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Equivalence relations among order preserving operator inequalities
and a related open problem

Takeaki Yamazaki, Masahiro Yanagida and Takayuki Furuta
Faculty of Science, Science University of Tokyo

Abstract

A > B >0 ensures A"t > (A?BPA%!)H for any p > 1 and ¢ < 0. This inequality is well
known as Furuta inequality. In case £ > 0 and A > B > 0 with A > 0, four inequalities similar
to this inequality have been obtained by rnany researchers. In this paper, we show relations among
these four inequalities and also we discuss an open problem related to one of four inequalities.

1 Introduction

In what follows, a capital letter means a bounded linear operator on a complex Hilbert space H. An
operator T is said to be positive (denoted by: T > 0) if (T'z,z) > 0 for all z € H. Also, an operator T
is strictly positive (denoted by: T > 0) if T' is positive and invertible. In 1934, Lowner established the
following famous theorem.

Theorem L-H (Lowner-Heinz 1934). If A > B > 0, then A > B® holds for o € [0,1].

This theorem is very simple and useful. But the condition « € [0, 1] is too restrictive to apply. As an
extension of Theorem 1-H, Furuta established the following theorem.

y4 1 —
Theorem F (Furuta 1987)[5). (I+r)g=p+r

If A> B >0, then for each T > 0,
() (BiA?B%)i > (BEBPB)s
and- (1,1)

(i) (ASAPA%)s > (A5BPAS)w

(1,0) g
Figure

hold forp >0 and ¢ > 1 with (1+71)g>p+r. (0,~7)

Theorem F was shown in [5]. Alternative proofs are given in [1] and [8], and one page elementary
proof is shown in [6]. It turns out that (i) and (ii) of Theorem F are mutually equivalent. It is shown in
[11] that the domain drawn for p, ¢ and r in the figure is best possible one for Theorem F. Put » = 0 in
Theorem F, then we obtain Theorem 1-H, so that Theorem F is an extension of Theorem L-H.

In case r < 0, we obtain the following Theorem A by many researchers.

Theorem A [9][10]. Let A, B € B(H), then the following assertions hold.

() FA>B>0with A> 0, then A=t > (AT BPAT s+ for1>p>t>0withp> L.

(2) FA>B>0withA>0, then A~t> (AT BPAT )7t for1>t>p>0with 1 >p.
—t —t, 2p—t

(3) FA>B>0with A>0, then A?~t> (A7 BPAT)7= forf>p>i>0.

4) [A>B>0with A>0, then AP-17t> (AT BPAT) <t  for1>t>p> 1.

A part of (1) is shown in [13]. And complete proof of (1) is shown in [2]. Nice proofs of (1) and (3) are
shown in [9]. And extensions of (1) and (3) are shown in [3] and [4]. It is shown in [10] that all inequalities
hold and also their outside exponents are optimal except (3) called “Mysterious A-zone”. In this paper,
we show some relations among these inequalities in Theorem A. And we show a counterexample related
to (3).
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2 Results
At first we can unify four inequalities of Theorem A as follows:
Theorem 1. If A> B > 0 with A > 0, then
ATt > (A7 BPAT )i (2.1)

holds under the condition (i) or (ii);
) 2p>2q2p>t>0and1>¢>0,
(i) 12t>p>q>2p—1land1>¢>0.

We remark that if we put ¢ = 1 and ¢ = 2p in (i) of Theorem 1, then we obtain (1) and (3) in
Theorem A respectively. And also if we put ¢ = 0 and ¢ = 2p — 1 in (ii) of Theorem 1, then we obtain
(2) and (4) in Theorem A respectively. The inequality (2.1) is the same form as the following inequality.

Theorem F’. If A> B >0, then for each q € [0, 1],

ATt > (AT BPAT)=  holds for p>q and t < 0.

Theorem I’ is equivalent to Theorem F.

" Theorem 2. If L >p>1>0and a>0, then there exist A, B € B(H) such that A > B > 0 with
A>0and . e atee
Bt 4 AS(AT BPAT) Y AL,

3 Lemmas

In this section, we cite some lemmas which are needed to prove our results in the previous section.

Lemma F (Furuta 1995)[7]. Let A be a positive invertible operator, and let B be an invertible operator.
P

For any real number A, L . .

(BAB*)* = BA3(A3B*BA3)* 143 B*.



Lemma 3. If A> B >0 with A > 0, then

AP > (AT BY"PAT)® holds for s € [1,2] and 1 > p > 0.

Proof. We may assume that A and B are both invertible in the proof. Applying Lemma F and Theoremx
L-H for s € [1,2] and ps € [0, 1], we have
(AT BYPAT) = AT BT (BTA!BF)!BF°AT byLemmaF
A7 BT" (BI_ZRB‘IB1 ) 1B A% by Theorem L-H
AT BPAT
AT AP AT by Theorem L-H
ATPS,

A

A

Applying Lemma 3, we obtain the following corollaries.
Corollary 4. If A> B > 0 with A > 0, then
AT > (AT BYPAT)5  holds forp€ [}, 1].
Proof. Put s = % in Lemma 3.
Corollary 5. If A> B > 0 with A > 0, then
AT > (AT BYPAT)?  holds forp e [0,3].

Proof. Put s =2 in Lemma 3.

4 Proofs of results

First of all, we show the relations among four inequalities in Theorem A.
We may assume that A and B are both invertible in the proof.

(A) Proofs of the relations a;mdng four triangular zones.
(a) Proof of (1) N (3) — (4).
Applying Corollary 5 to A > B > 0, we have
A21-P) > (AT BPAT)? forpe [ 1]. (4.1)

Applying (1) N (3) in Theorem A (i.e., put p = 3 in (3).) to (4.1), we have

oy 4=t
(4720t > (A7) T (AT B AT (a0 T I (42)
for % >t > 0.
Then we have
A~20-p)(1-t) > (Ag(l—};)tl_lB AQ(I—P)H—I) 3 ‘1 4.3)
Put ¢, = 2(1 p) in (4.3), we have
A2p1t>(AgBPA )”p_lt' for 12t>.‘p2%



by conditions ¢; and p. So the proof of (1) N (3) — (4) is complete.

(b). Proof of (4) — (1 —1b). Raise each sides of (4) in Theorem A to the power 3 iz € [0,1] by
Theorem L-H and taking inverses of both sides, we have

ATt < (A_ﬂt BPA_;);:: . (44)
4.4) is equivalent to the following (4.5) by Lemma F
g

BEABF < (BFABF)EE  for 1>t>p> % (4.5)
Therefore we obtain
B"? < BT ABT byA>B
< (BFA'BF), (4.6)
Put p; = £ and t; = p in (4.6), we have '
Bt < (BT AP*B )FF:‘f for 1>p; >t > % (4.7)
(4.7) is equivalent to (1 —b). So the proof of (4) — (1 — b) is complete.
(c). Proof of (1—5) —» (2 —b). Applying Corollary 4 to A > B > 0, we have
A"l > (AT BY“PAT)F  for pe [%, 1). (4.8)
Applying (1 — b) in Theorem A to the (4.8), we have
(A7) > (A7) (AT B AT)F (A e (4.9)
for 1>p >t >4
Put p; = pin (4.9). Then we have
ATA-t) > (47U plop g =05 (4.10)
Put ¢y = 1—t; and p, = 1 — p in (4.10). Then we have
A_t2>(A BPr A2 )52_%5 for %th >py > 0.
So the proof of (1 —b) — (2 — b) is complete.
(d). Proof of (2—b) — (3). (2 —b) is equivalent to the following form:
(2=b): A>B>0= BP<(BTABT)Tr for %2p>t20. (4.11)

Then applying Lemma F and Theorem L-H, we obtain

AT BY(BEA'B5)7=B5AF by LemmaF
A7 BE{(BFA'BF)T5)-1B5 AT

(A%BPA—T')%P:

i

i

< AT BiBPB3AT by(d.1l)
= AT B¥®AT
1
< APt for 3 >p>t>0. by Theorem L-H



So the proof of (2 —b) — (3) is complete. Consequently the proofs of the relations among four
triangular zones are complete.

(B) Secondly, we show (1—a) « (2 —a).

(e). Proof of (1~ a) — (2 — a). Raise each sides of (1 — a) to the power ¥ € [0, 1] by Theorem L-H,
we have

Al > (AT BPAT)wE, (4.12)
(4.12) is equivalent to the following (4.13) by Lemma F and taking inverses of both sides:
B™® < (BT A'BT)Ts. (4.13)
Put p; =t and t; — pin (4.13), we have
Bt < (B AnBT)ah (4.14)

for 12t12 % Zpl ZOW'lthtl ;épl
(4.14) is equivalent to the (2 — a). So the proof of (1—a) — (2 —a) is complete
(f). Proof of (2 —a) — (1 —a). Raise each sides of (2 — a) to the power 2 € [0, 1] by Theorem L-H,

—(1—t)

A~0D > (AT BPAT) . (4.15)

(4.15) is equivalent to the following (4.16) by Lemma F and taking inverses of both sides:

P

BFABF < (BFABF)EE (4.16)

Applying the hypothesis A > B to (4.16), we have

B'"? < BT ABT byA>B
< (BFABF), (4.17)
Put p; =t and #; = pin (4.17), we have
Bt < (BF AMB7 )—"“m—u (4.18)

for 1>p1 > 7 >t 20 with p # 1.
(4.18) is equivalent to (1 —a). So the proof of (2 —a) — (1—a) is complete. Consequently the proof of
(1—-a) < (2 —a) is complete.

Proof of Theorem 1. Case (i). Applying Theorem L-H to the hypothesis A > B > 0. Then we
obtain A? > B? for1 > g > 0. Moreover we apply (1) in Theorem A to A? and BY, then we have

(ANt > {(Aq)"—;l(Bq)m(Aq)l}‘-}ﬁ (4.19)

for1>2p1 >t ZOWlthpl 2%
This condition is equivalent to the following (4.20):

2p) 212p1 >t 20. (4.20)
Put py =2 and t; = 3 in (4.19), we have

ATt > (AT BPAT)F (4.21)



for2p>q>p>t>0and 1>¢>0.
So the proof of (i} is complete.

Case (ii). Applying Lemma 3 to the hypothesis A > B > 0 with A > 0, we have
A7PT > (AT BYPAT) (4.22)

for any s € [1,2] and 1 > p>0.
“Put s = -‘; in (4.22), we have

A" > (AT BPAT)? (4.23)

for any 1 € [1,2] and 1 > ¢ > 0.
Applying (1) in Theorem A to (4.23), then we have

(A—)a-t) > {(A—q)——g"‘(A%*Bl—PA_TI)?PI (A_q);ﬂtl};ll:"% (4.24)

for 2})1 > 121)1 >t; 2 0.
Put p; =% and ¢; = é in (4.24), we have

-

__gla_g) Bl—P

AT > (4 AT (4.25)

for2p>g>2p>t>0and 1>¢>0.
Putga =1—-¢q,ps =1—pand t; =1—tin (4.25), we have
ATt > (ATH pragTR) = (4.26)
for 1>t >pr2q2>22p; —1and 1>¢q2 > 0.
So the proof of (ii) is complete. Hence the proof of Theorem 1 is complete.

Remark. (1) in Theorem A is essential to the proof of Theorem 1. We consider (1) in Theorem A as
follows.

Theorem A-s (satellite version).
() FA>B20uwith A>0, then A>B 3> AS(AFBPAT)FAS for 1>p>t>Owithp> L.

In the same way as the proof of Theorem 1 , We obtain the following theorem.

Theorem 1 -s. . —
() FA>B>0withA>0, then A?>BI> A3(AT BPAT )i As

holds forany 2p>q>p>t>0andl>q>0.
() FA>B>0uwith A>0, then A1 > AS(ATBPAT)F 1Al

> AS(ATBPAT)FE A%

holds forany 1 2t>p>qg>22p—1and1>q>0.
Proof of Theorem 2. We may assume that A and B are both invertible in the proof and the following
inequality holds for any o = a(p,t) > O

Bt > AS(AT BPAT )Y AS (4.27)
for fixed p and ¢ such that 1 >p>¢>0.
(4.27) is equivalent to the following (4.28) by Lemma F and taking inverses of both sides:

B0+ < (BEABT)TER (4.28)



Put p; =t and t; = p in (4.28), we have

Bt < (B_T“LA‘" B:ng"‘)'%l—'t—f)' (4.29)

for fixed ¢; and p; such that § > %, > p; > 0.
But this is a contradiction by the best possibility of (2 — b) in Theorem A [10]. So that the proof of
Theorem 2 is complete.

‘We obtain the following assertion by Theorem 2.
Corollary 6. If1 >p >t >0, then there exist A, B € B(H) such that A > B > 0 with A > 0 and
B ¥ AS(AF BPAT )7 A5,

Its concrete example is given by J-F-Jiang,.

5 Examples

In this section, we show an example related to the best possibility of (3) in Theorem A. Does the following
conjecture hold?

Conjecture. If A > B > 0 with A > 0, then

A > A3 (A:%BPA%E)%Aé for any% >p>t>0. (5.1)

T.Furuta expected that this conjecture did not hold, and (3) in Theorem A was the best possible. We
obtain the following example. ' :

Theorem 7 (Counterexample). If p = 0.3 and t = 0.15, then there ezist A, B € B(H) such that
A>B2>0with A> 0 and o
AP AT(AT BPAT )7 AS

Example. We defined by X and Y as follows for any 1 —2p > a > 0.
X = A%+ _ AS(AT BPAT )BT 45
Y = B+ _ AS(AT BPAT )R A8
And, A, B, p and t are defined by
18926 2549 26988 19 0.0
A= 2549 38479 3638 | >| 0 38133 0| =B.
26988 3638 38524 0 0 1

p=0.3 and ¢t =0.15.
(1). Incase a=1-2p=04.

2587.35--- 432.25.--  3655.53:--

18916.25--- 2587.35--- 26990.14---
X= .
26990.14--- 3655.53--- 38523.50---

Eigenvalues of X are 57785.0756- -, 87.9132--- and —0.9723---. So that X % 0.



38.3541--- 86.2527--- 17.5346---
2.1437.-. 17.5346--- 0.5094-.-

Eigenvalues of Y are 104.8795- -, —9.5621--- and 0.6990---. So that Y 2 0.
(2). Incase 0.37=a < 1-2p=04.

(9.2543--- 38.3541--- 2.1437---)
Y= .

1817.80--- 300.01---  2567.35---

13614.65-.- 1817.80--- 19425.33---
X= .
19425.33--- 2567.35--- 27728.05---

Eigenvalues of X are 41578.4615- - -, 64.2655--- and —0.0014 - --. So that X 2% 0.

27.9370--- 60.1869--- 12.7824--:
2.0135--- 12.7824..- 0.5413-.-

Eigenvalues of Y are 74.4826---, —6.1697--- and 0.6733---. So that Y 2 0.
Therefore we expect the following conjecture. But at present we do not obtain its proof.

( 8.2638--. 27.9370--- 2.0135--- )
Y = .

Conjecture. If1 >p>t>0 and a > 0, then there exist A, B € B(H) such that

AP AT (AT BPAT ) AL
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Generalized operator functions implying order
preserving operator inequalities

Masahiro Yanagida, Takeaki Yamazaki and Takayuki Furuta,
Faculty of Science, Science University of Tokyo

1 Introduction

This report is based on the following preprint:

T.Furuta, T.Yamazaki and M.Yanagida, Operator functions implying generalized
Furuta inequality, to appear in Mathematical Inequalities and Applications 1 (1998).

A capital letter means a bounded linear operator on a complex Hilbert space H. An
operator T is said to be positive (denoted by T > 0) if (T'z,z) > 0 for all z € H and
also an operator T' is said to be strictly positive (denoted by T' > 0) if T is positive
and invertible. The following Theorem F is an extension of the celebrated Lowner-Heinz
theorem: A > B > 0 ensures A* > B* for any « € [0, 1].

p A+r)g=p+r
Theorem F ([6]). i=1
If A> B >0, then for each r > 0, p=a
()  (BEA’BE) > (BiBPBY):
and 1 1 (1,1)
(i) (A2APA%)s > (A2BPAR)a
hold forp > 0 and ¢ > 1 with (1+7)q > p+r. (1,0) T
(0, =) Figure

We remark that Theorem F yields Lowner-Heinz theorem when we put 7 = 0 in (i)
or (ii) stated above. Alternative proofs of Theorem F are given in [3][13] and also an
elementary one-page proof in {7]. It is shown in [14] that the domain drawn for p,q and r
in the Figure is best possible one for Theorem F. Since now, many applications of Theorem
F have been developed by many researchers in the following branches.

APPLICATIONS OF THEOREM F
(A) OPERATOR INEQUALITIES

(1) Characterizations of operators satisfying log A-> log B



(2) Generalizations of Ando’s theorem

(3) Other order preserving operator inequalities
(4) Applicationbs to the relative operator entropy
(5) Applications to Ando-Hiai log majorization

(6) Generalized Aluthge transformation
(B) NORM INEQUALITIES

(1) Several generalizations of Heinz-Kato theorem
(2) Generalizations of some theorems on norms
(3) An extension of Kosaki trace inequality and parallel results

(C) OPERATOR EQUATIONS

(1) Generalizations of Pedersen-Takesaki theorem and related results

In [10] we established the following Theorem G as extensions of Theorem F.
Theorem G ([10]). If A> B > 0 with A > 0, then for each t € [0,1] and p > 1,
Fpa(A, B,r,s) = AT {A5(AT BPAT ) AT} oo AT
is decreasing for v > t and s > 1, and F,;(A, A,r,s) > Fp:(A, B,r,s), that is, for each
te0,1] andp > 1, '
AT > TAF (AT BPAT ) A5 Y oos
holds for any s > 1 and r > t.

