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PREFACE

This volume is intended as the proceedings of Sapporo Guest House
Symposium on Mathematics 20, Nonlinear Wave Equations, held on
November 22 and 23 in 2005 at Sapporo Guest House.

The first Sapporo Guest House Symposium was held in 1999 by Y. Giga.
We keep the size of each meeting relatively small but international. The
complete list of symposia at the Sapporo Guest House is in our website:

http://coe.math.sci.hokudai.ac.jp/sympo/sghs.html.en

Hideo Kubo
Tohru Ozawa

Kazuyuki Yamauchi
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The KP I equation : new results and open problems

Jean-Claude Saut
Mathématiques, UMR 8628
Université de Paris-Sud
91405 Orsay, FRANCE
jean-claude.saut@math.u-psud.fr

The Kadomtsev-Petviashvili (KP) equations [4]

(ut + vy + Uggz)s £ UUyy =0, u=u(z,t) (1)

are “universal” models for the propagation of long, weakly nonlinear dispersive waves with weak transverse
effect. The “4” sign in (1) corresponds to the KP II equation, the “—” sign, to the KP I equation. For
instance, in the context of surface water waves, KP II rules the purely gravity waves, and KP I incorporates
strong surface tension effects.

The KP equations were in fact introduced to analyze the transverse instability of the KdV solitary wave (the
“line soliton”) with profile

V2z

2

Ye(z) = 3¢ cosh_2( )

with respect to perturbations depending on y.

Note that (1) can be formally written in the “integrated form”
ut+uuz+umzd:6;1uyy20. (2)

This form is meaningful provided a certain constraint is satisfied on u. It was recently observed [8] that this
zero mass (in z) constraint is satisfied at any non zero time even if it is not satisfied at initial time zero.

On the other hand constraint has to be imposed when using the Hamiltonian form of the equation, namely
ut+axH(u) =0 (3)

where
B = [l 750 w) - gul. (@

In (4) the “+” sign corresponds to KP I and “—” to KP II. Together with the (formal) conservation of the
L? norm, (4) suggest a natural energy space for the KP equations:

Y ={veL? uy, 0; u, € L*}.

Note that ¥ C L8(R?), and (4) makes sense for u € Y.

A first step before looking for qualitative properties is the study of the well-posedness of the Cauchy problem.



Considering the “bad” sign in the Hamiltonian, the only way to obtain global well-posedness for KP II is to
prove local well-posedness in L2. This was achieved by Bourgain who proved :

Theorem 1 [2] The Cauchy problem for KP II is locally (thus globally) well-posed for data in L?(T?) or
L2(R?).

The strategy of the proof is to use a iterative method on the Duhamel (integral) formulation. As usual this
implies that the flow map is smooth.

The next result proves that such a strategy is impossible for the KP I equation.

Theorem 2 [6] Let S(t) = t02=0219) yhe KP T group. Let Z be any of the spaces H*(R?), Vs € R;
Hs152(R?), Vs1,82 € R?%; or Y.

Let T > 0. There exists no space X7 — C([-T,T); Z)such that

@) 1 5S¢ x-Sl e llz
(i) || Jy S =) [u() us ()] d x2Sl 1y -

Remarks :

1. (ii) is the estimate needed to perform the second iteration in X7 in the Picard iteration on the Duhamel
formulation.

2. Theorem 2 is essentially equivalent to the fact that the flow map cannot be C? in Z. It has been recently
observed by Koch and Tzvetkov that the flow map cannot be even uniformly continuous on bounded sets of
Z.

3. This display the “quasilinear” character of the KP I equation (while the KP IT equation is “semilinear”).

Thus, in order to get the global well-posedness for KP I we need to use a compactness method. The choice
of the space X of initial data is dictated by the conservation laws. Choosing X = L? seems out of reach for
the moment. The natural choice X =Y (the energy space) is open so far (global existence of weak solutions
in Y is easy however, see [10]).

Since KP I is (formally) integrable, a natural idea is to use the expected next invariants to obtain suitable a
priori bounds. As noticed in [7] there is a serious analytic obstruction to give sense of the conservation law
governing || zgs(-,t) ||r2. This difficulty can be overcome by using instead a “truncated“ conservation law
(which has to be justified rigorously) and then by estimating the remainders via suitable dispersive estimates.
This leads to the following theorem which states the first global well-posedness result for KP I.

Theorem 3 [7] Let Z = {p € L*(R?), ¢y, Puzz, Pzy, OF 2 0yy € L2(R?)}. Then, for any ¢ € Z, there exists
a unique global solution u of KP I with initial data ¢ which satisfies u € L (R; Z). Moreover, the L?—norm

loc
and the Hamiltonian are conserved and u,u,, Uz, € L% (R; L?(R?)). In particular, u € L= (R x R?).

Remarks 1. The corresponding global bounds are not known to be true for smooth solutions of the KP II
equation.



2. It can be shown that the Y —solitary wave solutions of KP I (see [1]) belongs to Z.

This result has been improved by C. Kenig [5] who proved

Theorem 4 [5] Let p € Zg = {p € L*(R?), @uz, 072 pyy € L*(R?)}. Then there exists a unique solution u
of KP I with initial data ¢ such u € L2 (R; Zp).

loc

Kenig’s improvement is based on new dispersive estimates on the linearized KP I equation which have the
interesting by-product :

Theorem 5 [5] For s € Ry, let
Yo ={p € L*(R®); D" ¢, 8; ' Oyp € L*(R%)}.

Then the Cauchy problem for KP I is locally well-posed for data in Yy, s > g— More precisely, for any ¢ € Y5,
5> 32, there exists T = T(||¢lly,) > 0 and a unique solution

ue C([0,T);Ys) u,0.u€ L%(ng

of the Cauchy problem for KP I. Moreover, the map ¢ — u is continuous from Ys to C([0,T);Ys).

We turn now to the transverse stability /instability properties of the KAV line soliton, which was at the origin
of the KP equation. To justify rigorously any stability theory one needs first to solve the Cauchy problem
in an adapted framework (the line soliton has infinite energy). A natural setting is to consider initial data
of the type (where @ is “localized”)

u(0,z,y) = ¢(z,y) + (2, Y) (5)

where 1), is the profile of a non-localized (i.e. not decaying in all spatial directions) travelling wave of the KP
I equation moving with velocity c. This 1. could be the line soliton of the KdV equation or more complicated
objects (for instance the Zaitsev solitons which are decaying in = and periodic in y or conversely, see [9]).

The Cauchy problem is in fact globally well-posed for a large class of 1. as shows the

Theorem 6 [7] Let ¥ .(z — ct,y) be a solution of the KP I equation such that
Y. : R2 SR
is smooth and bounded with all its derivatives. Then, for any
¢ € Zo = {u € L*(R?), 872 uyy, uzs € L*(R?)},
there ezists a unique solution w of KP I with initial data (5) satisfying for all T >0
[u(t, z,y) = e(z — ct,y)] € C([0,T]; Zo),

az[u(ta T, y) - Q/)c(l‘ — ct, y)] € L’}' Lgc:; .
Furthermore, for all T > 0, ¢ — u is continuous from Z into C([0,T); Z).

The strategy is to follow the proof of Theorem 3 and 4. New terms appear with respect to the proof of
Theorem 3 but they can be controlled since 1. and all its derivatives are bounded. Among others, we use a
new dispersive estimate for |D,|* S(t), 0 < & < ; which has the independent interest to lead to the (modest)
extension of Theorem 5 :



Theorem 7 [7] The Cauchy problem for KP I is locally well-posed for data in {u € L?*(R?);|DSu €
L*(R?),s > 3}.

Note that y derivative is needed. Another possible framework to study the stability of non localized objects
would be to work on R x T'. This poses serious difficulties since the crucial Strichartz estimates for the
free KP I group on L?(R?) fails to be true in the periodic setting. Nevertheless, replacing these Strichartz
estimates with certain time-frequency loocalized estimates, Ionescu and Kenig [3] were able to prove the
global well-posedness of KP Ion R x T or T x T.

To conclude we review briefly a list of open problems.
o Global well-posedness of the Cauchy problem for KP I in the natural energy space Y.

e Rigorous theory for the (conjectured) instability of the KdV line soliton in the context of KP I, in particular
description of the mechanism of instability. While there exist various (formal or rigorous) results on the linear
theory (see references in [9]) nothing seems to be known on the nonlinear theory.

e This question is marginally related to the Cauchy problem but has its own interest : is the explicit lump
solitary wave of KP I with profile
2
8c(1— §2% 4+ S v?)
(14 £22+ 5 y?)2

Ye(z,y) =

a ground state solitary wave (see [1]).
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LONG TIME BEHAVIOR OF SMALL AMPLITUDE SOLUTIONS
OF GENERALIZED BOUSSINESQ AND MODIFIED IMPROVED
BOUSSINESQ EQUATIONS

YONGGEUN CHO AND TOHRU OZAWA

1. INTRODUCTION

We consider one dimensional Cauchy problems for Boussinesq (Bq) and modified

improved Boussinesq (imBq) equations defined by the following equations:
O2uy — O2uy + Otuy = 2 f(u1), (z,t) € RV,

(1.1)
ui(z,0) = p1(z), Owui(z,0)=11(z), ze€R

and
6t2u2 - 61528311’2 - 6%“2 = 8:%.]0(“2)’ (Zﬂ,t) € R1+17
uz(z,0) = p1(x), Owa(z,0) =Ya(z), z€R,
where f € C*(R) in the real sense and |f® (v)| < |v[P~! for 0 < 1 < k < p and

p>1
By the Duhamel’s principle both equations can be rewritten as for i = 1,2

(1.3) ui(z,t) = (8:5i(t))pi(z) + (Si(t)ihi)(z) — /0 it — 1) f(u)(t) dt’

Here

(1.2)

A8 (t) i = -—/ €' cos(tw; (€)) @3 (€) d¢

ity = 5 [ e sinftan(e)w ©DE) de
Ti(t) = S1(8)(=07), Tu(t) = Sa(t)(1 — 87)~*(=02)
—VITE, w(§) = ———,
V14 &2
where p(§) = = [ e %p(z) dz is the Fourier transform of .

The equatmn (1.1) describes the shallow-water waves as KdV equation and also
other physical phenomena like ion-sound waves in a plasma [7]. The equation (1.2)
is a modification of Boussinesq equation analogous to the MKdV equations.

Our aim is to find minimal power p which makes the global existence and scat-
tering of small amplitude solution to the Cauchy problems (1.1) and (1.2) possible.
In general, the value of p is conjectured to be greater than 3 for the scattering like
Schrodinger equation and KdV equations [1, 6, 8. Up to now, there has been few
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results for these problems. The best known results were p > 2 + V7 ~ 4.646 and
p > 8 for the case of Bq [6] and imBq [5] equations respectively. We will see slight
improvements (p > % ~ 3.562 for Bq and p > 4 for imBq) on the previous
results under the vanishing condition near zero frequency of initial data(see Theo-
rems 3.1, 3.2 and 3.3). For these purposes, we will investigate dispersive properties

of liner evolution groups (see Lemmas 2.1, 2.3 and Remark 2.2).

2. PRELIMINARIES

Let us first introduce linear dispersive estimates on 0,5;(t) and S;(t).

