. HOKKAIDO UNIVERSITY

Title Time Crystals and Space Crystals in terms of Macroscopic Quantum Phenomena
Author (s) g, A
Degree Grantor biEEKE
Degree Name B (I=)

Dissertation Number FA&139885

Issue Date 2020-03-25
DOI https://doi.org/10.14943/doctoral, k13988
Doc URL https://hdl. handle.net/2115/78124
Type doctoral thesis
File Information Keiji Nakatsugawa, pdf

kaid
e U"/Le

Hokkaido University Collection of Scholarly and Academic Papers : HUSCAP




Doctoral Thesis

Time Crystals and Space Crystals in terms
of Macroscopic Quantum Phenomena

by
Keiji Nakatsugawa

Examination Committee: Professor Satoshi Tanda (Supervisor)
Professor Yuji Hasegawa
Professor Kousuke Yakubo
Professor Asao Arai

Professor Toshiyuki Fujii

Department of Applied Physics,
Hokkaido University, Sapporo, Japan
March 2020



Acknowledgement

First, I would like to thank my academic supervisor, Professor Satoshi Tanda, for his help
for my graduate studies at Hokkaido University. I especially appreciate his enthusiasm,
education and contributions throughout this research.

Second, I would like to thank my research collaborators, namely Professor Toshiyuki
Fujii (Asahikawa Medical University), Professor Avadh B. Saxena (Los Alamos National
Laboratory), and Professor Tatsuhiko N. Ikeda (Institute for Solid State Physics, Univer-
sity of Tokyo). The completion of this research and a deep understanding of the subject
would not have been possible without their support. I am indebted to their valuable
comments and ideas.

Third, the development of this research was also stimulated by discussion with var-
ious researchers. Especially, I would like to thank Professor Asao Arai for lectures and
discussions on time operators, as well as Professor John Michael Kosterlitz for important
short discussion on topological operators.

Furthermore, the members of the Laboratory of Topological Science and Technology
have contributed immensely to my personal and professional life at Hokkaido. The group
has been a source of friendships as well as good advice and collaboration. I am especially
grateful for the help of Professor Koichi Ichimura, Professor Toru Matsuura and Professor
Masahito Sakoda for valuable discussions and precious suggestions.

Finally, T would like to thank my parents for their unfailing support and continuous
encouragement throughout my years of study. This accomplishment would not have been

possible without their support.



This thesis is based on the following work. Chapter 2 is based on

- K. Nakatsugawa, T. Fujii and S. Tanda, Quantum time crystal by decoherence:
Proposal with an incommensurate charge density wave ring, Phys. Rev. B 96,

094308 (2017).
Chapter 3 is based on

- K. Nakatsugawa, T. Fujii, Avadh B Saxena and S. Tanda, Time operators and
time crystals: self-adjointness by topology change, J. Phys. A: Math. Theor. 53,
025301(2020).

Chapter 4 is based on

- K. Nakatsugawa, S. Tanda and T. N. Ikeda, Multivalley Free Energy Landscape
and the Origin of Stripe and Quasi-Stripe CDW Structures in Monolayer MX,

Compounds, Sci. Rep. 10, 1239 (2020)
which is a continuation of

- D. Sakabe, Z. Liu, K. Suenaga, K. Nakatsugawa and S. Tanda, Direct observation of
mono-layer, bi-layer, and tri-layer charge density waves in 17-TaS2, by transmission

electron microscopy without a substrate, npj Quantum Materials 2, 22 (2017).

Keiji Nakatsugawa
Hokkaido University

March 2020

i



Abstract

Crystals are ubiquitous around us and they have been studied extensively. However, new
kinds of crystals including fullerene, carbon nanotube and topological crystals have been
discovered. On the other hands, a new type of state called time crystal has been pro-
posed: In this state, a description with macroscopic wave functions is necessary. From
these backgrounds, a reconsideration of crystalline orders becomes necessary. In this the-

sis, I study crystalline orders in terms of macroscopic wave functions as follows:

(1) Quantum time crystal by decoherence: Physical systems can possess continuous or
discrete symmetries. For example, fluids like water have continuous spatial translational
symmetry but crystals have discrete spatial translational symmetries. From the equiv-
alence between space and time in relativity, a natural question is whether discrete time
translation symmetry is possible. F. Wilczek considered this problem in terms of spon-
taneous breaking of time translation symmetry and proposed the idea of quantum time
crystals. In this thesis, I show that time translation symmetry of a finite-size ring system
with a macroscopic wave function is broken by decoherence, not by spontaneous sym-
metry breaking. I consider a ring-shaped incommensurate charge density wave (ICDW
ring) threaded by a fluctuating magnetic flux: I extend the so-called Caldeira-Leggett
model to ring systems to model the fluctuating flux as a bath of harmonic oscillators.
The ground state of a quantized ICDW ring without environment is a superposition of
ICDWs which possess continuous space/time translation symmetry. But, as the ICDW
ring couples to environment, the charge density expectation value oscillates periodically

with a radius-dependent period. This model forms a metastable quantum time crystal
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with a finite length in space and in time.

(2) Time operators from time crystals: In quantum mechanics, position and momen-
tum are observables (physical operators) and the position-momentum uncertainty relation
is well-established. Meanwhile, uncertainty relations between time and energy are known
to hold experimentally. Therefore, an important question is whether one can define time
operators which can be used to derive energy-time uncertainty relations. The main dif-
ficulty is that Hermitian operators and self-adjoint operators are different objects. Real
eigenvalues and orthonormal eigenstates are ensured only for self-adjoint operators, so ob-
servables are expected to be self-adjoint. However, most of the time operators proposed
so far are non-self-adjoint Hermitian operators. So, time in quantum mechanics is still
regarded as a parameter. One the other hand, time crystals seem to promote time from a
parameter to a physical quantity. In this thesis I consider the problem of time operators in
terms of time crystals in ring systems. The key ingredient is a consistent quantization of
ring systems. For instance, wave functions in ring systems must satisfy periodic boundary
condition, but the position operator or angle operator are multi-valued operators which
break periodicity. I show that quantization of ring systems can be understood by periodic
position operators via the generalized weak Weyl relation (GWWR). Then, self-adjoint
time operators in ring systems are derived based on the GWWR. In addition, I study the
relationship between self-adjoint time operators and non-Hermitian operators with space-
time inversion (PT') symmetry. These operators can describe the “temporal structure of

quantum systems” and they are interpreted as time crystal order parameters.

(3) Origin of stripe and quasi-stripe CDW structures in monolayer space crystals:
Layered compounds such as transition metal dichalcogenides exhibit various charge den-
sity wave (CDW) phases depending on temperature and crystal symmetry. In the con-
ventional description of phase transition, symmetry breaking occurs as temperature de-
creases, whereas 17-TaSy (2H-TaSe;) makes a phase transition to the triclinic phase

(stripe phase) with anisotropic domain walls only when temperature is increased from the
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ground state. The appearance of these anisotropic domain structures has been explained
by inter-layer interaction. However, anisotropic domain walls were observed experimen-
tally in monolayer 17-TaSs. Therefore, a new model for the appearance of anisotropic
phases is necessary. In this thesis, I use Landau theories of two-dimensional CDW phase
transition to make a thorough numerical research of CDW free energy structure and dis-
cover a multivalley free-energy landscape with many local minima. In addition, I discover
local minima which correspond to the triclinic phase and to the stripe phase. These
results can be explained by topological defect theory (line defects in a two-dimensional
plane) and interference between harmonics of macroscopic CDW wave functions, hence
indicate the appearance of anisotropic CDW phases without inter-layer interaction (hence
also in monolayer). Moreover, I discuss the temperature dependence of successive phase

transition and predict the appearance of new CDW phases.
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Chapter 1

GENERAL INTRODUCTION

1.1 CRYSTAL PHASES IN QUANTUM SYSTEMS

Physical systems can possess continuous or discrete symmetries. For example, fluids
like water have continuous spatial translational symmetry but crystals have discrete spa-
tial translational symmetries. Discrete symmetry is also apparent in quantum systems:
Eigenvalues of an operator can be discrete in nature and most of the crystals want to

form standing waves as a consequence of interference (Bragg reflection).

Recently, the concept of crystal is extended to other physical quantities. A new type
of state called “time crystal” [1] has been proposed. Other generalizations such as “phase
crystal” [2] and “phase space crystal” [3] have been considered as well. Can these new
type of crystals really exist? To answer this question, a reconsideration of space crystals

becomes necessary. In particular, I focus on the wave function of a crystal.

In this thesis, I study crystalline orders in terms of macroscopic wave functions. In
particular, I study quantum time crystals and quantum space crystals as new orders in
CDW systems. I will show that real-space topology and the phase of a macroscopic wave
function play dominant roles for the description of quantum crystal phases. Like super-

conductors, the CDW order parameter is a macroscopic wave function. However, unlike



superconductors, CDW wave functions can appear in real-space as electronic spatial crys-
tals. Moreover, the interplay between real-space topology and quantum phenomena such
as the Aharonov-Bohm oscillation in CDW ring [4] have been observed experimentally.

Therefore, CDWs are ideal to study the effect of quantum mechanics on crystal phases.

Some important concepts and ideas are introduced in the rest of this chapter. Spon-
taneous symmetry breaking and some of its subtleties in quantum systems are introduced
in section 1.2. This allows us to define the concept of quantum time crystals which have
off-diagonal long-range order in the time domain. A brief history of time crystals and
recent developments are given in section 1.3. Next, the connection between operator do-
main and real-space topology is introduced in section 1.4. This connection is essential
for a consistent quantization of topological systems and to understand the problem of
time operators. Then, in section 1.5, I describe two-dimensional CDW phases in terms of
CDW wave functions and CDW super-lattice structure. Finally, I explain the outline of

this thesis.

1.2 SYMMETRY BREAKING IN QUANTUM SYS-

TEMS

Different phases of condensed matter systems can be characterized by an order parame-
ter . By Landau’s definition with superconductivity, this is any parameter that is zero
in the symmetric state and that has a non-zero average value uniquely specifying the
state when the symmetry is broken [5,6]. Spontaneous symmetry breaking occurs when
a system or response from a system fails to preserve the symmetry of a Lagrangian or a
Hamiltonian. For instance, as a snowflake crystallizes, it lowers its energy by breaking the
homogeneity and isotropy of water. Such spontaneously broken symmetry permeates the
world we live in. More specifically, broken symmetry manifests itself through the devel-
opment of infinite-range correlations of the order parameter. As a collection of quantum

particles becomes larger, the symmetry of a quantum system as a whole becomes more
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Figure 1.1: Typical examples of spontaneous symmetry breaking. (a) The Ising model
(Eq. (1.1) with A — 00): As temperature decreases, the free energy is minimized if all
particles spins are oriented in the same direction and the system has a non-zero sponta-
neous magnetization. (b) Spontaneous formation of a lattice structure can be explained
likewise: As temperature decreases, the inter-particle distance can be fixed and continuous
spatial translation symmetry spontaneously reduces to a discrete subgroup.

unstable against small perturbations. In the limit of an infinite system, an infinitesimal
perturbation is enough to cause the system to break the underlying symmetry of the
Hamiltonian. For quantum systems with macroscopic wave functions, the development of

these entangled, infinite-range spatial correlations in an otherwise spatially homogeneous

wave function is called off-diagonal long-range order [7].

Consider ferromagnetic transition and crystallization (Fig. 1.1) to understand the
effect of quantum mechanics on spontaneous symmetry breaking.
E.g. 1 Ising model: Consider a chain of spin 1/2 particles with a transverse magnetic

field which is described by the following Hamiltonian [8,9]:

H=-Y or-\Y oioi,,. (1.1)

Here, o} and o are Pauli matrices which describe z-component and the z-component of
the n'® spin, respectively. Let us consider the ground state of this system for A\ = 0 and

for A — oo.

Case 1: A\ = 0 Here, the ground state of the entire system with N spins is a coherent



state

o) oc (11 + 14 ) @ (11 ) @@ (I + Wy ) (1:2)

where the measurement of a single spin does not affect the wave function of other spins.

Case 2: A — oo Here, the ground state is the entangled state

Wy (@M@ oty )+ (Moo ely). 13

Eq. (1.3) is a Bell-like state with long-range entanglement. That is, the measurement of
a single spin (or any other local interaction) will determine the state of the entire system.
Consequently, all spins will point either up or down and symmetry is broken. The sym-
metry broken state is stable in the thermodynamic limit N — oo, and the system will
have a finite magnetization. Although the Hamiltonian H has spatial inversion symmetry,
the ground state after a measurement breaks this symmetry, hence we have spontaneous
breaking of spatial inversion symmetry in the z-direction. Therefore, we see that sponta-
neous symmetry breaking is closely related to measurement and depends on the system

size.

E.g. 2 Formation of crystalline lattice: Spontancous formation of a lattice struc-
ture can be explained likewise. Let us consider a many-body system with N particles

described by the Hamiltonian

P;
H:ZZm

1
32 Uyl =) (14)
i#]

Here, U;;(|r; —r}|) is the potential between particle ¢ and particle j. This system possesses
continuous spatial translation symmetry r; — r; + € for any €. As temperature decreases,
the inter-particle distance can be fixed and form a lattice structure. In this case, contin-

uous spatial translation symmetry spontaneous reduces to its discrete subgroup.
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Figure 1.2: The true ground state of a quantum crystal with a macroscopic wave function
is a superposition of lattices with different vertices. An analogy is a superposition of spin
chains with U(1) symmetry.

The full quantum description is more subtle. In quantum physics, broken symmetry is
not immediately evident from a system’s wave function because the vertices of the crystal
are equally likely to occupy any point in space. The corresponding crystal wave function
is a superposition of broken-symmetry states. The broken symmetry in a crystal is not

evident until the position of one of its atomic constituents is measured. [1,10,11]

Let us explain this more analytically. At the ground state we can ignore relative
degrees of freedom between individual particles and only consider the center of mass
motion. In this case, this system can be regarded basically as a free particle.! The ground
state of this systems has zero center-of-mass momentum P = 0 and zero momentum
uncertainty AP = 0 (otherwise, the average kinetic energy will increase). Then, from
the the uncertainty relation APAX ~ h, the position uncertainty AX becomes infinite.
This state can be interpreted as a superposition of lattices with different center of masses
(different vertices) which preserves continuous spatial translation symmetry (Fig. 1.2). A
state with broken symmetry, which can be obtained by symmetry-breaking perturbations,
has energy higher than the symmetry-preserving true ground state. If the energy increase
is negligible then the life-time of the symmetry-broken state diverges and we have an

effective ground state (Fig. 1.3).

If the interaction between particle is weak, then the Hamiltonian in (1.4) describes a system with
coupled Harmonic oscillators. In this case, excitations are bosonic and we can indeed have a superposition
of lattices.
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Figure 1.3: A state with broken symmetry can be obtained by symmetry-breaking pertur-
bations such as measurements. If the measured state and the symmetric ground state are
energetically degenerate, then the measured state can be regarded as an effective ground
state. Conventionally, spontaneous symmetry breaking from the true ground state to the
effective ground state is expected to occurs in the infinite-volume limit V' — oo.

1.3 QUANTUM TIME CRYSTALS

In 2012, F. Wilczek proposed the idea of a “quantum time crystal” as a system which
spontaneously breaks time translation symmetry at the ground state [1]. Wilczek argued
that such a state would exhibit off-diagonal long-range order in the time domain. Natu-
rally oscillating physical systems abound. But, the original idea behind a crystal in the
time domain is that it requires no energy input. It will spontaneously form without a

driving force.

Like its spatial analogue, the ground state of a QTC is determined not only by energy
minimization but also by robust observation. There are two types of ground states that
describe a QTC: a) the true ground state which possesses the time translation symmetry
of the system’s Hamiltonian; and b) the effective ground state which spontaneously breaks

time translation symmetry.

Time crystals opened a new debate involving the connection between time and bro-

ken symmetry [12-18]. Conventionally, spontaneous symmetry breaking from the true



ground state to the effective ground state is expected to occurs in the infinite-volume
limit V' — oo. However, Watanabe-Oshikawa argued that spontaneous breaking of
time translation symmetry does not occur in the infinite-volume limit, hence time crys-
tal ground states cannot exist [17]. A workaround of this criticism was proposed with
Greenberger-Horne—Zeilinger state (GHZ state) [19]. Volovik relaxed the condition of
permanent oscillation and proposed the possibility of effective QTC, that is, a periodic
oscillation in a metastable state such that the oscillation will persist for a finite duration

7o > P in the time domain and will eventually decay [20].

Spontaneous breaking of discrete time translation symmetry was also considered for
periodically driven Floquet states [21-28]. However, Floquet time crystals will not be

considered in this thesis (except in Section 3.3).

1.4 OPERATOR DOMAIN AND REAL-SPACE TOPOL-

OGY

Next, I introduce a few mathematical concepts which will be essential for developing the

theory of space crystals, time crystals and time operators in topological systems.

1.4.1 Self-adjointness

A fact often glossed over in elementary introductions to quantum mechanics is that a
Hermitian operator is not the same thing as a self-adjoint operator [29]. Overlooking this

difference can lead to contradictions (especially in Chapter 3).

Let ‘H be a Hilbert space. Define the domain of an operator D(A) C ‘H, which is the

set of functions upon which the operator A can act. Then,
e A is an Hermitian operator if (¢, Ap) = (Av, ¢) for all 1, ¢ € D(A).

e A is a symmetric operator if it is an Hermitian operator and D(A) is dense. In
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Figure 1.4: Relationship between Hermitian operators, symmetric operators and self-
adjoint operators. Physical observables must be self-adjoint to ensure real eigenvalues
and orthonormal eigenstates.

particular, we have D(A) ¢ D(AM).
e Ais a self-adjoint operator if it is a symmetric operator and D(A) = D(AM).

These operators are described in figure 1.4. Mathematically, one can prove that real eigen-
values and orthonormal eigenstates are ensured only for self-adjoint operators. Therefore,

physical observables in quantum mechanics must be self-adjoint observables 2.

Let us investigate this difference with examples.

Example 1. Consider a single quantum particle confined in a finite range [0, 1] with
wave functions vanishing at the boundaries. Consider the momentum operator p =
—ihd/dx. This operator is Hermitian, that is, for arbitrary differentiable wave functions

o(x),1(x) we have

1

(o) = [ do g @)(ite(2) = <ihple)o(@)| + [ do (ing' (@) v(o) = (g ).
(1.5)

However, from elementary quantum mechanics, we know that this momentum opera-

tor does not have eigenstates, hence it is not self-adjoint 3.

2But, self-adjointness is not the only possibility for physical observables. Another possibility is oper-
ators with space-time reversal symmetry. These operators are discussed in Chapter 3

3Proof: Assume that there exist eigenstates 1 such that pi. = hkiy. Moreover, using [pir](z) =
—ihdiy (z)/dx we have ¢y (z) = Are’*®. However, from the boundary condition ¥ (0) = ¥ (1) = 0 we
have Ay = 0 which implies ¥y, = 0. Therefore, the momentum operator here has an empty spectrum.



Example 2: Consider the same problem but with periodic boundary condition ¢(0) =
¥ (1). In this case, one can easily show that the momentum operator p is Hermitian and
has a complete set of orthonormal eigenstates with discrete momentum eigenvalues, hence

it is self-adjoint.

1.4.2 Quantization of ring systems

In contrast to quantum mechanics on Euclidean space (R?), quantum mechanics on con-
strained systems have infinite number of inequivalent representations [29-31]. Let us first

consider the standard quantization scheme.

1. Replace real functions by self-adjoing operators.
2. Replace Poisson Brackets by Dirac Brackets.

3. Construct such irreducible representation of operator algebra on a Hilbert space.

N

{A,B}=C — [A,B]=C (1.6)

1
vh
Note that this quantization scheme cannot be executed naively to any physical variables.
In fact, for quantum mechanics on S!, the canonical commutation relation between angle

f and angular momentum 7y

~

[0, o] = ih (1.7)

is not satisfactory because 0 is a multi-valued operator. Position operators are defined
as a set of operators whose eigenvalues have one-to-one correspondence with points on a
manifold. That is, the position of a particle should be somewhere between 0 < 6 < 27
but a wave function ¢ (6) for an S* system is periodic with § — 6+ 2. So, 6 is ill-defined
because its multi-valuedness breaks the periodicity of the ring. For instance, defining

o(0) = [0¢](0) = 6¢(0) and using the periodicity of 1(0) we obtain

&0 + 21) — 6(0) = 21p(0) # 0. (1.8)
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Figure 1.5: The angle operator 0 is a multi-valued operator and not suitable to represent
the position of a particle on a ring. Instead, ring systems can be quantized with periodic
angle operators f. Here, Hp is the Hilbert space for a line and Hgq1 is the Hilbert space
of a ring system.

Moreover, although the operator [é, 7p] = ih does not have this problem of periodicity
(as it can be verified by direct computation) it leads to other problems. For exam-
ple, the expectation value of the canonical commutation relation with angular momen-
tum eigenstates v; (including the ground state 1) leads to two equivalent equations
(1, [0, 7ol = 1((hy, Oby) — (y,000)) = 0 and (¢, [0, 7pltyy) = (W, ikah) = ih. These
results lead to the contradiction 0 = ¢h. This facts suggest that the pair of operators
(0, 7g) is very sensitive to the domain on which their commutation relation is applied. In
other words, the canonical commutation relation imposes a restriction on possible wave
functions of a ring system [32]. Therefore, f is not suitable as a position operator. So,
how can we quantize a ring system with general periodic wave functions? Previous studies
to solve this problem include refs. [30,31,33]. In all cases, the solution was to use peri-
odic angle operators f with [f1](0) = f(0)¢(0) such as f(#) = 6 mod 2m, f(0) = cos?),
f(0) =sinf, and f(0) = e (figure 1.5).

1.5 SUPER LATTICE STRUCTURES IN MX, COM-

POUNDS

The effect of quantum mechanics (especially, the effect of macroscopic wave function)
on crystal phases is also studied for two-dimensional CDW systems. Transition metal

dichalcogenides (MX3) belong to the group of van der Waals materials characterized

10



by their two-dimensional layered crystalline structures. These materials induce various
two-dimensional charge density wave (CDW) phases depending on lattice symmetry, tem-
perature, thickness of the crystal, and other external factors. Two dimensional CDW is
gaining interests because of its rich physical content, potential applicability to nanoscale

electromechanics, and due to its close relationship with high-T superconductivity.

Although CDWs have a macroscopic wave function and a complex scalar order param-
eter like superconductors, a CDW is an electronic crystal at the first place. So, different
CDW phases are characterized by domain walls (topological defects): Such domain walls

appear to minimize interaction between the CDW and the underlying lattice.

