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Topological property of an invariant set with respect to

a family of functions II

Tomomi Hirasawa and Fukiko Takeo
(Ochanomizu University)

1 Introduction

For a family of contraction functions {fi, fa2,..., fm} (m > 2) on RY, there is an
invariant set K satisfying the following

K= f(K)U...U fm(K).

When we consider the set E®) of infinite sequences from E = {1,2,...,m}, there
is a map ¥ of E®) onto K such that

Y(ziza...) = ,}}_)Iglo Jar Fag -+ f2a (K.

If ¥ is not one to one, the equivalence relation z ~ y is defined by ¥%(z) = ¥(y)
and the quotient space E®)/ ~ is considered. We shall investigate the topological
property of E®)/ ~ and give some results concerning the number of end points.
In the last paper, we defined end points of type 1 by using a basis {U,}. In this
paper, we consider another basis in E®)/ ~ and define end points of type 2 by
using it.

2 Preliminaries
e E={1,2,...,m} (m > 2)

e E®) : the set of infinite sequences from E

E™ : the set of sequences from E of length n forne N

-]

o EO empty set

E®™ : the set of finite sequences from E, i.e. E(*) = U;‘,‘_’:QE(")

]

For n € NU {0}, let the map P, : E®) — E®) be the projection such as

]

P,z =z1Z9...2,, where = =1z12,5... € W),

Fors€e Eandz =z122..., y = y192... € E®) let

5T = sT3Ty...

(Ppz)y = 2129 ... 20172 .. . .



e Let the map o: EW 3 E@) be a shift operator, i.e.

0‘(:1:1.’132...) = IoT3 ...

e An equivalence relation ~ on E®) is called to be invariant if the following
(1) and (2) are satisfied:
(1) z ~ y implies sz ~ sy (Vs € E)
(2) sz ~ sy implies z ~ y (Vs € E).

e For z € E®@) | let Qz be the equivalence class of z,
ie. Qz={y € EW|z ~y}.

A= {;1; € E(“’)| Jy € Qz s.t. Pz #* Ply}

[

Ag :={z € A|Piz = s}

B, :={z € E¥)| Pz = s}

o Let the map q: E®) — E®)/ ~ be the natural quotient map.

F, == {s € E|4(g(4s)) = n} where §(q(4,)) is the number of elements of
q(4,)-

Hereafter, we assume that the equivalence relation ~ is invariant and §4 < co.

3 End points of type 1
Let U, (g(z)) be the subset of the quotient space E®) ] ~ as follows:

Un(q(2)) = {a(y) € E¥)/ ~ |P,Qy C P.Qz}.

Proposition 1 The family {U,(q(z))| n € N,q(z) € E®)/ ~} is a fundamental
neighborhood system for the gquotient topology in E(“’)/ ~.

Definition 1 g(z) € E@)/ ~ is called an end point of type 1 if there exists
N €N such that 8U,11(q(z)) is a singleton for anyn > N.

Theorem 1 1. The following (a) and (b) are equivalent.

(a) q(z) € EW) [ ~ is an end point of type 1.
(b) i Qz = {z} and
1. There ezists N € N such that n > N implies
ZTnTni1 § PoA, z, € Fy.
2. If g(z) is an end point of type 1, then g(ox) is also an end point of type 1.

3. If q(z) is an end point of type 1, then either sz € A or q(sz) is an end point
of type 1 for any s € E.



Theorem 2 The following are equivalent.
1. There ezists an end point of type 1.
2. Fy # ¢ and there ezists {s1,52,...,5,} C F1 (n > 1) such that
sisit1 € P2A(1 =1,2,...,n—1), sn51 & P2A.

Theorem 3 If A < oo, then the number of end points of type 1 is 0, 1, 2 or
infinity.

4 End points of type 2

For a proper subset H of E, consider the following condition
q(User Br) N q(Uge e By)  is a singleton. (%)

Let Sy be the set consisting of s € E such that there exists the smallest set among
those H which includes s and satisfies (x).
For s € Sy, let H, be the smallest set and a, be the element of E®) satisfying

q(Usen, Bt) N q(Uiere Bt) = {q(as)}-

Let S; be the set {s € S| the set (P1Qas N Hy) is a singleton }.
Let Bs and W, (q(z)) be sets as follows:

p -] {e€A|P(Qa)CH} ifs€S
T ¢ its¢ S

U{U,(q(wd)) |w = Pr_1z,b € By, } if Qz = {z} and B,, # ¢

Wr(q(z)) = { ﬁn(q(m)) otherwise.

Proposition 2 The family {Wn(q(z))|n € N,q(z) € E®)/ ~} is a fundamental
neighborhood system for the quotient topology in E@) [ ~.

Definition 2 g(z) € E®)/ ~ is called an end point of type 2 if there exists N € N
such that OWp41(g(z)) is a singleton for anyn > N.

Theorem 4 1. The following (a) and (b) are equivalent.

(a) g(z) € E@)/ ~ is an end point of type 2.
(b) i Qz={z} and
1. There exists N € N such that n > N tmplies
tnHz, o, NPoA=¢, z, € 5;.

2. If q(z) is an end point of type 2, then q(oz) is also an end point of type 2.

3. If q(z) is an end point of type 2, then either sz € A or g(sz) is an end point
of type 2 for any s € E.

-3 -



Theorem 5 The following are equivalent.
1. There ezists an end point of type 2.
2. S # ¢ and there exists {t1,t%,...,t"} C S1 (n > 1)such that

HHyn NPRA=¢(G=1,2,...,n—1), " Ha N PRA=¢.

Definition 3 Let T be the set
(.. ") C Sk 2 1,6 #H1(0 # 5), P HaNP A = ¢, Hyna NP A = ¢ (§ = 1,2,... ,k=1)},

EN(0) = {t'---tF|(&,...,t*) € T} and

EN(1) = {rtl-- t’»[reE(tl AR e T r #tF and rtl -tk ¢ A).
Forn > 2, let

EN(n) = {re|r € E,e € EN(n—1), andre ¢ A}.

Proposition 3 1. If z belongs to EN(j) (j > 0), then g(z) is an end point of
type 2.

2. EN() N EN(j) = ¢ folds for i # j.

Lemma 1 If q(z) is an end point of type 2, then for any n € N there erists
Y € Uj>oEN(j) such that P,z = Ppry.

Theorem 6 Let EP be the set of end points of type 2. Then the following holds:
Uj»09(EN (7)) C EP C U;209(EN (7).

Proposition 4 If the number of end points of type 2 is finite and q(z) is an end
point of type 2, then there exists n € N U {0}such that o™z € EN(0).

Theorem 7 Suppose the number of end points of type 2 is finite. Then the set of
end points of type 2 is exactly the set Uj>oq(EN (7).

Theorem 8 The following are equivalent.
1. The number of end points is finite.

2. There exists j € N such that EN(j) =

Theorem 9 The number of end points of type 2 is the sum of the number of
elements of EN(j), i.e.

= > ta(EN(5))

i20



Julia sets and laminations

Mai MATSUT! and Fukiko TAKEO?

Y Doctoral Research Course in Human Culture
2 Department of Information Sciences
Ochanomizu University

Abstract

‘We introduce an « - invariant equivalence relation on {0,1}* with & € {0,1}*
and construct a lamination S¢ using this relation ( s € {0,1}*° ). We shall give the
conditions for o and s that S& corresponds to Julia sets.

1. Introduction

Julia sets play an important role on a complex dynamical system. Concerning these sets
W.P.Thurston introduced “Invariant Lamination” on a circle [3]. A.Bandt and K.Keller
showed the relationship between Thurston’s invariant lamination and the symbolic dy-
namics represented by “itineraries” ( infinite sequences of {0,1,*} ), and they got an
interesting result involving the correspondence between the dynamics of Julia sets and
double-angle motion on a circle [1,2].

In this research we shall give a definition of another equivalence relation on {0,1}%
not using itineraries. Next we construct a lamination with the equivalence relation which
corresponds to a Julia set. According to this construction of the lamination, the calcu-
lations are much easier than that in the case of using itineraries, because we need only
one chord and one boundary point. Besides, we can use this lamination not only for a
non-periodic case but also for a periodic case. In general, the construction of a lamination
for a periodic case is more complicated than that for a non-periodic case. So we mainly
treat a periodic case and show the correspondence between Julia sets and laminations.
We show the construction of a lamination only for a non-periodic case in this paper.

Figl. An example of Julia set Fig2. An example of Lamination



2. locally connected Julia sets and binary sequences
We recall the definition of Julia sets of g.(2) = 22 + ¢. For ¢,z € C, let O.(z) =
{2, 9.(2), 6%(2), - - -} denote the forward orbit of z, and call K, = {z € C' | O,(z)is bounded}
the filled-in Julia set. The boundery J, of K, is said to be the Julia set of g.. K¢ = D is

the unit disk. Let I denote the closed set [0, 1].

Definition 1.
h(0) = h(1)

h(I)is a differentiable Jordan closed curve including J,
A(e) = ~h(s+5) (0<t<)

ge(h(I)) includes h([)

o Forhe€ E,, let h(t) — ¢ = r(t)e?® (—m < 6(0) <, 6(t) € C[o,1]).

o B, ¥!{heco]

Define fo, f1 : E.— C0,1] by

fo- k) r(1)F T
fu-h(t) ()}
o Define S: E. = E. by

1
Shit) = fo- h(2t) (Olﬁ t< '2') .
fi-h(2t-1) (§StS1)

Remark 1. ”h(I) includes J,” means that if h(I) is regarded as the boundary of a
region S, then J, C S.

2. We can show 7(0) = r(1) and |6(0) —6(1)] = 27 because of ¢ € K,. We can also show
if h € E, then Sh € E,.

We recall the next well-known fact. If J, is connected, there is a unique conformal iso-
morphism &, : C\ K, — C\ D with lim, ., ®.(2)/z = 1 satisfying ®.g.®. ! = go. Let
define field lines B, = {z € C\ K, | arg(®.(z)) = 2nF}. According to Caratheodory’s
theorem, each field line B. has a continuous extension to a unique point 25 of J;, and each
point of J, is obtained in this way, if and only if J, is locally connected. We use the next
lemma. The proof of it is shown in the reference [1].

Lemma 1. J; (c € C) is locally connected if and only if the functional equations (1)
0(28) = p(B)’ +c and —p(B)=¢(B+3), BER (1)

have a continuous periodic solution. In this case, J, = @(R). Moreover, every continuous

solution of (1) with minimal period 1 coincides with either ¢} or ¢ where ¢ (B) = Zgmodt

and ¢; (B) = ¢F (—p) for B € R.

Theorem 1. If J, is locally connected, there ezists ¢ € E, ( the closure of E, with sup
norm ) uniquely such that S"h(t) — ¢(t) asn — oo for h € E, and fort =32 e
where S™h(t) = fi, - fip - frn - R(E, L),



Proof. By the property of the functions fy, fi, we can show the existence of the limit

of SPh(t) = fo, + frp -+ frn * B( n_lﬁ;;—) So put ¢(t) = lim, s, S”h(t). We can show
Sth(t) = —Sth(t+3) foralln

by induction. We can also show two important equations

$(t) = —¢(t + 3) (A)
d(2t) = lim, 00 S™(gSh(t))

= glimg,_ S™1A(2)

= g¢( 2

= ¢(t)" + (B)

By Lemma 1, ¢ coincides Wlth @t or p~. By Caratheodory’s theorem, ¢(t) is.in J, and
¢ is uniquely determined. O

Let fy,..., denote fy, - - fy,. By the equation @(t) = limpyco foyt, - BB, 2EL), we
can correspond points of J. to binary sequences. But the correspondence is not one to
one, so we introduce an equivalence relation such that the same points in the Julia set
are in the same equivalent class.

Definition 2. Forz = 2122 -+, y = 913 --- € ¥ = {0,1}* ( infinite sequences of 0
and 1), we define an equivalence relation ~ as follows:

g~y Ey(e) =9(y) where P(z) = $(52,22).

For a € {0,1}*°, we define the function 7, as follows:

To + {0,1}* — {0,1}*

dof [ 05 k(s) < k(e) o0
To(8) = { 15 k(s) > k(a) for s€{0,1}
where k(s) = %52, 2> with s = 5155

The next lemma for Theorem 2 is shown to study the properties of the equivalence rela-
tion.

Lemma 2. If ¢(t1) = ¢(t2) # ¢(t3) = ¢(ta) for t1 < to, t3 <ts €I, then
LL<ta<tzg<tgorti<itz<tas<itoort3<ty<t; <ty ortz <ty <ty <ty holds.

Theorem 2. The equivalence relation = satisfies the following.
(1) 2~y implies oz ~oy (o(s122--+) =Taz3--").

(2) z~y implies zior=yioy (z)=1—z1,91=1—1).
(3) Ja € {0,1}* s.t. rry implies T,(z) & Ta(y).

(4) ervuy~vzdy implies (k(z),k(w) N (k(y), k()
(k(z), k(w)) O (k(y), k(z)
(k(z), k(w)) C (k(y), k(2)

)=¢ or
) or
)-

Proof. We can show (1),(2) by (A),(B) and (4) by Lemma 2. Put
k(so) = max {k(s) | 3k(t) > k(s); 0(t) = 6(s) + 2«}.

If s =t (k(s) < k(t)) then either (i) or (ii) holds.

() If k(s) < k(t) < k(sp) then 0s = 0t and 1s ~ 1t.

(ii) If k(s) < k(sp) < k(t) then Os = 1t and 1s = Ot.

So put o = sg. Then z ~y implies 7,(z) ~ Ta(y) O

-7 -



3. The constructure of o — invariant lamination

In this section we shall define an a - invariant equivalence relation satisfying (1) ~
(3) in Theorem 2 and construct laminations by using this relation. We also give the
conditions for a and s that S¢ corresponds to Julia sets.

Let {0,1}*° denote the set of one-sided sequences s = s15253---. If s =W with
w € {0,1}", we call the sequence s to be n-periodic.

Definition 3. Let @ = ajay--- be an element of {0,1} .
An equivalence relation ~ on {0, 1} is called to be a-invariant if it satisfies the following
(1) and (2).
(1) For s, t € {0,1}*°, s~t implies o(s) ~ o(t) where o(s152--) = 5283
(2) For s, t € {0,1}°, s ~t implies 7,(s) ~ 7a(t) and 7,/(s) ~ 7/ (%),
def | Os if k(s) < k(a) oy def | 1s if k(s) < k(a
where 7o(s) = { 1s if k(s) > k(o) and m/(s) = { 0s if k(s)> kgag '

Let ~jg be the smallest 0 - invariant equivalence relation satisfying 0 ~ 1. Let T = R/Z.
Then it is easy to show {0,1}”/ ~5 =~ T. Solet ¢ be the isomorphism from {0, 1}%/ ~jg
onto T'.

For a,b € {0,1}%, let C,} be the chord connecting ¢(a) and ¢(b) on T', and let
C ={Cus | a,be {0,1}}.

Definition 4.  For a € {0,1}* and for chord Cqy € C, the equivalence relation ~g,
is defined as the smallest closed a-invariant equivalence relation on {0, 1}*/ ~jp, satisfying
a~b.
For o € {0,1}* and C,; € C, let S3; be the collection of the chords
{C«\Mz---/\n(a),AlAz---An(b) | Aj € {0,7a, 7'}, n € NU{0}, } We call the closure Sg,
of 8¢, a-invariant lamination. For s € {0,1}%, we put S3 = 57, if s ~ o(s).

Then the o - invariant lamination S* ( some examples are showm in Fig3. ) is
considered as the quotient space of T" where points connected by a chord belong to the
same class and we have the following.

o = 01111000, s = 00001111
Fig3. Some examples of S



Thorem 3.
The quotient space T'/ ~E is isomorphic to the a - invariant lamination S& where points
on T connected by a chord are considered as the same element.

The « - invariant equivalence relation ~§ ) satisfies (1) ~ (3) in Theorem 2 but not
necessarily (4). Since the equivalence relation & induced from Julia sets satisfies (1) ~
(4) in Theorem 2, the lamination S doesn’t necessarily correspond to a Julia set. So we
examine the condition for @ and s that S& corresponds to a Julia set and get the following
theorem.

Thorem 4. .
Let s be an element of {0,1} satisfying k(s) = 5

7 with some p > 2. If the lamination

S& corresponds to a Julia set, then a satisfies the following
1 2r-1
—_— < k .
71 Sk <5

If s is p-periodic, k(s) = %5 (¢ € N) holds. Theorem 4 is the case of ¢ = 1. For

an arbitrary g, there doesn’t necessarily exist o € {0, 1}*° such that S corresponds to a
Julia set. The next theorem shows another case of the existence of
a € {0,1}* such that S* corresponds to a Julia set.

Thorem 5. . ’
2™
(?) Let s be an element of {0,1}% satisfying k(s) = 2’;__0_ 1 with p = jk; +j + 1 and
ky > 0. If the lamination S corresponds to a Julia set, then a satisfies the following
k(oi*1s) < k(a) < k(os).
. ok oU+nti
(i) Let s be an element of {0,1}% satisfying k(s) = 1+ 27 + ”“zp 7

p=(j+ ks +J and ks > 1. If the lamination S corresponds to a Julia set, then o
satisfies the following

with some

k(cUtDks) < k() < k(os).

Reference
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Toplogy of Moduli Spaces of Polynomial Maps

Kiyoko NISHIZAWA
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E-mail: kiyoko@Qmath.josai.ac.jp, kiyoko@mm.sophia.ac.jp

January 16, 1997

Abstract

We investigate the geometric and topological aspects of the moduli space and
singular locus of polynomial maps of degree n from a viewpoint of complex dynam-
ical systems. Especially the cases of degree 3 and 4 are analyzed explicitly.

1 Introduction

In this paper, we study the geometry and topology of the space Poly,,(C) of polynomial
maps of degree n from a viewpoint of complex dynamical systems, inspired by those of
the quadratic rational maps due to J.Milnor ([6]). First, we investigate the moduli space
M, (C) consisting of all holomorphic (affine) conjugacy classes of polynomial maps of
degree n. A polynomial map p from C to itself of degree n is monic and centered if
it has the form p(z) = 2" + cp_92™ 2+ --- + 1z + cp. Every polynomial map from C
to itself is conjugate under an affine change of variable to a monic centered one, and
this is uniquely determined up to conjugacy under the action of the group G(n — 1) of
(n — 1)-st roots of unity. Hence the affine space P;(n) of all monic centered polynomials
of degree n with coordinate (co,ci,- -+, c,—2) is regarded as an (n — 1)-sheeted covering
space of M,(C). Thus we can use P;(n) as the coordinate space for the moduli space
M,(C), though it remains the ambiguity up to the group G(n — 1). This coordinate
space has the advantages of being easy to be treated and the singular locus of M,(C) is
described in a simplest manner (see Theorem 2). However, it would be also worthwhile
to try to introduce another coordinate system having any merit different from P;(n)’s.
In fact, J. Milnor successfully introduced coordinates in the moduli space My(C) in the
case of the space Raty(C) of all quadratic rational maps using the elementary symmetric
functions of the multipliers at the fixed points of a map ([6]). In the case of Poly,(C), we
try to explore an analogy to this. (The case of Poly;(C) was also suggested in [6].)

Let 0, be the elementary symmetric functions of the multipliers y; at the fixed points
of a map in Poly,(C) (i =1,---,n). Then o,;’s are defined as functions on M,(C) since
ui’s are invariant by affine conjugacy. From the Fatou index theorem([4]), we derive
a linear relation among o,;’s (i = 1,2,---,n — 1) (Theorem 1). (The case of n = 3
was mentioned in [6].) In view of this theorem, the affine space £(n) with coordinate
(On,1,0n,2, " Onin—2, Onn) is expected to serve as a coordinate space (with singularity)

- 10 -



for M,(C). For n = 3 and 4, we shall prove this is the case. In more detail, M3(C) ~ C?
and My(C) is a two-sheeted ramified covering space of C* (Propositions 1 and 4). We
shall see that the affine structure imposed on ¥(n) has certainly any preferred status
different from P;(n)’s. For example, this goes well when we treat the locus Per,(p) (see
Proposition 2 and Corollary 1).

