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Abstract 

A diffeomorphism between statistical manifolds is said to be statistical 

if it preserves statistical structures. Our purpose is to find conditions 

that guarantee an extension of a given linear isomorphism              

between given tangent spaces to a local statistical diffeomorphism.              

In Riemannian geometry, it is known as the Cartan-Ambrose-Hicks 

theorem, which implies that a Riemannian metric is locally determined 

by its Riemannian curvature tensor. We generalize this theorem             

for statistical manifolds, and, in particular, for Hessian manifolds.      

We prove that a statistical structure is locally characterized by its 

Riemannian curvature tensor and difference tensor. Furthermore, we 

show that a Hessian structure is locally determined by its Hessian 

curvature tensor and difference tensor. 

1. Introduction 

Information geometry has begun from the study of geometrical 

properties of a smooth family of parametrized probability distributions, 
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which we call a statistical model. A statistical model is regarded as a 

manifold, and naturally equipped with not only a Riemannian metric               

but also a pair of dual connections. Information geometry aims to study 

statistical models from the viewpoint of dual connections, and provides        

new methods for so many fields, for example, statistics, information theory,             

and machine learning, where probability distributions play crucial roles      

(see [1, 2, 4]). Statistical manifold is a geometric generalization of statistical 

model. 

Definition 1.1. Let M be a manifold endowed with a torsion-free 

connection   and a Riemannian metric g. We say that  gM ,,   is a 

statistical manifold if the  3,0 -tensor field ,: gC   which we call the 

cubic form, is totally symmetric. The pair  g,  is said to be the statistical 

structure on M. 

Then we can define another torsion-free connection   by 

     ZYgZYgZYXg XX
 ,,,  

for any vector fields  .,, TMZYX   From this definition, it is easy to 

see that  g,  is also a statistical structure on M and   .   For this 

reason, we call   the dual connection of   with respect to g. 

We remark that a statistical manifold with 0C  is a Riemannian 

manifold with the Levi-Civita connection of g, denoted by .g  In this sense, 

statistical manifold can be viewed as a generalization of Riemannian 

manifold. 

In Riemannian geometry, isometry, which is a metric preserving 

diffeomorphism between Riemannian manifolds, plays important roles. 

Correspondingly, in geometry of statistical manifolds, it is meaningful that 

we consider statistical structure preserving diffeomorphisms. 

Definition 1.2. Let  gM ,,   and  gM ,,   be two statistical 

manifolds. Then a diffeomorphism MM  :  is called a statistical 
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diffeomorphism if 

     YXgYXgYY XX  


,,,  

for any vector fields  ., TMYX   Then  gM ,,   and  gM ,,   are 

said to be statistical diffeomorphic. 

It is a natural question to ask which conditions guarantee an extension of 

a given linear isomorphism to a statistical diffeomorphism. In Riemannian 

geometry, this question was treated by Cartan [5], and expanded by Ambrose 

[3] and Hicks [9]. The Cartan-Ambrose-Hicks theorem in a local setting is 

stated as follows: 

Theorem 1.3. Let  gM ,  and  gM ,  be two Riemannian manifolds of 

the same dimension, and Mp   and .Mp   Let MTMT pp  :  be a 

linear isometry. Set  and   as (3.1) and (3.2) (the details shall be 

mentioned in Setting 3.1). Suppose that for any g -geodesic  starting at p 

we have 

          wvuRwvuR gg
  ,,  

for any ,,, MTwvu q  where gR  and gR  are their Riemannian curvature 

tensor fields, respectively. Then  is a local isometry around p and .p  

This theorem means, in a sense, that a Riemannian metric is locally 

determined by its Riemannian curvature tensor field, and it is a key fact 

implying that a space of constant Riemannian curvature is rich in isometries. 

We shall generalize this theorem for statistical manifolds (Theorem 3.2). 

This theorem asserts that a statistical structure is locally characterized by           

its Riemannian curvature tensor field gR  and difference tensor field :K  

g  and their behavior under g -parallel translation along g -

geodesics. In the case where ,0K  this theorem coincides with the Cartan-

Ambrose-Hicks theorem above. 
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In particular, we consider the case of Hessian manifolds, which is an 

important subclass of statistical manifolds. 

