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Dynamic Surveillance by Multiple Agents with Fuel Constraints

Ryo MASUDA, Nonmember, Koichi KOBAYASHI™®, and Yuh YAMASHITA®, Members

SUMMARY  The surveillance problem is to find optimal trajectories of
agents that patrol a given area as evenly as possible. In this paper, we con-
sider multiple agents with fuel constraints. The surveillance area is given
by a weighted directed graph, where the weight assigned to each arc cor-
responds to the fuel consumption/supply. For each node, the penalty to
evaluate the unattended time is introduced. Penalties, agents, and fuels are
modeled by a mixed logical dynamical system model. Then, the surveil-
lance problem is reduced to a mixed integer linear programming (MILP)
problem. Based on the policy of model predictive control, the MILP prob-
lem is solved at each discrete time. In this paper, the feasibility condition
for the MILP problem is derived. Finally, the proposed method is demon-
strated by a numerical example.

key words: fuel constraints, mixed integer programming, model predictive
control, surveillance

1. Introduction

Control technologies for realizing a smart city have attracted
much attention [5]. In a smart city, it is important to apply
these to many services such as transportation, energy dis-
tribution, healthcare, environmental monitoring, business,
commerce, emergency response, and social activities. In
this paper, we focus on persistent surveillance (monitoring,
patrol), which is closely related to some of the above ser-
vices. The surveillance problem is to find optimal trajecto-
ries of agents that patrol a given area as evenly as possible.
This problem has been studied from several viewpoints (see,
e.g., [11, [4], [6], [7], [9], [11], [12], [14]).

In [1], [9], a surveillance area is given by a graph.
It is appropriate to model a complicated area as a graph
by using discrete abstraction techniques [15]. In [1], the
automaton-based method has been proposed. In [9], the
optimization-based method has been proposed. In these
methods, the penalty to evaluate the unattended time is as-
signed to each node. In [9], time evolutions of agents and
penalties are modeled by a mixed logical dynamical (MLD)
system model [2]. The surveillance problem is reduced to a
mixed integer linear programming (MILP) problem. Based
on the policy of model predictive control (MPC) [3], [13],
the MILP problem is solved at each discrete time. The
MPC-based methods enable us persistent surveillance, and
can adapt to the change in environment (e.g., the surveil-
lance area and the number of agents). In [11], [12], some
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methods to solve the surveillance problem faster have been
proposed.

In this paper, we consider multiple agents with fuel
constraints. In the case where a surveillance area is large, it
is important to impose fuel constraints for each agent. Fuel
constraints have been considered in the method in [1]. In
this existing method, the fuel of each agent is decreased in
a constant rate. In the proposed method, we use a weighted
directed graph, where the weight assigned to each arc corre-
sponds to the fuel consumption/supply. Hence, the problem
setting is more flexible. In the case of using a weighted di-
rected graph, we cannot use our previously method [9] in
which the binary decision variable is not assigned to each
arc. We propose a new method to assign the binary decision
variable to each arc. Using this method, the surveillance
problem is reduced to an MILP problem.

Furthermore, in MPC, it is important to guarantee the
feasibility of the finite-time optimal control problem solved
at each discrete time. Since in the method in [9], there are
no fuel constraints, the feasibility of the MILP problem is
always guaranteed. However, when fuel constraints are im-
posed, the feasibility of the MILP problem is not guaranteed
generally. In this paper, we propose two conditions of the
prediction horizon and the terminal constraint for guaran-
teeing the feasibility of the MILP problem.

Thus, by the proposed method, we can overcome sev-
eral technical issues on fuel constraints in persistent surveil-
lance by multiple agents.

This paper is organized as follows. First, a surveillance
area given by a weighted directed graph is explained, and
the penalty for each node and the fuel of each agent are de-
fined. Then, the surveillance problem is formulated. Next,
the reduction of the surveillance problem to an MILP prob-
lem is explained. Third, the feasibility conditions are de-
rived. Finally, we present a numerical example to show the
effectiveness of the proposed method.

Notation: Let R denote the set of real numbers. Let
{0, 1} denote the set of n-dimensional vectors, which con-
sists of elements O and 1. Let 1,,%, (0,,x,) denote the m X n
matrix whose elements are all one (zero). Let I, denote the
n X n identity matrix. For simplicity, we sometimes use the
symbol 0 instead of 0,,x,, and the symbol [ instead of /,,. For
the matrix M, let M" denote the transpose matrix of M. For
the two matrices X and Y, let X ® Y denote the Kronecker
product of X and Y.

