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Chapter 1

Introduction

1.1 Pressure wave propagation in a bubbly liquid

Pressure wave propagation in a bubbly liquid is important for the development of

applications such as the microbubble-enhanced High Intensity Focused Ultrasound

utilized in the medical field [1,2] and the sonar by an underwater sound in the marine

field [3–5]. The presence of gas bubbles dispersed in a liquid affects profoundly the

acoustic behaviour of the medium. For example, the dispersion is caused by bubble

oscillations in a bubbly liquid, in which waves of different wavelength propagate

with different phase speeds [6, 7]. The reduction in the speed of sound is also well

known [8–10]. In this section, we will review previous theoretical studies on pressure

wave propagation in a bubbly liquid.

Pressure waves propagating in a bubbly liquid cause oscillations of bubbles in

the medium [Fig. 1.1(a)]. A number of investigators had studied the single bubble

oscillation [12–24]. The dynamics of several bubbles had been also studied, where

bubble-bubble interactions are taken into account. Shima [25], Morioka [26], Wraith

& Kakutami [27], and Fujikawa & Takahira [28] studied the dynamics of two bubbles

in an incompressible liquid. Takahira et al. [29,30] formulated a mathematical model
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Figure 1.1: (a) The oscillation of individual bubble in a bubble cluster, which consist
of an arbitrary number of bubble, is investigated by using the theoretical
model for the bubble dynamics. (b) Pressure wave propagation in a
bubbly liquid, which contains numerous bubbles, has been investigated
based on the averaging method [11]. Here, the bubbly liquid is assumed
to be a homogeneous continuum medium.

for the dynamics of multiple bubbles in an incompressible liquid. Takahira et al. [31]

numerically investigated the influence of bubble-bubble interactions on collapse mo-

tions of a bubble cluster by using their model. Watanabe & Prosperetti [32] derived

a mathematical model describing the acoustical characteristics of a bubble cloud

containing multiple bubbles taking the influence of bubble-bubble interactions into

account. Watanabe & Prosperetti [33] explored the validity of the continuum model

for a bubbly liquid by using their model. Based on Fujikawa & Takahira [28] and

Takahira et al. [29], Egashira et al. [34] theoretically investigated the influence of

bubble-bubble interactions on the added mass of a bubble cluster in an incompress-

ible liquid. Fujikawa & Takahira [35] theoretically studied the interaction between

two spherical bubbles and radiated pressure waves with a consideration of the liquid

compressibility. They formulated a mathematical model for the radial oscillation of

two spherical bubbles in a compressible liquid. By using this model, Takahira et
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al. [36] numerically investigated nonlinear oscillations of two spherical bubbles in a

compressible liquid. The mathematical model for two spherical bubbles in a com-

pressible liquid was extended to the case of multiple bubbles by Takahira et al. [37].

Konno et al. [38] simulated the oscillations of multiple bubbles placed near a rigid

wall by using the mathematical model in Ref. [37].

Above studies focused on the dynamics of individual bubbles in a bubble clus-

ter, which consists of an arbitrary number of bubbles [Fig. 1.1(a)]. However, when

numerous bubbles are contained in a liquid, the investigation of all the dynamics

of individual bubbles in the bubbly liquid is difficult; then, pressure wave propaga-

tion in the bubbly liquid has been investigated based on the averaging method [11]

[Fig. 1.1(b)]. Around fifty years ago, van Wijngaarden conducted pioneering studies

on pressure wave propagation in a bubbly liquid [39–41]. He formulated averaged

conservation laws for bubbly flows based on heuristic reasoning. Caflisch et al. [42]

derived a system of effective equations for wave propagation in a bubbly liquid by

using Foldy’s approximation [7]. Commander & Prosperetti [43] reviewed the theo-

retical models derived by vanWijngaarden [39] and Caflisch et al. [42], and compared

the dispersion relation with experimental data. Zhang & Prosperetti [44] derived

a system of averaged equations for a bubbly flow by using the ensemble averaging

method introduced in Ref. [45]. Watanabe & Prosperetti [46] theoretically studied

weak shock propagation in a bubbly liquid on the basis of a mathematical model

derived by Caflisch et al. [42]. They pointed out the importance of the thermal

exchange between the gas bubbles and the liquid. Egashira et al. [47, 48] proposed

a two-fluid model equation for a bubbly flow. They theoretically and numerically

investigated linear pressure wave propagation in a bubbly liquid by using this model.

Colonius et al. [49] proved the existence of the statistical equilibrium of bubble os-

cillation in a bubbly flow due to phase cancellations among bubbles with different

sizes. Ando et al. [50] derived a continuum bubbly flow model that incorporates
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a distribution of equilibrium bubble nuclei sizes, and quantified the influence of

polydispersity on averaged shock dynamics. Kanagawa et al. [51–54] proposed a

systematic derivation method of the nonlinear wave equations in a bubbly liquid on

the basis of appropriate choices of scaling relations of physical parameters. Fuster

& Colonius [55] proposed volume-averaged equations incorporating a subgrid model

which governs the dynamics of multiple bubbles. Fuster et al. [56] studied the influ-

ence of bubble-bubble interactions on linear pressure wave propagation in a bubbly

liquid by using the model proposed in Ref. [55].

1.2 Speed of sound in a bubbly liquid

Pressure wave propagation in a liquid containing bubbles in a duct is important for

the development of mechanical engineering applications [57–66]. Recently, Kaneko

et al. proposed a technique to generate microbubbles utilizing a venturi tube [67,68].

They explained the mechanism of microbubble generation in a venturi tube based

on a well-known theory of supersonic flow in a Laval nozzle. Because the speed of

sound in a bubbly liquid is much lower than that in a pure liquid, the velocity of a

bubbly flow easily reaches the speed of sound in a bubbly liquid in the throat of a

venturi tube. Subsequently, with the rapid pressure recovery in the diverging area,

several or a few bubbles injected into the converging area collapse violently in the

diverging area. The collapse of these bubbles generates numerous microbubbles in

the diverging area. The mechanism of microbubble generation can be explained on

the basis of the reduction in the speed of sound in the liquid containing bubbles.

The addition of even a small number of air bubbles, representing as little as

0.01% by volume, into water can reduce the speed of sound in the water by about

40% [69]. In the classic paper of Mallock [70], an approximate expression for the

speed of sound was obtained in a liquid containing bubbles, in which a homogeneous
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Figure 1.2: Speed of sound in a mixture of liquid and gas given by Wood’s equa-
tion [69] with ρℓ = 998.2 kg/m3, ρg = 1.21 kg/m3, aℓ = 1483 m/s,
ag = 333 m/s.

medium can be assumed. Wood [69] confirmed Mallock’s study, and formulated the

more practical form of the speed of sound in a mixture of two fluid media. A number

of investigators [40,71–74] reviewed the speed of sound in a bubbly liquid.

In previous studies shown in this section and Section 1.1, the mechanism of

the reduction in the speed of sound was explained in a bubbly liquid, in which

a homogeneous medium could be assumed. In general, the speed of sound a is

defined as a = 1/
√
ρκ, where ρ is the density and κ is the compressibility [71,72,75];

therefore, we need to derive these quantities for a bubbly liquid. The most important

parameter is the volume fraction of the gas phase, i.e., the void fraction β that is

given by β = Vg/(Vℓ + Vg), where V is the volume and the subscripts ℓ and g refer

to the liquid and gas phases, respectively. The mixture density and compressibility

are ρm = (1−β)ρℓ+βρg and κm = (1−β)κℓ+βκg, respectively, where the subscript

m denotes the effective quantities pertaining to the mixture. Therefore, the ratio

of the speed of sound in a pure liquid to that in a mixture, χ, can be written as
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follows:

χ =
aℓ
am

=

[
(1− β)2 +

β2a2ℓ
a2g

+ β(1− β)
ρ2ga

2
g + ρ2ℓa

2
ℓ

ρℓρga2g

]1/2
. (1.2.1)

Equation (1.2.1) is known as Wood’s equation [40, 69, 74]. Figure 1.2 shows the

reduction in the speed of sound given by Wood’s equation. From Eq. (1.2.1), the

mechanism by which the speed of sound in a bubbly liquid is reduced from that in a

pure liquid in the context of a homogeneous continuum medium can be explained.

Bubbles greatly increase the mixture compressibility, but hardly affect the density.

High compressibility and density yield a low speed of sound.

1.3 Purpose of this study

Recent numerical [76–80] and experimental [74,78,81,82] results show that Wood’s

equation and the acoustic characteristics attributed to it appear to be valid even

for non-homogeneous media such as a liquid containing several bubbles in a duct.

