A[#t Banach 3&_E ® Banach module |Z % BSE #%E28
BAEN, BSE-BROEZZREHREE L L T4&E BSE-Banach module SEZH S L
7z (cf. [6])s Z¥ILSEIZ Liu-Rooji-Wang [31 Iz X > Ty s Na[#iEEOBE O
Banach module IZ##%3A ¥ 317z Bochner-Shoenberg-Eberlein & 2 H % A M 12 &
ELZEbDThHoTr. EE HHEOREHBHEES VML TERTNWD L S5IZ,
DL OEHOTBRER—BALTIRRP TN L TH D,

231X BSE-Banach module #7E3 L7z, FEEY 2 — /LD & O Banach
BR E® Banach module &2 500 %MEE LTHRE L, ZNIZH LT, &ED.
A. Robbins [4] IZ, Banach space bundle D57 =» 7 ZF\C, module & 7257 &
R L. FETPX sup-norm TIX54# & 72 572 Banach module Dfi% H 1F T
505, ZHFEFEORBEOH LA REBHRZE oo Wb dH v, ERIZIIBTERET
5 BSE-norm TSN E 5 ME open Th D,

HHHULEHELLIIBRRE 5, 47 # Banach 38 A @ Banach module X ## % %,
A® (ERD BRAFTNVZEM € OBTLeER, LT M, ZHIET 5 ADBK
ERISFTEL.

X = span{M,X + (1 —e,)X}

LB TZTe,ldgle)=1 EWMETADLTHD. 5% €D, KLT,
X,=XIX* LEE. @, EDX, TBT2X7 boekr]lX, = ] X, TF
PED,
bd. Ff ee®, ,xEX ITHLT.
T (x) = H@) =x+X?

LES, 7 MAB oellX, 1 ROTFERAMITER p SEETS L
BSE & IEA :

=P gﬁon% Ex*

Vo, ..., p, ED,VEX)*, .. . VEEX)*,Vn=1,2,.)

Igﬂmw>



FDk5%kp OFRE|o|,, TRbT., Z0OLE, BSEXRZ MO
IsX, 15/ Vs |0y, ®b & T, Banach A-module &725 Z L3535 %,

X TAP S X~DHEER A- BFAIEH % multiplier & MOZD2F% MA, X)
THEbT, ZOLELZETEMAX) ITHLT.

TaNg) = p@)T(¢) (YaEA VpE D)
Rl TR VB T B—RBIZEES. 4
NM(A, X) = {T: T € M(A, X)}
LB, ET#ERR BSE X2 Mok T,x, TEbL. Thi X0%E
EVa— VLIRS, ZZTRZ Mg oellx, PEfETH D LiX. ROBKT
»B: BMAEZEALLZER ©,xX 25X,
(@, x) = (@, X)) (PE D, xEX)

TERBIND O, xX b ‘pgA {@}x X, ~DEH x 1ZBIT 5 quotient topology %

L) gy <X, WHALEEE, @ 25 L) {g}xX, ~OF: ¢~ (9. 0(g) K
HETH B,

oA OEBRIE MA, X) =T1,.X, $258BE&THB, ZDk 5 7% Banach module
X % BSE LBEATE Y, X multiplier @ Gelfand Z#105 W 5 BSE-AER :
3: foton) || 0l | 2 o |

X*

TRAITHEMT ONE Z L 2EE L T3, #[# Banach BRIZZFNEHED LD
Banach module & BB Z LR TE DN, FNXBSE THH LE, BSEIREMESR,
FIRR, N—F 1 B, HR. (T#H) C-RAR LI BSEROREZNRDDTH D (cf
[7D. F i@ty C*-BI1ZZ D k@ BSE Banach module T 5, Bz
7 FEHFEEGIZH LT, CG), LAG) (1 sp s ®), M(G) i3 BSE-Banach LY(G)-
module T&H 5 ([6]).

X CTHZE OTR# Banach B A 272 H & O E? Banach module & Rz & &, 0
FBEEY 2 —VIE Co(D) EEMNBN, ZIIXBSE-norm D% & THIZ:Bjdin]
#i Banach BB TH 5., - T. HEEDT#: Banach 32 A LD {£& ® Banach module
X OFHET 2 —N [1;,X, bE 7z BSE-norm O b & T Banach A-module &72%
TENHFENTRWEA S5, Zhizsxt LT Robbins i bundle :

U {¢}xX,— @,

PED,
73 Banach space bundle 720 HOEEBD T € M(A, X) HEfEE 725 X 5 72 bundle
topology 8 —RIZFEE L. BEIZ AXRFFUELEMTEZRF TIX, Z O bundle
topology 23 quotient topology IZ—#7 5 Z L &R LT, T1,.X, 3 A-module &7
BT L EREENITRE Uiz, SRUARMN S 2 BSE-norm THRAETH D0 E 550%
F7Z open TH B, ITZENMXMH EDOH R Borel fllE DL D72¢ Banach
C([0, 11) - module #ER L. ZDHEEY 2 — L2 sup-norm Db & TR TR
ZLERLTWSA, ZhH BSE-norm TRIETHAINE 5 PIIAHTH B, £
72 4%1X & @ Banach space bundle D77 = v 7 N T, EBEDOERDON DL D




BN Z 52 TnD,
Bt 12 FUR AL T & R e IR WE B AR A # Banach BUZRILBH 528, Zhbo
_E@® Banach module IZ oW TOEERREINTZW,
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1. Introduction

Cellular automata are discrete dynamical systems with simple construction and some of the
limit sets show fractal patterns. Cellular automata are used as models for physical and biological
phenomena [6, 10]. The existence of the limit set is studied by some people [5, 7] and its fractal
dimension is also examined [7, 8, 9]. For non-linear cellular automata, chaotic phenomena occur
[2, 3]. Linear cellular automata (LCA) are defined as

(1.1) La(z) = Z apa(z+k) (modp) a€P
keG@

where P is the set of all maps a : Z¢ — Z/p with compact support and G is a finite subset of Z
with G > 2 and oy, € {1,2,--- ,p — 1} and the summation ) is taken as the summation with
mod p, in this paper. In case of p = 2, S. J. Willson [7] investigated the limit set of LCA. For
n€Nandae€ ’Pd, he consider the set

K(n,a)={(z,t) e Z{ xN|0<t<2" ~1, L'a(z) =1},

which is obtained from the nth stage of LCA with the initial state a € P¢ and showed the
existence of the limit set of LCA, where the limit set Y, is considered as a subset of RYx [0, 1] such

that Yo = 72y Un>r 5%1—5)— if the set (i2) Un>k M coincides with the set p2q N>k —9—(5-)-
He also showed that the limit set does not depend on ’the initial state. F.v.Haeseler, H.-O. Pmtgen
and G.Skordev [1] studied the existence of a limit set of LCA by using matrix substitution system
and hierarchical iterated function systems.

For a prime number p > 2, S. Takahashi [5] investigated the set

K(n,6) ={(x,t) € Z x N| 0 <t < p" — 1, L'6o(x) # 0}

for 69 € P?% and n € N, where the value is paid attention on whether zero or nonzero. By
using the set K (n,dp), he also defined the limit set as a subset of R? x [0,1] in the same way
as p = 2 and showed the existence of the limit set Y5, of _‘_(L‘ﬂ_ for special g € P9. For
a€P? (a # o), the limit set of 51’%—‘5- is not considered. He also considered the existence of the
limit set of ﬂ})‘;ﬁﬂ— for any p € N. The set —I‘—'%’nis—‘)l has correspondence with Z/p—valued upper
semi contmuous functions on R? x [0,1]. In [4], we have investigated the limit function in case
of p=

‘We shall consider the case of a prime number p > 2. We consider Z/p—valued upper semi
continuous functions T"(¢g(a)) instead of ﬁ%ﬁl. We also consider the topology of convergence.
We will prove that the limit set doesn’t depend on the initial state for a prime number p (> 3).
When p is not a prime number, it occurs that the limit function takes more than two values.

So if we apply this function theory to the case of non prime number p, we would get more
interesting conclusion than treated as the subset of R? x [0, 1].



2. The lmit function of linear cellular antomata

Let p be a prime number and let P4 be the set of all configurations a : Z¢ — Z /p with compact
support. We define §g € P9 as
i 1 =0
o) = { 0 x#0.

Let USC be the space of all Z/p-valued upper semi continuous functions g : R? x [0,1] = Z/p
with compact support. The space USC' is an order complete lattice, that is, for any {f,}n C
USC, there exist functions \/ f, and A fr in USC such that

\/ oz, t) = inf{¢(x,t)|¢p € USC, $(,t) > fu(a,t) for any n € N}

n>1

and
/\ fnlz,t) = inf{fo(a, t)jn € N}

n>1
We define an operator T : USC' = USC by
p—1

(2.1) Tg(x,t) =Y Y Lio(l)g(Si}(z,t)) for g€ USC,
J=01eG;

where G; = {l € Z |LIdy(l) # 0} and S j(z,t) = (£,
For n € Nlet X,, = {( ,l,pt e R? x [0,1]x
by 1 PE = USC by

)+ (o -

t
P
7%t € N,0 < t < p" — 1} and define

z t. | L'a() if (&,-5)e X,
Wnt) G z‘ﬁ’”{ 0 if (5ik) e (R x 0,1\ X,

for a € P
For a configuration a € P%, put I(a) = min{i|a(i) # 0} and u(a) = max{ila(i) # 0}. Then we
have the following proposition concerning 7.

Proposition 1. Suppose a € P 1s nonzero and l(a) = 0. Then
(1) for (z,1) € R? x [0,1], there emists im,_yoo T™(30{a)) (2, t).

(i) For a € P, put gi(z,t) = limpyeo T™(ho(a))(x,t). Then Tgy = g1, that is, g1 is an
T-invariant function.

(iif) For (x,t) € RY x [0,1], put go(z, t) = limp—oc T™(10(d0)) (2, t). Then a(0)go = g1.

We will consider the convergence of T" (y(dg)) to go using the distances dy and Dy (which
are defined in the next section) and investigate the relation among go, g1 and Y, in section 4.

3. Metrics in the space USC

By using the Hausdorff metric D{A4, B) of compact sets A and B, we shall introduce two
metrics dy, Dy in USC for considering the convergence to the limit set as follows:



d(g1,92) = maxi<igpDigr (5),05 (7))
Df(g1,92) = maxicsgp-1D(g7 [s+], 97 [s+]);

for g1,g2 € USC, where g~ ![s+] = {(x, t)|g(z,t) > s} and g;}(j) is the closure of the set g7 *(j).
We have the following theorem concerning dy and Djy.

Theorem 2. For f, € USC, suppose df(fn. fm) = 0 as n,m — oo0. Let g = Ai2q Vst fo-
Then we have B

D¢(fn,g) = 0 as n— oo.

4. Convergence of T"g

We will consider the case of one dimensional cellular automata (d = 1). We first rewrite an
operator T : USC — USC as follows:

Let oy be defined in (1.1). Put k- = min{k : ap # 0}, ky = max{k : o # 0} and
ko=ky—k_.Let N=p+ ?;(22:11],70_ For 1 <1 < N there exists a unique integer v; such that

Ul+w%:_2k0<lsw+1+m%i.l_).k0
Let
w = 1 —u - v — 1)ko —uky — 1,
e = L%6(w),
. u1 v
4.1 Si(z,t) = (= —-)
(1) (@6 = (2,5 + (2,2
and
(4.2) Tg(z,t) qu Ye,t)) for g€ USC,

where the summation Y, is taken over ! satisfying (z,t) € Si(R x [0,1]) with mod p. Then it
equals to the definition of T in section 2. So we use this definition of T' to prove the following
lemmas and propositions.

By Theorem 2, we shall show {T"(y0(dg))}» is a Cauchy sequence w.r.t. dy in order to
consider the convergence to the limit set of LCA So we define some kind of distance My" " of
¥y, and t,y. In order to define the distance My"™ , we prepare some notations. We first deﬁne
the disjoint partition {E}}, of supp ¥n(do), where {Si(U,er E7) N, are either disjoint or the
union of EZ*!(Proposition 3).

Put no = min{n| ko < p"}. For s € {0,---,pko}. put tJ° = [‘—"Bf—o-k?(—)l—m], where [ ] is the
Gauss’s symbol. For s € {0,--- ,pko}, there exist I; € {0,--- .p?} and r; € {0,--- , ko — 1} such
that

(4.3) sp = lyko + 7.



For n > no+ 1 and s € {0,--- ,pko}, define ¢} inductively as follows:
(4.4) 0 = lp" L

Divide the region including supp (o) into disjoint subsets {A?; . }i j s or { E}},, which satisfy
Proposition 3 as follows:
Forn>ng, 1<s<kjand1<j<s, put

th—1
A= | {=+i-1, t)|——<t<

i=ty_

P41 ki kyi+1
; 'p‘“S T < +Z:

—(s—1)}

andforn>ng, 2<s<kgand 1 <j<s—1, put

-l Litl kyitl ki
A3 U{(J:—!—J—-lt)l = + 1 _(s~1)gm<-15}+1}.
z*t"1

Put
= {(Ljs) |1 <s<pko, 1<j<s}Jl(245) |2<s<phy, 1<j<s—1}

Forn >ng+1and v =(1,j,s) € I, put

-1
- p* p p"
=ty
and for n > ng+1 and v = (2,4,5) € I', put
n-1
ot i+l kpi+l ki

= U {@+i-1, t)|-——<f<

z.—t" 1

— — (5 —1 <.L'<—-+1
T (s—1) I }

Then we have
Proposition 3. Put E" = J,cr Ey - Then
(i) supp ¥n(do) C E™.
(i) BXOE" =¢ if v # 7.
(i) If Si(E™) N Sy(E™) # ¢, then there exists 71, , 7, € I'(k > 1) such that
k

Si(E™) (N Se(E™) = | BR+.

i=1
(iv) Each S;'(E") corresponds to some Aws

Moreover we define the sets I, V and a function h,. For v = (b, j,s) € T, put

L, ={(1,7) | 1 < es < ko with viko + €5 = s, SI(Aqu) Ef; s}



Let

={v={y, ,1m} | meN,n el L, #¢, (I},i}) € I‘Y"Ezu.l c SI" (E,';:”l

for any k € {1,--- ,m} and any n € N},

Th41

where (12,i%) € I, is taken such that i} <4}, for any (Ix, i) € I,. T EJ  C S{il(E,’)’,;*‘l) holds
for some n € N, then it holds for all n € N. For v = {71, - ,¥m} €V, define h} by

W= S - S - Gl n (50)(m+zpm~’~ it = i8): ) Lot (pan) (2, 8)-

(ll ,i1)€1~“ (Inhim)elwfn k=1

Put ,
My"™ = max{df(h'ﬁ,hg") lve V]

Then we have the following proposition.
Proposition 4. d(n+1(60), $w41(80)) < LM
Proposition 5. For a sufficiently large ny,

Myt < oo,
Proposition 6. Forn,n' > 2,
n ' 1 g
MR < S
p
Using these propositions, we have
Theorem 7. Let T be defined as (2.1). Then
(i) df(Tn('(/)g((Su)),Tm('ll’()(()‘o'))) -0 as n,m — oo.

(i1) Put fo = /\ V T"(bo(d0)), where \ and \/ are lattice operations in USC. Then we have
k>1n>k

Df(Tn(,¢0(50)), fo) =0 as n —% 0o,

We will get the following theorem in a similar way to Theorem 7.
Theorem 8. Let T be defined as (2.1) and a € P be nonzero. Then
(i) ds(T™(do(a)), T™(3ho(a))) = 0 as n,m — oo.

{ii) Put fo = /\ VT"’(t/)o(a)) € USC. Then we have
k>1n>k

Df(Tn(wO(a)% fa) —0 as n —¥ o0.

We w1ll consider the relation among fo in Theorem 7, f, in Theorem 8 and the limit set

Y, = ﬂ U -(n a) . Let g be the :upper envelope of g, that is,
k=1n>k

g(e,t) = nf{p(x, t)|¢ € USC, ¢(2,t) 2 g(x, 1)}



20 .
K{(n,a)
Theorem 9. Fora € P, letY, = n U \'(n,a)
p7l
k=1n>k
(i)For 89 € P, the characteristic function ly, of the set Yy, satisfies (p ~ 1) Iy, = g5, and

950 = Niz1 Vs T (%0(60)).
(ii) For any a € P, we have

AV T @oldo) = A T"(o(a)).

k>1n>k k>1n>k
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1 Introduction

The hypercyclic or chaotic operator is consistent with the topologically tran-
sitive or chaotic, respectively in a topological space defined by Devaney [2].
The property of hypercyclic and chaotic operators has been studied by some
people [1, 3, 4, 6]. In [6], the theory of hypercyclic and chaotic bounded
linear operators has been developed in connection with the invariant sub-
space problem of Hilbert spaces. In [1], it is given a necessary and sufficient
condition for the semigroup to be hypercyclic in a separable Banach space.
Concerning to the chaotic semigroup, a necessary condition for the semi-
group is given in a separable Banach space. In [5], chaotic semigroups are
associated with the idea of exactness and applied to partial differential equa-
tions. In this paper, we investigate necessary and sufficient conditions for
translation semigroups to be chaotic in weigted function spaces and give an
example which shows that some solutions of partial differential equations
become chaotic semigroups.

2 Preliminaries

Let X be a Banach space and {T'(¢)} be a strongly continuous semigroup in
X. The semigroup {7T'(¢)} is called hypercyclic if there exists z € X such
that {T'(t)z | ¢t > 0} is dense in X. The semigroup {T'(¢)} is called chaotic
if {T'(t)} is hypercyclic and the set of periodic points X, = {z € X | 3t >
0 s.t. T(t)z = z} is dense in X.

Let I be (—o0,00) or I = [0,00). By an admissible weight function on I
we mean a measurable function p : I — R satisfying the following conditions:

(i) p(r) >0 forall 7 € I;



(ii) there exist constants M > 1 and w € R such that p(1) < Me“tp(t + 1)
for all 7 € I and for all ¢ > 0.

With an admissible weight function, we construct the following weighted
function spaces.

IA(I,C) = {u :I—»Clu measumble,/j]u('r)]pp(T) dr < oo}

with = ([ 1utr)Po(r) ar)
I
Co,(I,C) = {u : I — C | u continuous, ll)I:{l p(T)u(r) = 0}

with ||ul| = sup lu(7)|o(T).

In the above spaces, we consider the family of following operators {T'(¢)}
with the parameter ¢ > 0 as a translation semigroup:

[T@)u](1) = u(t + 1) for u € Cy,(I) or LE(I).

When p(7) = 1, weighted function spaces are equal to L? or Cj and the
hypercyclicity of the translation semigroup doesn’t occur, since the norm of
T(t) is equal to 1 for all ¢ > 0 in L? or Cy. However, if p(7) # 1, hypercyclic
or chaotic phenomena may occur. So we shall investigate a hypercyclic or
chaotic translation semigroup in L% or Cp,. A condition for the translation
semigroup to be hypercyclic in L or Cy, is given in [1] as follows.

Theorem A [1]. Let X be one of the spaces Lb(I) or Cy,(I) with an
admissible weight function p. Then the following (1) and (2) are equivalent.

(1) The translation semigroup {T'(t)} in X is hypercyclic.

(2) (i) If I =[0,00), then liminf;_,o p(t) = 0 holds.

(i) If I = (—o0, 00), then for each 6 € R there exists a sequence {t;}52,
of positive real numbers such that

,jli)r?o p(t; +0) = jlggo p(—t; +6) =0.



3 Main results

We give necessary and sufficient conditions for the translation semigroup to
be chaotic in weighted function spaces. We also show that if the set X, is
dense in X, the semigroup {T'(¢)} becomes hypercyclic.

The necessary and sufficient condition in Theorem A for the translation
semigroup to be hypercyclic depends on whether I = [0, o0) or I = (—00, 00),
but does not depend on whether X is L5(I) or Cy,(I). As for the chaotic
condition, it depends on whether X is L5(I) or Co,,(I), but does not depend
on whether I = [0, 00) or I = (—00,00) as shown below.

Theorem 1. Let X be LE(I), where I = (—00,00) (resp.l = [0,00)). The
translation semigroup {T'(t)} is chaotic if and only if for all € > 0 and for
all | > 0, there exist P > 0 such that

Z p(l+nP) <e (resp. Zp(l +nP) < ¢).

neZ\{0} =1

The above condition is stronger than ”"lim,_, p(7) = 0” from the prop-
erty of the admissible weight function.
The next theorem is the case of C,,(I).

Theorem 2. Let X be Cy,(I), where I = (—o0,00) (resp. I = [0,00)).
Then the following assertions are equivalent:

(i) the translation semigroup {T'(t)} in X is chaotic;

(ii) for alle > 0 and for alll > 0, there exists P > 0 such that p(l+nP) < e
for any n € Z\ {0} (resp. n € N);

(iii) there exists {1;}®2; C RY whose limit is infinity, such that for all € >0
and for all i € N, there ezists P > 0 such that p(l; +nP) < ¢, for all
n € Z\ {0}(resp.n € N).

The equivalence between (i) and (ii) is obtained by the property of the
admissible weight function. The condition (iii) is weaker than the condition
im0 p(T) = 0”. In fact, there exist admissible weight functions which
satisfy the condition (iii) and whose limit is not 0.

So we give the equivalent condition teo lim, . p(7) = 0.

Theorem 3. Let I be (—00,00) (resp.I = [0,00)), and let X be Cp ,(I). Then
for a translation semigroup {T'(t)}, the following conditions are equivalent:



(i) limryeo0 p(1) =0 (resp.T — o0);
(i) {T'(¢)} is chaotic. In addition, for all € > 0 and for all z € X there
exists to > 0 such that, for allt >ty there erists v, € X, such that

lz—v| <e and T(t)v; = v

The next theorem means that the hypercyclicity comes from the denseness
of the set of periodic points when I is a half line.

Theorem 4. Let I be [0,00) and X be L5(I) or Cy,(I). Then the set of
periodic points X, is dense in X if and only if {T(t)} is chaotic.

The next example is the application of Theorem 3.

Example. Let Cy([0, 00)) be the set of continuous functions on [0, oc) which
vanish at infinity with sup norm. We shall consider the following partial
differential equation on the space Cy([0, 00)), :

qu = ?—zﬁ - wu w<0
ot Oz v
u(0,z) = f(z) f € C5([0, 00)).
Then the solution is
u(t,z) = e ™ f(z + t).

So if we define an operator T'(t) on Cy([0,00)) by T'(t) f(z) = u(t, z), then
{T'(t)} becomes a chaotic semigroup.
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Abstract

We discuss problems of non-monotone bifurcations for two cases of one-parameter fami-
lies: real quadratic rational maps and real cubic polynomials. We present counter examples
by computer experiments to the monotonicity conjecture and the antimonotonicity conjec-
ture.

1 Introduction

System of iterated maps, viewed as real dynamical systems is considered as an important model
for the chaotic behavior in certain parameterized systems. Creation and annihilation of periodic
orbits is one of the most fundamental bifurcation processes, often illustrated by the pitchforks
oriented either one-way or both-ways.

