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Hyperbolic digital' curve shortening I1

Kazushi AHARA
(PR —7&%)

1 FE.

L7 & g OB Y —~ v H 2 bEWIC disjoint 7 embedded open disks % n #E b R\
bDET B, L) Lol SEIH 2EX X5, R7EL. (FATEC XL Y) £E0 2 ki
DWTED closure (& disk & FHETH 3 L{RET 5. H BT 3 57 LoELk% Cy L BT,
LIFo & 5 KEHEKT %,

Cg:={y:1—-X}| 7 i&if.
YR OB L 3D b AW,
v & 1 Bk & A TREIRMEHICRE D %,
v OWRE 2 Atk Eic® 5, }

Cy DIto digitalization &k Wy #IRCEFEKT %,

Wy = {aibiasby - - - apbpanyy| a2 bk
bitl @MQ
a; # @ip1
aG;Nais Db}

en % digitalization map ¢y : Cy — Wy TH 3 L3 %,
Wy i [ AETECREIEEWML ) OR S 2EL. ChABROLDOGH AT C
¥#E2 X5,

(C1) S WAHBRBOMA» B A 5.

(C2) S I &k o T Wy OIED word-length IZEL A b AW,

(C3) Wy DIEEDOTTR S Ik X > THREIDE ¥ #iz 0, H/INT (=2hL EEBEHEL bh
AWIT) 1Kk b,

(C4) 71,72 € Cu #5371 ~ 2 (homotopic rel. boundary) TH 5 A bIE. pg(n) & o (T2)
Jr—CI@ oM/ T E D, :

A Hyperbolic digital curve shortening I 3T, n =0,9 > 2 % % Yyl H
DA AR SEBERFORIIC (C2)(C3)(C4) 2T B EMARDOHFEHER R Lco (R TREINL
PIRBADL 21 (C1) 23/ S Bdro7co ) ARMXIC I TS — MR D X7 KDWnT, H RO
S, (Cl)2b (C4) 0F_CEFATEERAROFLELRT . EAiic, HR
orthogonal T% % & bi¥ (EFER) « (Cl) 25 (C4) DFRTEBATEERAZRIDZE
BRC—EMTH D L ERT,



2 BEO%EMHE.
FEEHEZIRN D ZDICEEQUE 21T 5 € T TDHZEIRAEE Hyperbolic digital curve short-
ening THWVOLN TS b D & EWICE % 3 D CHEERBETH 5,

Definition 1

Yy Ok El H 23 orthogonal TH % & & L} ONED 0 fgtkicid b x 5 & 4 &Ko 1 fatk
BHOEY, L) oBRo0fUERcEb x5 83 R0 L flhkREDoEE LR WS,

F3ka

Definition 2

Y% OlatksyEl H 23 orthogonal MIFFIC hyperbolic TH 3 & &, §XTD 2 fatks 5 &L Lo
1tk Eoc %2 n5,

Definition 3

DI DRt El H @ 1 kS colored TH 3 & 1. =T 1 Jalkss solid 7 dotted D\ Fh
ARBESTENTED, F0EEOA ) CHTFROWTFhAACA> TR B nd, Fk, T
DESCESTTES H % colorable tH 3 Ly,

|

i

|

& —_— e -
: 2R | AL

\ I

t ‘

Definition 4

Ly DORatksyEl H © 1 ks colored TH 2 & &, H O 1J}afk2s oriented TH 3 & 12 X o
REICEEN S 1 IKICHEE ROV TE D, BFNCE THOWFLACA>TRE T EEN),
i, TOXOSCMERDT BT LDTE Blutksy# H % orientable TH 5 &5,

0 fatkcix

N N
7/ 7 "‘%—?‘_‘?_‘

Lix _:

.—-—>—o«ﬁ>—".>"‘
£

dotted 1-cell FEH T % &

ﬁah&}ﬁiéﬂ Rq:w¢u$,>wzww

Definition 5



E* offafksyEl H 5 orthogonal T 1 fgfk#s colored, oriented TH % & & LITFD X 5% Wy
(3420 Cy) oFERLZ (S1) b (S4) oA Z2EBEHWMAFZE S. LT3, HTHEODEINT
wihwn 1R owT, 20@EEREbAVWDIDE T, T4 TRE Cy DTOEERIERL

Twnb,
(51)
\\ \\
—7 \ R /7 \9 R
\x R AN
(52)
%\ -7 X (@ﬂ@l&fﬁaﬁ%&n)
(S3)
// // . / g
’/ " /, / _./
(54)

A : )

N ﬁu#i# %g»F— - ft?ﬁ>
=R s ,
/

3 EEEDOWGE.
Theorem 1

X7 ofatksyEl H 75 orthogonal, hyperbolic T 1 Jlgfk 75 colored, oriented TH % & %, &
xR S, 35M: (Cl) 22b (C4) 2T T T S

Theorem 2

(1) B} (&ZU n = 0) Ofgks3E| H % orthogonal TH 5 & ¢ X, EREDFERAR S »
&t (CL) 2 (C4) T _THiZeT A bIEX. H & colorable, orientable ¢& %,

(2) Lot b &clighsrdl H o 1 ket atsd, MESTE2LchbiE, (S1) 2
D (S4) X S DERTIZFEMARIKCEEN S,



Degeneration of Schottky uniformized Riemann surfaces

B RFETEHHIERER WM& (ichikawa@ms.saga-u.ac.jp)

ROHIC T 2D/ — F Tid, Riemann D Schottky uniformization 1ZBF3 5 v» <
OPOMEESR HIF. FRIZONVTEL LB TELED TV I T, HLOMBRE
D7z OFTRICHECRES BVHITH 5P b AN T A, THICDTIEIBIFL
rHES L, HEE. HERELXTEHINTENTT,

I' C PGLy(C) % Schottky B, T 7% &I T4 & B 5 A BRA B B B
% Klein & L, Or C P = CU{oo} 2 ZDREEEBE T 5L X, HEH
Rr = Qp/T 334K rank(l') @ compact Riemann ®. § %&b % C E® proper,
smooth Z2fUEM#RIZ % 5 (F 72 Koebe’s theorem £ ), 2D L HIZLTTRTD
compact Riemann HAELNALZ LPHOLNTWS), 2% T IZX 5 Schottky
uniformization £ FHo T TROMEEEZ S .

% 1. Rp OBLOKTZ T OFETRBY X,

COBBEIT S 12077 u—F L LT, LT3 (ThbbEMHKSIT
smooth ¥ 7213 singular ZREEEMP LS ) ZEMERIC 9BV Ry 2RD L)
T A ([IhN, §2] 258),

A ZHMB, EHE7 graph TEDZELRY 3 AU LD R OLT S (T
bbb AlxdHEBILLEMBD dual graph 1275 5), A DIEL., AOLTES
ZENENV,E L& ADAE (T4bb EDELOME) % 1 DD
E.BET A ecE LTHE veV Ofle/v . ec{Lth},v=v (. h O
H) e d 2E={te| e € E} DL ATk o TERT I LN TEL, WIER

A:+E — Pk

TROGH
Ae) # A(—e), h# K, v, =vp = A(h) # AR

27z b DR LD 0 THWEER s, = sy (h € £E) IZxF L. A(£h) % fixed
points, s, % multiplier IZ¥2 PGLy(C) DI

or — (A(h) A(—h) ) (1 0 )(A(h) A(—h) )’1 mod(C¥)

1 1 0 sp 1 1

1



e, EEMER 1 (A) - PGLy(C) %
t(hiohgo---0hy) = Qnp,***Pn, (hi € L£E)

TEDDLEE, RPN LD !

(1) s, (e € E) ¥ +H/h&wve &, Im(:) & Schottky &,

(2) se—0(e€E) DEE, Ry, 1& A % dual graph IZFDRILEE B

Rayn = U Pv/ Me)=X(—e) (e€ E); P,:=P¢

vEV

IZB1E9 5,

CORAELT, (XL AbNAEELLIZRVETI) F21F Schottky B =
(Y15 eerr Yg) PHEIETT v; B @y @ fixed points, f; & multiplier IZFF2& L, IV %
v (7 #1) TERSNALT OFTHELTHEE, 5, > 045X R i3 Ry £ED 2
B ooy 2ORIFLDIGRILL. oy = o; 75X Re & Ry DS o 12FEF R
B CX)(B) 2B T 72b DICBILT 52 L 450D Bo F72 Rimy OWEHRD
Laurent R EHIES % Mh) (h € £E) OFBEREREE TS s, (e€ E) D
FHEWRELRTHEEE LTEL (I, [12] 288). Ih 5122V TD variational
formula ([F], [ImT, Appendix A] 2 &) PO LI LHFTE S,

ZZCHZE 1 ICHELT:

M 1. LD X )% Ry OBIbE. T 2RI EE D Klein BEICEET 5
ZEICEDAELS Ry OBILEDEBRERRL,

& T graph A 123 LESER
7y :{0,1,00} — {h € £E | v, = v}
DI 7 = (7,) ey TRDOEH
a€{0,1,00}, v#v = n,(a)#—Tu(a)
BT b0 (ZhE A O rigidification LIER) %2 & D,

& = +F - |J Im(n,)
veV
LF b, COLELFOBH N : +E — PL T Ao, =id) (ve V) %l
727d0 (Zhz 72T 5 A D labeling £EAR) X A % dual graph 128



DBRIREMBD moduli ZFABR L, TH/NSWHERH s. (e € E) I3 Rapy D
deformation parameter £ %250 H ., A & s, ZEPT I LICLD,

zaz = {AMh)}thee U{seleck

PEEMBD moduli ZZHEDH T Ry KT 5 locus DF Y O JFFTEERE
%5252 0bdb, TDXHIC, BILHEOEE D moduli parameter &
deformation parameter D2 moduli ZZEDFHFTEE L5252 LITR A5
NTW57% ([DM] 28) . 2z, & Schottky uniformization % Fv> TEARHYIC
B ENA-0, LICih~R7: X 912 Torelli map ETETE A2 EDInHZE-
T3, DTZORFEEOEEILOVWTELZ S,

FiRE 2. RPTEERR 2o 13 ENNRIBEI % S DIZR 5D T 72 A % trivalent &
5 (ThbbdNTOHEEANFTE 3@BOEREo) L&, AT % pants
5fRIZB Y % Fenchel-Nielsen BEFEE 25 ) & DBFRZ NI,

FFE% 3. Z(A’-,-) *EE@%%%%&IO

MR 3 ~OT7 7 u—F & LT, Riemann H® moduli Z2f D “duality groupoid”
(IMS] ZR) B B2ERERTO 1 DIMIELIZKRD L) BRILEEZ B,
A = (V,E) % trivalent graph & L. A’ = (V',E"), A" =(V",E") &% A ® 1 &
GEEZNENRD L HIZEZTHLNS graph £T5 !

WiF T, ', " ®ZNFh A AN AT D rigidification C
T (0) = €3/v0, T (1) = e3/vo, 7, (c0) = €4/

ZWTHIDEL N & 7" IZT 5 A D labeling & §5 &, = X(eJvp) 1
P& —{0,1, 00} = the moduli space of Ran vy DEFET

R(Au,)‘n) -3 RA (lf T — 0), R(An,l\u) — RAI (lf T — 1)

27T s. (e€ E), ta (€ € E), Uen (" e B") =ZNENh r, 7, 7" b LR
DEHIZLTEL S Ra, Rar, Riarpmy O deformation parameter & L. $FIC e;

3



4), ef (1 <k <4) [T % parameter % Z N s,

EE 1.
(1) & z, uen ETH/NSVEIZK LTIET 5 s, (e € E) O Z-REmRE
Lfié h\ €1, €2, €3, €4 7\1)§EV‘(IZ%&Z) &: %

T U (i=1,2), Z—: (i=3,4) € (Z[[s.(e€ E))™,

S0 ’ 508

Flhrei=e b EE

2 Y i=1,234 e (Z[]s. (ecB))*.

80 S;
(2) & =z, uer WAHPASVEIH LTPRIRT 5 ta (¢ € B') O ZHREMBEE
L"C%é j’L\ €1,€2,€3,€4 fﬁﬁ\/} K—g\‘tﬁ}:) k %

oo M 21,3), Y=24) € (2t (@ € B,
to tol; t;
The=e thAHEX
l—z

S =123), F=9 € (@ (e BD".

E BT 2o PEEIIEEICOWVTIE, [Mu] OFRERITH L IERS 22658
ROBEIHIRT 5 Z LICL DRITRENT WS |

EIE 2. (A 7° trivalent T loop Z#/=% & & [ThN], —&IZi3 [13])
A O rigidification 72X L. zp (h € E), y. (e € E) EH & L

A0=Z:ch(h€5),H L , !

eEE Te = T—e hsth! =0, Th — Ty

(72720 20y =0, 2y = 1, {A, A} N {7y(c0)| v €V} # B = 1/(2zh — z1) = 0)
EBLLE, Aflye (e € B))] LOREREMME C T, 7 ICBT S A D labeling
A &GSV s, (e€ B) ITxL

Clep=2(t)ge=se = Rim()

ZWI2TDDPHEET 5o o THIZ A B trivalent DEE Ay =Z L% D,
zZ(an FEEMBO moduli stack ([DM]) 12BWT Rp IZXHETAHED Z £
BREEEZ 525,

AR, L0 2 o0gRIE, A EREMERD moduli B (K]) W LTHHE
RRICHERE S NG (B 2 OILFRICDOWTIE [IhN] 288),
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RIEMANN-HURWITZ FORMULA FOR
MORITA-MUMFORD CLASSES AND
SURFACE SYMMETRIES

NARIYA KAWAZUMI AND TakesH1 UEMURA

ABSTRACT. Let a finite group G act on a compact Riemann surface C in a faith-
ful and orientation preserving way. Then we describe the Morita-Mumford classes
en(Cg) € H?"(G;Z) of the homotopy quotient (or the Borel construction) Cg of
the action in terms of fixed-point data. This fixed-point formula is deduced from a
higher analogue of the classical Riemann-Hurwitz formula based on computations of
Miller [Mi] and Morita [Mo].

INTRODUCTION.

The last two decades have witnessed a remarkable progress of cohomological
study of the mapping class group for a surface. D. Mumford [Mu] and S. Morita
[Mo1] independently defined a series of cohomology classes of the mapping class
group, whose zeroth term is equal to the Euler number of the surface up to sign. J.
Harer has been obtaining various significant results including the homology stability
of the mapping class groups [H1]. The Morita-Mumford classes play an important
role in the stable cohomology ring of the mapping class groups. It has been revealed
by Arbarello, Cornalba, Harer, Miller, Morita and others [AC] [H2-3] [Mi] [Mol-
4] [KM]. The torsion part of the cohomology of the mapping class groups has
been highly studied by homotopy theorists including Benson, Charney, Cohen, Lee,
Tillmann and Xia [BC] [CC] [CL] [T] [X1,2]. It is notable that Glover and Mislin
[GM] have proved there exists a nontrivial torsion class in the 4n-dimensional stable
cohomology group for each n > 1 by evaluating the even Chern classes of GL(Z)
on torsion elements of the mapping class groups.

In the context of surface bundles the Morita-Mumford classes are defined as
follows. Let m : X — B be an oriented fiber bundle whose fiber is a 2-dimensional
connected closed oriented smooth manifold. We call such a bundle briefly a surface
bundle. The relative tangent bundle Tk /B is the oriented real 2-dimensional vector
bundle over the total space X consisting of all the tangent vectors along the fibers.
The n-th Morita-Mumford class e, is, by definition, the Gysin image of the n+1-th
power of its Euler class e := e(Tx/p5) € H*(X;Z)

en = en(X) :=m(e") € H*™(B;7Z),

1991 Mathematics Subject Classification. Primary, 57R20. Secondary, 14H15, 20J06, 32G15,
55R40, 57M20, 57S17.

Typeset by ApMS-TEX



2 NARIYA KAWAZUMI AND TAKESHI UEMURA

which is equal to the pull-back of e, by the holonomy homomorphism of 7 (B)
into the mapping class group. Here and throughout this paper we denote the Euler
class of an oriented real vector bundle n by e(n). If n = 0, ¢g is equal to the Euler
number of the fibers.

The purpose of the present paper is to study Morita-Mumford classes on finite
subgroups of the mapping class groups. We give an explicit formula for the Morita-
Mumford classes evaluated on an arbitrary finite subgroup of the mapping class
groups in terms of fixed-point data (Theorem B). The authors hope their explicit
formula would be widely used to study the torsion part of the cohomology of the
mapping class groups.

Our fixed-point formula is deduced from a general formula of Morita-Mumford
classes for fiberwise branched coverings of surface bundles. Miller [Mi] and Morita
[Mol], inspired by Atiyah [A], Hirzebruch [Hi] and Kodaira [Ko], computed Morita-
Mumford classes of iterated cyclic coverings to prove the stable algebraic indepen-
dence of e,’s. Following their computations, we prove it under a certain transver-
sality condition (Theorem A) in §1.

Let 1x : X — B and 7y : ¥ — B be two surface bundles, and h: X — Y a
continuous map compatible with the projections. Suppose the map A restricted to
each fiber is an orientation preserving branched covering. Denote by R the subset
of X consisting of all the ramification points of the map h. Now we assume a
transversality condition that the restriction of mx to R is a locally trivial fibration,
and that there exists a fiber preserving homeomorphism ¢ : D(Tx /B|rR) — X onto
an open neighborhood of R such that ¢(0,) = z for all z € R. We call it «
fiberwise tubular neighborhood of R. Here we denote by D(n) the open unit disk
bundle associated with a vector bundle 5 with respect to a suitable metric. Let

Ry, Ry, ..., Ry be the connected components of R, and b; the ramification degree
along R;. Then

Theorem A. In the situation stated above we have
en(X) = (deg h) en(Y) -+ Z (1 - bin+1) (WXIR,')! (G(TX/BlR;)n) € Hzn(B; Z).
=1

for any n > 1, where deg h € 7Z is the fiberwise mapping degree of h, and (mx|r: ) ¢
H*(R;; Z) — H*(X;Z) is the Gysih map associated with the fibration xR,

It also holds for the case n = 0. In fact, since ey is the Euler number of the
fibers, the formula

eo(X) = (degh) eo(Y) + Em:(l — b;) - § (the fiber of 7x|g,).

1=1

is exactly the classical Riemann-Hurwitz formula. This is the reason why we regard
Theorem A as a higher analogue of the Riemann-Hurwitz formula.

If the surface bundles 7x and 7y are C®-surface bundles, k is a C> map, and
the ramification locus R is a C°°-submanifold of X transverse to the fibers, then
the transversality condition stated above is satisfied.
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As another typical example satisfying the transversality condition we have
Morita-Mumford classes on finite subgroups of the mapping class groups. In view
of the affirmative solution of the Nielsen realization problem by Kerckhoff [Ke]
any finite subgroup of the mapping class group is realized as a holomorphic au-
tomorphism group of a suitable Riemann surface. Therefore we may consider the
following situation.

Let G be a finite group and C' a closed oriented connected 2-dimensional smooth
manifold. Suppose G acts on C in a faithful and orientation preserving way. Then
we may regard G as a subgroup of the mapping class group. The universal principal
G-bundle Eg — Bg induces the homotopy quotient (or the Borel construction) of
the action 7 : Cg — Bg. The space Cg is, by definition, the quotient of Eg x C
by the diagonal action of G. The map 7 induced by the first projection provides
an oriented fiber bundle with fiber C

C’—)C’GJLBG.

Its Morita-Mumford class e,(Cq) € H*(Bg; Z) = H*(G;Z) is equal to the restric-
tion of e, to the subgroup G.

If mx is the surface bundle 7 : Cg — Bg, 7y the product bundle Bg x (C/G) —
Bg, and h : C¢ — Bg X (C/G) the canonical projection, then the transversal-
ity condition is satisfied. Therefore Theorem A implies the following fixed-point
formula as is shown in §2.

Denote the isotropy group at a point p € C by G,. The exceptional set

S:={peC;Gyp # {1}}

is a G-stable finite subset of C, since the action is faithful and orientation preserving.
Let £, be the oriented real 2-dimensional vector bundle over Bg, associated with

the action of G, on the tangent space T,C and e(¢,) € H*(Bg,;Z) = H*(Gp; Z)
its Euler class. Since the transfer map corgp : H*(Gp; Z) — H*(G;Z) is invariant

under conjugation, the cohomology class corgp (e(é,)™) € H*™(G;Z) is constant on
each G-orbit.

Theorem B. In the situation stated above we have
en(Ca)= ) corf, (e(&)") € H*"(Ba; Z) = H™(G; 2)
pES/G
for any n > 1.

The right-hand side depends only on the isotropy groups and their actions on
the tangent spaces at the exceptional points. Our formula may be regarded as a
certain kind of fized-point formulas of characteristic classes. Especially if the action
is free, the Morita-Mumford classes e,(C¢q) vanish for all n > 1.
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1. Riemann-Hurwitz Formula for Morita-Mumford Classes.

In this section we shall prove Theorem A following Miller [Mi] and Morita [Mo].
Let 7x : X - B,ny :Y —- B, h: X - Y, R and R; be as in Introduction.
We abbreviate as ex := ¢(Tx/B), ey := e(Ty,p) and 7; := Tx/p|r;. From the
transversality condition we have a fiberwise tubular neighborhood t; : D(n;) — X.
Since {X — R, t;(D(n:));1 < ¢ < m} is an open covering of X, we obtain an -
excision isomorphism »

TLHY(X, X - R) - @H*(E(nz) Eo(m:))-
=1

Here E(7;) is the total space of the bundle n; and Eo(n;) = E(n;) — (zero section).

Let ¢; : H* ?(R;) — H*(E(n:), Eo(n:)) be the Thom isomorphism associated
with 7;, and U; € H*(X,X — R) such as t*(U;) = ¢;(1). H*(X,X — R) is Z-free
with free basis {Uy,Us,...,Uy}. Clearly we have

¢i(e(ni))7 ifi=j
0, if 7 # 5.

Since Tx/p is isomorphic to h*Ty,;p on X — R, the difference ex — h*ey is in
the image of the inclusion homomorphims j* : H%(X,X — R) — H?*(X), i.e., we

have ex — h*ey = j* (3_1~, a;U;) € H*(X) for some a; € Z. Restricting it to each
R;, we obtain

(1.2) e(n:) — bie(mi) = aie(m:) € H*(Ry),

where b; is the ramification degree along R;. From (1.1) and (1.2)

‘ m n-1
ex™! = h¥eymtl 4 j* ZZ (n—i— 1) (h*ey|n )n+1~kaikUik>

(1) £ (ULU;) = {

i=1 k=1

m n-+4+1
=wemtey (S5 (71 tattn )

— h*eyn+1 +]* Z (1 . bin+1) e(nz)nUz)

=1

for any n > 1. Hence we obtain

(13)  ex™1 = Rrey™1 4 j*(1%)1 (zm ™) 6 (e(ni)” >)

forn > 1.
We denote the fibers of the bundles 7x : X — B, Tx|(x-r) : X ~R — B and

Tx|r; : Ri — B over a point s € B by C, C° and R;|sy respectively. The Serre
spectral sequence of the pair of fiber bundles (X, X — R) induces an isomorphism

mx.: H*(X,X — R) S H*"*(B; H*(C,C")).
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As a m(B)-module, H?(C,C?) decomposes itself into @}, H°(R;|so). The coho-
mology group H*~ 2(B H(R;|s0)) is naturally isomorphic to H*~2(R;), and the
integration map H®(R;|sg) — Z induces the Gysin map (7x|r;), : H* 2(R;) —
H*~2(B). Therefore we obtain a commutative diagram

H*(X,X —R) —— H*"*(B; H*(C,C")) —— P, H**(R))
(1.4:) j*l j*l @(leni)!l

HY(X) —— BYBHYC) P perp,

The composite of the lower arrows is equal to the Gysin map 7x in the definition
of the Morita-Mumford classes, and that of the upper ones equa,l to (D ¢:~ ) ot*.
Consequently, from (1.3), we obtam

en(X) =Tx (exn-{-l) = Tx (h*eyn+1 +j*(t*)—1 (Z (1 . bin+1) 452 (e(nz)n)>)

=1

=(deg h)en(Y) + (& (7x|r:)y) mx £ (t*) " (Z (1 n+1) i (e(n:)" ))

=1

=(deg h)en(Y)+Z b:™ 1Y) (mx | R )y (e(mi)™)-

This completes the proof of Theorem A.

2. Fixed-point Formula for Surface Symmetries.

In order to prove Theorem B, fix a complete system of representatives {p;, ps, .
Pm} C S with respect to the act1on of G. We abbreviate as G; = G, and ¢; = fp‘
The quotient Eg/G; can serve as the classifying space Bg,.

Consider the canonical projection

h:Cg = (Eg xC)/G — Bg x (C/G), (z,z)modG ~— (zmodG,zmodG).

"The homotopy quotient Sg := (Eg X S)/G may be regarded as a closed subset of
Cq, and coincides with the ramification locus R of the branched covering h. Clearly
T|se : Sa¢ — Bg is a locally trivial fibration.

