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Chapter 1

Introduction

1.1 Viscous Conservation Law with Dispersion

The initial value problem for the viscous conservation law is one of the nonlinear
model for complicated systems governing viscous compressible flow in fluid and gas
dynamics (cf. [2, 38, 39, 45, 61]):

up + Z(fl(u))x = Z MijUzz,, T €R", >0,
i=1

ij=1 (1.1.1)

u(z,0) = up(x), = e€R",
where u(z,t) denotes scalar unknown function for x = (x4, -+ ,2,) € R" and t > 0,
and f(u) = (fi(u), -+, fu(u)) is given smooth flux vector function. The coefficients

f;; are positive constants for all integers 1 < 4,5 < n. The subscripts z; and ¢
denote the partial derivatives with respect to x; and t, respectively. The terms
MijUz,q, are called the viscosity terms which describe the dissipation effect and lead
to the decay of solutions. To understand the fluid and gas dynamics theoretically,
it is very important to construct the mathematical theory for (1.1.1). Especially, in
this study, we are interested in the large time behavior of the solutions to (1.1.1).
Concerning the large time behavior in several space dimensional case, we refer to
the papers [12, 13, 24, 36, 56, 57, 65]. However, it is very difficult to understand
the detailed asymptotic profiles of the solutions to (1.1.1) in high space dimensions
due to the nonlinear convection terms (f;(u)),,. To discuss the detailed large time
behavior, let us consider (1.1.1) in the one-dimensional case:

U + (f(u))x = WlUgz, T E ]Ra > 07 (1 1 2)
u(z,0) = up(x), = €R, o

where f : R — R is a given smooth flux function, and p > 0. Concerning this
problem, the solutions to (1.1.2) take several types of asymptotic profiles, depending
on the far field states of the initial data. Indeed, if we assume

lim w(z) = ux,
T—Fo0

then the different asymptotic profiles can be obtained in the following three cases:

(1) uy =u_y (i) uy <wu-, (i) uy > u_.
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Roughly speaking, in the case of (i), it is known that the solution goes to a self-similar
solution of the Burgers equation called a nonlinear diffusion wave. This case will be
explained in details, later on. In case (ii), the solution converges to the traveling
wave solution called viscous shock wave. There are a lot of works related to the
traveling wave solution (cf. [6, 11, 19, 20, 23, 26, 34, 35, 41, 42, 48, 53, 55, 56, 62]).
On the other hand, in the case of (iii), the asymptotic stability of the rarefaction
wave which is a weak solution of the inviscid Burgers equation have been studied
(cf. [15, 23, 24, 43, 44, 46, 49, 57]).

In this thesis, we study the large time behavior of solutions toward a nonlinear
diffusion wave, i.e., we focus on the case of (i). Especially, we consider the viscous
conservation law (1.1.2) with dispersion term of the following form:

w4 (f(u))e + Kgee = pitlze, © €R, >0, Lis
u(z,0) = ug(x), = €R, (1.1.3)
where f : R — R is a given smooth flux function, ¥ € R and u > 0. The equa-
tion (1.1.3) is called the generalized Korteweg-de Vries-Burgers equation (we call
it generalized KdV-Burgers equation for short). This is a generalized KdV equa-
tion with the viscosity term, as well as a viscous conservation law with the term
kug., describing a dispersive perturbation. Therefore, it can be regarded not only
as the equation of viscous compressible flow but also as a general nonlinear model
for taking into account the dispersive and dissipative processes as well as the con-
vection effect. Hence, it is applicable in various fields of physics and engineering,
see e.g. [29, 30, 51] and also references therein. For this equation, there are several
results corresponding to the large time behavior mentioned in the above paragraph
(see e.g. [1, b, 7, 8, 17, 27, 29, 30, 54, 59, 60, 66]). By analyzing the large time
behavior of the solutions to this equation, we would like to understand the effects
of the nonlinear term and the dispersion term on the solutions.

The first topic of this thesis is due to Fukuda [7]. We shall introduce the result
briefly. Firstly, we consider (1.1.3) with the the small initial data decaying at spatial
infinity (i.e., uy = u_ = 0in (i)) and satisfying ug € L'(R). In the following, we set
the flux function f(u) = (b/2)u?® + (¢/3)u® with b # 0 and ¢ € R. For simplicity, we
set =1 1in (1.1.3). When k£ =0, (1.1.3) becomes (1.1.2). In this case, it is known
that the solution of this problem converges to a nonlinear diffusion wave which is
essentially the self-similar solution of the Burgers equation

b
Xt + <§x2> = Xaa; /X(:U,O)dx =9
x R
and is defined by

1 T
X<x,t):\/1—+tx*<\/1—+t

>, reR, t>0,

where
(eb6/2 _ 1)€—x2/4

1
* =T 3 2 ) 0= d
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(cf. [33, 39, 45, 52]). Especially, Matsumura and Nishihara [45] showed that the
original solution tends to x(x,t) at the rate of ¢ !logt in the L*>-sense, under
suitable assumptions. Moreover, Kato [31] proved that the above asymptotic rate
is optimal, by constructing the second asymptotic profile under the assumption
ug € LI(R) N H'(R). Here, we define L}(R) is a subset of L*(R) whose elements
satisfy [,(1 + |@|)|ug(x)|dz < oo. On the other hand, in the case of b = k = 1 and
¢ = 0in (1.1.3) (KdV-Burgers equation), the similar result to Kato [31] was also
obtained by Kaikina and Ruiz-Paredes in [27]. For the general case, in [7] the author
considered (1.1.3) for all b, ¢, k € R with b # 0 and obtained a result about the large
time behavior of the solution of (1.1.3) under the assumption ug € Li(R) N H?(R),
which unifies the results due to Kato [31] and Kaikina and Ruiz-Paredes [27]. Indeed,
if 6 # 0 and (b°k)/8 + ¢/3 # 0, then the following estimate holds:

llu(-,t) = x (-, 8) || 1 = (é +o(1))(1+t)"tlog(l+1t) as t — oo,

where C' is a certain positive constant. In Chapter 2, we also construct the second
asymptotic profile of the solution. For details, see Theorem 2.2.1 and Corollary 2.2.2
below.

The second topic of this thesis is due to Fukuda [8]. We consider (1.1.3) with
the same flux function and the following condition on the initial data:

da>1, 3C >0 st |ug(x) <C(1+|z))™* z€eR. (1.1.4)

In the above paragraph, we considered (1.1.3) under the assumption ug € Li(R) N
H3(R). The above result tells us that the optimal asymptotic rate to the nonlinear
diffusion wave is t~!logt under the above assumptions. Here, we note that the
condition uy € L}(R) N H3*(R) is realized when uy € H3(R) and o > 2 in (1.1.4).
Therefore, we can regard that the above previous result is corresponding to the
case where the decay rate of the initial data wug is rapid. In Chapter 3, we are
interested in the large time behavior of the solution to (1.1.3) in the case that the
initial data decays more slowly. To the best of our knowledge, there were no results
about the large time behavior for (1.1.3) with slowly decaying data. Because of
this, we would like to study the asymptotic profile for the solution to (1.1.3) when
1 < a < 2in (1.1.4). Indeed, it is natural to assume that ug € L'(R) which is
indicated by (1.1.4), because the equation (1.1.3) leads to the conservation law:
Jpu(z,t)de = [, ug(x)dz. For this reason, we restrict our attention to the case
of 1 < a < 2. Actually, if we assume uy € H*(R), applying the method used in
[4, 18, 37, 45], we obtain the following estimate:

(14 t)=/2, t>0, 1<a<?2,

)= x( )| < C
Ju(-t) = x(,D)le {(1_|_t)_110g(2+t), t>0, a=2

Furthermore, we prove that the asymptotic rate given in the above estimate is
optimal under the additional assumptions. By applying the technique used in [50],
we construct the second asymptotic profile corresponding to the decay rate of the
initial data. Indeed, under the suitable assumptions on the initial data, the following
lower bound estimate

lul,8) = x (s D)l p~ = {

co(1+1)7/2 l<a<?,
ci(1+t)tlog(l+1t), a=2
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holds for sufficiently large ¢, where ¢y and ¢; are certain positive constants. For
details, see Theorem 3.2.1, Theorem 3.2.2 and Corollary 3.2.3 in Chapter 3.

In Appendix, we explain the derivation of the asymptotic profiles. First, we
derive the nonlinear diffusion wave x(x,t) as a self-similar solution of the Burgers
equation. For this derivation, we refer to [4, 18, 45]. Next, we introduce the idea of
the derivation of the second asymptotic profiles of the solutions to (1.1.3) defined in
(2.2.3) and (3.2.5) below, by heuristic discussion.

1.2 Notations

In this thesis, for 1 < p < oo, LP(R) denotes the usual Lebesgue spaces. Moreover,
for v > 0, we define the following weighted Lebesgue spaces:

B®) = {7 € L@ 1l = [ 1710+ jeyds < oo

In the following, for f,g € L*(R) N L'(R), we denote the Fourier transform of f
and the inverse Fourier transform of ¢ as follows:

m/ @)

=5 e

Then, for s > 0, we define the Sobolev spaces by

= ( [ax |§|2>S|f<f>|2dg) e oo}.

To express Sobolev spaces, for 1 < p < oo, we also set

m 1/p
W () = {f & IP(R); [|fllwnr = (Z Ha;;fuzp> < oo}.

H(R) = {f€L2(R); 1]

Let T be a positive constant and B a Banach space. Here, for any natural
number m > 0, C™([0,T]; B) denotes the space of B-valued m-times continuously
differentiable functions on [0, 7]. The corresponding space of B-valued functions on
[0, 00) is denoted by C™ ([0, 00); B)

Throughout this thesis, C' denotes various positive constants, which may vary
from line to line during computations. Also, it may depends on norms of the initial
data or other parameters. However, we note that it does not depend on the space
and time variables x and t.



Chapter 2

Construction of the Asymptotic
Profiles for the Solutions

In this chapter, we introduce the result given by the author in [7].

2.1 Introduction

In this chapter, we consider the following initial value problem for the generalized
KdV-Burgers equation:

w + (f(w)e + ktgpy = Uy, © €R, >0,

u(z,0) = up(x), x€R, (2.1.1)

where ug € LY(R), f(u) = (b/2)u?® + (¢/3)u?® and b, ¢,k € R. The main purpose of
this chapter is to obtain an asymptotic profile of the solution u(z,t) and to examine
the optimality of its asymptotic rate.

