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CHAPTER 1

Introduction

In this paper, we define and study a hypergeometric system associated with a principal
nilpotent p-tuple. Its parameter space is the dual space of the centralizer of the principal
nilpotent p-tuple.

Aomoto [1] and Gel'fand [3] independently defined a hypergeometric system of Gauss
type, which is now called an Aomoto-Gel’'fand system. The parameter space of an Aomoto-
Gel'fand system is the dual space of a Cartan subalgebra of gl(n,C). In [5], Gel'fand-
Retahk-Serganova defined and studied a hypergeometric system of Airy type, which is a
confluent version of an Aomoto-Gel'fand system. The parameter space of this system is
the dual space of the Lie algebra of a Jordan Lie group (called a Jordan Lie subalgebra
in [12]).

Inspired by the papers above, Kimura-Haraoka-Takano [7] introduced hypergeometric
systems associated with regular elements of gl(n, C). Their parameter spaces are the dual
spaces of the centralizers jgnc)(z) of the regular elements. (Recall that « € gl(n,C)
is regular if dim 3gn,c)(z) = n.) These systems coincide with Aomoto-Gel'fand systems
in the case where the regular elements are semisimple, and Gel’fand-Retahk-Serganova’s
systems in the case where the regular elements are nilpotent. For the other regular
elements, we obtain systems in-between. For example, we obtain Gauss, Kummer, Bessel,
Hermite-Weber, and Airy for n = 4. Furthermore, in [10], Kimura-Takano explained the
process of confluence between their hypergeometric systems by taking limits of regular
elements.

There exist many Lie subalgebras which are limits of Cartan subalgebras but not the
centralizers of regular elements (cf. [12]). It is natural to ask if the systems of differential
equations associated with these Lie subalgebras are obtained as the limits of systems of
Gauss type.

In this paper, we introduce principal nilpotent p-tuples. Principal nilpotent 1-tuples
are regular nilpotent elements, and principal nilpotent 2-tuples (pairs) were introduced
by Ginzburg [6]. He also classified principal nilpotent pairs of type A, by using Young
diagrams. Principal nilpotent pairs of the other classical types were classified by Elashvili-
Panyushev [2] and R. Yu [14]. The centralizer of a principal nilpotent p-tuple is a limit
of Cartan subalgebras as follows:

LEMMA 1.1 (Lemma 6.1). Let (e,...,e,) be a principal nilpotent p-tuple, and let
h be the Cartan subalgebra corresponding to (ei,...,e,). Set e == e + --- + e, and
e(r) :=exp (=te) € GL(n). Then we have

lim Ad (e(7)) b = 3gun,c) (€1, - - -5 €p) = Mi_13q1(es).

T—0

In this paper, we take the limit of the action of e(7) to deform hypergeometric systems
of Gauss type into the system associated with (ey,...,e,), along with the corresponding
integrands of integral representations of solutions.

5



6 1. INTRODUCTION

This paper is organized as follows. In Chapter 2 we construct hypergeometric systems
whose parameter spaces are n-dimension abelian Lie subalgebra of gl(n) inspired by the
definition of hypergeometric systems defined by Gel’fand et al. In Chapter 3 we review
the result of [10]. In Chapter 4 we introduce principal nilpotent p-tuples. In Chapter 5 we
exhibit an integral representation of a solution to a hypergeometric system associated with
a principal nilpotent p-tuple. In Chapter 6 we consider the deformation of integrands of
integral representations of solutions. In Chapter 7 we study the action of the normalizer
of the abelian subalgebra generated by a principal nilpotent p-tuple, to specialize the
parameters of the corresponding hypergeometric systems, as in [9]. In Chapters 8-10, as
one we concentrate on considering the hypergeometric system associated with a principal
nilpotent pair (i.e. p = 2). In Chapter 8 we show that the system corresponding to
the Young diagram (n — 1,1) is generically holonomic, and the solutions coincide with
generalized Airy functions. In Chapter 9 we consider the normalizer of a. In Chapter 10
we consider the hypergeometric systems in 2n variables corresponding to a Young diagram
A with |[A] < 6, and describe their classical counterparts. Chapters 2, 4-8 are taken from
[13].



CHAPTER 2

Hypergeometric systems a la Gel’fand

Throughout this paper, set G = GL(n,C) (or GL(V)) and g = gl(n,C) (or gl(V)),
where V' is complex n-dimensional vector space.

In this chapter, we recall the definitions of hypergeometric systems of Gauss type [3]
and of Airy type [5] defined by Gel’fand et al.

Let G = GL(n,C), and

N:HIg IB)} eG|DeGL(n—m)}.

Then we have the morphism

Gogr—g ﬁﬂ € G/N ={z € M, »(C) |rank(z) = m} =: Z.

Let ©4 denote the sheaf of vector fields on Z. Naturally we have a Lie algebra
homomorphism 0 : g = gl(n,C) 3 a — 0, € Oz(2),

d

(@) (2) = 5

Let a be an n-dimensional abelian subalgebra of g. For a given o € a*, we consider a
hypergeometric system M, , defined on Z:

f(exp(—ta)z) (aeg, fe€Oy2z€Z).

t=0

p,q=1 j1,j2=1

DZ/ < Z Z Dy (apvjlanj2 - 3p7j23q,j1)
(1) + Z DZ (Z zk7i8k7j —|— (5,‘7]‘) + ZDZ (6a — a(a))) .
k=1

1,5=1 aca

When we take the Cartan subalgebra consisting of diagonal matrices as a, the system
M, coincides with the Gel'fand’s hypergeometric system [3]. When we take the Jordan
Lie subalgebra as a:

(2) a=(A"]i=0,1,...,n—1),

where A = 3" B, 14, and E; ; is the matrix with (4, j)-entry 1 and with 0 for the other
entries, the system M, , is the generalized Airy system [5].

LEMMA 2.1. For a = [a;;] € g = gl(n,C),
8(1 = - Z ak,sZsJak,l'

k,l,s

In particular, fori,j <n,
m
O, = — Y 21041
=1

7



2. HYPERGEOMETRIC SYSTEMS A LA GEL’FAND

PROOF.
a
dt|,

:Z(

dt|,_
B d
— > d—
= Zazklaklf Z)

kil

= Zak szslaklf )

k,l,s

(0.f)(2) = f (exp(—ta)Z)

exp ta) ]k:l) 3k,lf<Z)

~taZ + O] ) Oif (2)



CHAPTER 3

Hypergeometric systems of Kimura-Takano

Kimura-Takano [10] studied the confluence of general hypergeometric systems, by
focusing on taking limits of regular elements. In this chapter, we summarize the part of
[10] concerning the limit of the centralizers of regular elements.

Let b € g be a regular element. For a Young diagram A = (A1, A, ..., As), put

l
by = POV, + A).

i=1
Then a regular element b is expressed by
b= Ad(gy)bx

for a Young diagram A and g, € G.
For simplicity, we consider the case of b = by for some Young diagram A. Let h) =
35(bx). Then we have
ba=(el |1<i<s 0<j< N\ —1)
which
e =0y B0, & - ®A, & @Oy,
Let o € (hy)* satisfy a(1,,) = —m. Then My, , coincides with the general hypergeometric

system defined by Kimura-Takano [10] (cf. Lemma 2.1).
Let A, p be Young diagrams with |\| = |u| = n. We denote by A\ — pu if

(1) I(p) = 1(N\) — 1, where [(-) denotes the length of Young diagram,
(2) there exist 0 < 7 < I(p), 0 < jo < j1 < I(A) with p; = Aj, + Aj, such that
(i dhzg = { kT rzin o
For example, the Young diagrams with |[A| = 4 hold

(2,2)

/ N
(1,1,1,1) — (2,1,1) (4).
N /
(3,1)

For any Young diagram A, i satisfying A — u, we review the limit of Lie subalgebras from
b to b,. First we consider the case A = (p,q) = p = (n). Let X(e) € by be the regular
element

X(E)=MN @ (el, +A,),
and let g(e) € G satisty
(I, X(g), X ()% ..., X (e)" 1)
= (L,®O0u A, B Oy, ..., A7 D 0y, Oy ® 14,0, ® Ay, ..., 0, & A Hg(e).
9



10 3. HYPERGEOMETRIC SYSTEMS OF KIMURA-TAKANO

Then g(¢) is expressed by
t
I, G
0= ¢ a2

where
1 0 0 0 0 0 0 1 0 0 0
0 0 0 <?) (%) (q—1> 0 et 0 0
{Gu} _ 10 0 &2 0 <0) (1) q—l) 0 0 g2 0
Gao| : :
: - 0 n—1 n—1 n—1 : - 0
00 0 0 et ( 0 ) ( 1 ) (q—l) 0 0 0 0 e (1)

((;) =0 for ¢ < j). Then we have
. ~1 .
lim Ad(g(e) )X (&) = A,
(cf. [10, Lemma 4.1]) and the centralizer version:
lim Ad(g(2) )b = b,

(cf. [10, Lemma 5.1]).
In general, let A\, u be A — p. In the same way as above, there exists g(¢) € G such
that

lim Ad(g(g))br = b,

e—0

(cf. [10, Lemma 4.2]).