Copyright © 2020 The Institute of Electronics, Information and Communication Engineers
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2. Problem Formulation

In this section, we formulate the optimal surveillance prob-
lem with fuel constraints.

Letk € {0,1,2,...}denote the discrete time. A surveil-
lance area is given by a strongly connected directed graph
with weighted arcs G = (V, &, f), where V = {1,2,...,n}
is the set of nodes, & C V X V is the set of arcs, and
f & = R\ {0} is the function representing the fuel con-
sumption/supply. Since G is strongly connected, there ex-
ists a path in each direction between each pair of nodes. For
move of agents, we assume that when some agent is located
at some node at time £, it can be located at one of adjacency
nodes at time k+ 1. For fuel consumption/supply, we assume
that when some agent moves from the node a to b (note that
(a, b) € &), its fuel changes depending on f((a, b)). We also
assume that f((a,b)) < 0, a # b. If the node i has the
self-loop with f((a,a)) > 0, it is called a supply node. The
number of agents is given by m. Let g;(k) € R denote the
fuel of the agent j € {1,2,...,m}.

We present an example.

Example 1: Consider the case of a single agent. The
surveillance area is given by the graph in Fig. 1, where the
node 1 is the supply node. Suppose that the initial location
and the initial fuel are given by the node 4 and ¢,(0) = 30,
respectively. Then, the candidates of the locations at the
next time are constrained to the set {2,3,4,5,6,7}. If the
agent moves from the node 4 to 2, the fuel is updated as
q1(1) =30—-1 = 29. Next, if the agent moves from the node
2 to 1, the fuel is updated as g;(2) = 29 — 1 = 28. Finally,
if the agent stays at the node 1 (i.e., the self-loop (1, 1) is
chosen), the fuel is updated as ¢g;(3) = 28 + 8 = 36.

Next, we introduce the notion of the penalty for each
node. For each node, the penalty p;(k) € R, i € {1,2,...,n}
is defined as follows:

0 if some agent is located
on the node i at time &, D

pitk+1) =
pi(k) + 1 otherwise.

When a node is not monitored by any agent, the penalty for
this node is increased. Hence, the penalty for each node
can be used for evaluating the performance of surveillance.
Then, the optimal surveillance problem is formulated as fol-
lows.

Problem 1: For the weighted directed graph G = (V, &, f)
and the update rule (1) of the penalty, suppose that the cur-
rent location of agents, the current penalty p;(¢) (¢ is the
current time), and the prediction horizon N > 1 are given.
Then, find trajectories of m agents minimizing the following
cost function:

t+N n

7=, 0mik) &)

k=t i=1

subject to the following fuel constraint for each agent j €
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Fig.1 Example of weighted directed graphs. The number assigned to
each arc represents the fuel consumption/supply, where f((a, b)) = f((b, a))
holds for the bidirectional arc. Self-loops except for the arc (1, 1) are omit-
ted (f((a,a)) = —-1,a # 1).

{1,2...,m}:
gk >c, keltt+1....t+N—1}, 3)
q]‘(l‘ +N) > Cf, “4)

where Q; > 0 is a given weight, and ¢,c; > 0 are a given
scalar.

The fuel constraint is closely related to the feasibility
of this problem. In Sect. 4, we further discuss it.

3. Reduction of Problem 1 to an MILP Problem

In this section, we consider reducing Problem 1 to an MILP
problem.

3.1 Preliminaries

The set of arcs & is denoted by & = {1,2,...,|E|}, where
each element corresponds to the pair of nodes. Let 1;,(i)
and (i) denote the index sets of input-arcs and output-
arcs at the node i, respectively.

We define binary variables as follows:

e 0;(k): 0; j(k) = 11if the agent j is located on the node i
at time k. Otherwise 9; j(k) = 0.

o 0;(k): 6;(k) = 1 if at least one agent is located on the
node i at time k. Otherwise 6;(k) = 0.

o & (k) & (k) = 1 if the agent j is located at the node
a at time k£ — 1, and is located at the node b at time k,
where [ € Iy (a) and [ € T;,(b). Otherwise & (k) = 0.

