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PREFACE 

This volume is intended as the proceedings of Sapporo Guest House 

Symposium on Mathematics 20, Nonlinear Wave Equations, held on 

November 22 and 23 in 2005 at Sapporo Guest House. 

The first Sapporo Guest House Symposium was held in 1999 by Y. Giga. 

We keep the size of each meeting relatively small but international. The 

complete list of symposia at the Sapporo Guest House is in our website: 

http://coe.math.sci.hokudai.ac.jp/sympo/sghs.html.en 
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Remark 1 A similar result to Theorem 1 is mentioned in [4, p.98] without 

proof. 
Remark 2 By reading the proof in [5] carefully, we have the following: When 
p > 1 + 4jn, for any Uo E HI(JRn) satisfying xUo E L2(JRn) and E(uo) < 0, 

there exists 6"1(UO) > ° such that T;(uo) < 00 for all 6" E [O,6"I(UO)]. 
Remark 3 It is proved by Cazenave and Weissler (see [2, Corollary 2.5]) 
that when p > po(n) , for any Uo E Hl(JRn) satisfying xUo E L2(JRn) there 
exists b*(uo) E [0,00) such that To(eiblxI2uo) = 00 for all b > b*(uo) , where 

po(n) = n + 2 + vn2 + 12n + 4. 
2n 

Note that 1 < po(n) < 1 + 4jn. The proof of Theorem 1 is based on the 
argument in the proofs of Proposition 2.4 and Corollary 2.5 of [2]. 

Proof of Theorem 1 (Outline) Let U8(t) be the propagator for the linear 

equation: 

i8t u+.6.u+i6"u=0, (t,x) E [0,00) xJRn . (6) 

The Cauchy problem for (1) with u(O) = Uo E Hl(JRn) is equivalent to the 

integral equation: 

v,(tl = U.(tl"o + i l' U,(t - sllu(slIP-1u(sl ds, (7) 

Since U8 (t) = e-8tUo(t), as in Proposition 2.4 of [2], we have T;(uo) = 00 if 

IIU8(·)uoIILa(o,oo;LP+l) is sufficiently small, where 

2(p - 1)(p + 1) 
a = ---'--------'---------'--

4 - (n - 2) (p - 2) . 

Moreover, by the dominated convergence theorem, for any Uo E HI (JRn) we 

have 

This completes the proof. o 
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Taking Lemma 5 into account, we choose the positive number E so small that the last 

term in the right-hand side is absorbed in the left-hand side. Then we obtain an integral 

inequality for Ilv; H111· Applying the Gronwall inequality we obtain (3.9). 0 

Proof of Theorem 2. The solution (u, A) to (MS-C) clearly satisfies the estimate (3.9) 

with v = u, Va = Ua. Therefore the global existence follows from Lemma 4. 0 
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We give several notation. We define the function space HI by the usual 
Sobolev space equipped with the norm 

We define the function space D I ,2 by the completion of CO(IR3) with respect 
to the norm 

IluIID'" = (jIVU I2dX) 1/' 

Many authors have studied the existence of the standing wave solu­
tions for the Klein-Gordon, Dirac or Schrodinger equation coupled with the 
Maxwell equations in the electrostatic case (see e.g. [3], [4], [5], [7], [8], [9], 
[10], [11], [12], [15], and [17]). In the case where the vector potential A is not 
identically zero, Georgiev and Visciglia [15] prove a non-existence result for 
the Klein-Goldon-Maxwell equations. We recall several known results about 
the system (1)-(2). Coclite [8] proves that the system (1)-(2) has infinitely 
many radially symmetric solutions in HI x D I ,2 when 3 < p < 5. D'Aprile 
and Mugunai [10] show that the system (1)-(2) has no nontrivial solution in 
HI x DI ,2 when 0 <p < 1 or 5 <p. On the other hand, D'Avenia [12] shows 
the existence of non-radially symmetric solution in HI x D I ,2 when 3 < P < 5. 
Recently, Ruiz [17] shows that there exists a constant e > 0 sufficiently small 
such that the system (1)-(2) has a family of solutions (u(e), <p(e), e) bifur­
cating from (uo, <Po, 0) if e < e. Here, the function Uo is the unique positive 
radially symmetric solution to the following scalar field equation: 

and the function <Po is the unique positive radially symmetric solution to the 
equation (2) with u = Uo. In this talk we consider the existence and the 
multiplicity of solutions to the system (1)-(2) when 1 < p < 3. Our main 
results are the following: 

Theorem 1.1. Assume that w > 0 and 1 < p < 3. For each mEN, there 
exists a positive number em > 0 such that if 0 < e < em, the system (1)-(2) 
has at least m radially symmetric solutions in HI x D I ,2. In particular, we 
can take el = +00 when 2 < p < 3. 