CHAPTER 4
Principal nilpotent p-tuples

In this chapter, we introduce principal nilpotent p-tuples, which were defined by
Ginzburg [6] for p = 2.
Let h be a Cartan subalgebra of g. From now on, we suppose that there exist
hi,...,h, € handey,..., e, € g satistying
(1) [hise;] = dije; (1 <45 <p),
(2) [ese5] =0 (1<i,j<p),
(3) Let a := (e |1 € NP), where et = [[?_, ¢l for I = (I;,...,1,) € N?. Then the
centralizer 34(a) equals a, and dima = n.
We say such p-tuple (eq,...,e,) to be principal (cf. [6] (p = 2 case)).
Clearly each e; is nilpotent, and

(3) [hi, €] = L;e".

Put
L:={leNr|e#£0}.

Then {e! |1 € L} forms a basis of a.

The following lemma can be proved in the same way as in the proof of [6, Theorem
1.2 (ii)].

LEMMA 4.1. 34(hq, ..., hy) == N_134(h;) = b.

(2

EXAMPLE 4.2. Let p = 1. Let e be a regular nilpotent element. Since there exists a
semisimple element H with [H,e] = 2e, putting h = $H, we see that h and e satisfy the
above conditions. For example, we can take h = > 1' | 1E;;, e = Z;‘:’f Eii1;. Then ais
the Jordan Lie subalgebra (2).

Since hy, ..., h, are commuting semisimple elements, they are simultaneously diago-
nalizable. Let A = {a = (ay,...,a,)} be the set of joint eigenvalues, and let {v, | @ € A}
be a basis of V' consisting of joint eigenvectors:

hive = a;vg (i=1,...,p; a € A).
Multiplying v, by some constants if necessary, we may suppose that
Mg = Ve (a,a+lc A lcL)
by (3). Throughout this paper, we suppose that there exists a(0) € A such that
A=a(0)+ L.
With respect to the basis {v,}, h; and e; are represented by

(4) Z aiEa,aa Z EaJrli,a,;

acA a+l;,acA
11



12 4. PRINCIPAL NILPOTENT p-TUPLES

respectively. More generally h! and e! are respectively represented by

() > a'Eqq,

acA

where At = hlt ... hﬁg’ and a! =

a

1
1

Z EaJrl,aa

a+l,acA

EXAMPLE 4.3. Let n =4, p =2, and let
0

0
.|t
= o
0
0
0
hi=|,
0

OO O+ OO

0

DO O OO oo

0

o O O

0

o o O

Then (e, e2) is a principal nilpotent pair,

A=L={(0,0), (1,0), (2,0), (0,1)} = LA

and

€y =

...a]lop forl:(lla-"alp>'

oo RO OO
cCcococo oo o
cCcooco OO0
R ooo 2o o9

a=(ly, e, e%, €2).

REMARK 4.4. As in Example 4.3, we can associate L with a p-dimensional Young
diagram of size n. For example, L in Example 4.2 is associated with [_[ [-]].

In [7], for a Young diagram A, Kimura, Haraoka and Takano considered a confluent
hypergeometric system of type A. Note that the subalgebra associated with Young dia-
gram A in this paper is different from the one in [7]. For example, with Young diagram

Co

but the subalgebra

is associated in [7].

0
Co
C1

0

Co
C1

0
0
Co
0

Co

0
0
0

Co

C3

|C(],..

|CQ,..

[ ], as in Example 4.3 we associate the subalgebra

.,63€C 5

,c3€C

LEMMA 4.5. The matriz [a']icr aca is non-singular.

PRrROOF. The set of rows is L, and the set of columns is A = a(0) + L. Put
D(G(O) + L) = det([a’l]lEL;aea(O)+L)-

When p =1,

D(a(0)+ L) = [[((a(0) +1) — (a(0) + k)) = [T £( — k) #0

k<l
by Vandermonde.

k<l



4. PRINCIPAL NILPOTENT p-TUPLES 13

Now we consider the general case. In the matrix [a'], we add —a(0),-times of the

l-th row to the I + 1,-th row. Then the (I, a)-component becomes a' — a(0),a'"'» =

a'“»(a, — a(0),) for [, > 0; remains a' for [, = 0. In particular, the columns a with
a, = a(0), have components 0 in the rows I with {, > 0. Hence

D(a(0) + L) = D(a(0) + L) D(a(0) + L, + L") ] (4, — a(0),),
a=a(0)+11,>0
where
L' = {leL|l,=0},
" = {l-1,|leL,1,>0}.
Then by repeating the similar discussion for D(a(0) + 1, + L"), we have
D(a(0)+ L) =[] D(a(0) +il, + L) [  (ap—a(0),)"”
i a=a(0)+1l,>0
where L; = {l—il,|l € L, |, = i}. Hence by the induction we have proved D(a(0)+ L) #
0. U
COROLLARY 4.6. (h'|l € L) =§.

PROOF. Since h' acts as diag(a' : a € A), the n elements h* (I € L) are linearly
independent by Lemma 4.5. Hence the assertion holds. U

Let (eq,...,e,) be a principal nilpotent p-tuple. Take B C A with |B| = m, and let
VB = EBaeBCUw Set
G = GL(V), g=g{(V)=End(V),
N = NB:{QEG|9\VB:idVB}7 Z:G/NB

Let B = {by,...,b,}, and we write j for b;. Then, by Lemma 2.1, for a = (¢! |l € L)
and « € a* the system M,, (1) is rewritten as follows:

0 0 0 0
— o = beA: 1< 7,7, <
(6) (02’,1,3‘1 0z, 0%, aZb,jl) 0 (abedil<iijsm)
0 o
<7) (Zzavjlaz ] +6j1j2)q):() (1 <J1,J2 < m),
acA a,j2
Ui 0
© (Y St raye— aen)

a,a+leA j=1

REMARK 4.7. A different L defines a different subalgebra a, hence a different system.
A system in [5] corresponds to the Jordan Lie subalgebra (2) (cf. Example 4.2). Systems
M, which are also systems in [7] are only the systems in [5], since the semisimple part
of our subalgebra a = (¢! | I € L) is 1-dimensional as in Remark 4.4.






CHAPTER 5

Integral Representations

In this chapter, after recalling an integral representation of a solution to the system
for h, we exhibit an integral reprensentation of a solution to the system associated with
a principal nilpotent p-tuple.

Set

dt =S (=1) My dty Ao AdE A A dby,.

PROPOSITION 5.1 ([3]).

(a, 2) /H Z’ZGJ

acA j=1
is a solution to the system My _,, where oo € h* is defined by a(Eqq) = g (a € A).

PROOF. Let g € GL(m). Then

¢(&,Zg = /H ZZ akgkj aadt

acA j=1k=1
m m
= [ T zaalX gigt) e d
acA k=1 7=1

Put .
Tk = ngvjtj
j=1

Then t; = 7 (97 )Tk and dt = det(g)~'dT. Hence

(o, zg) = det(g /H ZZaka )@ dT = det(g) ' (a, 2),

acA k=1

and v satisfies (7).

We have
m a m
a — a t N\ __— t o
5’Zbk al;[AZg 12 gb(;z,y i) )827 (Z:Zbu i))
= apty [T (D 2t Zzbj )t
a#b j=1
Hence 5 9 5
Za.it =0,
(9Zb,k 8201 azbl 820 k ael_[A ]Z:l 97
and . .
Z b, ’“a (IT QO zasti)) = aw [T (O zaty)”
“bk qcA j=1 acA j=1
Hence v is a solutlon to the system My _,. O

15



16 5. INTEGRAL REPRESENTATIONS

As in [5], we introduce the polynomials 0; let

9) ST =exp( Y. 6k(b)TF),

leNp keNr\{0}
where bg = 1.
LEMMA 5.2.
2 bi- ‘ab {(1) 22;8
>l

PROOF. By definition, in C[b, (I € NP\ {O})][[T1, ... T,]],

log( > 0,T%) = Y 6T

ieNP keNP\ {0}
By executing T we have
_ = —T".
(3i0 b:T7) kz;() ob;
Hence ‘
Tt 5 Phpwt
(XCizo b:T%) =5 Ob;
and

Yjei b T 0O g 3
| = 2ozl by kT
(Niso biT?) g);l I ob,

Therefore we have the assertion.

PROPOSITION 5.3. Forl € L, let by = Y71 Za(0)41,it;, by := bi/bo, and

(10> (b(a’ Z,t) = bgo exp( Z Oékﬁk,(b/)),

kel

where Ly = L\ {0}. Then

0
Z Z Ra(0)+i—lji . a ¢ = Oleb.
i>l j=1 0)+i,j
ProOOF. Let I # 0. Then
) ) ,
Zzza 0)+i— lja (b = ZZ%(O)H l]¢zaka ek(b>
il j=1 0)+4,j i>lj=1 kel “a(0)+4,j
o 00
= Z Z Za(O)Jrifl,ij Z 1895 8bk
i>l j=1 keL+
= ¢Zakzbzlab =9
kel >l

by Lemma 5.2. Clearly ¢(a,e7z,t) = e*"¢(a, z,t). Hence we have the equation for

l=0.