Each representative p; corresponds to a connected component of R. We intro-
duce a map f; : Bg, — Cg (“multi-valued section of 7”) by fi(zmodG;) :=
(z,p;) mod G. From a G-stable decomposition S = [[I2, G - p; we find Sg =
117, fi(Beg, ). Choose a sufficiently small G;-stable open disk D; C C centered
at each p;. The map defined by

ti: (Bg x D;)/G; — Cq, (z,2)modG; ~ (z,2)mod G

can be regarded as a tubular neighborhood of the connected component f;(Bg,).
Thus the branched covering h satisfies the transversality condition in Theorem A.
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The relative tangent bundle T¢,; /B, is equal to the homotopy quotient of the
tangent bundle TC, Te,/Bs = (Eg x TC)/G. Hence the disk bundle (Eg x
D;)/G; is isomorphic to the unit disk bundle of ¢; = (Eg X T,,C)/G;. Clearly
6(TBGx(C/G)/BG)n+1 = 0forn > 1. Since b; = §G;, we have b;e(¢;) =0 € H%(Bg,).
Therefore Theorem A implies

m

en(Ca) = Y (lsuimey), (e(€)™)
=1 )
forn > 1.
.Conceptually a transfer map results from a Gysin map. In this section, however,

we replace the Gysin map (7r| Fi( Bci)), with the transfer map corgl, in an explicit

manner. For we believe it will be good for future actual computations.

Consider the relative cohomology H?(C,C®), where C° = C — S. Let v; €
H;(C,C°) be the image of the positive generator of Hy(D;, D; — {p;}). The evalu-
ation at v; induces a G-isomorphism

ve : H¥(C,C°) 5 P Homye,(Z[G), Z)

i==1
by the universal mapping property of coinduced modules, and an isomorphism

ve: H*7*(Bg; H*(C,C%) S P H**(Ba,; Z)

i=1

by Shapiro’s Lemma, (cf. e.g., Brown [B].) Therefore we have a commutative diagram

H**(Bg; H*(C,C°)) —— @, H**(Bg,)

j*l @corgil

H*%(Bg; H¥(C)) 192, ge2(Bg)

from the definition of the transfer map corgi. Comparing it with the commutative

diagram (1.4), we obtain

en(Ca) =3 (Plntsep), (6™ = Y cor§, (e(6)")

for n > 1. This completes the proof of Theorem B.
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3. Applications.

Let G be a perfect finite subgroup of the mapping class group of genus g, and
C a compact Riemann surface on. which G acts as a holomorphic automorphism
group. Then, for any element v € G, we have

e1(Cy) =0 € H*((v);Z),

since H2(G;Z) = Exty(H:(G;Z),Z) = 0. Here we denote by () the subgroup of
the mapping class group generated by . Therefore we obtain

Lemma. Ife;(C(,y) # 0 € H%((v);Z), there is no perfect finite subgroup contain-
ing -y in the mapping class group.

As an example, consider two complex plane curves
w?=1-22% 2=z (z129+1 — 1)
1

for ¢ > 1. Glueing them each other by the map z; = 271, w; = 279" w, we obtain

2my/—1
2g-+1

of the curve by z — (z and w — w. It induces an element v of order 2¢ + 1
of the mapping class group of genus g. Let ug € H?({7);Z) be the Euler class
associated with the complex 1-dimensional G-module given by multiplication by (.
up™ generates the group H>"((v);Z) = Z/(2g + 1) for each n. Then Theorem B

implies

a hyperelliptic curve C of genus g. ¢ := exp ( defines an automorphism

en(Clyy) = uo™ +ue™ + ((—g — Dug)"™ = (2+ ¢™)ue™ € H*™((7); Z).

for any n > 1. Especially e1(Cyy) # 0if ¢ > 2. Hence the element v is not
contained in any perfect finite subgroup of the mapping class group of genus g > 2
from the lemma stated above. Moreover we obtain e;™ # 0 for any n > 1 as a
torsion element of the cohomology group of the mapping class group of genus g,
provided that 2g + 1 is not a power of 3.

The second author has found some finite cyclic subgroups satisfying eqqqa = 0
and ez # 0. Moreover he has found a cyclic subgroup satisfying e; = e; = 0 and
es 7# 0. The details will be appear elsewhere. It would be interesting that there
would exist a finite subgroup satisfying e; = e; = -++ = e,—; = 0'and e, # 0 for
each n > 4.
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Abstract

Using the Fuclidean decomposition of the hyperbolic surface, R. C. Penner gave
a canonical cellular decomposition of the decorated Teichmiiller space of a punctured
surface, which is invariable under the action of its mapping class group. Adapting
his method, we give a canonical cellular decomposition of the Teichmiiller space of a
.compact orientable surface with non-empty boundary.
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MEYER’S SIGNATURE COCYCLE AND
HYPERELLIPTIC FIBRATIONS

(AP —OREERIVI IV EBEHRK Ty TV —2a )
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T Atiyah-Singer fE#FEEN 5 Sign(E) 13 4 TEHOYND Z &R BN TVETA,
Meyer 3£ T 4 OfERH 2 LyRicoWTD Sign(E) L L TERETER &2 M,
@ Birman-Hilden Bi{&F + W DO DEHBERBEBTEANTRLELE. Mg 05Ee
RAERERTHS Wajnryb 7 [26] #H0na &, Sign(E) 02 4Z c&Lnr LadE
HEBEOPRED T TnoRAK) PRV ET (7], ) B 2 DTE 3 Bl kosisk s
D& S RENIBHNS BREHFERIY1 7)) 7y oakEnS—Eo H* (Mg, Z) vy
HUEOAEBEICHOET, TbE, 71 R o OEIRMEEE EhTh 3 & 5) TN,
g M3 LUEITEBE Tg DEIIAIE 0 KRS TLEDI D TY, ‘

X, WEERgs [13)[15] 1 1 = OEOMEAREEFELT. B 1 £k
1% 2 @ locally analytic fibration OFEHNEOEBRE Ty I N—IZ [FFiLEHR) §2
CEERENELE. DED, BEMN 1 £721% 2 @ locally analytic fibration iz8bH
NBIBRT 7y A N—ICRTOMMBEOINEHLEFEENEELD. EEWOFEKIEIET
DEBERET A N—HT2L0EEEORME L THEINET, MEEEZZOFEEK
% o-number %3 WEXfractional signature *EATHEENETH, BR&IZIh2BIAEH

(local signature ) &IERZ &iTL T, ¥iAse4ld good torus fibration | #P .
&% 2 @ Lefschetz fibration iwHbhBHE T 71 N—IZH L TRFRFSHKOEEZREL.
Persson [24] % Xiao-Ueno [27][25] oEE % MR —0@an bEIEH S hE LR, £
oo EWKFEMTHZBRAM TR (BRBCMOSFME TRV ERE Nk (8]) Mk 2
@ Lefschetz fibrations @ 2#REANEL =

BEEN 3 DL EOBEE T, OFERBITPAEERE T RN TIO LS BFEEKOBAESR
d—RiC g TEE A, CORTI fibration & MEEMEE) 72b OICEIEEE 3 2L
LOHAIT ORIV HERORFHEFRMEC 5 2 &R, Lefschetz &R T 71 N—IT
W2 AFEEROHERREZANLEVERWET, £z, FOASEK%EHD Lefschetz
fibration QL AREHER EOED VI DN THHNAENERNET,

2. BHEHMNELERLOFERIYL 7V

T ABEOY T 7))V EEENREASEH LICHIBT 5 Lo aREn P —EHoER
HRIZ/R D - LB, BHEH Y 7)V% cobound § % 1-cochain OFHEEANL 5

Typeset by AASTEX
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F9, AEEaTI 7Nk EdICERINET,
STV IT 4w iR A, B € Sp(29,Z) izt LT, R MV Vap &

Vag = {(z,y) ER¥*xR¥ | (A" =Nz + (B -I)y=0}
CEELEY, 20T BEAFATYT. Vas O GRIELS2) HEIGERRAE

< >A,B:VA,BXVA,B———>}R

ERTEBELET !
< (z1,%1), (T2, 92) >4,B:=<z1+y1, (I — B)yz >,
(i, y5) eVap (1=1,2)
ZZT <, > WURY Lo TLrF v IR
<z,y>=‘zJy (z,y€R¥)

J= (-?1 g) € May(R)

T, BEEad1 7 [17][18]
g + SP(29,Z) X Sp(29,Z) — Z

8
To(A,B) :=sign(Vap,< , >aB)

(A,B € Sp(29,Z))
LEgaNE T, Novikov omEtns 74 & Sp(29,Z) @ 2-cocycle &30 %7,

KICHEOEGEERICODWTHEICHEY L TREET,

B g DEEDTSNEEEE S 3R 1 ok3ic R oficlici L TR aRIcED

RENTWBEL, Y1,...,Y, U,..Up Z1,... , Zg 1 2R 1 2d2L57 8y Lo

BEMEAMRELET, £, HoEICE T3 180 EHiE ¢ Yy — Yy 2 @HENNSE
( hyperelliptic involution ) &HEXEd,

Y¢ OE#ER ( mapping class group ) My it B, o & 2 HET 2 HSFME
0 isotopy ELEDRTHTT, £ir. Dy OFEEMHELER ( hyperelliptic mapping
class group ) H, LIZ@HMEIRE ¢ O isotopy ¥g& FHUZTTRHKD LT My DIRHEET
9o

INBEOBOERTIOVNTIROZ ERFBENTNET,

## 2.1 (Lickorish [12], Birman-Hilden [5]).
(1> ﬁ-‘#‘ Mg l'ilg] 1 2] 39 - 1 ﬁa)ﬁm%ﬁ@fﬁ Yl: . 'Yg1 Ula fee Ug7 Zl; e aZg——l ‘:
‘79’37’::&@ Dehn VA A k Yise oo 3 Ygy ULy - oo yUgy 21y .. yZg—1 Téﬁié:ﬂéo
(2) ﬁ Hg [ 29+1 ’{E@f Y1, UL, 2L, U2y ..+ 4 Zg—1, Ug, Yg TMéj’Lé Mg @gﬁﬁ
HTho, (FBHRTHHFETES. ) #i. 9=120458Hy =M, ThH3.

AT, Hi(34Z) o3 27V o549 I BB EESITRRERE 0 1 My — Sp(29;7Z)
M—DEEVET., ZD 0 ITkd Ty DFERL 0%y =740 (0 X 0) 2R T, &HI T &
CLET, &, 20 75 @ Hg ~OFB g0 (0 X 0) lyxn, & T, EBL TEILET
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Birman-Hilden BIATIcRd 2B EH 01 7)) 78 OFtE e Meyer 12k 3 2-cocycle
DAREOAP—FOMNEHEEEEDLED ERDOT LAtHNDET,

Mg 2.2. B g OEANEELER Hy RcfBanAafsSgay( 7)) 78 oakEn
g0 H*(Hg, Z) B I aiidb x> E 29+1 ThHa. fEoT. KOKEE S DK

¢9:H9"""g_"'z (g21)

DME—DEET S ¢
(1) (:1: Y) = ¢g(z) + ¢g(¥) — dg(zy)
(2) ¢ ( )=0
(3) dg(z™1) = —dg(2)
( ) ¢g(ymy 1) = ¢q()
ZT. T,y 1k Hyg DT TH B,

B 1 RO 2 0Fs OABAERELER TN EEERO D DRENFL N b0 & U TR
ABTENTEET,

% 2.3 (Meyer [18]). [r1] @ H*(M1,Z) iz 348k 3 TH 0, [r2] @ H2( My, Z)
B BAEKE 5 THB.

ZOHIORBICERE ¢ OEANRFEREEANLET,

KloX, kiwg—1EOBEMBHE Q1,...,Qg—1 2B 2 ODLDICEVET,
Qnh=1,...,9-1) ikPor=&® Dehm wr 2+ & gn(h=1,...,9—1) & &
¥ h @ BSCC map &M ET,

i 2.4. Lickorish AfRIT Y1, u1, 21, Un, ... ,Zg—1,Ug, Yg HEE h @ BSCC map
gh(h=1,...,0—1) KDWTOEE ¢g DEZRDED TS :

1
Bol) = Bo() = bo(z) = og (=19, G =10 g-1)
4h(g — h
¢g(qh’>=——2—(g‘2?r (h:l,,g’“‘l)

i 2.4 @ Lickorish &I DOWT ORI ¢y DEIFHEEZ S A GLXREE) 717“%%
SIMSIICEEE N TWET [20][21] . %7z, BSCC map ixDWTOEDFEIE L THL
DXVAY MRt EEEEECBEATINELE,

3. MMM T 17V —a Y ORHEER

T, ASEEDHE [15] 1t TREMIR T 71 71— a Y OBERET 71 N—
kﬁbﬁ%ﬁ&%ﬁ%b W DORADE RN L ET. FBEOERLE DL WA
£OMY [15] 2HETE W,

f:M — B a@E&kgn locally analytic ﬁbratlon EL, by, ... by B f OEREESL
iﬁogﬁboéth {h, n}%~oab ﬁ%&ﬁﬁ?éﬁﬁﬂﬁé Yg ~%Pb
0x—&KH

2 'Wl(B_{bh'" 3 n},bo) _—)Mg

NEFVET,
CIT, EOEENOHANERANKROEEELET,
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2% 3.1. #EL g o locally analytic fibration f: M — B 7% hyperelliptic ( %
M) Tho&id, LROMEEFETIHIEM @ 1 Yy — Fo 25 L5& @ iift
Wds f OB FuI—%EH p Ok Imp HNEHEMMELER Hy KEENBEDICTES
ZETH,

s g @ locally analytic fibration (cBihh 2 7 7 1 N—DAERFIERESEOEAE S,
LEE, T0> 50 hyperelliptic 2% D&KDRTWHESE S LEL L LET,

THE 3.2. ROWEED=THK

1
0w55~42;32 (g=1)
NHE—DEET D -

(1) F e ST ngpmennid, og(F) =0 t55,
(2) f:M — B #@iiEm B Lo&EE g © locally analytic fibration & L,
Fi,... ,Fo 2202 TORET 7 AIN—LTBHLE,

smmM7=§:%um

RO ILD.

zZ T, Sign(M)(€ Z) & M 88 TH 2, 04(F;) 28771 N— F; ORFHEESK
( local signature ) EIEZ,

IR XD b0 LIFIEFRETTN, —BERDED I L e EBLTHREET,
Rk o (F) iZEMA&RITIX

og(F;) == —¢g(y;) + Sign(fibered neighborhood of F;)

LEFINET, HL. o € Hg 3 Fi OFVDE) ROI—TT., & OEVARITHEROR
ATV ambiguity 235 0 &AL ¢ BN TH B O T LRI well-defined T,

& T, Wiz Lefschetz MOBERT 7 1 N—DRFHESKERE L ET.
fisk g O Lefschetz MR 7 A N—0fmzs x5 & [£]+ 1 @s 0. whe I 8,
IIn(h=1,...,[4]) MeaTET. 2h 5k, hyperelliptic T 0, £/ kn3—ik
THENIEBEEA R, B b O EIBICR 5 24 ® Dehn W 2 M T
i 24 OFEE BIEEROEEN SINRESIChM 0 £,

8 3.3, Lefschetz BLOBRT 74 N—DRFEEEOEIKOBED TH S

_g+1
2g+1’

4h(g — h)
29+1

oy(I) = oo(I1n) = -1 (h=1,..., (2]

2

Bz, g M3 LRSI og(ITn)(h=1,...,[§]) WECEDHEELVET,

ZDFHEM 5 hyperelliptic Lefschetz fibration &R 7 7 N—DEEIIK D LS 713K
BMEZTHZENDMNDET,
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@i 3.4. f: M — B 2| B LoE g @ hyperelliptic Lefschetz fibration &
L. a, bl) ) 1b[%] BTNTN I) IIl’ o 1-[1[%] D Lefschetz 91::!::"‘4%52—7 7 A4 IN—DEE &
TB, TOEERMKVILD :

(3]
(1) (9+1)a—4> h(g—h)b,=0 (mod2g+1)
h=1

(5] _ 2(29+1) (g : even)
(2) cp+42;h@h+1wh=ﬁ) (nwd{4@g+l)@:omb}>.

7=, hyperelliptic Lefschetz fibration i3##£#&M&kic 142 Noether m4&:icigy
TEHEDDEHELET,

i 3.5. f: M — B #gihim B Lok g o hyperelliptic Lefschetz fibration &4
BE&E, Sign(M)+e(M) 1% 4 THOYND, HL, e(M) 12 M ¢ Buler @85T% 3,

ZDHDBBICEORERE b DL 51z Lefschetz fibration o B4R L =& BN
£,

#l 36. g>23 ¢35, E/r03x— (nw)(=q) 2b> I HOBRT 71 N—
2+ 1 xEDBE, ZTOLE/ FOI - (11u)bCoY 2z, Hy/[Hy Hyl @
frgid 429+ 1) ORI TH BN S (1u1)8C9TY 13 [Hy, H,) k& Ens, #oT. &
% k(> 0) BEtELT (v1u1)?P9tY 13 Hy @ k HoscmFoRe LTEF 50T, B k
DOEhE B kofEsk g @ Lefschetz fibration f: M — B TH->T Il ROKBRT 71
N—% 29+ 1 BHDHONELND, TDEE,

Sign(M) = (2g+ 1)og(IT1) = (29 + 1) x (4—2%—;—1—) - 1)

= 2g — 5.
Lizd, (BEM7z k & LTI E=3(20+1)(6g — 1) 3&h 3, )

FFRREEERAWS Z &Ik o T, MEELICE D ENICEMELENFEE TRV Lefschetz
fibrations ofjH g =1 or 2(mod 4) 125D g ILHNT—LTEET, WAksetinig
HENEER 2 OHA Fuller 8] icko THAFMTRNZ EMRENTOETH, o
BB FREIC U TR TRNZ EOFEHTE D00 E SIS idbn D 48 .

4. IV EDOORFEEL

COHTEEREROAFTI) —TEwE L £3,
( holomorphic 7z) hyperelliptic fibration izl TidB 4 DAL IZE Bt 2 HETHE
FTRSENEETEDCENERINTVWET, (ZOSONREMIT S - LIdFEnLsE
WK ERNENZ & T, )

9. BERIDITROEETT,
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F# 4.1 (Horikawa [10], Persson [23]). f: S — C 2#HMWE /N 2B ¢
@ (holomorphic) hyperelliptic fibration &L, C &%k m /3% Mz Riemann &,
Fi,...,F 22 TOBRET 7 A N—ETB, 2D&E, SERT7yIN—F(t=1,...,n)
I LT Hortkawa index SIS 23E&AEE Ind(F;) € 12 BWEZYD, ROSRARD
I

4(g -1 ~

13 =220t (g 1) - 1))+ Y Ind(R)
i=1

22T Ks ida> sy v S o canonical bundle ©H 0, x 12 S @ holomorphic
Buler-Poincaré characteristic t# 5.,

RBAFES L GRIL¥RART) &R)IBEHE A (AE) FLoRo Ks ® x 2 hRodn
WRFEETEEHA D EHRCRTBESENEBETA I E2AnHENELE [2],

g 4.2 (Arakawa-Ashikaga [2]). f:S — C afEsiiivaiEk g o (holomorphic)
hyperelliptic fibration & U, C %k m ©a> /37 hiz Riemann &, Fy,... ,F, &%
TORETy A N—ET2, ZDEE,

Smn@jzﬁz&ﬂﬂ)

MEROILD, =T,

gTnd(Fy) = (g + )e(F) _ 1

Gq(F:) = 29 + 1 29 +1

ThD, chzBBE 774 N— F oRFmEE% ( local signature ) & FEXR,
( e(F_z-) = e(F}) — e(Bg)ixF; @ Buler contribution Ta 3, )

BELERT 7280, R DRFREE 09 & 0P | Arakawa-Ashikaga OFFEE% J,
& op?t g%, Theh topological 7z, holomorphic 72 BB EIERE Lz LET,
ROENE T HRARBOIERET,

figg-4.3. ( holomorphic 73) hyperelliptic fibration DR T 71 N—IZF LT, 2 Bl
DREFHEES 0P, oh IS LA ? LD TRV S —ET HDIES WS AN ?

ZOBWIZE L TEHR S TIRROEMAREEEEBTNET,

iE 4.4. F 2t g(> 1) @ (holomorphic 7z) hyperelliptic fibration o
RI7AN—EF2, BL, g < 4 ThHHNHLLIG Ind(F) = 0 TtHiug o) (F) = ohol(F)
TH5.

CDMEDIRIE atomic fiber ( [EF7 74 N—] ) KL TERIC=DOEEFEL
TELNZEEFETHENIAERF>TVNET, LML, COFETEREEETE)E AD
W3 [2] @ type IT L WSEET 7t N—07 FARBE D ICbEMRED, TRTOHEI
DNTEETIDIEFEHL LD T, Lad, ZDORFEFELD—EWMITHGE Z 200 END
MELD) KOWTEMMBEE-> T NERA. ZONOEFEHSMNCT ISR T 71 )N—
DFREZDE FUI— L OMOREHK HidsesL Montesinos KDILFERFFED L 5722 &)
EHODUELUL ADIRERSDHONS LNERAN, BRARROEETIZLSDND ER A,
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DIPOLES AND PROJECTIVE STRUCTURES
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It is shown by easy calculation that

RN e o] [ {ff_ -3 (T)Z} @ 0

The right-hand side is ~1/6 times of the Schwarzian derivative of f.

In this note we consider the geometric meaning of this formula. Schwarzian
derivatives are closely related to projective structures on Riemann surfaces [1, §9].
We construct a one-to-one corrrespondénce between projective structures and cer-
tain families of dipoles. Here we mean by dipole a meromorphic differential on a
Riemann surface with just one pole, which is of residue 0 and of order 2. This
correspondence is a by-product of a series of the authors’ studies on dipoles [2], [3].

1. STATEMENT
Let X be a compact Riemann surface of genus g > 0 and P a point on it. Put
E,p=HYX, Q' nP)).
For —1 < n < 2 the dimension of E, p is dependent only on g,n :
dmE. . p=g—1, dimEyp=dimE;p=g, dimEyp=g+1.

We obtain from them holomorphic vector bundles F_;, Fp = Ej, F2 on X, and an
exact sequence

O-—>E0/E_1——*E2/E_1~>E2/E1-——>O. (2)
Lemma. O(Ey/E_,) = Q!, O(Ey/E;) = (QL)*.

Proof. The former isomorphism is induced by the restriction H(X, Q') — Q!|p.
The latter is induced by the residue pairing

H°(X,0'(2P)) ® Q!|p — C: dg ® dz > Resp(gdz).



The extension of Q! by (Q!)* is always trivial because
HY(X,Hom((Q")*, Q1) = H'(X, (2")®?) =0.
Thus O(E,/E_1) = Q' & (Q')*, but the isomorphism is not canonical. The set

of splittings of (2) is the affine space modeled on HO(X, (Q!)%?).
Now we state the main result :

Theorem. The splittings of the short ezact sequence (2) correspond by one-to-one
to projective structures on X.

2. PROOF

Let {(Ua, 24)} be a projective structure on X, 7. e. a local coordinate system

such that
20025 " 1 25(Us NUp) — 2a(Ua N Up)

is given by a projective transformation on P, (C), a linear fractional transformation,
the Schwarzian derivative of which vanishes. Two projective structures on X are
defined to be equivalent iff the union is also a projective structure.

The difference of two projective structures on X can be measured by Schwarzian
derivatives. Let {(Ua, za)}, {(Ua, wa)} be projective structures, and wy = fa(za).
The Schwarzian derivative

2
fa”, 3 fa” 9
{ f(xl 2 fa, (za)<dza)
defines a global quadratic differential. Hence the set of projective structures on X
is shown to be the affine space modeled on H®(X, (2!)®2).

For P € U,, the formula (1) implies that the subspace of E; p/FE_; p spanned
by a dipole

1
Za — 2o(P)
is independent of the choice of a.. It induces a splitting of (2).
The formula (1) also implies the correspondence above is equivariant with respect
to the action of H°(X, (2*)®?). Hence the correspondence is one-to-one. O

d( ) mod. E_1 p

Remark. a) Splittings of (2) are induced by complimentary spaces of H%(X,Q!) in
H(X,C), e. g. g-dimensional subspaces on which the pseudo-Hermitian form

i -
w "2‘@ Na)[X]

is negative semi-definite.
b) The formula (1) appears essentially in N. Kawazumi’s paper on complex
analytic Gel’fand-Fuks cohomology [4, p.666].
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SU@) - representations of the genus 2 surface group

and Plicker embedding.

quqy,uki Okai (fE # & 47)

§0, Preliminaries .