First of all, we recall known results concerning this problem. When k£ = 0, (2.1.1)
becomes the generalized Burgers equation:

u + (f(0))e = Uge, *E€R, >0,

u(z,0) = ug(x), = €R. (2.1.2)

It is known that the solution of (2.1.2) converges to a nonlinear diffusion wave which
is essentially the self-similar solution of the Burgers equation defined by

1 T
= ——v. [ ——), TR, t>0, 2.1.3
X 1) = =X (m) g (2.1.3)
where
1 (6b5/2 _ 1)6712/4
Xx(T) = - = 5 ,5E/u x)dr, b#0 2.1.4
(z) bﬁ+(eb5/2—1)fx/26*y dy R o) ( )

(cf. [33, 37, 39, 45, 52]). By the Hopf-Cole transformation (cf. [4, 18]), we can see
that x(x,t) satisfies the following Burgers equation

b
. R
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Especially, concerning the convergence rate to the nonlinear diffusion wave x(z,1),
it was shown in Matsumura and Nishihara [45] that if we set

wo(z) Eexp(—g/;uO(y)dy)—eXp(—g/; x*(y)dy) (2.1.6)

and assume that wy € H%(R) N L*(R) and ||wo| g2 + ||wol|z: + |Juol/z is sufficiently
small, then the following estimate holds:

u(-,t) = x(, )|l < C(1+1)"tlog(2+1), t>0. (2.1.7)

Moreover, if ug € L1(R) N H'(R) and [[ugl| 1 + [|uol|z is sufficiently small, then
the optimality of the asymptotic rate to the nonlinear diffusion wave obtained in
(2.1.7) was examined by Kato [31] by constructing the second asymptotic profile
Vi(z,t) which is the leading term of u — x. Here, we recall that L}Y(R) is a subset
of L'(R) whose elements satisfy [lug||z1 = [p(1 + [2])7|ug(2)|dz < co. Under these
assumptions, Kato [31] showed that if § # 0 and ¢ # 0, then the asymptotic rate to
the nonlinear diffusion wave x(z,t) given by (2.1.7) is optimal with respect to the
time decaying order. More precisely, the following decay estimate was established:

Ju(-, ) = x(,t) = V(- 8)][e < C(A+0)7", t>1, (2.1.8)

where
Vi(z,t) = 12‘%% (\/1"’”_“) 1+ log(l+1t), z€R, t>0,  (2.1.9)
V(o) = (b (o) — ) V(o) = 20 () "), (2.1.10)
() = exp(g /; X*(y)dy) d= A(n*(y))‘l(x*(y))gdy- (2.1.11)

From (2.1.8), the triangle inequality and (2.1.9), one can obtain the following optimal
decay estimate:

(- t) = x(-,8)|| e = (C +o0(1)(14t)tlog(14+1t) as t— oo, (2.1.12)

where C' = |cd|||Vi]| L~/ (12y/7). Therefore, we see that the original solution u(z,t)
tends to the nonlinear diffusion wave x(z,t) at the rate of t ! logt, and in addition,
if 0 # 0 and ¢ # 0, then this asymptotic rate is optimal with respect to the time
decaying order. Also, we see that u — y tends to the second asymptotic profile
Vi(x,t) at the rate of ¢~

Next, we consider the case where b=k =1 and ¢ =0 in (2.1.1):

Up + Uy + Uppy = Uz, t >0, x €R,

u(z,0) = up(x), = e€R. (2.1.13)

This equation is called the KdV-Burgers equation. The large time behavior of the
solutions to (2.1.13) is also studied by many researchers (cf. [1, 17, 27, 28, 30]): In
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particular, it was shown in Kaikina and Ruiz-Paredes [27] that if ug € L{(R)NH*(R)
with s > —1/2, then the following estimate

lu(-t) = x(-t = 1) = Va(-, 1) < Ct71/logt (2.1.14)
holds for sufficiently large ¢, where

d

with V. (z) being defined by (2.1.10). We see from this result that the solution of
(2.1.13) also tends to the nonlinear diffusion wave y(z,t) at the rate of ¢! logt and
this rate is optimal. On the other hand, the asymptotic rate given by (2.1.14) is
rougher than (2.1.8) by v/log , although they mentioned in [27] that the term +/log ¢
in the estimate (2.1.14) could be removed by more delicate consideration, without
any proof.

For the general case, in [7] the author considered (2.1.1) for all b, ¢, k € R with
b # 0 and obtained a result about the large time behavior of the solution of (2.1.1),
which unifies the results due to Kato [31] and Kaikina and Ruiz-Paredes [27]. We
state the result in the next section.

2.2 Main Result

In this section, we introduce the main result of [7]. We consider (2.1.1) for all
b,c,k € R with b# 0. For s > 1 and v > 0, we set

Esq = lluoll s + lluollzy - (2.2.1)
Then, we obtain the following result:

Theorem 2.2.1. Assume that uy € L'(R) N H3*(R) and Es is sufficiently small.
Then (2.1.1) has a unique global solution u(x,t) € C°([0,00); H®). Moreover if
ug € Li(R) N H*(R) and Es; is sufficiently small, then we have

Ju(-t) = x(t) = V(8[| < CE3p(140)7", ¢ >1, (2.2.2)
where x(x,t) is defined by (2.1.3), while V(x,t) is defined by
V(x,t) = ——(Z)Q—k—i—E)V* <L> (1+t)'log(1+t), z€R, t >0, (2.2.3)
47\ 8 3 V1+t
with Vi.(z) being defined by (2.1.10).

In view of the second asymptotic profile, we are able to obtain the optimal
asymptotic rate to the nonlinear diffusion wave x(x,t) as follows:

Corollary 2.2.2. Under the same assumptions in Theorem 2.2.1, if § # 0 and
(b%k) /8 4+ ¢/3 # 0, the following estimate holds:

(- t) — x(-,t)||e = (C +o(1)(1 4+ t)tlog(1+1t) as t — oo, (2.2.4)
where C = |d((0*k) /8 + ¢/3)|||Villoo/(43/T) is a positive constant.
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Remark 2.2.3. From (2.2.4), if § # 0 and (b*k)/8+c/3 # 0, we see that the original
solution u(z,t) tends to the nonlinear diffusion wave x(z,t) at the rate of t~'logt
and this asymptotic rate is optimal with respect to the time decaying order. On the
other hand, from (2.2.2), if (b*k)/8 + ¢/3 = 0, then we find the asymptotic rate to
the nonlinear diffusion wave is ¢!, because V(z,t) vanishes identically.

Remark 2.2.4. It seems that our regularity assumption on the initial data is
stronger than previous works [27] and [31]. However, even if we assume the same
regularity as those works, since the solution of (2.1.1) becomes smooth u(x,t) €
C*((0,00); H*) by virtue of the smoothing effect for the parabolic type equations,
we may assume that the initial data uy € L*(R) N H*(R) by changing the initial
time. Taking this fact into account, we can say that (2.1.14) is improved, and that
the results due to Kato [31] and Kaikina and Ruiz-Paredes [27] are unified.

The rest of this chapter is organized as follows. In Section 2.3, we prove the
global existence and LP-decay estimates of the solutions to (2.1.1). In Section 2.4
and Section 2.5, we prepare a couple of lemmas and introduce an auxiliary problem.
Finally, we give the proof of our main result Theorem 2.2.1 in Section 2.6.

2.3 Global Existence and Decay Estimates

In this section we shall prove the global existence and decay estimates for the solu-
tions to (2.1.1). First, we introduce the Green function associated with the linear
part of the equation in (2.1.1):

S(z,t) = F e P+ (1),

By a direct calculation, we can show the estimates of S(x,t) and its derivatives. The
following estimates were given by Karch in [30] as Lemma A.1 and Lemma A.2.

Lemma 2.3.1. Let [ be a non-negative integer. Then, for p € [2, 00|, we have

10LS (- 1)) < CtV2(1 4714, ¢t >0, (2.3.1)
10LS (-, )| < Ct=WAA=YPZU2 -y 5 (2.3.2)

Proof. First, we consider the case of p = 2 in (2.3.2). By using Plancherel’s theorem
and the change of variables, we have

1OLS (- 6)72 = [|(i€) e e 2,
_ / 5216—2t\§|2d€ — 12— / z216—2z2dz < Ot~V
R R N
Therefore, we have the L2-decay estimate
10LS (-, 1)|| 2 < CEV47120 ¢ > 0. (2.3.3)
For the L*>-estimate, from the Sobolev inequality, we see that

IOLS (-, )| e < JOLS ()5 11O S ()|} < CH Y212 ¢ > 0. (2.3.4)



Then, for p € [2, 00|, by the interpolation inequality, combining (2.3.3) and (2.3.4),
we arrive at (2.3.2):

12,5 C D)llr < 10, (O LLPNOLS ()18 < O AR > .
To handle the L'-norm, we repeat an argument from [28] involving the inequality
|Flle < CIFIZ OIS, F e H'(R). (2.3.5)

Putting F/(£,t) = (i€)le "€+ in (2.3.5) and using (2.3.3), we obtain (2.3.1) as
follows

1/4 1/4
“ais(’t)”ﬂ <C (/ §2le—2t§2d§) (/ |a£<<i€)le—t|§|2+itk£3)’2d§)

1/4
1/ ( / {167 e 4 &) — 2t + Bithe?|e ™ }ng)
1/4

<C 1/2 l 1/4 (/{5 (- 1)+€2l(t€+tf ) } —2t§2d€)

1/4
< C —1/2—1 1/4 (/{5 (- 1)_|_t2(€2(l+1)_+_€2(l+2))} _2t§2d§>
<C’( —1/2— l)1/4 —(1/2)— l+1+t2(t (1/2)—1— Ly (1/2)—1— 2))1/4
< Ot (1 7YY,

This completes the proof. Il
Moreover, for the convolution S(¢) % g, we obtain the following estimate:

Lemma 2.3.2. Let s be a positive integer. Suppose g € L*(R) N H*(R). Then the
estimate

105,(S(t) % g)l|z2 < C(L+ )2 gll s + Ce™ |09l 2, 20 (2.3.6)
holds for any integer 0 <1 < s.

Proof. By using Plancherel’s theorem, we have

J(S(0) * )l = 2l ) g(€) s = 2 [ i) g(6) g

—27r( /£ - /5 |<1) e (i) g ) Pe

First, we evaluate I;. By Plancherel’s theorem, we have

B [ 163 de < 2me [ Biate)de =2me 1ol (287)
£[=1 R

10



Next, we evaluate I5. Since |g(&)| < Cllg]|: for all £ € R, we have

2
I, =27 / e‘2t§'2\(i£)l\2!§/(é)lzd§§27r(sup!§(€)|) / e 2P g2 dg
l€]<1 |€1<1 [€]<1

1 (2.3.8)
scm@/lﬂﬁﬁ&sca+wmﬂwh
0

From (2.3.7) and (2.3.8) we obtain (2.3.6). O

Now we turn back to (2.1.1). By using Lemma 2.3.1 and Lemma 2.3.2, we are
able to obtain the global existence and the decay estimates for the solutions to
(2.1.1) as follows:

Proposition 2.3.3. Let s be a positive integer. Assume that ug € L'(R) N H*(R)
and E is sufficiently small. Then (2.1.1) has a unique global solution u(x,t) €
CY([0,00); H®). Moreover the solution satisfies the following estimates:

10Lu(-, ) || 2 < CEao(141)" Y4712 ¢ >0, (2.3.9)

|0 u(-, )|l < CEsot (1 +t7Y4), t>0 (2.3.10)
hold for any integer 0 <1 < s. In particular, we get

0L (-, ) || pe < CEao(1+1)"Y212 ¢+ >0 (2.3.11)
for any integer 0 <1 < s —1.

