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PREFACE

This volume is intended as the proceedings of Sapporo Symposium on Partial
Differential Equations, held on July 30 through August 1 in 1997 at Department of
Mathematics, Hokkaido University.

This is the 22nd time of the symposium and also commemorates the 60th birth-
day of Professor Rentaro Agemi, who made a large contribution to its organization
for years.

We wish to dedicate this volume to Professor Agemi in celebration of his 60th
birthday.

T. Ozawa
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On scattring by several convex bodies

Mitsuru IKAWA

Let Oj, 7=1,2,...,J be open bounded sets in R® with smooth boundary I';. We set
O=Ul, 0;
and assume the following:
(H.1) Each O; is strictly convex.
(H.2) For each {j1,72,73} € {1,2,...,J}3 such that j; # jy for [ #£ I’

(convex hull of O;; and O;,) N Oy, = 0.

Here we consider the case of
J > 3.

We set
Q=R*-0,

and consider two dynamics in 2. The one us the classical dynamics in 2 and the another
is the quantum dynamics in 2, and we are interested in relationships between these two
dynamics. As the first step of study of relationships of two dynamics, we take up the zeta
function as the subject of the classical dynamics, and the scattering matrix as that of the
quantum dynamics. Our interest as to these subjects is to know how the singularities of
the zeta function relate to the poles of the scattering matrix, and vice versa.

The problem we shall consider in the talk is the following:

How is the distribution of the poles of the zeta function near the line {s € C; Rs = oy},
where aq denotes the abscissa of the absolute convergence of the zeta function?



Recent Topics in the Initial Boundary Value
Problem for Linear Symmetric Hyperbolic
Systems with Characteristic Boundary

Y. Shizuta
Department of Mathematics
Nara Women’s University

July, 1997

First, we define a class of anisotropic Sobolev spaces. Let a € Z% be
a multi-index and let |a| = o + o+ op. We write 8, = (01, ,00),
0 = Oy, = 0/0z;, 1 < ¢ < n, and 0% = 0§*05%---0%~. A vector field
A € C®(f2 ;- C") is said to be tangential if (A(z),v(z)) = 0 for all z € T'.
Here Q C R", n > 2, is a bounded open set lying on one side of its smooth
boundary I'. Let m and v be nonnegative integers. Then the function space
H" () is defined as the set of functions having the following properties:

i) ue L2(Q).

ii) Let A1, Ag,-- -, A; be tangential vector fields and let A}, A}, --- | A} be
any vector fields. Multiply u by the product of these j + &k vector fields
in an arbitrary order. Then the resulting function belongs to L*(Q), if
j+ p(k;v) <m.

Here, the auxiliary function @(k;v) is defined by @(k;v) =k for 0 <k <vw
and p(k;v) = 2k —v for v > k. H™¥(Q) is normed as follows. We choose
an appropriate covering of I', diffeomorphisms, and cut off functions, say
0;,TiyXi» 1 < 4 < N. Then u® = (x;u) o ;! has as its domain B, =
{z | |z| < 1,2z, > 0} with I" corresponding to z, = 0. Let Qs be the set
{z € Q| dist(z,T") > 6} and let xo be a cut off function such that xo = 0



on a neighborhood of I'. Let furthermore xo = 1 on {J5 where ¢ is suitably
chosen. We may assume that N x? = 1 on Q. Then the norm in H™"(£)
is

N
(1) llel|Z, 00 = lixoullz, + D lxitellm e
i=1
- (2) Il = > 1105.05u? 72 m,),
lel+p(kv)<m

where 0%, = 071052 -+ (2,0,)*". Note that 0, can be replaced by 0% =
zer O 052 - - - 85, because the corresponding norms are equivalent to each
other. The norms arising from different choices of 8;, 7;, x; are also equivalent.

By definition, H™*(Q) = H™(Q2) for 0 < m < v, where H™(Q)) denotes
the usual Sobolev space. H™¥(f2) for 0 < v < m is an anisotropic Sobolev
space. We are mainly interested in this function space. The function spaces
we used in the preceding works are H*(Q2) and H(£2). See [1], [2], [5]. We
observe that H™%(Q) = H™(Q) and that H™!(Q2) = H(Q).

Recently we studied on H™”(2) with 0 < v < m and obtained a trace
theorem and estimates for the product of functions belonging to these func-
tion spaces. Now we want to consider the initial boundary value problem for
linear symmetric hyperbolic systems with characterisitic boundary. We shall
treat defferential operators of the form

n
L= A()(QT, t)@t + ZAJ(Z,t)GJ -+ B(iﬁ,t),

=1

where the coefficient matrices are real £ x ¢ matrices depending smoothly (in
a certain sense) on their arguments. A and A;, 1 < j < n, are symmetric
matrices and Ay is positive definite.

The problem we are going to study is

(3) Lu=F in[0,T] xQ,
(4) Mu=0 on[0,7]xT,
(5) u(0,z) = f(z) forz € 0,



where the unknown function v = u(t, z) is a vector-valued function with ¢
components. M(z) is an £ x £ real matrix depending smoothly on z € I'. We
assume that M is of constant rank everywhere on I'. The inhomogeneous
term F' and the initial data f have a certain smoothness on [0,7] x Q and
2, respectively. The compatibility condition of order m — 1 is assumed to
hold. The maximal nonnegativity of the boundary matrix is also assumed.
We shall discuss on the possibility of solving this problem by using a pair of
function spaces, H™"(Q2) and H™***(Q), where v is fixed and m > v. Note
that a general theory is described for this problem by using a pair of function
spaces, H™(Q) = H™Y(Q) and H™(Q) = H™(). See [3],[4],[6].

References

[1) M. Ohno and Y. Shizuta and T. Yanagisawa. The trace theorem on
anisotropic Sobolev spaces. Tohoku Math. J. 46,pp. 393-401 (1994).

[2] M. Ohno and Y. Shizuta and T. Yanagisawa. The initial boundary valie
problem for linear symmetric hyperbolic systems with boundary chrac-
teristic of constant multiplicity. J. Math. Kyoto. Univ. 35,pp. 143-210
(1995). -

[3] M. Ohno and T. Shirota.On the initial boundary value problem for the
linearized MHD equations. preprint.

[4] P. Secchi. Linear symmetric hyperbolic systems with characteristic
boundary. Math. Mech. Appl. Sci. 18,pp. 855-870 (1995).

[5] Y. Shizuta and K. Yabuta.The trace theorem in anisotropic Sobolev
spaces and their applications to the chracteristic initial boundary value
problem for symmetric hyperbolic systems. Math. Mod. Meth. Appl. Sci.
5,pp. 1079-1092 (1995).

[6] Y. Yamamoto. Regularity of solutions of initial value problems for sym-
metric hyperbolic systems with boundary characteristic of constant mul-
tiplicity. to appear in the Proceedings of the Conference on Nonlinear
PDE held in Nara on 21 and 22 September 1996.



L!-solutions of the Navier-Stokes equations
in exterior domains

Hideo Kozono
Graduate School of Polymathematics
Nagoya University
Nagoya 464-01 JAPAN
e-mail:kozono@math.nagoya-u.ac.jp

Introduction

Let Q be an ezterior domain in R™*(n > 2) with the smooth boundary 9. Consider the
initial-boundary value problem of the Navier-Stokes equations in £ x (0,T):

%—?—Au—}—u-Vu-kVp:O nzeQ,0<t<T,
(N-S) divu=20 inzeQ,0<t<T,
v=0 on d9, u(z) — 0 as |z] — oo,

uli=0 = a,

where v = u(z,t) = (w1(z,t), -+, un(z,t)) and p = p(z,t) denote the unknown veloc-
ity vector and pressure of the fluid at the point (z,t) € Q@ x (0,T), while ¢ = a(z) =
(a1(z),---,an(z)) is the given initial velocity vector field..

The purpose of this talk is to show a necessary and sufficient condition on L!-summability
over ) of strong solutions u of (N-S). It is proved by Kato [9] and Giga-Miyakawa [7] that
ifae L"(Q)N L*Q) for 1 < r < n, then there exist ' > 0 and a solution u of (N-S)
in the class C([0,T); L"(Q) N L™(£2)). Such a solution is actually regular in  x (0,T).
We investigate the marginal case when r = 1; it is not obvious whether or not for every
a € LY(2) n L™(Q) we can construct a solution » in C([0,T); L}()). To solve (N-S),
applying the projection operator P onto the solenoidal vector fields to both sides of the
equation, we erase the pressure gradient Vp, which leads us to the integral equation for u
itself

t
(LE) u(t) = e~t4q — / e~t=DAP(y . Vu)(r)dr, 0<t<T,
0

where A = —PA denotes the Stokes operator. In case 2 = R", the projection operator
P is expressed by P = {P;}ij=1,...n With P;j = &;; — R;R;, where R;(j = 1,--+,n)
are the Riesz transforms. In this case, since P commutes with the Laplacian A, A is
essentially equal to —A and e~*4 is essentially the heat operator. Hence we have e~*4a €
C([0,00); LY(R™)) for all @ € L}(R™) with div a = 0. Unfortunately, that is not the case



for e~*A P because R;(j =1,---,n) are not bounded operators on L!(R™). This causes a
lot of difficulties to treat the nonlinear term P(u - Vu) in (I.E). Recently, Coifman-Lions-
Meyer-Semmes [4] proved that for very u € W12(R™) with div u = 0, there holds v-Vu €
H'(R"), where H'(R"™) denotes the Hardy space. Making use of their result together
with the fact that R;(j = 1,---,n) are bounded transformations on H'(R™), Miyakawa
[12] constructed a global weak solution u of (N-S) with » € C([0, 00); L}(R™)) for every
a € LY(R™)n L*(R™). Although his result is on weak solutions, by using his method, one
can also show the existence of strong solutions u as Kato [9] and Giga-Miyakawa [7] with
u € C([0,T); L}(R™) n L™(R™)) for some T > 0 provided a € L}( R™) N L™(R™).

In our case when 2 is an ezterior domain, however, P does not have such an explicit
representation and furthermore we cannot use the theory of Hardy spaces. In the present
talk, we shall show that the L-solution on Q does exist only in a special situation. Actually
we shall prove that every strong solution u of (N-8) belongs to C((0,T); L}(Q)) if and
only if the net force exerted by the fluid on 99 is equal to zero:

(N.F) /a T(u(t),p(t)) -vdS =0 forall 0<t<T,

where T'(u,p) and v denote the stress tensor and the unit outernormal to 92, respectively.

1 Results

Before stating our results, we first introduce some function spaces. Let C§5, () denote the
set of all C*° vector functions ¢ with compact support in , such that div ¢ = 0. L3(Q) s
the closure of C§%,(2) with respect to the L™-norm [|- || = ||-||z-(q)- Recall the Helmholtz
decomposition

L'(Q)=L,(Q)® G"() (direct sum),1 < 7 < 00,

where G™(2) = {Vp € L"(Q);p € L], (?)}. We denote by P, the projection operator from

loc

L7 () onto L% () along G™(€2). Then the Stokes operator A, is defined by A, = —P,A
with the domain D(4,) = {u € W2™(Q) N L7(0); u|aq = 0}.
The solution u of (N-S) which we treat is as follows.

Definition. Let 1 < 7 < n and let @ € L7(Q) N L?(). A measurable function » on
Q % (0,T) is called a strong solution of (N-S) in the class S,(0,T) if

(i) ue C(O,T); 5@ L3
(i) Aw, du/0t € C((0,T); L3(D);
(1ii)

du .
(N-S) 5 +Au+ P(u-Vu)=0 in L?(N),0<t< T,
u(0) = a,



Remarks. 1. It is shown by Kato [9] and Giga-Miyakawa [7] that for every a €
L7 (Q)N L) with 1 < r < n, there exist T > 0 and a unique strong solution u of (N-S)
in the class S.(0,T). For the uniqueness, see Brezis [2] and Cannone [3].

2. Every strong solution » in the class S,(0,T') satisfies (N-S’) also in L7(2) and there

holds olol 5
“u U ~
m, E?EC(QX(O,T))

for all multi-indices o = (a3, +,a,), where |a| = a3 + --- + a,. Moreover, there exists
a unique(up to an additive function of ¢) scalar function p € C(Q x (0,T)) with Vp €
C(f2 x (0,T)) and with
(11) Vi € C((0,T) 7(@) N I(%)
such that the pair {u,p} satisfies (N-S) in the classical sense. We call such p the pressure
associated with u.

3. f1 <7 < n, by (1.1) and the Sobolev embedding([8, Corollary 2.2]), we may
take p as p € C((0,T); L*/(»=")(Q)). It is not known whether or not p can be taken as
p € C((0,T); LM/ (»=1)(9)).

Our first result on the L!-solution now reads:

Theorem 1. Let a € L3(Q2). Suppose that u is the strong solution of (N-S) in the
class S,(0,T). If u and its associated pressure p satisfy
(1.2) u € C((0,T);L'(9)),
(1.3) p € C((0,T); L"),

then the net force exerted by the fluid on 0N} is equal to zero:
(1.4) / T(u(t),p(t)) -vdS =0 for all0 <t <T,
o

where T(u,p) = {0u;/0x; + Ou;/0z; — 6i;p}ij=1,..n denotes the stress tensor and v =
(v1,+-,vn) and dS denote the unit outernormal and the surface element of OS2, respec-
tively.

As for converse assertion of the above theorem we have

Theorem 2. Leta € LY(Q)NLY(N). Suppose that u satisfies the following conditions
Case 1 and Case 2 according to the dimension n.
(1) Case 1. In case n > 3, u is the strong solution of (N-S) in the class S%(O,T)

satisfying
(1.5) |Au(t)||2 = O@") for some 1/2 <y < 1 ast — +0.

(2) Case 2. In case n = 2, u is the strong solution of (N-S) in the class S.(0,T) for
some 1 < r < 2 satisfying

(1.6) ”Au(t)“-ﬁ{- =O0@""!) for some1/2<y<1ast— +0.



If u and its associated pressure p satisfy (1.4) on the net force, then there holds

(1.7) v € C([0,T); L'(Q)),
(1.8) p € C((0,T); LI()) foralll< q< oo.

The assumptions (1.5) and (1.6) on the behaviour of u(t) as t — +0 can be removed
provided the initial data @ has a certain regularity.