The MX, compounds 17-TaS, and 2H-TaSe, (Figure 1 (a),(b)) exhibit various CDW
phases which are characterized by domain walls (topological defects). Interesting CDW
phases are the stripe phase with stripe domain walls and the triclinic (T) phase with
quasi-stripe domain walls, which surprisingly show up only on heating from the C phase
(Figure 1 (d) and (e)). These anisotropic domain structures were considered to appear
only in bulk compounds. However, in my collaborated experimental work [34], T domain
walls were also observed in monolayer 17-TaS,. Therefore, a new mechanism is required

to explain anisotropic phases.

1.6 OUTLINES OF THIS THESIS

In chapter 2, I show that time translation symmetry of a ring system with a macroscopic
quantum ground state is broken by decoherence. In particular, I consider a ring-shaped in-
commensurate charge density wave (ICDW ring) threaded by a fluctuating magnetic flux:
the Caldeira-Leggett model is used to model the fluctuating flux as a bath of harmonic
oscillators. Then, I show that the charge density expectation value of a quantized ICDW
ring coupled to its environment oscillates periodically. The Hamiltonians considered in

this model are time independent unlike “Floquet time crystals” considered recently. This

11
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Figure 1.6: CDW structures in 17-TaSy; and 2H-TaSe,. (a): Structure of 17-TaSs.
(b): Structure of 2H-TaSe;. These materials have two-dimensional layered crystalline
structures like graphene. Here, the red spheres represent Ta atoms and the yellow spheres
represent S or Se atoms. (c):The Ta atoms form a triangular lattice with superlattice
vectors a and b. A and B are commensurate (C) CDW superlattice vectors (A = (u +
v)a+vb,B = —va+ ub,|A| = |B| = \/u? + pv + v?|a]). The CCDW superlattice for
1T-TaSy (u = 3,v = 1) and 2H-TaSe; (1 = 3,v = 0) are shown with green spheres.
The Ta atoms on the star-of-David or hexagonal lines are shifted toward the central
green Ta atoms. (d) Temperature dependence of CDW phases in bulk 17-TaS,. (e)
Temperature dependence of CDW phases in bulk 2H-TaSe;. The blue arrows represent
the cooling cycle. The red arrows represent the heating cycle. C: Commensurate phase,
T: Triclinic phase with quasi-stripe domain walls (stretched honeycomb lattice). NC:
Nearly commensurate phase, IC: Incommensurate phase, N: Normal metal phase. The
domain walls of the NC, T, and stripe phases are depicted with solid lines.
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model forms a metastable quantum time crystal with a finite length in space and in time.

In chapter 3, I investigate time operators in the context of quantum time crystals
in ring systems. A generalized commutation relation called the generalized weak Weyl
relation is used to derive a class of self-adjoint time operators for ring systems with a
periodic time evolution: The conventional Aharonov-Bohm time operator is obtained by
taking the infinite-radius limit. Then, I discuss the connection between time operators,
time crystals and real-space topology. I also reveal the relationship between the above
time operators and a PT-symmetric time operator. These time operators are then used

to derive several energy-time uncertainty relations.

In chapter 4, I use Landau theories of two-dimensional CDW phase transition to make
a thorough numerical research of CDW free energy structure and discover a multivalley
free-energy landscape with many local minima. In addition, I discover local minima which
correspond to the T phase and to the stripe phase. These results can be explained by
topological defect theory (line defects in a two-dimensional plane) and interference be-
tween harmonics of macroscopic CDW wave functions, hence indicate the appearance of
anisotropic CDW phases without inter-layer interaction (hence also in monolayer). More-
over, I discussed the temperature dependence of successive phase transition, generalized
the McMillan-Nakanishi-Shiba free energy theory for two-dimensional CDW phase tran-

sition, and predict the appearance of new CDW phases in 17-TaSe,.

Finally, I conclude this thesis in chapter 5.
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Chapter 2

QUANTUM TIME CRYSTAL BY
DECOHERENCE: PROPOSAL
WITH AN INCOMMENSURATE
CHARGE DENSITY WAVE RING

2.1 INTRODUCTION

Wilezek’s original proposal of a quantum time crystal (QTC) is a quantum mechanical
ground state which spontaneously breaks time translation symmetry [1]. In this QTC
ground state there exists an operator Q whose expectation value oscillates permanently

with a well-defined “lattice constant” P, that is, with a well-defined period.

Volovik [20] relaxed the condition of permanent oscillation and proposed the possibility
of effective QTC, that is, a periodic oscillation in a metastable state such that the oscilla-

tion will persist for a finite duration 7¢ > P in the time domain and will eventually decay.

In this chapter, I promote Volovik’s line and consider the possibility of a metastable

QTC state without spontaneous symmetry breaking: 1 consider symmetry breaking by

14



[Original Idea: Spontaneous breaking of continuous time translation symmetry [1] ]

¥ J

[No-go theorem for time crystal [17] ] [Metastable time crystal [20] ]

Focus on relation

between
‘ Topology and
[ Floquet Time Crystal [21-28] ] "‘-._‘ Quantization
Time crystal by decoherence
(not spontaneous symmetry breaking)

Figure 2.1: A brief history of time crystals and proposal of time crystal by decoherence

decoherence of a macroscopic quantum ground state (Fig. 2.1 and Fig. 2.2). Decoher-
ence is defined as the loss of quantum coherence of a system coupled to its environment.
Coupling to environment will inevitably introduce friction to the system such that the
oscillation will eventually decay at ¢ = Tgamp. However, for t < 7o < Tgamp the oscillation
period P is well defined. If friction is sufficiently weak such that P < 7¢, then we have

a model of effective QTC with life time 7¢,.

My model consists of a ring-shaped incommensurate charge density wave (ICDW ring)
threaded by a fluctuating magnetic flux (Fig. 2.3(a)). A charge density wave (CDW)
is a periodic (spatial) modulation of electric charge density which occurs in quasi-one-
dimensional crystals [36-38]: the periodic modulation of the electric charge density occurs
due to electron-phonon interaction. If the ratio between the CDW wavelength A and the
lattice constant a of the crystal is a simple fraction like 2, 5/2 etc, then the CDW is
commensurate with the underlying lattice. A commensurate CDW cannot move freely
because of commensurability pinning, i.e. the CDW phase is pinned by ions’ position in
the crystal. On the other hand, if A\/a is effectively an irrational number [37], then the
CDW is incommensurate with the underlying lattice. An ICDW ring with a radius of
10pm, for instance, contains approximately 105 wavelengths [39], so it is possible that
a/A is very close to an irrational number. See the discussion section for an elaboration

of this assumption. The sliding of an ICDW without pinning is described by a gapless
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Environment

Figure 2.2: The concept of symmetry breaking by decoherence is illustrated. (a) A
simplified version of the two-state system considered by Leggett et al. [35]. A particle
can tunnel through a potential barrier and exist at two states simultaneously. However,
if this system starts to interact with its surrounding environment, then the particle will
localize at one of the states. (b) Similarly, the ground state of a free particle confined on
a ring is a plane wave state. Coupling to environment will localize the particle and break
rotational symmetry. Here, this “particle” corresponds to the phase of a charge density
wave (FIG. 2.3).

Nambu-Goldstone (phason) mode [36] and the energy of an ICDW is independent of its
phase (i.e. position), which implies that the expected ground state of an ICDW ring is
a superposition of ICDWs with different phases. Ring-shaped crystals and ring-shaped
(I)CDWs have been produced [40] (FIG. 2.3 (b)). The presence of circulating CDW cur-

rent [41] and Aharonov-Bohm oscillation (evidence of macroscopic wave function) [4] are

verified experimentally.

It is show in section 2.2 that the charge density expectation value of an isolated ICDW
ring with moment of inertia / is periodic in time with period P = 4xI/h. This periodicity
is a consequence of the uncertainty relation on S' (ring). However, this oscillation becomes
unobservable at ground state because the ground state of an isolated ICDW ring is a plane
wave state, i.e. a coherent superposition of ICDWs with different phases. Yet, it is shown
in section 2.3 that an isolated ICDW ring has off-diagonal long-range correlation in space

and in time. Therefore, in section 2.4 I use the Caldeira-Leggett model [42,43] to show that
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Figure 2.3: (a) I consider an incommensurate CDW ring threaded by a fluctuating mag-
netic flux. The wave (typically ~ 10° wavelengths) represents the charge density and
the dots represent the atoms of a quasi-one dimensional crystal.(b) ICDW ring crystals
such as monoclinic TaS3 ring crystals and NbSes ring crystals can be produced experimen-
tally [4,40,41]. (c¢)The ground state of an isolated quantized ICDW ring is a superposition
of periodically oscillating ICDWs, hence the oscillation is unobservable. Coupling to en-
vironment (fluctuating magnetic flux) will break the superposition and the oscillation
becomes apparent.
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time translation symmetry is broken by decoherence. More precisely, the superposition is
broken by decoherence and the amplitude of the ICDW oscillates periodically (Fig. 2.3
(c)). If the ICDW ring weakly couples to its environment then this state is a metastable
ground state. Therefore, this model forms an effective QTC with a finite length in space
and in time. Finally, the results are summarized in section 2.5 and some experimental

realizations are discussed.

2.2 GROUND STATE OF AN ISOLATED ICDW

RING

2.2.1 Classical theory of ICDW ring

It is well known that the electric charge density of a quasi-one-dimensional crystal becomes
periodic by opening a gap at the Fermi wave number kg and form a charge density wave
(CDW) ground state with a wavelength A = 7/kp [36]. Consider a CDW formed on a
ring-shaped quasi-one-dimensional crystal with radius R. The order parameter of this
CDW ring is a complex scalar A(z,t) = |A(z,t)| explif(z,t)], where |A(z,t)| is the size
of the energy gap at +kp, 0(x,t) is the phase of the CDW, = € [0,27R) is the coordinate

on the crystal, and ¢ is the time coordinate. The charge density is given by
n(x,t) = ng + ny cos[2kpz + 6(z,t)] (2.1)

where ng is the average charge density and n; is the amplitude of the wave. Bogachek et

al. [44] derived the following Lagrangian density of the phase of a ring-shaped incommen-

surate CDW (ICDW ring) threaded by a magnetic flux

90 90\ Ny | (90N (00
“ (%%)‘7[(@) -4 (5:)

where A is the magnetic vector potential, Ng = v&h?N (er)/(2¢2), N(er) is the density of

Ao
T Ot

states of electrons at the Fermi level per unit length and per spin direction, vg is the Fermi
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velocity of the crystal, cg = \/m/m*vp is the phason velocity, m* is the effective mass of
electrons and A is the reduced Planck constant. We first consider an isolated ICDW ring
with A = 0. Assuming that N(er) is equivalent to the density of states of electrons on a
one dimensional line, that is, N(er) = 1/(mwhvr), we have Ny = hvp/(2mc?). In addition,
assume the rigid-body model of ICDW, i.e. the ICDW ring does not deform locally and
the phase 6(x,t) = 0(t) is independent of position. Then, the Lagrangian, the canonical

angular momentum and the Hamiltonian of the ICDW ring are, respectively

Lo(6) = / " e (6) = ée’?, (2.2)
m9(0) = alg)ge) = 10, (2.3)
_

Ho(mg) = g0 — Lo(6) (2.4)

T2l

where § = df/dt and I = hRuvg/c% is the moment of inertia. We note that (2.2), (2.3),

and (2.4) are time independent.

2.2.2 Quantization of an isolated ICDW ring

Next, I quantize the ICDW ring system. Let Hy = #2/(2I) and 7y be the Hamiltonian op-
erator and angular momentum operator of the ICDW ring, respectively. The macroscopic
quantum state ¢ €  is defined in the Hilbert space ¢ of positive square-integrable
functions with the periodic boundary condition (6 + 27) = 1(6). The canonical com-
mutation relation [é, Tp] = ih is not satisfactory because 0 is a multi-valued operator and
is not well-defined. Ohnuki and Kitakado [30] resolved this difficulty by using the unitary

operator W and the self-adjoint angular momentum operator 7y defined by

We)(0) = e®(0),  [rev](0) = _ihaﬁg_(;’)

which satisfy the commutation relation on 7

[7tg, W] = BRIV (2.5)
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Hy is a function of 7, only, hence the complete orthonormal set {;}°___ of momentum
cigenstates spans .7 and satisfy ¢;(0) = ¢’ /v/2r. The eigenvalues of 7, are quantized
with (¢y|7g|th) = (h,1 € Z. W and W are ladder operators which satisfy W1 = ¥4, and
Wi, = _;. Therefore, (2.5) is the one dimensional version of the well known angular
momentum algebra [45]. Time evolution is introduced via the Heisenberg picture: 7y(t) =
eilot/hz  o=iflot/h anq W(t) = eiflot/hyjy e=iflot/h %, commutes with Hy, so 7o(t) = Tp. From

the commutation relation (2.5) I obtain the following solutions of T (t):

A

W(t) = it/ o5 = Vi eitFo/l ooy (2.6)

where p = I/h. The two different expressions in (2.6) arise from the noncommutativity

between W and e®/I_ For a QTC we need a periodic expectation value at the ground

state. So, I define the time dependent charge density operator
Az, t) = no + % (&“WW@) + h.c.) (2.7)
and replace the classical charge density (2.1) by the expectation value
n(x,t) = (A(x,t)). (2.8)

Any states in . must be a linear superposition of {¢;}, that is ¢ = >, ., ¢t provided
> lal®* = 1. Therefore, the expectation values (W (t)) and (f(z,t)) are periodic with

period P = 4my for any state 1):

2

— 5 [ 00+ 11.0) + 90,0 — 1/

(W (1)) = St (8)p + W (1)
1
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From the two different expressions of W (t) in (2.6) we can define the Weyl form of the

commutation relation [46]

TWeitte/T — eitfrg/IWe—%
hence the phase ﬁ and the periodic oscillation with period 47y is a manifestation of the
uncertainty principle. For an alternative explanation, let us consider an electron with
effective mass m* confined in a finite space with volume L ~ 2R. From the uncertainty
principle, the momentum uncertainty of this particle is Ap ~ h/(4R). This means that
the particle’s wave packet expands with velocity v = Ap/m* ~ h/(4m*R). Then, because
of the periodic boundary condition, the physical quantity W = e*®/* is periodic with
period P = A/v ~ 4mm*R/(hkp) = 4mm*R/muvp = 4w Rvp/c: = 4mwu. So, the origin of
the periodicity is (i) the macroscopic wave function of the ICDW ring expands due to the
uncertainty principle then (ii) W = ¢% oscillates periodically. However, the oscillation in
(2.9) is not observable at the ground state py = |to) (¢ho] because (0]p|p) = 5= and the 6
integral vanishes. Therefore, the ground state of an isolated ICDW ring is not yet a time

crystal because of superposition. Despite of this results, I show in the next section that

an ICDW ring has off-diagonal long-range correlation in space and in time.

2.3 SPACE-TIME CORRELATION OF ICDW RING

Consider the space-time correlation of an ICDW ring
C(Il, T, tl, tg) = <¢, 5’fl($1, tl)(STAl(IQ, t2)¢> (210)

Here, ® is the state of the ICDW ring. dn(z,t) is the charge density modulation defined
by
Sz, t) = i, t) — no = % (e%’wmt) + e‘QikF"”WT(t)> . (2.11)
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From Eq. (2.6) I obtain

2
(STl(LUl, t1>(5n($2, tg) = % <€2ikF(m1+z2)W(t1)W(t2) + €2ikF(xlix2)W(t1>WT(t2)

+ e 2k (@) Y (4 )TV (t,) 4 e 2ikr(@+a2) (tl)WT(m))
nj
4

4 e—QikF(rl—xQ)e%(%g—&—ﬁ) 4 e—mF(x1+m2)€—%1(2fr9+1)WTe—isz(zfrgH)WT)

. A it A it N . i(t1—t N
<€2zkf(m1+x2)Welz—ll(%rg—l—h)we;—?(%rg—l-h) I 621@(11_%2)62(127]2’)(%9_@

Our interest is the space-time correlation at the ground state. The ground state of an

ICDW ring is the zero angular momentum state vy. In this case, I obtain

Co(ZEh ZT9, tl, t2) = <77Z}07 5ﬁ($1, tl)(;ﬁ(l‘% t2)¢0> (212)
2 ) .
_ % (€2ikF(m1—m2)671<t12;t2)(0—’7) + 6_%@(11_%2)671@2;1)((H_f,,)) (2.13)
2 ih(t]—t
o 2 cos2kp (21 — 12)] (2.14)

Therefore, an ICDW ring has correlation in space and in time even at the ground state(Figure
(2.4)) This space-time modulation can be measured with a projection measurement, but
the measured state will immediately return to the superimposed state due to strong quan-
tum fluctuation (see Appendix A). Therefore, one needs a continuous measurement to
break space-time translation symmetry. I use interaction with environment to model this

continuous measurement process.

2.4 COUPLING TO ENVIRONMENT

'Now, suppose that the ICDW ring starts to interact with its surrounding enviromnent
at t = 0. Then, we expect decoherence of the phase . This interaction is modeled
using the Caldeira-Leggett model [42] which is a model quantum Brownian motion. It
describes a particle coupled to its environment. This environment is described as an set

of non-interacting harmonic oscillators. First, the classical solution 6(t) is calculated to

ladd a colorbar to the figure
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2kr(x1=x3)

Figure 2.4: Contour plot of correlation function Im[C(xy, xo, 1, t2)]
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study the dynamics of the ICDW ring. Next, this system is quantized to calculate the

amplitude of the charge density expectation value (n(zx,t)).

2.4.1 Lagrangian of ICDW ring with environment

Let us consider the following Lagrangian of an ICDW ring threaded by a fluctuating

magnetic flux
L(6,q,q) = —]02 + A(q)f + Z ( m]q] - —m]w q]) (2.15)

where ¢; are the normal coordinates of the fluctuation with mass m; and angular frequency

w;. The fluctuating magnetic flux is given by

N
Ala) =) ¢g;.
j=1

Classically, this magnetic flux will randomly changes the phase and the mechanical angular
momentum 16 of the ICDW ring due to electromotive force. Now, the principle of least
action § [ Ldt = 0 ensures that adding a total time derivative to a Lagrangian does not
change the equation of motion. One can show that an equivalent Lagrangian obtained by

the transformation

X
- E m;q;d; (2.16)
is
N 2 2
. . 1 . m; - m;ws; C.0
L =107+ | FZR0) — —L (Ri(0) — _
(0,R,R) 5 0 + j 5 R](H) 5 (Rj(e) mw;) ] (2.17)

which is the Lagrangian of a bath of field particles R; coupled to the phase 6 by springs.

(p: 0) = —Pits? pooY — om0 = s .
Here, we have R;(p;,0) e P;(gj) = mjw,q; and C; cjw;. Note that trans
lation invariance is conserved by this transformation. Eq. (2.15) and Eq. (2.17) are
precisely the kinds of Lagrangian considered by Caldeira and Leggett, so we can use the

results in [42] but with slight modifications due to periodicity.
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2.4.2 Equation of motion

The equations of motion from the Lagrangian (2.17) are

N
ddL dL . C;0
aan_ 4 16 = A R;() - 2.1
d dL  dL . 5
-0 = R(0) = —m.w2R. , 2.1
T =  m;R;(0) mjw; R;(0) + Cj0 (2.19)

Eq. (2.19) represents a harmonic oscillator with an external force C;#: This equation has

a well-known solution

R; L0y

R;(0) = R;ocosw;t + —22 sinw;t + / () sinw;(t — 7)dr (2.20)
Wi 0 MyW;

where R, and R are the values of R;() and R;(0) at t = 0, respectively. Upon inserting

Eq. (2.20) into Eq. (2.18) we find the generalized Langevin equation [47]

T6(t) +2 /0 Cdran(t — 0(r) = £() (2.21)

with the dissipation kernel aj(t — 7), the memory function (¢ — 7) and the classical

fluctuating force £(t) defined by

ar(t — 1) =Iy(0)0(t — 1) + é%’y(t —7),
N 2

Yt —7)= Z Imi,uQ cosw;(t — 1),

x
=3¢

R
Rj70(0) COSs w]‘t + ﬁ’o sin w]‘t] .
J

The correlation function of the classical force is given by the noise kernel ag(t — )

(€(E(T)) ey = ham(t —7)

N 2
C: Ao
ar(t—71) = XJ: m;wj coth <2kBJT) cosw;(t — )
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where the average (-)_  is taken with respect to the environment coordinate at equilib-

env

rium. It is convenient to define the spectral density function

T C2
J(w) =5 Z mji; jé(w — wj) (2.22)

J

and assume the power law spectrum J(w) = Ig,w® [48,49] with a cutoff frequency Q and

0 < s < 2. Then, ag(t —7) can be written

Igs [% hew
t—17)= s h — .
ar(t — 1) - /0 w® cot (2kBT) cosw(t — 7)dw

2.4.3 Classical solution

Classical solution of the generalized Langevin equation Eq. (2.21) is obtained by a Laplace

transform:

() = G(t)0(0) + G(1)9(0) + % /t drG(t — 7)&(t) (2.23)

0

with the fundamental solution

Glt) = £ {;} (t).

2% + 24(2)

where £71 is the inverse Laplace transform. The Laplace transform of the memory func-

tion y(t) can be written [43]

q 1/(2—s)
i) = e ()

and G(t) takes the form of a generalized Mittag-Leffler function E, g(z) = > 7o, F(#Z,B):

G(t) = tEy g4 (wst)* %]

For ohmic damping with s = 1 and 4(z) = g1 = 27, we obtain

G(t) = 1_2—7 (Ohmic) (2.24)
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G(t) and G(t) are shown in FIG. 2.5. We note that G(t) ~ 1 for t less than some
damping time scale Tgamps. In other words, the fluctuating magnetic flux does not affect
the dynamics of an ICDW ring for ¢ < 7qamp,s and e oscillates periodically with period
P ~ 4rp. Next, we quantize the ICDW ring + environment system to show that this
oscillation is observable for a finite time 7 and form an effective QTC as a metastable

state.

