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Automorphic forms on the moduli of Riemann surfaces

FTEERFBTEHEFER HIIME (ichikawa@ms.saga-u.ac.jp)

1996410H29H

1. Moduli of Riemann surfaces
1&# g ® Riemann H® moduli 2% complex orbifold & LT
Teichmiiller Z2f T,/ B4R O,
LE&ENSBDY, Mumford DERICE Y HRE, T4hbb
My(S) = {S LoTEH g DR F#HED S-FAEEE} (S : scheme)

£3589 7% Z E0 (algebraic stack & LT®D) model M, 2>, ZIZTE M, ko
line bundle @ section % Teichmiiller modular form (L < TMF) :FEUY, 20
HE LISAIZ 2T Riemann theta BB L& 5 BAG 2 HITRF L5,

M, £ line bundle 22T : C 5 M, % universal curve & L,

- N7 (Qc/m,) : Hodge bundle on M,
3B EERPALN T [H, M2]
{M, Lo line bundles DREE} = I\ (if g > 3),

Kodaira—Spencer Mumford
3g-—-3 ~ 3g-3 ®2 ~ 13 /s
AF 750, = N (8, = AP (ifg > 2),

(=2 DEXNOX 0, (D) ) .
2. Arithmetic Schottky uniformization

¥4 TMF #5012 E%7% Schottky uniformization DEEHILICDWVTHRRS,
Schottky # I' C PGLy(C) 12 & ) 20OAERRE C CU{co0} ZEloTHHNSH Riemann
®#%, I' T Schottky —E b S R MHE L Vv Xp TRT. KEH#MHED Schottky
uniformization % local complete ring £ T47 o 7:[M1]|DHE% nonlocal Z235& IZHLR
TAHIELIZEYRPRENG. -



1.
(1) Thiyrery Thgy Y1500y Yy %'}E%{t#ék%, ﬁzﬁl

gl

e 1
A q—-"f Z [a:il,...,a:ig,n ]

7= m]} [[y1, - Y]]
LoREABHE C TREMBIZTS OPFET 5.

o C & A[1/(y1---yg)] £ smooth T, Cly=uzy=0 ¥ Z[z41,...,24,] LOFTE
1)) Lhy Tk (k‘ = 1,...,g) zR—RL72b 0.

o ot oy LB ap,..,0py €C L FEAEG By B € CX ITHL

w= (57 ) (0 oa ) () meaten

LTHLEE, Clmﬂ:kzaik;yk:ﬁk = X(’Ylw-y’Yg)'
(2) C OFEMEIESDT A DTTE LTEENS. Thbb
JaC(Ctm:hkzaﬂ:kyyk=ﬁk) = (CX)g/<(‘P‘ij|E£k=aik;yk=ﬂk)1fisg>’
BT A DO

(zi—z—j)(z—i—=;j)

P = { Gl o (i # )
R V2 (if s = j)

PHET 5.
(3) zp=—z (k=1,..,9) LHHILT B &, C IIBEHMRICRS.

SHICEH 1 O—fkfbE L TEEDBIAEHIBOBERINERL (B2 1T totally degenerate
%8 Lllq, ..., qsg-3]] (if g > 2) EOREALMB L LT) B Eh (L [Th-N]).
3. Teichmiiller modular forms
% g>2,h & Z-algebra R 12X L
Tyn(R) o H°(M,,)®" ®z R) : TMFs/R of degree g and weight h.
Torelli map 7 (curve — Jacobian) &L A5/ ERL 7* 12& T, Siegel modular form
PHHEKRIC TME 8o hs (i g=2,3 DEEDABE) . Flog>3 DL E

lattice

T,n(Z) C  T,x(C) : finite dimensional C-vector space

. holomorphic functions on 7
- with automorphy condition of weight A for @, |



TMF 0% : ¢ 3k Siegel 372/ EOTEBIEH

6,(Z2) = 1T > exp (27&'\/_ [ (n+a)Z'(n+a)+(n+ a,)th
a,be {0,1/2}9 ML
4a’b : even

the product of theta constants with even characteristic

wxt LIg, F-C1& 0 (6,)%, 6, (g > 3) i Siegel modular form/Z, - < TMF/Z &%
b7, (02)72% 1[0, (9> 3) zz> TMF/C 245 Z &35 T W B[T).
EE1O CIA L0 ErNABERE (M, OBEED-M] X Y 55)

£ Ton(B) — All/(y1---9,)| @z R
i¥, R ko Siegel modular form ¢ 123t L F(¢) € Rlg;™ (i # 7)llqu1, - 9ool] ZF P
ety Fourier BR[F-Cleé ¥ L &
K(T(#)) = F(#)lg=p;
Zii7z g, o THIC
¢ = 0 on the Jacobian locus <= F(y)|g;=p,; =0
=0

T_p=—Tk

¢ = 0 on the hyperelliptic locus <= (F (cp)lq,.j=1>,-,->

Ehb(ch [1)). 52k & M, O (ZEAEEHD moduli & LTD) compact {4[D-M]
ZHWT TMF Z2FARAZ LTI DRPFRENS,

=5 2 (cf. [12, 3, 5)).

(1)
N = —2%8 (if g=3)
97 2¥T @) (if g=20r g > 4)

LB LE, (0/N;)72, (/0,/N, (g >3) & Z Lo TMF 7% LA b primitive (i.e.
# 0 mod(p) for any prime p). ¥/ g=2,3 DL X

Symm?7m.(Qc/at,) 3 (f,9) — f-g€ 7T*(Q?Zp/zf\/ig)

(9 =2 %5 iso., g = 3 % 5 hyperelliptic locus D4+ T iso.) 75 { morphism

Mumford
ABEH) = A3Gymm®r, (Qeyum,) — ATPT(QF],) = A

BZNEN £(0,/N3)?, £4/03/Na 2T HZEICE > THLNS,



(2)
T;(2) € PT,u(2) "E* DT,u(2)
heZ h>0
IATRER Z-algebra T, ¥iZ g = 2,3 DL EZNZH (0,/Ny)2, +/05/Ns EXkK g D
Siegel modular form/Z 12 & o TERE N5,

4. Soliton equation

T3 g @ Riemann EOEATTH] Q <xtL

6(u) &f > exp (27r\/-—1 Enﬂtn + nt{[D : Riemann theta function

nezy

&35 L&, [Krjick ) Riemann HOMSHERD Laurent BEFRE,LOET S g XTEN
7 bV F]_,Fz,’f—“g kﬁ (& b:*‘}’LVC

82 — ) — — -
u(z,y,t) = F) log 0(zy + y7a + tis + @) + ¢ (€ € CY)

2 KP 77X
3% 0 (Ou ou 16%u\ 0
40y? Bz -
BT LML N TS (Riemann EAMBHANT 7 =0 %518 u(z,t) i& KAV 4
23
by ou 15w _
ot “Or 10z
DRIZ% %) . Rimann HABILLAE & u(z,y,t) i& g-soliton

_a_afé_log[“r 5 { I (z; — zj)(z=i — ;)
r g}

B£IC{L,..., i,j€l; i<i (zi — z_5)(z-: — z;)

1 1
X w; exp | — — = |y

(L ti=a,ta=y,t3=1) 2525[M3]. FAK-N-T-YHFICLY u(z,y,t) idaft
& Riemann E® moduli Zf LD TMF & RAT I EPTES.
£ 1 ® universal period (KU universal 1-form) L DB ON5 u(z,y,t) DEET
WHFERIE, KP, KAV HFEROME LT soliton EN—DDEREE LS. T/F0%E
7 parameter 12 p BEDOTLEZRATH I EICL Y RIRENE.

EH 3 (cf. [14]). p E& LD splitting reduction % b >E M (Mumford curve) @
p ¥ theta BI%UL KP, KAV FER (& h—fic KP, KAV E) ofirE<.
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(Gu‘mpmsad a5 9 MR Ao @;%)

) & A AT
£4. Question and Answer.

Let Zo be the closed sucfuce of genus 2 wd &) = <A, P o, Pl‘ (et (3,] [o(';,(}:]‘: 1>,
We wil| abbreviate (f-} %) € SUM@ to (a;b),

Ques'tion (qupmsud) Can you write down exyh‘u‘ﬂ): one Irreducible represevxjcm‘t:un o
T (‘Za.) k- SU ) ?

T this arficle we will concentrate on rqusaﬁthCrons P with P&, 00) * t], Before

aivivxa an arswer fo the above clues‘fi‘on, W prepare the go“o\m‘ng

Lemma.. Fop any A= (a:b) ¢ SU@~ {iI%, lef s fix o 6« {R/ﬁrz so that
Re.a = ws 8, qﬂ’le\n K e SU®@ gqtisfies X AXP( =(*; o) it and on(')- F X hes the
";'o((ouui‘v\g "FON'/\S’ ;

oT oL SNV | B O L
@ In the e bwo,  X= (&5 0) (oo | =0 fmir

(ah'/ P e }R/ﬂrz will d_u)a
(”) Ih the wwse b=0 gnd Q= Qie, X = (.Q.»@; 0) (G.ﬂ)' @ wi “ o(t,)
(i) Ta the case b=0 and Q= ine, X = (0} 0'®) (QV\/ 2 will do). D

—Tl)qs {Lon Fom ()~ SU@ with f)(["(\, (33) ) iI; after m«kkx‘na a cahg‘ugtitf‘nv\ 5/‘1 an
elemeit of SU(Q), We nay assiine that F([‘X\, (3']) = (Qies 0) with sin® % 0.