Next, we study the singular locus in the moduli space M,(C). By an automorphism
of a polynomial map p we will mean an affine transformation g that commutes with p.
The collection Aut(p) of all automorphisms of p forms a finite group. We obtain an
characterization as Theorem 2. Let S, (C M,) be the set consisting of all conjugacy
classes (p) of polynomial maps admitting non-trivial automorphisms. In the case of the
quadratic rational maps, J.Milnor calls this singular locus & “symmetry locus”. So,
following him, we shall also call S, symmetry locus. For the cases n = 3 and 4, we can
give a defining equation of S,. Further, analogous to the case of quadratic rational maps,
Sz coincides with the envelope of the family of straight lines Per;(x). But for higher
degree cases (n > 4), the symmetry locus S, is properly contained in the envelope of the
family Per;(p).

Last, we express that for obtaining several defining equations of loci (affine algebraic
curves), e.g., Per,, (1), and the symmetry loci, we depend mainly on “Grébner basis” of
Risa/Asir, an experimental computer algebra system developed at FUJITSU LABORA-
TORIES LIMITED.

2 Polynomials of degree n

2.1 Moduli space

Let Poly,(C) be the space of all polynomial maps of degree n from C to itself. The
group A(C) of all affine transformations acts on Poly, (C) by conjugation: gopo g™t €
Poly,(C) for g € A(C), p € Poly,(C). Two maps p1,p. € Poly,(C) are holomor-
phically conjugate, denoted by p; ~ ps, if and only if there exists g € A(C) with
gopiog~t = py. The quotient space of Poly,(C) under this action will be denoted by
M,.(C), and called the moduli space of holomorphic conjugacy classes (p) of polynomial
maps p of degree n.

For each p € C let Per,(u) be the set of all conjugacy classes (p) of maps p having a
periodic point of period n and multiplier p.

Under the conjugacy of the action of A(C), it can be assumed that any map in
Poly,(C) is “monic” and “centered”, i.e., p(z) = 2™ + ¢;,_22""2 + ¢;—32""3 - -+ + ¢;. This
p is determined up to the action of the group G(n — 1) of (n — 1)-st roots of unity, where
each n € G(n — 1) acts on p € Poly,(C) by the transformation p(z) — p(nz)/n. For
example, in the case of n = 4 the following three monic and centered polynomials belong
to the same conjugacy class: z'+az?+bz+ec, 2'+awz?+bz+cw? 2+aw?z?+bz+cw,
where w is a third root of unity.

Let P1(n) be the affine space of all monic centered polynomials of degree n with
coordinate (co, €1, +,Cs—2). Then we have an (n — 1) to one canonical projection ® :
P1(n) = M,(C) from P;(n) onto M,,(C). Thus we can use P;(n) as coordinate space for
M,(C) though there remains the ambiguity up to the group G(n — 1).
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Now we intend to explore another coordinate space for M, (C) which is “smaller” than
M,(C) in contrast with P;(n): for each p(z) € Poly,(C), let z1, -+, zn, Znp1(= o0) be
the fixed points of p and p; the multipliers of 2;; p; = p'(2;) (1 < i < n), and ppy1 = 0.
Consider the elementary symmetric functions of the n multipliers,

On,1 = Uyt Uy,
On2 = M1l + -+ Up_1lin

Opn = Hil2 "~ Un,
Onp+1 = 0.

Note that these are defined on the moduli space M, (C), since y;’s are invariant by affine
conjugacy. The Fatou index theorem can be applied to these y;’s;

1 1

+ ::1’ 1
gl—ui 1-0 ()

provided p; # 1(1 < ¢ < n). Arranging this equation for the form of elementary symmetric
functions, we have ¢y + 1051 + C20p2 + + * + Cre10p 51 = 0, where

o = (-1)%( not )/( " ) = (=1 (n — k).

Note that py; =1 (1 < i < n) is allowable here. Then we have the following:

Theorem 1 Among o,;’s, there is a linear relation

n-1
> (1) (n - K)ok =0, (2)
k=0
where we put o,9 = 1.
Let X(n) denote the affine space with coordinate (o1, On2, * - -, Onp—2, Onp). In view

of Theorem 1, we consider the map ¥ : M,(C) — X(n) which is defined in an obvious
manner. To investigate whether this map is surjective or not correspond to solve the
inverse problem, that is, to determine a class of maps with the prescribed values of the
multipliers satisfying the relation of the Fatou index theorem. As we see later, the case
n = 3 is nicely solved: ¥ is surjective and M, (C) ~ $(n) ~ C2. (This fact is mentioned
in [6] without any details.) Using computer analysis, the case n = 4 is also solved: ¥ is
surjective and M4(C) is a two-sheeted ramified covering space of C3. As for the cases of
general n, we expect analogous results (see section 3).

2.2 Symmetry locus

By an automorphism of a polynomial p of degree n, we will mean g € A(C) which
commutes with p; gopo g~ = p. The collection Aut(p) of all automorphisms of p forms
a finite group. It is clear that the following is well-defined:

Definition 1 (c.f. [6]) The set S, = {{f) € M,,(C); Aut(p) is non-trivial} is called
the symmetry locus. '
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Theorem 2 A polynomial of degree n has a non-trivial automorphism if and only if
it is conjugate to a map in the unique normal form

M+ Y Aw(p)*Pt + Bz (3)

1<p<[n/k]
where k|(n — 1),k # n — 1,and Ag(p), B are parameters in C.

Proof.

Let p(z) = a,2"+- - -+ag € Poly,(C) and h(z) = az+F € A(C). Consider the identity
hopoh™' —p=0. The coefficient of the highest order term is: a,a(a®* —1) = 0. The
coefficient of the second highest order term is: na,o™ '8 = 0. Hence we have ¢™' =1
and § = 0. The rest is easy computations. |

3 Polynomial maps of lower degrees (n = 3,4)

3.1 Moduli space M;3(C) and its symmetry locus S;

Here we abbreviate o3; as o;. Then these o;'s are defined on M3(C). Conversely
(01,09, 03) satisfying the relation given in Theorem 1, i.e.,3 — 201 + 02 = 0, uniquely
determine (p) € M3(C). A map in Poly,;(C) is conjugate to a map of the normal form
23 4 az + b, and its parameters (a, b?) is used as a coordinate system of M3(C) which is
isomorphic to C? ([5]). These coordinates relates to (o1, 03) as follows:

o1 =—3a+6, o3=27b"+ a(2a — 3)?, (4)

or
a=(6—01)/3, b®= (40> — 3602 + 810y + 2703 — 54)/729. (5)

Hence the following is obtained:
Proposition 1 (01, 03) is a coordinate system of M3(C).

Now the affine structure is imposed by the above coordinate system. With this struc-
ture thus imposed, the locus Per;(p) is described finely:

Proposition 2  The locus Per;(p) forms a straight line:
Per,(p) = {(01, 03); 03 = (—p + 2u)oy + p* — 3/1} .

From Theorem 2 a cubic polynomial map z® + az + b has non-trivial automorphisms
if and only if b = 0. From formulas (5), we obtain the following:

Proposition 3  The symmetry locus 83 of cubic polynomials forms an irreducible al-
gebraic curve:
S3(01,03) = 403 — 3602 + 810, + 2703 — 54 = 0. (6)

Corollary 1  The envelope of {Per;(u)}, coincides with the symmetry locus S;.
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3.2 Moduli space My(C) and its symmetry locus S,

In the case of Poly,(C), we can go on further analysis by using a symbolic and
algebraic computation systems. Here we write o4; = o; (i = 1,---,4) for brevity.
first, we investigate the inverse problem. This time we consider a polynomial p(z) =
asz* + a32® + a22? 4+ a1z + ag that has at least two fixed points. After affine conjugation,
we can assume they are 0 and 1. Then we will solve the following problem: “Do the
four multipliers py = p'(0), p1 = p'(1), po = P'(22), s = p'(23), where 29, z3 are also
fized points of p(z), determine the five coefficients a; (0 < i < 4) of p(z)?” In fact, the
following relations hold;

a =0 because of p(0) =0,

a; = Uy because of p'(0) = wo,

as = aq +3 — 2up — 1 because of p'(1) = pq,

a3=1—aq4—ay—py because of p(l) =1.
Here, from the relations between coefficients and solutions, we obtain

+ 3—2up — py; — 1 1-
22+Z3=#o ay + - Ho — H1 . 223 = a4li0. (7)

To carry out the computation cleverly, we consider the following equalities:

o + pg = p'(22) +0'(23), Mops = D' (22)0(23). (8)

Using the relations (7), we can remove z; and z3 from equations (8). Then a4 is a common
root of the derived equations as follows;
Av =3 — 20 o+ a5 — i+ 20 po — 13 ) @+ (— 4413 + (4 +8) g+ (—4p3 — 8) o+ 4 —
812 +81u1)ad+ (—6ud + (— 4y +28) ud + (4p? +4py — 44) pd + (—4pd +4pd — 8 +
32) pro— 641 -+28 3 — 443 +32111 — 16)af+(—4pf+(— 1201 +32) g +(—8uf+64 41 —
96) 11+ (8143 — 96141 +128) g -+ (1201 — 64443 + 9613 — 64) 20 + 4413 — 3201 + 967 —
128143 +64 11 )ag — p§+ (=6 iy +12) g +(— 1543 +60p1 — 60) s+ (— 2043 +12045 —
240u; + 160) 3 + (=155 + 12013 — 3602 + 4801 — 240) 2 + (—6u8 + 60u —
2403 +480 12 — 4804, +192) g — S +125 — 603 + 1603 — 2402 +192u; —64 =
0,

Ap =(ug + pz + po + iy — 4)af + (2pf — 4po — 2453 + 4 )ag + p§ + (3 — 6) g +
(363 — 12 + 12) o + 1§ — 642 + 124, — 8 = 0.

By computing the resultant, we see that the above two equations have common roots if
and only if uo, 41, o, U3 satisfy the equation (2) for n = 4. On the other hand, po, t1, t2, 13
are the four multipliers of p(z) and consequently they satisfy the equation (2). Hence the
two equations always have common roots. Thus the five coefficients of p(z) are calculated
from its four multipliers, though a4 is not decisive when the above two equations have
distinct two common roots. Thus:

Proposition 4  The moduli space M,(C) is a at most two-sheeted ramified covering
of C? with coordinates (01, 03, 04).

Next, we try to work out the explicit descliption of the symmetry locus &;.

Proposition 5  The symmetry locus S; in M4(C) forms the following algebraic curve:

gy = 8
{ o9 = 3(3s —4)(s +4)/32
o4 = —(3s — 4)3(s — 12)/4096.
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Proof
Expressing the class (2* + az) by the coordinate system (oy,09,04) on the moduli
space, via Grobner basis, we have the following:

oy — 4805 + 240402 + 9600405 + 14402 4 230404 = 0 (9)
(7204 — 648) 0y + 03 — 5403 + (1204 + 432)09 + 50404 + 864 =0 (10)
(60g + 36)01 — 05 — 3205 — 1204 — 48 = 0. (11)

Substituting (11) for (9) and (10), we obtain two cylindrical surfaces which turn out to
have a common factor
3209 — 907 — 2401 + 48 = 0. (12)

On the other hand, from the condition that the three multipliers are the same, we obtain
the following cylindrical surface

0y — 4803 + 240402 + 9600409 + 14402 + 230404 = 0. (13)
A defining equation of the symmetry locus &4 is the intersection of these two surfaces.
Then, parameterizing (12) and (13) by oy, we obtain the desired result. B
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Abstract. ZIEX DR DIBIZOVTEEEL LET. EEORIT 5
THDLY T, XOBRBEOHEEL LTTY. BoltARKDOWL OnEZHIFTH
i, TO—RLOBFENKTUCHEM» Y . FEEO BN, FEZAWT
RS BARD—OO— L E2BR LIZBREZRBECHT A Z LT

1 Ehig
ROARIITELREZBBHYTLED ¢

a?+2ab+ b = (a+b)?
a® 4 3a?b + 3ab® £ % = (a + b)3
a®+ b+ —3abe = (a+ b+ c)(a® + b% + ¢® — ab— bc — ca).

IR EROEROYEE L U CTRELSMEHbozk HIcBn
9. REDMBeFEATELRE LD DI,

o MLIZEB I fRATITIR VDA

e 2 UFDAUTATE 2 53 5 D>

o 3 LFDAUTE 3 A3d 5 0>

o AFOAREENDN? FIITIXABENDE N ?

EWVWIH ZETLE., AZEARDARIZZNDD, EF D OB YO
Tt RicEBREEZ A, BTN THIE, LEYE X, 4%
HARTEBE R, LBoTEDEFICRYVELE.

ABRREDL, #H0E L) ZORMICKEFOEENRHEE L. &
AALH X Mathematica - CTHE L7z, BEEX
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o AEHARDREGRARERRTLE
o n B n RORBAHMANEFERTDF
o THE, 22K, 3L IRDOEKSMARNDERZIERTH

5%
<.
2 @R

SR ER D 72 D EARNHASLETT. FELBEMICRSZEAL
3

Ei12(a,b) =a+1b,
Ey2(a,b) = ab,
Ey3(a,b,c)=a+b+c,
Ey3(a,b,¢) = ab+ be+ ca,
E33(a,b,c) = abe

DI, BIOIRFERRA—F— 2B ORFITHOBEELET. ZOFK
BERWD &, 2 ROEES AR

a2+ = (a+b)?*—2ab,
E12(a®, ) = (Ei2(a,b))? —2Fs5(a,b)

ERTZERHEET. SRORERANLELRAHFATRLTAHALT.

E13(a®,b°,¢%) = Eia(a,b,c)(E13(a?, 8%, ) — Fa3(a,b,c))
—|-3E3,3(a, b, C)

IHEMNRDBKROL I BRI ENBEEINET

o 2D LIED | REAMNHRIL L T|D 1 IRET2 RO EAGHRE
TERRTE 3.

e STHDITD | EAMHAUL2TUTD 1k, 21k, 3 KRERK
N/ CTREATE S,
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Wi, ROERERFREZZTELE.

e nEBHOnFED 1 REAMNHRITZn-1RLUTOIKR, 2K, ,...niK
BEARFNTERIRTX 5.

o ZORAVPRBLMARNEEXD

T TCHRARIC I AEREITWVE L. ATETEZIET. B0 4FE
DA —F— 4 DEEFNHREFT —F—»B 1 OEFNHRE 4 —F—283
DFEAMFHA L OFECIME L THET.

E14[x1_,x2_,x3_,x4_]=x1+x2+x3+x4;
E24 [x1_,x2_,x3_,x4_J=x1+x2+x1*x3+x1*x4+
X2%x3+x2%x4+
x3%x4 ;
E34[x1_,x2_,x3_,x4_]=x1*x2%x3+
x1*x2%x4+
x1*x3%x4+
X2%x3%x4;
E44[x1_,x2_,x3_,x4_]=x1*x2+x3*x4;

ff=-Expand[E14[a"4,b"4,c"4,d"4] -
E14[a,b,c,d]*E14[a"3,b"3,c"3,d"3]]

pl_u

B % Ok O ATE LTOET. RICREETLET. B
a3b:a3xb:a2 XxXab=.--

CiRa RRBUC ORI E . ENENOHRICE T T, EARMFHRD
FEENCIEET. BLARABERBXZONETH.. FTHIELATo L
DN a®b=a? xab TY. a? ITA—F—0 1D 2 FOEAHHRUT ab 1
A — & — 0 2 DEAMHUCH IS S HE T

gg=—FExpand[ff-
E14[a"2,b"2,c¢"2,d4"2]*E24[a,b,c,d]]

COEBEEL) EETTHLRDOLDON D EITEET

Expand[gg-E14[a,b,c,d]*E34[a,b,c,d]]
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IHBRRLTHBDIEROKNTY :

a* + bt +ct + d
= (a+b+c+d)(a®+ 8+ + d®+ abc+ abd + acd + bed)
—(a® + b + A + d®)(ab+ ac+ ad + be + bd + cd) — 4abed.

BWITRESMRL LSEL &,

at + b+t dt
+(a® + b + ¢ + d®)(ab+ ac + ad + be + bd + cd) + 4abed
= (a+b+c+d)(a®+ b+ S+ d®+ abc+ abd + acd + bed).

2 258k 3 IR DR E s fia=K
a® + % = (a+b)(a® — ab + )

LN 3EHIROERESBARIIANTC c=0 EENTELNDID LR
BEIZ 4 280 4 RO RERARKD SR OE R R B DIRAN S NANAF
HIVET.

(a* +b*) + (a® + b%)ab = (a + b)(a® + b°).

3 fHE
Bon-RE 282Kk, SEHIRDLDEEEBELTAEL x 9.

A+ = (a+batb)
—2ab
B+ +d = @+ +F)(a+b+o)
—(a+b+c)(ab+ be+ ca)
+3abc
A+ttt dt = B+HP+E+B) (a+b+c+d)
—(@® + b* + 2+ d?)(ab + ac + ad + be + bd + cd)
+(a+ b+ c+ d)(abe + abd + acd + bed)
—4abcd.
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AT ARORESBENDIRIEHRIVENRIZRD EFTN I K EER
TINZRESBARITME TENZ LRV TL X .

Z i E— b9 121X Hardy-Littlewood-Polya DARERDAIZH] -
T EEATDH LENTT.

Sua=a+b+c+d
Saab=ab+ac+ad+bc+bd+ cd
Saa=a?+ b+ A+ d?
DRRIZBFIFE S IIEROREZRFICED, —RELLTHEIEEZEL
LICLET. ZORBT2RE 3RORFLHMAREENTHEL L D.

2
2,0 = (Zz a)
—2ab
20" = (Zs a2) (Zs a)
- (2a0) ()

+3abe

AR GEREICE X F9.
>0 = (24 as) (24 a)

- (24 az) (24 ab)

+ (24 a) (24 abc)

—3abed
WALZHRBMERS DD Z EB N0 £7. R ENOFETII—F Tld—#i%
HOWRBEHBPTRY, hF TIEEFORB T—HEDOA—F —2B L35 T
EET.

PE-T, —ROERIIF B ERTHLDOURBO TR > T BFn L 4
—H—D LR o T BRTOFEMIZ /2> TVWET. 2ab, 3abe 72 & DFREL
22,3, & ENRoTnE, NEEOBAIZIINTHDZ LiX1 D NEOF
EhbTY,

N
oA =2 (-t (ZN a{\Lk) (ZN I1 ka,j) .

k=1 j=1

ZDEXOERITEATY. N=2,3 TIIHPFERLTE - 12AKNTY. £
e, RAID2EZRNTErZER S L EHBSIOFIDARITRY 7.

_20.._



4 TRgsSLEHA

E14lx1_,x2_,x3_,x4_]=x1+x2+x3+x4;
E24[x1_,x2_,x3_,x4_J=xi*x2+xi*x3+x1xxd+
X2%x3+x2%xd+
x3%x4;
E34[x1_,x2_,x3_,x4 l=x1¥x2%x3+
x1*x2kx4+
x1*x3*x4+
x2%x3%x4;
E44[x1_,x2_,x3_,x4 J=x1%x2%x3*x4;
Ei4[a,b,c,d]
E24[a,b,c,d]
E34[a,b,c,d]
E44[a,b,c,d]
E14[a"2,b"2,¢"2,4°2]
E14[a~3,b"3,c¢"3,d4"3]
El4[a~4,b"4,c"4,d"4]

ff=-Expand[E14[a~4,b"4,c"4,d" 4]~

El4[a,b,c,d1*E14[2"3,b"3,c"3,d"3]]
gg=—Expand [££-

E14[a~2,b"2,c"2,d 2] +E24[2,b,c,d]]
Expand[gg-E14[a,b,c,d]*E34[a,b,c,d]]
a+b+c+d
ab+ac+be+ad+bd+cd

abc+abd+acd+bdbced

abecd

3 3 3 3 3 3 3 3
a b+ab +a c+b c+ac +bc +a d+Db d+

3 3 3 3
c d+ad +bd +cd

2 2 2 2 2 2
a bc+ab c+abc +a bd+ab d+a cd+

2 2 2 2 2 2
b ced+ac d+bc d+abd +acd +becd

-4 abcecd
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Abstract. Given an equation with certain symmetry it is important, from the point of view
of applications, to study whether or not its solutions inherit the same type of symmetry.
In the previous work with Prof. H. Matano (see [5]), we consider this problem in the
class of equations in which the comparison principle holds. Such a class of equations
form the so-called ‘order-preserving dynamical systems’. We showed that, in an order-
preserving dynamical system having a symmetry property corresponding to a connected
group G, any stable equilibrium point is G-invariant. Furthermore, we applied our result
to partial differential equations, and discussed the instability of stationary solutions for
an evolution equation of surfaces and the monotonicity property of stable travelling waves
for a competition system of nonlinear diffusion equations.