We discuss in this paper some topics from the bifurcation problems for a one parameter real
family of quadratic rational maps or of cubic polynomials. J. Milnor and W. Thurston ([11])
proved by using Teichmiiller theory that the logistic family {\z(1 — z) ; X € [1,4]}, which is a
family of simple maps with extremely complicated dynamics, has only orbit-creation parameter
values and no orbit-annihilation values as the parameter increases. Unlike monotonicity of the
logistic family, however, there exist many one-parameter families exhibiting a non-monotone
orbit-bifurcation structure, namely the pitchforks oriented both-ways.

We discuss monotonicity conjecture (M) indicated in several papers, now reformulated by [18]
as follows:

(M) Let frm(z) = mf(z) be a one-parameter family of differential maps from closed
interval L, into itself which satisfies the following properties: (1) fm is concave on
I, (2) the set of periodic points of fi consists of two fized points, (3) fm has a
negative schwarzian derivative. As the parameter m is increased, this one-parameter
family is monotone.

We consider a family {mf(z)}, where f(z) =r + 7i57. The bifurcation diagram of this family
can be monotone, non-monotone, or antimonotone according to the choice of the function f,
namely the choice of r (cf. [6]). To the monotonicity conjecture, we will give a counter example
using the defining equation of the lower escape locus, obtained in the section 2.1.

Next, we present an example to the antimonotonicity conjecture (A), enounced in the paper
([2]) with their heuristic argument and numerical evidence:

(A) A smooth one-dimensional map depending on one parameter has an antimono-
tone parameter value whenever at least two independent critical points are contained
in the interior of a chaotic attractor.



Hereafter we call the part “at least two independent critical points are contained in the interior of
a chaotic attractor”, anti-condition:(Anti). To construct a one-parameter family under (Anti),
having no antimonotone parameter value, we use an algebraic curve, so-called center curve
defined in our papers ([16], [4]), in the moduli space of the cubic maps with the multiplier-
coordinates system.

Our method of approach to a bifurcation problem is to analyze an algebraic curve, defined
by one-parameter family in the moduli space associated of a family, e.g., we examine “which
hyperbolic locus does the curve lie in?” or “which dynamical curves does the curve intersect
with?”

2 Moduli space of quadratic rational maps

Let C be the Riemann sphere and Raty(C) the space of all quadratic rational maps from
C to itself. The group PSLy(C) of Mobius transformations acts on the space Rata(C) by
conjugation, g o f o g7! € Raty(C) for g € PSLy(C), f € Raty(C). The quotient space of
Ratz(C) under this action will be denoted by M3 (C), and called the moduli space of holomorphic
conjugacy classes (f) of quadratic rational maps f. The multipliers coordinates are introduced
in My (C). For each f € Raty(C), let 21, 22, 23 be the fixed points of f and p; the multipliers of
2 i = f'(z) (1 <1 < 3). Consider the elementary symmetric functions of the three multipliers,
o1 = M1+ po + p3, 02 = pipe + poiis + pap1, 03 = pipes, which are subject only to the
restriction that o3 = o1 — 2. Hence the moduli space My (C) is canonically isomorphic to C?
(Lemma 3.1 in [10]). Let Rat,(R) be the set of real quadratic rational maps. We remark that
the real moduli space M3(R) for Ratz(R) is the real cut of My(C) (see [6]).

By an automorphism of a quadratic rational map f, we will mean g € PSLy(C) which com-
mutes with f. The collection Aut(f) of all automorphisms of f forms a finite group. Since
Aut(f) is isomorphic to Aut(f) for any f € (f), the set

S = {{f); Aut(f) is non-trivial} C My(C)
is defined and called the symmetry locus.

For each pu € C, let Per;(u) be the set of all conjugacy classes (f) of maps f having a fixed
point with multiplier u. Each of Per;(u) forms a straight line as follows:

Per; (1) = {(f) € M3(C);09 = (u+p o1 — (42 +'2u”1)}

(Lemmas 3.4 and 3.6 in [10]).
Topological partition

For map f € Ratz(R), the two critical points of f are two real numbers or a pair of complex
conjugate numbers. If f has a pair of complex conjugate critical points, this map is two-to-one
covering map on .S = R U {0o}. In this case, if f' > 0 then f is called the map of degree +2,
else f' < 0 then the map of degree —2.

While a map f with real critical points is called monotone (resp. unimodal, bimodal) if the
interval I = int(f(S')) contains no (resp. one, two) critical points ([10]).

2.1 Real slices of hyperbolic escape locus

A rational map is hyperbolic if and only if the orbit of every critical point converges to some
attracting periodic orbit. The hyperbolic maps form an open subset of moduli space, and the



connected components of this open set are called hyperbolic components. M. Rees ([19]) shows
that the hyperbolic components can be divided into four classes, T'ype B: Bitransitive, Type C:
Capture, Type D: Disjoint attractors, and Type E: Escape. The names are due to J. Milnor

([10]).

Type E: Escape. Both critical orbits converge to the same attracting fixed point. There is
just one such hyperbolic component.

In the complex case the escape locus is connected. But the real cut of this component splits
into two parts; the upper part and the lower part. The boundary curve of the upper part is
given by Milnor (Caption of Figure 16 in [10]).

Now, we specify the lower boundary. Proof is given in [13] and [7]. This boundary curve will
play a key role in our later discussions of section 3.

Theorem 1  Escape loci on the real moduli space is the union of the following sets;

{0'2 > 20 +1, 09> 201 — 3}, {0"2 <201-3, o01< —1},

—202—T701—10
20770110
{o9 < o , o1>-—1}

3 Bifurcations

Let {f»}a be a one-parameter family of discrete dynamical systems on R where A is an interval
of R. As the parameter increases, a parameter value \g is called orbit creating if, at \g, new
periodic orbits are created and no periodic orbits are annihilated; Ay is called orbit annihilating
if periodic orbits are annihilated and no new periodic orbits are created; \g is called neutral if .
no periodic orbits are annihilated and no periodic orbits are created.

A family {f\}a is said to be monotone increasing (resp. decreasing) if every parameter value
in A is neutral or orbit creating (resp. annihilating). A family {f}a is called non-monotone if
A contains both orbit creating and orbit annihilating parameter values. A family {f)}4 is called
antimonotone if any neighborhood of a suitable parameter Ag in A contains both infinitely many
orbit creating and orbit annihilating parameter values.

4 Counter examples

4.1 Counter example to the Monotonicity conjecture

In this section we shall present a counter example, which is a one parameter family of quadratic
rational maps, to the monotonicity conjecture enounced in the paper [18].

4.1.1 Monotone and non-monotone bifurcations of quadratic rational families

Now, we invesﬁigate the dynamics of a certain real 2-parameter family given by M. Bier and
T. C. Bountis [1] and rewritten by H. E. Nusse and J. A. Yorke ([18]):

el = (4 55) e

Here the map for(z) should be thought of as an ideal limit map, in the natural compactifica-
tion of Ma(C) (cf. [9]), of quadratic rational maps which degenerate towards the constant zero
map. Then it makes sense to discuss the bifurcations of this family including the parameter



value m = 0, though in the real moduli space My(R) the maps diverge to infinity according as
m — £0. Since the maps fp, and fn, —r are conjugate to each other for any r, it suffices to
consider the case r > 0.

Theorem 2  In M3(R), the one-parameter family {fmr(x)},, for each fixed r (r > 0) lies
exactly on an irreducible algebraic curve H,: '
Forr # %, 0, the curve H, is of degree 4 defined by the equation

H.(01,02) = —r20t+ (8% —2)0 + ((8r% —1)og — 1287* + 872 +1)0? + ((—32r% + 8) oy
+512r* — 9612 — 12)0y + (—1672 + 4)02 + (512r% — 9612 — 12) 0y
—4096r° + 1536r* — 144r% 4 36 = 0. (1)

Forr = % or r = 0, the curve H, is of degree 3.

The proof is given in our paper [6].

Example (Antimonotone) Consider the one-parameter family defined on a suitable interval
I, Fro(z) = m—@%‘ﬁ%’*—‘!’-, where constant a is the positive root of the following equation 49a% —
32 =0, and b is the unique positive root of the following equation

11764957 + 6842856° + 17215178° + 23585666* + 16706556° + 9913016 — 2571256 = 0.

It is clear that this family satisfies the conditions of monotonicity conjecture (M), namely, (1)
each F,, is concave, (2) the set of periodic points in' I; of F} consists of two fixed points, and
(3) Fin has a negative schwarzian derivative. ‘

In this moduli space, a defining equation of the algebraic curve defined by {Fp;}, is given as
follows;

Sap = (203 + (09 —1)0? + (—802+12)01 — 402 + 1205 — 36)a’ + (203 + (02 +24) 0% + (1205 + 72) 01 +
- 3602)b% + (— 1403 + (—602 — 20)0? + (3202 + 24) 01 + 1602 + 2404 + 144)b+ o} + 403 + (—302 —

12)02 — 12090 + 3602)a + ((=1003 + (—40 — 132)0? + (—4805 — 504)0; — 1440, — 432)° +

(204 + 4602 + (405 + 188)02 + (— 1605 — 216)01 — 24003 — T20)b% + (—40? — 3003 + (4o +

84)0 + (4803 + 152)01 — 11203 — 336)b+20% — 60F + (—403 — 12)0? + (1602 + 56) 07 — 1607 —

48)a? + (0% +2403 + 21602 + 8640, +1296)b* + (—4o? — 6402 — 28807 + 1728)b3 -+ (602 + 4803 —

480% — 5760 + 864)b% + (—4o? + 9607 — 2560, + 192)b + o — 803 + 240% — 3201 + 16 = 0.

We remark that this curve tangent to a boundary curve of the lower locus of escape. Then
we see this family is antimonotone at this tangent point [3].

4.2 Antimonotonicity conjecture

In this section we shall present an example, which is a one parameter family of cubic polynomials,
to the antimonotonicity conjecture enounced in the paper [2]. The one-parameter family f)(z) =
—23 4 1.2675z — A, defined in [2], is antimonotone under (Anti). It turns out that this family
exactly on a half line 07 = —3.8025 in the moduli space. On the other hand, we can present
a set BCl: o3 = —%(01 — 6)2, of classes of the maps one of whose two critical points maps
to another one (see [16], [17]). The set BC1 corresponds to the one parameter family: BC1 :
go(z) = =% +az + (1 + %a) \/g . We can show with computer experiments that this family is
monotone (naturally not antimonotone) under (Anti).

Recently we know that J. Milnor and Ch. Tresser also treat of this problem and they said in
[12] that



The analogue of the Antimonotonicity Conjecture for the stunted sawtooth families
is certainly false, since by 5.8, it is very. easy to find smooth curves along which there
are only orbit creations. Thus, if the conjecture is true for the cubic family, then
any complexity preserving correspondence between the stunted sawtooth and cubic
parameter triangles must be very wild indeed.

We remark that the entropy of the family {f)} is not monotone but one of our family {g,}, is
monotone.
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Isometries of Nevanlinna-type spaces

(Nevanlinna #ZEIZE T 2EREHRICOWVT)

At XRF R RIERPEEM R BRE iR

(Yasuo IIDA, Graduate School of Information Sciences, Tohoku University)

Abstract. Let A be a linear isometry of X into X. When X = H? (0 < ¢ < oo,g#2),4is
characterized by Rudin {[R], Theorem 4.4). The case, where A(H?) = HY, is described by Forelli ([F]).
In the case X = N,, A is completely described by Stephenson ([Ste], Theorem 2.2 and Corollary 2.3).

‘We shall show that, when X = NP, A has the same form as in the case X = N,.

0.

Nevanlinna BIZEHICBIT 2 EEFBICOWT, HP IZ2WTIL Forelli, Rudin 512, N, {Z2WTid
Stephenson 12, NP {Z2W il lida-Mochizuki IZ & o THEFHEOLN TV A,
ZITR, ENODOREROBAL LI, KRFRTHS N £ H® LOFRERIZOWTHN S,

1. %
F3°, FALZEH TH 5 Nevanlinna class, Smirnov class, Hardy spaces DEFHEX 52 5

EE1 (V, N,, HP)

measure £ T 5, 3L f % U LOERIBE#KET 5,

1. lim /10g(1+|f(r()|)dU(C) <+4oo BififzTEE, feN &¥ 5,
r—1- Jp 7
(E) feNOLE, f*(¢):= ﬁl?_ f(rQ) Hae. (€T THETAIEPHLNTNS,

2. feN T, lim [ log+IfGQdr(Q)= [ gL+ 15 () do(Q) EWET L. FeN. &
T, .
3. 0<p<oolXL Iim / FrO)P do(¢) < +o0 ZMTLE, fe HP ETh,
r—1— Jp

¥7-. U LoARIEABE#EET H® TEKT,

U={zeCllz|<1},T={2€C||z]=1} ¥ 5, ¥/, do # T LO normalized Lebesgue

N % Nevanlinna class, N, % Smirnov class, H? (0 < p £ c0) % Hardy spaces &5,
INDDEBOBVIIT, LTOL ) ZEERRIRY LD ¢

H"‘,’CI—I"CHPCN*FCN (0<p<g<o0)

Pt L) ZusBREEIS L LMBNTWA, 1977 £IC M. Stoll i N, & HP OBIKNET S
Zef] NP %2R0 X 9 1Z#A L7z ([Sto]) :



EFE 2 (NP) »
p>1¥¥5, U LDOERBHK f 4

tim [ [Log(1-+1£GOD dr(¢) < +o0
r—1 T

Pz, feNP LT 5,
D NPT, UTOEEPES S

NPCN? (1<q<p), |JHE'cN*, UNPCN

g>0 p>1 p>1

D EDZM N, N,, NP, H? % ¥ &£ T Nevanlinna-type spaces &5 ([CK])o

2. H?, N,, N* EOIEHERBKRICDOWT

@ Hr-isometry
feHP (0<p<oo) ITHLT,

I ={ [1rcor da(o}%

EBLE, SN p21DEE HP KBIB/VALRS,
—H. 0<p<1DEE ||f]l, BEARFR LWz HVOT/ VA LIRE LRV,

polFr0) = I1f - glE = /T 17(0) = g (OF do(0)

LBL, pp 1 HY KB AT EHT 5, ‘
ZZC, HP b HP ~OFTEER A PEED f € HP IKoWT / [(AF)" (O do(¢) = / IF(Q)IP do(C)
FWETEE, A% BPEREERLIRED LT 5, ’ !
D HP-HEEERICOWTIE, de Leeuw-Rudin-Wermer ([DRW]), Forelli([F]), Rudin([R]) % IZAFZE &
NTVAER, &2 Tl Rudin OBEYTLTE L
EIE1 (R]) ,
0<p<oco,p#2&lL.S:HP — HP ) HP-%EEBRTHHLTH, COLE T e HP L U LD
inner function ® ASFEEL T,

(SF)(2) = B()f(®(z)) , €U, feH
BEYILD, TS, T LOEEDHF% Borel function A(¢) X L.

Jrod= [ weoie©rao
T T

PR IO,

@ N.-isometry
KIZ, No COWTHUTOL ) RESH Y EHLL ) ¢

df, g) = /T log(1+*(¢) - (O do(Q) (g€ M)

ZOWEHE d BT 5 N, EOKBEREEMRITOWTIL, Stephenson 12 X o TROERIF LN TS .



TEIE 2 ([Ste])

T:N,— N, " BEEEHTHHLETE, COLE U L0 inner functions &, & (AL, & 1 T
k. measure-preserving) AL T,

(T)(z) = ¥(2)f(2(2)) , | zeU, feN,

LB,

® NrP-isometry
NP (p>1) Z2WTUTo L) REHLzERL LS ¢
it 9)={ [ Bog1+17(0) - @IF (@)} (£, 5€7)

C DR d, 1B A NP LO#IBERERICOWTHE, lida-Mochizuki I £ o TEDFERPGELTL -
TRONe THE N, OBAEL T RALETH 2 (IM]) :

w3

p>1&L, A: NP = NP FSBEEBHRTHAHETH, DL % U L0 inner functions ¥, & (7=
2L, ikTEhE 1neasure~pres§rving) BEEL T,

(%) (AF)() = UF@() , zeU,fen

kb,

Hi, LROLIR T L @ FFEAONILEE, (K) 3 NP O NP ~ORBERSR LD,

R (M)

p>1 &L, A: NP - NP R E~ORHBERERTHH L5, DL Z a,beT PHELT,

(Af)(z) =af(bz) , zeU,feN?

k&zﬂo

3. Nevanlinna #Z°/H F DIEHEREGRORFERFEICOWVWT

@ H°°-isometry
H® 2D/ VAR ||flleo = sup |f(z)] THALILE, SO/ VAT 2HEERERICOWVWTIE, onto
zeU

D413 de Leeuw-Rudin-Wermer 12 X o TUTFTOFERPFE LN TV 3 ([DRW)).

EIE 4
§:H® — H® b~ HO-SEEETHELTEH, Ok EceT ¥ ¢(z) = lz:;zb (aeU,beT)
DL T
(Sf)z)=cf(4(2)) , z€U,feH™
i,

“into” DPAD HO-HEEZIIOVTIRZOBRIZREEINTVEVE I Th b,



® N-isometry
N FICEUTO L) 2 EEERI LTV,

in(f,9) = im [ log(t +17r) = srOD (@) (g€ N)
r—1-Jp

ST, TNERBELRABOERICOVWTEZ TV,
DTOHREIEPORLASNTVAS N ORBSHERTHS |

TS
FEN,f£0LTH, COLE fRMTOBIHHEENG,
_aB(2)F(2)8:(z)
f(Z) - Sz'(Z)
:_ :'6\

ca BHEAHE 1 OBEE

« B(z) = 2™ H ]_gn_lfa_n:z_% X f OFH {a,} 257 5 Blaschke product
n=1 n n

+ F(z) = exp (/T Cj_ j log |F*()] da(()) : N 233 % outer function &IFIETN 5,

¢
- 5;(2) = exp »(— / gJ”;‘ du,-(c)> (G=1,2. vy, vp HEVICHERUE)
r C—
: (singular) inner function &IN5,
() feN. DI S(x)=1t%%,

ZoLE, DTOXFEY LD !
17l = tim [ 1og(1-+17GONdo(C) = [ Tog(a + 17 (O do(€) + 12(7)

Stephenson &, [Ste] I8 VT vy(T) * singular inner function & N-isometry & Db ) HWV 2 FH~N
TVb, I TRIRENEHEROAZET T

9, f,g € N, % common inner factor h o0&k, —],;, % € N, &7 5% non-constant inner
function h BPHEET A L TH b,

3512 f, g€ N, % common inner factor LRV EE, FAg=1rEL

F 72, U IO inner functions ¢, ¢ (72721 ¢(0) = 0) I3 L. AW, ) : N —» N & (Af)(z) =
Y(2)(f(9(z)) (FEN)DILERTODLT S,

AW, ¢): N — N OIED D DA N-isometry X2 2EHRUTOL %5,

TEEE 6 ([Ste])
AW, ¢) : N = N »° N-isometry % % LE+54EMI3EED singular inner function S 1233 LT
YA(S(P) =1 PEYILDTETH B,
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On the type of von Neumann algebras generated by partial isometry operators

P EERERARIOERSNEZ T+ - /4T VBROHICDONT)

Hideo TAKEMOTO
(Miyagi University of Education)

K =k
(BEEHEFEKXP)

Abstract We shall talk the generation of von Neumann algebras in this talk. In
particular, we talk the generation ofvon Neumann algebras by partial isometries and

give an answer for the probrem of Saito.

:@%ﬁfmﬁ&ﬁkoNotation@Tfﬁéﬁwrﬁ<o

HiI®T 5 e v b ChY, BH)E HEOERMEAZREGEN LD C-RET S,
B(H) D5ES Flzxt LT,

M(R): REECENIDOTxY - JABEPDOERINETHY - J A< UER)
iz, #={A, B, C, -~} THaHRLX, M(®)=MA, B, C, =) Thbbd,

TE V) AT VROERICOVTIE, 196 0FERIZIVT Behncke, Fillmore, Saito,
Stempfli, Suzuki, Topping, Pearcy, Putnum, FiZ X > THEDH LN TV,

(1) A7+ - 74 RE1BOBEHEBRERASZEMIER SN S, (von Neumann:
1929)

(2) I®MIF> - /AT BE1AMSERSND, (Pearcy:1952)



(3) A, B: Aifgo+ > 7 A4IE=>M (A, B) F1@E,EREIIS,

(4) (i) M,: 1@EIBERESHhD (i) (M} EWCH#

=

M} DNo&ERENE T4y - /AT VBEMIE1BMINERENS,

(5) Hyperfinite 74> - /A2 BRI 1ELOER IS, (Saito:1963)
(6) I, ¥, 1.2 IBDI4>-/JARVREERTHEBENRTNEIEET S,
L, Fhisld partial isometry T#H5. (Pearcy:1962 and Saito:1963)
(7) M= M,(M) THDI*+> /A EMIZHLTRIIEETHS. (Saito:1968)

(i) MI1BEIGEREShS,
(ii) MiZ1{80 partial isometry ITk>T&ERHEh D,

¥AZ partial isometry MEALBODIF>Y - JARVBEEERTHINDONTE
A5

HEEIX[BIT, T™ (m=1,2,---)2 partial isometries T&H D & &, T 7 power partial
isometry TH D L\, ROBEZEE L,

— %D power partial isometry MOERINDZTH2 - /AIVBROBIZOVWTIRALA TV

EHlT, HiHEX (8] TROZLEEEL LTEELTWA,

BD Properly infinite Lo+ > - /4 < UERIE 18O power partial isometry [Tk
S>THERENS?

BxlIZofBEIC L TEEMNREEREIZEE 52D ERTER, Thbb, ROE
BICX-T, 1B, MMoOTrY « JA~REERKRT S power partial isometry 23F



ELRWZ ERbh5,
EE A
Power partial isometry (X IBDI+> - /A TVREERT S,
ChOEFEELELTRODESBIEEERDS,
E
LRI EBIKEOERZE U: truncated sift operator of index n
THAEE, KEROEEEHT=-F ESICESERFA, D n-fold copy ITko>THbhEh B,
K = K, ¢ K o0 K,
THY,
Uu=290 ifn =1

and

ULE,, fp, = L £ = <0,F,F, =+ ,f> ifn = 2
FoLE, FEITIXKOZ EE2FR LT,
T : truncated sift operators @) finite direct sum,
Thbb
T= ZelU,d £ n(1)<n(2)< - <nl))
ZC T, Uy 1% truncated sift operator of index n(k) T#H%.
COLE, MT) EIBOIF-JAIVERTHD,

Fex X ED finite direct sum LWV HEEEEE LTHLREOIEBEXDILERL
o FLTC, FORBERMRBOICAERREREZHEHT 5,



EH B.