Now we will stife swr answer :



Theoven 1. For 0 & R/zvz with s %0, o(,(l e SU®) SQJCis‘g)/ [0(;(5] = (em; o)
i and only if
. nt -
K= (RU+ @) ; (1-(Fgf) e (=«0; R,9)
p=(U0-Ttad@); (- )iei"') (= (le; UY))

(A)
2 PAF S A\ . "z." .
with  k)y ¢ RUsm(P) = ((@s(-,%l))vR) (@) =T sin (@ -0 +%) |

where R,'U & R with lRl, {Us < \&5(%)\ and (P,"{' € ‘R/Q_TFZ ;

El;ggf, For o = (a5 b), P:(Qi d) e SU(Q), ”Fbuvn the  condition fr(d@f‘)'—‘-—'

—br‘(. (QEO : o) P) 3 we 'hCLVQ "FDF C= ¢+ C.L7 Cp = — t“”‘l (_‘%‘) <y ond 'H\WS (* =
(1- 'u:{;‘ 2)19,”. Alss From "rp((n((.%"‘) - ("(v(é—ieso)o()7 we have 0o = twld) q,
and b= (1~ (W)l)i- ¥, Now fom the ecfwot‘fmvx D(( ®:n) pk, we deduce

the s}vsg[va wnstraint &g, L]

Thus From oG=x(0; R, 8, @;*G(G;U\,*k) with 8o and o =X(~8} R:, @),
Ba= (BQ-Q‘ Us, ) with ) =g | (sin O = D), we obtaim al| (irreducible) repmsewﬁftohs
ﬁ Trt(Z-z) —> SU@) with P(EO(\, (3;]) ‘—QQ ; 0) (sin & = 0),

"‘—“—‘L‘Exu’m (e' <G==1\:r R::B-L) U::-Tg\ff; P=o, ﬂf“"”%‘) D("‘(';!“U'*‘lfg-—))‘)g:)
ad = (-1 5 B E+iD) whey &)= (€7F;0),

§2. Moduli space vith Fixed commutator
Usfng the Fq%ume‘&ers and qm‘hon appm\red i —ﬂ\eorem 1, wa will inVufig(ﬁe
the J(opoloay of
, N PV T
RQP(QB = {(D(\,G), s, (3:.) € (SUR) l o, [’\] = kem}a)) [dz, (31}:‘ e 63 0)} /c,bn(j.
th 8 \M\‘H\ sin@ = 0,



Lemma. The 1 «F\xmmﬁter group {(e? 0); B ¢€ ‘R/11r2§ s sef-wise fixed by
the cmjuad’hon of YeSU® if and oni')/ P Y= (QﬁQ o) (a“‘)/ 3 will do)
o (2) Y ={(o; ei§) (an)/ 3 will do ) D

Lemna.  Consider the wnjugation 7+ Y7 Y™,

(1). Por Y=('2;0), we have « (05 R, @) (6} R, $+28) and [(6;U%)
— B85 U, $rad),

@), For Y= (035¢"2) we have (8 R, ) —> (-6} R,~¢+>3) and B(8; U, %)
— R0 U+ad), [

Thus we may assume § fobe 0<0<TW, Now Rep(8) is fixed only by m{jugiﬁcns'
of elemerts of type (€%;0).  Note fhat, for o =o(d; R, %), fi= P05 T, %)
satisfying 6)g  and o =%C0) Ry @), Fa= B0y, W) salivfying )y, the
quantities R, Uy, G-, Ra, Us, Bu-ta, 0%, %, K%, hi—fa are
Tixed by these wnjugations.

First we will deserbe the st {(R,U, $-%) with @}, Let us change variables
From (R, U, 9-1) to (e, uy8) by = (signR)RY, w=(sign0)U7, S=s?a“(w)'

s ()
(‘S‘—hﬁ‘—%ﬁ‘) )l“ Lef C = lm(?}l . F?‘om ﬂ\e Q?kw:ti’on @% , We have the 'ﬁ“cwing prdmre_ :

LA AR iy

._:1 7:1 é’) 2'1 -——“i / *
Gl Gin @
(3-9+}=10) (F-t=o)



That is, 10nu,s) with L’\‘)eg 15 hemeomorphic f5 the '%\\cw'mg :

sin(£ -0 +¢) = —|

(R"" "'d, U:gf\

sin($-¢+y)= 1.

Now pulling back by ®-F F> sin(£-94%) ,  we conclude that {(R,U,%%) with Wof =
N fL D*,

Next pecform the abeve procedure for G, 1) and (@, ga) simaftunesusly.  Roughly
spmhng, because G—P (on B=F2, %-%, H-%) € S neaswres the “difference”
bebuen 6, () and (o B2), e hove Rep(®) 5 (SN ILEY) x (87115 x S,
But mrd?wu/v observing the effects of “*\j“gmon% we oblain ’v\m'ﬁﬂww:‘wg conclysion
Losk at cach oD*x 30" = ', Tor wample, For (s =('F3 0, Br=(0;¢")) and
(=5 0), =00, &™), he conjugadion of (7% 0) gives o mapying o S,

(¥ +28) )
3

(31 > (0, Ei ofy > 0o , (33_#-% (0; inﬁﬁ)). TL\QS after lo-e‘sng divided hy

COhjugdichs, each 3D’ co“apse to « Peiﬂt and onf); the Fc\ramff(ev - e S (ot



®-%) otill remains. Likewise in 30" x (S*\ALD*) x §) we must esllapse 3D?
€o a poin't and y‘i'%u (S~ ﬂ-ﬁl) xS Afte all, we have an Si'* bundle over
S*x Sl, as o description of +the space Rep (8) (o<p<T),

Let us write down the transifion Function of this S-bundle ;' From 1(Ra, Un,
Gu=bn ) 1R O and {(Ro, U € %) 5 1T *CY, we can define open sets Vp?
and V,? < S (h=1,2), bQu,ci\ of which is homeomorphic to S*~ {twe pcinfs}. Set
WP = V5 Ve 5 we obtain an open siming $%8™= L/ W Oy
WO respe W2, WO W) e have B—0; (resp. go;ié, -0, % )
as a chqmd'.ﬁzdhon ¢f the Fiber S'. Now we can determine the transition function
Sap,an P WA WY s Himeo (81 5 For cxangle on W0 W)

We have two parametrizations P-0 and b=V for S and thas
Jon, my &) = —(R8-0) + (h—$) = —(@-%) + (B-4),

( Note that léwd'”rx'w(lﬂ) is defermined k)/ Rn, Un and @="Fn (n=1,2) )
Summing up, we have the following

Theorem 2., For 0«0 < T, Rg;} ®) has a C(e.sd‘iP_tiDYl s an S- bundle
bey Slx Sl and iJCS‘ J\'Mhsifion '\CuhQ‘tiO\’\ (SQ_Q ‘th& above ‘néfa'tfclﬂ) is ai\/@\ ly
Jun o ®@= BN, Jun ey @)= =(0=h) , Junen @ =—(R-%)+(h-h)

Su,z) @) W) = —P®-4)~ (.- lf'l 80»), @2y () = (9% ) éc,z,f) @, @) = @ - LP

Remarks. (0 For 0=T, Rept) becomes SOWNSOESO0) (0 o) e Y-y Ar) =
(KA, Xhs) for X €508) and (A A) < SO0)XS0B), (cf. For the gronp SUE1) indead of ST, Rep =)

@), for 6=0, © (1) and @y fa) belong to some 1= parancler subgroaps respedively, and
Rep (0) is somewhat complica’[eoi.



7. — o _ L =
F 1l 79 B Y oo FA°n L~

X? A ﬁ% /ﬁfé ( 7 = K. EE )
S1 7%
’(iVWam CT1 I'F, 5‘20) S Staldl U= pents g 7c K)
tm i;mm—h'rm $P0-uz % S7mP(ec+2c ?}omn@tﬂ‘a 'l&/(iff %% L f=,
2F) MEN LB E Ly ¥

— .

Ll -, Xm) € (S p¢ cemistalls

3‘§)(-]( n 35S qu /uﬂ%@&(* %‘_‘l‘/(’l: T & 3.
CZE & (. 2R

Vi =3 (2, xye o Sk

R O I < Seun§ talfQ %§L(Z,C)
L ER a1 5 3.

< o bﬁ—/ﬁ T1E, Ea 5t g (~9\2\1“11>3/r50)%*ﬂ@\
B $%a 184 o 27 L Z8 5 5o 5 Ze 2T RUMN T

§2. S' se

Mt R 1o e mr (i Fm % R o R
© 43 :

tVtm-:?cw,'»,ume(fR‘)”; | —u-\-< ([$<8n-1)

“A\"’U\n‘:‘) (/(l:.( 5 Uy = (’?_L) z.‘

o



F30 Ma A Ry B C A1 M- T E3 E 3

10%, -, Xa) € (S5 G,y A ) (3 SomisTalle %ﬂ,(z,m},
K25 Ta Muo tipeley % EFR LR

4y My =2 pints [ Mg “

i

ap—

MS a\ﬁmﬂ‘e/i’lﬂs 4 o R\wv\man §Mr'€0&€

F1. Mno Swoothhess (2 >w (3 >/\m$75\“
Ly 3.

71
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BiE = Fr (M2 15 RoER 5235 k3
Theorem £3]. Hr (Mai2) 17 free Ztmitnle 7+ %),
Mo o Poincard polynamiad  Ps(Ma)= %ym@ He (Ma:2)
[ RoB) T H3.

Ps UV\MQJZCZ;“)@,‘- 2( ) ¢ Z (%) t
PS Ch) = 0T £ (27) ¢ v (2;”’;"2_) ,

R I (‘t) 13 binomind coeficied T 3.

§3 S* case

Vi & Kiywon % %Z(,TL "%ﬁa‘ﬂ v.3 3. '—%TLT_), 7/9%1—’?’9@
E R (T Vo 13 SRq AR ERC R-AR Th

9
L= S, o) wn) €MRY ;5 [Uin - Ue|=l C(1STSa-D
| ) _
(W= Ual=1, U "(3;)’ btz’*( gi)
LE&? C.

so Wt . A BB B AL E F8H 12 53 S0 T
LAk Eiye o) F B, 1z [ERMTY o T

Vi, = %“/So(z) C 753 o &3



I 20V e BB (ho ot 53 2% £9° 2Ray 151 #”
K0S dh 1w 3.

B Vi=3 1 peinth , Ve = g°

\/z; = 4d Riz0 surface of degree 5,
T del Peypo surface of olegren 5 T om0
genersd position (13 B3 £E o bl wp (2 5T
4{% S W Proéqcﬁvﬁ swrdoce T B 3.

Flo Vo 13 Kobker monifld 7 23 " oshtal
Lo swoothness (To>w LT &2 Prapssition oy stactements
L -2, LBFTT BR T KU
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(L) CT3- n 2™ ok o C F

PS(Vn) = |+nt + -« Pl+Cn=0 4 (17" )+ -~

+ h—|\ ¥ o 2n—6
Cinti mey o)) 18w w

(L) €57, n 2?2 evenn CF
PSCVA) (F SRIE 21wy CAEE »° FE2E o T

LTE AERETY)

(M) £57). VAT hiF okd ¢ T3,

() (£95 n-3 1= 37¢0C
0 9=

T )= | 2 b=2

MG 353503,

(i) ¥ < h-3 ac?. ring LT

H*(v, 0) = A, -, ¢ ® QTP T&HS

A M?A'L: 2, Aoy P =4 T &Y.