Lemma 2.1. (1) If ¢ and v are Schwartz functions, then we have for any
81 > % and sg > %

18Si @l S A+ 173 (el +elyens )
1S:@lz= S A+ 173 (Il (D) Bl + wi D)ot ) -
where w;(D) = F 1w, (|¢])F.

(2) Ifp and 1) are Schwartz functions with their Fourier supports not containing

zero, then for any s; > % and s, > 2 — % with 2 < r < oo
_(1_1
10:Si (@) llzee S A+ )7l e
1S llpoe S (14 1t) =7 |lws (D) hllyres.r-

Remark 2.2. Applying the Sobolev embedding Wl L™ to the second part of
Lemma 2.1, we can obtain for any s1 > 1 and sg > 2

10:S:()pllee S (1 + )~ 2 lllwesr,
1S (&) pllzee S (1+ )72 lwi (D)~ llwracor-
Thus by complex interpolation, for any 2 < g < oo
o 18:Si(B)elle S A+l w200,
1S:@lze S (L4172 wi(D) Bl esa-20.0-

The next is on the retarded estimate.

Lemma 2.3. (1) Let2 <r < 00, 81 > % and s9 > 2 — % Then we have for
1=1,2

t t
e2 | [ me-e@rd| < [ aee=e)G D)., - ar
0 Lo 0
(2) Let 2 < g <oo andy € R. The we have

(2.3) /Ot Ty(t—tg(t') dt

t
S [ 1=t Dlg(¢) o .
W a 0



ON THE BQ AND IMBQ EQUATIONS

One can show the above lemmas by a dyadic decomposition and the stationary
and non-stationary phase estimates (see [2, 3]). For the time decay rate like (1 +
lt))~°, W' regularity is necessary. Since the second derivative of wy goes to zero
as & — oo, for the application of stationary phase estimate, higher regularity is
needed than w;. By the same reason, the operator 7T, cannot have the estimate like
the part (2) of Lemma 2.3. For the Strichartz estimate concerned with 9,51, S1
and T7, see [4].

3. MAIN RESULTS

The first result is the global existence of small amplitude solution with initial

data without vanishing condition near the zero frequency.

Theorem 3.1. Let p; and 1; be Schwartz functions with

lillzs + il g+ (D) billr + s (D) il s, <8
If p > 5 and 6 is sufficiently small, then there exist unique solutions ui,us €
C(R; H®%) to the Cauchy problems (1.1) and (1.2) respectively such that

sup(1 + [t]) ¢ [Jus (8) | o= + [lus(8) || 7o S 6.
teR

Moreover, there ezist four pairs of functions (pF,E) € H% x w;(D)H® such that
(3.1) llus(t) — uE(t)|| g — 0 as t — oo,

where u is the solution to the linear problem (1.1) and (1.2) with f =0 and initial
data (g7, ;")

If we assume the vanishing condition near the zero frequency on the initial data,

then we have the following result.

Theorem 3.2. Let p; and ; be Schwartz functions with their Fourier supports

not containing zero frequency and

HQOiHWSi»T’nHSi + ||wi(D)_1¢i||W‘si»"'/ﬁH5i <4

for some 2 < r < oo and s1 > ;17,82 >2—3 Ifp>4 and § is sufficiently small,

T

then there exist unique solutions uy,us € C(R; H%) to the Cauchy problems (1.1)
and (1.2) respectively such that

1_1
iﬂg(l + D27 flui@)lzee + [us(@) |z S 0.
€

Moreover, there exist four pairs of functions (goii, wzi) € H® xw;(D)H*® satisfying
(3.1).

Now if we use the dispersive property (2.1) and (2.3) of the Boussinesq equation,
then we can make the power p smaller than 4.
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Theorem 3.3. Let @1, 11 be Schwartz functions with their Fourier supports not

containing zero frequency and

(1, w1(D) ™ 1)l wer. r+1m~ <6

for some 51 > 1 — 5’3——1 +v and vy > p—il. If p > SJFT‘/” and § is sufficiently small,

then there exist a unique solution uy € C(R;WYPT1 N HY) to the Cauchy problems
(1.1) such that

sup(L + [¢])2 ™ »+1 [Jug (8) wv e + [Jun ()| srv S 6.
teR

Moreover, there exist two pairs of functions (goli,wli) € HY x w;(D)H" satisfying
(3.1).

Outline of proof. Since the proof of Theorems 3.2 and 3.3 is similar to that of
Theorem 3.1, we introduce the outline of proof only for Theorem 3.1. The strategy

is to use the contraction mapping theorem. We define a nonlinear functional N by

N(u;) = 0¢S;i(t)ps + Si(t)s — /(; Ti(t —t') f (w;)(t') dt'.

Then from Lemma 2.1 in the previous section, we can easily show that N is a

contraction map from X, to itself, where
1
Xy = {02 s0p(L+ 1) o) 1= + (Bl < o},

provided § + p? < p and ¢ is sufficiently small.

In fact, using generalized chain and Leibniz rule:

Lemma 3.4 (Lemma 3.1 in [2]). For any s > 0, we have

—1
D% f ()l S 1wl oy D% llLr2,

1 1 1
<—=—+—, 7”16(1,00],7"26(1,00))
r 1 ]

1D*(wo)l[Lr S II1D%ullLr vllza + lullze [ D*0]| L2

1 1 1 1 1 .
<—=—+—:—+—, 7"1'6(1,00),(]1'6(1,00] (221,2)>
r 1 g2 q1 T2

one can show that for any u,v € X,
IN(u)llx <6+ 0,
IN(u) = N()||x S pPHlu—vlx,

if £(p —2) > 1. The uniqueness and time continuity follow immediately from the

contraction argument and integral equation (1.3).



ON THE BQ AND IMBQ EQUATIONS

Now for the proof of the existence of asymptotically free state, we define functions
07, by

— +oo ’
O = FiE) + < gin—to

0 1+4+£2 o 1+4+&2
— P +oo t& P

+ _ _ 2
Q= - [ ¢ eon LT

Flun) (&) dt,

and
+oo é

. & —
0 \/]_-_—{:?SIH mf(UQ)(fat
< - +o0 §2 tf o
FO=00O- [ Tpe LglwiEn
Then the solution u3 to the linear problem (1.1) and (1.2) with f = 0 and initial
data (@, 1) is represented by

+oo
u (z,t) = (8:8i(t) s ) () + (Si(t)i) () +/O Ti(t —t') f(us(t')) dt'.
Now we have from Lemma 3.4

+oo
i (- 8) = 5" (- ) s S/t I1f (i (- )|l o dt’

P2 (&) = Fale) + ) dt,

+oo

<o [t
t

= O(|t| =3 ~D*)

as t — £oo. This proves the theorem.
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ASYMPTOTICS OF SOLUTIONS TO DISPERSIVE EQUATIONS
AND NONLINEAR PROBLEMS

NAKAO HAYASHI

1. Abstract

We study the asymptotic behavior in time of solutions of the Cauchy problem
for the following dispersive equation of the Schodinger type

up — % (—6‘3)%u = 0, (t,z)eRxR,
(1) u(to,z) = wuo(z), T€R,

where p > 3. Then we apply estimates of solutions to linear problem to the non-
linear probelms:

Up — % (—ai)gu = f(uw,u), z€eR,
(2) tl_igloU(—t) w(t) = wuy, z€R.
In what follows we let
max{O,—g——Q} §,8<p—2,max{0,—g—l} <d<p-—1
and
0 < f=p—-——¢<
0 < d=6——7-X<
Theorem 1.1. We assume that
10lllp-2.01 = 61l + 1960l + 161772 00| + [le™ 7%

Then

< Q.
oo

“U(t)'l)“oo < CHIU[ l \oo,p——2,p——1t_%

for all t > 0, where ,U(t) = F'exp (%t \§|p> F. Furthermore there exist a con-
stant Cy such that the asymptotic formula for large time t hold

u (t,fE) = Uy (t7Q) + Rl(t’x)a

where

up (t,q) = C1t~% |g] = e (1=2)H5(g), g = — (M) O
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and the reminder

IR0l < Cmax (17302750 o]l pa e,

loo

IR < Cmax (750D 4750 D ) o] oo p-,p1.

We now state our results of nonlinear problems in this paper.

Theorem 1.2. Let uy € HY? satisfy |[|ut|l|oo,p—2,0-1+[[u+]l; o < 00, and f (u, )
satisfy the growth conditions

DV f (u,)| < Cluf’™,j=0,1,2,3
where D = (0y,0z) and 1+2p > p > p(p), p(p) is a positive root of

1 2
p2+2<——2)p—<—+1>=0.
p p

Then there exists a positive time T > 1 and a unique global solution u of (2) such
that

=

’ < Ct™?,

Ju(t) — Utyus | + ( |ty - U(t>u+n%.zdt)

for all t > 0, where

20+1—p .11
2 =1)p <b<m1n{2,4(p 3)}

In the case of p > 1+ 2p, L= — L' estimates of linear problem obtained in [1]
yield the time global existence of solutions of (2) in the usual order Sobolev norms.
Hence we consentrate our attention to the case 1+ 2p > p.

Next result is concerns with lower order nonlinearity. We assume that

p—1 1/~ 3\ p—1 1 /< 1
F—- - e I O Rt I S
2p <p(ﬁ+2)’ % “p\" T2

5 3
p~§<ﬂ<p~2,p—§<5<p—1.

Theorem 1.3. Let uy € H" satisfy |||ui||lco,p—2,0-1 + [[u+]l;o < 00, and let
f(u,@) =i |u|p_1 u,3 < p <5, \€R, then there erists a positive time T > 1 and
a unique global solution u of (2) such that

which imply that

o)~ el + ([ o) - U@uslizi)” <ot

for allt > T, where

Furthermore there exist positive constants ci,ca

eat™ 2P < lu(t) — Ut)ur| < et ™23



DISPERSIVE EQUATIONS
Jor large t. Let p = 3, and |lfullloo + [10c4llloo + sl is sufficiently small
then there exists a unique global solution u of (2) such that

lu®) = @+ ([ Tt - w2 ar) " <ot 22t <<

where

2-— . X i~ p—1
Yo (t,q) = C1t™ % |q| = 6—1(1-%)thl"a_l_(q)e—z/\lc‘l|2|t;(|2 Pla (@) logt o — <|_9:_[) =

w(1,€) = F iy (g)e MOl 7 s @ o5,

Theorem 1.4. Let uy € H satisfy |||us]|loo,p—2,p—1 + lutlly o < oo, and let
£ (u, @) = iX|u)® u,JmX < 0, then there exists a positive time T > 1 and a unique
global solution u of (2) such that

1

) = @+ ([ Tt - @ ar) " <0t 2o <p<

where

2-p _, ~ _;(ReX) =T
uw (t,q) = Cit™ % |q| = e_z(l“%)thlpu+(q)e sy P (L) Fe(a) o <|_3_7_|> ’i,

. (Re )

W (t, f) = F e amn ‘P(t’Q)-l-tp(t,q)a(q)

1
1—2(Im\) |C1*|g|®7 [y () logt

Next result implies the nonexistence of usual wave operator.

e2¢e(ta) —

Theorem 1.5. Let uy € L? satisfy |luy|l + [||u+|||oo,p—2,p-1 < 00, and f (u,T) =
Mul®u. (1) We assume that Im A = O and there exists a solution of u of (2) such
that

Jm [lu(t) = U(t)ur] = 0,

then uw = 0. (2) We assume that In X = 0 and there exists a solution of u of (2)
such that

Jm flu(t) = Ut)u | =0,
then u = 0.