T : truncated sift operators @) finite or infinite direct sum,
Thbhb
T = TeUg( =< n(1) < n@ < - < nl) <= < K £ +00)

CC T, Uy IE truncated sift operator of index n(k) T#H%,
CDEE, MT) EIBOT+-/MIVERETHSD,

PLEOZEW & IkOEE power partial isometry 43f#EH (Halmos and Wallen[3], also

see Saito[9]) ZHT 5,

EHE C.
U: power partial isometry
—3

U=U eU,e U, e, (central direct sum)

- < T,
U;: unitary operator U,; unilateral sift operator

U;; adjoint of unilateral sift operator

U, direct sum of truncated shift operators

TOFEBC EEZDE, HU) BFEHBTFy - JAVERT, HU), HU) XIBOT
Fy e )AL BTHB, LEN-T, truncated shift operator U, \Zxt LT, #U,) @
ﬂ%iﬂéﬂ‘giﬁﬁ)éo :n@iﬁ:’@B L\:J: D ) I @-@&)50).@:
HU) =HU)e HU)e HU)e KU,
ﬁIE?#V-/%vV%E&éo

Truncated shift operators DEFITE &/ operator IZL o TEEKEND 7+ - /
A< VBRBTIBTHHILERLICERB 1377 TIAHRE U= B ER R L CH B A



Enbd, ZOBREIERSERIC X ABEERREN partial isometry THDHZ & OFrik%
E2AZLICE-T, MITKRODZ EERLE,

EE D.
T: AR5 S5 7ML 1-BEER%= T partial isometry
—3

KT 18I42 - JAIVER
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A subclass of paranormal including class of log—hyp_onormal_
and several related classes

Takeaki Yamazaki, Masatoshi Ito and Takayuki Furuta
Faculty of Science, Science University of Tokyo

This report is based on the following preprint:

T Furuta, M.Ito and T.Yamazaki, A subclass of paranormal operators including class of log-hyponormal

and several related classes, to appear in Scientiae Mathematicae.

1 Introduction

T T EAYL FNER H OB FBRBIERSZICOWTE XD, BT, BITEARLESZ LTS,
= CYEFIZE T 7% positive T B & X positive definite, B1% (Tz,z) > 0foralle € H LEHEL. T>02
#3, ¥7. T 2 positive 7> invertible T B & &, T i strictly positive THDEWVW, T >0 &FK T,

normal (<c_i__e:£ T*T = TT*) B ELAERAFED class & LTRD 3 2B 6T D,

Definition A.
T: hyponormalg ™1 >TT".
- 8L 7 mperss : :
T : log-hyponormal T : invertible and log T*T > log TT™.

T : paranormal gﬁg ”sz” > ”T:cnz for every unit vector z € H.

hyponormal=paranormal i+ & <HLNIZHERTH Y | invertible hyponormal==log-hyponormal i log
PERAZERBETHHZ L L Vbbb, £, log-hyponormal=>paranormal i% Ando[1] {Z &k > TREH
TW3, 728, log-hyponormal {22V Tk [1][10] THIFE S THE Y, paranormal ik 1960 FRHEFITE <
DOFREI X o THER I class Th o7z [1][5][8]

4[E, $41X log-hyponormal & paranormal OREIZH LVMERFED class (class A & 4311 2) #EHRT
BZ L2 & v, log-hyponormal=>paranormal ® Ri# L ® XV GEBA% operator inequality DRz > T
Bz BT LR TET, RIT, TD class A & paranormal DZNENEYEIE LTEH LWERED class ZEH
3% &, log-hyponormal, class A & T} paranormal DR % BRICEBTE D L bhrol, BiTZ, Th
5D class DR 2T proper Th D Z & BT EEH 22T 5,

2 A subclass of paranormal including class of log-hyponormal

B LVMERASRD class & L'TRD & 3 72 class ZEHRT 5. 728, EAK T OMSHE |T| = (T*T): > 0T
HHZ LITEELTEL,

def

Definition 1. T : class A < |T?| > |T. (2.1)

class “A” £V 3 & R1IE “absolute” value IZHRATE LD TH D, ZD class AL T, KD Theorem 1
BELNT, 728, Theorem 1 X Ando[1] DFEFR “log-hyponormal=>paranormal” Z GV TEEETH D,



Theorem 1. Let T € B(H). Then the following assertions hold;
(1) T - log-hyponormal = T - class A.
(2) T : class A = T : paranormal.
Theorem 1 DFEFADENCN DO ER L HELBEN L TEL. ThbDEFILT OFERAICE W TEE
TR EI R RicT,
Theorem A ([3][6]). Let A and B be positive invertible operators. - Then the following properties are

mutually equivalent:
(i) log A > log B.

(ii) 47 > (A5 BPA%)% for all p> 0.
(ifi) A™ > (AZBPA%)5 for allp >0 and r > 0.

72%, Theorem A ® (i) & (i) OEMEMIZ- OV T [2] TRER TV D,

Theorem B (Holder-McCarthy inequality [9]). Let A be a positive operator. Then the following
inequalities hold for all z € H:

@) (A7z,2) < (Az,2) ||z[** 7 foro<r< 1.

(i) (A"z,z) > (Az, :z:)’”:r:llz(l—r) forr > 1.
RO Lemma A X [7, Lemma 1] Z LBER LD TH D,
Lemma A. Let A and B be invertible operators. Then
(BAA*B*)* = BA(A*B*BAY*"1A*B* holds for any real number \.

Proof of Theorem 1.
Proof of (1). T % log-hyponormal (g—?-g log T*T > log TT*) THDH T LIX,

log |T? > log |T* |2 (2.2)
LEMETH D, E72, Theorem A @ (i) & (ii) PREMEL Y (2.2) iX
|T|% > (|ITP|T**|TP)7 forall p>0 (2.3)

LRMETH B, £IT, (23)iKp=1EKRATH L,

IT1? > (|7 PIT)) % (2.4)
Lemma A & |T*P? =TT* &0, (24) 1%
T2 > |T{T(T*|T1*T) % T*|T) (2.5)
EEWTE D, FLT, (25)4%
(T*|T*T)% > T*T (2.6)

LAMETHD, SO, [TP=TT LY (26) iX
72| > [T}

LRETHDLOT T iLclass A TH B,



Proof of (2). T #class A THDZ L DERITKRD L I 2bDThHoT,
T: class A 4::) |72 > [le (2.1)

$BL. fERO o] = 1 IR LT,

(T?)*T?z, z)

(IT%z, )

(|7?|z, z)* by (ii) of Theorem B
(T =z, z)? by (2.1)

= “T.’L‘“ .

o]

f

AV A

LoT,

”TZ:v“ > “T:c ||2 for every unit vector z € H

MK Y S0 C T 1 paranormal T 5,
Bl X Y, Theorem 1 IXFFEAS LT, 0

3 Several classes related to class A and paranormal
B2ETIIH LWERE D class & LT “class A E&HE LA, TOETILE 61T class A, paranormal
DILFRTH B class ZENENIRDRIZERT Do
Definition 2. For each k > 0,
T : class A(k) £ (1 [Tj”‘T)k—]ﬁ > |T)2.

T: absolute-k—paranormal(::) ” IT["T:::” > “T:c”k+ for every unit vector z € H.

class A, paranormal IZ & E1 class A(k), absolute-k-paranormal B W T k=1& L7cbDL2oT

Z @D class A(k), absolute-k-paranormal {ZB8 L C, IROBERBF LI,

Theorem 2. Let T' € B(H). Then the following assertions hold;
(1) T : invertible and class A => T : class A(k) for k > 1.

(2) T : paranormal = T : absolute-k-paranormal for k > 1.

(8) For each k >0, T': class A(k) => T : absolute-k-paranormal.

BT, Theorem 2 ® (1), (2) PIEHEE LT class A(k), absolute-k-paranormal {22V TEZN LR DOFER
ERDHZ LRk,
Theorem 3. Let T' be an invertible class A(k) operator for k > 0. Then
1) = (T (T T)
is increasing for 1 > k > 0, and the following inequality holds,

F() > TP, ie, T is class A(l) for 1 > k > 0.



Theorem 4. Let T be an absolute-k-paranormal operator for k > 0. Then for every unit vector ¢ € H,
F(l) = ||TfT= |
is increasing for 1 > k > 0, and the following inequality holds;

F(l) > ”T:L'”, i.e., T' is absolute-l-paranormal for 1 > k > 0.

Theorem 3 /&, #% k > 012/ LT class A(k) THBROIE, 1>k >0725 1 T L Tclass A(l) TH
V. SHIEOZ LB ) B LTV TOEFEMBEHTH DL VI TRETE S, LWITEEE
BELTWVD, [FI#EIZ Theorem 41X, &5 k > 0 2% LT absolute-k-paranormal THH72H1E, I >k >0
725 LIZ% LT absolute-l-paranormal T 0, & bITED Z & (FEEK F(I) A8 1 oW\ COEFEAMEE <
HHLVWIHTRATES, LVWIZLEERELTWVA,

4 Examples

Z D E TIX absolute-k-paranormal @ characterization # 5 %, BICZTNOEZFALTCE2ELEIET
EF L7 class DFAFRAS proper THDHI & 2RV OO EEHIEZIT 5,

paranormal @ characterization & LC Ando[1] I33R® Theorem E Z 37z,
Theorem E ([1]). An operator T' is paranormal if and only if

T*2T2 — 2AT*T+ A2 >0 for all A> 0.

Z @ Theorem E DR & LT, IRD L 5 72 absolute-k-paranormal @ characterization 38 b7z, 72
B. Theorem 5 IZBWVWT k=1 & Lizb D5 Theorem E TH 5,

Theorem 5. For each 'k > 0, an operator T' is absolute-k-paranormal if and only if
T*|TJT — (k + D)X [T + kX1 > 0 for all A > 0.
%72, log-hyponormal, class A(k) DEZE & Theorem 5 & Y JRD Proposition 6 #8532 LR TE B,

o
Proposition 6. Let K = @ H, where H,2 H. For given positive operators A, B on H, define the
n=—oo
operator Ty g on K as follows:

-0
B o
Tap= B @ 4.1
A 0
A 0
where l:l shows the place of the (0,0) matriz element. Then the following assertions hold:

(i) Ta,B ts log-hyponormal if and only if A and B are invertible and

log A > log B.



(i) For each k > 0, T4 g is class A(k) if and only if
(BA*B)®T > B2,
(iil) For each k > 0, Ty B is absolute-k-paranormal if and only if
BA*B — (k+ D)X B2+ kML >0 forall X > 0.

LAF. Z® Proposition 6 - T Z T L7z class DEMENR LT proper Th 5 Z & BT EAKH %
BT, B, ZITIEFH X O L—X EFFIREER TR X, det X ERTHDET D,

[s. o]
Example 1. Let K = @ H, where H, = R?. For given positive matrices A, B on R?, define the

Ne=—-—00
operator T4 p on K as (4.1) in Proposition 6. Then we have the following examples.

(1) An ezample of non-log-hyponormal, class A operator.

2 2
A (17 7) B (1 o)
7 5 0 4
&5, Pujii, Furuta, Wang[4] iZ log A # log B 7> A% > (AB?A)? ThbHZ L&mLiz, —F, A2 >
(AB%4)% & (BA?B)3 > B? iX Lemma A XV RAfETH B, LT, Proposition 6 ® (i) & (i) £V Tz
IZ non-log-hyponormal 7> class A CT&% %,

(2) An ezample of non-class A, class A(2), paranormal operator.
2 0 3 =2

A= , B= )
<0 2\/23) (—2 3 )

0.17472... -3.1798...
-3.1798... 1L.770...

Eth, EDEE,

(BA?B): — B = <
Th B, (BAB)F — B2 OEAMEIL 12.585 ... £-0.64001 ... 72DT, (BA?B)% ¥ B2 Thb. koT,
Proposition 6 @ (ii) & ¥ Ty p IX non-class A TH D, 7o, FHEDOFHEIZLY Ty p X class A(2) TH D,

=5, A> 01z LT X () BROBIZERT B,

404 — 26X+ X2 —B76 + 24\
~576 +24\ 844 — 26X+ 22/

X1(\) = BA’B-2\B?+)\? = (
(V) =tr Xa(\), () =det X3 (A) & TB L,
p1(A) = 207 — 52X + 1248 = 2(A — 13)2 4+ 910 > 0
ThHD, £z,
g1(A) = A* — 52X% 4+ 1348A% — 48002 + 9200
Thd, o)) EMESTBE,
g1 (A) = 423 — 156A2 + 2696 — 4800
= 4(\ — 2){(\ — 18.5) + 257.75}

LiB, IoT, j(A) =0DEEA=2THIDT, FED A > 0HLT ¢ (A) > 1(2) = 4592 > 0
Thd, BRIT, FEEDOA > 0RHLT trXi(A) = p(\) > 022 det Xu (V) = q1(A) > 0 THBDT,
X1(X) > 0 T#H B, =T, Proposition 6 O (iii) & ¥ Ty p  paranormal T 5.



5 Remarks

Remark 1. paranormal=>normaloid ( gg ||| = || T||" for all positive integers n) it & < &SR

T D [5][8l. = DPEERDYEERL L TIRD Theorem 7 235 BT,

Theorem 7. T : .absolute-k-paranormal for some k > 0 = T': normaloid.

Remark 2. ZZ Ty H UTERED class DEEEEZRUCE LD RO L 51T/2%, 72B. p-hyponormal
(g (T*T)? > (TT*)? for a positive number p) TPV TIEE S DBIEFIT L o THIRS RS TND

normaloid

\\ o

absolute-k-paranormal (k>1)

V!

paranormal

class A(k) (k> 1)

\

<class A

log-hyponormal

p-hyponormal
(0<p<1y

hyponormal

k-hyponormal (k > 1)
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Characterizations of chaotic order associated
with Kantorovich inequality

Takeaki Yamazaki and Masahiro Yanagida
Faculty of Science, Science University of Tokyo

This paper is based on the following preprint:

T.Yamazaki and M.Yanagida, Characterizations of chaotic order associated with Kantorovich
inequality, to appear in Scientiae Mathematicae.
Abstract

By -using the order preserving operator inequality shown in [11] which is associated with
Kantorovich inequality, we shall give some characterizations of chaotic order.

1 Introduction

I TR e N ER EOR FRBERRICOWTE 25, 1EHE T 4 positive (T > 0 & &
<) & (Tz,z) >0forallz € H DT L EEHET D, €L T, T » strictly positive (T'> 0 & &
<) &%, T 2% positive 2> invertible & EEFET D, Z D positive operator IZF LT, “4> B> 0
ensures AP > BP for any p € [0,1]” &V\5DiXHF 472 Lowner-Heinz theorem T 5723, Z 0K
pBp>1DEHIA>B>0 ThoThbT LY AP > BP BELYV M2 LIFRLARVI L babh
TND, ZHUCKH LT, ROFEPRSNTND,

Theorem A ([5]). If A> B >0 and MI > B > mlI >0, then

P
(—%) A? > BP  forp>1.

%72, Bl Theorem A LV bFERBERLE LT, ROBEPRENLTVS,

Theorem B ([11]). If A> B >0 and MI > B > ml > 0, then
MN\?!
(H) AP > Ky (m,M,p)A? > B? forp>1, (1.1)
where

- 1)p-1 (MP — mP)P

. _
K._Q_(m, M;P) - pp (M — m)(mMP — MmP)P—l .

(1.2)

Z® Theorem B {Z Holder-McCarthy inequality [13] & Kantorovich inequality “If A is an
operator on a Hilbert space H such that MI > A > mI > 0, then (A~ 'z, z)(Az,z) < (m +
M)?/4mM holds for every unit vector z in H” ZBE L TRENEZLDTH B,

E 72, Lowner-Heinz theorem 1388l p 28 p > 1 TV D EIFRERVEWVI Z L0 b, ik
AETMETH TR, COMESEMETHL0L LTROEERRINT,



Theorem F (Furuta inequality [7]). P l+rig=p+r

If A> B >0, then for each r > 0,

(i) (BéAPBé)%Z(B%BPBﬂé

and

(ii) (A5APA%)s > (ASBPA%):

hold forp >0 and ¢ > 1 with 1+ r)g>p+r. (0, —r)

FIGURE

Theorem F @ (i) £72iX (i1) IZBWT, r =0 &B< & Léwner-Heinz theorem AF b5, &
72, [3] % [12] C Theorem F ORFEAREZ LTI Y ., & HIT [8] THX Theorem F DffH7AR 1 ~_—
POTRAB/LNTVWD, F LT, [17] Tk LD Figure TEMLE p,¢,r ® domain A° Theorem
F @ best possible domain TH 5 Z & BRI TV D,

%72, Ando [1] IX, log A > log B (chaotic order &FER) & (B5APB%)7 > BP for all p > 0 8
FETHHZ L ERLTVDA, Theorem F 5 Z LiZ L T £D Ando DFERDILIRMHE S
nb.

Theorem C ([4][6][9]). Let A and B be positive and invertible operators on a Hilbert space H.
Then the following assertions are mutually equivalent:

(i) log A > logB.

(i) (BEAPBZ)#+ > B" forallp>0and r>0.

F 41X, 48 Theorem B & Theorem C %5 Z &2 L - T, H LV chaotic order ? charac-
terization BEDZ &R TET,

2 Results

Theorem 1. Let A and B be positive and invertible operators on a Hilbert space H satisfying
log A>log B and MI > B > mI > 0. Then '

P
<—A—l-> AP > Ky(m,M,p+1)A? > B? forp >0, (2.1)

m
where K (m, M,p) is defined in (1.2).

Theorem 1 iX Theorem A DIFEE BRAZ LN TE B, F7, RO chaotic order @ characteri-
zation © &7,

Theorem 2. Let A and B be positive and invertible operators on a Hilbert space H satisfying
MI > B > mlI > 0. Then the following assertions are mutually equivalent:

(1) log A > log B.

.\ (mP + MP)?
W) e

E HIT, Theorem 1 & Theorem 2 D (i) = (i) Z®WHT 2D L LT, KOBREERF

AP > BP for all p > 0.

—68—



Theorem 3. Let A and B be positive and invertible operators on a Hilbert space H satisfying
log A >log B and MI > B > mI > 0. Then

K+(mr,M7,1+§)A”2B” forp>0andr >0, (2.2)
where K (m,M,p) is defined in (1.2).
Theorem 3 B W T, r =1 LE<L &, Theorem 1 2@ 5Z &£ TE, Theorem 3 2B
T.r=p &EL &, Theorem 2 D (i) = (ii) EHDHIEHNTED, Eio, (1.2) BT HER
Ky (m, M,p) ICBBE LT, R®D proposition &7z,

Proposition 4. Let K (m, M,p) be defined in (1.2). Then

r

Fp,r,m, M) = K, (mT,MT, i T)

is an increasing function of p, r and M, and also a decreasing function of m forp >0, r > 0 and
M > m > 0. And the following inequality holds:

P
(%) 21f+(mr,Mr,p':r>21 foranyp>0,r>0and M >m>0.  (2.3)

Z LT, Z® Proposition 4 #Z x5 LIZL o T, Theorem 2 £V b EBITIWEEETH B
chaotic order @ characterization &5 Z & B TE =,

Theorem 5. Let A and B be positive and invertible operators on a Hilbert space H satisfying
MI>B>ml>0. Then the following assertions are mutually equivalent:

(1) log A > log B.

(ii) My (p)AP > BP holds for all p > 0, where h =% > 1 and

hhp._1

Mi(p) = log(h )’ (24)

(h = 1)RFT

- -~ o 1o
eTog b i3 Specht’s ratio & FEITIL, [2][16] 72 £T

728, Theorem 5 IZB VT, Mu(l) =
HEIhTN5,

3 Proof of results
BAF, Theorem 2 . Proposition 4 & Theorem 5 DFEFADHME Z BN T 2.

Proof of Theorem 2.
(a) Proof of (i) == (ii). Theorem C @ (ii) {ITBWT, r=p LB Z LITL 2T, logAd > log B
o, RORERD,

(B54PB%)% > B? for p > 0.

ZFIT, A= (BEAPBE):, By =B LB L, £HPDL A > B >0 MP>B,>mP >0 %
Wl bbb, FLT, A; & B, IZ Theorem B # AT A&, KOXNBELR S,

K. (m?, MP,p;)(B% APB%)% > (BP)"* for p>0and p; > 1. (3.1)



EhiT, 31 RUTBVT, pp=2>1LBVT, 3.1) REEETLHL, ROXBR/ROLND,
Ky(mP, MP,2)AP > BP for p> 0.

(m? + M?)*

pwEy ThdZ b, (1) = (i) PRET,

LT, Ky(mP, MP,2) =

(b) Proof of (ii) = (i). logt i% operator monotone function THHDT, (i) PHEZIT log &
BT LITEoT, KOABR/LN D,

(mP + MP)2\ 7
log-{ (%) A} >logB forall p>0. (3.2)

FZT, 32) KRBT p—s+0 &T5HE,

[ (mP + MP)? ’ _
3‘5‘){ 4P M? =1

THHI LD logA >log B 185 Z & A TE, Theorem 2 DFEASTEIL, O

Proof of Proposition 4. h = % >1&L,

‘ r BPYT 1\ P
g(p,r,h) = (m“m‘) (3.3)
o AN
13.
2 P _ et iR
Ky '(m’,M’,err) - @) . (M — mPT) — by (12)
(1+2) TE (M —mr) (mrMP+T — M)
£ pr _ +2
:(T>( ) Usai=b ULSNESSS YRS S
p+r/)\p+r/) (b —1) (et —hr)F m
1 1 B34
_J1 hPHT 1\ P p RPET —IN\T P 3-4)
RN p+7' hm—1 p+r hP—1
1 P
= {3 otrh) strpn) by (23)
LB, EHIT, glp,r,h) IKOWTKRD 2 DORRE 5 PRI EET D,
@. g(p,r, k) X p>0 & r>0IT2VTD increasing function TH 5,
D). p>0,7 >0 Z2WT h > g(p,r,h) > h3.
IoT, kO () KX WVROTEREEHT LRTE B,
h> % -g(p,r,h) -g(r,p,h) >1  forp>0andr>0. (3.5)

e, (34) R (35) RTL-T, (23) XEBB, 0,

P
<%> > K, (m",MT,B%——r-) >1 foranyp>0,7>0and M >m>0. (2.3)
bz, ko (D) & (34) K, (35) Rick>T, F(p,r,m, M) = Ky(m", M7, 22) 23p >0 &
r > 0 IZ2WVWTO increasing function THDHZ & bbnrd, ¥k, FHICLT Flp,r,m, M) =
Ki(m' ,M™, 20 O M & m TV TOBRERLRTZ LB TED, O



Proof of Theorem 5.
(a) Proof of (i) = (ii). Theorem 3 IZ& > T, log A > log B 725X

Ky (mf,Mf,1+§) AP > BP forp>0and r>0. (2.2)

ZZT h=851 LT, (22)RRBVTr—o+40 £T5L,

i K (0,14 2) = )
ThHDHZ DD, My(p)AP > BP for p > 0 185,

(b) Proof of (il) = (i). (ii) PHHLIT log & D&, ROXERFD.

log({Mn(p)}7 A) >log B for p > 0. (3.6)

T, (3.6) RN T p—o+0 ETD L,
Jim (M ()} =1

LY, logAd>logB 2R/RDIELBPTED, Lo T, Theorem 5 BFEHATE 7, O

4 Concluding Remarks

Remark 1. A & B % positive invertible Z2MEAFE L T5, ZDEE, A> B & logA > logB %
T D order &1L T, A°> B for 6 € (0,1] € X%, £LT, ZD order IZxt L CTIROFER%E
"/,

Proposition 6. Let A and B be positive and invertible operators on a Hilbert space H satisfying
A% > BS for § € (0,1] and MI > B > mI > 0, then

Ky <m“,M", §>AP >BP  forp>,

where K. (m, M,p) is defined in (1.2).