Alo, -, on) (X kel & simple system of qehermtors

VR #é’}( 7 algzbva\ T H 3.



%13' Va (= B8 |2 1ER 33 513 M~ L2 1F
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42,7 ¥4 -3 Ak

H (Y5, e) = @Ce/ P T 53

LIV A= T HRD
(To 45813 " Kljachko 0 T, ARey BER TH3)

(i) M= 2m+\ « & <. oviewted cobordisin ive Q%
AP Ve = (DT () QP - ms
Re {eremces
C(j X. K0\“*"\/“%’\, T:Pu (03\( 0{ Ozu{(aﬂlw@ FG“/?W\ (imlca\% es,
Top. and its Applicatione 68, CEA16), (3-3).
(2] Y. Kawiyara, TE(?a logy of eguilateralt [)"'\/2”"" linkaqeg,
TR 00y-2 0 v0 EIRE (19660, 32-4].
[3) Y Kau.iyo'\mab M. Tezw ko, ',‘[:AYDIOPT and  gemetiy
of O@ui[a“ﬁew& Pol\/?«m linkages 11 4l Euclicdean 4(7[001«9,
Fvve/l»ﬁvw’c, (q949.
41 Y Km,,iyo\w\, Topelegy of oi;mi(m‘ew& poly g [im\&‘,}f’j\ -
i the  Buelidem plane modulo gsamedry Gre<p s Prepr T
5 Y. (Cu.miyaw\; i preparation,

(6] ™. [(APDUKGQ\ b 07 Millsm, On R swscdd space o€
polygms o 4o Buclidean plane, Tovmd +f Dif.
Croanetry 42, (1745), (33~ (64.
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TANGENTIAL MAP & LOG SCHEME

RRRFHERER RS &8 &

1. ¢

AFETIE, ZARBEOD tangential base point, & B W ITFEARBEE D tangential map &
S5 b DA log scheme EVH scheme Z—fk U7z D% T formulate T
5T xR,

EXDHERIZUL T OB THB. F£7, Section 2 Tl tangential base point &K
tangential map IZDUWVTHEE L, IRIZ Section 3 T log structure 2DV T DEAEIF
5. % LT Section 4 T log scheme % i 7z tangential map DEFEE IRz
EES.

B#IC, AEEEBEREEZ TT XS IcidEk BARERORE BREE, 72 LU THE
DB LUTT S o0k BAERICECBRHOEBEZBIIWERWET. b, &
FLHAREMIRRSORFIMFER (DC) & LT, BheldTnEd.

2. TANGENTIAL BASE POINT & TANGENTIAL MAP

Z @ Section TI3EABED tangential base point & tangential map (22U TRk
DL ZEIBRB.

XeBRE/BME, D C XeBEMERRZXRFETH. BB, D=YgD; (ZZTI
WERTARFES) T, K DI XORIRTL1 ODBREEET, 1 £ 5185 4,7 € [ITH L,
D; & Djid transversal IZRX D> TBETSE. U =X -DEEL. Az c Uk
5 E UDEEF (U, z) BWEZEI NS0 Th B H tangential base point &%, DD
HBEET RO GEOH] ICESEELLVITETHS. BEANICIIROBICEZ
5. JClebbMreasl, Dy = Njes Dj, Dy :=Ug;(DiNDy), DS := D;— DY
EBL. ZUT N;j% D;D XN TO normal bundle &9 3. %& 5 € Jizst LT Dy
® D;NT® normal bundle {ZHRIZ NyORFITIH > TNBEH, Fhod j € JiT
BooMEexT EsEtB<. BRIEHE p: Ny — DATH U Ny = E; Up (DY),
N9 :=N;— Ny &EL. 75&p DHIE p° : N9 — D%iZ DY Lo (C*)HI-I)-bundle
EHS>TWA. UEDEFED S EIZ, t € NSEOEDES. DM, t 2EEITENS
EVIHIDTHAB. DED, t BRDBENI T ELd:=p(t) ZIhE & T BER/NDE
FEZRDBLEIETHY, CORMDAEMIZHE I THRGEVE]l zc UkESRET
AEEBEEZEZ TGS, Tz DEDFEEZTH canonical ICFEINDH 5. #-T
t ZERETBELE(U,t) Zr(U,t) = mU,z) (z 3 LORITE) LEHET S5 &,
Zhid well-defined TH5B. D& HEE t DI &% tangential base point &V,



RIRARFHERFEVRR & &2

IRiZ tangential map IZ DWW T~ 35. X, D2 ELO#EH ET5H. J C T ITHLT,
DY, NY%= EDRRICEHKTS. €L Ts: DY — NI % p°D section &9 5. T5&,s
X DY C X%&URNE MER/NCT ST S5 LA 2EDTNS. Map f, : Dy — U
2T o UFICHRSECE S map | £55. S de DyERHbE, BABOE
B fo: m(DY,d) — (U, f5(d)) 2185, (A [ s DED BT O UFICHSEN] &
X, ZhiT £,0 & D FIZ X 579 well-defined 7L EXBED B MHr, (DY, d) — 71(U, s(d))
#EWD. ({HLU, s(d) i tangential base point.) Z# % tangential map & 5. i,
BHEOIDESdEde DYEE STd, BICHLRIEDO S T, DIOFDOEED
tangential base point & 5 Z LINTE 5.

BEOERBICEA LTI INTOLODREN, X DD A4k k C C_ED smooth 73
KREEBETEARBE UTRENERR S 2E 2 2184813, FOFETIRMEND
5. 2F 0, REESHEICH UTHEZZEZ GG, [F4ECE] ITEREEZEST
BAREEZ AL ERTEXROL, /2 [s DD AT S UFIKTSFITORETS map |
LEFZETELL. DE D, map f, : DT — UL map b, REMITH & UTHEE
LIS EREZDTHS.

UL U7EA%5, tangential base point & 2 U id tangential map {X, fREMAIEARERIC
SHUTCHEETAENHKADTHAH. LI'F, scheme SiZd LT, S_E finite etale 73
scheme D 9 B % Fet(S) &&FE . Grothendieck D% Z 2 ki, base point &1
D fiber functor

(2.1) Fet(S) — (Finite Sets)
DZETHY, £, ZDD schemeS, SIZ%f U T functor D aJH K=,
Fet(S') ——  Fet(S)

(2.2) l l

(Finite Sets) (Finite Sets)

(Z & CHEDEENE fiber functor) D8dIUE, HABDH 135(S, *) — 7355, %) (2
T34 7% base point.) WHE LD TH o7z, #-T,t e NYIZHLT(21)DLHE
functor 2 5.2 3 FibA2E#H L TPhif tangential base point NEZE X 41, F 72 section
s: DY — NIEBYALEAE 41T LT (2.2) Ok functor DA EZ 5 HE
%% L TONE LD f,0 &5 WHAEE LS { Th tangential mapri 5(DY, d) —
78U, s(d)) WEHINBDTH 5.

Z DX HILEZITEINT, P. Deligne IZ & Y tangential base point ISEZ X7z,
HOMXDIicB T dimX =1 DRROAHFEL S BROENTNED, EEFEOHE
B EDREDO S ETHRBEICTES. HITINEHNT, £E log torsor £V HDD,
AN O BRIZE F 5 H 5 fundamental torsor D subquotient & L TEIN S EN
A EER UK. Fi, BEELE, Puiseux sections &) $ D% FUT tangential
map 2F#HL, ThE2ANT, S EFXEXH (moduli & UTHNS) REZBHREDR
BHEEB~OH o 7BHOEAEZERI . (FIZIF]-M].)




TANGENTIAL MAP & LOG SCHEME

X T, AR TIlE log scheme &9 scheme Z—#{k L7z H D% T tangential
base point K TF tangential map ZREFE T 5 HFEIIDNWTHENE. TATF7ELTR
Deligne IZ & % $ @ &1FIFF U TH 5%, (Deligne & 51 1E Puiseux sections & Mg
Lict&D) ZOFEOHSAELTE, REBFTohns EES.

(1) Deligne DZZ T & 5 &, EAFHOEFHIL motivic LI DTH Y, 75T de Rham
HAEEE HANET YR IVEERFEEND DI U TH tangential base point
3 BT tangential map WERINTER L UIDIF TH 503, log scheme 12 &
HEEIEE, Cho@TOREKFBISH UTHKO FETENONERINS.
Bl 5, tangential base point, tangential map & 9 H D BIEADS motivic TH A
HEND T ENDNS. Ei, KRELFEMBD compatibility DFEH SEFS TH
5. (3%, 7Y RZIVERBIINT 5, log scheme %\ /2 tangential base
point DFEZIX[S|IZENTIN5.) _

(2) EBICH f; : Dy — UBMBER I NS E 0D DIFTIREOD, ZHIZEVRE
CHBIERDLIS. 2F D, EAFEMOD tangential map 13, H5 [H ] o
induce SNBEHDTHBENH I ERDLIB.

3. LoG STRUCTURES

Z D Section T, X TH S5 log structure |29 5 FAREFIE AR~ 5. 71
B, BHROBEFEGH Y, T I THRAICHNS Z ERFBEARREDOT, SbL LMY
WHIRKL, [Kk], [Kk2], [Kk3], [F-KK], [Kk-N]¥22R U THhL,

9" log structure Z@FE L X 5. ¥, LI'T monoid &iF, HATTE b - FoA[#a
HOZLEHTHDETS.

Definition 3.1 ([Kk]). X % scheme X i analytic space &9 5. X_E®D log structure
&1, X LD monoid DJE M & monoid Dfta : M — OxDH# (M, ) T, a }HOF)
NaZ@BLT O ERBICEABDDI L. BL, Oxid XOHEE T, ®HEITKD
monoid &4 5. F 7z, scheme (resp. analytic space) X &Z®D LD log structure(M, «)
D (X, M,a) DI &% log scheme (resp. log analytic space) & 9. BEITazdE
& LT, BLZ (X, M) T log scheme & % 4 log analytic space &3 Z EMNEL. &
72, X % scheme X3 analytic space &F Ak, (X,0%,0% — Ox) Ik XBEH%
log scheme X | log analytic space & 783 - T, log scheme B\ I log analytic
space {38 @ scheme Bl X analytic space D—fEILIZE - T 5.