Theorem 1.2. Assume that w > O. For each p with 1 < p < 2, there exists 
a positive number eo > 0 such that if e > eo, the system (1)-(2) has no 
nontrivial solution in HI x D I ,2. 
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of generality. The system (1)-(2) is the Eular-Lagrange equations of the 
functional Fe : HI X "01,2 -+ R defined by 

In other words, a pair of the function (u, ¢) is a critical point of the functional 
Fe if and only if (u, ¢) is a solution to the system (1)-(2). For each u E HI, 
the function elxl-1 * u2 E HI is the unique solution to the equation (2). We 
define a functional Je : HI -+ lR by 

Then we find a relationship between a critical point of the functional Fe and 
that of the functional Je : 

Proposition 2.1. The following statements are equivalent. 

(i) A pair of functions (u, ¢) E HI X D1,2 is a critical point of the functional 
Fe· 

(ii) A function u E HI is a critical point of the functional Je and a function 
¢ satisfies ¢ = elxl-1 * u2 

For the proof of Proposition 2.1, see Proposition 3.5 in [4]. From Propo­
sition 2.1, it is enough to find a critical point of the functional Je to prove 
the existence of a solution to the system (1)-(2). Since the functional Je is 
invariant under the transformation u(x) -+ u(x + a) for any a E lR3 , there 
is a lack of compactness. To overcome this difficulty, we restrict ourselves to 
the space radial functions u(x) = u(r), r = Ixl. More precisely, we consider 
the functional Je on the subspace H; = {u E HI I u(x) = u(lxl)}. We recall 
the subspace H; is compactly embedded in Lq when 2 < q < 6 (see e.g. [6], 
[18]). Then, we can show the following lemma. 

Lemma 2.2. Any critical point u E H; of the functional Jel Hi is that of the 
functional Je. 

For the proof of Lemma 2.2, see Lemma 4.2 in [4]. 
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ALMOST NONEXISTENCE OF ASYMPTOTICALLY 
FREE SOLUTIONS FOR SOME QUADRATIC 

NONLINEAR SCHRODINGER EQUATION IN TWO 
DIMENSIONS 

AKIHIRO SHIMOMURA 

l. INTRODUCTION AND THE MAIN RESULT 

This talk is based on [9]. We study the asymptotic behavior on time 
of solutions for the nonlinear Schrodinger equation with the quadratic 
nonlinearity in two space dimensions: 

(l.1) 

where u is a complex valued unknown function of (t, x), and A E C\ {O}. 
In this talk, we show the almost nonexistence of asymptotically free 
solutions for the equation (l.1). More precisely, we show that if there 
exist aT > 0, a final state u+ E HO,2 and a solution u E C([T, (0); L2) 
for this equation such that u approaches the free solution U(t)u+ in L2 
with a suitable convergence rate, where U(t) = eit.6./2, as t -+ 00, then 
u+ is identically zero. This implies the almost nonexistence of wave 
operators for this equation on L2. 

There are several results on the large-time behavior of solutions to 
the nonlinear Schrodinger equation with non-gauge-invariant quadratic 
nonlinearities 

where AI, A2 and A3 are complex constants. In four space dimensions, 
the scattering operator to the equation (l.2) exists for small data in 
the energy class (see, e.g., Kato [6]). In three space dimensions, by 
introducing similar function spaces as in Ozawa [8] and Ginibre-Ozawa 
[1], we can show the existence of a unique asymptotically free solution 
to this equation. Furthermore, recently, Hayashi and Naumkin [3] ob­
tain a sharp asymptotic behavior of solution to the final value problem 
of this equation and time decay rate t-3/ 2 of this solution in L7:. In 
three-dimensional case, Hayashi, Mizumachi and Naumkin [2] showed 
the existence of unique small global solution to the initial value prob­
lem to (l.2) with A3 = 0 which decays like t-3/2 in L7:, and proved that 
this solution has a free profile. In two space dimensions, when A3 = 0, 
the existence of wave operators to the equation (l.2) was shown in 
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