Let 25 be the closed surface of genus 2. We fixa system of generdtors
of M (Zo) 5 T I(Z,) =<, Bro oz, Pa | =, f\'S- &, (?z] =1>., Our main concemn
is the space of SUR- representations of T (%), densted by Hom(m(), SUBl) .
For P e Hom (T (), SUD), fter o wnjugation of SU@, we nay assune that p (G, p1)

= (em ?m) with some § ¢ o, Let us consider « su\)sPcu;e,
0 e

o0 i\
PP—P (6) = \[(‘Xi,el; Az, P).) < QSU@))Q{ Exl,();,‘ = (: Q—:io) 3 E°(1, (31.3 "‘(S gﬁ) %/(x»n‘;)\.
C Hom(W(Z2), SUD), i

T (03], this space Rep(® (for 0<8< @) is investigated in detail, using the
explicit formula of representotions. In pusticalar, Rep (8) Cforfived 8¢ o,w)
has o structure of an S'-bundle over S*x §% (its transition Functions can be given
explicitly ). But its paranetrization seems somewhot artificial. We also want
o see more clearly how the spuce Rep(®) varies us & moves. For these reasons,

we Fresen’( here ancther descrip‘tionv of the space R&P (6).

8L Solution space parametrized by Plicker embedding.

et us ‘xdenﬂ*} SUR) with Sp ) b)/ (_% %) > a-bj . They the
T . _
equation @, p] = (f gi(’) can be writfen as upo{"‘ = ¢, Generalizing this,
; . 1



we wonsider o st B g) = {xeSp)] xp' = g1 S p, g e Spd). By the
dentification H s o= dot 01+ 474568 e—s T = équ e RY, we
'r&gakd the ecfuctt‘lon Xp=¢x G a linear eqm‘ﬁon Q) ) Y =0 for Xe iR“]
where [Pe=%e ~Pie®  ~Pat§ -Pyt iy
Q)= | -8 p-% Bt % pag
Prm % -p-% Pm e Pt
Pi= & P+ga P %H P o
Then we have the identitication Egq)= {Re |R-“l Q(P,@')”i’:?} ASY =
Ker Qp, §) S? Where S? s the unt sphere. in RY.
Let us assume that P, § e Sp) m’c‘\-s?)f pe=go and Inpy = o = In(9),
because pos go implies ker @) =17} and p=g=x| imPiﬁes Ker Qep, §)=R*,

Now @ msa—by~mse celeulation shows the 'Fonowmg

Lemma. For any p,geSp@) with po=%: and Imp) = o= Im(g),
we have rank Q¢p, g) = 2. []

Thus din Ker Qep, ) =2 and Elpg) = S' (a great circle in S,
Next we invextigcﬂ(ﬁe, how the 2-plane Ker Q(p, g) varies in R as p and ¢
move : A 2-plane spanned by [inearly independent vectors T, el is
puramelrized by [TAV] e P (/ilg“ > (the Plicker wordindle). Let us introduce
the @) self-dual 2-vectors  £8 = T &, £ % (&) € AR (L=1,2,9).

Then we have the fcﬂowing

TheoremJ_. For any p, ¢ € Spi) with pe=go and Inp) = o = Imig),
the Pliicker coordinate of KerQ(P; §) with respect to the basis {_&(e)}

£=4,~
2 3 v, . A=1,2,3
< ARY s given b}/ {Im(%)J , Where Im(§) = (El) :
= &3
Lm (P)



Thus we have GM(2, R = KerQtp, q) —> [—L‘ﬁ ﬁz & 7%— Fi\c e P(AKY)

via the Plicker embedding and this gives the motion of the som’cson sprce.

E(p,9) with respect fo p and §.

Rgmgrk . { kehQ(P,%) l Pr g € Sp(i), Ps =3%c, In@) = o= In (%)} Covers

the set GM@&RY) ; its Plicker relation in P(AR) is f—é pC = 5};%3 :

Proof of Theoremd.  Our proof is divided into 3 cases ;

(Note that this includes the case p, g € Im(H) Spat)
We have Ker Qp,F) = [ReRY| etk
in R = Tm(H)),

(1), The wse 3=7.
Q_hd %_::-—P R L. e. [1, Pj:*l)
(the orthogenal complement of m = 5{;—:?@5;

Tog): Im60 =0} =
X | R = Tm(HD).

Il Ten Lpé')ﬂ

KQ&‘Q(F;F)

Ew,7)
NS S = T (H) A SpQ).

Thus via the Hodge star oFerdw on le, KerQ(P,F) Is identified with [Fi E')l,\éj’
- = - Fpa - . o ) L b
* PR BAL + pEaE ] e PIARY, whichis rewritten os [Z enfy’ s Zn )
(2). The case =P . (This includes the case [, pI=1, from which we can oblain
information about RQF (0).) We have ke,r Q(P, p) = <€o; Tnp) >

\ Tn ()

/-\ 0 Zen o)
>R Epp) = {exp (28 )] 9 Rfarz ]

i Tmeil ¢l

— e 3 - .;}... F
Now LA Im) = &5 P Bagy = ‘l‘ = pa (f U +457) and thes Ker Qep, p) is
'+ B ) :
identified with [Zns" + 2 ut"] « PIARY.



(3. The case g=F and §=p. (The fllwing proct is valid elso for the case 1))

bet @ = /=% , B =/~ Qrg)) ad W = =ar g | . Thew by
° Py — %3 —~ (pa— $2)
= (P3—g3) o Pi — i
Pz-— %2 - (Pl = %) o]

a divect caleafction, we have KerQp,3) = <%, &, > . Neote that only two

of W, W, W, are [inearly independent (there is o reicﬁtlon f; (ps— %Q)‘u& =73),

We dlso have Winw; = =G {1 Z 5 &7 + Z 067}, WAl == (-t
2 + ER ’ . — Ea g )
{é%aﬂu ~ & Psz'ﬂb)& and X)f—;:\-w, = — (P2—¢,) {57-’73.1 -Fé S z_‘ Py )37 which give

the conclusion K%Q(P; gy r— [é—] %MCM + Qi, PQ_FQ()] € ‘P(;\Rq) []

The proof of case (1) hus the follswing application:  Given < Spa), It
Us considet the equation Cat, pl=-1 for xe Spat), i.e. the equation Qp,-pI%
=T, If fo= 0, then we have KerQ(p, -p) =18, Thus B must belong to
I (H) A Spit), and now we are in the case (1), For any Fixed (e Im(H) n Sp)
we have E(p, =6) = tote In(H) o Spat) | o, p1= 1) = S and that ECp—p) is
situated in the equator in §7=In(H)a Spa), if we regard pe 8% as the north pele.
Thus the st { @, p) < (SU@)| , ¢l= ~ T is identified with the set SOG) of
oriented orthonormal basis i R®. Also, the conjugate action of SUE = Spat) an §7
is nothing but the rotation SOG) on S* (vie S, >y 2 (TH)sz > g2y e Tnik))e
S06) ). Thus we have

Coro”ary . Tke space {(o(., (1) o, [3;) € (S'U@»‘*[ (o1, (3{3 = -1 = (¥, p;]}%onj,
s identified with the quotient space  goENSO®* S0 (~ 5om), where
SOB6) acts on SOB) x SOB) diaaona[l)/ From left, [

Remark.  For the group SU 1) instead of SUWR), there is no (o, p)
with &, p1=~1 (see [04], [02]).



82, A description of the space Rep(e).

Let us return to the equation [, gl = e, Fix any O with 0<O<mw,
Then we have k& (p, ot (3) =@ (i.e there exists an o« Sp 1) such that &, dl
= e ) if and only if pelpe Sp(i), Pr=—tun(d) pe | (the last constraint
comes From the wndition that (Blo = (e¥p)s 5 see §1), in which case Eg, &%)
becomes an S . Here {PeSpu)I F;==~chm('g-) PGS is o tolally geodesic 2-sphere
denoted by S, which is given by (the hyperplane py= ~tan(Bpo i H) A Spa). In
this Sg, 1T we Fix a value of po, then the value of pv is aitonatically Fixed 5 thus
we consider the image of this Se under the Fvoéjecﬁon (Pos Py Pas Pa) F=> (P,; Pas P2) -
The follswing picture shows the decomposition of ©(SE) into orbits of the rotation
SOG) on  {po} x Im(HD), which comes from the conjugate action of Spit) on Spad)

( Note that the action of Sp(1) preserves the vajue Po , und thus the value Pr in S% )

S' with radius Jfi=pe-pr

o} es® -sn®
0 sin® ws® .

Among the group S0Q), ch()/ {(X(® = <' © © ) l Oe MWA (= SOR)

preserves setwisely these orbits (' or point), which are parallel to the plane

% ; 5 "i-@-—
<&, &%, The action of X(®) on pe SpA) is given by X(@)p = Q‘[?*@)F e ')

Let us consider the S'-bundle ﬁ&é E(p, €p), which we denste by S8
_'|e 2] »

2
Q

Tts base space qu»umeirizes (31 wd the {ibers Pa'rume’crize o with [, (3"] = e“’.
The action of X(@) o Si litts to the tetd space Ei0), because we have

X@®): E(p, €%p) = E(X@)pr, °X@®)p). Similarly ket E,0) =



U E(Gz, E'_“ie(}g_) ; the action of X(®) «n S\_ze alse [ifts to E. (). Thus we |

2
Ba€ S_e

can write down the simultaneous confjugaﬁcion of X(®) on E@) x E,0), which is

nsthing but the conc}‘ugd:e action onh Repﬁe) :

Ep, ) oy —— X0 o ¢ EXE®)-4, €“X@) p)

|

() G X(©®)p

E(p, €90.) 3ota ——> X(®) %o ¢ E(X@®)p, € X(@)-p2)

B2} > X(®): P2

S(mearizmg these a\oeve, we have the FOHDWing

- Theorem 2. For any 6¢to,m, we have o description of the spuce

Rep ®) PQP Q) = {X(®)| & erz./ﬁ\E‘ (@) x =,(0) , where the action

of X(®) is given by X). ]

Remark . By the continuities of S and E((;, e“’(z) s 8—>% (because
. e » S’Z awroqc\\es TGOS S’p(i) as G—?K);

13 \24
Po = pows@ —pisin® " 57 po =0,

Ei®) and E, () (For any § € (9, ™)) have the same JCOpoluaiml 't)/fe with the wait

Tahgen”c sphere bundle over S*  (see Curon(ur)/ in §$1).
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2 Dm0 EBIERE LD H 5 BEIZ >N T
) RE]

1. ¢

TEE gD ihiE O BB M, 0 L < Fb i Sp(2g9,Z) ~ORBUIHE O—K T T KE

BO—HE~OEAPL/LND, ZOBEORERITZ, LV ERIC. BT (D, *)-
mEE Z Po/OLNDRETR) THDH, ZZ T, FEBBHLRM (S, *)-EE Z (7 B8
bNDRATR) 2525, ¥R (S,,*) — Aut(Z) = Zold ZofFE— KT HRE T
P we H\(Z,; Z) L A—EHED DT, stisT 28 CUIRFTR) & Z, 2 ET,

—RILIAFEH /‘-*ﬁi HY(w(%4,%),Zy) (X Eilenberg-MacLane Z2f# 72D T, Lit%
m(Bg, %) DO aRER VLS, OFRareu D—F 28T 5) ~OEGER
DIEREEZEZ DD THD M, f’EﬁTﬂT B72 b DT E R & B My, D wi R OO HE
MG, = {f € My |f*w=w} TH2d,

Kos % B 2 D DBRERL ST 1T 5 BMBA AR I8 - 72 Dehn twist 12 X > TR Eh
B Mg DEBEEELT B, \_UD‘Z{S’\ﬁﬂiTorelhﬁﬁj IEEND, ZZ T Torelli B L 1T,
BREAB T U - BICEH J@%Téjﬁé@iﬂ%fié Mg DBZEETH D, M,D
HE gy Torelli # J, bFERICED D, ZhbOESEIX, £ ODZUEHl(Eg,Zz)
* LT, M"” MYDOEGETH D,

Proposition 1. 0 TRV w € H'(X,;Z2) I/ LT, MED H'(m1(3g, %), Zy) /torsion
~OFERI Ko LI B AR EHERBIC, . MY ——>Sp(2(g 1),Z) 252%, BiZ. K4k
FEERAREHERZC: MY — PSp(Z(g - 1) Z) EHET D,

ISR E LT, Bl 2 OBAEIC, MEE Meyer B8 0 —1 f512—83 5 BEEH My L0
@ﬁ?ﬁﬁi?‘éo T T MEZ HY (S, Zo) FEIAERT 22 b2 5 MDY
BLT5,

Sp(2,Z) = SL(2,Z) EDOEBEREREHMERS TEED A, B € SL(2,Z) ixL T,
o(A, B) = $(B) — Y(AB) + $(A) Wt b OBM—FFET B, == Told SL(2,Z) O
signature cocycle TH 5 ([1, 5,7, 9)) L (EEEKRT ST EIT LV BEHIY: MY, — Q
%1%50

feMEIHLT, MER M, — S'%5, x [0,1]/(2,1) ~ (f-1(z),0) TED, £ 08
%S %E:’ﬁb)&ﬁié%}wc‘:#éo Hl(Mf;Zg) DI ’LUM <. 22 == 22 X 0 — M,J:'w
T, G s I L BBIXELA 0 L BB OR—BNICEE D, ww, % Zy = S C U(L)
~DOEFRBLEZDHZ LITE- T, My _t@:l:iﬂii%g%ﬁﬁﬁ#{%%ﬂ P€-> T, Atiyah-
Patodi-Singer p— &R pu,,, (M) 72?%5 (2D)e ZDHE. puy, (M) ITEE(EZ L 5, B
By : M, — Q&2 (f) = puy, (My) + TV (f) TED B, < DB M D BEE

LRIRED T LA, TR My OB My — Q 2u(f) = & Y CERT
B, TIT, we H Sy %) 13 freEESRS 0 CRVTELEEZEL,



Theorem 2. Biuid My ERBERETH Y, MY E. Meyer Bk oD -1 fEIc—BT 3,

Z ZC. Meyer B#i¢ : My — Q3% sign(a,b) = —¢(b) + ¢(ab) — ¢(a) TS IF
b3D ([6, 7))o sign X My® signature cocycle T B,
T, UETRARZZ EE2FELLBEANRBT,

2. AFTREZFEELTHMAEmD aFRETT P—F

BE gOFEFAME LS, & L, Efx e S, 2BET 5, ‘
aRER V- w e H(Ey;Zs) = Hom(my (5, %), Z2) VT, m (B, %) D Z ~DIE
Rz

Wl(zg, *) XZ — 7
() s 7+ 2= (<1

TEDD, BL Zy = {0,1} LEZX D, ZHICLoTHELNBT (S, +)-MEE Z & Z, T
xz7,

—RFTLIA BT T P—FE H(m1(Bg, %), Zo) RO & I LTEHE SRS ([3)),

w-crossed homomorphism v (BiH. £TDa, f € m (X, *) WX LT, u(af) = u(a) +
a-u(f) ZWlcd) SEORTZER% 21 &35, principal w-crossed homomorphism v(Ef
L meELPHFELT, £TDa € m(Tg,*) KH LT, ula)=a-m—mEHEET) £
BRORLTZERME B1L 95, HY(m (S, *),Zy) 1% Z1 /B CEHEEN D,

B2, HY(m1(2y, %), Zy) /torsion EIZiZ, By TREE Ly @ Zoy 27 & EASE [Xg] 1T &
SFHMEIC L Y, symplectic BB EESI B,

Lemma 3.
729 w=10
1 ~
H (7!'1(25” *);Zw) - {Z2(g-1) P Z2 w 7é 0.

BT, HY(m1(%y, ), Zy,) [torsion O symplectic BRI BEHERIIR S DTH B,

Mo &S, OBl & DBIERE L 15, 0TV w € HY(S,; Zo) KK LT, M, DS
B M & wEROTTEGOK TSR LE §2, ZOWSEIL H (11(%,, %), Zy) /torsion I
TERT 2. BL, fe MEE (f) TIERT b0 L T2, ZOEMIZERO symplectic
BREROD T, HY(m (5, %), Zy,) /torsion @ symplectic EEZ—HEETH Z Lick-
T, #EREEH

(gv: Mg — Sp(2(9 — 1), Z)
%?%60

Proposition 1 Z7R9IZid. 0 TRV w e HY(Z,; Z:) IZFAHEEBROBIEE L TAEWIE
D ¥H 5 DT, —DOD wGC’Jb\'CTiH?T?‘E‘&fED‘O ﬂi&bi&ﬁzg_l,l == Eg_l \’I:?’Ltl)2 et Eg
CXRLT, we LT, wlg,,, =0&R22b02EX5L, ERAE My, — MY —
Sp(2(g — 1), Z) /LN DH. ZHiE, My_1.D H (g 1;Z) ~DIERAN /LN D HE
R L —Ed 5 Z L35 Hh 5 DT, Proposition 1 OEFHENRTED, I T, My_1,iE.
D> C Yy | HEEBHTHEN, « DEBEHTH D, Ky OB AT EAF OFHEH
LR/OND, ER2LOBEEm (S, *) C Mg DI & B85 {+1} C Sp(2(g —1),2)
ThdILEnbIED,



3. SIGNATURE COCYCLE & MY, F D%

769 SL(2,Z) & PSL(2,Z) LOBEEEATS, ([1,5,7,9)])
Rademacher ¢E%k
¢: PSL(2,Z) — Z
%
_(a b . -(bi c=0DEE
A= (c d) = ¢(4) = {9%-1 — 12sign(c)s(a,c) c#0 DFE
TEFRT D, L A€ SL(2,2) X [Al € PSL(2,Z) DV 7 R & L,
le]—1

s(a, ¢) = Z(( ))((

IEEWICSHR2E o, clxtd 5 Dedekind sum Th 3, Z 2T, z BNEHEDO L % ((z)) = 0.

Z5CROEE (z) = 2 — [o] — 1/2 T B,
BRERK
v: SL(2,Z) > Z
%
| sign(p) A=Y *) kez oms

sign(cla+d—2)) FOMOEFE,
TEEL. FEHEEEK
¥: SL(2,Z) - Q
€ 1
A B(A) = 244 + v(4)
TED D, .
B¥ido = sy &Rl T HEREEEE L LTSI b3, 2T,
o: SL(2,Z) x SL(2,Z) — T
I signature cocycle C, §la v 2 Y —{EAKTH B,
—fRiZ U(p, q) @ signature cocycle
sign: U(p,q) x U(p,q) — Z
7)§7§Y0)J: 2ITLTEEREENRS ([1)), '
= S\ Wt DASH LT, m(P,#) 1577 2 DBBBTHS, LOERTaL AL
Té EEDO LA BeU(p,q) LT, o, it 550/ I—R A BTHD PL
DO U(p, q)-’\ﬁ MERE EET 5, akeud—BHYPE): = Im[Hl(P OP; E) —
HY(P; E)] iz v — MED D » FRE EOxT VI — M & EASE [P,oP] | z X 5V
THRENIHEE IELIEbOTERSND, ZOHEET sign(4, B) ZEET D, '
S, p=q=1D8AE. SL(2,Z) — U(1,1) & BT L sign © SL(2, Z) ~OHIFRIT
ot —Bt 3 (). #E>T. A, BeSL(2,Z) IZx LT,

sign(A, B) = $(B) — Y(AB) + p(4)



BRI B,
XEHROX = IS gHeoa L <y MAFME LT 5, BREE: m(X,20) & SLE2,2)

= UL LT, {laedn )/ I—L UTHORHRE E: L 55, BRLERKIZLT,
B8 sign(X, Ee) WEEREIND, XONRUYSREELD L, BEMERCL Y,

sign(X, Bg) = Z¢(EI(53))

PRALY D, ZZC, SHIm (X, z0) DTLERLTNDN, EEEHEOHTZITRELR
Vo LWL, i3 SL(2,Z) EHBEARERDT, (¢E(S})) iE—EBHICEE> TV 5,
KIZ g=2DFEIT, w+#0¢€ H (S Zy) IZxt LT, Bk
Uy My, —Q
x
TY(f) = (&)
TEET D, ZI T, (LITRTHIOERZ T, Lemma 312K Y. HY(m(Xs, %), Zy) /torsion
DEDEEZ LD LIZL Y, EIIX SL2,Z) 725, v? SL(2,Z) EHREREMIC &
V. VYIIEDOEREIEKFETICEE S, ‘

Lemma 4. {EE D h € Ma 2kt LT, U¥(hfh~1) = Th"v(f) BT 5.,

4. phEHROFEE

XeRR o bBREF a0 NamliE &35, ‘

g22¢ L. m:Z - X&tWrs: X —» ZEFEOLRET D, EREDT 74 /3— Z,,
Y FA—RLTEBL, / Ful—%&25ZLicky, ¥#RE

h: m (X, zo) — M.
/D (ZZTHL AT RrI—%523), #iZ, BDif fH(Z,,*) ~ K(M,., 1) (g >
1) ([8]) & V. HEFRE O HEEIERTE B,
Lemma 5. w #0 € H (54;Zy) £ 4%, EOREDTT, Im h C My, LIRET D, =
DEE, wgls, =wk s'wz =0 WY wy € HY(Z;Zy) B—BHINTFET 5,

Pk, w#0 & Imh C MEERET 5,

mi(Z, %)- B Cy, := Zo, ®C ZRFTRLE XD, H*(Z;Cy,): = Im[H*(Z,8Z;Cy,)
— H*(Z;C,,)] EiZix, H o7, C koI — bEEEARE (Z,02] 1 & AHEIIC &
V. RN I— MERABEREIND, ZOEEE sign,,(Z2) £ETS

RIC, X EO=z )V — MEEFOFHEANY MUK HERD X 5 ICHERT 5,

T € XITBITBT77 A~ Hd—RTartn o—§

H (1 (7 (), 5(2)); Cug ln-1(x)) = H' (Tg; Cyy) = CH07Y
TEEL., TAI—FMERY Yy THEE C Lo VI — ML HIROEAREIC X AFHET

BREINDHEE ifFLIEbDTEZ S,
COFHRHOA R 7 I —HFEE (D#) X

7: (X, z9) — Sp(2(9 — 1),Z) = U(g— 1,9 — 1)



LR, ¥R
m1(X,%) 3 a0 (@) 1) € Aut(H (53 Co),i(- U ) [5,))

E—8BT+5, H=E, Th?,

Ay FVRF L FIE D sign OXERA KR EE D,
Lemma 6. EDOREDT T, sign,,(Z) = sign(X;H) = WY (R(S})) BRERILY B

KIT Atiyah-Patodi-Singer p— AEEBEZET T 5 ([2)).

—RIZ, M%Z 2l -1 RTEEMAY) —~ B EL L, a:m(M) > Un) 2= —
KELT D, MOBEKREX EDBCHERIERARE

D: Qeven (M; C) — Qeven(M; (C)
&
D(¢) = i'(=1)P*! (xd — d¥)¢
TEFEYT D, ZIT, oI 2pKBRTHL, BiZ, Didail ko TEHEINET L7 n D
WAEERAY M RICEZFEOBERFER LD B CHBIERE DJIIEET 5, EHE D,
LT, B (s) &
Na(s) = Y (signA)|A|™*
A£O

TEET D, ZIT. ML DD 0 ThVEEESEZEH, DITEHTsHZ DBEEE(s)
TERY, ZHODBEEIL s =0 ICBWTHROMBETIEET S, b DfER0). 1.(0) %
V) —< U EREOp-RERE VI,

fla(8): = 1a(s) —nn(s) LEL,
Theorem 7 (Atiyah-Patodi-Singer [2]). 7.(0) iZFHEIZX B2V, o T, ME a5y
FHEREEL 2D, ZOEEp(M) TERYT, M =0NTHY., aldm(N) Da=%Y —3k
BUHLERT DR b,

pa(M) = n sign(N) — signa(N)

DRRILT B,

TOREILR > T, X EDONHR Z — XOBEROZOERERDTC X 50184207 =110,Z
45, BERERZO,Z1E X DBERERS S EDOE Fu—B S e MLTHBE,
WTHD, Theorem 7% N=2Z, M =0Z, a=wz|sziZBA L. Lemma 6 ZfH\5 &,

sign(Z) = praiz(aiz) + 8ignw,(Z)

= Z{pwaiz(aiz) + \I’iu(h'(szl))}

LEHEEN D,
fEMUTH LT, M/ Ful—R f1Tths ST LOL,HETH, 0 ThRVWwE
H'(X9;Zp) Wk LT, BA%K
p: My, — Q
%
K2 () = P, (My) + T2 (f)



TEDD, ZOBEEEAVWS L %R
sign(Z) = p(h(ST))

CEEXRZIDND,
HEED a,b € My, (T M) It LT, sign(a,b) Zo, BICHIGT HE ) R 3 —2
a,b THD PEDL,ROBHTERT D,

Lemma 8. 0 TRV w € HY(Xy;Zy,) IZX LT, B p2iX R OHE & F,
1. u(1) =0,
2. p(a™h) = —p¥(a),
3. p(faf™) = p¥(a),
4. sign(a,b) = p2 (b) — py (ad) + pi¥ (a),
5. pi(af) = pe(fe) = (f).
fBL a,b, f e M%,a € m (T, %) CMLE LT B,

ZOlemma D52k Y, BEHuriI MY OB %525, Z OB, &, ST
5 Lemma 8 OME 1-4 ##i>,

My EDREE
H: M2 - Q
&
1
whH=5 D wbh
weH }(Pz;_zz)\{o}
TEET D,

Z OB p bR T D Lemma 8 DHEE 1-3 2L, MHE 413 a,b € MEZHIB L TR
AYAG RPN

sign IX Ma® Z £ 2-cocycle #E 8, signature cocycle & LTHIHIL TS, FiZQ
bEaRNGZY)—ThHE, H(My,Q) =0, VWO EELY, B

¢: My — Q

T, HWH sign(a,b) = —¢(b) + ¢(ab) — ¢(a) Db OR—BMIHEET 5, = OB
Meyer Bi%k & FES . Meyer BI$0id. Mok Lemma 8 OMH 1-3 28 H, ZOMHIFLZ T
BENDZ ERMBNTWS ([6, 7).