These results raise a fundamental question: Why can Wood’s equation work for a

liquid containing several or a few bubbles in a duct, in which a homogeneous medium

can no longer be assumed? Is it merely a coincidence? The purpose of this study

is to answer this question by presenting a theoretical basis for the reduction in the

speed of sound in a liquid containing gas bubbles that cannot be considered as a

homogeneous continuum medium. We investigate pressure wave propagation in a

bubbly liquid that is composed of spherical gas bubbles suspended in a liquid medium

in a square duct. Pressure waves cause radial oscillations of the spherical gas bubbles,

which generate pressure fields. Therefore, the pressure waves are scattered by the

bubbles. We assume that the bubble size is much smaller than the wavelength of

the pressure wave; therefore, we restrict ourselves to low-frequency wave propagation

in a bubbly liquid [74]. Then, the bubbles become acoustic scatterers that exhibit
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a low-frequency resonance, known as the Minnaert resonance [83]. A number of

investigators have studied pressure wave propagation including acoustic scattering

generated by bubbles in a bubbly liquid, in which a homogeneous medium can be

practically assumed [6, 7, 42, 43, 56, 84]. Based on their studies, we will construct a

systematic theoretical model for pressure wave propagation in a duct containing a

finite number of bubbles. By using this model, we will clarify the mechanism of the

reduction in the speed of sound in a liquid containing bubbles in a square duct.

Recall that the speed of electric waves in a material with a refractive index n is

c/n, where c is the speed of light. We were greatly inspired by the explanation of this

phenomenon given in “The Origin of the Refractive Index” by Feynman et al. [85].

We can have the same discussion for the origin of χ as was given for n; therefore, we

will hereafter refer to χ as the refractive index of a bubbly liquid. Recently, Leroy

et al. [86] experimentally and theoretically studied the transmission of ultrasound

through a single layer of bubbles based on Feynman’s study. In this study, we will

investigate pressure wave propagation in a liquid containing spherical bubbles in a

square duct instead of electric wave propagation in a material.

1.4 Feynman’s regime

In this study, we discuss the reduction in the speed of sound by analogy with the

reduction in the speed of light. It is well known that electric waves propagate

at the speed of c/n through a material whose refractive index is n. Feynman et

al. [85] examined electric wave propagation in the material under some physical

assumptions:

• That the total electric field in any physical circumstance can always be repre-

sented by the sum of the fields from all the charges in the universe.
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• That the field from a single charge is given by its acceleration evaluated with

a retardation at the speed c, always (for the radiation field).

Based on these assumptions, they explained how the material reduce the speed of

light.

In a bubbly liquid, bubbles suspended in a liquid medium play roles as acoustic

scatterers. A number of investigators have investigated the acoustic scattering in

a bubbly liquid [43]. Recently, Leroy et al. [86] investigated the transmission of

ultrasound through a single layer of bubbles, based on Feynman’s study.

Getting inspired by their studies, we discuss pressure wave propagation in a

square duct filled with a liquid that contains several bubbles under the following

assumptions:

1. the flow field in the liquid is a potential flow,

2. the flow field in the liquid is described by a linear wave equation,

3. all attenuations are ignored.

We use these assumptions to investigate the oscillations of bubbles and a pressure

field, as opposed to the motions of charges and an electric field in Feynman’s study.

Therefore, the following assumptions are made (Fig. 1.3):

• the total pressure field can always be represented by the summation of the

pressure fields generated by the input pressure wave and the oscillations of all

the bubbles,

• the pressure field generated by a single bubble is given by its oscillation eval-

uated with retardation at the speed of sound in a pure liquid.

We use a term, Feynman’s regime, to refer to these physical assumptions.
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Figure 1.3: The transmitted wave, which passed through a dilute bubbly liquid,
is calculated by the summation of the pressure fields generated by the
input pressure wave and all the bubble oscillations.

Feynman’s study [85] can be applied for electric wave propagation in the mate-

rial, in which charges are distributed randomly. In this study, to construct the most

fundamental and effective model, we will focus on pressure wave propagation in the

duct containing in-line bubbles. Although the formulation in this thesis is designed

to treat a specific problem, our study based on Feynman’s regime can make a con-

tribution to the development of general acoustics that includes statistical studies on

a bubbly liquid that contains bubbles distributed randomly.

1.5 Contents of this thesis

The contents of this thesis are as follows. In Chapter 2, we theoretically investigate

pressure wave propagation in a square duct containing spherical bubbles. We will

clarify the fundamental mechanism of the reduction in the speed of sound in a bubbly

liquid, in which a homogeneous medium can no longer be assumed. In Chapter 3,

we numerically investigate pressure wave propagation in a square duct containing a

finite number of bubbles. We will discuss the roles of the bubble-bubble interactions,

the delay times, and the number of bubbles in the reduction in the speed of sound.

In Chapter 4, we theoretically investigate pressure wave propagation in a square
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duct containing a single bubble affected by reflected waves from the rigid walls of

the duct. We will construct the theoretical model for the phase speed of the total

pressure wave in the duct. Chapter 5 is devoted to conclusions.
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Chapter 2

How do bubbles reduce the speed

of sound?

We theoretically investigate pressure wave propagation in a liquid containing spher-

ical bubbles in a square duct, based on Feynman’s regime. In this chapter, we

will clarify the fundamental mechanism of the reduction in the speed of sound in a

bubbly liquid.

2.1 Problem statement

We investigate pressure wave propagation in a square duct with sides of length D

[Fig. 2.1(a)] filled with a compressible liquid that contains a single bubble placed

at point B. The input plane linear wave propagates in the x direction through

the duct. We measure the input plane pressure wave p0 + Pin(t) at the center of

the bubble, where t is the time, p0 is the undisturbed pressure, and Pin(t) is the

oscillatory component of the input wave. The input plane wave has an angular

frequency ω and a wavelength λ, where ωλ = 2πaℓ, and has the following form:

p0 + Pin(t) = p0 + P0e
iωt, where P0 is the amplitude of the input wave (P0/p0 ≪ 1).

11
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Figure 2.1: (a) Single spherical bubble placed in a square duct filled with a com-
pressible liquid. (b) Schematic of the distribution of imaginary bubbles
in the y − z plane.
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Now, we will consider the pressure field generated at point Q by the radial

oscillation of a spherical bubble. In this study, the following assumptions are made:

(i). the center of a bubble is fixed in the duct,

(ii). the radial oscillation of a bubble is spherically symmetric,

(iii). a bubble is initially at rest,

(iv). the terms of the attenuation due to the acoustic radiation of order 1/aℓ are

neglected.

Then, the liquid velocity potential φ for the flow field generated by the radial oscilla-

tion of a single bubble at the distance r can be written as φ(t) = −R2(t−r/aℓ)Ṙ(t−

r/aℓ)/r [17,19,35,37,87], where R(t) is the bubble radius. It should be emphasized

here that all attenuations, including the acoustic radiation of order 1/aℓ, are ig-

nored; however, the delay time is considered (where the delay time is defined as the

finite amount of time that it takes for a pressure wave to propagate a given distance

with the speed of sound in a pure liquid). We further assume that the bubble is

filled with a non-condensable gas that follows the polytropic process without phase

changes; then, the radial oscillation of the bubble is given by Refs. [12, 19,88],

R(t)R̈(t) +
3

2
Ṙ2(t) =

1

ρℓ

{
p0

[
R0

R(t)

]3γ
− pv(t)

}
, (2.1.1)

where R0 is the initial undisturbed bubble radius, γ is the polytropic constant, and

pv(t) is defined as the pressure in the liquid at the location of the bubble center in

the absence of the bubble [19]. By substituting p0 + Pin(t) into pv(t), we linearize

Eq. (2.1.1),

R̈′(t) + ω2
0R

′(t) = −Pin(t)

ρℓR0

, (2.1.2)
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where R′(t) is the small fluctuation of the bubble radius: R′(t) = R(t) − R0

(|R′|/R0 ≪ 1) and ω0 is the natural angular frequency of the bubble: ω0 =√
3γp0/(ρℓR2

0) (ω/ω0 ≪ 1). By solving Eq. (2.1.2), we can write R′(t) as a function

of time: R′(t) = −s0eiωt, where s0 = P0/ [ρℓR0 (ω
2
0 − ω2)]. Note that the pressure

field generated at Q at the instant t is given by the radial oscillation of the bubble

at the earlier time t′ = t − x/aℓ, where x/aℓ is the time it takes for the pressure

wave to propagate the distance x from the point B to the point Q. We can calculate

the pressure field generated at Q by using the following equation:

Pb(t) = −ρℓ
[
∂φ(t)

∂t

]
= ρℓR

2
0

ω2s0e
iω(t−x/aℓ)

x
. (2.1.3)

The radiative wave generated by the bubble is reflected off the rigid walls of the

duct. The boundary condition on the rigid walls can be written as follows:

∂Φ

∂w
= 0, (2.1.4)

where Φ is the liquid velocity potential for the total flow field and ∂/∂w is the

normal derivative on the rigid walls. We determine the reflected wave by calculating

the pressure field due to the oscillations of imaginary bubbles, i.e., by using the

method of images [89–91]. We place an infinite number of imaginary bubbles into

a two-dimensional array in the y − z plane; therefore, we investigate a layer of

bubbles [86,92–96] as shown in Fig. 2.1(b). We only consider the case of a duct with

a sufficiently large D. That is to say, we impose the following assumption:

(v). the number density of bubbles in the y−z plane, η, which is defined as η = D−2,

is very close to 0.