In [7], the modified wave operator of (2) is constructed when f (u, ) = i\ [u|” u, A €
R,p = 4 under the condition that

o+ 3 |17+ aga |
k=0

is sufficiently small. His method is based on the method by T.Ozawa [6]. More
precisely, it was checked

R = Lyty — i) |tio|*
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is remainder term, where L, = 8; — % (—63)—5_. Computaion of L4u,, means that
the condition ||u|| 4,0 < o0 is required at least. His method can be applied to
higher order p if we asssume |[u, ||, , < co, however a long computation is needed
to check R is remainder since we have to do p times differentiation on u,,. In [8], it
was checked

R = L4UW — 1A luwl2 uw

is remainder term by combining the method of [6] and [9] under the condition that

ello+ > 67 |
k=0

is finite. Therefore our results are improvemants of the previous works and our
method can be applied to non integer order p. Similar result of Theorem 1.1 was

. 1

shown in [4] in the case of Benjamin-Ono type equation u¢ — 28, (—02)* u = 0 and

in [3], [5] in the case of Kortweg-de Vries type equation u; — £8, (—02) u = 0.
Acknowledegement: This is a joint work with P.I.Naumkin

2.
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Global existence for damped nonlinear
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This note is based on a joint work with Grozdena Todorova (University
of Tennessee). We consider the Cauchy problem for the damped nonlinear
Schrédinger equation:

10+ Au+ [ufPu+idu =0, (t,7) € [0,00) x R” (1)

with initial data u(0) = ug € H'(R"), where 6 > 0, n € N, p > 1 and
p<1+4+4/(n—2)ifn > 3. It is known that the Cauchy problem for (1) is
locally well-posed in H'(R"). So, the problem addressed in this note is the
global existence of solutions for (1). We denote the maximal existence time
of local solution of (1) with initial data ug by 7§ (ug). So, T5(ug) = 0o means
that the solution u(t) of (1) with u(0) = ug exists globally.

First, let us recall some known results for the case 6 = 0 (see textbooks
[1, 4] for more details). When p < 1+ 4/n, we have T;(ug) = oo for any
ug € H*(R™). When p > 1+ 4/n, we have T (ug) = oo if the initial data
ug is sufficiently small in H*(R™), and T§(ug) < oo if ug € H'(R™) satisfies
zug € L*(R™) and E(ug) < 0. Here, the energy E is defined by

1 1
B(w) = 5Vl — 5l

The global existence result follows from the local well-posedness in H*(R"),
the conservation laws of energy E and charge ||ul|7., and the Gagliardo-
Nirenberg inequality:

lvllze < CllollzIVolge, v e HY(R™),



where 2 < ¢g<o00,0<a<1l,a<lifn=2 and

1 1 n—2
S T(1—
P S e

Q.

The blowup result follows from the virial identity:

P )
& (o)l = 16P(0),
P) = JIVul} - P Il

Next, we consider the case 6 > 0 in (1). In this case, we have
lu®)llz2 = e |luollz2, t € [0,T5 (ua)), (2)

but the energy E is no longer conserved nor decreasing. In fact, we have

9 Bu(t) = K (1), 3
K(w) = [Vl ~ i

M. Tsutsumi [5] proved that when p > 1+ 4/n, we have T (ug) < oo if
ug € HY(R") satisfies zug € L*(R™), E(up) < 0 and

2p—1)0 zug || U
(p—l)n—4” ollz2 + V(uo) <0,

where

V(u)=—4Im [ z-Vu(z)u(z)dz.

Rn
The proof in [5] is based on the identities:

leu(t) s + 28 ou(e) [ = V), (4)
V() + 26V (u(t) = 16P((t)), (5)

For the case p = 1+ 4/n and 6 > 0, numerical simulations suggest the
existence of finite time blowup solutions of (1) (see [3]), but it is an open
problem whether there exist finite time blowup solutions for this case.

We state our main results in this note.

Theorem 1 Assume that 14+4/n < p < 1+4/(n—2). For any uo € H'(R™)
there exists 6*(ug) € [0,00) such that Ty (ug) = oo for all 6 > §*(uy).



Remark 1 A similar result to Theorem 1 is mentioned in [4, p.98] without
proof.

Remark 2 By reading the proof in [5] carefully, we have the following: When
p > 14 4/n, for any vy € H*(R") satisfying zuy € L*(R™) and E(ug) < 0,
there exists d;(ug) > 0 such that T3 (ug) < oo for all § € [0, 61 (uo)]-
Remark 3 It is proved by Cazenave and Weissler (see [2, Corollary 2.5])
that when p > po(n), for any uy € H*(R") satisfying zug € L*(R™) there
exists b*(ug) € [0, 00) such that Tg (e®**ug) = oo for all b > b*(ug), where

_n+2—l—\/n2-|—12n+4
— o .

Note that 1 < pg(n) < 14 4/n. The proof of Theorem 1 is based on the
argument in the proofs of Proposition 2.4 and Corollary 2.5 of [2].

po(n)

Proof of Theorem 1 (Outline) Let Us(t) be the propagator for the linear
equation:
i0u + Au+idu =0, (t,z) € [0,00) x R™. (6)

The Cauchy problem for (1) with u(0) = ug € H'(R™) is equivalent to the
integral equation:

u(t) = Us(t)ug + i/o Us(t — s)|u(s)|P" u(s) ds. (7)

Since Us(t) = e~ %Uy(t), as in Proposition 2.4 of [2], we have T} (ug) = oo if
\Us(-)uol| a(0,00;r+1) is sufficiently small, where
-1+
4—(n-2)(p-2)

Moreover, by the dominated convergence theorem, for any uy € H'(R") we

have

611{120 ||U5(')u0||L“(0,oo;LP+1) = 0.
This completes the proof. [
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§1. Introduction

The Maxwell-Schrodinger system (MS) in space dimension 3 describes the time evolu-
tion of a charged nonrelativistic quantum mechanical particle interacting with the (clas-
sical) electro-magnetic field it generates. We can write down this system in usual vector

notation as follows:

10 = (—Ax + P)u, (1.1)
—~A¢ — 0, div A = p, (1.2)
OA+ V(0ip + div A) = J, (1.3)

where (u,$,A) : R*™ — Cx Rx R*, V) =V —iA, Ay = Va2, p = |u?, J = 2Im aVju.
Physically, v is the wave function of the particle, (¢, A) is the electro-magnetic potential,
p is the charge density, and J is the current density. The system (MS) formally conserves
at least two quantities, namely the total charge 2 = ||ul|3 and the total energy

1 1
& = |Vaully + 5196+ B3 + 3 xot Al

The system (MS) is gauge invariant and we study it in the Coulomb gauge divA = 0, in
which we can treat the system most easily. In this gauge, (1.2) and (1.3) become

—A¢p=p, OA+VOP=J (1.4)
The first equation of (1.4) is solved as
¢ =¢(u) = (=A)"'p = (dnfz|) ™" * |ul*



and the term V0;¢ in the second equation is dropped by operating the Helmholtz pro-
jection P = 1 — Vdiv A~! to the both sides of the equation. Therefore in the Coulomb
gauge the system (MS) is rewritten as

10 = (—A4 + ¢(u))u, (1.5)
OA = PJ, (1.6)

which is referred to as (MS-C). To solve (MS-C) we should give the initial condition
(u(0), A(0), 0,A(0)) = (ug, Ao, A1) (1.7)
in a direct sum of Sobolev spaces
X7 = {(ug, Ag, A1) € H* ® H° @ H° ';div Ay = div A; = 0}.

Several authors study the Cauchy problem and the scattering theory for (MS-C).
Nakamitsu-M. Tsutsumi [10] showed the time local well-posedness for (MS-C) in X7
with s = 0 = 3,4,5,.... In fact, they treated the case of Lorentz gauge, but the
Coulomb gauge case can be treated analogously. We can easily refine their condition as
s = o0 > 5/2 by the use of fractional order Sobolev spaces and the commutator estimate
by Kato-Ponce [8]. Recently Nakamura-Wada [11] showed the time local well-posedness
for wider class of (s, o) including the case s = 0 > 5/3 (precisely see the remark for Theo-
rem 1). On the other hand, Guo-Nakamitsu-Strauss [6] constructed a time global (weak)
solution in X! although they did not show the uniqueness. Indeed, in the Coulomb
gauge the energy takes the form

1 1 1
& = [ Vaul + 19613 + S10.A18 + SV AJZ,

and hence ||(u, A, 9;A); X11|| does not blow up. Therefore the global existence is proved
by parabolic regularization and compactness method. For the scattering theory, the
existence of modified wave operators was proved by Y. Tsutsumi [14], Shimomura [12],
and Ginibre-Velo [4, 5]. However these results dose not mean the existence of global strong
solution since their solution to (MS-C) exist only for ¢ > 0 [12, 14] or for ¢t > T [4, 5],
where T is a sufficiently large positive number.

As we summarize above, there are many results for the Cauchy problem both at t =0
or t = oo. However there are no results concerning the global existence or blow up of
strong solutions even for small data. The aim of this talk is to answer this problem.
Shortly, we prove the global existence of unique strong solutions. To do this, we use a
priori estimates derived from the conservation laws of charge and energy, and hence it
is desirable to show the local well-posedness in lower regularity. The following theorem
does not cover the result for the energy class H!, but it is sufficient for our aim.



Theorem 1. Let s > 11/8, 0 > 1 and
max{s — 2; (2s — 1)/4} < o0 < min{s + 1;3s/2; 7(2s — 1) /6}

with (s,0) # (2,3),(7/2,3/2). Then for any (uo, Ao, A1) € X*7, there exists T > 0
such that (MS-C) with initial condition (1.7) has a unique solution (u,A) satisfying
(u, A,0,A) € C([0,T); X*°). Moreover if o > max{(s — 1), (2s + 1)/4} with (s,0) #
(5/2,3/2), then the map (uo, Ao, A1) — (u, A, 0, A) is continuous as a map from X*° to
C((0,T1; X*7).

Remark. (1) T depends only on s,0 and ||(uo, Ao, A1); X*7||.

(2) For any s and o satisfying the assumption above for the unique existence of the
solution, the map (uo, Ao, A1) — (u, A, ;A) is continuous in w*-sense. Namely if a se-
quence of initial data strongly converges in X*7, then corresponding sequence of solutions
also converges star-weakly in L*°(0,7; X*7).

(3) In [11], we also assume s > 5/3 and 4/3 < o < (5s — 2)/3 with (s,0) # (5/2,7/2).
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FIGURE 1. For (s,0) in the blue region the unique existence of solutions

has already proved in [11] and in the present work the result is extended
in the red region.

By relaxing the assumption for the local theory, we can show the global existence.



Theorem 2. The solution obtained in Theorem 1 exists time globally.

In this abstract we use the following notation: For a Banach space X we put L1.X =
L4(0,T; X). Similarly we use the abbreviation C7*.X = C™ ([0, T]; X). Mz =, CIHo—I
and its norm is defined as || A; M7 || = maxo<j<m [0} A; L HO|.

§2. Preliminaries

In this section we summarize lemmas used in the proof of Theorems 1 and 2. The first
one is a covariant derivative estimate, whose proof is done by the use of the Gaglialdo-
Nirenberg inequality.