Theorem 2°. (1) Case 1. In case n > 3, let a be as
(1.9) a€ LMQ)NLXQ)N D(A]) for some 1/2<v< 1

and suppose that u is the strong solution of (N-S) in the class S 28 (0, 7).
(2) Case 2. In case n =2, let a be as

(1.10) e LMQ)NLEQ)ND(AY,, ) forsomel<r<2andl/2<y<1
2~r

and suppose that u is the strong solution of (N-S) in the class S.(0,T).
Under the above assumption, if v and its associated pressure p satisfy (1.4) on the net
Jorce, then we have (1.7) and (1.8).

Remarks. 1. In case ! = R™, Miyakawa [12] showed that for every a € L1(R™) N
LZ(R™) there exists a weak solution u in C([0,00); L'(R™)) with ”“(t)“LI(R") — 0 as
t — oo. His method is available to construct a local strong solution » in C([0,T); L*(R™)N
LY R™)) for some T > 0 provided a € L'(R™) N L%(R™). Recently, in the case Q is the
half-space RY, Giga-Matsui-Shimizu [6] obtained an L!-estimate for Ve~*4.

2. L7-summability implies the decay of functions at infinity; the lower r, the more rapid
decay as |z| — co. Our theorems show that in ezterior domains (2, existence of solutions
decaying rapidly at infinity is governed by the net force exerted by the fluid on 9. Similar
investigation can be found in the following stationary problem in 3-dimensional exterior
domains :
) { —Aw+w-Vw+Vr=div F, divw=0 inQ,

w=0 on 0, w(z) = w® as |z| — oo,

where F' = F(z) = {F;;(x)}ij=1,23 is the given 3 x 3-tensor and w®™ is the prescribed
constant vector in R3.

When F = 0, Finn [5] introduced a notion of physically reasonable (PR) solutions to
(S) and showed that such PR-solutions w decay like |w(z) — w*®| = o(Jz|~1) as |z| — oo
if and only if there holds

T [} "dS::O.
,/an (w,m)-v



For F # 0 and w*® = 0, Borchers-Miyakawa [1] and Kozono-Sohr-Yamazaki [10] proved
that the solution w of (S) with Vw € L%(Q) belongs to L3(Q) if and only if there holds

/ {T(w, )+ F} -vdS = 0.
an

These results state that the L3-solutions exist only in a special situation. Qur theorems
make it clear that the corresponding phenomena to the nonstationary problems occurs in
L'-solutions.

2 Preliminaries

In this section we shall prepare some lemmas.

Lemma 2.1 Let 1 < ¢ < n/(n—1) and let f € C([0,T]; LY()). Then there ezists a
sequence { R, }°_; with 2™ < Ry, < 2™+ m =1,2,.-- such that

(2.1) sup ( /l:cl=Rm 1 f(m,t)[dS) —0 asm— oo

0<t<T

We next investigate the mean value of the solenoidal vector fields in L!(Q).

Lemma 2.2 Let u = (uy,-+,u,) be in L}(Q)N L(Q) for some 1 < 7 < oo. Then we
have

(2'2) / ’uJ(.’E)dIB =0 for allj =1,-+-,n.
Q

Finally in this section, we consider the following Stokes equations in R™ with the
perturbed convective term:

g_:_Av+U.VU+V7r=divF in R" x (0,T),
(P.9) divo=0 in R" x (0,T),
vlt:O = b7

where {v,7} are the unknown functions, while U is the prescribed coefficient, F' =
{Fij(z,t)}i j=1,.,n denotes the given n X n-tensor and b is the given initial data.

We impose the following assumption on b, F and U.

Assumption 2.1. (i) b € L}(R™) n L2(R™);
(ii) F € C((0,T); L*(R™)) n L?(0,T; L*(R™)) with

(2.3) “F(t)”LJ(R") = O(t*~') for some § > 1/2 as t — +0;



(iii)
U € BC([0,T); L7(R™) N C([0,T); Ly(R™) N L*(0,T; Hp ,(R™)),

where BC denotes the set of all bounded continuous functions and H} ,(R") is the closure
of C§5,(R™) in W12(R™).

The notion of the weak solution can be defined in an obvious way as the Leray-Hopf
weak solution to (N-S). Then we have

Lemma 2.3 Let b, F and U be as in Assumption 2.1. There is a weak solution v of (P.S)
with the following properties.

(i) (energy identity)

t
1)|%d 2// Vo(z,r)|*dzdr
Jnto@ Pz +2 [ [ 190(z,7)

(2.4) = /R" lb(2)2dz — 2 /0 /R" F(z,7)- Vo(z, r)dedr
forall0<t<T.

(iz)
(2.5) v € C([0,T); L} (R™)).

Moreover, the associated pressure w can be taken as
(2.6) 7 € C((0,T); LY(R™)) foralll < q<2.
For the proof of Lemma 2.3 the following propositioﬂ plays an important role.
Proposition. There holds the estimate
IVe* al| oo g7y < Ct%|lallBmo  for all a € BMO and all t >0

with C = C(n).

3 Proof of the theorems

3.1 Proof of Theorem 1

Let u be the strong solution of (N-S) in the class S,(0,T") with (1.2) and let p be its asso-
ciated pressure with (1.3). Since u € C((0,T); W2"(Q) n L'(2)), the Sobolev embedding
states

u € C((0,T); LY(Q)n L=(Q)) with Vu € C((0,T); L}(Q) N LI(N)) for all 1 < g < oo.



Hence we have by (1.3)
T(u,p) — u ® u € C((0,T); L™ *~1(Q)).

Let 0 < ¢ < T < T. Then it follows from Lemma 2.1 that there exists a sequence
{Rm}$=y with 2™ < R, < 2™t!(m = 1,---) such that

(3.1) sup (/l;lsz(T(u(t),p(t)) —u® u(t))- ud.S') — 0 as m — oo.

e<t<T’

Let us consider (N-S) in the domain Qg,, = N Bg,,, where Bg = {z € R";|z| < R}.
Since the pair {u,p} satisfies (N-S) in the classical sense, we have by integration by parts

d d
'/ﬂnm b-t-u(m,t)dm

E{/{)R u(z,t)dz
I i (T, (0) — v @ u(t) de

|, T,p(0))-vds + /Msz (T(u(2), p(1)) - u ® u(t)) - vdS.

It

By (3.1) and the above identity yield

(3.2) %L u(z,t)dz — / T(u(t),p(t)) -vdS uniformlyintfore <t < T
Rm 90

On the other hand, since u € C((0,T); LY(Q) N L*(R)), it follows from Lemma 2.2 that
for each fixed t € [¢,T"]

(3.3) / u(z,t)dz — / u(z,t)dz =0 as m — oo.
. QR Q
From (3.2) and (3.3) we obtain
/ T(u(t),p(t))-vdS =0 foralle<t<T.
a0

Since ¢ and T’ can be taken arbitrarily, we get the desired result (1.4). This proves
Theorem 1.
3.2 Proof of Theorem 2

Let us prove the converse assertion of Theorem 1. The condition (1.4) on the net force
enables us to reduce our problem in £ to that in the whole R". Recall first the generalized
Stokes formula. Let D = R"™\ ). Note that the boundary of D coincides with 8. For
1 < r < 00, we define a Banach space E,.(D) by

E. (D)= {u € L"(D);divu € L"(D)}.



with the norm ||u||g,(p) = llullzr(p) + |ldiv u|lz-(py. For u € E,(D), u - v is well-defined

as an element of W'~/ (9D)*(X*; the dual space of X), where 7' = 7/(r — 1). There
holds the generalized Stokes formula

(3.4) / u - Vpdz +/ div u-pdz =< u-v,p > |sq, forall pe€ W'(D),
D D

where < -,+ > |50 denotes the duality between W'=1/7"'(9Q)* and W'-1/""7'(9Q). More-
over, we have -
(35) - vlya-sset oy S Cllllupy for all w € Ex(D)

with C = C(D,r).

Lemma 3.1 Let u be the strong solution with the hypotheses of Theorem 2. If u and
its associated pressure p satisfy (1.4), then there exists a solution of the boundary-value
problem:

(3.6) { divF =0 in D x(0,T),

F-v="T(up)-v ondQx(0,T),

where D = R™\ Q. Such F can be taken in the following class:
(1) Case 1. In case n > 3, F € C((0,T); E2(D)) with

3.7 IFOllz2py = O(F™")  as t — +0;

(2) Case 2. In case n =2, F € C((0, T);,E_er_(D)) with

— -1
(3.8) IF@, g,y = O™ ast— 40,

where vy is the same ezponent as in (1.5) and (1.6).

Proof of Theorem 2:
Let us define @, p and F as

. _ _ ) u(=,t), z,t for (z,t) € Q2 x (0,T),
u(z7t)7 Bz,t) = { O( p( ) for Em,t% € D>><<((0,T)),

) o for (z,t) € @ x (0,T),
F(z,t) = { F(z,t) for (z,t) € D x (0,T),

where F' is the tensor-valued function given by Lemma 3.1. Let @(z) = a(z) for z € 9,
= 0 for z € D. Obviously, there holds

(3.9) & € C([0, T L2(R™) n L(R™) 0 IX(0,T; Hy, (R™)),
(3.10) ae LY(R*)NLI(R") foralll<q< n.



Since F* has the compact support in D x [0,T], we have by Lemma 3.1
(3.11) Fec(o,T); LN(R")n L*(R™)) with
T
(3.12) |]F(t)HL1(Rn) =0(""1!) ast-— +0and /0 ”F(T)”i.‘,(Rn)dT < 00.

Take a test function ¥(z,t) = A(t)¢(z) so that A € C1([0,T]) with A(T) = 0 and so that
¢ € C°(R™) with supp¢ € Br. By (3.6) and the generalized Stokes formula, we have

T
/ / . (T(#,5) - 8@+ F) - VUdadt

T T
_ / / (T(u,p)—u@u)-V\Ilda:dt-l—/ /F-V\dedt
€ Qr € D

T
/ / div (T(u,p) —u ® u) - Udzdt
e JQ
T y T
+ / / (T(u,p) - v) WdSdt — / / (F -v)¥dSdt
e JoQ e JoBQ
T
= —[ [ ow-vdoat
3 Qr
T
= / / u- 0, ¥dzdt + / u(z,e) - Y(z,e)dz.
e JQp Qn
Since u € C([0,T); L2(Q)), letting ¢ — +0 in the above identity, we obtain
T -
/ /  (T(@5) - i@ i+ F) - Vidodt
0

T
- /0 /R" 0, - 9,V dzdt + /R" a(z) - U(z,€)de.

This implies that @ is weak solution of the following equation for v:

%—Av-{—ﬂ-V'D-’rV'N =div F in R™ x (0,7,
(P.5") divv=0 in R"x(0,T),
vli:O = a,

By (3.9)-(3.12) we see that &, F and  fulfill the hypotheses on b, F and U in Assumption
2.1, respectively. Hence it follows from Lemma 2.3 that there is a weak solution v of
(P.S’) possessing (2.5) and the energy identity (2.4) with b, F’ replaced by &, F. Since
i@ € C([0,T); L»(R™)), the uniqueness criterion of weak solutions as (N-S)(Masuda [11,
Theorem 3] states
2=v on R" x[0,T),

which yields

Vr=Vp on R"x|[0,T).
Since v = 4, p= pon 2 x(0,T), (2.5), (2.6) and the above identities yield (1.7) and (1.8).
This proves Theorem 2.



3.3 Proof of Theorem 2’

On account of Theorem 2, it suffices to show that (1.9) and (1.10) imply (1.5) and (1.6),
respectively. To this end, we may prove the following lemma.

Lemma 3.2 Let 1 <7 < 00, 1/2< v <1 and let a € L}() N D(A}). Suppose that u is
the strong solution of (N-S) in the class $,(0,T). Then we have

(3.13) lAu@®)|l- = O@"') ast — +0.
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On the L,-L4 estimate of Stokes semigroup

in a 2 dimensional exterior domains

Yoshihiro Shibata
(Waseda Univ.)

The main part of my talk in this conference is a joint work with Wakako Dan
(Tsukuba Univ.).

The motion of the moving body in an incompressible viscous fluid is described by
the exterior initial boundary value problem of Navier-Stokes equations if the coordinate
system is fixed on the body. '

In the three dimensional case, it is well-known that without smallness assumptions,
present day analysis yields only a locally in time unique existence of solutions and a
globally in time unique existence of small and smooth solutions, while Leray and Hopf
proved the existence of square-integrable weak solutions for arbitrary square-integrable
initial velocity, whose uniqueness is still open.

Leray also proved the existence of smooth solutions with a finite Dirichlet integral of
the stationary problem of the Navier-Stokes equation. But, the solutions obtained by
Leray did not provide much qualitative information about the solutions. In particular,
nothing was proven about the asymptotic structure of the solutions - especially the wake
behind the body. Finn has studied the stationary problem within the class of solutions,
termed by him physically reasonable, which tend to a limit at infinity like |zr:|“%"E for
some € > 0. In the three dimensional case, for small data he proved both existence
and uniqueness within this class. Furthermore, his solutions exhibit paraboloidal wake
region behind the body.

Finn has conjectured that for sufficiently small data physically reasonable solutions
are stable. First, Heywood, Masuda, Maremonti and Galdi studied this problem in the
L? framework. But, Finn also mentioned that the I? framework was not so suitable
in the three dimensional case, because in general the difference between the stationary
solution and its prescribed constant limit at infinity has an infinite L?-norm. That is, the
steady state solution has an infinite wake energy. This situation becomes clearer if we
consider the starting problem which was also proposed by Finn and recently solved by
Heywood, Galdi and myself. On the other hand, Kato and Fujita proposed to study the
three dimensional Navier-Stokes equation in L? framework long ago. In fact, Kato and
Iwashita proved the stability of the trivial solution of the stationary problem. Recently,
Borchers & Miyakawa, and Kozono & Yamazaki proved the stability of the small Finn’s
physically reasonable solutions with respect to L? weak small initial perturbation when
the prescribed velocity at infinity is zero. When the prescribed velocity at infinity is
small but non-zero, I also proved the stability of the small Finn’s physically reasonable
solution with respect to L® small initial perturbation. Therefore, the stability problem
was settled with respect to the small initial perturbation in the L® framework.