2.4.4 Quantization of ICDW ring coupled to environment

The ICDW ring + environment system is quantized using the commutation relations

[ﬁ'g, W} = hW and [(L,]ak] = zhéjk
W is independent of the environmental coordinate. So, the expectation value of W is

0 (0) = [ doe [ done . 6x. 56— 00 (2.25)

where the delta function § (60— ¢x) is included for later convenience and the reduced density

matrix of the ICDW ring is (see Appendiz B)

p(0r, o1, 1) :/ in/ dgi Y p(Bs, ¢1,0)T (0r + 27l b + 27la, £ 65, 1, 0). (2.26)

l1,l2€Z

The effect of environment is included in density matrix propagator J. Here, environmental
degrees of freedom are traced out using the path integral formalism. The path integral is
evaluated by expanding CDW coordinate and environment coordinates around classical
paths with initial conditions which is presumed to determine the initial CDW phase.
Other initial conditions can be obtained by a global gauge transformation. The exact
form of J(6f, ¢x,t;6;, ¢3,0) for ohmic dissipation s = 1 was calculated in [42]. Calculation

of the reduced density matrix for general damping with arbitrary s is essentially equivalent
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Figure 2.5: These plots are shown with g, = 1/sec. and u = 107% sec. (a)The fundamental
solution G(t) of a classical ICDW ring coupled to its environment is shown for sub-ohmic
(s < 1), ohmic (s = 1) and super-ohmic (s > 1) damping. Note that G(t) ~ t for ¢ less
than some time scale Tgamps. The time ¢ is normalized by 4mwp, so the horizontal axis
gives the number of “lattice points”. (b)The derivative of the fundamental solution, G(t),
heuristically describes the velocity of the ICDW ring. Note that G (1) = 1 for t < Tgamps-
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to [42] and I obtain

J (0, ¢, t; 0, ¢5,0) = (t> exXp <7%S[()0c1790c1] P[%l]) . (2.27)

o = 3(0a + ¢a) and ¢ = ¢a — fa are the classical coordinates obtained from the

Euler-Lagrange equation (see Appendix C)

I (u) + 2 / drgn (Yon(r — u) = 0, (2.28)

It (u) + 2 /0 " drot(Pa(u—1) = 0, (2.29)

whose solution are given in terms of boundary conditions ¢ = ¢5(0), oF = ¢=(t):

ph(u) = ri(u; 1)l + kg (u; el (2.30)
Palu) = kit —ust)py + ket —uit)er, (2.31)
ri(u;t) = Gu) — %G(u), (2.32)
kp(ust) = C(;;(:)) (2.33)

The classical action and the noise action are given by

Sled, eal = Salef e e ¢, 0) = —Ileh(t)er — ¢5(0)e1],

I'eg] =Laley,t9;,0) 2h/ dT/ dr'o™ (T)ar (T — 7)™ (s).

F2(t) is a normalization function such that tr[p(t)] = (1) = 1. The winding

_ |1
- ‘hG(t)
numbers [; and [y can be absorbed into the 6y and ¢¢ integrals, respectively, by changing

the domain of 6y and ¢ from S* to R'. The charge density expectation can be calculated
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and I obtain (see Appendix C)

W) =+ / " 6 exp {z’G(t)ei - %f“) Tu(2rn,t—G () /. o>} p(6:,6, — G()/211,0)

+ % /7r d@z exp {ZG(t)ez + Zc;(l;)—fj(t) _ FC1(27m,t; —G(t)/M,O)} p(ei + G(t)/Q/L,Qi,O),

(2.34)

This is the most general form of the expectation value of W for an ICDW ring coupled

to its environment.

2.4.5 Early time approximation

Let us consider the classical solution (B.54) with ¢} = 6; and ohmic damping (2.24),
then we see immediately that 6(t) ~ 6(0)e~2". Therefore, we are interested in the range
t < 1/(27) = Tdamp1- For general dissipation, we can see from Fig. 2.5 that there exist a
time scale Tgamp s such that G(t) ~ t, G(t) ~ 1 for t < Tgamp,s.- For t < Tgamps 1 obtain

¢ (7) = 7/p and the noise action can be written

g5 [“ hw
La(2n, ts=G(0)/0) = Pra(t) = 2 [ oot (52 1(0),

T(w) = w42 + w’t? — 2coswt — 2wt sinwt).

Taking the low temperature limit % — 00 such that coth % — 1 I obtain
s—3 s—3.1 s—1. 14202 s—1 s—1.1 s+41. 1,202
r, (t)_ﬁﬁ (1B (55550 —aP9) - 1) g2 (B (P75, 55 —at?9) — 1)
° v 5—3 21 s—1

where 1 F5 (aq; by, bo; 2) is the generalized hypergeometric function. Define the decoherence
time Tyecoh,s such that I'z s(Tgecon,s) = 1. Numerical analysis shows that the order of Tgecon,s

does not change with 2 < 1/(2u) and decreases rapidly for Q > 1/(2u). If weset Q ~ 1/

30



e "= sinc(r G (1))
s=1.2
§x107°

6x107°
4x107°
2x107°

5=1.0
. s5=08

"y

= =T et G - '
10° 10" 10?2 10° 10% 4
ny*= (1)
my
1x107*
(b)
5x107>
101\ [102| [103| [104.
~5x107° i
-1x107

Figure 2.6: (a) The amplitude of the charge density oscillation is shown for g, = 1Hz,
p = 1078sec. and Q = 1/p. This oscillation is an effective QTC. In general, the oscillation
amplitude is larger for super-ohmic(s > 1) damping but has a small life time 7. On the
other hand, the oscillation amplitude is small for sub-ohmic (s < 1) damping but has
a long 7g. (b) The charge density oscillation is shown for super-ohmic damping with
s=1.2, g1o = 1/sec., u = 1078sec. and Q = 1/u. The time ¢ is normalized such that the
horizontal axis gives the number of “lattice points”.
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and use the ground state pg, then for ¢t < 79 = min{7qamps, Tdecon,s } We have

n(z,t) = ng + ny™(t) cos(2kpx), (2.35)

OScC.

n%e(t) = nysinc[rG(t)] cos e Trs® (2.36)

Equation (2.35) is the main result of this chapter. It shows that the amplitude of an
ICDW ring threaded by a (time independent) fluctuating magnetic flux oscillates for a
finite time 7o and form an effective QTC. In the no-damping limit 4(z) — 0 we have
G(t) — t,G(t) — 1 and recover (W (t)) = 0. This charge density oscillation is shown in

FIG. 2.6.

2.5 DISCUSSION

First, I elaborate the assumtion of ICDW ring. A mathematical definition of ICDW is
that \/a is an irrational number. We note that a CDW formed on a macroscopic crystal
is basically incommensurate because the wavelength of a CDW is given by A = 7/kp,
where the Fermi wave number kg is usually an irrational number for an arbitrary band
filling. However, strictly speaking, A\/a of a finite-size system can never be irrational.
A physical condition is that the commensurability pinning energy is negligible, which is
possible if A/a cannot be expressed as a simple fraction like 2, 5/2, etc. In order to
explain this, suppose that Ma/\ is an integer for some integer M > 2. In other words,
the same atom-electron configuration is obtained if we move the CDW by M wavelengths
and €xionke = € (€ is the energy of an electron with momentum Ak). Then, the energy

required to move a CDW by a small phase ¢ from its equilibrium is [50]

A2 (el ANY 2 Mg?
o = AL (d81Y" 2t

where €p is the Fermi energy, W is the band width, |A| is the CDW gap width and e is
the elementary charge in natural units. The M-dependence of this energy is shown in Fig.

2.7. We see that €(¢; M) approaches zero rapidly for large M as the distinction between
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Figure 2.7: M-dependence of commensurability energy

rational and irrational numbers becomes academic. For example, for a ring crystal with
N, atoms and N, CDW wavelengths, we obtain A\/a = N,/N). Therefore, for a large N,
and a large N,, M can always be arbitrary large, hence the commensurability energy is

completely negligible.

Usually, superposition of ICDWs with different phases is not observed because of im-
purity pinning. However, the probability of impurity decreases with decreasing radius.
Commensurability effect may become significant for small radius (more precisely, for some
small M). But, the origin of the “time crystal periodicity” in our model is the uncertainty
principle, which appears as a collective fluctuation of the ICDW phase. If commensurabil-
ity effect becomes significant, then the ICDW phase is expected to fluctuate periodically

around some phase 6 = 6, determined by the ions’ position.

Next, I discuss the presence of an upper bound and a lower bound for the radius of the

ICDW ring in this model. Decoherence induced breaking of time translation symmetry
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occurs, in principle, only in mesoscopic systems: There is an upper bound for the CDW
radius determined by the coupling strength v = ws/2 and a lower bound given by the
CDW wavelength A. I will first calculate the upper bound by replacing the environment
with an equivalent LC circuit. Here, I focus on Ohmic damping because an approximate
form of v can be calculated explicitly. In general, the coupling strength v depends on the
CDW radius R. In order to explicitly see the R dependence, suppose that the fluctuating
magnetic flux comes from an external coil connected to a series of parallel capacitors.

Then, the Lagrangian of the CDW + environment system is

N
m
Lmult—LwMJCDWZI > 5 I W@,
J=1 7j=1

Ly is the Lagrangian of an isolated ICDW ring, Icpw = e /7 is the CDW current induced
by the fluctuating flux, (); is the net charge on the capacitor j with capacitance %j, m
is the inductance of the coil, w; = 1/ \/m_%”] , and M is the mutual inductance between
the coil and the CDW. We immediately see that Lcuis 1S equivalent to the Lagrangian in
equation (2.15) but with the interaction Lagrangian replaced by 0 ZN Mﬂ c(). Therefore,
define p; =ml;, C; = M ew]z /7 and we obtain the Lagrangian in equation (2.17) after the

canonical transformation

N

d Z(MICDW +p;)Q;

L= Lcircuit dt

with P; = mR; = mw;Q; and R; = —(p; — MIcpw)/(mw;). Assume that the radius of
the coil 7., is much larger than the CDW radius R and that the coil and the CDW are
concentric. Then, we obtain M = (uomR?)/(2reon). Next, integrate (2.22) with respect to
w from w =0 to w = Q = 1/ and obtain v = SR, § = (7pde?pcs)/(32hr? ymv?). Here,
fo is the permeability of free space and p is the density of states defined by > i [ dwp.
If we assume that p ~ 2 like in the Caldeira-Leggett model, then the order of 5 may
change depending on the parameters of the CDW and the parameters of the coil, but

~v = BR is usually smaller than 1Hz. Now, if the radius of the CDW ring is too large, then
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periodicity does not appear because the oscillation period exceeds the lifetime 74 of the
time crystal. The upper bound of the CDW radius R is given by the condition N > 1,
where N = min{7gamp.s; Tdeph,s }/(474t) is the number of oscillations. For Ohmic damping
(s = 1) we have the approximate form Tqamp1 = 7~ and Taepn1 = \/F = /I Tdamp,1-
Let puy < 1, i.e. Tgamp1 > Tdeph1 (Which is a valid assumption because a typical value for
p with radius 107%m is 1075 and ~ is usually smaller than 1Hz), then, the upper bound

to observe more than one oscillation is R < 4#&?)7,8 which is typically Imm. There is also

a lower bound determined by the CDW wavelength A: The radius should be large enough
to define a Fermi surface. This condition is given by pr = hw/A > h/R. In other words,

R should be much larger than \. 2

The origin of friction in the Caldeira-Leggett model is that the system energy dissipates
into the surrounding environment and, because the Caldeira-Leggett model assumes an
environment with an infinite degrees of freedom, the dissipated energy never comes back.
Therefore, I expect that friction can be reduced for an environment with finite degrees of
freedom. Ideally, one would like to construct a model of time crystal with an infinite life-
time using dephasing, that is decoherence without dissipation. Dephasing is possible with

a spin environment, and the possibility of time crystal by dephasing is left as future study.

Finally, I discuss how this model can be tested experimentally and discuss how my
results may be applicable to other physical systems. Ring-shaped crystals and ICDW
ring crystals (such as monoclinic TaS; ring crystals and NbSes ring crystals) have been
produced and studied by the Hokkaido group [4,40,41]. Therefore, this model can be
tested provided ring crystals with almost no defects and almost no impurities can be pro-
duced. The oscillation in (2.35) implies that the local charge density of the ICDW ring

oscillates with frequency w = h/2I. For a ring with diameter 2R = 1um, vp/cy = 103

2For another reason, suppose that the de-Broglie wavelength of the ICDW ring Ay = 27h/p can be
defined consistently. Then, superposition of ICDWSs with different phases is expected to be broken for
AaB < A. The mass m*of an ICDW is a constant determined by the electron-phonon interaction strength.
So, using p = (m*\)/u we obtain Agg = 87 R. Therefore, the condition A\yp > A implies R > \/8w, which
is always true here.
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and vp = 10°m/s, we have w = 10®H 2. The time dependence of the charge density mod-
ulation can be measured using scanning tunneling microscopy (STM) [51] and/or using

narrow-band noise with vanishing threshhold voltage [52].

Recall that the origin of the quantum oscillation in this model is the uncertainty prin-
ciple. If we were to consider a single particle with mass m* confined on a ring with radius
R, then the particle’s wave packet expands with a velocity v ~ h/(4m*R) and e? oscil-
lates with period P = 2w R/v. However, a charge density wave has an internal periodicity
given by the wavelength A\. Then the period of oscillation is P ~ \/v. Therefore, because
an [CDW ring is described by a macroscopic wave function with internal periodicity, the
number of lattice points N in the present model is numerous. And yet, the periodicity
of W (t) seems to be universal for any wave functions on S' (ring system). Therefore,
the analysis and results in this section may be applicable to earlier models of QTC such
as [1,53,54] and annular Josephson junctions [55]. Moreover, it was shown in ref. [56] that
the ground state of a *°Ca™ ring trap possesses rotational symmetry as the number of
ions is decreased. Our results predict that quantum oscillations may appear in such ring
traps with the appropriate set up. We also recall that Volovik’s proposal of metastable
effective QTC [20] is not restricted to ring systems. Therefore, time translation symmetry
breaking by decoherence may occur in other systems coupled to time-independent environ-
ment, and without a periodic driving field. I also expect that many other incommensurate
systems such as incommensurate spin density waves [36], incommensurate mass density
waves [57-59], or possibly some dielectrics that exhibit incommensurate phases [60], may
be used to test time crystal by decoherence and to model QTC without spontaneous

symmetry breaking.
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Chapter 3

TIME OPERATORS AND TIME
CRYSTALS

3.1 INTRODUCTION

In quantum mechanics and quantum field theory, position operators, momentum oper-
ators and the position-momentum uncertainty relation are well-established. For a one
dimensional system, the position-momentum uncertainty relation AzAp > h/2 can be
derived mathematically from the canonical commutation relation [z, p| = ih. The energy-
time uncertainty relation AEAT ~ h is also known experimentally. In analogy with
position and momentum, one exepts that the energy-time uncertainty relation can be
obtained from a commutation relation as shown in figure 3.1. However, how to define a
corresponding time operator is still an open problem: One of the reasons is the difficulty

to define a self-adjoint time operator T conjugate to a Hamiltonian operator H which

[£,9] =ih —8 7 7] = ih

lGoaI

AxAp > h/z «Look similar AEAT > h/z

v

Figure 3.1: A motivation to define time operators.
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satisfies the canonical commutation relation [61,62]!

[H,T] = ih. (3.1)

The difficulty to define time operators lies in the difference between self-adjoint opera-
tors and symmetric operators even though these are both Hermitian operators (Fig. 3.2).
The existence of orthogonal eigenstates and real eigenvalues is ensured for self-adjoint
operators but not ensured for symmetric operators. So, observables in standard quantum
mechanics have to be represented by self-adjoint operators [61] but most of the time oper-
ators which satisfy Eq. (3.1) are symmetric non-self-adjoint operators [62]. For example,

the Aharonov-Bohm time operator [63]

(@p~' +p ') (3.2)

which describes the arrival time of a free particle on a line (R) is a symmetric operator
without orthonormal eigenstates [62]. Such objection was first raised by W. Pauli’s well-
known theorem [64]. E. Galapon disproved Pauli’s theorem by specifying Pauli’s implicit
assumptions, then he proved that self-adjoint time operators which satisfy Eq. (3.1) can
be defined in confined systems [65,66]. The mathematical structure of time operators
for a Hamiltonian with discrete eigenvalues was studied by Galapon [65,67], Arai and

Matsuzawa [32], and Arai [68].

In this chapter, I consider the above problem in the context of quantum time crystals
(QTC) in chapter 2. The periodic oscillation of a QTC seems to promote time from a pa-
rameter to a physical observable. So, I propose that QTC are candidates for constructing

time operators.

In section 3.2 T use a generalized commutation relation called the generalized weak

'More precisely, if the eigenvalues of a Hamiltonian are continuous and bounded below, then there is
no self-adjoint time operators which satisfy the canonical commutation relation (1).
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Figure 3.2: Conventionally, physical observables should be represented by self-adjoint
operators. The Aharonov-Bohm time operator Tp [Eq. (3.2)] is a symmetric operator
which describes the arrival time of a free particle on a line R [63]. T derive the self-adjoint
operator Ts1 [Eq. (3.18)] for a free particle on a ring system S 1. Tk is obtained by taking
the infinite radius limit of Tq:1.

Weyl relation (GWWR) [69] to derive a class of self-adjoint time operators for a free
particle in a ring system. The GWWR is required for a consistent quantization of ring
systems. These time operators show a periodic time evolution intrinsic to ring systems.
The conventional Aharonov-Bohm time operator is obtained by taking the infinite-radius
limit. Then I discuss the connection between the GWWR, time operators, time crystals,
and real-space topology of the system. Moreover, operators obeying PT-symmetry have
real eigenvalues if their eigenstates are PT-symmetric as well [70-72], but the possibility
of PT-symmetric time operators has not been considered in literature. So, in section
3.4 T reveal the relationship between the self-adjoint time operators in section 3.2 and
a PT-symmetric time operator with orthogonal eigenstates and real eigenvalues. This
PT-symmetric operator reduces to a non-Hermitian time operator [73] in the infinite-

radius limit. Then, in section 3.5, I derive several energy-time uncertainty relations for

self-adjoint and P7T-symmetric time operators.
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3.2 SELF-ADJOINT OPERATOR IN §!

3.2.1 Generalized weak Weyl relation and real-space topology

There is a hierarchy of operators which satisfy stronger and weaker versions of the canon-
ical commutation relation [30,31,33,61,69, 74-76]. Here, I consider the generalized weak
Weyl relation (GWWR) introduced by A. Arai [69]. As I exemplify below, the GWWR
is necessary for a consistent quantization of ring systems. Let Abe a symmetric operator
on a Hilbert space H, let B be a self-adjoint operator on H and K(s) (s € R, s may
denote time, position, or some other variable) be a bounded self-adjoint operator on H

with D(K (s)) = # (D(-) denotes operator domain), Vs € R. We say that (A, B, K) obeys
the GWWR in H if for all [¢) € D(A) and for all s € R we have e~*B/1 1) € D(A) and

Ae~isB/h |Y) = e_iSB/h(/Al + K(s))|v). (3.3)

K (s) is called the commutation factor of the GWWR. A and B may represent position,
momentum, angular momentum, Hamiltonian, time operator, etc. Moreover, if K (s)
is differentiable with respect to s, then one can differentiate both sides of Eq. (3.3)
and set s = 0 to obtain the generalized canonical commutation relation (GCCR) for all

1) € D(AB) N D(BA)
[A, B] [¢) = iK' (0) [4)), (3.4)

where / denotes derivative with respect to s. For K(s) = +s Eq. (3.3) reduces to
the weak Weyl relation [74,75] and Eq. (3.4) reduces to the canonical commutation
relation[A, B] |1)) = +ih|tp). These relations are summarized in Fig. (3.3) I conjecture
that the commutation factor K (s), in general, depends on the real-space topology of a

quantum system. Several examples are given below.
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d/ds d/dt

— —
Weyl relation Weak Weyl relation Canonical commutation
relation
eisBpitA — ,itA,isB yits BeitA = eitﬁ(g +t) [A' g] =i
d/ds da/dt
— —>
Generalized Weyl relation Generalized weak Weyl Generalized canonical
relation commutation relation
eiséeitfi — eitAeis(EH?(t)) Beitﬁ — eitﬁ(g + E(t)) [A,E] — iI?’(O)

Figure 3.3: Relationship between the Weyl relation, weak Weyl relation, canonical com-
mutation relation, and their generalization.

One-dimensional system

The Hilbert space of a one-dimensional system is H = L*(R). The position operator #
and the momentum operator p are both self-adjoint. For (/1, B, K(s)) = (Z,p, s) we have
[#,p] = ih. For (A, B, K(t)) = (Tr, H, —t) we have [H,Tg] = ih, where H = p?/2m and

Tk is the Aharonov-Bohm time operator defined in Eq. (3.2).

Confined system

Galapon [65] and Galapon, Caballar, and Bahague [66] considered time operators in con-
fined systems with the Hilbert space H = L?*([—,[]) and with the boundary condition
d(=1) = e 2¢(1), » € H, |y| < 7. Let us consider a free particle with the Hamiltonian
H, = p3/2m. If v # 0 then p = 0 is not an eigenvalue of p., so p* is a bounded self-
adjoint operator. If v = 0 (periodic boundary condition) then p = 0 is an eigenvalue of
Dy SO D Uis well-defined only if the zero-momentum state |p = 0) is removed using pro-
jection operators [65,66]. In both cases, it is possible to define a self-adjoint time operator
T, = —2(2p, ' + p; ') which satisfies the canonical commutation relation [/, T}] = ih.

This commutation relation is well-defined within a restricted domain.

My main concern is as follows. Position operators are defined as a set of operators

whose eigenvalues have one-to-one correspondence with points on a manifold. But in the

41



case 7 = 0 (periodic boundary condition) & is a multivalued operator, hence it is not
suitable as a position operator [30,31,33]. For instance, any continuous wave function
1 of a ring system must satisfy the periodic boundary condition but Z1 is not periodic.
Moreover, if & is not used with care, then many contradictions occur. For example,
the expectation value of the canonical commutation relation with momentum eigenstates
1, (including the ground state 1) leads to two equivalent equations (v,|[Z, po]|1,) =
P((Upl2|p) — (Wpl|2[ty)) = 0 and (|2, Pol[vhp) = (Yp|ih|thy) = th. These results lead to
the contradiction 0 = k. Similarly, one can verify that (,|[Ho, Tp]|1,) = 0 for p # 0.
These facts suggest that the pairs (&, pg) and (TO, I:IO) are very sensitive to the domain on
which their commutation relation is applied. In other words, the canonical commutation
relation imposes a restriction on possible wave functions of a ring system [32,65]. So,
how can we obtain position operators, time operators and commutation relations for
general periodic functions? This problem can be solved with periodic position operators

as explained below.