Definition 1.4. A statistical manifold  gM ,,   is said to be a Hessian 

manifold if   is flat. The pair  g,  is called the Hessian structure of M. 

For each point p of a Hessian manifold  ,,, gM   there exist a 

neighborhood U and a function  UC  such that , dg U  that is, g 

can be locally expressed by    ,dim
...,,1,

2

...,,1, Mn
xx

g
nji

jinjiij 












  

where  nxx ...,,1  is an affine coordinate system with respect to .  It is 

known that exponential families, for example, normal distributions and 

multinomial distributions, carry Hessian structures (see [15]). Hence, the 

study of Hessian manifolds is of great interest in information geometry. 

We shall show that a Hessian structure is locally determined by its 

Hessian curvature tensor field KQ :  and difference tensor field K           

and their behavior under g -parallel translation along g -geodesics 

(Theorem 4.1). 

This paper consists of four sections. In Section 2, we shall review 

preliminary facts on statistical manifolds, geodesics, exponential maps, and 

isometries. In Section 3, we shall discuss statistical diffeomorphisms and 

prove Theorem 3.2. Section 4 treats Hessian manifolds and is devoted               

to proving Theorem 4.1. In addition, we explain examples of statistical 

diffeomorphisms. 

2. Preliminaries 

Throughout this paper, let M be an n-dimensional manifold,   be a 

torsion-free affine connection and g be a Riemannian metric on M. Assume 

that all the objects are smooth. We denote by  E  the set of sections of a 
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vector bundle .: ME   For example,    qpTM ,  means the set of 

tensor fields of type  qp,  on M. 

2.1. Statistical manifolds and Hessian manifolds 

Let  gM ,,   be a statistical manifold. Now, in addition to the given 

connection ,  we may consider the Levi-Civita connection g  for the 

given Riemannian metric g. Then we consider the difference tensor K  

   2,1TM  as follows: 

Definition 2.1. For a statistical structure  ,, g  we define the 

difference tensor field      2,1,: TMKK g    as 

  YYYXK g
XX :,  

for any  ., TMYX   We often denote  YXK ,  by YK X  as well. 

It is well-known that the difference tensor K holds the following 

properties: 

   ,,, XYKYXK   

     ,,,,, ZXKYgZYXKg   

   .
2
1

, YYYYYXK XXX
g
X

   

We remark that a statistical structure  g,  is Riemannian if the 

difference tensor K vanishes. We can now relate the difference tensor K to 

the cubic form gC :  as follows: 

    .,,2,, ZYXKgZYXC   

For an affine connection ,  we set 

   ZZZZYXR YXXYYX ,:,   

for  .,, TMZYX   Then    3,1TMR   is called the curvature 
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tensor field of .  In particular, for the case of ,g  
g

R  is said to be the 

Riemannian curvature tensor. From now on, we denote R  by ,R  
R  by 

,R  and 
g

R  by ,gR  respectively, for simplicity. We say that  gM ,  has 

a Riemannian structure of constant Riemannian curvature c if there exists 

c  such that 

      YZXgWZYgcZYXRg ,,,   

for any  .,, TMZYX   The following formulas are obtained by direct 

calculation. 

Lemma 2.2. For a statistical manifold  ,,, gM   the following hold 

for   :,, TMZYX   

            ,,,,,, ZKKZXKZYKZYXRZYXR YXYX
g   

 (2.1) 

      .,,,, ZWYXRgWZYXRg   (2.2) 

From (2.2), we find that if R is vanished, then so is .R  A torsion-free 

affine connection   is said to be flat if its curvature tensor R is identically 0. 

Assume that  g,  is a Hessian structure, and connections   and   are 

both flat. For this reason, a Hessian structure is also called a dually flat 

structure in information geometry. 