We use this assumption to avoid pv(t) being modified by contributions from imagi-

nary bubbles.
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2.2 Pressure field generated by a single bubble in

a square duct

We can find the total pressure field by adding the pressure fields generated by the

real and imaginary bubbles. We observe the pressure field only at finite x and t;

therefore, we need to add the contributions from the bubbles within a circle of radius

l from B in the y−z plane, as shown in Fig. 2.1(b), where l2 = (aℓt)
2−x2. We define

the summation of the pressure fields generated by these bubbles as Pbs. The total

pressure field generated at Q is given as the summation of Pin and Pbs [35,37,55,56]:

Ptot(t) = P0e
iω(t−x/aℓ) +

∑
i,j(li,j<l)

ρℓR
2
0

ω2s0e
iω(t−ri,j/aℓ)

ri,j
, (2.2.1)

where li,j is the distance from the point B to the center of the (i, j) imaginary bubble

and r2i,j = x2 + l2i,j. The second term in the right-hand side of Eq. (2.2.1) represents

Pbs. Because the delay time ri,j/aℓ varies in accordance with the change of ri,j,

the pressure field generated by each bubble is out of phase each other. Here, we

qualitatively discuss the summation of the pressure fields having the phase shifts,

based on Refs. [85,97]. In the layer of bubbles, we consider concentric circles whose

center is the point B [Fig. 2.2(a)]. The distance between the point Q and any point

on the circumference of the n-th circle is x + nδr, where δr ≪ x. We define the

doughnut-shaped area enclosed by the n-th and (n + 1)-th circle as S(n). The area

S(n) can be written as

S(n) = πl2(n+1) − πl2(n) = π
{
[x+ (n+ 1)δr]2 − (x+ nδr)2

}
= π

[
2δrx+ (2n+ 1)δr2

]
, (2.2.2)
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where l(n) =
√

(x+ nδr)2 − x2. The number of bubbles in S(n) is given by ηS(n).

We define the summation of the pressure fields generated by the bubbles in S(n) as

P(n). The amplitude of P(n), |P(n)|, can be written by

|P(n)| = ρℓR
2
0ω

2s0η
S(n)

x+ nδr
, (2.2.3)

where the distance between the point Q and the bubbles in S(n) is assumed to be

x + nδr. Note that ρℓ, R0, ω, s0, and η are constants; hence, |P(n)| depends on

S(n)/(x+ nδr). Here, S(n)/(x+ nδr) is written as following:

S(n)

x+ nδr
= πx

2ϵ/n+ (2 + 1/n)ϵ2

1/n+ ϵ
, (2.2.4)

where ϵ = δr/x≪ 1. In the limit as n→ ∞, S(n)/(x+ nδr) → 2πδr. Furthermore,

in the limit as δr → 0, S(n)/(x+ nδr) → 0. Therefore, |P(n)| decreases in accordance

with the increase of the path x+nδr which is the distance between the point Q and

the area S(n).

Next, we examine the summation of the pressure field generated by the bubbles

in each area. The delay time that it takes for P(n) to propagate to the point Q

is (x + nδr)/aℓ; therefore, the phase shift σ between P(n) and P(n+1) is written as

ωδr/aℓ. Now, we geometrically examine the summation of the pressure fields having

the phase shifts by using Fig. 2.2(b). The n-th vector in Fig. 2.2(b) represents P(n),

where the length of this vector is |P(n)|, and the angle between this vector and the

real axis is the phase of P(n). The summation of the pressure fields generated by the

bubbles within the circle of radius l1 is P(0). We suppose that the angle between the

vector P(0) and the real axis is 0, and the vector P(0) directs to the positive direction.

The angle between the vector P(0) and P(n) is the phase shift ωnδr/aℓ caused by the

path different. Because the wave propagation distance aℓt increases with the lapse
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of time, we need to consider the pressure fields generated by bubbles in farther

areas. The phases of these pressure fields deviate from each other depending on the

path difference. If these pressure fields have the same amplitude, Pbs periodically

changes with drawing a circular orbit while the phase of Pbs is shifted by σ. Actually,

because |P(n)| (the length of the vector) decreases in accordance with the increase of

the path, Pbs converges at the center of the circle with drawing the spiral orbit, as

shown Fig. 2.2(b). A simple geometry gives the following expression for the center

of the circle:

i
|P(0)|
σ

= iω
(
2πaℓρℓR

2
0η
)
s0, (2.2.5)

where δr → 0. Therefore, when the enough time for Pbs to converge has passed, we

can calculate the total pressure field as follows:

Ptot(t) = (1− i∆θ)P0e
iω(t−x/aℓ) ≃ P0e

−i∆θeiω(t−x/aℓ), (2.2.6)

with

∆θ = ω

(
2πaℓR0η

ω2
0 − ω2

)
≪ 1. (2.2.7)

The most important term in this study is e−i∆θ. As Feynman et al. [85] stated:

multiplying an oscillating function eiωt by a factor e−i∆θ is equivalent to changing

the phase of the oscillation by the angle −∆θ. This retards the phase by the amount

∆θ, i.e., ω [2πaℓR0η/(ω
2
0 − ω2)].

2.3 Mechanism of the reduction in the speed of

sound

We further consider this phase delay by using Fig. 2.3(a). The solid (blue) curve in

Fig. 2.3(a) represents Pin. This input pressure wave oscillates the bubble, generating
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Pbs [the chain (red) curve]. This generated wave Pbs has a phase delay of π/2. Only

the propagating wave in the positive x direction is drawn in Fig. 2.3(a). The dashed

(purple) curve is the superposition of the solid and chain curves, Ptot. The total

pressure wave is delayed in space by ∆ξ, as shown in Fig. 2.3(a). The delay distance

∆ξ is related to the phase delay ∆θ as follows:

∆ξ =
λ

2π
∆θ. (2.3.1)

Once aℓ, R0, η, ω, and ω0 are determined, ∆ξ can be calculated as a constant;

therefore, ∆ξ is independent of x and t.

We investigate the role of ∆ξ in the reduction in the speed of sound in a liquid

containing a large number of bubbles to determine whether our model can derive

Eq. (1.2.1). We suppose that a large number of bubbles are evenly aligned along

the center-line of the square duct with a separation of ∆b, as shown in Fig. 2.3(b).

Here, we impose the following assumption:

(vi). the distance between bubbles is sufficiently large so that the bubble-bubble

interactions do not appear.

We will now discuss the wavelength of the total pressure wave in the media. The

wavelength is defined as the distance between consecutive corresponding points

of the same phase. The wavelength of the input pressure wave, λ, is shown in

Fig. 2.3(b). Figure 2.3(b) illustrates that the delay distance ∆ξ causes a reduction

in the wavelength; namely, the apparent wavelength of the total pressure wave,

λm, is less than λ. The angular frequency of the total pressure wave has the

same angular frequency as the input pressure wave; this can be understood from

Eqs. (2.2.1) and (2.2.6). Therefore, λm < λ leads to the result that am < aℓ because

am = ωλm/(2π). This is the fundamental mechanism of the apparent reduction in

the speed of sound in a bubbly liquid. In this study inspired by Feynman et al. [85],
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the phase speed of the total pressure wave is the speed of sound in a bubbly liquid.

Let us examine the apparent wavelength of the total pressure wave, λm. Suppose

that the first bubble [the leftmost bubble in Fig. 2.3(b)] is placed at the origin;

then, the x-coordinate of the k-th bubble, xk, is (k − 1)∆b. We can elaborate

on how these k bubbles reduce the wave propagation distance as defined by the

product of the wavelength and the number of waves. We set the reference point at

−∆xL, where 0 < ∆xL < ∆b, to avoid phase discontinuity at the origin. Then, we

adopt the distance from −∆xL to xk + ∆xR as the wave propagation distance of

the total pressure wave, dm, where 0 < ∆xR < ∆b: dm = ∆xL +∆xR + (k − 1)∆b.