Ring systems

Let H = L*([—m,7]) be the Hilbert space of ring systems with the periodic boundary
condition ¢(0) = (0 + 2m), where § = z/R is the angular coordinate. As I exemplified
above, how to quantize ring systems has been an important problem in the formulation
of quantum mechanics. Previous studies to solve this problem include refs. [30, 31, 33].
In all cases, the solution was to use periodic angle variables such as f(f) = 6 mod 2,
f(0) = cosf, f(#) =sind, and f(#) = €. In fact, these different formulations have the
same mathematical structure, namely the GWWR. Instead of the multivalued position
operator & or the angle operator 0 = /R, 1 use a periodic position operator f such
that f10) = f£(0)]0) with f(6 + 27) = f(0). I also define f, = eios/hfe~ifos/h ith
1y |0) = f(0+ s)|0), 79 = Rp is the canonical angular momentum operator. Then, from

the GWWR with A = f and B = #, I obtain K(s) = f, — f, K'(s) = f/ = df,/ds, and
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these operators satisfy the GCCR

(7o, f] = —ihfl| _,. (3.5)

Any physical periodic operators can be constructed using Fourier series

o0

F1oy=1©)10)= > cac™lt)= > cW"6)

n=—oo n=-—o0o

where W = g"\@, Wwh=w- [30,31]. 7y and W satisfy the following eigenvalue equations

and commutation relation in H

W 19) = 1), (3.6)
ro|l) = IR |1, (3.7)
W™l = [l +n) (3.8)
[7tg, W™ = nhIW™. (3.9)

Note that  and n are integers and one can verify that W=" = W". From this definition
with Eq. (3.5) and Eq. (3.9) I obtain

oo . o0

f;‘szoz Z Cn%[ﬁ'g,wn] = Z Cnin W™,

n=—oo n=—oo

Besides, it is a known fact from spectral analysis that the real and imaginary parts of a
bounded operator (i.e. an operator whose spectrum is bounded from above and below)
are self-adjoint operators. Wns are bounded operators, so f is a bounded self-adjoint
operator if ¢, = ¢*,. As specific examples of f we may take the self-adjoint sine operator

S and the self-adjoint cosine operator C to specify a point on a ring [31,33].

. W wt 1

=2 = =6, (3.10)
2 27

L W =Wt '

§ =5 (ea=cy = 50m), (3.11)
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Another important operator is the single-valued periodic angle operator © |#) = (6 mod2r) |6)

[33]

A C (_1)n+1 in Ir—n . Y
o= ; (" = W) = —iLog(W) (3.12)
which is the operator version of the “sawtooth function” ©(0) =23~ (—1)"*'n"'sin(nf) =

—iLog(e?), i.e. the angle @ restricted in the region [—m,7]. These operators satisfy the

commutation relations

[#t9, C] = kS, (3.13)
[7tg, 5] = —ihC, (3.14)
[0, 7] = ih{1 — (6 + )} (3.15)

Now, one of the requirements to define time operators is that they satisfy a commuta-
tion relation similar to that of position and momentum: This requirement is necessary to
derive time-energy uncertainty relations as well as for the unification of space and time
in quantum mechanics. In this context, I propose that the quantization of physical time
observables in ring systems, including time intervals and events, should be done based
on the GWWR. One can either use [H,T] = ik with a restricted domain or consider a
generalized time operator with a larger domain (i.e. many other physical states) such
that [H,T] = ihK'(0). There is no obvious reason that a time operator must satisfy
the former case, especially when boundary conditions play an important role. If periodic
position operators f are used instead of é, then time operators are expected to obey a

commutation relation similar to Eq. (3.5).

3.2.2 Derivation of generalized self-adjoint time operators

Using the quantization of ring systems based on the GWWR and the GCCR, I show
that there exists a class of generalized self-adjoint time operators in ring systems with

K'(0) = f;"s:o' I take Eq. (3.5) as a starting point to derive these operators. Consider a
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free particle with moment of inertia / and Hamiltonian H = g—§ Consider the following

commutation relation

[H W ) = [H W] > (1) (1)

l=—00
0o

=" (B — B) L+ n) (I[y),
l=—00
where T used Eq. (3.8), H |l) = E;|l) and the identity operator 1 = 327°__|I) (I|. The
desired time operator is obtained if we can get rid of E;,,, — E; = W If n is an odd
integer then | = —% is not an eigenvalue of 7y, so 1/(2[ 4 n) is bounded. On the other

hand, if n is an even integer, we can use the projection operator &_, /, to remove the

state |—%5). In both cases, I define the time operator T as

- (1—0;-2)
T ) = —MZ_:OO Cnnhm 1L+ n) (llyY),
0 e D) ={ 3 aul)s 3 ol < oo}
l=—00 l=—00

This kind of time operator has been studied in refs. [32,67,68]. The commutation relation

between this time operator and the Hamiltonian gives

[e.e]

[H, Ty == > canh(l—06_2)[1+n)(ly)

n,l=—oo

- — Z cnnﬁW" ) + Z con2nhi|n) (—nli)

n=—oo n=—oo

=infl| _ [0y + D can2nhin) (—nly),

n=—0oo

1) € D(HT) N D(TH).

Here, |n) are linearly independent, hence the last term with ¢y, vanishes only if ¢, (—n|t)) =

0 for all n. Finally, I define the bounded self-adjoint operator which has the dimension of
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time

21 _
. 2%p+nh , n=odd

Mn pry
21 _
D)2 ST P_njp2 , N =even

and write our time operator as

T=— Z an"/ln

Z Co W b, + C
= — 2 ,
[H,T] ) =ihfi] _, ¥, (3.17)

) € { ) € D(T) : con (—nlth) = O,Vn}.

The symmetrized form in the second line is obtained from the fact that W, = fi_, W™

and ¢} = c_,. This time operator has the following properties:

1. T is a bounded symmetric operator, hence it is self-adjoint. Another reason that this
operator is self-adjoint is that the Hamiltonian has discrete energy spectrum [32,65,67,68].
Discreteness of the energy spectrum is very important but, as we have seen, it is not the
only factor that determines the time operators.

2. T satisfies the GWWR (3.3) with (A, B, K(t)) = (T, H,T(t)=T), T(t) = e!t/"]e=iHL/h,
One can readily show that dK () /dt|,—o = — f/ |S:0 and obtain the correct generalized com-
mutation relation.

3. Note that 7" is not unique because, for any self-adjoint operator F which commutes
with the Hamiltonian, T and the new operator T+ F satisfy the same commutation
relation with H. Such operators can be added if necessary. However, if f is prescribed
then 7" is unique up to addition of F. Which f we choose depends on physical basis, i.e.
on the phenomena (such as time of arrival, time crystal or other events) that we want to
observe.

4. If we choose f such that Rf — & in the infinite-volume limit R — oo, then the com-
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mutation relation Eq. (3.17) reduces to the canonical commutation relation (3.1). This
limit must be taken for |¢) in the domain D C D(HT) N D(TH) such that |¢)) € D is
also square-integrable for R — oco. This domain includes the Gaussian-like minimum-
uncertainty state considered by S. Tanimura [31].

5. T is defined as a linear combination of non-Hermitian operators W",un. These oper-
ators have space-time reversal (P7T) symmetry. The significance of PT-symmetric time

operators is discussed in section 3.4.

Now, let us consider some special cases and discuss their physical significance. If

n = 50,1 then obtain

T = Z[MWT — Wiy = Im[, W1, (3.18)
which satisfies the commutation relation

[H,Ts:] = ihC. (3.19)

Note that Tis1 reduces to Tk in the infinite-radius limit R — oc. Using © = R0,

k=1/R, p=hk, (0]l) = (z|k), and I = mR?, one can verify that

) 1 -
ONTsl) = O1( W' —Win)|l)
1 ([ 2mR* _, 2mR?
_ _2mBT iy _2mBT o)1)
2i \ (20— D)h @2+ 1)h

m 7

--= (m 4 %) (2k) + O(R~?).

Then, from the commutation relation [#,p~!] = —iki/p? and equation (3.2) I obtain

(0Ts1[1) = (x|Tk|k) + O(R™).
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Similarly, one can show that RS —siand C —1as R — 00, hence

TSI — TR,
1S, 9] = ihC — [&,p] = ik,

[H,Ts1] = ihC — [H, Tg) = ih,

as R — oco. Therefore, I conclude that T is a self-adjoint analogue of the Aharonov-

Bohm time operator Tk in S*.

If ¢, = ¢*,, = 36,1, then I obtain the time operator Tg‘f
rRe ~ Los Y val
To' = jun — §[WM1 + W] (3.20)

which satisfies the commutation relation
[H,T5¢] = —ihsS. (3.21)

Note that f; in Eq. (3.20), which commutes with the Hamiltonian H, was included
so that the matrix elements of T & do not diverge in the limit R — oo. The physical
significance of TH¢ can be understood by taking the large radius limit. Using I = mR?,

| = Rk = Rp/h and 6 = z/R, | find that T?le has matrix elements

. 27 (1 — 20+ 2lcosf —isinf)
Re _ =
o =2 o o)
1 A 71
=~ 0 0)l) + O(R™).

In the second line I did a Taylor expansion for § = /R < 1. Here Agg = 27h/p is the
de Broglie wavelength and v = p/m is the group velocity of the particle. The term Agp /v
describes a “matter wave clock”, i.e. because of the periodicity of de Broglie wavelength,

a particle moving with a fixed velocity v has an internal clock with period Aqg/v [77,78].
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Note that S in Eq. (3.21) vanishes as R — oco. So, although Tg&e is a time operator

which satisfies the GWWR, it is not a time operator in the sense of Eq. (3.1).

The third example is for the periodic angle operator O defined in Eq. (3.12). The

corresponding time operator is defined as
To=— i HLH(W”Q,L — [ W) (3.22)

which satisfies the commutation relation
[H,Te) = —ih{l — 6(6 + )} (3.23)

The delta function §(6 + 7) has a contribution only if 6 + (2n + 1)m = 0. Otherwise
To satisfies the canonical commutation relation and it is equivalent to Galapon’s time

operator Ty for periodic system. Therefore, To is interpreted as a time-of-arrival operator.

3.3 CONNECTION TO TIME CRYSTALS

How are these time operators connected to QT C? For the previous QTC model in Chapter
2, the Heisenberg operator C’(t) = ¢H/hCe=Ht/h Jeseribes the local oscillation of an
incommensurate charge density wave: this oscillation is intrinsic to a ring system and it
is used to model a QTC [79]. Other periodic operators f can also be used to model QTC
in ring systems: Note that W”, as a momentum raising operator, can be written as Wn =
> L+ n)(l]. Then, because (Ej1n,—E})/(Eotn—Eo) = 2l+n is an integer, the Heisenberg

operators W (t) = et/ e=iflt/h f(t) = ¢illt/h fe=ilt/h and T(t) = AT e~/ haye a
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periodic time evolution with period P = 27 (F; — Ey)~! = 4xI/h:

W = Z |l+n) <l| it (Ern—E)/h

l=—00

— Z |l + n> <l| e (t+P)(Ern—E1)/h

l=—00

A

=W(t+P),

~

= T(t) =T(t+ P) and f(t) = f(t+ P).

The period P diverges as R — 0o, so this periodicity is intrinsic to ring systems. In fact,

for a one-dimensional free particle, it is clear from z(t) = & + pt/m that

~

Te(t) =T +t (3.24)

is not periodic. The commutation factor K (t) = T(t) — T of a ring system is also periodic
with a radius-dependent period. On the other hand, for a one-dimensional system (R) we
have K(t) = t which implies Eq. (3.1), hence time for a one-dimensional system is not
necessarily periodic. Therefore, K (t) may be interpreted as a function which gives the

“temporal structure” of a quantum system.

Because I am using a general mathematical structure (Eq. (3.3)) to construct time
operators, the method in this chapter is not limited to ring systems but applies to other
QTC models as well. I surmise K (t) characterizes the time-periodic evolution of a QTC.
For the QTC model in chapter 2, this quantity is the charge density operator C (t). QTC
states can also be realized in excited Floquet states [21-28]. If a Floquet system were
driven with a period P, a Floquet time crystal (FTC) would return to its initial state after

period nP (n is an integer), hence time translation symmetry is spontaneously broken.
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So, I conjecture the following set of operators for a FTC

[H (), T(t)] ),

K
H(t),
(

Ht+p) = (3.25)
T(t+nP) =T(t),
K(t+nP) = K(t).

For instance, the Hamiltonians H (t) for a typical FTC model is composed of Pauli matri-

A . o, 0<t<m,

ces 0;. Let H(t+P) = H(t) = be a prototype of a Floquet Hamiltonian,
0, =<t<P

then I can identify T'(t) = Uf(t)ooU(t), K(t) = T(t) — T(0), and f((t) = 2UT(t)o3U (1)

()4 T this case, T and K (t) are periodic

with the unitary time evolution U(t) = e tho A
with period 2P. As a GCCR I obtain the SU(2) commutation relation [o1, 05] = 2ios.

Further investigation of this conjecture is left for future study.

Therefore, it seems like time operators and time crystals are interrelated. The periods
of a QTC seems to promote time from a parameter to a physical quantity. So, QTC are
promising systems to define time operators. In spite of recently proposed models of QTC
in excited states [21-28], the original idea of a QTC is to define a dynamical ground state
which breaks time translation symmetry [1]. How to construct a QTC ground state is
a very important open problem in quantum mechanics, quantum field theory, condensed
matter physics, and related fields, because it concerns the question of what a ground state
is. The existence of QTC ground states have been criticized by showing that spontaneous
braking of time translation symmetry at ground state does not occur in the infinite-volume
limit [15,17]. However, if the periodic boundary condition is not negligible, the results
in previous sections suggest how a time crystal can be defined in ring systems. We will
have a QTC ground state if K(t) = T(t) — T and dK(t)/dt have periodic expectation
value at ground state. Instead of a ring system we can also consider other systems with
non-trivial real-space topologies. Once we have the appropriate mathematical structure

to define a time operator (such as Eq. (3.3)), then we can apply it to models of time
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crystals, possibly including ground states.

3.4 EXTENSION TO P7-SYMMETRIC TIME OP-

ERATORS

In the previous sections, I focused on self-adjoint time operators because real eigenval-
ues and orthogonal eigenstates are not ensured for non-self-adjoint symmetric operators.
Here, I extend time operators to PT -symmetric operators for the following reasons. First,
if PT symmetry is not spontaneously broken, then P7-symmetric operators have real
eigenvalues and bi-orthogonal eigenstates [70-72,80]. In other words, time operators do
not have to be self-adjoint to have real-eigenvalues and orthogonal eigenstates. Second,
one cannot completely distinguish from the canonical commutation relation and from the
time-energy uncertainty relation if a time operator is self-adjoint or P7 -symmetric. This
argument is elaborated in section 3.5. Therefore, it is possible that many time-operators
are not self-adjoint (not even Hermitian) but P7-symmetric. The third reason is of aca-
demic interest: So far, the main emphasis of P7T-symmetric quantum mechanics is on the
spectral properties of P7T-symmetric Hamiltonians. So, P7-symmetric time operators
open a door to study other non-Hermitian operators, which can give us real eigenvalues
and (bi-)orthonormal eigenstates. Therefore, in this section I define P7 symmetry in ring
systems. Then, I derive a PT-symmetric time operator. For simplicity I will focus only
on the PT-symmetric extension of (3.18). Other PT-symmetric operators can be defined

likewise.

Before I define PT-symmetric time operators it may be appropriate to discuss their
validity as observables. Observables in quantum mechanics, by definition, are operators
which can be measured experimentally. Self-adjoint operators are observables because
real eigenvalues and orthogonal eigenstates are ensured. But, this does not mean that ob-
servables must be self-adjoint. In fact, P7T-symmetric operators can be measured [72]. In

addition, nowadays non-Hermitian operators can also be measured by methods like weak
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measurement. Therefore, in my opinion, P7 -symmetric operators are genuine observables

which can be measured experimentally.

3.4.1 PT-symmetry for ring systems

For quantum mechanics in one-dimension R, the parity operator P changes the sign of
the momentum operator p and the sign of position operator z: p — —p and z — —1I.
Time reversal 7 has the effect p -+ —p, £ — z, and i — —i. T changes the sign of i
because T is required to preserve the fundamental commutation relation [z, p| = ih [70].
For quantum mechanics in S', the parity operator P satisfies the following properties [31]:
PP =P2 =1, PWP ! =W, PryP ! = —#y, and P|l) = |—I). I show that the time
reversal operator T shares the same properties. The time reversal operator for a bosonic
particle is an anti-unitary operator which satisfies 717 = 72 = 1 [81]. Time reversal
changes the direction of motion of a particle in S1, i.e. 77 |I) = —IRAT |l) should be
satisfied. Therefore, we have T |[) = a;|—I) with a coefficient a;. Anti-unitarity of T

implies a; = 1. Then, using Eq. (3.9) we readily obtain

PIP=P’=1, TIT=T*=1,
PigP ™t = —fty, PWP™' =W P|l) = |-1),

TrgT = —g, TWT L =W T =|-1).

So, 7tg, W and |I) are PT-symmetric:

(PT)#e(PT)™" = o,
(PTYW(PT) ' =W,
(PT)|) = 11) .

Note that the Hermitian time operators in Eq. (3.2) and Eq. (3.18) change their signs
under P7T, in agreement with their interpretation as quantization for the time variable ¢.

(For quantum mechanics on S*, TW7T " = W' is possible only if 7 changes the sign of
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3.4.2 PT-symmetric time operator

Now, I define a PT-symmetric time operator by
TE = F = Win,

where F' is a real PT-symmetric operator which commutes with H. This operator satisfies

the commutation relation
[H,TET)|1) = =AW |1) . (3.26)
Formally, the large radius limit is given by
TN =idp" + (F— )+ O(R™Y),

so the matrix elements of Tff diverge as R — oo unless F is chosen carefully. The

simplest form is F = fi1. Thus, I obtain the PT -symmetric time operator in S*
TET = (1= W)jy = TR +iTg. (3.27)

Ts and Tgﬁe are defined by Eq. (3.18) and Eq. (3.20), respectively. This PT-symmetric
operator is interpreted as an imaginary time operator iqu (i.e. quantization of the imag-
inary time 7 = ¢t) with the addition of a quantum correction. P7T changes the sign of
i as well as the sign of the time operator, hence an imaginary time operator is invariant
under PT. Conversely, it is also reasonable to define the time operator in Eq. (3.18) as

the imaginary part of (3.27).

The eigenstates and eigenvalues of TgﬁT are calculated using biorthogonal quantum

mechanics [80]: Suppose that the time operator TgﬁT and its Hermitian conjugate (T;)lT)T
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satisfy the eigenvalue equations

TET ) = mi|) (3.28)
(TE7) 1) = 77" ) - (3.29)

Let us adopt the position representation 7y — —ih% which implies ;' — ? (—ia% + %)

Then, Eq. (3.28) and Eq. (3.29) are equivalent to the following differential equations:

o) = 7 (=igg + 3 ) 6),

(1 (o) = (—% n %) (),
(e u0) = T8 (<4 3) w0

which have the orthonormal solutions

qbl(ﬁ) = o (1 _ 61’0) eieylef(,jﬂr%)eie’

xi(0) = Xloeiel’l*e(”lw%)eim

’

/ 46X} (6)m(8) = 27XiaGnd1m = Srom

where v, = T,Lh — % was introduced for brevity. The periodic boundary condition requires

v, to be an integer. Therefore, I obtain the eigenvalues

I — (3.30)

These eigenvalues are interpreted as the time required for a free particle with velocity
v = (y+ %)%{ to move a distance R on the ring; i.e. the time required to make a
full rotation is 277, = 27R/v (Fig. 3.4). The validity of this interpretation is sup-
ported by the generalized commutation relation. The Aharonov-Bohm time operator,
for instance, is defined as an operator whose eigenvalue t corresponds to the time re-

quired for a particle to move a finite distance d. Although d/t gives the average ve-
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_.
t=0,277;,47x7;,...

Figure 3.4: The eigenvalues 7; of Tff describes the periodicity in time of a free particle
moving in a ring with a constant velocity.

locity of the particle, the particle does not have a fixed momentum: Otherwise, the
wave function of the particle is a momentum eigenstate v, and expectation value with
this state leads to contradictions (see Sec.(3.2.1)). On the other hand, one can verify
that the expectation value of Eq. (3.26) with biorthogonal quantum mechanics implies
(x| [H ,Tgf”@) = —h(x;|W|#) = 0. Therefore, our interpretation of time eigenvalues
does not disagree with the commutation relation. More generally, a wave function in the
domain of T@T has the form [¥) = >, a; |¢;) and the corresponding wave function in the

domain of (T57)! has the form (¥| = 3, a} (x| Arrival time with these states is

(UITET10) = a7, (3.31)
l

Commutation relations do not have a vanishing expectation value in this case.

In the infinite-radius limit I obtain

. . . mh

TET — Tt = iTg — 7;5—2. (3.32)
As discussed after Eq. (3.21), the last additional term describes a “matter wave clock”
which reflects the wave nature of a particle. The non-Hermitian time operator 7"

(which is not PT-symmetric) was studied in ref. [73]. This operator satisfies the canonical

commutation relation

(1T = [H, (TR™)1] = [H, Te] = ih. (3.33)
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Note that 7' 57?17 is also non-Hermitian for finite radius. Also note that other P77 -symmetric
time operators can be defined naturally. iTHgH is a non-Hermitian P7 -symmetric operator,
but THIQH is not PT-symmetric. In addition, iTk is PT-symmetric as well, but i7k and

Tk give the same time-energy uncertainty relation as shown in the next section.

3.5 TIME-ENERGY UNCERTAINTY RELATIONS

In the previous sections we saw that generalized commutation relations are necessary
to define position operators and time operators in ring systems. Similarly, position-
momentum uncertainty relations and time-energy uncertainty relations are modified in
ring systems. This modification is motivated by the following example. Consider the
uncertainty relations AOA7y > h/2 and AHAT > h/2. For a momentum eigenstate we
obtain A7y = 0 and AH = 0 which imply the contradiction 0 > ii/2. This contradiction

is avoided with generalized uncertainty relations.

The Robertson uncertainty relation [82] between two Hermitian operators is given by

: (3.34)

where </1>w = (Y|A]Y) and (AA), = (AQ)w - <121>12ﬁ is the norm of the state [A —

(121>w] |4). For non-Hermitian operators we have a natural extension (AA), = \/(ATA)w — | (121>¢ 2.

In general, (AA), # (AA"), if A and At do not commute. Now, the Robertson uncer-
tainty relation for non-Hermitian operators has a few different generalizations. First, Dou
and Du [83] proposed the following generalization (which is written here with a different
notation)

) (3.35)

(ADLABY, = 5 |(A, B,

N | —

~

with (AA)), = [(AA), + (AAT),]/2 and so on. Therefore, we have, for instance, the
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following uncertainty relations

(Afo)u(AW), = 5 | (1), ] (3.36)
A Rl -
(AR (ATETY = 2|, |. (3.37)
2
Second, Tanimura [31] proposed the following uncertainty relation
(Ao AW ) 2 (IR = (7) IOV = (1), ), | .

which is a direct consequence of the Cauchy-Schwarz inequality. Similarly, we can obtain

(Aftg)y (AW)y = | (fro), (W), — (Wito) | (3.39)
(AH) (AT )y > [(HTET), — (H), (TET),, |, (3.40)
(AH)(ATET )y > [(H), (TET), — (TETH),, |- (3.41)

We note that the uncertainty relations (3.38), (3.40) and (3.41) are not unique but other
equivalent or inequivalent forms can be defined if necessary. Adding (3.40) to (3.41)
and using the triangle inequality we obtain (3.37). Moreover, by adding (3.38) to the
inequivalent form (3.39) we obtain (3.36). For the self-adjoint operators we have the
usual Robertson uncertainty relations (3.34). P7T-symmetric time operators satisfy Eq.
(3.35). In all cases, we see that the angle-angular momentum uncertainty relations and
the energy-time uncertainty relations have the same lower bound. This fact is a conse-
quence of the similarities between the commutation relations (3.26), (3.21), (3.19), (3.23)

and (3.9), (3.13), (3.14), (3.15) respectively.