O



5. INTEGRAL REPRESENTATIONS 17

PROPOSITION 5.4 ([5] for p = 1).

z) :/gb(a,z,t)dt

is a solution to the system M, ., where a = (¢'|l € L), and o € a* is defined by
ald)=aq (Il € L).

PrROOF. By Proposition 5.3, ¢ satisfies (8). As in the proof of Proposition 5.1, it is
easy to see
(e, 29) = det(g) " (e, 2),

and 1) satisfies (7).
We have, for ¢ # 0,

¢ = Z aOy)

aza 0)+1,j

6‘0
= ¢ Zak@za

= (ﬁ.zk:%aibitj

é7Za(0)+i,j

0)+4,5

We also have

00y,
aZa(O),j
00, b;
ab/ bQ J
86’k
81)

= onggltjgb + ¢ . Z A
0za(0).j k

= by 1tjq§ o - Z&k

= by t]gb ao—Zakb

From the above equations,
92
aza(o)+i1,jlaza(0)+i2,j2

0 00y,
B 82& 0)4141,51 <¢ . zk: ak%tﬁ)
aek/ aek D0,
= ) — - t . t .
¢ (@ W by, (2 Wp,) T 2 ey g | bt
for 21, 42 # 0, 21 # 12, j1 # jo2, and
82

0za(0),j10Za(0) +iz o

0

96,
= . 7-[: .
02a(0).41 <¢ sz: b, ”)
- < Qo — Z o b —— 89k/

¢

¢

aek 0%,
Z Q=) = D awbig | it

ki



18 5. INTEGRAL REPRESENTATIONS

for 25 # 0, 71 # j2. Then we see that
82

02a(0)+i1,j1 0Za(0)+i2.4

¢

is symmetric in 7; and j,. Hence
0? 0?

0Za(0)+i1,10%a(0)+isds  0Za(0)+i1,720%a(0)+is.j1

)6 = 0.



CHAPTER 6

Deformation

In the previous chapter, we saw an integral representation of a solution to My _,
(Proposition 5.1) and that to M,_, (Proposition 5.4). In this chapter, we naturally
deform the integrand of the former to that of the latter (Theorem 6.6), which is the main
theorem of this paper.

Recall that e; is represented by

Z EaJrli,aa

a+1;,acA

Z Ea+l,a-

a+l,acA
Recall that for b = (h') the system M _,, where a € h* is defined by a(Eaq) = g
(a € A), is the following:
(11) Jd 0 o 0

azw 821,7]' 6za,j &zb,i

and € is represented by

=0 (a,beA;1<ij<m)

0
(12) (> Zaimg — T 0ij)®=0 (1<i,j<m)
acA a,)
Ui 0

(13) (Z Z,Lki

Let
ap = Z alaa.
acA
The equations (13) are equivalent to
(14) (Y aS sl —a)d=0 (el
ach k=t O%ak

since h! corresponds to

Z alana.

acA

The equation (14) can be rewritten as
(15) (Op +a)®=0 (lel).

Set e := ey + -+ + ¢, and consider e(7) := exp(“=te) € G = GL(n). Then e(1) = 1.

LEMMA 6.1. (1) lim,_o Ad(e(7))(Th)M = eM for all M € NP.

(2) lim, 0 Ad(e(7))h = a.
PROOF. Since [e, h;] = —e;, we have
T—1 1—7

Ad(e(7))(hi) = exp ad(

e)(hi) = h; +

€;.

19



20 6. DEFORMATION

Since Ad(e(7)) is an automorphism of an associative algebra,
P

Ad(e(n)((Th)Y) = T (vhi + (1 — T)es)".
i=1
Hence we see the assertion (1), and hence (2). O

We have the left multiplication map Le(;) on Z = G/N. In general,
Lg o0, o0 L;l = 8Ad(g)a (g eG,ace g).

LEMMA 6.2.
11

-7
Le(r)-Zaj = ) i

)M 20k
k>0 T

PROOF. By an abuse of notation, we denote a general matrix in Z by Z again. By
definition,

(Le(r)-2a,)(Z) = za;(e(T) "' Z).

We have
kz>0 k' 7
Hence L1
-1 - ||
(e(T) Z)GJ kzZ:O k'< . ) Za k,j-
O
COROLLARY 6.3.
1 7 —1\/
Lendos = X 5~ i ( - ) On
Proor. We have
(Ler)-0a ) 1)(Z) = ((Le(r) © Dayj © Ligy) /)(Z)
Le(r)-(Oa,;i(f(e(T)Z))).
By Lemma 6.2,
_ 1\ lb—al
e Dos | 6,,— ( 1) (b—a>0)
@ 0 (otherwise).
Hence
dle(r)Z i
Gus(f(e(M2) = X (@ni)(e(r)2) "l
(b,i) “a.,j
P 7 1 r— 1\
= T ONEND G ()
and the assertion holds. O

COROLLARY 6.4. L1
-T
Le(T <Z k'(

k>0

¥ 04 k7)) = Oay.

Proor. Clear from Corollary 6.3. U



6. DEFORMATION

We consider the system Maq(e(r))p,—a(r), Where a(7) € (Ad(e(7))h)* is defined by
Qaq

(a(7))(Ad(e(r)h) = —.
Hence the equations (15) become
(16) (Oad(e(r)nt +
Put

e =0 (1el).

7l

¢r(a,2) = [ (Le(r)-ba—a()) ™

acA
Then ¢ (e, z) coincides with the integrand in Proposition 5.1. We have

Ondernndr(,2) = Le(z) 0 O o Liyb-(, 2)
= Le(T) © 8hl¢(a7 Z)
= _Le(T) Z alaa¢(a7 Z)

acA

- - Z alaa¢7(a7z)'

acA
Let [3Y] be the inverse of [@!]. Then for ag = 3 Loy /7!

aq
Ond(e(rm@r(a, z) = —m@(a, z).
Hence we have the following proposition:

PROPOSITION 6.5. Let [3Y] be the inverse of [a'], and let

dr(a.2) = TT(IT (Letr)-ba-a() ™)™

leL acA

Then
/ng(oz, z)dt

satisfies the system Maq(e(r))p,—a(r)-

aii aij - 8i,j 851;,1-)@ =0 (a,be A;i,jeB)
(> Za,i£ +6,)0=0 (i,j € B)
acA a,j
(Oad(e(r)nt + %)‘I) =0 (lel),
where the compatibility condition is ag = —m.

PROOF. The compatibility condition is

Zaa: —m.

a€A
We have
Z Qg = Z Zﬁfﬂz/Tw
acA acAlel
(17) = Y% a%lay/r
leL acA

= /7 = ay.
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Since Yqea a®Blay /Tt = 6000, we have

(IMaca(Le)-bs a0 Ylayea/T (1 £ 0)
( (Le T ‘ba—a )Bz)al/Tlu - { —m a—a(0) «@
1] (L ba-ato B (Tac(Letn ya0) ™) (1= 0).

acA

Hence
—-m Lyag /7t
¢-(a, 2) = by H(H (LE(T)‘bil—a(O))ﬁa) e
leL acA
Note that ¢, = Le(r).¢1. Put

o 0 g 0
= _ cici<m)
Ty < T O Gn B mbEA 1Si<IS m>

Since T'x1¢1 = 0, we have

(Le(r)yTa)pr = (LeryoTao Le:(lr))<Le(T)¢1)
= (Legr) 0 Ta)(d1) = 0.
By Corollary 6.4, we have Le(r).T4 D T4, and hence ¢, satisfies (17). O

Put
-

)2acacele=Ol T (@ — a(0)))* (e, 2).

acA

er(a, z) = (1 g

Then [ ¢, (a,2) is also a solution of the system Maq(e(r))p,—a(r)- The following theorem
corresponds to [10, Theorem 6.3].

THEOREM 6.6.

or(a,z) = bg™ exp(z a0, (V) = ¢(a, 2, 1) (1 —0).
leL
ProOOF. By definition,

o) = 0" THILCE ) )

IEL a€A k>0 l—7

= IIOLC S g ) ot

IEL acA a(0)<d<a (a =7

For k' < k, define ¢4y, € C by

e

(X; —a(0))(X; —a(0); = 1) (Xi—a(0)i —ki+1) = > cppX®.