Next, we define the Hessian curvature tensor    3,1TMQ   on a 

Hessian manifold  gM ,,   as follows: 

Definition 2.3 [15]. (1) For a Hessian structure  ,, g  we define the 

Hessian curvature tensor    3,1TMQ   by 

         XZYKZYKZYXQ X ;,,:,   

for  .,, TMZYX   
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(2) A Hessian manifold  gM ,,   is said to be of constant Hessian 

sectional curvature c  if 

      YZXgZYXg
c

ZYXQ ,,
2

,   

holds for  .,, TMZYX   

The Hessian curvature tensor Q plays a similar role to that of the 

Riemannian curvature tensor for a Kählerian metric. In fact, we can 

construct a Kählerian metric TMg  on the tangent bundle TM over a Hessian 

manifold  gM ,,   by the diagonal lifting (or the Sasakian lifting), and 

 TMgTM ,  is of constant holomorphic sectional curvature –c if and only if 

 gM ,,   is of constant Hessian sectional curvature c. 

From the following proposition, it can be seen that the Hessian curvature 

tensor Q carries more detailed information than the Riemannian curvature 

.gR  

Proposition 2.4 [15]. Let  gM ,,   be a Hessian manifold and gR  be 

the Riemannian curvature tensor for g. Then the following holds: 

      .,,
2
1

, ZXYQZYXQZYXRg   

Furthermore, if  gM ,,   is of constant Hessian curvature c, then 

 gM ,,   has a Riemannian structure of constant Riemannian curvature 

.4c  

2.2. Geodesics and exponential maps 

Let M be a smooth manifold with a torsion-free affine connection ,  

and let MI  :  be a smooth curve with parameter . It  We 

denote by  TM1  the set of vector fields along  on M. If the tangent 

vector fields  TM1  are autoparallel relative to ,  that is, 
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,0   (2.3) 

then we say that  t  is a  -geodesic. 

Let   nuuU ...,,; 1  be local coordinates for M and write    :ti  

    ....,,1 nitui   Then we can rewrite (2.3) as follows: 

          



n

ji

jik
ij

k nktttt
1,

,...,,10  

where  UCk
ij

   nkji ...,,1,,   are the Christoffel symbols for .  

This constitutes a system of linear second order ODEs. Therefore, for given 

,, MTvMp p  there exists a unique geodesic v  with a maximal open 

interval vI  with vI0  such that   pv  0  and   .0 vv   

If we set for ,Mp   

  ,1;: MTIMTvD pvpp   

then pD  is the star-shaped neighborhood of the origin .0 MTpp   We can 

then define the  -exponential map 
pExp  on pD  as follows: 

Definition 2.5. We define a mapping MDpp  :Exp  by 

   ,1:Exp pvp Dvv   

and call it the  -exponential map at p. 

We then have    ttv vp Exp  for any .vIt   Now, if we identify 

  ,0 MTMTT ppp
  then the differential  

pp 0Exp 
  of 

pExp  at p0  turns 

out to be the identity map of .MTp  Thus, by the inverse function theorem, 

there exists a convex open neighborhood pp DU  of p0  such that 

 pppp U UU   Exp::Exp  is a local diffeomorphism. If we take a 
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basis  nee ...,,1  of MTp  and consider the correspondence 

  ,...,,Exp 1
























i
pi

in

i
i

i
p euuueu U  

then we obtain a local coordinate system around ,Up   which we call a          

 -normal coordinate system. 

2.3. Properties of isometries 

Let  gM ,  and  gM ,  be two Riemannian manifolds and let 

MM  :  be a smooth map. Then a mapping  is said to be a local 

isometry if for each Mp   the differential  p  is a linear isometry 

relative to  ,, pp gg   that is,           vugvug pppp   ,,  for any 

., MTvu p  Furthermore, if  is a diffeomorphism of M onto ,M  then we 

say that  is an isometry, and see 

   YXgYXg   ,,  

for every  ., TMYX   In a local isometry case, it is to be noted that each 

point Mp   has a neighborhood U such that U  is an isometry of U onto 

a neighborhood of   Mp   because of the inverse function theorem. 