IRIZ, log structure D5 SR L ZEEKT 5.

Definition 3.2 ([Kk]). f:Y — X% scheme D&, (M, ) & X _E®D log structure
&9 5. faak

i =8 g Loy
EBL. ZOK YD (M,0) DFIZRL (f*M, f*a) %
M = f_lM @,3-1(01’;) Ol)§7



RIRAFHEREVAR BH &2

* .
f G« = ﬁ @ﬁlﬁ“l(oif.) Zdl(’);

TREHTS. {HL, ®ld monoid DEDE I} 5 push-out &F 5. (f*M, f*a) i3Y
E D log structure ZE¥ 5. Analytic space IZ%f LT & FI#RIC log structure DF[& R
LEERT 5.

WL OBl EET LS.

Example 3.3. k24 &E L, X% kLD smooth WREEBREXIIERSRE LT 5.
FITDCX 2= XNOBMIERZNHFEFTS. DK, DIl associate L7z XD log
structure(Mp, ap) %

ap MD = ]*(0[)}) ﬂ@X et OX

TEHTAH. BL, 2ZTCU:=X~-DT, F/j:U—=XELT.

4, t;(1 <i<n) % XORHEERT, DOBEAEAN Lty -t =0ThH5
ETB (m<n). T5& BRI Mp=t)... N0 =N x 0% &1 5T
5.

Example 3.4. LOHIHENT, D= DikBL. Eh, JCI&L, DyEHID
Section FRIARICEZRT H. ¢: Dj — X&EFHL &, Dy LD log structure(v*Mp, t*a)
NEFEINS.

RN (FMp, o) MED X HITERINENERTAHLI. (1 <in) & X
DFFEBERT, DORFEFABRN tity- - tn =0 THBETSH (m <n). FiZ Dy
DEZEFERE L =t=---=1,=0&FB(r<m). §5&, LOBIEFIEZEL
DEZENS, *Mp =N® x Op, T, Fl*a: *Mp — Op, i3 ZORIBIZFE T

ca((e,1))=0(1<i:<m)
ca(le, )=t (m<i<r)
ca((0,2)) =
EEIhb. HL, TITe:=(0,0,.,1,0,0,..) € N®T, &7tid ;0 Op,iTk

5B THB. _
BIZ = JOBEEZTHDLE, T=mHDT,
Ca((z,y) =yifz=0
= 0 otherwise
s A.

Remark 3.5. LI log scheme & 5 3 log analytic space {236 UC, Ut Ul fs(=fine
and saturated) &) HEEMEFET SEZ ENDS. Fine b B0 saturated DER
3T B0 (FIZFKE, [Kk2)EE22H), LOfIcEHNS DI 1T -> T 5.

X, IRIC log analytic space 126 LT, %D associated topological space &5
bOEERT 5.
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Definition 3.6 ([Kk-N]). Log analytic space (T, Mr,a) %, T := SpecC(= —#.),
T(T, My) == Ryo x 5%, € LT

a:RZOXSl———ﬁC; (z,y) — zy

TEETSH. (HL, ZZTS':={2€C|lz] =1} TH5B. ) 8T, fs log analytic
space(X, M) I LT, €D associated topological space (X, M)°s%, #£4

Hom((T', Mr), (X, M))

K XBIUS'NORBE AELIANFHE AN DD E UTERZET S. E/2, log structure
EEhbZEickvBonss

(X, M)*¢ = Hom((T, Mz), (X, M)) —> Hom(T, X) = X
Zrxm EE <.

IO (X, M) 5D LIHBER O, 2% T L TEED, ZhIdEKT 5.
Log analytic space {23 U T, €D associated topological space %30S A3 Ini
functorial Tdh 5.

Example 3.7. FOFID (X,Mp) AU XIIERZHHAEETE) LT, Z0
associated topological space(X, Mp)®ix X2 D& Hulr&F 5 real blow-up %M LT
& 5h 5 topological space 1755, F7z, (Dj,*Mp)s = T(;(l,MD)(DJ) e A
I =JDRICEZTHABE,

T(Dr*Mp) ¢ (D1, *Mp)°® —s Dy

D% T 7 A= (SO ERMICE - TR D, DD XN TOERNEIREREEE
LThsEZEZ 505,

Log analytic space {&, EBRATIIZIZ Z D associated topological space & L T 5
EEZTX. 2D, LOBIT (X,Mp) 1Z XD DEH.r&E LUz real blow-up %
FZLTWBDTHY, Fi, HIAWE (Dr,*Mp) 1% DD XA TOEE/ND BRI
#RLTWAEEEZ oNE. BEERZOIF—RIZIE fs log analytic space D associated
topological space (3% 41 B4A{d analytic space LIFESMNENHI ZETHS. (f
ZIFEOFITENT Didt—Sici 584, (Dr, " Mp)°sid SO0 > OEREIC
755.) ICbBH 5T, s log analytic space IZ¥ U Tld (EYEEHEDTT) BED
analytic space ERIBEDER/NEMTESDT, ZOLIHNERE, HlhbBEBED
analytic space DX HIZHhkH T ENHEKLDTH 5.

%7z, log scheme 2%} LTl associated topological space |3 TE LAY, B
#9123, log analytic space DFEOFMUEEZ hiT L. i, LOTEF TS &,
[ DD XN TOER/NDERIEEE] (D, *Mp) PREWNICEZ 6B ENH T &I
55.
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IRIZ, log analytic space % 7zid log scheme(X, M) 2% UCTEARBEZEZL L.
CZTIREHDIY, ELl

(X7M)triv ={z € X|M, - O;{,m}
DETHBHETAH.

Definition 3.8. (1) (X, M) % log analytic space &9 5. Flz € (X, M)u &
T5. ZOK, (X,M)D s 2EEETEEERN((X,M),2) %

T (X, M), z) = (X, M), 75 1) (2))

TRETS. (500 (2) =R TH B Z LITER.) 2%, LS(X, M) % (X, M)
LOKEORFROBTHEE L, w5y (2) ~OHIRIC LD S5H3 func
tor LS(X, M) — (Sets) &9 5 &,

m (X, M),z) = Aut(w,)

&85,

(2) (X, M) % log scheme &9 5. £7cz % (X, M), D geometric point &F 5.
Fet(X, M) % (X, M) L finite, log-etale, of Kummer type 7% scheme CEZRIIHE
M9 5) DITEEL, w,Zz ~DFIRIZK VHES1S functor Fet(X, M) —
(Sets) & B, (X, M) D o %38 ET 5 RBIGHAREE((X, M), <) %

T38((X, M), z) == Aut(w,)

TREHT 5.

Ik, RO ENFMONTNS.

Proposition 3.9 ([Kk3]). (X, Mp) % Example 3.3D3i& Y O log analytic space &7
5. ZOKz e (X, Mp)unlZWH LT

m((X, Mp),2) = m(X — D, )

WERALD. F7z, X, D, (X, Mp) % Example 3.3D38 Y D log scheme, z % (X, Mp)triv
@ geometric point &9 5 & X,

T3 5((X, Mp), ) = n1 & (X — D, )

LD, BL, FHAD t1E DIt - T tame AR EAT 2FE T
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4. TANGENTIAL MAP & LoGg SCHEME

Z @ Section Tl log scheme % /2 tangential base point }Z T} tangential map
DEFKEIMRND. 75F, TO Section T, kIIFEE 0 DikEF 3.

B OEAFOEE L RBNERBROHE ZRFFISENR/ZNOD T, IRO X J 1T No-
tation ZED 5.

Notation 4.1. (1) Viop% fs log analytic space D75F ], V& kLD fs log scheme
DIETEETS.
(2) (X, M) € ViptZH UT, Ciop(X, M) := LS(X, M), F7z (X, M) € Vi L
T, Cag(X, M) :=Fet(X, M) &HX.
(3) *40p% SpecC, *,.% geometric point &3 5.
(4) (Sets)iop 2Bt DM, (Sets)u,ZHRESDULTH LT 5.

T, B Fo% top,algd W Fhine 4 5.
Definition 4.2. (X, M), (Y,N) € ViZ¢ LT, E((X, M), (Y, N)) %
{f € Hom((X, M), (Y, N))| f*: Co(Y, N) — Co(X, M) 2RI }

EBL. 2 UT W%, Vo E(X,M),(Y,N)) IZET 54t (X, M),(Y,N) e V,) TH
F{ELTTE 5B LT 5.

FELD, (X, M) € ViZH UT, W, I2B1) 581, — (X, M) B3dHHiE, functor
Co(X, M) —— Cule)  (Sets)s RERICEE BDT, CHERETHS LA, T
(X, M), (Y, N) € Vot LT, We 12513 B8 (X, M) —> (Y, N) 23, fanctor
Cul¥, N) - Co(X, M) DRERICTEE 5 DT, B3 5 ddh 5 & % = AR}

71 (X, M), ) — 73 ((Y, N), )
DELEBFICEELLS.

LUK tangential base point 35 & OF tangential map ZEFET 5. X 2 ERLEHE
(e = top DEF) 7l kLD smooth IEAREEHRIE (o = algDF) EL, D=3,y C X
R EMEHRYETFETS. U= X-DEB. JC IIcs LT Dy, Ny, Dy, N, DS,
N%p:N;j— Dy,p°: N} — D%% Section 2 EERFIZED 5. Z DK, RO K%
EZB. |

Ny & Dy <5 X.
Z ZTpid zero section IC Kk AMEMHIAALTH B. T5H&, LORKIIIRD log analytic
space % 7213 log scheme DK ZE L T ENBFFIC check Tx 5.
(Ny, M) & (Dy,*Mp) <> (X, Mp).

Z I T, log structureM, i3 Example 3.3IC k13 3505 TH 5. DR, IRAVK Y L.



RERFHEBEER EH =
Proposition 4.3. pi3EFME
p* 1 Co(Ny, My1) — Co(Dy, " Mp)
8. M5B, pe E((Dy,*Mp),(Ny, My1)) TH 5.

DL, o = top DIFIIAS. e = algD ML, AEMIZIZ Abhyanker DFHREIC
fhis S50, TOMREIZE D, Well i 558

vop~t: (Ny, Myy) — (X, Mp)

MTx5. ZHE2HANT, RO X I IT tangential base point & TF tangential map % &
®£7 5.