Proposition 9. MH k| p= —¢BK3rd 3,

UUEIZE oT, Theorem 2 BN &EbN =2 Lz b,
EJ Fa I —»N4_C Torelli B LB ENI2HEROBEIZIOTHHEWVWHIFEL
Lemma 8 D& 4 & BEABFIOFHE XL Y REE S,

Corollary 10. p¥ (w # 0), u, pid Torelli B J., o EIEEBARERETH 5,



FIGURE 1. m (2, *) DA

5. Bl
FEEL 2 DT Y, DEAREE T (X,, *) DAL, B (i = 1,2) % Figure 1 TH 2 5,
LT, Zo={0,1} B %, we H(D2;Z2) iF w(e) =1 &M= T b0 LT3,
w-crossed homomorphism DZEM Zt: = Z1(1(Xe, %), Zy,) PEE E,FFWE LT,
b (017,61, a21162) - (Oa —’LU(Olz), Oa 1)7 F: (alvﬂh Qa, 132) s (01 w(ﬂZ)v 17 0)1
W : (a1, Br, g, B2) = (w(ea), w(Br), w(ae), w(B2))
BEid, 2WiX principal w-crossed homomorphism D ZE[E BY: = B(m;(Zy, %), Zy) =
27 DEEERE 25, $€-TC,
H (11 (5o, %), Z) = ZE & ZF & ZoW
155,
f: X2 — X% Figure 2 TEZ b 2 HBBRIZIR o 72 IED Dehn twist TH X bvdE
REMMERROL,DRMEEBR L TD, ZOEBIX I IZET 5,

(olo

FIGURE 2. f% & % B4R

%‘%%Zﬁ[ﬁ]@ f*: 71'1(22, *) -3 ']Tl(Ez, *) Fi\
ar = lal™, B IR, aaan, B B

THEZOND, AL, = [6,a] &T 5,
BEEREIC L D HEERT

fr Hl(m(}]g, %), Zy,) [torsion — H*(my (e, *), Zy)/torsion
DEE B, FIcT 5RHTFIX

(1 + dw(an)w(Bs) —4w(Bs)? )
4w(ag)? 1 — dw(Ba)w(cs)



725, AL, wla) =w(B) =0 DHAEIE. EE E FiIXROMEE 52 T35, BT
VYOERIZLIZR->THET B L.

T(fr) = 0 G'i(f) = id D&
* —an+sgn(n) TOMOBE

255,

Lemma 11. fEED w € H'(39;Zy) X LT, {puayn)(Myn)In € Z} 3ERTH 2,

I BB L., p2id Corollary 1012k Y Jo, E¥ERER DT, &(f) #FidD & &,

1
HE(F™) = 1ga2 () = pung, (M) + 2 (£)) = P, (My) = 3)
2H/5, —H.
4
u’iu(fn) = Pwan (Mf") + \Illu(fn) = prfn (Mf") - g'n’ + sgn(n)
THHEDT, n—>oo&BEXDZ LIZLY, Lemma 11 IZHEEL T, Pung, (My) = =1, $€
T (™) =41 & pus,, (Mpn) = —sgn(n) %185, |
FRIZ. w(oy) =0 DFAICHEHETE B, ' _
BREELDD L, (F)PEESETRVVERD w € HY (Sg; Z) I LT, g(f*) =
—in %155, ZHLISEDS HIEHY .| ftho 6 Bk LTITu?(f*) =0 L 25, fE- T,
ny _ L wipmy— L g L4y =4
wEI{;’(‘ﬁz'L’uZ:i)u\{O}

LEEIND, ZhiX, [6] @ Corollary 3.7 DFER & —% ¥ 5,
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H-bordism classes and the Casson invariant of 3-manifolds

from the mapping class group viewpoint

TERUAKI KITANO

14, September in Sapporo

Casson defined a topological invariant for the integral homology 3-spheres which
is an lift of the Rochlin invariant. Afterwards Walker extended this invariant to the
rational homology 3-spheres, and Lescop did it further to all 3-manifolds. However
this extended invariant is zero if the first betti number of a 3-manifold is greater than
3.

On the other hand, Morita gave a description of the original Casson invariant
for the integral homology 3-spheres via the mapping class groups. That is, the Casson
invariant is a group homomorphism A : K; — Z from the subgroup K, generated by
the Dehn twists along the separating simple closed curves. This is a refinement of
the Birman-Craggs homomorphism for the Rochlin invariant.

Recently Moriyama studied the Casson-Walker invariant for the rational ho-
mology 3-spheres, on the lines developed by Morita. His result is, roughly speaking,
the difference of this invariant from twisting by elements of Ky, it coincides with the
mapping in the case of integral homology 3-spheres. Of course, we cannot obtain
all rational homology spheres by twisting by elements of K, from a fixed manifold.
Moriyama’s results suggest to define classes of 3-manifolds which can be obtained one
from the other (whether they are in the same class), by the "action” K, and define
the Casson invariant on each class. Such a class is studied by Cochran-Gerges-Orr
in terms of the framed link surgeries. It is just H;-bordism classes of 3-manifolds.

In this talk, we use the concept of Hj-bordism class and discuss one approach
to define generalized Casson invariant which is not the same one with the Lescop’s
one.

Department of Mathematics, Tokyo Institute of Techﬁology,
Oh-okayama, Meguro, 152-8551, Tokyo, Japan.
e-mail : kitano@math.titech.ac.jp
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Grothendieck @ dessin
— mamEE»HEE 0 o dessin o4k L EOBA,

IS =

CE RO YRR B SE )

§0. Intro.

§1. EARHEIE

§2. Belyi 5 OFEHI

§3. FEEL 0 D dessin DI & EDFEAK
§4. dessin D

§5. FWAXOKHA

§ 0. Intro.

Belyi §iz & - THEIHEN B Grothendieck @ dessin & FHIILD b DITLETHIRNT
VAEEoTWA L HICBEDbND., £ T, SEOEETIE, BARAT A EFo

TWBZ L EFEARLE VI HENR DI o TRDT. ik, ZOBEARXDIEMNC
Grothendieck @ dessin IZ oW TEAHFEENLHHAL T, K<HEINLTWEIEIHEIC
DT BN OPENTS.

§ 1. EARFR.

Grothendieck ® dessin(dessin d’enfant) &1, $ 2 2237 M (IAE ST FHER)
PAEME L0 HABOBRGESEIOZ L THD. ZO dessin LiX, LFD L 5 iR
Ehs. 27, HELICEREORE LY, TUODREFREOI THEDY, ZNHDR
LML AT, 1 DOERERT T 750D, ZDLE, ZOEFRT T 7HREEmEVL
OPORREIZAEIT DL OITT 5.

AR 72E E LT, BRE LD tree R EDBH B.

XV EREIZIE, dessin &%, 2237 MeffERhE LOFREOR (ER) £ Ethb
PESBREONTH-T, UTDO 3 2OMEEZFE>THWE DD L THB.

17&*%1.“6‘51, “clean” & 5il§EB TRUN—FRD dessin B D Z LITT 5.

1



(1) TEALDOAGES T IEKE
(i) EALLOAHES T ZBERV < S0k HET 3
(7)) TERTTHHEEZRF-TVWD
(.., FTERIL 2 BEOH (e £72id X) 2FoTWT,
EORIZBEEL TV A RFRETIL, HERD XY D)
“F T D dessin ITHEYRFEDH TEEFEN T I E@L'C Grothendieck 252AF
DX RBEE L.
“F T D dessin (ZxF LT, 5 Riemann & X &
3 RAIEOHTE B : X — PY(C) < T = ([0, 1])
EBRBIIBBOEMNPESEDZ P TES.
Lob, 20X L BIRQ LERSNDLIICTED.
= DRTRIRS DR B A SRR EERIE, 1975 4EiC J Malgoire & C.Voisin([MV])
WX o TRENE. Fiz, FaA L CEIZ D.Singerman & G.Jones([JS]) i & o THR
Ende. (501, Riemann OFEEE L Grothendieck DB THERIZL D)
W1z, Belyi kO EEE I L. (1979)
BelyiD E#
“Q DT ToOREER X 1, B4 {0,1,00}(C PHO))
DIEADETLISELRENQ EDHB: X - Ptk o TEHREND.”

E2%. Belyi DEFTHTE 2 X 5 728 B % Belyi #f LIFC, 20H %2525 Q K
DEFER f(X)(e Q(X)) % Belyi B3 L FEE.

Bz b dessin {%F LT, Belyi 72 & 2587 5571, HICI, Atkin i X -
THEREENTz. FDOFH L dessin % Poincaré L% PSLy(Z) DEBIEEOE Y
HTHoEL L TELD bDOTH o7, —7, Shabat & Voevodsky([SV]) 23, fH72
fLFR R E 52 T 5.

Pl Z & oMz, Grothendieck i dessin ~D#Ext Galois B Gal(Q/Q) DIEMIC
DWTHIEE L. ZOERIZOWTIE, B0 LWIRBEMARBEETI LY, 220
non-trivial T 3. HLLIE, LTFO XS 2fixd5. (K 2.1, 2.2,2.3 12§ 2. 2B

9, 2.1 DX H 7% dessin PERBHIZE L b LT35. 20L&, Hixt Galois #
Gal(Q/Q) WFET, WHEEBOTEE LT, B 225, 2.1 LB THD = LIZEE
B nag s, —F, 2.3 HE2.1(K 2.2) L EEITERTHIN, £5ThHhoH &
EPNTHEBRNICIIZLALS LR



DI ODdessin b B, EWWIERTHBZ & E2FRTICE, ThENO Belyi 5 &5
BLARATHERLRW (1259). 22T, KO TIZZ O Belyi HESHELTH LS.

ROEZABRIZ, b9 LR Galois B Gal(Q/Q) Iz oW TR~ B = Lizd 3.

#asct Galois B Gal(Q/Q) 12 2WT, T&¥ 0 @ dessin 72T IR THEL TS ‘5 5
BIRTIY, #a%f Galois B Gal(Q/Q) OfEHiZkbh v, LW\WH DIk, kD X 5 kR
BHHEPLTHA.

H.Lenstra - L.Schneps

“Uxt Galois # Gal(Q/Q) i, T3k 0 @ dessin £AEDESITBEIIERAT 3.
S bz, tree 2EDESIC L REILIERT 5.7

§ 2. Belyi 5 OFEH.

X—@ X X
x—a———x—a/ x——o——x———e/ o-—-—x——e——x—«a/
AN AN AN
X X—0 X
B 2.1 B 2.2 B 2.3

B 2.1 {25\ T, Belyi B % f(X)(€ QX)) ThB LT3 ZIZT, K210%H
B B(o0) = {0} THBDT f(X) IXLHER, 2FV f(X) € QX]wwid. %7,
Belyi & B 1% 3 RO TH BN, TD 3 A, {0,l,00}(l € Q) THBH LT 5. (EE, &
o(X) = X/l LARTHUE, 3813{0,1,00} ILTEXBDT, HELXMERIZT B HIC,
IO LTBLZEIZTSB)

Be) =0,8(x)=1Ths LT 5.

CET, Re lZonT,
SYEEN 3 TH DR e & 0(€ Q) (& LT dessin OB HFTE D T),
SIS 2 ThH DM o & —1(€ Q) (£ LT dessin DRE S LR EZHRHT),
SR 1 ThBM e & —a(c Q) THB LTS,
ZMDEE, Belyi B f(X) 1X
f(X)=X3(X +1)*(X +a) (2.1)
L5,
—F, R x 22T,
SYEHN 2 TH B x & —by, —ba(€ Q, by # by),
SYIBEN 1 THBM X & —bg, —bs(€ Q,b3 # by) THHETH. ZDLE, BHE,D
FX) = 1= (X 4+8)%(X +b2)%(X + b3)(X + by) (2.2)
LB, K(2.1),(2.2) BENETR X T1EMS LTHETS L
(f'(X) =)X*(X +1)(6X% + (5a+4)X +3a) = (X + b)(X +b2)g(X) (2.3)
f'(X)

ZZTg(X)(= (X+b1)(X+b2)) cQX]| TH3.




ZDLE, & B O well-defined 435, {0,1} N {b1, b2} = ¢ THY, K (2.3) 15

5 4 1
Bry i la (2.4)

(X 4+b1)(X +b)=X*+ 5 5

LB, ZZT,R(2.2) &0, f(X)E X CHELT (X +b)(X +by) Thlok b o
ARVIT (e Q(ER) ThHhD. —F, BB F(X)(= X3(X +1)2(X +a) & X KEL
TX +b0)(X +b)(=X2+ 222X 4 1o) THID &, £V

(25a® — 32a + 16)(25a° — 12a% — 24a — 16) X4 a(5a — 8)(25a® — 6a + 8)
7776 2592 .

ThH5d. LidBoT
(25a® — 32a + 16)(250® — 12a% — 24a — 16) =0 (2.5)

a(5a — 8)(25a? — 6a + 8)
2592 B
THDH. ZIT, K (25)1DNT, 2502 — 320+ 16 = 0 TH B LF5 L (2.4) LY
(by — by)? = 2597320416 — () 272 by o by (ICFET B, XoT, 5 (25) 1%

I (2.6)

256 — 12a® — 240 — 16 = 0 (2.7)

L2, Zhd #a(e Q) DT _ERITRSB. Fie, K (2.7) 12XV, R (2.6) 1%

L
l=— 500 (a® + 52a — 32) (2.8)

L7235, K(27) ZalloNTHEL &
1, .
a=—2—5(aj + 2a; + 4), j=1,2,3.

ZIZTHoy(f =1,2,3) 1%, o® =108(= 223%) W72 T4 T Im(ay) > 0, Im(as) <0,
Im(a3) =0 &3,

ay D& E, dessin ZEREFCHNWTHD EM 210X 5ICks. (ERERDOIXK 2.1
ZZMR) ETFRIZ ag, az I2DWT dessin #EBEIZHNTHB L, ap DEERK 220D
EH7%Y, az DEEH23 DL 5723, (K2.2, K23 28]) 22T, o; Do
DD dessin & Dy LS Z LIZT 5. i, #ikt Galois B Gal(Q/Q) DT 0y, 4, &
Oj1,52(05,) = aj, L72BTET D, ZDEE, dessinDy, 12T 0, ;,(€ Gal(Q/Q)) Z1E
M&¥2& Dj, 127235, Liddo T, dessinDy, Dy, D3 IZEWIZEBRTHY, F/22h
LI Z N b & dfe b DIERv.



®IC dessinDy, Dy, D3 @ Belyi 5 & Belyi B Y2 & HTHL.

1
Fi(X) =X3(X +1D)¥X +a;), lj:=- T

(a% + 52a; — 32).

\ _ 1
::TJ%W&QHi%=5§@+ﬂ%+ALU=L&$k&éﬁ?&%
SBIT, Fay(f =1,2,3) 1%, ENEND dessinD; (j = 1,2, 3) KX LT
of = 108(= 2%3%) 2= T8 T Im(ay) > 0, Im(as) < 0, Im(asz) =0
LRBBLOLTB. Tlepi(X) = X/l; LT 5.

ZD L&, dessin D;(j = 1,2,3) D Belyi 5 §; 1%, Belyi B# g, o f; ICX o THXD
h, BEAKT, Q(a;)(Q £ 3K (non-Galois) LK) TH 5.

Remark. EDEHEDOH ETLUTORDIERY L.

£(X) — 1y o= (x7 4 2 T2

1 2,00 2 1 9
6 X+§aj) (X -§(aj——1)X+T2—(5aj-4aj—4))

§ 3. TEE 0 ® dessin OHEEL & EDFHEA.

FE& (dessin of genus 0)

BRI C L0 1 ZRERBRE C(X) ORE TR f(X)(= % e C(X);

P(X),Q(X) € C[X];deg(P(X)) 2 deg(Q(X));ged(P(X),Q(X)) = 1) kXL T
Riemann & P!(C)(= CU {co}) 75 PL(C) ~D%t B %
g: PYC) — PYC)

z  —  f(2)
TE&RT 2.
DEEREEC OHEERD 2 00T s,z (€ C)zy # z_) KX} L THEZFEHC L
D#Rsy L %
L:={te, +(1-t)z_ e C|teR,0<t< 1}
TEHTD. TLTC, BRAREDIASL C — PHC) Itk T L % P(C) ITHEDIAAL D
DEHLEDTL LTS, EbIT, ZOH B LS LIkt LTELTFO 2 &4 (3), (61) %
W d&ts.
@) BHINCPHC)) 3, b
(1) z€L\{zy,z_JHLT (87 (z)) = deg(P)
(ZZT,deg(P)iE P(X)DXIZOWTHORE LT 5.)
TDL&, D := (L) % dessin of genus 0 & FFOY, & B % Belyi &, Bk f(X) %
Belyi B8%& & FES.



Eivees

f(X)(e C(X)) % Belyi B84, D(= 8~1(L)) #% dessin of genus 0 &% 5.
Fie, L={te; +(1-t)z_ e C|teR,0<t <1} &£75.
£,

A= (ey), Ao =B 7Nao), Awi=FH(o0)\ {0}
my = AL, m_ = yA_, Moo = yAco,
A=A UA_UA,

E’_‘I?SI/\'C, o I B aoo,i(e C) %

Ap={ay€Cl1<i<my}
A_={a_;€C|1<i<m_}
Amz{ao;,ie((:|1§i§_moo}

ERDEIITBL. EBIL, ADENENDTT a(€ A) 12T
ar; € Ay KXLT

€ayi (= e4.3) =(F(X) — 24 Day ; TOFRDOHE)
(=orda, ;(f(X) — z4))

ERE, a_; € A_ITHLT

a_ (= e_i) :=(f(X) —z_Da_ ; TCOFRRDAE)
(zorda_,(£(X) — =)

LBE, Qoo € Ano I LT

Cy (= eco,i) =(Q(X)Daco ; THOFERNDIIEK)
(—orda. ,(QUX)))
ERL. ZDLE, AL UA_ Dita % dessin D ORI R LY, e, &% DRDO5 I
LIRS, EDIT, AL (2R AL) DLa PO D AEZBoTHIDTREVELS A_(F%

12 AL) DT o EFTOREHEBRER LR, Thd 1ALELS. (AXIERT5 b0
L¥5.)



() AL PFap(€ Ay) LT, HHER £, (X)(e C(X)) %

e, [ (X-a)

for () = —05

L.
(i) A- DFa_(€ A ) HLT, HFERX f,_(X)(e C(X)) &
—ea. I (X -a)

acA\{a_}

Q(X)

fa_(X) =

Lp<.
(if])  Aoo DIE too(€ Aco) KX LT, BER £(X), f (X)(€ C(X)) %

=3 e =)

aCAy aCA_

o
<.

UEDREZEOFT
EEE| (1) P(X) OBREKROREIIATHBLLT, EHC(EC) &

0 = (22 =) deo(P) = deg(@)

ERL. ZDLE AL UA_ DEEDTa(e Ay UA ) IZHLT
fa(a) = C.

(2) € >22ThHD Ac PDEEDIT aoo(€ Aco) XL T

fa(a) = £ (a).

Remark. e, =1 Th?d Ay DEBDIE aso(€ Aso) IR LT

f(a) # £7 (a).

Belyi BB LERD L%, Q(X) = 1,deg(Q) = 0 THEDTIUFT DL J iR
BoNhs.



#.1.  Belyl BEFPSEAD L &, f(X) OBREROGEIT R THB L LT,

E#C(eC) %
o m;)deg(f)

LB ZoLE
(i) AL DEEDTa (€ Ap) LT

€ay H (ay. —a) =C.

a€A\{a4}
(i) A- ODEEDTa_ (e A) XL T

€a_ H (a._ - a) = —-C.

acA\{a_}

D&Y, dessin of genus 0 T Belyi BN EZEKXD & &, Z 0 dessin DT T DLy
RIZDOWT, EORDOGIEENC, FDOREFNUNDOHIER L DFENLENOEDOREE T
B, £1 22T 3 THERWT—ETHE LWNH Z L ThA.

#.2. dessin of genus 0 T Belyi M ZERD L &, Z O dessin DT TOLHIERIC
DN, EDRDZIEEIZ, E DR & EFNLN DR E DFENFNDEREOREE i
TC{EFi, ‘—'/’—i’h’éﬁ)éo

§ 4. dessin D%,
Hll. f(X)=X3(X-4), 2,.=0, z_=-2T,t¥5BL
f(X)—zp =X3(X -4), f(X)—z_=(X-3)2X2+2X+3)

THYH 4.1 DX 572 dessin 23 TE 2. (EFER bOIXK 4.1 22 )

_1+\/l‘§x

0 4
X—e
3

—1my/=2 X
X 4.1



EERICECHREEPOTHD L

C =(0 — (—27))(4 - 0)/1

=108.

fo(0) =3(0 = 4)(0 — 8)(0 — (1 + v/20))(0 - (=1~ v/24))
=108.

f3(3) = = 2(3 — 4)(3 - 0)(3 — (=1 +v2i))(3 — (-1 — V2i))
=108.

fa(4) =1(4 = 3)(4 — 0)(4 — (=1 + v24))(4 — (-1 — V20))
=108.

Forpym(—1+V2i) = — 1(=1+ v2i ~ 4)(=1 + v2i — 3)(~1 + v/2i - 0)
(=14 V2 — (=1 —v/23))
=108.
Forova(=1 = V2i) = = 1(=1 = V2 — 4)(=1 — V% — 8)(-1 — v/2i — 0)
(-1 — V2 — (—14/23))

=108.
LR,
X3(X — 25)2
_ X3(X — 25)? (X +20)(X? — 35X +400)
f(X)"m-{-—Wo f(X)—*&C_-—— (X_16)2

THOE 4.2 DX 572 dessin A TE 5. (IERER bOITE 4.2' 5 )

15
5

35454/
X 2
—ZOX Oe\ >2
X

35-523£~15
B 4.2

9



EBICEEE RN THD &
C =(0 — (~12500))(5 — 2)/1

=37500.
fo(0) =---
=37500.
fo20(—=20) =---
=37500.
f25(25) =~
=37500.
35 + by/~15
fasi523[—15 ("”""-2—) =
=37500.
35 — by/—15
fas—sy=T3 ("““‘"——‘) =
2 2
=37500.
LB, Eix
3 2
+ — :
116(16) 16 — 0 + 16 — 25
__ 5
144
_ 1 2 2
f16(16) 16 (—20) 16— 35—|—5234-15 + 16 — 35—-52\/‘:13
__5
T 144

L7235,

§ 5. MAROGA.

SR n€Zs IHLT
F(X) = (cos(n - arccos(X)))?, zy =1, z_=0
b i R

2n

f(X) -z, =22""2 H(X - cos(%Zk)),
k=1

F(X) - =222 [(x ~,cos(~2—%(2k ~1)))
k=1

10



THY, K 51D%5 7% dessin B TE 3.