Notice that an isometry    gMgM ,,:   has the following 

properties: 

(1)   YY g
X

g
X  


 for all  ., TMYX   

(2) Let cP  be the g -parallel translation from  ac  to  bc  along a 

smooth curve   ,,: Mbac   and let cP   be the g -parallel translation 

from  ac  to  bc  along c  in .M  Then     ccbc PP     

   .ac  
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(3) If  is a g -geodesic in M, then    is a g -geodesic in .M  

(4) Let pExp  be the g -exponential map at Mp   and  pExp  the 

g -exponential map at   .Mp   Then     ,ExpExp ppp     

whenever the left-hand-side is defined. 

(5) Since  preserves both brackets and covariant derivatives, it also 

preserves Riemannian curvature tensors: 

      .,, ZYXRZYXR gg
   

We see that a local isometry is uniquely determined by its differential 

map at a single point from the following proposition: 

Proposition 2.6. Let  gM ,  and  gM ,  be Riemannian manifolds, 

and MM  :,  be local isometries. If there is a point Mp   such 

that     ,pp    then .  

Proof. Set      .qqMqA    By continuity, A is closed in 

M, and A is nonempty because A contains p. Thus, it suffices to show that A 

is open. We assert that if ,Aq   then any g -normal neighborhood U of q 

is contained in A. If ,Uq   then there exists a vector MTv q  such that 

    .Exp1 qvqv   Hence, 

    1vq   

          vqqqq ExpExpExp 1
    

    vqq   Exp  

    1vq  

    1vq  
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  1v  

 .q  

Thus,   on U.  

3. Local Existence of Statistical Diffeomorphism 

between Statistical Manifolds 

From this section, we shall treat statistical diffeomorphisms. We first 

state the setting of our theorems. 

Setting 3.1. Let  gM ,,   and  gM ,,   be two statistical manifolds 

of the same dimension, and ,Mp   .Mp   Let also a linear isometry 

MTMT pp  :  be given. In addition, choose a convex open subset 

MTpp U  which determines normal coordinate neighborhoods :U  

 pp UExp  and   ppU U Exp:  with respect to g  and g  around p 

and ,p  respectively. 

Then we can define a diffeomorphism UU  :  by 

  .ExpExp: 1 pp   (3.1) 

Given a g -geodesic  in U emanating from p,  :  is a geodesic 

relative to g  in U  emanating from .p  Denoting by q and  qq :  

endpoints of  and ,  respectively. Then we define a linear isometry :  

MTMT qq   by 

  ,: 1
  PP   (3.2) 

where MTMTP qp  :  and MTMTP qp  :  are parallel displacements 

relative to g  and g  along  and ,  respectively. It is remarked that they 

are linear isometries. 
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Let us consider statistical diffeomorphisms under the setting above. 

Hereafter, we denote by gR  and gR  Riemannian curvature tensor fields,          

and by K and K  difference tensor fields on  gM ,,   and  ,,, gM   

respectively. The following is our main result: 

Theorem 3.2. Let  gM ,,   and  gM ,,   be two statistical 

manifolds of the same dimension, and Mp   and .Mp   Let MTp:  

MTp  be a linear isometry. Set  and   as (3.1) and (3.2) in Setting 

3.1. If for any g -geodesic  in U starting at p we have 

          ,,, wvuRwvuR gg
   (3.3) 

       vuKvuK   ,,  (3.4) 

for any ,,, MTwvu q  then  is a statistical diffeomorphism from U           

onto .U  

Conversely, it is easy to see that a statistical diffeomorphism holds           

(3.3) and (3.4). Thus, we can say that this theorem gives us necessary            

and sufficient conditions for  defined by (3.1) to be a statistical 

diffeomorphism. 