In this paper, we ristrict our attention to travelling waves and discuused the monotonic-
ity property with respect to translation of stable travelling waves for a more general class
of nonlinear diffusion equations —cooperation systems and degenerate diffusion equations.

1. IXC®iz

EEERFRECTAITRENC L AFREM 2 L, AL OERTHIFEL b o FRNUTB
T, BN FERE B UL B0 E I ik, EHFECHEE~DOISH LS EEKRENWZ
LTHD. .

% 3 EEHER T I — Tk, HEABOLBEEDRK Y LORICBWTIE, BEMFE~D
E TR LD R FEOBRESEICEZ 5 2 L RS Lz, BRI, EREEOER
LTWBIEFRREAZRICBV CIIEERIIBEOERICE TS IXHEl H50WiE 152
EOBEFAME] 2b0Z e2F L. £, FOIGAL LT, HEOREFBXNOETHED
FEEHE BLO ZBRESROLERETRMBOEREZ R L.

CORREANDE, SHICEESERFERROBOMELTANDL LN TES. &
B, EEONSEETEBIZIBREL, BoNERRELRETS. LB~ 5L, n EH
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ARORERETRBOFTRECET 2 EMMELTT. £0FL LT, ZEHFRADR
ERETRMBOETMENEIND. Fir, BLEDR TR OETIREIC§ 5RER O
HTHETD.

2. BIEIORER
IXIEREEREZER], 70 h, (BA) HIEFEE () 2 b OZMEMER L T2, X OfF
EOTT u,v IR L, ZTNODHERTHR uiv BDEELT, B (v,v) —muAv : X x X = X
ITEHETHAERETSD. X OFEELY d CEL,uv D utv T u<v &R

{®:}i0 IFULTORE (81)-(®3) #4727 X 230 X ~DERD¥EHELTD.

(®1) JEFFRAFE (u 2 v = Qu < By, Vi > 0).

(®2) E3=EHHE (B3 {un b, {@s(un) }uBSBCRT S 7"26,7}_1_)11010 Q4 (un) =X @t(T}LII.}O Up), VE 2
0).

(@3) BB {Dulimo DEFED (¢ <t/ = Qu = Dyu) THOFFRL, fARf= /37 b,

G it X OFICIER T 2&ER CHEBE TR TRERTZT &7 D.
(G1) NEFFRTFME (u 2 v = gu =< gv, Vg €QG).
(G2) B &, & OF#E (9@u = ®(gu),Vg € G, Vt 2 0).
EE. (Ol PEEE T X B THORE THHEIL, FED > 0 LHD
§>0BEELT, dv,1) <6 ZR=TEED v <T IZHL, d(®w,T) <€, V>0 DK
DD EHERWVD,

LUF, Bs(e) 1Z G DEAITT e ® §-0FERTHDLTD.

B 0. {D:hioo PFEE TS, UTEHRETETD. (1) TIETHLLEE. (2) {Bihio P
EEOFES u<TITHL, H2 §>0BFEEL T gu<7, Vg€ Bsle). ZDLE, EE
DgeGIZHLT guru Eiid gu T MY LD,

B G PTREE R THIHAIE, R PEEFEETHD I L LRVE
>ﬂ5.

. TREOEEOBYLL, EHICG=R LT3, Z0LE, RO (i)-(iii) DVF i
ASRLIL.

(i) T 1% G-ARZE (gu =1, Vg € G);
(i) guix ge R © X {EREE L U CRBEEFEK (9 < ¢ 251X g7 < g'u);
(iil) gu X g e R ® X B & L THREEFRD (9 < g 261 gu > g'n).

SEE. EEOREIL FE (o) % () KBEMZXTHELL.
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(@) EED e> 0 LHD §>0BFELT, dv,) <6 2bidH 5 ge G BFEE
L d(®:v, gu) < €, Vi > 0.

3. BELEITIRAED BRI
3.1. 7, BELf (LA LRRLEERF) & LT, FRELREAENX

ou  H*u
(1) 'é“t"“—"’é}—z"f“f(u), zeR, t>0

#EZz2%5. 58X (1) OfF u T
u(t,z) = ¢z —ct) (c iTEE)

DFBIZEED b OEETEREL VD, ZZTIRUTOEEER T HOOLERS.
mE&W@:Ui (EEFIE)

L, vt EEBOFRAOBRTEERHERTH S (T72bb, f(ut) =0, f/(vF) <0)

EIRET 5. B ¢ BB (7213, Bd) BECTH D & &ITETRAL B Th
By,

2 1. FENX (1) ORERETRABITIERTHS.

u

—

oL

BRI TR

78
[
A

=z Z

TRSLETTIR Z DB B TR ETTIR R
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Tk, WMIETE (V) b ) REOMERTRVETERIET S CREETH S
DB BICENND. ER 1 IREHMDNERERTH N, 2 B TR ERLEA
LT HMBICTRES.

EH 1 DFEAD G
BE ¢ OREREITIRME u (25t L,

JEFFEEREZER] X = C(R) = {R LER T—HEfe B e fk 0z },

B du(z) = Tu(z + ct)

R L, X T uz) <vI),Vz e RDEE uw <X v LTIHEFBEL LD,
U, 35BN (1) OEDIEmERTLOLTD. 2HOREFERTAZ LIy, B
P(z) = w(z + ct) DEFRABEE - ITERABINEEONTINTHD Z L3NS

3.2. Wiz, n EHFAR

%Ltl :%za;%l+fl(ula"'7un); zeR, t>0,
(2) :

a_’u”l — a2un . R t 0

ot - fx? +fn(u1’.' 7u77.)1 T e y >

&525. HRAF (2) BBMALIL, 05/0u; >0 (i 4) LRBZL &N, FEHHR
(2) DUETTIR R
(w(8,2), Uty ) = (1(z = ct), -+, gule — b)) (c R )
T, UTZHTHDEE LS.
lim (2(2),+ ,dae) = v = (uf, - ) (EFFIE)

z—+F0o

12U, vt FEMOFRROBRCEERFERTHD L T2, B ¢ BT~ THHAE
M (E72id, §NTERED) B TH D & & ITEITRMEIT B ThoEnd,

EFE 2 n BRERROZERETERRIEFATHS.

n T AR O BRI EITR AR
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% ¢ BEx HRBOBRSE b OBEICIT, BELETEAROBIRESTASL T
2 ([8])-

FRAR (2) BV T n=2,0f/0u; <0 (i #j) 2HlTLE \BESFREVDI. T
D& EITIL, TP ER &1 ¢, —ge 23 & BICHFREM (F7203, & bICEFERYD) &
EZET 5. Lotka-Volterra B “FEHEFR (fi(u1, u2) = ui(a; — Bivg — ysue)) 1R L TiL, M
SNEFBBEDOTREZEENPF b TV ([3]) 25, % 3 BEEHZER® I F7— ([5]) TiE, —f&RD
THEBRFRIIOVWTEERETIRBOERNE (LK > T, EFTRWVETEREILI T
FEETHDZE) ZRLE. (u,uz) & (u,—ug) &R &, FEXFR (2) PBHARIC
FEEEL LAY, EE2 2EA L THERITETS.

Uz c

TREBFAROER R EI TR
EH 2 DFEFAD L.
EE ¢ OETEME u 23 L,
JEFFEEBEZER] X = C(R) % --- x C(R),

s

n times
B du(r) = V(s + ct) (U, 1ZFEX (2) DED B )
B EEL, X OIEFEEIRICEDVEDS.

u= (U, ,Us) V= (v, ,U) &> u; < () ae z€R, Vi

2EHIDREHEMATLIZLICED, EH 2 25 5.

3.3. XEIZ, BB HFER
ou _ 9*(u™)
(3) ”a—t'—-‘am—z‘Ff(U), z€eR, t>0

EZD. ZZTm>1 EERT, EEEOLEHRD. FEX (1) LEK, UTE2HED.

EHE 3. BLHEPEFRERX (3) ORELRETRMEITIERTDLS.
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EHE 3 DIEAD T &
HE ¢ OWEITIRAE 7 okt L, IEFEREZR X = [ Xo

a€R

(ZZTC, Xo={p+€|6€ L}R)st.0 < P(z) +£(2) < 9(z +a) ae.z €R})
LRE, EE 1 LRRICEHRT 5.

HAG f(u) =u(u—a)(1—u) 2ELHD7 T ADEREE fIoxt LT, BEFRET
BRRIIRECTHDZ EBEHASNTNS ([2]) 23, EE 3 IXH ORI ERT D, £z, K
BEOFEERANWD L

ou  0%a(u)

5 912
(72721, a € C*B([0, 00)) N C3((0,00)) (0 < B < 1), d'(s) > 0,Vs > 0) &5 FBOHHE
FRATEREILRT DI LB TED.

+flu), zeR, t>0

EE. 2B THRALEEEZAVD &, EE 1-3 13, FERETER L PUERE RETH
L LTHRYLDT &R0 5.
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LOCAL WELL-POSEDNESS FOR THE HIGHER-ORDER
NONLINEAR SCHRODINGER EQUATION

HIDEO TAKAOKA

Department of Mathematical Sciences, University of Tokyo

Abstract. We establish the local well-posedness of the Cauchy problem for the higher-
order nonlinear Schrédinger equation, employing a smoothing property of the KdV equa-
tion and a contraction argument, and local existence results of the periodic boundary
value problem under the non resonance condition, applying a contraction argument for
the specified space.

In this paper, we consider the following initial value problem for the higher-order
nonlinear Schrédinger equation:

Uy + 10Uggg + Pugy + V|ulPu + 16|ul?uy + ie(jul?),u = 0,
(1) (zat) € 1 x (_T7 T),
'LL(IL‘,O) = UO(”’C)V

where «, 3,7,0 are real constants and e is a complex constant, u is a complex valued
function and T is a positive constant to be determined later. As for the domain {2,
we deal with two cases R and T where T is a one dimensional torus which implies the
periodic boundary condition.

The equation (1) is modeled by A. Hasegawa and Y. Kodama [2,3] for a propagation
of a signal in optical fibers in order to understand several phenomena which can not be
explained by the following nonlinear Schrédinger equation:

. 1
Wi + SUge + lu|?u = 0.

Our interest is to prove well-posedness results in a weak class for the initial value
problem (1). The notion of the well-posedness here is that existence, uniqueness, per-
sistence property (i.e., the solution describes a continuous curve in X whenever uy € X)
and continuous dependence of the solution upon the data. Particularly, the local well-
posedness means that the fact mentioned above holds in the local time, on the other
hand, the global well-posedness means the fact mentioned above holds in the global
time.

The difficulty to deal with the equation (1) is that it has space derivatives in nonlinear
terms. Then by rewriting the equation (1) as the integral equation and using a fix point
argument to show the existence result, it occurs the so-called “loss of derivative”. It is
very difficult to regain derivatives by the dispersive of the Schrodinger, but due to the
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effect of the dispersive term of the KdV, we are able to overcome this difficulty. Hence,
we assume « # 0 for the equation (1) in this paper.

Recently, J. Bourgain [1] introduced a Fourier restriction norm and used a simple
identity, then he regained space derivatives in nonlinear term of the KdV equation.
Furthermore, C. E. Kenig, G. Ponce and L. Vega [4] used a similar norm and a smoothing
effect of solution to the linear KdV equation, which allow us to regain derivatives up to
one. The aim in this paper is to investigate the time local well-posedness in weak space
for (1) by using the method due to Bourgain [1] and Kenig-Ponce-Vega [4,5].

For the case of @ = R, the well-posedness results for the initial value problem (1)
were studied by C. Laurey [6,7]. She showed that the initial value problem (1) is locally
well-posed in H*(R) for s > 3/4. For the case of ! = R, our result is an improvement
of the result by Laurey.

We prepare the following notations.

Definition 1. We denote ¢4 4 is C*(R) function satisfying
sty = { & 812201
’ 0, if [¢] < B]/lel.
For s,b,d3 € R,s > 0, define the spaces Xsyb,Xs,b,dg',Xlg,lb) and Hﬁa to be respectively
the completion of the Schwartz space S(R?) and S(R) with respect to the norms:

o0 N 1/2
e = ([ @i a8+ g™ 1) e Paar)

I1f]

Xs,b,da = (/[_ (1 + |T o a£3 + (3ad3 + (ﬁ - ?’ad3)¢a»ﬂ—3&d3(§ - d3))§2|)26
<[€ — dy | f(6, r)Pdedr)
- pOO N 1/2
gy =[] 01 = a4 )™ eI e, Pear )

g, = ([ k- asrrera)

For s,¢y € R, define the spaces Y, and Y] for f € LP(R)H:(T) such that the following
norms are finite:

1/2
1flly, = (Z(l + [n])?® / (1+ |7 — an® + Bn? + con|) |F(n, T)I2d7>

o<
-0

" (};a e ([ lf(n,f)ldf)2> "

o N 1/2
1l =1, + || @+ )2 ( |l et 4+ Conl)lf(n,'r)lzd7>
- i
JecHN 1/2
|+ Iy ( / l.z"(n,v‘)12d7>
o _

Our main results are the following two theorems.
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Theorem 1. Given s > 1/4. Then there ezists b > 1/2 such that for any uo € H® (R),
there exists T = T(||uol| gi/a >, B,7,06,€) > 0 and o unique solution u(t) of the initial
value problem (1) for a # 0 in the time interval [—T,T] satisfying

(2) u € C([—'Tv T] : HS(R)) YU € Xs,b7

3) ylul?u + ilulPug + ie(jul?)eu € X ue e X, .

For any T' € (0,T), there ezists a neighborhood V of ug € H*(R) such that the map
Go > 4(t) from V into the class defined by (2) with T' instead of T is Lipschitz.

In addition, when s = 1/4, the above result holds for d3 € R with X1/4,b,d37X1/4,b—~1,d3>
X1/4_3,b_1’d3 and E‘[Llls/ll replaced by Xs,vai,lb)—lvxﬁ-)s,b—l and H?, respectively, with
T = T(]]uo[[H;é4,a,ﬂ,7,5,e,d3) such that T(d3) — 0 as |d3| — oo.

Theorem 2. Given s > 1/2. For any uo € H*(T), there ezists T = T(||uo|| g+, @, 5,7,
6,€) > 0 and o unique solution u(t) of the initial value problem (1) for a # 0 and
26/3a € R\Z in the time interval [—T,T) satisfying

0 weC(-T,T): B¥(T)), ueY, /T fu(z, £)[*dz = /T o (z) P d,

for ey = (6 + 3

For any T' € (0,T), there exists a neighborhood U of up € H*(T)such that the map
Ug > U(t) from U wnto the cluss defined by (4) with T' instead of T is Lipschitz.
Moreover, if ug € H¥ (T) with s' > s, then the above result holds with s' instead of s in
the same time interval [—T,T).

Furthermore, if € = 0, then the above result holds for any a # 0 and .

In addition, if B/« € Q, then the above result holds in H'/?(T).

Moreover, if f/a € Q, 6 =€ and 28/3a € R\Z, then the above result holds with Y. for
s > 1/4 instead of Vs, when the initial value satisfies |luo|lme + [|(1+ [n])Y?ug(n)|ie <
0.

The main method to prove Theorem 1 and Theorem 2 is based on the argument of
the mKdV and the KdV equation similar to Bourgain [1] and Kenig-Ponce-Vega. [4,5],
respectively. First, we define u(z,t) = v(z — dit, dyt)ei(ds+dat),

To prove the local well-posedness in H*(R) for s > 1/4, we put d; = f?/3a,d; =
l,ds = B/3a,ds = —2p3%/27a?, then the equation (1) becomes the complex valued
modified KdV type equation. Hence we can assume that § = 0 in (1). By using a
smoothing effect of solution to the linear KdV equation and the contraction argument
in X, 5, we prove the local well-posedness. On the other hand, when we work in H ;?{ ¢
where d3 € R is a parameter which indicates the position of the singularity point of
ug(€), there is some choices of dy,d; and dy4. In order to simplify the Fourier restriction
norm of the solution to the equation (1), we put di = 3ad:,dy = 1,dy = —2ads.
But different from the modified KdV equation, the dispersive of the linear part of the
equation is not similar to the KdV. In order to make use of the dispersion of the linear
part similar to the KdV, we rewrite the equation as follows:

1t + iUy + (8 — 3ads)((Pv)gs + 2id3(Pv), — ngv)
+ (B = 3ads)(((1 — P)v)gs + 2id3((1 — P)v), — d5(1 — P)v)
+ (v — 8ds)|v|*v + i8|v[*vg + ie(|v]*)ev = 0.
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where F(Pf)(¢€) = f(f)g@a,g_gada(ﬁ). Then same as in H*(R) for s > 1/4, we prove
the local well-posedness. This proof is completely different from the previous proof in
[6,7].

On the other hand, for the periodic boundary condition case, we also use a Fourier
restriction norm and the identity as follows:

(5) (1 —an® + An?) = (1 — 1 — 73 — a(n — ng — ny)® + B(n — ny —ny)?)
~ (ry — amt + Bnd) —(ra — and — )

= —3a(ny +n2)(n —ng)(n —ng — %g)

which is used in [1] for @ = 1 and 8 = 0. But there is something different from the usual
modified KdV equation. By using the L? conservation law, we rewrite the linear part of
the equation (1) and dividing the nonlinear part that satisfies where the right-hand side
of (5) is zero or not zero. When € # 0, the two cases of ny +ng =0 and n —ny = 0 can
be avoided, but the case of n —ny — 26 /3a = 0 can not be avoided. So the assumption
that 2(3/3c is not integer will be necessary in our proof. However by also dividing the
nonlinear terms, even if 23/3« is integer, we can avoid the case of n—ny —28/3a = 0 for
e = 0. This is a different point from the real valued modified KdV case. For the proof
in H*(T) for s > 1/2, we use the method Kenig-Ponce-Vega [5]. This method is valid
for general o and B. On the other hand, for the proof in H!/?(T), we use the Strichartz
type estimate. To prove it, we need to assume f/a € Q. But the author does not
know whether that the above Strichartz type estimate holds for general @ and 8 or not.
Accordingly, we need to assume f/a € Q. For the proof in H*(T) for 1/4 < s < 1/2,
by the result in [5], we have to do more strong restriction to the class of the solution.
In our proof, the assumption that ||(1 4 |n])*/ 2%g(n)|li> < oo will be necessary for the
data.
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Super-reflexive Banach spaces and norms of the admissible matrices

miEEE  FELRIRFEERTEE
INEEEEE N IZERFILEE

Definitions and notations
Let us recall the classical definition of the Banach-Mazur distance. For
two isomorphic Banach spaces E and F, put

d(E,F) = inf{lIT Il - IT* | ; T is an isomorphism from E onto F}.

For Banach spaces X and Y, Y is said to be finitely representable (f.r.)
in X if for each (some) A>1 and for each finite-dimensional subspace F of
Y, there is a finite-dimensional subspace E of X with dim E = dim F such

hat d(E,F) < &.

Super-reflexivity : X is said to be super-reflexive if any Banach space
f.r. in X is reflexive.