1 0<k'<k

1

(a— a(O)')! _ 3 X

k' . d—a(0)0 -
(a —d) 0<k'<d—a(0)
Hence
(@—a(0)! 7 |d—a(0)| 7/ L
a b ﬁa
al;g(a(o)gdga (a _ d)' (1 _ 7_) d—a(O))

T l

Jla-aly, oy,

= H ( Z Ck’,d—a(O)akl ( 1

a€A a(0)<d<a 0<k'<d—a(0) -7
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We have by Lemma 6.7 below

’ T
S et

0<k/<k<a—a(0) o

= e Y Oual{entihat ()",

0<Kk'<k

where in the statement of Lemma 6.7 we put S; = ;= for i =1,2,...,p. Hence

M 3 @0l T jeeoy, )%

acA a(0)<d<a (CL B d)' =7

= Tlew( X walfensdiha® () )%

acA 0<k'<k
= exp Z Z ﬁek’ {CS’sb }) ( T)‘k|)
acA0<k'<k
= exp( Y. Zﬁla Ok 1 ({Cs, b})( )‘kl)
0<k'<kacA
= exp(D_ be({cs sl })( >‘kl)
1<k

Hence

prl2) = by TTep(3 ful{ew b (=)0

leL <k
= 0" [T exp(; 2 Oue{ew (T )lk‘)
lel <k

Henceas 7 — 0

pr(a,z) = b [ ] explabii({es.sb}))

lel

= 0" [ exp(cubi({t,})),

leL

where the last equation follows from Lemma 6.7. Therefore

or(a,z) = bg™ exp(z a0,(b")) (1 —0).

leL

LEMMA 6.7. Let
Z Ck/7kb;ch/Sk :eXp( Z gk/7k({03/’sb;})Tlek)7

0<k/'<k 0<k' K
where cooby = 1. Then Oy p, = 0 unless k' < k. Moreover, if cpp, =1 for all k, then
On 1 ({cs,sb5}) = O ({0.}).
PROOF. The first statement is clear from the Taylor expansion of log(1 4 U):

log(14+U) = i LWU”.

n=1 n
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We have
log( > cw sbf, T %)

0<Kk'<k

Put U :=TS. Then
lOg( Z Ck/,k.’b;gUk/Sk_k/)

0<k'<k

Let S = 0. Then
log( Z Ck/7k/b;c/Uk/)

o<k’

Since ¢ gy = 1 for all K/,

log( >~ b, U*)

o<k’

which means

DEFORMATION

s

n=1

(> cwrbl,TF Sk

0<Kk'<k

= Y Owal{cy HLPTH S,

0<k' k

n

(-1

(> Ck’,kb;gUk/Sk_k/)n

0<k'<k

00
= >
n=1

= Hk/’k({csgsb;})Uk/Skik/.
Kk

(=}
A

—1)n-1 :
(5 b U

I
K

n=1 n o<k’
- Zek’,k’({CS’,sb;})Uk/‘
o<k’
- (_1)7171 / k'\n
= > ——(> b U*)
n=1 n o<k’
= 3 O ({ea LU,
o<k’

O g ({corsbe}) = O ({VS}) (VK.



CHAPTER 7

The normalizer of a and its action

In this chapter, we consider the normalizer Ng(a) of a and its action following [9].
Using the results in this chapter, we specialize parameters of hypergeometric systems
associated with principal nilpotent p-tuples in the next chapter.

Put L, := L\ {0} and a, := (e!|l € L,). Note that Ng(expa) = Ng(expa,) 2
Ng(a;) = Ng(a). The action of Ng(a) on Z/GL(m) induces that of Ng(a) on exp(a)\Z/GL(m).

Let xo denote the (multivalued) character of exp a whose differential is equal to a =
Sy ai(eh)* € a*. Then we have the following commutative diagram:

b € exp(a) Xe, X
6(b) = ZlLl(b)el €a — (l
Namely we have
Xa(b) = exp(a(0(b))).
LEMMA 7.1. 8(gbg™') = Ad(g)(0(b)) for g € Ng(a),b € expa.
PrOOF. We have
gbg~" = gexp(6(b)g~" = exp(gf(b)g ") = exp(Ad(g)(0(b))).
Hence 0(gbg™t) = Ad(g)(0(b)). O

LEMMA 7.2. xa(gbg™) = Xada*(g)a(b) for g € Ng(a),b € expa, where Ad* is the
coadjoint action.

Proor. By Lemma 7.1,

Xalgbg™) = exp(a(0(gbg™"))) = exp(a(Ad(g)(0(b))))
= exp((Ad”(9)(a))(0(b))) = Xxaa(g)a(b)-

0

LEMMA 7.3. Let b= S bie € expa. Then

b=boexp(d_ Or(b)e"),
k>0
where by = by /bg. Hence
Xa(b) = b5° exp(D_ awl(V)).
k>0

PROOF. This is clear, since b = by 3; bjet. O

We denote by ¢ the isomorphism a > ¥y ¢t — [¢]; € CF, and by * its dual isomor-
phism: C* — a*. For g € Ng(a), let M(g) denote the matrix representation of Ad(g) on
a with respect to the basis {e! |l € L}.

25



26 7. THE NORMALIZER OF a AND ITS ACTION
Then by the definitions
(18) Ad(g)(c™H(h)) = " (M(g)h),  Ad™(g)("(h)) = " ("M (g)h)
for h € CE.
PROPOSITION 7.4. ¢(cr, M(g)z,t) = ¢(Ad*(g)av, 2,t) for g € Ng(a).
PROOF. Recall the definition of ¢(«, z,t) in Proposition 5.3;
P(a, z,1) = on(zl: bie') = Xa(e™ ' ([0a]1))

by Lemma 7.3, where b, = (z2t);. Hence by (18) we have

$la, M(g)z,t) = Xalt ([(M(g)2t)i)1)) = Xa(Ad(g)e ([(2t)i]1))
= Xaa'(@alt ([(2)0) = d(Ad"(9)ev, 2, ).

COROLLARY 7.5. (o, M (g)z) = ¥ (Ad*(g)a, z) for g € Ng(a).

To describe the matrix representation of Ad(g) (¢ € Ne(a)), we introduce some nota-
tion.

Put
filz,T) = mg)Ta (1=1,2,...,p)
acNpP
p
fla, )} = [I(file. ) =" ()T
i=1 I'eNp
for I € NP.
1 (I'=0
LEMMA 7.6, (1) v olr) = { 0 Eothem))z'se).

(2) ¢l’,l (l‘) = szzl Zé‘i:l aij=l' E,i?:l xt(lii)1 e xt(ji)li'
(3) dva(x) =0 for [T > |U'].
(4) O (T) = Yk 4kt Phey 1 (7) Ppoy (7).
PROOF. (1) follows from f(z,T)% = 1.
Since we have

fa ) = TS 9Ty

Il
—
e
m
Z

B

Il
—
—~

8
8=
S

8
8=

~

i

8
Sl
:_/

I
I\
e
?
8
m
z

hS)

we obtain (2).
Since | YF Zé-izl a;j| > |1, (3) follows from (2).
The equation f(z, )" = f(x, T) f(z, T)" leads to (4). O

COROLLARY T7.7. Suppose that [l| = |I'|. Then any term of ¢y, is a product of :cg?
(,j=1,2,...,p).
PROOF. This is clear from Lemma 7.6 (2). O
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COROLLARY 7.8. Let Ly be a subset of N :={l € NP||l| = k} (k> 0). Suppose that

C = [)1<ijzp € GL(p) satisfies ¢y (C) =0 for alll' € Ly, 1 € N\ L.
Then det([éy iy ser,) 7 0-

PROOF. First note that for I',1 € N the notation ¢y ;(C) is justified by Corollary 7.7.
Let U = @&Y_,Cu;, and let Sk(U ) be the space of symmetric product of degree k. Then
there exists a natural representation

k: GL(U) — GL(Sk(U)).
With respect to the basis {u! |l € N}, pi(C) is represented by [¢p 1(C)]y jene. Hence
0 # det([dr(C)]rienr)
= det([ov 1 (O ier,.) det([ow 1(C)]y senn ;)
by the assumption. Hence we have det([¢y ]y e, ) 7 0. O
PROPOSITION 7.9. Let g € Ng( ), and let

= > a’d = fi{d"}e).

leLy
Then , .
g)e' = 3 ona{e e’ = r({al} e
l/€L+
PROOF. This is immediate from Ad(g)e! = [T7_;(Ad(g)e;)". O

For g € Ng(a), let M(g) denote the matrix representation of Ad(g) on a with respect
to the basis {¢' |l € L}.

COROLLARY 7.10. Put ¢o; = do4. Then

M(g) = [m(g)l’,z]z,l'eL = [gbl’,l({cg)})]l,l’eb
(4)

where ¢;’ are those in Proposition 7.9.

PROOF. Since Ad(g)e! is nilpotent, we have m(g)o; = doy- O

DEFINITION 7.11. (1) @ € L is called an inner corner of L, if a + 1; ¢ L for any
i=1,2,....p

(2) a € NP is called an outer corner of L, if a ¢ L, and for every i = 1,2,...,p we

havea — 1, ¢ NP or a — 1; € L.
EXAMPLE 7.12. Let p = 2. Then L can be given by a Young diagram (see Remark
4.4). Suppose that L corresponds to the Young diagram (5,5,3,2,1).

(19) 0

[e)

o

[-]o

o

Then in (19) - indicates an inner corner, and o an outer corner.

LEMMA 7.13. Let g € Ng(a), and let Ad(g)e; = Sier, Cgi)el.

(1) Let a be an inner corner. Then [T} (Xier. cy)el)‘” # 0.
(2) Let a be an outer corner. Then TTi—1 (S ier, cgl)el)“i =0.
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PRroor. Note that

(20) fle,e)® = f[ lz cli)el)“i.