In order to prove Theorem 3.2, we prepare the following lemma: 

Lemma 3.3 [9]. Let  ,M  and  ,M  be two manifolds of the same 

dimension endowed with torsion-free affine connection, and Mp   and 

.Mp   Let MTMT pp  :  be a linear map. Set  and   as (3.1) and 

(3.2) in Setting 3.1 relative to   and .  Suppose that for any  -geodesic  
in U starting at p we have 

          wvuRwvuR   ,,  

for any ,,, MTwvu q  where R and R  are curvature tensor fields, 

respectively. Then   coincides with   at the endpoint of each . 
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Proof of Theorem 3.2. By using Lemma 3.3,   coincides with   at 

the endpoint of each . Thus, we obtain 

   YXgYXg   ,,  

for any  ,, TUYX   and then we get  .YY g
X

g
X  

 By 

assumption (3.4), we have 

            vuKvuK qqq   ,,  

for any ., MTvu q  We now take  TUYX ,  such that ,uXq   

,vYq   then at ,Uq   

  ,YYYY g
XX

g
XX  


 

thus, 

 .YY XX    

Since Uq   is an arbitrarily point, we conclude  .YY XX    We 

have, thus, proved the theorem.  

We notice that   1ExpExp:  pp   is a unique statistical 

diffeomorphism from Proposition 2.6. If difference tensor fields K and K  

are vanished, then Theorem 3.2 coincides with a local setting of the Cartan-

Ambrose-Hicks theorem (Theorem 1.3). 

By using Lemma 2.2, we obtain the following corollary from Theorem 

3.2. 

Corollary 3.4. Let  gM ,,   and  gM ,,   be two statistical 

manifolds of the same dimension, and Mp   and .Mp   Let MTp:  

MTp  be a linear isometry. Set  and   as (3.1) and (3.2) in Setting 

3.1. If for any g -geodesic  in U starting at p we have 
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         ,,, wvuRwvuR    (3.5) 

         ,,, vuKvKuK    (3.6) 

            uwvKuwvK   ;,;,  (3.7) 

for all ,,, MTwvu q  then  is a statistical diffeomorphism from U        

onto .U  

Proof. By using (2.1) and assumptions (3.5), (3.6) and (3.7), we obtain 

              yzxKxzyKzyxRzyxRg ;,;,,,    

       zxKyKzyKxK ,,,,    

      zyxR   ,  

        xzyK   ;,  

        yzxK   ;,  

       zyKxK   ,,  

       zxKyK   ,,  

      ., zyxRg
   

As a direct consequence of this, we obtain (3.3). The given assumption 

(3.6) coincides with (3.3), thus, completing the proof by virtue of Theorem 

3.2.  

In Theorem 3.2, we assume that 

          ,,, zPvPuPRwvuRP gg
   

       vPuPKvuKP   ,,  
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for any g -geodesics  starting at p. When we consider the behavior of               

the Riemannian curvature field gR  and the difference tensor field K of a 

statistical manifold  ,,, gM   the simplest case is given by 0gR  and 

,0K  where M is locally isometric to a Euclidean space. The next simplest 

case is 0 gg R  and ,0 Kg  that is, gR  and K are both parallel 

relative to .g  These conditions are equivalent to the following: 

          ,,, zPvPuPRwvuRP ccc
gg

c   

       vPuPKvuKP ccc ,,   

for all piecewise smooth curves c in M. These conditions are extension of 

assumptions of Theorem 3.2. We remark that 0 gg R  is known to be 

equivalent to the condition that  gM ,  is Riemannian locally symmetric 

space. For example, a Riemannian manifold of constant Riemannian 

curvature is a Riemannian locally symmetric space. From the discussion 

above, we consider the following corollary: 

Corollary 3.5. In addition to the assumption of Theorem 3.2, we 

suppose 0,0,0  ggggg RKR  and .0 Kg  If  holds 

          ,,, wvuRwvuR gg   (3.8) 

       vuKvuK  ,,  (3.9) 

for any ,,, MTwvu p  then  is a statistical diffeomorphism. 

Proof. Since ,0 gg R  ,0 Kg  for any g -geodesic  in U 

emanating from p, we get 

          ,,, wPvPuPRwvuRP gggggg
   

       vPuPKvuKP ggg
  ,,  
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for any ,,, MTwvu q  where q is the endpoint of . Similarly, from gg R  

,0,0  Kg  we obtain 

          ,,, wPvPuPRwvuRP gggggg
   

       vPuPKvuKP ggg
  ,,  

for any ,,, MTwvu q  where  :  is the g -geodesic from p             

to  .: qq   Therefore, from assumptions (3.8) and (3.9), we obtain (3.3)            

and (3.4). By using Theorem 3.2, we can conclude that  is a statistical 

diffeomorphism.  