Remark. Consider (P), a property of Banach spaces. We say that (P) is a
super-property provided that if X has (P) and Y is f.r. in X, then Y has
(P). It is easy to see that uniform convexity, uniform non-squareness,
B-convexity, type p and cotype g are super-properties. On the oter hand,
reflexivity and Radon-Nikodym property (RNP) are not super-properties.

A finite sequence of signs e, &€2,..... , £En 18 said to be admissible
if all + signs are before all - signs (so there are n different sequences
of admissible signs of length n, counting the sequence +,+...... ,H) .

Jn-convexity and J-convexity : X is said to be Jn-convex (n = 2) if there

is a o6 >0 such that for any x:,Xz, ..... ,Xn in the unit ball Bx,

min{ll Ze; x; | ; (g;) is admissible} = (1 - &)n.
X is said to be J-convex if it is Jn-convex for some n=2.

Admissible matrices : An nXn matrix As = (a;;) is said to be admissible
ifai; =1 for j=n-1i1+landai; =-17for j>n-j+1.




Main results
We first recall the following facts (cf.[1], [2], [5], [6],[7]):

Hilbert space (von Neumann-Jordan equality) & (2,2')-Clarkson inequality
= (p,p')-Clarkson inequality (1<p=2, 1/p+l1/p'=1l} = p-uniformly smooth
(p'-uniformly convex) = uniformly smooth (uniformly convex) =
uniformly non-square < Jz-convex = Ja-convex for all n =22 =
Jn-convex for some n=22 & J-convex < super-reflexive & super-RNP =
B-convex (type p for some p>1) and reflexive = cotype q for some g <.

Remarks. (1) Any Hilbert space has all super-properties (cf.[3]).

(2) The property of finite cotype (cotype q for some gq < ©) is the
weakest super-property.

(3) The (p,p')-Clarkson inequality holds in X iff X is of type p (resp.
cotype p') and its type (resp. cotype) constant is one (cf. [8]).

Theorem 1. (1) If X is Jn-convex, then it is Jn+:-convex.
(2) If X is Jn-convex and Y is a subspace of X, then Y and X/Y is
Jn—convex.

Theorem 2. For a Banach space X, the following assertions are eqguivalent.
(1) X is Jn-convex.

(2) An :2oX)—=£2,(x) 1< n for any (some) p > 1.
(3) lAn : 28, X)—=L5u-(X) | < n27"" for any (some) p > 1.

(4) lAn :2:X)=L2sX) | < n'"/T **s for any (some) r > 1 and s > 1.

Remark. The above theorem is false for p = 1 or r = 1. More precisely, it
is shown that for any n = 2 and for any Banach space X with dim X = 1,
the equality n n

Ao : 2. (X)—=L2:s(X) 1 =n'7®
holds for all 1 = s=.

Corollary 3. (1) X is Jn-convex if and only if X' is.
(2) X is uniformly non-square if and only if X' is.
(3) X is super-reflexive if and only if X' is.

Corollary 4. Let 1 < p € oo.
(1) The Lebesgue-Bochner space L, (X) is Jn-convex if and only if X is.
(2) Lo(X) is super-reflexive if and only if X is.
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THE SAZONOV TOPOLOGY AND
MEASURABLE NORMS

BEOKEKFRFEHEFE §IH I 75T (Michie Maeda)

Abstract

In this short note, we define some kinds of topology determined by p-measurable
seminorms. If cylindrical measure p is of cotype 1, then the aforesaid topology be-
comes a quasi-sufficient Sazonov topology of real separable reflexive Banach spaces.

1 &

/NG TIXTE ) VA B HWT Sazonov AR EZET A &2 HIET, AIDICZ

CTHWAELTEZHHET S, EIZES Banach 22, E'd EOMAHRBOTE L
C(E) CELEDY) v ¥ —HEDEK., P(E) TE L® Radon FERJEDOEKEZRDT,
P(E)CC(E) %25 Z LIZHLHTH B, F7/26(E') T B LTERINAEREER#T

ROGMERTET X9 kg DEEKEEDT,
(p(0) =1+ (2) ¢ BIEEL, (3) B DERATTEHASZEH L~Dg DHlIBRIEE.

ZZTue CE) D& & nOEMEHEL TRbT L
P(E') = {ip € C(E)}

% b,
KT Sazonov fARICEE§ e & B 5 ([6,12])0

EE E LOXIMVEHEE 7 T 5,
(1) T € (B 75 r—#fk = p € P(B)] HEYILDL ZiZr 13143 Sazonov fiLAH

(SS fAH) LT 9o
(2) [p € P(E) = pldr—EfK] HHYILDL FiZr 1345 Sazonov ALAH (NS A2AH)

EE o
(3) 7 A% SS fiAH T NS fLAHTH &H B & ZIT Sazonov fZAH (S AH) &\ v, B kI
SHAPFETHEEICERSZEETHE LV,

S ZRDBIEZET TH L 9,

(1) R* (Bochner DxEHE)
(2) Hilbert Z2f# (Sazonov ® % [9])
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SHIAH & LTIE mpe &7m ([2,3,4]) B’H Do 7ys 1 Hilbert-Schmidt YEFE%E T
EHRICT B X D) BEEIAAR 7, 3y TR I VAR TNTCERISYT B &) 2 &ES
MHDOZETHD, T Ty 3B Gauss V) V¥ —HIETH 5,

(3) Banach ZERIZ_TATS 22 & 2 9 DIF 121347272 V2o Mouchtari DFER ([7]) T
S 22l 72z 5 1F LOITHEDIAATEET cotype2 (2725 &) T EBHLNTWAS, F /- L0
(23R IAATTHE T metric approximation property (m.a.p.) Z#TIES ZERICLED I L D
HbhTWh, ZOBASHMRIENTHE, THIZOVTIEIZEFRMIZIP(1<p<?2)
ZefE] 1k S =T, SHAMIE (0 < g<p) EVI T EPHON TS ([58])

TZTD 7,(0 < ¢ < 2) IOV TIXRDETTREL < B2,

CO/NGHTIBIO 2 CHRONERT [P(1 <p <2) ZELEICHELTEXH I LY
gﬂ"] & LTwa,

2 #EfgLiE

2 Radon FERHPBEED order, ¥V V¥ —HIED type, cotype [ZDWTHR5
([10,11])0 ST T —c0<p< +00 &5,
pePE)DEE

lelle = {JE llzllPdu(z)} 7P (b # +o0,p # 0)
lulloo = ess.supllz|| ( p CBEL TAHREE ER)

llullo = exp [g log ||z|du(z)
lull, < +oo % 513 pld order p THH LV I,
pe OE)ECE DEE uc= ) ET 5o

*= su , ¢ =[inf -1
I = sup Wiy, Nl = L, el

lully < 400 DL Ep type p THBHEFW, |pll5 < +oo D& Ep i cotype p TH
HEE Do

EHE 1<p<L2DLE P % conjugate index (ie. 1/p+1/p =1) &T 5, 72721
p=1DLEEpY =40 b EZD, TDLELP (p=1DL &I o(L>, L)) Lok
p-stable symmetric >V ¥ —{lE », & 1&, CHORFHEBIEAY,(E) = exp(—|I€[l2) &%
E5DDZ L THb, 1 L2 ETORBRDy L% L\,

W 7, i typeq TH Y HD cotypeq Tddhb, ZZTqldp#2DEEiIVg<yp
Cp=2 DL EIEVg < +oo Thb,

RIZ—fXD Banach ZZf] L p-stable symmetric ¥V ¥ ¥ —IE & A, —EHFE ([5])
DEFEB5,

EFHE 1€ C(BE) T pE) =exp(—|TE|R) & %B &I % E' 0 LP ~OIERRT HFE
T 5L &(Zp % p-stable symmetric V) Y —HJEL V), FIZZD L ) %pu ¥ Radon
WETHHELEEIT . COERET 2 A,—1EAE LW,
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p€ C(E) DL EIZE — LNQ, P) ~DXRD L5 BHEBZR T BT 5.
Hes ko a(Z) = Plw € 9 (T(6)(w), T(&) (W), -, T(&n)(w)) € Z}
By 25 type p (p > 0) DE & T E' — LP(Q,P) ~DEGRLEEZRELTEL %,

D T Zpllxt$ 5 linear random function LB Jo p € P(E) DEERIETHT 2
decomposed TEFiZ% £ B9,

EFE 0<p<2DL & M, ldRD LI ITEDLNS,
7o : decomposed YEFZEZ T XCERRICT 5 & 9 L RIFH4H,
(0 <p < 2): A,— TERFEE T_CERICT 5 RIGALAH,

el A © HEgE KR < TEDLTEL 0<q<pL2Ebidnnp<n<n
b

CDEIDB TP/ WV AIZDWTERE I pe C(E) &L, |-|| & ELTEERRS
y (VAT N | N a2

THE KOEBDVHO2E &I ||| & p—TTHTHS LV,
[Ve > 0 123 LT 3G € FD(E) (FD(E) & EOFRATESZEROER) T, Fe
FD(E"),F LG %% FIZ2onTld

p{z;llz - FHl<e})>1—¢
VA RTAS I

LDEHRTF+ ={ye B;<z,y>=0 forVz e F} £ 2%,

E DX I /WA || IZBET 5 associated Banach Z2fH] % Ej TEL E — Ej ~\D
canonical map % i &£ ¥ 5, DL & i(u) #F By LT Radon KL 72 B 72 b DALE
+5 S, |- || Du-TTETHEE NI ZETH B,

Z DFEFKIL Dudley-Feldman-Le Cam ([1]) 12X A b DTHHHD ) 1 DI/ VAL
W3 & Gross DEHES D Do b2 ) 2§ BT % 72912 E 5% Hilbert Z2EDHEITS
TODEREEFNTAL I,

N.={z € Ej|lz|| < e} £BK ESDu—TTHE V) ERITAD & I I2ET B,

Ve > 0 3G € FD(E); w(Pp(N.)+ F*)>1~¢ for VF L G,F € FD(E)

(Pp i3 E 25 F ~O EHREH)
ZHUIZxt LT Gross DEZEIZ

Ve > 03G € FD(E); W(N.ONF + F*)>1—¢ for VF L G,F € FD(E)
THbo
@Rl (1) Hilbert ZEf LT Gross DEIRT y—W £ I JVA |- [ 1S3 LT - ||
LD Tmap. ZEHOL ) By—TWlZEI JIVADPHFETS ([4])o

(2)Hilbert Z2f] ETIE y— & v 9 #2213 Gross DERTH Dudley-Feldman -Le
Cam DEHRTOLFLTH 5,
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3 Quasi-Sazonov 1B & 4f M,

p€C(E) ThHhrEEIZ pk, plZ3fET 5 linear random function T &£ D E' L TD
EREIIRIE DT | SSHMBLVIDIE T 25 (B, 7) — L ~OERE: 25 p e P(E)
BIZY L EDMAMr LI TEWIRIAOND, ZCTRINEDSLEXLRD L) 2%
"5 25, '

EFE pe€ C(E) Ttypel THAHE L. p 5T 5 linear random function T 2%
(B, 7) b L' ~OEFEE THoHE X pe PE) LB %bIiE, ZONRZ M VA
T % quasi-SS (QSS) fAHE T Ho X HIC p € P(E) Torder 1 ThHAH L XIT p KT 5
T %% (B',7) - L' ~NEHETH B L &2 7 % quasi-NS (QNS) RIHITH S L E I

T 25 QSS T Ho QNS TH 5 & &1C quasi-S fidfl (QS fiAl) THBHEE D,
CZTHLWAHEM, 2&AT 5,

EE pecCE)DLE
S={|l'I; E'LETEHRSNERE Tu— TR 2L I/ VA )

L%, CHLESIETATNT D LI/ NVA % BRICTS L) 2RFHAAE 2 M,
L35,

CDLERDE )T EREES,

EHE 1 1<p<2. p i p D conjugate index & F 5, p A5 LF LD ) v —HIE
T cotype q (0 < g < p) THIUIMA M, 1x QSS —HrAfIc i 5,

({E) p = 2 DAL SS AHIC 2 B,
¥ 2 M, 21?0 QSHTH D,
() p =2 DHPEIS MAHTH 5,
BICRDERE /LS,

I 3 E7° MR %254 Banach ZZHTH % 4 H1F cotype 1 D ¥V ¥ ¥ —HIE 4
WX LT M, i3 QSS fZAHIC 2 5,

INLDOFERICER T HENC. 2DFEZXH DS LTk 5T Ab Schwartz DEFE p-
summing {EFIE. p-Radonifying fERZEDBRIZOWVWTHRNS,

Schwartz DEIE F,G 1 Banach Z/., v & F 5 G ~OEEHEE®ZR L L.
p>-1,F%, pBo(G,G) LD cotype p DT ¥ & —HET u'(p) (¢ & u D dual
operator) (3o (E’, E) £® order p @ Radon PETH AL §5, ZNDE & u i3 p-summing
VERFETH 5,
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ROGHED AT NP E[H /2T, F — G\D p-summing {EFAF | p-Radonifying
YERRIC2 %,
(I)1<p<+oo
(2) G PEYFH T F' % m.a.p. ZHD
(3) p=1 TG HEFEY

[ B3 1 O FEHDORE] M\ % LPED type 1 DY) Y —lIEL 5, MIEd 5 linear
random function % T&§5 & Tid L7 — L}Q, P) ~OWFEBZR A M, ICBELTE
W2 Do M, DEENPD TIERD X ) IZ5HEEIN5,

T=¢oi;i:[F — Lﬁf”; ¢:Lﬁ'_” — Lt
ZT|-|leS THhHs,

Schwa.rtz DEED L i OFGHERTE i 1T 1-summing ﬁ:‘Fﬁ? teh, IPIZENGHMT
HHH b5 i 13 1-Radonifying TERE %5, o T L - L ~OEHEEZIIHET S
ST —lERy LT B EPW) e BT BV ) ¥ —RIEEC 2 5T 2 AU type 1
2% %, BIZTi'(¢'(v)) =X &% o T Radon PIEIC L 5 & LD EIPND , LLEAFERADHE
Wg"f‘%%’)o

EH 2 IZDWTIZ LPA stable type ¢ (0 < Vg < p) @ Banach Z#TH5H I &5
To = Tq’C‘\ AT NS 'ﬁZ*ﬁ@ﬂytﬂ‘ %'?S QNS fi#ﬁb: %) oTWhsZ &i)i‘%%o if: M
i, & DH (20 Z EICDOWTIRIERT 5) OT M, 3% QNS 2 5 & L2585
nb,

EH 31X, FH 1 QN P BEIFRE WD) Z EIZORPDEDTHEILFNZ 5,

70 = T, < M, IZDWTIRR5, A,(E', LP) TA,—VERRDEME. II,(F,G) TF»b G
O p-summing {EARDEFRERD T AM(LF E) ={5;3T € 4,(F',L7) TS =T"}
E55&E S(v,) & E TRadon IEKFEEE 7 Do 7, (0< g<p) T PO S AT LY E
Trp = 1,8 B0 ThIA(LP, L) BT 5T XCOMERAFE L ERICT A2 REGMNHTH S
Bl<g<pDEEA(LF,LY) = I(LP,[9) Thb, $721<qg<p %5 q-summing
i3 q-Radonifying (2% 1), 1& type q 2D T DIEARIZAZ(LF, L) IZBT %, Th&
) I(LF,L%) C Afe(LF, L9) &7 Dy =1, < M,, B & B

LPETldrgs < 125 SMHIFET S, CCTrgs=m THY 7, = M, TH
5o [P(1<p<?2) Tlrnp=10<qg<p) &, TRIDEM, PQSHAHTHLZL
Do TV 5, LP Id stable type 1 DT type 1 DY) ¥ ¥ —HEEIZD\WT Radon $K
HEELEHZRT QS MAHPEE L., EeTXTDY ) ¥ —HIED Radon LK EE
WKRABEHERLTVDEZLIZRE, FZTRoTWAMEILS fMHE QS MAHDRMR
. n#EM, THHIL2EBFHICRTIETHD, ZORERE Linde DFHEPS D
HHEINEDPERZE &N L2 d o TRENTIT VRV,

22 Xk
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Some inequalities associated with operator radii
and Schur product

K. Okubo (Jb¥EEHEEARFLIER KARKR fizR)
T. Ando (FLEFEKX - BFEFEHL KE-3K)

Abstract For p > 0, let w,(-) be p-operator radius on M,,. For A,B € M,, we
denote the Schur product of A and B by A o B. In this paper we deal with the
inequalities associated with w,(-) and the Schur product of matrices. We show
that for p,0 > 0, 0 < @ <1 and A, B € M,, with non-negative entries,

Wapt(1—a)o(A® 0 BA=0) <, (A4)*w,(B) .

Here A(®) means the s Schur power of A4, that is, A(®) = (a3y) for A = (ajx) and
positive number s.

1. I3UHIT
M, EiCZRO I IVLDIEZ SN S, BB, Schatten D p-norm ||« ||, (1 < p < o0)

(1) Al = {Zsk(Aml/P (1<p<oo)
(2) llAlloodefsl(A) JJmax si(4),

ZITs 51(A4) > -+ > 5,(A4) 13 A OFERAE (A*A OBEFEDOFHIR) Z I IIEF
WKz H D ET B, || - ||p FIROEKRT (strong) unitary invariance TH Bo
(3) |[UAV [, = [[All, (unitary U, V).

—F Ty ROBUBDOREN ) VLOEE LT pradii wy(-) (0 < p < 2) &5,

X € M, ' p-contraction &ElF. K D C™ 785 bIb~UL MZER K cE EDa=%Y
VERFR U 25 -Ts

(4) A* = pPU¥en (kK =1,2,...)

EiledT i EETB, L. PR K S C" ~NOEXRHFHETHD, ZDEX,
AGM G\.ﬁbf\ wp(A)

5 wo(A) = imf{r >0 ; lA is a p-contraction
g A

TREZIND, EE (4),(5) 6. wo(4) H 2 < p < oo ITJETFSNE, LUS
wo(+) (2 < p < 00) & BIFD & 1T quasi-norm (fhHEDEWN) ITI>IE B0/ VLTI
AR |

(6) wy(A+ B) < £{wy(4) +w,(B))

Flz. pradius IFROHHE % HD, ([1],[6] BH)
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- w1(A4) = ||4]joo, w2(A) =w(A): the numerical radius
s lim, oo wp(A) =r(A): the spectral radius
cp 'UJP(') i3 [E]T%éo EHB\

Wrp(1-30(4) < Jwp(4) + (1~ Vwy (4)

1< 0 < p RSl wy(A) < we(4)
1< <p a5 ow,(4) < pw,y(A)
- wp(+) 1 (weak) unitary invariance =729

wy(UAU*) = w,(A) (unitary U)
I llp & wp(r) &TE

(1) [[Alloo = w1(A) = spectral norm ||A]
LD LD,

EHIT, wp(4) <1 DFEEOTFELTROZ EVHMSNTN S,

Theorem A. ( B.Sz.-Nagy and C. Foias, J.A.R.Holbrook ) A € My,, p >0 &7
5, COEX, ROZHIFETH 5,

(1) wp(A) <1

() r(A) < 2, leAfp— 2(p— 1A} <1 (J2] < 1)

(11i) —2Re[z A(I — zA)™1] < pI (J2] < 1)

A] = (A*A)? 53 & (3) S

(8) 14ll, = IllAlll»

(9) 0<B<A = |Bl, <|l4lly

W T5Bo p-radius (THHE (14) = 72T,

2. Holder BIAR%ER,

A= (ai;) WRHUT JAl= (laij]) EF5. Tl EHEHSD ET S A= (a;5),B =
(bij) € My I UTA=XB % a;j < bjjforalll <4,j < n TEHRTDEX.
Theorem A ZHWWTRD I EDWNZ 5,

Theorem 1. AeM, £ 0<p< o0 IZHLT

(10) wy(A4) <w,(A)),
(11) 0B =2A = wy(B) <wy(4)
MNZ B,

FERA O, FEIIRD Z EDNNA B &L,

wy(JA) =1= wy(4o D)< 1
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for every matrix D = (dj;) with |djz] <1 (7,k=1,2,...,n)0 El. 0<p<1iZ
XUT wo(X) = g—El"iwg_,,(){') O<p<)DEOYD (1] BRB) S, p>1 &L
Tkl Theorem A ZHI5 &,

klzlk-—-l

nz(”“lf,k Al % <p-1 (of<1)
k=1

DNNA N D DEBRSTDHEMEN LU TTHBE I ED S,

DRz ok
. IAl* k=1,2,...