Lemma 1. Let A € H' N L satisfy div A = 0. Then the following estimates hold for
any v € H?:
IVaws HH|| S (1145 H [} [|o; H), (2.1)
llos B[ + (1145 H () loll2 = [1A0]l2 + {14 HH )0 (2.2)
Next we introduce Strichartz type estimates for Klein-Gordon equations (see for ex-
ample [1, 2, 3, 13]).
Lemma 2. Let T > 0, 0 € R and let (g;,7;), j = 0,1, satisfy 0 < 2/q; =1—2/r; < 1.
Then a solution A to the equation (O + 1)A = F satisfies the estimate
max |0 A; LT H7 2| < [(A(0), 0,.A(0); H” @ H™| + || F; L8 HIT (23)
Usual Strichartz estimates for Schrédinger equations does not match the equation (1.5)
since we cannot avoid the loss of derivative coming from 2:A-Vu. In the present work we
use a variation of Strichartz estimates introduced by Kenig-Koenig [9] for Benjamin-Ono
type equations and by J. Kato [7] for Schrodinger equations, with a slight improvement
(They need u € L H*" and the present authors removed ).
Lemma 3. Let T >0, a >0 and s € R. Then a solution u to the equation
0w =—-Au+f, 0<t<T,
satisfies the estimate

lws LR HG || < llus LFH®|| + T2 f; L. (2.4)
83. Sketch of proof

In this section we shall sketch the proof of Theorem 2, from which we can also under-
stand the essence of the proof of Theorem 1. For simplicity, we restrict our attention
to the case s =2, 0 < 0 — 1 < 1/9. In this section we fix a positive number § so that
0<d<(0—1)/2and put 1/g=1/2—26/3,1/r = 2§/3. We begin with the following a
priori estimates.



Lemma 4. Let (u, A,0,A) € CrX*>° be a solution to (MS-C) obtained in Theorem 1.
Then the following estimates hold.

(u, A, 8,A); L¥(H ® H' @ L*)|| < C, (3.1)
|45 LF L] < C(T), (3-2)
I4; LELT|| < C(T)?, (3-3)
s L3> ™*l| < (T, (3.4)
14; Mz7|| < C(T)°. (3.5)
The constants C depend only on ||(ug, Ao, A1); H' & H' & L?|.

Proof. We easily obtain (3.1) by the conservation laws of charge and energy. We obtain
(3.2) by the energy inequality for the wave equation and (3.1). We obtain (3.3) by
Lemma 2 together with (3.1)-(3.2). We obtain (3.4) by the use of Lemma 3, for

s L3 Hg ™| < llu; L HY|| + T2[12iA - Vu o+ |APPu + gu; L3 H)|
SAT) Ml LE H (1A LELT|| + || A5 LEHY + |lu; LEH'|?).
Finally we obtain (3.5) by Lemma 2:
14; M7 || S ([(Ao, Av); HO @ HO ™M + (| A; LRH | + (| PJ; Ly Hy )|
and the last term in the right-hand side is estimated by
o0 [e.e] —5
(T) s LFH (11 A; L H | s Lg-Hg ™|

Thus we have obtained the lemma. [

We proceed to the estimate of solutions to the following linear Schrodinger equation,
namely in the following lemmas we regard A and u as known functions defined on 0 <
t<T:

0w = (—A4q + p(u))v, 0<t<T, (3.6)
v(0) = . (3.7)

Lemma 5. Let A € My" with divA =0 and let w € CR¥H'. Letv € CrH? be a solution
to (3.6). Then v € L2HS*™ and satisfies the estimate

-6 m oo T m r 0o 00
lo; L3HE || S ()™ (145 LR H )™ (11 4; LELT|| V |lo; LS H %) |o; L ]|
Proof. Applying Lemma 3 to (3.6), we obtain
los LRHG I S o LRH? || + TV2|12A - Vo + [APo + go RH ). (38)

By the Leibniz rule we have ||A - Vu; H=2|| < || 4; H(}_%”HVUHT + ||A||r||Vv;H;_25H_
Applying the estimate | Vo, < |jv; H2||*|lv; HS*7°|*=*, o = 26/(1 — 25), derived from



the Gagliardo-Nirenberg inequality, we obtain
T2\ A Vo; LLH | S e Jo; L H || + €7V A; LP B ||/ |lv; Ly H?)|
+ TV A LEL|||o; LR H?).

We choose € > 0 so small that the first term in the right-hand side is absorbed in the
left-hand side of (3.8). Another terms can be treated more easily. Thus we obtain the
lemma. [

Lemma 6. Let A € My with divA =0 and let u € C®°H'. Then there exists a unique
solution to (3.6)-(3.7) belonging to CrH?* N CLL%. Moreover the solution v to (3.6)-(3.7)
satisfies the following estimates:

lv; LF H?|| < Cllvo; H?||(|| A; LEH|[)*
x exp{C(TY (|| A; Mp? || V [|A; LELT|| V Jlus LEHH )™ (3.9)

Here | and m are positive numbers.

Proof. For simplicity we only prove the estimate (3.9). The conservation law ||v(t)||s =
|lvo]|2 immediately follows from the equation (3.6). Taking Lemma 1 into account, we
estimate

lvs H3 || = [|Avll2 + (B)*||v]l2

instead of ||v; H?||, where R = || A; LS H'||. Taking the time derivative of A4v and using
the equation (3.6), we find the equation for Ajv:

10,840 = (—An + &) Asv + 20, A - Vav + [Ay, Plv. (3.10)
Therefore standard energy method shows that
llv; LrHAI < llvo; H, |l + [120.A - Vav + [Aa, ¢lv; Ly L?||.
Similarly as in the proof of Lemma 5, we have

18, A - Vav|s S ellv; HY* ||
+ {29, A: HO Ve 4 |0, A; HOU AL o B2l (3.11)

We can easily handle the term [A4, ¢]v by the Hardy-Littlewood-Sobolev inequality.
Therefore

o3 L3 S llvo; H |
T
b [0 B 0.5 HO AL + s B Hlos
0

+ TY?||v; L2HE™ | dt.



Taking Lemma 5 into account, we choose the positive number ¢ so small that the last
term in the right-hand side is absorbed in the left-hand side. Then we obtain an integral
inequality for ||v; H3||. Applying the Gronwall inequality we obtain (3.9). [

Proof of Theorem 2. The solution (u,A) to (MS-C) clearly satisfies the estimate (3.9)
with v = u, vg = ug. Therefore the global existence follows from Lemma 4. [
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On the existence of standing waves for the
Maxwell-Schrodinger equations
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1 Introduction and main results

In this talk we consider the existence and the multiplicity of solutions to the
following elliptic system:

1
—?&u—kwu—l—e@u— JulP~tu = 0, (1)
—A® = 4ren® in R, (2)

where u, ® : R? = R, w,e>0,and 1 <p<5.
The motivation to study the system (1)—(2) stems from the following
Maxwell-Schrédinger equations:

0 = 2 (V- ieA) b+ ed — [pP e, ©
—div<V¢ + %%) — dme|y|?, (4)
(60,0 + eAlP) + o (5 (Vo + 5 ) +V x (Tx A)) =0 (5)

in R x R3,

where ) : RxR? - C, ¢: RxR} =R, and A: R x R® — R%.
We are interested in the standing wave solutions in the electrostatic case,
that is,
Y(t,z) = e“'u(z), ¢(t,z) = ®(z), A(t,z) =0.
Then the equation (5) is automatically satisfied and the equations (3) and
(4) become the system (1)—(2).



We give several notation. We define the function space H'! by the usual
Sobolev space equipped with the norm

lullar = (/IVU|2 + 1%|2d$> 1/2-

We define the function space D' by the completion of C§°(R?) with respect

to the norm
1/2
lullpre = (/|Vu|2dx) |

Many authors have studied the existence of the standing wave solu-
tions for the Klein-Gordon, Dirac or Schrodinger equation coupled with the
Maxwell equations in the electrostatic case (see e.g. [3], [4], [5], [7], [8], [9],
[10], [11], [12], [15], and [17]). In the case where the vector potential A is not
identically zero, Georgiev and Visciglia [15] prove a non-existence result for
the Klein-Goldon-Maxwell equations. We recall several known results about
the system (1)—(2). Coclite [8] proves that the system (1)—(2) has infinitely
many radially symmetric solutions in H! x D2 when 3 < p < 5. D’Aprile
and Mugunai [10] show that the system (1)—(2) has no nontrivial solution in
H' x D2 when 0 < p < 1or5 < p. On the other hand, D’Avenia [12] shows
the existence of non-radially symmetric solution in H' x D2 when 3 < p < 5.
Recently, Ruiz [17] shows that there exists a constant € > 0 sufficiently small
such that the system (1)—(2) has a family of solutions (u(e), ®(e), e) bifur-
cating from (ug, ®g,0) if e < &. Here, the function ug is the unique positive
radially symmetric solution to the following scalar field equation:

1
—§Au +u—|uffu=0 inRY,

and the function ® is the unique positive radially symmetric solution to the
equation (2) with v = wuy. In this talk we consider the existence and the
multiplicity of solutions to the system (1)—(2) when 1 < p < 3. Our main
results are the following:

Theorem 1.1. Assume that w > 0 and 1 < p < 3. For each m € N, there
exists a positive number e, > 0 such that if 0 < e < ey, the system (1)-(2)
has at least m radially symmetric solutions in H' x D%2. In particular, we
can take e; = 400 when 2 < p < 3.

Theorem 1.2. Assume that w > 0. For each p with 1 < p < 2, there exists
a positive number eg > 0 such that if e > ey, the system (1)-(2) has no
nontrivial solution in H' x D12



We shall prove our theorems by the variational method. We define a
functional J, € C*(H',R) by

/|Vu|2dx—}- /|u|2d:v—|— /\:1:] 1, )|u|2da:——/|u|p+ldx

Then we deduce that a pair of functions (u, ®) is a solution to the system
(1)—(2) if and only if the function w is a critical point of the functional J, and
the function ® satisfies ¢ = e|z|™! * u? (see Section 2). Using the mountain
pass theorem, Coclite [8] shows that there exist infinitely many critical points
of the functional J.. We need the following Palais-Smale condition to use the
mountain pass theorem.

Definition. Let £ be a Banach space and assume that I € C'(E,R).

(i) We say that a sequence {u,} is a Palais-Smale sequence (PS sequence,
for short) associated with the functional I if and only if there exists
a constant M > 0 such that |I(u,)| < M and I'(u,) — 0 in E* as
n — oo. Here, I'(+) is the Fréchet derivative of I(-) and E* is the dual
of E.

(ii) We say that the functional I satisfies the Palais-Smale condition (PS
condition, for short) if any PS sequence has a convergent subsequence.