€L,

Hence the assertions are immediate, since an inner corner belongs to L and an outer
corner does not. U

REMARK 7.14. Let g € Ng(a), and let Ad(g)e; = Yier, cl L. Suppose that I is an
outer corner of L. Then, by Lemma 7.6 (4),

0 = drale) = > ﬁ%i,lili(c)

kit +kp=k i=1

- Z ﬁ l_l Qbk:ij,li (C)

p:l Zé‘izl kij=k =1y=1
Pl
(4)
= 2 U«
DYy k=
for k € L. These equations are equivalent to Lemma 7.13.

EXAMPLE 7.15. Let p=1, and L = {0,1,...,n — 1}. Then n — 1 is the inner corner
and n is the outer corner. We have

n—1 n—1
(Z Clel)nfl # 0’ (Z Clel)n —
=1 =1
We obtain ¢; # 0 from the first equation.

EXAMPLE 7.16. Let p =2, and L = {(4,0) |0 <i <n—2}U{(1,0)}. Then the inner
corners are (n — 2,0) and (0, 1). The outer corners are (n — 1,0), (1,1), and (0, 2).
Then we have

Zc 61+C )e)”_27é0,
ZC 61+C(01)62)7’£0a

Z o 61 + c )62)"*1 =0,

n—2

Z ¢ e1 + c )62)(; cg )0)61 + cg ) 1ye2) =0,

Z c 61 + C(o 1)62)2 = 0.

From these equations, we obtain c 7& 0, ! l 0) =0forl <n-3.
Put
(21) Ly :={leL,||l| =k}



7. THE NORMALIZER OF a AND ITS ACTION 29
LEMMA 7.17. Let g € Ng(a), and let Ad(g)e; = Sier, cgi)el. For any k,
ety ({eg’ Dlrer, # 0.

PROOF. Since Ad(g)a* = a* for any k, we have Ad(g)(a*/a**1) = a*/a**1. Hence the
assertion holds. U

EXAMPLE 7.18. Let p = 2, and L = {(¢,0)|0 < i <n—2}U{(1,0)}. Then L, =
{(1,0),(0,1)}. Hence
RN
) | A0
(O 1) (0,1)
For 2 <k <n-—2, Ly = {(k,0)}. Hence

0 # G(k,0),k0)(€) = D1.0),10)(c)* = (08?0))"”-

Hence c 7£ 0, which is the inner corner condition.

det

PROPOSITION 7.19. Let g € Ng(a), and let Ad(g)e; = Yier, cl . Suppose that
A =0a(0)+ L. Put uy := va(0)+1 = €'va(0). Define g € GL(V) by

qup = Z bva(c)uy.

Then g € Ng(a) and M(g) = g = M(g).
PROOF. We know that M(g) = [qﬁl/ (c)] is invertible. Let [1y,] be its inverse. Then

Ul = Z wl’,lul’-
l/
Hence by Lemma 7.6 (4)
gk ey = Z%’,zgul’ﬂc
ll

= Z ¢z/,l¢l”,l/+kul“

l/7l//

= Y Uiy Pkt

l,7l17l2

= > 0 1P, kUi 41,

ly,l2

= D Oplii, = Y G uy.
l2 Lo

Hence
gt gt =D dua ke’
o
We have thus proved § € Ng(a) and M(g) = g = M(g). O

COROLLARY 7.20. Let cgi) (1 <i<p, le L) satisfy the conditions

(1) det([owi(O)]irer,) # 0.
(2) ¢ a(c) =0 for everyl ¢ Lyl € L.
Then g = [¢r1(c)liver € Na(a) and M(g) = g.

PROOF. This is clear from the proof of Proposition 7.19. 0
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LEMMA 7.21. The following two conditions are equivalent:
(1) Tli= Crer, cl(i)el/)li =0 for all outer corners l.
(2) ¢ i(c) =0 for everyl ¢ Lyl € L.
PRrOOF. The condition (2) is equivalent to the condition
f(c,e) =0foralll ¢ L.,

which is equivalent to the condition

f(c,e)t =0 for all outer corners I,
U

which is exactly the condition (1).
PROPOSITION 7.22. Each element of Ng(a.)/Zg(ay.) is uniquely written as (¢ ()| ser,
with ¢ = (cgi) 1 <i<p;leLy) satisfying
(1) detfel]1<ij<p # 0.
(2) f(c,e)t =0 for all outer corners 1.
PRrROOF. The condition (1) in Corollary 7.20 is equivalent to the condition
(22) det([¢p()iper,) #0 (VE>0)
by Lemma 7.6 (3). Then by Corollary 7.8 we see that the conditions
det([¢v()iver,) #0 (k>1)

are derived from the other conditions.



CHAPTER 8
Type (n —1,1)

As stated in the paragraph just above Lemma 2.1, when a is associated with L =
{0,1,2,...,n—1} = {(1,0)|0 <! <n— 1}, which we may call type (n), the system M, ,
is the generalized Airy system [5].

In this chapter, we consider the system M,, of type (n — 1, 1), which we also denote
by Mu—1,1),a. Namely let L = {(1,0)[0 <1 <n—2}U{(0,1)} and a = (e'|l € L);

L= H]D

Then the system M, , with a parameter vector a € a7, ~ Cl+ is Dy /Jaa, where the
left ideal J, o is generated by the following:

0 0 0 0
23 — abe ;1< 71,52 <m),
( ) 8za 1 8zb j2 (92,173-2 82,,,]-1 ( J15.J2 )
(24) > Zwla + 05 (1< jijo < m),
aclL Za,j2

Ui 0
(25) > 260

):J
i=0 j=1 OZ(i+k.,0),j

(26) > 20057

+ O(k,0) (k:1,...,n—2),

0
+Zz(01]az —I—m:(),

and thus o, is always equal to m; hence we consider o € a’ ~ Ch+.
In this chapter, we prove that M, 11y is generically holonomic (Theorem 8.2), and
is reduced to M(,_1) g, when a(,—20) # 0 (Proposition 8.5, Theorem 8.6).

LEMMA 8.1. Let o = (ozl)leL+ € CH+ be a parameter vector. Then

0
Q207 — oz € Ja—a
82(0 1),j aZ(n 2,0),5
forally=1,....m
PROOF. Since

m 0 m 0

20,0, 5 — ®n-20) 2(0,0), — Q0,1
Z:l O o 020 l; O oy O

31
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belong to the ideal J, _,, we see by (23) that
0 0

a(n —

(B )
= (0,0),1 P N (n—2,0)

(92(0,1),3‘ =1 Z(n—2,0

0 Ui 0
— <Z 20015 - 04(0,1))

02(n-2,0)j \IZ1 2(0,1),1

belongs to J, _q. O

THEOREM 8.2. Let a = (ay)ier, € CH+ satisfy Qn-20) # 0. Then M, _, is generically
holonomic.

PROOF. Let (z,&) belong to the characteristic variety of M, _,. For a generic z, we
show & = 0. We follow the proof of [4, Lemma 6].
By (23), we may put §; = a;b; for all [, j.
By (24),
0= Z Zl»]ialbjz = bj2 Z 21,514
leL leL

for all ji, jo < m.
Suppose that £ # 0. Then a # 0 and b # 0. Hence

Zzl,kal =0 (k’: 1,...,m).

lel
Put I, := {l € L|a; # 0}. Then
(27) Zzhkal:O (kzl,,m)
lely,

Since z is generic, we see
(28) 1| > m.
By (25), we have for 1 <k <n—2

n—k—2 m n—k—2
(29) 0= > D 20%tk0bj = Y Q6+k0)C60);
i=0 j=1 i=0
where we put
(30) Ci0) = D 2(0.0),5b5-
j=1

Put
I = {(k,0)|[k=0,....n =2, ago) #0} =1\ {(0,1)}
and let ko := max{k|(k,0) € I} }.

Then we claim

CLAIM 8.3.
croy =0 forall k < k.
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Proor. If ky = 0, then there exists nothing to prove.

Let kg > 0. We prove the assertion by induction on k. Plugging k = k¢ in (29), we
have ax,0)¢0,0) = 0. Hence ¢y = 0.

Now we suppose that cg ) = 0 for all & < [ < ko. Plugging k = ko — [ in (29), we
have a(xy,0)cq,0) = 0. Hence ¢ 0y = 0. We have thus proved the claim. O

By Lemma 8.1, (z,&) satisfies

¥(n-2,0)0(0,1)bj = Q(0,1)A(n—2,0)0;

for all 1 < 7 < m, and hence we have

(31) Q(n—2,0)2(0,1) = O(0,1)(n—2,0)-

We first treat the case when g1y # 0.

Suppose that kg = n — 2. Then ag,—20) # 0, and hence a1y # 0, 1. e. (0,1) € I, by
(31). Then by (27) and (31) we have ||+ 1 > m + 1, otherwise we have a = 0, which
is a contradiction. Hence n >m+1lorn—2>m — 1.

By Claim 8.3, we have

C0,0) =+ = Cn—30) = 0.
By (30), we have n — 2 < m, otherwise we have b = 0, which is a contradiction. Hence
m — 1 <n — 2 < m, which is impossible.

Next suppose that ky < n — 2. Then agp—20) = a©1) = 0 by (31). By (28), we have
|I}| > m, and hence kg + 1 > m.

By Claim 8.3, we have

C(0,0) = "+ = Cko-1,0) = 0.
By (30), we have kg < m. Hence m — 1 < kg < m, which is impossible.