Proof. We consider the following integral equation associated with the initial value
problem (2.1.1):

mwzawwm—/sa—ﬂ*uwmvmf
0 (2.3.12)

t
— 5(t) * ug —/ (8,5(t — 7)) * (f(w))(r)dr.
0
We solve this integral equation by using the contraction mapping principle for the
mapping
t
Nlu] = S(t) *ug — / (0:5(t — 7)) = (f(u))(r)dr. (2.3.13)
0
We set Ny = S(t) % ug. Let us introduce the Banach space X as follows:
X = {u € C°([0,00); H®); |lullx = Zsup(l + Y2 DL 1) || 2 < oo}.
g
(2.3.14)
From Lemma 2.3.2, we have

4Cy > 0 s.t. ||NO||X < C()E&(). (2315)

We apply the contraction mapping principle to (2.3.13) on a closed subset Y of X
below:
Y ={uelX; ||ulx <2CoE;o}.
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Then it is sufficient to show the following estimates:

IN[ulllx <2CoE;p, (2.3.16)

[N[u] = Nolllx < %Hu—vHx (2.3.17)

for u,v € Y. If we have shown (2.3.16) and (2.3.17), by using Banach fixed-point
theorem, we see that (2.3.12) has a unique global solution in Y.
Here and later E( is assumed to be small. First, from the Sobolev inequality

1F ||l < V2| F|ZNF N, Fe HY(R),

L2 2>

for 0 <1 <s—1, we have
0L, )l < Il (14 )22, (2.3.18)

Before proving (2.3.16) and (2.3.17), we prepare the following estimates for 0 < [ < s
and u,v € Y:

105,(f (u) = f(v)
105,(f (u) = f(v)

We shall prove only (2.3.19), since we can prove (2.3.20) in the same way. We have
from (2.3.14) and (2.3.18)

105 (f () = f(0) ()]

< Cll0n(u* = v*)( )]l + Cll05(u® = v*) (. )|

< CJl05((u+v)(u =) (Ol + CllOp((u — v)(W* + uv +0)) (-, )| s
l

<O (105 ™ ul D)z + 105 ™0 O)l22) 107 (u = 0) (1) 2

m=0

Bl < Cllullx + ollx)llu = vlx 1+ )72 (2.3.19)
()2 < Cllullx + ollx)llu = vlx(1+ )22 (2.3.20)

)
)

+CJ|0g (w = v) (s )l (a2l )|
+lul, Ollzzllo( Ol + loC, D)l ol )llz)

+C Y > 07w =), )l (105 u, Ol 10 u (-, 1) 12

m=0 n=0

102 Ol 0 B)llze + 1920, Dl 2197w -, D) 2)
l
<O Y (lullx + ollx) (1407 — o (14 1) A

m=0
+ Cllu — ol x (1L + )72 (Jullk + llullxllvllx + olZ) (1 + 6741+ )72
-1 l-m
+C Y = vl (1462
m=0 n=0

X (Hu”_QX + [Jul| x||v]| x + HUH§()<1 4 t)*1/4fn/2(1 + t>*1/4*(lfmfn)/2
< C(HUHX + HUHX)HU — U”X(l T t)*1/2fl/2'

12



Now we prove (2.3.16) and (2.3.17). Using (2.3.13), we obtain

(NTu] = N[o])(t) = — / (0,5(t 7)) * (f(u) = F@))(7)dr = I(w,1).  (2.3.21)
By Plancherel’s Theorem, we have

JOLI (-, t) ][ r2 < [1GGE)'T(E, )l r2qer<y + 1GE' T(E, )l r2qeisy = [+ L. (2.3.22)
Since

/ EPeIl e < C(1 4t —7) 7 >0,
1€1<1

and (2.3.19), we have
t .
h< C/ H(if)Hle*(tfﬂ')|§|2+ik(t77)53}'[f(u) _ f(v)](f,T)Hm(\agndT
0

t/2 1/2
<o [ |F[f(U)—f(v)](€,T)|( L lq|5|2<l+1>e—2<t—f>'52d5> ar

1€1<1

¢ 1/2
e sup\(zf)lf[f(w—f(v)](§,f)|( /g . |§|2e-2<f—7>'€'2d5) ir

t/2 [§]<1

t/2
= C/o (L4t — 7)Y (f(u) = F@)(7) |l rdr
+C | (L+t—7)H0L(f () — f(0)(7)||adr

t/2

t/2
< C[Jullx + lolx)llu —vlx (/ (L4t =) 214 ) Py
0

t
+ / (1+t— 7')_3/4(1 + T)_l/Q_l/QdT)
t/2

< C(||lullx + Jollx)|jw — v]|x (1 + ) "Y442,
(2.3.23)

For |£| > 1, by using the Schwarz inequality, we have
(€)' 1(&,1)]
t
= |(ig)™! / e DI F f (w) — f(0)](€, T)dr
0

<c / Ele™ DI GV FLf(u) — f(0))(E,7)|dr
t 1/2 t 1/2
c( / rsﬁe“ﬂ'f%zf) ( / e(tT"5'2|(i£)lf[f(u)—f(v)](f,T)PdT)

o [ e iy - sl P ) 7

IN

IN

13



Therefore we have from (2.3.20)

nso( [ [ eersicgtrrw - o)
<o [l [ wrsii - sl npaser)
) V2 (2.3.24)

<o eI oL (F(u) PO )

t 1/2
< C([Jullx + llvllx)l[w — v||X(/ 6—('5—7)(1 +T)_3/2_ld7')
0

< Cllullx + [Pollx) e — vl x (1 + )72,
Combining (2.3.21) through (2.3.24), we obtain
105 (NTu] = N (@) |22 < C(lJullx + [[ollx)llu = vllx (1 + 62 ¢ >0
for 0 <1 < s. Thus, there exists a positive constant C; > 0 such that
[IN[u] = Nv]llx < Cilllullx + llv]lx)llu = v]lx < 4CCLEsollu = v]lx, w,v €Y.

Choosing Fj g, which satisfies 4CoC1E; o < 1/2, then we have (2.3.17). Moreover,
taking v = 0 in (2.3.17), it follows that

INTu] = N{0]][x < CoEso-
Since N[0] = Ny, we obtain from (2.3.15) that
INTulllx < [[Nollx + [[Nu] = N[0]]|x < 2CoE; 0.

Therefore, we get (2.3.16). This completes the proof of the global existence and
L*-dacay estimate (2.3.9).

Finally, from Young’s inequality and Lemma 2.3.1, (2.3.9), (2.3.14) and (2.3.19),

14



we have
t/2
10%u(, )| < [[05(S(E) * uo) || 1 +/0 [(O5S(t = 7)) * (f(w)(7)|| prdr

+/t (0.5 (t — 7)) * (0L f(w))(7)|| prdT

/2
t/2
< [|0LS (-, 1) oo fluo | o +/0 1051 S (ot — D) | (f () (7) || prdr
t
+//2 1025 (-t = 7)1 105 f (W) () || Lrdr
t
< CE ot 2(1 4+t~

t/2
+ CE&O/ (t—7)" VA4 (t— 7)Y+ 1)V
0

t
+ CEs,o/ (t—7)" 21+ (t — 7)1+ 1) V2 2r
t/2

< CE ot 21 4+t71%), t>0.
Thus we get (2.3.10). This completes the proof. ]

2.4 Basic Lemmas

In order to prove the main theorem, we prepare a couple of lemmas. First, we treat
the nonlinear diffusion wave x(x,t) defined by (2.1.3), and the heat kernel

1
Gz, t) = \/ﬁe_”’j/‘”. (2.4.1)
A direct calculation yields
Ix(z,1)] < CIO|(1 + 1)~ V2e= =404 2 e R, ¢ > 0. (2.4.2)

Moreover, we can estimate derivatives of x(z,t) and G(z,t). For the following
estimates, we refer to the paper [32].

Lemma 2.4.1. Let [ and m be non-negative integers. Then, for p € [1, 0], we have
10507 X (- ) lo < CIOJ(1+ )" W20-UD—t2=m 59 (2.43)
10LOmG (-, 1) || oo < Ct=W/DAYP)=2mm -y, (2.4.4)

Proof. Since (2.4.4) is a well known estimate, we shall prove only (2.4.3). Because

I« ()| < C|8|e=**/4, which comes from (2.1.4), we first obtain ||x.||z» < C|d]. It is
easy to see from (2.1.5) and (2.1.4) that x, satisfies
b

Yot 5Xe = 2
* 2 * 2 *°

15



Thus, we can estimate
2
Xl < O] + [xD x| < Clofe 7%,

and hence ||0,xx|lr» < C|d]. Therefore, applying the induction argument with
respect to [, we obtain ||0\x.||r» < Cd| for I > 0. From this fact and (2.1.3), we

can get
102X C D)l ze < Clo[(1 + 8)~ WP, (2.4.5)

Furthermore, using
!
dlx| < C (I(?i”XI +) |5ixllf9i‘]“x|> ,
=0
which comes from (2.1.5), we can get from (2.4.5)
100X, )| e < Clo](1 + 8) =W/ A=PZEA,

Therefore, similarly as before, we use the induction argument with respect to m and
derive the desired estimate (2.4.3). O

Next, for the latter sake, we define

n(z,t) = n. (\/%) = exp (g /; X (v, t)dy) : (2.4.6)

For this function, we can easily show

min{1, "%} < n(zx,t) < max{1,e"/?}, (2.4.7)
min{1, e "2} < n(z,t)"! < max{1,e 2},

Moreover, we have the following estimates by using Lemma 2.4.1 (the proof is given
by Kato as Corollary 2.3 in [31]).

Lemma 2.4.2. Let [ be a positive integer and p € [1,00]. If |6| < 1, then we have
135n( Ollze + 1050, 6) [ < Cl8|(1+ ¢)~WDUZYDZEHE g >0, (2.4.9)

Proof. We shall prove only the estimate for 7, since we can prove the estimate for
n~' in the same way. We put ¢(z) = e?7, go(x,t) = [ x(y,t)dy. Then, for
[ > 1, we have

b xT
otnta,t) = ekesn(3 [ (o)

—00

= 0L((q1 0 ¢2)(, 1))
(2.4.10)
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where the sum is taken for all (mq,--- ,m;) € N' such that my +2my+- - - +1lm; = L,
andp=mq+---+my, 1 <p<I.