FEBIL A° > B® T LT Theorem B ZEMAT 572 CTh b, Eiz,

. - 6§ pp6 Py _
61_1&10 Ix+<‘m M ,5> = Mx(p) (4.1)

TCHDHZ LR RENDDTC, Theorem B & Theorem 5 O HARRORBVEROLICELDH DT
LMBTESD,

Let A> 0 and MI > B > mlI > 0. Then the following assertions hold:
(i) A > B implies K} (m, M,p)A? > B? for p > 1,
(ii) for each & € (0,1], A° > BS implies K (m'5 Mo, g) AP > BP for p > 4,
(iii) log A > log B implies M}, (p) AP > B? for p > 0,

where h = X > 1, and K (m, M, p) and M;(p) are defined in (1.2) and (2.4), respectively.

Eo (i) WBWT, §=1 £ F5E (i) RO, (A1) RUTI-T, (i) IZBWTF—+0 &F
5 (i) 2H5,



Remark 2. £3iT. chaotic order @ characterization & LC, ROFEFEBREN TV D,

Theorem D ([6]). If A, B > 0, then log A > log B if and only if for any § € (0,1] there exists an
@ = as > 0 such that (e?A)* > B°.

Zhext LC, Theorem 2 & Theorem 5 i, RO L HICEERZ H - LB TE D,

Theorem 2°. If A,B >0, then log A > log B if and only if for any p > 0 there exists a K, > 1
such that K, — 1 as p = +0, and (K, A)? > B?.

F 72, Theorem 2 75 Theorem 2’ #7 X 5{Z, Theorem 2 7>% Theorem D HIEHANIED
T EWTE B,

Remark 3. Theorem 2’ IX R® Theorem E [10] &FEFIL T E LCWVD,

Theorem E ([10]). If A,B > 0, then log A > log B if and only if for any p > 0 there exists the
unique unitary operator U, such that U, — I as p = +0, and (UPAU;‘)P > BP.
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Order among Furuta type inequalities
E1ZzABURO KAMEI

ABSTRACT. The order between parametrized Furuta inequality and
parametrized grand Furuta inequality is determined as follows; if A >
B > 0, then

A fsmu (A bgt BP) < A™ §5-. B? < B’
. £zt

p—u

B fs-u (B' gt AP) > B" f5-u AP > A°

B-u p-ti p—~u
fort€[0,1], 0<t<p<pB, u<0anddc0,p
Especially, if § € [0, 1] under the above conditions, then

A fomu (A® gt BP) < A" §s5-. BP < B’
-1 p—t p—u

<A° < BYfs5-u AP < BY f5-u

d—u
p-u B—u

(B h_g____% AP).

The case of § = 1 gives the order between the Furuta inequality and
grand Furuta inequality.

1. Introduction. Throughout this note, we use a capital letter as an operator
on a Hilbert space H. An operator A is said to be positive (in symbol: A > 0) if
(Az,z) > 0 for all z € H, and also an operator A is strictly positive (in symbol:
A > 0) if A is positive and invertible.

The original form of the Furuta inequality [5] given by Furuta himself is the
following(cf.[6],[17]).
Furuta inequality: If A > B > 0, then for each r > 0,

(AFAPAR)E > (AFBPAR)} and (BEAPBR)T > (BRBPBY)i
holds for p and q such thatp >0 and ¢ > 1 with (1 +71)g>p+7.

The case of r = 0 in this inequality is the Lowner-Heinz inequality:

(LH) A*>B*  for A>B>0 and 0<a<l.

1991 Mathematics Subject Classification. 47A30, 47A63 and 47B15.
Key words and phrases. Positive operators, Operator mean, Lowner-Heinz inequality, Furuta
inequality, grand Furuta inequality.
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2 ORDER AMONG FURUTA INEQUALITIES

From the viewpoint of operator mean ([2],[3],[10],[11] etc.), the Furuta inequality
is rewritten as follows;

A*#1-0 BP <A and B < B'fi. A

P—u

for p > 1 and u < 0. The notations §, and l, are defined for positive operators A
and B by ‘
Al B=A7(A"BA"%)*A%, fora€R

and #, = o when a € [0,1]. Note that f, is an operator mean in the sense of Kubo-
Ando [16] which corresponds to the operator monotone function z® in the Léwner
theory.

As shown in [11), we had arranged these inequalities in one line by using the
operator mean {, as follows:
Satellite theorem of the Furuta inequality: If A > B > 0, then

A f1u B> <B< A< B fazu A
p—u P

forallp > 1 and v < 0.

We can generalize this inequality as the following and called it a paramertrization
of the Furuta inequality ([13], [14]).

Theorem A. IfA>B >0, then for0<d<pandu <0
A¥ fs—u BP < B® and B¥ fs-. AP > A°,
P—u P—u
and foru < y<0andp >0

A" fy B? < A7 and BY - AP > BY.

p—u

As a corollary we have the following, in which the case of § = 1 is the satellite
-theorem.

Corollary A. IfA>B>0,thenfor0<d<1,d<pandu<0
A fou BP < B° <A< BY fou AP,

and for -1 <~y <0, u<yandp>0

A*f0 BP < AV < B7 < B fyu AP,
P—u P—u

__74__



E. KAMEI 3

As a generalization of the Furuta inequality, Furuta [7] had given an inequality
which we called the grand Furuta inequality. It interpolates the Furuta inequality
and the Ando-Hiai inequality [1] equivalent to the main result of log majorization.
We cite here it in terms of operator mean ([3]):

The grand Furuta inequality: If A > B > 0 and A is invertible, then for
eachp>1and 0 <t <1,

A7) . (A, BP) < A

(p—t)s+r

holds forr >t and s > 1.

The best possibility of (;_'tg*s“_’l'_r is shown in [18]. This theorem also has satellte
form [14] and more generally we have shown the next theorem as a parametrized

form of the grand Furuta inequality [15].

Theorem B. IfA> B >0,thenfor0<t<1,0<t<p< B, u<0and
0<6<p

wlos

A foy (A ozt BP) < (A" oot BY)

and

wien

B" fa=u (B' ozt A?) > (B’ fozt A7)

The satellite theorem of grand Furuta inequality is just the case of § = 1 and we
can align these inequalities as follows;

Corollary B. IfA> B >0, then for 0 <t <1, 0<t<p< B, u<0,
0<é6<landdé<p

A s (At B) < (A'loce B)F < BY < A° < (B ooy 4)F < B ey (Bt A7)

On the complementary domain of the Furuta inequality, that is, 0 <t <p <1,
the following inequality holds ([12],[15]).

Theorem C. IfA> B >0, then for 0 <t <p <1, p<§<min{l,2p} and
B>

(A o= BP)B < A s BP < B® < A’ < B' iz AP < (B ljoe AP)5.
p~i p—i p—t p—t
IfA>B>0,then for0<t<1<p,p#Ftandf>0p

(A* o= BP)S < B < A< (B! oz AP)5.

p—t
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2. Results and Proofs. At the begining, we modify Theorem C.

Theorem 1. IfA> B >0, then for0<t<1and0<t<p<p
(At hg-c BP)E < B? and (B! lp—: AP)F > AP.

p—t

The following theorems are obtained by the use of Theorem A and Theorem 1
in which we can give an order between the Furuta inequality and the grand Furuta
inequality.

Theorem 2. IfA> B >0, then for0<t<1,0<t<p<g, ugo.and
0<d6<p
A" ooy (A ozt B”) < A” focy BP< B
and ‘
B fs=u (B fg=t AP) > B* f5-n AP > A°.
- p—i P—u

Proof. It follows from Theorem B and Theorem 1 that
A" fn (A" hoze B)
= A ey (A" B (A ot BY))
< A o (A" oz BP)§ < A Homu BP.
The first inequality follows from Theorem B and the second one is Theorem 1.

Under a little stronger conditions of Theorem 2, we can arrange these inequalities
in one line, which is completely parallel to Corollary B, too:

Corollary 3. IfA > B > 0, then for 0 < t < 1, 0<t<p< B, ugy,
0<d<landd<p .
A ﬁ%i (At ho=t B?) < A" fs= B < B’ < A° < B% 5., AP < B" ﬁ'g__u (Bt fg-: AP).
—u P p—u p—u —u p—t
The case of § = 1 shows the order between the Furuta inequality and grand Furuta

inequality.

Theorem 4. IfA> B >0, then for 0<t<1,0<t<p<p,u<0 and
u<~vy<0 . _
A® ﬁ%_—-_u_ (At hg:% BP) < A% §,-« BP < A
—u p— P—u
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and
B ﬁ%:_u (Bt hs-. AP) > B ﬁ:y_:_g AP > B7,

Proof.

A" famu (A" ozt BY)
= A" ooy (A" fpme (4" ozt BY)
< AYfmu (A'hp= BP)B < A" f1mu BP.
p—u p—t p—u

We can arrange these inequalities in one line also under a little stronger condition
for ~.

Corollary 5. If A> B >0, thenfor 0 <t <1,0<t<p<pf, u<0,
—1<y<0andu<y

pP—u

A fzs (A'fozs BP) < A" fzu BY S A7 < BY < B* oy AP < B fyen (B oy A7),
— p—t p—u — p—t

References

[1] T.Ando and F.Hiai, Log majorization and complementary Golden-Thompson
type inequality, Linear Alg. and Its Appl.,197(1994),113-131.

[2] M.Fujii, Furuta’s inequality and its mean theoretic approach, J.Operator The-
ory, 23(1990),67-72.

[3] M.Fujii and E.Kamei, Mean theoretic approach to the grand Furuta inequality,
Proc. Amer. Math. Soc., 124(1996),2751-2756.

[4] M.Fujii and E.Kamei, Monotone properties of parametrized Furuta inequality,
Sci. Math., to appear.

[5] T.Furuta, A > B > 0 assures (B"APB")Y/9 > B@+2)/4 for r > 0,p > 0,¢ > 1
with (1+ 2r)g > p + 2r, Proc. Amer. Math. Soc.,101(1987),85-88.

[6] T.Furuta, Elementary proof of an order preserving inequality, Proc. Japan
Acad., 65(1989),126.

[7] T.Furuta, Extension of the Furuta inequality and Ando-Hiai log-majorization,
Linear Alg. and Its Appl.,219(1995),139-155.

[8] T.Furuta and D.Wang, A decreasing operator function associated with the Fu-
ruta inequality, Proc. Amer. Math. Soc.,126(1998), 2427-2432.

[9] T.Furuta,T.Yamazaki and M.Yanagida, Operator functions implying general-
ized Furuta inequality, Math. Inequal. Appl.,1(1998),123-130.

__77__



6 ORDER AMONG FURUTA INEQUALITIES

[10] E.Kamei, Furuta’s inequality via operator means, Math. Japon.,33(1988),737-
739.

[11] E.Kamei, A satellite to Furuta’s inequality, Math. Japon.,33(1988),883-886.

[12] E.Kamei, Monotonicity of the Furuta inequality on its complementary domain,
Math. Japon., to appear.

[13] E.Kamei, Parametrization of the Furuta inequality, Math. Japon., to appear.

[14] E.Kamei, Parametrization of the Furuta inequality, II, Math. Japon., to appear.

[15] E.Kamei, Parametrized grand Furuta inequality, Math. Japon., to appear.

[16] F.Kubo and T.Ando, Means of positive linear operators, Math. Ann.,246(1980),
205-224.

[17] K.Tanahashi, Best possibility of the Furuta inequality, Proc. Amer. Math.
Soc., 124(1996),141-146.

[18] K.Tanahashi, Best possibility of the grand Furuta inequality, Proc. Amer.
Math. Soc., to appear.

Maebashi Institute of Technology,
Kamisadori, Maebashi, Gunma, 371-0816, Japan
 e-mail: kamei@maebashi-it.ac.jp



OPERATOR MOMENT PROBLEMS ON ABELIAN
+SEMIGROUPS

KOJI FURUTA AND NOBUHISA SAKAKIBARA

ABSTRACT. Let S be an abelian *-semigroup with the identity. Our main
concerns in this paper are the integral representations for operator-valued,
positive definite functions on S and operator-valued functions of positive type
on S. In Theorem 2.1, we characterize moment functions whose representing
measures have compact support. Furthermore, in section '3, we discuss the
relation between (semi)perfectness of § and operator semiperfectness of 5.

1. PRELIMINARIES

Let S = (S,+,*) be an abelian *-semigroup with the identity 0. A function
p S — Cis called a semicharacter if it is a nonzero multiplicative function
satisfying p(s*) = p(s) for all s € S. Note that p(0) = 1 and every semicharacter
is not bounded. The set of semicharacters on S is denoted by 5*. We equip 5*
with the topology inherited from €, having the topology of pointwise convergence.
Then 5* is a topological semigroup under pointwise multiplication with involution
p 7 and the identity 1. In particular, 5* is a Hausdorff space.

Let ¥ be a complex Hilbert space, (-, -) the inner product on #, B(#) the set of
bounded linear operators on H, and B(# )+ the set of positive operators in B(#).
A function ¢ : 5 — B{H) is called of positive type if

n

D (ol + 53)60, &) > 0

i,j=1

for all n > 1, 81,82, ,8, € S and &;,82, - ,€n € H. Moreover, ¢ is called
positive definite if

n

> eitilp(si + 53)6,6) > 0

ij=1
for all m > 1, 81,89, ,80, € S, 1,62, ,¢cn € Cand £ € H. H H = C, the
functions of positive type are the same as positive definite functions. In particular,
every semicharacter is a positive definite function on 5.

Let X be a subset of S*. The set of all Borel subsets of X is denoted by B(X).

Let M, (X) denote the set of all regular Borel (i.e. Radon) measures defined -on
B(X), and E, (X) the set of measures p € M4 (X) such that

/ Ip(s)ldu(p) < oo for s € 5.
JX



2 KOJI FURUTA AND NOBUHISA SAKAKIBARA

The set of signed measures of the form py — ps + i(us — pa) with p; € E4(X)
will be denoted by E(X). Moreover, let E,(X,7) denote the set of functions
F :B(X) > B(’H)+ satisfying (F(- )5,7]) € E(X) for all ¢,n € H. A function
w:S8— B(’H) 1s called a moment function if there exists F € Fy (S*,%) such that

s)= [s.p(s , Le.
@t = [ re)d(FEen) forses, ene

We have the following.

Proposition 1.1. Let ¢ : S — B(#) and consider the following conditions :
(1) ¢ is a moment function ;
(2) v is of positive type ;
(3) ¢ is positive definite.
Then the implication (1) = (2) = (3) holds.
Proof (1) :}> (2) If ¢ is a moment function, then ¢ can be written in the form

fs* ,8€ S5, forsome F € E+(S* ’H) Let &,82,--- ,6n € H and
51,32,-" Sn ES Deﬁne pi; € E(S*),4,7=1,2,--- ,n,and p € B4 (S*) by

/“ij(B) = <F(B)€ir€j>7 Be %(S*)Z
W(B) =Y palB), BeB(S)

Since the matrix
[Hii(B) #z’j(B)J
#3i(B) iz (B)
is positive, we have

|wij (B)| < i (B) 2 i3 (B)? < u(B).

du’
i,j = 1,2,---,n, be the Radon-Nikodym derivative. Then for ay,as,- - ,a, € C
and B € B(5*),

Therefore each pi; is absolutely continuous with respect to p. Let gi; =

/ 3" asdes (O)dule) = 3. asdi(u(Blé &) >

1.71 ,]1

Since B € B(S”) is arbitrary, it follows that the matrix [g;;(p)]7;=; is positive for
p-a.e.p. Consequently,

Z(‘P 32+5 Ez;éj)— Z/ 51""3 dﬁ‘zg()

i,j=1 i,j=1
/Z (5:)p(s5)9:5 (p)dn(p) > 0,
2,j=1

which shows that ¢ is of positive type.
The implication (2) = (3) is clear. [J
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Remark. (i) In the special case of S being an abelian group G with the involution
s* = —s, every positive definite function on G is of positive type (see [8, p.58;
Corollary- 1]). . Furthermore, since positive definite functions on G are bounded,
they are moment functions by Theorem 2.1.

(ii) If # = C, a positive definite function is not necessarily a moment function, and
a representing measure is not unique if any (see [1, Chapter 6, §2 & §3]). So an
abelian *-semigroup S is called semiperfect if every positive definite, scalar-valued
function on S is a moment function. . If, furthermore, a representing measure is
unique, then S is called perfect.

(iii) Examples are known showing that (3) = (2) is not true (see [4, Proof of
Theorem 1]). '

Let £ be a complex Hilbert space and D a dense subspace of K. By a *-
representation of a *-semigroup S with the identity 1 (S is not necessarily abelian)
on D, we mean a family {m(s)};es of densely defined linear operators on K with
domain D such that

(i) m(1) =1 (the identity operator),
(i) n(s)D C D and n(s)n(t) = m(st) for s,t € S,

(i) w(s)*|p = n(s*) forseS.

The following theorem is known (cf. [8, p.27, Theorem 1}).

Theorem 1.2. Let S be a *-semigroup with the identity 1 and let ¢ : S — B(H)
be of positive type, i.e. for any $1,89,-+ ,5, € S and &;,€q,- - & EH ‘
Z (p(s7s:)éi,&5) > 0.
i,j=1
Then there exist a Hilbert space K, a bounded linear operator V : H — K and a
«-representation {r(s)}ses of S on a dense subspace D of K such that
(1) VH CD and {n(s)VE:5€S,E €M} is total in K,
(2) p(s) =V*n(s)V for s€S.

2. MOMENT PrROBLEM : CASE OoF COMPACT SUPPORT

Every exponentially bounded, positive definite, scalar-valued function on S is a
moment function whose representing measure has compact support (see [2, Theorem
2.1]). In this section, we shall prove this theorem for operator-valued function. A
function @ : § — [0, 00) is called an absolute value if

(i) «(0) =1,
(i) a(s+1t) < a(s)a(t) fors,tels,

(i) a{s*)=als) forseS.

A function ¢ : S — B(#) is called a-bounded if there exists a constant C' > 0 such
that '
llp(s)ll < Ca(s) forse s,

and ¢ is called ezponentially bounded if there exists an absolute value o with respect
to which ¢ is a-bounded.
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Theorem 2.1. Let ¢ : S — B(#). Then the following conditions are mutually
equivalent :

(1) There ezist a compact subset X of S* and F € Ey (X, M) such that
o) = | pe)aF(p) forses:
(2) ¢ is of positive type and exponentially bounded ;
(8)  is positive definite and ezponentially bounded.
‘The representing function F'€ Ey(X,H) is uniquely determined by ¢.
Proof. (1) = (2) Suppose that (1) holds. Then p is of positive type by Propo-
sition 1.1. We define an absolute value o on S by
a(s) == sup{|p(s)|: p€ X} forseS.
Then for ¢ € H with ||¢]| = 1, we have
[ p<s>d<F<p>a,e>|

/lp ()P (p)E,)

<a8)(F( )6, €)
a(s)|IF(XI,

so that [{p(s)&, €)| < a(s)||F (X))l By polarization, we get

e ()€ ml < 2a(s)||F (X)]
for £, n € H with ||¢]| = ||n]l = 1. Therefore |j(s)]| < 2||F(X)|la(s) and ¢ is
a-bounded.
(2) = (3) It follows from Proposition 1.1.
(3) => (1) Suppose that there exist an absolute value o on S and a constant
C > 0 such that

Ke(s)¢, 6 =

lle(s)|| < Ca(s) forse S.

Then for each ¢ € H, the function on S defined by s+ {p(s)€,€) is positive definite
and a-bounded since

e ()€, < lle () 1IN < ClIENPafs).
By [2, Theorem 2.1], there exists a unique measure p¢ € E4(S*) satisfying
(66,6 = [ plo)duelp) forses.
St

Moreover, the support of p¢ is a subset of the compact set X of a-bounded semichar-
acters. For €, € 1, define

1. . .
Pen = gtHern — ey +ilerin — pg-in} € B(X).

Then, by polarization,

21 (w(e)em = [ p(s)duente) fors €
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Fix B € B(X) and put ®(§,7) = pen(B) for £, € H. Then @ defines a sesqui-
linear form on"# x H since the transformation p € E(X) ++ fi € C® given by

A = [ ple)dute). ses,
is linear and injective (see [1, 4.2.10]). Moreover, ® is positive and bounded since

0 < ®(¢,€) = pee(B)

< pee(X)
= (p(0)¢,€)
< le(0)]H1IEN

(cf. [7, §18]). Therefore, by (7, p.38, Theorem 1], there exists a unique operator
F(B) € B(M)+ satisfying

pen(B) = ®(&,n) =(F(B),n), &neH.

€ B(X) is arbitrary, it follows that (F(-)&,n) = pe, € E(X), le. F €
). Consequently, we have

(we)em = [ o) dF(r)em) fors €5
Thus the proof is complete. {31

Remark. The equivalence (1) <= (3) of Theorem 2.1 is found in [2, Theorem 2.6]
(without proof).

3. MoMENT PROBLEM : RELATION TO (SEMI)PERFECTNESS

As mentioned in Remark (i) of section 1, even for scalar-valued functions on
S, the implication (3) = (1) of Proposition 1.1 does not necessarily hold. In
this section, firstly we shall prove that the implication (3) = (1) of Proposition
1.1 holds for perfect #-semigroups. Furthermore, for semiperfect *-semigroups, we
discuss whether the implications (2) = (1) and (3) == (1) hold or not.

Theorem 3.1. Let S -be a perfect %-semigroup and ¢ : S — B(H). If ¢ is positive
definite, then it is @ moment function. Furthermore, a representing function F €
EL(S*,H) is uniquely determined by .

Proof. In the proof of Theorem 2.1 (3) == (1), use the perfectness of S instead of
[2, Theorem 2.1] and [1, Proposition 6.5.2] instead of [1, 4.2.10]. O

By Theorem 3.1 and Proposition 1.1 the following conditions are mmtually equiv-
alent:

(1) S is perfect;

(if) Every function of positive type on S is a moment function whose repre-
senting function is uniquely determined;

(iii) Every positive definite function on S is a moment function whose repre-
senting function is uniquely determined.
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Accordingly, when S is perfect, we may assume that not only positive definite,
scalar-valued functions but also positive definite functions or functions of positive
type have the unique integral representation. For semiperfect *-semigroups, is this
equivalent relation true ? Unfortunately we do not know the explicit answer to this
question. So as long as this problem remains unsettled, let us agree to define the
following.

Definition. An abelian %-semigroup S is called operator semiperfect (vesp. strongly
operator semiperfect) if every function of positive type (resp. positive definite func-
tion) on S is a moment function.

The following Theorem 3.2 and Theorem 3.3 are obtained if we consider operator-
valued functions instead of scalar-valued functions in the proof of [6, Proposition
1] and [3, Proposition 1], respectively.

Theorem 3.2. Let Sy and Sy be abelian *-semigroups with the identity and let
h:S1 — Sy be a surjective x-homomorphism.
(1) If S1 is operator semiperfect, then Sy is operator semiperfect,
(2) If Sy is strongly operator semiperfect, then S, is strongly operator semiper-
fect.

Theorem 3.3. Let Sy be an abelian *-semigroup with the identity and S a finitely
generated abelian x-semigroup with the identity.
(1) If Sy is perfect and Sy is operator semiperfect, then the product 51 X Sy is
operator semiperfect.
(2) If Sy is perfect and Sy is strongly operator semiperfect, then the product
S1 x Sy is strongly operator semiperfect.