The significance of these uncertainty relations is as follows. First, uncertainties depend
on wave functions and, on the contrary, the state of a ring system can be inferred from un-
certainties. Under some circumstances, such as for non-localized momentum eigenstates,

we have | ([H,T])| = 0, i.e. uncertainty vanishes. We have | ([H,T])| = & for a well-
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localized state or for time operators introduced by Galapon and collaborators [65, 67],
which reduces to the case of canonical commutation relation. In fact, the same situa-
tion appears for angle-angular momentum commutation relations as studied in ref. [31].
Second, we cannot completely distinguish from the canonical commutation relation and
from the time-energy uncertainty relation if a time operator is self-adjoint or P7T sym-
metric: For instance, the Aharonov-Bohm time operator defined in Eq. (3.2) and the
non-Hermitian time operator in Eq. (3.32) give the same commutation relation (Eq.
(3.33)) and the same time-energy uncertainty relation (as it can be seen from Eq. (3.33),
Eq. (3.34), Eq. (3.35)). Therefore, if time operators are defined based on uncertainty rela-
tions, then it is possible that such time operators are not self-adjoint (not even Hermitian)

but PT-symmetric.

3.6 DISCUSSION AND CONCLUSION

First, I summarize the main results in this chapter. I defined a self-adjoint time operator
T and a PT-symmetric time operator T@T for a free particle on a ring system. Tis a
generalized time operator which satisfies Eq. (3.3). I studied three cases of T, namely 1)
Ts: which can be used for the QTC model in Chapter 2, 2) Tg‘f which can be interpreted
as a “matter wave clock”, and T which is interpreted as a time-of-arrival operator and
contains Galapon’s time operator for periodic systems as a special case. The eigenstates
and eigenvalues of TSﬁT are calculated using biorthogonal quantum mechanics [80]. A

summary of various time operators is given in Fig. 3.5%.

Second, Galapon et al. also defined a self-adjoint time operator for a confined system
with and without periodic boundary conditions which satisfy Eq. (3.1) [65,66]. How-
ever, as we saw in this chapter, time operators should be defined based on the real-space
topology of a quantum system. So, Eq. (3.1) may not be the only possibility to define self-

adjoint time operators. The current work may also be generalized to relativistic particles,

2Note that PT-symmetric operators are not necessarily non-Hermitian: For instance, p° is a P7-
symmetric Hermitian operator.
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Figure 3.5: T [Eq. (3.18)] is a self-adjoint time operator and Tgf [Eq. (3.27)] is a
PT-symmetric time operator. In the large radius limit (from St to R), Tsr reduces to
the Aharonov-Bohm time operator Tk [Eq. (3.2)] and 777 reduces to the non-Hermitian
operator TN [Eq. (3.32)].

but quantization of constrained systems is still a subject of current active research and the

commutation relations Eq. (3.9) are not guaranteed to hold for relativistic systems as well.

Third, in order to obtain additional insights into QTC and understand how to create
many other models of QTC, a universal origin of this periodicity is required. I surmise
that this origin can be understood from Eq. (3.3) and K’(t) characterizes the time-
periodic evolution of a QTC: For the QTC model in Chapter 2, this quantity is the
charge density expectation value; and for Floquet time crystals [21-28] this quantity is
typically the single-ion magnetization. In addition, we note that most of the early models
of QTC [1,15,53,54] are ring systems but the infinite-radius approximation was used.
Therefore, these models should be reconsidered in light of the GWWR.

Fourth, an operator being P7-symmetric does not necessarily mean that it has real
eigenvalues, but it can have real eigenvalues. Typically, in PT-symmetric systems with

gain and loss (denoted by 4-) all eigenvalues are real below a critical value v < 7, and
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PT-symmetry is spontaneously broken otherwise. Therefore, it would be an interesting
problem to consider the spontaneous breaking of P7T-symmetry (of the Hamiltonian or

the time operator) in periodically driven Floquet time crystals [21-28].

Moreover, possible applications of this work are as follows. 1) As I discussed in Sec.
3.3, the GWWR may give a universal explanation of time crystals [1,15,21-28,53,54,79],
where the commutation factor K (t) = T(t) — T gives the temporal structure of the sys-
tem. 2) Time operators in this chapter are defined based on the position operator f .
Therefore, this work may be used to reexamine the relationship between space and time
in the level of operators and understand space-time structures in quantum mechanics. 3)
More radically, analysis of the cosmic microwave background anisotropy suggests that our
universe is finite with a periodic structure [84]. If this is correct, then this work may be

applied in quantum cosmology to understand, for instance, the space-time structure of

the early (topologically non-trivial) universe.

Finally, we discuss the results in this chapter in the context of experiments. Sup-
pose we want to study experimentally the arrival time or other events of a ring system.
According to Sec. 3.2.1, time operators with the CCR can be studied only for special
kinds of states and experiments must be well-designed. On the other hand, the new time
operators can be used to study time of arrival or other events for general states in ring
systems. For example, the order parameter of a charge density wave (CDW) or a super-
conductor is a complex scalar A = |A|e?. Suppose that we can quantize the phase 6 by
W = . Then the commutation relations Eq. (3.19), Eq. (3.21), and Eq. (3.26) give the
Heisenberg equations of motion of the time operators %Ty(t) = —C(t), %Tgf’(t} = S(t),
and %T TI(t) = —iW (t), respectively. C(t) can describe charge density fluctuation and
S (t) can describe time-dependent Josephson current. Therefore, time operators in peri-
odic systems can be tested in various CDW [40,79] or superconducting systems (including

topological crystals such as ring crystals and Mobius strip crystals [40,85]), in superfluid

systems with spatial periodicity [15,54] and in ring-shaped ion traps [53, 56]. To can
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be tested by measuring the time-of-arrival of a sine-Gordon-soliton in annular Josephson
junctions [55], or we can use any other systems which can be described by a single particle
in S1. Experimental uncertainties will be given by the results in Sec. 3.5. Uncertainties
depend on wave functions and, on the contrary, the state of a ring system can be inferred
from uncertainties. Furthermore, uncertainties themselves can be used to test the new
formulation in experiments. Experimental scheme to study uncertainty relations is possi-
ble and has been used in a different context (such as [86]). I believe similar experiments

are possible for ring systems.
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Chapter 4

MULTIVALLEY FREE ENERGY
LANDSCAPE AND THE ORIGIN
OF STRIPE AND QUASI-STRIPE
CDW STRUCTURES IN
MONOLAYER MX; COMPOUNDS

4.1 INTRODUCTION

Usually, anisotropic structures such as stripe phases can be explained by anisotropic
interaction between the constituent atoms, electrons, or liquid crystal polymers [87].
Anisotropic structures in charge density waves (CDWs) have been explained likewise
[88-91]. CDWs are periodic modulations of electric charge density in low-dimensional
conductors [38,92-95]. The stability of CDWs containing domain stripe walls [96,97] and
quasi-stripe (triclinic) domain walls [97-99] have been explained by Coulomb interaction
between domain walls [88,89] and three-dimensional stacking [90]. However, are these in-
teractions indispensable? It would be ideal to have rich structures with the least amount

of interactions.
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In this chapter, I report that stripe and quasi-stripe CDW domain walls can appear
without anisotropic interactions and explain the origin of these phases by topological
defect theory (line defects in a two-dimensional plane) and interference between harmon-
ics of macroscopic CDW wave functions. I consider the transition metal dichalcogenide
(MX2) compounds 17-TaS,; and 2H-TaSey (Figure 1 (a),(b)) which have recently experi-
enced a resurgence of interest due to rich physical content and potential applicability to
nanoscale electromechanics [34,100-111]. These materials exhibit various CDW phases
which are characterized by domain walls (topological defects). Interesting CDW phases
are the stripe phase with stripe domain walls and the triclinic (T) phase with quasi-stripe
domain walls, which surprisingly show up only on heating from the C phase (Figure 1 (d)
and (e)).

I use a Ginzburg-Landau model for a CDW with general wave vectors Q@ (i = 1,2, 3)
satisfying the triple-Q condition QM 4+ Q@ + Q® = 0 (see Methods for detail). His-
torically, this model was first introduced by McMillan [88,112,113] to explain the IC-C
phase transition. Nakanishi and Shiba analyzed this model more carefully by including
higher order harmonics in the order parameter configuration, finding the presence of the
NC phase in 17-TaS, [114] (Figure 4.1 (d)). Experimentally, the C, IC, NC, stripe and T
phases all satisfy the triple-Q condition. It is noteworthy that the free energy only involves
the terms compatible with the crystal symmetry and the only input from experimental
data is the incommensurate wave vectors Q%lc) for the IC phase. Nevertheless, as shown
by Nakanishi and Shiba, the free energy has an unexpected minimum corresponding to
the NC phase. Thus, it is natural to ask whether there are more hidden minima if one

makes a thorough search which was not feasible at the time.

I revisit the McMillan-Nakanishi-Shiba models [88, 114, 115] for monolayer 17-TaS,
and 2H-TaSe, without interaction between domain walls. First, I show that CDWs with

Qs that are separated by 120° (i.e. the three-fold rotation symmetry of the underlying
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Figure 4.1: CDW structures in 17-TaSy; and 2H-TaSe,. (a): Structure of 17-TaSs.
(b): Structure of 2H-TaSes. These materials have two-dimensional layered crystalline
structures like graphene. Here, the red spheres represent Ta atoms and the yellow spheres
represent S or Se atoms. (c):The Ta atoms form a triangular lattice with superlattice
vectors a and b. A and B are commensurate (C) CDW superlattice vectors (A = (u +
v)a+vb,B = —va+ b, |A| = |B| = /2 + puv + v?|al). The CCDW superlattice for
1T-TaSy (u = 3,v = 1) and 2H-TaSe, (1 = 3,v = 0) are shown with green spheres. (d)
Temperature dependence of CDW phases in bulk 17-TaS,. (e) Temperature dependence
of CDW phases in bulk 2H-TaSe,. The blue arrows represent the cooling cycle. The red
arrows represent the heating cycle. C: Commensurate phase, T: Triclinic phase with quasi-
stripe domain walls (stretched honeycomb lattice). NC: Nearly commensurate phase, IC:
Incommensurate phase, N: Normal metal phase. The domain walls of the NC, T, and
stripe phases are depicted with solid lines.

lattice) contain a free-energy landscape with many local minima. Then, I remove this
constraint and show that free energy local minima corresponding to the stripe and T
phases appear. Finally, I explain the origin of stripe and T domain walls and discuss the

implication of our results.

4.2 RESULTS

4.2.1 17-TaS, CDW states with 120° constraint

First, I consider the special case that the CDW wave vectors Q¥ (i = 1,2,3) are sep-
arated by 120°. In this case, the triple-Q condition Q™ + Q® 4+ Q®) = 0 implies

QY| = 1Q@| = |Q®|. Numerical results of CDW free energy F[{Q®};T] at tempera-
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ture T are shown in Figure 2. Each Qs (i = 1,2, 3) define a two-dimensional reciprocal
space. To characterize the set {Q®¥}, I use two components of QW) since they uniquely
determine Q® and Q® by the triple-Q condition and the 120° constraint. The CDW

free energy can be visualized by varying these components.

Figure 2 (a) reproduces the results by Nakanishi-Shiba which uses the special wave
vector path Q) = Q(z) (shown in Figure 4.2 (b) with black lines). I have used
the free-energy parameters in ref. [114]. Important wave vectors are the commensu-
rate wave vectors Qg) and the incommensurate wave vectors Q% which have the norms
\Qg)]/]Gi] = 1/4/13 =~ 0.277 and |Q§g|/]G1] = 0.283, respectively, and are tilted from
the primitive reciprocal lattice vectors G; by angles of 13.9° and 0°, respectively. N =0
represents the charge density modulation by the fundamental wave Q®. The important
idea by Nakanishi-Shiba is to include higher order harmonics with N = 1,2,3,... (see

Figure 4.6). In fact, the NC phase appears for N > 0.

In this extended analysis, I have used two types of free energies: the first one (type-1)
uses phenomenological parameters which reproduce a ring-like diffuse scattering obtained
by an electron diffraction experiment [116], while the second one (type-2) uses McMillan’s
original free energy [88] analyzed with the method of Nakanishi-Shiba (see the Method
section for more detail). The type-2 free energy is important because ring-like diffuse
scattering were not observed for ultra-thin sheet of 17-TaS, including monolayer [34].
Figure 4.2 (b), (c), (d) show the free energy in the Q) space. Note that the same free

energy is obtained for Q®® and Q® because of the three-fold rotational symmetry.

Surprisingly, the free energy has a “multivalley landscape”: there are many local
minima besides those corresponding to the well-known IC, NC, and C CDWs. Each of
these local minima correspond to new CDW states with three-fold rotational symmetry.
Despite of different global texture, type-1 and type-2 free energies show almost identical

local minima. If the 120° constraint is removed, then these local minima are expected to
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Figure 4.2: Numerical results of 17-TaS, free energy in the QY = (Q,,Q,) space (in
units with |G;| = 1). (a) Reproduction of Nakanishi-Shiba’s result [114]. = parameterizes
the wave vector Q(z) with Q(0) = Qic , Q(z*) = Qn¢ (nearly commensurate), and
Q(1) = Q¢ . Q(z) is shown with solid black lines in (b). The “multivalley landscape”
of the type-1 free energy with N =0, N =1, N = 2, and N = 3 are given in (b). (c)
show the type-1 free energy for larger @),, (), values. Note that the number of branches
and local minima increase as N increases. New local minima appear near Q¢ . (d) The
type-2 free energy with N =0, N =1, N = 2, and N = 3 show almost identical local
minima, but it is easier to see how the CCDW states is obtained as N — oc.

move to new minima corresponding to the T phase.

4.2.2 2H-TaSe;, CDW states with 120° constraint

The multivalley free energy structure also exists in 2H-TaSe; as shown in Figure 4.3.
The commensurate wave vectors Qg) and the incommensurate wave vectors Q% have the
norms \Qg)]/|GZ| = 1/v/9 ~ 0.333 and \Q%|/|GZ| = 0.325, respectively, and they are
parallel to the primitive reciprocal lattice vectors G;. Figure 4.3 (a) reproduces the free
energy along the special line @), = 0 obtained by Nakanishi-Shiba [115] which explains the

IC-C phase transition. I extend their analysis to the two-dimensional plane by varying
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Figure 4.3: Numerical results of 2H-TaSe, free energy in the QY = (Q.,Q,) space
(in units with |G;| = 1). (a): Reproduction of the result by Nakanishi-Shiba [115]. x
parameterizes the wave vector Q(z) with Q(0) = Qic and Q(1) = Q¢. Q(z) is shown
with a black line in (b) The “multivalley landscape” of the free energy with N =0, N =1,
N =2 and N = 3 are given for the type-1 (b) and type-2 (c) free energies

Q. and find new local free energy minima like those of 17-TaS,. Here, I have used the
free-energy parameters in ref. [115]. These local minima correspond to CDW states with
three-fold rotational symmetry. Despite different global texture, type-1 and type-2 free

energies show almost identical local minima. If the 120° constraint is removed, then these

local minima are expected to move to new minima corresponding to the stripe phase.

4.2.3 Anisotropic CDW Phases

Here, I consider CDW states without the 120° constraint. Let R, denote the matrices
which rotate a wave vector Q = (Qs, Q) by £120°. If we set the 120° constraint, then the
vectors {QM, R_Q® R, Q®} are identical. If the 120° constraint is removed, then the

triple-Q condition implies that the vertices of {Q™, R_Q® R, Q®} form a regular tri-
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angle (see Figure 4.6). Consequently, stable or quasi-stable CDW states with anisotropic
domain walls are obtained if local minima from the free energy shown with Q, Q®, Q®)

form a regular triangle.

First, I consider the T phase. From the triple-Q condition there are four independent
degrees of freedom. I fix two degrees of freedom, namely, the angles between domain walls,
to visualize the free energy. The angles between domain walls are known from experiments
[99]]. Here, I consider the angles d¢; = 360° — d¢pg — dp3, dpo = 180° — ¢, dp3 = 150°,
where ¢¢ ~ 13.9° is the angle between Qg) and Q% Figure 4.4 (a) shows the free energy
with N = 1. I have used the free energy parameters from Nakanishi-Shiba [114]. Then,
I find a triplet of local minima which forms a regular triangle (black). This result is
surprising because the T phase was previously explained by inter-layer interaction [90],
but our calculation is done for a monolayer crystal. Experimental result of the T phase in
bulk 17-TaSs (green triangle) [99] is in good agreement with the numerical calculation.
The domain size in our calculation is smaller than bulk crystal but may become closer to
experiment if we further consider Coulomb interaction between domain walls or inter-layer
interaction. Aside from this quantitative detail, I conclude that anisotropic domain walls
for the T phase can be formed without inter-layer interaction and, hence, in a monolayer
17-TaS,. Next, I consider the stripe phase. According to experimental results [96], the
stripe phase is obtained by minimizing the free energy with the constraint Q) = Q(C1 ),
Figure 4.4 (b) is the free energy (N = 1) visualized with Q®® and Q®. Clearly, these
local minima form a regular triangle with Qg ). These domain walls correspond to the
stripe phase. Again, the domain size is smaller than the stripe domain of bulk 2H-
TaSey (green triangle) [96]. The domain size may become closer to experiment if we
further consider Coulomb interaction between domain walls. Therefore, we conclude that
anisotropic domain walls for the stripe phase can be formed naturally even in a monolayer

2H-TaSe, with the least amount of interaction.
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Figure 4.4: Free energy of T and stripe phases. (a) Free energy of 17-TaS, without the
120° constraint (7 = 225K). Local minima for Q, Q® and Q® form a regular triangle.
These local minima correspond to the T phase with quasi-stripe domain walls. (b) Free
energy of 2H-TaSe, without the 120° constraint (7' = 100K). The point Q") = Qg) and
local minima for Q® and Q® form a regular triangle. Therefore, these local minima
correspond to the stripe phase.
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4.3 DISCUSSION AND CONCLUSION

First, I summarize the results presented in the previous sections. I revisited the McMillan-
Nakanishi-Shiba models for 17-TaS, and 2H-TaSe, with general CDW wave vectors Q¥
(1 = 1,2,3) separated by 120°. A “bird’s-eye view” of CDW free energy landscape with
multivalley structure reveal the presence of multiple local minima which correspond to
different CDW states. Then, I removed the 120° constraint and observed local minima
for the stripe and T phases. These results are surprising because we resorted to neither
Coulomb interaction between domain walls nor inter-layer interaction, which had been

considered as the origins of the stripe and phases.

To explain these results, I consider the following mechanism. CDW phases between
the IC and C phases are accompanied with domain walls, where each domain contains a
CCDW with a different phase: such domain walls minimize the commensurability energy
between the CDW and the underlying lattice. The average domain size is inversely pro-
portional to |Q® — Qg)]. As temperature decreases, Q® approaches Qg) and the domain
size diverges: The ground state is the C phase without domain walls. As temperature in-
creases from the ground state, energy increase due to thermal fluctuation induces domain
walls. Since the formation of domain walls requires energy, these domain walls are created
one by one. These domain walls are expected to be anisotropic rather than hexagonal,
since the formation of hexagonal domain walls require a global arrangement. This model
is analogous to the formation of the Abrikosov vortex lattice in a type-2 superconductor,
where vortices are formed one by one and finally form a lattice structure as the number

of vortices increase.

Moreover, for 17-TaS,, the C phase is closer (in the reciprocal lattice space) to the
T phase than the NC phase, i.e. the T phase has larger domains which is energetically
favored. Therefore, as temperature increases, 17-TaS, will first make a phase transition
from the C phase to the T phase; phase transition to the NC phase occurs when the NC

domain size and the T domain size become comparable (Figure 4.5) [99].
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Note that this induced anisotropy model has experimental support. The low tempera-
ture CDW phase of a free-standing monolayer 17-TaS; with multiple T domain walls has
been observed with scanning transmission electron microscopy [34]. In addition, 17-TaS,

with a single domain wall has been observed using scanning tunneling microscopy [117].

Next, I explain what condition distinguishes stripe and T domain walls. While 2H-
TaSe, has a parity-conserving commensurate structure (Figure 4.1(c)), 17-TaS, breaks
parity in the first place, and hence they cannot have stripe domain walls. So, from the
results in this chapter, I predict that MXy compounds with triple-CDW can have domain
walls with an angle of 180° — ¢¢, where ¢¢ is the angle between Q(é) and Q% From

the commensurability condition conditions ,qu) — ngH) = G; where G; are reciprocal

lattices of the crystal, one can obtain obtain ¢¢ = cos™ (4 v/2)/\/1? + pv + v2. Then,
we see that p # 0 and v # 0 gives T domain walls (such as 17-TaS, with 4 = 3 and
v = 1), while u # 0 and v = 0 gives stripe domain walls (such as 2H-TaSe, with yu = 3
and v = 0). In particular, I predict that the ultrathin TaSe, with a new v/7 x /7 com-

mensurate structure (that is, 4 = 2 and v = 1) [118] can also have T domain walls.

The appearance of the stripe and T phases with the least amount of interaction can
also be explained in the context of entropy. The Kosterlitz-Thouless transition [119,120],
for instance, is stabilized by the production of vortices. Creation of vortices requires
energy, but vortices also increase entropy and minimize the free energy of the system.
Similarly, stabilization of the stripe and T phases is related to entropy release/increase
which is asymmetric with heating/cooling. The stripe phase and the T phase break the
3-fold rotational symmetry of the CCDW state. The T phase further breaks parity. Lower
symmetry due to production of symmetry-breaking domain walls implies larger entropy,
i.e. lower free energy. From these discussions, we conclude that the T and stripe phases
can appear naturally even in monolayer MX,: Coulomb interaction between domain walls

or inter-layer interaction may be secondary factors for the appearance of these phases.
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Figure 4.5: A model for the formation of anisotropic domain walls. (a): The ground state
of 1T-TaS, is the C phase without domain walls. As temperature increases, domain walls
are formed one by one. As the number of domain walls increase, we obtain the T phase.
The domain size decreases as temperature increase further. Then, T-NC phase transition
occur when the NC domain size and the T domain size become comparable (280K for
bulk 17-TaS,). The temperature dependence is shown here for bulk 17-TaS, [99]. (b)
Bulk data of 17-TaS; domain size. The T domain size (heating) are from ref. [99]. The
NC domain size (cooling) are from ref. [125]. We note that the same NC domain sizes
were verified but not reported in ref. [99]. (c) Similarly, the ground state of 2H-TaSey
is the CCDW state without domain walls. As temperature increases, we speculate that
domain walls are formed one by one. The temperature dependence is shown here for bulk
2H-TaSe, [96].