From the definition

&1,j(k) = ba,j(k = 1)dp, (k) (&)

holds, where [ € T,(a) and [ € I;,(b). In addition, we
impose the following equality constraint:

(3]

Sam=1. jell2....m.

=1

If this constraint is satisfied, then i, d; j(k) = 1 is also
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satisfied. The relation between ¢, j(k) and 0;(k) is given by
the following linear inequalities [9]:

Sia (k) < 6i(K) < ) 81, (h),
r=1

Sia(k) < 6,(K) < ) 81, (h),
r=1

Sim(k) < 8ik) < > 63,0k,

r=1
which can be rewritten as

o1(k)]  [o1(k) ey 01,-(k)
02, (k) 02(k) 2o 6a(k)
. < . < : s (6)

S S (R)

where j € {1,2,...,m}. We also define binary variable vec-
tors as follows:

5,0 16,0

3(k) = [61(k)  62(k)
gtk = [0 &,k

80"
£ )] -

3.2 Modeling of Penalties

Using 6;(k), the penalty p;(k) is modeled by
piltk+1) = (1 = 6;(k))(pik) + 1). @)

The lower bound of p;(k) is 0, and the upper bound of p;(k)
is given by p < oo (p can be determined based on a given
graph). Then, z;(k) := d;(k)p;(k) — 1 is equivalent to the
following linear inequalities [2]:

-1 < zi(k) < poi(k) — 1, 8)
pilk) — p(1 = 6;(k)) — 1 < z;(k) < pi(k) — 1.

Hence, (7) can be represented by
pitk + 1) = pi(k) — zi(k) — 6;(k)
and (8).

3.3 Modeling of Agents

Using & ;(k), the input-output relation at the node i can be
represented by

Dake= Y ak, ie(l2.. )

lEIoul(i) ]EIin @
which can be rewritten as the following implicit system:
E&i(k + 1) = F&j(k), ©)

where E, F € {0, 1)¢lis derived from the graph G (see also

IEICE TRANS. FUNDAMENTALS, VOL.E103-A, NO.2 FEBRUARY 2020
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Fig.2  Example of directed graphs. The number assigned to each arc
represents the element in the arc set {1,2,..., &1}

[10]). In the reduction to the MILP problem, the implicit
system (9) can be rewritten as

ik + 1) = uj(k),
0 < Eu;(k) — F&;(k) < 0.

Furthermore, from (5), 6; j(k) = Xz, éj(k + 1) holds.
Then, (6) can be rewritten as

Euj(k) < 6(k) < " Eu(k).
r=1

Hence, 9; j(k) may not be used.
We present a simple example.

Example 2: For the case of a single agent, consider the
directed graph in Fig.2, where 7o, (1) = {1,2}, Tou(2) =
{4,54 Zow(3) = {3,6,7}, Iin(1) = {1,3}, T:in(2) = {2,4,6},
and 7;,(3) = {5,7}. Focusing on the node 1, & ;(k + 1) +
&1k + 1) = &11(k) + &3,1(k) holds. Then, E, F in (9) can be
derived as

1 100000
E=10 0 01 1 0 0,
001 0011
1 01 0 0 0O
F:OlOlOlO}.
0 0001 01

In addition, from (5), &1 (k+1)+&,1(k+1) = 61,1(k)(61,1(k+
1) 4+ 82,1(k + 1)) holds. Noting that if §; ; (k) = 1, then either
01.1(k + 1) or 82,1 (k + 1) holds, we see that §; 1(k) = &1.1(k +
1) + &2.1(k + 1) holds.

3.4 Modeling of Fuels

The fuel consumption/supply for each arc is defined by
the function f given in advance. Let w; denote the fuel
consumption/supply for the arc / € {1,2,...,]6|}. Using
uj(k)(= &;(k+1)), the time evolution of the fuel for the agent
j can be modeled by

gtk + 1) = q;(k) + Wu,(k),
where W .= [w1 wy -+ w|g\].