By Theorem 3.2 and 3.3, we note that operator semiperfect *-semigroups and
strongly operator semiperfect #-semigroups have the properties that semiperfect
w-semigroups have. We know only three essential examples; which are semiperfect
and not perfect:

(i) (No,+,s*=s), where Ng:={0,1,2,---};
(i) (Z,+,5" = s);
(iil) (Z2,+, (s,t)* = (¢,5)).
We shall prove that they are operator semiperfect.

Theorem 3.4. The semigroup (Np,+,s* = s) is operator semiperfect.

Proof. Let ¢ : Ng — B(H) be of positive type. By Theorem 1.2, there exist a
Hilbert space K, a bounded linear operator V : H — K and a *-representation
{m(n)}nen, of Np on a dense subspace of K such that

p(n) =V*r(n)V forn e Np.

Since m(1) = m(1*) C m(1)*, the operator m(1) is symmetric and closable. Let T
denote its closure and define the operator T on the direct sum K & K by

T:=Te (-T).

The operator T is symmetric and its deficiency indices are equal. Therefore T
has a self-adjoint extension 7" on K @ K (see [9, p.341]). Let F' be the spectral
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measure of 77 and P the orthogonal projection of % & # onto # @ {0} and define
VI HOH —+K®Kby V' =V &0. Then, identifying # & {0} with H, we have

o(n) = VTV
= PV""T"™V'|y4
- / AR (),
R

where F(-) = PV'*F'(:)V'|. Since
Ny={n— A" : AeR} =R,

it follows that ¢ is a moment function. Hence (N, +,s* = s) is operator semiper-
fect. O

Theorem 3.5. The semigroup (Z,+,s* = s) is operator semiperfect.

Proof. We use the same notation as in the proof of Theorem 3.4. Let ¢ : Z —
B(#) be of positive type and let (m,V,K) be the triple as in Theorem 3.4. Since
m(1)m(~1) = w(0) = I and the set {m(s)VE:s €S, £ € H} is total in K, the range
of T" is dense in K @ K. Hence T' = T"* is one-to-one. Let F’ be the spectral
measure of 7' and put F(-) = PV F'(-)V'|3%. Then F({0}) = 0 and

o(n) = / AMdF(A) forn € Z.
R\{0}

This shows that ¢ is a moment function since
ZF ={n— X" : X eR\{0}} =R\ {0}.
Therefore (Z,+,s* = 5) is operator semiperfect. [
Theorem'3.6. The %-semigroup (Z2,+, (5,8)* = (¢, s)) is operator semiperfect.

Proof. Let S := (Z,+,s* = —s) and T := (Z,+,s* = s). Since S is perfect by [1,
p-203] and T is operator semiperfect, the group

G = (SxT,+,(s,t) =(=s,1))

with the product involution is operator semiperfect by Theorem 3.3. Define the
function A : (Z2%,+, (s,%)* = (¢,5)) = G by

h{n,m) :=(n—m,n+m) for(n,m)eZ".
Then A is a *—isomdrphism onto the x-stable subgroup
Go :={(s,t) € G: s+t € 2Z},

of G. In view of Theorem 3.2, it suffices to show that Gy is operator semiperfect.
However, considering the operator-valued function in [3, Theorem 1}, we see that
(G is operator semiperfect. [
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Remark. In special case of ¢ in Theorem 3.4 being a matrix-valued function of
positive type, K. Schmiidgen has proved that ¢ is a moment function (see [10,
Proposition 2.3]). In [5], T. M. Bisgaard discusses operator semiperfectness, but
our proofs and methods are different and independent.

As can be seen from the definitions, we have the following implications:

©) S is perfect

=>(ii) .S is strongly operator semiperfect

= (iil) S is operator semiperfect

=—>(iv) S5 is semiperfect.
We do not know whether the implications (ii) => (i) and (iv) == (iii) are true or
not. On the contrary, the implication (iii) == (ii) is not true. In fact, Ny is not
strongly operator semiperfect (see [4, Proof of Theorem 1]). We shall prove that
(Z,+, z* = z) is not strongly operator semiperfect, too.

Theorem 3.7. There exists a function ¢ : Z — My(C) which is positive definite
and not of positive type.

Proof. Let a, = 202+2)! p > 0. Define y : Z — M3(C) as follows:
4 0 0 2 11 0 0 0
o=y 5. ww=y ] em=]s 3 w0 =[5 o).
e(n) = 8 8] (In] > 3,n: 0dd),

p(n) = a(;‘ aOJ (n>4,n: even),

= [em 0 9 m: even
(n) = 0 alnl+1] (n < —2,n: even).

Put & = B] and &; = [_0 . Then

S {pli+9)E &) = —2<0,

1,j=0

which implies that ¢ is not of positive type. To see that ¢ is positive definite, we
shall prove that

[(p(=2n),8) -+ (p(0)¢,€)

D, (&) := : : , n>0,
(p(0)E, &) -+ {p(2n)E,€)]
and
D, (€) = : : » n21
{e(1)€, ) e {p(2n)€,€)
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are positive for £ = ,[31] € C? with |ag]? + |a2]? = 1 (cf. [1, Remark 6.4.2]). We
o
have
Do(€) = dleal” +leal* > 1,
Dy () = 4la1|* + 4laz|* + 17|on@a]* — 16(Re(en))?
> 2(lo]? + Jeal?)? > 1,
Di1(€) = azD1(€) ~ (4loa|* + Jaal*)?
>25 28> 1.

Let n > 2 and suppose that Dj_;(§) > 1 and D,1(§) > 1. We show that
Di(€)>1and Dy(€) > 1. Fork=—-2n+2,—-2n+3,---,2n— 1, we have

Ke(k)E, ) < lle R
< max{|lp(=2n +2)||, lle(2n - 2)[[}

S Aan—1,

so that

(3.1) [{o(k)¢,€)] < aam-1.

Similarly for k = —2n+1,-2n+2,-- ,2n,

(3.2) [(p(k)E, )] < aan.
Then the estimate (3.1) yields
D! (&) > agnDp_1(€) — (2n — Dadn_,(2n — 1)!
> 2(2n+2)! _ ,(271)!2(2714-1)!211
— 22n(2n+1)!(22(2n+1)! _ (211)1)
> 202 _ (2n)1 > 1.
Accordingly, the estimate (3.2) yields
Dn(€) > azn41 D5 () — (20)azy* (2n)!
> 2(2n+3)! " (277 + 1)!2(2n.+2)!(2n+1)
— 2(2n+2)!(2n+1) (22(211—{-2)! _ (2,” + 1),)
> 20+ _ (9n 4 1)1 > 1.

Thus, by induction, we get D}, (§) > 1,n>1,and D,(§) > 1,n>0. O
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On the product of Riesz sets in dual objects of compact groups

Hiroshi Yamaguchi

Department of Mathematics, Josai University

Abstract. Let E; be a Riesz set in the dual object of a compact group K;(i = 1,2). We
show that the product set E; x E, is a Riesz set in the dual object of K; & K3. We also
give a result on compact groups related to a result of Glicksberg and Graham concerned
with ”small p set”. '

81 T E® F.and M. Riesz DEED T? ~DHLiE L L TR D Bochner DFERD H 5,

EHE 1.1. pw € M(T?), ji(n,m) =0 for (n,m) € Z+ x ZT = p < me.

EHLL 3 T = Z O Riesz 4 27 O ZY x Z+ 13 T2 = 2@ Z O Riesz HEHITR
DTLERLTNS, ZOREDT LITOWTH, RET= 37 FRHEEIC OV THARY M2,

EFE 1.1 G BRFTa Y NEEEE L, p AR LT, G OFEA E Bk
o9& &, small p set &FEINS,

(1.1) VueMp(G)=pP="1x*---*p€ LYG).
BL., Mg(G)={p€ M(G): i=0on EY}. #IZ, small 1 set i Riesz & LFFHIND,

EHE 1.2 (cf[6]). Gy, Gy ZRFTa /7 NAHBEL L, p ZBREL TS, B, B
BENEN G, Gy Dsmall pset &5, TBE, EyxEy 13 Gy & Gy @ small pset TH5D,

small 2 set 12725 7D E LTI, Graham IZ Lo TEX DNZROFERBH D,
EE 1.3 (ch[3]). G ZREFTaL 7 NEHEEEL L, S 2kERTT G O Borel £4
&5,
(1.2) {yeG:ma(SN(y—258)) < oo} IX G T,
T5E. mv € Ms(G) = |p| * |v| € LHG).

TITE. EHE 1L, B 1.3?:%553517‘::2:72 (GERTH#L) =37 FEEZT-WLTE X
TH D,



§2 K Z#ay7 bgEL L, S & K O dual object &35, M(K) % K £D
bounded regular measures MZEfE & L, mx % K £ Haar measure &9 5%, 0 € Xk IT
LT, UQ o IZBL., H, #REZEME LUTR> K @ continuous irreducible unitary
representation &35, p € M(K) IR LT, p @ Fourier £# j ZIRD X OWEHRTD ¢
o€ Xk;En € H, WICRLT,

< Wo)en>= [ <U9%n > dulz).

{BL. U(") = D,UY)D,, X, D, tX H, E® conjugation, & LT, spec(p) = {0 € Tk :
ji(o) # 0} 8L, Tk IZHX, conjugation ” ™" LFE” x” D 22D operations S EE LD,

E 2.1. p B LT D, Tk OHHER E PREMIZT & & ssmallpset & F
H Z LT B,

(2.1) Y, pp € Me(K) == py - % pp € LK),
L. Mg(K) = {u € M(K) : spec(u) C E}. HIZ. s-small 1 set L Riesz F£& &I
ha,

EE. K 7% compact abelian group MFFIX, "s-small p set” & ”small p set” IERC
BSTHD,

EHE 2.1 p ZHREL L. Ky, K, % compact groups &5, By, B, 2T
Tkyy Tk, Ds-small p sets ET%, TDHL. By X By 13 Tiex, 2Tk X Lg, IXBITD
s-small p set TH B,

®. B, E, BENEN Tk, Yk, D Riesz £65ET 5, ﬂ”é &y By X By 3Tk ek, &

Xk 1 X EKQ IZ8B1T % Riesz ﬁ’é‘f&)é

WK, FE 1.3 IZRIE L2 Z & % compact group DEFEIZONWTE X THD, G 75 com-
pact abelian group MFEIT. EE 1.3 DFEME (1. 2) HIROEME (1. 2) L7225,

1.2 VYyeGiTiWLT, SN(y—S) iTERES,
X, G (1. 2) WHROSEE (1. 2) LRETH B,

(1.2)"  VYy,72 € GIALT, (m+85)N(yn-S) iTERESR,
EE22. K % compact group & L, A ZREWLT Sk OBSEE LTS,
(2.2) Vo, 71 €Ik ITRLT, (0 x A)N(r x A) ITHBES,

TBHE, Vu,v € MA(K) = | * |v] € LY(K)o _
BL. A={@:weAl,oxA={oxn:n€ A}, BT, A I ssmall 2set TH5D,
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CONTROLS OF THE OUTPUTS
BY MEANS OF INPUTS

(ab styract

Saburou Saltoh
Department of Mathematics, Faculty of Engineering,
Gunma University, Kiryu 376-8515, Japan
e-mail : ssaitoh@eg.gunma-u.ac.jp

Abstract: Let f; be a member of a Hilbert space H;, S; be a linear system of
H; and f; be the output of f; in the system. We assume that the outputs f;
are functions on a same set E. Then we consider the problems :

How to find the sum f, + fq, the product f; f;, and etc by means of their
inputs f; ?

The themy of reproducing kernels will glve natural answers in natural situa-
tions for these problems.

Surprising enough, for very general nonlinear system S;, we will be able to
discuss the similar problems.

AMS Subj. Classification: 30C40, 46E32, 44A10, 35A22.

Key Words: Hilbert space, reproducing kernel, linear transform, nonlinear
transform, convolution, norm inequality, integral equation, non-
linear differential equation, algebraic structure in Hilbert spaces.

1. A General Concept

Following Saitoh [1], we shall introduce a general theory for linear transforms
in the framework of Hilbert spaces.

Let H be a Hilbert (possibly finite-dimensional) space. Let E be an abstract
set and h be a Hilbert H-valued function on E. Then we shall consider the
linear transform

flp) =, h(p))n.feH (1.1)

from H into the linear space F(F) comprising all the complex valued function
on E. In order to investigate the linear transform (1.1), we form a positive
matrix A (p,q) on E defined by

K(p,q) = (h(g);b(p))x on ExE. (1.2)



Then, we obtain the following :

(I) The range in the linear transform (1.1) by H is characterized as the repro-
ducing kernel Hilbert space Hy(E) admitting the reproducing kernel K (p, q).

(IT) In general, we have the inequality

N W ase ey < NEll-
Here, for a member f of Hy (E) there exists a uniquely determined f* € H
satisfying

f(p)=(f",h(p))» on E
and
Wiy = NE (-
(III} In general, we have the inversion formula in (1.1) in the form
f—-f (1.3)

in (II) by using the reproducing kernel Hilbert space Hyg(E). However, this
formula is, in general, involved and delicate. We need, case by case, arguments.
In this paper, we assume that the inversion formula (1.3) is established.

(IV) Conversely, we assume that an isometrical mapping L from a reproducing
kernel Hilbert space H (F) admitting the reproducing kerne! K'(p,q) on E onto
a Hilbert space 1. Then we have the representation {1.1) by

h(p) := LK(.,p).
Furthermore, {h(p);p € E} is complete in H.

Now we shall consider two systems

fi(p) = (£§5. hi(P))n;, £ €H; (1.4)

in the above way by using {H;, E,h;}%.,. Here, we assume that E is a same
set for the two systems in order to have the output functions f(p) and fa(p)
on the same set E.

For example, we can consider the operators

fi(p) + f2(p)
and
filp) fa(p)
in #(E). Then, we can consider the following problems : How to represent the
sum fy(p) + f2(p) and the product fi(p) fa(p) on E in terms of their inputs f,
by ‘

anIdnffhi.s abstract we shall show that by using the theory of reproducing kernels
‘we can give natural answers for these problems.



2. Sum

By (I), fi € Hg,(E) and f, € Hj,(FE), and we note that for the reproducing
kernel Hilbert space Hk, 4k, (E) admitting the reproducing kernel

Ki(p.q) + Ka(p,q) on E,
Hy, 41, (E) is composed of all functions
flp) = filp) + f2p); fj € Hk;(E) (2.1)

and its norm || f{l g, , ., (E) is given by

W W oty iy 2y = mind{ L Fi e, () + 12l (0} (2.2)

where the minimum is taken over f; € H;(E) satisfying (2.1) for f. Hence, in
general, we have the inequality

U+ Fellb oy < WAl iy + 1l - (2.3)

For the positive matrix K, + K on E, we assume the expression in the form

K)(p,q) + Ka(p,q) = (hs(q). bs(p))us on Ex E (2.4)

with a Hilbert space Hg-valued function on E and further we assume that
{hs(p);p € E} is complete in Hs. (2.5)

Such a representation is, in general, possible (Saitoh [1], page 36 and see chapter
1, §5). Then, we can consider the linear mapping from Hg onto H, 4k, (E)

fS(P) = (fSahS(p))Hs, fs € Hs (26)

and we obtain the isometrical 'identity

W sl b, npEy = NEslnes- (2.7)

Hence, for such representations (2.4) with (2.5), we obtain the isometrical map-
pings among the Hilbert space Hs. ,
Now, for the sum f;(p) + f2(p) there exists a uniquely determined fs € Hg
satisfying :
fulp) + f2(p) = (f5,hs(p))ws on E. (2:8)

Then, fg will be considered as a .sum of f; and f; through these transforms and
s0, we shall introduce the notation

fs = fi[+]fa. (2:9)



This sum for the members f; € H; and f; € H; is introduced through the three
transforms induced by {H;, E, h;} (7= 1,2) and {H,, E, hs}.
The operator f[-+]f, is expressible in terms of f;, and f; by the inversion
formula
(f1,h1(p)), + (f2, ha(P)) 7, — fi[+]f2 (2.10)

in the sense (11) from Hg, 4k, (E) onto Hs. Then, from (II) and (2.5) we have

Theorem 2.1. We have a triangle inequality

U6 (+IE 055 < I3, + IEall3e, - (2.11)

If {h;j(p); p € E} are complete in H; (j = 1,2), then H; and Hy, are
isometrical. By using the isometrical mappings induced by Hilbert space valued
function h; (j = 1,2) and hs, we can introduce the sum space of H; and H, in
the form

Hi[+]Ho (2.12)

through the transforms.
For example, if for some positive number ~y

K, «+vK,on E (2.13)
that is, YRy — K| is a positive matrix on E, we have
Hy,(E) C Hica(B) (2.14)

and
Iillte, ey < Wfillag, gy for fi € Hi, (E) (2.15)

(Saitoh [1], page 37). Hence, in this case, we need not to introduce a Hilbert
space Hs and the linear mapping (2.6) in Theorem (2.1) and we can use the
linear mapping

(f21h2(P))7121 f2 € Hy

instead of (2.6) in Theorem 2.1.
3. Product

The product K (p, q) K2(p, q) is a positive matrix on E and the reproducing ker-
nel Hilbert space H, k,(E) admitting the reproducing kernel K(p,q) Ka(p,q)
is composed of all functions

£P) =" fin(p)fan(p) on E; (3.1)

fin(p) € Hy;(E) (71=1,2)



and the norm in Hy, g, (F) is given by
O
“flﬁlk, x (B) = min Z ”fl,n“%;,(, (E)”fz,nm;,(,(s) (3.2)
n=1

where the minimum is taken over all functions satisfying (3.1) for f. In partic-
ular, (3.1) converges absolutely on E. Especially we obtain the inequality

12 el ey < Wil 1 ol - (3.3)
As in the sum, we assume that the representation
Ki(p,9)K1(p.q) = (hp(g)hp(p))u, on ExX E (3.4)
with a Hilbert space H p—vélued function on E, and we assume that
{hp(p);p € E} is complete in Hp. (3.5)

Then we consider the linear mapping

Fe(p) = (fp. hp(p))u,, fr € Hp (3.6)
and we obtain the isometrical identity
W pllaw, x, (E) = lifpllmp- (3.7

Hence, for any praduct f;(p)f2(p) there exists a uniquely determined fp € Hp
satisfying
fi(p)f2(p) = (fp, hp(p))n, on E. (3.8)

Then, fp will be considered as a product of f; and f, through these transforms
and so, we shall introduce the notation

fp = fl[X}fz. (39)
This product for the members f; € H; (j = 1, 2) is introduced through the three

transforms induced by {#;, E, h;} ( = 1,2) and {Hp, E, hp}. The operator
f,[x]fo is expressible in terms of f; and f; by the inversion formula

(f1, 0y (p))w, (F2, o (p)) 3, — fi[x]E2 (3.10)

in the sense (III) from Hg, g,{E) onto Hp. Then, we obtain

Theorem 3.1. We have a Schwarz type inequality

6 [xIE2ll2er < MIf2fl24s [1£2]l22s- (3.11)



As in the sum space H,;[+]H, we can introduce the product space
Hy[x]Ha (3.12)

through the three transforms under the completeness assumptions of h; in
Hj (5 =1,2).

For example, if for a positive 7y
KK, € ¥’K, on E, (3.13)
as in the sum, we can consider the linear transform

(fl3hl(p))?lx’ fl e’}'ll
instead of (3.6).

In particular, in the setting in Section 1, we obtain

Corollary 3.1. If K? € v*K on E for a positive constant vy and {h(p);p € E}
is complete in M, then H is a commutative ring with the product f(x]g through
the same three transforms {H, E, h}. Furthermore if v = 1, H is a Banach
ring with the product.
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Genus of the boundary generating curve of the
numerical range of a matrix

Hiroshi NAKAZATO

Hirosaki University

Abstract

In this talk, I discuss the boundary generating curve of the numerical range of
a matrix. The main theorem determines the numerical range of a certain type of
nilpotent Toeplitz matrices.