Note that these results does not contradict with Nakanishi-Shiba’s model of stripe and
T phases based on inter-layer stacking [90]: their work still apply for MXs with higher
number of layers. These results also explains my collaborated experimental result, namely
the appearance of the T phase in monolayer 17-TaS,. As future applications of this work,
the appearance of various local minima may explain mysterious CDW states such as the
“hidden CDW state” [108,121-123] and these minima also predict new CDW phases,
hence our model may become the basis to study CDW further. The analysis in this

chapter may be extended to study the interplay between supersolid symmetry and lattice

symmetry, and application to other van der Waals structures [124].
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4.4 METHODS

McMillan’s phenomenological free energy for triple CDW is [88,112,113]

3

F = /dQT {a(r)az(r) —b(r)a®(r) + c(r)a’(r) + Z Yi(r)e(—iV)y;(r) (4.1)

=1

+ d(0)[[¢n () (r)]* + [ (0)ths(r)[* + s (r) (r) 7]} (4.2)

Here the complex order parameters 1;(r) at position r are related to the electron charge
density p(r) = po(r)1 +a(r), a(r) = 320 Re[th(r)]. po(r) is the charge density in
the normal state. The index ¢ (= 1,2,3) specifies the three components of the triple
CDW. af(r), b(r), c¢(r), d(r) are position-dependent coefficients which have the peri-
odicity of the crystal lattice and can be written in the form ag + a4 Z?:l e'GiT ete.,
where G; the six shortest reciprocal lattice vectors. The commensurate wave vectors
Qg) = |Q8)|(cos ¢ci,sin ¢c;) are defined by the conditions ,qu) —v 8’+1) =G; (i =
1,2,3), \Qg)] = ]Gzl/m Type-1 and Type-2 free energies explained in
the Result section correspond to different forms of e(—iV). In their study of 17" and
2H-polytypes, Nakanishi and Shiba considered (u,v) = (3,1) and (u,v) = (3,0), re-
spectively, but their method can be generalized and applied to other CDW materi-
als with different (u,v) values. The complex order parameters of a CCDW state is
Yi(r) = Aceng)'”w(Ci) where Qg) are the wave vectors of the CCDW state and 0¢;
are constant phases which minimize the free energy. For other CDW states, ¢;(r) can
be expanded as a function of the deviation vectors g = Q) — Q(Ci). Then we may ex-

©)

Imn —

pand ¥;(r) as ¥i(r) = > <0 mn=o A QT where [,m,n are integers and Q

Imn
KD + mk0+D) 4 nk+2) 4 QO kO = g™ — vql(i + 1)) and q® = Q® — QY| and we

have introduced the cyclic notations such as ¢ = q(V) and q® = q®. The free-energy is

(4)

i are real. These

obtained by varying general Q¥s. In this case, we assume that each A
wave vectors are depicted in Figure 4.6. Al(:,)m are determined by numerically calculating

the set of coupled non-linear differential equations % =0.
N

Imn
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Figure 4.6: The elements of the McMillan-Nakanishi-Shiba model. (a) CCDW wave
vectors Qg) define the CCDW charge density p(r) = po[l + Ac >0, COS(Qg) -1+ 0c;)].
The free energy is calculated as a function of a general wave vector Q¥ with the triple-Q
condition QM + Q® + Q® = 0. (b) The deviation vectors q) = Q® — Qg) projected
on the QM space form a regular triangle. Here, Ry are rotation matrix of +120°. If
Q" are separated by 120°, then this triangle reduces to a point. (c¢) The harmonics form
a triangular lattice. k() are wave vectors responsible for the formation of domain walls
(the image shows an example for (u,v) = (3,1)). (d) A general CDW state is given by

p(r) = poll + Z?:1 Zl,m,n20,l~m~n:0 Al(;)m cos Ql(:r)m -r] with 3N (N + 1) higher harmonics.
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Chapter 5

CONCLUSION OF THESIS

I studied crystalline orders in terms of macroscopic wave functions. In particular, I stud-
ied quantum time crystals and quantum space crystals as new orders in CDW systems.
Like superconductors, the order parameter that characterize different CDW phases is a
macroscopic wave function. However, unlike superconductors, CDWs are electronic crys-
tals which break spatial translation symmetry. Therefore, CDWs were ideal to directly
observe the effect of quantum mechanics on crystal phases. The main results are summa-

rized as follows.

In chapter 2, I showed that time translation symmetry of a ring system with a macro-
scopic wave function is broken by decoherence. An important subtlety was that, because
of strong quantum fluctuation, the ground state of an isolated finite-size quantum crystal
is a superposition of lattices with different vertices. We had the same difficulty for a quan-
tum time crystal in finite-size system, namely a superposition of time-periodic oscillation
which preserves the symmetry of a Hamiltonian. So, I considered symmetry breaking by
decoherence. In particular, I used a ring-shaped incommensurate charge density wave
(ICDW ring) threaded by a fluctuating magnetic flux: the Caldeira-Leggett model was
used to model the fluctuating flux as a bath of harmonic oscillators. The charge den-
sity expectation value of a quantized ICDW ring coupled to its environment oscillates

periodically. This periodicity is a consequence of interference of macroscopic CDW wave
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Table 5.1: Summary of time crystals and time operators

Time crystal Macroscopic o | s
possible? Topology wave function? Decoherence? | Time operator
Wilezek Yes Thermpdynamlc Supercondufztor o A
limit wave function

Bruno/ :
Watanabe- No Thernllgrclli};namlc Anything X X

Oshikawa

. Yes 3 13

Volovik (finite Tifetime) R Superfluid "He-A X

This model Yes St Ring CDW O O
(finite lifetime)
Floquet Excited state . Many-body
Anyth

time crystal | (finite lifetime) nything interacting state X %

function in ring systems. Therefore, this model forms a metastable quantum time crystal

with a finite length in space and in time.

In chapter 3, I investigated time operators in the context of quantum time crystals
in ring systems. A generalized commutation relation called the generalized weak Weyl
relation was used to derive a class of self-adjoint time operators for ring systems. I also
revealed the relationship between these time operators and a P7T-symmetric time opera-
tor. Then, I discussed the connection between time operators, time crystals and real-space
topology. In particular, the new time operators can be interpreted as order parameters
which describe the “temporal structure” of a time crystal.

A summary of time crystals and time operators is given Table 5.1

In chapter 4, I use the McMillan-Nakanishi-Shiba free energy of study the effect of
macroscopic wave function in two-dimensional CDW systems. [ made a thorough nu-
merical research of CDW free energy structure and discovered a multivalley free-energy
landscape with many local minima. In addition, I discovered local minima which corre-
spond to the triclinic phase and to the stripe phase. These results can be explained by
topological defect theory (line defects in a two-dimensional plane) and interference be-
tween harmonics of macroscopic CDW wave functions, hence indicate the appearance of
anisotropic CDW phases without inter-layer interaction (hence also in monolayer). More-

over, I discussed the temperature dependence of successive phase transition, generalized
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the McMillan-Nakanishi-Shiba free energy theory for two-dimensional CDW phase tran-

sition, and predict the appearance of new CDW phases in 17-TaSe,.

As a general conclusion of from these results, I discovered that the interference of

macroscopic wave functions in topological systems give rise to new crystal orders in space

and time.
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Appendix A

POSITIVE-OPERATOR VALUED
MEASUREMENT OF ICDW RING

A.1 PREPARATION

The operators, wave functions and density matrices for the ICDW ring-Probe system are
summarized in Table A.1. Suppose we want to measure an ICDW ring from time ¢ = 0

to t =T. The Hamiltonian of the entire system is

H(t)=H,+V(t)+ Hy (A1)
o (ﬁ'@ — OéFL)Q
Hy= (A.2)
Vt)=6(t—T)V, (A.3)
. p?
Hy= oo (A.4)

Here, we assume that the probe is heavy and H,; can be ignored. V{ is an interaction

potential which depends on the operators W, g, X ) P. Moreover, assume the form Vo =

ICDW ring Probe Composite System
Commutation relation | 7y, [19, W] = AW | [X, P] =ih
Wave function P(0) = >, e P(X) U0, X)=1(0)P(X)

Table A.1: Summary of operators and wave functions for the ICDW ring-Probe system
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gfl ® P where g is the interaction strength A is a function of W. From the Hamiltonians

(A.1) we define the time evolution operators

UL(t) = exp{—%/ot Hsdt’} _ exp{—%(ﬁg —ah)? } (A.5)
Ua(t) zexp{—i/tV( )dt}—exp{—%h(T—t)VO} (A.6)

it

/H dt}—exp{—ﬁ(ﬁg—ah) —%h(T—t)f/o}. (A7)

S
|||
/—/‘\

~.

Here, h(T fo T)dt is the Heaviside step function. In general, we don’t have
U(t) = Us(t)Ud(t), so we compute the time evolution via the interaction picture. For the

state U = 1) @ ® we define W;(t) = Ul (t)¥(t). Then, the Schrédinger equation

S

P .
zhat\lf( )= H(t)¥(¢) (A.8)
is equivalent to
T Hi()T, (¢t A9
i) = Ay (1)W1 (0), (4.9)
where
Hy(t) = ULtV (D)UL(t) = 6(t — TYUI () VoUs(2) (A.10)

and the time evolution of |, (t)) is given by

Ui(t) = Us(0) (A1)
Ui(t) = T exp {—% /0 t dt’HI(t’)} (A.12)
— Texp {—% /0 Cavs( — T)Uj(t)VOUS(t)} (A.13)
— Texp {—%UST(T)VOUS(T)} (A.14)
= UNT)ULT)U,(T) (A.15)

where 7T denotes time ordering.
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A.2 WAVE FUNCTION AND DENSITY MATRIX

AFTER MEASUREMENT

Now, the time evolution of the state ¥ = 1 ® & for time ¢t > T can be written as

U(t) = U, (£)T;(t) (A.16)
= U,(t)U;(£)¥ (A.17)
— U()UH(T)U(T)U,(T)% (A.18)
= U,(t — T)Uy(T)U(T)¥ (A.19)

If we choose Vy = g A®P then Uy(t) can be regarded as a translation operator Uy(T) X Uy(T) =
X + gA. Then, using Ul ()X U,(t) = X ¥t and UN(T)(X + A)U,(T) = A(t), the expecta-

tion value of X can be calculated directly.

(W(t), XU(1)) = (Uy(t — TYU(T)U(T)W, XU,(t — T)Uf(T)U(T) W) (A.20)
= (U, UKD UNT)UL(t = T)XU,(t = T)Ua(T)U,(T) W) (A.21)
= (U, UNT)UNT)XUL(T)U,(T)¥) (A.22)
= (U, UNT)(X + A)U(T)¥) (A.23)
= (U, (X + gA(T)) D) (A.24)
= (U, XU) + (U}, gA(T)T) (A.25)

Finally, assume that ®(X) = &(—X) and we obtain (¥, X¥;) = 0. Therefore,

(T(t), XT(t)) = g (T, A(T)T). (A.26)

This result can be understood intuitively. Suppose that a charge particle (probe) with
position X arrives nearby the CDW and interacts with the CDW with strength g. Then,
for A=n (charge density operator) the probe trajectory is deviated by the charge density

expectation value.
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A.3 MEASUREMENT OPERATOR

Consider a measurement of CDW at time ¢ = 0*. Then, from the interaction picture we

obtain
U — U (07) = UN0F)Ua(07)UL(07) [¢) |@) = Ua(0)D. (A.27)
Now, define M(X) = [U4(0")®](X), then the reduced density matrix of the CDW becomes
et == tualp) [ XNICOPT(X). (A.25)

From the trace identities tr[AB] = tr[BA] and tr[p] = 1 we obtain

1 = tr,[5 (A.29)
_ / dX tr, [N(X)p, 0 (X)] (A.30)
:/dXtrs[MT(X)M(X)ﬁS] (A.31)

which implies the normalization condition
/ XM (X)M(X) = 1. (A.32)
If we define E(X) = MT(X)M(X) then the normalization condition is equivalent to
/ dXE(X) = 1. (A.33)
Moreover, by the definition of M (z) and E(z) one can show that
WIEX)|¥) >0 (A.34)

i.e. E(X) is a positive operator. From this result and Eq. (A.33) we can define the set

{E(X)} as a positive-operator valued measure.
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Now, consider a projection measurement of ICDW ring. The charge density in the

true ground state 1) = 1y (zero-momentum state) is uniform

(tholp(x, t)[ho) = po, (A.35)

but the true ground state is projected to an effective state as the ICDW system is mea-
sured. The effective ground state is then expected to relax to the true ground state within

a finite time. Define an effective ground state
_(—gamn)?
) =% [ A S g ae (A.36)
nez

where A, is a normalization constant. This wave function can be obtained formally by a

POVM
M, = Z/ A T e (g e (A.37)

For a < 7, this states can be approximated by a Gaussian state

oo 1/4 12
|§a)%/_ ( 1 ) oS5 ¢ de (A.38)

2ma?

Then, using (&, W&,) = ee=%*/%, the charge density becomes

(&alp(x,0)|€0) = po + e ¥/ py cos(2kpa + €). (A.39)

In the @ — oo limit (or, more practically, for a > 7), the electron charge density is
uniform as in equation (A.35). This is the true ground state of the ICDW ring system.
On the other hand, in the a — 0 limit, the charge density is equivalent to the classical
charge density Eq. (2.1). The energy difference between the measured state and the true
ground state is
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where [ is the moment of inertial of the ICDW, and the measured state will relax to the
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true ground state within

(A.41)
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Appendix B

QUANTUM BROWNIAN
MOTION IN S!

B.1 REDUCED DENSITY MATRIX ON !

Consider an ICDW ring A coupled to its environment B. Let p4 and pg denote the density
operators of A and B, respectively. Let # and ¢ be angular coordinates on the ring system
Aandlet p={py: k=1,N} and s = {s; : k = 1, N'} be momentum coordinates of the

bath B. Then, the density matrix of the coupled system can be written

p(0,p,9,8) = (0,plpar(t)|9,s)
2 00

—/ dﬁ’dgb’/ dp'ds'K(0,p,t;0',p',0)K*(p,s,t;¢', s, 0)
0 —00

x (0", plpa(0)[¢,8')

where

K(8,p,t;6,p',0) = (6, ple"#1|¢, p') (B.1)

and

K*(¢,s,t;¢/,',0) = (¢/,8/|ei "6, 8) (B.2)
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are recognized as Feynman propagators if we notice that |p) and |s) are actually position
states after canonical transformation. The propagators (B.1) and (B.2) can be written
using path integrals by dividing the time ¢ into N time steps of length ¢ = ¢/(N + 1),

P=pPn, P =Ppo, 0 =0y and 0’ = 6,. For N — oo the propagator becomes

. N
. 1€ 1 o
i (e ) 97p>

on /N-1 0o [N-1 N
= lim (H d0n> / (H dpn> L1 K000 0, € 001, P01, 0).
~%Jo n=1 - n=1

K(9,p,t;0',p',0) = <9,p

o0 n=1

The Hamiltonian operator H can be decomposed into the kinetic part K and the potential

part ]>, ie. H=K+ ]>, which satisfy the eigenvalue equations

K¢, a) = K(LP) [, q), V]0,p) =V(0,R(0))]0,p). (B.3)

Then we obtain

K(0,,Pn, € 0n_1,Pn-1,0)
N i€ e 1€ ~
= Z/ dq, <9n,Pn exp (—%/C) ‘wzn,%> <¢zn,qn exp (_EV)
I, Y~
S 1 * dq, 1€ ic
prg . _ P L€ ) ) )

) 1
X exp {Zln(gn - en—l) - ﬁqn : (pn - pn—l))} .

971717 pn1>

Next, define A,, = Zj CQjn = Zj m%Pjn and obtain
J

K(Qn, Pn; € 071—1; Pn—-1, 0)

w1 [>® dq, i€ i€
== Z %/_OO (27Th)N exp{—EIC(ln,Pn) —%V(Qn_l,Rn_l(Hn_l))}

lp=—00

X exp {z(ln — A, /R) (0, — 0p1) + %Pn - (Ry(6,) — Rn_1(9n—1)>} :
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The sum over [,, can be replaced by a sum of integrals using the Poisson resummation

formula

Z/ () exp(27l()dC. (B.4)

ZEZ lEZ

Then,

K(Qmpnue gn 15, Pn— 1,
an dqn 1€
- l ;OO/ / 27Th (9N exp { ]C(Cna Pn) - EV(Qn—la Rn—l(gn—l))}

X exp {Z(Cn — A, /h) (0, — 0,1 + 27l,) + %Pn (R0, + 27l,,) — Rn—1(9n—1))} :

For our Hamiltonian of an ICDW ring threaded by a fluctuating magnetic flux we have

K(cn,m—(c”h = +Z—P2

V(0n_1,Rn_1(0 ))—Zlmwz Rip1(0p_1) — Cibnr)”
n—1,ttn—-1\Yn-1)) — - 2 g j,n—1\Yn—1 mw]z .

We note that that the potential V(6,R(6)) is rotationally invariant. That is, for an
arbitrary rotation § — 6 + 0, the potential is V(6 + §, R(6 + §)) = V(0,R(0)). Let
5n = (,— A, /h. We use the fact that the phase space volume is conserved under canonical

transformation. Then,

K(0,p,t;0',p',0)
dP, dé,
0y [ o)

(ML (o o) (115

X ex i e h—252+zipz —i—EV(H R, 1(0,_1))
p — A 2] n m in A n—1, ln—-1{Vn—-1
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Solve the ¢, and P; ,, integrals to obtain

K(0,p,t;0,p’,0)

JUESEIL VYRR ey

=11

i 1 Tm
X exp Z {ﬁi(en — 0,y +27l,)? + + 75 (R0 + 27l,) — Rn_l(en_l)f}

xexpz{__v 1R 1<en_1>>}.

The integral including 6y _; is

Ino1 = Z Z \/ 2me \/ 27me / Ao - 1 dRN 1<9N 1)

lN —OOZN 1=

I
X exp {?’L_(QN — On_1 +2mly)* + ﬁ—(QN | — On_g +2mly_1)? }
X exp{£2—[RN(9N+27rlN) RN_l(HN_l)]z}
m 2
X exp ﬁ_[RN 1(On-1 + 27y 1) — Ry—o(On—2)]
i€
X exp {—gV(GNLRNl(eNl))} .
The sum over [y_; can be absorbed into the #y_; integral by changing the domain of
On_1 integration from [0, 27) to (—o0,00). This is done by the following procedure:

1. transform [y to l~N = Iy + Iy_1 and write 0~N_1 = 0On_1 + 2wly_; to obtain

2m
Ino1 = Z Z \/ 2me B\ 27?16 / A~ 1 dRN 1)

ZN —OOZN 1=

X exp{

X exp

i
(QN—QN 1+27TZN) +ﬁ_(9N 1— On- 2) }

= Dt e

[RN(QN + 27TZN) RN_l(éN_l)]z}

=
MERRE “lN

ST

X exp [RN (On-1) — RN2(9N2)]2}

X exp

/—’H/—’H/—/H

YV (On-1, R (On- 1))}

D"lm'
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27 (n+1

o ) db,, and change the domain of

2. Change the variable of integration fo% do, —
61 integration from [0, 27) to (—oo, 00) and use the periodicity of V(6n—_1, Ry—1(0n-1))

to obtain

19 N
I m oo oo
In_1 = E \l 5=\ 5= _ _ _
N=1 z 2mieh | 2mieh /_Oo dOn 1/_00 Ry 1 (0x-1)
N=—00

1 1 1 1

X exp {7—1§(9N — QN,1 + 27‘(’[]\7)2 + }—iZ(eN,1 — 9]\[2)2}
im 9

X exp ﬁZ[RN(GN + 27TlN) — RN_l(GN_l)]
im

X eXp {ﬁZ[RN—K@N—l) - RN—Q(HN—2>]2}

X exp {_%V<9N—1a RN—1(9N—1))} .

Repeat this procedures for the integrals involving 6,, from n = N — 2 ton = 1, and

obtain

K(0,q,t;6'.,q',0)

x o /N-1 o /N-1 N 7 — N
IZ_Z 11—{% B (Hd6">/ (E anl(Gnl)) 1_[1 2mieh \| 2mieh

—00 n—

»i
X exp {%i(en — Gn,l + 27‘(’[5”7]\7)2}

X exp {%%Rn(en + 2716, x) — R (01)]? — %V(@n_l, Rn_l(en_m} .

Define
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2
Lo(0n,R,(6,)) = (9” —bnm1 ¥ 27#5"”)

€

+
€

!

2

m Rn 0n+2 Z(Sn _Rn* enf ’

3( ( 7lon N) 1 1)) ~V(0_1,Rp_1(0,-1)) (B.7)

where

L[8, R()] = lim L, [6,,, Ru(6,)] = Lo[6] + L [0, R(6)] (B.8)
Lo[0] = ééQ (B.9)

N N 2
Lp[0,R(O)] = 3 %1@(9)2 -2 %mwf- (Rj(e) - %’2) (B.10)

is the Lagrangian of the coupled system. The action S[#, R(#)] is given by

S0, R(0)] = /0 L0 R(8)]ds = Soff] + Sul6. R(6)] (B.11)
Solf] = / CarLio) (B.12)
10, R(0)] = / I Ly6.R()) (B.13)

Now, suppose that we initially have the total density operator given by
pas(0) = pa(0)p5(0). (B.14)

Then, the reduced density matrix is

pl0.0.0 - [ " dR(0)dQ(O)5(R(6) — Q(0))p(0. p, b.5.1)

—0o0

2
—/ d0'd¢’ J(0,p,t;60',¢",0)pa(6, ¢, 0) (B.15)
0

where

o+27l’ .