3.5 Reduction to an MILP Problem

From the obtained models of penalties, agents, and fuels, we
can obtain the following MLD system model [2]:



MASUDA et al.: DYNAMIC SURVEILLANCE BY MULTIPLE AGENTS WITH FUEL CONSTRAINTS

{x(k + 1) = Ax(k) + Bu(k), (10)

Cx(k) + Dv(k) < G,
where

x(k) = [ pik) pa(k) -+ palk) q1(k) g2(k) -+ gm(k)
Hoew e |
€ R™™ x {0, 1)€m,
v(k) = [z1(k) za(k) -+ z4(k)
ST ul (k+ D uJ(k+1) -+ u) (k + 1)]T
€ R x {0, 1)+tém.

The matrices A, B, C, D, and G are derived as follows:

7, 0 0 -1, -I, 0
A=|0 0 0|, B=|0 0 Ign |.
0 1, 0 0 0 IL,eW
[ O 0 0
0 0 0
I, 0 0
-1, O 0
c=| 0 0 IL,®F |,
0 0 -I,®F
0 0 0
0 0 0
0 -1, 0 ]
-1, 0 0
In _ﬁln 0
~1, pl, 0
I, 0 0
D=] 0 0 -I,®E |,
0 0 I,®E
0 —Im I,®F
0 Imn _lmxm ®F
0 0 0
lnxl
_1n><l
(P + Dlna
_lnxl
G = 0
0
0
0
_Clmxl

We remark that the terminal fuel constraint (4) is not in-
cluded in the linear inequality in (10). From the state equa-
tion in (10), we can obtain

% = Ax(?) + By, (11)

where

=1

=[x xT@+1) AT+ N)|

b= [T v+ 1) oT(t+ N — 1)]T,
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A=A B=| AB
AY AN-1B AB B

From the linear inequality in (10) and the terminal fuel con-
straint (4), we can obtain

Cx+Dv <G, (12)
where

C = block-diag(Iy ® C, [Oxn Ln Omxigim])s
b= Iyn®D , G= 1N><1®G.
0m><(2n+|8|m)N —Cyr 1m><1

Thus, using (11) and (12), we can obtain the following the-
orem.

Theorem 1: Problem 1 is equivalently rewritten as the fol-
lowing MILP problem:
Problem 2:
given x(t)
find 7 e (R" x {0, 1}"*EmN

minimize J = QAx(t) + OBy

subject to (CB + D)o < G — CAx(¢)
where Q0 = 1ixy+1) ® [0 Q> -+

The MILP problem obtained can be solved by using a
suitable free/commercial solver.

© On O1simi+1en 1-

4. Model Predictive Control and Guarantee of Feasi-
bility

First, we present the procedure of MPC using the MILP
problem derived in the previous section as follows.

MPC for Surveillance by Multiple Agents:

Step 1: Set ¢t = 0, and give p;(0) (the initial penalty for each
node) and the initial location for each agent.

Step 2: Solve Problem 2.
Step 3: Move agents based on the computation result.
Step 4: Update ¢ := ¢ + 1, and return to Step 2.

To realize persistent surveillance by multiple agents,
we must guarantee the feasibility of Problem 2. In the case
where there is no fuel constraint, Problem 2 is always solv-
able. In the case where there is fuel constraint, there is a
possibility that Problem 2 is not solvable.

In this section, we clarify the conditions of N and ¢
in (2) and (4) for guaranteeing the feasibility of Problem 2.
In the conventional MPC method, setting the terminal con-
straint is important for guaranteeing the feasibility of the
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finite-time optimal control problem (see, e.g., [2], [3], [13]).
Based on the existing results, we focus on the terminal con-
straint (4) and the prediction horizon N.

As preliminaries, we define the notation. For the graph
G, let S C V denote the set of supply nodes. Next, con-
sider the graph G = (V, &, f) obtained from the graph G,
where f(a,a) = 0 and f(a,b) = —f(a,b), a # b. That
is, in the graph G, the fuel supply is ignored, and the sign
of the fuel consumption is changed. For the graph G, let
P(v, s) denote the path from the node v € V to the node
s € S. Let F(P(v,s)) and L(P(v, s)) denote the total fuel
consumption and the length of the path P(v, s), respectively.
Let P*(v, s) denote the path that F(P(v, s)) is minimum. Let
s*(v) € S denote the supply point s such that F(P*(v, s)) is
minimum. We remark that s* is different for each v. Fi-
nally, let v* € <V denote the node v such that F(P*(v, s*(v)))
is maximum. We remark that s* and v* are not uniquely
determined, but F(P*(v, s*)), F(P*(v*, s*)), L(P*(v, s*)), and
L(P*(v*, s*)) are uniquely determined.