Recently, I tried to extend the three dimensional stability results to the two dimen-
sional case. But, the situation is completely different from the three dimensional case.
The uniqueness of Leray and Hopf solution holds, which was the Lions and Prodi clas-



sical result. Therefore, in the L? framework we know the unique existence of solutions
for any L? initial data. Moreover, Masuda proved that the L? norm of nonstationary
solutions with zero external force and zero prescribed velocity at infinity tends to zero
as time tends to infinity. And also, Kozono and Ogawa proved the decay estimate of
nonstationary solutions with zero external force and zero prescribed velocity at infinity
in the several different norms.

More precisely, let us consider the solution u(t,z), p(t,z) of the following Navier-
Stokes equation :

ug— Au+ (u-Viu+Vp=0, V-u=0 inQ, t>0
ul =0, u(0,2)=oa(z) e L*Q)
lim u(t,z) =0

|z]—00

where (2 is an exterior domain in R? with smooth boundary. Then, Kozono and Ogawa,
proved the decay estimate :

il _1
et Moy = 0t~ (F7%) 2 <p< 00

-1
(D) Hu(t?')”Lw(n) = O(t 2 Iogt)
. -1

”vu{t, .)”LQ(Q) = O(t 2 )
as t — o0o. Their method heavily depends on the L? decay estimate of solutions, and the
theory of the fractional powers in the L? framework and some very sharp inequalities
of Gagliardo-Nirenberg type. But, they did not investigate any rate of decay of Stokes
semigroup {etA}, which plays a crucial role according to Kato’s argument. Recently,
Dan and myself proved the LP-L? decay estimate of the Stokes semigroup. Namely, we
have

i 1
le*all,p i < Coat ) |lall oy 1< g<p oo

J 5 QU T PR
HvetA-a'”LP(n) g Cp,qt (q p) 2Ha'”m(n)7 1< q g P § 2.

as t — oo. Using this, Lions and Prodi uniqueness theorem and Masuda’s decay result
of the L?-norm of the solution to Navier-Stokes equation and employing the Kato’s
argument we can improve the decay estimate (D) due to Kozono and Ogawa. Namely,
the solution v of the Navier-Stokes equation satisfies the estimate :

L
[[u(ts M poo oy = 0(t72) ¢ = o0,

Namely, the stability problem of trivial solutions of the stationary problem was com-
pletely settled in the two dimensional case.

But, the stability of non-zero solution is the completely open problem. For example,
we do not know the existence of non trivial stationary solutions with prescribed zero
velocity at infinity even when the external force is very small in the similar sense to the
three dimensional case (cf. Borchers and Miyakawa). When the prescribed speed at



infinity is nonzero, Finn and Smith and also Galdi constructed the stationary solutions
when the Reynolds number is small enough, which provided a great deal of qualitative
asymptotic information, especially about the wake behind the body. But, since we have
not yet proved any results concerning the uniform decay estimates of LP - L? type of the
Oseen semigroup, we can not tell anything about the stability of the stationary solutions
constructed by Finn and Smith, and Galdi. From my experience in the treatment of
three dimensional stability theory, I feel that the asymptotic behaviour of the stationary
solutions seems to be too bad to obtain its stability. Therefore, maybe we must start
to study the stability of stationary solutions possessing better asymptotic behaviour at
infinity like self-propelled solutions.

In my talk, I would like to talk at least about the LP-L? decay estimate of 2 dimen-
sional Stokes semigroup and its application. The proof heavily depends on the sharp
representation formula of the coefficients of the asymptotic expansions of the Stokes
resolvent near the origin, which seems to have very new aspects in the study of Navier-
Stokes equation in this direction. Therefore, if I have time, I would like to mention
some essential part of the proof.



Heat convection with a stress free
boundary condition and bifurcation problems

Takaaki NisHIDA and Hideaki YOSHIHARA

Kyoto University, Department of Mathematics

We consider the simple Rayleigh-Benard problem for the heat convection using the

Boussinesq equations for the velocity, pressure and temperature :

%(ut+u-Vu)+Vp = Au—p(T)Vz, Vu =0, Ti+u-VI = AT

in the strip { —o00 < z < 00, 0 < z < 7}, where p(T) = G — RT is assumed for the
density of the fluid, P is the Prandtl number and R is the Rayleigh number.

‘We assume the stress free boundary condition for the velocity on the both boundaries
{—00 <z <00, 2z=0, z= 7}, and the Dirichlet boundary condition for the tempera-
ture T' = 1 on the lower boundary and T = 0 on the upper boundary . These equations

have the equilibrium solution for any Rayleigh number
= z - R 9
u=0, T:T(Z):l—-;, p:p(z)z—%(z—w) = G(z = ) + Pajr »

which represents the purely heat conducting state.

We will consider the bifurcation problems of this equilibrium state under the assump-
tion that all perturbations are periodic in z .

The perturbation (¥, ©) satisfies a nonlinear system, which can be written using the

stream function ¥ for the perturbed flow.
AV, + PRO, = PA*’¥ 4+ VAT, — T,AT,, (1)
O + U, = AO +0,0, — ¥,0,, in O0<z<m. (2
V=0, ¥,=0, 6=0 on z=0,7. (3)

We can consider ¥ and © of the following form because of the boundary condition :
400 400

U = D> Yma(t) sin(amz) sin(nz) (4)

m=1n=1



+00 o0
0 = > > an(t) cos( amz ) sin(nz) . (5)

m=0n=1

The system becomes the infinite dimensional ODE’s :

@

= mn Ymna b'm.'n. emn F, mn
= Gmn Pma + + (6)
dOmn
a Cmn 'l//mn + dm,'n, emn + Gmn ) (7)

where @mn , bmn » Cmn 5 dmn are constants and Fi,, , G, are the nonlinear terms.
In 1916 Rayleigh considered the linearized stability and found the critical Rayleigh

number as follows:

. (a?m? + n? )3
R, = inf R
m,n.,a a m

= 675 (m=1n=1a = 1/4/2).

(8)

The usual bifurcation. theory applies to the system and the stationary bifurcation
occurs from the above critical point. Veronis (1966) , Moore and Weiss (1973) obtained the
bifurcated stationary solutions numerically, and Busse and Bolton (1984,1985) examined
the stability of the bifurcated solution numerically when a is varied . The stability
analysis of the bifurcated solution has been considered by Kagei and Wahl recently in a
small neighbourhood of the bifurcation points.

On the other hand Lorenz (1963) treated the truncated system such that only three
modes { m +n = 2 } are included in the system. He obtained not only the bifurcated
stationary solution but also a strange attractor for large Rayleigh number. The bifurcation
from the stationary solution is the reverse Hopf bifurcation and so the bifurcated periodic
solution is not stable. After that Curry (1978) considered a model of 14 components
{m <3, n <4, m+n =even } and obtained the stable periodic solution after the Hopf
bifurcation and also chaotic solutions numerically.

Here we will obtain bifurcated solutions numerically to have a better bifurcation dia-

gram for the full system.
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1 Introduction

In this talk, we shall discuss the blow-up boundaries and the blow-up rates of solutions for
the following nonlinear wave equation with a null form: .

Ou=u? —u? in RxR, (1.1)

where u = u(t, ) is a real valued unknown function of (t,z) € R x R, and O = 9] — 92 is
the d’Alembertian of one space dimension. For a solution u of (1.1), the blow-up boundary
is defined by semilinear nature, i.e.,

0{(t,z) e R x R : |u(t,z)| < +o0}.

The aim of this talk is to show that there are solutions of (1.1) with an arbitrary blow-up
rate and that there are various shapes of blow-up boundaries depending on the initial data.

Before stating our main results, we recall some known results for the blow-up boundaries
and the blow-up rates of solutions to other semilinear wave equations of the form:

Ou=F(u) in RxR (1.2)

with some positive nonlinearity F'(u), which does not depend on the derivatives of u. For the
power nonlinearity F'(u) ~ |u|?, Caffarelli and Friedman [1] proved, under some assumptions
on the initial data, that the blow-up boundary is a space-like smooth curve and has a
monotonicity in the spatial variable z. They also calculated the blow-up rate of the solutions
which is the same as that for the o.d.e. uy = F(u). The analogous result is obtained in their
previous paper [2] for two or three dimensional case, in which stronger assumptions on the
data are required. The positivity of the fundamental solution of the d’Alembertian plays

1Joint work with Masahito Ohta. (Department of Applied Mathematics, Faculty of Engineering,
Shizuoka University, Hamamatsu 432, Japan. e-mail : tsmoota@eng.shizuoka.ac.jp)



a crucial role in [1] and [2]. This kind of problem is studied by Kichenassamy [3] for the
exponential nonlinearity F'(u) ~ e* in any number of space dimensions. In [4] Kichenassamy
and Littman give examples of solutions with a time-like singular set (see Remark 1 at p.1892
in [4]). These papers [3] and [4] contain general prescriptions to construct solutions with
prescribed blow-up set.

On the other hand, we will see in Section 3 that the blow-up nature for (1.1) is completely
different from that for (1.2). That is, in Section 3, we show that the blow-up rate for (1.1)
is not necessarily the same as that for the o.d.e. u; = u? and there are infinitely many
different blow-up rates for (1.1). Furthermore, it is shown that the blow-up boundary for
(1.1) need not be a space-like curve. That is, we give a sufficient condition for which the
blow-up boundary is a compact set of the space-time, and also give a sufficient condition on
the initial data for which the blow-up boundary is a space-like smooth curve as well as the
case for (1.2). We note that the method of [1] and [2] is inapplicable to (1.1) even though
the problem is in one space dimension.

This talk is organized as follows. In Section 2, we give an explicit representation of
solutions to (1.1) through a linearization. In Section 3, we state and prove our main results

using the representation.

2 Preliminary

In this section, we give a concrete representation of solutions to (1.1). It is well known that
the nonlinear wave equation (1.1) is transformed into the wave equation vy — vz, = 0 by

U(tvm) = exp{—u(t,w)}, u’(t7m) = —-log{v(t,a:)}. (21)

The transformation (2.1) was first introduced by Hopf [5] for the Burgers equation, and an
application of (2.1) to (1.1), which was suggested by L. Nirenberg, appears in Klainerman
[6]. However, there does not seem to be a detailed study of the blow-up problem for (1.1) in
the literature. By the linearization of (1.1), it is easily seen that for any smooth functions
F and G,

u(t,z) = —log{F(z — t) + G(z + 1)} (2.2)

satisfies (1.1) in the domain
QO={(tz)eRxR: F(z—1t)+G(z +1) > 0}. (2.3)

In fact, from (2.2) we have

Fllz—t)— Gz +1)

Flz—t)+ Gz +1)’ (24)

ut(tv :E) =




_F'(a: —t)+ G (z+1)

ueb) = RGN Gla ) 29)
Pz =)+ G"(z+t) (F'z—1)-G+t))

ua(t, 2) Flz—1) + Gz 1.9) ( Flz—1)+ Gle+9) ) o (26)
P-4+ G+t | (FE-t)+GE+1))°

e Ty e porwry ( F(z—1)+ Gz +1) ) (2.7)

Therefore, we obtain the following lemma.

Lemma 1 Let F and G be smooth functions satisfying F(z) + G(z) > 0 for all z € R.
Then u(t,z) given by (2.2) is a smooth solution of (1.1) in the domain Q defined by (2.3)
with the initial data

u(0,z) = —log{F(z) + G(z)}, u:(0,2)= %)—)

Remark It is possible to give the representation in terms of the solution of the wave
equation for more general equations. In fact, it is easily seen that

uy — Au+ f(u)(jue)* ~ |Vul*) =0, (,2) eRxR"

is transformed into the wave equation vy — Av = 0 by v(¢,z) = [o () exp([y f(r)dr)ds.

3 Main Results

In this section, we prove our main results stated in Section 1. We begin with the following
theorem, which shows that there are solutions of (1.1) with an arbitrary blow-up rate and
that the blow-up may occur at only one point in the space-time.

Theorem 1 For any positive constant p > 0, there ezists a solution u(t,z) of (1.1) in
Qo = {(t,z) € R x R;(t,2) # (0,0)} such that u(t,z) € C°(Qo) and satisfies

>, 10j0u(t,z)l = O((1t +|z)*™) forall 1€Zy (3.1)

Gik€Zy k=1

near (t,z) = (0,0). Here, Z denotes the set of all non-negative integers.

Proof. Let H € C*°(R) be a function such that

0 (z=0)
H(z)={ exp(-lal?) (0< |z < 1) (32)
smooth (lz] > 1),



and H(z) = H(—z), H'(z) > 0 for all z > 0. Put
u(t,z) = —log{H(z —t) + H(z +1)}. (3.3)

Then, from Lemma 1, u(¢,z) is a smooth solution of (1.1) in . Near the singular point
(t,z) = (0,0), it follows from (3.2) and (3.3) that

u(t,z) = — log{exp(—le — 1|7) + exp(~|z + 1| ?)} (3.4)

if 0 < |z—1t| <1and 0 < |z+1| < 1. From the expression (3.4), we have the estimate (3.1)
near (¢,z) = (0,0). O

Remark 1 The positivity of Ou(t,z) in the whole existence domain plays an important
role in [1]. For the solution u(t,z) of (1.1) given by (3.3), the sign of Du(t,z) changes
around the singular point (0,0). In fact, from (2.6), (2.7) and (3.3), we have

B A4H'(z —t)H'(z + 1)
{H(z —t) + H(z + £)}*’

from which together with zH'(z) > 0 for z # 0, it follows that Ou(?,z) > 0 if and only if
=] < [¢].

Ou(t, z) =

Next, we give a sufficient condition for which the blow-up boundary for (1 .1) is compact.
Therefore, under the assumptions in the following theorem, the singularity of the solution
to (1.1) is confined in a

bounded domain of the space-time and does not propagate (for another example of a

singularity which does not propagate, see at pp. 433-434 in [4]).

Theorem 2 Let F and G be non-negative smooth functions, and put Np = {z € R :
F(z) = 0} and Ng = {z € R : G(z) = 0}. Assume that —co < inf Np < sup Np <
inf Ng < sup Ng < +o00. Then the singular set S of the solution u(t,z) to (1.1) given by
(2.2) is compact, that is, there ezists a bounded closed set S in the space-time R X R such
that u(t, z) satisfies (1.1) in R x R\ S and lim(; z)—a5 u(t, 2) = +o00.