Ando-Hiai[2] established excellent log majorization results and proved the following
useful inequality equivalent to the main log majorization theorem: If A > B > 0 with
A >0, then v

AT > {A3(A7 BPAT ) AR)s
holds for any p > 1 and 7 > 1. Theorem G interpolates the inequality stated above by
Ando-Hiai and Theorem F itself, and also extends results of [4][8] and [9]. Recently a nice

mean theoretic proof of Theorem G is shown in [5] and the result on the best possibility

of Theorem G is shown in [15].
Very recently the following Theorem H is obtained in [11] as an extension of Theorem
G and a simplified proof of Theorem H is shown in [12].

Theorem H ([11]). Let A > B > 0 with A > 0. For each t € [0,1],¢ > 0 and p >
max{q,t},

Gp,q’t(A, B, ’r) S) - A_TT{A%(A:%BPA%)SA%}G‘Z::)%A—TT
18 decreasing for v >t and s > 1.

Here we show Theorem 1 by using Theorem F and we show Theorem 2, which is an
extension of Theorem H, and Corollary 3 by using Theorem 1.



2 Results

Theorem 1. Let A and B be positive invertible operators satisfying

A> (AFBA®%  for figed ap > 0 and By > 0 with ag+ fy > 0.
Then the following (i) and (ii) hold and they are mutually equivalent:
(i) For any fized 6 > —f3,
F\ ) = AT (A5 B Af)wiiHn A
18 decreasz'ng for p>1 and A > 1 such that ag) > 6.
(i) For any fized 6 < ay,
FOu) = AF (AF B )z 47
i8 décrea&ing for A>1 and p > 1 such tﬁat Gopp > —6.
Applying Theorem 1, we obtain the following extension of Theorem H.

Theorem 2. Let A > B > 0 with A > 0. For each t € [0,1] and p > t, the following (i)
and (ii) hold and they are mutually equivalent:

(i) If ¢ > 0, then
Gpai(4, B,rys) = A7 {A? (A?BPA%)SAg}(—p%‘;—LA—Tr
is decreasing for r >t and s > 1 such that (p —t)s > q — t. .
(i) Ifp > g, then
Gpgt(A, B,1,5) = A:Z—T{A% (A?BPA%)SA%}GQ:T?ECFA%
is decreasing for s > 1 and r > max{t,t — q}.

We write A > B if log A > log B for positive invertible operator A and B which is
called chaotic order [4] and related results on chaotic order are discussed in [1] and [4].
‘Also Theorem 1 implies the following characterization of chaotic order.

Corollary 3. The following assertions are mutually equivalent:
(i) A> B (i.e., logA>logB).
(ii) For any fized ¢ > 0,
Fy(p,r) = AT (ABBPAT) = AT
18 decreasing for p > q and r > 0.
(iii) For any fized ¢ < 0,
Fy(p,7) = AT (AFBPAR) 3 AT
is decreasing for p > 0 and r > —q.

The equivalence relation between (i) and (ii) is shown in [4][9].



3 Proofs of results

We need the following lemmas to give proofs of the results.

Lemma F (Furuta lemma[10]). Let A > 0 and B be an invertible operator. Then

(BAB*)* = BA?*(A1B*BA%)*' A7 B*
holds for any real number A.

Lemma 1. Let A and B be positive invertible operators satisfying
A> (A2BA )°‘0+ﬁo for fized ag > 0 and By > 0 with ag + By > 0.
Then the following inequality holds:

AR > (ASBPAD 55 for A> 1 and p> 1.

(3.1)

(3.2)

Proof of Lemma 1. In case fy = 0, (3.1) means A > I, obviously A* > I holds for any
g > 1, so that (3.2) holds. In case ag = 0, (3.1) means I > B, obviously I > B* holds
for any A > 1, so that (3.2) holds, too. Therefore we have only to consider the case oo > 0

and § > 0. Applying (ii) of Theorem F to (3.1), we have

1+rq

A1+r1 > {A ( 2BA )ao+ﬂoAT2 }p1+r1 for any p; > 1 and r; > 0.

Putting p; = Mﬂ—” > 1 in (3.3), we have

AV > (4B B AU @Rk for any 1y > 0.

Put = 1+7, > 1in (3.4), then we have
AF > (A%BA%)a_cﬁroﬁl;o_# for u > 1.
(3.5) is equivalent to the following (3.6) by Lemma F:
(B%A”B%)?o—%%ﬁ >B forp>1.

Again applying (i) of Theorem F to (3.6), we have

T @ Py 147
{B'}(B%A“B%)ao%iﬂ B‘zz}z’2+fzz > B™™  for any p, > 1 and r, > 0.

Putting p, = @—E@-’i > 11in (3.7), we have

(14ro)a
(Bz(1+T2)AﬂBz(1+T2))ao+ﬁo#+°t0*2 > B2 for any r, > 0.

Put A=1+ 7, > 1in (3.8), then we have

agh
(B2 A*B?)oafr > B* for A>1and pu> 1.

(3.3)

(3.9)

Hence the proof of Lemma 1 is complete since (3.9) is equivalent to (3.2) by Lemma F. ]



Proof of Theorem 1.
Proof of (i). We recall the following condition on 4§, ag, B, and X in (i):

for any fixed 6 > —f; and A > 1 such that ag) > 6.

(a) Proof of the result that f(X, u) is decreasing for A > 1 such that aX > 6.
The hypothesis in Theorem 1 ensures (3.2) by Lemma 1:

AF > (A%B)‘A%)ﬂof+%o# for A\>1and p>1,
and (3.2) is equivalent to the following (3.9) by Lemma F:
(B%A‘U'B%)ao:+%0# > B* for A>1and > 1.

(3.9) yields the following (3.11) by Léwner-Heinz theorem:

(B%A“B%)aonigo# > BY for A\>1,u>1 and any w such that A\ > w > 0.

& ﬁQp - —
Define g(A) = (A%B)‘A%)“ohﬂm‘. Then f(\, u) = A% g(\)A7 and we have

g(\) =(ATB A% )“0'\+ﬂ0#

apAt+Bopteqw S+Bgp
={(ATB*A%)™ «oxthor  } a0 +Rontaow

—{A% B3 (B} A#B})7%5% B3 A% )5 Hiotio® by Lemma F
>(A% B} BYB} A%)sothoitas

— (A% BMv A% motaien

=g(A + w).

(3.10)

(3.2)

(3.9)

(3.11)

The last inequality holds by (3.11) and Lowner—Helnz theorem since —-2t%L__ < [0, 1]

oA +Foptapw

holds by the condition (3.10). Hence f(\, u) = A7 g(A\)A* is decreasing for A > 1 such

that aX > 4.
(b) Proof of the result that f(), 1) is decreasing for p > 1.
By Lemma F,

FOp) = AF (ASB AT ) sobon AF
— B3(BYAvB3)eoiion BY.
(3.2) yields the following (3.13) by Lowner-Heinz theorem:

A’ > (A= TB A% )00/\+D_ﬁ0# for A > 1,4 > 1 and any v such that 4 > v > 0.

(3.12)

(3.13)



Define h(p) = (B%A"B%)“z—;i?’%. Then (), p) = B2h(u)B? by (3.12), and we have
h() =(B3 4* B3)arhor
—{(B? A*B%) e }aoxiﬁﬁﬁiaou
—{B3 A% (A5 B A%)=rtr A5 BY sy by Lemma F
5=ap)

>(B A% A" A% B%) 7™ onthov

. . .. . . S—ag
The last inequality holds by (3.13) and Lowner-Heinz theorem since ;522204 € [-1,0]

by the condition (3.10), and taking inverses. Hence f(), ) = B2h(p)B? is decreasing for
p=1
Proof of (i1). We recall the following condition on 6, ag, Gp and u in (ii):

for any fixed 6 < g and g > 1 such that Gop > 4. (3.14)
(3.1) is equivalent to the following (3.15):

B> (B_TlA_lezl)uoaJrﬁo for fixed ag > 0 and fy > 0 with ag + Gy > 0 (3.15)

by Lemma F and taking inverses of both sides. We recall that (3.15) just corresponds to
(3.1). And by Lemma F,

FOup) = A%&(A%BAA%)Q—KLE-%’STA%&

=(B)={B™

By applying (i), for any fixed —§ > —ayp, f(A, u) is decreasing for A > 1 and g > 1 under

the condition (3.14) by (3.15) and (3.16), so the proof of (ii) is complete. The equivalence
relation between (i) and (ii) is obvious by scrutinizing the proof of (i) and (ii).

Consequently we have finished the proof of Theorem 1. 1

A A
2

(A1) (B3 }Rowraox (B 7 (3.16)

Proof of Theorem 2. We may assume that A and B are both invertible in the proof. In
the case ¢ = 0, the result follows by [8, Theorem 3], so we have only to consider the case
p>t>0. ,
Proof of (i). Put X = AT BPA%. Then X is positive invertible and A > (A%XA%)%
by the hypothesis A > B > 0. Put fy =t € (0,1] and a9 = p—t > 0. Then 4 >
(AéXA%)ao—JlfﬁE, so that

At > (ATX A%) TR

holds by Lowner-Heinz theorem. Put r = pfy = pt > t and 6 = ¢ — ¢t. And define
—ut t t, _O+pt -
Fs,p) = AF (A% X5 A% )0+ A" then we have

Fls, ) = AF (AT X A )eortm A
= AT {A5 (A% BPAT ) AT} 7o AT
= GPant(A7 B’ T’ S)' (3-17)



By using (i) of Theorem 1 since § > —f, holds by ¢ > 0, f(s, ) is decreasing for p > 1
and s > 1 such that aps > 6, so that G, 4:(A, B,r,s) is decreasing for r > ¢t and 5 > 1
such that (p — t)s > ¢ — t. Hence the proof of (i) is complete.
Proof of (ii). The condition p > g and r > ¢t — ¢ in (ii) satisfy § < o and Fop > —9 in-
the conditions of (ii) in Theorem 1, so that G, 4:(A, B, 7, s) is decreasing for s > 1 and
r > max{t,t — ¢} by (ii) of Theorem 1 and (3.17). The equivalence relation between (i)
and (ii) follows by Theorem 1.

Hence the proof of Theorem 2 is complete O

Proof of Corollary 3. We recall the following (3.18) in [4][9], which is an extension of [1]:
A>B holds if and only if A™ > (A%BpAg)# for all p > 0 and r > 0. (3.18)
(i) = (ii). Assume (i). As (3.18) holds, by (i) of Theorem 1, for any fixed ¢ > 0
FOu ) = A (AT B AT EH A

is decreasing for u > 1.and A > 1 such that pA > g, that is, for any fixed ¢ > 0, Fy(p,7)
is decreasing for p > g and r > 0.
(i) = (iii). In the same way as the proof (i) = (ii) by using (ii) of Theorem 1.
(ii) = (i). Assume that F,(p,r) is decreasing for r > 0. Then Fy(p,0) > Fy(p, ) holds,
that is, I > A7 (AIBPA2)»= A%, so that A" > (AZBPAE)s+ for all p > 0 and 7 > 0,
which is equivalent to A > B by (3.18).
(iii) == (i). In the same way as the proof (ii) = (i).

Hence the proof of Corollary 3 is complete. U
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PARAMETRIZED FURUTA INEQUALITY

MAEBASHI INSTITUTE OF TECHNOLOGY
EIZABURO KAMEI

1. Introduction. Ten years ago, Furuta [5] established an interesting operator inequality which is
an extension of the Lowner-Heinz inequality and is now called the Furuta inequality. Afterward, Furuta
[7] proposed the grand Furuta inequality which interpolates the Furuta inequality and the Ando-Hiai
inequality [1]. It can be expressed as follows:

The grand Furuta inequality: If A > B > 0 and A is invertible, then for each p > 1 and
0<t<l,

(1) AT e (Ath, BP) < A

(p—t)s+r

holds forr >t and s > 1.

Here we used the notaions l, and l, defined for positive operators A and B by
Abe B=A3(A"2BA %)*A%, foracR

and i = h, when a € [0,1]. Note that . is an operator mean in the sense of Kubo-Ando [15] which

corresponds to the operator monotone function = in the Lowner theory.

In [4,cf.13,14], we tried to approach mean theoretically to the grand Furuta inequality where we
showed the following inequality which seems to be fundamental in our arguments of the grand Furuta
inequality.

Theorem A. If A> B >0, then fort € [0,1] and p > 1,

2) (At he=t BP)S <B<A

p—t

holds for B> p and p# t.

Recently, Furuta-Yamazaki-Yanagida [9,10] proved the following order preserving operator inequality
which is an extended form of the grand Furuta inequality; the proof is based on elementary calculations
and clarifies the importance of the Furuta inequality.

Theorem B. If A> B >0 and A is invertible, then for 0 <t <§ <1l andd < p,

(3) AT s, (AP L, BP) < A8

(p—t)str

holds forr >t and s > 1.

1991 Mathematics Subject Classification.47A30,47A63 and 47B15.
Key words and phrases.Positive operators,Operator mean,Lowner-Heinz inequality,Furuta inequality,grand Furuta in-
equality.



The original proof of this theorem in [7] is somewhat complicated and hard. The proof given in [9]
is simplified by using the Furuta inequality. In this note, we show Theorem B is more extensible, and
Theorem A is essential as well as in the preceding proof of {4]. In other words, Theorem A might be
fundamental among such inequalities of grand Furuta type.

2. Preliminary. First of all, we recall the Furuta inequality for convenience. Throughout this note,
a capital letter means a bounded linear operator on a Hilbert space H. An operator A is said to be
positive ( in symbol: A > 0) if (Az,z) > 0 for all z € H, and also an operator A is strictly positive (in
symbol: A > 0) if A is positive and invertible.

The original form of the Furuta inequality [5] given by Furuta himself is the following(cf.[6]).

Furuta inequality: IfA> B >0,
then for each r > 0,

p g=1 (l+2r}g=p+2r

(4) (ATAPAT)3 > (ATBPAT) \\ r=q
Q
and %\\\
§\\\
. (1, 1)K

& B"APB")i > (B"BPB")4 \
) (B 4B} = (BB B) N\
holds for p and q such that p > 0 and q > 1 with (0, ~2r) (.0) 1
(1+2r)g>p+2r. Figure

As known in (2,3,11,12,13,14], it can be represented in terms of the operator mean . as follows:
Satellite theorem of the Furuta inequality: If A > B >0, then
5) A*fiw BP SB<A<B" fuu AP

forallp>1and u <0.

From this point of view, we recently obtained the following extension of a satellite theorem of the
Furuta inequality {14,cf.3].

Theorem C. If A> B >0, then for each p > 0 and u < 0 with p # u,
(6) A® fs—u B? < B®
p—u

holds for 6 € [0, p].

In this theorem, the Furuta inequality or the satellite theorem is corresponding to the case of § = 1.
We note that Furuta [8] recently proposed its generalization of grand Furuta type.

Cocluding this section, we present a typical role of Theorem A; the following initial case of the grand
Furuta inequality has a simple proof based on Theorem A and the Furuta inequality as follows:



Let By = (At} o=t Bp)il’, then A > B > By by Theorem A. Using the Furuta inequality or (5), we have
A 1w B<B <B<4A
for u < 0. Replacing % =sandu=—-r+t(r>1t),(1)is obtaiﬂed.
3. Results. To make sure, we give a proof of Theorem A which is different from the one given in [4].

Proof of Theorem A. First of all, we note the following formula which is easily obtained by the

definition:

Aty B=A(A"_o B"™Y)A for A, B> 0.

In the first case of 1 < 8= < 2;

p—t =
At hL: B = BP hl—-&: At = BP(B™P ﬂg:;_l A_t)Bp
p— P~ p=t

P(B-P -tygr — g2r+((p-t)2=8—p) __ s
< BP(B™lpzy B)BP =B +=2-7) — b,
Hence we have (A? ho—. B?)5 < B < A.
P—t

As the second case, we choose §;; 1 < % < 2. Then for A and By = (A? hp- B”)il’, we can repeat
He=t

similar calculations as follows;

At ey B? = At gy (A* b= BP) = A* gyt BY
= Bf hl_'p__: At :Blp(Bl—ﬁ ﬂﬂ__:—l A_t)Blﬁ

IA

BY(By” s,-0 Bi*)B{ = B = (4" ho_s B")%.

b=
So we have (A hay—¢ BP)FT < (A hoo BP)? < B < A by the Lowner-Heinz inequality.
p—t p-t

The third case, we choose ;1 < %}: < 2, and repeating the above method, we can attain the conclu-

sion.

Remark. By this proof, we can see at the same time the operator functionf(8) = (At fa-: B”)é
p—t

being monotone decreasing for 3 > p.
Theorem B is not only an extension but also a good explanations of the grand Furuta inequality.
Based on it, we give an extension of Theorem B. As seen in Theorem 1 below, Theorem A looks like a

starting block and the Furuta inequality leads us to the goal.

Theorem 1. If A > B >0, then
™) A gy (A* gt BT) < (A'hgey BT)P < B° < A°
holds for0<t<é6<1,6<p<B,p#tandu<0.

At first, we give a direct proof of this theorem by using Theorem A.



Proof of Theorem 1. Let Ay = A%, By = B%,15 = £,py = 2 and B = &, then Ay > By and
0<1p <1< ps <Py Using Theorem A, we have
(Al hizo=tg B)% < By < Ao,
ro—to
that is,
(At ho-e BP)B < B < A°.
p—t

By putting 4; = A° > By = (At h% B”)%, uy =% <0andp = g > 1, the Furuta inequality or (5)
says
AP ﬂpll__uu,l Bf‘ < By < Ay

Melting this, we have the conclusion.

The proof of Theorem 1 is very short but Theorem 1 is an extension of Theorem B. As a matter of
fact, it is rephrased by the same formula as that of Theorem B:

Theorem 1’. IfA> B >0 and A is invertible, then for0 <t <6 <1 and 6 < p,
(3) AT Y agae (Al BP) < (A'h, BP) T < BY < A°
p—t)str

-holds forr >t and s > 1.