-1 cos(-’-’-(n—l)) cos( L) 1
[ X R R T D 4 © X @
cos(E (2n—1)) cos(g;(Zn 3) cos(7=3) cos(E)
& 5.1
Tk
Gk :=cos(%(2(k 1)) (<k<n+1),
a :=cos(2l;—(2k ~1) (1<k<n)
LR L
er k=2 (2 <k<mn),
e_ =2 (1 <k< ’I’L),
€1 =€ nir =1
LB, Eie ( )
1-0)2n n
C= 22n—2 = 22n—3
Thd. ZZT

Ch == cos(%k) (0<k<2n)

2::?5< &, EREPOUTOZ LMD
§§m<z<mﬁ_ﬂbf

-2 H (Ci—Ch) =

0<k<2n
kA

i B0 <i<2n)iZXLT

22n -3

2 H (C; — Ok)_22n—-

0<k<2n
Tk

1=0,2n XL T

II @i- (%V“?rg

0<k<2n
k1

F¥LwhH
0<i< 2nicHLT

Il ©i-cv=

0<k<2n
ki

1=0,2n XX LT

(=1)n

2271.—-2 :

0<kL2n

11



G2, (BARERCTHSE Q((em) PHBIRER D B)
p(€ Z>3) THEE, n(e Z>1) BEAEIZR LT
M Q((pn ) DHIBIR dyy = d(Q((pn)) KD B,
1, RO DHBIRIT, EEH D Vandermonde 751D 2 T TH Y

don=( [ (& -2 (5.0)

0k o
pijk
THDHZLBHND. ZORERAREAVCEHEICT 3.
dessin Dy, & LT, Belyi Bi#i%# 5 2 2FER f,(X)(€ Q) L85 [eq,z_] 28
f(X)=XP" 2, =1, z_=0
ThBLDEELD. 1T, 1<) < p" IR LT

L ) 3
frg =G T (Gn -k
1<k<p™
kg

1T ¢

1<k<p"™

cl:ﬁ:’%’fé iTC, fn,o %

EEBETD. Z0Lx, BARDD

{p” (1<j<p &)
fri=

-1 (j=0mt %), (5.1)

FERIZLT fro;(0< i <pv V) ZESETH L

{ "t (1L prim k),
f'n 1,7 &

-1 (j=00L%). (5.2)

ZIT,m=nn—-1&,1<j<pmiZONT

(- frm = =G [[ Gm =) T (G~ )
1<kgs igk<p™
k3 k#]

S BIZ (pn, Cpn—r IDWTOBIRRMN B

[osi<pm (1) fu,s
dpn = e [I (-1 famg (5.3)

Hosgép"(“l)”fn,j o<y
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THDHZ LBH%. (Remark 5.3 #2R)
B (5.1),(5.2) #AW5 &K (5.3) AT

Hosjﬁp"(‘l)jfn,j

YN . . Sp,n Tp,n
[To<j<p™(=1) fni II fary= (1S phon,
“pli

0<j<p™™!
T
PUFEIDDEEEDY
0<i<p™ 0<J<P 0<j<p™t
pti
SO SR T S
0<J<P 0<]<p 0<Jspn-—1
pti Tl
THY
Spn = Z J+ Z J+ Z J (mod 2)
0<]<p 0<J<p O<jSPn—1
Z i+ Z
0<i<p™ 0<j<p™t
—pn(pn . 1) N nnl(p'nr-l - 1)
2 2
_ . ), 2 ) (mod 2)
n_q n-—-1 _ 1
_( . ) (@ : ) (mod 2)
2
—1
EE—?— (mod 2);
Tpm =n(p" = p" 1) = np™ ™" + (n — 1)p" "
=p" (np — n — 1).
PlEnrs

Q) = (—1) T pr" (rp=n1),
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Remark 5.1 [W] TiZ, HOH Q((pr) DHFIRITIEWV VLT OL S IZRD B, 7,
X (5.0) ETRECTHS. WIZ, T p D LD Q((pn) PFidealp 25 2T, & (5.0)
DHEETFDZ DR ideal p TOFRMEZFHET 5.8 51T, p B OFE 12X LT, ideal(l)
A ideal(Cln — ¢5)(1 < 4,k < p*) LAWK THSB LWV EIRE AT, d(Q(Gn)) @
FEFITIT, p BAORI I BHTZARVE WS Z L 265, BRI, B (£) 2RET
B0, Q((pr) PRI C ~DEDRALOMOESEE 2T, 185072 bIF +, Tk
5IF — L7 3.

UEDE S CELORMBRILBETHD. —F, 5.2 1TBAREHM > TV, %It
REETTHD.

Remark 5.2 —fR®D p <F TRUVWHSGEIZOWTIX ged(m,n) = LIZx LT

AQ(Cmn)) = A(Q(Cm)) P ™ d(Q(¢,))*™

THY, SHEANIZEV. (22, ¢(n) A 5—B (1 BLE n T 0BT
B n LEVRERDOOEK) £335.)
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Remark 5.3

FEIR LA p™ AR 54k p™ AR
u | 0 ¢EPcET p Lavereen ¢t
v
0
G
: A B
A
Com
: B’ C
p™—1
z.
u
v Mo
1 (u=vDlX)

—v (u=0,v#0D LX)
Muw =3 4 (u#0,v=0D LX)
v—u (u= n,'u—C] 1< <j<pt"DL¥k)
EWITTHIREL2D. ZDOL %
o(= () FORB OB =(~1)/ fu
A(/MTF) B DONT, (= g;”) FTDRLSy DFFE =(—1)! fr1;
Thd. EbiC
C(Bh5 DR D) #3E =dp
Bw%%:%gﬁgxcmﬁﬁ
C@%F=A@%@ﬁx30%ﬁ X ADTE
THHZ RN, X (5.3) BELND.
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p-ADIC HODGE THEORY FOR FUNDAMENTAL GROUPS

HE & (FEdLRE)

1. ¢

IR T, ERREIIHT 5 p o Hodge B (7 V A VFE)IZOWTHNT 5,
8 2 51T C LOLRRKIZXT T 5 cohomology KU EAFEIZR$ 5 Hodge Bif % R
L 7z%%. % 3 #iTid cohomology IZx}3 % p # Hodge i % iR T, BEICEEHT
HEBERFIINT B VA NVTFRELBRE, 4 EHTIIFEHICfFE LIS complex
of schemes D&% AL T, A % B 5,

BB KL TE—LWD 2\Hs, RIRIZH T € A scheme 134T geometrically con-
nected TH b LT 5,

BRI, AREEIBETEZTCT S oK BEELAE BREk, 21T
A ELTCTFE o0/ FAICBEHEL 2w EBRNET,

2. C_+® HopgE B

X B EREIRME L T B E. €D Betti cohomology (singular cohomology) H (X, Q)
P AHBMFEIICER SN S, TN Qvector space TH Do —H. X ZEEHOD
Sk EORBEREL T2, £0 (fA##Y)de Rham cohomology Hip(X/k) A3
#8972 de Rham complex & IV TEZ SN 5, Tt k-vector space TH 5, MH
DERDFERZEL BRRoTVEDITTHAHD, MBZLEELTCEVEEZ LT
BY, Tl RO L) B HBEEDP Y LD,

Theorem 2.1 (Deligne). X % C D#AM k _£D smooth 2 REL AL § 51,
canonical 7% [AZ!

Hy(X(C),Q) ®q C = Hgr(X/k) ®: C
PHEEL . £z, T ZIZERA Hodge BENT A5,

LOFBROFEREAHTCORYEER 5, X BREHE. s e X LT 58, &
W DEEARFFD pro-unipotent completion (Maléev completion) 72 (X, z) 25& 2 b,
Z1id Q £ pro-unipotent fEFEIC 72 5 (Deligne 12 & 2B AW E&D
kb, ) ST TR INZ Betti ZRARBLIERZ L1275, 72, X 2HEHODKE
EOREEHRRIE, € X(k) LT 58, X @ de Rham E£A# ndR(X/k, 1) BWEHS
N, Zhid k O pro-unipotent fSHEEIC 2 5, (Eid. BIAILHEFELBHVWTR
ENb, )

C DR, RD & 9 7z IRBEEA R ) LD

Theorem 2.2 (Hain, Wojtkowiak). X % C DK k LD smooth %2 ELLHRAK.
¢ € X(k) &§ Bk, canonical 7 [A]E!

LienP(X(C),z ® C) ®q C = Lieni®(X/k, ) ®; C
1



PHELEL . £722 ZIZ{RA Hodge &M A 5o (Lie algebra DIEH LIRS Hodge 1
EOFNIRoTWBE I EITEE, )

3. pi HopGe By (EEH)

p & Hodge B & 13, p EER LOREEHIKIZHTT 5 Hodge HFHOELTH %, p
& Hodge #FH1Z 3V>T Betti cohomology DX ) % § 5% Dl etale cohomology T
# 1 ., de Rham cohomology DX V) % ¢4 % DL de Rham cohomology & crystalline
cohomology T® % o

F9. BBEEUTOLICEDTBL (k2 EHp > 0 DEEME. W % kD Witt
W, Ko 2 200 HIKRE T 5, £7-. V 2 BREROEREESMBEETRIREDS £ I2%
5bDL L., KxZ0nEked 5,

X % K FORESHEE L, X DK (=K OREBFE) £~ base change % Xz
EELZLITT B, T5E Xgh p-adic etale cohomology He (X7, Q,) 1B REXTT
Q,-vector space TH ). ZNIZid K OMEXHH 0 78 Gal(K/K) ST 5 2 &AF
HMHhTWwa,

—7 . X % k L proper smooth % RELHkMAK L T 5, T D, crystalline coho-
mology Q ®z Hiyo(X/W) BREE SN D, ZNITHRRKIT Ko-vector space TH .
Frobenius fEfRe £ V) BUHEZ O E B TEHAEVBRICER SN S, F72.
KAL) 3D,

Theorem 3.1 (Berthelot-Ogus). X % V _E proper smooth 72 scheme & L . % ® spe-
cial fiber, generic fiber # ZNFN X, Xx b EL Z LT 5, T DERRD canonical
72 RS 5 o

B (X W) @ K = Hig (X /K).

T/, TBO Hodge Bl CETTF Y UNTAHERE, LWIHIKRLDEERTH -
7258, p € Hodge i T C O D % § 53RE Fontaine 12 & D EFZ SN A LT
2% B, CITHNTHI VRS NVFETIE, ENOLDIE | Byys C BirEVWHITD
DEEDID o LV ERITEMET D7, Buyeld Frobenius Ef% & Gal(K/K)
DYEF % FD Kp-algebra T, Bgrld filtration {Fil*Bgr}2._ & Gal(K/K) OV
20 K EOZHMBEEHERTH 5,

UEDEFEDS & T, ptHodge BImDERD—2TH A7 ) AT IVFEIZRD
LY RENS .

Theorem 3.2 (7 ) 2 % )V F44, Faltings, Tsuji). X% V L proper smooth 7 scheme
& L. %D special fiber % X, generic fiber % Xx & EL o T2y XgDK E~D base
change & Xzt E o TOKE, ROFENH 5,

Hét(Xf7 Qp) ®Qp Bcrys = ch:rys(X/W) Rw Bcrys~

EROWE~D Gal(K/K)- V% . EBlio®o, HFlltid®o (o€ Gal(K/K)) T
E 5 & FORENL Gal(K/K)-1EF & T, F72 LA Frobenius fEf %, 7238
Fid®e, HllpRp TED B &, FORENL Frobenius {fER L TT#iTH 5. 72, &
P Fﬂiﬂ’i’ ®BcrysBdRV§—% & y Berthelot—Ogus @%@b: X5 [—E—f]ﬂ Hérys(X/W) Qw K =
Hip(Xk/K) 2L EoRENL

H (X%, Q) ®g, Bar = Hig(Xx/K) ®x Bar
2



&7 27N, OB filtration Fil* & £ Fil* := HY, ® Fil*Bgg, F3813 Fil* :=
D pigen FiF Hip ® Fil'Bar (1L, FilP H}y i3 Hodge filtration) TED 5 & &, LD
i3 filtration & #£2. FIZ_EOFEIL X2 DT functorial TH 5

SFEOEFEL I OFROFBEERFIIN T LEUP Y UDL VI T L TH D,

ET. X2 K LORBERELEL. 0 € X(k) LT 50 X,2 DK £~ base
change @ TNEN Xz, 25 EL T LIZT 5, T5E Xe? p-adic etale HEEARE
™ (Xz, ox) PRAEOE R 7 AV CERHR S, Z1id Q, £D pro-unipotent {4
FEIZR D). K Oty o 78 Gal(K/K) 2MEB T %,

—7#+ X % k L proper smooth ZEEHAEL L.z € X(k) T 5, ZDHE:,
crystal BEERTERY(X/W,z) BWEZRIN B, TNt Ky pro-unipotent X%
BETH Y. FrobeniusElZFp L VWIHHCRAZ VO X B TERAZENERIZEE SN
%o E7z. Berthelot-Ogus D EEHDEML TH 2 ROFEIHL Y D,

Theorem 3.3. X% V L proper smooth 7% scheme ¥ L. Z € X(V) & ¥ 5, XD
special fiber, generic fiber = #NEN X, X & L. D special fiber, generic fiber
e XNEN g, THo TDRERD canonical ZRIEDVH 5,

Lie ™ (X/W, 1) @k, K = Lien{® (X /K, zx).

DEDEFOL LT, EEETHLHFHERRIINTSL7 ) AFVFHRITRD &
HNZBRREN B .
Theorem 3.4 (FEEARRIINT 227 ) A5V FH). X% V L proper smooth %
scheme & L. Z € X(V) &35, X ? special fiber. generic fiber # ZNZFN X, Xx

L EE | TP special fiber, generic fiber T £NEFN 1, zx L FEL o 72, Xg, zxD
K E~® base change # #NEN X, 25 T O, ROFEND 5,

Lie 71'71J (X?, .'Ef) ®Qp Bcrys = Lie ,n_;:rys (X/I/V, SL’) ®K0 Bcrys-

EROWAND Gal(K/K)-1EF% . Eilllic® o, HBItid®c (0 € Gal(K/K))
TED S & LOREIL Gal(K/K)- kA & T#]<, F 72 £~ Frobenius fEf %,
FEBiLid @ ¢, Al ¢ TED AL, LD FEEIL Frobenius fEH & TR TH
5. 7z, LORAE%E ®p,,, BT % &, Berthelot-Ogus D EHEDEHLIC X 2 FHE
Liem "3 (X/W,z) ®k, K = Lien{®( X /K, zx) 12 & ) EOREIZ
Liewf(X?, .’L'?) ®Qp BdR = Lie'/rfR(XK/K, .'IIK) Rp BdR

Y72 575, T QWO filtration Fil*% 725043 Fil* .= Hi, @ Fil" Bag, 4501 Fil" :=
S oon FilP Hig ® Fil' By (1L, FilP Hig it Hodge filtration) T 5 & &, L0
A3 filtration & & D. FEIZ. Lie algebra NEEIL Gal(K/K) % Frobenius D/ K
U filtration 5, 72 EORENIM (X, £) 12DV T functorial TH 5,

4. FEEHDO#EIE (COMPLEX OF SCHEMES)

AERHD EE %2 step # —E TR 5B & | [ HEEAREEZ ‘loop space’ (IZHLT 5 D
D) @ 0-th cohomology TEHT | L\ IHZ L THbH, HLFE AL scheme 2> T
WBEDITTHBEND., D loop space’ ICHETEIDEEHRTILENH L, £
D #51Z complex of schemes & > ) &% EFT Ao T #Lid cosimplicial scheme % 4>
LEZTEESTH b,

3



Definition 4.1. 1. Scheme S —2HEET 5. S % S LD scheme D727 category
LT B, TDEE, category ZS # RD & HIZEFKT 5o Object iX S D object &
FILTHh B, £72X,Y € Ob(ZS) = Ob(S) \Z# L T morphism %

Hom(X,Y) := @icr(® retioms (x:,v)Zf)

TEFHT Do HL . X =[[;; Xild X OERERS~OMETD 5,
2. S E® complex of schemes & 1% ZS 12 B1F 5 Kz

XOLXllL)...fiZE)Xi_JLXinE})...

T fir10fi =0T e NIZXLTHRY DD DD &, F72. n-truncated
complex of schemes & 13 ZS 12 BT 5 R

Xo o xy By x

TN fiofii =02 TD1<i<n—1IIFLTHEIIZDDDDZ &, Complex
of schemes X. := {X;, fi}izo ICXTL T# D n-truncation X=<"% HK7z KR D
BRELCTEHET S0

RIZ. complex of schemes DT~ V VFER EHT 5,

Definition 4.2. X. := {X;, fi}i>o~ Y. := {V}, g:}i>0% complex of schemes & 35,
ZOB. 72 YL (X6 Y). = (X @ V), Aok
(X®Y)i:= [] X;xs ¥,
Jtk=1

h.,; == Z (f] X Zd+ ("“1)‘7261 X gk)
J+k=i

TERT 5o
Loop space (24249 % complex of schemes i3 XD L H%bDTH 5,

Definition 4.3. X % S E® scheme, z € X(S) & 3 55K, complex of schemes
Q:,;X = {Qanydn}nZO%

Q; X, = X" (n-fold product of X over 9),

-1
A = Z(—-l)idf“
i=0
BL .
dg(l”l, vy Tp) = (@, @, ) Tn),
di (1, Tn) = (Try o+ Ti, iy -+, Tp), (1 <0< )
dgﬂ(xl,... v Tn) = (T1,+** ,Tn, T),
TEET 5o

Bl X REDT Y I NVELDOEDFE L ONEET S,
Definition 4.4. X,z % LOBD L L, /7208 Zx&EL I LIZT 5,
4



1. Complex of schemes ® &

m = {Mp}n>0 : X — LX @ QX
ERDLIICERT S EFi+j=n%bij >0l LTmy : X" —
Xixg Xi%

msj = Z sgn(o) fo,

EEFRT Ho HL | ol (4,7)-shufle &% ED | f,i3

fa‘((xly et axi)a (xi+11 e 7mn)) = (ma'(l): e 7$0‘(n))
TERINDHE LT D, ZDRK,
mn: X" — [ X xg X
itj=n
Wmp =3 o tijomy; TEREND, HL . 4; HEARRIETEER X xg
X0 S [l X xs XITh 5o
2. Complex of schemes D&
e:={en}n>0 : QX — *
Z\ e =1id,e, =0 (n#0) TEHRT %,
3. Complex of schemes D &f
’ A = {An}nZO : QE.X ® QwX — Q:DX
ERODEIICERTS [ FTi+i=nbbi,j>0IcxL TH
Ai,j : Xz Xg Xj — X"
%
Ai,j((xla vt 7551')7 (xi-{-h e axn» = (371; e >$n)
TEEL., Ay A=) A;jou; EEET Do (iylidl. DED, )
4. Complex of schemes ® 5t

i+j=n

€:={eptn>0: ¥ — 2 X

%
€ = (2,2, - ,2): " =5 — X"

. CEFRT 5o

Remark 4.5. DL EDO#ERIT scheme TZ { AHZEHIZH L THIT2 5, FDOER
complex of spaces & FERZ L I2T 5,

& T, complex of schemes (spaces) ® cohomology % XD & HICEFET 5 .

Definition 4.6. 1. X ZVHHZH.,.ze XL, SEx—HETEH, TOR., Q. X
? Betti cohomology Hi(Q,X) %

Hj(2X) 1= lim o H5 (2 X <", Q)

TEHT Do
5



2. X % MREPAE k L proper smooth 7 scheme. z € X(k) £ L. S =Speck &
5o TDEE, QX D p-adic etale cohomology HX(Q:X) %
H (Q:X) = 1lim »(Q ®z im p, H5, (0 X <", Z/p™Z))
TEET 5o
3. k #1EH 0Dk, X % k L smooth 7 scheme, z € X(k) £ L. S = Speck &
T 5, TOFE, QX @ de Rham cohomology Hig (2, X) %

Hig (€2, X) = lim nHip (X", Qo x<n k)

TERT bo
4. k2 HEHp > 0DE {ZIS X % k L proper smooth 7 scheme. = € X (k) &
S =Speck L B, TDEE. Q,X D crystalline cohomology HY. (2, X) %

crys(Q X) —I_Q (Q®Z crys(Q X<n/W( ))

L.

TEHET Ho

4, o% B,p,dR,crys DWT I & L. H (Q,X) & L T%EZL 72 cohomology &
Tho TOB, m,ell & ) HY(QX) ICIZBOREENAD ., e, AIXTREFE

et HY (. X) — K.,
A HY(Q2,X) — H2(Q.X) Q. H (2. X)
ZHIERIT, HL . KJIUTD#ED,

KB - @7 et — @p; KdR - k Kcrys Q Xz W(k)
Z D, QHY(Q,X) := Ker(e*)/(Ker(e*)-Ker(e*)) £ B L A*—10A*T QHY(Q,X)
IZ coLie algebra DfEEZ FD S HLTIEr(zQy) =yRzIC L VEE 5 HI(Q, X)
HY(Q,X) DECRABTH 5.,
DEDBEBOTT, SEHDERT v TIERD I HITHESLNS

Theorem 4.7. 1. Definition 4.6 ® 1. DIRP T LierP (X, z) 1T QHI(Q:X) D
dual IZAETH 5,
2. Definition 4.6 @ 2. DIRILT, Lien? (X, z) 13 QHI(QX) D dual IZFZTH 5,
3. Definition 4.6 ® 3. DIRIE T, Lieni®(X/k, ) 1% QHR (2 X) @ dual IZ[FEIT
Hbo
4. Definition 4.6 ® 4. DIRPLT | Lien”*(X/W,z) 1% Q
TH5b,

COEBERTHVE L, AEERTIINT S Hodge B3 L U p & Hodge ﬁ"“
complex of schemes IZ%9 % cohomology @ Hodge Eifd 5 13 p & Hodge B
J@E SN B, ZL T, complex of schemes |23 % cohomology @ Hodge i) Z>
Wi p & Hodge Bimid . A DHEEL RO 2L 727212, spectral sequence %
V> T8 D scheme 1253 % cohomology @ Hodge #ifid 5 > Id p  Hodge ZEFR
IRETHZLICL DRSNS,

Remark 4.8. & Z THB~ZEEHA L, #E D Hodge EFF DA . Hain % Wo-

jtkowiak OFERH & RERIIIP TV B0, PLER o Tw5b, LD FETIE, &

BEARED Lie ROEED RS Hodge iED G127 5 & £ 1d . Bar construction %
6

crys(Q:z:X) @ dual |2 [R]EY



THVWTRTOIITHEH, I TOFHETIE, DI Lid complex of schemes @
SIAIZBET 5 functoriality 5 HT L b, 2F 0, [EABEDEEIL loop space’ D
55725 induce SNBHDTH D] &) MNHBTHESICE>TWb,

p 1€ Hodge FFH D FEAAIZ BY> T Hain, Wojtkowiak DA% Z D T THEAT A2 &
i (7 L b Tsuji DI I HTR) BEECH 2 & (D7 L LHEBATOR
I2i3) BN 575%, complex of schemes # AV 5 Z L1z X 0, SEEANTREE 2 o T

W5,

[Be-01]
[Be-02]
[D1]
[D2]
[D3]
[D4]

[D-Mi]

REFERENCES

P. Berthelot and A. Ogus, Notes on Crystalline Cohomology, Mathematical Notes,
Princeton University Press, 1978.
P. Berthelot and A. Ogus, F-Isocrystals and De Rham Cohomology. I, Invent. Math.
72(1983), 159-199.
P. Deligne, Theorie de Hodge II, Publ. Math. I.H.E.S, 40(1971), 5-57.
P. Deligne, Theorie de Hodge III, Publ. Math. LH.E.S, 44(1974), 5-77.
P. Deligne, Le Groupe Fondamental de la Droite Projective moins Trois Points, in Galois
Groups over Q, Springer Verlag, New York, 1989.
P. Deligne, Catégories Tannakiennes, in Grothendieck Festschrift, Progress in Mathe-
matics, Birkh#user.
P. Deligne and J. S. Milne, Tannakian Categories, in Hodge Cycles, Motives, and
Shimura Varieties, Lecture Note in Math. 900, Springer Verlag, 1982, pp. 101-228.
G. Faltings, Crystalline Cohomology and p-adic etale cohomology, Algebraic Analysis,
Geometry and Number Theory, J-I. Igusa ed., The Johns Hopkins University Press, pp.
25-80.
J.-M. Fontaine, Sur certain types de représentations p-adiques du groupe de Galois d’un
corps locauzs; construction d’un anneau de Barsotti-Tate, Ann. of Math. 115(1982),
529-577.
J.-M. Fontaine and W. Messing, p-adic periods and p-edic etale cohomology, Contem-
porary Math. 67(1987), 179-207.
R. Hain, The Geometry of the Mized Hodge Structure on the Fundamental Group, Part
IL, Proc. Sympos. Pure Math. 46(1987), 247-282.
R. Hain, The de Rham Homotopy Theory of Complez Algebraic Variety I, K-theory
1(1987), 271-324.
0. Hyodo and K. Kato, Semi-stable reduction and crystalline cohomology with logarith-
mic poles, Astérisque 223(1994), 221-268.
K. Kato, Semi-stable reduction and p-adic etale cohomology, Astérisque 223(1994),
269-293.
K. Kato and W. Messing, Syntomic cohomology and p-adic etale cohomology, Tohoku
Math. J. 44(1992), 1-9.
N. Saavedra Rivano, Catégories Tannakiennes, Springer Lecture Note, 265, 1972.
A. Shiho, Crystalline Fundamental Groups I — Isocrystals on Log Crystalline Site and
Log Conwvergent Site, preprint.
A. Shiho, Crystalline Fundamental Groups II — Overconvergent Isocrystals, preprint.
A. Shiho, Fundamental Groups, Homotopy Groups and p-adic Hodge Theory, in prepa-
ration.
D. Sullivan, Infinitesimal Calculation in Topology, Publ. Math. LH.E.S., 47(1978), 269-
331.
T. Tsuji, p-adic étale cohomology and crystalline cohomology in the semi-stable reduc-
tion case, preprint.
T. Tsuji, On p-adic Hodge Theory, RIMS Kokyuroku 1026, 63-75. (in Japanese)

7



[W] Z. Wojtkowiak, Cosimplicial Objects in Algebraic Geometry, in Algebraic K-Theory
and Algebraic Topology, P. G. Goerss and J. F. Jardine eds., Kluwer Academic, 1993,
287-327.