The difference between dm and the wave propagation distance of the input pressure

wave, d, is the summation of the delay distances caused by the k bubbles. Therefore,

d = dm+k∆ξ, which can be understood graphically from Figs. 2.3(a) and (b). Now,

we introduce the most essential assumption that k ≫ 1; then, the refractive index

of the bubbly liquid, χm, can be obtained from the following:

χm =
aℓ
am

=
λ

λm
=

d

dm
= 1 +

k

∆xL +∆xR + (k − 1)∆b

(
λ∆θ

2π

)
≃ 1 +

λ∆θ

2π∆b
> 1.

(2.3.2)

The volume fraction of bubbles, βm, is formally given as

βm =
4πηR3

0

3∆b
. (2.3.3)

Then, with the use of Eq. (2.2.7), Eq. (2.3.2) can be rewritten as follows:

χm = 1 +
ωλ

2π∆b

(
2πaℓR0η

ω2
0 − ω2

)
≃ 1 +

1

2

ρℓa
2
ℓ

p0
βm, (2.3.4)

where the conditions ω ≪ ω0 and γ = 1 are used. The right-hand side of Eq. (2.3.4)

can be also derived from Eq. (1.2.1) when the relation p0 = ρga
2
g is used and the
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conditions β ≪ (ρga
2
g)/(ρℓa

2
ℓ) ≪ 1 are imposed in Eq. (1.2.1).

Now, we obtain the most remarkable result that the refractive index of a bubbly

liquid [Eq. (2.3.4), which has been well-validated experimentally] can be derived

from the phase delay caused by radial oscillations of numerous bubbles aligned in

the square duct. This result clearly shows that the phase delay caused by bubble

oscillations is the essential physical process that contributes to the reduction in the

speed of sound in a bubbly liquid in a duct. The role of bubble oscillations in

the reduction in the speed of sound is qualitatively the same as that of electron

oscillations in the reduction in the speed of light in a material with a refractive

index of n > 1.

2.4 Can a single bubble reduce the speed of sound

in a square duct?

Now, we are ready to discuss the following: Can a single bubble reduce the speed

of sound in a square duct? We consider a liquid volume whose length is ∆x. By

substituting k = 1 and ∆xL = ∆xR = ∆x/2 into Eq. (2.3.2), we obtain the refractive

index of the liquid volume that contains a single bubble, χs, which is also the ratio

of the speed of sound in a pure liquid to that in the liquid volume that contains just

one bubble:

(χs − 1)∆x =
λ∆θ

2π
. (2.4.1)

The right-hand side of Eq. (2.4.1) is a well-defined positive constant, where ∆θ can

be calculated using Eq. (2.2.7); therefore, χs > 1. This result, χs > 1, shows that

just one bubble can reduce the speed of sound in a square duct.

22



Figure 2.4: Schematic of the x− y plane of the computational domain.

2.4.1 Numerical simulation

To validate Eq. (2.4.1), we numerically investigate linear pressure wave propagation

in a square duct containing a single bubble (Fig. 2.4). The input plane wave starts

to propagate from x = 0. We perform the simulations under the assumptions in

this chapter except the assumption (v); therefore, the pressure in the liquid, pv(t),

is modified by the pressure fields generated by the imaginary bubbles. Then, pv(t)

is rewritten as follows:

pv(t) = p0 + Pin(t) +
∑

i,j(li,j<aℓt)

ρℓR
2
0

R̈′(t− li,j/aℓ)

li,j
, (2.4.2)

where the third term in the right-hand side of Eq. (2.4.2) represents the summation

of the pressure fields generated by the imaginary bubbles. By substituting Eq. (2.4.2)

into Eq. (2.1.1), we can obtain the following equation:

R̈′(t) + ω2
0R

′(t) = −Pin(t)

ρℓR0

−
∑

i,j(li,j<aℓt)

R0
R̈′(t− li,j/aℓ)

li,j
. (2.4.3)

We numerically calculate R(t) affected by reflected waves by using Eq. (2.4.3).

Now, we numerically calculate the total pressure field in the duct. The total

pressure field Ptot is given as the summation of Pin and the pressure fields generated
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Table 2.1: Numerical conditions (in a water at 20◦C).

Undisturbed pressure p0 101.3 kPa
Speed of sound in a pure liquid aℓ 1483 m/s

Density in a pure liquid ρℓ 998.2 kg/m3

Polytropic constant γ 1.0
Length of sides of a square duct D 20.0 mm

Input pressure field Pin(t) P0[1− cosω(t− x/aℓ)]
Nondimensional amplitude P0/p0 (≪ 1) 2.00×10−3

Nondimensional angular frequency ω/ω0 (≪ 1) 2.00×10−3

by the real and imaginary bubbles:

Ptot(t) = Pin(t) +
∑

i,j(li,j<l)

ρℓR
2
0

R̈′(t− ri,j/aℓ)

ri,j
. (2.4.4)

We theoretically investigated Ptot in Section 2.2. In this section, Ptot is calculated

by numerically solving Eqs. (2.4.3) and (2.4.4) under numerical conditions shown in

Table 2.1. The initial undisturbed bubble radius R0 is 1.00 mm. The single bubble

is placed at B = 50.0 mm. The ordinary differential equation (2.4.3) is numerically

solved by using the 4-th order Runge-Kutta method.

We investigate the phase speed of the total pressure wave; then, compare it with

the speed of sound in a liquid volume that contains a single bubble by Eq. (2.4.1).

Let us calculate Pin and Ptot at the observation point. From these numerical results,

we find t′ that satisfies the equation Pin(t) = Ptot(t
′). Then, we define the apparent

phase speed of the total pressure wave as as(t):

as(t) =
∆x

∆x/aℓ + t′ − t
. (2.4.5)

If as(t) is equivalent to aℓ (t
′ = t), the numerical results lead to the following: the

single bubble in the duct cannot reduce the phase speed of the total pressure wave.

Figure 2.5(a) shows the time evolution of Pin and Ptot. We investigate pressure
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Figure 2.5: (a) Time evolution of Pin and Ptot in the case of ∆x = 100 mm. (b)
Time evolution of the apparent phase speed of the total pressure wave.
The black line represents as = aℓ.
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wave development in the period of the order of 2π/ω0, which corresponds to the

only 0.1% of the period of the input pressure wave. Figure 2.5(a) clarifies that

the single bubble in the duct can indeed delay the phase of the input pressure

wave. Figure 2.5(b) shows the time evolution of as(t) with various ∆x, which is

arbitrarily defined. The solid curves in Fig. 2.5(b) represent as(t). The dashed lines

represent the speed of sound in a liquid volume that contains only a single bubble

by Eq. (2.4.1). Figure 2.5(b) clearly shows that the numerically obtained phase

speed as(t) is apparently reduced from aℓ with the lapse of time. Subsequently, as(t)

approaches to the speed of sound by Eq. (2.4.1).

2.4.2 Discussion

Now, we further consider the refractive index of χs. We should recall that ∆x was

arbitrarily defined; since χs is defined by the use of Eq. (2.4.1), we cannot avoid

any arbitrariness in the definition of χs. In other words, we cannot untangle the

dependency between χs and ∆x in a liquid containing only one spherical bubble in a

square duct; only the product (χs − 1)∆x can be properly defined from Eq. (2.4.1).

This failure to uniquely define ∆x in Eq. (2.4.1) is equivalent to the failure to

uniquely define the void fraction of a liquid containing a single bubble in a square

duct, βs. If βs was properly defined, ∆x could also be defined; and, χs could also be

defined without ambiguity using Eq. (2.4.1).

Recall that in the definition of χm in Eq. (2.3.2), we implicitly assumed χm was

a well-defined constant in a volume. In other words, we assumed that the bubbly

liquid was a homogeneous continuum medium; therefore, βm was properly defined

without ambiguity. However, a volume of liquid containing a single bubble is far

from a homogeneous continuum medium; rather, it is a discrete medium for which βs

cannot be uniquely defined. Therefore, it is mathematically inadequate to discuss

26



the refractive index of a liquid containing a single bubble, as is understood from

Eq. (2.4.1). The refractive index is essentially a value defined only in a properly

defined continuum medium.

2.5 Summary

We investigated pressure wave propagation in a square duct filled with a compressible

liquid that contains spherical bubbles. We clarified that even a single bubble in a

square duct can indeed delay the phase of an input pressure wave, thus causing

an apparent reduction in the speed of sound. This is the most fundamental and

essential physical process governing pressure wave propagation in a bubbly liquid in

a duct.

Next, we discussed the refractive index of a liquid containing a single bubble in a

square duct. The refractive index of a liquid containing a single bubble in a square

duct cannot be uniquely defined, because the void fraction cannot be uniquely de-

fined. The refractive index is a value defined only within a homogeneous continuum

medium; therefore, the refractive index of a liquid containing a single bubble in a

square duct itself is neither a physically nor a mathematically meaningful quantity.