1 TOBRDIER £ K¢ 5 X EHhER
n X n WRITH TV L. T 0EIRW(T) .
W(T) ={(T¢,€): £ C, |iEll =1}
Lo TEFKEI NS, BIK W(T) id, Toeplitz-Hausdorff DEH L ) 2 327 b (WER

LB, ERBEEMFEIZBIT B Tarski=Seidenberg H L ), W(T) DER oW (T)
. FREORBEBGLOMES L 2o T B EW bR D (cf. [N-N-T])o

A% nxn BEAFIE L. RO LS RINI v MIFIOEAMEN(0) 240 ¢ R €
HLTEZS

(cos 0)(A + A*)/2 — (sin 0)(A — A%)/(21) = (exp(i6) A},

det(t I, — (cosf) (A+ A*)/2+ (sin6) (A — A*)/(27)) = ﬁ(t —A;(8)).
j=1

CHDEE, K[(A(8), —cosh, sin8)] &, KD & RAEEE C:

{1(e, :b,_y)] € RP? : det(t I, + (z/2)(A+ A*) — i (y/2) (A — 4%)) = 0}
ried s, HICHE C IR, RO L) RMOAREOMESTH 5:
{[(X;(#), —cos b, sinB)]: a; < 0 < B},
CTCT, & N(O) BEBOCOVWTOEBITREETCH )., C 0BTHIR CMNiE, kD

Lo nilofMESLL S {z;(0)+iy;(0) : e; OL B} ST, B# z;(0), z;(0) &
RO HLTHELLND !



z;(0) = cosf);(8) — sin HA;,(()),

y;(0) = —sin 6X;(0) — cos 9/\;-.(9).
CCT, ATH ADEIRW(A) &, BRETFE Ci21) 2 B {z;(0) +iy;(0) : o5 <
0<B;} DINVBE—ET B, COFEWKRT, B 2,;00) +iy;(0) % W(A) DEREF
By ACEHAR  boundary generating curve of W(A) LB T &iCT 5,

2  Toelitz BOMBITHI TEIBDIER H BIRALR &
B3HD

BWHET7 747 B C = {(2,w) : f(z,w) =0} i, ZOARBEOEEHRNT200
1 EEABEBE 6(t), v() 2HWT

{(8(£),%(t)) : t € C\E}
CENEHFEREND L&, FHBRTHLLEDNSE, T T, Eid, ¢,vDTEHOD
BRAPORDEREEGTHE, & THERFRAEMR COIEREF7 NV LIFIEND
CERAHEMAMELZFERALR 2R MR BERME, V) —~< VA ClERnZ,
CHEERTHLC L E, V—< VI C'OE (genus) #°0 TH B & L3, FME
TH5 (cf. [Wal])o
n=2m % 2 ut@{%ﬁ& L. ﬁl, ...,,B(n___z‘)/g %15%@%’2%;&& L ﬂn/? €eR

ETHEE, RDE I nxn rhf@'ﬁﬁ‘JB = A(ﬁla '-'vﬂ(n—Z)/,ﬁn/Z) %

0 Br B2 v Bujp—1 Bujz Bnja-1 - E B
0 0 B1 ... Buje—z Buja—r Bnjz .- Bs B2
0 0 0 ... Bujp-a Bnp—z Baja—r --- Bs B3
0 0 0 0 - ces . cee enn
B — . -1

0 0 0 0 (2.1)
0 0 0 ... 0 0 0 ... 0 B

\N0O 0O O ... 0 0 0 ... 0 0O

I Edb, F/on=2m -1 %3 LOFHFHEL LB, oy Bin—1)/2 Y EEOREH
ETBEE, RDLE ) nxn TEITHI B = A(B, "'1/3(72—2)/1:6(71-—1)/2) RO LS
b:]EbZ)o

0 B B2 ... Bum-1y2 Bn-1)y2 --- ﬁ__z_ E
00 B .o Ba-gyz Bn-vyz -+ Bz P2
0 0 0 - B-sy;z Bn-3y2 -+ Ba B3
s_l0 0 0o o .. 22)
lo o o o
0 0 0 0 0 ... 0 B
0 0 0 0 0 ... 0 0



Theorem [M. T. Chien (f§i 7)-Nakazato [C-N]] Bid. Toeplitz {75 TdH %
£ HMBEATE (2.1) 7203 (22) £F 5, . TDEE W(B) OBEREEHT 5N
B 13, BEBETH D, BEW(B) AD L) HROMETHS C:

w(m +iy(8) = exp(~i0)M(6) - i exp(~i O)X'(6),
ar& ¥ B L, ﬁ‘{%ﬁnu om % BiE.

v
(v
r*\
o
l/\

A(0) = (1/2)Bm + ?R(Z Braj exp(Z[ ])),

THY), nPBEHn=2m-1%56IL, Jtd)i’)ktc‘/?’ao

A(9) = Z Brm—; exp(z[

i=1

~0)))-

[EEHHEETE 5 EM4EH ]

0 1+4¢ 243 4 2-3t 1-—1
0 0 1+¢ 243 4 2—3i

B |0 0 0 1+i 2+3% 4
1710 o 0 0 1+i 2+3¢
0 0 0 0 0 1431

0 O 0 0 0 0

3 —MEShABRGTIOERME

M CRAREEETHT 52007 AFTIOVTRRE ), FLH TR
*E %, FOBREESG 2 bANT, REEND, HIZIE,

0 riexp(in) reexp(i€) reexp(—i() riexp(—in)
0 0 riexp(in) rpexp(i¢) roexp(—i()

A=10 0 0 riexp(in)  rzexp(i()
0 0 0 0 r1 exp(in)
0 0 0 0 0

(7‘1,7“2 € R1 T],CE R) &Bbi‘\

2(exp(i6) A =

0 mexp(ili+ ) roexpll0+C])  raexp(ild—C]) riexp(s
ry exp(—i[f + 7)) 0 riexp(ifd +7])  rzexp(é[0+(]) ra2exp(é
roexp(—i[d +¢]) riexp(—i[d +n)) 0 1 exp(z[0 +7]) roexp(s
roexp(—i[0 — (]) reexp(—i[@+(]) riexp(—i[f+ 1)) ry exp(i
ryexp(—il0 —n]) rzexp(—il0—(]) rzexp(=ilf+C]) riexp(~ [94-UD
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L% BAS, 0 2exp(i0) A)y =it o = exp(—2i) IZIF L,

0 Cy Co C3 Cy4
(747 0 (5] Co C3
ocg oacy 0 ¢ ©
oacy acs acy 0 o
ac; wcy, acy acy O

EVIHHE LTS, — RIS, ERB a0 BLE, EEB c,e,-. 5001 I L
n X nfT5%

0 c1 C2 C3 vee Cpo
QCp_1 0 ci ¢ ... Cp-2
QCp.g OCh.1 O €i ... Cnp-3

acy acy QC3 QC4 ... 0

TEHRL. CNERILENLBERITIES Ho TOTFIE. KD & 9 % weighted shift
SEEZHLE, '

o 1 0 o0 ... O
o 0 1 0 ... O
60 0 0 o0 ... 1
a 0 0 O 0

CHRERAVT, S+ cS2+...4+cp 1 S™ 1 EEDLTIENTED, RIS & %
EHRX ¢(z) = 2" — a 3T % companion matrix TH ), SOBEFLENI. ¢(z) T
B, oD nERESOBELEEE LD, TNED, a1S+...+ 1S OEFED K
b, DL REET, (2.1), (2.2) TEH L MBTHIOBIBAIREEN S,

4 BESERENBEIROEL

AD, nxn EETHIE L, BRABEHRCCERD LI BERL L TED S:

{l(t,z,y)] € CP? :det(t I, + (z/2)(A+ A*) — i (y/2)(A - A%)) = 0}.
ZZC, HERKEER F(t,z,y) = Falt,z,y) EROBBRIC LY ED S !

Flt,2,9) = det(t I + (2/2)(A-+ A7) — i (3/2 (4 — A°)).
B CCO—E P = [(to,%0,%0)] 2BB o ST T, LEELE Ft,z,y) =
PRy CEEMETS [p>0 TEWED tF#0HoTil=1 &
FETE S, 8Ty f(z,y)=F(Q,z,y) &EELo 3T,

m
fleot+z,go+y) =D ¢mys? y™ 7+ Y ajpe’ y*,
j=0 J+k>m

LEDTIENTED, CITC, mBERRTHoT ajmj ZOPHH 0<j<m
KL THRYILDbDET D, ZZT, ROL I R 2EBAREGERNEE R 2
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m

m
Try(z,y) = Y ajm—jz’ y™ 7 = [] (k= + Bry),
j= k=1

EZTREATH L (ax,Br) € C\{(0,0)} £ 5, TDL &, ZHEKHE

{l(1,z,y)] € CP?: ax(z — o) + Br(y — yo) = 0} U {[(0, Br, — )]}

i Py 2B B CCDHEA tangent (line ) ¥ Ebhd, m> 2 & biE, & P
IR CCDEER A singular point & PFE S multiple point  EFEEN D, m =1
b, A P WIESFR S a non-singular point THBHEEI), m=1 %b
R CC i3 R CH—DOERERD, SHA F FEERTEE L 2% 04,
CC DERADEERIERETHS. m>2 ThoTCC O RIIBIFHER
ap(z—20) + Py —yo) =0 K ETEILREDEE, Thbb o;f — arB; #£0 D5,
FEEDI<j#Ek<m KNLTEIL2LE, B Bid. &% m EX ordinary m-ple
point THhHEFbNb (cf. [Wal])o

COWBEM 2 n KB TH o TEDHRADFTRTCBESESNTHY, Z0FEE
Fr;(j=12,...,p) THBHLE, iR CC DR, R genus g BROKTEH X
bnd (BRSNDB)o -

MIH

=—-(n—1

Z ri — 1).

5 NEEZTHBRIZCLBEFEEAD reduction

R TAR A (cusp) RPHEMEH R V) " BMEL "HREREZRObDE, bo
t%f@ﬁ‘%’ﬁﬁfi)é BESZEALY, BRAL L TE LW AEIMRICER TS
ESHbLN T2,

HWRSETE CP?2 KBWTT 74 ¥ BRER (z,y) 2BRAL. B (z,y) —
(X,Y):

X = ¢(z,9), Y = 9(z,y),

TUTILRRS &) 2l EeRH2b0%E L b, ST, ¢, WEEEKTH-T, £
ROEROHBEER (X,Y) - (z,y) &F

T = @(X’Y)’ y=Y¥(X,Y),

EVIETEZLND, T TP, \Il bF EBEETCHE, COL)RERENEH
=¥ birational transformation B0 EEOBARERAEME Ccd L., BF
HEHT T HRC = T(C) M%%ﬁt LT, BESESDADLDEETRVH D
FHETD, COLE, COLI R COBKTH T, B C DEEIS2ONE,
DL BERIZL Y, COMBMERET 52 & ASEENCETEETH 5 ([Wal], [Shil])o
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6 FEZ 1 D boundary generating curve Dl

ROELH% 4x 4475 A, A BXU, 8x817%| BO ¥IROER 2T 2408
HigoEHIIV b 1 TH S,

0 1 1 1 6 1 0 1
0 010 ' 0 011
A= 0 0 0 1 A= 0 0 0 1
0 0 0 O 0 0 0 O
0 1 0 1
[ O4 14) 100 10
B“(O4 Ny Na=1¢ 0 0 1
0 0 0 O

b OFTS A, A, BOBBORR% . MBS EE> TRBERTE 5, LR

01 1
K—_—(g3 fj),Ng:(o 0 1)
3 '8 00 0

DI boundary generating curve DEEHMIRTH I LWHET LD,
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Finite Rank Intermediate Hankel Operators On The Bergman Space

Takahiko Nakazi (Hokkaido University)
and
Tomoko Osawa (Asahikawa National College of Technology)

Abstract. Let I* = I? (D, rdrd@ | r) be the Lebesgue space on the open unit disc and I? =
I* A Hol(D) be the Bergman space. Let P be the orthogonal projection of L* onto L, and let O
be the orthgonal projection onto Zi,o = {g el’ :§ ell, g(0)= O}. Then I — P = (. The big Hankel
operator and the small Hankel operator on L, are defined as the following:For ¢ in L*, H :,’ig H
=(I - P)¢ fand H;"" (/)= 0@ /)(f eLi ).In this paper, the finite rank intermediate Hankel

operators between H;* and H;™" are studied. We give two theorems which describe general

finite rank intermediate Hankel operators. Using them we study some special intermediate Han -
kel operators more exactly.

§ 1. Introduction

D4 openunit disc dA =rdrd@ | n 3 DD normalized area mesure %%, I =
I*(D,d4) ¢ ¥ 5. Hol(D) i D L® holomorphic function 1" 5R5REL T 5, I2 =
I2(D,dA)=I* " Hol(D)¥ L. L% Bergmanspace ¥ wt.3%, M4 I D invariant subspace
Th5rld, MHI? D closed subspace TH'Y) ., D, zMcMITLBLITE V),

M % I* O closed subspace . PY % I’ " M ~® orthogonal projection ¥. § 5,
pel” IR LTH)f=(I-P)¢f) (fel)) CEHI NS H, &M~ Hankel operator
¥ etsl,

i A
M=L. DY %4, H;® X&F big Hankel operator M:(zLi) DY EIL, HY

e
& ¥ small Hankel operator X I s, £ LT, I} gMg(zLi) DY E, Hy L inter -

mediate Hankel operator ¥ S \IMN 5, T D operator 122\ TIL, Peng-Rochberg-Wu[8],
Janson - Rochberg [ 2] , Wang- Wu[11], Strouse[10] 5 #%, M DRRwHSITHR L 1=,
ZNLDBIL, TXT M ¥ I? O invariant subspace 2% > T\Vb, TDI) LD 1%
RICET 5,

Bl 0<B<1DYE, T,=span{z"z":pnzm>0)XF 5, IOLE, M=T,XTHL,
T, \d invariant subspace ¥ %%, (Janson-Rochberg [2])
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H," %% compact X° schatten class 1<% % £ F (T L N T ‘%‘([8] [2]. [11])79‘\
\N\D finiterank ¥ % AL, [10] EROVTIRIARLNAI LRI VL ) THB, 727,
fniterank 122>\ TH, VLI IR M DFEDEHITHEINTVWBITT EFRW,
BRUL, THETHEINEILDOHETNTORAL, FBRELTVBROVL L I
FPVREND L X IT, ROBBELHART 5,

RE L[ c M B> MILL* D invariant subspace X § 5,

B  REODL XIS, H) 5 finiterank X 7% % symbol ¢ HREAL L,

§ 2. Kronecker type D X2
wﬁ:A@aE’#ﬂAf“:{feﬁ;ﬂn=g@Hj@—aﬂ*,aeﬂnD,ge&P,
| L]

a,..a, €D, 1<} YRETHY, M L1 ROWTEBRBIMY 405, ROERIL,
Bergman space \" 1T % Kronecker type DEZETH 5,

FH 1 M %1’ O invariant subspace £ ¥ 5. ¢eL” ISk LT, HY O rank 45 IRT

THBULIE, geM™ th B,

ZDEIEIL, Hardyspace \ZB 135 X {50 M7= Kronecker DEFR Y 4 { B UH
% LT\ 345 07 Lt finiterank M — Hnakel operator #3RE L TV B XILF A\,
WL, MHYHardyspace NE %, M™'(1=0,1,2, JIETXTEL S 9%mbLNT
W5 95 M HSBergmanspace DL F, M™'(1=0,1,2, )BT XTELEH»Y ) »lizb
MTWLOPLTHE, LT, K2, MY 242 UHIRTEILHARBETHB YL
BN b, ROFEEIL, finiterank M — Hankel operator |3 zero operator VAN H# L1
WOEWDOTHE 9 ERE L T\VVA,

K2 ML Dinvariant subspace £ T 5 X %, RO (1)~B) IIFETH 5,
Wgel” IKHLTH Drank BIRT ThHAU LI, HY =0or# 5,
QBEDIIHR LT, M° =M™ th 3,

QVHEED geM* 1K LT, aeD 2 g2)-gla)/z—aecl® THHuLIL,
g(z)-gla)y/ z—aeM™ X1 5,

COERIL, ROZRHVPEREITELNS,
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A1 M=LDXE H*Drank AR THHU LI, HE=0¥ %5,

%2 D, & D D opensubset ¥ 5, M= { f €L’ : f:holomorphic function on Do} D
¥, HY Drank AR THSU LT, HY =05,

§ 3.Invariant subspace > Fourier coefficient

£ =D(0,0),dr /7) EFBE, = 3 0L, 12=3 (o) e CHME NS,

=0 Jj=0 '

M 3 I O invariant subspace £ 3 %o M, E{f]. el feM, f(z)= ifj.(r)e"fﬁ’} ¥ EH

Jj=—

T5HY X, {Mf}:;_m % M D Fourier coefficient €35, I LIS M e’ c MDY EF, M=

Y @Me" ¥ bH, IN% MD Fourier decomposition ¥ .3, ROEEIL, M D

J=—wo

Fourier decomposition % FINN T, finite rank M — Hankel operator % iRE L T\ 5,

I3 MY I’ @ invariant subspace £ T 5, ¢gel” IIH LT, ¢= i%(")ew D

jeeo

X3, H D rank #° 1 XT ThHERETGZEMEE, b =152 BED 2 ITH LT,

1
Dbirig, (eM, ERIT LI UL b, b CHBEETHIULTH S,
J=0

SOREIE, RE1EACGERATE S, BRI, TXTO2 K20 TAN
f:Z’?f‘ ;ka)/% ﬁ{ﬁ?j‘i 5 1z, 5*'%5‘]'&' .symbol¢ T‘i:j&ff L tfg“/\"( ‘&%%/\“6,%%‘3:,&‘\\0

%3 p=¢,(r)e” DY E HS O rank #°1 VT ThBLETHEEFIL, b =1 9>
1<n<l+t EWETHED n ISH LT, b, r""g,(r) eM, X5 L 57, by, b cC
BHEETHIETHS,

%4 $=Yaz +Ya,; DCEF HY O rank #° 1 WTFTHB0ETHEMAE,
j=1 7=0

1 .
by=1%52n<0&MATHRED n ISHLTE, Y ba, r"eM, THY, 0<n<l

Jj=0

!
ERMETHED n KHLTUL, Y ba, 57 "eM, ¥aobL57%, b,.,b cC #
j=n

BETAHAIYTHA,
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§ 4. M 255 DHE

o 5 _ —y jp—
H=) 0L’ LRETHY, I? CHZC(zLi) P=H @e™H? LT D, KD

7=0

IR, big Hankel operator DHE %S Hh, THNITHVFEEHANT WS,

¥4 zZLlcMcH T, ML O invariant subspace £+ 5, ¢= >4, (e’ eL”

P
DY ZF, RDQ),Q2) T4 5,

W20 & RETHED jRHLT M, Ar 2 ={0} THEuLIL, HY =0 2K
finiterank H," 13%5-4 L5\,

(D H =0 €K< finiterank H' 1 3FE LW LI, j208#ATHED jITH LT,
M;nrite ={o} el s,

Q) PREILOWTUL, M=) DC FIBHLNITHEZ L TV B8 TH B, KD
RIX. small Hankel operator %8 %, ZTHITHVFEEHANT WS,

EIES MoH® T, M X I’ O invariant subspace ¥ $ 5, DY 3, [P Tlifw
CAMISHLTY, HY =0 5 H)' 5° finiterank X & % symbol ¢ H°HEET 5,

ROFERIE, MHE &) CEAFOH DY 313, BB symbol ¢ HSRFE X
5ILETRLTVA,

JETE 6 M=H* T, M & I’ D invariant subspace ¥. T 5, pel® I1<x L T, H;D

rank %% 1 THDHRBHDEMEL, ¢= i;bj(r)e’j67 x5 2 ZT%%O BL, ¢,()=0

j==1

X35,
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Carleson inequalities in classes of derivatives
of harmonic Bergman functions with 0 <p <1

Masahiro YAMADA

ABSTRACT. We give a necessary and sufficient condition for a positive measure
i on the upper half-space of R™ to satisfy the inequalities

( / ID"‘u!qd,u)l/q <c ( / [DZ‘ul”y’"dV) v

for all w in a subclass of a harmonic Bergman space when 0 < p < 1 and p <
q, where D, denotes the partial differentiation operator with respect to the last
coordinate y. We also show that the Bergman norm is comparable to derivative
norms and harmonic conjugation is bounded on the harmonic Bergman space b?
when 0 < p < 1.

1. Introduction

Let H be the upper half-space of the n-dimensional Euclidean space R* (n > 2), that
is, H = {z = (z,y) € R* ; y > 0}, where we have written a point z € R* as z = (z,y)
with z = (21, - ,zn—1) E R" ' and y € R. For 0 < p < o0, let b = ?(H,dV) be the
class of all harmonic functions v on H such that

1/p
lull= ([ pav) ™ <oo
H

where dV denotes the Lebesgue volume measure on H. The class b” is called the harmonic
Bergman space. Recently, properties of functions in the harmonic Bergman space b? for
1 < p < oo have been studied by Ramey and Yi [9], and several important results have
been given. Our aim is to investigate properties in the harmonic Bergman space b” when
p<1l

In this paper, we study conditions on a o-finite positive Borel measure p on H for

which there is a constant C satisfying [ |ulPdy < C / |DyulPy"dV for all u in a subclass

of ” when p < 1, where D, denotes the partial derivative with respect to y and r > —1.
(Our consideration is more general.) Such inequalities on the unit disk in the complex
plane were studied by Stegenga [10]. It was proved that when r > 1 a finite positive Borel

measure v on the unit disk satisfies the inequality / Ifl2dv < C / IF'P(1 = [¢])dA for all

1991 Mathematzcs Subject Classification. 46 E 30.
Key words and phrases. Bergman space, Carleson inequality, harmonic function, harmonic conjugation.
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holomorphic functions f if and only if there is a constant K such that v(S(I)) < K|I|" for
any interval I in the unit circle, where dA denotes the Lebesgue area measure, |I| denotes
the normalized arc length of I, and S(I) = {¢ : ¢/|¢] € I,1 — |I| < |(] < 1}. It was also
proved that when 0 < r < 1 such measures are those satisfying v(US(Z;)) < KCap(UI;)
for all finite disjoint collections of intervals {I;}, where Cap is an appropriate Bessel
capacity ( if r < 0 any finite Borel measure satisfies this inequality ). It is known that
these characterizations can be generalized to the case of p > 1 (see also [10] ). When p < 1,
the characterization in Ahern and Jevti¢ [1] is simpler. Indeed, v satisfies the inequality

|fIPdv < C’/ IfIP(1 — [¢])"dA if and only if »(S(I)) < K|I|>7P*" when p < 1. In the
proof of the case p < 1, a Hausdorff capacity was used in stead of the Bessel capacity.
When p > 1 investigations for several variables are given in [3]. In these investigations,
necessary and sufficient conditions were not obtained completely, and it was also shown
that, in general, the above condition is not necessary, in contrast to the result on the unit
~ disk. In case p < 1, no necessary and sufficient conditions are known.
In §3, we give a necessary and sufficient condition for a measure ¢ on the upper half-

space H to satisfy the inequality /[u[”dy < C’/ |DyulPy"dV for all u in a subclass of

b” when p < 1 ( see Theorem 1 ). §2 is devoted to some preliminary lemmas for this
investigation in §3. In the proofs of characterizations of measures on the unit disk to
satisfy such inequalities in [10] and [1], capacity estimates are used. However, in the proof
of Theorem 1 in §3, we use integral representations for harmonic functions.

In §4, we study properties of functions in the harmonic Bergman space b* when p < 1.
All results described in §4 were proved in [9] when p > 1. In [9], it was shown thatif p > 1
and u € b” then there exist unique harmonic conjugates u;,--- ,u,_; of u that belong to
b7. Using the ideas used in the proof of Theorem 1, we show that these conjugation results
are also valid in the case of p < 1. Therefore, harmonic conjugation is bounded on the
harmonic Bergman space b7 for all 0 < p < oo and all dimensions n. It is well known that
such conjugation result is not valid in the theory of Hardy spaces ( see [5, pp.102-123] and
[4, pp.167-172] ). Moreover, we show that when p <1 the Bergman norm is comparable
to several “derivative norms” as in [9]. These results are consequences of Theorem 1 and
the boundedness of harmonic conjugation.

2. Preliminary lemmas

Recall that a point z € H will be written as z = (z,y) with z € R*? and y > 0.
We use the absolute value symbol | - | to denote the Euclidean norm in R™ or R™!.
For z = (=z,y), let 2 = (z,—y). The pseudohyperbolic metric p in H is defined by
p(z,w) = |z — w|/|z —w|. It is clear that p is invariant under horizontal translations and
dilations. Let D.(w) = {z € H ; p(z,w) < ¢} when w = (s,t) € H and 0 < ¢ < 1. D.(w)

1+¢€? 2et

is a Euclidean ball whose center and radius are (s, ————t) and
1-—¢&? 1-—¢?

respectively. It
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follows that there is a constant C' = C. > 0 such that C~%" < V(D,.(w)) < Ct" for all
w € H. The proof of (3) of Lemma 1 is parallel to that of Lemma 4.3.6 in [12].

LEMMA 1. Let 0 <e < 1. Then, the following are true.

(1) If z,w,{ are in H and p(z,w) < ¢, then C~z — (| < |w — | < C|z — (| with a
positive constant C' depending only on €.

(2) If z = (z,y),w = (s,t) are in H and p(z,w) < ¢, then C7l'y <t < Cy with a
positive constant C' depending only on €.

(3) If 0 < € < 1/2 then there exist a positive integer N and a sequence {(;} in H
satisfying the following conditions : (a) H = UD.((;), (b) Desa(G;)NDeya((G) =0 if i # J,
(c) any point in H belongs to at most N of the sets Dac((;).

For a function u on H and § > 0, let 75u denote the function on H defined by
rsu(z,y) = u(z,y +9), and let 77 = {rsu; u € b, > 0}. If @ = (@1, , @) is a multi-
index of nonnegative integers with order £, then D denotes the partial differentiation
operator §¢/9z$" - - - Bz~  Oy*. The following lemma is stated in [2, Corollary 8.2] when
p= Ll

LEMMA 2. Let 0 < p < 1. Then, the following are true.

(1) For any u € WP, there is a constant C > 0 such that |D%u(s,t)| < C/t?Hel for
all (s,t) € H. \

(2) For anyu € b®, there is a constant C > 0 such that |(D¥rsu)(s,t)| < C/(t+8)™/Ptlel
for all (s,t) € H.