MATHEMATICAL INSTITUTE, TOHOKU UNIVERSITY, AOBA, SENDAI, 980-8578, JAPAN.



AOT7REEGBEREHCHIREDV S DL DEE
faEe % (LR ORET), PR 1 (M1 k)

HISHE Q OHER Galois B G = Gal(Q/Q) BB M#EARR R, = m (P50, 1, 00})

(ZIE RS 2 0 B HEIEIRRE By & FE) IS BRICIMERL TV A, BAr b v 0T %
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...Thus the Galois group Gg can be realized as an automorphism group of a very con-
crete profinite group, and moreover respects certain essential structures of this group. It
follows that an element of Gg can be “parametrized” (in various equivalent ways) by a
suitable element of this profinite group (a free profinite group on two generators), or by
a system of such elements, these elements being subject to certain simple necessary (but
doubtless not sufficient) conditions for this or these elements to really correspond to an
element of Gg. One of the most fascinating tasks here is precisely to discover necessary
and sufficent conditions on an exterior automorphism of 73, i.e., on the corresponding
parameter(s), for it to come from an element of Gg— which would give a “purely alge-
braic” description, in terms of profinite groups with no reference to the Galois theory of
number fields, to the Galois group Gg.
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..It would seem (incredible, but true!) that even the geometry of the first level of the
Teichmiiller tower (corresponding thus to “moduli” either for projective lines with four
marked points, or to elliptic curves (!))has never been explicitly described, for example
the relation between the genus 0 case and the geometry of the octahedron, and that of
the tetrahedron. A fortiori the modular multipicities M5 (for the projective lines with
five marked points) and M o (for the curves of genus 1 with two marked points), which
actually are practically isomoprhic, appear to be virgin territory — braid groups will not
enlighten us on their score! I have begun to look at Mg at stray moments; it is a real
jewel, with a very rich geometry closely related to the geometry of icosahedron.
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DEGENERATING FAMILIES OF BRANCHED COVERINGS
OF THE COMPLEX PROJECTIVE LINE AND BALLS

MAKOTO NAMBA

1 It is known that a finite branched covering of a given complex manifold M is
determined uniquely (up to isomorphisms) by its branch locus and (permutation)
monodromy representation. However it is a difficult problem to determine the
covering from them concretely (algebraically, analytically), even if M = P! the
complex projective line. We introduce two kinds of pictures, a Klein picture and a
Riemann picture, each of which determines the covering topologically for the cases
M =P and M = A(0,a) = {2z € C||2| < a}, a ball.

Let X — P! be a branched covering of P! of degree d, where X is a compact
Riemann surface. We denote by By = {q1,...,¢»} and ® the branch locus and
the monodromy representation of f respectively. @ is determined uniquely up to
its representation class [®¢].

Let I be a simple oriented loop in P* passing through the points ¢i, . . ., g, in this
order surrounding a domain 2 clockwisely. We regard £ and P! —  as a continent
and an ocean respectively. We pull T,  and P! — Q back over f and get a checked
pattern consisting of d-continents and d-oceans, which we call a Klein picture of f.
The Klein picture determines f topologically.

On the other hand, take a reference point go in . We take disjoint pathes
connecting go and ¢;(j = 1,...,n). Let Tp be the graph consisting of the points
g0, q1,---,qn and these pathes. We pull Ty back over f and get a graph T on
X. T gives a cellular decomposition of X, which we call a Riemann picture of f.
The Riemann picture also determines f topologically. The Klein picture and the
Riemann picture for a finite branched covering of a ball are defined in a similar
way.

2 A finite branched covering f : X — A(0, a)xP? is called a degenerating family
of finite branched coverings of P! if (1) every fiber t x P! is not contained in B rand
(2) every fiber t x P!, (t # 0) meets transversally with B; at n, (n : fized) points
{q1,-- @} Put Xy = 72t x P!) and f; = f: X; — t x PL. f is then identified
with the family {f;}. Assume for simplicity, a > 1 and (A(0,a) x o) N By = 0.
Let 6 = {t = €* | 0 < s < 2} be the unit circle. § induces a braid 6(5) on
{@,-..,q=} which is called the braid monodromy. By the theorem of Zariski-
van Kampen, the equality $,0(6) = ®,, where g = f;. We show that f = {f,}
is topologically determined by the pair ([®,],6(6)), while the central fiber f, is
determined topologically only by [®,]. We can observe the degeneration through
the Klein picture.

We can also define a degenerating family of finite branched coverings of balls
and get a similar theory to the case of that of P!.
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3 Every complex 2-dimensional normal singularity (X,z) can be regarded as
a degenerating family of branched coverings of balls. We can compute the local
fundamental group 71 (X — z,p0) using the Zariski-van Kampen theorem and the
Reidemeister-Schreier method. The Riemann picture is very useful to carry out the
computation correctly.

This method works for the computation of the fundamental group of every 3
dimensional oriented compact manifold Y. In fact, By the theorem of Hilden-
Montesinous, there is a covering A : ¥ — 52 of degree 3 of the 3-sphere S°
branching-at a knot Bj whose monodromy ®,(v;), (v;: generators of the funda-
mental group (S — By)), consist of only transpositions.

We may regard S® as the boundary of A(0,1) x A(0,b) in C? and the knot B
as a braid in § x A(0,b). Let B be the cone connecting the origin of C? and every
point of B,. We construct a topological covering f : X — A(0,a) X A(0,b) of
degree 3 branching at B which is an extension of h. (X is in fact a cone of Y.)
Then f is a topological degenerating family of branched coverings of balls and

m1(Y, po) ~ (X — z,po).

Thus the computation of 71 (Y, po) can be done by our method.

To construct 3-dimensional oriented compact manifolds is reduced to find pairs
([®],0) such that ®o = @, where ® is a transitive representation of the free group
< 71,---,% > to the 3rd symmetric group such that every ®(v;) is a transiposition
and o is a braid of n-strings. _

We prove that there are 3 canonical forms for [®]. The braids ¢ with &0 = &
form a subgroup K of the n-th braid group B, of finite index. It is important to
analyze the subgroup K for the canonical ®.

DEPARTMENT OF MATHEMATICS, GRADUATE SCHOOL OF SCIENCE, Osaka UNIVERsITY, Toy-
ONAKA, OSAKA, JAPAN
E-mail address: namba@math.wani.osaka-u.ac.jp
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EREYIIIERUTEFMPETHY ETHEIZTIHED D), BOMEOBECRBIRSERIHIEETE S
DT TT.

HHE S <b> DNERIZTFEFET & BATEEAR CIi U, COZOME TORRKESE MRS TFrb, £

U
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FiGURE 3. Dehn, Lickorish, Humphries 12 & % BREEFF D E KT

DEJFIZ LY —DD M SE>DTENEEY i'@‘"o %, CIR>TD Dehn Twist &FFUE T, Dehn.
Lickorish. Humphries 6 M D7z Dehn Twist 12 & DERICIE, Figure 3ICHND 29+ 1 HTY., (HU.
b+n<1eUET, ) bhAD, 294+ 1 & WIEUE Dehn twist 2SR FNDOETY[13]. TDHR
DE>TWVWB I LiE, CARVDBNAABIPRABESREESS L. 20 29+ 1 HOHAIIH > TR
LO0ROTHLAETT, Vo (RE ME—DOEKRT) HELAERIIEES. LW EDTY, A
MR Y REANTT,.

XT., CTHBEGRIZEI i L, RES>TIRVZDTTHEHIRE > L RETY, EARNIZIZE—
ABEBOEROMEMREHES &5 TETH, I ollow LTWERA, EML, BERNRFERIE Hatcher-
Thurston[12], Harer[11], BKARIE Wajnryb[21] IZ& > TEABNE LA, (T, b I ERRPME ST
WT, FTIERAS Birman-Wajnryb[4] IZH D 9, HRAIL, TOEDTF Y id Birman O survey[2] BFEH
RFTVDTTH, F IO hyperelliptic involution HHDH THE>TWS LSICRZIET, )

ZOFRREIE, KOESBEDTT, couc1,y... . cog %, Figure 3 DEHFRIZNIE S Dehn twists € 351>
LLEL &, ‘

Theorem 1.1 (Wajnryb). BEESEE M1~ IJIROBRBRRERE D, EBRTT : a1, .agy (TN DI
EBIERD co.01. ... g ITHIBT D) BAS:

(A): ajaj = aja; (C;NCj =0 DW), BLT (Lia.jai = aja;a; (C;NC;A—HEE D)

(B): J > 2 THE) ((Llagag)”L = agayazasarayasasay) " ag(ayasasar ayasasay).

(C): (g >3 TRE)

aopbi1by = ayagasbs,
2 10305

ZZT
by 1= (asazasay)ag(asasasay) ™,
by := (aza1a3a2)b1 (a2a1a302) 7,
b3 = (aJ‘la3 (1211’(1111(12613(14(1 ag)” 1ao(a4 (131021(11111(12(13(1,4(15((5)
= (asae)by(asas) "
LB,

EbIT, HREURAMEOEEYEE A, OFRRIL. B 5 —D hyperelliptic involution & IHEN 3 BEHE=(D)
ERITMATELND(ZITRERTS, 214 #SBOI L, FTEMNY] TA2EZDIEIORBFKRN). &
DERADAN gl fkZ LU TR R 5,

HWIETIROWIZE Y, ZD4>D2DEFEK (A), (B). (C), (D) IXENTN braid, chain. lantern. hyper-
elliptic ABRRLIFIENTVWET, THhHDEGANLERY L2MNIE Birman OV —A[2] IZFHK>T W
Sk RANOHBIZHEOEARFEADEREZHETILMBTELRNILEH ) FEAN, ZOBEFRR
THREL WS ZLIHEEE I follow TETWERA,

T, TITHEBRN(A) 2REL, TAT VHEBVWENRSZOPERATL & 5. EBE BHERA (A)
&, TT « VDL BEREFHEANDOERE

p1: A(Ty) — A:[g<1>
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FIGURE 4. The graph T,

MEETDLE>TWBIZMARY FHA, T T,E Figue dXRINAETS7TT, TRThDBEE
DIER%E, TNENDHEED Dehn Twist IZWHEE VT, TIVT o« VENDLOERE L 2 5 BEF4H&E
A, (A) PRYIELDZ LD TY, Z LT, Dehn-Lickorish-Humphries ® [T L WS #EIE, p
MEHZLVSTWBI DI TT, TUT, Wajnryh bOERIE, TOH—FVHERBIEEL LT (B).(C)
TERIND LWL THEY, AbIZAT,) — MyETIT>TEZ B I—F VOB (D) 24T MATE
BREo#Ee ULTOME 2 LD 0o TV b T,

ZIETRAEEOENATY, MER (B),(C) LWV oBERAN, PUTFAVELWIEDEBAL
TOPYRTLEVRIALNBES S, L0IEDTY, HlNrbwd L& Xk Yes T, (B).(C),(D) D
WENL BT INT 4 VEHOFLDEETHIIORRE Z e X TEET,

1.3. ZIWTF 4V EILLDZBERERORT. TOLDICE. TIT« VEOBEICHE T EANRSEL Y
AlZnweiRY) FHA,

EY, UIITICNUT, TOFERNZ 57 H (full RIS 7L N3, DY, HIITOEED
HMAEEE—DRDDILREY, BEUN/E. TOBIESOTIZFHEDOA > TVBMWITEER HIzs A
NTUEDZLTEED) PDHde, BRICERE AH) — AD) BEZ N ETH. ThIEHZE L Van
der Lek[9 {Z K WFEAE N T VB DT (BEMEIZU T OB THEOVETAMN). AH) & AD) O (HIZHES)
HAT7 VT« VEEFUET, ,

B (B)(C)(D) i THETNT,D. % Dynkin 975 712 L &2 SWHT VT 1 VEOHRLOLE
BITDEETEERINET, ThERRD/2OIZ, Dynkin RIEOTIVTF « VEIZH U TOAEFEINT
WB, RO (Brieskorn-77 ik #8F[8), Satz 7.1, Satz 7.2 £ ZD Zusatz.) & £ MR EL &>, (Dynkin
B & CHEIR Dynkin BN D, —BDT'S 712335 7T 4 VEOFELITOATHETH, Thiz
EIIBEPRES DM >TVRVEITT, )

&, BE#)V— RO Dynkin diagram, §%50% A,, B,, D, Es, Er, Es, Fy, Go, Hs, Hy, I;(p), D>
HOENNELET, (FIETH7 57 RS, ShERRSTHE, UTFE2EL0ICL2<ELEZ2H
DERA, )

ST BEBITTC a; i/ U, ZDRE (TROLEBT L TDOFETD, 7=EDF)wh’ positive TdH 3 & i,
o' DRDTREEBRNIL L UET, ZEDFEE positive & UET, positive RELHDTE L CRLIZA
SHEDILE. positive BB|/FREED, LWVH I IZLET,

Theorem 1.2 (Brieskorn-&fk). I' % Dynkin B6 &L 53, we AT 2L, ROWEREZ 3,

o w i a;DREIZE UT positive BRRE LD,

o BTD ¢ ITHUT, ] lwidd positive kKR EE D,
THL, ZOZODHERBEETHOTOFT, EoLE/NEVEDONRHB, Thbb, AT) L WSHED
TLTH DT, positive RRRE LB, MIZEDZODOMERED whid o725, A(T) tw I positive L FE
REFEOEDONEET S,

AT) OFFER, MbT2I7 A4 —FEORERELXTIIZUT, HEEHRNICTERINET (BiIkTo
HREEBUTOVERA), o lwdd positive RBEREFOBIC T, N wkEVEI5) LE2ZRL, AI)
B, Z2TO BAAER] T, AT) OBANERIZOWVTIE, HETh o fithEd,

AT) & ROBEEERFL £,
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FiGURE 6. BARR (d),(e) 25X BB T I T 1 Vi

1) NT)DaryA&—# BHIZL AR >T, Dynkin IBEOBEIXTVAA VLT ET) TORIL
BET w5 (ERTTEVWTRIVPERIIRZTOIETTNE, UTTRENZLEETIE
HY EXVA, TOEXIX positive roots DEUZ—EL 7).

(i) AT) Ok HRKEFHTHY, TOERT (T) IE (Z2HEBETDDIHD—2X) IROAR
TEZbND, oT) = AT)? = TI* (wy # —1 D). (T) = A(T) = T2 (wo = —1 DIF). =
ZIZ. hiEV— N RO Coxeter number T, INFEBTTH S o; 2 FERIEHET—D T O2EHH
=H 0D,

ETVoTWAZ 2zl NI EOIEFICKET I, TNIMRELRVWI L EEAET, w=-1&
WoTWBADIE, VA NVEZGLY) DEAETTNS, BRIN-1EL VI AN —TFUIRENE D
MTY, ATAZ—EAIZDOVTIL, V—FOBEERTOETEH >ED, LBR->TEL>TVWDT
TH, TR L [5] & RUEEHRERH>TVB LD TY, TTHD, UTFEHROOIIIBEEIC LY £ A,
T, EOBBIZEY, J57 T,0F8H2 57 L UTHNS Dynkin BRI L2, FHERE

A(T) — A(T,)

PEONET, Thilkd o) D%, MEOERIZIVED(T) e A(T,) TRLET, &, EXE
BIFRD LD IZRINET,

T,OH20 572 UTHENS Dynkin BFEOHT, KD 4+ 2BHOLDE2EX LY, TD 1 :Figure 5
IZEEAENA Ay A5, Es. E; DObDENM, FD2 : Figure 6ICEZIAZF h/ Adge Dyg 1 DWTH
M, (BMNLRTENDTFT7H, TOHOD Dynkin RTINS, L ZOLFOMGE ZORNLE
AENET, )

Theorem 1.3. BIHER(A) DE & T, Theorem 1.10D(B) I&
(b) e(4s) = e(A4)?



6 > )
LHEfE, BBRRNA) & (b)) D & T, BERC) X
(c) c(Er) = c(Ej)
LEE, BURR(A). (b). (). Db &T, BERD) i
(d) a?7* = ¢(Dag-1)
LFfE. MORRIEBEHRRA). (b). (o). BT

(e) c(AS

Zg)2 =1

THEZALNIB,
EVRAB L. AT,)/[(0)- ()] = M ATY)/[(b). (e), (e)] = ML, A(T,)/[(5): (e)- ()] 22 M,.

Remark 1.1. BANICINODBGREESTL T, HHRODIZE>TWS,

c(Ay) (apasagay)®
c(As) = (apaiagazay)®
c(Es) = (agazazasasag)'?
c(Er) = (agaqiaqa3asasag)’
c(A’zg) = (ayaqa3ay -+ (ng)2g+1
c(Dag—1) = (aoa3asas---agy)*d™*

ERATHIEROL, AvIOFHOTOBITEDIERIZIEL bR,

Remark 1.2. Looijenga i, RETOHEELDIOBRDOII a=y— 3 v D, JTICHRE T
HIRIFEET (D £ Y Hatcher-Thurston {0 F) M DE2 &> BERERERDD Z L ICKILTWS, #
DFFEGFHE 4 REFROETY 25 M LB 3 OBEMROE ) &b TR S REBOEY 25
A EHLNDB[LT]) Z & ZE &< (BIFE preprint) EDTH B, THOLDFANL, —ROFEH TOHILE
BRI MELNNZE TEEHEVERD, )

2. D HHLTU

2.1, BEZIBRBLELCED,. MMANILERXERTHS LT, ZITREETVT VDY
A—TEFDLBVELDAENPEVWET, Bl g =3 IZEPLTVWELA, g =2 OBE. Birman-
Hilden[3] IZ& V), 6 RRDEAMBOBE L UTEREREES L, (AABRKIVTWEDTL & 523
Z 1L Jones[16]§10 S/R) 6 ARDAKEE L 5 ARDHAMHD L VR —DEETH—FINNRINET,
g=3TIXETNT 4 VEPLEHREHAORHENH BT LNTSHOMNY E5H, BRELUEGER LS
DISEHEITY NG, 2 Ld oF;) DBIZBHIZRY 9. o(EBs) DRIL 6 220 Dehn Twist & A#2
ThHY, Zhid E;=BEL RO SHORIKIEEOEHRERIZADS LT T, PRVEHKEELLTVWS
129C¥ (72T, Dehn Twist & A TY &),

TNT, ZRBEBRRITLUI—TEITBAEAIBRDHLEE>THELEN, EI5Po>THELELVLW
PPPLRNT W LA, EHIBRIFHRBE LEFTHRE BROBK) BHY, [TV F o VEIZIZ
Normal form B35 | L&, ThEELLRALNTEE LA, '
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2.2. Normal form &EHE®. 8] DEAWE ZAD—Dd, Dynkin RIBIIHETETIVT 1 VEDE
RO we AT NVT 4 VEODADRIZI—BIZABTET NIV XA EAXATVWHRTY, ZORIL
w=ANT)"" AN Ay DFEDEDT, n ldA(T) w# positive 12T BH/NDEE n, A IEA(T) wk €l
SRTODEMRIC a; 1= b DRI T INT « V# (WIETHRBVEELIZRL RV, ZhTE 5 LT
)DATHY, UTRMANIIEZESNET,

Z D Normal form 2RKDB TN TY X%k LISP TEEEU /A, (b) & (B) DEMEMILE THHETT
M (c) & (C)IFRIZTDEETIIFEMETIEHD Y £V A. Wajnryb DBRERK (C) 2 WA WA LT THEH#HE
e OTIHEGRR (B) TEEET. LWOFEERENBOOHT, HIEMBARIZ (o) BREVELAE, (5
DA, (C) % 132 {HD Dehn Twists THERE LY, —E (B) 2ES & (c) ITRD, LWHEHTT, )

2.3. REDEED : Hyperelliptic involution. UM U, —HEBEIZEZERR (D) BWaehhr i —
DEETETERA. BRITIA, SEBEESTEI TV RVL, —BERTR TNV ITY XAH%T
DEDNHY EFEX A, TIT, ADMIRE>T, TV T 4 VEORMNER] 2EEB> LRVE LA,

AIDUEfE L HERAEPES> L, TR A D.EBIO Dynkin KfF& U, F - BEMNIGT 2 EHEEBES (#
BARBEIR D) DB BEHEM L 5, ZORK., BOT 714 N—AL— A0 —H ADERBEIINIGT S
TIWTF 4 UEFELRY, INF—T 74—~ D Geometric Monodoromy {2355 % Dehn Twists TEaik
INd, AOFERIE BIZAS CERAML BRI XN, BERIZIB 572 Dehn Twists DFEIZR B, ] &
WHBEREEFEOET,

A D EETOESIZOVWTADERFEHADEA2EFMIZESR LU EI UL (BFEADEMEIZIIEE
RIEBOPEFNETA) M, THIZOWTIH20] 2B UTES LW LT, ZITRERIZHET
HD Doy \FERRDARPUZL VEHU X T,

fi# b D, HEREALE VI DI, 22" ?+y?) =0 TEALNBHEKTY, Brieskorn D[] I=
&, TORBEROEEBEEBERMIL, HD2EADEFRSER

Fla.yis1.....8,)=0
TEZ LN n+ 1IRFTERED, (s1.....8,) EWVD n keI —I U w REFIZFEON>TWS, 777
A VHBROBIZEVEZONET, 51 = =5, =0TD7 74N =M 24+2)=0,RDET, &

N773IV—% F - BLEZZET, . .
ZDZERDFERRDFEITFEL ITBRERAN, niRFLT 7 71 V2BMB := SpecClty.... .t,] #EX. *
DEIZ, $5773Y—%&F Y, D EVANVELERCERASY, TOFEEM[E BET50TYT BTWVX
& Clty.... .ty DFRERROBEARER (HIMHETH I & EREAHRADI L TT) & (Py(t).... . Pu(t))
LU (B2 n BEFRSER). (t,... .tn) = (P(t),... ,P(t)) TF - B#BIERELT®3. 2%

F(z.y; P(t),... ,Py(t)) =0

EEATRDBEWVWSILTY, 25758, tEBHOATIHBERZ A NP -o-TWHWBDidb x> ¥
TAIVRBDE L ) £F, —HEIZ n HOEPHBOTTH, THLTIOBEAIHE >TVWE T 71 N—
I&— & pinched Riemann surface {2721, TDERZMIZ LI, 774 N—~DHMPE ) RO I —
& UT, 359 % vanishing cycle T Dehn twist 35| I INEd, (BTRELBRATHOT IV
HEIZE<HED, TOEM BTIRAUABIZZ>TWVWRILIZEELTTFEY, ) 3T, IALDEL
ERNV—MIHBELTH Y, Dynkin BFEOEA LB L TWSO TN, TS vanishing cycle D
BAIEARAR DR DV FA, B &5 £ Dynkin BB LR UBITR>TWE I e WRINET, (A'Campo D
real deformation DHEM[1] 2F S LHEIZDOPLE L LWTTH, FEIZIX follow TERWVWDTHME BDHE
R[] 2EWE U4, ) FUT, Biieskorn &, BOHTZ 74 N—NAL—ALEDDEBLT—H A B°
DEEBERT VT 4 VB AD,) THH LW ZLHFHALTVET[7]. TIEZIT, AIMTEZDOTL LS
M, BIZIZRTO HEBRET L0 CEANHY ZTH, ThT—~Hty € BMLIADT exp(2miu)ty
(0 :0 — 1/2) TEHEBIETTPDI L, ALTWRVENTEEY, £0O BTOBRIBBEALABIZIRS S
LOPYET, TOBEBPARDTY, Heid, ZOARFHELTPNENVCOTTH, FrHEIZTE
FOANERETLEILIZLEL &S (ZOEBHEEMY T, 20] TIREXFHEAC2BLHITHBEILR
DELUAEDN, BEROEMRNPLTIIZEELRONE LNEVA), exp2riu)ty TERTB L oTH,
Fla.y:Py(t).... . Py(t)) = 0 IFREEXT NS, TOEEDED, RO T77IV—~DY T hEL
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FIGURE 7. n DPEEOBED D,

FiGURE 8. F0 Humphries T TOH Y &5

T, (exp(me2wiv)v,exp(my2niu)y: Pr(exp(2mwiu)te),... , Pylexp(2miu)ty) & & 2 TRNIIE, 7741 /13—
EEKERLRNWTELEIZES>TUEVWET, (22T imn,, myldt; 2 —RERT, FEEADEHFRSH
REREBD 2. yDEHA, ). Tid EZTE/ ROI-DPNHTEEINEED &, INF—T7 A N—%E
ABLIATT,

28, REGMUEHENT, P—FNVAR-ZAEELPLOMKTS LAWY £§, &7 7 /8—d (i
MHRNZIRER O ESEMme 2 £9, T2 T, BERICMERESOEEN L 2 BHLRERLE ANTS
W, ZOERTHEAEEZELTI 7AN—ADE) ROI—% R5DH Geometric Monodromy T,
DFY, TOBAIT

A(Dy) = m(B°) — M 5>

PEZLNET, T, bIMEEBEEDOEE. glidAL—AT 7AN—DERTT, (HlxiEn WEHRDHE
i e =08 2" 242 =0 DTNThNL—29 D, G 2HEKRREANH Y, BEILS o LFE
THE(n—1)/2TY), HERELDBDITIE BHWEEADEY T Dehn Twists & U TR BENDHY
£9., TOREBIL. BEREBEAEEBRTIRMNTA—AN, 2. yDFARDEEANE RNiZb») 7,
Brieskorn DFE[6] T. (z.y) DEAMIENTN (2.0 - 2) THY, 2 =0DHANLEIERESD BN
TRA=H 1 yDERE—~(n~2), 2" 2+ =0DHF M5 ZERBEDNRT A—K L, » B LTI DM
RS (n BREEND) 2UTHKLTNBIILE2EZD L, BEA-1 L2V ET, ZOEEEHZTHER
ZIEDL DI, &4 DR T Dehn Twists EZNTH (n—2) [\, 1EEI R TIERY FEA, &
5 UT. Figure T8 Dehn Twist OFt FJ' 2 Fy, ZZ2, ¢(D,) = A(D,)2D Geometric Monodromy
THEI W) £k,

#&#%. Dehn-Lickorish-Humphries Generator D72 ZMEHRIZHH B & Figure 812721 £9°, BEIZ relation
(b).(c) THR—E>EDHEDOEGREMIIROLNTE Y, BHELERPR 1D [ =FLe25HERE
MAAUSERO R NEGIEHNRE LI L WDP) T, F9PF = ¢(Dyg—1) BERIE Zhizid(d) T
RN ET,

ZTOMOREREAEHDADE) REI—3 MARARY—MIZEAVEBVWET, FIRIE A(Es) IdKFEH
D half Dehn Twist # 5 X, ZhA% Humphries[13] WEBTEBO TOICAWETLOEFTHE I L &
AAVMLTEEET,

BEE. COMBIZHI>T, HKIADAPBLZLRILENSEPLHEITTEIVELAE, TIVF« VED
FHEZTOEDRHFA T N5 RELE, FEEAERIZETS 3242 % /2 E. Brieskor « 584, P.
Slodowy FefE, 2FIZEE L AHREH X T N/ E. Looijenga 54k, €T D TH 2 EHREHD
MR EGREL TS M E ZRfd I B#U 3, ZOMEIRER S BEREH OO 7 ER 2 B0
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K THAH[19] DERICH Y, TOWEIMSEEADH T 7 15 £ 5% U e FREEM A £ DERFE[LS]
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BT LENTEY, BEOMANLEREEANTTE >AFREECHFERRN LV ERVET,
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RACKS OF CORDS !
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Abstract

A rack is a non-empty set with a binary operation such that right multiplication is
an automorphism. New racks closely related to the braid groups and the mapping
class groups will be introduced using “cords” on surfaces, and their structure will
be investigated. Emphasis will be laid on the racks of cords on the plane and the
sphere. In particular, their presentations and the center of the associated group of
the rack of cords on the sphere will be given.