In the remainder, we discuss some results around Theorem 1. In the conditions of Theorem 1, we can
loosen & more freely as follows:

Theorem 2. If A > B >0, then
®) A" oy (A o=y BT) < (A oy B)D
for0<t<1<p<pB p#t u<0andd€l0,]

Proof. By Theorem A, we have (A* fa-. B”)% < B < A. Applying Theorem C to A and B; =
p—t
(Af hp-e BP)TIJ, we have A® f{s_u Bf < B?, that is,
p—t A—u

A fg=s (A* oz BP) < (A° gy BY)R.

In the preceding note {14}, we have shown the following as a little extension of the grand Furuta
inequality which is now a corollary of this theorem.

Corollary 3. If A> B >0, then
(9) A fg-u (A" gy BP) S (A" bge BY)% < B < A°
for0<t<1<p<fB, p#t, u<0anddec|01]

If we choose 6 = 1, then we have the following which is an extennsion of (1).



Corollary 4. If A> B > 0, then
(10) A* iz (A ozt B”) < (A' hozy BP)2 <B<A

Jor0<t<1<p<pB, p#t, u<0.

Concluding this note, we return to Theorem 1; we give another proof of Theorem 1 by using Corollary

IFO<&§<1,then A°>B5and0< £t <1<2< 8 2<0 Let Ay =A% By =Bty =4,p =

s
2.0 = g and u; = ¥, then they satisfy the conditions of Corollary 4. So we have

uw 1
AP H i (AT tpioy BY) < (AT oy BIH < Bi< v

r1—

Rewriting this, we can obtain Theorem 1.

Very recently, Furuta has pointed out in our private communication that Theorem 2 is improvable as

follows:

Theorem 2. IfA> B > 0, then
(8) A* gz (A" by B?) < (A" b=y B7)E
for0<t<p<pB, u<0andébel0/s.

Proof. We have only to show the case of 0 < ¢t < p < 1. In this case, we can apply Theorem A to
AP > BP > 0 and have

(A fpoy BP)E = ((AP)7 4s_, BP)E < BP < AP,
p—t L_f_

1—
L4

Let A; = AP, By = (A fp-¢ B"’)f32 and uy = %, 6, = %, pL= %. Then Theorem C says
p—t
AP uﬁ’li'ii BPt < Bi.

Rewriting this, we have the conclusion.
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THE WIELANDT THEOREM:
SIMPLE PROOFS AND GENERALIZATIONS

MasaTosHI Fuill

1. Introduction.

This is a joint work with Y.Katayama and R.Nakamoto.

Throughout this note, an operator means a bounded linear operator acting on a Hilbert
space H. If H is finite dimensional, then an operator is a matrix whose entries are complex
numbers. An operator A is positive if (Az,z) > 0 for all z € H, and the positivity induces
the order A> Bby A—-B>0.

In our recent works [2,3,4,6], we discuss the Kantorovich inequality: If a positive operator
A on H satisfies 0 < m < A < M for some m < M, then

(M +m)?

(0) (Az,z)(A™1z,1) < T

for all unit vectors z € H. Related to this, we pay attention to the Wielandt theorem,
which is regarded as an improvement of the Cauchy-Schwarz inequality, see [5; 7.4.34].

The Wielandt theorem. If0<m < A< M, then

M—-m
M+m

2
1) (Ay, )2 < ( ) (4z,7)(Ay, )

for every orthogonal pair x and y.

Following after Turing (7], the condition number of an invertible operator A is defined by
k(A) = ||A|||lA71]], so that k = ¥ might be a generalized condition number of a positive

m

operators with 0 < m < A < M, cf. [4]. Putting the angle 6 by cot-gi = /K, we have
cos§ = %23 and so (1) is rephrased as

|(Bz, By)|
(1) ———"" < cosf

[ Bz|[[| Byl

for every orthogonal pair = and y, where B = A% is the square root of A, see [5, 7.4.32].

On the other hand, Bauer and Householder generalized the Wielandt theorem to the case
where vectors = and y are not orthogonal; the following theorem is essentially due to them
(1; Theorem IIJ:

The Bauer-Householder theorem. If0 <m < A< M and z, y are unit vectors, then

-~ N2
2) (Ay, ) < (f‘;;:) (Az,z)(Ay, y),
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where M = M(1+ |(z,y)]) and m =m(1 - |(z,v)|).

2. Simple proofs. Inspired by a proof of the Cauchy-Schwarz inequality with the use
of the discriminant, we have the first proof of the Wielandt theorem:

Proof 1. Suppose that ||z|| = ||ly|]| = 1 and (z,y) = 0. By the assumption m < A < M, we
have

(3) mlilz + zyl? < (Al + 2y), 2 + 2y) < Mllz + 2yl

for all z € C. We may assume that (Ay,z) > 0 and so (3) holds for all z € R. Then it
follows that

(4) 22((Ay,v) — m) + 2z(Ay,z) + (Az,z) ~m >0

and

(5) 22(M - (Ay,y)) + 22(Ay,z) + M — (Az,2) 2 0

for all z € R. Calculating (4) x M + (5) x m, we have

(6) 22(M — m)(Ay,y) + 22(M +m)(Ay,z) + (M ~ m)(Az,z) >0

for all z € R, so that
(M +m)*(Ay,z)* < (M —m)*(Az,z)(Ay,y)
by taking the discriminant of (6), and as desired.

The second one is along with the proof stated in Horn-Johnson’s text [5; 7.4.26], but the
Poincare separation theorem is cleared by an operator theoretic method:

Proof 2. Also suppose that ||z]| = [|y|| = 1 and (z,y) = 0. Put the 2 X 2 matrix
o- (Y ().
(Ay,z)  (Ay,v)
Then m < C < M because H(E)H = |laz + fy|| = 1 and

(c (g) , (;)) = (A(az + By), az + By) € [m, M].

Hence the spectrum {g, b} of C is contained in [m, M].
The second half is the same as the proof of [5; 7.4.26]; we sketch it for the sake of
completeness. Since.

Ay )2 4detC o, 4detC _  4dab
(Az,z)(Ay,y) ~ (trC)2 — ((Az,z) — (Ay,y))2 = (trC)2  (a+b)?

we have

2 2
|(Aya$)|2 <1_ 4ab _ 1-% < 1_% _ M_m>2
(Az,2)(Ay,y) = (@+6)?2 \1+:) “\14% ) "\ M+m
=1
tF1

by the monotone increase of the function

The second proof gives us a simple proof of the Bauer-Householder theorem, which is
due to a kind suggestion of the referee. For this, the following lemma is needed; it is an
extension of the first half in Proof 2.
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Lemma 1. If0<m < A<M and

_ ((Az,z) (Az,y)
C“((y,AH:) (Ay,y)>

for given unit vectors ¢ and y, then the spectrum J(C’) of C is contained in the interval
(1 = &)m, (1 +£)M], where t = |(z,y)].

Proof. Let W(A) be the closed numerical range of an operator A on a Hilbert space, i.e.,
the closure of W(A) = {(Az,z);||z|| = 1,z € H}. We first prove that

W(X*AX) CW(AW(X*X)

for an operator X of a Hilbert space K into H. If Xz = 0, then 0 = (X*AXz,2) €
W(AW(X*X). If Xz # 0 and ||z|| = 1, then

Xz Xz

* — YA, T
(X7 AXz,2) = | X2 A e

) € W(A)W(X*X).

We here take X = [z,9]. Then C = X*AX and W(X*X) = o(X*X) = [1—t,1+1] because
X*X=((z)$) (.’.C,y)):( 1 ($7y)>

(v,z) (v,9) (,z) 1
Since ¢(C) € W(C) in general, we have
o(C) CW(X*AX) CWAW(X*X) Cim,M|1~t, 1+t =[(1=t)m, (1+t)M]

By using Lemma 1, we can give a simple proof to the Bauer-Householder theorem along
with Proof 2:

Proof of the Bauer-Householder theorem. Lemma 1 is corresponding to the first half of
Proof 2. As in the proof 2, we have

Ay o)2 4 (1-2Y
(Az,z)(Ay,y) ~° (a+0)2 \1+% )"

where o(C) = {a, b}. Since o(C) C [(1 — t)m, (1 +t)M], it follows that

- 2
(v o) _ (M-
(Az,z)(Ay,y) ~ \M+m )
where m = (1 —t)m and M = (1 +t)M.

Remark. For a given invertible operator B, if we apply (2) to A = B*B, then we have the
original form of [1; Theorem IJ].

3. Generalizations. Based on simple proofs in the preceding section, we can generalize
the Wielandt theorem without assumption on the orthogonality of vectors. The following
one corresponds to Proof 1, in which |(Ay,z)| can be estimated by adding to the term

%—_’—"ﬁl(m, y)|; we remark that its coefficient is the harmonic mean of M and m.
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Theorem 1. If0 <m < A< M, then

M—-m 1 1 2Mm
< 3 5L 00
|(Ay, z)| < M4_m(A:E,:':)z(Ay,y)2 + M+m|($,y)l

for all z,y € H.

Corresponding to the second proof of the Wielandt theorem, we have another general-
ization of it, whose point is the following lemma:

Lemma 2. Suppose that 0 < m < A < M. For each unit vectors <,y € H, taket > 0

satisfying
I(Ay,:z:) - t(y,:z:)] < I(Ay, :L‘) - k(y7$)l fOT k= m;M

and put

_ (A$1 IIJ) (Ay7 IU) - t(y1 IL‘)
G = <(Ay,rv) ~ t(y, 7) (Ay,v) > '

Then the spectrum o(C;) is contained in [m, M].

Theorem 3. Notation as in above. Then

(10) (Ay, )| < Trm (Az, )% (43,1)} +2l(z, )]

Corollary 4. If0 <m < A < M, then the Wielandt inequality

M-m

2
) () (a,)

(1) (Ay, z)P < (

holds for all ,y € H satisfying Re(Ay,z)(y,z) < 0.
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Cellular Automata in Function Spaces
Mie Matsuto! and Fukiko Takeo?
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1. Introduction

A cellular automaton consists of d-dimensional lattice (Z dde N }, and each site takes a state, one of
a finite set of possible values. The value of each site evolves in discrete time steps and it is determined
by the previous values of a neighborhood of sites around it.

Let P? be the set of all configurations : Z¢ — Z/p. A map L: P¢ — P? is a transition rule if (1)
L(0) = 0; and (2) there exist v1,--- ,vm € Z% and a map f : (Z/p)™ — Z/p such that

(La)(z) = fla(z+v1), - ,a(z+vn)) forallz € Z¢,a € P4. (1.1)

To consider space-time patterns of cellular automata, we shall study the sequence a, La, L?a =
L(La); L®a,. ... If a is any finite nonzero configuration, for any k, putting a, La, L%a--- L*a on (d+1)-
dimensional lattice in oder, contracting by 1/2, one obtains G%a as a subset of R? x [0, 1]. S. Willson [3]
studied when L is linear modulo 2 and showed there exists a stable limit set of G¥a as k — oo and the
limit set is independent of an initial configuration a, if a is finite and nonzero. S. Takahashi investigated
the self-similarity for linear cellular automata with p > 2 in [2], where the limit set of non-zero states or
each k-state (1 < k < p— 1) is considered as a subset of R%. The set theory plays an important role in
[2] and [3] . However, when p is greater than 3, it is useful to consider a finite-valued function and it may
be helpful to use the operator theory. _

In this paper, we discuss the behavior of cellular automata by using the operator theory. In section
2, we introduce the product space [] Ey, and the operator Fy, on it corresponding to L. We consider the
behavior of F¥ as k — co. Futhermore we define a quotient space F = [] Ex/ ~ and the operator Fy, on
it and investigate a condition that a Fy,—invariant set belongs to a certain space. In section 3, we discuss
the case of linear rules. In section 4, we will consider L is a non-linear rule. We show some conditions
such that there exists a B —invariant set.

2. Operators on the space USC and their limit

We shall consider cellular automata taking the value Z/2. A configuration a on Z 4is a map a :
Z4 5 Z/2 and P? is the set of all configurations on Z¢. A configuration a is finite provided a(v) = 1
for only finitely many v. We define two kinds of addition: If a,b €P¢we may define a + b € P¢ by
(a+b)(v) = a(v) + b(v) mod 2 for v € Z%. If z,v € Z%, we may define the translate of a € P by v as
a+v where {(a+v)(z) = a(z — v). For z € Z¢, we define §, € P? as

éz(y)={(1) 2;2’

Pi“ is the set of all maps w : Z¢ x N— Z/2, and ’P_‘f_"'}cl is the set of w € 'Pi“ such that w(z,?) =0
for t = k.

G Piti — P, is defined by

w(z,t) 0<t<2k—1 .
Grrw(z,t) = (Lt+1_2kw0)(x) 2k <t <28 1 for wo(z) = w(z, 28 - 1).
0 2k+1 < ¢



Let USC(R? x [0,1]) be the set of all upper semi continuous functions g : R% x [0,1] — {0,1}. The map
¢k : PHEL — USC(R? x [0,1)) is defined by

¢ (w)(z,t) = inf {9(z, 1)l € USC(R? x [0,1]),%(x,t) > w([2"z], [2"1])}

for w € PThL, where [28z] = ([2%31), [2%2s], -+, [2%,)) for © = (1,52, -- ,2,) and [2Fz;] means the

Gauss’s symbol.
G% : P? - USC(R? x [0,1]) is defined by

k-1
Gia= ¢ [[ Grsa (2.1)
=0
for a € P2
Remark 1. If Lis linear, then G% is also linear.

We define f > g for f,g € USC(R?x[0,1]), if f(z) > g(z) forall z € R¢x[0,1]. Then USC(R?x[0,1]
is a complete lattice [1, chap. 2]. For any {fn} C USC(R? x [0,1]), the relation A\;2; V>, fi
Vo1 Aksn fr holds. If they are equal we denote them both by limp e f» in USC(R x [0,1]).

Remark 2. The existence of lim,, o, GFa depends on L and on the initial configuration a.

~—

v

In order to investigate the existence of the limit set, we shall consider a product space. Let Ey =

¢(PL%), then By C By C By C--- CUSC(R? x [0,1]). Fix : By ~ Egy1 is defined by

Fri(9) = r+1Grxdy, (9) for g € Ex.

Let [] Ex, be the.produ(_:t space of {Ey} and Eoo = {{gx} € [1 Bx|3limp—sc0 g in USC(R? x [0,1])}. The
following relation holds:

Fr .
Ek _ Ek+1

d’kT Td’k—{«l

d+1 d+1
Praw = Piyn

F—L : HEk — HEk is defined by
Fr(g) = {M}52o for § = {gr},

where

{/\o = go
Ay1 = Friplge) >0 °

The distance d(g, k) between § = {gx} and h = {ht} € [[ Ex is defined by

o0

- 1
d(g7h) = 2_kd(gk7hk)7

where

1 gr# b
Agi: ) z{ 0 wln

For {§"}n C [] Ex with §* = {gZ}, we shall define lim,,_,oo g in [] Ex by h € [[ B if limp—oo d(g™, h) =
0. The following theorem holds.
Theorem 1. The following statements hold :

(a) Fy is a contraction on the metric space H, := {g = {gr} € [1 Ex [ g0 = do(a)} for any finite and
nonzero a € P2.



(b) There ezists limp_,o FPg in [[ By, for any § € [] Ex.
(¢) limpyoo F2g in [[ By, is Fp— invariant.
(d) The following (d-1) and (d-2) are equivalent for finite and nonzero a € P

(d-1) There ezists lim, o G5a in USC(R? x [0, 1]).
(d-2) lim, o F}fﬁ in [ Ex. belongs to Es for § = {¢o(a),0,0,---}.

Since there isn’t a one—to—one correspondence between the set {lim,_,oc G7a | a € P?} and the set

{h € Ex | § = {¢0(a),0,0,---} such that & = lim,_,co FTg}, we consider a quotient space. We define
the following equlvalence relatlon The equivalence relation “~” for § = {gx}, b = {hx} € [ Ex is
defined by

lim gp = lim hy in USC’(Rd x [0,1]),
- k—oco k—oo
Gg~h = { o (2.2)
gr="hg forall ke {0,1,2,---}.

Let E = 11 Ex / ~ be a quotient space, T : HEL — E be the canonical quotient map. Because § ~ h
implies F.§ ~ Fph, we can define amap Fy, : E — E by
F
HEk —L) H Ek

F’L(vrg):vr(F'Lg). "l l"'

3. Linear rules

In this section we show that there exists lim,_,o G7a in USC(R! x [0,1]) for Land the limit set is
independent of an initial configuration a.

Theorem 2. Let L be a linear modulo 2 and d = 1. Then for a finite nonzero configuration a € P!
there exists a limit set lim,_,o GFa in USC(R! x [0,1]), which is independent of a.

Theorem 2 follows from Lemma, 1.

Lemma 1. Suppose a map G% : P — USC(R! x [0,1]) is defined by the equation (2.1) and a € P* is
finite and nonzero. Then the following are true :

@ A VGiG)=A V Gi(a);

n=1k>n n=1k>n

b) V NGt =\ A Gk
n=1k>n n=1k>n
o AV 6=\ A G
n=1k>n n=1k>n

The next theorem follows from Theorem 1(c¢c) and Theorem 2.

Theorem 3. Let L be linear modulo 2 and d =1 and § = {gr} € [[ Ex. If go € USC(R* x [0,1]) has a
compact support and nonzero, then there exists lim, o F7'g in [[ By and it belongs to Es

The next theorem follows from Theorem 2 and Theorem 3.

Theorem 4. Let L be linear modulo 2 and d = 1.



(a) The Fy—invariant set in w(Eo) consists of one element h.
(b) For any § = {gx} € [] Ex, there exists the limit set limp oo Fp(ng), which is equal to h in (a),
if go # 0 has a compact support.