D" exp  (Solf] — Sole]) F16. 6
(B.16)

o0 o0 042wl
J0.6.60.4.00= 3 3 /9 peé

l=—c0 l'=—

/
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is the propagator of the density matrix,

Fl0, 9] = /_ ) dR(6)dQ(¢)dR!(6")dQ'(¢")6(R(6) — Q(¢))ps(P',s',0)

[e.9]

R(9) Q(®) i
y / DR(0) / DQ(6) exp 1 (Snlf, R(O)] — S5l6, Q(6)
R/(0") Q'(¢")

is the influence functional and Q(¢) = —(s; — c¢)/mw;. Supposed that the density

operator pp can be written as a canonical ensemble at ¢t = 0. That is,

—BH
y = —OPhHs) (B.17)
trplexp(—BHp)]
Introduce the imaginary time 7 = —thf, then the density matrix of the environment at

t=201s

(] (51)[9) sty
trp [exp <—%I:[B>] quKB(anQ q, 0)'

pB(pla SI) O) =

B.2 MOMENTUM REPRESENTATION OF THE
DENSITY MATRIX OF A HARMONIC OS-

CILLATOR

The propagator of a harmonic oscillator with the Lagrangian

m 1
L=—i*— —mwa? B.1
5 " = gmwe (B.18)
has a well known solution
Z' t
K(z,t;2',0) = /Dm exp ﬁ/ Lds (B.19)
0

e 1 mw 2 12 ,
~ V 2rihsinwt T | & t—2 B.20
mexp{msmwt[(x + 2'%) cosw xx]} ( )
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K(p,t;p,0) is obtained by a Fourier transformation

oo d d / N
K(p,t:p',0)= /_Oo Qxﬂg K(z,t;2',0) exp % (pr —p'a'). (B.21)
Let A = %‘)fft and B = 52— then
F(t) i Ap* + Ap'?> — 2Bpp’
K(p,t;p,0) = -
<p7 1p7) B2—4A2€Xph 4B2_4A2
where
2.2(1 — cos? wt
4B — gp2 = (] _m e ) _ i, (B.22)
sin” wt
S0,
F(t) i
K(p,t;p',0) = —= - t : B.2
(p,t;9',0) = — = exp -S[p(t) /muw] (B.23)

Therefore, using 7 = —ihf, B = 1/kgT, v; = hw;ff and isinhz = siniz we have

N , mw, P St P

/ H h Wi — J hy — 2=~ J
(Pl exp(—iTHp/h)ls') 1:[ 27rhsmh1/] P 2R sinh v; onJf * cosh m2ws |’

(B.24)

and
s N
tr [eXp(—iT]:I /h)] = dq (q] exp(—irﬁf /h)|a) = H :
B B . B 2 sinh 2~

We are assuming that the environment is not coupled to the system at ¢ = 0, so R, =

p;/mw; and Q' = s’ /mw;. Therefore,

pp(p',s,0) = (H mlw ) pp(R',Q',0) (B.25)

j=1 "
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where

mw; 2 2
(R’ 0) 2 h 1/ - \(R* e hv, —2R.Q’.|.
Q H sin 27Thsmh v, exp 2R sinh v; ( J +QJ)COS i ]QJ

(B.26)
Let us rewrite this density matrix into a simpler form. Define zo; = R} + Q; and x; =

— Q). Then, using
/12 12 /'y 1 2 1
(R}" 4 @Q}7) coshy; — 2R;Q'; = §(cosh vj — 1)ag; + 2(cosh v + 1)300] (B.27)

and the identity

coshv; — 1 sinh v; ok ﬁ) (B.28)
sinh v; COSh vi+1 2
we obtain
N MW _ mw 911(2)- 9
’ j j j ’
5(R’,Q,0) ]Hl o Lb—j + M} . (B.29)
pj = coth % (B.30)

B.3 THE INFLUENCE FUNCTIONAL F[0, ¢]

Now, we calculate the density functional F[f, ¢| explicitly. We will write R and Q instead
of R[f] and Q|¢] for simplicity, but keep in mind that they depend on 6 and ¢, respectively.

Then, the influence functional can be written as

R Q
DR | DQ*
! Ql

Flo, 9] = /OO dxtdxgdxodxg(1/2)N5(x2)p3(R’, Q',O)/

—00

xexp{%/tdSZ[%( Qz)—%mw( —Q3) +Ci(6R; — 6Q;) — 02< ¢2)”

0 2mw

J

(B.31)
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To evaluate this we introduce the variables

¢:8+¢7 90/:9_¢7

iL']:Rj—i—Qj, .QT;ZRJ'—Q]'.

(B.32)

Then, the influence functional becomes

Flo, 4] = / ) dx,dx|dxodx}(1/2)V6(x)) ps(R/, Q' 0) / DxDx/

[e.9]

R 2
i m. ., 1 C; C:
X exp {ﬁ/ ds g {ngx; — 2mw2xjx + —= 5 (gox; + ¢'z;) — QmZuQ gp’(p} }
J

0

:/ dx,dx|dxodx}(1/2)V6(x)) ps(R/, Q' 0)

[e.9]

im y ., i [* C?
X expy op Z(xtjxtj — Tojd0;) — 7, ds Z 2mw2§0 ©
j

/ i ' / ¢ /
X /DXDX exp {ﬁ/o dsz [—g(xj)xj + 7%017]»] }
J

where

T — =y (B.33)

9(xja) =0, g(z3(0)) =0, g(z;(t)) = 0. (B.34)

o |

b = / DxDxexp {%/ ds ) {—9(563)% - %w}} } (B.35)
0 X
J

1 o (T dxdx i€ c;
| AP /_Oo <H \ABP) HHGXP { nj) T+ 79013] (B.36)
dx’ T e C;
|AB|2> 11 (1:[ [27rhg i D Hexp ho $ona (B:37)
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| A|~2 is absorbed into the delta functions. The interpretation of the delta function is to

insert the classical solution 7/ ;, into x; which satisfy g(z’ ,) = 0. The outcome is,

1 i [ c;
Lix = P exp | i ds Z - ¥Ta | - (B.38)
J

Therefore, the influence functional is

F0, ] :/ dxtdxtdxodxo(1/2)N6(xt)pB(R Q’,0) exp ﬁ52 xtjx'éj—xoj:'c{)j)

- -
1 ' C?
d
G (1 5 [ardgee s G )

The x; integral gives a delta function of x;

F10, 9] = /oo dx,dxodx) (1/2)V6(x))5(%) pp (R, Q', 0)

i [ C? C; im _
X exp (ﬁ/o dsz [—2mw2g0g0+ 2 /cl:| + ﬁ§Zxojx6j .
J J

Insert equation (B.29) for the density matrix and do the xq integral, then we obtain

Flo,6) = / a5 (x,) 5 ()

i [* C? C; mpw; [ & 2
M ds | — 3 / I J%5 0j 12 )
X Ijl exp (h/o S [ 2mw]290g0 + 5 goxcl] I w? + ),

The two delta functions d(x}) and §(X}) can be interpreted as boundary conditions on

the classical solution of g(x'(s)) = 0. The result of doing the remaining integrals would
be to substitute the classical solution of z,, ip; and xp; which satisfy these boundary

conditions. The solution to the classical solution of g(x) = 0, that is

. C;
i+ wial — chp' =0. (B.39)
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is

LC?Y (s ),
z;(1) = — ;fw( ) sinw; (1 — s)ds + xj; cosw;(t — ) — w_t] sinw;(t—7).  (B.40)
i i

T

For our boundary condition this solution reduces to

al(1) = —/ C}%;(j)sinwjﬁ —s)ds (B.41)
(1) = —/ Cj%(s) cos w; (T — s)ds (B.42)

Therefore, the result of integration is

F10, 6] = exp (- > %Qmi) : /0 t / o) <%5(T _ 8) — sinw;(r — 5)> go’(s)dnls)
X exp (- Y /0 t /O t nfi (7 cosw (7 — s)go/(s)dsd7'> |

/Ot /OtE(T,s)dsdT:2/Ot /OTE(T, s)dsdr. (B.43)

The first integral can be written as follows (see figure B.1 b))

/Ot /TtE(T,S)dsdT:/Ot /OTE(S,T)deT. (B.44)

Then, the influence functional becomes

Fl0, ¢] = expi®@[0, ¢ (B.45)
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a) s sA
t t
= 2 X
T N T
b) ¢4 s
t t
‘ E(t,s)-> E(s,7)
T | T °

Figure B.1: The domain of integration is shown. If the integrand is symmetric, then the
domain of integration can be changed according to a). The domain of integration can be
changed according to b) if the variables 7 and s in the integrand E(7, s) are exchanged.

97



where the influence phase ®[6, ¢| can be written as

w0l0.6) =1 [ [ drdsgls)artr—s)r) ~ 1

2

" B,
ar(t —s) = Z 2m]wj coth QkBJT cosw;(T — s)

1

0 JO

a(r—s)=3 ¢ (35(7—3)+sinwj(7—s)).

2mw; \ wj

Therefore, we obtain the density matrix propagator J (6, ¢,t;6’, ¢, 0)

J(ef) gbfa ta 617 ¢i7 0)

O¢ ol 7
:/{9 Db Dqﬁ*exp{ﬁs[so*,so‘]—ﬂso‘}}

i ?i

the classical action S[p™, ¢7] is

o) = [ drigr)emr)

+2/0ng/08 dso™(T)au (T — 8)™(s)

and the I'[p~] is given by

M) = 55 [ dr [ dse™(Panr = 967 (6)

The path integral in (B.50) can be done exactly and we obtain

J (6, 1, t; 0, ¢, 0) = F>(t) exp <

98
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h

Sled, oql — T[%])

[ [ astre@ants - 106

(B.46)

(B.47)

(B.48)

(B.49)

(B.50)

(B.51)



goﬁ are the classical coordinates obtained from the Euler-Lagrange equation

I (u) +2 / drgn ()n(r — ) = 0 (B.52)

Ik (u) + 2 /Ou drof(T)ar(u—71) =0 (B.53)

whose solution are given in terms of boundary conditions ¢ = ¢*(0), oF = ¢*(t):

pa(u) = ri(u; ) + kp(ust)of (B.54)

palw) = rilt —u;t)pp +rp(t —wt)er (B.55)
Y G(t) o G

ki(uyt) = G(u) — @G(u), Ki(ut) = G (B.56)

Then, the classical action reduces to

Slpa, pal = —Iea()er — @a0)pr . (B.57)
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Appendix C

CALCULATION OF CHARGE
DENSITY EXPECTATION VALUE

Here, I calculate the time evolution of charge density expectation value for an ICDW ring

via the Caldeira-Leggett model.

C.1 SUMMARY OF KNOWN RESULTS

First, I summarize known results from previous sections. The charge density expectation

value is

(W (1) = %/ﬂ dbs /7r dx (e p(6r, o, t) + € p(br, 01, 1)) 5(6; — ) (C.1)

L |
=5 /_7r dby /_7T depe (€™ p(0r, ¢r, t) + € p(Br, dr, t)*) 5(6r — o). (C.2)

The delta function 0(6f — ¢¢) was included for later convenience. The reduced density

matrix is

21 00
p(b, ¢, t) = / db;dg; Z J (O 4 27ly, ¢¢ + 27ls, t; 65, ¢, 0) p(6i, ¢4, 0) (C.3)
0

l1,lo=—00
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whose time evolution is given by the propagator
/Y o ¢ * i + — 1~ /
J(0,¢,4,0',¢/,0) = ) DO | D¢ expq=Soly” 7] = 2Elp, @], (C4)
/ ¢/

where o7 = (0+¢)/2 and ¢~ = ¢—0 are center-of mass coordinate and relative coordinate,

respectively. The action of ICDW ring without environment is

St =1 [ drpt(re(n) (©5)

where I is the moment of inertia of the ICDW ring. Effect of environment is given by the

influence phase

r—!

E[p™ T1+iEO[pT, 7] (C.6)

Lo =W
=My :// dsdro™ (T)agr(T — s)¢~ (8) (C.7)
= [ = —2/ / dsdro™ (T)ar(T — )™ (s) (C.8)

ar(t —s) = Z ZmZuj coth QZT cosw;(T — s) (C.9)
ar(r — 5) = I(0)5(r — s) + g ﬁw _s) (C.10)
() = %Z nifﬂ coswjt (C.11)

i J

The influence action ZF)[p*, =] introduces friction into the system. On the other hand,

the noise action Z™[¢~] may pump energy back in a random way.
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C.2 EQUATION OF MOTION

Next, I calculate the Euler-Lagrange equation from the action S[p™, o~ = Sp[e™, ¢~ ] —

2 [p*, 7). The variation of Sy[¢™, ¢~| and ZF)[p*, ©~] are given by

5Sol* 7] = —1 / drl6H (r)g(7) + ¢ () (r)] = T / drlot ()@ (7) + @ ()™ (),
=0t o) = =2 [ [ dsdrastr = s)5 (71" (5) + ¢ ()50 o)
S0, using gi:g; = gi:g;g = (7 —u) and gi;g;g = gztg;g =0, I obtain
dSolpt, ol L[t L I
DL 1 [ it —u) = 5o,
dSole™ 7] b 1
R =1 [ it =) = 5 ),
5E(F)[SD+’('07}—— tT’T Tsa T—35)0(s —u) =— tTa T—u)¢ (T
fSSWL—W_ Q/Odsf?()/od 1( )5( )— /ud 1( )90(>,
w—— tTT—’LL Tsa T—38)pT(s) = — uT+TOé u—T
i = =2 [anitr =) [ dsartr =)t (s) = = [ aret (myasu =),

hence the Euler-Lagrange equations for ¢+ and ¢~ are, respectively,

0S[pt, 7] 5 (u t Tar(t—u)e (1) =
TS0 = mwer dal—ue -0 (©1)
dS[pt, 7] _ 5T (u ’ Tar(u— 7)o" (1) =
o () =0 — Is%( )+2/0 drag( )T (r) =0 (C.13)

C.3 GENERAL SOLUTION

Finally, T calculate the solutions of ¢ (u), ™ (u) with arbitrary initial position and ar-
bitrary initial velocity. Eq. (C.12) and Eq. (C.13) are related by the transformation
o (u) = ¢t (t —u) [126]. Insert Eq. (C.10) into Eq. (C.13), then the generalized

Langevin equation is given by

5 (u) + / "ot (P — 7) + () (0) = . (C.14)
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Laplace transform each terms of (C.14)

Ll ()] = / dup* (u)e ™ = —o*(0) + 25* (2)
L3 (w) = / " dugt(w)e ™ = —*(0) — 2o (0) + 2¢(2)
LI+ *7)(w)] = L6 )] Ll (w)] = [~ (0) + 2% (2)]3(2)

and I obtain

[2* + 24(2)]¢ " (2) = ¢ (0) + 207 (0).

Assuming 2% + 29(z) # 0 one can define the fundamental solution

G(u)zﬁl[ : ](u) L /_m LB

22 4+ 29(z) T omi ioo 22+ 29(2)

and the solution of ™ (u) is

ot () = G(u)p* (0) + G(u)p™(0).

From the initial conditions ¢;” = ¢*(0) and ¢} = ¢*(t) I obtain
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(C.16)
(C.17)
(C.18)

(C.19)

(C.20)

(C.21)

(C.22)

(C.23)



Therefore, the classical solutions are

o (u) = ki(us )i + rp(ust)of (C.24)
palt —u) = mi(ust)or + rp(u;t)pr (C.25)
Pa(u) = Ki(t —ust)pr + rp(t —ust)pr (C.26)
ri(ust) = Glu) — %G(u), kp(ust) = f;(‘;)) (C.27)

Our next task is to compute the density matrix propagator J. I expand the action

S[p, '] = Solp, ¢'] — 2, ¢'] around classical trajectories as follows:

0=0a+0, od=¢a+¢ =0l +e", T =¢ +¢. (C.28)

Expand S and Z®) in terms of classical path and quantum fluctuation

Sled+ ¢ oq + 971 = Sled, eql + S[eh, o7+ Sxled, a0, 0%, ¢7] (C.29)
EM oz + &7 = 2™ pa] + EM[gT] + 22005, &7 (C.30)
where
t
Sxled, g, 87,67 = / drI[ph(T)e (1) + &1 (1) (T)] (C.31)

+2 / [ dstrarts = a9+ & (Deio] - (€32)
E(X [og, ¢7] = //dsdTgad b (s)ar(T — s) (C.33)

The classical action is calculation using integration by parts and the Euler-Lagrange

equation (C.13), then I obtain

Sleds eal = —Ilofor — ¢ er]. (C.34)
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Similarly, one can show that Sx|[¢a, ¢}, ¢, ¢'] = 0. Then, the propagator J becomes

J(efv (bf? t? 91, ¢i7 0) = 6%5‘@?}’(’0;}7%5(]\])[@;]Q(QOEF, ()0;7 tv ()01+7 @:7 0) (C35>
= enS(eler il e 0= EN (er ben O G (o ot o, 0) (C.36)

—~(N — o~

=Mz, @ ]}

(C.37)

oy 1_, o
Slgt, ¢ - zEMgT] -

St b

0 0
Q(w?,sof,t;soi*,soi‘,()):/ Do ch*eXp{
0 0

Here, I assume that 6 and é are weak perturbation which do no change winding numbers
l; and Il in Eq. (C.4). Then, G(¢f, ¢, t; ¢, ¢ ,0) is formally equivalent to the one
calculated by Caldeira and Leggett [42] and it is as function of time, independent of
ICDW coordinates:

Glof,por o, o, 0) = F2(2). (C.38)

F?(t) is calculated from the normalization condition

(1) = /_: de/_: d(bf/:r do; /_: deio(0r — o)

X Z J<0f+27Tl17¢f+27Tl27t701a¢iv0)p(917¢i70)

l1,lo=—00

Here, the delta function is periodic by definition:

o0

1 . =1 .
5(0) = Z %eme: Z %ezn(ﬁ—i-%rn) = 0(0 + 27mn), (C.39)

n=—oo n=—oo

and 0(6 — ¢r—) = (6 + 2mly — ¢ — 27ly). So, because one can write > ,° fjﬁ fO+
2ml)dd = [ f(0)df for any function f(6), I obtain

w- [ Z ane [ Z aor [ i, [ A6 (6 — 66) (B, 61, 1,65, 61, 0)p(Bh, 6, 0)
= /O; do; /:: df; /:rr dgiJ (0, 0, t, 65, ¢1, 0) (64, @5, 0)
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which implies o = 0 and ¢; = 0, Z™)[p] is a function of ¢, only, and

[kl — el G
G(t)

Slpd]l =

Then, the integral can be evaluated easily (using yu = I/h)

[es) T g Oeo7 — o +G 1
= F2(t) /_ do; /_ a0, /_ d@exp{iu hd (;0(};01 ®) _ E(N)[go]} p(6:, &1, 0)

R
i [ [ e {8 (25

= F2(t )/_ﬂd@ /it)‘ p(0:,6:,0)
- (| S0
which implies
P10 =i

Calculation of (W (t)) is almost equivalent and I obtain

9f90; — (:017901+G<t) . lE(N) [w—]}pw. &; O)

dOf d@ d@e exp { 0 .

1o

+ 2L / a0, / a0, / die exp{ N Lot _ 1 [w‘]}pwi,@,m*
_ FT“) / a6, / 4 exp {—iuw;wr% -~ 2Ew )[90]} 5 (1 + us@f%) p(6:,61,0)
FT@)/_: e, /_: dep; exp {iuwis@f% — %E( )[90]} 5 (1 - u%%) p(;, 63, 0)"

_ %/ﬂ df; exp {z’G(t)Gi — ZM — %E(N)W‘%:G(tw]} (65,65 — G(£) /211, 0)

—T

1 [7 - GG 1. _ «
9 /_7r db; exp {ZG(t)ei ti—0— - i_i:(N)[‘P }@i’:fG(t)/‘u] p(6:,6; + G(t) /2, 0)".
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Now, the noise action Z) is a function of ¢ only, so I write

1 e
['(t) = ﬁ:( e |¢;=7G(t)/u]'

For the ground state ¥gs(f) = 1/+v/27 1 obtain

(Yas, W (t)thas) = sinc (WG(t)) cos <M> e T

and the charge density expectation value is

(Yas, (@, t)Ygs) = sinc (WG(t)) cos (%W) cos(2kpx)e T®,

Eq. (C.41) and Eq. (C.42) are the main results of this appendix.
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Appendix D

SUPPLEMENTARY
INFORMATION TO THE
NAKANISHI-SHIBA MODEL

D.1 Q(z) FOR 17-TaS,

(a)Let Q(z) be the wave vector path parametrized by x € [0,1]. The endpoints of this
path are Q(0) = Qic, Q(1) = Qc, and the NCCDW state is given by Q(z*) = Q¢ where

. d(Qic, Qne)
d(Qic, Qne) + d(Qxe; Qc)

< 1.

d(A,B) = /(A — B) - (A — B) is the distance between vectors A, B. Then, Q(z) can

be written as

Qic + = (Qnxe — Qo) ifo<z<z*
Q(z) =

Qne + 5 (Qc — Que) ifax <z <1
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D.2 METHOD

D.2.1 NAKANISHI-SHIBA-MCMILLAN FREE ENERGY

McMillan’s phenomenological free energy of triple CDW is [88,112,113,127]

F= /dQT{a(F)QZ(r) — b(r)a’(r) + c(r)a’(r) + d(r) [[¥atal” + [atis]” + |5t []

3
+ Zw:‘ex—z‘vm} (D.1)
i=1
where the complex order parameters 1;(r) are related to the electron charge density

p(r) = po(r)[1 + a(r)] (D.2)

and

a(r) = Re[¢r(r) + ¢o(r) + ¢3(r)] (D.3)

po(r) is the charge density in the normal state. The indices 1, 2, 3 specify the three
components of the triple CDW. Each coefficient has lattice periodicity and can be written

as

3
b(r) = by + b Z Gt ete., (D.4)
i=1

where G; are reciprocal lattice vectors. The function e;(—iV) represents a gradient op-
erator. First, we expand the a2 term in Eq. (D.1). Using a(r) = ag + a1 Y, €/Gi™,

a(r) = Re Y27, bi(r) and o(r) = eng)'r@(r) we have

/dgr a(r)a?(r) = ao/dQT

Oscillating terms vanish after integration, so the non-zero terms are those with absolute

3 .
ReY QT g (1)

=1

5 A 2
Re Z eiQ(Cj)'rij(r)] .
1

j=

2 3
+a1/d2r E e'Gir
i=1

values |¢;]?:

/dzr a(r)a?(r) = %g/d% EAR
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Similarly,

/d2r b(r)a’(r) =

3 3
= —/ {—O(¢1¢2¢3 +c.c.) + 32 Z(¢2¢z+1 + ¢.c.)0g,20p,1 + Z; Z(gbf’ + C'C')5Q’35P’O}

=1 =1

and

/d27’ c(r /d2 Z{ 3\¢z|4 + 12‘¢1¢z+1‘ )+ (¢?¢f+1 + ¢..)0q,30p1

301 301

c
<¢ ¢z+1¢z+2 +c.c. )5 (¢z¢z+1 iy2 T C.C. )511,251),1 + Zl(gb?ébw? + C'C'>5q725p71}’

The term proportional to by arises from the triple-Q condition Qg ut Q(CZ )+ Q(C3 ) =

The terms proportional to ai, by and ¢; arise from the commensurate structure ng) —

gH) = G, or equivalently,

v PGy G; ’G;
(CZ) _ TG 07 Gire (D.5)
¢ —p?