Proof. Put S ={(t,z) e RxR:F(z—t)=0and G(z+t) =0}. Since both F'and G
are non-negative, we have {(t,z) € RxR : F(z—t)+G(z+1t) > 0} = RxR\S. Moreover,
by the assumption that sup Ng < inf Ng, we have F(z) + G(z) > for all z € R. Thus, it
follows from Lemma 1 that u(t, z) satisfies (1.1) in R x R\ S and lim; )55 u(t, z) = +oo.
The closedness of S follows from the continuity of the functions F' and G. Moreover, S is
contained in the rectangle with the vertexes (t,z) = ((ci — 8;)/2, (i + 8;)/2), (4,5 =1, 2),
where oy = sup Ng, ag = inf Ng, B = sup N, B, = inf Np. Therefore, the boundedness
of S follows from the assumption that —oo < f2 < f; < @y < g < +o0. ]



Remark 2 In Theorem 2, assuming further that F' —1/2, G —1/2 € C§°(R), the initial
data u(0,z), u:(0,z) belong to C°(R) by Lemma 1. Moreover, if Np (or Ng) is not
connected, then the singular set S is also not connected.

Remark 38 As a simple example of blow-up solution for (1.1) whose blow-up boundary
is not bounded, we can give u(¢,z) = —log(1l — t), which is a smooth solution of (1.1) for
t < 1 and satisfies lim;—,;—o u(%, ) = 4o00. That is, the blow-up boundary is a line {(¢,z) €
R xR :t=1}. On the other hand, u(t,z) = —log{Arctan(z — ¢ + 1) — Arctan(z + ¢ — 1)}
gives another example of blow-up solution for (1.1) whose blow-up boundary is the same line
{(t,z) € R x R : ¢t =1}. We note that both two solutions have the positivity Du(t,z) > 0
in (—o0,1) x R. Therefore, different initial data may lead to the same blow-up boundary.
This point has been made in [3] and [4]. These papers contain general prescriptions to
~ construct solutions with prescribed blow-up set.

Finally, we give a sufficient condition on the initial data for which the blow-up boundary
is a space-like smooth convex curve.

Theorem 3 Assume that g € C*°(R) satisfies

oo 1 "
/ g(z)dz > 2, g(z)>0, g(z)=g(—z), (;(:;)) >0 for z€R, (3.5)
and let u(t, z) be the solution of (1.1) with u(0,z) =0 and u:(0,z) = g(z) for z € R. Then,
there ezist a function ¢ € C®(R) such that 0 < ¢(0) = mingcr ¢(z),

o(z) =p(-z), K (2)I<1, ¢"(z)>0 for z€R, (3-6)
u € C({(t,z) e RxR:t < p(z)}), M];(IS 0u(t z) = +oo0. (3.7)

Proof. Let v(t,z) =2 — [Z*} g(y)dy. Then, from Lemma 1, the solution of (1.1) with
u(0,z) = 0 and w(0,2) = g(z) is given by u(t,z) = —log{(1/2)v(t,z)}. Moreover, we
have v,(t,z) = —g(z +t) — g(z —t) < 0 for all (t,z) € R x R by the assumption that
g(z) > 0 for z € R, and have v(0,z) = 2 and limy_, 4, v(¢,z) < 0 for all z € R by the
assumpiton that [ g(z)dz > 2. Thus, for any z € R there exists a unique value ¢(z) > 0
such that v(e(z),z) =0, v(t,z) > 0 for t < ¢(z) and v(t,z) < 0 for ¢t > ¢(z). Therefore,
we have (3.7). By the assumption, g is an even function, so is v(¢,:) for any ¢t € R, from
which together with the relation v(¢(z),z) = 0 we have p(z) = ¢(—z) for € R. The
smoothness of ¢ follows from that of g and the relation v(¢(z),z) = 0. Again from the
relation v(p(z),z) = 0, we have

(3.8)



From the assumption that g(z) > 0 for z € R and (3.8), we have ¢/(0) = 0 and |¢'(z)| < 1
for all z € R. From (3.8) we have

(z) = o 9(@ + ¢(2))g'(z — ¢(2))(1 ~ ¢'(2)) = g(z = ¢(2))g'(z + ¢(2))(1 + ¢'(2))
{9(z = w(z)) + 9(z + ¢(2))}? '

Inserting (3.8) into the last equation, we have

o) = /(e + pla)) — O'(x — (=) |
{9(z — 0(2))}*{g(z + ¢(2))}*{g(z — ¢(2)) + g(z + ¢(2))}®

Here we have put G(y) = 1/g(y). From the fact that z — ¢(z) < z + ¢(z) for z € R and

the assumption that G”(y) > 0 for y € R, we have G'(z — ¢(z)) < G'(z + ¢(z)) for all

z € R. Hence we have ¢"(z) > 0 for all z € R. Finally, from the facts that ¢©’(0) = 0 and

©"(z) > 0 for z € R, we have z¢'(z) > 0 for z # 0 and ¢(0) = minegr ¢(z). 0

Remark 4 For example, the function g(z) = (6/7)(1 4+ z?)~! satisfies the assumption
(3.5). In this case, the solution of (1.1) with u(0,z) = 0 and u;(0,z) = g(z) is given by
u(t,z) = —log{l —(3/7)(Arctan(t+z)+ Arctan(t —z))}. Furthermore, the explicit form of
the blow-up boundary ¢(z) = \/ z?+4/3— \/ 1/3 is obtained by using the addition theorem
for the tangent function:tan(z + y) = (tanz +tany)/(1 — tan z tany).

Remark 5 For the solution u(t, z) in Theorem 3, the positivity Ou(¢, z) = 4g(z +t)g(z —
t)(2 — [2+ g(y)dy)™% > 0 holds in the domain {(t,z) € R x R : ¢ < p(z)}.
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Global small amplitude solutions of nonlinear
hyperbolic systems with a critical exponent
under the null condition

Akira Hoshiga * and Hideo Kubo |

We consider the initial value problem for

O;u' = §fu' — AW = Fi(Ou, 0%u) in R™ x (0, 00), (1)
'u'i(:c,O) = 5‘f'i(x), 0tui(;r,0) = Eg'i(.”c) in R", (2)

where ¢ = 1,---,m, n = 2,3, ¢; are positive constants and ¢ > 0 is a small parameter.
Besides, F' € C®(R)™ x R(+1m) and fi) ¢' € C*(R™). We also denoted u =
(u',---,u™) and 0 = (0o, D1, -, 0,) with &y = 9, = 8/t and 8; = 0/0z;, j = 1,---,n.
To begin with, we shall make a brief review of known results concerning a special case
where m = 1, because this case has been studied extensively. (See also [2-7]). Let F*
satisty
FY(Ou, 8*u) = O(|0u)P~!|0%u|) near du = 0, (3)

where p = (n+1)/(n — 1). Generally, we do not expect the existence of global solutions,
even if the initial data small enough. However, if we suppose the nonlinearity has some
special form, there is a unique global solution of the problem for sufficiently small initial
data. The additional condition is called Klainerman’s null condition.

A role of the null condition is closely connected to the following vector fields A = (T)
which generate a Lie algebra with respect to the usual commutator of linear operators:

61,81, teey, 8”, S = t@t + ’I‘a,., \Qm‘ = a:,iaj - .L/aL (l S 2 <j S n), (4)

and
L; = 2;0; + t0; (1< < n),

where r = |z|. In fact, we may write

1 w; DL rwiw; . 1 &
Oi = —wi0i+ —Li+ ——5 - ——L L. 0= ——(t5 - a;L;), 5
wiG Tt R T ;t(HT) 0=l ;l o )
where w; = 2;/|z|. (See F. John [6]). Therefore, if F* satisfies (3) and the null condition,
after a direct computation, we arrive at

[T F*(Ou, 8*u)| < ¢ > Phwf|Te0uf~ fort >0, (6)
b iotellat2
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which gives us an additional decay factor t~*. This is a crucial point to treat the critical

nonlinearity.
We now turn our attention to our problem with m > 2. When the propagation speeds
are same, say, ¢; = 1 (¢ = 1,---,m), the global existence theorem has already been

proved by S. Klainerman [9] for n = 3 and by S. Katayama [8] for n = 2 for the critical
nonlinearity satisfying the null condition.

On the other hand, when n = 2 and the propagation speeds are different from each
other, M. Kovalyov [10] obtained the global existence theorem for special nonlinearities
with the critical power. Recently, R. Agemi and K. Yokoyama [1] derived the null condi-
tion for the system (1) with different speeds by considering a plane wave solution, which
includes the nonlinearity studied in [10]. To state the condition more precisely, we write
F* as

Fi(0u, %) = 3. Z DY B! Bpu* 0,050

7k d=1~,6=0
where DL ; u are constants. Then the condition derived by them is
2
CiX)= > DY XoXpX,X;=0 (i=1,---,m). (7)
a,8,7v,6=0
for any real vector X = (Xy, X1, X;) satistying
(Xo)? — ¢H{(X1)* + (X)) = 0.

(See also Proposition 2.1 in [1]). Based on this, we shall rewrite F* in the following form:

Fi(Qu, 0%u) = N'(du', 0%u') + R'(Ou, 0%u),

where
Vidu', ') = Y. D 0.uldsuta, 5,
,8,7,0=0 ’
: 2 ,
R'(0u,0™) = Y > D 0.u 9puto,dsu'.

(o) (i,isi) @,8,7,6=0
By (7), one can write N* as linear combinations of the followings:
Ni = ((0pu')? — & Vu'|*) 8,050,
Ni = 0,1 05((0pu')? — 2| Vu']?),
Né = Oy 'uié?g-LLi O;u’,
Ni = 0, (9pu'd,05u" — Oyu'Dp05u’)
for a, B,7,6 = 0,1,2. We shall call N* the Null-form, while R’ the Resonance-form.

Our next interest is then to show the global existence thorem for such nonlinearity.
In [1], R. Agemi and K. Yokoyama treated the Resonance-form and proved the existence



theorem. Thus, the aim of this paper is to deal with not only the Resonance-form but
also the Null-form. To this end, we rewrite the saptial and time derivative as follows,

L
@ T
V==0,-——Q for r=][z[>0

r r
and
6(r,t)

Vi

where ot = (22, —21), = 210, — 220,, and —1 < §(r,t) < 1. To obtain a variant of (6),
we make use of these identities in a region

at = "‘C,:@T e

1 .
0, + —;S for et —r| < Vi,

A = { (r,t) € (0,00) x (0,00) | |cit — 7] < Vi b,oe=1,,m. (3)

Actually, this is the key of our argument. Furthermore, our proof revises previous one
concerning the scalar equations in the sense that we do not need to use the operators L;.
Now we state our main theorem.

Theorem 1 Letn = 2. Suppose (7) holds. Then there exists a posilive constant €y such
that the initial value problem (1) and (2) has a uniqgue C*-solution in R?* x [0,00) for
0<e<eg.
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Abstract
We derive various estimates for strong solutions to the Navier-Stokes equations
in C([0,T), L*(R?)) that allow us to prove some regularity results on the kinematic
bilinear term. We relate these estimates to the proof of uniqueness of strong solutions
in C([0,T), L3(R?)) recently given by Furioli-Lemarié-Terraneo .

Introduction and definitions
The Cauchy problem for the Navier-Stokes equations governing the time evolution of the

velocity u(z,t) = (ui(z,t),u2(z,1), us(z,t)) and the pressure p(z,t) of an incompressible
fluid filling all of R® is described by the system

% = Au~V- -{u®u)—Vp,
- u(z,0) = uo(z), z€ R, t>0.

The existence of solutions to this system which are strongly continuous in time and take
value in Lebesgue spaces LP(R3) has been well-known for a long time for p > 3 (see [2]).
In the critical case, p = 3, for which solutions of (1) are invariant by rescaling, one can
construct strong solutions in a subclass of Cy(L3) = C([0,T), L3(R3)) (see [3, 12, 5, 6]),

but their uniqueness within the natural class was proved only recently ([4]). The key tool

(-2

in obtaining this uniqueness result was the use of the Besov spaces B; ")'oo, for g < 3.



These spaces have been used previously, but mainly with ¢ > 3, in obtaining global existence
results (see [8],[2],[10]). In addition, it was already noticed in various contexts (see [2],[10])
how the bilinear term, which is the difference between the solution and the solution to the
linear heat equation (with same initial data), behaves better than the solution itself. We
improve these results in the present paper, and show how this gain in regularity is related
to the uniqueness problem, the main estimates involved being of the same kind.

In order to to simplify our study let us introduce the projection operator P on the
divergence free vector fields. We remark that PP is a pseudo-differential operator of order 0
which will be continuous on all spaces subsequently used (primarily because it is continuous
on all Lebesgue spaces LP?, for 1 < p < o0).

A common method solving (1) is to reduce the system to an integral equation,

@) w(@, ) = S(t)uo(c) — /D PS(t—s)V - (u®u)(z,s)ds,

where S(t) = e!® is the heat kernel, and then to solve it via a fixed point argument in a
suitable Banach space (see [2],[6],[7]). Following [2], we remark that the bilinear term in (2)
can be reduced to a scalar operator,

Q B0 = [ i (or=)  Gords,

where G is analytic, such that

@ 6@ < trgm
c
(5) [VG(z)| < T+

This can be derived easily from the study of the operator under the integral sum, PS(t—s)V-,
since its symbol consists of terms like

(6) __Ligfl - (t=a)lel®

outside the diagonal, with another term §je‘(“3)|5'2 on it. For the sake of simplicity, we
will take G as the inverse Fourier transform of |£ |e"'512.

As we mentioned previously, Besov spaces are a useful tool in studying the bilinear
operator B. In what follows we will use spaces of functions on R3, so henceforth the reference
to the domain space will be omitted. Let us recall the following definition. The reader will
find equivalent definitions of Besov spaces in [9],[11].

DEFINITION 1
Let 6(z) € C* be such that

b(e) = lele1e"".

Let p,ge (1,400),s€ R, s<1. Then, f& B;’q if and only if
oo dt\

™ ([T 1soce iz §)" < oo

where 0; is the rescaled function %6(;), and this norm is equivalent to the usual dyadic
norm.