Keywords: Rack, braid group, mapping class group

AMS classification: 57TM25, 57N05, 20F36

1 Introduction

A rack is a non-empty set with a binary operation such that right multiplica-
tion is an automorphism. In general, the binary operation is not associative
and a rack is very different from a group. A typical example of a rack is the
quandle of a knot due to D. Joyce [11], which classifies the knot up to mirror
image. This is generalized to the fundamental racks of codimension-two links
by R. Fenn and C. Rourke [8].

In this paper, we introduce certain racks closely related to the braid groups
and the mapping class groups, and investigate their structure. They can be
expected to play a fundamental role in the monodromy calculus appearing

! This research is supported by Grant-in-Aid for Scientific Research (No. 10440015),
Ministry of Education, Science and Culture, Japan.

Preprint submitted to Elsevier Preprint 27 July 1998



in 4-dimensional topology; in particular, in surface braids and in Lefschetz
fibrations.

Let ¥ be a connected oriented 2-manifold and let @, be a set of n+1 interior
points of : Qny1 = {q1,¢2,- -, Gn+1}, Where n+1 > 2. A cord on (Z, Qnyy) is
a simple curve (un-directed) on int(%) whose endpoints are distinct points of
Qn+1- We assume that the curve is disjoint from Q4 except at the endpoints
(see Figure 1).

Fig. 1.

We denote by Mp+1(X) the mapping class group of (2, Qn41), that is, the group
of isotopy classes of orientation-preserving homeomorphisms of (X, Q1) onto
itself whose restrictions to the boundary 9% are the identity map.

For a cord @ on (X, Qnt1), we denote by 7[a] € My41(2) the disk twist on a,
which means the isotopy class of a homeomorphism of (X, @Q,+1) whose support
is a disk neighbourhood of « in which it gives a “180°-twist” interchanging
the endpoints of a.

Two cords « and o are isotopic if they are ambient isotopic by an isotopy of
X relative to Qny1 and O0X. Let X,1;(Z) be the set of isotopy classes of cords
on (X, Qn+1). We will use the same symbol for a cord and its isotopy class.
Notice that the element 7[a] € M,11(X) is well-defined for a € X,,11(2).

Definition 1 A non-empty set X with a binary operation A is a rack if the
following two azioms are satisfied:

(1) For each b € X, the mapping X — X defined by a — a A b is bijective.
(2) (aAb)Ac=(aAc)A(bAc) for all a,b,c€ X.

The notion of racks (under different terminology) has been repeatedly discov-
ered and discussed by several authors from various points of view, see [18], [11],
(17], [4], [14], [8]. We follow the terminology of Fenn and Rourke (8] although
we use different notation for the rack operation. (The notation a® proposed by
Fenn and Rourke [8] is quite ideal from mathematical viewpoint, however it
becomes somewhat incovenient when b is written in a complicated form. In a
sense, our notation a A b adopts their proposal because this notation is similar



to the tex command for a®.)

Let X be arack, and let F/(X) denote the free group generated by all elements
of X. Let N be the normal subgroup of F'(X) consisting of those elements
w € F(X) such that a Aw = a for all a € X. Note that a A w makes sense
for a € X and w € F(X), see [8). The operator group of X is the quotient
group F(X)/N, which is denoted by Op(X). Let K be the normal subgroup
of F(X) generated by (a A b)b~ta~1b for all a,b € X. The associated group of
X is the quotient group F(X)/K, which is denoted by As(X). The axioms of
a rack imply that X' C N, and we have a natural surjection As(X) — Op(X)
(for details, see [8]).

Let X,.+1(X) be the set of isotopy classes of cords on (2, @Qn4+1) as defined
above. We make the set X,1(X) a rack by giving a binary operation A as
follows:

aAp=(a)rf],

where we assume that M,.;(Z) acts on X,,1(X) from the right and that
for T, 72 € Myi1(X) the composition 717 means the mapping class which is
obtained by applying 7 first and then 7. It is left to the reader to verify that
this operation A satisfies the two axioms of a rack.

The purpose of this paper is to prove the following theorems.

Theorem 2 If n+1 > 3 and & = R? or $?, then the operator group
Op(Xnt1(2)) is isomorphic to the mapping class group My 41(Z).

Theorem 3 The associated group As(Xn+1(R?)) is isomorphic to Artin’s n+
1-string braid group Bpy:.

Theorem 4 The associated group As(X,+1(S?)) is isomorphic to the quotient
group of By divided by the relations

Uo; = o;u (t=1,2,...,n),
h — 2
wnere U = 010g...00-10,0n-1...0907.

Remark. In [7] it is proved that the n + 1-string braid group Bp,1(S?) of the
2-sphere 52 is isomorphic to the quotient group of B, divided by the relation

u=1
On the other hand in the associated group As(X,+1(S?)), the element u has

infinite order, because by Theorem 4 the abelianization of As(Xp.1(S?)) is an
infinite cyclic group in which u is not the identity. Thus there exists a central



extension
1— <u> —* AS(Xn+1(S2)) - Bn-{—l(Sz) — 1.

Theorem 5 The rack X,4+1(R?) of cords on (R%, Qn11) has the following pre-
sentation:

(1) Generating set:

T Y2y---3Un
(2) Defining relations:
Y A Y= (i=1,2,...,n) (1)
Vi NV = (i3l >1) (2)
(i A ) A= (li—Jl=1). (3)

Theorem 6 The rack Xn+1(S?) of cords on (S?, Qni1) has the following pre-
sentation:

(1) Generating set:

T Y2y Y
(2) Defining relations:
Y NYi=Y (t=1,2,...,n) (4)
Yi N Y =" (Ii -4l >1) (5)
(v Avs) A= (li=3dl=1) (6)
YA (V2 Pn) =T A (Y1) (7)

The next two theorems are valid for a general connected oriented 2-manifold
¥, not necessarily R? or S2.

Theorem 7 The map 7 : Xp41(Z) — Mpy1(X) is injective.
Corollary 8 The natural map 1 : X,41(2) — As(Xnt1(X)) is injective.

Proof. The mapping 7 : Xp11(38) — Mpi1(E)con; is @ rack homomorphism,
where M 1(2)con; is the conjugation rack of My, 11(Z) (cf. [8]). Thus by uni-
versality of the associated group (8}, 7 splits through n:

Tt Xn1(Z) B As(Xn41(8)) B Mopa (D).
The injectivity of n follows from the injectivity of 7.
Theorem 9

Op(Xn41(X)) = As(Xn11(X))/CenterAs( X 41(X)).



We return to the case of 52. Our final theorem gives the structure of the center
of the associated group As(X,+1(S?)). Here we assume the presentation of
As(Xn+1(S?)) as in Theorem 4.

Theorem 10 Suppose n+ 1 > 3. CenterAs(X,+1(S?%)) is generated by u =
0102... Op-1020n-1...0201 and v = (0109...0,)"t . Both the generators

have infinite order, and satisfy a single relation ™! = v2.

The racks X,4+1(R?) and X,+1(S?%) introduced in this paper can be expected to
play a fundamental role in the monodromy calculus appearing in 4-dimensional
topology, for example, in surface braids [12] or in Lefschetz fibrations [15]. Also
these racks are considered to provide a natural mathematical framework for
the “quantum inverse” introduced in [16]. Racks and quantum inverse will be
fully discussed in a forthcomming paper [10].

The construction of the racks of cords was announced by the second author
in a talk at Conference on Low Dimensional Topology, University of Sussex,
April, 1997.

After finishing the last draft of this paper, Luis Paris informed us of P. De-
hornoy’s paper [19], in which Dehornoy finds an interesting connection between
free left distritutive systems (closely related to free racks) and braids which is
different from ours. The authors thank L. Paris for this information and useful
comients.

2 Operator groups of X,;1(R?) and X,;1(5%)

Let X be R? or S2. Take a system of cords {71,...,7.} on (X, @n41) such that
the endpoints of «y; are ¢; and g¢;4; and such that v N vj C Qny1 for i £ 5. We
will fix this system in what follows.

Proof of Theorem 2. Let 7 : F(Xp41(X)) — Mp41(X) be a homomorphism
defined by

ot ... af Tl .. Tas)®,
where ¢; € {1} and o; € X,1(X). This is a surjective homomorphism
because T[v1],...,T[vn] generate the mapping class group Mp1(Z). We will
prove that ker7 coincides with the normal subgroup N of the free group

F(Xn+1(X)) defined in Section 1.

If w = of...af is in ker7, then 7] ...7[as]* = 1 € M, (X). This



implies that for any @ € Xp411(Z), a Aw = (&)7{ay]® ... 7[as]* = a. Thus,
w € N by the definition of N.

Conversely, if w =of*...a* isin N, then for any a € X1 (2), a=aAw =
(@)7[a]® ... 7). In particular, T[a;]® ... 7[a,] preserves 11, ..., Tn € Xny1(Z).
Ifn+1>3and & = R? or S%, this means in turn that T{o4]% ... 7[a,]® is iso-
topic to the identity through an isotopy of (X, Qn+1). Thus, w € ker 7. Hence
ker7 = N, and we have Mp11(X) =2 F(X;41(2))/N = Op(Xpnt1(2)). 8

3 Associated group of X,,;(R?)

Let ¥ be R? or S2. If & = S2, then we assume that ¥ is the one-point com-
pactification of R2. In this section we assume for simplicity that the points
in Qn+1 are given by ¢; = (0,0),¢2 = (1,0),...,gns1 = (n,0) € R? and that
11 =1[0,1] x {0},72 =[1,2] x {0},...,7. = [n — 1,n] x {0} on the z-axis. Let
L; (i =1,...,n) be the half line {i} x (—o0,0]. The terminal point of L; is
giv1- Let I; : ([0,1],{0,1}) — (R%,¢1) (i = 1,...,n) be a simple closed curve
which intersects L; transversely once from left to right and does not intersect
L; for j # i (see Figure 2).

Qn+1
Li L Li Ln
Fig. 2.
For each i (i = 1,...,n), consider an isotopy {hgi)}ostsl of R? whose support

is a regular neighborhood of 1;([0,1]) and such that h) is the identity map
and h¥(q:) = (1), 0 < ¢ < 1.

We denote by h; (i =1,... ,n) the homeomo;phism of (R?%, Qn41) which is the
final stage of the isotopy {h{"}o<t<1; hi = h{. Note that

hi =1t A - Yemi) € Mg (RE).



Lemma 11 Each o € X,41(R?) is equal to an element of the form v, A w
where w is a word of y1,...,Vn.

Proof. Let o be an element of X,,,1(IR?) whose endpoints are g; and g; (i < j).
Let o be a A (Yi—1¥i—2. .- Y1Vj-1Yj—2 - - - 72)- Then endpoints of o’ are ¢; and
g2. Thus we may and will assume without loss of generality that the endpoints
of o are g; and gs.

Suppose that « intersects some of Ly, . .., L, transversely. We prove Lemma 11
by induction on the number of the intersection points.

If o does not intersect Li,..., L, except at the endpoint of L;, then it is
isotopic to ;. The lemma holds in this case.

If o has intersection points with some of L, ..., L, other than the endpoint of
Ly, then let Ly be the last half line that « intersects when one traverses o from
g2 to g1 Apply hi (or h;') to o according as o intersects Ly from right to left
or left to right at the last intersection. Then (a)hy (or (a)h?) is isotopic to a
cord B with fewer intersection points with Ly, ..., L,. By induction hypothesis,
B is v1 At where 7 is a word of 1, ...,7,. Then @ = 71 A (rs™!). Here s is the
word v M ys Vel YEVe—1 - - - Y2Y1 (or its inverse), so that 7[s] is Ak (or A71).
B

Corollary 12 The rack X,+1(R?) is generated by i, ..., ¥n.

Corollary 13 The associated group As(Xn+1(R?)) is generated by n(v1), ..., n(m),
where 7@ Xpp1(R?) — As(Xp1(R2)) is the natural map.

Lemma 14 The relations (1)-(8) hold in X,.+1(R?) and the relations (4)-(7)
hold in Xy (S2).

Proof. The relations (3) and (6) are checked from Figure 3. The relations (1),
(2), (4) and (5) are proved similarly. Two cords illustrated in Figure 4 are
isotopic in (5%, Qn+1). This implies the relation (7). g

Yi  Yigr
l T[Vips]
\—/Yt‘ AYir1

»L T[¥:]

(YiAYir) AY;

Fig. 3.
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'YI A (Yg Yn)
l isotopy
YnA (Yn-] "'Y] )

q, q2 n Gntt

Fig. 4.

By Artin’s theorem [1], [2], the n + 1-string braid group B,4: can be identi-
fied with the mapping class group M,,1(D?) of (D?, Qn41) with a sufficiently
large disk D? which contains Q1. For a cord o on (R%, Q,+1), we define an
n + l-string braid ofa] to be the braid that is identified with the disk twist
T{e] in M,,1(D?) under the identification Bny1 = Mp41(D?). Notice that
olml,--.,ol] are the standard generators, oy,...,0,, of the braid group
Byt1. Artin proved that Bnyq has the following group presentation:

(1) Generating set:

Ul, PP ,Un
(2) Defining relations:
oioj=0j0;  (li—j]>1)
O’iO'jO'i:UjO'iO'j (i’l;“jl = 1)

Proof of Theorem 8. The mapping o : Xni1(R?) — By satisfies ola A ] =
ol(a)7[B]] = (o[B))to]aolB]. Thus o : Xpt1(R?) — (Bnti)eonj is a rack
homomorphism, where (Byp+1)conj IS the conjugation rack of By (cf. [8]). By
universality of the associated group [8], there exists a group homomorphism
oy : As(Xn41(R%)) — By which makes the following diagram commute:

X1 (R) —— As(Xn41(R2))

o| l"“

(Bn+1)conj T n+1

Let p: F(o1,..,0n) = As(Xn+1(R?)) be the group homomorphism defined
by

plo:) =n(y) (i=1,...,n),

where F(oy,...,0,) is the free group generated by oy,...,0n.
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If |¢ — j| > 1, then we have

p(oitaj03) =n(%) " n(v)n(v)
=n(v A %)
=n(v;) (by Lemma 14)

= p(Uj)7
in other words, p(oi0;) = p(o;0;).

If |2 — j| = 1, then we have

ploj o aj0505) =n(v;) " n(v) " (v )n(v)n(;)
=n((v; A1) A7)
=n(v) (by Lemma 14)

= p(a:),

in other words, p(cioj0:) = p(0ojoi0;). Thus p induces a group homomorphism
p: Bpy1 — As(Xp41(R?)). This homomorphism is surjective by Corollary 13.

Since oy(p(0;)) = o[v] = o; for i = 1,...,n, the composition oy o p is the
identity map of B, 1. Thus p is also injective. g

4 Presentations of X,1(R?) and X,(5?)

By a rack word of v, . . ., Yn, we mean a word of the form coA(cf . . . c&r), where
¢ (1=0,...,m) is an element from v,...,v, and ¢ € {£1} (i=1,...,m).

A word of gy,...,0, is called a positive symmetric word if it is
(s51...85m) tsp(s ... 55m),

where s; (¢ = 0,...,m) is an element from oy,...,0, and ¢ € {£1} (i =
1,...,m).
Rack words of 71, ..., 1» are naturally in one-to-one correspondence to positive
symmetric words of oy,.:.,0, by

coA (.. .cim) e (s, s8m ) Lgp (55t . .. 55)
where o(¢;) = s; for i =0, ..., m. Notice that

alco A(cS...cim)) = (s5.. .55 ) Lsp(s§t. .. s&7).

9
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Proof of Theorem 5. By Lemmas 11 and 14, 1, ..., v, generate X,1(R?) and
the relations of the theorem hold. It remains for us to prove that if two rack
words w and w' of v,...,7, represent the same element of X,.;(R?), then
there exists a finite sequence of rack words of ~1,...,7v, between w and v’
such that each rack word is obtained from the previous one by a consequence
of the relations.

Consider positive symmetric words corresponding to w and w’. Since o(w) =
o(w'), the positive symmetric words represent the same element of B,.;. By
Theorem 1.4 of [13], there exists a finite sequence of positive symmetric words
between the two positive symmetric words such that each word is obtained
from the previous one by one of the following transformations (T0)—(T3):

(T0)
-1 -1
T "OpT Y "OrY
where z,y are words of 7y, ..., 0, which differ by the trivial relation o;0;! =

o;'o; = 1, or one of the braid relations g0 = g;0; (Ji — j| > 1) and 0,040; =
o;0:05 (i — j| = 1),

(T1)

70008 — 27 oy
where z is a word of 0y,...,0, and € € {£1},
(T2)

a;”'laj'-’ea,-a;x — z7toyz
where z is a word of 03,...,0,, |t — 7| > 1 and € € {1},
(T3)

z 705 005z —— o7 0f007 T

where z is a word of 0y,...,0y, [i —j| =1 and € € {£1}.
Consider the sequence of rack words of 71, ..., v, corresponding to the above

sequence of the positive symmetric words. This sequence is the desired one,
because the transformation (T0) corresponds to the trivial relation of the
free group F(71,...,7a) generated by v1,...,% or vy = % (li — 5| > 1),
Y% = vy (8 — 3] = 1) in the operator level. This is a consequence of
the relations (1)-(3) of Theorem 5. The transformation (T1) corresponds to
Y AY; = i, the transformation (T2) corresponds to v; AY§ = «; for [i—j| > 1,
and the transformation (T3) corresponds to 7 Ay§ = v; Ay for |i — j| = 1.
These are also consequences of the relations. g

10
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Let a be a cord on (R?, Q). Consider a sufficiently large simple closed curve
c in R? surrounding Qn+1 and c. Let § be a simple curve in R? — Q41 whose
endpoints are an interior point of o and a point of ¢ such that 3 is disjoint
from aUc except at the endpoints. By surgery along 8 and ¢, we have another
cord & on (R?,Q,y1) from a. In Figure 5, we illustrate an example where
a = and B is a trivial arc. We say that o is obtained from « by a flip along
B and c.

Fig. 5.

Let ¢ @ Xpy1(R?) — X,.1(S%) be the rack homomorphism induced by the
inclusion map (R?%, Qn41) — (S2%, Qny1), where we assume that S? is the one-
point compactification of R? The element o' of X,,,1(R?) obtained from « by
a flip along B and c depends on [ and ¢, however the image ¢(¢') is the same
as ().

We say that two rack words w and w' of 7, ...,, are congruent modulo the
relations (4)—(7) if there exists a finite sequence of rack words of v1,..., v
between w and w’ such that each rack word is obtained from the previous one
by a consequence of the relations (4)—(7).

Proof of Theorem 6. Every cord on (52, Q1) is isotopic to a cord on (R?, Qp1).
Thus, by Lemma 11, 71, . . ., 7, generate X,,;1(S?), where we use the same sym-
bol 7; for v; € Xpt1(R?) and u(v;) € X,41(S?). By Lemma 14, the relations
(4)—(7) hold. It remains for us to prove that if two rack words w and w’ of
Y, ---,Vn represent the same element of X,.;(52), then they are congruent
modulo the relations (4)—(7). Let o and o' be cords on (R?, Q1) correspond-
ing to the rack words w and w’, respectively. Since ¢(c) and (o) are the same
element of X,,4;(S?), there exists a finite sequence of cords ag, o, ..., e, on
(R?, Qny1) such that o = ap, & = o, and each «; is obtained from a;_; by a
flip.

Let wg, wy, ..., w, be a sequence of rack words for o, aq, ..., s with wg = w
and w, = w'.

We consider a special case that c;_; and «; are the cords o and o in Figure 5,

11
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respectively. Then «;_; is represented by the word 7, and «; is represented by
the word 7» A (Ya—1... 7177t -- 73 1) The word Yo A (Va1 - -1t - 95 Y) s
obtained from the word ; by a consequence of the relation v; A (y2...7,) =
Yn A (Yn—1.-.71). Since two rack words representing the same element of
Xn+1(R%, Qry1) are congruent modulo the relations (4)-(6) by Theorem 5,
we have that w;_; and w; are congruent modulo the relations (4)—(7).

Now we consider a general case where ¢; is obtained from «;_; by a flip
along (G and c. There exists an orientation-preserving homeomorphism h of
(R2, Q1) to itself such that (a;—;)h = v, and the images of B and c are as in
Figure 5. Let v be an element of F((X,,;;(R?)) such that 7(v) = [h] where 7 :
F(Xp41(R?) — Op(Xn41(R?)) = My41(R?) is the natural projection induced
by the map 7 : X, 41(R?) — M,,1(R?). Then «;_; is represented by the word
11 A(v™t) and o is represented by (Yo A (Yaz1 ... MYt - 15 1)) A (v1). Since
these words are congruent modulo the relation (4)—(7), we see that w;_; and
w; are congruent modulo the relation (4)—(7). g

Proof of Theorem 4. If a rack X has a rack presentation with generating set
S and the defining relation set R, then the associated group As(X) has a
group presentation whose generating set is S and the defining relation set is
R in which the rack operator A is interpreted as conjugation, cf. Lemma 4.3
of [8]. Thus by Theorem 6 we have a group presentation of the associated
group As(X,+1(S?)) whose generating set is {o1,...,0,} and whose defining
relation set is R:

oioj=00;  (li—j|>1) (8)
0i0j0i=0;0:0;  (|li—j|=1) 9)

L L. 3. S (10)

-1 0'10'2...0’n=0"; ..

~1
On ...0;

This is the quotient group of the braid group B,,; divided by the relation
(10).

In the braid group B,,.1, we have the relation

-1 -1 ~1 -1
O] . 0p_10n0n_1...01 =0p...090105 ...0n . (11)

Using (10) and (11), we have
Uuo) = o1, (12)

where u = 0103 ...0,-1020,-1 . .. 0207. Conversely the relations ( 11) and (12)
imply the relation (10). Thus we may replace the relation (10) in the defining
relation set R by (12). By considering geometric braids, we see easily that the
element u commutes with oy,...,0, in the braid group Bpy;. Thus we may
add the relations uo; = o;u for i = 2,...,n to the set R. g

12
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5 Some general results

In this section, we will prove Theorems 7 and.9. Since X1 () = Xnt1(int(Z))
and there is a natural homomorphism M,.1(X) — M,.1(int(Z)), we may
assume OX = () in what follows.