First, we shall prove the L'-estimate for 7. Since my + 2mg + -+ +1lm; = I,
there exists j € {1,2,---,1} such that m; > 1. Therefore, from Lemma 2.4.1 and
(2.4.10), we have

100 C )l < C D IXCONZR 10X (N2 - 1135 X Oy - - 10 X )7
SO (A4 (L )0 (1 gy T

< Ol8)(1 + )b/,
(2.4.11)

Next, we shall prove L>®-estimate. From Lemma 2.4.1 and (2.4.10), we have

105 )l < C Y IXC O N0ex (D72 - 105 X )7

< C|d| Z(l 1) T2 (1 4 )T (1 4 )2 (2.4.12)

< C|6](1 + )72,

Finally, by using the interpolation inequality, we have,
1

10hn (- Oller <N0hnC, )= "1 0kn( ¢
<C|5| (1 —i—t) 1/24+1/(2p)
<CIB|(1 + )~ WDOA=R=/241/2 - ) <) < 5,

ol
( ) (1-1)/(2p)

This completes the proof. O]

2.5 Auxiliary Problem

In order to prove the main theorem, we introduce an auxiliary problem. We set

Y(x,t) = u(x,t) — x(z,t),

where u(x,t) is the original solution to (2.1.1) and x(z,?) is the nonlinear diffusion
wave defined by (2.1.3). Then, ¢ (z,t) satisfies the following equation:

Based on the observation given in the paper [27] and [31], one may guess that the
leading term of asymptotic expansion of ¢ (z,t) at t — oo is governed by the solution
to the following equation:

vy + (bXU)x + (§X3> +kax:v — Uz = 0.

This observation leads to the following auxiliary problem:

2t + (bx2)e — 2za = OxA\(x,t), ©E€R, >0,

z(x,0) = zo(x), = €R, (2:5.1)

17



where \(x,t) is a given regular function decaying fast enough at spatial infinity. The
explicit representation formula (2.5.3) below plays an important role in the proof of
the main theorem, especially in the proofs of Proposition 2.6.2 and Proposition 2.6.3
below. If we set

Ulhl(e.t.7) = [ 0 (Gl =yt = mhatant) (n(y. 7)) ( /

—00

Y

h(&)dﬁ) dy.

0<7<t, xeR,

(2.5.2)

then we have:

Lemma 2.5.1. Let z(x) be a sufficiently reqular function decaying at spatial in-
finity. Then we can get the smooth solution of (2.5.1) which satisfies the following
formula:

2(x,t) = Ulz](z,t,0) + /Ot Ul0A(T)|(x,t,7)dr, z€R, t>0. (2.5.3)

Proof. We set
et = [ (w0

—00

and integrate both sides of the equation (2.5.1). Then, we get
e+ 0xTy —Toe = A, xER, >0,

0= [ iy (2:5.4)

— 00

Multiplying n(z, )~ both sides of (2.5.4), we have
Nt — 2(0.( ) — 0 ree = 07, (2.5.5)

since 0, (n(z,t)™") = —(b/2)x(z, t)n(x, )~ . Now, we put E(z,t) = n(x,t) " r(z,t).
Since 9;(n™!) — 92(n~1) = 0, (2.5.5) leads to

E, — B, =0\

Therefore, we obtain

E(x,t) = /RG(OC —y,t)E(y,0)dy + /0 /RG(I —y,t —7)(n(y, 7)) My, 7)dydr,

or

0z, 1) (z 1) = / G — . 1)(n(y,0)) (. 0)dy

n / / G — .t — 1)y, 7)) Ay, 7)dydr.

Therefore, we have
Yy

[ stwtian =t [ 6 - v 00y ( [ aterae ay

+ate) | t [ 66 0.t oty 7)Mo
Thus we get (2.5.3). O

18



To prove the main theorem, we shall prepare some decay estimates for the solu-
tion z(x,t) to the auxiliary problem. First, for the first term of (2.5.3), the following
two estimates were given by Kato [31]:

Lemma 2.5.2. Let § € [0,1], m be a positive integer and p € [1,00]. Assume that
0] <1, 2 € Ly(R) and [, 20(x)dx = 0. Then, the estimate

10,U [20) (-, 0) || < CE= VPR 11 >0 (2.5.6)
holds for any integer 0 <1 < m.
Proof. We shall prove the following estimates:

105U [20](+, £, 0) || oo SC’t_(HﬁH)ﬂHzOHLb, t>0, (2.5.7)
10,U 2] (- £, 0) | 2 <CE 02|z 1, ¢ > 0. (2.5.8)

If we have shown these estimates, from the interpolation inequality, we have

105U z0] -+ £, 0) o SCNOLUTz0] (- 8, )| =2 105U [z0] (-, 8, 0) |

<Ot~ O-UPA+BHD/24= AP EHD/2 ) 011
< B

<Ct7(171/p+,3+l)/2 HZO HLl .
- B

First, we shall prove (2.5.7). Since [ zo(x)dz = 0, by the integration by parts
with respect to y, we have from (2.5.2)

Ulal:£.0) = = [ 20() ( [ auGia - g nmmmte o>—1dg) dy.

Therefore, we get

8le[20]($,75, 0) = _/

R

o) [ 3G - &0 )nle,0) sy

—— [awan( [ 216t - & omtmie 0 e
- [t ( [ ot - gonte e o )y

—— [zt ( [ 9760 -t ate, 07 o

(2.5.9)

From (2.5.9), we have

105U z0](x, 1, 0)] S/Rl%(y)l /Oyai“(G(w—£,t)n($,t))n(£,0)_ld€’dy (

2.5.10)
- / l20(9) Ty (2, . £)dy.
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From Lemma 2.4.2, we have

I+1

/Za’“ oz, )Gz — €, (€, 0) ldg‘

I+1

< CZ 1o, 1)

L <C

/ O"G(x — &, t)n(€,0) 1d§‘ (2.5.11)

l+1

m=0

Y
[ ezt - e ome.ora)
0
If y > 0, from (2.4.8) and the Holder inequality, we have

Y Yy B
/ Gz =& t)n(g, 0)‘1d§' < ||OmG(z — -, t)|| s ( /0 (. ())—1/5615)
0
< CHa;nG(Ut)”Ll/(lfﬁ)yﬁ-

Similarly, if y < 0, we have

y
/0 07" G(x = &, t)n(&, 0)‘1d€’§ Clo7 G, )l pra-m (=y)”.

Therefore, from Lemma 2.4.1, we get

+1
I < C Y01+ ) 200G )| s |y

m=0

L1 (2.5.12)
< C Z(l + t)f(lJrlfm)/Qtfﬁ/Qfm/Z‘y|ﬁ

m=0

From (2.5.10) and (2.5.12), we have
105U [z0](,1,0)] < O/ [z0(y) |t~y P dy
R (2.5.13)
< cr 02 [ )|+ o)y
R

Hence we have (2.5.7).
Next, we shall prove (2.5.8). From (2.5.9), we have

ot s < [ [ Jato |\ / P (Gl — & e, O)n(E.0) ldg\dydx
- / (ol || "o (G — &, O ) n(E,0) e

= / z0()| oy, )y

20
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In order to show (2.5.8), it suffices to get the following estimates.

I, < Ct™'2, (2.5.14)
I < Cly|t= D72, (2.5.15)

Indeed, if we have shown these estimates, then we get
LU )t 0) i < € [ aalo)l 13y

<c / zoy) |~ 0-2/2- 00872} 18,

< Ot 02z

First, we shall prove (2.5.14). It follows that

I2 >~ 77(95;15)/ 8§CHG($ - £7t)77(£70)7

+(JZ/

= Io1 + Lo

(2.5.16)

A=y (3 t)/ OMG(z — £, )n(£,0) ldg'

By integretion by parts with respect to &, Lemma 2.4.1 and (2.4.8), we have

Ly <cC / 0LG(x — y, 0y, 0) ! — ALG(x, t)n(0,0) " |da

+C

/ LGz — £, D)0 (€, 0) ) de |d

(2.5.17)
<C [ 186G 0lds +C [ |osn(e.0) )] [ 104G — ¢.t)ldode
R R R
< Ct72,
On the other hand, from Lemma 2.4.1, Lemma 2.4.2 and (2.4.8), we have
!
R / ok (e, o)lds [ PG ldg
R
<C oLH=my oG 1
Z I )97 ) -

<C 2(1 + )~ (=m)/2g=m/2
m=0
<ct2,
Therefore, we have (2.5.14).
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Next we prove (2.5.15). From (2.4.8), we get

I+1

[2<C’Z/ o= ( t)/ oGz —&,t)n(&,0)
L (2.5.19)
<O 1oy ol [| [ o
If y > 0, we have
y y
/ ONG(x — &, t)dE|dr < // |07 G(x — &, t)|dEdx
r[Jo
/ /|8mG x—&,t)|dxd€
= 107G D)y
Similarly, if y < 0, we have
y
| o6t - g.oydefde < |02 G ) ().
r[Jo
Therefore, from Lemma 2.4.1 and Lemma 2.4.2, we have
I+1
L <CY 0 )= 107G )]yl
m=0
I+1 (2.5.20)
<C Z(l + t)—(l+1—m)/2t—m/2|y|
m=0
Sth(lJrl)/Q‘y’.
Hence we get (2.5.15). This completes the proof. O

Lemma 2.5.3. Let m be a positive integer. Assume that |0] < 1, zp € H™(R) N
L'(R) and [ zo(x)dz = 0. Then, the estimate

105U 0]+, £, 0)[| 2 < C(1+8)" 2 20| 2 + Ce™lz0llgr, £>0  (2.5.21)

holds for any integer 0 < 1 < m.
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Proof. From (2.5.2), we have

oL U[z)(z,t,0)
:/R@i“(G(a:—y,t)n(:v,t))n(y, 0)1/y 20(§)dédy

—00

I+1

—EIC+?W“m<,q/%@@—%wm%m*/y%@@@

—00

— gy xt/Gw—%>m%m1/ w0(€)dedy

I+1
+Z <l+1) -y, /amG x =y, t)n(y,0)” 1/y 20(§)dSdy

—00

(2.5.22)

—amxt/Gx—%>m%m1/ 20(€)ddy

I+1

[+1 m m—
+ Z ( ) o= (x, 1) /R@I 'G(z — y,1)0,J (y)dy,

where we set

Y

ﬂw:m%m*/ 20(€)d. (2.5.23)

—0o0

Therefore, we have from Lemma 2.4.1, Lemma 2.4.2 and (2.4.8)

10,0 =0] (-, £, 0)] 2
< Clloz ()2 G, Ol llzoll 2
I+1

+CZ 1057 (-, )| |07 €2 [0 T] | 2 (2.5.24)
I+1

SO+ )Pz + C (1 + )"0 A 0,0 e,

m=1

where we have used the notation g = F e ¢ §(¢)]. From (2.5.23), Lemma 2.4.1
and Lemma 2.4.2, we have

102 || 1 =

0.0, 0)™) [ z0(€)de + nle,0) 200

—00

L' (Ry)

ol (2.5.25)

L (Rz)

SQ@@m/i%@&

< C|zoll 11,
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and for m > 1
o (n(z,0) ) /

10T ]|z <C ) z0(&)d€
n=0

0 12(R,)

<C107 (-, 0) Iz llzollzr +C DO (0 00 a2l 20112

n=1
<C(|lzollzr + [l 20l ).
(2.5.26)

From Lemma 2.3.2 with £ = 0 and (2.5.25) for 1 <m <[+ 1, we have
105 e 2 0p ] |2 C (L +t) 4D 0, T o+ Ce |07 T 2

<SC(1+ )72 20 1+ Ce™([l20]l o + [Izoll )
SC(]_ + t)_1/4_(m_1)/2”20||LI + CB_tHZ()HHm—l.