We will also make use of the Triebel-Lizorkin spaces, which are very close to the Besov
spaces, in the sense that one just exchanges the LP and L? norms in the definition :

DEFINITION 2
Let pg e (1,+0), s€ R, s <1. Then, f € F;’q if and only if

(o)

The reader familiar with both scales of spaces will note that by replacing §(¢) with 4(¢) =
|€ |2e“*’5|2 one obtains the usual characterization via the Gauss-Weierstrass kernel. We will
use this fact further in the paper. Among various embeddings between these spaces and the
Lebesgue and Sobolev ones, we recall that LP = F2, for 1 < p < o0, and BY? = Ho.

(8)

< +00.
Le

Theorems and proofs

Let us start with the aforementioned result on the regularity of the solution.

THEOREM 1

Let u(z,t) be a solution of (2) in C([0,T), L3), with initial data uo € L® and denote by w
the function w = u — S(t)ug, then

(9) w e C([0,T), Byj5)-
In other words, the gradient of w is continuous in time with value in L3/2,

We immediately remark that, via Sobolev embedding, F;/‘; s L3. Let’s postpone the
proof of the theorem for a moment, and comment on the meaning of this result. In [10],
it was shown that for self-similar solutions (for which the initial data wasn’t in L3, but in

(1"%)100

some By with ¢ > 3), the bilinear term was in B§}22’ and it is a simple matter to

obtain F;/’g instead. This is slightly better, as F;’q e B;;'q for p < ¢. Now, in order to
obtain this result, one makes use of the special structure of a self-similar solution. For such
solutions, the time regularity is intimately related to the space regularity because of the
scaling u(z,t) = 1/v/tU(z/+/t). On the other hand, using L?(L%) estimates, it was proved
in [10] that for a solution in Cy(L3) with initial data ug € L3 the function w € BY>. One
remarks that Fgl/g — Bg’z. The proof of that result was a consequence of the following
lemma applied with p = 6.

LEMMA 1 2
Let 3 < q < 6. Then the bilinear operator B(f,g) is bicontinuous from L}~*"(Lg) x

2 6.1 9.
LE (L2) into L(Bl, ).

In particular, if ¢ = 3, B(f, g) is bicontinuous from L¢°(L3) x L°(L3) into L°(By). This
2
last estimate for ¢ = 3 was used in [4]. The proof we are giving here for 3 < ¢ < 6 is nothing

but paraphrasing the case ¢ = 6 dealt with in [10]. More precisely, we will prove the estimate
by duality. To this end, let 0 < T < co. By hypothesis,

T 1
(10) | tate 015737 dt < oo



where the integral in time is replaced by a sup; = supeo,7) if ¢ = 3. Then for an arbitrary
test function p(z) € C§°, we consider the functional

(11) Iy = (B(f,9), ¢)-
We find
() e (e () o) e

fl

2/0ﬁ<fg(t——sz), ;}gé(;) *(p>ds

where G(z) = G(—z), and we made a change of variable. Applying Hélder inequality both
in time and space variables, we get

t 1 1-3/q
(13) Ll < ( [ 1sate -5 ds)

Vi 3/q
6/a-1¢5 . a3 ds
x ( /0 (157536 () % ) 19782y = )

where Gy = %G (). Using Definition 1, the second integral is found to be less than the

norm of ¢ in Bq /(Q~£312), which is exactly the dual of B"/ Lt (The restriction ¢ < 6 is
mainly because we are interested in positive regularity indices). Let us stress again that the
cancellation property of G plays a crucial role in this estimate (see [10]). We see that with
this lemma we are far from the actual result of Theorem 1, because the third index -E5
is greater than 2. This is why we have to investigate further the behaviour of the bilinear

operator B(f,g). Let us start with the following lemma due to Furioli-Lemarié-Terraneo [4].

LEMMA 2 ([4])
The bilinear operator B(f,g) is bicontinuous from L{°(B2 ; ") x L(L3) into L (B2 2’oo).

The lemma is actually true for more general Besov spaces, namely all the B? —1’00, provided
that 3/2 < ¢ < 3. We give here a proof which is somewhat different from [4], for we hope
it sheds some light on the behavior of the bilinear term and its particular structure, which
makes it look like an approximate pseudo-identity applied to the product fg. This would be
exactly the case, if not for the time dependency of f and g. We will use the duality technique
again, so that keeping the same notation as in the proof of Lemma 1, we are faced with

Vi
14 I <C’/ su 1o m,t~32és* ._1.ds.
(14) FARS A tPHfHBZ%. llg ) svlle:;,,l
Therefore, s being fixed, we have to estimate the quantity
lg(z,t — s*)Gs x|l . _3.1-
BZ

This is in turn equivalent to estimating

(15) - [ ” 6.+ (gés*mnz%



where 8 is a suitable Littlewood-Paley type function {and thus can be used to define the Besov
spaces as in Definition 1). We assume that 0 is compactly supported, and that 0 ¢ supp 8.
We consider first the case when u < s. Let

s - du
J: =/ 0, * (gG, * hobel
1 o ” (g s ‘p)H?\/ﬁ
we have

CllgGs * |2
llgllsllGs * ©ll6.

16w * (g Gs * 0)ll2
But
. C .
I1Gs * vlle < —[1Gs * ¢ll2

2 2 X
where G = [£ ]e‘EzJ‘ and we applied the Young inequality for the remaining part of G' (which
is simply some sort of heat kernel). Then,

IGs * ¢l
J1 <C su .
1= \/g tp ng “3
Let us now consider the case u > s, more precisely the quantity

'"/ 16 * (9Gs * )| —d‘
Ty = a .
i u s 2\/—

Using Bernstein inequalities on 6,

. C, -
16 % (gGsx @)z < —llgGsxolle

IA

C .
—||Gs * ¢||2sup ||gl|3.
u ¢

Which finally gives
J2 < Cn—\/—(ﬁllg sup llglls.

Therefore, we obtain an estimate on J. Furthermore

(16) lote.t =) G sy < CLE 2L up g,
and we find
a7 111 < Csup(lalellfI / ValG x gl .

The last integral is nothing but ]!<p||3_%,1, Whlch, by invoking duality, achieves the proof.

2
Nevertheless, this is not sufficient to obtain the uniqueness of strong solutions in Cy(L3),
except for small initial data. We actually need a third lemma (which is a modification of the
previous one) in order to prove time-local uniqueness for arbitrary initial data.

LEMMA 3
Let f(z,t) € L°°(B”°°) and g(z,t) = S(t)G, where G € L3. Then the bilinear operator
B(f,g) belongs to Lg"(Hi).



As for uniqueness, we don’t actually need H3 (which is included in B2’°°), but this result
shows how the special structure of g can be usefully exploited here, and it is indeed such
considerations which will lead to the main theorem of this paper. But let us deal with the
lemma : as G € L3, g verifies all the usual estimates for a solution to the heat equation. For
example, if we denote

lglar = sup 3 lg(z,)lls

then
1
supt3 lg(z, HII* < ClGls

and the left hand side goes to zero as T’ goes to zero (remember that sup, = sup,¢o, ] Where
T is to be chosen). We have therefore

gl
z,t — 52 45-——-” e
lote,t = Mlle < 7 2240

Upon returning to the estimates of ||g(z,t — s2)G, * ¢ . -5 .1 we obtain

* llgla, du
5Lo< /OE—),—M ‘P“sT

Cligls,r
G [ G T

lglar |IGs * ollz2
(t—s2)5 5%

In

and,

®C. = du
< e P
-]2 = /s u%“gGs*(Pn—s-ﬁ

lglar IGs = oll2

<
T T (-s2)F sk
This yields
— 2\ < lgla,r ilewllz
(18) Hg(:c,t s )Gs*WI[B;%,l = C(t-—sz)s SE
so that A
|G * ]|z
< M=EP2_g
(19) 1) < Csuplaurlfil 3.0 [ 2y

Applying Cauchy-Schwarz to this last integral, we bound it from above by

1 de ; A 2 '
</0 W) /O 1G* olds ) < Cliell, -y

which concludes the proof of Lemma 3.
From these three lemmata, we can deduce, as we announced, the uniqueness result of
Furioli-Lemarié-Terraneo,



THEOREM 2 ([4])
Let ug € L. Then there exists a unigue local strong solution of (2) in the class Cy(L?).

The existence of such a solution was proved in [12, 5, 6], where it is also shown that this
solution is global if the initial data is small enough. As far as its uniqueness is concerned,
consider two solutions u(z,t) and v(z,t) with the same initial data 4y and for which u is
actually the solution constructed via the fixed point method ([6]). We denote w = u— S(t)uo
and @ = v — S(t)up. Then, if we temporarily forget that the bilinear operator appearing in
(1) is vectorial and non-commutative, we may abuse the notation and write (as in the scalar
case)
w — W = 2B(S(t)uo, w — @) + Blw + W, w — ).

We know from Lemma 1-via the embedding Bg /‘f s B;/ %%_ that both w and @ belong to

By
.
By applying Lemma 3 to the first term, and Lemma 2 to the second, we obtain

sup [|w — B 3,00 < C(|S(t)uoler + sup lw + Dl|s) sup [[w — B 3
t 5 t 3 Bj

so that w = @ at least on a small interval in time, as both quantities ||S(t)uols,r and
sup, ||w + @||5 go to zero when T' goes to zero (the first by Banach-Steinhaus and the second
by the strong continuity in L® of the solutions). We conclude using the uniqueness part
of the existence theorem, as the solution u obtained by fixed point is unique if it verifies
lim¢—,0 vE||u||co = O ([1],[10]). Obviously v will verify the same estimate on the small interval
on which we obtained v = u, and then both solutions are the same within this restricted
class, on the interval they are defined. And this achieves the proof of Theorem 2.

We are finally in the position to prove Theorem 1. It is useful to rewrite B in a more
suitable form, namely

Vi
(20) B(f,g) =2 /0 G() * fg(z,t — sP)ds

where, as usual, Gy(z) = %G(Z). In addition, it is useful to work with the following
operator, A(f,g) = AB(f,g), where A is the Calderdn operator, with symbol |¢|. Then

Vi s
(21) A =2 [ G+ folmt =T,

and F(G)(£) = |¢|%e1¢1". As we have already noted, if f and g were time independent, then
A would reduced to I ~ e*® applied to the product fg. Trying to do this when f and g
are two continuous functions of time is bound to fail, and we saw that in fact it leads to
Lemma 1. However, when those f and g are coordinates of u, the fixed point solution, the
construction of v gives numerous estimates which are very useful in the same way as Lemma
3. Actually, we could directly apply a variant of Lemma 3 in order to obtain B(f,g) € H 3,
but if we want the limiting exponents s = 1 and p = %, we have to be more cautious. We
will proceed in two steps. First, we will deal with the bilinear operator applied to the linear
part. Afterwards we will estimate the remaining part using a result similar to Lemma, 2.

LEMMA 4
Let F and G be in L3. If f(z,t) = 8(t)F(z) and g(z,t) = S(t)G(z), then A(f,g) € Cy(L%).



T
In order to prove the lemma, we split A into two operators, A; = 0\/: and A = f\‘//—tz This
. 2
last part is easily dealt with, as

Gs * folls <l fgllg,

which gives

(22) Azl 5

IN

Vi
/\/gcslip i!fg(t)tlg ds

Csup||fg(t)ll3-

AN

For the first part, we define Aj, as
\/_1'.—
(23) AR |
0

where D = fg(z,t — s?) — fg(z,t). Then,

Vi d
24 4y < [ 1= ) - 7O sup gl
0 ’ ¢
However, if Op{c(£)) stands for the pseudo-differential operator of symbol o,
(25) Fe=s") = f(6) = Op(em @ (1 — =) F(a)
1
= Op (321512 / e“az)‘lélzd)\) S(t — s?)F(z),
0

and therefore

1
(26) £t —s%) — Ft)ls < / |Op(s2|¢[Pe™ el =AY F(z) | 3d
s G _3.232 I0p((t — s®)I¢)2e~ ¢~ P(z) |5

which gives the desired estimate. The remaining term where (fg)(z,t — s?) is replaced by

(fg)(z,t) is easy to deal with, as we can integrate with respect to s, to obtain the operator
I—et?,

We will now prove another lemma, which will allow us to conclude.

LEMMA 5
Let p > 3. If f(z,t) € Cy(FY?) and g(z,t) satisfies the estimate,
2

(27) lgllo = sup(t ™ lg(z, 1)) < 00

then \
A(f,9) € Cy(L2).



In order to prove this, we write

\/.t. 2 2
A(f,g) =2 / Op(sléle™*"1")A(fg) (.t — s%)ds

As we control A(fg) via A(f)g + fA(g), we are left with the study of B(A(f),g). We still
have two different situations: either f € L&°(F+?) which gives A(f) € L%, or f = S(t)uo
which leads to ’

£ | Af (@, )]l < co.

The first term is handled as follows:

t
c
(28) IBAUN < | ———ra—rdslal, sup 1A,
0 (t—s8)27 %2 % t 2

and we could just as well have chosen p = 1/2. The other term gives

¢ C
(29) IBUMNI < | —— g dslA@ly sup Il

0o (t—s)%s % t

We are then done with the lemma, and also with the theorem as the previous estimates
allow us to preserve the property verified by B(S(¢t)uo, S(t)ug) on all iterates of the fixed
point scheme used to solve (2). Note that this fixed point scheme needs to be applied to the
difference w = u — S(t)uo, for the linear part doesn’t verify the estimates.
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Estimate on the Kac Transfer Operator with Applications®
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1. INTRODUCTION

The Kac transfer operator or Kac operator we refer to in this note is an operator of
the kind K(t) = e~tV/2¢tA/2¢~tV/2 with integral kernel

‘_g:u-—y!’
K(z,y;t) — e—-tV(:c)/Z exp( 2¢ )e—-tV(y)/Z, (11)

(V2rt)d

where A is the Laplacian and V = V(z) a potential in d—dimensional space RZ. The
aim of this note is to survey some recent results obtained in [H3], [I-Tk1], [D-I-Tm],
[-Tk2] and [Tk]| on a norm estimate for K(t) compared with the Schrédinger semigroup
e~#(=38+V) and to mention some applications as its consequences.