We next treat the case when o1y = 0. Then by (31) we have a1y = 0. By (28) and
the definition of I}, we have |I}| > m, and hence ko + 1 > m.

By Claim 8.3, we have

C(0,0) = "+ = Cko—1,0) = 0.
By (30), we have kg < m. Hence m — 1 < kg < m, which is impossible. O

Proposition 7.22 implies the form of g € Ng(a).

PROPOSITION 8.4.

Cg;())cgg?n # 0, } '
Do =0 (1<k<n-—3)

PROOF. Let g € Ng(a)/Zg(a). Then by Proposition 7.22 we have

Ng(a)/Zg(a) = { (D1 1(0)]wieL,

&

9= [ow1(Nicr,
where ¢ = (cgi) ci=1,2;1leL,).
We have already seen C&)o) # 0 and CEZ?O) =0 (1 <k <n-—3)in Example 7.16,
and cg?o)cg?l) # 0 in Example 7.18. These are the necessary and sufficient conditions by
Proposition 7.22. U]

PROPOSITION 8.5. Let ®(z;a) be a solution to M,,. We assume that a parameter
vector

o = t(Oé(l,O), <oy On—2,0), 04(0,1)) e ChH+
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of ®(z;a) satisfies a2y # 0. Then there exists g € Ng(a) such that the change of
coordinates z — 2" = gz transforms ®(z; ) into ®(2'; o) with the parameter vector

o =%0,...,0,1,1).

ProoF. By Lemma 7.6, we have

Sonon(c) = iy (1<i<n-—2),
0 (j>2)
) = |
G0.1),i,0)(€) { cﬁé?n G-,

2
don.onle) = ch.

Then by Proposition 8.4, g € Ng(a) has the form

[06:,0,(,0) (€)]1<ij<n—2 :
g= 0
(2
Cln—2,0)

(1) 2)
o1y 0 T 0 <o |

with respect to the order (1,0),...,(n — 2,0),(0,1), where 080 £ 0, c y # 0 and

1 1 n—
c= (621,)0)> . 76@372,0)) e C2,

By (18), we have

n—2

1
(32) o) = ("90) 0y = Y 00)dii(c) + 0ua01)Clph):
j=1
2 2
(33) a(O 1) — ( go ) 0,1) — a(n72,0)cgl?0) + O‘(O,l)cgo?ly
Firstly we consider (32) for 2 < ¢ < n — 2. Similarly to [9, Corollary 5.4], noting that
Q(n—2,0) 7 0, we can choose cE ) 0) - - - ,0&)7370) so that 0/(270), . 70/(n—3,0) become all zero

and a (n=2,0) = =1.
Secondly we consider (32) for i =1, i.e.,

(1) 1) 1)
Q1,0)C1,0) T T ¥n-2,0)Cln_2,0) T 0,1)C(0, 1)-

Using the condition a(,—20) # 0, we can determine cg ) o) and C(O 1y S0 that afy o) = 0.

(2) (2)

Lastly we consider (33). Noting that a(,_20y # 0, we can determine Cln—2,0) and o)

so that aj ;) = 1. In
Yo1 s Yom
Let Y = : : , and define f: Z — Y by
Yn—21 """ Yn—2m
£(0,0),1 T 2(0,0),m
(34) f(Z2) =
Z(n—3,0),1 T Z(n—3,0),m
Z(n—2,001 T 201),1 *°° Zn-2,0,m T 20,1),m

THEOREM 8.6. Let a =%(0,...,0,1,1) € C"! and 8 =*(0,...,0,1) € C"2. Then
J"Mup—1)8 = Mmu_1,1),a-
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PRrROOF. Let
2(0,0),1 s 2(0,0),m
I __
Z = Z(n—3,0),1 T <(n—3,0),m
Z(n-2,0),1 T 200,1),1 "  Z(n-2,0),m T 20,1),m
2(0,1),1 te 2(0,1),m

Then f = p,_10 f', where f'(Z) = Z’ and p,_; is the projection on the first n — 1 rows.
Since p,,—_1 is the projection, we easily see p}_ M(,,—1y 3 = Dz /J', where J' is generated
by
0 0 0 0

201,51 Oha0)de OHkns0),52 Oko,0).0
(0 <ki ko <n—2;1<j1,752 <m),

2
K 0 o
Z (i ,]18 / +(5J1J2 (1 < Ji,J2 < m),

0 207]2

k‘ 2 m 8

Z ZZZO)’](() + By (k=1,...,n—2),
i=0 j=1 Zz+k0)

0

(j=1,...,m)

82(071)

By the change f’ of coordinates
ZEZ',O),j - Z(i,O),j (Z == O, ]_, oon— 3)

/

Zn—-20)j — An-20).5 T 201)j
ZEO,l),j = 2(0,1).>
we have
0 0
- = (1=0,1,...n—2)
az(i,o),j 0%(i0),j
0 B 0 0
8220,1),3‘ az(ozl)vj 82(”’72’0)»]’ '

Taking into account that we have
0 0

az(n_210)1j N 02(071) 7j

€ J(n—l,l),a

by Lemma 8.1, we see f*M,—1)5 = f""Dh_1Mn-1)5 = Mn-11),a- dJ
COROLLARY 8.7. Let a = %(0,...,0,1,1) € C"! and 3 =%0,...,0,1) € C" 2. Then

we have a bijection between the space of solutions to M(,—11),« and that to M, _1) .

PROOF. Let f be (34). By Theorem 8.6, we have an isomorphism
f~*Homp, (M, 1), Oy) = Homp, (f*My, 1), f*Oy)
= HOInDy(M(n—ll ,a,OZ)~

More explicitly, ®(f(Z)) is a solution to M,_1 1) for a solution ® to M,y 3. Con-
versely any solution to M,_1 1) is of this form. O






CHAPTER 9

p = 2 case; the normalizer of a

In this chapter, we consider the normalizer of a in the case of p = 2.

Let (e1,e2) with ¢; € g be a principal nilpotent pair, and set L = {l = (I,l2) €
N2|eliel £ 0} and a = (e}'e}|(Iy,1) € L). We say L C N? to be asymmetric if there
exists (l1,13) € L such that (ls,1;) ¢ L.

Let g € Ng(ay)/Zg(ay). Then there exists ¢ = (c§” 1 <i<p;le L) satisfying
the conditions

(a) det[c{”]1<ij<p # 0,
(b) ¢py(c)=0foreveryl ¢ L., 1" € L,
such that

9= [ov1()rier
by Proposition 7.22.

LEMMA 9.1. Let ¢ = (cl(i) : 1 <i<p;le L) satisfy the conditions (a) and (D).

(1) If L # {(l1,12) € N?| Iy + 1, < m} for any m € N, then we have c PO)CE?I) =0 or

(2 (1
coCon = 0

(2) If L is asymmetric, then we have c (m C(o y 7 0.

PROOF. (1) Let m = max{|l| | L € L}. By the assumption, there exist [, I' € N?
with [I] = |lI'| = m such that I € L, I' ¢ L. If (m,0) € L, then ¢, 0 r(c) =
1 / 2 / 1 1
(i) = 0. 1F (m,0) € L, then dugmo)(c) = (e (cg)* = 0- Thus
if ¢! 1 0) ( ) 7é 0, we have CEI)O) 0 or cgé’)l) =0.
(2) By the assumptlon there exists (I1,l2) € L such that (lo,l1) ¢ L. Then we

) (2 2) (1
have ¢, 1),(.,00)(c) = 0. By (1), we have CEI)O)CEO?I) =0 or CEI?O)CEO?I) =0. If

08)0)08)1) =0, we have iy 12), (12,0 (€) = (cg)o))ll(cg(l)?l))l2 = 0. This contradicts
the fact that det [C§z>]1§i7j§2 7é 0.
L]

We denote by Inn(L) the set of inner corners of L and by Out(L) the set of outer
corners of L. Define D;(L), Dy(L) by

Di(L) = {l; = l}|(l1,12) € Inn(L), (I3,15) € Out(L), Iy — 15 = —1},
DQ(L) = {lz — l/2|(l1,l2) S II]H(L), (lllvlé) c Out(L), I -1 = _1}.
Put d; = max D;(L) for i = 1,2.

PROPOSITION 9.2. Let ¢ = (cgi) 1 < i <pl e L) satisfy cg?o)cgg?l) # 0 and

drai(c) = 0 for every l ¢ L. U' € Ly. Then (c l) : 1 < i < p;l € Ly) satisfies the
following:

37
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(1) If dy > 0, then we have

@ _ @ @
Cloy = C20) = = Ca 0 = 0

(2) If dy > 0, then we have

o _ QO _ (5
Co,1) = %o,2) = T Co,de) T 0

PROOF. We assume d; > 0. Since d; > 0, there exist I € Inn(L), I' € Out(L) which
satisfy Iy — I = —land [y — 1} > 0. Let s =1; —I; and m = (I} +1,l5). Since I’ € Out(L),
we have m + (i,0) € L for i =0,1,--- ;s — 1. We show Cg?o) = Cg?o) =...= Cg,)o) =0 by

induction.
(@ — 0. Since 051)0)0(0 1) # 0, we have CEl)O) E ) =0 by Lemma 9.1

First, we show ca,

1 2 2

(1). Then ¢y, p(c) = ( 1>0)) §1> )(cgo)l))b Thus c§1>0 — 0 by Gmy(c )
2) 2)

Next, we assume ¢} o) = cg 0 =" (zo = 0. By Lemma 7.6 (4 ) we have

¢m+(z‘,o),l’(0) = Z ¢k1,(l’1,0)(c)¢k2,(0,l’2)( )
ki1+ko=m+(3,0)
Since ky + ks = m + (i,0) and Lemma 7.6 (3), ko satisfies that I, < |kqo| < I} + i and
koo < ls.