We present an example.

Example 3: Consider the surveillance area given by the
graph in Fig. 1 again, where the node 1 is the supply node
(i.e., S = {1}). For example, the paths P*(13, 1) and P*(9, 1)
are given by (13,12,10,7,4,2,1) and (9,11,10,7,4,2,1),
respectively. From S = {1}, we set s* = 1. Then, we can
obtain F(P*(v*, s*)) = 6 and L(P*(v*, s*)) = 6, where v* is
given by either 9 or 13 or 14.

Then, we can obtain two theorems.

Theorem 2: Problem 2 is always feasible if the following
conditions are satisfied:

i) N = L(P*@*, s%) + 1,
(i) Under the condition (i), Problem 2 at initial time is fea-
sible.

Proof : For a feasible solution for Problem 2 at initial time,
assume that at time N, the locations of all agents are the
supply points, and all agents choose the self-loop. From the
condition (i), there exists such a solution necessarily. One
of the feasible solutions for Problem 2 at time 1 is that all
agents stay at the supply points at times N and N + 1. By
repeating this procedure, the feasibility is guaranteed. O

The condition (ii) implies that there exist at least one
solution under the condition (i) and a given initial condition.
It does not imply that fuel constraints are satisfied regardless
of the fuel consumption and supply values.

In the next theorem, c; in the fuel constraint (4) de-
pends on the agent j € {1,2,...,m} and its location, and c¢
is denoted by c?. Let vj(k) € V denote the location of the
agent j at time k.

Theorem 3: Problem 2 is always feasible if the following
conditions are satisfied:

(i) ¢} > F(P*(v(t + N), %)) + ,

(i) Under the condition (i), Problem 2 at initial time is fea-
sible.

IEICE TRANS. FUNDAMENTALS, VOL.E103-A, NO.2 FEBRUARY 2020

Proof : Forany N > 1, it is guaranteed by the condition (i)
that each agent has the remaining fuel that it can move from
the node v;(t + N) to the supply point. Since the remaining
fuel depends on the location of each agent, Problem 2 is
always feasible under the condition (ii). O

In Theorem 3, the condition about the prediction hori-
zon is not necessary by relaxing the fuel constraint (4).

By Theorem 2 and Theorem 3, we can easily check the
feasibility. In addition, from the condition (i) in Theorem 3,
the fuel constraint (4) becomes a constraint changing by the
locations of agents. Problem 2 with this constraint can also
be reduced to an MILP problem.

We present an example.

Example 4: We continue to Example 3. First, consider
Theorem 2. From this theorem, the prediction horizon N
must satisfy N > 7. Next, consider Theorem 3. For simplic-
ity of discussion, c in (3) is given by ¢ = 0. From s* = 1,
F(P*(v, s*)) can be obtained by

F(P(1,5%) = 0,

F(P'(2,5) =1,

F(P'(4,5) = 2,

F(P(7,5) = 3,

F(P*(v,5%) = 4, ve(3,5,10},
F(P*(v,s*)) = 5, ve(6,8,11,12},
F(P*(v,s")) = 6, ve{9,13,14}.

We suppose that the initial location and the fuel of the agent
are given by the node 4 and ¢,(0) = 2, respectively. Then,
Problem 2 with N = 1 is always feasible by using the path
(4,2,1). Finally, consider the condition (i) in Theorem 3.
Suppose that m = 3, v1(t + N) = 7, vo(t + N) = 5, and
v1(t + N) = 12. Then, the condition (i) implies that c} >3,
¢t 2 4,and ¢} > 5. Using u;(t + N — 1), the fuel constraint
(4) satisfying the condition (i) in Theorem 3 is given by e.g.,

git+N)>[01424535645566]
XEuj(t+ N —1), (13)

where the row vector can be derived from the above
F(P*(v, 57)).

We remark that in order to get the high control perfor-
mance, a longer N must be set. In addition, we must con-
sider the trade-off between the control performance and the
computation time.