VK k-1 .
=D (o np <
M Z B, Lichi-T,

(4 0 D){pI — 2(p — 1)(A 0 D)} = ll}:(—p—-——p———-(A o D)

kfsz -1

<13 (p"lgk 1AL ¥
k=1

<p-1  (lz|<1)

WREND. iz, r(AoD) < r(JA] < 3%1' 1206, BU Theorem A KD, wy(Ao
DY<1 &3, H |

-1l (0 < p < 0o0) IZRDEERT normal interpolation scale THB I ENFSNT
VB, BB, 0 < po <p1 <00, 2+ C(z) e M, B {z; 0 <Re(z) <1} kD
bounded analytic matrix-valued fucniton T

sup || C(it)llpy <1, sup ||C(L+dt)lp, <1
teR teR

Eilcd L&, . )
(42 —
C <1 O<a<lyj—=—+
IC(@lp 1 (0<a<ts=-+—2)
Th5 (5] E8B). DI &M 2 DDOIEHEMEITSHI A, B > 0 125 LT Holder &

ALK

o l—«

anl—a - o _1_ —
(12) 1A°B* ]|, < [ AlI5, 1Bl (0 <a< L=t )
BRI Edbind, Thé (8) i
(13) IABl- < WAPI? - IIBI/ (r>0;1/p+1/g=1)

MY LD,
M, EIZiZZO@BFE ORI UT. Schur # (& 7213 Hadamard ) &I BIRD
BEhEZoNnb, A= (aij), B = (bij) LT

Ao B = (aij - bij)
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ZDEE, (13) DFEPBARERE UTRBH SN T 3, ([7] BR)
(14) I4 0Bl < [I4PI/7 - IBI9I? (r>0;1/p+1/g=1)
DI ExHw, () ICBEEMZ B LTI CIKTE S,
wo(+) (0 < p < 0) FIRDERT normal interpolation scale TH 5, Kb,

0<po<p1 <00 &ELT. 2+ C(z) e M,, B {z; 0 < Re(z) <1} LOHFREAT
FIEAEIC & B ENTRE% & LT,

sup o (C)) S 1, sup wpy (C(L +it)) < 1
teR teR

o D=
wo(C(a)) <1 (0<a<lip=apy+(1—a)p)

TH 5 ([1] BE)

A= (ajr) = 0 EEBOHEEH 2 € C 1T UT 2-power AR = (a%) L BE (12)
EFMEROMWEN EOWEEES Z ik hEDINS,

Theorem 2. 0 < py < p; <00 &F B, TDOEX, A, B=0IXHLT

wP(A(a) o B(l-a)) S wPo(A)awm (B)l—a
(15) 0<a<l; p=ap+(1—a)p)

PNZ 5,

FAERADHENE. A, B> 0,0<a <1, 0< py < p1 < oo and w,y,(4) = w,, (B) =1
&9 5. {z; 0 < Re(z) <1} 6 M,, E~®D bounded analytic matrix-valued

function %
def

C(z) & A o BU-2)
TEFRT S ZDEX,
Ic(i+i)=4, ICG)|=EB (teR),
&7, Theorem 1 N5,

sup wPo(C(l + Zt)) < wPo(A) =1 sup wPl(C(it)) < wPo(B) =1
teR teR

&85, {wy(-); 0 < p < oo} A¥normal interpolation scale 72205
w, (A 0o B~ <1

NZ, EEIRENS,
DI EM S, Schur FHITBEY A RO Holder BIOAERINNZ B,
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Theorem 3. A, BeM,, 0 < p< oo I LT
(16)  wy(AoB) <w,(A}] @)/P . w, (Bl @)Y/ (p¢>0;1/p+1/g=1)
DD LD

3. HEmREH
Kp &
k, = min{x | w,(|4]) < kw,(4) for all A € M,}

TEHET 5o k, FROT B LITHEREN, A€ M, I U, S4(Schur multiplier
operator) on M, *
SA(X) = AOX (X S Mn)

&9 %, £l
1Sallw, = sup{w,(4 o X) | wy(X) <1},

M = {M = (mi;) € M, | |m;j| =1 for every 1,5}

Xp = max{]|Sallu, | A €M},

and
pp = min{p | w14 < pw,(A) for all A € M}

ETHBE RDIEDNDNZ B,
Theorem 4. p > 1 IZX LT
Kp=Ap = lbp
Flo. 0<p<1LITHUTr, = ka—p THBo
DI EMDS
Corollary 5. p > 1 IZX UTp — &, {3 nondecreasing TdH %o
MHN5B.
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Duality Relation between the g-Numerical Ranges
and the Higher Dimensional Numerical Range of a
Matrix

FE 18 Hiroshi NAKAZATO
gLEI K% Hirosaki University

Abstract

In this talk I give the following theorem: Suppose that A is a n X n matrix, B
is a m X m matrix. Then the folloewing two conditions are mutually equivalent (i)
W(A) C W(B) and max{||4¢|| : £ € C*, |[¢]| = 1,£" AL = z} < max{||By]| : n €
C™,||nll = 1,7*Bn = z} for every z € W(A) (ii) W(q : A) C W(q : B) for every
g € [0,1]. In the above W (A) denotes the classical numerical range of A and W(g: A)
denotes the ¢g— numerical range of A.

1 g-Fugk HELUY Davis-Wielandt shell DE
=2

nxn BRI A BIU HFEE qld <1 ZHLT A D oFuk
W(g:A) CCERDLIICEDS :

W(g: A)={n"A:{,ne C"\ &l =n"n=1,7"¢ = q}.
¥72, A ® Davis-Wielandt shell W(Ap, Asp, A*A) CR® ZRD L) IZED D

W (An, Ashy A*A) = {(E"Ar, £ A€, E* AT AE) e R® 1 £ € C™, €€ = 1)

BL. An = (1/2)(A+ A*), Agp = (—i/2)(A — A%).

¢, (FHE) 8ok W(A) = W(1: A) O BFEICBWTid, Toeplitz=Hausdorff
DEHE I W(A) = {L*AL: e CM ¢ =1} BINEETH B, FERL 2B, - FiRiC
X LT, 1984 12T FfE (Tsing, Nam-Kiu) 25, ROAN BLUZ T T A
B da BEUR W(A) ECHMTHBIERTHL, ThEHAVWT W(g:4) »—
BizmE sz EERLE(5):

Wig: A)={ q¢z+(y/1-1qIda(2): 2 € W(A),{ € C,[{| < 1},

$a(z) = max{\/||AE|I? — |(AE,€)[2 : € € C, €% = 1, (A€, ) = 2} (= € W(A)).
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T/, ADS, EHTHIOL &, W(g: A) ORI, HIREEOE ¢ ORI
PoBRBIEd, bhroTwd (RE[3)). ¢ W(g: A) OFOEREEEL
T, (nxn =7 ) —475 U WIZHLTW(g:A) =W(q:U*AU) &25Z
&, (i) A OEETY] AT ISR LT W(g:A)=W(g:A) b i ED, &
Fonsd, FRROL) 2FL=y ) —AEEE LT, ¢— B HRNER 2 —&kILd
HHDELTEATHERI. ROLD 2, BlroHEs, 0< < n/2 0L T, N()
B.RDEH % 3xIMBETHETS :

0 cosf 0
N(@§) = (0 0 sin()) .
0 0 0

ZDEE, WINB) ={z€C:|z| <1/2} %, EEDO< < n/2 L TxY
7z0%, W(O0:N(9)) ={2€ C:|z2] < max{cosf,sinf}} £%&D, 0<6; < b, <7/4
IHLT, W(0:60) £ W(0:8,) E%Bo ST 0< 8 < /4 IR LT, N(n/a+86)
&, N(r/4—-0) OBmETH E2=51) —[ETH S,

FlIC %o C, LR Tsing OFFRO & D HE2EH 2 )6 (Li, Chi-Kwong)
ko THEREN ([2]). £0% 2T - g L. Davis-Wielandt shell 25, #8268
BLTWAZED, bhroTE&, .

% 7=, Davis-Wielandt shell {22V Cid, 1983 4®) Y.H.Au-Yeung & N.K.Tsing
O WLNIILEY n>30LE W(Ap Am,A*A) 2WhERBZE . n=2 @D
L&, ZOT T 48N, (F) 2RITELEN, 3RTESIE W(Ah Asp, A*A)
OBHRH, HHEICR A ED, FEHIRTWS,

2 BHEES LU ZDDEEE

‘Davis-Wielandt shell W (Ap, Asp, A*A) IZHLTED 7 EFE” (HbRE) 2R
DEH % W(A) LOBE ¢4 THERDLT .

Pa(z) = max{€"ATAE : € € O, %€ = 1,£"AE = 2} (z € W(A)).

ZOLE, Bliga bE W) ETMERD, RDOBEE dalz) = VPa(z) - |22
P, WDILD, TDEY %, BREEELT, s L Davis-Wielandt shell (DE
F) OMEITEBINDD, EEROEENFHEYILD, BFIZ. (1) —» ) 25 &b
MEERA)

EH 2.1. A,B EZFNFN, nxnmxm OITFETHEE, RD 24
i, EWZFEETHS 1 (1) W(A) C W(B) 22 a(z) < ¥p(2) 5 E
B zeWA) T LTHILTE,;, (1) W(g: A) C W(g: B) % £ED
g€ C,lg <1z LTHRMT 5.

COFEBOFEROEEL R A0, FohMBEEICETARD LS R X {fbhi:
HRTHD CEBRERE =[o,p] ETERSNZ, EENER F I L T, EH
EREoEGEE %,

f*(z) = max{zt - f(t) : t € [0, ]}

T EDD, COEE, f* T/, MBELS, 512, figd (BLTFLLE
—Th\v) AREAXE I,J ETERSIN:, EHEMERTHo T, f(z) < g*(z)
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PEED zeRIZHLTRIMUOLELIE, 1CJ THoT, f(t) > g(t) 5 £EE
D tellZNUTHRILT S ([4], 34 HSH).

FEDFEE. EHFTH A O g8 W(g: A) DEREE d(g: A) LELT LI
T5 .d(g: A) =max{|z1 — 22| 121,20 € W(gq: A)}. :

M. Aleksiejczyk ZRORIEE 2IEBLTVWA 1A% axnfTHlETHL &, M
gr+d(g: A) X, XH[0,1] T, BERABIHLOMR»?

[ AL A OFus W(A) 25 0 2FLETHHABTH T, B Ya
B 2] BTIEET A B L &, (BIZIE, COEMBIE. A S, weighted
unilateral shift D & XFKI) ¢ d(g: 4) & XM [0,1] T, ERBLHroMT
Db, ZORBRRFEEICIE. FEOKERIE, BBRO L) 1Tk END, A OBIBAEL
w(A) £T B, TDOLE, ¢(z) = da(z) (—w(A) < z < w(A) IZF LT, 2z ¢(z)’+22
SUEHTHY, SO LY, ¢ (z) 75 THEL, BETHL LI 2 = 10t LT,

¥ (2) =2(¢ (2)p(z) + ¢ (z) +1) <0
D, 2202k E) ¢(x)< 0 kb, HUZ,

$' @)@+ (@) +1
¢Il(x) peting

BEDILL, B ¢ DT T 7 OREMRME (evolute), HIHEMF O H.LDBLERNS,
WIZHER  {(z,y) eR%2:y >0} 2H B, —RIZ. C*- Bt — f(t) bS@‘L,'C‘ D
75 7 OHEEA#BR O parametrization {(z(¢),y()) : ...} 2%  y(@) = f@) + %,E,%)ﬂ =
L] W:H, a(t) =t - £'(0) (L) THasns,

RO LD % MERROMEBEICETAER LD, dg: A) A ¢ KELTHTHSZ
ENEZ, SHIZTNTELED, 0< g1 IZBWT, d(g: A) PEABSTHI LN
Bx 5, _

50 . FH 2.1, 120V Tid, EH13'96 £ 8 A OFLIRD S 3 B WONRA T, #iH
LTw5, ZOFEICOWTIE, Hit BBz o»rb 3, ko3 558
BUCHEDW L DG TEELERY, CK.LLRICLDZEhTwa,
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Monotone properties of operator functions
associated with the Furuta inequality

Eizaburo KAMEI*

For positive operators on a Hilbert space A and /3, the Furuta inequality is given as follows:

Furuta inequality:([11].cf[12) If A > B > 0,
then for each 7 > 0.
(BT APBT)s > (BTBPBY)s
and
(ATAPAT)E > (AT BPATY)S
hold for p and ¢ such that p>0and g > 1
with (14 2r)g > p+2r.
The best possibility of this condition is assured by Tanahashi[18].

(0, ~2r)

In this inequality, if we take r = 0, then the following L.owner-Heinz
inequality is obtained.

Lowner-Heinz inequality: If A > B >0, then
A" > B™ for a € [0.1].

We can regard the Furuta inequality as an operator function([13], in this case its expression is the

following:

For .4 > B > 0 and r > 0, the operator functions
F(p) = (B" A7 B’)rl% ; monotone increasing function for p > 1,
and
G(p) = (A"H"A")%%—: ; monotone decreasing function for p>1 .

In [14]. Furuta evolved his inequality more genaral form by which some results on log magjorization.

due to Ando-Hiai|2] were extended. We call it the grand Furule inequalily.
Grand Furuta inequality : If A > 3 > 0 and A is invertible, then for each ¢ € [0, 1],

A= > AR {AF(ATE BPATE) AT} oot A

forr>f.,p>1land s >1.

When { = 1.s = 7, this inequality shows the following main inequality of [2];
AT > {AR(A"EBPA™ )T AR} 5w,

and when ¢ = 0, it is the Furuta inequalty.
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The grand Furuta inequality is also considered as an operator function [14] by putting

Fos(A Bor,s) = ATE{ A (A~ BrA—$)9 A5 Y oonmie A5

which is rnonotone decreasing for (> ) and s(> 1) .

Now, the purpose of this note is to review the above results from the view points of operator mean,
which is established by Kubo-Ando[17]. Especially we use the a-power mean which is given as

Aty B=AF(A"EBAT3)" AL, for a € [0.1]

By using this operator mean, we can rewrite the Furuta inequality as fllows;
A >A Y10 BP, forp>1landt<0.
Pt

The arguments of the Furuta inequality by using the a-power mean presented us the following[16](cf.[3],[15]):

Satellite theorem of the Furuta inequality. If A > B3 > Othenfor p> 1 and 0 < 1,
At i B? < B<ALB fi: AP
i =i

Aoreover, the Grand Furuta inequality is also rewritten by using the oa-power mean as follows|[8]:

Grand Furuta inequality by operator mean., If A > B > 0 and A is invertible, then for
p>1,8>1and12>12>0,
ATt §azier (At h, BPY < B< A

p-tisdr

Here the notatjon b is given as an extension of the a-power mean, which is defined by
Aty B=A2(A"2BA %) A% for s€ R.

In the case of 5 € [0, 1], this coincides with the a-power mean .

To prove this theorem from our view point, we have to know the behavior of A* fj, B”. The following
is our fundamental theorem.

Theorem 1. If A > B >0 and A is invertible, then for p>1,5>1and 1 >1>0

(Aty, Br)To < B,

Using this result and the Furuta inequality, we can show the grand Furuta inequality as follows;
if (At b, BPYT 77 < B, by putting By = (A §, BP)F 9571, p; = (p—1t)s+¢ and —r +L = &1, we have

AT e (AME, BP) = AMbay BD
{(p-t)esr ri—

B < B< A

A
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The next result[10] gives us a fine view in our following arguments, although it is an easy application

of the Furuta inequality.
Theorem 2. Let A > 3> 0 and A, I3 be positive invertible. If § € [0, 1], then for p> 6 and £ <0,

A, BP < BE < A
p !

In a similar form to the satellite theorem, Theorm 2 is described as follows;
At BP< B < Af < Bt fome AT.
1 b4
As & — 40, we have the following;

At ., BP<1<B'f. AP
r-t Pt

This is known as a characterization for log A > log B by Ando[1]. So we call this chaeotic order and

use the following notation:

A> B &% logA >log B

Theorem (Ando)([1]). Let .1, I3 be positive invertible.Then the following are equivalent.
(1) A> B,
(2) A” > (AEBrA%)z, for p> 0,
(3) A™P &y BPidecreasing for p > 1.

As an extension of Ando’s theorem, we obtained the following:

Theorem (FFK)([5].cf.{6]). If 4, B are positive and invertible, then A > /53 if and only if for
p>0.1<0, A Lt 3P < [ holds. ‘

r

Recently we have found a characterization for strictly chaotic order (i.e. log A > log I3) .

Theorem (FIK){[9]). If A and B are positive invertible, then log A > log B if and only if there exists
an « € (0, 1] such that A® > B2,

Corollary (FJK)({9]). For positive invertible operators A and B, A > B if and only if for any
6 € (0,1) there exists an a = ag such that (e5A4)* > Be.

Let's return to the monotone properties of the Furuta inequality. These properties are also held under

the chaotic order.
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Theorem (FFK)(|4]). Let A and B be positive invertible operators. If A>> 3, then A’ ;.. B7
Pt

is decreasing for p > & > 0 and increasing for { < 0.

Here we review Theorem 1 by the form A* hs.: BP. Then it is reformed as follows:
p—1

Theorem 1°. If A > B >0 and A is invertible, then for § > p>1and 0 < ¢,

(At fs-e BP)? < B < A and decreasing on 6.
p—i

Now if p>lp>é&>tfor1>1>0and A> B >0, then the next is easily seen by the use of the
Lowner-Heinz inequality and the property of operator mean:

Atd,, BP> B' 45, BP = B¢,
8o

P

et
P

On the other hand, we have seen in Theorem 2 that for p>6,1>6 >0, <0,
AP Heoe BP < B < AS
Pt
The next relation is a use of the Lowner-Heinz inequality to the Furuta inequality:
Forp>1,1<0,0<6 <1, ,
(A" 81zt BPY < Bf < A%
5

So we see here the order between A! fi;—, B? and (A* §1-. BP)%.
p—t p—1
Theorem 8. If A > B >0 and A is invertible,then for p> 1,t < 0and 1 > 6 2 0,

At fsee BP < (A* i BPY < Bf < A%
p—t . p-t

In [7], we have shown a ginkgo leaf structure in the Furuta inequality. The following is a result relating
to this.

Theorem (FK)([7]). If A > B >0 and A is invertible,then for each @ € [0, 1],

At Qe tomiain Br < B(p—t—'ll)r\:-l‘t—{—n
p-t

holds for p > 1 and n.+1 > —{ > n for some n > 0, integer.

When p > 1, there is a gap between %’E% and 1. This theorm buries the gap and the case of @ =

is just the Furuta inequality. We can describe also this theorem by using A* o=t BP as follows:
o=

J—fwn

p—it-—-n
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Theorem 4. If A > [3 >0 and .| is invertible,then for 1 < é < pand t <0,

At s BP < B
p-t

Combining Theorem 2 to Theorem 4, we have At §5-. BP < B for p>1,1<0and 0 <6 < p.
p—t
Finally we give the case of B < A* b:s_—% Br,
e

Theorem 5. If /1 > /3 > 0 and .1, B are invertible, then B® < A* b%;:_. D7 holds for
(1) —1<t<0, andp<d<2p—-1t,
or
i< -1, and p< < 2p+1.
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COVARIANCE IN NONCOMMUTATIVE PROBABILITY

MasaTosH1 Fuair

1. Introduction. H.Umegaki [9] founded, about forty years ago, the noncommutative
probability theory as an application of the theory of von Neumann algebras. A (bounded
linear) operator T' on a Hilbert space H plays the role of a random variable and (T'z, z)
does the mean of T' at a state z (with ||z| = 1).