4. Non-linear rules

Consider a transition rule L:P* — P! mod 2 as follows:
La(z) = Y oxalz+uvk)+ ) Bia(z +va(z +v;)
k=1 i<y
+ Z 71'111'2,1'8@(‘77 + vil)a(z + '1)1'2)0,(.’1,‘ + vig)
11 <ig<i3
= Loa(z) + Lia(z) + Lea(z),
that is, Lo is linear and Ly and Ly are non-linear. Let A = {i|a; # 0}, B = {(i,5)|B:; # 0}
C = {(i1,%2,92) | Vi ,izsis # 0}, then we can rewrite
La(z) = E a(z + i) + Z a(z + v;)a(z + vj)
k€A (i.j)eB
+ Z a(z + vy, )a(z + vi,)a(z + viy).
(1,12,i3)€EC

(4.1)

Let 8o = {¢0(d),0,0,--- } € [] Ex. We shall investigate conditions of L and an initial configuration gg
such that lim, ., F1," g in [] Ex belongs to E for § = {¢0(90),0,0,---}.

We define
k
Vo= Onyglk >0,m0=0,n; 2 1,(j > 1),nj41 > 15 0,
=0
k
m(b) =ng-qforb=Y 0n;.q € Vg and
: §=0

W = {zk:éjlk > 1}.

Proposition 1. The following statements hold.

(1) L is linear, forn € Nya € P*

L"a(z) = Z Z Z a(x + vs, + - +Vs,).

51€A s0€A sn€EA

(2) Suppose C =@ for C in (4.1). If there is ¢ 2 2 such that

(i) klak2 €A zmplzes ql(’ukl — Ukz);
(i) (i,5) € B implies 0 < |v; —v;| < g,

then
L"go(z) = Lygo(z) holds for any x € Z,n € N, go € Vq.

Theorem 5 follows from Proposition 1 and Theorem 3.



Theorem 5. Suppose a transition rule L is defined by (4.1) end satisfies the following properties:
There is q 2 2 such that

(i) ki,ko € A implies q|(vk1 - Ukz);
(i) (4,7) € B implies 0 < |v; — v;| < ¢;
(iii) C = 0.

Then there exists b € w(Es) such that lim, e Fi(wg) = h holds for any § = {¢0(g0),0,0,---} with
g0 € Vq.

Lemma 2. Let L satisfy the following properties:

(2) There is ¢ = 2 such that
QI(DJ'1+1 - Ujl) (1 < l < M — 1)’

where A= {j1,--- ,im} (J1 <--- <jm)
(b) B=A{(t,5)|vi=v; —1forj € {ja, -~ ,jm}};
(c) C=0.
Ifee W, then Le = Lo, + z:”:(;) 0_u;, +¢ holds.

Proposition 2. Let L satisfy the same conditions as in Lemma 2. If go = b+ (ct+m(b)) for c € W,
beV,, then

L™gy = Lgb + (c+(m(b) — nvj,)). (4.2)
We define the set J by
J={go | go=b+(ctm(b)) for ceW, beV,}.
Theorem 6 follows from Proposition 2 and Theorem 3.

Theorem 6. Suppose a transition rule L is defined by (4.1) and satisfies the following properties:

(a) There is ¢ 2 2 such that
QI(UJ'1+1 - 'sz) for1<I<M-1,

where A= {j1,--- ,jm} (1 < - <jm);
(b) B ={(4,7)|vi =v; — 1 for 5 € {jo, - ,im}} ;
(c) C=40.

Then there ezists b € n(Eso) such that lim,_,e FP(7g) = h holds for any § = {$0(g0),0,0,---} with
go€J. ’

We investigate the most simplest non-linear rule which contains the triadic term. We consider the
conditions for § and L such that lim,_,o, F7(ng) exists and it belongs to h € m(Ew), when the rule
satisfiesv, = —r,vo = —r+1,---, Varqp1 =T

Lemma 3. Let a € P! be finite and nonzero. Suppose a transition rule L is defined by (4.1) and satisfies
the following properties:

(a) A={1,2r+1}
) B={(l,r+1)}orB={(r+1,2r+ 1)}
() C={(1,r+1,2r+1)}.

Then



(1) If a(z)a{z +7r+2rl) =0 for anyl € NU{0} and any = € Z, then
L"a(z)L"a(z +7+2r) =0 (ne N, le NU{0}).
(ii) If there is M € N such that
a(z)alz +7+2rl) =0 (zxeZ, 0212 M),

then
L*a(z)LFa(z +r+2r) =0 (<M, 0SI< M —k).

Proposition 3. Suppose a transition rule L is defined by (4.1) and satisfies the same conditions as in
Lemma 3. Let a € P! be finite and nonzero. The following are equivalent:

(i) a(z)a(z +r + 2rl) = 0 holds for anyl € NU{0}, any z € Z.
(ii) L™a = L{a holds for any n € N.
Thorem 7 follows from Proposition 3 and Theorem 3.
Theorem 7. Suppose a transition rule L is defined by (4.1) and satisfies the following properties:
(a) A={1,2r +1};
(b) B={(L,r+1)}orB={(r+1,2r+ 1)}
() C={(1,r+1,2r + 1)}.

Let go € P* be finite and nonzero. 'If go(z)go(z + 7 +2rl) =0 for any | € NU {0} and any z € Z, then
there exists h € 1(Eo) such that lim, o FJ'(7g) = h.
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Perfectness of Conelike *-Semigroups in QF

By KATsuvosHi NisH10 and NOBUHISA SAKAKIBARA of Hitachi

Abstract. Let S be an abelian *-semigroup in Q*. We give a sufficient condition for every
positive definite function on S to have a unique representing measure on the dual semigroup
of S (i.e. S is perfect). To characterize perfectness for any abelian #-semigroup is a chal-
lenging, but not yet generally solved problem. In this paper, we characterize the structure of
involutions on an abelian *-semigroup which is a subset of (%, and show that any conelike
*-semigroups in (% are perfect.

1. Preliminaries

Let S = (5,4, *) denote an abelian *-semigroup with the identity 0, i.e. S is an abelian
semigroup with the identity 0, and equipped with an involution *, being a map from S to
S such that (s +1¢)* = s* +t* and (s*)* = 5 for 5,7 € S. A complex-valued function p on
S 1s called a semicharacter if it satisfies

(s)p(t) fors,t €S,
s) fors €S

=

(i) p(s+1t) =
(i)  p(s*)

The set of all semicharacters is denoted by S*. We equip S* with the topology of pointwise
convergence. Then S* is a topological semigroup under pointwise multiplication with
involution p +— 7 and the identity 1. S* is called the dual semigroup of S. Since C° is
completely regular and S* is a closed subset of C%, S* is a completely regular space. A
complex-valued function ¢ on S is called positive definite if for any s1, 59, -+, 5, € .5 and
C1,C2,"°" ,Cp € C

~—~

n

S s +5) 2 0.

1,j=1

The set of all regular Borel measures on S* is denoted by M, (S*). Let E(S*) denote
the set of measures p € M, (S*) such that

/* Ip(s)|dp(p) < oo forseS.
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A complex-valued function ¢ on .S is called a moment function if there exists a measure
1 € B, (S*) such that

ols) = / p(9)dulp) Torses,

and p 1s called a representing measure for ¢. Every moment function is positive definite,
and every bounded positive definite function on S is a moment function whose representing
measure is unique (see [5, Theorem 2.1]). But a positive definite function is not necessarily
a moment function (see [1, Theorem 4]), and a representing measure is not necessarily
unique if any (cf. [4], [8]). So an abelian *-semigroup S is called perfect if every positive
definite function on S is a moment function with a unique representing measure on S*.

Example. The following are examples of perfect *-semigroups:

(i) Abelian *-semigroups with finite elements, in particular, the trivial semigroup {0}.
(i1) Abelian groups with the group involution s* = —s (by Bochner’s Theorem).

(i) The abelian semigroup @4 of nonnegative rational numbers with the identical invo-
lution (see [2], Proposition 6.5.6).

(iv) The abelian semigroup ) with the identical involution (see [2], Proposition 6.5.10).

Perfect *-semigroups have some useful properties:
(1) Let {S,},>1 be a countable family of abelian *-semigroups. Then the direct sum

@Sn = {(s1,52, ") | 8n € Sy, $n = 0 eventually}
n=1

is perfect if and only if every S, is perfect (see [2], Note VI).
(2) Any *-homomorphic image of a perfect *-semigroup is perfect (see [2], Theorem 6.5.5).
(3) A x-subsemigroup 7" of an abelian *-semigroup S is said to have the ideal property if

t+S:={t+s|seS}cT forall teT)\{0}.

Any *-subsemigroup with the ideal property of a perfect *-semigroup is perfect (see [6],
Theorem). ’

(4) An abelian *-semigroup S is called *-divisible if every s € S can be written in the form
s = mt + nt* for some ¢ € S and nonnegative integers m,n with m +n = 2. If a
countable abelian *-semigroup S is *-divisible, then S is perfect (cf. [3], Theorem 4).

Using the properties (1) and (2), we have the following, which is a basic tool for our
discussions.

Proposition 1.1. Let S be an abelian *-semigroup with 0, and S,, n = 1, abelian *-
subsemigroups of S. If every S, is perfect and S =], Sn, then S is perfect.

Proof. By the property (1), we have that @.. ; S, is perfect. Let h: Por; Sn — S be
the *-homomorphism defined by

hos, 2, = D o
n=1

The assumption S = |J.7_; S, implies that h is onto. By the property (2), we have that S
1s perfect. O



Definition. Let S be an abelian *-semigroup which is a subset of Q*, k > 1. S is called
conelike if for every s € S there is a nonnegative rational number «(s) such that as € S
for all rational numbers o 2 a(s) (cf. [7]).

Throughout this paper, the composition on abelian *-semigroups in QF is the ordinary
addition.

2. Auxiliary Results

In this section, firstly, we consider a conelike subsemigroup of QF, k = 1, with the
identical involution. Next we consider a conelike *-subsemigroup of Q? with the involution
(p,9)* = (p, —q). The following Proposition 2.1 and Proposition 2.2 are special cases of
our main result (Theorem 3.2), and indispensable results to proving Theorem 3.2.

Proposition 2.1. Let S be o conelike subsemigroup of QF, k = 1, with the identical
involution. Then S 1s perfect.

Proof. Firstly let us prove theorem for & = 1. I SN(Q4\{0}) # 0 and SN(—Q+\{0}) # 6,
then S = Q. By Example (iv), S is perfect. Then we may assume S C Q4. Since S is
conelike, there is a number a € Q. such that [¢,00) NQ4 C S. Define the countable set

XZ:(O,(I)HQ.;.HS

and the semigroup
Sy = (2)U(Q+ +a) forze X,

where () is the semigroup generated by z and Q4 +a = {r € Q4 | r 2 a}. Then every
Sy 1s perfect. In fact, put
= min{a —nz > 0| n € N}

and y = a — ngz for some ng € N, then (Q4 + y) U {0} is perfect by Example (iii) and the
property (3). Since the subsemigroup (Q4 + (y + z)) U {0,z} of (Q4 + y) U {0} has the
ideal property, (Q4 + (y +z)) U {0,z} is perfect. Then we see by iteration that

S.’D = ((@4— + (y + '71,0.’13)) U {0) T, 23:7 T ,noib‘}
is perfect. In addition, we note that S = {J,x Sz and {Sz}sex is a countable family.
Hence S is perfect by Proposition 1.1.
Next let us prove theorem for £ 2 2. Define the relation = on S\ {0} as follows:
s =1 :< there exists r € Q\ {0} such that s = 7.
Then clearly = is an equivalence relation. Let {S,}, be a family of equivalence classes of
S\ {0} under =. For every a, Ty, := Sa U {0} is a conelike semigroup. Since T, can be

identified with a conelike subsemigroup of Q, it follows that T, is perfect. Furthermore,
{Ta}s is a countable family and S = |J, T». Therefore S is perfect by Proposition 1.1. [



Proposition 2.2. Let S be a conelike *-subsemigroup of (Q%, +,(p, ¢)* = (p,—q)). Then
S s perfect.

Proof. In case that S C Q@ x {0} (resp. S C {0} xQ), S is perfect by Proposition 2.1 (resp.
Example (ii)). In case that S is not contained in any half-plane of R?, the conelikeness of
S implies that S = Q?. Since (QF,+,*), k = 1, with general involution is perfect by the
property (4), S is perfect. Accordingly we may assume S C Q4 x @, furthermore, we may
assume SN ({0} x @) = {(0,0)}. Because if SN ({0} x Q) # {(0,0)}, then the conelikeness
of S implies that SN ({0} x Q) = {0} x @. By Example (ii), {0} x Q is perfect. We note
that {0} x Q is a face of S, i.e.

s+te€ {0} x Qand s, ¢ €S imply that s5,¢ € {0} x Q.

Since S is perfect if and only if {0} x @ and (S'\ ({0} x Q)) U {(0,0)} are perfect by [6,
Theorem 2.1], it suffices to prove that S is perfect when S C Q@4 x Q and SN ({0} x Q) =
{(0,0)}. For every r € Q4 \ {0},

S, ={(pg) eS| —rpSq<rp}

is a conelike x-subsemigroup of S and S = Ure@+\{o} S.. By Proposition 1.1, it suffices

to prove that every S, is perfect. Furthermore, since we take only 7 such that {(p,q) €
S| q=rp}#{(0,0)}, we may assume that {(p,q) € S| ¢ =rp}# {(0,0)}. To finish the

proof we may make use of the following proposition.

Proposition 2.3. Let r € Q4 \ {0}, and define two abelian x-subsemigroups S,T of
@+, (p, )" = (p,—9)) by

S:={(p,g) €Qr xQ| —rp < g <rp},
= (5+(1,0)) U{(0,0)}.

If W 1s an abelian *-subsemigroup of S containing T', then W 1s perfect.

Proof. W™ is topological semigroup isomorphic to T*. In fact, T* \ {1(0;} is topological
semigroup isomorphic to {p € S* | pjr # 1;01} (see [6], p.214). Moreover p € S* and
pir = 1oy 18 only gy € S*. Because, since for every s € S \ T there exists n € N such
that n(s +s*) €T,
0= p(n(s + 7))
= p(s+s*)"
= lp(s)[*",

i.e. p(s) = 0 for every s € S\T. Therefore T*\ {10} } is topological semigroup isomorphic
to S*\ {140} }. Since T C W C S and T*\ {14} } & S' \{1{0}} w \{1{0}} is topological
semigroup isomorphic to T* \ {1} }. Corresponded 15, in W* to 1qy in 7, we obtain
that W™ is topological semigroup isomorphic to 7*. Let f denote the topological semigroup
isomorphism from W* to T* such that f(o) = o7, 0 € W*.

Let ¢ be a positive definite function on W with ¢(0) = 1. Since r +r* + T C W for
each r € W\ {0}, p(r+7*+) becomes a positive definite function on T'. Since S is perfect



by the property (4), T is perfect by (3). Then there exists a unique measure y, € E (T%)
such that

ﬂr+ﬁ+¢%:/*mﬂ@M@L teT. (2.1)

Let i, € M, (W*) be the image measure defined by g, := p? ™" Since ¢(0) =1, positive
definiteness of ¢ implies that the kernel function

(t1,t2) = o(r + 1% + 1, +13) — o(r + t1)p(r + t2)

is positive definite on T' x T'. In other words, for any t1,%5,--- ,t, € T and ¢1,¢2, -+ ,¢n €
C, 1t holds that

|ch r+1;) Zc@go(rw*ﬂiﬂ;‘)

i,j=1

- / * lzcz-pai)l:"dmp)
-/ . IZcz i (o).

Define, for each t € T, the function x; : ¢ + o(t) on W*. Then the mapping x: — @(r+1),
for all t € T, can be extended to a bounded linear functional on L?(W*, ) with norm

< 1. Hence there exists an b, € L2(W*, Ji,) such that S |he (o) |2dfir (o) £ 1 and

¢U+0:/L0®EwMEthET

In particular,
¢u+ﬁ+n=/(mywmwwmw%tET

Let h, be the function in L*(T*, y,) defined by h,(f(a)) := h.(0), 0 € W*. Then

olrtrt )= | pOF T o), LT (22)

By (2.1) and (2.2), we obtain two signed representing measures p, and f~1(p)(r)h(p)pr of
the moment function ¢(r+r*+1). Since for every r € W\ {0} there exists n € N such that
2" (r+7*) € T and p,.(T™*) < oo, we have f~1(p)(r)h, (p)pr € E(T*). Then, by perfectness
of T, these two signed measures must coincide with each other (see [2, Proposition 6.5.2]).

This implies that U(T)%T(G’)ﬁr = g, on W*, so

o(r)he(0) =1 Jir-a.e. on W™ (2.3)



Hence the measure fi, is concentrated on G, := {¢ € W* | o(r) # 0}, which is an open
subset of W*. Note that U,cw\ {0y G- = W* \ {1{0} }.

Let »,7' € W\ {0}. Since both [F~*(p)(*'){pr, |f~ (p)()|?prr € E(T*) are repre-
senting measures of ¢(r + r' + r* + '* + ), we obtain, again by perfectness of 7', that
1) ()WPpe = [ (0P, Lo |o()Plir = |o(r)[*fi on W*. Hence, by (2.3),

—~

the measures |k, (0)|?%, and |k, (a)|?fi, coincide with each other on Grqr = G NGy
Therefore we can define a measure g on W* by

~ { |E7‘(0.)I2/’ZT on GT: T E Z \{0}7
§i=
0 off UTEW\{O} Gr;

(cf. [2, Theorem 2.1.18]). Obviously, /i is concentrated on W* \ {101} and satisfies
[ 1eldiz) <oo, v W\ {0},
o) = | olr)dila), rew\{0} (2.4)

Next we show that (W*) < 1. Since ¢ is a positive definite function on W and
©(0) = 1, the kernel function

(w1, wg) = p(wr + wy) — p(wi)p(w2)
is positive definite on W x W i.e. for any wy, ws, -+ ,w, € W\ {0} and ¢;,c2, -+ ,¢, €C

1> eip(w)l* £ > egrp(w + w))
i=1

1,j=1

- /W* |3 o) (o).