The operator K(t) is regarded as a transfer matrix/operator for some lattice models
in statistical mechanics which M. Kac [K] (cf. [K-Thl, 2]) studied to discuss a math-
ematical mechanism for a phase transition. To sketch how it comes out (cf. [HI, 2,
4]), consider a lattice model with exponential interaction, the simplest being a one-
dimensional chain of NV spins o; = +1 with interaction energy

= —%J Z e—%li'jla;a'j, (1.2)
1<i< <N

where the interaction is assumed ferromagnetic, i.e. J > 0 and ¢~ is interpreted as the
effective number of spins interacting with a given spin. The partition function Qu is
given by

Q=M% Y exp (4B, B e i oy0y), (1.3)

{o}

where v = J/kT with k Boltzmann’s constant and T' the absolute temperature and the
sum Y, {} 1s taken over all the spin configurations on the sites (:=1,2,--- ,N) of the
lattice. The transfer operator K (t) of this model turns out to be an integral operator
with integral kernel

o—y)?

S C)
oy y5t) = e/t @2 2T vy (1.42)

/4= sinh(t/2)

*) Talk at the 22nd Sapporo PDE Symposium, July 30 ~ August 1, 1997.




with
tV(z) = 3(tanh £)2? — log cosh(4/ % z). (1.4b)

This operator K () plays a crucial role, because the partition function Qv is rewritten
as

Qn = e VNt/4N // #e*”z/zk(lv—l)(z,y;t)#e'z’z/zdzdy, (1.5)

where K(N-1) (g, y;t) is the integral kernel of the (N — 1) iterates K(t)V! of K(2).
Moreover, for instance, the pair correlation p(n) is given in terms of the eigenvalues p; -
(#1 > p2 > ---) of K(t) and the corresponding eigenfunctions p;(z) by

p(n) = Jim (ioia)

= N]Enoo Q;{,l ; Ti%4n exP(%zﬁlzﬁ'Y_ﬂe-ili_ﬂwaj) (1.6)

- 2(%)n ( [ Z 03(2)p1(z) tanh( e;m)dz) "

Therefore to know lim,,, , p(n) is zero or positive, it is important to see whether the
first eigenvalue pq(t) of K(t) is asymptotically degenerate or to estimate the quotient
* p2(t)/pi(t) of the first two eigenvalues of K(t).

In this stage notice that our Kac operator K(t) with d = 1 is nearly equal to this
K(t) for sufficiently small ¢ > 0, so that as ¢ | 0, both K(f) and K(t) will have
analogous asymptotic behavior. In fact, in order to estimate the quotient py(t)/p1(t) of
the first two eigenvalues of K (t), Kac himself took this approximation for granted and
analyzed the eigenvalues A of the Schrédinger equation (—3A+V(z))p(z) = (A+1)p(z)
associated with our Kac operator K(t).

In this note we consider both the nonrelativistic and relativistic Schrédinger operators

H=Hy+V = —%A + V (=), (1.7a)
H =Hj+V=v-A+1-1+V(e), (1.7b)
with mass 1, and the associated Kac operators
K(t) = e7tV/2tHo—tV/2 (1.8a)
K7 (f) = e~tV/2e~tHi VI3, (1.8b)

where V(z) is a real-valued continuous function in B¢ bounded below.

It is seen through the Feynman—Kac formula that both e *# and e~ *#" | ¢ > 0, define
strongly continuous semigroups not only on L?(R?) but also on all Z?(R?%), 1 < p < oo,
and on the Banach space Coo(R?) of the continuous functions vanishing at infinity.

We estimate in L? operator norm the difference between the Kac operator and the
Schrodinger semigroup by a power O(t%) of small £ > 0 with @ > 1. This estimate, as
an application, may be used to get an estimate of the eigenvalue of the Kac operator
compared with that of the Schrédinger operator, such as done in [H3]. As a second
application, it can give the Trotter product formula in L? operator norm, when a > 1.

The method of proof is probabilistic based on the Feynman-Kac formula in [I-Tk1,2]
and [Tk]|, while L? operator-theoretical in [D-I-Tm].



2. REsurrs

In the following, || - ||, stands for the L? operator norm on L? for 1 < p < oo and on
Cw for p = co.

First we give from [I-Tk1, 2] the nonrelativistic result on K(t) in (1.8a) (see [Tk] for
more general potentials V(z)).

THEOREM 2.1. (Nonrelativistic case) Let 0 < § < 1 and m a nonnegative integer
such that mé < 1. Suppose that V(z) is a C™—function in R? bounded below by a
constant b satisfying that ‘

0V (@) < C(V(e) b+ 1)1, 0 < Jaf <m, (2.12)

and farther that 6°V(z), |a| = m, are Hélder-continnous:

0°V(2) — 0°V(y)| < Clz — 9|*, =,y € R, (2.1b)

with constants C > 0 and 0 < k < 1 (By £ = 0 we understand 8°V(z), |a| = m,
bounded). Then it holds that, ast | 0,

O(titr/2), m =0,

1K)~ e [, = ¢ o267 F"), m=1, (2.2)
O(t112%9), m > 2.

Here note that condition (2.1b) with & = 1 is equivalent to that 8V (2), |a| = m+1,
are essentially bounded.

From Theorem 2.1 with telescoping follows immediately the Trotter product formula
in L? operator norm.

THEOREM 2.2. (Nonrelativistic case) For the same function V(z) as in Theorem 2.1,
it holds that, as n — oo,

“(e—tV/Zne—tHu/ne—tV/Zn)n_e—tH”P, ”(e-tV/ne—tHg/n)n . e_tH“.‘P
n=®/20(t1+r/2), m=0,0<x<1,
1 1
= n"zaA%ﬁO(tHz&A—%ﬁ), m=10<k<1,
n~28O(t1+2), m > 2.

(2.3)

Ezamples. The following functions satisfy condition (2.1ab) for V(z):

(i) |=|* (harmonic oscillator potential) with (8,m, ) = (3:1,1) or (3,2,0),

(ii) |z|* — |2[? (double well potential) with (8, m, k) = (5:3,1) or (5,4,0),

(iii) |2|# with (&, m,x) = (1,0, p) for 0 < p < 1 and (6, m,x) = (1/p, [p], p — [p])
for p > 1, where [p] is the maximal integer that is not greater than p.

But, for instance, exp (|2|® + 1)%, @ > 0, and exp|z|? do not satisfy the condition.



Remark 1. B. Helffer [H3] (also [H4], cf. [H2], [H1]) is the first who proved (2.2) in L?
operator norm (p = 2), with O(¢%) on the RHS of (2.2), by pseudo-differential operator
calculus, when V(z) is a C™—function bounded below by b and satisfying |0°V (2)| <
Co(1+ 2?)2~12D+/2 for every multi-index a with constant C,. In fact, as his condition
implies that

0%V (2)| < C(V(2) — b+ 1)~ l=l/2)+ (2.4)

for the same a, so his result is included in the case p = 2 and (§,m,x) = (},1,1) or
(6,m, k) = (3,2,0) in Theorem 2.1.

Remark 2. Theorems 2.1 and 2.2 are valid with the operator Hp replaced by the
magnetic Schrédinger operator Ho(4) = 1(—i8 — A(z))?® with vector potential A(z)
including the case of constant magnetic fields (see [I-Tk1], [D-I-Tm]).

Remark 3. As concerns the Trotter product formula in operator norm, Rogava [R]
proved for nonnegative selfadjoint operators A and B in a Hilbert space that, if the
domain D[A] of A is a subset of the domain D[B] of B and C = A + B is selfadjoint on
D[C] = D|A] N D|B] = D[4], then, as n — oo, '

]l(e—tA/Zne—tB/ne——tA/zn)n _ e—-tC” — ”(e—tB/ne—tA/n)n _ e—tC’” — O(n—1/2 lnn)
In this case, B is A-bounded. Notice that in our Theorems 2.1 and 2.2, neither V is
Hg—bounded nor Hy is V-bounded.

We refer to [I-Tm1] for some results complementary to Rogava’s and to [I-Tm?2] for the

Trotter product formula in trace norm, both of which were proved by operator-theoretic
methods.

Next we give from [I-Tk2] the relativistic result on K7 (¢) in (1.8Db).

THEOREM 2.3. (Relativistic case) Let V(z) be the same fanction as in Theorem 2.1.
Then it holds that, ast | 0,

¢ O(t11"), m=0,0<k<1,
O(¢?|Int|), (m, k) = (0,1),
1K (&) — e |, = { 0(t(* vielInt])), (m, ) = (1,0), (25)
O(t1+2én1), m=10<k <1,
L O(t129), m > 2.

From Theorem 2.3 follows immediately the Trotter product formula in L? operator
norm.

THEOREM 2.4. (Relativistic case) For the same function V(z) as in Theorem 2.1, it

holds that, as n — oo,
ll(e——tV/Zne—tH,’,‘/ne——tV/z'n.)n — e tHT “(e—-tV/ne—-tH;/n)n — e tHT

llp llp

( nrO(tr), m=0,0<r<1,
n~1O(t?| In(t/n)]), (m, k) = (0,1), (2.6)
= { O((n=21+39) v (n=2¢2| In(t/m)))), (m. k) = (1,0),
nALQ($1+28AT), m=10<k<1,
L n—260(£1+25), m > 2.




These results have been briefly announced in [I-Tk3].

[D-I-Tm].
[H1].
[H2].
[H3].

[H4].

[-Tk1].

[-Tk2).

[I-Tk3].

[-Tm1].
[I-Tm2).
K].
[K-Thi].
[K-Th2].
[R].

[TX].
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Purposefulness =~ We consider the nonstationary incompressible Navier-Stokes equa-

tions in R™ (n > 2) with the zero initial data:

{ Ou—Au+(u-V)u+Vp=f, V-u=0, in R" x (0,00), (NS)
u(,0) =0, |u(z,t)] — 0as |z| — oo.
Here v = (uj(z,t)) (j = 1,---,n) and p = p(z,t) denote unknown velocity and
pressure, respectively, and f = (f;(z,t)) denotes a given external force.

Knightly [1] constructed an analytic, in space-time, solution for the Navier-Stokes
equations in R™ with zero external force and nonzero continuous initial data g(z) with
lg9(z)| £ Amin(1, |z|™") for some r > 1 and sufficiently small A. He assumed that for
some constant vector U, and some T > 0, u, u;, Vu, Au, p and Vp are all continuous
on R™ x (0,T) and |u(z,t) — te| = 0(1), |Vu(z,t)| = o(|z]|) and |p(z,t)| = o(|z|) as
|z| — o0, locally uniformly in t. He represented the solution by an integral equation
with the fundamental solution of the Stokes operator and obtained that

|u(z,t)] < Cmin(1, |z|~",t/?), if r € [1,n),

|Vu(z,t)| < Ct~?min(1, |z|7,t~7/?), if r € [1,n), (1)

Ip(z,t)] < Ct~2min(1, |z|~@ D, ==Y if r € [1,n/2).
Here n > 3 for p(z,t) (See [2], [1] and references there in). In the first of (1), we see
|u(z,t)] < Clz|™ in {(z,t) € R™ x (0,00);|z] > vt > 1} and |u(z,t)] < Ct~™/2 in
{(z,t) € R™ x (0,00); vt > |z| > 1}. Thus (1.1) are not uniform decay estimates and
actually yields |u(=z,t)] < C(1 -+t + |z|?)~"/? (see proofs in [1] and Knightly [3]). The

time decays of pressure in (1) are relatively small.



For the Oseen flows past bodies in R3, Mizumachi [4] showed decay rates in space-
time for a classical solution, which indicates a paraboloidal wake behind the bodies. He
imposed nonzero initial and (time-independent) boundary values and constant velocity
Yoo at. the infinity. He assumed that (i) u — ue € L*(0,00; L™(Q)") (2 is the exterior
domain of the bodies) for some r € [1,3) and ]mil’itriloo lu(z,t) — us| = 0, (ii) the existence
of stationary solution (%, p) and (a) sup |u — 4| + ||Vu — V|2 < -M(1+1t)7%, (b)
|| lp — 8| + |[Vu— Vi ||pyea) < M(1 :t)”“", for some a > 0. For initial data a(z) with
a— @ = O(|z|~+#), he showed that

u(z,t) — A(z)| < Mlz| 7 (1+s) (1 +1)7". (2)

Here s; = |2| — (too/|Uoo|) -2, ¥ < 1/2for # > 1 and @ > 3/2 or v < min(£/2,1/2, a/3)
and constant M depends on u. His assumptions are followed by Heywood [5] and Masuda
[6] as far as o < 1/4. (Borchers and Miyakawa [7, Theorem 6.3 and 6.8] showed (ii)(a)
with @ < 5/4 for us = 0 and suitable data. For suitable initial data and u|sq = te =0,
i.e., 4 = 0, we can derive (ii)(b) with @ < 5/4 by the trace theorem with [7], [8, Theorem
1.1 and Proposition 4.1] and [9, Corollary 2]).

As well-known, if a weak solution u of (NS) is in the class
L?(0,00; LYR™™) with n/g+2/s=1 (3)

(and if its norm there ||ullq,s is sufficiently small when (g, s) _ (n,00)), uis C* regular
in space after a finite time (See Serrin [10], Giga [11], Struwe [12] and Takahashi [13],
[14]). Our goal is to show almost optimal uniform estimates, i.e., almost same decay
rate estimates as those of the heat equations, for weak solutions of (NS) in the class (3)
with ||ul|gs < 1, while the decay rates of external forces are prescribed. That is, for
f(z,t) = o(|z|™#t~*) as |z|,t — oo for some p, A > 0, we will show that

lu(z,t)] < C(1+ |z|)?(L +t)™7 with C=C(n, f,p,0),

|Vu(z,t)| < C(L+|z|) ™" (1+1)~" with C=C(n,f,0,0"),

Ip(z, )| < Clz| ™" (1 +1)™" with C =C(n,f,p",").

Here for any ¢ > 0, (p, ), (¢/,0') and (p”,0") are given as follows.

(I)(a) For decays in space, {(p, o), (1, \)} = {(n — ¢,0), (n, 1)}.



(b) For decays in time, {(p, o), (1, \)} = {(0,n/2 — ¢), (n,n/2)} for even n. For odd n,
{(p,0), (1, N} ={(0,n/2 ~ ¢), (n, § + 1)}

(c) For decays in space-time. For n > 3, {(p,0), (1, \)} = {(n—2k—c,k—c), (n,k)} for
k€ N with £ < n/2. For n =2, {(p,0), (5, \)} = {(2 —26,6),(2,1)} for § € [1/2,3/4).
(IT)(a) For decays in space, {(¢/,0"), (1, \)} ={(n+1-¢,0),(n+1,1)} .