Definition 4.4. (1) t: ko — (N.hMN’J)triv 3 (NJ,MNS) &Vg‘é Té é: Wa&:
Bl 544

#o = (N, My, ) 5 (X, Mp)
NTEDB. ZOHITLD t 2ER LT BEAEE((X, Mp), t) = 71(U,t) 2%
ZEXNB. ZDFEE% tangential base point &,
(2) p %2 BRI GHREAN induce F~ 5 log analytic space X{d log scheme D4t
(NJ'; MN’J) — (DJ7 MD{])

EF 5. ET, p Dsections : (D, Mp,) — (Ny, Mny) 25Z2 5 &, Wil
B BH

s wop—t
(Dg, Mp1) = (Ny, My1) == (X, Mp)

INTX 5. (DJ,MD/J) D fHxe — (D_],MDIJ) HEDIEXITLDOHNED
5 EABE D map

11(D7, %) = 11((D3, Mpy, ), ) — 71((X, Mp), #s) = 71 (U, *s)
% tangential map &119.
CDEHREATHOMNS EELD, tangential base point & 5 T tangential map 3,
log scheme DIFN 6 R 5 &, HERBEEHN S induce T3, ERLZE
MWTEBLDTH 5.

Remark 4.5. &%, LDl LD H—fD fs log scheme IZ36f L Td, tangential base
point % tangential map A% formulate TX 3 0%, ZHIIHIKT 5.
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Holomorphic maps of Riemann surfaces

MASAHARU TANABE

Department of Mathematics, Tokyo Institute of Technology,
Ohokayama, Meguro, Tokyo, 152, Japan

Summary. We give a bound on the number of nonconstant holomorphic maps from a
compact Riemann surface of genus > 1.

1. Intrgduction

Let X be a compact Riemann surface of genus § (> 1). Related to finiteness of the
number of holomorphic maps, de Franchis [F] stated

Theorem of de Franchis. (1) For a fized compact Riemann surface X of genus > 1,
the number of nonconstant holomorphic maps X — X is finite.

(2) There are only finitely many compact Riemann surfaces X; of genus > 1 which
admit a nonconstant holomorphic map from X.

Let h; : X - X, be a nonconstant holomorphic map (i = 1,2). We say that h;
and hy are isomorphic if and only if there is a conformal map f : X; — X3 such that
fohy = hy. Let Zy(X) be the set of all isomorphic classes of nonconstant holomorphic
maps into compact Riemann surfaces of genus g > 1, and let Z(X) = Us> g>1Ig()? ). By

the theorem of de Franchis, we see that §7 ()? ) is finite. It is known that there is a bound
on #7(X) depending only on §. Kani [K] showed that

HT(X) < (5 — 1)228°-2(220°-1 _ 1),

Here, we will show

Theorem. _ i
HZ(X) < (29)% x §(25 — 1)(§ — 2).
2. Preliminaries
Let X, X be compact Riemann surfaces of genera g, g(> 1). We denote by Hy(X) the

first homology group with Z-coefficients of X. Any basis for H1(X) (say {Xx1,..-,X2¢})>
with intersection matrix (that is a matrix whose (k, j)-entry is given by the intersection

number xx - X;),
0 FE
7=(% 7)

Typeset by ApS-TEX
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will be called a canonical homology basis, where F is the g x g identity matrix.

We denote by H the space of harmonic differentials on X . For a canonical homology ba-
sis {X1,-- -, Xz2g}, there is a unique dual basis {cu, . . . ) Qlag } (ij ap =060k (J,k=1,...,29))
of H, where each cy is real. Similarly for X.

Let h : X — X be a nonconstant holomorphic map. Then h induces a homomorphlsm
hy : Hi(X) — Hy(X). Let M = (my;) € M(2g,23;Z), where hy(%;) = S miXk- (
We denote by M (m,n; K) the set of m x n matrices with K-coefficients.) We will call M
the matrix representation of h with respect to {¥1,..., %25} and {x1,...,X24}. We may
have another interpretation of M. Considering a equality ij agoh={ h () @ho WE TRAY

write the pull-back of oy as
23

apoh = kaj&j.
j=1
Thus, we may consider M as the representation of the pull-back of harmonic differentials.
We denote by * the conjugation operator, that is, for a 1-form w = fdz+gdy (z =x+iy
is a local coordinate)
*w = —gdx + fdy.

We represent * by a 2g x 2g (resp. 2§ X 2§) real matrix G (resp. G) with respect to the
basis {ai,...,qa,} (resp. {@1,...,8a4}) of H (resp. H),

:(gjk) (j7k=17--~129)a

(resp.§= (gjk) (J’k = 1’,2§))7

that is *ax = E§i1 gikj (resp. *ay = Z?f}__l Ginj). It is easy to see that G2 = —FE. Let
a 2g X 2g real matrix

— (yy1) = (/Xaj N oar)  Gik=1...,29).

It is well-known that I' is symmetric, positive definite, and I' = JG (see e.g. [F-K, chapter
3]). Similarly for X.
For an arbitrary 1-form w on X, we have

*woh ="(woh).

For {&y,...,&25} and {a1,...,qs}, considering the matrix representation of the above
equality, we obtain

(1) MG =tGM.

( *G denotes the transposition of G.) Indeed,

joh)= (Z mjk0k) = Zmﬂc b = ngk(z Gud) = Y Y mjkgudu,
Tk
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and

*ajoh =0 gror)oh = g, (O mmd) =Y > grymudu.
P k ! Lk

Since the equality *(a; o h) = *a; o h holds, we have (1).
It is easy to see that the set of all M € M (29,2§;Z) satisfying (1) is a Z—module. We
denote it by M(G, G).

Lemma 1. Let D € M(G,G). Then, we have
(2) DU'pr-!' = pJtpJ-?,

In particular, when M is the malriz representation of a monconstant holomorphic map
h: X — X of degree d,

(3) MT'MT™' = MJtMJ ! = dE.

Proof. Indeed,
DTtDr~'= DJjGtDr—! = DJ!DGr—! = DJtDJ 1

sinceI' = JG = tG*J. When M is the matrix representation of a nonconstant holomorphic
map of degree d, equality MJ*MJ~! = dE holds (see e.g. [Mr2],[T]). Thus, we have
(3. O

Remark. If X and X are conformally equivalent, there exist a matrix M € M(2g,2g;7Z)
which satisfies formula (3) (Torelli’s theorem. See e.g. [Mrl].).

Lemma 2. Let

D' = J*DJ7'D,
where D € M(G,G). Then we have
(4) D'*G="GD,
and
(5) DTDT'=p'JtD'J 1,

In particular, when M' = jiM J™IM where M is the matriz representation of a noncon-
stant holomorphic map h : X — X of degree d, we have

(6) MTMT™! =dMm'.
Proof. Indeed,
D'tG = JtDJ DG = JtDJ-1tGD
= J*DGJD = JGtDJD = tGJtDJ 1D =tGD'.

By the same consideration as in the case that the relation (1) holds, we have (5). When

M = JFPMJIM where M is the matrix representation of a nonconstant holomorphic
map of degree d, MJ*M J~! = dE holds and we see (6) holds by easy calculation. [
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WEIL-PETERSSON AREA OF THE MODULI SPACE OF TORUS
WITH ONE BRANCH POINT

MARJATTA NAATANEN AND TOSHIHIRO NAKANISHI

ABSTRACT. We employ L—length coordinates to study the Teichmiiller space of
torus with one branch point of order v. Applying the results for the corresponding

moduli space we find that the Weil-Petersson area of the moduli space of torus
1

with one branch point of order v is 3 1- —3 -

0. Introduction. The Teichmiiller space T(1,~) (v is an integer > 2) of torus
with one branch point of order v admits several global coordinate-systems. For
example, as the Teichmiiller space of pointed torus, T'(1,v) is identified with the
upper half plane H = {z = z+iy : y > 0} with presentation of the mapping
class group MC;; in PSL(2,Z). A Fuchsian group T' C PSL(2,R) with
signature (1,v) is generated by two hyperbolic transformations A and B with
ABA™'B™! elliptic. Then the traces z = trd,y = trB and z = trAB can be
employed as coordinates for T(1,v); then T(1,v) is the sublocus of z?+y%+422 =
zyz + 4sin*(w/2v) satisfying z,y,z > 2.

The objective of this paper is to compute the Weil-Petersson area of the moduli
space M(1,v) = T(1,v)/MCy,. We first investigate L—length coordinate-systems
associated with triangulations of the pointed torus. L—length coordinates are use-
ful in this context, since an L—length coordinate-system expresses the Teichmiiller
space as a real-algebraic surface. Moreover, there is an explicit description of a
fundamental domain for the action of the mapping class group MC,;. Since an
L—length is a hyperbolic geometric quantity, the transformation formula between
an L—length coordinate-system and a Fenchel-Nielsen coordinate-system is estab-
lished. We use an expression of the Weil-Petersson area form in Fenchel-Nielsen
coordinates derived by Wolpert [11, p. 252] to finally obtain that the area of M(1,v)
is (72/6)(1 —v~2).

1. Elementary Formulae.

1.1. L-lengths. Let H = {z =z +iy:y > 0} be the hyperbolic plane
equipped with the metric ds? = (dz? + dy?)/y?. For a geodesic segment ¢ C H
with endpoints p and g, we define the L—length L(c) >0 of ¢ by

2
1.2 L(c)* + 1 = cosh d(p, =——l£:g—|-—-- 1,

where d(p,q) denotes the hyperbolic distance between p and q.
Let T be a geodesic triangle. Suppose that T has vertices labelled a,b and
c: the edges opposite these vertices have L—lengths L,,L, and L., respectively



and the interior angles at the vertices are a,8 and 5. Then the angle sum of T
satisfies

L2ZLRL2— (LA+ Lp+ L) —4(L2+ L2+ LY) -8
(13) COS(Q+ﬂ+7) = (L§+2)(L§+2)(LE +2) .

See [5, (1.5)]. We need the following lemma later to describe the Fenchel-Nielsen
deformation of a hyperbolic surface.

1.4. Lemma. Let s€ R and 0<a<w. If z=z+1iy€ H is such that
>0 and z lies on the circle C = {z?—2(cot a)z+y® = 1}, then u = coshd(z,1)
and u, = coshd(e’z,t) satisfy

(1.5) u, = ucosh s + Vu? — 1 cos asinh s.