In general, MM  :  is said to be a local diffeomorphism if for each 

Mp   there exists a neighborhood U such that  UUU  :  is a 

diffeomorphism. Furthermore, since  is a statistical structure preserving, we 

say that it is a local statistical diffeomorphism. When K and K  are both 

vanished,  is a local isometry. 

Proposition 3.6. Let  gM ,,   and  gM ,,   be two statistical 

manifolds, and MM  :  be a local isometry. For any ,Mp   if  p  

holds 

            vuKvuK ppp   ,,  (3.10) 

for any ,, MTvu p  then  is a local statistical diffeomorphism. 

Proof. Since  is a local isometry, for any ,Mp   we obtain 

                 wvuRwvuR ppp
gg

p   ,,  

for any .,, MTwvu p  Take a g -normal neighborhood MU   around p 

such that   MUU :  is a g -normal neighborhood around  .p  In 



Local Existence of Statistical Diffeomorphisms 89 

addition, for any ,Uq   we take a g -geodesic  from p to q. Let P  be 

the g -parallel translation from p to q along , and P  be the g -parallel 

translation from  p  to  q  along    in .U  Since      PPq  

  ,p  we see that   .q   Thus, we obtain 

          wvuRwvuR gg
  ,,  

for any .,, MTwvu q  In addition, by using assumption (3.10), we have 

       .,, vuKvuK    

By virtue of Theorem 3.2, we can conclude that  is a local statistical 

diffeomorphism.  

4. Local Existence of Statistical Diffeomorphism 

between Hessian Manifolds 

In the preceding section, we gave an idea to the local existence                        

of statistical diffeomorphism between statistical manifolds, and showed 

Theorem 3.2. In this section, we shall treat Hessian manifolds, which are the 

important subclass of statistical manifolds, and consider the local existence 

of statistical diffeomorphism between Hessian manifolds under Setting 3.1. 

We denote by H and H  the Hessian curvature tensor fields on M and ,M  

respectively. 

Theorem 4.1. Let  gM ,,   and  gM ,,   be two Hessian manifolds 

of the same dimension, and Mp   and .Mp   Let MTMT pp  :  be 

a linear isometry. Set  and   as (3.1) and (3.2) in Setting 3.1. If for any 

g -geodesic  in U starting at p we have 

       ,,, vuKvuK    

         wvuHwvuH   ,,  
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for all ,,, MTwvu q  then  is a statistical diffeomorphism from U                     

onto .U  

Proof. By Definition 1.4, we see that R and R  are vanished. Since 

     ,;,, XZYKZYXH   we obtain Theorem 4.1 from Corollary 3.4. 

  

Next, we consider the case where Hessian manifolds are of constant 

Hessian sectional curvature. 

Corollary 4.2. Let  gM ,,   and  gM ,,   be two Hessian manifolds 

of the same dimension and of constant Hessian sectional curvature .c  

Now, let Mp   and Mp   be two any fixed points, and  an isometry 

between their neighborhoods U and U  such that   .pp   If for any 

Uq   we have 

            vuKvuK qqq   ,,  

for all ,, MTvu q  then  is a statistical diffeomorphism. 

Proof. From Proposition 2.4, both  gM ,,   and  gM ,,   are of 

constant Riemannian curvature .4 c  Now, it is to be noted that a 

Riemannian manifold of constant Riemannian curvature is a Riemannian 

locally symmetric space, that is, .0 gg R  Hence, by using Theorem 1.3, 

we see that for any points Mp   and ,Mp   there exists an isometry  

between their neighborhoods. By virtue of Proposition 3.6, we arrive at the 

conclusion.  

Finally, let us consider some examples of statistical diffeomorphisms. 