To show that the functional J, satisfies the PS condition, we need to obtain
the boundedness of a PS sequence. In fact, if {u,} is a bounded PS sequence
for the functional, we deduce that there exists a convergent subsequence
(see Lemma 3.3). We find that every PS sequence is bounded in H* when
3 < p < 5. Indeed, if {u,} is a PS sequence for the functional J,, then we
have

(P+1)M + [lunllz > (p+ 1) Je(un) — (Jo(un), un)

> ————/|Vun|2dx—|— ———/\un| dx

+~—— (|~ *u”)ul*dz

> ——-/]V n|2dm—|—~———/|un| dz

> C||Un||H1,

since 3 < p < 5. It follows that {u,} is bounded in H'.
However, it seems difficult to obtain the boundedness of a PS sequence
when 1 < p < 3. To overcome this difficulty, we invoke Struwe’s argument



(see e.g. [19], [20], and [21]). For A € [1/2,1], we consider a family of
functionals J, » defined by

Jox(u) = / Vuldo+? / 2z~ / 2|1 )|u|2d:1:—— / ufP*ds,

Using Jeanjean’s result [16], which is based on Struwe’s argument, there
exists a sequence {(uj, \;)} C H* x [1/2,1] such that

i) \j > 1asj— oo,
(ii) u; is a critical point of the functional J ;.

In other words, a pair of functions (u;, e[|~ *u3) is a solution to the following
parameterized system:

1
—iAu+wu+e®u— AjlulP~lu =0, (6)
—A® = 4reu® inR3. (7)

2) is a solution to the system (6)—(7), we

From the fact that (uj, e|z|™" * u
know that u; satisfies the Pohozaev identity (see Lemma 3.5). Using the
Pohozaev identity, we show that the sequence {u;} is bounded in H'. Then
there exists a subsequence {u;} (we still denote by {u,}) and a function u
such that u; — w in H' as j — oo. We deduce that the function u is a
critical point of the functional J.; = J.. In a similar way, we find that
for any m € N, if the constant e > 0 is sufficiently small, then there exist
solutions {u*}7 , satisfying J,(u!) < J.(u?) < ... < J,(u*). Then we can
prove the multiplicity of solutions to the system (1)—(2).

To prove Theorem 1.2, it is enough to show that there exists a constant
e such that if e > € then (J!(u),u) > 0 for all w € H'. To show this, we use
the fact that the function |z|™! * u?, which is the unique positive solution to
the equation (2) with e = 1, is a minimizer of

. 1 2 2
— —4 .
¢€1%f1,2{2/|V¢| dz w/u ¢dx}

2 Variational setting

In this section we prove some preliminary results concerning the variational
structure for the system (1)—(2). We may assume that w = 1 without loss



of generality. The system (1)—(2) is the Eular-Lagrange equations of the
functional F, : H' x D%? — R defined by

u, §) :1/|vu|2dx- —1—/|V¢|2dx—|——§/q5|u|2dx+%/|u|2d:v

~ i1 /]u\p“d:v

In other words, a pair of the function (u, @) is a critical point of the functional
F, if and only if (u, @) is a solution to the system (1)—(2). For each u € H*,
the function e|z|™! x u?> € H' is the unique solution to the equation (2). We
define a functional J, : H* — R by

Jo(v) = F,(u,e|z| ™ * u?)

1 2
—/|Vu[2d:v+ —/\u|2dx+ %/(Ixrl  u?)|u|?dr

Cp+l /lulpﬂdx

Then we find a relationship between a critical point of the functional F, and
that of the functional J,:

Proposition 2.1. The following statements are equivalent.

(i) A pair of functions (u, ) € H' x DY? is a critical point of the functional
F,.

(ii) A function u € H' is a critical point of the functional J, and a function
¢ satisfies ¢ = e|x|™! * u?

For the proof of Proposition 2.1, see Proposition 3.5 in [4]. From Propo-
sition 2.1, it is enough to find a critical point of the functional J, to prove
the existence of a solution to the system (1)—(2). Since the functional J, is
invariant under the transformation u(x) — u(z + a) for any a € R3, there
is a lack of compactness. To overcome this difficulty, we restrict ourselves to
the space radial functions u(z) = u(r), r = |z|. More precisely, we consider
the functional J, on the subspace H! = {u € H' | u(z) = u(|z|)}. We recall
the subspace H is compactly embedded in L7 when 2 < ¢ < 6 (see e.g. [6],
[18]). Then, we can show the following lemma.

Lemma 2.2. Any critical point u € H} of the functional Je|my is that of the
functional J,.

For the proof of Lemma 2.2, see Lemma 4.2 in [4].



3 Proof of Theorem 1.1

We first show the existence of solution. To show the existence, we make
an approximate solution for the system (1)—(2). We consider a family of
functionals J, , € C'(H',R) defined by

1 2 w 2 e’ —1, 2 p+1
=1 |Vul dx+—2~ lul d:v—i—z (|z| ™ %u?) |u) dw—— lulPTd,

for A\ € [1/2,1]. We prove that there exists a critical point of the functional
Jex for almost all A € [1/2,1]. To prove this, we use the following theorem
which is due to Jeanjean [16].

Theorem 3.1. Let X be a Banach space equipped with a norm ||-||x and let
L C R be an interval. We consider a family {I\}rer, of C* functionals on
X of the form

I\(u) = A(u) — AB(u) forall\ €L,

where B(u) > 0 for all w € X and either A(u) — +oco or B(u) — +o0o as
|lu|| = +o00. We assume that there exist two functions vy, vy € X such that

cx = inf max I(y(t)) > max{I\(v1), Ix(ve)} forallX € L,

~v€T te€(0,1]

where T' = {y € C([0,1],X) | 7(0) = v1,7(1) = ve}. Then, for almost all
A € L, there eists a subsequence {v)} C X such that

(i) {v)} is bounded in X,

(ZZ) [)\( ) — C),
(iii) I3 (v)) =0 in  X*, where X* is the dual of X.

From Ekeland’s principle [13], we know that if the functional I € C*(X, R)
has the mountain pass geometry, there exists a PS sequence for the functional
I. On the other hand, Theorem 3.1 implies that if the functionals I, satisfies
the assumption of the theorem, there exists a bounded PS sequence for the
{I,} for almost all A € L.

We explain the reason why there exists a bounded PS sequence for almost
all A. Since the map A — ¢, is non-increasing, the derivative ¢}, = dc, /0 ex-
ists for almost all A € L. Roughly speaking, there exists a constant M (cy, c})
such that |[v)|| < M(cy, c))-

We use Theorem 3.1 with X = H}!, L = [1/2,1], and I, = J, We can
find that B(u) = (p+1)7" [|u[P*'dz > 0 for all w € H} and that A(u) =
471 [|Vul> 4271 f|u|2da: + €47t [(|z]| 7! * u?)|u|?dz — +oo as ||ul| g1 — oo.
From the next lemma we know that the functional J, satisfies the assumption
of Theorem 3.1.



Lemma 3.2. (i) Let 2 < p < 3. For any e > 0, there exist functions
v1,vy € HY satisfying ¢y > max{J, »(v1), Jer(v2)} for all X € [1/2,1].

(ii) Let 1 < p < 2. There exists € > 0 such that if e < & then there exist
two functions vi,vy € H! satisfying cx > max{J.(v1), Jex(v2)} for all
e [1/2,1].

From Theorem 3.1 and Lemma, 3.2, we deduce that there exists a bounded
PS sequence {u)} for the functional J, , for almost all A € [1/2,1]. The next
lemma, follows from the fact that H} is compactly embedded in L? when
2 <q<6.

Lemma 3.3. Let A € [1/2,1]. Assume that {u,} is a bounded PS sequence
for the the functional J. . Then there exists a convergent subsequence of

{un}.

For the proof of Lemma 3.3, see Theorem 3.3 in [10].

From Lemma 3.3, there exists a subsequence of {u}} (still denoted by
{u}}) and a function u* such that u) — u* strongly in H} as n — co. Since
the functional J,x € C'(H},R), we have J»(u*) = ¢y and J},(u*) = 0 in
H'. That is, u* is a critical point of the functional J, , and its critical value
is cy. Therefore, we can choose {u;,A\;} C H, x [1/2,1] such that u; is a
critical point of the functional J,»; and A; — 1. Using the fact that u; is a
critical point of the functional J, »;, we can show the following lemma.

Lemma 3.4. The sequence {u;} above is bounded in H;.

To prove Lemma 3.3, we use the following the Pohozaev identity which
is due to D’Aprile and Mugnai [10].

Lemma 3.5. Assume that u is a critical point of the functional J.x with
A € [1/2,1]. Then u satisfies

/|vu|24x+ /\u| d:v+———/ 2]« |u|2da:—-—————/|u|p+1dx—0

Proof of Theorem 1.1. We prove only the existence of a solution. We claim
that the sequence {u;} is bounded PS sequence for the functional J,; = J.
Indeed, we have

()] < [er(ug)] + (1= Ay) / ;P

<oy + el = Ag)ul[ -



Since the sequence {u;} is bounded in H' and A\; — 1 as j — oo, we have
|[Je(u;)| < cr + 1. Similarly, we find that J;(u;) — 0 in H~!. Therefore,
{u;} is a bounded PS sequence. From Lemma 3.3, there exists a function
ug € H} such that u; — ug strongly in H;. Therefore ug is a critical point
of the functional J,. O

We show the multiplicity of solutions to the system (1)-(2) following
Zou [23]. Let {e;} be an orthonormal basis of H}. We set Y; = EB?ZI span{e; }
and set By = {u € Yy | ||ullzm < px} for pr > 0. By a argument similar to
that used in the proof of the existence, we deduce that for each m € N, there
exists a constant e, such that if e < e, then J, has a critical points {u*}7* ;.
Furthermore we find that for each £ =1,2,...,m,

k- o
Jo(u") = inf max Je(y(u)),

where I' = {y € C(By, H}) | vis odd and 7|sp, = id} . We define a func-

tional J by

- 1 1
J(u) = Z/IVUde—l- %/|u|2dx - 2ﬁ_—1/|u|p+1dﬂv.

From the definition of the functional J, we find that J,(u) > J(u) for all
u € H'. The positive number inf,cpr max,ep, J(v(u)) is independent of the
constant e(< e,,) and we know that inf,cr max,ep, J(v(u)) = 400 as k —
+oo (see e.g. [23], [22]). Therefore we deduce that for any m € N there
exists a m radially symmetric solutions {u*}7 | satisfying J,(u') < J.(u?) <
ey < Je(u™).

4 Proof of Theorem 1.2

In this section, we give a proof of Theorem 1.2. To prove Theorem 1.2, we
need the following well-known lemma.

Lemma 4.1. For every u € H, the function |z|~! x u*>(€ D'?) achieves the

minimum: .
. + 275 2
¢énf1,2 (2 /|V¢] dx 47r/u qzﬁda:) :

The proof can be found in [14]. This lemma follows from the fact that
the function |z|~! x u? is a solution to the equation (2) with e = 1 for each
u € H'. Now we are in a position to prove Theorem 1.2.



Proof of Theorem 1.2. It is enough to show that there exists a positive num-
ber ey for which

(J!(u),u) >0 holds for allu € H'\ {0} (8)

if e > 9. We shall show (8). For each u € H' \ {0}, we deduce that
(T (), 1) = / Vultds + / uf2dz + ¢ / (12|~ uf2dz — / P dz

/|Vu|2dx+/|u|2dx
+ €’ (—— 1%52{ /|V¢|2 47/ 2¢dx}) /|u|p+1dx

where we used Lemma 4.1. Setting ¢ = e'u € H', we have

(Jo(u),w /IVUIde—I-/Iu]zd:U—— —/quFda:-i—e/]uﬁdx /|u|p+1da:
— (Z — S—W)/WuIQdm+/|u|2dx+e/|u|3dx - /|u|p+1dx.