Proof. Since z?+ y? = 2(cot a)z + 1, we have
|z =32 _zcota+1
2Im(z) '~ )

Solving for y and substituting in z? —2(cot @)z +y? =1 gives by our assumption

u = coshd(z,7) =

w0 e _ sina (cosa(u? — 1) + uv/u? = 1)
= sin? a(u? — 1) +1 :
Consequently,
(1.6) y=’u+\/u2-1cosa.
(u? ~1)sin’a +1
Now (1.5) is obtained from (1.6) and
u, = coshd(e’z,1) = (e'z)* ';éf;y —1) +1=e'u— Sinh.s.

2. Teichmiiller space of torus with one branch point.

2.1. Definition. Let F},; denote an oriented torus with one distinguished point
p. In this paper we shall be concerned with Fuchsian groups with signature (1,7).
A Fuchsian group T has signature (1,v) if the factor surface H/T is a torus and
the canonical projection #r : H — H/T is branched over a single point with order
v. A marking f. of I' is defined as the isotopy class of an orientation-preserving
homeomorphism f: F;; = H/T' such that f(p) is the branch point. The pair
(T, f.) is called a marked Fuchsian group with signature (1,r). Two marked
Fuchsian groups (T4, fi.) and (T, f2.) with signature (1,v) are equivalent if
there is a conformal mapping h : H/T; — H/T, satisfying (hfi). = fo. The
Teichmiller space T(1,v) is the set of equivalence classes [T, f.] of marked Fuchsian
groups with signature (1,v).



2.2. L—length coordinates for the Teichmiiller space T(1,v). Let A=
(e1,¢2,¢3) be a triangulation of Fy, by simple loops ¢;,c; and c¢3 based at
p. Given a point R. = [T, f.] of T(1,v), we can choose a homeomorphism f
representing the isotopy class f. relative to {p} so that f(c;), f(c2) and f(c3)
are geodesic loops on H/I'. Let L;,L; and L3 denote the L—lengths of the
corresponding geodesic loops. Thus, if the hyperbohc lengths of f (C1) f(e2) and
f(cs) are l,l; and I3, then L} +1=coshl;,i=1,2,3. The mapping

ea:T(A,v) =+ RY, ¢a(R.)= (L1, Ly, La)

is injective and hence these L—length coordinates give a global parametrization
of the Teichmiiller space T(1,v), see [5, Proposition 2.1). The geodesic loops
f(c1), f(cz) and f(cs) decompose H/T into two congruent geodesic triangles.
The sum of interior angles of each triangle is 7/v. Hence, by using (1.3) we can
specify the image of T(1,7) under ya. In order to express this image concisely,
we introduce another c.ordinate-system:

Ya: T(lvV) - Ri-a TI)A(R.,) = (m,%z)’

where

(2.3) z=4/(L24+2)/2,y= ,/(Lg +2)/2 and z=4/(L%+2)/2.
Geometrically this means that
(2.4) z = cosh(l1/2), y = cosh(l2/2) and z = cosh(l3/2).

There exists a unique totally geodesic simple loop 41 on H/T freely homotopic
to f(c1). (Note that this fact is proper to. the case of signature (1,»).) Let I(y)
denote the length of 7, and set %, = 2cosh(l(:)/2). Similarly we define ¢; and
t3. Then, by [2, Theorem 7.17.1. (ii)] (see also [6, Lemma 4.4].)

11 12 i3
(2.5) z = y=r—, 2= ———.
2s1n;"’ 281!12 2sin -

We have therefore that = y,z > mn, . Substituting (2.3) in (1.3) gives that the
image ¥a(T(1,»)) in R} = {(z,y,2):z,y,2 >0} is expressed by

(2.6) 25in(-2-1£/—):1:yz —?—-y? -2+ 1=0.

Each ray in R3 emanating from the origin meets the locus of (2.6) twice and the
locus of (2.6) has two components in R3. The equation 2sin(w/(2v))¢2—3£%+1=0
has two positive roots §o < 1/sin(w/(2v)) and & > 1/sin(n/(2v)) and hence the
ray = =Y =z meets the locus of (2.6) in the points (£1,&1,&1) and (&o, &o,&o)-
Since the latter pomt fails to satisfy (2. 5), we know that the component which is
entirely contained in {(z,y,2) : z > s 1 Iy > 8m_,_r_,z > = ,,} represents the
Teichmiiller space T(1,v). *

2.7. A cell decomposition of T(1,v). In what follows, when we say that h
F1, — F1,; is a homeomorphism, we always assume that h fixes the distinguished
point, A(p) = p. Originally the mapping class group MC,, is the group of
isotopy classes of orientation preserving self-homeomorphisms of F;;. However,



its action on the Teichmiiller space T(1,v) is not effective, because the subgroup
N generated by the hyperelliptic involution fixes every point of T(1,v). In this
paper we call MC;,/N the mapping class group and denote it again by MCi ..

In this paragraph we consider a cell decomposition of T(1,~) which is left
invariant under the action of the mapping class group MC);. We omit the details
and refer to [5, Chapter 4] and also (7], [8] and [9] from which the basic ideas come.
We continue to use the notation in 2.2. We say that a triple of positive numbers
(L1, Ly, L3) satisfies the face condition if the following three inequalities hold:

L} < L3+ L}, {i,4,k} ={1,2,3}.

(Note that these inequalities are the face condition described in [9] and [5] for the
case of signature (1,v).) For a triangulation A, we define

C(A) = {R. € T(1,v) : pa(R.) satisfies the face condition.}

We shall see in 2.9 that for any triangulation, C(A) is a two dimensional cell and
its closure €(A) in T(1l,v) is homeomorphic to the closed disc deleted three
boundary points.

Let ¢;,c; and c3 denote loops representing (1,0),(0,1) and (1,1) of m(Fy,1,p) =
7 @ Z, respectively. Then A = (c1,¢2,¢3) is a triangulation of Fy;. It is easy to
see that in our particular case Fy; any triangulation is the image of A under an
orientation-preserving self-homeomorphismof Fy;. Then, by 5, Proposition 4.2.3]
we obtain an MC) ;-invariant cell decomposition:

(2.8) T(Q,v) = Uh,EMcl,lhm(C(A))-
Here, the MC) ;-invariance. is a consequence of the equality h.(C(A)) = C(h(A)),
where h is a homeomorphism representing the isotopy class h. € MC),.

2.9. For the rest of this paper we identify T(1,v) with ¥a(T(1,»)) C RS,
where the triangulation A is defined above. The face condition introduced in 2.7
is expressed as follows: L} + L2 > L2 is the same as z?+y* > 22+ 1. When (2.6)
is viewed as a quadratic equation in z, the last inequality obliges its root to be

(2.10) z = sin(%/—)my - \/sinz(-g;)m"yz —z2—y2 41,
and hence we must have
(2.11) sinz(—z%)mzyz -rf—y*+120.

Next L2+ L% > L% is the same as z?+ z? > y? + 1. This and (2.10) yield
< sin(Z)zv/z? — 1 .
Similarly we obtain from L2+ L2 > L? or y?+ 22> 2241 that
(2.13) e < SEWVY -1
sin*(f)y? - 1
4

(2.12)



and the set
C(A) = {(z,y,2) € R} : (z,y, z) satisfies (2.10) - (2.13)}

projects injectively to a domain § in the z,y-plane. This region O is depicted
in Figure 2.1. From this figure, we see that C(A) is homeomorphic to the closed
disc with three boundary points deleted.

y= sin(m/2w)zvz2 -1
\/siu”(7r/2u):c2 -1

l

dcos(m/2v) | e
sin(w/2v

|

1
sin(w/2v)
sin?(n/2v)z%y? — 2%~y +1=0

1
) :£1+coa(w/2v)
sin{w/2v oin(w/2v

e e o e -—

Figure 2.1

2.14. Presentation of the mapping class group MC;;. In what follows we
use the isomorphism my(F,1,p) 2 Z ® Z. Anelement w. of MC;,; induces an
isomorphism of 7;(F,,p) onto itself and, if w.(1,0) = (a,¢) and w.(0,1) = (b,d),
we obtain the matrix representation =+ Z Z of w.. This correspondence
gives the classical isomorphism MC;; & PSL(2,Z). We consider the following
orientation-preserving self-homeomorphisms of Fj;: w; is the Dehn twist map
({1, pp. 92-93]) formed by splitting Fy, along a simple loop in Fy, \ {p} freely
homotopic to the (1,0)-loop and regluing after a rotation of 27, and w, is the Dehn
twist map formed similarly along a simple loop freely homotopic to the (0,1)-loop.
The rotations are given in such a way that the matrix representations of wy. and

wo. become:
(11 10
(3 )i (10).
5



Then w;. and w,, generate MC,;. On the other hand w;. and w,. act on
T(1,v) in the following manner:

(2.15) wi.(2,Y,2) = (2,2,§) wa(z,y, z) = (z, y,a':)',

where .Z and § are defined by z+% = 2sin(m/(2v))yz and y+§ = 2sin(n/(2v))zz,
see (2.6). We define o, = wp,w}ws. and B, = w;wi.. Then they act on T(1,v)
in the following manner:

a,.(:v, yaz) = (y,a:,if) ,B..(:c,y,z) = (yazaz),

where z+ % = 2sin(n/(2v))zy. An elliptic element in PSL(2,Z) has order 2 or
3. This means that each point of T(1,v) has the isotropic group of order at most
3 for the action of MC),. We use this fact in the proof of the following lemma.

2.16. Lemma. Let G = {h. € MCy,: h(C(A)) = C(A)} be the stabilizer of
C(A) in MC,,. Then G is the cyclic group of order 3 generated by ..