Example 4.3. We define   gn ,,   by 

     ,0...,,0...,,: 11  nnntn yyyyy   
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,
1

:
jijjj

y
yyyi 







  

   


 

n

i

iE dygg n

1

2 ,:   

where    n
ji

ji
ij

E dydyg
1,

.  Then   gn ,,   is a Hessian manifold 

of constant Hessian sectional curvature 0. The triplet 






 





  

n

i
xn i

eDdgD
1

2 4~,,  

is also a Hessian manifold of constant Hessian sectional curvature 0, where 

D is the standard connection. We define   nn   :  by 

   ,log...,,log:...,, 11 nn yyyy   

then  is a statistical diffeomorphism. 

Example 4.4. Let   gn ,  be the upper half space of constant 

curvature –1 defined by 

   ,0...,,: 1  nnnn yyyy   

 
.:

2
1
n

n

i
ii

y

dydy
g

   

Now, we define a flat affine connection on n  as follows: 

,
1

:
nnn

y
yyyn 








  

,
2

:
nijnj

y
yyyi 








  
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,0:: 












 j

y

n

y
yy ni

  

where .1...,,1,  nji  Then   gn ,,   is a Hessian manifold of 

constant Hessian sectional curvature 4. It should be remarked that 

  g,,2   expresses the statistical model of one-dimensional normal 

distributions. 

Let nn   :  be a diffeomorphism. Then  is a statistical 

diffeomorphism if and only if 

  ,,...,,
1

1

1

1

1111













  










n

j

n

j

nnjn
j

j
j cybyacbyacy  (4.1) 

where     .0,,1 1
1...,,1,  
 cbnOaA n

nji
i
j   In particular, when 

,2n  we have 

   ,,, 2121 cybcyyy   (4.2) 

where ,, cb  .0c  Therefore, we see that a statistical diffeomorphism 

on statistical models of one-dimensional normal distributions is given in 

(4.2). 

This can be seen in the following way. Let  be a statistical 

diffeomorphism. Then the following hold: 

,0





























t

y

t

y
yy ss

  (4.3) 

,0





























t

g

y

t
g

y
yy ss

 (4.4) 
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where ....,,1, nts   We note that the Levi-Civita connection of g  is 

given by 

,
1

nnn
g

y
yyyn 







  

,
1

nijnj
g

y
yyyi 







  

,
1

inj
g

y

n
g

y
yyyy ni 














  

where .1...,,1,  nji  Now, we write       yyy n ...,,1  for 

.ny   From (4.3) and (4.4) with direct calculation, we obtain 

  ,0
2





y
yy ji

k
 (4.5) 

  ,0
2





y
yy nn

n
 (4.6) 

   ,1
y

y
y

y

n
nn

n





 (4.7) 

   
 

 











1

1

2
2

,
1

n

l
ij

n
nj

l

i

l

y
y

y
y

y
 (4.8) 

where .1...,,1,,  nkji  Indeed, (4.5) and (4.6) are obtained from (4.3) 

or (4.4). On the other hand, (4.7) and (4.8) are yielded by combining (4.3) 

with (4.4). From (4.5), we see that  yk  is a linear function, that is, 

   
  1

1
,n

i
kik

i
k bydy  where kk

i bd ,   .1...,,1  nk  By using 

both (4.6) and (4.7), we get   ,nn cyy   where .0c  Moreover, from 
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(4.8), we obtain 







1

1

,
n

l
ij

l
j

l
i aa  (4.9) 

where .: cda l
i

l
i   Expression (4.9) can be restated that A  

   .11...,,1,  nOa nji
i
j  For the above reasons, we reach (4.1). 

Conversely, we set  as (4.1), and see that  is a statistical diffeomorphism 

by computation. 

It is known that the routes of g -geodesics in 2  are the constant 

speed parametrizations of all vertical lines 1y  constant (for a while, we 

name them L-type g -geodesics) and all semicircles with centers on the 

1y -axis (C-type g -geodesics), and L-type g -geodesics and C-type g -

geodesics can translate each other by isometric transformations. However,           

in the case of statistical diffeomorphisms, L-type g -geodesics and C-type 

g -geodesics cannot translate each other. 
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