This means that the mapping x.,, +— ¢(w), for all w ew \ {0}, can be extended to

a bounded linear functional on L?(W*, i) with norm < 1. Hence there exists an h €
L*(W*, &) such that [y, |h(0)|*d}i(c) £ 1 and

~

o) = [ ahlo)di(e), weW\{}. (2.5
Let p € M4 (T*) be the image measure defined by p := fif. Then, by (2.4) and (2.5),
olt+w)= [ ol)rlw)dils)
= [ o057 (P wdulp)
o(t+w) = [ olOo(wh(n)dilo)
= [ P05 DR )iulo)



for t € T,w € W\ {0}. Note that f~(p)(w)p, £~ (p)(w)h(f~*(p))n € E(I*). By
perfectness of T, f~'(p)(w)p = F L) w)h(F~1(p)) s on T*, i.e. o(w)fi = o(w)h(o)fi on
W*. Then ji = h(c)fi on Gy, w € W\ {0}. Hence h(c)=1 f-ae on W* and

BV = [ [l Pde) < 1.

Put ¥ := i+ (1 — {(W*))eq1,,,) € E4+(W™), where e(1,,,} denotes the Dirac measure at
the point 1;0;. Then we obtain an integral representation

o(r) = /W* o(r)dv(c), reW.

Finally, uniqueness of the representing measure of ¢ follows from perfectness of T'. Hence
W 1s perfect. O

3. Main Theorems

Let S be an abelian *-semigroup, which is a subset of Q% k 2> 1. The following theorem
gives the structure of involutions on- S, where (T, +, E') means the abelian *-semigroup T
with involution t* = Et.

Theorem 3.1. For every abelian x-semigroup (S,-+,*) in QF, there exist an abelian *-
semigroup T in some Q™ and a diagonal matriz E = diag{e1,€2, -+ ,€m}, where g =1
or —1, such that (S, +,*) is *-isomorphic to (T,+, E).

Proof. In the following Q* will be recognized as a k-dimensional linear space over the scalar
field @. Let LinS denote the linear subspace spanned by S and take {ri,rs, - ,rm} as
basis of LinS consisting of elements in S. Then it is easily seen that {r},r3,--- 75} is
also a basis of LinS. Let A be the linear transformation on LinS determined by r} = Ar;,
1 <1< m. Then we can show that

(i) for each s € S,s* = As, (ii) A* = I(identity).

In fact, for each s € S, there exist n,nq,n9,: -+, Ny € Z such that

ns =n1r +ngro+ -+ Nyt
As a little manipulation of the equation implies

ns* =nirl + nery + -+ 0Ty,
we have

nAs = Ans = A(nir1 + nors + -+ + 0y
= nlArl + TL2A’I‘2 e ’nmATm

* * *
=nir] + Ty + o F 0T,

= ns*.



Hence (1) holds. (ii) follows from

Alr;=Arf=(H)*=r;, 1Zi<m.
Now put P := (I + A)/2, then (ii) implies P? = P, that is P is a projection onto ranP
along ker P. Therefore

LinS = kerP 4 ranP = ker P + ker(I — P) = ker(I + A) + ker(I — A).

If we take a basis of each of subspaces ker(I + A) and ker(I — A), the summand is a basis
of LinS consisting of eigenvectors to eigenvalues 1 or —1. Thus, there exist 1,19, -+ ,t;m €
LinS such that '

At; =gt;, 1<i<m,

where €; = 1 or —1. Now define W as the non-singular linear transformation from LinS
onto Q™ satisfying
ei:Wti; 1§Z§m7

where {e1,eq, - ,€,,} means the canonical basis of ", and define 7' = WS, the image

of S by W. Then
WAW"lei = WAti = 6,‘Wti = E;€;, 1 § ) § m.

Let E be the matrix representing WAW ! with respect to the basis {e1, ez, -, em}.
Then the above equality yields that E = diag{e;, €2, -+ ;€ }. To complete the proof it
remains to show that (S, +,*) is *-isomorphic to (T, +, E) by W. To this end, let s € S
and t = Ws. Then

Ws*=WAs =WAW Y = Et = EW s,

which ensures to preserve x-structures between S and 7T'. This completes the proof. . O

Finally we can prove that any conelike *-semigroups with general involution in QF are
perfect.

Theorem 3.2. Lel S be a conelike x-semigroup with general involulion, which is a subset

of Q¥ k>1. Then S is perfect.

Proof. By Theorem 3.1, there exist a conelike *-semigroup 7" in some ™ and a diagonal
matrix F = diag{e1,€2, - ,&m}, where ¢; = 1 or —1, such that (S, +, *) is *-isomorphic
to (1,4, E). We note that (S,+,=*) is perfect if and only if (T, 4, F) is perfect by the
property (2). Then we will show that the conelike #-semigroup (T, 4+, E) is perfect by
induction on m.

When m = 1, the involution on T is identical involution or group involution. By
Proposition 2.1 or Example (ii), 7" is perfect. When m = 2, it suffices to prove that
(T, +, diag{1, —1}) is perfect, which is proved by Proposition 2.2. Now assume that The-
orem 3.2 is valid for 1 Em <n—1,n 23, and T = (T, +, E) is a conelike *-semigroup,
which is a subset of Q. From n 2 3 at least two of ¢;’s are the same signature. Therefore



it suffices to prove that (T, +,diag{e1,es,€3, -+ ,€n}) is perfect when &1 = 3. Define the
relation = on 7'\ {0} as follows:

(81,82, "+ ,8n) = ({1,%2, - , 1) :&> there exists r € Q \ {0} such that (s, s2) = r(t1,72).

Then = is an equivalence relation. Let {S,}, be a family of equivalence classes of 7'\ {0}
under =. For every o, T, := S, U {0} is a conelike *-subsemigroup of 7. We can identify
T, with the following conelike *-semigroup in Q" 1:

{(511337”' )Sn) € Qn_l I (31)327”' an) € Ta} ifsl # O;
{(s2,83," - ,8,) € Q-1 | (51,82, - ,8,) € To} ifs1=0.

Then every T, is perfect by the assumption of induction. Furthermore, {7, }, is a count-
able family and T'=|J_, T,. Therefore T' is perfect by Proposition 1.1. O
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A Hlawka type inequality and its converse

g XK - T. mfEEM (Sin-Ei Takahasi)
JUMHITR - BRI MEBLEE (Yoshiaki Okazaki)
R LIRS R » 5L &5 (Yasuji Takahashi)

Abstract. A Hlawka type inequality on a Banach space and its converse
are introduced and the best constant is given in case of a Hilbert space.
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Theorem 1. Let H be a Hilbert space. Then
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Theorem 2. Let H be a Hilbert space. Then

() C@.s;H)=2""*° for 1sr=s2, SS—T
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inequality :
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n ‘llp' S,l/s'
(Elﬁl") sK(E ) (o s hEX)

i1

2 &y

=1

holds.
Hlawka BIARERIL, ZEEHEHIT L > T cotype FERIZEDL D DT, LOEHT
ROBRERSEEEEL,
Theorem4. Let X be a Banach space and X* its dual space. Assume
1 1

. v _ i
l<p=2,1<s<® —+F-1 and Tty

, ; = 1. If for some constant C, the inequality :

1/s

C(ﬂx+yﬂ'+gy+z|"+lz+x')I/rz(x‘ﬂs+ﬂy|js+|[zﬂs+|1x+y+zﬂs) (x,y, ZE X)

holds, then the same constant C, the inequality :
1/
»

(ﬂf+gﬁf+ig+hﬂ"+|h+fi) fsC(Ifi”+ﬂg[r'+ﬂ/zﬂsl+uf+g+hus')m (f. 8 hEX")
holds.

7% : Theorem 2 @ (i), (i) & Theorem 4 %>%, Theorem 1 ® (), (i) ZAEANL S,
LA L Gi) IRV THIRIFEICABRRELTH Y. 50 L 2 AR 0r 53
2oV, BRSNS,

%I Banach Z2ff] X 12519 % Hlawka WA HEXORHEER C¢, 5; X) 1X. 1EA
FRMINZEZ DL, ROX I BEREROZ LIZERE LY : 175

1-1 1
SEEE
1 1 1
% Banach ZEf{] 45(X) #>5 Banach Z2Ri] 04X) ~DEIERIFELEZ D L X, Zhix
ARTHOHHNTH D, ZDLEIEHEW .
x=a-b+c, y=a+b-c, z=—a+b+c
EZDHE. AERM®IT
ZC'I(‘L b. <) Hl’;ao = H I(a, b, c) U@X)
LD, TDIZ LI,
C'(r,s;X):%HTH
THDHZLZRLTND, > THRBEER CUr. 5 X) kDT Lix. HDEOR
WHRERIFER VA ERDTND Z LT 5,



References

[1] P. S. Bullen, D. S. Mitrinovic and P. M. Vasic, Means and Their Inequalities, D.
Reidel Publishing Company, Dordrecht/Boston/Lancaster/Tokyo, 1988.

[2] T. Figiel, T. Iwaniec and A. Pelczynski, Computing norms and critical exponents of
some operators in LP-spaces, Studia Math., 79(1984), 227-274.

[3] M. Kato and Y. Takahashi, Type, cotype constants and Clarkson's inequalities for
Banach spaces, Math. Nachr., 186(1997), 187-196.

[4] S.-E. Takahasi and Y. Takahashi, Some convexity constants related to Hlawka

inequalities in Banach spaces, to appear in RIMS Kokyuroku.



Remarks on Williams—-Wells' inequality

Yasuji TAKAHASHI (&5 B & )
Department of System Engineering, Okayama Prefectural University
Mikio KATO ( jinpE @& HE)

Department of Mathematics, Kyushu Institute of Technology

In this short note, we shall give some generalizations of the foll-
wing L,—inequality due to Williams and Wells [11]}:

Theorem W (Williams and Wells [11])

Let 1 £ p< oo, 1/p+1/p =1, @ = exp(2xi/n) (i = [-1).
Then for any t, 1 £ t £ min{p, p'}, and for any xi,Xz,...., X in L,,
it holds

n n 1/t n 1/t

(WWI, ) 2 12 eoi*xllv = AN D e

=1 k=1 k=1

Remark. (1) n =2, t =min{p, p'}® & &, (WWL.)d Clarksonf % 3
TdH B (cf. [2]), Licho T, BEWILClarkson®D —f#{LTH 5.,

(2) ajx = @ *& B E. nRIEFITHA = (ai) BROFHZMITER
FATHE, (n=208d, EFH, )

(*) laikl = 1 (j:k=1:2)-'-:n)y and Zj aikail = né\kl-

In the following, we assume that A = (a;, ) is an n X n (real or

complex) matrix satisfying (% ). It is easy to see that for any

Xiy X2ye oo y Xn in Ls, it holds
n n 1/2 n 1/2
s | = ajkxknz) = n( p> uxklw)
j=1 =1 Y k=1



Theorem 1. Let 1 £ p £ oo and 1 £ t £ min{p, p'}. Then for any

Xig X2y o oo o y Xn in Lp, it hOldS
n n 17 n 1/t
(*k %) 12 ajex IV =S x|t
j=1 k=1 k=1

Remark. Theoreml & TheoremW O — (k. TdH 5,

Now we consider Banach spaces X satisfying (% %k ). We say that X
satisfies (WWI,), 1 £ t £ 2, for A = (a;,) if (% %) holds in X. It
is easy to see tat X satisfies (WWI,) for each (some) A if and only if
X is isometric to a Hilbert space, see Jordan and Neumann [5].

Proposition 2. Let 1 £ g £ p £ 2. If X satisfies (WWI,) for A,
then X satisfies (WWI,) for A.

Remark. Zh XD, (WI)BAH T -KKHUTHITEZI NG5,
Theorem 3. Let 1 £ p £ 2 and p £ rfp. IfX satisfies (WWIL,)
for A, then any Lebesgue—Bochner space L. (X) satisfies (WWI,) for A.
Theorem 4. Let 1 £ p £ 2. If X satisfies (WWI,) for A, then
any Lebesgue—-Bochner space L, (X) satisfies (WWI,) for A, where

1 € ¢ £ min{p, r, ' 1.

Corollary 5. L,(L,) satisfies (WWI,) for any A (satisfying (%)),

where 1 £ t £ min{p,p',a ¢ }

Let A, - (1 !

_— ) be a 2 X 2 Littlewood matrix. Then Clarkson [2]

proved that L, satisfies (WWI,) for A,, where t = min{p, p'}.
We note that the Clarkson inequality (CI.) holds in a Banach space X

if and only if X satisfies (WWI.) for A,.



Corollary 6 (Takahashi and Kato [10]). Let 1 £ p £ 2 and suppose
that Clarkson inequality (CI,) holds in X. Then (CI.) holds in any

Lebesgue-Bochner space L. (X), where 1 £ t £ min{p,r{r‘h

Let A, (n=1,2,...) be 2" X 2" Littlewood matrices defined by
A, A,
An+1 = ( A —A ) (n=1) 2’--- )

where A; is a 2 X2 Littlewood matrix. We say that the generalized
Clarkson inequality (GCI,;), 1 £ t £ 2, holds in X if X satisfies
(WWI,) for A, (n=1,2,....). 1In [6] Kato proved that (GCI,) holds in
L,, where 1 £ t £ min{p, p' .

Corollary 7 (Hashimoto, Kato and Takahashi [4]). Let 1 £ p £ 2 and
suppose that generalized Clarkson inequality (GCI,) holds in X. Then

(GCI.) holds in any Lebesgue—-Bochner space L, (X), where

1 £t £ min{p,r, ' }.

Remarks. ClarksonfREX O —MbE. AR TREILhTWVE, NTF X
— 4% —BILT BZHFMOME L LTI, Boas[1], Koskela[913 ENH 5.,
CDBE. BROBEBI2BOETETHHH, HBEz2EHIC—BRIELLEZSOMN
Kato[611Z X 5 —fClarkson AR &R (GCL)TH B, (AHn T -0 E&IZ (GCI) I
PietschMEW Lz, ) & I THA L i-Williams—WellsD R &R 1T, HE %
nfdicd 5 —fibe b HRE5. %z, Lebesgue—BochnerZ fij (Sobolev,
Bezov, Triebel-Sobolevi % & i) IZ ¥1J % ClarksonfiF X, HH NI ET O —
BiLBEHRLCRENTWS, BREOPFFH T, ClarksonfFERX L 47 - a4 A1
TEBREOBEBEEE DN TWS (Kato and Takahashi [8])

RANIITHANALEERIE., Williams-WellsD R ERXZ — k3 5% & i
(CI), (GC)ZED—{LtTHH 5, (MEOHETXMEZLZRYAWLIEZ, )



[1]

(2]

[3]

[4]

[5]

[61

(7]

[81

[91]

(10]

(111
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Hanner ZUANEE D complex weight DE A
An introduction of the complex weight to the Hanner type inequality
KHDBV, FEGRE OUNIERS) , &fEdkm (MILEZKS)
Aoi HONDA, Yoshiaki OKAZAKI (Kyushu Institute of Technology)

and Yasuji TAKAHASHI (Okayama Prefectural University)

Abstract : In this short note, we prove the n-element version of the Pavlovil’s inequality as
follows:

E N Y e, "p >E |3 el r for 1<p<2,and

E|

n ) n »
i:z1 EiWiX; ” <E I’:Zl ew] x| ’ for 2<p<oo,

where n is a natural number, €, €,, ..., £, are independent Rademacher random

variables, x, x,, ..., x, are functionin L% and wy, w,, ..., w, are complex number such

that |w,|=1.

The original 2-element Pavlovic’s inequality can be regarded as a variation of the Hanner’s
mnequality. We have proved the n-element version of the Hanner’s inequality. Introducing the
complex weight in the n-element Hanner’s mequality, we obtain the n-element version of the

Pavlovic’s inequality.