5. Numerical Example

To demonstrate the proposed method, we present a numeri-
cal example. The surveillance area and the fuel consump-
tion/supply are given by the weighted directed graph in
Fig. 1, where the number of nodes is 14 (n = 14). The num-
ber of agents is three (m = 3). The initial penalty p;(0), the
initial location, the prediction horizon N, and the weight Q;
are set as p;(0) = 0, the node 1 (all agents), N = 8, and
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—e-Agent 1|
.‘, -*-Agent 2
" Agent 3

Location

L L L L
40 50 60 70 100
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Fig.3  Time response of the location in Case 1.

——Agent |

45 'K -*-Agent 2H
‘.‘ % Agent 3
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x

35¢
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0 10 20 30 40 >0 60 70 80 90 100
Time

Fig.4  Time response of the fuel in Case 1.

Q; = 1, respectively. For the fuel constraints (3) and (4), we
consider the following two cases:

Casel: c=cy =6,
Case2: c=0andcy =6.

To evaluate the control performance, we use the follow-
ing performance index: J; := '00 —0Js(k) and Js(k) :
. pik).

We present computation results. Figures 3 and 4 show
time responses of the location and the fuel for each agent
in Case 1. From Fig.3, we see that the number of times
that agents reach to the nodes 13 and 14 is small, because
these nodes are far from the supply node (the node 1). From
Fig.4, we see that the fuel of each agent satisfies the con-
straint. We also see that the agent 2 charges the fuel at first.

Figures 5 and 6 show time responses of the location
and the fuel for each agent in Case 2. From Fig. 5, we see
that agents sometimes reach to the nodes 13 and 14, because
the fuel constraint in Case 2 is relaxed.

Figure 7 shows the time response of Jy(k). From this
figure, we see that the performance in Case 2 is better than
that in Case 1. In addition, J; was derived as follows:

J; = 8891 (Case 1), 6432 (Case 2). (14)

The mean computation time of Problem 2 was 1.84 sec
(Case 1) and 1.42 sec (Case 2). The worst computation time
of Problem 2 was 14.20 sec (Case 1) and 10.37 sec (Case 2).
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Fig.5 Time response of the location in Case 2.
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Fig.6  Time response of the fuel in Case 2.
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Fig.7  Time response of J; (the sum of penalties).

Here, we used the computer with CPU: Intel Core 17-6700K
processor, Memory: 16GB, and used IBM ILOG CPLEX
Optimizer 12.7.1 as an MILP solver. The difference in the
computation time is small. We comment about the feasibil-
ity. The prediction horizon N = 8 satisfies the condition (i)
in Theorem 2, i.e., N > 7. Since Problem 2 can be solved
at initial time, the feasibility of Problem 2 is always guaran-
teed. If we set N = 7, Problem 2 can be always solved in
both Case 1 and Case 2. If we set N = 6, then in both Case
1 and Case 2, Problem 2 at # = 20 cannot be solved.
Finally, consider utilizing the terminal fuel constraint
(13) (in Example 4 and this numerical example, we con-
sider the same graph (Fig. 1)). We set ¢ = 0. Consider the
cases of N = 3,4,...,8. Other setting is the same as the
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Table 1  Computation results in the case of utilizing (13).
[ N H Ji [ Mean comp. time [sec] [ Worst comp. time [sec] ‘
3 11849 0.01 0.10
4 18360 0.03 0.19
5 20661 0.06 0.31
6 8421 0.19 1.86
7 5948 0.65 349
8 5769 1.82 8.09

above. Table 1 shows the computation results. From this
table and (14), we see that for a shorter N, the performance
is low (but, by (13), the feasibility for the case of the shorter
N is guaranteed). We also see that in the case of N = 8, the
performance is improved by using (13). The terminal fuel
constraint (13) is more relaxed than that in the above Case
2, but the path to the supply node is restrictive. Then, there
is possibility that the performance is decreased. We may ad-
just the terminal fuel constraint, depending on the required
performance.

6. Conclusion

In this paper, we proposed a surveillance method by multiple
agents with fuel constraints. The surveillance problem was
reduced to an MILP problem. The feasibility conditions of
the MILP problem were also derived. The proposed method
is effective for surveillance of a large area.

In the proposed method, the upper bound of the fuel is
not constrained. If the fuel capacity is equal to or larger than
the fuel supply, then such a constraint can be easily imposed.

One of the future efforts is to apply the proposed
method to practical applications. It is also significant to im-
pose temporal logic constraints [8].
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