Hence we get (2.5.21). O
Lemma 2.5.2 and Lemma 2.5.3 lead to the following uniform estimate:

Corollary 2.5.4. Let m be a positive integer. Assume that |0] <1, zo € H™(R) N
Li(R) and [, zo(x)dx = 0. Then the estimate

10,0 Tz0) (-, £, 022 < Clllzolla + |20l 1) (1 +6)7/472, £ >0 (2.5.27)
holds for any integer 0 <1 < m.
For the second term of (2.5.3), the following estimate was also given by Kato [31]:

Lemma 2.5.5. Let m be a positive integer. Assume that |6| < 1 and
A€ CY%0,00; H™) N C°(0, 00; W™, Then the estimate

agAzﬂ@A@ﬂ@armr

L2
t/2
gc/ (1 4+t — 7)AV2N( 1) | ndr
0
L (2.5.28)
+ CZ/ (L4t — 1)+ 7)) 08N, 7) || padr

n=0 t/2
l t 1/2
T OZ(/ eI+ 1)T AN ¢)||izdf)
n=0 0

holds for any integer 0 <1 < m.
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Proof. Since

a, / t U[0\(7))(z, £, 7)dr
:/tHZl(l—i—l) 8l+1 "n(x,t) /8” (x —y,t —7)(n(y, 7)) Ny, 7)dydr,

from Lemma 2.4.1, we have

I+1

< CZIW“ (s Ol 1071 8|2

L2
l+1
<O (A6 RG] e,

n=0

o /tU[azk(T)](~,t T)dT

(2.5.29)

where we put
xtz// (& =yt — )0y, 7)) Ay, 7)dydr
<—Ae Al M) (7)) ()dr

By Lemma 2.3.2 and the Schwarz inequality, we have

G0l < C/O e 2 [~ A (D)l z2dr

(2.5.30)

t
< [ (@rt=n A+ eI e)dr
0

t
§C/ (L+t—7) V4N, 1) || adr
0

t 1/2 t 1/2
+ C(/ e(tf)dr) (/ e(tT)||)\(',7')Hizd7')
0 0

t
= C/ (L4t =7) A7) | adr
0

¢ 1/2
+ C(/ 6_(t_T)||>\(', 7‘)”%2617’) )
0

In the following, let 1 < n <[+ 1. By Plancherel’s theorem, we have
NORT )22 = [1(i€)"T(€, 1)l 2

< 1) 1€ t)ll2qer<ry + 1€ (&, Dl z2qer=
= [1 + 12.

First, we evaluate I;. From (2.5.30), we have

t
Jas/Wwo%<t“ffm1M@mmmmqﬂf
0

t/2 t , 5
([ [ Wiere e myr e lgaeyar @5
0 t/2

=11+ 1o

(2.5.31)
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Since

/ e 20D ge < (14t —7) 02 j >0, (2.5.33)
1€1<1

from (2.4.8), we have

1/2
I, <C / sup | F [ ]<£,T)I( / |5|2"e2<“>'€2d§> ar
|€]<1

l¢1<1

(2.5.34)
< (J/ (1+t—7) "> VYN, 7) || adr
0

It follows from Lemma 2.4.2 and (2.5.33) that

! 1/2
11.2§0/ sup|<is>"—1f[n-w<§,7>\(/ |§|26_2(t‘”5|2d§) dr
t/2 |€I<1 g[<1
t

<O (At=7) o 7 NG T)[|dr
t/2

t

< C’/ (1+t—7)34
t/2
t n—1

<C (1+t—7)" 3/4 (14+7)" (n— l_m)/ZHG?)\(-,T)HleT.
t/2 m=0

(2.5.35)
dr

Ll

-1

3 ( Dot o

m=0

Therefore, we have from (2.5.34) and (2.5.35)

t/2
I < c/ (14t — 7)2 VA A o) | el
’ (2.5.36)

—_

t n—
+O [ (Lt—7) Y (L4 7) RGP, 7) | pdr

3
]

Next, we evaluate I. For |£] > 1, by the Schwarz inequality, we have

(i)™ 1(&,t)| =

(i€)" / TR F (N (€, 7)dr

<C / t [€le=E=DIE) Q) F TN (€, 7)|dr
0

t 1/2 t 1/2
2,—(t=7)¢? —(t=n)EP|(;¢)n1 -1 2
o [ tereenietar) ([ ety mae

t 1/2
c( / 6(”)'52!@'5)”1F[771A](£,T)|2d7) |
0

IN

IN
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Therefore, from Lemma 2.4.2, we have

/£|>1/ —(t—7)¢|? (i) Fn N (€, 7)) d7d5)1/2

1/2
<c / (=) |<zf>"-1f[n-w<5,T>|2d§df)
0 l¢[>1
1/2
/ Dot (A >||%zdr) (2.5.37)
2 1/2
~¢ / - (”;1)82”1(77(.,7)1)8%(-,7) dear)

<C

<
(
=<
(
(s

1/2
1 + T)_(”_l_m) |OTA(+, T) ||%2d7') .

o\
|
,(*:
~1

Summing up (2.5.29), (2.5.31), (2.5.36) and (2.5.37), we obtain (2.5.28). This com-
pletes the proof. O]

Moreover, for the latter sake, we prepare another estimate for the second term of
(2.5.3). We will use the following estimate in the next chapter to prove Theorem 3.2.2
below.

Lemma 2.5.6. Assume that |d| < 1. Then the following estimate

/0 U0 A(T)] (-, t, T)dT

L()O

1
<O (L4t /2me (2.5.38)
=0

x i/om(t = 1) ERIAG, )T + /]t (t =) "2IAC, T)IILoodT)

t/2

holds for t > 0.

Proof. From (2.5.2), we obtain

/0 U0 (2,1, 7)dr
_ / / 0u(G(w — y t — P, £) (ny, 7)) Ay, )dydr

_Zal "n(z,t) (/ / )/ Gz —y.t —7)(nly, 7)) Ny, 7)dydr.
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By using Young’s inequality, Lemma 2.4.1, Lemma 2.4.2 and (2.4.8), we obtain

/0 U0 A(T)|(+, t, T)dT

LOO

< CZ 10z (-, t)]|

x ( / P0G = ) x (X)) // |onG(t — 7+ <n1A><r>andT)

t/2 t
X ( (t—r)1/2”/2|M(.,7)der+/ (t—r)"/2\|x(.77)|ymdr).
0 t/2

O
2.6 Proof of the Main Theorem
Finally in this section, we shall prove Theorem 2.2.1. First, we consider
c
v+ (bxv)s + [ =X | +kXowe — Ve =0, z€R, t >0,
¢+ (bxv) (SXf)x X (2.6.1)

v(z,0) =0, z€R.
The solution of this problem satisfies the following estimates.

Lemma 2.6.1. Let [ be a non-negative integer. Assume that |6| < 1. Then we have

100 (-, t)|| 2 < CI8|(1+t)~*/* 2 log(2 +t), t >0, (2.6.2)
where v(x,t) is the solution to (2.6.1). In particular, we get
105 0(-, )|l e < Cl8|(14 )2 1og(2+t), t>0. (2.6.3)

Proof. Applying Lemma 2.5.1, the solution v(z,t) to (2.6.1) is given by

o(z,t) = /0 % K&” <—§X3> —kxm) (7)1 (2.1, 7)dr. (2.6.4)

By Lemma 2.5.5, we have
1050 (-, £)] 2

t/2
< C/ A+t =72 + (X (7)1 2 ) dr
0

l t
+C Z / (Lt = 7)1+ ) 72107 O G ) e + 1072 ()| ) dr
t/2

1/2
+cz(/ ST (107 ¢ ) + ||a$+2x<-,f>||%z)d7)

=L+ L+
(2.6.5)
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For p € [1, 00|, we obtain
197 (O (7)o

<0 Z e O P AN O P oA O 1 P
=0 =0 (2.6.6)

m m-—-n

< C’|5|3 Z Z(l 4 7_)—1/2—71/2(1 + 7_)—1/2—1‘/2(1 4 T)—1/2+1/2p—(m—n—i)/2
n=0 i=0

< C|5\ ( T)*(3fl/p+m)/2

)

where we used Lemma 2.4.1. Thus we get

t/2
I, < C/ (Lt —7) 2 06P A+ )+ 0|1+ 7)) dr
0

(2.6.7)
< OJ5|(1 + )34 log(2 + 1).
Moreover, we have from (2.6.6) and Lemma 2.4.1
L<C Z/ (L+t—7) (14 7))/
x ([6P (L +7) 7 "2 4 [8|(1 4 7) 7" 2)dr (2.6.8)

t
<CP| [ Q+t—7)341+7) s
t/2
< C|0](1 + t)~3/4712

and
l ¢ 1/2
L<0), ( / U e (R O I A LU T>—5/2—m)d7)
m=0 0
t 1/2
<cpl( [ et )
0
S C|(5|(1 + t)_5/4_l/2,
(2.6.9)
Summing up (2.6.5), (2.6.7), (2.6.8) and (2.6.9), we obtain (2.6.2). O

Our first step to prove Theorem 2.2.1 is to show the following proposition:

Proposition 2.6.2. If ug € Li(R) N H3*(R) and E3; is sufficiently small, then the
estimate

108 (u(-,t) — X(-,t) — v(-,t))||p2 < CE5 (1 +)734712 >0 (2.6.10)

holds for | = 0,1, where x(x,t) is defined by (2.1.3) and v(xz,t) is the solution to
(2.6.1), while E5; is defined by (2.2.1). In particular, we get

u(-t) —x(,t) —v(-,t)||ze < CEs (1 +8)7Y ¢ >0. (2.6.11)
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Proof. We set
w(z,t) = u(z,t) — x(x,t) — v(z,t).