For a cord o € Xp41(X), we denote by 72[a] € M,41(Z) a “360°-twist” along
a. If 7[a] = 7[6] for a, B € Xny1(X), then 72[a] = 72[4].

Proof of Theorem 7. Let ,  be elements of X,,1(X) such that 7{a] = 7[4)].
The endpoints of « coincide with those of 8. There exists a word w of vy, ..., Vn
such that the endpoints of a Aw (and fAw) are g; and gq of Qpy1 (Lemma 11).
Since o = f if and only if « A w = § A w and since 7[a] = 78] if and only
if Tl A w] = 7[8 A w], we may assume without loss of generality that the
endpoints of o (and B) are ¢; and gs.

Let a € Xpn41(X) be a cord whose endpoints are g; and go. We call a disk D(a)
in ¥ a tadpole with spine o if « C D, aNdD = {g;} and Qny1 N D = {q1, g2}
(see Figure 6). Let £(c) be the boundary simple closed curve 8D(c) in the
positive direction based at ¢;.

qI q2 N qn—/—]

b(’d‘)'"

Fig. 6.

Here we make a digression to the braid theory on X. Let @ be a finite set of
points of X, and let P(X, Q) denote the pure braid group on ¥ with “base
point” Q. Then we have the fundamental ezact sequence, where Q. =

{a1,-- ) g}
1= m(S = {g2- s tner} 1) D P(Z, Qui1) = P(S, {ga, - 1 Gni1}) — L
Here m, is the homomorphism obtained by killing the first string (cf. [9]).

For ¥ # 5%, the exactness of this sequence is proved in [2](Thm 1.4). For & =
S5? and n+1 > 4, the exactness is proved in [7]. Since P(Z, Qn+1) C Bnyi1(X),
we have the following

Lemma 15 The ndtural map

Ja: WI(E - {(12» ‘e 1Qn+1},QI) —* n+1(2)

13
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is injective for £ # S2, or for B =52, n+1> 4.

Given a braid b € Bp41(X), there exists an isotopy {h:}o<t<1 of T onto itself
such that hg = id and {h:(Qn+1)}o<t<1 represents the braid b. (See [1], [2].) A
natural map d, : Bpy1(Z) = Mp11(Z) is defined as sending b to the mapping
class € M,,,(X) represented by the final stage hy of the isotopy {h:}o<i<1, cf.
[2](p.153).

Lemma 16

ker d, C CenterB,,1(X).

Proof is essentially the same as that of Lemma 4.2.1 in Birman’s book [2].

Lemma 17 If L #R?2, 5% n+1>2, or 2 =R% n+1>3, or == 5%, n+1>
4, then the composition dy o j. : T(Z — {g2,.. ., Gnt1}, 1) = Mpt1(T) is
injective.

Proof UL #R%, 5% n+1>2, o0 T=R%4n+1>3,or Z=5%n+1>4,
the fundamental group m (X — {g2,...,¢n+1}, q1) is a free group of rank > 2.
In particular, it is centerless, and

j*(vrl(E — {QQ, iy Q'n.+1}1 ql)) N Centean+1(E) = {1} (13)

By Lemma 15, the map j, ; m (2 — {qé,...,qn+1},q1) — By is injective,
and by Lemma 16, kerd, C CenterB,,;(X). Hence the injectivity of d, o j, :
T(Z = {g2, .., Gnt1}, q1) = Mps1(Z) follows from (13). g

Now we return to the proof of Theorem 7. Let D(a) be a tadpole with the
spine a. Here a is a cord on (X, Q,+1) whose endpoints are q; and go. It is
not difficult to see that d, o j, : T (X = {g2,...,Gnt1},@1) = Mpy1(Z) sends
the boundary loop £(a) of D(c) to the 360°-twist 72[c]. Suppose we have two
cords @, 8 € Xn41(Z) whose endpoints are ¢; and go. If 7[a] = 7[F], then
7%[a] = 72[f]. Thus

d. 0 1. (£(c)) = d o .(£(B)).

FE#R%S%n+1>2 00 E=R%n+1>3,0r X =5%n+1>4, then by
Lemma 17, d,oj, is injective, and we see that £(c) and £(0) represent the same
element of m1(X = {g2,...,¢n+1},q1). Then by Theorem 4.1 of [6], the closed
curves £(a) and £(f) are isotopic in & — {gy,...,gn41} relative to {g;}, and
hence the tadpoles D(a) and D(f) are isotopic in £ — {gs, ..., gny1} relative
to {q1,¢2}. This implies that the cords a and 3 are isotopic in T relative to
Qny1. Thus 7 : Xp41(X) = Mpy1(X) is injective in this generic case.
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If 2 =R?or $%,n+1=2 then Xy(Z) consists of a single element, and the
injectivity of 7 : Xp(X) — My(X) is trivial.

Finally if ¥ = S%,n+ 1 = 3, then X3(5?) is the dihedral rack Rj, [8](p.351),
and M3(S?) is the symmetric group on 3 letters, [9](p.288). The injectivity of
7 : X3(5%) — M3(S?) is proved easily in this special case. g

The following proposition is a general observation.

Proposition 18 Let X be an arbitrary rack.

(1) If the natural map n: X — As(X) is injective, then we have
Op(X) =2 As(X)/CenterAs(X).

(2) If the natural map € : X — Op(X) is injective, then Op(X) is centerless.

Proof. Suppose that 7 : X — As(X) is injective. If a word w € F(X) repre-
sents an element 7(w) of CenterAs(X), then for any z € X,

n(z A w) = n(w) " 'n(z)n(w) = n(z).

By the assumption, 7 is injective, so zAw = z for any z € X. Thus the word w
represents the identity of Op(X). This proves that CenterAs(X) is contained
in ker(As(X) — Op(X)). The opposite inclusion ker(As(X) — Op(X)) C
CenterAs(X) is proved similarly but without assuming the injectivity of 7.
Thus

ker(As(X) — Op(X)) = CenterAs(X).

Since the natural map As(X) — Op(X) is surjective, we have the former
assertion.

The proof of (2) is similar to the above argument. g

Proof of Theorem 9. By Corollary 8 to Theorem 7, the natural map 7 :
KXnt1(X) = As(Xn41(X)) is injective. Then by Proposition 18(1),

Op(Xpn+1(X2)) = As(Xn41(2))/CenterAs(X,41(X)),

as asserted. g
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6 Proof of Theorem 10

By the remark after the statement of Theorem 4 in Section 1, the kernel of
the natural surjection

As(Xn11(5%)) = Bnya(S?) (14)
is an infinite cyclic group generated by a central element
U= 010g...00_1020n1...0207.
Thus CenterAs(X,,1(5?)) certainly contains u.

Let v denote the word (o103 . .. 0,)"*!. Then under the assumption n+1 > 3,
Artin [1] and Chow [5] show that v generates the center of the n+1-string braid
group B,.1, which is an infinite cyclic group. v belongs to CenterAs(X,+1(5%)),
because As(X,41(S?)) is a quotient group of Bny1 by Theorem 4. Thus we
have seen that CenterAs(X,.1(S?%)) contains u and v.

By Gillette and Van Buskirk [9](p.281), v represents in Bn11(S?) an element
of order 2, called the Dirac braid, and the kernel of the natural surjection

Bn+1(52) - n+1(32) (15)
is generated by the Dirac braid.

Note that, if n+1 > 3, M;,1(S?) is isomorphic to Op(X,+1(S?)) by Theorem 2,
and it is easy to see that the composite of the homomorphisms (14) and (15)
is identified with the natural surjection

As(X741(S%)) = Op(Xnsa(S5?))- (16)

Theorem 9 identifies the kernel of (16) as the center of the associated group.
Therefore, CenterAs(X,+1(S?%)) is contained in the subgroup generated by u
and v. Combining this with the opposite inclusion, we see that Center As(Xn+1(5?%))
coincides with the subgroup generated by v and v.

Next, we will study the relation between the two generators.
In the braid group B, .1, we have the following relation:
(0102 ...0,)"" = (0pOn_y ... o)™ (17)

This relation would be most easily seen by drawing the diagrams of the braids.
By the definition of w,

wWOnOn-t...01) = 0102...0n.
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Since u is a central element of As(X,41(5?)),
U (0001 ... 01) D = (0105, .. 0,)" (18)

Combining (18) with (17) and the definition of v, we have the following relation
in As(Xn41(5%)):

u™t =2 (19)

Since u is of infinite order, v is also of infinite order in As(X,4+1(5?)). If we
move to By,+1(S?) by imposing © = 1, the element v becomes the Dirac braid
of order 2. Thus in As(X,+1(5?)), (19) is the only non-trivial relation between
u and v. This completes the proof of Theorem 10. g

Corollary 19 Suppose n+1 > 3. If n+ 1 is even, CenterAs(X,,1(S?%)) =
Coo X Cy. If n+ 1 is odd, CenterAs(X,+1(S?)) & Cw. Here Ci denotes the
cyclic group of order k.

Proof. If n + 1 is even, u~"Fv is an element of order 2. The factor Cy, is
generated by u, and the factor C by u="5v. If n+1 is odd, then (u"2v)?=u
and (u~%v)"*! = v. Thus the infinite cyclic group generated by u~2v coincides
with Center As(Xn+1(5%)). g

In concluding we summarize the relationship of As(X,+1(S?)) to the mapping
class groups and the braid groups.

(1) If n+1 > 3, we obtain the mapping class group My+1(S5?) from As(X;+1(52))
by imposing u =v = 1.

(2) ¥ n+1> 3, Mpy1(R?) and M,41(S?) are centerless [9](p.288). We can
give a rack theoretic proof of this fact using Theorems 2 and 7, and Proposi-
tion 18(2).

(3) The braid group B,+1(S?) is obtained from As(X,1(5?)) by imposing
u = 1. We already remarked this after Theorem 4.

(4) If n+1 is even, we can take a double branched covering of 52 with branch
points Qn41. The covering space is an oriented closed surface £, with genus
g= 1‘—;—1 Let Myym(X4) denote the “symmetric” subgroup of the mapping class
group M(Z,) consisting of those elements which commute with the covering
transformation. Then for n+1 > 6, Mym(Z,) is obtained from As(Xn41(S5?))
by imposing u? = 1,v = 1. See [3](p.110).
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N—=FALDT 74 V&L NNy F T

RIK EWET KIE @

FHid 5 WVIEHE LIS, 2XOLEB2HZT LIV Or0HAREZER Lzd
DEF—I NNy Fr7eny, ()VEEORLL2O00MRINETLELH 50
HHERAZ . HEOEE, 1 o0RARISBSERLET LI LT, (2) #
FARDOFESDHZEEIZEVISEE TR A WERO S ATBIROEET 5 72 5.

CLOZEHf:CoCT f(z)=az+b (a,0€C,a#0) EVIBTERENE D
DEEZET 714 EHEV) . BEEFHRLEOWL O DOBESEEET 7 1 B
SN ADLETCEIONA N —TFADILET 74 =520, T/, BE0 &
bEIZHV BB, &I f(2) =az+b (a,beC,la|=1) LWwIBTEENL
WA, CDN—=FADIEETITy P F—=F ALV,

T74Y =SR2 LT, BREZHEEZEETAZLIITELRWD, BET 74
YEBRPHPERTH OV BIRERD L VI Z DS, 774V F—FAIBWTHH
RERTAENTE = NN F U S hEZLILNTED,

79y b F =G ARKDETH =2 WSy ¥V TRHERT DL ODOIAIIONT, K
DEBPMOLNTVS.

E3E (Thurston) 77 v b b —FALEKOF T, =7 Vv F U T2 HRT DD
DITTAB O H.

AE, 120MPL%RLbo L bBMENy XV IILTOV— T NN F v 7%
MBETAHT 747 b= FADIENY) 2T, 2t b LICROBR LR,

EE EEOT7I7 v P b—FRAIHLT, ENEEARELRT 74 ¥ F—5 2T, B
BNy XV T EHBETALDNFEET S,
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Casson-Walker N5 & & i TH O B4R

I B
FARREER A BB A 70t

FHEEZEAL, MEMT ONERERET Y — 3 RTTEREDONMAH
AEETH5H Casson NEZLMEOEBRERONSHLODHERE
Johnson ¥R & HiTEH D 2 KIFMHE z HWTREINE L7z ([M1][M2]),
COWMETIIINS OFRIFERECRET Y — 3 RICERHE OMARE
= TH 5 Casson-Walker AEEDFHFICT THIETE AL L 2T T

([Mo])o

1 Introduction

Bl SN[ D? oM &y oh-E ¢ OF#iEZ T & L.
H=H(3Z) L35, ZLTL O D> 3EE L -BHEMLZT L¥T5,
F7-. T\D? LOSEEREAER MR ICIR 5 72 Dehn twist 12X DRSNS
I ORDHE K &35,

0] &) SNHAEBHCRED Y — 3RTHRE M ~DEDAL f
SoMPHHLEE . TOI ¢ T () #5552 LICXVHLVIXT
SRR M, DFOMN 5 51T @ A5 S O Torelli # T = Ker (T' — Sp(H))
DLHELIE M & M, DFEUY—-BIIERCARIIZ S, 22 TEE

)\f:T——)Q

Z A(@) = MM,)—AM) LEFET B, ) 1d Casson-Walker NEETH 5,
Dehn surgery formula ([W]) 1255 & A\ dRkR 2@ o e T, e K
EThH L,

Ar(p) = Ap(bp) = A () + Ap(2h).

*e-mail: moriyama@kurims.kyoto-u.ac.jp
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B K EHERBTH B,

Torelli # 7 & 5\ Z DD K & Casson-Walker AR & DO
RE, COBER N AL TEET 2, BH 11X )\ O K ~OHIR%
D2 ODERIFBIOMTELL-DDOTHY) ., EH21Z A DT ETOEE
FEPLDOAVERRLIEDDTH D, ThbHIWTNdBEEAED
¥ -HEOHE OFRER [M1][M2] OFEAHCR TR V- KB ~NOIETH
bo it (H 5T L) 1d section 3LEICH 5,

2 fEE

TTEHE ] 2R RLEMET S, L3 % Z £ H OFTIC L YAERX
N2 HHREABOXE 3 OFRATEEROOL 2HaMBEL T 5, 2LT
13: K — L3@QH % Johnson ¥RE (M1]). d: K — Z % [M1][M3] T
RRINDT O 2REMHEHEL T 50 72, HORA F IS LT f(T)C M
7D Seifert form I;: HQH — Q WEFSIND, z € H(f(2);Z) 25k
5 f(3) EOBMBERE EQELTEIH L P b0t o+ LEL
Ry 1p(n,y) = k(fu(z), fu(y)t) TH D, THIR M- T, BIEHER I,
FAPHQAPH — Q IR TE D, ZDE BROEHEDH Y 700 5T
DR (D 1/2 1) FSFEBEEIERL S NSO TH Y, FEHD [M1] & FH
FRIC K DERTIZOWTIIE BT 22 LI2L ) Bon s,

Theorem 1 ([M1] for integral homology 3-spheres) f : & — M
A ST ONTFBBRERER Y - 3ATHE M ~OEDAL LT
bo TDEIRKVBILT 5,

Af=21f07‘3~|—-i1—2~(l:/C~—>Q

EHEOENE IHEIZOWTHET 2, LTOL ) i2Imr ¢ 2ZHR)A2HR Q

ERONBTDIZ, 2l PHRQAHRQ — Q #4HT A LT

& %o MG [[ur, ua], us] — (ur Ave) @ug —(1/3) T, (g1 Athirs) @ Uiys)
LD L3CAP HQHRQ EBEX S (MOESD v DYRFIE mod 3 T
FE25)o SHIZH ZHBIC tensor LT, LsQHCANHQHQHR®Q
b, TLT K DERITLIZOWT 13 DEZEET A LICLY, EB

12 Imry A%

NHRQANHQQ ILEINTWAZ L2855 ( Section 4 )o
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ROFBeBRDLENAE2 2E 25, M WEREESED Y —EKE
DL &, BHOTDKER Heegaard 3 f: S — B 2L 5
peEKICEo T MeSS LEEL (M1])o iz, f:S > M ZEEL
f%i%&% FEDOT O o IZHLT, 5 K OC ¢ BPHEELT
My, = My b @213, —BDOIRTLEMETRE) 22DON%E
if__f\t?l;d)‘tﬁ)zvo

f:Y = M EEEOREMTONLS kﬁ%%ﬁ@ﬂf«@@bﬁ&
T, BORAINIHE () D M % 2 00BHERS V., Vo X9 5 X
5&%@&?%oldﬁM4ﬁZW@%%%%@ELT@W%#%Ei
AEFROMEL, f eBEHLT IS 2oEPNAAE ED—HT HFH D
DET B, ZDEET OEGEHT 2RDIHIIEHRT 5o

<%e7WiM;rww%ﬁﬁE@K%%f§5.}
wo €K

T = {9‘94901%
Johnson #FIE r : T — A3H OE&R% ([J1] [J2])
1=K—>T2AH -0

WED. T3 T OERMOIBET, M Ry =T/7T" \& A3H OWEFICL 5,
‘l‘f!T—->Rf THEBRET S,

Proposition 2 f: ¥ — M ZHIfHF b3 K?U&ﬁﬁ(’\@@&bl_
HEL.r T — Ry & L TESR Lf’/ﬁﬂmc‘:ﬁ‘%o

(1) rplp) =0 25X, 5 € K BPHFIEL T, M, aMgi%ﬁﬂﬁ
W75,

(ii) f % Heegaard BORAATH B LIRET S T5HEUERE f, - ASH —
ANH(M;Z) B PN L8R Ry — ABPH(M;Z) BRBEEHTH S,

R; & A*H\(M:7Z).

(iii) £ 25 Heegaard &AM T Hy(M;Z) 54 2 DO EEOEAIZF
B, B8O o e T IHLTHE e K PHFELT. M, & My
I FEIAEIC 2 B o '

Ry & M, ¢eTw$K@ﬁf%éﬂ%tb@lo@ﬁiﬁf%é
ERGTIENTES, fRZEELRTIUL, ROZEHMLNT WS,
2DODmMEMITENI3 kmyﬁ%@ﬁﬁﬁlﬁmﬁ%u/~ﬁﬁﬂﬂ



T, S HIZZDFEEIEZANZ D torsion FHE LD linking form & Z/nZ
BRI RTIFREQ T —F LD 3E cup BOREEZEL 251, FEHO
T KE % Heegaard 9 EZBELBICENE, COTTEBNEZ D,

RIZEH I %%, 7 : T — A3H % Johnson ¥[FE &4 %, Dehn
surgery formula 225, Ay OERBLD S DEN () — M) — () &
0, p DTy DIFIZLHEDL BN ENDD LA, BEIITIZAD L )12k 5,

Theorem 3 ([M2] for integral homology 3-spheres) M % [ &}
ONTHBBREAETY - 3RTEKE., f: L — M % Heegaard HOIA
BEF Do o € T 1K L 1y(0) =0 F721 rp(e)) = 0 DEH b—F
A D LTI,

Ar(e) = Ap(p) + Ap(1) — 4l (1a(eh), 7a( ).

Hy(M;Z) H&E4 2 2OFRBEHOBAICFE % 518, @2 (i)
WX e 3 OFN UL Torelli B T £ THY LD D9 H 5,

EH 3 E, EOREHBRY D% 5 EROFEA A (o, ) DEFE
RETE, ChE2ER 11X oTEHETAZILIZLIYREND,

3 TIE1 DOEFRA

AR ML ERILTH D, S TEFDH ST LEHNS,

EH 1 OMLIEHRIC K LOBRMTH L5, K DEBRITTIZDOWT
MEPEL DI EEREETHTH S, p e K #T\D? LOSEEE
FEEABIAR v 12i8 o 72 Dehn twist T B &:@”Z) REIZL Y. M D knot
K = f(v) & null homologous T& 1), 4EIZ# D Seifert surface & f(T)
EiBERIZEND, 2L T wyy € H(i=1,..,h) & H ® subbasis T,
Fo(wy), fu(vi) € Hi(f(2); Z) 7°% D Seifert surface ® symplectic basis 12
BBHEIITEDB, ZD basis i Fu;i-uj =viov; =0, u-v; = 65 Fik
To TDEE, M, iZ knot K I2{f> T —1 Dehn surgery % i L C&5
NBEHEIZEL V. ZD X% knot IZx$ % Casson-Walker AEE
? Dehn surgery formula {3,

&?

A(My) = MM) ~ =5 Ax(1)
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THhbho ZIT Ag(t) 13 K OEHIL SN2 Alexander ZHEATH 5,
ABE2HBEFHE SN TWT ((MI][W)]).

dz h
pAr(l) = 23 (s, wa)l (v, v5) — Lp(us, i)l (v, us))
’ 1=
4 > (U, ug)lp(us, u) = Lp(us, v5)lp(vi,w5))
1<i<j<h
= 2lp(w,w).

CZTw=""uiAv; e A2H o L7255 T,

Arle) = =21 (w,w)

/b,
RIZ 1(r3()) £ KD B, MI] 1KLY

T3(p) = —2([[%%]%]@%“[[umuj],ui]@ui)

- Z (Huia uj]v'Ui] Qv; — [[Ui, ?Lj],'uj] ® v;

1<i<j<h

v, v;], u] ® uj — [[oi,vi], u] @ w;) € L3 @ H.

HIBIZL3QH - AN HQHQHRQ #fEH s ¥ 5 L,

rs(p) = —(éui/\vi)m

1
+-§ Z (u,'/\v,¢<—>uj/\vj + v Auj e u; Av;

9 1<i<j<h

+ u}-/\uie—-)vi/\vj)EAzI‘I@AzH@Q

Elebo ZZTaob=aAb+bAa THD, 1255 m(p) I I, =1EH
S¥BE,
1
li(m3()) = —lp(w,w) — Eh(h -1)

Eho HALELEBIE M(p) D 1/2 ICE L, 2, E2HER
d(@) =4h(h—1) D 1/24 FEIZFE L\ (M1]M3])e Lo TEHE 1 %255,
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4 fnRE 2 DFEAA

(i) 12 7' DFEFP, S, £ LT (i) & (i) »5HL P TH A,

(ii) 2R IREIZL D Vi,V & handle K TH S, 1 : 9V, — VL
MESER] L35 (M=V, U V), BlOLD, A~ oV, =%
EVLE2V_ 2Hbn 052 TEL, /. 20 Toreli T D200
ORI, %

Te={¢ € T|y 3 Ve OWMSFRHEERIHIRT %)

LERT Do
T =T D6, »(T) =171 (n(Ty)) B2, #LT

7o(T) = (T-) + a(Ty) = 17 (1 T3)) + 1T
Ehh, HERBEEIZLD
Ry = NH/(u7N (1a(T4)) + 7a(T4))
E%bo EHIC Ry ZFET 2 -DICKROWEL A5,

Lemma 4 ([M1]) 21,...,24,41,...4y, € H % & @ symplectic basis T, y;
2% Vo T null homologous £ %> TWVRAHBDET B, T5E 7p(T,) i,
TiNT; A Yy TiANY; AN Ypy Yi AY; AYp RBTEDTLTEBEINS ASH O
GHTH A,

B S -V, PoEPNLERE H - H(V,,Z) 1255 4 O
BE Yi(zy,..,z,) LECLE, WHEL LORBMEHAVT R, 2k b L

R, TNz ANy | Loy N g; N Ty = 8800 23 ANTj N2y
: (1<4,5,k<yg) T ANz ANYR(zg, . 2y) =0

éébﬂﬁ@%ﬁ:%?ﬂ%éo :0)%7-‘!—:\“3: A3H1(A'f Z) (Izﬁﬂ/@-‘&);@)o J:OT
(i) R S Lz,

5 TEIE3DIEHA
o =_popr €T, (px € Toypo € K) EIRET B0 M, = M, 72
5
Ar(e) = Ap(po)
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Thbo 720 o = w_wolpp, Plboy 1D Mpy & Meyjpy iy Td
Ho £oT,

Ar(ed) = Ap(po) + Ap(h) + Aplle+, )
= A(@) + A0 (40) + A ([, )

Lihe HEid M2 LA LTHERTES, M2k B

Ar(log 9]) = 4 ((mae), () = Lp(ma(9), Ta(4))) -

ZD%ERIE, ([en V), d(pr,¥]) POEE L EZRAVWTREINE S DT,
M PEEBHATD V-FKEOBATHELV,

BIOMEICLD., nley) T xAxAy RBBOTLO—REETHY .
F 7RI (i, %) = 0 2205, 1p(map4), T2(¥)) =0 TH B, LT

Ar(eh) = Ar(e) + Ap() — 4l p(ma(), m2(ep))

L%,
—J5. Ta(ip=) 1 *AxA; B BDTEO—FFEE T, — I 1p(*,2;) =0
AR
Lr(7a(), T2(p4)) = 0
Thb, 2FD,

(m(y) ma(w)) = L), ralp1)) + L (12(4), 72(i0-))
= li(m(), (p5)).

Arlew) = Ar(0) + M) — 4ly(7a(3), ()
1G5 FEEHRD .

W
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