EAfF X Hanner DAER, (Paviovié[1996])

we C |w|=1 Vx,x,e LS, Z, 1)
I1<p=s2 = le+wx2[|p+||x1—wx2“p2|||x1|[+w|x2|||p+|||x1||—w||x2|||p

2sp<e =+ wanl+ln-wo [ <llnl+ win P+l - wle ]l

g, % Rademacher 7 (% ¢, 3R 5 T=x1 %&3) L35 L T

1
2
wowe C |w|=1 Vx,xe LyS, Z, )

2
Z,l ew] x; [l

P

2 P
1<p<2 = Eﬂ;eiw,-xiﬂ >E



<E|Z eanlsl|

2
28p<oe = E"leiwix,
i=

ERBHDT, RDXH I n BENIET 5,

n ¥ B, e, e, ..,e, M % Rademacher 7, w,w, .., we C |w|=1,
Xpy X o X, € Ly £F 5,

1<p<2 = EHZI8iW}xi“p2E‘;8iWi“—xi”p

P
ivvi xi“

n sl
25p<oe = E“Z,le,w-,xi” <

Le_:mma 1
!
1 <p<eo, {g};_, Rademacher 5, uy, uy, ..., € R, Wy, Wy, s wy€ C, |wi| =1

n p n P
= E Xieiw,-u,‘ ZElZISiWi!UJI
i= =

Proof.

left-hand side = =5 (Z L2 Wity = Wit £ .. = Wt |

’_:r:
£y
1n Z |+ w1|ul |+ wzluz| *..x wn| un||
= ngh.t—lm.nd side
Lemma 2
) )
u=0,0e C,fu)=|ur+af+|ur—al?
OR

1<p<L2 = fu) @EFITNh
25p<ee = f(u) E L

Proof.
o YER DA 1T Hanner[1]l, 22Tt ao=g+ibe CTHb, Lizhio T,
fa =t +a) + b +| b +a)’ b T b, B 7)) 20 (<0) FRT I E1Z
L, RS CE L ITBEOAL I EICL) atSreal DBAITRESE L,

Lemma 3 (Kigami, Okazaki and Takahashi[2])
TRSL ATy ATIREERAS R ~ N(O, 1)

810 82



¢@:C—> Ly(Q,P)
z=u+1iv — c(ug,(w) + vg,(w))

co= ([ leF dP(w)]%

= (i) ¢ 3 reallinear
() ¢ & isometry

Lemma3 ® @ I2X V. flu) KDL HITERSI N5,

fu) :|u%+ oc|p+lu%—0clp

lo@? + o)+ | pr — o [°

= ute(1) + o) I + [urp1) — o) |

- ] [l o)) + o)) [+ | ubo(1)() - o(o)(@)

"leP(w)

TS g(u, ) B, ThbH
g, @) =[] wro(1)(@) + plo(w) [ + | wre(1)(®) — p(o) () []
2T '

F) = f ¢(1t, ©)dP(0)

we Q TEELTEZIUL o(1)(w), p(o) () 1 EEBETHL05 Yoe Q (E5E) I
DWW

g”(u, ) =0, 1<p<2
{g”(u, w)=>0, 2<p<eo

oTy f(u) :f 2" (u, MdP(w) IZDOWTHELY LD,

Lemma 4 (Kigami, Okazaki and Takahashi[2])
Up, Ugy ooy Uy 20, 0, Wy, oW € C, [w] =1
F(u, uyy ..y ut) =E [| 8,-w,-u,-% p]
= 1<p<2 Fu) 3& u oW TTIildh

2<p<oo F(Li) 134 u, IOV T R

Theorem (EAff = n B3 Hanner ~ER)
n & B e, ¢,, ..., &, T Rademacher 51, w, wy, ..., w,e C |w|=1,
Xy, X5 oy X, € Ly E9 5,

1sp32:>Eﬂ§ammr2ELZ&mhw




n p Il P
2<p<= = B| S ewn| <B|3 eodul]

Proof.
() 1<p<2 &¥5,

Eﬂ eimxf"p Elf
=1 s

- [ &3 e@me] Jue

% e @mx(v | |

= [ &[] % exommo [ Joue

n P
=E ” ; EiWi“ x,~l| ]

INEN HOMPLD x(H=20& LTEv, Lemma 4 O F(uy, uy, ..., u,) WX LT
Jensen DAFERUZ LY

fs F(,(0)° x,(0)", ..., x (HD)du(r) 2 F( fb x,(5°du(o), L x,(OPdp(), ..., fs xn(t)pdu(t))

25
left—hand side :f E [

S

3 e | Janco

f ,;le g, wx (1) Ipdu(t)]

:Els
=F [ zg]

,Z EWX;
|

right-hand side = E ” ZI gw) x|

L YRDOBFEXLIF TS,
@) 2<p<oo
AT BRI DWW T Jensen OAZERUT LY | () OBE LA EORERTRL,

By
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NORMS OF SOME SINGULAR INTEGRAL OPERATORS ON
WEIGHTED L? SPACES

TAKAHIKO NAKAZI (Hokkaido University)
and
TAKANORI YAMAMOTO (Hokkai-Gakuen University)

Abstract. Let a and 8 be bounded functions on the unit circle T', and let W be a
positive function on T such that W,logW € L'. Then the singular integral operator S, s
is defined by Sagf = aP.f + BP_f,(f € L*(W)) where P, is an analytic projection and
P_=1—P,. Let h be an outer function such that W = |h|?, and let ¢ = h/h. We
give three formulas of the norm of S, 5 on L?(W) using o, and ¢. If o, 8 are constant
functions, then our results contain the Feldman-Krupnik-Marcus theorem.

1. F(z) DRERE Sop OF 1 7 WART

B T = {¢ (] = 1} LOEBYEENI Lebesgue MUK dm(() = db/2r (¢ = &)
EIEERIBSBIE W IZDWT LX(W) O/ Wb%  (Iflleew) = {[, [fPW dm}1/2 JENS
IR BEEL £ DRRBS Sf %

$NQ) = [ 200 (@egem),

(F5H3 Cauchy OFESY) DD, P = (I+8)/2, P.:=I-5)/2 (I XEHE
AR, a,B € L= IKDWTHERBSERZR Sup % Sapf = aP,f+ BP_f LED S,

IR | - [|Sapllzow) = SUD)| 1| .2,y =1 1 Sa6f 2wy ZRTET B2 DA ERD X,

TTERME W WEHD L &L, TNTD o,B € L® IZDUT ||Sapllrz < 00 THY, FHx
(X DIEHEIS A TTET B I DARELRNIFE U [15] 1ITF Ldic, €D EXDFEEEN
%1 THD, —F, WHEHTHELTH |P|lw < 0o THIUL, TXTD a,Be L™ I
DUT ||Sapllzz < 00 TH Do o, WEHD EE, & 2 DK 7L Feldman-Krupnik-Marcus
I EB ) VAARHHISNTE D, SEOHKA LEAIOAETERXA T Cf. 3], [7,
Section 13.5])o FHAE W, o, 8 WEHTRHWESICOBATES5E 1 /LA CGEHE 1)
wRDTz. T DAL Cotlar-Sadosky D lifting B & Hilbert ZZROFRMIC L 5, 2 /
AR CGEHEL 2) 38 1 ZRHVWTEEATE, %2 2FATWS, 83 JIVAAH (&
H3) 3FEH 2 LD IZENDS6F 2 DEBIZEINS L) DIFTIIEUD, of ¢ H®
DOHEIZDBEHATES ) IWAAREEZ TEY, F#H 2 LAUCEH 1 ZAVWTEEHTE
%o Koosis DFEE [9] &V, |Sapllrzer) < oo Ziii7cdHRIL LB o, 8 DIFET S8
DOHEAFEMI WL € LY THSB (cf. [14])o T, WL D [|Sapllrzw) < o
KoM a= B EBY, Sup GENFIBIERRITIEY [Susllsn = lolzen = ol 1&



KCHSNTNS, Ko>T W e L' DEEEFH~NEL . W >0, W e L ThH-7c
Mo, logW e L' &15%, KT, outer Ml he H2ZIZLD W= |n? EEJ3, Z
DEE p:=h/h ERDBE, ||Pllzawy ® |S|2or) DERTH 572D DBEA-535M4:4
infxepro |¢ — Klloo <1 TH B &I, Helson-Szegd DFEEE L TLLHMSN TS, ZD
EE, TRTD o,f € L™ IZDONT Sa,8ll 2wy < o0 &5, LML, Koosis DEHEIC
& infrege [|¢ — klloo <1 THEL TS Wt € L THOIE ||Sapllzer) < 00 ETEB LD
i a,feL® 3l BAHS (f. [14]) ZDEX, ROE1 ) IVLARNRKD D,

EHE 1 | a,f € L &9 5, outer B8l h € H2 IZXYD ¢ := h/h, W := |h? &b
F(z) &

F(z) =

keH>

2
P I8 | J s (122 lﬂP)

EEFET B &, infimum (d attain U, F(z) IZEEH = O convex BEITH 5 Z Ebhvbod
5o TDEE, IRD (1), (2) DD ILD, o

(1) BU [Saslizzen < 00 BSE, F (ISaslZagr) = ISaslZag) DD,

2) BUinfrepe |6 — Elloo <1 TS, (Sapllirzamy < 00 THY, HBERX F(z) =z &
ﬂﬁ-‘@ﬁﬁ T = ”Sa,ﬂ”%z(w) =50

I, By = F(z) ODEARGIZ N DINEZ B,
Bl1. W HMREHOLXIT o BFEHICY,

2
o +1BF \] 2 — o — kP + <IaI2 2 IﬂP)

F(z) = inf

keH>

oo

 keH® = F(0).

o 1P J o — k4 (IaP W)

o0

£>C F() WEBITED, ER1 (1) £ F@) = F (ISaslaon) = [SaslZeor:
& > TROZ 1 DR 1,

%1 a,B € L® D W WNEHD & X,
o + 185 J'“ﬁ_ e+ (|a|2 Iﬁl2)2

Bla. WHIEBNDefcH® DEXL, #l1 XD Fo) IXERITIRY,
F(z) = F(||Sapll22) = |1Sapl2:- FE 1 ®F% 1 D infimum I k = of T attain L,
[|Saplize = max{[jclco; l| 5|0}

1SasliZ2 = nf




Bl3. TH1DRBDTFTc=infrcge [|[p—k|oo EBLoa=8=0DEE, F(z) = clz|.
bLc=17.6lE F(z) =z OBI—FETHE. bl c<1 A6, F(z) =z ORI
r=0. £-T, BH1(1) &9, [Soollrzaw) = 0.

Bla. RULL, a=1,8=00&E, Fz)=1+ /222 +1 bL =170 Flz)==
RERIIT. KT BEH1(1) &9, ||Siollezary B [|1Pellreory BHERTIEU U
c<1B5, Flz) =z D3 2= 5. £oT EEH1(1) L9,

1
S — P et r= .
I 1,0||L2(W) Il +||L2(W) \/_ /1 — 2

Bls5. FEIUL, a=1,0=-10D&E, Fiz)=1+cdz+1l. Bl c=17R56, F(z) =z
RERFIIE. £oT, BE 1) &9, (1S1,-1llzzowy D 1S|lzegry BERTEN U
c< 1725, F(z) =z Offid o= 32 X-T, EE1(1) &b,

1+c¢
1—¢

|1S1,-1llz2omy = 1SNl 2ewy = V2 =

Bl a4 @ JIVIEARIE, TSI SN T (cf. [8], [13])o Ljance [13] i, range(P,)
& range(P.) D19 0 1IZDWT

1
WPl 2wy = 1P-\l2wy = g

%7, Helson-Szegd [8] I& ¢ = cosd ARUTc, D&, Spitkovsky [18], [19] I&

1 1
1Py lzm = = (nsan  + ——) |
W =3 ) S 2

: 0
(Sr2owy = 1Pl z2owy + \/||P+||%2(W) —1=cot 5
U, Bl5 OJIVLEARERKD T, FDOW%, FHxld Cotlar-Sadosky D lifting EE%

W BIRERRE 5.2 72,
2. Sap O 2, 3 /ALK

ac H® feH® DEXDR, o O—FH0 DEXEER, of € H® HIRHIL>TH
%o ZDEXIZIRDE 2 ) IVLAEHKD LD,

FH o | TH1ORHBDOTT, afcH™®, |af)-8Q)|>0DEE,

Jo (LAY o (252

= inf
|Se.pllz2w) keH p—k|<1

oo



a—p

7ziZU Ve = 2

2 1
(1—W—M2_0'

ZDEIIZE 2 JIWVLARE o, f DHBRITIZ > THBED O, B ofPEHD L&

W Sa,6\ 2wy = 11Sp.all 2wy

MDD TDFERID o, f DEHD EXITIRDH 2 (Feldman-Krupnik Marcus D/ JV
LAR) DOHISHNTW ., —H, 1 L&D ()= =1,W({()=1D&E, ZOD
IR O T, o T, ZOFERL af € H® D EE—INTIZEK D L/,

o, B NEBL ¢ = infrere ||¢ — ko < 1 D&,

2 2
”Sa,ﬁ”Lz(W):\[’Y—I-(ﬂgﬂ) +J7+<|al2ﬂ),
a-B/ 1

2 l(l—cz_l):
AIDETEIC VTT @ < 7+ o] 25 EROFERER 5,

max{|al, |8} < ISasllz2w) < max{|al, |B]} + |a — ﬂl\/IIP+II%z(W) -1
BRI UT, aff € H® D EERE1RD,

(R3] %2 ORHOTT o= infren [|[p— bl <1 DEX, F2 ERALEIIC 4%

EDDE, v FBEEICED,
el +181\*, |, (lal=18]\"
{1 () oo (E52)

< max{flafloo, |Blloc} + et = Blloor/Il P 32wy — 1.

a.—

2

max{||aloo; | Bllcc} < 1SasllL2w) <

Ble. o(Q)=¢+1,8¢)=LW(E)=[+1">DELE, of € H®,¢(’) = e P/, =
e’ —n<f<n L7, I¢—%|§—1ﬁ<1. £-T, TH2 &Y

2 2
J%+CM;M)+J%+CM;WD
N la + 1 2+ . la| —1\?

. 1 1
f:f:[/ ’Yl/\/izz(m—l) J:’JT:

2 S ”Sa:,ﬁ“Lz(W) = kGH"}lﬁﬁ—k'<1

<

V2



4(2v/2cos(6/4) — 1)

{\) 3 —2v/2cos(6/4) (\/ 1+cos€)+1)

2 < |ISapllzegwy < sup
—r<f<m

( 1+cos€ —1 }

3 — 2v/2 cos(4/4)
4(2v/2 cos(0/4) — 1)

29 + 2,/3
¢9+-¢”+ 1+2\/‘_203
14 14
. &5,

V2 (cf. [12)) &9, 5 =|52[ <nP+||L2(W) -1 =

COEE, ||Pllew) =
H H+lﬂl J (e Iﬁl)
SeEs +¢j_l+<§):m;ﬁ=2.28...
£,
\[ﬁ(lal;ml—)g\%(ml wl)

2 < |[Sapllz2owy <

N, % 3 OEEHEEDILIIMEEZ ThE,

(4] %H1OEHEOFT |a(0) >0 DEX,
P = inf =
lePy ||z2w) = inf \/TT—TIZ .
k6| EH1DRHEDTT, e, € L% e, >0,enlleo = 0, (n — o0) s {e.} W
FELT
laP.|| = lim ||(la| + €n) Pyll2owy = lim inf _lalten

{) l./ iIlf];eHoo ||(]5 - k”oo <1 7:{ ‘;‘i Epn = % &&h%o

Bl7. W(O)=1¢+I1V24R(Q) = €+ D)2 ¢=e”,6(¢) = R(O)/ME) = e, ECT ®

E&E, R4 EFR5 LD

lim inf | XEtE
VI—le—kP|

n—00 ke H™

IxzPillz2gw = lim ||(xz -+ )P+||L2(W)



xe + 0.1

Sl 074 _ 112
\/1—- e/ — 5P|
—r<f<mDEE L <cos(f) <1. KT

" yg+0.1

/V2cos($) —%

2 1
2v2 -1 = V2cos($) — 3 V2
£-T, E° LTIX
xet01 1.3 <01s.
V2cos(?) — 1
Floo=0DLE,

1 , 2
/V2cos(8) — 1 2v2 -1

£oT, +a/hE N e> 0 IXDNWT E = (—¢,¢) EEDDB &,
IxEPs 2wy < 1.05°1.1 = 1.155 < V2 = ||xsllool| Py 2w
£oT, |laPllzw) = llallooll Prll2wy WE—HEENITIEARD ALIZAE,

5 “Saﬂ”m(w) & ”S||L2(W) B EEEZ D, o ,B € L™ ;’)b‘f
Saﬁ =281+ &85 kD,

a—p

nsmwm<H ‘] lemm
BFEHOSNTINS, $FIZ af € H® O EZITEH 2 X DIRMED T,
xRe6e| TFH2ODEFHOTFT

max{||alco, [|Blloc} < |Sa,sllz2ew) < max{lalico; [|Blloo HIS] z2qw)-

Bls. a)=180=¢CDEE af¢gH> %1 &D,
2
lw;WP%vﬁ_w+Cw ww

KT ||Sapllzz = V2. —H, |IS|lzz = 1 &9 ISasllze > ||Sagllre. &£=T, %6
of ¢ H® O &E—RINTIIRD L0, IS, FE 2 Toff € H® 27585 e
T5E, %6 THTNERLBDIIENEINTE, £-T, TH2 D ofgH® DLE
— BN D L IR U IRDEE 3 J IVLAARIEZED EE B LD,

FH 1 OFBEOFT, |[|al@)] - B0 >0 DEE,

la? + |8 — 2Re(aB(1 — ¢k)) “
1—|p—kf? o

“SD‘:.H“2L2 = in‘f

keH>

= 1+ké%fco laf -kl = 2.

o0

”Sa,ﬁ.H%Z(W) =

keH™> |¢p—k|<1



RT7| EH3OFHOTT,

max{|8 — &(1 — ¢k)|, la — B(1 — ¢k)|}
y1—lo— kP
o] + 18]

Vi—lo -k

B Sap=(a—B)Py+ Bl =Sappo+BI, Sepg=B—-a)P-+al=>545+al &,

o — 18]

N

< Sapllzw) < inf,

(1) keH> " k€He

s o} oo

[e o]

max {||alco; [18llec} < [1Sallzzwy < lle = Bllool| Prllcaquw) + min{|levlloo, || Blloo}
o| — 18]

DHIOSNTNAED, ZORELELT
JI— o — kP2 w}

+ min{||af|o, [|8lleo}-

[e o]

kcH®>

(2) max {Ilalloo, 18loos , inf

a—B

Vi—lo—k[?

HIZpg=0m &%, (1) % (2) OAFRIRD LI IR 4 D/ IVLAARITILS,

< WSspllzzowy < | inf

3) Py |2y = inf || ——————
HHIRN e | T 1o kP

o0

& 3CE
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Positive cone D TN -infimum DEE
TETEFEA BEFI THE B

Problem of Infima in the Positive Cone

T. Ando (Hokusei Gakuen University)

Abstract We consider two positive (semi-definite) operators A, B on a Hilbert
space. We prove that the infimum A A B in the cone of positive operators
exists if and only if [A]B > [B]A or [A]B < [B]JA . In this case AA B in P
is min{[A]B, [B]A}. Here [A]B is the A-absolutely continuous part of B.