Let w = (s,t) € H. The Poisson kernel P, is the function on R*~! given by P,(z) =
P(s—z,t) = vat/(|s — 2|2 +12)"? ( 4, is the positive constant v, = 2/(nV (B,)), where B,
denotes the unit ball in R™ ). The harmonic extension of this function to H is P(s—z, t+y).
If z= (z,y) € H, then we may write P,(z). We note that P,(z) = v,(t +v)/|w — z|",
|D2P,(2)] < C/lw — z[**11=1  and D2P,(z) = (=1)*"+ten-1D2 P, (z). The following
lemma is useful and stated in [9, Lemma 3.1]

LEMMA 3. Let 0 < ¢ < 1. Then, there is a constant C > 0 depending on ¢ and n such
that

/ V" 4vi(z) = Cr
H

|lw — z[*
for all w = (s,t) € H.

Let m be a nonnegative integer and let ¢, = (—2)™/m!. The following Lemma 4 is
given in [2, Chaper 8] and [9], when u € b” and p > 1. The proofs of (1) and (2) of
Lemma 4 are parallel to the proofs of Theorem 8.22 in [2, Chapter 8] and Lemma, 4.1 in
[9] respectively, except only minor changes.

LEMMA 4. Let 0 < p < 1. If u € T?, then the following equalities hold.

(1) u(w) = ——2] w(z) Dy Py(2)dV(z) for all w € H.

H
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(2) u(w) = —2en / Y™ (DI ) (2) Py (2)dV (2) for all w € H, m=0,1,2,-+".
H

The following Lemma 5 is a consequence of Lemma 4.

LEMMA 5. Let0 <p <1. Ifu € T?, then
u(w) = —2cm+k/ y™ (D) (2) DEY P, (2)dV (2)
H

for allm,k >0 and w € H.

3. Carleson inequalities

Let B;(s) denote the ball in R*! with center s € R*! and radius ¢ > 0. When
no confusion arises we may write B; in stead of By(s). For each ball B; in R"! set
S(B;) = {(z,y) ; =z € B;, y < 2t}. We now state our main result in this section.

THEOREM 1. Suppose that 0 < p < 1, p < g and r > —1. Let p be a o-finite
positive Borel measure on H, and let £ and m be nonnegative integers. Then, the following
(1) ~ (3) are equivalent.

(1) There is a constant C > 0 such that

1/q 1/p
(/ lD"’ul"d,u) <C (/ [D;“ul”y’dV)
H H

for all u € T? and for all multi-indices o of order £.
(2) There is a constant C > 0 such that

: 1/q 1/p
(/ leu["d,u> <C </ [D;nu[”yrdV)
H H
for allu e TP,

(3) There is a constant K > 0 such that p(S(B,)) < Kttn/pHE=mla for gll balls
B, c R*1,

We note that in case (n + r)g/p+ (£ —m)q = 0 ( or equivalently, n + r = p(m — £) ),
p satisfies the above inequalities if and only if  is a finite measure. In fact, in this case,
condition (3) of Theorem 1 is reduced to u(S(B)) < K for all balls B. For each compact
set £ C H, we can choose a ball B satisfying E C S(B). Therefore, we have u(E) < K
for all compact sets E C H, and thus p is finite. Similarly, we can see that in case
(n+71)g/p+ (£ —m)q < 0, u satisfies the above inequalities if and only if z = 0. In the
inequality in (2) of Theorem 1, if m > £, then, of course, we can replace Dgu_ and D'u
by u and D;n’eu respectively. Similarly, if m < £, then we can replace Dﬁu and D7'u by
D:~™u and u respectively.
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We give a sufficient condition for a measure u to satisfy the inequality.

PROPOSITION 2.. Under the assumptions on p, q, r, £ and m in Theorem 1, let k be a
nonnegative integer such that p(n + k) — 2n > 0. Suppose that there is a constant K >0
such that

1
/ lw — z|a(n+e+k) du(z) < Kitnalpmalnimil)
glw—2z

for all w = (s,t) € H. Then, there is a constant C > 0 such that

1/q i/p
(/ ]D"u|qd/.t> <C </ ID;"ul”yrdV>
H H

for all u € TP and for all multi-indices o of order £.

In order to give a necessary condition for a measure p to satisfy the inequality in (2)
of Theorem 1, we need the following lemma.

LEMMA 6. Let k be a nonnegative integer. Then, there exist constants 0 < o <1 and
C > 0 such that |DEP,(2)| > C/t"** for all w = (s,t) € H and z € 5(Bs(s)).

PROPOSITION 3. Under the assumptions on p, q, r, £ and m in Theorem 1, suppose
that there is a constant C > 0 such that '

1/q 1/p
( /H [Dju[%ly) go( /H |D;"u|nydv>

for all u € TP. Then, there is a constant K > 0 such that p(S(B;)) < Kt(rna/pt{E-m)a
for all balls B; C R™1,

PROOF OF THEOREM 1. (1) = (2) is trivial. (2) = (3) was already shown in
Proposition 3. We will show (3) = (1). Let ¢ = (n + r)g/p + (£ — m)q and sup-
pose that u(S(B,)) < Kn° for all balls B, € R*!. By Proposition 2, it is sufficient
to prove that there exists a nonnegative integer k such that p(n + k) — 2n > 0 and

/ 1/lw — z|"du(z) < Ct°™" for all w = (s,t) € H, where v = g(n + £+ k). Let w € H.

Without loss of generahty we may assume that w = (0,¢), and k will be determined later.

Let S; = S(Byi(0)) (j > 0). Clearly, if z ¢ S;_y, then |w— 2| > 29=1¢ ( > 1). Therefore,

1 =~ 1 =1
—du(z) <t / dy+ 177 . / du < Ct7 4 Ot .
/H ]w -z ( ) So J;l 2v(i-1) S:\S;_1 H : Z (27—6)1

J=1

Since v — ¢ = ¢(n +m + k) — (n +1)q/p, we can choose an integer k such that y —c >0
and p(n + k) — 2n > 0. It follows that / 1/|lw — z["du(z) < Cte.
H
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4. Derivative norms and harmonic conjugates of b’-functions

When p > 1, properties of the harmonic Bergman space & have been studied by
Ramey and Yi [9]. We show that some of these properties are also valid for 0 < p < 1.
For each § > 0, set 05 = {2z € H ; y > 6} and denote by y; the characteristic function
of Q5. We use the expression A & B meaning that there is a constant C' > 0 such that
C~'A < B < CA. We show that the Bergman norm is comparable to “derivative norms”.
The following theorem is a consequence of Theorem 1.

THEOREM 4. Let 0 < p <1 and { be a nonnegative integer. Then

| v~ Z I 4*D%u [l,~]| nyiu ll»

lod=¢
for allu € b°.

Given a harmonic function v on H, recall that functions u;,--- ,u,_; are called har-
monic conjugates of u = u, if

Z Dj'dj =0 and Diuj == D_.,"u,' (1 S i,j S TL),

i=1

where D; = 0/0z; (1<j<n-—1)and D,= D, =03/0y.

In [9], it was shown that harmonic conjugation is bounded on the harmonic Bergman
space b? when p > 1. We show that this conjugation result is also valid in the case of
p < 1. That conjugation is bounded on the Bergman space on the unit disk for p < 1 was
observed in [6]. An analogous result holds for the upper half-space in all dimensions.

THEOREM 5. Let 0 < p < 1 and u € b*. Then, there exist harmonic conjugates
Uy, - ,Un_y of u such that u; € b°. Moreover, they are uniquely determined and

ol S s 1

By Theorems 4 and 5, we see that Bergman norms are also comparable to tangential
derivative norms. In the proof of Theorem 6.2 in [9], if we replace Theorems 4.4 and 6.1
in [9] by Theorems 4 and 5 respectively, then the following Theorem 6 is obtained.

THEOREM 6. Let 0 < p <1 and £ be a nonnegative integer. Then,

Tullx D> y'D™u |,

lal=£,0n=0

for all w € b°.
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ABSTRACT

In partially ordered linear space, we define a generalized supremum as the set of all
minimal elements of the set of upper bound. Also we consider the facial structure
of positive cone in order to investigate the properties of the generalized supremum,

especially the condition U(A) = (Sup A) + P.

Let E be a linear space over R, and P be a convex cone in F satisfying

(P1) E=P-P,

(P2) Pn(—P)={0}.

The order relation in E is defined by z <y <= y — = € P. It can easily be seen that

(1) z<yandy<Lez=z=y,

(2) z<yandy<z=2<z,

(3) zLly=z+z<y+zforalzek,

(4) 0<zand0<AeR=0< Az,

(5) For every z € E, there exists z1,z3 € E such that z = 21 — 25, and 0 < z4, 5.
Conversely, if an order in F satisfies (1) ~ (5), then P = {z € E | 0 < z} is a convex
cone satisfying (P1) and (P2). A linear space E equipped with such a positive cone P
is called a partially ordered linear space, and is sometimes denoted by (E, P).

Definition. For a subset A of E, the generalized supremum Sup A 13 defined to be the
set of all minimal elements of U(A), where U(A) is the set of all upper bound of A.

The generalized infimum Inf A can be defined similarly. In order to distinguish this
notion from the least upper bound and the greatest lower bound, we denote the latter
ones by sup A and inf A respectively. If E is order complete, then Sup A = {sup A}
holds whenever the subset A is upper bounded (i.e.,U(A) # ). When E = R™ and P
is closed and not a lattice cone, Sup A becomes a infinite set in most cases. However, it
is possibly empty, even when A is upper bounded.

Proposition 1. Fora € E and A > 0, we have
(1) Sup(A+a)=SupA+a,
(2) SupAA=ASup4,
(3) SupA=—Inf(—A).

Proposition 2. For an arbitrary set A C E with U(A) # 0, Sup A = Sup(coA) holds
where coA s the convezr hull of A.

aV b and a A b are defined to be Sup{q, b} and Inf{a, b} respectively.

Proposition 3. For every a,b,c € E and X € R,
(1) (a+e)V(b+c)=(aVbd)+c,
(2) XaVAb=AaVd).
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Theorem 1.
(1) Fora,be E, aVb#0 <= aAb#l,
(2) Fora,b€E, a+b—(aVb)=aAb,
(3) a€ay+a- wherear=aVO0anda_. =aAo.

A partially ordered linear space (E, P) is said to be monotone order complete (m.o.c.
for short) if every upper bounded totally ordered subset of E has the least upper bound
in E. If F is finite dimensional, (E, P) is m.o.c. if and only if P is closed. Moreover, if E
is reflexive Banach space and E* = P* — P* holds where P* = {z* | z*(2) > 0, Vz €
P}, then (E, P) is m.o.c.([3]). In [1], some conditions which guarantee E* = P* — P*

are shown.

Theorem 2.  Suppose that a partially ordered linear space (E, P)is monotone order
complete, then for every subset A of E,
(F.1) U(A)=(SupA)+ P

holds. In particular, aVb#0,a ANb# ) for every a,b € E,and U(a,b) = (aV b)+ P.

Corollary 1. Suppose that (E, P) satisﬁes the hypotheses in Theorem 2 and let A be
o subset of E. If Sup A consists of a single element a, then a is the least upper bound
of A.

Corollary 2. For every subset A of E, U(L(U(A))) = U(A) holds where L(U(A)) de-
notes the lower bound of U(A). Moreover, if (E, P) satisfies the hypotheses in Theorem
2, then we have SupInfSup A =Sup A .

Let (E, P) be a partially ordered linear space, and suppose that P is algebraically closed,
that is, every straight line of ' meets P by a closed interval. A point z of a convex
subset A C E is called an algebraic interior point of A if for every z € E, there exists
A > 0 such that z+Xz € A. We denote the algebraic interior and the algebraic boundary
of A by intA and OA respectively. A convex subset C of P is called an exposed face
of P if there exists a supporting hyperplane H of P such that C = PN H. By §(P),
we denote the set of all exposed faces of P. For C € F(P), dimC is defined as the
dimension of affC where affC denotes the affine hull of C. The following theorem is
fundamental and is useful when we intend to determine the set a V b explicitly.

Theorem 3.  Suppose that P is algebraically closed and int P # (. If dimC <1 for
every C € F(P), then aV b= 0U(a)NAU(b) holds for every incomparable pair a,b € E.

Lemma 1. If0<z<y andy€ 0P, then z € OP.

Proof.  Suppose that z € int P and put z = 2y —=z, then z =y+(y—2) € P+P = P.
Since P is convex and z € intP, y = %—(m + z) € int P. This contradicts the
assumption.

Proof of .Theorem,‘ 3.  Let zo be an element of a V b, and suppose that z¢ € int U(a).
Then there exists A > 0 such that ¢ = (1 =Xz + Ab € U(a). It is easy to see that

c € U(a)NU(b) = U(a,b) and ¢ S xp. This contradicts the fact that zy is a minimal
element of U(a,b), and hence a Vb C 9U(a) N U (b). '

~ Conversely, take z9 € 0U(a) N OU(b) arbitrarily and suppose that yo < 2o, Yo €
U(a,b). Since a < yo < zg, it follows by Lemma 1 that

Yo € [a,z¢] C OU(a),
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where Ja, z9] = {z € E| a < z < z¢} is an order interval. Obviously every order interval
is a convex set. Similarly we have

Yo € b, 0] C OU(D),

and hence

[a,z0] NintU(a) =0, [b,zo] NintU () =0,

while int U{a) and int U(b) are both assumed to be nonempty . Applying the separation
theorem, we can find hyperplanes H;, H; of E such that

(1) H, separates [a,zo] and U(a) and,

(2) H, separates [b, zo] and U(b).
Since [a,zo] C U(a) and [b,zo] C U(b), we can see that [a,z0] C U(a)N Hy and
[6,z9] C U(d) N Hy. By the condition of §(P), these two faces are actually half lines.
On the other hand, a,b, and zy cannot be in any single straight line because a and b
are not comparable. Hence [a,zo] and [b, zo] are respectively included in two different
lines, and in particular, both zo and yo belong to the intersection of those two lines.
This means z¢ =y and so g € a V b. Q.E.D.

In the case when a linear topology is given in E, the assertion of Theorem 3 can be
translated into the terms of topology and is still valid.

Theorem 4. Suppose that P is algebraically closed and int P # 0. If dimC < oo
for every C € F(P), (F.1) holds and a Vb # 0 for every a,b € E in particular.

Lemma 2. If z € OU(A) for a subset A of E, then U(A), C OU(A) where U(A), =
{yeU(4) |y <z}

Proof. Let y be an arbitrary point in U(A),. Since z € OU(A) there exists a point z € E
such that {z 4+tz |t > 0} NU(A) = 0. By the definition of U(A), U(A)+ P = U(4),
and this yields {y +tz |t > 0} NU(A) = 0. This means that y € U(A).

Proof of Theorem 4. Let z, be an arbitrary point in U(A4). Since P is algebraically
closed, P can not include any straight line. Indeed if {z +ty | t € R} C P for some
y # 0, then {ty | t € R} C PUOP = P and this contradicts ( P2 ). Hence for a positive
element = # 0, there exists t; = max{t > 0| zo —tzx € U(A)}. If we put z; = o — 12,
then z; € OU(A) and it follows from Lemma 2 that U(A);, C OU(A). Since U(A), is
a convex set and int U(A) # 0, we can apply the separation theorem and there exists
a hyper plane H which separates U(A),, and U(A). Clearly, U(A);, C (21 —P)NH
and dim((z; — P) N H) < oo by the assumption. Put H' = H—z;,P' = H' NP,
and X = P' — P', then dim X < oo, and P’ is a closed convex cone with nonempty
interior relative to X. Thus the partially ordered linear space (X, P') is m.o.c. Since
the recession cone of U(A) is P, the recession cone of U(A)y, = U(A)N (z; — P) is {
0 }. Hence by the convexity of U(A)z, it is bounded in X and also bouded below in
(X, P). By an analogy of the proof of Theorem 2, we can conclude that there exists a
minimal element z of U{4);, which is also a minimal element of U(4). Q.E.D.

Ezample 1. Let E be the space of all symmetric matices of M>(R), and let P be the set
of all positive semi definite matrices in E. Then (E, P) is m.o.c., but it is not a lattice.
E and P can be identified with R® and P = {(z,y,2) € R® | 22 < zy, 0 <=z, 0 < y}
respectively. Tt is easy to see that every exposed face of the positive cone P is 1-
dimensional except the trivial face {0}, and P satisfies the condition in Theorem 3.
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Hence, by some simple culculations, we can determine the set a V b for incomparable
pair a,b € E.

Ezample 2. Next we investigate the relation between the conditions of Theorem 2 and
that of Theorem 3. We say that the positive cone P satisfies condition (§) when dim C <
1 for every -C' € §(P). The monotone order completeness does not imply the condition
(%). Now we show an example in order to see the converse implication is also not true.

Let E be the linear space consisting of all sequences z = (z1,22,--+) (z; € R) such
that z; = 0 except for finite number of 1 = 1,2,---. We define

P={z=(z1,25, ) |21 2 (LZp2])" }.

Then P is algebraically closed and int P # (). Moreover we can prove (E, P) is not
m.o.c. while P satisfies the condition (§). We will show that (£, P) is noet m.o.c. We
define a sequence {a,} C E by

Qn ::<§%7

[

,%7...,51;70’97...) (n=1,2,---).

]

?

Then we have a; > ap > as > ---.  Moreover, since GP+GrP+GEE+ =1,
we can see that ~(—_\/g, 0,0,---)isalower bound of {a,}. Let b = (by,b2,---,0;,0,0,--+)
be an arbitrary lower bound of {a,}. Then an element of the form ¢ = (b1 + A, b, b3, - - -
,biy,1,0,0,- -+ ) always satisfies b ;f ¢ when A > 0. Tt is easy to see that we can choose

A and p such that c is also a lower bound of {a,}. This means that the greatest lower
bound of {a,} does not exist, and (E, P) is not m.o.c..
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Q-Algebras And Dilations

Takahiko Nakazi (Hokkaido University)

Abstract. Let B be a commutative Banach algebra with a unit and let A/J be a
Q-algebra where A is a uniform algebra and J is a closed ideal. In this paper we show the
following two results. (1) If B is of two dimension and an operator algebra on a Hilbert
space then B is a Q-algebra. (2) A two dimensional Q-algebra is isometrically isomorphic
to A/J where A is the disc algebra and J is a closed ideal of A. As a result of (2) we

can show a dilation theorem. This is a survey article on the author’s two papers [5] and

[6].

EE

A % X E® uniform algebra 77D J % A @ closed ideal &5 & &, A/J &
isometrically isomorphic 75 Banach algebra i3 Q-algebra &MFIN 5, Z#4i Varopoulous
DEHETH B, M(A) 1T A ® maximal ideal space ZR9, ¢ € M(A) ITHLT 6 E 2
12313 % point derivation 2R9, THHLE 61 6(fg) = f(z)b(g) + 6(f)g(z) &85
continuous linear functional Z7RF s z,y € M(A) hD z # y IIH LT

o = o(z,y)=sup{|f(¥)|; F€A f(2)=0, [[flle <1}
w = w(z,8) =sup{|6(f); feA, fla)=0, |fllo <1}

95,

Part I. Dilation

C(X) % X EO continuous function D4k &9 5 & uniform algebra A {3 C(X)
® closed subalgebra T %, H (& Hilbert space « L(H) {¥ H £ ® bounded linear
operator DL ET S, ||« |l & C(X) D norm . ||-]| & H £72id L(H) @ norm %
Yo

® 5 A»S L(H) ~OD unital bounded homomorphism &id, @ (1) & H LD
identity operator . @ {3 A £ T linear 2v> multiplicative, v

(NI <llflle (f € A)

ENB Ay DBEETBETBo 00 % (fij) € Muxa(A) 25 (2(f5)) € Muxn(L(H)) ~O
B#gEdbE, |0 || Pnprll TH B,

1] = sup 2.

—120—



EFEC —HRIT® < 1@l THBo [[®]les <00 DEZE @ IE completely bounded &>
Hbhd, |0 =1DEE, & H @ @ dilation &iF, & 2% C(X) 5 LK) ~O unital
bounded homomorphism » ||®]| =1 T

®(f) = PO(f)IH (f € A)

EWBIETHD, 22T K i H 258 Hilbert space T, P i K o H D
orthogonal projection TH b, ZDEE O]l = ||l =1 TH B, |®| =1 LIRS
WhEE, bU Pl < 0o 5T @ (T dilation % & D unital bounded homomorphism
U (2206 ||¥)| =1) i< similar THBEIEBNHMONTNB, HHHRIALTEIENMoh
T3,

|8 < 00 BHIE ||®]le < 00 EHBDEIDIIARER LD BB TH 5D
dimH =00 D& & A W disc algebra TH - TH THDPHIL LTI &3 Pisier [12] I
o TIREREN I, dimH < 0o D&%, fEED uniform algebra A 12 DWW T I NIF K
AT BIENMOENTNS [18, Exercises 3.11] o 727U ||| = ||®]|e EIZFR SN,

HBxid dmH <oco DEE, 0] = |0l EHBDIFVONEREET S, 4 <
dimH <oco DE&E, 12EZ |8 =1Tb ||®] = |||l & I3FR S 724> uniform algebra At
BT 5 &g Parrot [10] Ik » TRENK, dmH =3 DEXLLHMOENTHRLE
THED, dimH =2 D& ZIEED uniform algebra EEFED @ iIZ2WT ||9]| = ||2]|e
E1 B & Chu [5] 1Tk » TiR&NI,

iR 1 A Z{EE®D uniform algebra 7> @ Z{EF D unital bounded homomor-
phism &9 5%, U dimA/ker® =2 5T ||®] = ||®||cs DKILT B 7

78 1 {3 Nakazi-Takahashi 4] IC& > T ||| =1 DEZXELWI &R EI N,
ROFEHEIZ, b L A D disc algebra D LM 1 ICEZNETRBWI EARLTWS, &
H 1 OFEBAIL [8, Theorem 9] DFEAN S EIT 5,

FH 1| A Z{EED uniform algebra, & % A 15 L(H) ~O unital bounded
homomorphism &4 5%, & U dim Alker ® =273 5, disc algebra A D& 5 closed ideal
T DBH->Ts Alker® IS A/T ~D unital isometrically isomorphism ¢ NFFE LT,
®ogp (T A DS L(H) ~OD unital bounded homomorphism &7 %,

FEH 13, F£ED uniform algebra A @ Q-algebra A/J 2RO EE, A/J i
disc algebra A @ Q-algebra A/J & isometrically isomorphic ThH 5 Z %A R LT 5,

Part II. Commutative Banach Algebra

B % identity I % &2 2 RJG commutative Banach algebra &9 5, ZD & &
B={al+bB:a,beC} £FiB, 2T B » semi-simple D& & B>=1, £ T
X B*=0Th5%,
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RIEE 2 B 4% 2 kJT commutative Banach algebra % Q-algebra TH 5 HE+4
213 B 1% Hilbert space H M operator algebra THB I ETHBENM ?