Then w(z,t) satisfies the following equation:
wy + (wa)x = Wgr = g(wa X5 U)a: — kWggy — kvxzxa reR, t> 0,
w(x,0) = w(x), = €R,
where we have set

C

g(w, x,v) = —g(w—l—v)2 — §( 540 +3(w+v)(w+x)(x+v)>,

wo(x) = ug(x) — x(z,0).
By the assumption on the initial data, (2.1.4) and (2.4.3), we get wy € Li(R)NH3(R)
and [ wo(x)dx = 0. From Lemma 2.5.1, we obtain

w(z,t) = Ulwo(z,t,0) —i—/o Ul0:g(w, x,v)(T)|(x,t, T)dT

t
—k / Ul (Waas + Vans) (7)) (2, 1, 7)d (2.6.12)

0

=L+ L+ 1.
Now, we define N(T') by
1
N(T) = sup Y (1+ /42| 0w(-, t)]| 2. (2.6.13)
0<t<T £—5
Then, from the Sobolev inequality, we have

Jw(-, )| < N(T)(1+1)7" (2.6.14)

Before evaluating Iy, I, and I3, we prepare the following estimates for [ = 0, 1:

10g(-, t)||r < C(1+1)3>712((16]log(2 + t))* + N(T)?), (2.6.15)
10Lg(, )|z < C(1+1)"/*712((|6] log(2 + )2 + N(T)?). (2.6.16)

We shall prove only (2.6.15), since we can prove (2.6.16) in the same way. Here and
later, |§] and N(T) are assumed to be small. We put hy(z,t) = w(x,t) + v(z,t),
ho(z,t) = w(x,t) + x(z,t) and hz(z,t) = x(z,t) + v(x,t). Also, let m = 0,1 and
0 <t <T. Then we have from Lemma 2.6.1 and (2.6.13)

107 hy (-, 1) || 2 < C(1 + ) ~3/47™/2(|6| log(2 + t) + N(T)). (2.6.17)

In particular, from the Sobolev inequality, we get
IR, )|l < C(1+1)71(|5]log(2 +t) + N(T)). (2.6.18)

Moreover, we get from Lemma 2.4.1 and (2.6.13)
|0 ha D)l < C(L+ 07472 (6] + N(T)). (2.6.19)
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In particular, we get

lha (-, )]l < C(L+)72(|8] + N(T)). (2.6.20)
Moreover, from Lemma 2.4.1 and (2.6.3), we have
107 hs (-, t)||Le < C|0](1 + 1)~ Y2m/2, (2.6.21)

Hence, for [ = 0,1, we have from Lemma 2.6.1 (2.6.13), (2.6.14), (2.6.17), (2.6.19)
and (2.6.21) that

l
105 ((w +0)( t) e < C YN0 b )| 2 10" ha (-, 1) 2

— (2.6.22)
< C(L+ )72 2((18]10g(2 + 1))* + N(T)?),
15 (w? (-, 1)) | o1
< Cl|SLw(-, t)| g2 llw (-, ) 2 Jw (- ) || o
-1 l-m
+CY N O w (- )| e 05w (-, 1) [ 2 |05 w (-, ) | 2
m=0 n=0
2.6.23
<O+ 6)2A ™31+ 0TI N(T)? ( )
-1 I-m
+ O Y (L) TR ) AR ) AR N (T
m=0 n=0
185 (-, 1))l
I l-m
<O D oo ) |05 0 Ol 0™ (- 1) 22
m=0 n=0
I l-m
SCZ (1+t)717m/2<1_'_t)73/47n/2(1+t)73/47l/2+m/2+n/2(’6‘log(Z+t))3
0 n=0
SC( +1) 72 2(16] log (2 + 1))
< C(1+1)72712(|5]log (2 + 1))
(2.6.24)
and
10, (h1h2h3)(- )l
<C Zleamhl |2 1107 ha (-, )] 21105 ™ " ha (-, 1) 1=
m=0 n=0
I I-m
<C (14 ¢)=3/4=m72(15]1og(2 + t) + N(T)) (2.6.25)
m=0 n=0
% (1+t) 1/4_n/2(’(5|—|—N( ))(1+t)—1/2—l/2+m/2+n/2’5|
< C(146)7#72(16]1og(2 + t) + N(T))(|6] + N(T))
< C(14t)7212((|6]1og(2 + 1)) + N(T)?).
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We note that the second term in (2.6.23) does not appear for [ = 0. Summing up
(2.6.22) through (2.6.25), we obtain (2.6.15).

Now, we start with evaluation of I;, I, and I3. By using Lemma 2.5.4 and
61 < luoll . we get

10, ()12 < C(fuoll i + Iluoll ) (1 +6)72472, 1=10,1,2,3. (2.6.26)

From Lemma 2.5.5, for [ = 0, 1, we have

t/2
1oL Lo(- )]s < C / (L4t — 7)1 g () [ pedr
0

+O) / (L4t =) (L4 7)~ 2|00 g () || prdr
% (2.6.27)

. 1/2
+C Z </ e’(t’T)(l + T)*(lfm)Ha;lg('» T)H%?‘”)
0

m=0

=l + Lo+ Irs.
We have from (2.6.15) and (2.6.16) that

t/2
I < C/ (L+t—7) 321+ )72 ((|0| log(2 + 7)) + N(T)?)dr
0

< O+ 2(|8 P + N(T)?),

(2.6.28)

L,<C Z / (L+t—7) 341+ 7)™22((|6] log(2 + 7)) + N(T)?)dr

< C(14t)732712((16]log(2 4 1))? + N(T)?) /t (1+t—7)"*dr
t/2
< C(1+8)7°412((16]1og(2 + 1)) + N(T)?)

(2.6.29)
and
1/2
L <C Z ( [ T oetz + )+ N ar)
¢ 1/2 (2.6.30)
C((|0]log(2 + t))* + N(T)?) ( / e (1 + 7')_7/2_ld7')
0
<C(1+)7742((16] log(2 + 1)) + N(T)?).

Summarizing (2.6.27) through (2.6.30), we obtain

|0LTo(-, t) || 2 < C(|0* + N(T)?)(1 + )~ G/A+H/2), (2.6.31)

Finally, we evaluate I3. First, since
1/1(%75) = U(.T, t) - X(Ivt) = w(m,t) + U(‘Tv t)a
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from Proposition 2.3.3, Lemma 2.4.1 and Lemma 2.6.1, we have

1050 (-, 1) || < CEsot ™ 2(14+t7Y%), t>0, 1=0,1,2,3, (2.6.32)
1054 (-, t)|| 2 < CEso(1+t)" Y42 t>0, 1=0,1,2,3, (2.6.33)
18;0(, )|z < C(|6]10g(2 + 1) + N(T)) (1 + )"+ 1 =0,1. (2.6.34)

From the definition of I3, it follows that
t
O Iy(w,t) = — ko, / Ul (7)) (2, t, 7)dT
0

T k/ / 0, (G —y,t = 7)) (n(y, 7))~ by (y, 7)dydr

+1

_ k:z (l * 1) O (2, T (1, 1),

where we put

I, t) = / / Gl — .t — 7Yy, 7))ty (g, 7)dydr.

Therefore, from Lemma 2.4.2, we have

+1
10, )2 < © SO(L+ 6290 T ()] o (2.6.35)

n=0

By making the integration by parts, we have
_ ' 2 _ _ —1
Hart) = [ [ 86w = vt = )0ty 7) ol e
=2 [ [0.6ta =yt =)0, tnt0 7)ot i
/ / (z =y, t = 7)0,(n(y, 7)) (y, 7)dydr.

Then, it follows that

2 t
jom g6 < ¢S |lor / / 2 Glx — y,t — )3 (n(y, 7)) (y, T)dydr
r=0 0 JR

L2
2
=C Z Iy
r=0
(2.6.36)
First, we shall evaluate J, for r = 0, 1. By Plancherel’s Theorem, we have
t
o< |y [ eI ezl ryar
0 L2(l¢|<1)
t 2.6.37
S e AT (2637
0 L2(|¢|>1)
= Jra + J’r.2
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and

t/2 t
s o\nt2—r —(t—7)[¢]? (L 2
ng( / ; /W)H@gv DR FOL D Dlaigeandr o

=Jria+ Jraio.

Since

€[e2DIEP de < C(1 4t — 1) I2V2 G >, (2.6.39)
l€1<1

and (2.6.32), (2.4.8) and Lemma 2.4.2, we have

t/2 1/2
Jr11 <C / sup |[F[(0;(n™")](&, 7)] ( / € |2"+4‘2’"6‘2“‘T)'52d§) dr
0 1€1<1

l§1<1

t/2
= O/O (L4t —7) 22 (0 (), 7) | prdr

t/2
< CEsp(1+ t)_n/2_5/4+r/2/ (1+7)P(1+7 Y dr
0

< CBso(1 +t)~2714,
(2.6.40)

While, we have from Lemma 2.4.2, (2.4.8), (2.6.32), (2.6.33) and (2.6.39)

t 1/2
haasC [ sup|<z'§>”+1-rf[<a;<n—l>m<§,T>|( /5 . |f|26-2<f-”'5'2ds) ir

/2 1€I<1

= O/t (L4t =) 2o (@0 D)), 7) [

/2
n+l—r ¢
<C ) / (14t — 7)o () (), 7 adr
m=0 /2
n+l—r .
< CFE;sp Z / (I+t— 7')_3/4(1 + 7')_”/2_1/2+m/27_m/2(1 + 7'_1/4)d7'
m=0 t/2

< CBsp(1 )27V ¢ >1.
(2.6.41)

For |¢] > 1, by using the Schwarz inequality, we have

(i€ / e TR F(@ (7)) (€, )

<C /0 |€le=IEE ey F (0 (n)wl(E, 7 dr
t 1/2 ‘
< C(/O ’5‘2€(t7)|fl2d7) (/0 6(tT)ép\(iE)"HT]:[(a;(??1))¢](§,T)|2d7)

C’(/Ot e—(t—r)IEP’(ig)nﬂ—r}—[(a;(n_l))w] € T)|2d7> 1/2‘

1/2

IN
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Therefore we have from Lemma 2.4.2 and (2.6.33)
n+l-—r

<C (/t 6‘(t—7)||3?+1—m(77‘1)(-,r)@?¢(.77)||2md7)
0

1/2

=¢ A/ IR gy F @)l (€, )] drdf)

t 1/2
[ [ e r@r el P )

1/2

(2.6.42)

T t 1/2
< C (/ ef(tf‘r)‘(sﬁ(l + T)fnflerEg’O(l + T)l/deT)
0

t 1/2
< CE370 (/ 6—(t—7)<1 +T>—3/2—nd7_>
0
< OBso(14-t) /2734,
From (2.6.37), (2.6.38), (2.6.40), (2.6.41) and (2.6.42), we obtain
Jy < CEso(1+t) ™4 t>1, r=0,1. (2.6.43)

Next, we evaluate Jy. For n = 0, we have from Lemma 2.3.2 with £ =0

J<C / 1A (@2 ) ) ()] ()| e
<c / (14 ¢ — ) Y@ D)) s + e (@R )) () 2 dr

= Joo1 + J202-
(2.6.44)

From Lemma 2.4.2 and (2.6.34), we have

Joor=C (/ //Q)Ht AN e

<O+ 1/4/ 1611+ 7)-3/4(16] log(2 + 7) + N(T))(1 + 7)~*/dr

+C [ (A +t—7) Y51+ 1) (|6]log(2 + 7) + N(T)) (1 + 7) %/ dr
t/2
< CA+6)VY6]* + N(T)?) + C(1+ )~ (|6]* log(2 + t) + [6]* + N(T)?)
< O +t)7Y4(0]> + N(T)?)
(2.6.45)

and
¢
Japa C [ CNBI(1 4 ) (8 log(2 + 7) + N(T)(1+7) ¥ dr
0

t
< C(|8]*log(2 + t) + [8]* + N(T)? )/ 1) (1 4 1) Ty (2.6.46)
0

< C(147)"74(|6 log(2 + t) + [0]> + N(T)?).
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Therefore, we obtain from (2.6.44) through (2.6.46)
Jy < C(1+1)"V46]> + N(T)?), n=0. (2.6.47)

In the following, let n > 1. By using Plancherel’s theorem, we have

(i€)" / TR F (@2 (1)) (€, )

L2(J§|<1)

(i€)" /0 e~ IR F (92 (7)) (€, 7)dr (2.6.48)

= J2.1 + JQ.Q.