In 1994, J.IFujii introduced the covariance of (not necessarily commutative) operators
S and T at a state = in his seminor talk by

1) Cov(T,S) = (S*Tz,z) — (S*z,z)(Tz, z),
and the variance of T at a state z by
@) Var(T) = ||Tz|* - |(Tz,z)[*.

The following inequality is fundamental in this note, which is shown by the Schwarz
inequality because the covariance is semi-inner product:

The covariance-variance inequality. The square of the absolute of the covariance of
two operators S and T is not greater than the product of the variances of S and T':

(3) |Cov (S, T)|? < Var(S) - Var(T).

In this note, we point out that several known operator inequalities are unified by the
covariance-variance inequality, e.g. the Kantorovich inequality and the Heinz-Kato-Furuta
inequality. These are based on our joint papers [2] and [3].

2. Estimations. The following is a known fact; we cite a simple proof.

Lemma 1. If a selfadjoint operator A on H satisfying m < A < M for some scalars m
and M, then ‘

(4) Var(A4) < i(M —m)?  for any state z € H.

Proof. We first note that
M-m

(M —a)(a—m) < ( )?

for all real numbers . Hence it follows that for each unit vector z
Var(A) = (A%z,z) — (Az,z)?
= (M — (4z,z))((Az, ) — m) — (M — A)(A — m)z,z)
< (M — (Az,z))((Az,z) — m)

< %(M - m).

The following estimation is obtained by the covariance-variance inequality and the above
lemma.
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MASATOSHI FUJII

Theorem 2. If A and B are selfadjoint operators on H such that my < A < M; and
mg < B < M for some m; and M;, then

5) ICov(4, B)| < %(M1 —ma)(My—my)  for any state z € H.

Remark. Theorem 2 is a noncommutative extension of the following inequality due to
Griiss [7}: If fi(¢ = 1,2) be continuous (or Riemann integrable) functions on the interval
[a,b] such that 0 < m; < f; < M; for some m; and M;, then

b b b
lb—}fz‘/ fl(w)fz(w)dm*zb—f&?/ fl(:v)dx-/ fa(z)dz| < %(Ml—mﬂ(Mz—mz)—

3. Applications. In this section, we give some applications of the above inequalities.
First of all, we begin with the following celebrated inequality due to Kantorovich :

The Kantorovich inequality. If a positive operator A on H satisfies 0 <m < A< M
for some m < M, then for each unit vector x € H
(M +m)?

AMm

It should be recognized as an estimation of the covariance of a selfadjoint operator and
its inverse; namely we take B = A~ in Theorem 2. Then we have

(6) (Az,z)(A™'z,2) <

(M —m)?

1 - (Az,2) (A", z)| < %(M_m)(m—l = QLo

Hence it follows that ( )2
—m

A A1 1l T

(Az,2)(A7"z,2) -1 < T

which is nothing but the Kantorovich inequality (6).

The Holder-McCarthy inequality [8] says that if A is a positive operator on H, then for
each unit vector x € H
(ATz,z) > (Az,z)" forr > 1.

We estimate, as an application of Theorem 3, the difference in the Hélder-McCarthy in-
equality:

Theorem 3. If a positive operator A on H satisfies 0 <m < A < M for some m < M,
then for each unit vector z € H

k
(M —m)?. Z(k‘ —p+ 1)mP i pE-P
p=1

(7 0 < (AFlz, z) — (Az, z)Ft! <

FNGFEN

for all natural numbers k.

Proof. We show it by induction; since the case k = 1 is true by Lemma. 1, we assume that
(7) holds for k. Putting B = A**! in (5), we have

(7) 0 < 1(4422,2) — (A, 2)(4*+10, )| < 3(M —m) (M — i),
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COVARIANCE IN NONCOMMUTATIVE PROBABILITY

Hence it implies that
0 < (A**+2z, z) — (Az, z)*+2
< (A¥*2g,0) — (Az,z)(A¥ 2, )| + |(Az, 2)||(A*F 2, 2) — (A2, )"
k
< i-(M — m)(M*H — mbty 4 Mé (M =m)?-> (k—p+ 1)mP I M*P
p=1
by (7’) and the assumption of induction

_1

T4
which completes the proof.

(M —m){(k+1)M* + kmM*1 ... 4 2mF 1M + m*},

Somehow the same constant (M —my)(Ms —mg)/4 is appeared in Strang’s theorem on
an estimation of the imaginary part of the product of two selfadjoint operators, cf. [1; Cor.
4.3]; we point out that Theorem 2 implies it:

Theorem 4. (Strang) If A and B are selfadjoint operators such that m; < A < M; and
mg < B < M, for some m; and M;, then

1
(8) [Im AB| < M- m1)(Mz — mg).
Proof. As a matter of fact, we have for each unit vector «

[lm(ABz, 2)| = 5](4Ba,2) — (BAz, )

IA
= BN =

{|{(ABz,z) ~ (Az, z)(Bz, z)| + |(Az, z){Bz,z) — (BAz, z)|}

= 2] Cov(4, B)| + | Gov(B, 4))
< Var(4)- Var(B) by (3).
Incidentally, we note that Theorem 4 has an alternative simple proof as follows: For

simplicity, we prove that if A and B are positive contractions, then |Im AB| < %. We can
easily checked the following equations;

i(BA—AB)+%={(A-—%)+z‘(B—%)}{(A~é)—i(B—%)}+A—A2+B-—Bzzo
and

. 1 1.1 1, . 1 . ,
i(AB ~ BA) + = {(A~3) ~i(B~ H(A~5) +i(B - )} + A~ A7+ B~ B> 0.
The former implies

AB-BA i(BA—AB) _ 1

>

I =
m AB % 2 =Ty

and the latter does AB—BA 1
Im AB="—"2<
27 4

as required.

Next we look at the Heinz-Kato-Furuta inequality [5], from the covariance-variance in-
equality. :

- 57 -



MASATOSHI FUJII

The Heinz-Kato-Furuta inequality. Let R be an operator on H. If A and B are positive
operators on H such that R*R < A% and RR* < B2, then for each z,y € H

9) [(RIR|**~ 2, y)| < ||A%a||[| By

holds for all o, 8 € 0,1] witha+ 0 > 1.
Now let R = U|R)| be the polar decomposition of R. We choose a unit vector u such that
(|R|*z,u) = 0 = (|R|PU*y, u) and define operators S and T' by
S=|Rlfz®@u and T =|RPU*y®u,

where (z ® y)z = (2,y)z for z,y,z € H. Then the covariance and variances at the state u
are actually determined by

|Cov(S,T)| = |(RIRI**P "z, 3},
Var(S) = [||R*z|* < [|4%=|P?,
Var(T) = [||R*|Py|* < || BPy|I°.
Here the final inequalities are ensured by the Lowner-Heinz inequality.
Anyway the covariance-variance inequality implies the desired inequality (9).
In [6], Furuta showed the following theorem which is an improvement of Bernstein’s one.

Theorem A. If e is a unit eigenvector corresponding to an eigenvalue X in a dominant
operator A on o Hilbert space H , then

2 . lglPlAgl ~ I(g, Ag)P?
(10 R

for dall g in H for which Ag # Ag.

Here an operator A is called dominant if for each A there is a real number M) > 1 such
that J|(A — A)*z|| < My||(A— Nz for all z in H . We have to remark that (A —X)*e=o0
under the dominance of A, that is, A is a normal eigenvalue of A, i.e., there is a nonzero
vector z in H such that (A — Az = 0 and (A — \)*z = 0. Under this consideration, we
weakened the assumption of Theorem A to normality of the eigenvalue in [3]. More precisely,

Theorem B. Ife is a unit eigenvector corresponding to a normal eigenvalue A of A on a
Hilbert space H, then (10) holds for all g in H for which Ag # Ag.

We mention the following improvement of Theorem B by the covariance variance inequal-
ity, [3]-

Theorem 5. Ife is a unit eigenvector corresponding to an eigenvalue X of A* on a Hilbert
space H, then (10) holds for all g in H for which Ag # A\g.

Proof. First of all, we note that the covariance is translation-invariant, i.e.,
Cov(A — a,B —~b) = Cov(4, B)

for a,b € C, and so is the variance. We put B = A — A and may assume that ||g]| = 1. Now
(10) can be rephrased as

(11) |(g: €)I?[|Bgl* < Vary(B).
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To prove (11), it suffices to take the projection F corresponding to the eigenvector e, i.e.,
Ez = (z,e)e for z € H. That is, we apply the covariance-variance inequality to F and B.
Then we have

(12) |Covy(E, B)|? < Vary(E)Vary(B).
Noting that B*e = 0 by the assumption on A, (12) is rewritten by

1(9,€)°1(Bg, ) * < Vary(B)(1 - |(g:€)*),
so that
(g, €)lIBgl1* = |(g, €)I*(I(Bg, 9)|? + Vary(B)) < Vary(B),
as desired.
In addition, Theorem 5 is generalized as follows:

Theorem 6. If {en} is a sequence of unit vectors corresponding to an approzimate eigen-
value A of A*, then

lgl*[1Agll* — 19, Ag)?
14— Xgll?

(13) lim (g, ea)[* <

for all g in H for which Ag # Ag.
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Small Bound Isomorphisms

of the Domain of a Closed +«-Derivation

AV
2 Bie HRIEKX)

gi;

51,

Banach-Stone OEH I, IRO L H Iz E5Nb, “X, Y 2 a7 k-
INTGZARIVTERE, T %2 C(X) o C(Y) O E~NDREEFRBIEAR ST 5,
ZDEE.Y 6 X ~OHEESR r &L welClY): |lw=12PFHELT,

Tf(y) =w(y)f(r(y)) (VfeC(X), WyeY)

E1RB, ” COEHEIT. ERAFRNICAS E. T PRMESBIERARZRTHSZ L
EZRLUTODB, HBAWE. T OBPBEETHSEEZHILESTEXS, —A.
ZDEHT T OFEN. X &Y OMOREER 1 2HFETHED0Z 5,
D. Amir & M. Cambern . ZDEHEDOREOMEIEE LT, KOFEHE
A~ U7,

I (D. Amir, M. Cambern) X &Y %2 a /%7 b - NI Z RV TE
Fﬁﬁ\ T: C(X) - C(Y) % %&%[—Ejaﬂ{ﬁﬁgfﬁf‘?\ ”T””T—ln < 2 &"9‘.50 :@&
E.X &Y BMHRATETH S,

ZDFERIZ. €D EAx DHRANILE,. —LSN T 5,

X % R D387 MEAEA. CH(X) % X L OMESEMS TTHEBESA A,
CHUX) 3 f DI IWVEFE | = 1flleo+ 16(FHllo TEZ S, DL E. K. Jarosz
i [4] TROMEERE U,
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BIfE “X &Y 2R 0a1/%7 MESEA. T: CLX) — CYY) hEER
RERZT |TIIT-Y < e B5HE. X &Y BEARMTHS, ” 25 R OF
BEOI U MESES X, Y IS LTRDISEI (X & Y iCEMES)
e DIEAET B 0

CHITH LT K-W. Jun & Y-H. Lee (&, IROFERER LT,

(K-W. Jun and Y-H. Lee) X,Y % R a7 MBHEET
Cla,b],Y Cled] EF5. T : CYX) — CLY) B RBERET, K
D (1) ~ (4) ZHa7zd ET 5,

(1) fl(t) =075 (Tf)(¢) =0.
(2)
(

1@1
HH

2) Ifgll < ITFTgll < (1 + €| fll
3) IFF<ITAl < A+l Sl

(4) e < min{;fg, 2(6-1a)+17 2(d-1c)+1}
CDEE. X &Y FMMHERZETH S,

T (K-W. Junand Y-H. Lee) X,Y % R 04T X C U)las b

i=1
(6 < b < a1), Y C U[CJ: il (¢ < dj < cjp), maxi{[bi — ail} < kK,
max{|d; — )|} < k EF 50 T: CUX) — CHY) ZETEABIERET. KO
(1) ~ (3) %WTT EF B,
(1) (TF)(t) =0 f'(t) =0,
@) A < ITf < 1+l 7],
(3) k< =Y ¢ < 6k — 8k +1

Y

CDEE X &Y BNMEAEETH S,
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T(K2(52)) = 1(1(61),
(TF)(y) = wi(y) f(7(y)) (Vf € D(61), Yy € Ks)

62(Tf)(y) = wa(y)o1(f)(7(y)) (VfeD(6), Vy € Ka)
E1L 5,

bfdﬁof\ 1(1(51) & 1{2(62), 1(1 & I(z 61&*@@@1%50 :@i@@%}ﬁ
5 K. Jarosz DEIEE#Z 5,

EE K; (i=1,2) 3B —wEBAEEHI2T T30 b - T X RIVTZERH,
6 % C(K;) T3 Ml «- M &9 5, T: D(61) — D(&) : |ITINT < 2
ThH5 L) THRIERABERHRNEREL, X512, T & T71 id supnorm THH
EFT B, TDEE. Ki(61) & Ky(6y) WZALAHRIEITH 5,

Bl feClat] KXUT [0 WBHLTHTHBOT, ZOBILE 6 E6<.
oIl Kr={z; f(z) #0} &<,

£, 9 € Cla,b] IS LT T : D(87) — D(6,) ZHFREWERZET ||T|||IT-Y)| <
2 THD. 51T T & T i supnorm TERET S, ZDEX, Ky & K,
AR TH B,

(SE5)
1T <1, |7 <2 ELTEW. D(&) D ficx LT,
flz, ' 2) = zf(x) + 6(f)(z), (z,2,2) e K1 x K1 x T=W;
D(69) 3 g ITXF LTS

i(y,y,2) = 2g9(y) + 62(9)(v"),  (y,v,2) € Ky Xx K3 x T =Wy
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ZD 2 ODEEDFRIE. WINBHENFEATDH 500 KEDMIKE O
FIRBEATERVE, b ERBTIRMND S LI ITBDNDS, DEDE 2
HiT, L BHDOEENS COMEEZEZ S,

§2. Bl »-T49 DEFI

K% a8 b - "X FV7Z%E. C(K) D D(8) % C(K) ®J VL
5 B REE Uy BIBIERTE 6 : D(5) — C(K) &

6(fg) = fé(g) +6(f)g (f,9 € D(8)),

8(f) =6(f) (f €D(5))
ZHtc Uy DOMIEAETH B ET 5, CDEE, § % CK) 1T B 1%
HENS, D) D FITH LT, f DI IVLE |

1F1F = 11/ lloo + 16(f)lloo
KEDEZ B, K>z i LTy D) LOBREBIERE n,06 %
120 6(f) =6(f)(=)  (VfeD())
X DEET D, K)={r € K:n,06#0} &EB<. K(6) I K DFEAT

HbH, TDOEx, T. Matsumoto & S. Watanabe & IRDFEEREZR L7,

I (T. Matsumoto and S. Watanabe ) K; (i =1,2) 2337 b -
AR EILTER. 6 & CK:) KB BH B Ed 5, T : D(61) — D(6)
% L ADOEFEHREERAFEETZ, ZDEE, Ky 25 Ky EANORMEEH 7
& wy € Ker(61) @ |wi| = 1, BN wy € C(K5(6)) & |wa] = 1 BFHELTS
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EBL, TDEE,
D(6))> f — FeCW), D(6)>dg— §ec C(Wy)

BB SIMEREZETH B, S1 = {f; f €D}, Sa = {G;9 € D)} &
BloT:8135f —TfeS 2 Tf=TFfickhEHETB L, T <1,
Tl <2 THB. Wad (y,9,2) icx LT
L(y,y’,z)(g) = g(y,yl,Z) (Vg € S2)

EBo T Liyy ) % C(Wy) NI IVAEEZILNTHRE LIS DIZH LT, IE
RIGHIE uov' DSFEFE LT

T* Ly (f) = [, Fdp*’*  (Vf € C(W))
LB, WITS ||T|| <2M <2 THB M &5, V2 €T & T*Lyy, ) OF
NRTD /) IWVLEREZIDOPERIZE LT,

| (K x {z} x T)| > M

LB WEET S y D&% Ky E35, CDEE, KDy IS LT,
BEETNE—BITREBZDT, py) =2 &5, ZDEX. Ky D Ky(&)
2. p: Ko(8) — Ki(6)) BRHEHRTH S Z b5,

Ed
(1) D %HY b—IVEAETEE. C(D) IZBIFB ./ vEoMsIEERELR
Vo —Hy K (T80 b - X LT ZER) OBESES E &L C(K) I
BB 6 1T LT,

D(ép) ={fle : f€D()}
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EB<. BL.
fle=0,  feD(é)=6/)ls=0

6e(fle) =6(fHle  (flr € D(6r))
kD C(B) 1263 (MEERSIW) #st 6p HEHTE S, ZORHMA
(E, C(E), D(6g), 6g) ik LT LOFELRAKORERZITO ZENTE S,
(2) C{X) (X : R @7 2/97 MEAES) IS LT by EEOIEY & FEOY
R CHELORERNE SN,

=% Xk
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Jensen DWHARER & FD)HH

mfEEL BA - T
MZHER IEX - B
AR R LRK - ERT

X <HBNTZ Jensen DAERIZL FHICHE > TEETH DN, FOURERLE
BIDZEDERRYTH A 5(cL [1, p. 29]). Tkt Jensen DHAZER L E % bh
% (Flzm=1, =0 OHFEIT) ROBEAERERT.

Theorem 1. Let @, @y, ..., @, be astrictly convex and strictly positive C* —functions on a
convex domain D in R* and & a hyperplane in R**' defined by y= dlxl + ...+ ax, + b.
Let f» ... Ji be measurable functions on a probability space (£2. u) such that
(i(w), ..., (o) €E D, forall w € 2, where
D, ={xED: Mx,,....x)sax;+..+ax+b VYh=9, @, ..., ¢,)}. Then we have
@ [ oG, . Kovduw) = 8 o[ Karduo)..., [ godua) +p
for all real numbers ¢, ..., o, and B satisfying o, ... , @, >0 and

m
Z—% o Xy, .. s X) + B=ax + ... +ax + b,

@

o@,lax, ... atp,,,/axl[al} r‘J

d@lox, ... og,lox,|l%

for some x=(x,, ..., x) € D,.

WAL, 41X [1, Theorem 1, p.27] DREA%SE 12 %5, Mhihi :
y::jg1 P Xy, e, XY+ P (0,>05 =1, ,m) PNEBFER : y=ax, +..+ax,+b 178
TRRMR. BB x=(x, .., x) ED, , ITHLT, EHOEKME Q) #¥lcdZ Lick
BIhE, 79 70MNBBREZEXD 22120, RLUWARER D BELNRS,
FIRGEFS

M DOER 23X, MEEIZBET 2 ROBARRERXNEBLNS, HLZ DELS
X m=1T, BT3B DTODDLERULDE LANnE., ZRUAIT R
PHEBEABRRZ RV,
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Theorem 2. Let ¥ be a strictly concave and strictly positive C' —function on a convex
domain D in R* and & ahyperplane in R**' defined by y=a.x +... + ax +b. Let

fi» --» Ji be measurable functions on a probability space (£2, 4) such that
(filw), ..., flw)) €D, forall w € L, where
D.,={x€D: yP(x,..,x)=zax, +..+ax+b}. Thenwe have

W _Ho)duo), .. [ H@du@) = af @), .., fo)du(w) + B
(o] 2 £

for all real numbers a and f satisfying a>0 and

BY(x) _

ox, aa; (i=1,..,k)

B=—olax +..+ax+b)+P(x, ..., %),

for some X=Xy, .... %) €D,.
Theorem 1 IKRWT, k=m=1DFEEEX D ERORERD.

Corollary 3. Let @, ¥:[m, M]— R, @), ¥() >0, ¢"(0), p"(#1) >0 for
tE€[m, M] and f ameasurable function on a probability space (X, ) with
JS(X) € [m, M]. Then

[ oorausap| rawesp

for all real numbers o and B such that >0 and B=-ap(¥ (L) +ay (L) +b,

where a= w(l\ﬁ - ;z(m)’ p=M w(n]a - r:l(p(M)'

Hw: zorx, B

a._.