1 2 ERIE  Hilbert 220 H OH5H % selfadjoint ZIEAED LR 3%
BONER., TbH

A>B <= A-— B positive (semidefinite)

2B LT ordered vector space 127 575, R (lattice) FEiEd H 13T L&V,
EB A, B IZ infimum AAB BPEFETEIDIEA>B P A<B, T%&bbH
A, B )% comparable & IZRO LA,

COHEFBEEMET A0, A B> 0 N BOGEEEZ L), EERXT
LT

A= [ a0y, B= [ g)dER)

EFEFRTED, T T{E(N);a <X < b} i projection DIENR T, f(A), g(A)
I3 non-negative 2RI TH 5. v
3 L infimum A A B DT UL, FhZ

o %S b
< [ win{ £V, () }4E()

BT ERBETELTHAL ) E F(A)>0,9(A) >0 THBD f>yg
Th f<gTHRTNIE, D>0TD<LABT, C#* D bDOPREKT

&5, TNIE 2 %2975
a 0 o 0
0 81" |0 B



T.a>d>0,>8>0D8E, 2x2475 X = [2;],212 #0 T

Tyl T1g a 0 o 0
o<\ <[5 5] |5 8
TiEH BN ' / .
o 0 T11 T1o
[0 ﬂ]z[wn 3322]

DEDHPHERTELZ L EREMICA L TH 5,

EEDOIE % positive (semi-definite) Z2EHZE D 72 5§ (cone) P IZHI R
5L, LLIKEIFED S,

ECHBLAELOIZ, A B> 0., 3725 positive invertible T, com-
parable T2\ & %%, P T® infimum AA B 34 L7220,

invertible TZ2VWIGET, A>02%rank 1 25 0< X <A 72 X 33X
T A @ (positive) scalar B THBE0H, ED B> 0 LTD {X;0<
X <A B} ZEEFREELZYVREKRIT . $4b5 P TO nfimum AA B
PFET S, COHDFEYID, Thbb, EOB>0IIHLTH P
TO infimum AA B SFETAHDIE, A rank <1 D& XIS,

Aoz <meni-L 9z, P,Q »¥projection THiLZE, P TP infimum
PAQ DPIFIEL., #1UE projection T

ran(P A Q) = ran(P) Nran(Q)

THROOLNE, COFEIRDL) IT—HIETES, $4bb, Krein DA
R HUTED B> 0 1 LTHRATT

max{X;0 < X < B,ran(X) C ran(P)}

PHEETS, WE 0 BLSITHhiE, ETO0LS X < T ERBDT,
ran(X) Cran(P) i3 X <P t7%25b, O LT ETRELFRITHE P T
O infimum PA B 12725, §7%b 5, projection P & 0 < B< T iZ/=w1L
T, P T® infimum PA B "FHET 5,

Moreland - Gudder [2] &, Hilbert ZZM2SERRITTOZE, 0< A, B<IT
IZ P T? infimum AA B DSFIET 5 720 DB 55 2R LT,

COFEED BMIE, XY transparent 72 FET, —k D Hilbert 22D
B OMEBTH{RTAHI LIZH S,



2 FAHAGIFZEADETLT 0<AB<I%ZEZX5W. ker(A+B)={0} &
RELTS—EEEE LDV, 20L& {X;0< X <A+ B} 25 {Y;0<
Y < I} ~® bijection ¢ 7%

X = (A + B)*p(X)(A+ B)"/?

THE %, p I affine, order bijection 12722 T35, L7275 C P Tinfimum

ANB PHEHETAZ L E, P TO infimum p(A4) A p(B) BFIET ST LiF

FIfE T ’
p(AAB) = ¢(A) Ap(B)

Erb, HEELRZDIT
w(A)+o(B)=1

THEPL, o(A),o(B) a2 LB ETHB, o(A),p(B) DRIEET
Lx479 &

1 1
@QQ:X}MEQ% QBﬁiAU—AMEQ)
EEPNS, infimum DFEMIE
G [ min{), 1 — A}E(N)
0

THHH, T {X;0 < X < p(A),o(B)} DPFTORARILTH S Z LI
BHICH B, B L P TO infimum p(A) A o(B) BFETIUL, ¢ E—FL
2 TERLRW, 22T

~ 1-
C= / max{A,1 — A}dE(A)
0+

rEINZILICERALLY, Jhik

1—- 1—

/\dE()\),/ (1 — NdE())

0 <X <p(A),p(B) < 0<X <
v ot

0+
LEDbED L, 1 1
ME(N) (1= N)dE())
0+ o+

D P T infimum OFEZHEICT A L E H UThHAHI ENDLPA,



(0,1) TA>0,1-A>0THs25, HICHRA LA LRI, P TOM
O infimum 2SHFEFET H DI
1- 1-

ME(N) (1 — N)dE())

0+ 0+

% comparable TH A L ZIBWOENEZ LV brb, 0L XITHAK

wp@Awﬂﬁ@nP):mm{;inQL/ (1— NdE(O)}

0+

LB, Liehso TR
TAMEQ) [ (1 =NdEW
0+ 0+

% o(A),p(B) POEBEED LI IR TELPICH D, TITRELDDI

ME() = sgplf;%égéggésdﬂxA%

1—

0+

1- B Ton(l=2)A
A+“‘AME“)‘ ﬂVAnA+u—AﬂE“)

DFERTHD, COFRFDEKREZEZ 572D —KEFHITRA 9

3 —lROBENDET X,V > 016 LC—#&I2i infimum 372 W
A%, infimum b EZ2DDPH B, FNIEL X, Y O WFHIF (parallel sum) )
bR XY tEPNLDOT, MHEGER

X Y = {X4y 1!
TEHRSNLD, —ROGERIZXRIERE LT
(X : Y)a,a) =inf{(Xb,b) + (Yc,c);a =b+c}

TEHRENS, XYV <X Y BHLCPLTHE, e —5EDTY D X -
fExtESHTE 2 (X -absolutely continuous part) [X]Y %

[X]Y = lim (nX):Y

n—00



THEFET S (Ando [1]) 0 BHICHB I & E LT, Yo [X]Y EEHMNT
HD
0SY<X = [X]y =Y

P Tho Projection P ICBLTIX [P)I=P &5,

35T
[(X]Y = [X]Y]Y = [X : Y]V
PHLN TV A,
TRDOGEICHEB L, WH PRI
1-— 1—
e(BYlo(A) = [ AEX), le(Ae(B) = [ (1= NdEW)
L, Fi:

o([B]A) = [p(B)le(A)  @([Al1B) = [p(A)l(B)
DHEDD LMD T, AEHORBRIEIROBIZETLDOLN S,
EE AB>0DEE, P TO infimum AA B PHFET B BLEF454541E
[A]B > [BJA *7:i& [AlB<[BJ]A
PEHIIDOZLTHD, TDOLEHLH,IC

ANAB (inP) = min{[A]B,[B]A}
= min{[A: B]A,[A: B]B}.

4 BIFDIZBEDHE#E projection P £ 0 < B T3 LCIZ

PAB

oA

THAENPDL



&7 5. ¥R projection P, Q 1272w L Cid
PAQ (inP) =[P =[Q]P

Eb,
A>0drank 1 DL XlZ, B>0 1272wl T

0 < [A]B < (scalar)A, [BJA< A
L2555, [A]B & [B]A i3 comparable TH 5,
5 FHRRTDHZE ﬁﬁﬁ%ﬁ@%/ﬁ\ai ran(A), ran(B) (&3 CHE52Z2
X720, 25D projection % Py, Pg ThHhob¥ &
aA< Py <BA, aB<Pp<fpB
B> 0 HHDPH
[A]B = [Pa]B, [B]A=[Pp]A

& projection o TEHEPNSE, & 51T ran(A4) Nran(B) D projection &
Pyp EEL L, BRERTTH 2> T ran(A : B) = ranNran(B) 2°TAH DT,
oz erb

[A : B]A :.[PA,B]A == A/\PA’B(’L"I’L’P), [A . B]B = [PA,B]B = B/\PA,B(ZTLP)

L BH G, P CO infimum AAB DT 5 L ODLIA G5, ANPap
¥ B A Pyp % comparable DT &£ ThHb, €L TED/HIWVEY P TD
infimum AAB &7 %, ZhdS Moreland and Gudder DR TH 5,

6 ZEXH
[1] T. Ando, Lebesgue type decompositon of positive operators ,

Acta Sci. Math. (Szeged) 38 (1976 ), 61-67.
[2] T. Moreland and S. Gudder, Infima of Hilbert space effects, (preprint).



Survey of unitary p-dilation and 'p-radius

ALMEEBERFILRE  KAR Tk

1. LI

TICR amF ) — p KT B REREORA R B ET B, FLUVRER I
PREC (LU RS - FSEER) & OHFBIFIZE B, LT O A, B IEE AL L2208
H LOHREVIERE LT 5,
p >0 LTAMN p-REIMERR THB LXK DH RHDEAVVMER K X
DEDm=x Y ERE U Bb>T,

A" = pPU™y (n=1,2,--+)

BELVINDZ & T3, ZZTPIEK b H~DEXHEEARTHS ((14] &
), p-Ha/MERBOF ST L LTROZ LBRMBN TN D,

Theorem A. ( B.Sz.-Nagy and C. Foiag[15] ) A€ B(H), p>0 &35, ZDL
. ROGEHITEETH B,

(i) A 28 - METZ

(i) 1(4) < 25, ll=Afp — o(p ~ DAY £ 1 (2] < 1)

(111) —2Re[zA(I — zA)™ 1) < pI (|2] < 1)

Al & A DAERZE /v |14l = sup{llsl] | lll] =1} &5 . [14]] <14 %
i/ MERSE L FESR) Th D L X, 1953 T Sz.-Nagy 12 & - T A 13 1-Mi/MERERT
bHDZENREN (Sz-Nagy[12] Z2H), ZDZL»H b, J.von Neumann[16] 23
ALz, ADBSHMERREDLE, 3 TOSHEKN  f(2) X LT,

AT < max £(2)

PRV DZ ERRIND, Fo, 1965 41T Berger[d] 25 EHCFE : w(d) =
sup{|(Az,z)| | ||z|| = 1} 2 1 THIUNE+HEMEIE A B 2-W/MMERFLRD
ZETHBZEER L, 2D EE—M{EL T, Sz.-Nagy and Foiag 23, 1966 4
2, TR T p-E/IMEBR ZERE LTz,

2. B(H) OWMIESE &L LTOp-HIMEASR
C,:={Ae€B(H)|A:p—M/MMEAE}

S:={AeB(H) | A: fMERZHE ), T72bb,

3c (||C|| < 1),3S(invertible) ; A= ST'CS



PLB ={A € B(H) | A: polynomially bounded} . J 725,

AM >0 ||p(A)]] < M sup |p(z)| for all polynomial p
|z]<1

PB :={A € B(H) | A: power bounded} . J72bb,

dM >0 ; sup |[|A"|| < M
n>1

R ={A € B(H) | r(A) <1} (r(A) X A DA FLRE)
L5,

TDEE, ROBMENRWZ B,
UpeCp GSSPLBSPBGR

INEOBRIZONWTERNRZ L2V LBALZ LTEHEL, 1966 FiZ B.Sz.-Nagy
and C.Foiag X Up50C, C S THDZ LERLT, FIUTEIE - T, 1959 FiZ Sz.-
Nagy[13] 23 PB C 8§ RV Loh, LWIHEEEZH LTz, Sz.-Nagy i3 A1 B3FHE
L. A, A e PB 72biE, A S TharZ iR (ERICE=2=%Y —{EH
FIHPLER LT, ) . ¥£72. Sz.-Nagy and Foias I2& > T A € PB TERFEZRL
i, A eSS HHLNTND (boliM<, Ac R Tary"J b 4eSTH
HTEPRRENTNT, ZOZ L oRADAFTEBIIHETHDLZ L3005, )
Zhuizst LC 1964 B2 S.Foguel[5) X Z ORIEICB L CRFIE 5 X 7, 1968 &
A.Lebow[S] I% Foguel O #iiX polynomially bounded TR2WZ & &R L, 1970 4FEI
P.R.Halmos[7] X PB C § 7»& W 5B (Halmos Prbblem) ZIRE Lz, ZORME
B LTIk, 1996 4RI G.Pisier[17) BV /e N2 & &R LT,

2B, Up>oC, 1E R T norm dense 12725 Z L bEFHITTED,

CoiT 2z €C, |z =1IZHLT, 2, C C, BWVAXDHDT, Minkowski func-
tional BEX LI, 4 D p- &% w,(4) = inf{y > 0|y '4 € C,} TEET
% (J.AR.Holbrook[7] Z) , ZDLE, w,(-) X 0 < p <2 T/ NWLITRDH
2<p<oo DEZFLLTDOXIITHE ) W BZIER DD/ VAT,

wp(A + B) < §{w,(4) + wy(B))
p-FERITROMEE %2 H 2, (T.Ando[l] ZH)

(1) wi(A) = ||4|| : the operatoer norm



(2) wa(4) = w(A) : the numerical radius
(3) lim w,(A)=r(A): the spectral radius
p—ro0

10g w)\p—f-(l—-)\)cr(A)

@ < Mogu,(4) + (1 - X)log ws(4)
(5) 1< 0 <p BBIE w,(A) < we(A)

(6) 1< o <p 2% ow,(A) < pw,(A)

(7) w,(UAU*) = w,(A) (unitary U)

w|,(+) X Schwarz norm TdHh b, §72H analytic function f: D - D(D = {z €
C|lz| <1}, f(0) =01 LT

(8) wp(4) 1 = wy(f(4)) <1

S >0 ZHMFEMERARLTHLE, C-K.Li, N-K.Tsing and F.Uhlig[9] IZ &
D —R{E SN Vs(A) BRO X S IZEE SN,

(9) Vs(4) = {(Az,z) | z € H, |(Sz,z)| =1}
(10) vs(A) = sup{|(4z,z)| | 2 € H, |(Sz,z)| =1}

Rz S =1 D EEIE, Vi(A) = W(A4) := {(4z,z) | ||z]| = 1}(4 DI T, 20
vr(A) = w(d) TH 5,

ZOEAELTIE, ABav Ry MERERTS = |4] = (A*A)YV? | v5(4) <1 D
L&, A PEHAERFETHD Z &2 T.Ando and K.Takahashi[3] iz &> THHILT
Wb, 0< A\, p <1zl T

w(4) = sup{|(Az,2)| | Mlz[|* + (1 - M)||4]]* < 1}

wi = sup{p||dz|* + (1 — p)l(Az,2)| | ll=|| < 1}



ELT, p>1 LT,

Wy (A) = sup{p||Az|® + (u — 1)|(4z, 2)| | le]] < 1}

LB, TITHL AN pHMERRTHE I LE A WBERT S S >0 & vg(A)
ST, bz, wa(A), wi(A), wi(4) ZAVTREST 5,
E, wy(4) & |(Az,2)|, ||Az]], ||z)] ZE->TERFT B,

3. w,(A) DERF
p>01ZF LT A Bp- M/ MERARTHLDDEHEE L THRERD
FE1 p>0,p#1 95, 0<t<1IZ/HLT

p—2 I i2

_1_»r
11 = - I+t

2|p ~ 1

5B, TDLE A DBpM/MEARTH DD OMEFSEMEE, S, > 0 23D,
v5,(A) <1 MR 0<t<1 THRVIEDZ L THB,
ALY >0 B LE. AcC, ThHLDDLEASEMERN

el + (1= 2) 1¢Plleli —2 (1= ) Reg(do,2) 2 0

(CeED,zeM ) ThdIENb, BEICEINS,

ZOFERELT,

R 2 p>0,p#1IKHLT AN pHEIMMEAFETH BDITBEFHEMEZ
0<t<1IRLT A=5""BS}* Lcx5z &T%éo;;T'BtiMBQ<1
Th b, (S 1k (11) TEZESNIZERAR)

FRZ. 0<p <2, pA£1 D EXIF, ROZLEBEZD,

B 30<p<2 p#1ET2E, AW p i MERAETH B DI ME DA
X A=SYIBSY2 LigBd 2 &ThD, EL. S=(pl+(p—2)|4]%)/2|p—1] T,
B T w(B) <1 &WMilzd,

R4 p>0,p#£1E9D, t>w,(A) ThHHEE,

1 p-2
lall* + 5 o—ll4sll* (= € #)

BELY S0, WU, BB to Bdo T, ¢ > to W LT (12) BV SLTEL t5 > w,(A4)
Th D,
ZOEFERRFHRTHNWS,

(12) (Az,z)| <1t

p
2lp -1



S

(o< p<1, 1<p=2/(p+1)<2 LFD, ZTDLE, AN pFMERAETHD
Ll whHA) <1 THHZLARETH S,

(2)1<p 0<p=2/(u+1)<1 &T5, ZDLE, AW pMEAETHHZ L
Ewi(4) <1 ThoHZLBEETH B,

pllAIP+Aw(A) <1 (p+A=10<pu<1) FkiFp-A=1(1<pu<o0)) &7
B, RIZp=2/(p+1) DI w,(A) <1 BRENDLEXDH. HTF AR,

F60<p<2LTB, ZDLE w,(A) <1 THBEDOUEFFEMEL w(p|A2+
APA)<1(0<8<27), ::V(‘:,U,—I—/\:l,ﬂ.:%—l ifdiu—)\:l,yz%—l
}:ba—.éo

EBH 70<A<1 T3,

(1) 2 <A<, p=2)/(2A-1)22 &TDL &, APpiaMERARTHDSEFS
G wA(td) <1 (0<t<1) 2B LThs,

(20<A<L, 1<p=20=-1)/2A=1) > 20> A RAHLTBHLE, 471 )
WMERR CHAZMNEFTIFRBIEI wA(tA) <1 (t>1) LRDZLETH D,
ZOMRIEER 1 AW TTE S,

EE 8 0<p ptlTd, ZOEE,

19 )= s (as, ) 4 VB [ flall =1, D2 0}

L, D =|(Az, )] — 2232 |Az]]? &F 5,

SR RA LY.t > w,(A) &£ D EN|z)P? —|(Az, z) |t +(1-N)||Az|]* > 0 (z € H)
D, ZIZTA=p/2lp—1o D>0 EEETD &,

)(AIII,.’I))I—\/D_
) = N
E =S /5
|(Az,z)| + VD
w2 T
Th 5,
b o [(A2,2)|+ VD

eo 2Alz]f?
ER Lttt b

Alz|** — [(Az,z)lt + (1 = N[ A=* 2 0



Nz eH TNED, FaANb, wy(d) <ty &725D,

0<p<2DEE, |(Az, ) —v/D <0 DB, wy(A) >ty BVAT, wy(4) =1
L5,

p>2DEE  2geH T

|(Azo, z0)| = VD
2X||zo|f?

wp(4) <
EHETETDE, RAPD
1
(Ao, )| < tM|o][* + (1 = Ml Aoll”