Since 1 < p < 2, there exists a positive number ey such that s2+es3—sPt! > 0
for all s > 0 and all e > ey. Therefore we have proved (8). This completes
the proof. O
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Scattering for the Gross-Pitaevskii equation’
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ABSTRACT

The Gross-Pitaevskii (or Ginzburg-Landau-Schrodinger) equation models the Bose-
Einstein condensation. It is formally equivalent to the usual nonlinear Schrodinger
equation with the defocusing cubic nonlinearity, but physically natural solutions are
perturbation from equilibria that do not decay at the spatial infinity. We investigate
behavior of such solutions for large time from the view point of the scattering theory.

1. INTRODUCTION

We consider time-global behavior of a class of solutions to the defocusing cubic
nonlinear Schrodinger equation:

i+ Ap = |p|p, (1)

where ¢(t,z) : R1*% — C and d € N. There are a lot of works on the time asymptoic
behavior for this equation, where the solutions are usually supposed to decay at the
spatial infinity, such as u(t) € H*(R?) for some s € R. In other words, the solutions
are close to the trivial solution 0. However this assumption is not always relevant
to the physical phenomena which the solutions are expected to describe.

A typical example is the Bose-Einstein condensation, where the other trivial solu-
tion e~ corresponds to the equilibrium of perfect condensation. Hence the natural
class of solutions are small perturbation of the equilibrium given by

p=e"p, P —1(lz] - o) (2)
The equation for 9
19+ Ay = (|9 — 1)y (3)

is called the Gross-Pitaevskii equation in such context as the superfluid and the
superconductors. Further substituting 1) = 1 4 u, we obtain the equation for wu:

i+ Au=2Reu+ (u+ 2 + |u*)u. (4)

The global existence of solution u in H' has been proved in [3] for d < 3. It is also
known that there exist traveling vortex rings of the form v(¢, ) = v(z —ct) for d > 2
[3, 2,4, 11]. Thus the global behavior of general solution could be quite complicated,
but it can be expected that small solutions v would behave like linearized solutions.
We would like to study the asymptotic behavior of small perturbation u by the
scattering theory. For that purpose, we further transform the equation by

-A
u="Vv:= mReu-!—iImu, (5)
such that the linearized flow preserves the L? norm. The equation for v is given by
iv — Hv = —iV " i(u + 24 + |u|?)u, (6)

!This talk is based on the joint work with Stephen Gustafson and Tai-Peng Tsai [23].



where H = \/—A(2 — A). The main difficulities compared with the usual Schrodinger
equation are

1. invariances destroyed (gauge, dilation and Galilean invariances are all fixed by
the boundary condition)
2. singularity at the Fourier origin due to V!

We can resolve the second difficulty by the Strichartz estimate with additional
gain at the Fourier origin, and a sort of normal form in the low frequency.

2. MAIN THEOREMS

For d > 4, we obtain small data scattering in some Sobolev spaces.

Theorem 1. Letd >4, s=d/2—1 and |o| < (d—3)/2—1/d. There ezists 6 > 0
such that if UV u(0)||gs < 0 then the solution u of (4) exists globally in time
and satisfies

107V @) [s S WUV u(0)] e (7)
Moreover, there exist vo. € U~ H® such that
107 (V™ u(t) — e o) |lgs — 0, (¢ — +00) (8)

For d = 3, we can construct the wave operators.
Theorem 2. Let d = 3. There exists § > 0 such that if vy € H' satisfies

tU+||L2mt—1/2L3 <6 (9)

sup || e
£>1

then there exists a global solution u of (4) satisfying
[Vta(t) = o2 — 0 (= o0) spt VOl S5 (o)
t>1

(9) is satisfied for example if v, is sufficiently small in L?/2. The key ingredients
of our proofs are the LP decay estimate

le™ ™l g, St U] o, (11)
5 q",2

where 2 < p < o0, =1/2—1/pand U = \/—A/(2— A), and the normal form
transform u — w = u + P|u|?/2, where P denotes a high frequency cut-off.
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ALMOST NONEXISTENCE OF ASYMPTOTICALLY
FREE SOLUTIONS FOR SOME QUADRATIC
NONLINEAR SCHRODINGER EQUATION IN TWO
DIMENSIONS

AKIHIRO SHIMOMURA

1. INTRODUCTION AND THE MAIN RESULT

This talk is based on [9]. We study the asymptotic behavior on time
of solutions for the nonlinear Schrédinger equation with the quadratic
nonlinearity in two space dimensions:

1
i0pu + §Au =Aul’, (t,z) € R xR? (1.1)

where u is a complex valued unknown function of (¢, z), and A € C\{0}.
In this talk, we show the almost nonexistence of asymptotically free
solutions for the equation (1.1). More precisely, we show that if there
exist a T > 0, a final state uy € H%? and a solution u € C([T, 00); L?)
for this equation such that u approaches the free solution U (t)uy in L?
with a suitable convergence rate, where U(t) = e?2/2 as t — oo, then
uy is identically zero. This implies the almost nonexistence of wave
operators for this equation on L2.

There are several results on the large-time behavior of solutions to
the nonlinear Schrodinger equation with non-gauge-invariant quadratic
nonlinearities

1
10U + §Au = Mu? + Mt + Aslul?, (t,z) € R x R, (1.2)

where A, A2 and A3 are complex constants. In four space dimensions,
the scattering operator to the equation (1.2) exists for small data in
the energy class (see, e.g., Kato [6]). In three space dimensions, by
introducing similar function spaces as in Ozawa [8] and Ginibre-Ozawa
[1], we can show the existence of a unique asymptotically free solution
to this equation. Furthermore, recently, Hayashi and Naumkin [3] ob-
tain a sharp asymptotic behavior of solution to the final value problem
of this equation and time decay rate t=/2 of this solution in L. In
three-dimensional case, Hayashi, Mizumachi and Naumkin [2] showed
the existence of unique small global solution to the initial value prob-
lem to (1.2) with A3 = 0 which decays like +73/2 in L, and proved that
this solution has a free profile. In two space dimensions, when A3 = 0,
the existence of wave operators to the equation (1.2) was shown in



[5, 7, 10] for small final states u, satisfying u, € H%?>N H 0 with suit-
able § > 0. Recently, in two-dimensional case, Hayashi and Naumkin
[4] showed that when

A3 A

=2 A= 22 1.3
1 2 2)\3a ( )

for a given small final state u, € H%*N H? with 4. (0) = 0, there exists
a unique solution u to the equation (1.2) satisfying

=0(t™),

H2

u(t) — U(t)uy — i3 /too \U(s)uy|*ds

as t — o0o. Because their method depends on special properties of their
nonlinearity, that is, the condition (1.3), it seems that we can not apply
their method to the general case directly.

According to the author’s knowledge, there is no result on the large
time behavior of solutions for the equation (1.2) with A\; = Ay = 0 and
A3 € C\ {0}, that is, the equation (1.1), in two space dimensions. It
seems to be difficult to investigate it for the equation (1.1) in two space
dimensions, because the nonlinearity AJu|? does not have an oscillation
as the nonlinear terms u? and #2. In this talk, we show the almost
nonexistence of asymptotically free solutions for the equation (1.1),
that is, the almost nonexistence of wave operators to this equation.
More precisely, we show that if there exist a T" > 0, a final state
uy € H% and a solution u € C([T, 00); L?) such that u approaches the
free solution U(t)uy in L? as t — oo, then wu, is identically zero.

Before stating our main result, we introduce several notation.

Notation. For 1) € &', we denote the Fourier transform of w by vf)
For ¢ € L*(R™), v is represented as

A

»(€) = (2m)™"/? | Yla)e "t ds.
For m,s € R, we introduce the weighted Sobolev spaces:
H™ = [ € 8 [llame = (1 +[2]2)2(1 = A)™2y||1 < oo},
We denote H™® by H™. We introduce the following propagator:
U(t) = A2,
B(a, R) denotes the closed ball in R? centered at a with radius R.

The main result is the following:

Theorem 1.1 ([9]). Assume that there exist a constant T > 0, a final
state u, € H%? and a solution u € C([T,00); L?) to the equation (1.1)



satisfying
[u(t) = Ut)us |z = O(t™), (1.4)

oo 1/4
([ 1) = Ueuslityas) - =oe=m, s
t
as t — 0o, for some e > 0. Then uy is identically zero.

Remark 1.1. We recall that the free solution U(t)¢ conserves the L2-
norm and decays as t~%/2 in L* in two space dimensions. In particular,
we see |U ()¢l 4 ((t.00).r4) = O(t71/4). The assumptions (1.4) and (1.5)
in Theorem 1.1 mean that the solution u for the equation (1.1) ap-
proaches the free solution U(t)uy slightly faster than the time decay
rates of the free solution in L2 and L*((t,00); L%), respectively.

Remark 1.2. The same result holds under the assumption
lu@®)llze =O(™"), t— o0 (1.6)

on the time decay rate of the solution u for the equation (1.1), instead of
the assumption (1.5) on a convergence rate in the space-time with the
admissible exponent of the Strichartz estimate for the two dimensional
Schrodinger equation. The condition (1.6) means that the solution u
for the equation (1.1) decays as fast as the free solution.

2. THE STRATEGY OF THE PROOF

We briefly explain the idea of the proof of Theorem 1.1. For the
detailed proof, see [9]. We prove Theorem 1.1 by the contradiction
argument. Let the assumptions in Theorem 1.1 be satisfied. We assume

that 4, is not identically zero, and we derive a contradiction. We set
f(u) = Mu|? with A € C\ {0}. Let t > 1. The final state u, and the
solution u in Theorem 1.1 satisfies the following integral equation:

u(t) = U(t)uy = z/ Ut — s)f(u(s))ds.
t
We can rewrite integral equation as
U(t) - U(t)U+ = ]1,1(t) + Il’Q(t) + Ig(t) -+ Ig(t),

where

Ral) =i [ fua(r)dr,
La(t) = %/too Ut — ) </00Af(ua(7))d7> ds,

S

i[wvu—@uuﬂ@m»—fWA@»m,
i[mU@~$waD—ﬂU@Mnﬂ&

I(t)

I

Is(t)



a(t, 2) = (U0 us)(2) = — iy (g) gilel*/2t,
i
(It is well-known that u, is an asymptotics of the free solution U (t)u. .)

Therefore we have
Jut) — U(t)u |z
2| L1 ()2 = (2|22 + L2822 + 1 15(2) ]| z2)-

I, 1 is a principal term in the right hand side in (2.1). We will estimate
1,1 by a strictly positive constant from below, and we will evaluate
I 5, Iy and I3 to show that they converge to zero in L?. We write the
principal part [; ; as an integral which does not include the propagator
U(t—s) in order to be able us to estimate the L2-norm of it from below.