- dz,B a? o
1.4 — N R
Yy (G) <0, 55= @) >0 BNELNDDT,

B 1E a QBB THIMEEE E R TWD, FAl B OFRDOMHEOTAMR Iz EIEDS
HY. SHROFETH B,

F 72 Theorem 2 1ZBWTC, k=1 OBPEZEZDERORERD. ZHIX 8 O
NCHRIZELNTZHDTHH S,

Corollary 4. Let : [m, M]— R, 9(©) >0, ") <0 for 1€ [m, M] and f
a measurable function on a probability space (X, ) with f(X) C [m, M]. Then

w| rawsaf vofdu+p

for all real numbers « and B such that >0 and B=-a(ay ™ (ac) + b) + P(P"(a))),
W) - gm) M) ~ my(M)

where a= Mm M=
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2 2
FER:ZoLx, %—z—(aw"‘(aa)+b)<0, Z£= ll’"(1l;ﬁ(aa))>0 PRELNDD

T, RV B ik a ODHRBAHTHMBE LTS, BARZOBED B OF
ROMEOFMIZEKRS DY, SHROFETH S,

HE : Corollary 4 & 6[#1 Banach B2 ® Gelfand BiZ 2 AaSbE5 L,
Kantorovich [6] DAERD—#{L T 5 Ky Fan [2] & X Mond-Peéaric [7] DFTF|F
HLREBLZLENTEDDOTH DM (f 8). EiE. KyFan & Mond-Pecaric DFF
FIRERDO—fEAbi%. [Furuta inequality ] DAAHF THARLGHEZBEIZE -
T ZO/Miae FENZELRVERS T TIRRENTNSDOTH S, Fhik, &
FITSTHR

T. Furuta [3, 4]

ERENDZ L EEDTN,

Fid, EERITEHEENP LT TIZ EOXETHNTWS Z LiZRf &, £85I
FHEONWEY THole Z & ERBITIRR T,

References

. P. S. Bullen, D. S. Mitrinovic and P. M. Vasic, "Means and Their Inequalities, " Reidel,

Dordrecht / Boston / Lancaster / Tokyo, 1988.

. K. Fan, Some matrix inequalities, Math. Sem. Univ. Hamburg, 29 (1966), 185-196.

. T. Furuta, Extensions of Mond-Pecaric generalization of Kantorovich inequality, preprint.

. T. Furuta, Two extensions of Ky Fan generalization and Mond-Pecaric matrix version

generalization of Kantorovich inequality, preprint.

. W. Greub and W. Rheinbold, On a generalization of an inequality of L. V. Kantrovich,
Proc. Amer. Math. Soc. 10(1954), 407-415.

. L. V. Kantorovich, Functional analysis and applied mathematics (in Russian), Uspechi
Mat. Nauk, 3(1948), 89-185.

. B. Mond and I. E. Pecaric, Generalization of a matrix inequality of Ky Fan, J. Math. Anal.

Appl. 190 (1995), 244-247.

. EWIEEM, Ky Fan OfTFIAERICET I —E8, EMFES VRV 2 — LK.

1996, 1T,

__68.__



C(X) DIEEIEARIM L Scheffold DFAF

PrimRE - B R )

Approximation of the identity operator on C'(X) and Scheffold’s conditions

Niigata University, Keiji Izuchi

ROVE 4175 Korovkin DFEETH 5 (4],

EH. {T,}n H5 C([0,1)) LOBFREHAERRINT || Tal| <1 5D || TS — 27]|oo — 0,
§=0,1,2, ZWifcd & & | Tof — fllo — 0 Vf € C([0,1]).

ZOFEE, (T}, 2 1ISHRIGET 20 E 9 s {L,2,2?} K LTTF X b FhdRD
ENIBDTHB, — DI /7 FNER] X EOERGBERZER C(X) TEAKEE, £
3 D& S IEESES. HHEMO SIS UTTF 2R M USICHPCR R E 20 &0 ) [HRE
PHET B,

ScC(X) &35,

EF, S 16 LT (sequence type) Korovkin DEERAIL

e T: CX) o COOL Tl € L ITuf — fllo 0 VF € § 1551
HTng - g“oo —0 Vg e O(X)

F% net 12482 T H RIS Korovkin DEEAEZ B ENTE S, JHICBELTIER
DFBTIPHOoNTNS [6, 7o

FEB. 51X LT net type Korovkin DFEEEALAL
< Vz € X,z e VU open If € Ss.t. ||flle =1, f(z) =1,|f] <1onUe.

- net type THL = sequence type THALo
- S % (C*-subalgebra &9 5, S # C(X) < S I U T net type VEILE T
- S 7% separable 2T 513, net type THIL <= sequence type THAL [2]o

Scheffold [5] (ZRD S 123 LT Korovkin OEBEAILT 5 - EZ L7,

Bl 1. L=([0,1]) & C(X),z0 € X, S = {f € C(X); f(zo) = 0}.
Bl 2. 1° =2 C(BN),z0 € BN\ N, 5 = {f € C(BN); f(z0) = 0}.
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Fofliddkic, S & closed ideal Tdh b, Z#iZB§#E LT Scheffold % 2 DDEM%4%
A 120

E C X closed 2V (o) 79 &
(@) | fullve = 0, E C VU C X open, 72 53 || fullge — 0.

Z=BXxN),Y=2Z\(XxN)&EFT5, feCX) LT, flz,n) = f(z) Vz €
X, Vne N EEHT 3,

¢:Y = X, f(6(y)) = f(y) continuous

MEFETE B,
AC X I UT (closed EIER SN,

A=¢ YA CY, A=YNn (A x N

LGB, IRDGHE (B) TH 5B,

)
N

(8)

ROEZEL 3] TEAZINIESTH 5,
EFo 0 # E C X closed 2’ quasi Gs-F£& &3,

U, open s.t. Uy |, E = ‘Fjl U..

I' c X % closed & U+
S={felC(X);f=0o0nT}

&vg_%o zj{@ 2 ’D@:’ﬁ%%(i SCheﬁOld {5] 6:4:50
Rl 1. Do i3 (B) 27z Us T° dense = S 1% U T Korovkin BXiZ,

ME 2. T () By = T° i (8) 27,
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RS S DY closed ideal D & & DEMATIITH B (3],

EE. RIEFE,

1) St LT Korovkin AL,
2) T i3 quasi G-BBEEEE,
3) T id (o) =Hi7z U T dense.
4) TRY TREZRET,

EF. ThZh. 2) IFMARERAMEE., 3) IXBI%FI£{E > T\ 4) {& Stone-Cech com-
pactification D TOREAIT &8 - T 5,

REFERENCES

[1] F. Altomare and M. Campiti, Korovkin-type approximation theory and its applica-
tions, W. de Gruyter, 1994.

[2] K. Izuchi, H. Takagi and S. Watanabe, Sequential BKW-operators and function
algebras, J. Approx. theory 85(1996), 185-200.

[3] K. Izuchi, H. Takagi and S. Watanabe, Sequential Korovkin type theorems and
weighted composition operators, Acta Sci. Math., 62(1996), 161-174.

[4] P. P. Korovkin, Linear operators and approximation theory, Hindustan Publishing,
1960.

[5] E. Scheffold, Uber die punktweise Konvergenz von Operatoren in C(X), Rev. Acad.
Ci. Zaragoza, 28(1973), 5-12.

[6] S. -E. Takahasi, (T, F)-Korovkin closures in normed spaces and BK W-operators, J.
Approx. Theory 82(1995), 340-351.

[7] D. E. Wulbert, Convergence of operators and Korovkin’s theorem, J. Approx. Theory
1(1968), 381-390.

-71 -



LP-Lipschitz Classes and Weighted Bergman Spaces

MASAHIRO YAMADA

ABSTRACT. We introduce and study a class of functions on the unit disk D
which satisfy

_ @ = @)y, N
Prar(f) = ( /D {wflﬁf(z) } du(Z)) < oo,

|z — wl

where D,(z) is a Bergman disk and p is a o-finite positive Borel measure. We obtain
equivalent quantities of p, o ,(f), and investigate linear functionals on this class.
Particularly, we estimate Taylor coefficients of these functions for some measures.

§1. Introduction

Let D be the open unit disk in the complex plane C. H denotes the set of all harmonic
functions and A denotes the set of all analytic functions on D. For each a € D, let ¢, be

the Mobius function on D, that is,
a—=z
$a(2) = _

1

(z € D)

and put
1+ |¢a(2)|

T () @D

f(a,2) = 5log
For 0 <r < ooanda€ D,
Di(a)={z€ D Bla,z) < r}

is the Bergman disk with “center” a and “radius” r. Particularly, the Euclidean center
and radius of D,(a) are
1 — 52 1 —lal?

8 R, = |al

1-—- 32|a|2a T 1 — s2|af?

Ca,r -

respectively, where s = tanhr. For 0 < o < 1 and a continuous function f on D, we
define a function O%(f, z) by

O(f,z) = sup M

weD,(z) |z — wl|®

We say that f € A satisfies a Lipschitz condition of order a if O%(f, z) is bounded on D.
It is well-known fact that f € A satisfies this condition if and only if (1 — |2]?)*~*|f(2)] is
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bounded on D. These classes are very familiar to classical analysis. Especially when o # 0
it is also well-known fact that above these conditions are equivalent that H(I—Z)’:-fl(i)! is
z — wi®

bounded on D x D.

We will introduce new classes of analytic or harmonic functions on the unit disk D,
which are generalizations of a Lipschitz class. Let g be a o—finite positive Borel measure
on D and 0 < r < oo be fixed. For 0 < o <1 and 1< p < oo, Bi(y,a) = Bi(p,a,r)

consists of functions f € H such that f(0) = 0 and

o) = ppas) = ([ 027, ) < oo,

and let B?(u,a) = B?(u,a,r) = By (p,a,7) N A. We are interested in several properties
of these spaces. Let o = p = 1. For each f € A, clearly we have that |f/(2)| < O}(f,z)

for all z € D. Therefore an inequality /[f'(z)ld,u < /Oi(f,z)d/.z is valid for all f € A.

However, the left hand side of the inequality is not always comparable to / OX(f,z)du

except for special measures, that is, which is too small. Moreover, it is clear that p, ()
is a norm on B?(u,a) and BY(u, a). Therefore, we are also interested in the properties of
them as normed linear spaces.

§2. Estimations of LP-Lipschitz norms

Let m be the normalized Lebesgue area measure, that is, dm = dzdy /7. For 1 <p < o0
a Bergman space L? is defined by L? = LP(D,m) N A and the L?(m)-norm is denoted by
| - ll,- For fixed 0 < r < oo, we define the arithmetic mean on the Bergman disk D, (a)
of a o-finite positive Borel measure u by

() — L .
Arla) = b)) /Dr(,a) o (@€ D)

If there exists a non-negative function u such that dy = udm, then we may write it
i, instead of f,. For a differentiable complex function f on D, we define a differential
operator Dby Df = 0f/0z = (0/0z + 8/62) f.If f € H then there are functions g,h € A
such that f = g + A, and thus Df = ¢’ + A'’. In this section, we give lower and upper
estimations of the norm p,.(f) in B} (u,a) or BE(u, ).

Theorem 1. Let 0 < r < co be fized, and suppose u is a o-finite positive Borel measure
on D. Then the following are valid.

(1) For 0 < a <1 and 1 < p < oo there ezists a constant C = Crop > 0 (independent
of f) such that

o7 [ {0 = 1Py IDF I} frja(z)dm
[ 102(5,2)y" du
< ¢ [ {a-lPyeIps)) e

IA
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fordl fe H.
(2) For0 < a <1 and1 < p < oo there exists a constant C' = C,,, > 0 such that

S =1y du<c [ 025,20y du
forall f € H.

We note that if we replace f € H by f € A in the inequalities then Theorem 1 is
valid for 0 < p < 1. Moreover, if we replace D = §/0y or D = V instead of 0/0z, then
Theorem 1 is also valid.

Corollary 1. Let0 <r <00, 0<a <1, and 1 < p < co be fizved, then the following
are valid.

(1) Suppose there exists v > 0 such that t70(t) is a non-decreasing function on [1,00)
and v is a positive superharmonic function on D, then there are constants C = Crap >0
and n =1, > 1 such that

c- /{(1—12 )=Df()} v z)a( H)dm
< 108 oo (1) am

< 0 [ {0 -1 DrlY vele () am
forall f € H.

(2) Let {b;} C D be a finite sequence of complex numbers with b; # b; (i#7), and let
{l;} be a finite sequence of arbitrary real numbers with 0 < l;, then there s a constant
C = Crap > 0 such that

2L
o- /{ ~ 2)*|Df () ]} logHJ} ——b-[’jdm
2 J
< [ 08 A og Tl dm
241 , 2
< o[ {0 -lpye s} log I - dm
forall fe H.

(3) Let {b;} C D be a finite sequence of complez numbers with b; #b; (1 +#37), and
let {I;} be a finite sequence of arbitrary real numbers with —2 < l; for] € A°, where
A ={j;b; € OD}. Then there is a constant C = Crop > 0 such that

ot [ {0 = 1Py =*1Df ()} Wiealz — byfdm
J A0 )Y Tyle — byfdm
< O [ {0 = 1P Df ) Wyealz - b 5dm

VAN
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forall f € H.
§3. Linear functionals on weighted Bergman spaces
Let v be a finite positive Borel measure on D and suppose 0 < p < co. A weighted

Bergman space L2(v) is defined by LE(v) = LP(D,v) N A. Let ¥, = W2 be the set of all
functions 1 € A such that

r(¥) = r(v,p, ) = sup{ tli*%/l)f(tz)&(z)dm’p;f € A,/D |flPdv < 1}

is finite. Moreover, put
s(#) = s(v,p,) = inf { [ |fPdvi f € A, Jim [ ft2)b()dm =1},

which is the reciprocal of r(3). In [11], a Riesz’s function r(a) = sup {lf(a)lp ; /D |f|Pdv < 1}
was introduced and studied its behavior near the boundary of D. By the definition of

r(3), if we put ¥, = (1 — @z)~2 then /D fibodm = f(a), and thus r(,) = r(a). More-
over, if ¥, = (n + 1)2" then /D fibpdm = f(n), where the numbers f(n) are the Taylor

coeflicients of f. The functions r(¢) and s(3) are also called Riesz’s functions.

In section 2, (1) of Theorem 1 shows that the norm p,o(f) on B2(y, ) is estimated by
the LP(v)-norm of f’, where dv = (1 — |2]?)1=%)Pf,(2)dm. Therefore, in order to study
the space BP(u,a) we will investigate the properties of the weighted Bergman space.
Particularly, we will estimate r(%, ), which is the norm of a linear functional f — f (n).

Theorem 2. Let 0 < p < oo be fized, and suppose v is a finite positive Borel measure
on D. Then the following are valid.

(1) If there is a constant C > 0 such that /|f|pd’l‘ < C/]f[pclz/ for all f € A then
Y, C ¥,, where T is a finite positive Borel measure on D.

(2) If {|balP] || ¥ ||3¥ dv} is uniformly absolutely continuous with respect to v and
there exists v > —1 such that /Ig/»\]p/ | ¥ 157 (1 = |2]%)"dm — 0 then (b)) — 0.

(3) (o) — 00 (la] — 1) and r(p,) — 0o (n — o0).

(4) If 1 < p < oo and there ezists a compact set K C D such that suppr N K is not a
finite set, then ¥, N LY is dense in LI, where 1/p+1/q=1.

In [11], using r(a) = r(,), a completeness of L?(v) was characterized. We will give
another characterization of it. A subset F of D is a uniqueness set for L?(v) if E satisfies
the following : If f € L?(v) is zero on E, then f =0 on D.

Proposition 3. Let 1 < p < oo be fired, and suppose v is a finite positive Borel
measure on D such that suppy N D is a uniqueness set for LE(v). Then the following are
mutually equivalent.
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(1) LE(v) is closed in LP(D,v).
(2) For each compact set K in D, /K log r(v,p,¥.)dm(a) < oo .
(3)

3) For each 0 < ¢ < oo there is a constant v, > 0 such that r(v,p,¥,) < v.exp(cn)
for all n.

We say that a positive function v on D has the generalized subharmonic property if for

each 0 < r < oo there is a constant C = C, > 0 such that v(z) < ———/ vdm
m(Dr(2)) /()

for all z € D. Moreover, we define the geometric mean on the circle of radius p of v by

V(p) = exp [/0% log v(peie)d0/27r} 0<p<l).

We note that if v is subharmonic then it has the generalized subharmonic property (see
the proof of Proposition 4.3.8 in [15, p.62]). The following Theorem 4 gives more precise
estimations for some special measures. We note that Theorem 4 is closely related with
a estimation of the Taylor coefficients of the functions in B?(u, ), which is defined in
section 2. The relation will be described in section 4.

Theorem 4. Let 0 < p < oo be fized. Suppose there exists v > 0 such that 'o(t) | 0
(t — 0) and dv = v(pe®®)o(1 — p)df/2ndp, then the following are valid.

(1) If v(pe®)o(1 — p) is bounded on D and V(p) is non-increasing on [0,1), then there
exist ng € N and constants 0 < Cy,C; < oo such that

T'(I/, Y ¢n) S C11 €xp

Cz'n'y
TR
for all n > nyg.

(2) If v has the generalized subharmonic property, then there exist ng € N and constants
0 < Cy,Cy < 00 such that

T(V,p, "pn) < exp

02n7+2
Vinlog — V(1 — 1/VH)o(1/8v/n)?

n<t<2n

for all n > ny.
§4. Equivalent norms and Taylor coefficients

In section 2, (1) of Theorem 1 shows that the norm ppo(f) on BZ(p,a) is estimated
by the L?(v)-norm of f', where dv = (1 — |2|?)(*=%)? ;. (2)dm. In this section, using the
estimations and Theorem 4, we will study the growth of the Taylor coefficients of functions
in By (p, cx).

Let I, be the interval in [0,1) such that I, = [1 — 1/4/n,1 — 1/24/n]. We will give
estimations of the Taylor coefficients of L?-Lipschitz functions.

Theorem 5. Let 1 <p < 00, 0 < a < 1 be fized, and suppose that (1 — |2|?)1=)2dy is
a finite positive Borel measure on D. If there exist a compact set K C D and 0 < r < oo
such that suppp N D.(a) # ¢ for all a € K¢, then the following are valid.

- 76 —



(1) For each 0 < ¢ < oo, there exists a constant 0 < 7, < oo such that

sup{|f(n)|? ; ppar(f) <1} < yeexp(en)

for alln > 1.
(2) Let 6 > 0 be given, then for each 0 < ¢ < oo, there exists a constant 0 < -y, < oo
such that

up{f (W) 5 pps () < 1} < yeexp(en’/**?) sup exp [~/ [ log (e} o/ 21]

pElL

foralln > 1.

Corollary 2. Let 1 <p < oo, 0 < a <1 be fized. Suppose that (1 — |2|2)1=*Pdy is a
finite positive Borel measure on D and dy = udm, then the following are valid.

(1) Suppose that u is a bounded superharmonic function on D and let § > 0 be given,
then for each 0 < ¢ < oo, there ezists a constant 0 < v, < co such that

Sup{If(W)F 5 prar(F) < 1} < eexplen'/**) exp [~/ [ Tog u(pe®)do2a]

for alln > 1, where p=1-1//n.

(2) Suppose that u has the generalized subharmonic property. If there exist a compact
set K C D and 0 < r < oo such that suppp N D,(a) # ¢ for all a € K°, and let § > 0 be
given, then for each 0 < ¢ < oo, there exists a constant 0 < vy, < 0o such that

up{[f(W)F 5 ppar(£) < 1} < qoexp(en’™*) sup exp [~/ [ logu(pe”)do 21

pEln

foralln > 1.
(3) Suppose that h € A and p is an analytic polynomial. If u = |h + p|, and let § > 0
be given, then for each 0 < ¢ < oo, there exzists a constant 0 < v, < oo such that

sup{|f(n)[ ; ppor(f) <1} < 7eexp(ent/?+0)

foralln > 1.
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Lattice structure on partially ordered linear space

S. Koshi

Hokkaido Institute of Technology

Abstract

In this short note, we shall explain the notion of lattice order structure on partially
ordered linear space F . In general, partially ordered linear space E is not lattice ordered
i.e. it is not necessary to have least upper bound for arbitrary two elements x,y € E. But
in some partially ordered linear space , we can define least upper bounds denoted by z V y
which is a subset and no more single element in general. The subset z V y is defined as
‘totality of minimal elements z for a set of upper bounds of z and y in the sense that

()z>2zandz>y,(2)if z>wand w > z,w >y, then w = z.