However, we can observe an apparent reduction in the phase speed in a liquid con-

taining a single bubble in a square duct. Furthermore, we can quantitatively define

the speed of sound in a duct containing a finite number of bubbles, when the void

fraction can be properly defined.
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Chapter 3

Pressure wave propagation in a

square duct containing a finite

number of bubbles

We theoretically investigated pressure wave propagation in a liquid containing bub-

bles in a square duct in Chapter 2. We clarified that the apparent reduction in

the speed of sound originates from the phase delay of the pressure wave caused

by bubble oscillations. These theoretical results imply that the speed of sound in

a bubbly liquid can be quantitatively defined in a square duct containing a finite

number of bubbles, when the void fraction can be properly defined. However, one

critical question is raised; Can we estimate the speed of sound in a bubbly liquid in

a square duct containing several bubbles?

In this chapter, we numerically investigate pressure wave propagation in a liquid

containing 10 spherical bubbles in a square duct. We consider the effect of the pres-

sure fields generated by the surrounding real and imaginary bubbles on the bubble

oscillations; hereafter, this effect is collectively called the bubble-bubble interactions.

We compare the speed of sound derived in Chapter 2 with the numerically obtained
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phase speed of the total pressure wave in the duct.

3.1 Problem statement

We numerically investigate pressure wave propagation in a square duct filled with a

compressible liquid that contains 10 spherical bubbles (Fig. 3.1). The input plane

linear wave p0 + Pin starts to propagate from x = 0. The bubbles, which have

the same initial undisturbed radius R0, are evenly aligned along the center-line of

the square duct with a separation of ∆b. The k-th bubble from the origin is called

Bubble k. We perform the simulations under Feynman’s regime and the assumptions

in Chapter 2 except the assumptions (v) and (vi):

(i). the center of a bubble is fixed in the duct,

(ii). the radial oscillation of a bubble is spherically symmetric,

(iii). a bubble is initially at rest,

(iv). the terms of the attenuation due to the acoustic radiation of order 1/aℓ are

neglected,

(v). the number density of bubbles in the y − z plane, η, which is defined as

η = D−2, is very close to 0,

(vi). the distance between bubbles is sufficiently large so that the bubble-bubble

interactions do not appear.

Therefore, the radial oscillations of the bubbles are modified by the pressure fields

generated by the radial oscillations of the surrounding real and imaginary bubbles.

We shall use the equation of motion for N spherical bubbles [37, 55], where the

bubble-bubble interactions are taken into account. Under the present assumptions,
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Figure 3.1: 10 spherical bubbles are evenly aligned in a square duct.

the equation of motion for the bubbles can be rewritten as follows:

R̈′
I(t) + ω2

0R
′
I(t) = −Pin(t)

ρℓR0

−
N∑

J=1, J ̸=I

R0
R̈′

J(ζJI)

rIJ
, (3.1.1)

where the subscripts I and J are the bubble indices (I, J = 1, 2, · · · , N, I ̸= J), rIJ

is the distance between the center of the bubble I and the bubble J ,

ζJI = t− rIJ −RJ(ζJI)

aℓ
, (3.1.2)

and [rIJ−RJ(ζJI)]/aℓ is the delay time that it takes for the radiative wave generated

by the bubble J to propagate the distance rIJ at the speed aℓ. In Eq. (3.1.1), we

measure the input pressure field Pin(t) at the center of the bubble I. The second

term in the right-hand side of Eq. (3.1.1) represents the summation of the pressure

fields generated by the surrounding bubbles (i.e., the bubble-bubble interactions).

In the limit as rIJ → ∞ or N → 1, Eq. (3.1.1) is reduced to the equation of radial

motion for a single spherical bubble:

R̈′(t) + ω2
0R

′(t) = −Pin(t)

ρℓR0

. (2.1.2)

The radiative waves generated by the bubbles are reflected off the rigid walls

of the duct. We calculate the reflected waves by using the method of images. For

each real bubble, we place an infinite number of its imaginary bubbles, as shown
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Fig. 2.1(b). Unlike Chapter 2, the bubble oscillations are modified by the pressure

fields generated by these imaginary bubbles. The contributions from imaginary

bubbles to the bubble oscillations are calculated by using the second term in the

right-hand side of Eq. (3.1.1). During a finite time t, the pressure wave propagates

only a distance aℓt; therefore, we need to calculate the pressure fields generated by

only the imaginary bubbles within the distance aℓt from the bubbles at most.

Now, we calculate the total pressure field at point Q(x, y, z). The total pressure

field Ptot is given as the summation of Pin(t − x/aℓ) and the pressure fields gener-

ated by the radial oscillations of the real and imaginary bubbles. We calculate the

pressure field only at finite x and t; therefore, we need to add the contributions from

Bubble I and its imaginary bubbles within a circle of radius lI from point (xI , y, z)

in the y − z plane, where l2I = (aℓt− xI)
2 − (x− xI)

2 and xI is the x coordinate of

the center of Bubble I. The total pressure field Ptot can be calculated by using the

following equation:

Ptot(t) = Pin(t− x/aℓ) +
10∑
I=1

∑
i,j(lIi,j<lI)

ρℓR
2
0

R̈′
I(ζIi,j)

rIi,j
, (3.1.3)

where lIi,j is the distance from the point (xI , y, z) to the center of Bubble I(i, j),

rIi,j is the distance from the center of Bubble I(i, j) to the point Q, and

ζIi,j = t− xI
aℓ

− rIi,j −RI(ζIi,j)

aℓ
. (3.1.4)

The total pressure field is calculated by numerically solving Eqs. (3.1.1) and (3.1.3)

under the numerical conditions in Table 2.1. Bubble 1 is placed at x = ∆b. The

distance ∆b is 50.0 mm. The ordinary differential equations (3.1.1) are solved nu-

merically by using the 4-th order Runge-Kutta method.
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3.2 Numerical results

We investigate the phase speed of the total pressure wave; then, compare it with the

speed of sound in a bubbly liquid. Let PI(t) and PII(t) be the total pressure fields at

points I and II in Fig. 3.1 (at x = 1.5∆b and 3.5∆b on the rigid wall), respectively.

From the simulation results, we find t′ that satisfies the equation PI(t) = PII(t
′).

Then, we define the phase speed as follows:

ap(t) =
2∆b

t′ − t
. (3.2.1)

We formally define the void fraction in the duct by Eq. (2.3.3), as shown in Chap-

ter 2. We investigate how the phase speed ap(t) depends on the void fraction βm by

changing R0: 0.550 mm ≤ R0 ≤ 1.00 mm. The time is normalized by the natural

period of the single bubble whose R0 is 1.00 mm: 2π/ω0 = 3.60× 10−4 s.

Figure 3.2(a) shows the time evolution of Pin at the points I and II. We investigate

pressure wave development in the period of the order of 2π/ω0, which corresponds

to the only 0.1% of the period of the input pressure wave. Figure 3.2(b) shows

the time evolution of PI and PII in the case of R0 = 1.00 mm (R0/D = 0.05,

R0/∆b = 0.02). Figure 3.3(a) shows the time evolution of the phase speeds with

various void fractions. The phase speed is reduced from the speed of sound in a

pure liquid with the lapse of time. Because the number of contributory imaginary

bubbles increases in proportion to t2, the reliability of the calculation decreases by

the accumulation of the error caused by the second term in the right-hand side of

Eq. (3.1.1) in the long-time calculation. In the accuracy of the present calculation,

we consider that the present solution reaches the steady solution. Therefore, the

phase speed of the total pressure wave is reduced in a square duct containing 10

bubbles. We define this steady solution as ãp.
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Figure 3.2: (a) Time evolution of Pin at the points I and II (ω = 34.9 rad/s). (b)
Time evolution of PI and PII in the case of R0 = 1.00 mm.
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Now, we investigate the phase speed ãp. We define ãp as the phase speed in a

time when the input pressure wave reaches the center of Bubble 10, t = 10∆b/aℓ

(non-dimensional time: 0.936). Figure 3.3(b) shows the relation between the speed

of sound in a bubbly liquid and the numerically obtained phase speed ãp. The broken

curve represents the speed of sound by Eq. (2.3.4). The solid curve represents the

speed of sound by

am = aℓ

(
1 +

ρℓa
2
ℓ

p0
β

)−1/2

. (3.2.2)

Equation (3.2.2) is derived from Eq. (1.2.1) when the relation a2g = p0/ρg is used and

the conditions β2 ≪ (ρga
2
g)/(ρℓa

2
ℓ) ≪ 1 are imposed in Eq. (1.2.1). Equation (3.2.2)

is identical to Eq. (2.3.4) when the condition β ≪ p0/(ρℓa
2
ℓ) is imposed. Figure 3.3(b)

shows that the phase speed ãp agrees well with the speed of sound by Eq. (3.2.2);

therefore, the phase speed of the total pressure wave approaches to the speed of

sound in a bubbly liquid with the lapse of time.