Let wy,...,uy € N? satisfy uy 4 --- + uy = ko, Since kyy < Iy = Iy — 1, there
exists 1 < i <} such that u; = (4,0) for some j € N. Let a = |ks| — l,. Then we have
1 <j<1+4a. If j=1+a, then there exists a unique i satisfies u; = (1 + a,0), and then
uy = 1y for all i # 1.

Then, since

=

)
(
(

™ 0

Prooip(c) = > D Cq(zi ;

u1+~--+ul/2:k2
we have
Dkes,(0,3)(€) = 0
for all ko # (i +1,15) and

2 2
¢(i+1,l2),(0,l’2)(6) CEZ—)HO)(CEO)l))lQ

by the assumption. Thus

P00 (€)= 00,10 (C)P(iv10),00.0)(C)

_ 1) N (2) (2) N\l _
= (0(1 0)) 'Clik1,0) (0(0,1)) =0,

and we have CEZJ)FI 0) = 0.
Similarly, if ds > 0, then we have cgé)l) = cg(l))Q) = = cg(l))dz) = 0. 0

THEOREM 9.3. Assume d; = max D; (L) > 0 for i =1,2. Furthermore, assume that
(¢ M. 1<i<21le L) satzsﬁesclo)c(01 #0,

@ _ o _ @
oy = Czo) = = Cay0) = U

and (1) (1) (1)
1 1 1
0(071) —_= 0(072) = e .. = C(O,dg) e 0

Then we have [¢y ()] er, € Na(ay)/Za(ayt).

In order to prove Theorem 9.3, we show two lemmas.
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LEMMA 9.4. For any n,m € N, we have

ProoFr. Put k = L%J We have
n=mk+r (0<r<m).
Let (A1,...,A\n) be
N — k+1 (1<i<r)
v E (r+1<i<m).
Then we have min; \; = k. On the other hand, if min; \; > k, we have
M+ +An>m(k+1) >n
This is a contradiction. O

LEMMA 9.5. Letl € Inn(L), U' € Out(L).
(1) If Iy < 1, then

L =1

— | < Dy(L).

Ly — 1] — max Dy(L)
(2) If Iy <1}, then

ly — 1

lZ — lj < max Dy(L).

PROOF. We show (1). By the definitions of inner corners and outer corners, there
exist ki,...,k, € Inn(L) and Ki,...,k,, € Out(L) such that k; = I, k], = 1’ and
kia — ki, = —1 for any i. Since m <y — Iy, we have

L=l _ L-§

lé—lg - m
1 m
- = 1 — k)
m; 1 21
1
< —mmax Dy(L) = max Dy (L).

3

O

PROOF OF THEOREM 9.3. We show ¢ y(c) =0 for alll € L, I’ € Out(L).

Fix I’ € Out(L). By Lemma 7.6 (3), it is sufficient to show ¢y (c) =0 for all l € L
satisfying [I] > |U'|. If Iy = I}, we have [; < [}. Then we have |I| < |I'|. Thus we consider
the case of Iy < I}, and that of [, > [},. By Lemma 7.6 (4),

(35) D)= D Ory,1,,0)(0)Pra0uy(€).
ki t+hko=l

First, we assume [y < [}. Since ky + ko = I, we have
ly < |ko| < Iy + [ = U], koo <l

Let Uy, ..., Uy € N? satisfy w; + --- + uy = ky. Since koo < Iy < I, for any j =
.y 1y — koo, there exist u;,, .. Wiy such that u;; = (s;,0) for some s; € N. We
have

S1+ Sk, < kan,
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and then there exists j such that

k
sjﬁ{ 21 J,léjﬁlé—km

Iy — koo
by Lemma 9.4.
Since Iy < |ko| < I+ |l| — [U'] and ks < Iy, we have
kag |kl = koo
Iy — koo 1y — ka2
< U+ |1 — || — koo
- ly — koo
2 — [V
= 14
Iy — kap
1 — 17
< 1
< 1
_L-g
-

Since I € L, there exists I” € Inn(L) such that [; <1/ for i = 1,2. Then we have
L—U| |-t
sj < < <d
N e T
by Lemma 9.5.

By the assumption, we have ¢p, (o41)(c) = 0 for any Iy < [ko| < I+ || — |V, koo <.
Hence we have proved ¢,y (c) =0 for any I € L, I' € Out(L) satisfying lr < I5.

Next, we assume Iy > [},. By the definition of outer corner, we have [; < [j. Then we
similarly show ¢ (c) = 0 by Lemma 9.4 and Lemma 9.5. O

PROPOSITION 9.6. Let A be a Young diagram and put d; = max D;(L). Then we have
the following:

(1) If Ly is asymmetric, then we have

Na(ar)/Za(ay) = { [qblul' (C)] LUELy

) (2 2 :
05130)081)( )7£ 0, Cgi,)o) =0(1<i<d)
1 . :

oy =01 <j<dy)
(2) If Ly is not asymmetric and Ly # {l € N* | [l] < q} for any q € N, then we have

(1 (2 (2 _ '
croCon 7 05 ¢ =0 (1 <i<d) } ,

Ne(ax)/Za(ax) = {[le,l’(C)L’l/eL/\ N g@,z'(c)h,,/eh Cg(l))-) _0(1<j<d)

where d = dy and g € GL(V) satisfies
Ad(g)er = e2, Ad(g)es = er.

PROOF. (1) Let Ly be asymmetric. We assume [¢y(c)irer, € Na(an)/Za(ay).
Then we have c&)o), C&Z)?l) # 0 by Lemma 9.1(2) Thus

(2) :
(D1 (iwer, € Na(ar)/Za(ay) & cgll»)ﬂ) ( 1)

by Proposition 9.2 and Theorem 9.3.
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(2) By the assumption, we have d; = dy > 0. Let d = d;. Moreover we have

(2)

1)0)0(0 y =0or cg)o)cgé)l) = 0 by Lemma 9.1(1). If Cg)o)cg(l))n = 0, then we have

g
051)0)0(0 1y 7 0 and thus

by Proposmon 9.2.
If ¢ io)cgg)l) = 0, then we have Cg?o)cgé?n # 0. Let g € G satisty Ad(g)e; =
es, Ad(g)es = e;. Then we have
Ad(glgrp(0)ertes = Ad(g)Ad([grp(c)])el ez
Ad(9) D Ormeres

+
keL]

= D Ok (nieres.

keLy
Thus g[¢yr(c)] € Ng(a)/Zg(a), and there exists ¢ = (cz(i))izl,z 1er, such that
gl (c)] = [gzﬁll ()]. By (36), ¢ ,(1) (2) 02(2) (1) for any l €Ly, Then/(
satisﬁesc/(l)0 01) # 0, andwehavec((lo)) = 0 (1<i< d) 0]) =0 (1 <] < cl) by
Proposition 9.2. Hence we have (¢, (¢)] = g[¢yp(¢')] which satisfies c c 1 # 0,

2 , 1 .
c'((i’g) =0(1<i<d) and c/(%’;) =0(1<j<a). -






CHAPTER 10
p=2and m =2

In this chapter, we consider confluent hypergeometric systems associated with princi-
pal nilpotent pairs with m = 2. For any Young diagram A = (A1, Aa, ..., As), there exists
a principal nilpotent pair (er,e;) which corresponds to A. Put ay = (el'e}|l € N?) and

Ly = {l]e! # 0}. Then we have
L)\I{(ll,lg) EN2|0§12 SS—L 0§l1 S)\b_l}

We denote M, o simply by M), , as in Chapter 8.

We have already considered the case of A = (n — 1,1) in Chapter 8. This classical
counterpart coincides with the system of generalized Airy functions by Theorem 8.6. Here
we describe the classical counterpart of M, , by Risa/Asir [11]. First, we prove the next
proposition.