We shall clearify properties of these subsets z V y. Also, we shall discuss greatest lower
bounds denoted by z A y for x,y € E.

Sometimes we shall consider normed partially ordered linear space, since we can expect
nice properties in this space. The content of this note is almost same as a note presented in
Real Analysis Seminar held on November at Oita University. More precise and extended
results with proofs will be found in another paper in near future.

1 Partially ordered linear space and supremum of subsets

Let [V be a linear space of real coefficients. We shall conider a convex cone with (1)
PN—P={0}and 2) P~ P=E.
We shall define z < y if 2 —y € P (y > z in the same meaning) , then we have (a)
r<yandy<zgimplyz=1y; (b) z<yandy<zimplyz<z; (c) z <y implies
z+z<y+zforallze E; (d) forz <y and a positive number o we have az < ay ;
(e) for every element z € E we find 21,29 > 0 with x = 21 — 2.

Conversely if there is a relation < satisfying (a), (b), (c), (d), (e), then the set P =
{2;0 < x} is a convex cone satisfying above condition (1) and (2). A convex cone P with
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(1) and (2) is called an order and F is called a partially ordered linear space.
We shall define subset U{z,y} = {z; z < x and z < y}, then £ Vy is a subset of all minimal
elements of U{z,y} . We have U{z,y} # 0 , but it may happen that 2 V y = ). We shall
show such example.

Example Let E be 2-dimensional Euclidean space R? , and let P = {(z,y);z > 0,

y >0} U (0,0) be an order in E . Then V0= { for z = (—1,1). More generally,

ifx¢ PU{—P},thenzVO0O=10

For a subset A = {ayea} of E , we can define VA = Vjepay and VA is a subset of all
minimal elements of U(A) , where U(A) = {z;2 > a, for all a € A}. Sometimes , we use
notation supA instead of VA. We can define also A y and L{z,y} = {z;2 < a for all
a € A}, z Ay is a set of all maximal elements of L{z,y}. We have L{z,y} # 0, it may
happen that Ay = 0. We can define also AA = Ayep for A = {ax; A € A}. Sometimes we
use notation infA instead of AA.

We have the following propositions :

Proposition 1

(1) —supA = inf(—A)

(2) @ supA=supaA fora>0

aimnfA=infaA fora>0

Proposition 2  For every b € E and a suset A of E. we have

(1) supA + b= sup{A + b}

(2) infA+b=1inf{A+ b}

Proposition 3 If a € supA and b € supB , then a + b € sup{A + B}.

Proposition 4 a V b # @ for every a,b € E if and only if a A b # 0 for every a,b € E.

Theorem 1. If aV b +# 0 for some a,b € E , then we have
aVb=a+b—(aAb).
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Proof. Since aAb= —{(—a)A (—b)} , we have
{(=a)V(=b)}+a+b=aVvb=bVa.
Hence, we have —(a Ab)+a+b=aAb.

Let I be a partially ordered linear space with an order P. If a V b is always a single
element i.e. supremum of two elements a and b of E exists always, then E is called a Riesz
space or vecor lattice. Usual function spaces are considered as a Riesz space with usual
function order.

2 Monotone order complete partially ordered linear space

Let F be a partially ordered linear space with an order P. We shall consider suitable
condition that a V b is always not empty for all pair of elements ¢ and b € E.

For this purpose, we prepare some definitions.
A subset A of E is called linear ordered ( or A is called a linear subset) if every elements
of A is comparable with respect to the order P.

A subset A of E is called upper bounded (lower bounded) if there exists a € E witha > z
forallz € E (a € E with z < a for all € A). a is called an upper bound of A ( a lower
bound of A ).

We say that a partially ordered linear space F with an order P is monotone order com-
plete if every upper bounded linear ordered subset A has a least upper bound i.e. sup A is
a single element. It is easy to see that if F' is a monotone order complete partially complete
ordered linear space, then every lower bounded linear ordered subset A has greatest lower

bounded i.e. inf A is a single element.

If every countable linear ordered and upper bounded subset A of E has least upper
bound, then E is called sequentially monotone order complete. Every monotone order
complete partially ordered linear space is naturally sequentially monotone complete.

A normed partially ordered linear space E is called a partially ordered Banach space if
the norm on F is complete i.e. every Cauchy sequence is convergent by this norm.

Let I be a partially ordered Banach space with a closed order P. We shall consider the

dual space E* of E. We shall define an order P* as follows : Let z* and y* € E* and
x* > y* if and only if 2*(z) > y*(z) for all z € P.
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By T. Ando [2], we have the following fact under the condition that norm is ordered
norm :

Theorem 2  P* generates £* i.e. P* is an order in I7* if and only if every order interval
[a,b] = {z ;a > > b} for every pair a,b € E with a > b is norm bounded.

It is known : let F be a partially ordered Banach space with a closed order P , if E' is
monotone order complete by the order, then every order interval of E is norm bounded.

Related topics are discussed in [3].

Theorem 3 Let E be a partially ordered Banach space with a closed order , and let
every order intervals are norm bounded. Then, every upper bounded linear subset of E* is
a partially ordered Banach space with an order P*, and every upper bounded linear subset
of E* has least upper bound in E* i.e. E* is monotone order complete.

Proof. Let A* be an upper bounded linear subset of I7* . Let us define a linear functional
x* as follows : z*(x) = sup{y*(z);y* € A*} for z € P. For © = x, — x, with arbitrary
z € F and 1,7, € P, we can define z*(z) = z*(x1) — z*(z2) without any contradiction.
Then, by the theorem of Banach-Steinhaus z* is in F* and it is easy to see that supA* = z*.

Theorem 4 Let E be a partially ordered Banach space in which every order interval
is norm bounded. Then , for every non-empty subset A* of dual space E* which is upper
bounded by the order P*, we find that sup A* # 0

Let ° be an order in a partially ordered reflexive Banach space E. If P is closed, then
P = P** by the bipolar thorem on convex sets.

Hence we have the following theorem as follows:

Theorem 6 Let E be a finite-dimensional partially ordered linear space with closed
order. Then, for every non-empty upper bounded linear set A of E we have sup A # 0.
Moreover, F is monotone order complete and every upper bounded linear set A has least
upper bound sup A which consists of a single element.

If the order P in E is not closed, above theorem is not true in general. We see for
example lexicographic order P is not closed for more than 2-dimensional Euclidean space

and by this order Theorem 6 is not true.

More interesting topics on partially ordered linear spaces will be found in another paper.
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On the zeros of functions in the solution sets
of an extremal problem in H*!

Jyunji Inoue
Department of Mathematics, Faculty of Science

Hokkaido University, Sapporo 060, Japan

This note is an anouncement of the resusts obtained in the resent work ; J.
Inoue and T. Nakazi [1].

For a non-zero function f in H*, the classical Hardy space on the unit circle,
we put

ST ={ge H': arg f(e¥) = arg g(¢®) a.e. 6}

The intersection of S* and the unit sphere in H' is just a set of solutions of some
extremal problem in H*. It is known that S* = §% x gy, where B is a Blaschke
product and go is a function in H' with §% = {)\. gy : A > 0} (E. Hayashi [1]).
Also it is known that the linear span of S/ is of finite dimensional if and only if B is
a finite Blaschke product, and when B is a finite Blaschke product, we can describe
completely the set S” and the zeros of an arbitrary nember in S? (T. Nakazi [3]).

For each f in H', sing(g) denotes the set of points of 8D on which g cannot be
analytically extended.

In this note, we assume that the Blaschke product B under the consideration
has the property that sing(8) has only a finite number of accumulation points,
say {€® : j =1,..,N}. Under this condition, we define and investigate the local
convergence order of Z(f : D) at ¥ from the left(resp. right) for f € S and
Jj€{l,...,N}, and get Theorem 1 which is the main theorem of [2].
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Definition 1 Let f be an element in H*(D) such that
sing(f) = {€%,...,eM}: 0<8; < .. <Oy <2m.

Let us denote Z(f; D) = {ax}, and we define the local convergence order of Z(f; D)
at e (1 < j < N) from the left by (1) and from the right by (2) below.

Ord®[e?; {a;}] = inflo>0: ) |€% —a,|7< oo} (1)
nGI}l)

Ord™ (e, {a;}] = inf{oc>0: Z | €% — oy, |”< co} (2)
nGIJ(-r)

where IJ(-l) ={n:o,€{re? € D: (6;_1+6,)/2 < 8 < b;}}, IJ(T) ={n:a, €
{re? € D: (§; < 8 < (0; + 0;41)/2}}, with the convension that 0,1 = 6; + 2,
and 8y = 0,, — 2.

Lemma 1. Let B be an infinite Blaschke product such that
sing(B) = {?*,...,e"}; 0< 6, < ... <Oy < 2m.
For each j € {1,..., N} and f € S5, we put

{a} = {UN=Z(f;D)n{re®? € D:0; <0 < (0; +0;11)/2}, (3)
(6.} = {6y =2Z(f;D)yn{re’ €D: (0;-1+0;)/2<0 <6}, (4

where we mean Oy = 01 + 27, 0y = 0, — 2m.

(G) If S, | &fi) — e |°< 0o for some f € 8% and ¢ > 1, then we have
S, | aldi) — e |P< 0o for every g € 8B and p > 0.

(ii) If 3, | BY) — ¥ |< co for some f € SP and o > 1, then we have
S | B — e |P< 0o for every g € SP and p > 0.
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By Lemma 2, we have at once the following theorem.

Theorem 1. Let B be an infinite Blaschke product such that
sing(B) = {€?,...,e?};0 < 0; < ... <Oy < 2m,

and suppose Ord®[e?; Z(f; D)] = 0 < oo for some f € S5, j € {1,..., N} and
e e {rl}.

(i) If ¢ > 1, we have Ord®[e?; Z(g; D)] = o for every g € SE.

(ii) If 0 < 1, we have Ord®[e®; Z(g; D)] < 1 for every g € S®.

Remark 1. In Theorem 1 (i), we can not replace ¢ > 1 by ¢ > 1 as the
following example shows.

Example 1. Let B be an infinite Blaschke product with the zeros

0 Ly — . 1
{antnz1; on <1 n(

— e, n=1,2
o) P

Then , Ord?[1; Z(3; D)] = 1. On the other hand we have

00 ]____e'i/n2 2,
gB(Z) e H “('(1—_"&—_;%)2" S SBHHOO,

n=1

and Ord¥[1; Z(gg; D)] = 1/2.

[1] E. Hayashi, The solution sets of extremal problems in H' , Proc. Amer.
Math. Soc., 93(1985), 690-696

[2] J. Inoue and T. Nakazi, On the zeros of solutions of an extremal problem in
H.

[3] T. Nakazi, Exposed points and extremal problems in H?, J. Funct. Analysis,
53(1983), 224-230
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Multipliers And Common Zero Sets Of Invariant Subspaces In The Polydisk

Takahiko Nakazi

Hokkaido University

Abstract. For any nonzero invariant subspace M in H?(D"), put M(M) = {¢ €
L»(T™) ; ¢M C H*(D™)}. If n = 1, by Beurling’s theorem M = gH?(D") for some
inner function ¢ and so M(M) = gH>(D"). Hence the mapping from M to M(M) is
one-to-one. However for n # 1, it is not one-to-one. It is believed by many people that the
description of arbitrary invariant subspace M is impossible. In this article, we describe
M(M) for arbitrary M. If M = H?*(D"™) then M(M) = H*(D"). We give a necessary
and sufficient condition for M(M) = H**(D™). If M is of finite codimension in H?(D™)
then M(M) = H*(D") and the common zero set Z(M) of M is of finite points. We
show M(M) = H*®(D™) when M satisfies some condition on Z(M). When A is a nonzero
function in H?(D™), M), denotes an invariant subspace generated by h. If h is an outer
function, then M(M,,) = H>(D"). We give two necessary and sufficient conditions for
M(M) = H*(D™). Moreover a good sufficient condition is given.

This is a survey article on the author’s three papers [4],[5] and [6] and contains
some new result.

§0. Introduction

D™ % C™ @ open unit polydisk, T {¥%Z @ distingwshed boundary of D™ > m
(& T™ O normalized Lebegue measure #7R"9, 1 < p < oo I8 LT HP(D™) = HP(T™)
BzhEh D" & T" kD Hardy space 7790, H—HIhTH5b, LA(T") T T" L
@ Lebesgue space ZR"g N, TDEE HP(T™) I& LP(T™) D closed subspace &7 5,

M % H?*(D™) @ invariant subspace &y M A% H*(D™) @ closed subspace A
DziM C M (1 <5 <n)BB5DTHb, ZIT 2 FEEHHETHS, FTHEL
h € H¥D™) 12 LTy My i b THBK XN B invariant subspace 277, ¢ € HP(D")
2\ inner function &{F T™ LT m —ae #XE 1 EREHDTHY, h € HI(D™)

outer function &%

/Tn log |h|dm = log|/Tn hdm| > —oo
ERBHDTHB,
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SEH  (Beurling, 1949) n =1 &9 %, M ¥ H*(D) OE T\ invariant sub-
space TH BB +HE&ME M = ¢H(D) &7 % inner function ¢ WEET S & Th
%o, F£72 h € H¥(D) » outer function Th B HE+HF5ME M, = H*(D) &b &
THbo

n#£l O&E&, LOEBRIIKIL LA, F 7 invariant subspace Z—fRICH< =
ERARTETHEEZSDAIELOLNTNS, £NT, LDHLDIZPI L EbLNh 3B
% @ multiplier DEEZWHHAT 5,

H?*(D) ®ZF T\ invariant subspace M XX LT,

M(M) ={¢ € L™(T") ; $M C H*(D")}
EB &, M(M) %2 M © multiplier D4 &M 3%, Beurling DEEICLD. n=10D&

XM E MM iE —H— 1T o ntl DEE—H— LRSI EARZDED
X L,

FIE| M(M)=H®(D") &553 M 2RE® L, M(My) = H(D") &15%
h ZREE Ko

LOMEEE n =1 D& XTI, Beutling OEHEIZL Y. M = H*(D ) E b
outer function & UTHRINTVS, ZO/NMNATRH N=20DLXIIDBHEZL S, 7 ‘5
NEZLOHERIEn>2ICHUTHELL,

§1. M(M) =

H? = {f € L(T?%); (En)—01f2<00rn<0}c‘:ﬁ5 H? = {f €
Lr(T?) ; (En)-01f€<0} D HE ={f e L’(T*; f{,n)=0ifn < 0} &T 5,
KE="{feLP(T?; J(tyn) =0 £<0andn <0} 295, COE& H? = HP N HP
Mo [zH? + wH?P], -Kp THb, [*], & LP(T?) TOD closure "9, H? @?"Cﬁb\
invariant subspace {2 U T

G
n=0

E¥B, COEE M* I3 M & H* OB O invariant subspace &7 %, inner function
qIFMLULT M=qH*Bod M*=M &155, M ={f € H*; £(0,0) =0} 5L
M*=H* £15%, £z M(M) = M(M*), b - &—RIT, inner function {g;}7_, 13
VT M =0 g H* oI M* =M E#AZ LERTIENTE B,

N9

EFE1| M % ZETH H? O invariant subspace £33,
(1) M* = Q. H:NQuHL, 22T Q, € H? D @, € H? i unimodular
function TH b, M* =H* <= Q,=Quw =1 a.e.,
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(2) M(M)=QH*NQHX ZZTQ, & Qy ¥ (1) ® unimodular function
ThHbo M(M)=H* < [Q.(zH}) + Qu(wHL)1 = Kj.

Q-(zH}) C zH! D Qu(wHL) CwH. THY. [H! +wH.) = K5 £15C
LICHEBEY L, BEHI LY M EMM)B1IM1ITHAIN? BELNL. £IRA
LN &N §3 TREIN S,

§2. Slice map
(e,8) € DT D&%, fe H(DY) it LT
((baﬂf)()‘) = f(a’\7ﬂ)‘) (/\ € D)

EEET D, Dup IT slice map EFEEL, polydisk LOBIEBOMEICENTEET,
H*(D?) % Bergman 22 L%(D) "B § Z ENHOSNTWNS, ZDEE ker Bop (& H2(D?)
@ invariant subspace &7 5%,

f € H?(D?) 1% LT, log|f| @ least n-harmonic majorant % u(log|f|) TR
T L&, T? EDOJER singular measure B U T u(log|f])(¢) = Pe(log |f*| + doy) &
EFE, ZIZT I3 f O radial limit 2R U, P, & Poisson 84 Th 5, H*(D?) O
invariant subspace M 2% L T-

Z(M)={¢eD*; f({)=0 forf € M},
Z5(M) = inf{—doy ; f € M, f #0)
&9 5B, hy % real 2-dimensional Hausdorff measure &9 %, Douglas-Yan [2] (E.

bL
hz(Z(M)) =0 Za(M) =0 7t l’glj M(M) — Hoo(D2) %f(bff.o L L . t) L
(a, 8) # (0,0) 72 51 Zo(ker Bpp) = 0 TH B ho(Z(ker Bop)) >0 TH B,

E®2 | (a,f)€D? £F B,

(1) Mker®,p) = H*(D?) &1 3 BBE+GEMAF 0L Ir <1, (o,f) €rT? &
WHIETH B,

(2) M & ker <I>QC7L:M C H*D?*) &1 % invariant subspace % 51 M(M) =

H=(D?)
(3) M % Z(M) = Z(ker ®pp) V2 Zs(M) =0 &£7i 5% invariant subspace &7
L&, M(M)=H®(D?) L BPE+HEHEI 0L Ir <1, (a,f) €rT? £33 T
EThH5,

83. Outer function

m, & my ZTNENT =T, & T =T, £O® normalized Lebesgue measure &9
3 m=m,xm, DD T?*=T,xTy o h z-outerfor E C T, &id /T Elog|h|dm =
X
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/E(log [/Thdmzl)dmw % h N w-outer for EC T, & /EXTlog lrhldm =

/E(log l/_Thdmwl)dmz ERMRTAEEEND, he H(T?) I 20 TAERIT 24T Bk
LG B, h W z-outer for E =T, @& X z-outer, w-outer for F =T, ® & X w-outer &
3%,

hz,w) =w—g(2), g € H®(T,), |9l SL1 DD E={(€T;; [9()| =1} D&
&, hiZ z-outer VD w-outerfor £ C T, » W BEKIE. ZDHEIC M(M,) = H>(T?)
& 15 B B3R /T log(1 — |g)dm, = —c0 TH BT LAFACIMUE Uiz, Rith
K [3] i3 k2 outer B 5IT M(M),) = H®(T?) 257 Ulco HRRIZLT, do&—RIC A
DY z-outer VD w-outer W ST M(M,) = HX(T?) 15, ROFEED (3) T z-outer 7
S5EHTUD wouter THLTH M(M) = HO(T?) ERBZEEZRLTWS, £l
DEX (M) #HYTH BBOT M* & M(M*)IZ151 TR, EEOD (2) LBKRLT
SBKPh = K2 B oW [hKP = K2 £ A 2 ExMb I EI3HED B,

EH3| Ahe H(T*) D> h#0 &7 5,
(1) M(Mp) = HX(T?) THHLE+THFHET | > |g] ae on T? D
g€ HY(T?) 351 |h| 2 |glon D] &7 BT &,
(2) M(M,) = H®(T?) &2 5 5BE+55%4E REP) = Ki.
(3) h A z-outer D w-outer for E with m,(E) > 0 % 5iF M(M,) = H*(T%) ,
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