3.3 Effect of bubble-bubble interactions

Figure 3.3(b) shows that the speed of sound by Eq. (2.3.4) is much lower than the

phase speed ãp in the high void fraction. To investigate the origin of the difference

between the speed of sound by Eq. (2.3.4) and the phase speed ãp, we will discuss

the role of the bubble-bubble interactions in the reduction in the speed of sound

in a bubbly liquid. The inclusion of the bubble-bubble interactions means that the

input pressure field to induce bubble oscillations is modified by the pressure fields

generated by the radial oscillation of bubbles. Figure 3.4 shows the time evolution

of R2. For comparison, we show the numerical result by using the equation without
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the bubble-bubble interactions:

R̈′
2(t) + ω2

0R
′
2(t) = −P0[1− cosω(t− x2/aℓ)]

ρℓR0

. (3.3.1)

The real and imaginary bubbles are shrunk by the pressure fluctuation induced by

the input pressure wave (the compression wave). The shrinking bubbles generate

expansion waves. Subsequently, the input pressure field Pin to induce the shrinkage

of bubbles is attenuated by these expansion waves; therefore, the bubble-bubble in-

teractions suppress the bubble oscillations. For this reason, the shrinkage of Bubble

2 is suppressed by the bubble-bubble interactions, as shown in Fig. 3.4.

The suppression of the bubble oscillations is equivalent to the reduction in the

amplitude of the bubble oscillations, s0. The reduction in s0 implies the suppression

of the phase delay caused by the bubble oscillations, ∆θ = ω (2πaℓρR
2
0η/P0) s0, as

understood from Eqs. (2.2.1) and (2.2.7); therefore, the bubble-bubble interactions

36



suppress the phase delay ∆θ. The apparent reduction in the speed of sound in a

bubbly liquid originates from the phase delay ∆θ, as understood from Chapter 2.

The suppression of the phase delay ∆θ implies the suppression of the apparent

reduction in the speed of sound; therefore, the bubble-bubble interactions suppress

the reduction in the phase speed of the total pressure field. For this reason, the

speed of sound by Eq. (2.3.4), where the bubble-bubble interactions are neglected,

is lower than ãp, where the bubble-bubble interactions are taken into account, in the

high void fraction, where the bubble-bubble interaction can no longer be ignored.

We conclude that the bubble-bubble interactions suppress the apparent reduction

in the speed of sound in a bubbly liquid.

3.4 Effect of delay times

The acoustic radiation and the delay time are taken into account in the equation

of motion for the bubbles in a compressible liquid. In this study, all attenuations,

including the acoustic radiation of order 1/aℓ, are ignored; however, the delay time

is considered (where the delay time is defined as the finite amount of time that it

takes for a pressure wave to propagate a given distance with the speed of sound in

a pure liquid). Equations (3.1.2) and (3.1.4) contain the delay times.

Now, we will discuss the role of the delay times in the summation of the pressure

fields. We have investigated bubble oscillations in a square duct. The radiative waves

generated by bubbles are reflected off the rigid walls of the duct. We determine the

reflected waves by calculating the pressure fields due to the oscillations of imaginary

bubbles placed into a two-dimensional array in the y−z plane, as shown Fig. 2.1(b).

We calculate the total pressure field by adding all the pressure fields which can reach

observation points during a finite time t (Fig. 3.5). Because the wave propagation

distance increases with the lapse of time, we need to consider the pressure fields
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Figure 3.5: The total pressure field is calculated by adding the pressure fields gen-
erated by bubbles within a circle of radius lI in each layer. The radius lI
is different in accordance with positions of the layers because the start-
ing time of bubble oscillations in each layer is different. The distance
between adjacent layers is ∆b; therefore, the difference of the starting
time of bubble oscillations is ∆b/aℓ.

generated by the farther bubbles. The delay times are different in accordance with

the distance between the bubbles and observation points; therefore, the phases of

these pressure fields deviate from each other depending on the path difference.

In this chapter, we have investigated pressure wave propagation in a square duct

containing 10 spherical bubbles by numerically solving Eqs. (3.1.1) and (3.1.3) which

take the bubble-bubble interactions into account. We have calculated the total pres-

sure field by adding the pressure fields generated by radial oscillation of individual

bubbles, where the phase shifts caused by the delay times are considered. When the

distance between bubbles and observation points becomes far, the amplitudes of the
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pressure fields generated by the bubble oscillations decrease; then, the phase shifts

of these pressure fields increase. The summation of these pressure fields converges

with the lapse of time, as understood from Section 2.2; however, the orbit of the

summation of the pressure fields until the convergence is different from that shown

in Fig. 2.2(b) because we have investigated pressure wave propagation in a square

duct containing several bubbles in this chapter. In Chapter 2, we theoretically in-

vestigated the total pressure field after the lapse of the time that is enough for Pbs

to converge. In contrast, we have numerically investigated the time evolution of

the summation of the pressure fields in this chapter. While the summation of the

pressure fields converges with the lapse of time, the phase speed in the total pressure

wave changes from the speed of sound in a pure liquid to that in a bubbly liquid.

If the delay times are ignored (aℓ → ∞, i.e., the liquid phase is assumed to

be incompressible), the pressure fields generated by an infinite number of imaginary

bubbles immediately contribute to the total pressure field with the same phase. The

summation of these pressure fields immediately amounts to a very large and non-

physical value without converging. Therefore, the summation of the pressure fields

in Eqs. (2.2.1) and (3.1.3) cannot have a physically appropriate value without taking

into account the phase shifts caused by the delay times. The phase shifts caused

by the delay times converge the summation of the pressure fields to a physically

appropriate value.

3.5 Effect of the number of bubbles

Now, we will investigate a relation between the phase speed of the total pressure

wave and the number of bubbles evenly aligned in a square duct. We numerically

calculate the time evolution of the phase speed defined by Eq. (3.2.1) while we

reduce the number of bubbles aligned in the duct one by one in descending order.
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Figure 3.6: Time evolution of the phase speeds with various number of bubbles.

Figure 3.6 shows the time evolution of the phase speeds with various number of

bubbles. Figure 3.6 shows that the phase speed is reduced even if we reduce the

number of bubbles in the downstream region of the point II; however, when only a

few bubbles are aligned in the downstream region of the point II, the phase speed

deviates from the speed of sound in a bubbly liquid with the lapse of time.

The time evolution of the phase speed is drastically varied by the removal of

all the bubbles in the downstream region of the point II (the cases of “3 Bubbles”

and “2 Bubbles”). Furthermore, when we remove all the bubbles in the downstream

region of the points I and II (a single bubble is placed in the upstream region of the

point I, i.e., the case of “1 Bubble”), the phase speed is not reduced, despite the

presence of bubble in the upstream region of the point I. Therefore, the pressure

fields generated by bubbles in the downstream region of observation points cause the

reduction in the phase speed of the total pressure wave; however, the pressure fields

generated by bubbles in the upstream region of observation points cannot contribute

to the reduction in the phase speed defined by Eq. (3.2.1).
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Figure 3.7: The input pressure field Pin induces the radial oscillation of Bubble I.
Subsequently, the pressure field PIbs is generated, and propagates in the
negative x direction.

Let us consider that k bubbles evenly aligned in the duct are shrunk by the

input pressure wave (1 < k ≤ 10). We define the summation of the pressure fields

generated by Bubble I and its imaginary bubbles in the downstream region of the

point I as PIbs (I > 1). The arrival time tI , which is the time that it takes for PIbs

to reach the point I, can be roughly written as follows (Fig. 3.7):

tI =
I∆b+ (I − 1.5)∆b

aℓ
. (3.5.1)

When t < tk+1, the pressure fields generated by bubbles placed in the downstream

region of the k bubbles never reach the point I within the observation time t; there-

fore, these pressure fields never contribute to the total pressure field at the point I.

In the case of “10 Bubbles”, the present observation time, t/(2π/ω0) = 1.90, satis-

fies the equation t < t11 because t11/(2π/ω0) = 1.92. Therefore, even if bubbles are

evenly aligned in the downstream region of Bubble 10, the pressure fields generated

by these bubbles never contribute to the total pressure field at the point I within

the present observation time.

When we remove the bubbles in the downstream region of the point I (k < 10),
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the pressure fields generated by these bubbles, which should originally reach the

point I, disappear; then, tk+1 < t. Figure 3.6 shows that when tk+1 is much shorter

than the present observation time, the phase speed deviates from the speed of sound

in a bubbly liquid.

In a square duct containing 10 bubbles, Fig. 3.3(a) shows that the phase speed

of the total pressure wave reaches a constant value, which agrees well with the speed

of sound by Eq. (3.2.2). However, when t is much longer than tk+1, the phase speed

will deviate from the constant value with the lapse of time, even though we perform

the simulations in a square duct containing 10 bubbles. Therefore, we conclude that

the number of bubbles itself is not necessarily important in the reduction in the

phase speed of the total pressure wave in a square duct.