PropoSITION 10.1. Suppose L # {(0,0), (1,0), (0,1), (1,1)}. Then we have

1 0
0 1
0 0
[Ziglim12m =12 = |0 2,
0 T3]
in exp(a)\Z/GL(m).
PRroOF. First, we have
1 0 . .
1,1 212
[zijli=t,mj=12=| 0 1 {Zm 222}7
Wn_z ’ ’
where
wWi,1 W12 23,1 3.2
W Wa 1 W22 41 42| (211 212 -
T : : | : 291 Z22|
Wn—-21 Wnp—22 Znl  2n2
Since
) -
cro 1
12
exp(camer) = [2610 €10 1

43
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with respect to the order (0,0),(1,0),(2,0),---, we have

1 0 1 0
0 1 1 0 0 1
exp(_w3,2€1) Wy, W12 {_wl 9 1} = 0

where c(10) = —ws and W}, = wi1 — swi,.
Next, since

1
eXp(C(Q,())G%): 0(270) O 1

with respect to the order (0,0), (1,0), (2,0),--, we have

1 0] [10
, | 0 1 o1
exp(coer) fwi 0] = {0 0]

where c(0) = —wi ;.
Similarly, we can determine ¢; for any I € L such that

1 0

Lo 0 1

[Iexp(ach) | 0 1 { 1 ﬂ = 8 531
W,y | 702 b
10 23]

1. n =4 case

First, we consider A = (3,1) case. By Proposition 8.5 and Proposition 10.1, it is
sufficient to consider the restriction of M3 1y with @ = (—2,0,1,1) on

0
1
4= 0
x

O O O

Then the restriction of M3 ) is
O+ 2)u=0

and a solution of this equation is u = exp(—3).
Next, we consider the system M9 ,. Then Ly = {(0,0),(1,0),(0,1),(1,1)}.

Since
1 0 1 0
1 0 1
exp(crer) exp(—wyes) exp(—wseres) wr w0 2|
W3 Wy 0 O
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Wa—ws

where ¢; = o

, T = wsy, we have

oo O
o8 = O

in exp(a(2,2)\Z/GL(2).

PROPOSITION 10.2. Let ®(z; ) be a solution to M 9)o. We assume that a parameter
vector
o ="(aqe), a1, o) € CH

of ®(z; ) satzsﬁes any # 0. Then there exists g € Ng(a) such that the change of
coordinates z — 2’ = gz tmnsforms O(z; ) into O(2';a’) with the parameter vector

=%(0,0,1).
PROOF. By Proposition 9.6, there exists g € Ng(a) such that
0 0

with respect to the order (0,0),(1,0),(0,1),(1,1), where c 0 # 0, C(o y # 0and ¢ =

©» O @ @
(€i0)> €11y 0,1y Ey) € CF

We have
(37) 0/(1,0) = (th‘)(l 0) = 68?0)04(170) + iy,
(38) oo,y = ("ga) 01 = oy @) + (1),
(39) ol = ("ga) .y = el o

Since 1,1y # 0, by (39), we can determine C&)O) and 0(071), so that af; ;) = 1.

By (37) and (38), we can determine 0831) and 0831) so that afy o) = /gy = 0. O

The restriction of M9 with o = (=2,0,0,1) on

oo O
o8 = O

is

d
20— + 1
(xdx+> =0,

and a solution of this equation is u = ﬁ

REMARK 10.3. In the case of n = 4, the classical counterparts were also calculated in
8].
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2. n =5 case

We consider the systems M) ,, where A = (3,2) and A = (3,1,1). By Proposition
10.1, we consider the restriction of M, , on

N
I
coo o+

First we treat the case of A = (3,2).

PROPOSITION 10.4. Let ®(z; «) be a solution to M3 o). We assume that a parameter
vector

a = t(OZ(Lo), Q(0,1); €(2,0); 04(1,1)) e Cl+

of ®(z; ) satisfies a1y # 0. Then there exists g € Ng(a) such that the change of
coordinates z — z' = gz transforms ®(z; ) into ®(z'; ') with the parameter vector

o =10,0,0, 1).
PROOF. By Proposition 9.6, there exists g € Ng(a) such that
1 0 0 0 0 ]
(1)
’ 6830) (g X ’
1 2 1
0 ¢ 2?0) ¢ 2?0) (051)0))2 0
O S O N Vs (NI
Y Sy Gy “C0Con €1,0)%0,1).

We have

1 1 1 1
(40) O/(Lo) = (tga)(lyo) = 051?0)0‘(1,0) + Cgo,)l)a(ﬂyl) + 052?0)0‘(270) + 051?1)04(1,1)’
2 2 2
(41) 0oy = ('90)01) = clghy @01 + o) @20 + iy,
1 )
(42) Olngy = (190) 20 = (el 2020) + 26 ) Cloly 0. (1,1
(43) 0/(1,1) = (‘ga)an = CS?O)ng?l)a(Ll)'
Since 1,1y # 0, by (43) we can determine Cg?o) and ng,)l) so that afy ;) = 1.
By (40), (41), (42), we can determine cgé?l), CE;?O), 0831), ce Cg,)n so that afy o =
Q1) = Qe gy = 0. 0
(0,1) (2,0)
The restriction of M), with e =*(0,0,0,1) on
1 0
0 1
Z =10 0
0 I
0 )

is
81 — (9%, 2%’182 + T, 2.7}16% + 1’282 + 1,
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and a solution of this system is f(z1,x2) = \/%71 exp (—%).

Next, we treat the case of A = (3,1, 1).

PROPOSITION 10.5. Let ®(z; av) be a solution to M(z1,1y,o. We assume that a parameter
vector

a = "(ag,0), Q01), ¥20) Q02)) € CH*
of ®(z;a) satisfies a0y # 0 and aa) # 0 Then there exists g € Ng(a) such that the

change of coordinates z — 2’ = gz transforms ®(z;«) into ®(2';a’) with the parameter
vector

o =1"0,0,1,1).
PROOF. By Proposition 9.6, there exists g € Ng(a) such that
1 0 0 0 0 ]
O

with respect to the order (0,0),(1,0),(0,1),(2,0),(0,2), where 0830) #0, cgg?l) # 0.
We have

(44) afy 0 = (‘g)0) = 08?0)0«1,0) + 080)04(2,0) + o 0(0.2):
(45) 0oy = ('90)0.1) = clohy@01) + o) @20 + Clon(02),
(46) O/(z,o) = (tga)(Z 0) = (CS?O))QO‘(ZO%
(47) 0oz = (9002 = (e 02)-

Since a20) # 0 and a2y # 0, by (46) and (47) we can determine 08,)0) and 05(2)?1)7 SO
that afy ) = ajgq) = 1.

By (44), (45), we can determine cg?o), CE}J??)’ . ng?Z) so that af; o) = gy =0. O

The restriction of M31,1),, with & =*(0,0,1,1) on

1 0
0 1
0 0
0 T
0 T2
18
01 — 3103, (21 + 1)0s + 2,

2
and a solution of this system is f(x1,22) = ﬁ exp (—%)
1

3. n =06 case

We consider the hypergeometric systems associated with Young diagrams with |\| = 6
without (5,1).
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Na(ayn)/Za(ay) =

10. p=2 AND m =2

(1) Let A = (4,2). Since

1 0 0 0 0 0

X

0 ¢ (1) 1y € ?) 1) 0 0 0

. . 1 (2

51) 52) (1) € GL6(C)lci /g

0 65230) 05230) (0(1,0))2 " O( | 0 (1,0)7(2,0)
1 2 1 2

’ 65131) 05131) ( >O (1) Cglﬁo)cgoil) <())
1 2 1 1 1 2 1

0 cao) B0 200cRn C1ofeo (¢10)]

a solution ®(z; «
vector

~—

with a3y # 0 is transformed into ®(2'; ') with the parameter

o/ =1(0,0,0,0,1).
The restriction of systems My 2) . with a =7(0,0,0,0,1) on

1 0
0 1
0 O
Z= 0 T
0 )
_0 T3
1S
8f—|—x1, 82, 83.
Let A = (4,1,1). Since
Ne(ar)/Za(an)
1 0 0 0 0 0
0 (0) 0 0 0
0 0 2 0 0 0
(0,1) 1 (2
1 1 € GLg(C)leiy/ohe 0¢,
0 CEZ;O) (O) (Cgl?o))Q (()) 0 (O]t #
1 2 2
’ CEOSQ) CEOSQ) <>O<> (o) (?
1 2 1 1 1
0 €300 €30 2C(1,0)0(270) 0 (0(1,0))3_

a solution ®(z; ) with a3y # 0 and oy 2) # 0 is transformed into ®(2"; ') with
the parameter vector

o =10,0,0,1,1).
The restriction of systems M4 11),o With o =7*(0,0,0,1,1) on

0

1

0
T
T2
.I‘g_

(sl all

is
81 — 63, 62 — 1328:)2)7 (9% + .73283 + (1’1 + $3).
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(3) Let A = (3,3). Since

Ne(ax)/Za(ax)
1 0 0 0 0 0 1
0 ciih) (0) 0 0 0
0 0 0 0 0
(0,1) 1 (2
0 C§2 0 () 0 0 | SOty 70
1 He) n @
o 0w Y e
1 1 @ (2 2
0 021 Cl2,1) 2C(10) 11 C20¢ (01)+C(10)C( ( ) C
a solution ®(z; o) with aa 1y # 0 is transformed into (ID(z o Wlth the parameter
vector
—1(0,0,0,0, 1).
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is
82 - 832), 81 — 8283, 3%18% + 21’283 + Z3.
(4) Let A =(3,2,1). Since
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a solution ®(z;a) that satisfies a0y # 0, a1y # 0 or a(g2) # 0 is transformed
into ®(2’; ') with the parameter vector

=1(0,0,0,0,1).
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