Proof. First we show that G is a finite group. Let p, = (§1,6,6) € C(4),
where £, is the largest root of the equation 2sin(7/(2v))¢3—3¢2+1 =0, and let R
be its underlying hyperbolic surface. Suppose that G is an infinite group. Then
G(p1) = {h«(p1) : h. € G} is an infinite set, because each point of G(p;) is fixed
by at most three elements of G. Due to the discontinuous action of MC),, G(p)
has no accumulation points in C(A). (C(A) is the closure of C(A) in T(1,v).)
We choose an infinite sequence p, = huu(p1), hns € G, (n =2,3,...). By replacing
pn by Bu.(pn) or by PB2(p.), if necessary, we assume that =, < yn,Tn < z, for
Pn = (Tn,Yn,2n). Then z, — 1/sin(n/(2v)) as n — oo, see Figure 2.1. We may
assume that z, > £,4; and hence h,(c;) and hny1(c1) are not freely homotopic.
Let 7, denote the totally geodesic simple loop on R freely homotopic to hg(c1).
Then, by (2.5) its length converges to zero as n — oo. Then for n sufficiently
large, 4n and 4,41 are disjoint due to the collar lemma [3]. However it is impossible
to find a pair of disjoint simple closed geodesic loops on R. This contradiction
concludes that G is an finite group. By the Nielsen realization theorem [4], there
exists a point of T(1,v) fixed by all elements of G. Hence the order of G is at
most three. Since G contains f., we conclude that G = {1, 8., 82}.

3. The Weil-Petersson area form of the moduli space.

3.1. The Fenchel-Nielsen deformation. For two points P,Q € H, we shall
denote by P@ the hyperbolic segment connecting P and Q. Let F be the closed
geodesic quadrilateral in H with verticesin O = i, 4 = €%, B = €//?(cosh -% cosf+

i4/1 — (cosh(l/2) cos §)?) and C = e*, where [ >0 and 0< 6 < 7/2 with
(3.2) tan0cos‘(-2-7;;) = sinh({/2).

See Figure 3.1. By this condition the interior angleof ¥ at B equals 7/(2v) and

all other interior angles are 7 /2. We define the following hyperbolic isometries:

Va(z) = —%,V5(2) = =1/z and Vj(z) = 1/z. For a real number s, let D,

be the geodesic quadrilateral which has vertices defined by B, = €*/?B,B,, =

€~*/2Vy(B), B3, = e */*V4(B) and B,, = e/*Vy(B). See Figure 3.1. Then
6




there are conformal isometries a, and B, of H such that a, sends the edge
B3 B, tothe edge B;;B;,, and §, sends B;,B3, to B;,Bs,. We remark that
Do = FU Va(F) U Va(F) U Vy(F) and that oo and fFo generate a Fuchsian group
Tp with signature (1,v) by Poincaré’s theorem [2, Section 9.8]. The group T,
generated by o, and [, is also a Fuchsian group of the same signature and called
the Fenchel-Nielsen deformation of Ty along the geodesic loop wr,(AVa(A)) on
H/To. Since E, = {a,,[,} is a canonical system of generators, the pair (T,, E;)
defines a point of the Teichmiiller space T(1,v), see [12, Definition 3.25]. The
Fenchel-Nielsen coordinates of the class [I';,{a;,8,}] are (l,s). The Fenchel-
Nielsen coordinate-system gives a global parametrization of the Teichmiiller space
T(1,v). A detailed description of the Fenchel-Nielsen deformation can be found in
[1, Section (3.2)].

We want to establish the transformation rule between the Fenchel-Nielsen co-
ordinates and the L—length coordinates. We identify Fy; with H/Ty, and
the distinguished point p with = (Big). We proceed with the triangulation
1 = 7y (B1,0Bag), €2 = mr,(B1,0B2,0), €3 = T, (B1,0Bs0).

By

gl

Dy D,

Figure 3.1

Let (z(l,s),y(l,8),2(l,s)) be the point of T(1,~) corresponding to the Fenchel-
Nielsen coordinates (l,s). Then z(l,s) = z(I,0). Let z = z(l,s). By (2.4) and
(3.2)

- CJ? 4
z = coshd(B,C) = 5T IBB fl =t 1= M__.
m(B)Im(C) y/1 — (cosh £ cos 6)?
Solving for /2 gives
) T T
3. - = n{ - 2 V2
(3.3) 5 log (sm(2u)a:+ \/sm (zu)a: 1) .
7



Let yo =y(l,0) and y = y(l,s). Then by (2.4) and (3.2)
|A — B|? 1

S Lt BN W S—
2¢//2Im(B) 1/1 — (cosh { cos §)2

Yo = coshd(A, B) =

Hence

2
2 v -1
Since B,, = e/?B, g, by applying (1.5) with & = 7/2, we obtain y = cosh(s/2)yo.

Hence s/2 = log(y/yo + 5/ (¥/%0)* - 1) and then from (3.4)
s sin®(£)z?y? — 22 —y? + 1
(3:5) 2" log ( |s|\/ smz( =)z? — 1 ) — log yo.

3.6. The Weil-Petersson area of moduli spaces. The Weil-Petersson area
form is expressed as dwwp = dl A ds in the Fenchel-Nielsen coordinates. From
(3.3) and (3.5) we obtain

4 sin(Z-)dzdy

\/ sin®(£)z?y? — 22 — y? + 1

at a point where z and y supply local coordinates. We can verify directly by
computation using (2.15) that this area form is invariant under the action of MC,,,.

We use the M) ;—invariant cell decomposition (2.8) in order to find the Weil-
Petersson area v;, of the moduli space M(1,v) = T(1,v)/MCy;. By Lemma
2.16, the stabilizer {h. € MCy, : h(C(A)) = C(A)} is generated by f. of order
3. Hence, from the M) -invariance of the area form,

vy = ! - dwwp.
3 Jo(a)

Let © be the domain depicted in Figure 2.1. Since both 2 and the area form
(3.7) are symmetric with respect to = and y,

oL, = 2 / 4sin(L-)dzdy .
anfy>s} 4 fsin®(L)z2y? — 22 — 32 + 1

(3.7 dwwp =

In what follows, we write 6 in place of 7/(2v) for the sake of simplicity. Then

= 8sinf /m/ sind /sin 02\/m2—1/\/(sin 6z)?~1 dy d
1w = " .
3  Ji/sing VF=T/+ /(om0 —1 (sinf)?z?y? — 32 —y2 +1

8siné sin 8zvVzé~1 /\/(nm 6z)2—1 dy
+ 55 s | ),
3 1+cosf/siné z (sin 0)23:21/2 — 22 — y2 n 1) Z

and hence



3 /ﬂmﬁm@+ﬁf“u
-y =
8" 1 2 -1
- o 1 log (z+ V2?2 —1)y/2? — 1 + (cos )2 de.
ViFeass VT2 —1 (2 — 1) — (cos 6)?
In order to evaluate the above integral, we view the sum of the integrals in the

right-hand side as a function F(f) of a continuous parameter 6 (0 < 6 < 7/2).
Then

F'(6) = -

/°° z cosfsin b da
viteost ((z2 — 1) + cos? 8)/(z2 — 1)? — cos? §

/ __ sinfdt

-T2 1+tc030)\/1--t2

_ sm0/ __f
1+cos€coscp 2

Since F(8) =+ 0 as 0 — m/2,

.,”2 02
FO)= =~

Therefore we conclude that

8 . m w1
vl'"~§F(§;)_-§-(1_——)'

V2

The Weil-Petersson area of the moduli space of once-punctured torus is obtained as
the limit ,

s
lim vy, = —.
v=b0co 6

See [11] and [10].
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On certain non-congruence subgroups of the
Teichmiiller modular group of genus two
obtained from the Jones representation

Masanori Morishital

We give a family of “non-congruence” normal subgroups of the Teichmiiller
modular group of genus two with finite unitary groups as quotients, by con-
firming a conjecture, posed by Takayuki Oda, on the image of the reduction
of the specialized Jones representation at a root of unity. In the following, I
give just an indication of the proof. For the details, we refer to [M].

Introduction

One of the fundamental objects in the classical theory of automorphic
functions is the moduli space of elliptic curves, that is the quotient of the
complex upper half plane by the elliptic modular group SL2(Z). A higher
dimensional generalization of this space is the moduli space of principally
polarized abelian varieties, that is the quotient of the Siegel upper half space
by the Siegel modular group Sp,(Z). On the other hand, if we go in the
direction of curves of higher genus, the moduli space is the Teichmiiller mod-
ular space, that is the quotient of the Teichmiiller space by the Teichmiiller
modular group or mapping class group. So, we see that the Teichmiiller
modular group I'y of genus g plays an anoulogous role to the Siegel modular
group or more general arithmetic groups. We note, however, that our knowl-
edge about group theoretic or arithmetic properties of I'y, g > 2, is much
less than those of arithmetic subgroups. A well-known property the group
Spy,(Z) (9 > 2) enjoys is the congruence subgroup property. Namely, any
subgroup of finite index of Sp,(Z) contains a principal congruence subgroup.
Owing to the Nielsen isomorphism, we can also define “principal congruence

1Partly supported by Grant-in-Aid for Encouragement of Young Scientists, Ministry of
Education, Science and Culture, Japan



subgroups” of Ty, g > 2. Then, our main result of this paper tells us that I';
has a family of non-congruence normal subgroups with finite unitary groups
as quotients. We show it by confirming a conjecture, posed by Takayuki Oda,
on the image of the reduction of the specialized Jones representation I'; at a
root of unity.

To this end, let us mention some related works. Oda-Terasoma [O-T]
studied the similar problem for the Burau representations of braid groups.
Our method of result and proof are suggested by those of them. Using the
results of [O-T], Berger [B] introduced certain non-congruence subgroups of
PSLy(Z) and studied some geometric properties of the associated modular
curves as Galois coverings over the projective line. Similarly, in our case, it
would be interesting to study the associated tower of 3-folds over the moduli
space of curves of genus 2, using their large Galois groups. Finally, as in the
“classical” theory of automorphic functions, we hope that our result would

have an application to the theory of the Teichmiiller modular forms to be
built in the future (cf. [I], [K] etc).

Acknowledgement. 1 would like to thank Takayuki Oda for explaining his conjec-
ture and problems related to the moduli space of curves and useful discussions. My thanks
also go to Eiichi Bannai for supplying some ideas in the proof of the main theorem 4.1.

Notation. For an associative ring R with identity , M,(R) denotes the
total matrix algebra over R of degree n, and GL,(R) denotes the group of
invertible elements of M,(R). We write R* for GLi(R). For A € M,(R),
A, tr(A), and det(A) stand for the transpose, trace, and determinant of A,
respectively.