3.6 Summary

We numerically investigated pressure wave propagation in a square duct containing

a finite number of bubbles. We simulated linear plane wave propagation in a liquid

containing 10 spherical bubbles in the duct by using the equation of motion for N

spherical bubbles, where the effect of the bubble-bubble interactions is taken into

account. The numerical results show that the phase speed of the total pressure wave

is reduced from the speed of sound in a pure liquid to that in a bubbly liquid.

Furthermore, we investigated the effect of the bubble-bubble interactions on

the speed of sound. We clarified that the bubble-bubble interactions suppress the

reduction in the speed of sound in a bubbly liquid.

Next, we discussed the effect of the delay times on the summation of the pressure

fields. The phase shifts caused by the delay times converge the summation of the

pressure fields to a physically appropriate value.

Finally, we numerically investigated a relation between the phase speed of the
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total pressure wave and the number of bubbles aligned in a square duct. The pressure

fields generated by bubbles in the downstream region of observation points cause the

reduction in the phase speed of the total pressure wave; however, the pressure fields

generated by bubbles in the upstream region of observation points cannot contribute

to the reduction in the phase speed. We conclude that the number of bubbles itself

is not necessarily important in the reduction in the phase speed in a square duct.
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Chapter 4

Phase speed in a square duct

containing a single bubble

We numerically investigated pressure wave propagation in a square duct containing

a finite number of bubbles in Chapter 3. The numerical results showed that even if

only 10 bubbles are aligned in the duct, the phase speed of the total pressure wave

is reduced from the speed of sound in a pure liquid to that in a bubbly liquid. Fur-

thermore, we clarified that the number of bubbles itself is not necessarily important

in the reduction in the phase speed in a square duct.

In this chapter, we theoretically investigate the phase speed of the total pressure

wave in a square duct containing just one bubble. We construct the theoretical

model for the radial oscillation of a single bubble affected by the pressure waves

reflected off the rigid walls of the duct. We will clarify how these reflected waves

modify the bubble oscillation and the total pressure field in the duct. Furthermore,

we investigate the phase speed of the total pressure wave in the duct based on

the theoretical model. It should be emphasized here that in this study inspired by

Feynman et al. [85], the phase speed of the total pressure wave is the speed of sound

in a bubbly liquid.
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Figure 4.1: Schematic of the x− y plane of the computational domain.

4.1 Radial oscillation of a single bubble affected

by reflected waves

We theoretically investigate pressure wave propagation in a square duct with sides

of length D filled with a compressible liquid that contains a single bubble placed at

xB (Fig. 4.1). The input plane linear wave starts to propagate from x = 0. The

input plane wave has the following form: p0 + Pin(t) = p0 + P0e
iωt.

Now, we investigate the radial oscillation of a spherical bubble in a square duct

under the assumptions in Chapter 3. We determine the pressure waves reflected off

the rigid walls of the duct by using the method of images, as shown in Fig. 2.1(b).

The radial oscillation of the real bubble is modified by the pressure fields generated

by the surrounding imaginary bubbles. We can calculate the radial oscillation of

the single bubble in the duct by using the following equation:

R̈′(t) + ω2
0R

′(t) = −Pin(t)

ρℓR0

−
∑

i,j(li,j<aℓt)

R0
R̈′

im(t− li,j/aℓ)

li,j
, (4.1.1)

where R′
im(t) is the small fluctuation of the imaginary bubble radius: R′

im(t) =

Rim(t) − R0. In Chapter 2, R′
im(t) = R′(t). The second term in the right-hand

side of Eq. (4.1.1) represents the effect of the summation of the pressure fields
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generated by the imaginary bubbles on the real bubble oscillation, which is defined

as Pims/(ρℓR0). The pressure field Pims is equivalent to the summation of the reflected

waves that affect the real bubble oscillation. Strictly speaking, the radial oscillations

of the imaginary bubbles should be modified depending on the modified real bubble

oscillation. However, we impose the following assumption:

(vii). the pressure fields generated by the imaginary bubbles affect the real bubble

oscillation, but the influence of the modified real bubble oscillation on the

imaginary bubbles is neglected.

In this assumption, we take advantage that R′
im(t) always satisfies the following

linear equation:

R̈′
im(t) + ω2

0R
′
im(t) = −Pin(t)

ρℓR0

. (4.1.2)

By solving Eq. (4.1.2), we can write R′
im(t) as a function of time: R′

im(t) = −s0eiωt.

Therefore, we can calculate Pims(t)/(ρℓR0) as follows:

Pims(t)

ρℓR0

= −
∑

i,j(li,j<aℓt)

R0
ω2s0e

iω(t−li,j/aℓ)

li,j
= i∆θ

P0

ρℓR0

eiωt. (4.1.3)

We follow the same procedure as Chapter 2 in performing the summation in Eq. (4.1.3).

We suppose that this procedure on the calculation of the total pressure field can also

be established at the point B (the bubble center) in Fig. 2.1(a). By substituting

Pims(t)/(ρℓR0) into Eq. (4.1.1), we can solve Eq. (4.1.1) as follows:

R(t) = R0 − (1− i∆θ)s0e
iωt ≃ R0 − s0e

iω(t−∆θ/ω). (4.1.4)

When we ignore the effect of the pressure fields generated by the imaginary bubbles
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(the reflected waves) on the real bubble oscillation, R(t) is written by

R(t) = R0 − s0e
iωt,

as understood from Section 2.1. Equation (4.1.4) clarifies that the reflected waves

retard the phase of the bubble oscillation by the angle ∆θ/ω.

We investigate the total pressure field at point Q(x, 0, 0). The summation of the

pressure fields generated by the real and imaginary bubbles , Pbs, can be written by

Pbs(t) = ρℓR
2
0

R̈′(t−∆θ/ω − r/aℓ)

r
+

∑
i,j(li,j<l)

ρℓR
2
0

R̈′
im(t− ri,j/aℓ)

ri,j
, (4.1.5)

where r = |x−xB| and r2i,j = r2+l2i,j. We replace R′
im(t) with R

′(t) which is obtained

from Eq. (4.1.4); then, we can calculate Pbs as follows:

Pbs(t) =
∑

i,j(li,j<l)

ρℓR
2
0

ω2s0exp[iω(t−∆θ/ω − ri,j/aℓ)]

ri,j

= −i∆θP0exp

[
iω

(
t− ∆θ

ω
− |x− xB|

aℓ

)]
. (4.1.6)

Therefore, the total pressure field at the point Q is given by

Ptot(t) = P0exp

[
iω

(
t− x

aℓ

)]
− i∆θP0exp

[
iω

(
t− ∆θ

ω
− xB + |x− xB|

aℓ

)]
.

(4.1.7)

When we ignore the effect of the reflected waves on the real bubble oscillation, Ptot(t)

is written by

Ptot(t) = P0exp

[
iω

(
t− x

aℓ

)]
− i∆θP0exp

[
iω

(
t− xB + |x− xB|

aℓ

)]
,

as understood from Section 2.2. Equation (4.1.7) clarifies that the pressure fields
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generated by the imaginary bubbles retard the phase of Pbs generated by themselves

by the angle ∆θ/ω.

4.2 Variation of the phase speed around a single

bubble

When bubbles are not placed in a square duct, the phase speed of the total pressure

wave is the speed of sound in a pure liquid. We theoretically investigate the variation

of the phase speed in a square duct containing a single bubble. We investigate the

phase speed in both a downstream region and an upstream region, as shown in

Fig. 4.1. In this section, we suppose that Pin(t) = P0 cosωt.

4.2.1 Downstream region

First, we investigate the phase speed in the downstream region. Let Pd and Pd+∆x

be the total pressure fields at points xd and xd + ∆x in Fig. 4.1, respectively. We

consider t′ that satisfies the equation Pd(t) = Pd+∆x(t
′) by using Eq. (4.1.7) as

follows:

cosω

(
t− xd

aℓ

)
+∆θ sinω

(
t− ∆θ

ω
− xd
aℓ

)
= cosω

(
t′ − xd +∆x

aℓ

)
+∆θ sinω

(
t′ − ∆θ

ω
− xd +∆x

aℓ

)
. (4.2.1)

From the phase functions of Eq. (4.2.1), we obtain the following equation: t′ =

t+∆x/aℓ. We define the phase speed of the total pressure wave:

vp(t) =
∆x

t′ − t
. (4.2.2)
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Then, we obtain the phase speed in the downstream region, vp(t) = aℓ. Therefore, in

the downstream region, the phase speed of the total pressure wave is not varied from

the speed of sound in a pure liquid. This result had been numerically validated in

Section 3.5. As we had stated in Section 3.5, the pressure fields generated by bubbles

in the upstream region of observation points cannot contribute to the reduction in

the phase speed.