(t > {|(Azo,z0)| — VD}/2M[wolP) B % B, —H T b L.t > {|(Azo,20)| -
VDY /2M]|ao|? 72 I,

Aol [*¢? — [(Azo, zo)lt + (1 = A)||Ao|[* < 0
LY, ZREFEYT B, LERoT,

(42, 2)| + VD
2 |||}

w,(A) 2
BIRTD g € HITDWVTHEY D, BRIT, p>2 Th w,(4) =to DA D,

RO0<p<2:¥BE, ROTERBRY I,

o {21 - e ZoLlAl} < ) <21 - 7 )+ 220041
EWEBLIELE ST, 0 < p <2 Tidpw,(4) = (2 — plwa—,(4) BEY IO,
1<p <2 TIOFRERBNZDZLERT LRI LRBDYND, THS M LMEIC
TOFRERILREND, T, 1< p <2 T, BIOFRERTT TIZAM BN TN SR
sk,

w(4) < wy(4), ||A]] < pw,p(4)

v, B0, AL oEETET TR\,

EFE 10
(1)0<p<2LT3B, ZOLE,

wp(A) = — sup sup {v p(2 — p)llAz|lv/t(1 = 1) + |p — 1]|(Az, @)t}

P lz||=10



(mp>2®&%,

wy(A) = sup  inf{~+/p(2 — p)l|Az||\/t(t — 1) + |p — 1||(Az, )|t}

Pn ||=1,D>0t21

772U, D =|(Az,2)|2 — 222)||Az|2 LT3,

(p—1)2
A (1)0<p<2 &9, |lz|| =125 2 € HIZH L Ty(t,2) = /p(2 — p)|Az||\/t(1 — t)+
lp—1| |[(Az,z)|t LB, TDELE,
d
2 (d—tg(t,m)> V(1 —t)
= /(2 = p)l|Ac||(1 — 2t) + 2|p — 1| - [(Az, 2)|/H(1 —¢)
E0. Lot a)imy, = 0,0 <ty <1 THHLEHHGMIE

oL, (o)

2 2D

ThHY, LERnoT,

N een
Vil ~t) = T 1VD

L7285, TITD=|(Az,)? ~ 25| 4|2 LB, WRIC

p—1)2

2 sup sup {\/p(2 p)|AyllvH(1 —1) +|P_1| |(Az, )|t}

P ||z||=10<t<
2 VeE=pllAsl] 1 |(4s,9)
—p”zlgl{\/(2 Az x LEEmEE 0 + o= 1] (s, >|><(2 e )}

e (VTS )

P |lz||=1

(2) b f(t,2) = —/p(p — DN|Az||\/H(E = 1) + (p — 1)|(Az,2)}t £BVT, 1) L
WREBLZTREND,

10 D Z & 225, R.Mathias and K.Okubo[10] DIRDOFRRBFHILD,
R110<p<2ED, ZOLE, wy(4) = 2w(C, @ 4) %%, ZIT,
cp=[0 'VP(2*”)] b5,

0 1—-p
4. 2x2 DEEOQ)-ENMEBEOEEEIER

p -FEREFET D Z LI FARICHEE TR, T2 T, H ORTN 2 OFEIT
DNTEZ B,



EFHE 12 abecD:={z€C||z|<1} £TD, TDEE p>1ETDHEE,
A:[“ ]ﬁp%d%ﬁ%f%étbwz§+ SphE

0
lcf* + |a — b]?
< |12 (= 2al}p + (1= p)bC} —ablC ) *
~ ({eb p¢
TH5,
ﬁ%4#[0Z]&Téom@n<1ﬁkétb®%§+ﬁ%WMMdMH51

(CED) RBIETHB, TIT\ golz) = 2¢/(p+ (1 - p)a¢) THS ([2] ).
¢ =b?DEEIE, GMisra DEER[11] £V, |lge(A)|| < 1 Th B LEF4 Gl

lellgh(a)] < {sup{|f'(gh(a))] | F € Hol(D, gc(a),D)}}

ZZ T, Hol(D,g:(a),D)={f : D — D] f: holomorphic, f(g¢(a)) =0} &7 %,
2Dz EMD, |of < =AUl g3Tn, —F agkb DEEL ge(a) # gc(b)
(C#0) THY., wy(A) <1 THBEDDBLETZEMIT

Foge(a) f°g¢(a) foyc(b)
I JH

BPEED f € Hol(D,g:(a), D), ¢ €D TRV IDZ ETHD, Thik, HU Misra
OREFAEMD &

e 1

la— b2 = |fogc(a)
(f € Hol(D, g¢(a),D), ¢ € D) ERMEICZRD ., ZHEFHET S LERBBLND,

A € B(H) # quadratic operator Tdh 5 &1&, A #° quadratic polynomial, 772
bbb, HBrsec CIH LT A2 +rA+sI =0 EHTIEETH, H BHMRK
FTDEE, RIZ, 2 +rt+s=(t—a)(t—0b) ETBHE, AlX

| aIl C - e
(14) [0 MJ,_ngEMm
=% Y — R TH B, p-f/MERARITE=F Y I K> TRETH D6,

quadratic operator X (14) DI THH LEZXTEV, ZD & &, TH 12Dk
LTRDZEPNZD,



EH 13 A= [GOII b? ] LB & AW p-contraction ThH DT DDLEFIE
iz
ICI? + |a ~ b
< e |2+ (= p)aCHp + (1 - p)bC} — @bl |*
~ ¢eD 8

LD LTHD,

BT A = [g g} LYB, COLE, BEI12 EREMGCEHETS L. KO

ZEBNWZD, TZIZL, p>1 &5,
(DVa=bDLx

2(p = Dlal + |e| + +/(2lal — [e]) + 4plalle]
2p

wp(A4) =

(2)a>0,b>0DLx

) ={ (o = D(a+ ) + VI F (a7

/(= (@t 8) — I+ = 57" — 4plp —2)ab /20

(3Ya=~b a>0DLX

Va2 = p)a + |2 + a? + /[’ + 422
2p
_ w(4) +w(AP + p(2 = p)?
p

wy(A) =

(3) ®Z &%, T.Ando and K.Nishio [2] ThEH# LT,
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The Bad Part Of An Outer Function

Takahiko Nakazi (Hokkaido University)

Abstract. It is known that an outer function in the Hardy space H! can be
factored into a product in which one factor is strongly outer and the other is an outer
function with the same argument to some inner function. The latter factor is called the
bad part of an outer function. We show that the bad part has the following form : (s+¢3)?
where s € H2 O qzH2 If s =1 then s + g5 =1+ g and if g = ¢1¢; then s + g5 =1 + ¢2
where ¢; is an inner function. If s is an outer function then s+ ¢35 is also outer. We make
clear the relation between the order of zeros of the Blaschke part of s + ¢3 and g. This is
a survey article on the author’s two papers [1] and [2].

§1. [ald

Hardy 22f H' OZETHWBEM f IO T, Z08HE |f) &ERA f/\f| 24
HPRIUREETHS, CITROZOOMBEEZEZ S LIFARTH S, f L g3 H
ODETHEEET S,

FIREL | |fl=lg9| DEE f & g IFEDREBERICHB7ZA D D

BIE 2| f/Ifl=g/lgl (THEbE g/f>0) DEX f & giTiZ EOREBRIC
HBIEAH M,

ME1OMEELT. f=qh.g9=qh DD q,qhec H £ TXx5%, ZZT
q1,92 13 inner BAEAND R (3 outer AT H B, HIZ ¢1,¢2 BIEFICBSHRIN T 5B,
ME2DMEELT, f=tih,g=t,hhDt,t,,he H ETEB, I Tt &t iEdH
% inner ¥ ¢ ERIUBAZ LB D h L strongly outer B TH B, LU t1,1, 1
FRHFOMAINTOE L, TOHFOBEMIE, &1 &t EMRTHIETH S, .

strongly outer BA%( 75 513 outer A TH A%, WIIAKAL U 7EW & - T outer
BRI DT b LORBS RN TE S, ZOKE LIS ty,6, ICHY T2 E50% 2 O#HE
TIEZDEED bad part &3, ¢ 2% inner BIH D E % ¢ & (1+¢)? DRAPRLTH
BDT, (1+q)? i bad part TH AN, INEFH ELKOERIZE - T bad part DLTT
13754 Helson Kl ¢ = qigz 2 inner BBHOD E X, ¢ & (¢1 +¢2)? DRADRE U T, bad-
part DETTHA I EARLI, U L LEODRESBROIUELEISIIINTHELES5DE
ATATIREBL, T OHE T, bad part 2%, TOHAIETRT,



§2. EH

D ¥ C @ open unit disc 2D d/27 (3 0D LD normalized Lebesgue measure
#79, 1 <p<oodD&E. LP = LP(df/27) IE Lebesgue space DD

Hr={fel”; f(n)=0 (n<0)}

i3 Hardy space &FEIEN 5, HP i3 LP O closed subspace &%), H® C H* Cc H' &
oTnb, fEED f € HP |3 D -\ analytic extension ZHH D f 3% D boundary
value ELTEHZ B I ENTE S,

g 2" inner function THH EiE,. g€ H D |g/=1 ae.on 0D DI & Th
5, fe H > f £ 0 ¥k, f d outer function &3, ¢ € H, g/f = ¢ B>
lgf=1 ae.ondD x5 qge H & BETH5, ZDEX q i3 inner function &73
%o f I strongly outer function &3 g€ H', g/f =a D a >0 a.e.ondD 53
a€c H' B ETHD, ZOEE (H BEHTHOEHEBREESETHVLOT) ., o
BEHTH S, f B stronly outer 7% 51T outer TH B D, WIFEL LIENWI A RF-TOD
eI L,

§3. Z O DERINE i e B

H' i Banach space TH Y. FO /LT L' DEFNTH BDS. unit ball 1213
extreme point % exposed point NEFEFET 5, deLeeuw-Rudin {3, ROF AR LI, f 2
outer Tdh B HhEA-BEKHE f/|fllL 2% H' D unit ball @ extreme point THb I ETH
5. f DY strongly outer TH BMFEA5H55ME f/]|fll1 25 H' @ unit ball O exposed point
THBIETHB, ZDHEIC outer function % strongly outer function (IBI# R 1EMH
RHPTFUHERBLE EOFEENRAS » FTHRER T, TOD §TII outer function & strongly
outer function T3 9 ARE G RERERT, EH A I3 Bewling OFZULEHEHTH YD,
EH B it Hayashi [1] DR TH 5,

EHA| feH D f#£0&95, bL fd outer TATNIE, f=qh &
FHF B, Z Z T q i3 nonconstant inner TH Y, h T outer TH 5,

EFHEB| feH' D f#0&T5, L f ' outer THh 5D strongly outer
THIFNE, f=th &3, T T he H' |3 strongly outer ThH Y., te H' 3dH 5
inner function ¢ IZ2WT, ¢ >0 a.e.on 0D TH b,

EEAZHCSE §1 OME LICHT3BENHRONS, EE B ZHNL5 & 81
DO 2 ITHTH5RENRONLD, TOMERDHLZERTHATEEL,



§4. Outer function @ bad part

D O—E BB D bad part |F inner function E R B I ENTEX BN (FH
A ). outer function @ bad part &3 inner function &F URADEBDOZ & TH 3 (B8
B ), outer function @ bad part &L TRD=Z2D¥ A4 ThEZS5N5B, I T. ¢, 01,0
(& inner "D s € H? © qzH? I3 outer TH B, (1) (1 +¢)% (2) (1 + g)? DD (3)
(s+¢5) s=1&T5L(s+@)?=(1+¢)? THV. q=q D s=q ET5BE&
(4¢3 =(1+ )  TH5B., £-T (3) X (1) & (2) #8806 s L qzH? 1205 ¢5 € H2,
£oT (s+¢5)’ € H THb, £z q(s+¢5)=(gs+3)(s+¢5) =|s+¢3>>0.§1 i
fh7oBiC, (1) & (2) Tid bad part DLEEFHEOTOELN, (3) HZDOLKERNT
WABHEERKLITERLIZL,

FEH 1| [3]. ¢ % inner function &8k, ¢t € H* H outer function > gt > 0
THAIDLEYGEH T t=(s+¢5)? EBIBIETHB, CZTse HOqzH ho s
(¥ outer function TdH 3,

L. tatth, L se H OqzH? 95 E, LOERICED, t=(s+¢5)2 €
H' 2D gt >0Thb, sdouter &35 &, $3 inner g IS LT g5 = gos EEIF 3,
KoTt=(14q)s* &1 Y, ¢ 1 outer &7 3, HEH:, t € H' 2 outer HvD gt > 0
E9BE, Hbboutertoc HENFHELT =82 EHFIBZ DO Gto=1., s=1/2 &%
Q& t=(s+¢3)? InD s id outer TH 3,

§5. H' ORfEMRE
¢ € L o LT,
Ko(f)= [ ) i(e)/om (1 € HY)

E95&, Ky id H' ED continuous linear functional &7 3, Sy = {f € H'; K4(f) =
1ol 1 flln 1} &9 5, Sy WL ZEREETH S, q1,¢2 % inner function &4 3 &
S <@t HB feH ITHLT Gge= f/If| EEBFBEX R,

FEH 2| [3]. Sy # D %513 inner function ¢ & strongly outer function go %
FHELT,

_\ 2
+
o= (7 =m0 (T55) 00 22 1 = 1)

THhbo, TIZTyy >0 EH. @ d @ < g &7 3 inner function TH Y D s €
H?© qzH? TH 5,

feH* oI Vge zH I LT
If +3ll5 = 7155+ 11315 > || £1f3



Tha, Ll feH' BB Vg e 20 KM UT, |f+3lh < Il £75 2 &bk
Z%o f % inner WO If+3lh 2 Iflh (Vo € 2H') 2R3 EBPE L, Ei
f=(s+g)? DEED. |f+glh 2 flx (Y€ 2H) BBALT B KBROBHHET 50

EE 3| Blo FEH'DDfA0&ETB, SOEX ||f+gl > || f].(Vg € zHY)
&I B BT A A
f" (s+q3)2
=40 1+ 0

LM Bo TIT g & ¢ld inner function TH Y. go<g D sec H*SqzH> ThH 5,

§86. ZF L DR D order

FEH D f£OIMUT Z(fD) = {2 € D ; f(z) = 0} EF B sing f =
0D N closure of Z(f; D) &9 5%, F4 13 Z(f; D) DEIND sing f ~DIWFDFEE Ord
[f] #E#TE %, ¢ 2 infinite Blaschke product 7v> sing ¢ # 0D O &%, $ L Ord
[ql=021745E, COHBETEETH-> KD (1) ~ (4) OBHIL. Ord [f] < o 27
FTENTE S,

(1) f = (s +g5)" € A

s+ qs 1

(Q)f—Q0(1+qO> €H g <gq

(3) fe H*6 qzH*

(4) f & inner 2D f<q,

Z D § DR EIERELFERIL preprint [2) i2H B D, sing g Y finite set Tdh 33541F
ERICEAESHBEHEN L I F—D0REEITEINTHD T,
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Orders and Norm Topology

S. Koshi , Hokkaido Institute of Technology
N.Komuro , Hokkaido University of Education
at Asahikawa

Let E be a partially ordered normed linear space i.e. E has a proper convex cone P
which generates £/ and there exists a norm in F.

We shall consider in this note the following problems.

(1) When the norm || . || is equivalent to an ordered norm.

(2) What is the condition describing sup set for a,b € E in terms of boundary of convex
sets induced by an order P.

A norm || . |} is called an ordered norm if || z || > ||y | forz >y > 0. In general, a
norm on partially ordered linear space E is not nessary an ordered norm. There are many

examples of non ordered norm even if F is 2-dimensional .

Let P be an order in F and A be a subset of £. We shall use the notation P(A) =
{A+ P}n{A— P}. 1t is easy to see that A C P(A) »

Theorem 1  Let E be a partially ordered normed linear space. The norm is equivalent
to an ordered norm if and only if P(U) is norm bounded where U is the unit ball of the

normed linear space F.

Proof. Let V = P(U) . We shall show that if V 3 z;,2z, > 0 and z; > z,, then
|z |lv > | z2|lv, where || .|v is a Minkowski functional defined by V.

. We shall show that az, € V,a > 1 implies azy € V. Since z; = 2, + p for some p € P,
azy = az; —ap € V — P. On the other hand az; = 23 + (o — 1)z € V + P. This means
that z; € V. Hence || z1 ||[v2>|| @2 ||v , i.e. thenorm || . ||y defined by V is an ordered norm.

Since P(U) =V contains always U, we have the assertion. q.e.d.

Let F be a partially ordered Hausdorff topological linear space with an order P. We

assume that P is closed.



We shall define sup set for two elements a,6 € . a V b is a set of all minimal elements
of (a+ P)N (b+ P) =U,p. Usually aV bis not a set of single element.

Definition 1. A subset F' of convex cone P is called a (exposed) face of P if there exists
a supporting hyperplane of P with F'= PN H.

Definition 2. dim F' = dimension of affine hull of F'.
Then we have the following theorem.

Theorem 2  If dim F' is smaller than 1 for all face of P,
then we have :
aVb=0(a+P)No(b+ P)
where 0 means relative boundary.

Proof of this theorem is omitted here. We will show proof of Theorem 2 in another paper.

To illustrate Theorem 2, we shall show some exmple.

Example

Let E be all Hermitian operators on 2-dimensional Euclidean space. The order P in E is
defined as positive definite order. Then E is considered as 3-dimensional Euclidean space

whose element is denoted by (a, b, ¢) and P is all elements (a, b, ¢) with a,b > 0 and ab > 2.

It is easy to see that dimension of any face on P is smaller than 1 and so we can see
easily how about the set a V b by Theorem 2 .

For any p = (a, b, ¢) with a, b, ¢ being real, we have
PVO={(5,5,2)i 2 0,y 2 0,5 —a > 0,y — b > 0,2y = 2%, (&« — a)(y — b) = (= — o).

Concerning relations between Riesz space and general partially ordered linear space, we

have many interesting results. But, these results will be published in another paper.
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