1. The Jones representation of the Teichmiiller modular group
of genus 2 and its unitarity

In [J], Jones attached to each Young diagram with n tiles a Hecke algebra
representation of the braid group B, on n strings. As was shown in [ibid,
Section 10], the representation of Bs corresponding to the rectangular Young
diagram @ factors through the Teichmiiller modular group I'; of genus 2,
namely, the mapping class group of a closed orientable surface of genus 2. It
is known that ', admits the following presentation ([Bi2], Theorem 4.8, p
183-4).



generators: 6y,0,,05,04, 0.
defining relations:

0:0:410; = 0;410:0;1 (1 <1< 4),

0:6; = 0;0; (|i—j|=2,1<4,5<8),

(6102030405)6 - 1,

(910203049%04030201)2 = 1,

010203949%94930291 commutes with 01 (1 S 7 __<_ 5)

The Jones representation of I'; mentioned above is given explicitly on
generators as follows ([J], p362).

7: Ty — GLs(Z[z,z7Y]), z =15,

-1 0 0 0 ¢ t 0 0 0 0
0 -1 1 0 0 0t 0 0 0
w(6)=z"*] 0 0 t 0 0|, #(f;)=2"2]0 ¢t -1 0 O
0 0 1 -1 0 10 0 -1 0
0 0 0 0 ¢t 10 0 0 -1
-1 0 0t 0 t 0 0 0 0
0 -1 10 0 1 -1 0 0 0
m(fs)=z"2] 0 0 t 0 0 [, 7(6)=2"2]0 0 -1 0 ¢
0 0 01t 0 1 0 0 —-10
0 0 1 0 -1 00 0 0 ¢
-1 ¢t 0 0 0
0 t0 0 0
m(fs)=2z"2] 0 0 ¢t 0 0
0 01 -1 0
0 01 0 -1

We see that detw(6;) = —1,1 <7 <5,

Let A = A(z) € My(Z[z,27"])),z = /5. We write A* for *A(z™") and



call A z-hermitian if A = A* and A # 05. For a z-hermitian matrix A, we
define the unitary group with respect to A by

Un(A) = {g € GLa(Z[z,27"])|g"Ag = A}.

Then, we can show the following lemma by a straightforward calculation.

LEMMA 1. The image of the representation m is contained in Us(h) for
the following x-hermitian matriz h = h;.

LA+t —(1+1) 2 ~(1+t)  —(1+1)
—(14+¢1)  14t+tt (14 1 1

2 —(1+t) @A+ +th =0 +t)  —(1+7)
—(1+4¢1) 1 —~(1 4+t 14t4tt 1

—(1+t71) 1 —(1+1¢71) 1 14+¢41¢t

Moreover, if a z-hermitian matrizc H has the same property, H is Q(z)*-
multiple of h.

2. The reduction of the specialized Jones representation at a
root of unity and the conjecture of Oda

Let n be a natural number. We assume that n is bigger than 6 and prime
to 15. Let n = exp(2m/—1/n) and ¢ = n°. Set K = Q((), O = Z[{], F =
Q(¢ + (™) and Op = Z[¢ + (7]

By specializing ¢ — (,z = t'/> — 7 in the representation m, we get a
representation

Ty 2 [y — GL5(Og).

Take a non-zero ideal I of Of which is prime to n, and set Ix = IOf. The
reduction of m, modulo Ix defines the representation

Tp,1 : s — GLs(Ox [Ix).

Then, 7, certainly inherits the unitarity from 7 so that the image of
Tp,1 1s contained in

US(OI{/IK; hug) = {g € GLS(OK/II\") | g*hnr1g = hurl,



where h, 1 := h; mod I and g* =’ ¢7, 7 is the involution induced from the
generator of Gal(K/F).

To formulate the conjecture, we twist m, s a little bit. Let x : I'y — Ok
be the character defined by x(0;) = —1, and set x; := x mod Ix. We then
consider p, 1 := Tn1 ® x1. Since det(m¢(8;)) = —1, by Lemma 1, we have the
inclusion

pn,1(T'2) C SUs(Ox [ Ixc; hn1) := {9 € Us(Ok/Ix; hn1) | det(g) = 1}.

Then, the conjecture posed by Oda is formulated as follows.

CONJECTURE 2. There is a non-zero ideal C of Op containing (n) so
that the image of p, 1 coincides with SUs(Ox [Ix; by, 1) if I is prime to C.

3. The principal congruence subgroups of the Teichmiiller mod-
ular group

We first recall the Nielsen isomorphism. Let 7 (S, *) be the fundamental
group of a compact Riemann surface of genus g, g > 1, with a base point *,
and let Dif f,(S) be the group of orientation preserving diffeomorphisms of S
equipped with the compact-open topology. Recall that the Teichmiiller mod-
ular group or mapping class group I'y is defined to be the group of connectd
components of Dif f,(S). An automorphism o € Aut(my(S,*)) induces an
automorphism & of the homology group H;(S,Z) and « is called orientation
preserving if & preserves the symplectic intersection form on H;(S,Z). Let
Auty (m1(S, %)) (resp. Outy(m1(S,*))) be the group of orientation preserving
automorphisms (resp. outerautomorphisms) of m (S, ). Then, we get the
Nielsen isomorphism

Iy ~ Outy(m(S,*))

which is induced by the natural map Dif £ (S) — Auty(m(S,*)).
From this and identifying Sp,(Z) with the group of automorphisms of
H1(S,Z) preserving the symplectic form, we get a canonical homomorphism

6: Ty — Sp,(Z).
The Torelli subgroup of I'y is defined to be the kernel of 6.



Denoting by Sp,(Z; N) the principal congruence subgroup of Sp,(Z) mod-
ulo a natural number N, we give the following

DEFINITION 3. We call T'y(N) := 67 (Spy(Z; N)) the principal congru-
ence subgroup of the Teichmiller modular group I'y of genus g modulo N.

4. Results
For Conjecture 2, we have the following

THEOREM 4.1. Assume that n is prime to 15, bigger than 6. Let I be a
product of prime ideals p; of Op. Assume that each p; is inert in K/F and
prime to 6(1 + (¢ + YA+ ¢+ (1) and Ngp; > 10. Then, the image of
pn,1 coincides with SUs(Op [ I, hn ).

We define the normal subgroup I's(n,I) to be the kernel of p, ;. The
following theorem asserts that I'y(n,I)’s give a family of non-congruence
subgroups.

THEOREM 4.2. Under the same assumptions in Theorem 4.1, the group
Lo(n,I) does not contain the Torelli subgroup, hence, any I'y(V).

The geometrical interpretation of the above results is as follows.

Let 7; be the Teichmiiller space of genus 2 and My = T /T be the moduli
space of compact Riemann surfaces of genus 2. Let Sy be the Siegel upper
half space of degree 4 and Ay = S5/ Spy(Z) be the moduli space of principally
polarized abelian surfaces. The period map 7, — &, is compatible with the
actions of I'y, Spy(Z) and @, and thus we obtain the Torelli map M, — A,.

The Galois covering Az v 1= S2/Sp2(Z; N) over Ay with the Galois group
Spo(Z/NZ) is the moduli space of principally polarized abelian surfaces with
level N-structure. Then, Theorem 4.2 tells us that the spaces 75/T'5(n, I) give
a family of Galois coverings over M, with the Galois groups SUs(Ox/Ix),
which can not be obtained by the pull-back of any A, y via the Torelli map.



5. Sketch of the proof

The proof of Theorem 4.1 consists of 3 steps. Assume that n and I satisfy
the same conditions in Theorem 4.1.

Step 1. We show that the representation p,  is irreducible for an inert
prime p. For this, we notice a fact that each m, ,(;) is a quasi-reflection,
namely, there are subspaces X; and Y; of the representation space V so that

V=X;0Y, dimX; = 3, dimY; = 2,
To(0:)lx; = —n"%dx,,  7(0:)ly; = nidy,

where 7 denotes a primitive n-th root of 1 in Oy /px by abuse of notation.

Step 2. We show Conjecture 2 for an inert prime . By Step 1, the im-
age of p,, mod. center is an irreducible subgroup of PSLs(Ox /px) which is
contained in the unitary group. Then, we investigate the list of all irreducible
subgroups of PSLs(Ox/px) due to Martino-Wagoner [M-W]. For this, we
first notice a fact that the image of p, , can not be realized over a smaller
subfield of Ok /px, which excludes many groups in the list. Then, we use
properties which follows directly from the defining relation of the generators

of I'; and some facts about finite classical group to exclude remaining groups
other than SUs(Ox /Ix) in their list.

Step 3. We show Conjecture 2 for I in general. It is done applying a crite-
rion of Weisfeiler [W] on the approximation of a Zariski-dense subgroup in a
semisimple group scheme over a finite Artin ring, which we recall below in our
setting. Let I be a product of different prime ideals p; of Op; I = [T\, of',
where each g; is inert in K/ and prime to 6(1+¢)({+¢ 7 )(1+¢+¢1). Set
A=0Op[l, A; = Op/p{ and k; = Or/p;,¢; = Ng;. So, we have decompo-
sitions A = @I_; A; and the radical of A is R =[]}_; p; modulo I. Let G be
the special unitary group schemes over A with respect to the hermitian forms
hn,1. Choose a maximal A-torus T' of G contained in a Borel A-subgroup. We
say that T'(k;) (= prime to p;-part of T'(4;), p; = char. k;) distinguishes the
roots of 7' on G if for two roots ry,ry of T on G, ry|T'(k;) = ry|T'(k;) implies
ry = ry. For each i, 1 <7 < r, let N; be the natural number such that if
¢ = Ng; > N; then T'(k;) distinguishes the roots of 7". Finally, let L be the
Lie algebra of G and Ad : G(A) — GL(L(A)) be the adjoint representation.



LEMMA 5.1 ([W], Theorem (7.2)). Notation being as above, assume that

(1) ¢; > maz(10,N;), 1 <i<r,

(2) The image of Ty in G(k;) under the reduction modulo p; /o ®®;£:0r [ 7
is the whole G(k;),

(8) Z[tr Ad(T';)mod.R? = A/ R*.

Then, we have the equality p,1(I'2) = G(A) = SUs(Ox/ Irc; hn,1).

Actually, we check the assumptions in Lemma 5 by transforming the her-
mitian form A, into a convenient form using the existence of unitary basis
over A so that a maximal A-torus consists of diagonal matrices, and the Lie
algebra and roots can be explicitly computable.

Theorem 4.2 follows from the following Lemma on the structure of the
Torelli subgroup of genus 2, which is due to Birman.

LEMMA 5.2 ([Bil], Theorem 2). The Torelli group of genus 2 is gener-
ated by the normal closure of (016,6,)*.
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