L2(|¢]>1)

First, we estimate J, 1. It follows that

t/2 t ) o
Jms( / T /t/z)”“@e( G IE Dagandr 0

= Jo1a + Jana
From Lemma 2.4.2, (2.6.34) and (2.6.39), we have

1/2
Jy11 < C/ Sup |f 62 —1))1/)](577_>|</|E<1 |§‘2ne—2(t—7)|§|2d€) dr

l§1<1

<c / (L4t — 7) 2V (@20 )) (o) |

t/2
<C(1+ t)_”/2_1/4/ |0](1 + T)_3/4(|(5| log(2+7)+ N(T))(1 + T)_3/4d7'
0

< C(1 42 V4(6)2 + N(T)?)
(2.6.50)

and

¢ 1/2
Ja12 < C/ sup I(ié)"‘lf[(ai(n‘l))t/)](&T)I</|§<1 |§|2€‘2“‘T)'5'2d§> dr

t/2 [§]<1
t

=¢ /2“ =) e (@20 )W) ()

<cZ / (14t = 7)) (O )

n—1 t

<C Z/ (1 +t— 7_)—3/4|5|<1 + 7_)—n/2—1/2—&—m/2—&—1/4
t/2
X (|0|1log(24+7) + N(T))(1 + T)_m/2_3/4d7
< O+ )21 (|5 log(2 + ) + 3] + N(T / (14— 7)3/dr
t/2

< C(L4+8)72734(|6)2 log(2 + ) + |6]* + N(T)?).
(2.6.51)
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In the same way as (2.6.42), we have from Lemma 2.4.2 and (2.6.34)

1/2
s < C /ﬁ - / I i) (@2 ()l (€ 7| dms)

<
g

1/2
= / ¢ |>1|<zg>n Fl(@3 ))¢](€,T)|d§d¢)
1 1/2
<C Z_O(/ e~ (t— T>H3§Z+1m(n1)(.77)8;?1/,(.’7)”%2%)
S n—1

t (2.6.52)
Z (/ e—(t—7)|6|2(1 + T)—n—l—l—m
m=0 0

1/2
x (|6]log(2 4 7) + N(T))*(1 + 7')_3/2_de>

1/2

< C(]6]*log(2 + t) + |6]* + N(T)?) (/t e+ T)_5/2_”d7-)
< C(14t)72754(|6)? log(2 + ) + \5]02 + N(T)?).
Therefore, summing up (2.6.47) through (2.6.52), for n > 0, we obtain
Jy < C(1+ )2 V4(612 + N(T)?). (2.6.53)
Therefore, from (2.6.35), (2.6.36), (2.6.43) and (2.6.53), we have
|05 L5 (-, 1) || 12 < C(Fsg + 0> + N(T)2)(1+)"CAH/2 ¢ >1 1=0,1. (2.6.54)
Since |0| < Ej54, summarizing (2.6.12), (2.6.26), (2.6.31) and (2.6.54), we obtain
10 w(-,t)|| 2 < C(1+t) 32 (Byy + N(T)?), 1<t<T, 1=0,1. (2.6.55)
For 0 <t <1, from (2.3.9), (2.4.3) and (2.6.2), we obtain

105w (- )llz2 < CllOGul- )|z + ClOxX ()2 + CllOgo(- 1) 12
<CE;p+Cld], 0<t<1, [=0,1

(2.6.56)
Finally, combining (2.6.55) and (2.6.56), we get
L+ )2 0bw(-, b)) 2 < C(Esp+ N(T)?), 0<t<T, 1=0,1.
Since Fj3; is small, we obtain the desired estimate
N(T) < CEy.
This completes the proof. O

In order to complete the proof of Theorem 2.2.1, it is sufficient to show Propo-
sition 2.6.3 below. Here we need to improve the proof of Lemma 3 in [27] to avoid
the factor /logt.
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Proposition 2.6.3. Assume that |0| < 1. Then the estimate
lo(-,t) =V ()|l < OBI(A+1)7Y t>1 (2.6.57)
holds. Here v(z,t) is the solution to (2.6.1) and V (x,t) is defined by (2.2.3).
Proof. We set
A,y 1,7) = (G2 =y, t = T)n(,1))
= 0,Glx —y. 1~ 70l 1)+ o x(e G — gt =Tl 1), (2659

Fy,7)=n(y.7)" <—§x(y, )% — kxyy (v, T)) :

By Lemma 2.5.1 and (2.5.2), we have

t
oty = [ [ Ayt P,y
0 R
t t/2
:/ /A<$7y7t7T)F(y7T>dydT+/ /A(x7y7t77-)F(y,7—)dydT (2659)
t/2 JR 0 "

= Jl + :]2.
First, we evaluate J;. We shall show
1T 1)l < ClOJ(141) 7" (2.6.60)

It follows that from (2.6.58)
c t b
n==gute) [ [ (066 - pt-n)+ ue6lo -t )
3 t/2 JR 2
x (n(y, 7))~ x(y, 7)’dydr

— kn(x,t) /t/:/R(axG(a: —y,t—7)+ gx(a:,t)G(a: —y,t— T))

X (0(y, 7)) Xy (y, 7)dydT
=Ji1+ Jio.

For J; 1, by making the integration by parts, we have
Datet) = =ate) [ [ o= wt=) (0, (7). 77)
t/2
+2><<x O ) x(o. 7))y

et //2 [ 6t =t =) (=t o )

#3000 7)) X070 7) + G0 7) 7))
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Therefore, from Lemma 2.4.1, we obtain

t
|J11(-, 1) || < C/t/z IGCot =)l (I ) e 4+ X Gy oo X, T) [ 200
+ X Ol IXC 7)1 ) dr
t
S C|5’3/ ((1 + 7—)*2 + (1 + t)*l/Q(l + 7_)73/2>d7_
t/2

< CI5PL+1)"
(2.6.61)

For J; 5, by making the integration by parts, we have

Jra(z,t) = —kn(z, t) //2/ & —y,t—7) (% ((n(y, 7)) Xuw (9, 7))

+§X( By, 7)) Xy, ))dydr

= —te) [ [ 6ot =) (=507 0 0

00 ) N0 7) + 53O0 7) ) )

Therefore, from Lemma 2.4.1, we have

t
[e2( Dz < C//2 NG (st = 7)o (I Co )z lIXaw (- )z + (X, 7)o
t

+IIXCo )z lXaw (5 )| 20w ) dT
t

S C’(S‘ ((1 —'— 7')72 _'_ (1 + t)*1/2(1 + 7_)73/2)d7_
t/2
< OB+
(2.6.62)

Hence, from (2.6.61) and (2.6.62), we have (2.6.60).
Next, we evaluate Jy. Spliting the y-integral at y = 0 and making the integration
by parts, we obtain

t/2
Jo — / / Az, y, t, 7)F(y, 7)dydr
0 R
t/2  poo 0o
— / / Ay, 1, 7) / P(g, 7)dgdydr

t/2 Y (2.6.63)
/ / (T, y, b, T / F(q, 7)dqdydr
+/ A(z,0,t T)/F( ,T)dqdT
0 R
= Jg + J4 + J5.
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First, we note that Lemma 2.4.1 yields

sup Ssup sup ’Ay<x> Y, t, 7—)‘
0<7<t/2 z€R ycR

<C sup (102G (-t =)z + IIxC, )l Lo |0 G (-t — 7) || 1) (2.6.64)
0<7<t/2

<C sup ((t—7)2 4 (1402t —7)h) <t
0<T<t/2

since

b
Ay(z,y,t,7) = —n(x,t) <8§G(a¢ —y,t—7)+ 5)((3:, 1)0.G(x —y,t — T))

By making the integration by parts, we have

/ 10 7) a0 7

=) o)+ 7 [ )l
=~ o) = F0 ) P+ [ () a7

Therefore, we have

/yoo F(q,7)dq = /yoo(n(q, )" (—gx(q, 7% = kXaq(0, 7)) dq

= k(n(y, )" (xy(y, )+ Zx(y, 7)2) (2.6.65)

- (b%k + g) /ym(n(q,f))‘lx(qﬁ)?’dq.

Similarly, we obtain

/y F(g,m)dg = =k(n(y, 7)) (Xy(va) + ZX(ZJ’T)2>

. v (2.6.66)
. (% i §> / (nla 7))
because
/ " (@) Xaala 7

=) )+ [ ()

= (5.7 o) + 307 1P+ [ e r) e
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From Lemma 2.4.1, (2.6.64) and (2.6.65), we have

’Jg(l’ t

]
t/2

S A A (T R o N
t/2 t/2

<Ot 3/2</ /\Xy v, 7) + Ix(y. 7) dyd7+/ //\Xq, 3dydqd7>

t/2
wa{A<Mm>M+m<NBM+/ /qm%wwm)
—3/2 v ~1/2 2 ~1/2 i 3
< ct / (1611 + 7) +Muuw>>m+/ /wmmﬂwa
0 0 R

t/2
smWLHW+CﬁW/ /mmmﬂmwr
0 R

By using (2.4.2), we have

[ )y < €l [ (1 7y e 0 gy
R

< Clof* /(1 + 7)) (1 4 )l 0D gy
R

< CloPN0.G (-, 1+ 7)1
< CoP(1+7)7V2

Thus, we obtain

t/2
130, < CIO[(1+1)"" + Ct?’/?/ 621 + )" V2dr
0
<CP+6)7 t>1,

(2.6.67)

Similarly, we have from (2.6.64) and (2.6.66)

’J4<JI t

<Ot 3/2/ / <|Xy y, 7|+ Ix(y, ) + / (g, )|3dCJ)dydT
< O3 (/t 2/<|Xy(y77')‘ + \X(y,7)|2)dyd7'+/t/2 /0 /O|X(q,7)l3dydqdr>
< Ct‘3/2</0 (e G )l + Ix G, m)N172) dTJr/t/Q/ Dx(a.7 3dqd7)

SQWLHW+cﬁW/ /mm@ﬂmwf
0 R

Therefore, we have

[J4(-, )|l < Cl6J(A+2)7F, ¢ > 1. (2.6.68)
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Finally, we evaluate J;. By the integration by parts, we get

/RF(w)dq = —g/R(n(q,T))‘lx(q, 7)’dg — k/R(n(qJ))‘lxqq(q, 7)dq

c bk

I /R(n(q, )7, ) g = 7 f (100, 7)) 0@ 7))

—_ (g + b%k)/R(n(q, 7)) "'x(q, 7)dg.