Since u, is an asymptotics of the free solution U(t)uy and u con-
verges to U(t)uy by the assumption, it is easy to see that ||I5()|z2 and
|| 13(¢)|| 2 converge zero as t — oco. Because f(uq(t)) = A\t 2|iy (z/t)|?
does not oscillate, A f(u,(t)) decays sufficiently, which implies || I1 5(t)|| .2 —
0 as t — oco. We estimate I;; from below in the following way. Since
we assumed that 4, is not identically zero, there exists z, € R? such
that 4, (zo) # 0. Since 4, € H? and hence 4, is continuous, there
exist M > 0 and r > 0 such that |u,(z)| > M if z € B(xg,2r), where
B(xg,2r) is a closed ball in R? centered at z with radius 2r. We restrict
the integral region over B(tzo,tr) with respect to the space variable z
and over (t, (1 + r/|zo|)t) with respect to the time variable 7 so that
|ty (x/7)| > M in the integrand in ||I11|/r2. Using this estimate, we
can show that ||I1(¢)||z2 is bounded by a strictly positive constant
K from below. As mentioned above, we can estimate ||;1(¢)||z2 from
below because I; ; is represented as an integral which does not include
the propagator U(t — s). Therefore we see that when ¢t — oo, then the
right hand side of (2.1) converges to the strictly positive constant K.
On the other hand, by the assumption (1.4), the left hand side of (2.1)
converges to zero as t — oco. This is a contradiction. Therefore u is
identically zero.

(2.1)
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Nonlinear Schrodinger equation
with triple d-functions as initial data

Naovasu Kita

Miyazaki University

Abstract

We consider the Cauchy problem of the n-dimensional nonlinear Schréodinger
equation with superposed d-functions as initial data. We treat this problem case
by case, i.e., the cases in which the initial data consists of single, double and triple
d-functions, respectively. In particular, when the initial data consists of double
or triple d-functions, we observe that the generation of new modes appears in the
expression of the solution, which is visible only in the nonlinear problem. As for the
global existence in triple § case, the location of § functions causes some difficulty in
the a priori estimate.

1 Introduction and Main Results

We consider the initial value problem of the nonlinear Schrodinger equation like

{ 10 = —Au + I (u)

u(0,z) = (the superposition of ¢ functions)

(1.1)

where (t,z) € RxR" (n > 1), 8, = 0/0t and A = 8%/022 + 8*/0x% + - - -+ 0?/0x2. The
unknown variable v = u(t,z) takes a complex number. The nonlinearity A (u) is of the
gauge invariant power type given by

N@u)=|uf 'y withl<p<1+2/n.

The nonlinear coefficient A belongs to C (the set of complex numbers). In particular, if
ImA < 0, the nonlinear term causes dissipative effect. We mainly treat this initial value
problem by assuming that u(0, z) = pudo, u(0,2) = pedo + 164 or w(0,x) = peodo + 100, +
010, where &, denotes the well-known point mass measure supported at x = a € R™ and
Wy i, Mk (J,k = 0,1) are complex numbers.

From the physical point of view, the cubic nonlinearity (i.e., p = 3 which is excluded
in our assumption for mathematical reason explained later) frequently appears. For ex-
ample, (1.1) with A € R, n =1 and p = 3 is said to govern the motion of vortex filament
in the ideal fluid [10]. In fact, letting x(¢,z) be the curvature of the filament and 7(¢, z)
the tortion, we observe that u(t,z) = x(t,z)exp(i [§ 7(¢t,y) dy) (which is called ”Hasi-
moto transform” [10]) satisfies (1.1), where z stands for the position parameter along
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the filament. Our assumption is slightly away from the cubic nonlinear case because of
the mathematical reason given below. However, if one allows us to treat (1.1) as a fine
approximation of the physically important case, one may imagine the time evolution of
vortex filament with a locally bended singular initial state, e.g., k(0,2) = &,.

The Cauchy problems with measures as initial data are extensively studied for various
kinds of nonlinear evolution equations. As for the nonlinear parabolic equation,i.e., O;u —
Au+|ulP~ 'y = 0 with u(0, z) = &g, Brezis-Friedman [2] specify the critical nonlinear power
determining the solvability of the equation. They prove that, if 1+2/n < p, there exists no
solution continuously connected with the §-function at ¢ = 0 in the distribution sense and
that, if 1 < p < 14 2/n, it is posibble to construct a solution with a general measure as
initial data. Their argument relies on the comparison principle and smoothing property
of the linear diffusion. For the KdV equation, Tsutsumi [23] constructs a solution by
imposing measure on initial data. In his work, he makes use of Miura transformation [17]
which reduces the original KdV equation into the modified one with cubic nonlinearity.
Recently, Abe-Okazawa [1] have studied this kind of problem for the complex Ginzburg-
Landau equation. The ideas to construct solutions in these known results are based on the
strong smoothing effect of linear semi-group or the nonlinear transformation of unknown
functions into the suitably handled equation. In the present case, however, the nonlinear
Schréodinger equation have neither the useful smoothing properties like the heat equation
nor the crucial transformation like Miura type, which makes it so difficult to study (1.1)
with general measure as initial data. It is still open whether (NLS) is solvable when the
initial data is arbitrary measure except for d-functions.

We here remark Kenig-Ponce-Vega’s work [15]. They proved the ill-posedness of the
nonlinear Schrédinger equation when u(0,z) = dp and 1+ 2/n < p — This is the main
reason the physically important case is excluded. The situation is very similar to the
nonlinear parabolic case introduced above. They proved that (1.1) possesses either no
solution or more than one in C([0, T]; S'(R™)), where §'(R™) denotes the class of tempered
distributions. In their work, the Gallilean invariance plays an important role, where
the Gallilean invariance means the property that, if u(¢,z) is a solution to (1.1), then
un(t, ) = exp(—itN?)exp(iNz - e)u(t,z — 2tNe) also satisfies (1.1) where e denotes a
unit vector in R®. Then, the obvious identity & = e¥*¢§, determines the concrete
representation of u via u(t, z) = uy(t, ) and the super critical power yields the divergence
of the phase at ¢ = 0. This rough sketch of their argument lets us expect that, for the
subcritical case, it is pssible to construct a solution continuous at t = 0.

There are large amount of articles concerning the local or global well-posedness for
the nonlinear Schrodinger equations in the L?(R™) or H*(R™) (s > 0) frame work (see
[5, 6, 8, 11, 12, 13, 18, 19, 21, 22| and references therein). Roughly speaking, this is
because these function spaces works so well via the conservation laws, energy estimates
and Strichartz’ estimates [20, 24]. On the other hand, since our present setting is away
from these frame works, we employ another method to construct a solution. Our idea is
based on the reduction of (1.1) into the ordinary differential equation (ODE) system by
making use of the special structure of linear solution with §-function at ¢ = 0. To see the
detail, we state our main results case by case (The main concern in this talk is the triple
0 case, but, for reader’s convenience, the single and double § cases are also given in this
abstract).



NLS WITH 6-FUNCTIONS AS INITIAL DATA

The case u(0,x) = pdo. Let us first consider very simple case in which the initial data
consists of a single J-function. This case gives an explicit solution. Actually, the solution
to (1.1) is given by

(1.2) u(t, z) = A(t)U(t)do,

where U (t)8y = exp(itA)dy = (4mit)™/? exp(i|z|*/4t) and the modified amplitude A(t) is
evaluated as

20\ P!
[ eXp ,——'ﬂ————|47rt|_"(p‘1)/2t if Im\ =0,
i(n+ 2 —np)
(13) A(t) B 2(p - l)Im)\IMp’l 1i)im,\
m (1 R S |4me|-"<P—1>/2t> @ if Im\ # 0.

In fact, by substituting (1.2) into (1.1), we have the ODE of A(t) :

dt

To solve (1.4), we first multiply A(t) on both hand sides. Then, it is easy to see that
%|A|2 = 2)4xt| "= D/2Im \| A|P™ and so

dA .
(1.4) { 22 Nt~ (4),

: ~1/(p-1)
(1.5) |A(t)] = <|u|—<P~l> — (p — 1)ImA / |4mr| P /2 dT) .
0

The integral in the parenthesis of (1.5) makes a sense since p < 1 + 2/n. Substituting
(1.5) into (1.4) and solving the simple ODE, we obtain the explicit formula (1.3). Note
that ImA > 0 implies blowing-up of A(#) in positive finite time.

The case u(0, ) = podp + p104. Our next concern is to consider the slightly compli-
cated case in which the initial data consists of double é-functions. In this case, we observe
that the superposition of §-functions causes ”the mode generation” at t # 0. Before stat-
ing our main results, let us present several notations. Let ¢2 be the weighted sequence
space defined by
2 = {{ Ak}rez; H{Ak}keZ”?g = > (1+ [k])*| Ax|* < oo}
kEZ

For the simplicity of description, we often use {Ay} in place of {Ay}rez. Then our first
result is

Theorem 1.1 (local result) Let A € C. Then, for some T' > 0, there exists a unique
solution to (1.1) described as

(1.6) u(t,z) =Y A;(t)U(t)6a,

jeZ
where {A;(t)} € C([0,T); £2) N C*((0,T}; 63) with A;(0) = p; if j = 0,1 and A;(0) =0
otherwise.
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Remark 1.1. Let us call Ay(t)U(t)dk, the k-th mode at ¢. Then, (1.6) suggests that new
modes away from 0-th and first ones appear in the solution though the initial data contains
only the two modes. This special property is visible only in the nonlinear problem.

Remark 1.2. Reading the proof of Theorem 1.1, we see that it is possible to generalize

the initial data. Namely, (1.1) is solvable even when point masses are distributed on a

line at equal intervals, i.e., u(0,2) = Z 1;6ia, where {px} € £3. In this generalized case,
JEZ

the solution is described similarly to (1.6) but A;(0) = p; for j € Z. The decay condition

on the coefficients {y;} is required to estimate the nonlinearity.

Remark 1.3. The infinite summation of (1.6) converges in Li2 ((0,T]; L>°(R™)), since,
for any 7 € (0,7,

sup [|u(t, z=@mny < (47) 72 sup 3 |A;(2)]
Tgth TStST ]
< Clnt) " PIA O peqomie)
< 0Q.
This implies that the nonlinearity N (u(t, z)) makes a sense as a function for almost every

t € (0,T]. We also note that u(t,z) € C([0,T]; S'(R")).

Remark 1.4. The representation (1.6) is heuristically derived by the following rough
consideration. Since the nonlinear solution is firstly well-approximated by the linear
solution u; (¢, z) = U(t)(podo + p10.) around ¢ = 0, the second approximation uy(t, ) is
given by solving
— N((2ﬂ_>—n/2ei|z|2/4tD(M0 + #le—ia-xei]a|2/4t))
— |4ﬂ_t|—n(p——l)/2(27r)—n/26i|x|2/4tDN('ulo + e —ia-af:eila|2/4t)’
where we have used u; = el#I’/4 D Feilel’/4y(0, ), Df(t,x) = (2it)™2f(t,x/2t) and F
denotes the Fourier transform. Let us replace a -z by 6. Then, N (ug + pq e ~©eilol*/4)
in (1.7) is regarded as a 2m-periodic function of 6, and hence the Fourier series expansion
yields
(the right hand side of (1.7))
_ |4ﬂ_t|—n(p—l)/2(27T)—n/2ei|x|2/4tD Z Bj (t)eilja|2/4te-ij0
JEZ
= |dmt| D2 Bi(H)U (8)da,
JEZ
where B; (t)ei[j‘”z/ 4t plays a roll of the Fourier coefficient. Accordingly, the Duhamel
principle leads us to the description (1.6).

Our next interest is to see the global solvability of (1.1). The sign of ImA determines
the blowing-up or global existence.
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Theorem 1.2 (blowing-up result) Let Im\ > 0. Then, the solution in Theorem 1.1
blows up in positive finite time. Precisely speaking, }%ITH {A;(®)}H|e = oo for some T* > 0.