(b) For decays in time, {(¢', 0’), (1, A)} = {(0, ”~+—1~~c) (n, %)} for odd n and {(0, =2 —
¢), (n, 22 + -25)} for even n.

(c) For decays in space-time, {(¢', "), (1, )} = {(n+1—-2k—c,k—c),(n,k)} for k e N
with k& < ”—;i

(IIT) Let £ = 1,2,---,n— 1. Ifn—£iseven, {(0",0"), (1, \)} = {(n — € — ¢, 2 -
c), (n, =4}, If n— £ s odd, {(p",0"), (1, N} = {(n — £ — ¢, 8 — ¢), (n, 2EFHL) .

All estimates are almost optunal except (I)(b) for odd n, (II)(b) for even n and (1II) for
casen —fisodd and A= (n+£+1)/4> 1, ie, (n,£) #(2,1).

The spatial decay in (II)(a) and the time decays in (IIT) are faster than those in
(1.1). (I) and (II) yield the optimal decays even for the Stokes equations although the
marginal cases p + 20 = n and p' + 20’ = n + 1 are not permitted. (III) also yields the
optimal decays for (NS).

Since we consider the external forces in Lebesgue spaces and assume no regularities on
them, the assumptions on properties at the infinity of the solutions such as Knightly’s
and Mizumachi’s seem be too strong for such external forces. Functions in (3) may
blowup at the infinity although they decay almost everywhere . Moreover external
forces may not decay everywhere with prescribed decay rates to obtain (I)-(III). We
note that if u(z,t) = o(|z|™t~°) with p + 20 = 1, the solution can belong to (3), but
decay rates in (I) can be much higher. There seem no literatures studying decay rates in
the class (3) although the regularities there have been much studied in the whole space,
in bounded domains, in the interior and up to the boundary of domains.

We first consider the linearized equations, so called the Stokes equations, which turns
to the heat equations in R™ by applying the Helmholtz decomposition. We multiply a
growing function M(z) (resp. H(t)) to the equations and obtain the a priori estimates

of the weighted solution Mwu (resp. Hwu). The embedding inequality in space-time



yields us the estimates in space L*(0, 00; LI(R™)"). The Gagliado-Nirenberg inequality
of parabolic type, which is proved by M.Yamazaki, gives the uniform bound of Mu
(resp. Hu).

Since we can choose weighting functions M (z) (resp. H(t)) as |z|* (resp. t°) (0 <
v,6 < 1) far from the origin, we obtain the decay rates of the solution by applying this
operation several times.

To estimate (NS) we treat the nonlinear terms u - Vu as external forces. Under the

smallness condition ||ullys < 1 in (3), the nonlinear term is estimated by the parabolic
derivatives, i.e., the time and spatial second derivatives. Hence we obtain the same
estimates of Mwu (resp. Hu) as those for the Stokes equations (This is the fundamental
reason why weak solution u is regular if ||u||,. < 1).
The basic idea of weighted equation approach  For instance, we first multiply
a weighting function in space to the heat equation. Next we apply a priori estimates
to the weighted solution and estimate the error terms, that is, the remainders of the
weighted Laplacian, with the Holder and the Sobolev inequalities.

Such an approach is applied in Takahashi [13], [14] for local regularity criteria for the
Navier-Stokes system, in the interior and up to the boundary of domains, respectively.
In local regularity problems, localizing functions, in other words, compactly supported
(in space-time) weighting functions, ¢(z,t) are p-th integrable with all derivatives. To
estimate the remainders of weighted Laplacian, Holder’s inequalities and Sobolev’s in-
equalities make estimates worse and better, respectively, in bounded domains.

On the other hand, in decay property problems, weighting functions M (z) must be
growing functions with decaying derivatives. Thus the growing rates must be less than
1. Only the derivatives are p-th integrable. Hoélder's and Sobolev’s inequalities make
estimates better and worse, respectively. Thus the situation is opposite to the interior
regularity problems. But the weighted equation approach works on the decay properties
in the same framework.

The above approach can be also available to the stationary problem. We can obtain
the same estimates and decay rates. But one would expect faster decay in space on

the instationary problem, if external forces decay in time fast. In fact, the embedding



inequalities of the form ||ullas + ||Vulle,s < C(||0sullgs + ||[V?ullq,s), instead of the
Sobolev inequalities, enable us to obtain higher decay rates in the instationary case. By
these inequalities, Weightiﬁg in time is also applicable in parallel. Such an approach
with the embedding inequality is applied in [14, Erratum] for the regularity up to the
boundary.

To get spatial decay rates higher than n — 2 for the instationary Stokes system, we
remove the pressure term from (NS) by the Helmholtz decomposition projector P. The
‘weighted equation approach is based on the commutation between the weights and the
derivatives. Now how does the weight M(z) commute with P? We thus consider the
commutator (PM — M P)u - Vu. We will show the estimates of (PM — MP)v in L' for
the spatial decays of u in (I). But moreover we need the estimates of (PM — MP)Vuv
in L7 for the spatial decays of the gradient Vu for o’ > n in (II).

Decays in space-time |u(z,t)] < C(1 + |z])7?(1 4 ¢)~7 are directly given by spatial
decays |u(z,t)| < C(1+|z])~% and time decays |u(z,t)| < C(1+t)~™ with 1/a+1/b=1
by Young’s inequality. But the optimality of estimates is lost in this way. Hence we
adopt weighting functions in space-time. We cannot choose a growing functions of the
form cp(m,'t) in general, since the partial derivatives are not integrable in space-time.
We will estimate the weighted solution HMu for growing functions M(z) and H(t),
although V(HM) and 8;(HM) are not integrable.

Finally, our weighted equation approach does not lose the probable decay rates of
solutions of the original equations. Namely, the weighted solutions are estimated by
the weighted external forces and the estimates of weighted external forces are not worse

than those of the original external force.
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In this talk we consider unique global existence and asymptotic behaviour
of solutions for the semilinear wave equation

0 {Du + fu)=0  for (t,z) € R"*"™ n >3,
u(0) = ¢, 4(0) =1,
for arbitrary initial data with (locally) finite energy. Assume that f satisfies

Cr >0, F(u):= 2/0uf (v)dv 2 ~Crlul,

(2) F0)=0, [f(u) - f(v)] < A(lul + [v])]u— ],
with A(r) < C(L+r*7%) for3C >0,

where 2* = 2n/(n — 2).

As L. Kapitanski pointed out in [5, pp. 220, Remark|, the known results
about the unique global existence under the above assumption is limited to
two separate classes of f’s. The first class consists of the functions which are
smaller than the critical power, namely those satisfying (2) with

(3) lim A0

r=yo0 2" -2

=0.

See, e.g., [3]. The second class consists of those which satisfy certain coercive-
ness assumptions, such as

G(u
(4) lim infL > 0,

Ju]—00 l’LL 2

where G(u) := uf(u) — F(u). See [2, 8, 5]. Remark that the conditions (3)
and (4) contradict each other. The situation about the asymptotic behaviour
is quite similar. The existence of bijective wave operators is known for the
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nonlinearities which are smaller than the critical power [4], and for the non-
linearities which are coercive against the critical power [1].

We extend these known results for a natural class of nonlinearities which
contains these two separate classes. Put m = 2(n+1)/(n — 2).

Theorem 1. Assume (2), and that

Glu)
(5) lilgl_glof = 2 0.

Then for any (p,v) € HL, @ L%, (1) has a unique global solution u satisfying
(u,%) € C(R; H,, ® LL,) and u € LT (R7),
Theorem 2. Assume (2), (5) and n > 4. Let u be a solution of (1) satisfying

(u, 1) € Cp(R; H @ L?),
u(t) is spherically symmetric for any t,

(6)

where ‘C,,’ denotes the space of weak continuous functions. Then, this solution
u also satisfies

(u,u) € C(R; H* ® L?) and u € LT (R; L™).
As a result, the uniqueness holds in the class (6).

Theorem 3. Assume (2) with A(r) < Cr? =2, and that G > 0. Then for any
(p,%) € H' @ L2, there uniquely ezists (o1, ;) € H' @ L? such that

() lim {I|V(u(®) = ur (5)llze + ) — iy ()l]ze} =0,

where u is the solution of (1) given by Theorem 1, and u. is the solution for
the linear wave equation

DU+ = O,
®) {u+(0) =@y, U(0) =9y

Moreover, u € L™(R'*"). Here, H' = {p € L*" | Vp € L2}. In addition,
assume that f satisfies

|f'(v) = f(w)| < Clv ~ wf* 2

~if n > 7. Then, for n > 3, the above correspondence (p,¥) 1= (o4, %4)
is bijective. In other words, we have the wave operators and the scattering
operator, which are bijective from H' & L? onto itself.

Remark. Theorem 1 is a generalization of [5, Theorem 7] and [8]. The strict
coerciveness (4) was assumed in [5]. The proof in [8] is valid under another
(Strqnger) coerciveness assumption that

9) liminf ——- Flu) >0 and lim mfg—(y—)

[u[—00 |u 2

> 0,

lul-oo [u]?” T
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where we put H := (n — 1)G/2 — F. Theorem 2 is an improvement of [2,
Proposition 4.3(1)], except the case n = 3. Their proof is valid under the
assumption (4), though it is also valid for n = 3. Theorem 3 is a generalization
of [4, Proposition 4.2] and [1, Corollary 2.5]. The proof in [1] is valid under the
coerciveness assumption that for some C' > 0, F(z) > C|z|*" and H(z) > 0.
The assumptions in [4] are as follows: n > 4, and there exist C;,C, > 0,
p1,p2 > 2 and 0 < p3 < 2% — 2 < py such that

G(u) > Cymin(Jul*, |ulP?), and (2) with A(r) < Comin(rP?, rP4).

To explain the idea of the proofs of our theorems, we prepare some notations.

-t
r = |zl 0=-§-, A= Vit2+r2, w:( )\,x), Vy = (0, V),

U =0-Vu, up=Vu—0u,, u,=Vyu—ww-Vyu).

In the critical case, it is the most important to estimate the quantity |u|*",
and in the previous papers [2, 8, 5, 1], to this end, certain Morawetz-type
estimates were used. For example, multiplying the equation by u, +uV - /2
and integrating over W = [S, T|xR™, one obtains the radial Morawetz estimate
[9, (2.27)}:

(10) /W ?—C# + Ry(u)dzdt < C < oo,
where
Ru(w) = [us|? 4 (n=1)(n—3) ul 0

4 3
and C depends on only the energy and the time length. Similarly, multiplying
the equation by tu + ru, + (n — 1)u/2 and integrating over the light cone
K = {y | |z| < |t| }, one obtains the (localized) dilation estimate [7, (1.5)],
from which one can deduce that

2H
/t=T F(u) + Ry(u) dx+ﬁm]<gp —ﬂ)—dxdt—ﬂ) as T\, 0,
lz|<T 0<t<T T

where

t—r (n —1)? Jul?

2
lurl® + 1 - > 0.

In the preceding works, such methods were used to estimate G(u) and/or F'(u),
and then the quantity |u|*>" were estimated by G(u) and/or F(u), so that the
coerciveness assumptions (4) or (9) were indispensable. To overcome this
difficulty, we notice in the Morawetz-type estimates those terms independent
of f (in the above cases, R;(u) and Ry(u)), and by using certain Hardy-type
inequalities, we prove that these terms can dominate the quantity |u|?” with

the aid of the energy; for example, we have

NulP dz < C||Vu(t)||?52 Ry (u) dz.
/lwI<ItI [ dz < Gl Vu(D)l; /Izl<!tl 2(u) do

Ry(u) = |ug|* +

£
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However, the radial Morawetz estimate (10) is inadequate for such treatment
in the case n = 3 because the coefficient of u?/r® vanishes. To avoid this
difficulty, we use a new multiplier: w - Vyu + uV, - w/2. Multiplying the
equation by this quantity and integrating over W, we obtain a new variant of
the Morawetz estimate:

luy|? + 81G(u)
/w A
where C is dependent on only the energy and the time length. Using the
following Sobolev-type inequality:

/ B gt < Cvul?2, Eﬂﬁdxm+4ﬁ/ u|* do
woA = L) Jy o N t=T ’

we obtain under the assumption (5),

dzdt < C < o0,

2“'
/ELMMSG
WA

This estimate is a kind of decay estimate of the quantity |u|?" at the tip of the
cone K or at the space-time infinity, and this estimate is the starting point
of the proofs of Theorems 1 and 3. Unfortunately, this new estimate seems
insufficient to prove Theorem 2, which is the reason why we have to assume
n > 4 in Theorem 2.

Detailed proofs of the above theorems are given in [6].
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ABSTRACT: We give a rigorous proof for formation of self-intersection of evolving
curves driven by surface diffusion.

1. INTRODUCTION

This is a joint work with Professor Yoshikazu Giga.

We study motion by surface diffusion which was first derived by Mullins [10]. Let
I'; € R? be a closed evolving curve depending on time ¢ with initial data T';j;=o = T%.
The governing equation for evolving curves by surface diffusion is of the form

V =~k (1)

Here V' denotes the outward normal velocity and s denotes the outward curvature; s
denotes the arclength parameter of I';. There are several derivations of this equation
other than Mullins [10]. See for example Cahn and Taylor [2] and Cahn, Elliott and
Novick-Cohen [3]. In the latter paper, (1) is obtained as some formal limit of Cahn-
Hilliard equations. A typical feature of I'; moved by (1) is that the area enclosed by T is
preserved. Related equations to (1) are well explained in Elliott and Garcke [4] and Cahn
and Taylor [2]. For physical background of these equations, see [2, 4] and references cited
there.