4.2.2 Upstream region

Next, we investigate the phase speed in the upstream region. Let Pu and Pu+∆x

be the total pressure fields at points xu and xu + ∆x in Fig. 4.1, respectively. We

consider t′ that satisfies the equation Pu(t) = Pu+∆x(t
′) by using Eq. (4.1.7) as

follows:

cosω

(
t− xu

aℓ

)
+∆θ sinω

(
t− ∆θ

ω
− xB + xB − xu

aℓ

)
= cosω

(
t′ − xu +∆x

aℓ

)
+∆θ sinω

[
t′ − ∆θ

ω
− xB + xB − (xu +∆x)

aℓ

]
. (4.2.3)

From Eq. (4.2.3), we obtain the following equation:

sin [ω∆t+ α(t)] =
1

ψ

[
− cosω

(
∆x

aℓ
+ ν

)
+∆θ sinω

(
∆x

aℓ
− ξ

)]
= Γ(t), (4.2.4)

with

ν = t− xu +∆x

aℓ
, ξ = t− ∆θ

ω
− xB + xB − (xu +∆x)

aℓ
,

ψ =
√

1 + 2∆θ sinω(ξ − ν) + ∆θ2, α(t) = arcsin
1

ψ
(− cosων −∆θ sinωξ) .
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Figure 4.2: Time evolution of the phase speed by Eq.(4.2.5) with R0 = 1.00 mm,
xB = 250 mm, xu = 75.0 mm, ∆x = 100 mm, and the conditions shown
in Table 2.1.

From Eq. (4.2.4), the phase speed in the upstream region can be obtained as a

function of time:

vp(t) =
ω∆x

arcsin[Γ(t)]− α(t)
, t >

∆θ

ω
+
xB + xB − xu

aℓ
. (4.2.5)

Equation (4.2.5) shows that the phase speed of the total pressure wave is the function

of time in the upstream region. Figure 4.2 shows the time evolution of the theoretical

model (4.2.5). The solid (blue) curve represents the phase speed by Eq. (4.2.5). The

dotted (black) line represents vp = aℓ. Figure 4.2 shows that in the period of the

order of the natural period of the bubble, the phase speed by Eq. (4.2.5) in the

upstream region is lower than aℓ at least.
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4.3 Comparison with numerical results

To validate this theoretical model, we numerically investigate the phase speed of the

total pressure wave in the upstream region by using Eqs. (2.4.3) and (2.4.4):

R̈′(t) + ω2
0R

′(t) = −Pin(t)

ρℓR0

−
∑

i,j(li,j<aℓt)

R0
R̈′(t− li,j/aℓ)

li,j
, (2.4.3)

Ptot(t) = Pin(t) +
∑

i,j(li,j<l)

ρℓR
2
0

R̈′(t− ri,j/aℓ)

ri,j
. (2.4.4)

We compare the numerically obtained phase speed with the phase speed by Eq. (4.2.5).

We suppose the following conditions: R0 = 1.00 mm, xB = 250 mm, xu = 75.0 mm,

and ∆x = 100 mm. The ordinary differential equation (2.4.3) is numerically solved

by using the 4-th order Runge-Kutta method under the conditions in Table 2.1.

Figure 4.3(a) shows the time evolution of Pbs at xu. The solid (blue) curve

in Fig. 4.3(a) represents the numerically obtained Pbs. The dotted (red) curve

represents the theoretical model (4.1.6). Figure 4.3(a) shows that the theoretical

model (4.1.6) agrees well with the numerical result obtained from Eqs. (2.4.3) and

(2.4.4). Figure 4.3(b) shows the time evolution of Pu and Pu+∆x. From this numerical

result, we find t′ that satisfies Pu(t) = Pu+∆x(t
′); then, we define the phase speed as

follows: vp = ∆x/(t′ − t).

Figure 4.4 shows the time evolution of the phase speed in the upstream region.

The solid (blue) curve in Fig. 4.4 represents the numerically obtained phase speed.

The broken (red) curve represents the theoretical model (4.2.5). The dotted (black)

line represents vp = aℓ. The numerically obtained phase speed is reduced from aℓ

with the lapse of time. After a certain period of time, the numerically obtained

phase speed agrees well with the theoretical model (4.2.5). The phase speed by

Eq. (4.2.5) approaches to aℓ with the lapse of long time; however, the phase speed

does not exceed aℓ under the present conditions. Therefore, even if just one bubble is
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Figure 4.3: (a) Time evolution of Pbs at xu. (b) Time evolution of Pu and Pu+∆x.
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Figure 4.4: Time evolution of the phase speed of the total pressure wave obtained
by the numerical calculation and that by the theoretical model in the
upstream region.

placed in a square duct, the phase speed of the total pressure wave in the upstream

region is lower than aℓ at least.

4.4 Summary

We theoretically investigated pressure wave propagation in a square duct containing

just one bubble. We constructed the theoretical model for the radial oscillation of

a single bubble affected by the reflected waves. This model shows that the reflected

waves retard the phase of the bubble oscillation and that of the summation of the

pressure fields generated by the real and imaginary bubbles. Based on this model,

we constructed the theoretical model for the phase speed of the total pressure wave

in a square duct containing just one bubble. The phase speed is not varied from aℓ

in the downstream region of the bubble. In contrast to the downstream region, the

phase speed in the upstream region is the function of time.

53



To validate our model, we numerically investigated the phase speed in the up-

stream region. The phase speed in the upstream region is reduced from the speed

of sound in a pure liquid with the lapse of time. After a certain period of time,

the numerically obtained phase speed agrees well with our model. The theoretical

and numerical results clarified that even if just one bubble is placed in the duct, the

phase speed in the upstream region is lower than the speed of sound in a pure liquid

at least.
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Chapter 5

Conclusions

We investigated pressure wave propagation in a square duct containing a finite

number of spherical bubbles. The contributions and findings of this thesis can be

summarized as follows.

Chapter 2

We theoretically investigated pressure wave propagation in a square duct filled with

a compressible liquid that contains spherical bubbles, based on the following Feyn-

man’s regime:

• the total pressure field can always be represented by the summation of the

pressure fields generated by the input pressure wave and the oscillations of all

the bubbles,

• the pressure field generated by a single bubble is given by its oscillation eval-

uated with retardation at the speed of sound in a pure liquid.

We clarified that even a single bubble in a square duct can indeed delay the phase of

an input pressure wave, thus causing an apparent reduction in the speed of sound.
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This is the most fundamental and essential physical process governing pressure wave

propagation in a bubbly liquid in a duct.

Next, we discussed the refractive index of a liquid containing a single bubble

in a square duct. The refractive index of a liquid containing a single bubble in a

square duct cannot be uniquely defined, because the void fraction cannot be uniquely

defined. However, we can observe an apparent reduction in the phase speed in a

liquid containing a single bubble in a square duct.

Chapter 3

We numerically investigated pressure wave propagation in a square duct containing

a finite number of bubbles. The numerical results showed that the numerically

obtained phase speed of the total pressure wave is reduced from the speed of sound

in a pure liquid to that in a bubbly liquid.

Furthermore, we investigated the effect of the bubble-bubble interactions on

the speed of sound. We clarified that the bubble-bubble interactions suppress the

reduction in the speed of sound in a bubbly liquid.

Next, we discussed the effect of the delay time on the summation of the pressure

fields. The phase shifts caused by the delay times converge the summation of the

pressure fields to a physically appropriate value.

Finally, we investigated a relation between the phase speed of the total pressure

wave and the number of bubbles in a square duct. The pressure fields generated

by bubbles in the downstream region of observation points cause the reduction in

the phase speed of the total pressure wave; however, the pressure fields generated

by bubbles in the upstream region cannot contribute to the reduction in the phase

speed. The number of bubbles itself is not necessarily important in the reduction in

the phase speed in a square duct.
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Chapter 4

We theoretically investigated pressure wave propagation in a square duct containing

just one bubble. The reflected waves retard the phase of the bubble oscillation and

that of the summation of the pressure fields generated by the real and imaginary

bubbles. We constructed the theoretical model for the phase speed of the total

pressure wave in a square duct containing just one bubble. In the downstream

region of the bubble, the phase speed is not varied from the speed of sound in a

pure liquid. In contrast to the downstream region, the phase speed in the upstream

region is the function of time.

To validate our model, we numerically investigated the phase speed in the up-

stream region. The numerically obtained phase speed agrees well with our model.

The theoretical and numerical results clarified that even if just one bubble is placed

in the duct, the phase speed in the upstream region is lower than the speed of sound

in a pure liquid at least.
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