Q-algebra (3% IC Hilbert space H D operator algebra TH 5 Z &id Cole [4]
K& oTmRENI, B %2 KIG commutative Banach algebra 02 B C L(H) &9 5, b
U KE dim H = 2 D B 2 semi-simple ® & & Drury 4] iCL > TRanik (1] 25
B), o T LOME 23 RE 1 LI Q-algebra #R9 2 & THBHD, ROEH 2 1R
H2WWEZTWS, (ZR[5]),

EH 2| B 2RIt commutative Banach algebra A% Hilbert space L@ oper-
ator algebra 7 513 Q-algebra ThH 5,

QRIGENIZELY, B={al +bB:a,b € C} EEIJBN, B A/J (iso-
metrically isomorphic) &7 4 uniform algebra A &% ® closed ideal J DNFET 5,

B2=1D&&, i={9€A:g(z)=9(y) =0} &§5B, TITa,ycMA »
Dr#£yThb. FEA% Fi(z) =102 Fi(y)=-1,F5E al+bB — al+bF 1T B
Mo AlJy ~D isomorphism 252 T 5, Cole DEHE [4] &Y. A/J; i Hilbert space
k@ operator algebra & 753 DT, Feldman-Krupnik-Markus O [3] kb, "fe A
LT

I f+ |
- ] ) ()
T M%Mz (?‘1—2-— 1) + ,(‘f(”’)l - l;f.(y)‘|>2°

ZIZTo=o(a,y) THb,

B?=00D&xE, Jo={gecA:f(z)=6f)=0} £&F3, ZZTazeMAD»
2 6 ld z IZBI} B point derivation TH b, Fr, e A% Fp(z) =02 6(F)=1&F 5
&L al +bB — al + BF 13 Bno AlJy ~O isomorphism %5 2% Ti5, Cole DEH
4] &b, A/J; i Hilbert space LD operator algebra &85 Z LA HINT (SEIEFED
NEEFBIFLOVETHEN), "FeATHLT

IWF+ Jzﬂ

-\

)&7}‘;?—:— C‘:b\‘(%éo el :-.f w ZW(SC,ﬁ) T%%o

S+l + |22

B 3% Hilbert space LD operator algebra ZRERTICERE 2 KL T 2 T HE
BH BB, ZhidicEZ B D semi-simple Th > THBIZLEWL (BE [9] ),
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Norm of a linear combination of two projections on a Banach space
Takahiko Nakazi (Hokkaido University)
Takanori Yamamoto (Hokkai-Gakuen University)

Abstract. Let L(B) denote the algebra of all bounded linear operators on a Banach
space B. Let P € L(B) satisfy P?=P, P#0,I, andlet Q=I—-P. For 1<p<oo
let By, By be nonzero closed subspaces of B such that B;NB; = {0}, Bi+B; =B and

IFy + Folls = (1B Il% + 1F2ll3)Y?,  (Fy € By, Fy € By).

Then we write B = B;®,Bs. Let a, be complex numbers. If dimB =2, then we
calculate the norm of aP+£Q on B. For any F € B, there is a unique decomposition
F = Fy+F,. In Part I, we calculate ||aP+06Q)||rs) when dimB =2, B = B;®,B, and
ranP = B;. In Part II, we calculate ||aP+0Q| L) when dimB =2 and B = B;®,B,.
If B is an infinite dimensional Hilbert space H, then we can reduce it to two dimensional
case. In Part III, we give the elementary proof of the Feldman-Krupnik-Markus theorem
using the cosine of the angle between P and @ and the results of Part I and Part II when
dim B = 2, p = 2. Furthermore we calculate the norm of (ad; + BAs)(vA1 + 642)™*
for complex numbers «, 8,7,6 (y6 #0) and operators A, Ay which are not necessarily
linear and satisfy AsvA; = A16A;. '

Theorem (Feldman-Krupnik-Markus) Let P be a bounded linear operator on a
Hilbert space H satisfying P2 = P, P #0,I, andlet @ = I — P. Let o, be complex
numbers. Then

a——,@z

loP + BQllrEy = \ 3

(“P“%(H) - 1) + (104[ ;— wl)

2
(171 -1) + (215 1Y.

a—~,62
2

i

KD Lemma 1 @ (3) % Feldman-Krupnik-Markus(cf. [1]) {2 & D bo & —fR#IcE bR
TR, ZOHAL - L EHICIERTE | Part I, IL, 1L BV TREI Th 5,
Lemma 1. 1<p<oo, %—{—%:1 LEFEE a,b,c,d ITOWTHREX :
(£4) (%)
c d v/,

1/p

maxc ((lal? + )7, (b + |dP)7) < sup
{zy) T llp=1

< ((Jal? + [pl9)P/2 + (le|* + |d])™?)

o oz +byl? + ez + dyP)tr
eveo (ol + [y
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BEY 320, £2T, [[aP + BQllrm) = supyrjz=1 | (@P + fQ)Fls

= sup |(aFy+ (a~B)CF)+ BF|y.
|F1+Felp=1

p<iz, 1<p<oco, [Fls= (IRl + BB ors,

P + BQ|lnez) = sup (loFy + (a — B)CFG + | BF[13) "7 .
B (1P +H Felif) /P=1

Lz C=00mk%, |laP+BQ|ws) = max(lal, |B]).

Theorem 1. 1 <p < oo, dmB =2, B= B ®,B;, ranP = B D&¥&,
letllz = |le?ls = 1 &W7eT L 57% By DEE ¢! & B, DEE & BFEL, F£ED
Fie B, F, € By l3EFH 2,y 12XV Fi=xe!, Fy=ye? T, RIZERBLIIEASE
Clzxt L, Ce? = aer W= THRE o PHEELTEX:

laP+BQlum = sup  (loz+ (a—Bayl” +|BylP)"”
(lelP-+lylP)V/P=1

NS AIBVAZR %+§=1@&%7F%?5t:

max (jal, (o~ BPlaf +187)"7) < [laP + Q) rm)
((|alq + | — ﬂ|q|a{¢I)p/q + ’ﬁip) i/p

AN

BRI SS, B3 | Pllus = (jal? + 1)V 2D o,
Lz, p=o00,1,2 DL E, FNENKRD (1), (2), (3) HELY ILD,
(1) p=ocoDE&, |aP+pQlLB) = sUDpax(al =1 Max (|az + (@ — Blay|, |Byl)

= max (jof + |a— 8] - [a], |B]).
2) p=10t&.  |aP+pQlys) = sty (loz + (o — Bay| + By))

=max (||, |a—B||a|+ 0] -

1/2
3) p=2mr%. [aP+pQlis) = SuDpyzyea (loz + (o — Aay* + By[*)

o ) [ P Er )

a—p a—pf
-2 2
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P Yo, E<ICad—be=0 DL E, 20DDTRERIEEICHRD, LU p=00,1,2
pEE. TRENKD (1), (2), (3) B @ i,

- max(|az-+by)y cz-+-dyl)

= nﬂaXilaI-Flbl le| +1d]).

(1) p=00 @D tl.’_ % N SUP||(z,y)Tﬂ,,o:1

Wa b\ /[ x) | |-+lez+dy]
2) p=10&%, “WWWMﬂ‘(Cd)<y>1:=mm%c“%ﬁﬁ+
= max(|a| + |c], 1o + |d]).
) A {a b’ [z . \/]am+by|2+]cm+dy]2
(8) p=2DLE.  SUD|gyT)=1 ( c d ) ( y ): , = 8UPg yeC 1zl

|al2 + o2 +|cf2 +|d]? | lad—be|  [lal*+ [b]2 +|c[> + |df* _ ]ad — b]
- 4 AR 4 T2

i (3) DFEADT A T TIHEEDOEDH k IR LTRD (i) ~ (vi) DREMEEIZ L 5

+by|? ez +dyl?
(1) k = Squ,yeC loz lm]z—I—IZTZ .

(i) FTNTOEREK 2,y I2OVT,

\ [ k—a® —|c|? ab+ cd z
(= y)( ab+ed  k—[p2—ldr |\ g ) =0

(i) k> max(lal® +[cf?, B +]df?) A0

>0

| k—la|® —|c? ab+cd
ab+ad k- b —|dP?

() & = max(laf? + |e’, [bf* +1d*) 2> K — (af? + [bl* + |ef? + |dI?) & + |ad — bef® > 0
v) k> Jaf? b +el*HdlP++/ (lal'“’+lbl2+lcl2+ld12)2-41ad-bc|2

(Vl) \/—> \/|a]2+]b|2+[c]2+ld‘2 +[ad—bc[ +\/ 12+|b(2+1012+ld12 ]ad bl

|Part I| ranP =B, D&t &, HERHBEIERSE C: B, —» B BHEEL T,

I, ¢ _ (0 -C" ali (a—-p)C \
'P=<50>’ Q“(o b)’ ab +pQ = (01 B, )
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[Part II] ranP = B; #EELRV\E & %E X%, Pk#0,Qk#0 %Wzt ke B %
FWT, 2 IRTERE~7 PAZERIC,

(s, M|, = IsPk + tQkll5, (s,t € C)
L5 A AEEDTTE S 2 KT Banach ZEB% B, ©F7, B, LOERR B, Q, %.
Po(s,t) = (5,0), Qo(s,t) =(0,%), (s,t€C)
LEDD, 0LE, [aP + AQ|luw i

loPo + BQollsy) == sup  |[(aPo +6Qo)(s, 1)z,
|(3»t)”Bk:1
ZHRAVT,
loP+BQllus =  sup  |laP+ BQollray
keB,Pk#0,Qk#0

EML ZENRTED, |laby + BQollrs,) 12V TKR®D Theorem 2 23FL Y LD,

Theorem 2. 1<p<oco, dmB=2, B=B®,B, DL, |et|z=|e*z=1
Bl TEO7% B 0EE e & By DEE 2 BFEEL., Pk#£0,Qk#0 23 ke B
IRFL @ﬁﬁ f11f2)91:92 Zﬁ#?ﬁibf

Pk = fie' + fo€®, Qk = gie' + go€®
EMWT B, TDEE, figo— foqr 0BV LD,
e afigs — Bfagi b (B—a)fig e (o — B) fage i Bfige — afagi

fig2 — fag ’ o f192 — fagn ’ o fi92 — foq ’ ' fi92 — fogn
LEDDE, B ||aby + BQollLy) = SUP|petryez|p=1 |(az + by)e! + (cx + dy)e?||s
= sup (laz + byl? + |cz + dyP)’" = sup

(ea)(3)
(lzlP+lylP) /=1 leaTl=1 I\ ¢ @ Ny

BRYSTh, L+l=1 OLERER: max((lap + 0p)r, (bP -+ |dP))

p

<Py + BQoll Lz < (‘(|a|q + [B9)P9 4 (|c]? + Idlq)p/q> L/p
DY ILH, FX:

”POHL B = (|f1‘P +_lf2lp)1/P('|gl|q + Igglq)l/q
> |frg2 — fag1]




B o, £I0, p=o00,1,2 DEE, TRENEKD (1), (2); (3) B Y 322,
(1) p=oo L&, [[aF+ BQolluzy =max(la| +[b], [e]+]d]).

(2) p=10&%. |aP+ BQollrs,) =max(|a| +|c|, [b]+ |d]).

(3) p=20k%E, ||aP + BQollLsy

I

figh + fado
figa — fogn

4 2 4 2
2+(lal—;lﬁl>2+Ja~ﬂl fi0i + ] +<Ial2lﬂl)

a—ﬂlz_
| f192 — fogn
Examp]‘e' Pk=el+62, Qk:el"ezwk%\ a/=df_“g—;—ﬂ‘1 b:c:—a—gﬁ c}:D\

[of? + [ +[cf? + |df? _ |ad —be| \/ |af2 4+ b2+ [cf2 + |df? _ ad — be|

P — g/ q _ gla\ /e
(lo+ Al +2|a BN _ 6Py + BQolluiy < <|a+ﬁ| —;!a ﬁl)
blicp=20L%, | (8 = max(lal, |B]). &< p=100 D&,
+
loPo-+ BQullsca,y = 2 FEE I =AL

Z i, Q-algebra TRWHIZ 5 X TV 5 (cf. [2], [3])s

Part III| Feldman-Krupnik-Markus DEEOHIFER : Pk # 0,Qk # 0 &7
ke HIZH L., EHERR e, e? NFEE L T span(Pk, Qk) = span(el, €?) BV LB, &
AT 2 k3T Hilbert ZERICR D, ZD & &,

lze' + ye?la = (jof* + [y[%)*/
2SEL Y S22 B Theorem 2 (3) £ V.

2 2
lPo +8Qol|Lzy) = ny + (E%i@) + \]7 + (lﬁ‘%@_) ’
2

p(Pk, Qk)? (Pk, QF) = |(Pk, Qk)a|

v-s-\,c\-‘
[N . N

2 | 1— p(Pk,Qk)2’ 1P| QFIlE
E>T. 0< p(Pk,Qk) < 1. 7 ¥ p= p(Pk, Q) IOV THFBEMNTH 505,
||aP + ,BQ“L(H) = sup HaPo + IBQOHL(BIG)
. k€B,Pk#0,Qk#£0

(T
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- o

<
ZIZT, q4=

P,Q)?
2 f(,O(P,)Q)z’ PIFQ) = keH,Pslcl;%,Qk¢0 Pk, Q).

LT, [laP + BQ|um # p(P,Q) FRVTRENE, E<IC. a=1,=0 DHAELY
p(P,Q) = supyey [lEES0E — TP 7 #8Y 3b, [laP + AQllrin 25 1P zcen
FRVTRSNE, R,

2 ODIEAEDAED cosine ILEEB L, 2E¥OFLWEBREZFHTE 5, LI,
A =P Ay=Q, y=6=1 D& &, (2) iZ Feldman-Krupnik-Markus DEHIZ72 5,

Theorem 3. Hilbert Z58] H £ CTEZBINTIERE A, A, (BELEHBL W)
LHEFE 0,8,7,6 (2L A6 #£0) iconT. (1), (2) BHY 320,

oAy + BAs|| | <|a5l+lﬁvl)2 (la«st lﬁvl)
1 St L <y [ e | A et
M) A+ o4z =\ 2ol %2
aa—mr p(Ar, Ag)? |(ALf, Ao f)H]
, p(An, Ag) =
o8| T Ay A PUAv AR = SR T

(2) iz Ag")’Al Al(SAz =0 2D ’YAl + 6A, DU EHZEL LD E &,

ZZT, =

aa-—ml“’ p(AL A ( o] + lﬁ71)2

I(ds + BA2) (AL + 842) 7|

NI 296 | 1—p(A1, 422 ° \ 2Dy
o |eb= ﬂv}z plA1, A) ( 6] = 1ﬁ7|>2_
NI 296 | 1—p(Ar, Ag)? 26| )
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Toeplitz type opéra,tors on half-spaces of L*(R)
defined by orthogonal wavelets

J. Inoue*and M. Miyamoto!

§1. Introduction Let % be an orthonormal wavelet of L?(R). As usual we define
Pip(@) = 2Pz — k) (j,k € Z). (1)

{jx : 4,k € Z} forms an othonormal basis of L?(R). It is easy to see that the inverse
Fourier transform of ¥ (€) is given by ¥;4(6) = 279/%(277¢)e? ¥, By the Plancherel
theorem, the set {v,b;-,k : j,k € Z} forms an orthonormal basis of L?(R).

Definition 1 Let 1 be an orthonormal wavelet of L?(R). We define H3(R) as the
closed subspace of L2(R) generated by the set {¢;,:j € Z,k € Z,(= {0,1,2,..}) },
and define Hy as the image of the inverse Fourier transform of the space Hﬁ, Hﬁ is
equal to the space generated by {%;x: j € Z,k € Z(= {0,1,2,..}) }.

H? (0 < p < o) denotes the classical Hardy space on the real line. As we will see
in Example 1 below, H? is equal to H% for the Haar wavelet 1.

Definition 2 For g € L*(R), we define a Toeplitz type operator T, on Hfb by

Ty(f) = Py(My(f)) (f € Hy),

where Py stand for the orthogonal projection of L*(R) onto .

In this paper, we study some fundamental properties of Ty for g € L®(R). For
the definitions and the fundamental properties of Toeplitz operators and orthonormal
wavelets, we refer to [1,2,3].

*Hokkaido University
tThe Japan Reserch Institute, Limited
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§2. Some fundamental prdperties of Toeplitz type operators on Hi

UFZHETHELNEFERIZOWVWTERERS, FEHIX Lemma 3, F#H 4, TH1 1
DNTDHBRRD, o
Theorem 1 ([5]) Ifg € L*(R) and T, = 0, we have g = 0.

Lemma 2 ([5]) For each g € L*(R), we have Ty =T, .

Lemma 3 Let V be a finite dimensional subspace of H;“;) and and let 0 < € < 1.
For each f € L*(R) we can choose positive integers N and h such that €2" ' "if has a

decomposition of the form
& = fit fo

with the properties (i) fi € H;oV, (i) Ifill: = (1—¢)*[Ifllz and (i) [ fall < 2¢]|f]l2-

Proof. Let ey,...,e, be an orthonormal basis of V. For positive integers N and h,
we define closed subspaces H; : j = 1,2,3 as follows. H; is the closed subspace of
L?(R) generated by the set of vectors {1, :| j |< N,k > —2N+ih}, H, = [*(R) © H;
and Hj is the closed subspace generated by {4;x :| 5 |> N or | j [< N,k > 2N+in},
We can choose N and h so that the following (2) and (3) are valid.

f=1+ffeH, fe H, [f'l: <ellfll2 @)
er=e’' +e, & €cH0Hs, e € Hs, |le"|o<—= k=1,..,n (3)

NE

From (2) we can deduce at once

171l = 171l = 1l = (1 = &)l (4)

Here we put f := f’e?" 7" Then we have

Fe(F <ruas )

|f1<N k=—2N+3h

= ( Z < f ‘ﬁj,k_gzw-jﬂ > 'lﬁ;',k) € Hj.
|71 SN k22N +ih ' '
Hence if we decompose f = f' + f with f' € Hz» oV and f" €V, we get

n

1713 = Z < fre >f= ZI< foep >P

k=1 k=1

(35 el)71% < 20 ®)

IA
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171 = 11 Al = 1715 = 11l — el Fll2 = (1 — el Flle- (6)
Therefore we get
f 62N+1h§'i — f' 62N+1h£i + f" ez”“hgi
— fl + f”rl + f” 82N+1h§i: fl + fz, (7)

where f1 = f' and fy = f" + f"e=2""h¢ For f; and f, we get the following norm
estimation from (2), (4), (6) and (7) as required.

I f1llz = Hf:’llz 2 (- E)Hf!lzﬁ A=l llz = (1 —&)*[Ifllo.
If2llz < 57l + 1771 < el fll + ell fllz < 26l f ]l

Q.E.D.

Theorem 4 If g € L(R) and T, is a Fredholm operator, then g is invertible in
L*(R).

Proof. Since Tj is a Fredholm operator, V' := kerTy is finite dimensional and
W := ImT, is a closed subspace of Hi Therefore T induces a one to one bounded
linear operator from Hﬁ) © V onto W, and there exists a 6 > 0 which satisfies

ITofllz 2 8l fllz (f € Hi0V) (8)

Let f be an arbitrary element of L?(R), and put € := min{3, 'ST;;IT;}' For these f
and € we choose, by Lemma 3, positive integers N and h such that

M= 4 fo, heHZOV,
Ifillz > @ =€)l fllz > =5~

nﬁm<%wm~MﬁL

iy o

(10)
Thus, by (8), (9) and (10), we can calculate as follows:

IMoflla = llgfllz = llgfe®™ |,
= No(fs+ F2)ll2 = lgfullz — llgfalle

> | Thllz — llgllwzl|l£{t
> oWl %y, = 24
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That is , we get 5
1Mo flle > Z 1l (f € L*(R)). (11)

In the same way, since Ty =T is a Fredholm operator, we get for some &' > 0:

. &
IM;£lla = —Nfllz (f € LA(R)). (12)
By (11) and (12), we have that M, is invertible in B(L2(R)) and hence g is invertible
in L®(R). Q.E.D.

Corollary 5 For each non-zero element g € L*(R), T, is not a compact operator.

Corollary 6 If g is in L™(R), then R(g) = o(M,) C o(T}).

Corollary 7 If we put £(g9) = T, (9 € L*°(R)), € is a *-linear isometry from
L*(R) into B( ¢).

Example 1 Let ¢ be the Haar wavelete:

1 (z€[0,1/2)
P()=1{ -1 (z€[1/2,1)

0 otherwise

Then we have H2 = L?(R,), and hence H = H?, the classical Hardy space. Further
for g € L*(R), W,(f) = FYT,F7(f) (f 6 L2(R+)) is a Wiener-Hopf operator with
a symbol function g. Therefore, if we apply Theorem 4 for the Haar wavelet 1), we get
at once the follwing well-known result.

Corollary 8 If g € L*(R) and if the Wiener-Hopf operator W, is a Fredholm
operator, then g is invertible in L*(R).
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§3. eMHICHE (\>0) &y H; ORF#EHT

1In this section, we characterize the class of HZ which satisfies gre H:zp 17; (A > 0).

Lemma 9(cf. [4]) IfW is a closed subspace of H 2 and €W C W for each \ > 0,
then the following (i) or (i) hold;

(i) there exists a measurable set F' of R such that W = Xp - L*(R),

(ii) there exists a unimodular function u on R which satisfies

Hi-,:u-H?

Lemma 10 Let g be a function in L°(R). Then g is an element of H*(R) if and
oly if g satisfies gH* C H>.

Theorem 11 Let 2 be an orthonormal wavelet for L2(G) such that
e Hj C H} for each A > 0. (13)

Then there exists a unimodular function ion R such that Hﬁ; = u - H?, where u
satisfies
u(27Y€) = e™u(¢) (a.e.£ € R) for some a € R. (14)

Conversely, if u is a unimodular function on R satisfying (14), there exists an
orthonormal wavelet ) which satisfies Hf;; =u- H?

Proof. Suppose that i is an orthonormal wavelet satisfying (13). Then by Lemma
9, (i) or (i) of Lemma 9 holds with W = H3.

Suppose that (i) of Lemma 9 holds, that i 1s ther exists a measurable function F'of R
such that Hj} = Xp - [*(R). Then e = 9y_; € Hj} = Xp\r - L*(R). This implies
| 9 |€ Xp- L*(R) N Xp\r - L*(R) = {0}, a contradiction. Therefore we nay assume that
(i) holds, that is, there exists a measurable unimodular function u on R such that

Hi=wu- H% (15)



Let f; € H? be arbitrary. Then by (15), there exists Fy € Hj; such that u- fy = Fj.
Since both spaces Hi and H? are 2/-dilation invariant for each j € Z, we have

u(26) - f1(26) = F1(26), f1(2€) € H?, Fi(2) € Hj (16)
By (15) and (16) we have a representation of the form;
u(2€) - f1(26) = u(€) f2(€), where fp € H. (17)

If we put ¢ = 2£ € in (17), we get the relation : u({)u(271)~1f1({) = fo(271) € H>.
Then by Lemma 10, we have

u(Q)u(271) ™ € H™. (18)
In the same way, if we start with 2 1-dilation, we get
w(271)u(¢) " € H™. (19)

By (18) and (19), we can conclude that u(27¢)u(¢)~! is a constant of absolute
value 1, that is
uw(271)u(¢) = ¢ for some a € R.

Conversely, suppose that u is a unimodular function on R stisfying (14). Then if
we choose ¢ € L%(R) such that ¥ = u -1y for the Haar wavelet 11, it is easy to see
that 9 is an orthonormal wavelet for L2(R) which satisfies Hj=wu-H? QED.

* In the conferece, we reduce the case (ii) directly from (13), and Prof. Nakazi
pointed out that from (13) the case (i) also can occure. In this report we added the
consideration on the case (i), by which we can fill a gap in the proof.
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