After some rearrangement we obtain

F=Fy+ Fp+Fo+ Fp+ Fg), (D.6)
3
Fy= / P i AQY —iV) ey, (D.6a)
=1

3
Fp = /d%«BZ ], (D.6b)
i=1

3

Fo = /derZ |¢i¢i+1‘2> (D.6c)
=1

Fp = /d2r§(¢1¢2¢3 +c.c.), (D.6d)
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and the form of commensurate free energies Fi,,) depend on the (g, p) values:

\% A
Fa /d2 Z { (@707, +c.c.) + §(¢i¢;‘k—?—1¢;‘k—|—2 +c.c.) + §(¢?¢i+2 + C-C~)}7

(D.6e)

/d% Z { (63 + c.c) %(qﬁ?@ﬁrlﬁﬁ + c.c.)}, (D.6f)

/d2rz (2071 + c.c). (D.6g)

Here, we have 4;(Q,T) = 3a0 + ¢;,(Q), B = 3¢y, C = 3co+do, D = =3by, E = 1y

— 1 _ 3 _ _3 _ 3 _ 1
Y = _Zbl’ W = §C1, U= _Zbl’ V= 561, Z = 501.

D.2.2 TYPE 1 AND TYPE 2 FREE ENERGIES

Consider two types of free energies which use different forms of A;(Q, 7). The first one
(type 1) is the free energy considered by Nakanishi and Shiba [114] which uses phenomeno-
logical parameters which reproduce a ring-like diffuse scattering obtained in and electron

diffraction experiment:

A(Q,T)=T—Te+ (1 —&)u+ v&(1 — cos(6¢;)). (Type 1) (D.7)
where

& =1-s(QI QRG> for (IQ] — |Qia)/IG> < s~

=0 otherwise,

u and v are parameters; ¢; is the angle between Q and Gy, Q% is the fundamental wave
vector of the ICCDW phase. This A;(Q,T) has a circular ditch with the radius Q%

around Q = 0. The second one (type 2) uses McMillan’s free energy [88] which has the
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gradient term

/d%zm —iV) /dQTZ[ Q- v~ 1QUEPE + F1Q x Vil
-/ Pryv QR - (=i9) QI + F1QE x (i) v
1=1

where e and f are constants and we have done integration by parts in the second equality

assuming that 1; are non-decaying periodically oscillating functions. Then, we have

e(Q) = ¢(QR - Q — QR + flQR x QP
= e(|QRIQI cos ¢ — [Q*) + F1QI1IQP sin® ¢
= €| QI (1QI - 2QR2IIQ cos ¢ + Q1L + (f — €)|QIPIQI? sin ¢
= e|Qol’1Q — QP + (f — 0)|Qi x Q.

Now, assuming ¢ = f = s/(|Q{2[2|G;|?) we obtain the type 2 free energy with
A(Q.T) =T ~To+s1Q - Qi /|G (Type2) (D-8)

This A;(Q) has a circular (or elliptical if e # f) bulge around Q% In their study of
2 H-TaSes, Nakanishi and Shiba obtained this form as an approximate form of Eq. (D.7)
for Q =~ Q% [115], but it is actually also a special case of McMillan’s original definition
of free energy. Therefore, assuming e = f, the type 2 free energy can be used for general

values of Q.

D.2.3 CCDW STATE

For the C-CDW state we have ¢;(r) = Ace®ci, where fc; are constant phases which

minimize the free energy F'. Substituting this to Eq. (D.6), we obtain

Fo = Area - fc (D.9)
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where Area = [ d?r and

3
fo = Ai(Qc)AZ + 3(B + C)AL + DA cos(fc + bca + bcs)
=1

UA?C)J COS(QQCi - gCi—H) -+ VA% COS(@CZ' — 29(;1'4_1 — 902'4_2) ]
, if (g,p) = (2,1)
3 +Z A cos(30c; + Ociva)
+
=1 | YA cos(30c;) + WAL cos(20c; — Ociv1r — Ocire) , if (¢,p) = (3,0)
\EA% COS(3QCZ‘ — 9(},‘4_1) ) if (Q7p) = (3a 1)

We assume that Fpp and F{, ;) stabilize the triple CDW co-operatively, i.e. D, E,Y, W, U,V, Z <

0. In this case the free energy is minimized if ; satisfy the following conditions:

2m
Oc1 = ﬁ(q% + gpm + p’n),
g —p
2m
Oca = ———=(¢°m + gpn + p?l),
q° —p
2m

Ocs = W(q% +qpl +p°m),

l+m+n=(q—pv.

Note that these phases have the same structure as Eq. (D.5). Then, the commensurate

free energy density becomes

3
fo =) A(Qc)A% +3(B + C)AL + DAY,
=1

(

BUAY +3VAL +32A4  if (q,p) = (2,1)

+ {3V AL +3WAY , if (¢,p) = (3,0)

\3EA4C ,if (¢,p) = (3,1)

The magnitude of A¢ is obtained by 0F¢/0A¢ = 0.
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ul| v s | B|C| D E Y |wW | U Vv Z

(3,1) values [114] | 1 | 0.05| 1200 | 1 | 2 | —1 | —1.5
(3,0) values [115] | 1| O | 1000 | 1 | 2 | —0.2 -03 ] -1
(2,1) values 110051000 | 1| 2| —-0.2 —03 | —-1.0|—-1.5
D.2.4 ICCDW STATE
For other CDW states, ¢;(r) can be expanded as

Z Almnexp qumn r, (D.10)

émn>0

m-n=0

where [, m, n are integers and ql(:,)m = k@ + mkD) 4 nk(+2) 4 O kO = gq@ — pqttD
and g = Q® — QY, and we have defined ) = q(V, g® = q®. After substituting Eq.
(D.10) into Eq. (D.6), the free energy is minimized to find the A, values. The order
=0.

parameters are determined by the non-linear coupled equation OF'/ GAlmn

Next, we expand and integrate F'y. The integral

Fa= /d27”z Z Z Almn l’m n’elqlmn A(Q —ZV) qu/ '

i=1 I;m,n>01' m/ n'>0
Ilmn=0".m'-n'=0

/d27’z Z Z Almn l’m n’e ql(n)m ql(”)n/nl rA (Qg) _‘_ql(/lr)n’n’)

i=1 I,mn>01' m/ n'>0
lmn:0 l/-m/-n/:()

is non-zero only if ql(:r)m — ql(,izlln, =0, ie.

(1 =KD 4 (m — m )k 4 (n — )k = 0.

From the triple-Q condition Q" 4+ Q® + Q® = 0 we have k@ 4+ k(+1 + k(+2) = 0, so
the non-zero terms of F4 are those with the condition [ —I" = m —m/' = n—n’. Moreover,

the condition I -m-n=0=10-m'-n’ implies that [ =1',m = m/,n = n'. Therefore, we

114



have

FA - Z Z Almn lmn QC mn)'

With similar calculations for Fg, F, Fp we obtain the following results:
(2) (%) (2) (%)
FB = /dQTB E E AlmnAl(;Lmn l” " //Al(,l,, , ///6 (qlmn_ql/ ’ '+ql”m”n”_ql”’m’”n”’)

—_— B Almn l/m TL l// // Al(//)lm”/n”,

X 5([ o l/ + l// . l/”,m . m/ + ml/ . m/”,n _ n/ + n// _ n///)7

1 i+t1) % (1) _ (Z) (i4+1) (Z+1>
Fo= [ dQTCZE AL AW ALY AL a0

Z+1 i+1
=C E E Almn l’m n' l” /2 Al(”’m}”n’”
X 5([ _ l/ + n// _ n/// m — m/ + l// _ l///’ n — n/ + m// _ m///))
2 3 (1) (2) (3) .
FD — / § Almn ;/;L o l(//) //n”( 'L(ql L ’+ql”m”n”) r + C.C.)

DZAlmn DA (L A+ m A U w1,
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and the commensurate free energies re

(4) (2) (i+1)

3
U 1 7
Py = [ #r3 {EZA;WAWM e ¢ e

(2) (i+1) (1+1) (i42)

E Al Z+1)* (i+1)= A(i-f-?)* (6 (qlmn—ql, AR N T /) ///) +c C)
mn L.

l/m n’ [//m Im! 11 1

; +2) (i) (1) (%)
+ 5 § Al;nnAl(’lm n’Al(”m”n”Al(’z”m”’n”’ (6 (qzmn"‘qy ’+ql” ”+ql’” " ///) + C.C.)
3
] 1)x
=U E E Al(;mAl(fm ! Al(f/+ 0L+ =n"+1L,m+m =" n+n" —m")
2 : z : i (i41)=* z+1 * 1+2)*
_'_ V lTr)lnAllm n l//m ?n// Al(ll/mglln/”

Xo(l—n"—n"—m" +1,m—-0U'=0"=n""n—m'—m"=1")]

§ i 42
+ ZZ lmn l’mn l(”) 'y Al(”’mg”n’”

XU+ +0"4+m" +1,m+m'+m" +n" n+n"+n"+1")],

Fao =5 ZZAlmnAl(’zmn A 51 +1 —n" +1L,m4m' — 1" n+n' —m")

§ E ”H-l i+1)% i+2)x
+ = lmn g/m n! l(” ’2n”Al(/”m2”n’”

X0l —n"—n"—m" +1,m-=0U~-=1"-n""n—m"—m"—1")),

31)_ lmn l’mn’ l”m”n” U"m!"' !

><5(l+l’+l” n" +1,m—+m' +m" 1" n+n" +n" —m").

Here, (a,b,c) is the generalized delta function with d(a,b,c¢) = 1 if a = b = ¢ and
d(a,b,c) = 0 otherwise. The sum ) is taken implicitly over all the integers [, m,n,l',m’ . n’, ...

with the condition I -m -n=0U-m'-0'=0"-m"-n" =01"-m" -n" =0.

116



References

[1]
2]

F. Wilczek, Phys. Rev. Lett. 109, 160401 (2012).

P. Holmvall, M. Fogelstrom, T. Lofwander, and A. B. Vorontsov, Phys. Rev. Research
2, 013104 (2020).

L.Guo, M. Marthaler, and G. Schon, Phys. Rev. Lett. 111,205303 (2013).

M. Tsubota, K. Inagaki, T. Matsuura, and S. Tanda, Europhys. Lett. 97, 57011
(2012).

L.D. Landau, L. P. Pitaevskii, and E. M. Lifshitz, Statistical Physics, Part 1, 3rd
Revised and Enlarged Edition (Pergamon Press, Oxford, 1980).

P. W. Anderson, Basic notions of condensed matter physics (AddisonWesley Pub-

lishing company, Reading, Massachusetts,1984).

C. N. Yang, Rev. Mod. Phys. 34, 694 (1962).

G. Vidal, J. I. Latorre, E. Rico, and A. Kitaev, Phys. Rev. Lett. 90, 227902(2003).
P. Calabrese and J. Cardy, J. Stat. Mech.: Theory Exp. 2004, P06002 (2004).

J. van Wezel and J. van den Brink, Am. J. Phys. 75, 635 (2007).

P. Coleman, Nature 493, 166 (2013).

P. Bruno, Phys. Rev. Lett. 110, 118901 (2013).

F. Wilczek, Phys. Rev. Lett. 110, 118902 (2013).

117



[14] P. Bruno, Patrick, Phys. Rev. Lett. 111, 029301 (2013).

[15] P. Nozieres, Europhys. Lett. 103, 57008 (2013).

[16] P. Bruno, Phys. Rev. Lett. 111, 070402(2013).

[17] H. Watanabe and M. Oshikawa, Phys. Rev. Lett. 114, 251603 (2015).

[18] N. Yamamoto, Phys. Rev. D 92, 085011 (2015).

[19] V. K. Kozin and O. Kyriienko, Phys. Rev. Lett. 123, 210602 (2019).

[20] G. E. Volovik, JETP Letters 98, 491 (2013).

[21] K. Sacha, Phys. Rev. A 91, 033617 (2015).

[22] D. V. Else, B. Bauer, and C. Nayak, Chetan, Phys. Rev. Lett. 117, 09040 (2016).

[23] V. Khemani, A. Lazarides, R. Moessner, and S. L. Sondhi, Phys. Rev. Lett. 116,
250401 (2016).

[24] C. W. von Keyserlingk and S. L. Sondhi, Phys. Rev. B 93, 245146 (2016).

[25] N.Y. Yao, A. C. Potter, I. -D. Potirniche, and A. Vishwanath, Phys. Rev. Lett. 118,
030401 (2017).

[26] D. V. Else, B. Bauer, and C. Nayak, Phys. Rev. X 7, 011026 (2017).
[27] S. Choi et. al., Nature 543, 9 (2017).
[28] J. Zhang et. al., Nature 543, 217 (2017).

[29] A. Arai, Mathematical Aspects of quantum phenomena, In Japanese (Asakura-shoten,

2006).
[30] Y. Ohnuki and S. Kitakado, J. Math. Phys. 34, 2827 (1993).
[31] S. Tanimura, Prog. Theor. Phys. 90, 271 (1993).
[32] A. Arai and Y. Matsuzawa, Rev. Math. Phys. 20, 951 (2008).

118



[33]

[34]

[41]
[42]
[43]

[44]

[45]

[46]

P. Carruthers and M. M. Nieto, Rev. Mod. Phys. 40, 411 (1968).

D. Sakabe, Z. Liu, K. Suenaga, K. Nakatsugawa, and S. Tanda, npj Quantum Mate-
rials 2, 22(2017).

A. J. Leggett, S. Chakravarty, A. T. Dorsey, M. P. A. Fisher, A. Garg, and W.
Zwerger, Rev. Mod. Phys. 59, 1 (1987) .

G. Griiner, Density waves in solids (Addison-Wesley Pub. Co., Advanced Book Pro-
gram, 1994).

S. Kagoshima, H. Nagasawa, T. Sambongi, One-dimensional conductors, (Springer-

Verlag, 1988).
P. Monceau, Adv. Phys. 61, 325 (2012).
A. Zettl, G. Griiner, and A. H. Thompson, Phys. Rev. B 26, 5760 (1982).

S. Tanda, T. Tsuneta, Y. Okajima, K. Inagaki, K. Yamaya, and N. Hatakenaka,

Nature 417, 397 (2002).

T. Matsuura, K. Inagaki, and S. Tanda, Phys. Rev. B 79, 014304 (2009).
A.O. Caldeira and A.J. Leggett, Physica A 121, 587(1983).

U. Weiss, Quantum Dissipative Systems (World Scientific, 1999).

E. N. Bogachek, 1. V. Krive, I. O. Kulik, and A. S. Rozhavsky, Phys. Rev. B 42,
7614 (1990).

J. J. Sakurai, Modern Quantum Mechanics, rev. ed. (AddisonWesley, Reading, Mas-

sachusetts, 1993).

B. Hall, Quantum Theory for Mathematicians, Graduate Texts in Mathematics

(Springer, New York, 2013).

119



[47] P. Hanggi, Generalized Langevin equations: A useful tool for the perplexed modeller
of nonequilibrium fluctuations? in Stochastic Dynamics, Lecture Notes in Physics,

Vol. 484 (Springer, Berlin, 1997), pp. 15-22.
[48] H. Grabert and P. Schramm and G.-L. Ingold, Phys. Rep. 168, 115 (1988).
[49] P. Schramm and H. Grabert, J. Stat. Phys. 49, 767 (1987).
[50] P. A. Lee, T. M. Rice, and P. W. Anderson, Phys. Rev. Lett. 31, 462 (1973).
[51] K. Nomura and K. Ichimura, J. Vac. Sci. Technol. A 8, 504 (1990).
[52] M. Ido, Y. Okajima, H. Wakimoto, and M. Oda, Physica B4+C 143, 54 (1986).
[53] T. Li et. al., Phys. Rev. Lett. 109, 163001 (2012).
[54] F. Wilczek, Phys. Rev. Lett. 111, 250402 (2013).

[55] A. V. Ustinov, T. Doderer, R. P. Huebener, N. F. Pedersen, B. Mayer, and V. A.
Oboznov, Phys. Rev. Lett. 69, 1815 (1992).

[56] H.-K. Li et. al., Phys. Rev. Lett. 118, 053001 (2017).

[57] V. J. Emery and J. D. Axe, Phys. Rev. Lett. 40, 1507 (1978).
[58] I. U. Heilmann et. al., Phys. Rev. B 20, 751 (1979).

[59] R. V. Pai and R. Pandit, Phys. Rev. B 71, 104508 (2005).

[60] R. Blinc and A. P. Levanyuk, Incommensurate phases in dielectrics (North-Holland,
1986).

[61] M. Reed and B. Simon, Fourier Analysis, Self-Adjointness (Methods of Modern Math-

ematical Physics, Vol. 2) (Academic Press, 1975).
[62] J.G. Muga and C.R. Leavens, Phys. Rep. 338, 353 (2000).

[63] Y. Aharonov and D. Bohm, Phys. Rev. 122, 1649 (1961).

120



[64] W. Pauli, in Handbuch der Physik (Encyclopedia of physics), edited by S. Fludge,

pp. 1-168.
[65] E. A. Galapon, Proc. Royal Soc. Lond. A: Math. Phys. Eng. Sci. 458, 451 (2002).

[66] E. A. Galapon, R. F. Caballar, and R. T. Bahague Jr, Phys. Rev. Lett. 93, 180406
(2004).

[67] E. A. Galapon, Proc. Royal Soc. Lond. A: Math. Phys. Eng. Sci. 458, 2671 (2002).
[68] A. Arai, Lett. Math. Phys. 87, 67 (2008).

69] A. Arai, Rev. Math. Phys. 17, 1071 (2005).

[70] C. M. Bender, S. Boettcher, and P. N. Meisinger, J. Math. Phys. 40, 2201 (1999).
[71] C. M. Bender, Rep. Prog. Phys. 70, 947 (2007).

[72] C. M. Bender, J. Phys. Conf. Ser. 631, 012002 (2015).

[73] E. Recami, V. S. Olkhovsky, and S. P. Maydanyuk, Int. J. Mod. Phys. A 25, 1785
(2010).

[74] K. Schmiidgen, J. Funct. Anal. 50, 8 (1983).
[75] M. Miyamoto, J. Math. Phys. 42, 1038 (2001).
[76] A. Arai and F. Hiroshima, Ann. Henri Poincaré 18, 2995 (2017).

[77] L. de Broglie, Recherches sur la théorie des Quanta, Ph.D. thesis (University of Paris,
1924).

[78] S.-Y. Lan et. al., Science 339, 554 (2013).
[79] K. Nakatsugawa, T. Fujii, and S. Tanda, Phys. Rev. B 96, 094308 (2017).
[80] D. C. Brody, J. Phys. A: Math. Theor. 47, 035305 (2014).

[81] S. Weinberg, The Quantum Theory of Fields, Volume 1: Foundations (Cambridge

University Press, 2005).

121



[82] H. P. Robertson, Phys. Rev. 34, 163 (1929).

[83] Y.-N. Dou and H.-K. Du, J. Math. Phys. 54, 103508 (2013).

[84] J.-P. Luminet et. al., Nature 425, 593 (2003).

[85] G. Povie et. al., Science 356, 172 (2017).

[86] J. Erhart et. al., Nature Phys. 8, 185 (2012).

[87] E. Fradkin, S. A. Kivelson, and J. M. Tranquada, Rev. Mod. Phys. 87, 457 (2015).
[88] W. L. McMillan, Phys. Rev. B 14, 1496 (1976).

[89] P. Bak, D. Mukamel, J. Villain, and K. Wentowska, Phys. Rev. B 19, 1610 (1979).
[90] K. Nakanishi and H. Shiba, J. Phys. Soc. Jpn. 53, 1103 (1984).

[91] A. A. Sinchenko, P. D. Grigoriev, P. Lejay, and P. Monceau, Phys. Rev. Lett. 112,

036601 (2014).
[92] J. A. Wilson, F. J. Di Salvo, and S. Mahajan, Phys. Rev. Lett 32, 882 (1974).
[93] J. A. Wilson, F. J. Di Salvo, and S. Mahajan, Advances in Physics 24, 117 (1975).
[94] G. Griiner, Rev. Mod. Phys. 60, 1129 (1988).
[95] N. P. Ong and P. Monceau, Phys. Rev. B 16, 3443 (1977).

[96] R. M. Fleming, D. E. Moncton, D. B. McWhan, and F. J. DiSalvo, Phys. Rev. Lett.
45, 576 (1980).

[97] R. V. Coleman et. al., Adv. Phys. 37, 559 (1988).

[98] S. Tanda, T. Sambongi, T. Tani, and S. Tanaka, J. Phys. Soc. Jpn. 53, 476 (1984).
[99] S. Tanda and T. Sambongi, Synth. Met. 11, 85 (1985).

[100] M. Yoshida et. al., Sci. Rep. 4, 7302 (2014).

[101] R. Hovden et. al., PNAS 113,11420 (2016).

122



[102] Y. Yu et. al., Nat. Nanotechnol. 10, 270-276 (2015).

[103] A. W. Tsen et. al., PNAS 112, 5054 (2015).

[104] O. R. Albertin et. al., Phys. Rev. B 93, 214109 (2016).
[105] R. He ef. al, Phys. Rev. B 94, 201108(R) (2016).

[106] A. Zong et. al., Sci. Adv. 4, eaaub501 (2018).

[107] G. Lantz et. al., Phys. Rev. B 96, 224101 (2017).

[108] I. Vaskivskyi et. al., Sci. Adv 1, e1500168 (2015).

[109] Y. A. Gerasimenko et. al., npj Quantum Materials 4, 32 (2019).
[110] P. C. Borner et. al., Appl. Phys. Lett.113, 173103 (2018).

[111] H. Ryu et. al., Nano Lett. 18, 689 (2018).

[112] W. L. McMillan, Phys. Rev. B 12, 1187 (1975).

[113] R. N. Bhatt and W. L. McMillan, Phys. Rev. B 12, 2042 (1975).
[114] K. Nakanishi and H. Shiba, J. Phys. Soc. Jpn. 43, 1839 (1977).
[115] K. Nakanishi and H. Shiba, J. Phys. Soc. Jpn. 44, 1465 (1978).
[116] Y. Yamada, H. Takatera, Solid State Commun. 21, 41 (1977).
[117] T. Kurosawa and H. Kondo, private communication.

[118] T. Toshima, K. Inagaki, N. Hatakenaka, and S. Tanda, J. Phys. Soc. Jpn 75, 024706
(2006).

[119] J. M. Kosterlitz and D. J. Thouless, J. Phys. C: Solid State Phys 6, 1181 (1973).
[120] J. D. Bishop and D. J. Reppy, Phys. Rev. Lett. 40, 1727 (1978).

[121] L. Stojchevska et. al., Science 344, 177 (2014).

123



[122] S. Brazovskii, J. Supercond. Nov. Mag. 28, 1349 (2015).

[123] J. Ravnik, I. Vaskivskyi, T. Mertelj, and D. Mihailovic, Phys. Rev. B 97, 075304
(2018).

[124] W. Yao et. al., PNAS 115, 6928 (2018).
[125] C. B. Scruby, P. M. Williams, and G. S. Parry, Philos. Mag. 31, 255 (1975).

[126] H.-P. Breuer and F. Petruccione, The Theory of Open Quantum Systems (Oxford

University Press, 2007)

[127] K. Nakanishi, H. Takatera, Y. Yamada, and H. Shiba, J. Phys. Soc. Jpn. 43, 1509
(1977)

124