Theorem 1.3 (global result) Let ImA < 0. Then, there exists a unique global solution
to (1.1) described as in Theorem 1.1, where {A;(t)} € C(]0,00);43) N C((0,00); £2).

The case u(0,z) = poodo + H100a + Ho10s (a # gb for any ¢ € Q). We next
consider the case in which the initial data consists of triple §-functions supported at
z = 0,0 and b. If a = ¢b for some ¢ € Q (Q denotes the quotient number field), the
location of §-functions is the special one mentioned in Remark 1.2 and thus (1.1) is solved
as in Theorem 1.1-1.3. Therefore, our concern is to observe the case a # ¢b for any q € Q.
Before stating our next main results, we introduce several new notations. The weighted
sequence space ¢2(Z?) is defined by

C(Z2%) = {{Aj}jpez; I{Ajr}jpezlle @2 < oo},

where ||{Ajk}j,kezl|%§(z2) = Y irez(1+ 7] +|k[)**|A x> For the simplicity of description,
we often use {A;;} n place of {A;i};rez. Then our next result is

Theorem 1.4 (local result) Let A € C and 1 < a < p. Then, for some T > 0, there
exists a unique solution to (1.1) described as

(1.8) u(t,z) = Y Appt)U )50tk

3,k€EZ

where {Az(t)} € C([0,T];£5(2%) N CH((0,T]; £2(Z%)) with Aj(0) = pgw if (5, k) =
(0,0),(1,0),(0,1) and A;x(0) = 0 otherwise.

Remark 1.5. As mentioned in Remark 1.1, the solution in Theorem 1.4 also causes the
generation of new modes. The point remarkably different from Theorem 1.1 is that, for ¢t #
0, U(—t)u looks like the point mass measures supported at the lattice points if a || b, and
densely distributed on the line along vector a if a || b and a # ¢b for any ¢ € Q. Reading
the proof of Theorem 1.4, we see that it is possible to construct a solution even when the
initial data consists of infintely many d-functions such as u(0,z) = 3 xez Hjk0jarks With
{ujr} € 12(Z*) and o > 1.

Similarly to Theorem 1.2 and 1.3, the sign of Im\ determines the blowing-up or global
existence of the solution.

Theorem 1.5 (blowing-up result) Let ImA > 0. Then, the solution in Theorem 1.4
blows up in positive finite time. Precisely speaking, tlgn {Ajk(t)}”e%(zZ) = oo for some

T > 0.
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Note that the difficulty concerning the global existence largely depends on whether a
and b are parallel or not.

Theorem 1.6 (global result) (1) Let a [ b. Then, if ImA < 0, there exists a unique
global solution to (1.1) described as in Theorem 1.4, where {A;x(t)} € C([0,00); £2(Z*))N
C((0,00); £2(Z7)).

(2) Let a || b and a # gb for any q € Q. Then, if ImA < 0 and additionally |Re \| <

—ﬂéﬂm A|, there exists a unique global solution to (1.1) described as in Theorem 1.4,

where {A;x(t)} € C([0,00); £2(Z%)) N C*((0, 0); 2(Z?)).

Remark 1.6. When a | b, the important matter is the equivalence of [|{(ja+kb) Ak} ;2(z2)
and [[{jAjk}Hle2(z2) + {5 Aji }Hlr2(z2), which makes the proof of Theorem 1.6 (1) quite sim-
ilar to that of Theorem 1.3. However, this is not the case if a | b. As for the global

result in Theorem 1.6 (2), it is still open whether the additional condition |ReA| <
2
—[21|Im)\| is removed or not. In our proof, this condition will be applied to obtain
p p—

the time global estimate of ||{A;x()}[|i2(z2)- The key to derive this esimate is Liskevich-
2

Perelmuter’s inequality [16], i.e., if ImA < 0 and |Re}| < i—p—l—ﬂmM, then it follows that
p —_—

Im (AN (01) = N (02)) (01 — va)) 0.

We close this abstract by giving some more notations used in this talk. Let T = R/27Z
where Z stands for the integer set. The Lebesgue space LI(T) denotes the class of

2m
measureble functions on T with [[f||7.q) = / |f(6)]? df < oo if 1 < ¢ < oo and
0
| fllzeo(my = ess.sup|f(#)| < oo if ¢ = oo. The Sobolev space H*(T) is defined by
6eT
H*(T) = {f(0) € L*(T); |If] Heery = D (14 [3)*IC5]" with
jEZ
27 g
C; = (2%)_1/ f(6)e % df. We often use L9 (resp. H®) in place of LI(T) (resp.
0
H*(T)) if there is no risk of misleading. Also, the inner product of f(6) and g(#) € L? is
27 _
defined by (f,9)e = | = f(6)9(0) db.

ms(T)y < 00}, where ||f|

1/q
The quantity || f||La(r2) denotes ( / | f(64,62)|7 d91d02> . We next define the Besov
T2

space for periodic functions. Let [s] be the greatest integer not exceeding s. Then, if s is
not integer and 1 < g, < 0o, the Besov space Bg}r(T2) is defined by

B:.(T?) = {f € LY(T?); ||fllz;, (x> < o0},
where

1fllB; .2y = Wfllzecz) + 1 flls;,
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oo 1/r
= Wlars + (777 om0 16 ey o)

|h|<T

N
with h = (hq, hy) and thf(91,92) = Z ( ]]V ) (—l)kf(ﬁl + jhi,62 + jhy). We remark
=0
that,if 0 <o <land 1/g=0/q + (1 —0)/q with 1 < ¢, gy < 0o, then the Gagliardo-
Nirenberg type inequality || f|] Brs, (T2) < ClAG, ol H;O"(Tz) follows from the above
q,r/o q1,7

definition. We also note that || f|| s (x2) is equivalent to

/1

1/2
Ho(T2) = (Z (1+ lj|+|k|)2s|0jk|2) ,

J,kEZ

where Cjj, is the Fourier coefficient of f given by (2m)~2 / . f (91,92)e_i(191+k62) db,dO,.
T

For more detail about Besov space, see [4]. Also, the inner product of f(fy,62) and

9(01,02) € L*(T?) is defined by (f, g)o, 0. = /1‘2 f(01,05)g(01,02) dbydbs.
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GLOBAL EXISTENCE OF SCHRODINGER
MAPS WITH SMALL DATA

JIAN ZHAI

Department of Mathematics, Zhejiang University, Hangzhou, PRC

ABSTRACT. The global existence of Schrodinger maps with small initial data is proved in
dimension n > 3. The uniqueness and behaviour of the solution as ¢ — oo is obtained.

1. Introduction

Consider the Schrodinger map

Ut,z) = (Ui(t,z),Us(t,z),Us(t,2)) : Rt x R™ — S?

(1.1) U =U x AU, on Rt xR"

By the transformation

U1 (t, CL’) + iUz(t, HZ)

u(t,z) :=PU := AT
Uy (t,z) = 2Reu(t,:c)2
) Un(t,z) = 2Imu(t, z)
ST T (o)
_ 1— [u(tam)lz
o) = T (e o) P
(1.1) is equivalent to
i 1 35 (On;u)? .
(13) §8tu + ‘2‘Au = 1]_: Iul2 , on R+ x R™.

Changing t to 2t, instead of (1.3) we consider

3251 (O u)?
Lt fu?

1
(1.4) 10su + ;Au = on Rt xR™

This is a joint work with Prof. Tohru Ozawa.

Typeset by ApS-TEX



Definitionl.1. A function f is called ®-type, if for some aj € N (j = 1,2) and 3; € N
(j = 1’273)7

n n n

flu) =ua®(Yy_ 105;u?) (D (0e,u)?) (Y (0:,2)%)

7=1 J=1 7=1
= ®(o, o2, b1, B2, B3 ) (u).

Let

1
(1.5) Fu) = 1——|~—|u|_2F1(u)’
Fi(u) = #(0,1,0,1,0)(u) = 4(8yu)*

Then Fy is a ®-type function, and (1.4) equals to
1
(1.6) 10su + §Au = F(u), on RTxR"

The Schrodinger map (1.1) is considered as the continuous limit of the classical model
for an isotropic ferromagnet provided by a collection of 3-dimensional spin vectors with
unit length and arbitrary directions. The local existence of regular solutions and global
existence of weak solutions of (1.1) were proved in [SSB]. For the Schrédinger maps from
a Riemannian manifold to a complete Kahler manifold, the local existence was obtained
in [DW]. On the other hand, the local existence and (or) global existence for small data to
the Schrodinger equations with the generalized derivative nonlinear terms were considered
in [C], [H], [HO], [HMN] and [K], where the smoothing operator method were developed
and applied to their proofs. In this paper, we shall consider the possible improvement for
the special nonlinear term of the equation (1.4) and apply to the Schrédinger map (1.1).

2. Main theorem

Theorem 2.1. Let n > 3 and g € B®>™ with 2m > n + 3 and g be radially symmetric.

Then there exists a unique global solution

(2.1) u € C(R; H*™ 1) N L=(R; H*™), sup [u(t)]lxp < o0
to (1.4) with

(2.2) u(0,z) = eg(|z]), VzeR"™,

provided that € is small enough.



Definition 2.2.
ll()] x2m
4—n

= 6(@)llvam + 1Q(H)ly 20— + (1 +[¢]) 7 )+||Q2¢(t)||ytz<m—2>+;
6 lyzm = D IP'SO) mraem—n;

o<Ii<m
B ={g e L*(R"): |lgllgzm = Y (rd)'gllgzcm-s < o0}
0<i<m
Zm ={p € C(R, L R"): ||g|lz~ < oo},

6115
= SUP(IT2G s + [TO|rnms + 0] msct < ¢ >~ Q2 yrms

dr
<7 >3t

t
> / o Sk |0k [/2T2 01 ()| )

1<j,k<n

0" ={¢: |¢llom = Z 2% (2 - V)ﬁ¢“Hm—2(|aH—|ﬁ|) < oo}

lal+18]<2
Here < t >:= (14 *)'/2 and
P=x-V+20, Q=z-V+itA,
J=z+itV, Q={Qrh<jr<n, Lk =20k — (zj),
['=(P,Q,A,1)
0=(Q,2A,1).

Notice that
[Q,V]:[P,V]:—V, [Q)J]:[Pa‘]]:‘]v

[P, Q] =[Q,P]=[Q,Q] =0,
[0, Jk] = 6jk, [k, O] = 0k10; — 6;10k.
In general case, we can prove the following result.
Theorem 2.3. Supposen > 3 and g € O™ with m = [2] 4+ 3. If € is small, then there is

unique global solution u € Z™ to (1.4) with the Cauchy data u(0,z) = eg(x). Moreover,

there exists uy € H™ such that

\—3 ;lz=y)? —1
Jut) = 2xit) 3 [ FE )il < € <0>7E

The direct corollary of theorem 2.3 is



Theorem 2.4. Suppose n > 3 and PUy € O™ with m = [§] 4+ 3. If |[PUo|lom is small,
then there is a unique global Schrédinger map U (PU € Z™) to (1.1) with the Cauchy
data

U(0,z) = Up(z), on R™

Moreover,

e — 2
lim [[PU(#) — (2mit)~3 / e u (y)dyll e = 0.

t—o0
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