In [4] local existence of solution for (1) was proved without uniqueness as well as for
other equations. They proved that if initial data is close to a circle; then I'; exists globally
in time and it converges to a circle with the same area enclosed by I'y as ¢ tends to infinity. -
They also conjectured that I'; moved by (1) may cease to be embedded for some embedded
smooth initial data. After this work was completed, we were informed of a recent work of
Escher, Mayer and Simonett [5] on unique local existence of solutions of (1). They proved
the unique existence of local-in-time solutions even for higher dimensional version of (1)
in small Holder spaces by appealing abstract semigroup theory. They also studied the
large time behavior of solutions of the higher dimensional version of (1) if initial data are
closé to a sphere. These results are regarded as a natural extension of the results of [4]



to higher dimensional setting. Moreover, they showed numerical evidence of existence of
pinchings for various closed curves. ,

In this talk we give a rigorous proof to Elliott and Garcke’s conjecture. Let us explain
our idea. We consider a smooth closed embedded curve I'y which is symmetric with
respect to z-axis and y-axis. We assume that Ty is of the form

Lo = {(z,9); y = Lup(x)},

where ug() is even and wg(z) takes the only local minimum at x = 0. If T'; is represented
by y = u(t,z), then (1) becomes a fourth order equahon of u(t,z). If we linearize (1)
around u = 0, we obtain

Ut = —Ugpps-

If we consider the Cauchy problem for this equation with ug(z) > 0 and ug(z) = 2* + 6
for small 6 > 0 near x = 0, then u(¢,0) would be negative in a short time. In other
words, the comparison principle does not hold. It is easy to guess this phenomenon
since u(t,z) = z* — 4!t + § solves U; = —uUgyqe. In this talk we shall rigorously prove
that for a good choice of ug(x), u(t,0) becomes negative in short time during the period
‘that solution T'y: y = u(t,z) of (1) exists as immersed curves. Since T; is represented
by y = u(t,z), and symmetric with respect to y = 0, this means that I'; ceases to be
embedded in short time even if I'y is embedded. This is a rough idea of our proof. For
this purpose we shall review unique local existence theorem for immersed curves with
estimates of existence time interval as well as of solutions. Of course there are several
versions of unique existence theorems which apply in this setting e.g. by Lunardi [9] but
we presented a simple version with the aid of the classical Lax-Milgram type abstract
existence theorem due to J. L. Lions [7] (see e.g. [8, 11]) which just needs Hilbert spaces;
we do not use sophisticated abstract semigroup theory (e.g. [9]). Since we proved the
uniqueness of solutions as well as higher derivative estimate near ¢ = 0, our unique local
existence theorem is not included in Elliott and Garcke [4] which is based on the method
of X. Chen [1].

In the next section, we introduce a parametrized equation for (1). After showing a
unique local existence theorem for this equation, we rigorously prove formation of self-
intersection of evolvihg curves moved by surface diffusion.

2. SELF-INTERSECTION OF EVOLVING CLOSED CURVES
2.1. PARAMETRIZATION

We summarize here a parametrization of (1) by following Elliott and Garcke [4].

Let M° be a fixed reference C* (or at least C%) immersed closed curve with arclength
2L. For T = R/(2LZ), let

X0 T MO
1= X°(n)

be an arclength parametrization of A°. Then, %(n) = X.,?(n) is the unit tangent vector
of M? and the Frenet formula gives

5(n) = &’ (n)n’(n),
np(n) = —£(n)7(n),



where n9(n) is the unit normal vector and &%(n) is the curvature of A? with the sign
convention that the curvature of a circle is negative.

Let T'; C R? be a closed curve moved by surface diffusion law with respect to time ¢ > 0
starting from initial closed curve I'g. For small T' > 0 we expect that I'; is parametrized
by ‘

[0,T)xT — T,
(t,n) —  X(t,n),

X(t,n) = X%n) + d(t,n)n’(n)

with some d(¢,n) defined on [0,T) x T. If Ty is embedded and I'; is close to Iy, then
d(t,n) is the distance function from M?°. By this parametrization, (1) is equivalent to

1—di" 1.1
(lt = —73n(:]—0"f:),

where J = | X,| = 0s/0n is the Jacobian and x(t,7) is the curvature of T'; in the direction
of n®. Their explicit forms are

J = J(1, a0, 1) (g )=(dy) = (d2 + (1 — dr®)*)1/2,

= 715{(1 — k) dyy + 2602 + K2ddy + K(1 — di®)?}.

Thus, the equation (1) for d(t,n) with initial data T';|;—g = Ty is of the form:

dy + J gy + Py + Q@ =0, 0<t <T, n€ T, (2)
d(0,m) = do(n), n € T, |
where P and @) are poanomials with arguments (1 — %d)~, J7!, &© ng, h”,?m, fc?m,,, d,

d, and dy,. We note that x° toghther with its derivatives &9, (')m’ Ko, 15 continuous and
)ounded on T since MY is at least C°.

2.2. LOCAL EXISTENCE

We state here a result of the unique local existence of smooth solutions of (2). To do this,
we first treat a general framework.
We consider the equation:

{ U+ a(T, U, Up Wgrze + D(T, Uy Up, Ugg ) Uy + (2, U, Uy, Upr) = 0,

(0, 2) = upl), (3)
fort>0and z € T = R/(wZ) with w > 0. For (3), we assume:
(a) There are positive constants a; and A such that a(z, ag, o) > a; for |ag|, |an| < A.

(b) Let M > 0 be given. The functions a(z, ag, 1), b(z, ag, a1, @) and c(x, o, @y, @2)
are smooth in their all arguments but restricted for |ag| < 2uM and w-periodic in
x, where g = p(T) > 0 denotes the constant in the Sobolev inequality:

1l zeocm) < well fllgrry for f € HY(T). (4)



Theorem 1 (Local existence for (3)). Let M > 0. Assume (a)-(b). Then, for any

ug € HYT) with ||uo||gra¢) < M, there is a To(M) > 0 such that there exists a unique
solution u(t,z) of (3) satisfying

u € L*(0, To(M); H(T)), u, € L*(0,To(M); HX(T)), (5)

HU‘”H‘*(T)(t) < 2M fO’I‘ t € [O,To(.l\.[)] (6)

Corollary 2 Let m > 4 be integers and let N € (0, M]. Then, for any vy € H™(T) with

luollgmiTy < N, there is a Ty(N) > 0 such that there ezists a unique solution u(t,x) of
(3) satisfying

w e L0, Ty(N); H™(T)), wu, € L*0,Ty(N); H™(T)), (7)
lulzrmery(t) < 2N fort € [0, T1(N)]. (8)

For the proofs of Theorem 1 and Corollary 2, see [6]. From Theorem 1 and Corollary 2,
we obtain

Theorem 3 (Local existence for (2)). Let w and dy be as
w=2L, 48||&°|| (1) < 1. (9)

(i) Let M € (0,60/ 1) where u is in (4). Then, for any dy € H*(T) with ||do]|gr1(1y < M,
there is a To(M) > 0, which is nonincreasing in M, such that there exists a unique solution
d(t,m) of (2) satisfying

d € L*(0,To(M); H¥(T)), d; € L*(0,To(M); H(T)), (10)
Nl gse)(t) < 2M  for t € [0, To(M))]. (11)

(1i) Letm > 4 be integers and N € (0,8 /u). Then, for any dy € H™(T) with ||do|| gm () <
N, there is a Ti(N) > 0, which is nonincreasing in N, such that there ezists a unique
solution d(t,n) of (2) satisfying

d € L*(0, Ty(N); H™**(T)), dy € L*(0,Ty(N); H"*(T)), (12)
dl gmey(£) < 2N for t € [0, Ty(N)]. (13)

Remark 1. Our local existence theorem in particular implies that for any immersed
smooth curve I'g, there exists a unique local-in-time solution of (1) by taking 'y as a
reference curve M® with dy = 0.

Remark 2. 1t is easy to see from the above method of constructing of solutions that
the curves I'; are uniquely determined by I'g and are independent of parametrizations.

Remark 3. Since our main concern in this paper is pinching, we do not pursue higher
regularity properties away from ¢ = 0.

Proof of Theorem 8 admitting Theorem 1 and Corollary 2. It suffices to prove (b). For
|co| < 2uM, J(n, ag, ;)™ has no singularities: in fact, it follows from (9) that

o + (1= agr®(1))* 2 (1 = 2pM||&°)| Lo (m))?
> (1= 28018 o) 2 (5%



Similarly, we can show that P and @Q have no singularities in the domain we are concerned.
This gives (b). Applying Theorem 1 to (2), we obtain (i). The proof of (ii) is essentially
with the same with M replaced by NV, so we omit the proof of (ii). a

2.3. SELF-INTERSECTION OF EVOLVING CLOSED CURVES

We show that there is an evolving closed curve which ceases to be embedded in finite
time, even if initial curve is embedded.

Let us explain our idea of the proof. Let M® = {X%n);n € T = R/(2LZ)} be a
dumbbell like immeresed curve symmetric with respect to both z-axis and y-axis and its
neck is so thin so that it is just a segment on the z-axis. It is normalized by setting
X°(0) = X%(L) = the origin (0,0). Let Ty = {X ) + do(n)n°(n); n € T} with do(n) >0
be symmetric with respect to both z-axis and y-axis and assume that dy(n) takes its
global isolated minimun at # = 0 and L. Then, by symmetry of the equation (2), the
solution T’y = {X%n) + d(¢,n)n%(n);n € T} stays symmetric with respect to both z-axis
and y-axis. In particular, d,(£,0) = 0 and d,,(t,0) = 0. Thus if d(t,n) solves (2), then

d:(0,0) = —8;d(0,0) + 387d(0,0).

Thus, by the fundamental theorem of calculus,

t T
d(t,0) = d(0,0)+ dy(0,0)t + /0 /0 des(s, 0)dsdT

< d(0,0) + (—82d(0,0) + 382d(0,0)t + 2+ sup |du(t,n), (14)
, : te(0,8]meT
where f is taken so that d(¢,7) exists for [0,7]. Roughly speaking, if d(0,0) is sufficiently
small and —97d(0,0) + 382d(0,0) < 0, then d(¢,0) may be nagative for ¢ between two
roots of the quadratic equation of t: the R.H.S. of (14)= 0, which will imply a pinching
of I';. We shall prove it more rigorously in the following.
To do this, we define a special (C°) reference curve M° (see Figure 1). This curve is

A AW,

Wt

|
[em]

ot~

Figure 1: The reference curve M°

immersed in R2. This is parametrized by

X%(n) = (XP(),X3(n)) forne T =R/(2LZ)



satisfying

[ XD(n) = —X](-n), 0<n<L,
X3(n) = X3(—n), 0<n<L,
X%n) =(n,0), 0<n<L/4,

4 (X{J 2(n) >0, 0<n<-L/2,

NNL/2+n)=XUL/2-n), 0<n<L/2,
.‘xo(n) >0, L/4<n< L/2,
XNL/2+n)=-X3(L/2~n), 0<n<L/2

\

where 7 is an arclength parameter. We define two sets of functions in T and in [0,T] x T
depending on positive parameters N, ¢ and T

Dy(N,e) = {dp € H(T);do(—n) = do(n) = do(L — 1), do(n) >0 (VneT),

ldoll sy < N, do0) <€, ~3d5(0)° + d(0) > 0,
do(m) attains its global minimum at n = 0},

Dr(N) = {de L*0,T; H(T));d, € L*(0,T; H}(T)),
|l zoey(t) < 2N (t € [0,T])}.

Note that closed curves Iy parametrized by X(0,1) = X%#) + do(n)n’(n) with dy €
Dy(N,¢) are embedded in R2. Then, our main result is stated as follows.

Theorem 4 (Self-intersection of evolving closed curves). For any N € (0,6 /1), there
is an g9 > 0; for any € € (0,&0), there are dy € Do(N,¢), to € (0,T1(N)) (where T1(N)
is in Theorem & (ii)) and t1(> to) such that for initial embedded closed curve Ty with
parametrization

= {X(0,7) = X°(n) + do(n)n’(n);n € T},

the solution curve I'; with parametrization
L= {X(t,n) = X°(n) + d(t,n)n°(n);n € T}, t€[0,Ta(NV)),

where d € Drpyn)(N) is the unique solution of (2) established in Theorem 3 (ii), ceases to
be embedded for at least tg < t < min(t;, T1(NV)).

Proof. First step. We first show the procedure to choose an initial data dy(n) with which
the solution I'; will be pinched in the existence time interval of solution T';.

Take a dy = dp € Dy(N, do( ). For this dp, Theorem 3 (ii) implies that there are
Ty(N) > 0 and a unique solution d € Dryny(IV) of (2) with initial data do(n). Then,
there is a K (V) > 0 such that

| — 8,02d(t,0) + 38,(87d(t,0))*| < K(N) for ¢ € [0,Ti(V)].

Put )
o(de) = —3d2(0)* + d§(0) > 0.

Take €g > 0 as X
o(dy)? — degK(N) > 0,



o(do) — \/o(do)? — dzo ()
2 (N)

<Ti(N).

Then, it holds )
o(dp)? — 4 K(N) > 0,

o(dp) ~ \/O'(CZQ)2 — 4eK(N)
2K (N)

< Ti(N) (15)
for any ¢ € (0,p). Take 8 as

o(dp)?
I[N’

max{0, dg(0) — ,do(0) — £} < 8 < dy(0).

Put do(n) = czg(n) —§. Then, it is easy to check that dy € Dy(NV, ). Thus, it follows from
Theorem 3 (ii) that there exists a unique solution d € Dr,(x)(N) of (2) with initial data

do(m).

Second step. We shall show that for this do(n), the solution I'; ceases to be embedded
in finite time.
It follows from the uniqueness that

do(—n) = do(n) = do(L — 7)
implies
d(t,—n) = d(t,n) = d(t, L — 7). (16)

Furthermore, )
o = o(dp) = o(dp),

| — 8,0%d(t,0) + 39,(87d(¢,0))®| < K(N) for t € [0, Ty(N)].

Then, from (15),
— /02 — 4eK(N)
< Ty(N)

2K(N)

for 0 < & < gg. Finally, from the first equality of (16), it follows that d,(t,0) = dy,(2,0) =
0. Thus, using (2), we observe that

tQE

d(t,0) = do(0) + /Dt(lT(T,O)cl'r

dp(0) +/t(—-84cl (1,0) +3(52cl(7‘,0))3)clv'

do(0 —~m‘+/ / 8,0%d(s, 0) + 30,(8%d(s, 0))*)dsdr
< ¢ —ot+ KN(N),

which and the second equality of (16) imply

d(t,0) =d(t,L) <0 for tg <t < min(t;, TI(N)),



where

L N )
This shows that I'; ceases to be embedded for t; < ¢ < min(t;,T}(N)). This completes
the proof. O
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