From the definition of n(x,t) and x(z,t), and (2.1.11), we have

A(n(q,f))‘lx(qaf)gdq = /Rn* (\/%)1(1 + 7). (V%)gdq
— (147 /R n(2) (=)
d(147)7"

/RF(q,T)dq = —d(b%k + g) (1+7)"

Thus, we obtain

Therefore, we have

J5——d(b%k+ C)n(:c,t)/o
=y

t/2

(14+7)" (&CG(x,t —7)+ gx(x, t)G(x,t — T>>d7'

t/2

(147)" (@;G(x, t—171)— 0,G(x,t+1)

+-M%ﬂ@@i—ﬂ—G@¢+Dom

8
= Js1+ Js.

(2 Juen (o S (1)

(2.6.69)

Since
OG(r,t—7)— Gz, t+1) = —(1+7) /01(8tach)(x, 1+t—0(1+47))dd
for [ = 0,1, we have
0LG (2t — 1) — OLG(z, t +1)| < C(147)(t — 7')’3/24/2.
From (2.1.11), (2.4.8) and Lemma 2.4.1, we obtain

|ﬂs4m&mwm@W@scmuW@SCW?
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Therefore, we obtain
||‘]5.1('at)||L°°
t/2
< C’(S|3/ (1+ T)—l ((1 +7)(t— 7_)—2 +(1+ t)_1/2(1 +7)(t— 7_)—3/2) dr
0

<CIPA+t), t>1.

(2.6.70)
Finally, by the definition of V' (z,t), J52 can be written as follows:
bk ¢ b t
J5.2(l’,t) =—d ? + g n(x,t) (‘LG(x,t%— 1) + éx(l’, t)G(JI,t + 1) IOg 1+ 5

= V(z,t) + %(%k + g)u(\/%)(l +1)7 (log(l +1) - 10g(1 + %))

Since V. (x) is bounded, we obtain

g e oy

<CloP(1+t), t>1.

||J5.2('at) - V(7t)||L°° SCY|5|3

(2.6.71)

Therefore, summarizing (2.6.59), (2.6.60), (2.6.63) and (2.6.67) through (2.6.71), we
obtain (2.6.57). O

Finally, we can complete the proof of the Main Theorem.

End of the proof of Theorem 2.2.1. Combining Proposition 2.6.2 and Proposi-
tion 2.6.3, we immediately have Theorem 2.2.1. [
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Chapter 3

Consideration of the Effect of the
Decay Rate of the Initial Data

In this chapter, we introduce the results given by the author in [§].

3.1 Introduction

In this chapter, we study the large time behavior of the global solutions to the
generalized KdV-Burgers equation under a different assumption on the initial data
from that of the previous chapter:

up + (f(u))m + Klgpy = Uge, T E€R, t>0,

u(z,0) = ug(x), x €R, (2.1.1)

where f(u) = (b/2)u* + (¢/3)u® and b # 0, ¢,k € R. Here and in the following,
the mathematical formula that appeared so far is numbered with the same reference
number. Concerning the initial data, we assume the following condition:

Ja>1, 3C >0 s.t. |ug(x)] <C(1+z))™% zeR. (3.1.1)

The purpose of this study is to obtain an asymptotic profile of the solution wu(z,t)
and to examine the optimality of its asymptotic rate. Especially, we investigate how
the change of the decay rate of the initial value affects its asymptotic rate.

In the previous chapter, we studied the large time behavior of the solution to
(2.1.1) under the assumption uy € Lj(R) N H*(R). Indeed, we showed that the
solution to (2.1.1) converges to the nonlinear diffusion wave defined by

1 x
=y ———), TR, t>0, 2.1.3
X(@:1) = Z==X (\/1—4—t> . (2.1.3)

where
1 (6b6/2 _ 1)6712/4
(z) = - _ 5= dr, b#0. 2.1.4
) = e ey 0= [ b0 @1

)
More precisely, if § # 0 and (b*k)/8 4 ¢/3 # 0, the following estimate is established:
[u(-,t) = x(,8)|[z= = (C +o(1)) (L + ) log(1 +t) as t — oo,
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where C'is a positive constant. This result tells us that the optimal asymptotic rate
to the nonlinear diffusion wave is t~!logt¢ under the above assumptions. Here, we
note that the condition ug € Li(R) N H3(R) is realized when uy € H3(R) and a > 2
in (3.1.1). Therefore, we can regard that the above previous result is corresponding
to the case where the decay rate of the initial data wug is rapid. In the present
chapter, we are interested in the large time behavior of the solution to (2.1.1) in
the case that the initial data decays more slowly. However for (2.1.1) in the case
of 1 < a < 2in (3.1.1), it was not known that the optimal asymptotic rate to
the nonlinear diffusion wave, up to the author’s knowledge. On the other hand,
it was studied that the asymptotic profile for the solution to the semilinear heat
equation with slowly decaying data. Actually, Narazaki and Nishihara [50] studied
the following initial value problem:

Up — Ugy = [ufPMu, T €R, >0,
u(z,0) =up(x), = e€R,
where the data uy € C°(R) satisfies |ug(x)| < C(1+ |z|)™7 for 0 < v < 1. In this

case, if p > 1 + 2/~ (supercritical case) and the data is sufficiently small, then the
asymptotic profile is given by

1 2
V(x,t)=c e~ @) /4t 4 dy,
(@.t) = e [ o= ey Ty

provided that the data satisfies lim;—o0(1 + [2])uo(x) = ¢,. More precisely, they
proved

(3.1.2)

Tim as (4)]|u,t) = ()1 = 0, ay(8) = < e

{(1 +i02, 0<q <1,
log(117) ’ v=1

Moreover, in [50], the semilinear damped wave equation
Uy — Uy +u = [ufP™!, 2 €R, t>0,

u(z,0) = up(x), u(x,0) =u(z), z€R (3.1.3)

with slowly decaying data is also treated. Furthermore, the damped wave equation
(3.1.3) in two and three space dimensional cases were also studied. For the related
results concerning (3.1.3), we also refer to [21, 22]. However, as we mentioned in
the above, there are no results about the large time behavior for the generalized
KdV-Burgers equation with slowly decaying data. Because of this, we would like to
study the asymptotic profile for the solution to (2.1.1) when 1 < a < 2 in (3.1.1),
which corresponds to the case of 0 < v < 1. Indeed, it is natural to assume that
up € L'(R) which is indicated by (3.1.1), because the equation (2.1.1) leads to
the conservation law: [, u(x,t)dx = [, uo(x)dz. For this reason, we restrict our
attention to the case of 1 < a < 2.

3.2 Main Results

In this section, we introduce the main results of [8]. In the following, we consider
the initial value problem (2.1.1) with the condition (3.1.1) when 1 < a < 2. Our
main results are as follows:
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Theorem 3.2.1. Assume the condition (3.1.1) with 1 < a < 2. Let ug € H*(R)
and ||uol|pr + |Jug|| g3 is sufficiently small. Then (2.1.1) has a unique global solution
u(z,t) € C°([0,00); H®). Moreover, the solution satisfies the following estimate:

(14 t)=o/2, t>0, 1<a<?2,
u(-,t) — x(-,)||pe < C 3.2.1
a8 = xC, D)l {(1+t)‘1log(2+t), t>0, a=2, (32.1)

where x(x,t) is defined by (2.1.3).

Furthermore, we examine the optimality of the asymptotic rate given in (3.2.1).
Actually, we have constructed the second asymptotic profile corresponding to the
decay rate of the initial data:

Theorem 3.2.2. Assume the same conditions on ug in Theorem 3.2.1 are valid.
We set

0(0) = @) [ (o)~ vy (3.2.2)

If there exists lim,_,4o0(1 + |2|)2 L20(2) = ¢, then the solution to (2.1.1) satisfies

tlim(l + 1) |u(-,t) = x(,t) = Z(-,t)||lz~ =0, 1 < a < 2, (3.2.3)
(141)

lim WHU('J) —X(1) = Z( ) =V ()l =0, a =2, (3.2.4)

where x(x,t) and V (z,t) are defined by (2.1.3) and (2.2.3), respectively, while Z(x,t)
1s defined by

Ziat) = / aWOu(Gle =y @) ) { 20 oy

L+ gD iy <0,

)

with G(x,t) and n(x,t) being defined by (2.4.1) and (2.4.6), respectively. Moreover,
if 0 # 0, there are positive constants vy and vy such that

1Z( )|l = volBol(1L+)72, 1<a<?, (3.2.6)
1Z(t) + V(- )l > vl Bl (1 4+ 1) Hog(1 + 1), a=2 (3.2.7)

holds for sufficiently large t, where

6 = (e — c;)r(3 ; a)+(cjc +;E)2X*(O)F(2 — %)

e 1Rk ~°
B = Ca ;_Coz _ d(? + g)’ F(S) = /0 e_xxs_ldl‘, s >0,

(3.2.8)

while 6 and d are defined by (2.1.4) and (2.1.11), respectively.

From (3.2.3), (3.2.4), (3.2.6) and (3.2.7), we get the following lower bound esti-
mate of u — x:
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Corollary 3.2.3. Under the same assumptions in Theorem 3.2.2, there are positive
constants o and py such that the following estimate

polBol (1 +1) 72, l<a <2,

B (1 +6) " og(l+1), a=2 (3.2.9)

lul- ) = x( D)l = {

holds for sufficiently large t.

Remark 3.2.4. From (3.2.1) and (3.2.9), if 0 # 0 and By # 0, we see that the
solution wu(z,t) converges to the nonlinear diffusion wave x(x,t) at the optimal rate
of t7®/2 when 1 < o < 2. In the case of @ = 2, the optimal asymptotic rate to
x(z,t) is t71logt under the assumptions § # 0 and 3; # 0.

Remark 3.2.5. In the case of £ = 0, the similar estimate to (3.2.1) and (3.2.9) were
obtained by evaluating u — x directly (cf. Kitagawa [37]). However, the proof of the
lower bound estimate of u — x in [37] is only valid for the concrete perturbations
such as wp(z) = (1 4+ 22)7@ D2 (1 < a < 2) or wy(r) = 0 (a = 2), where wy(x)
is defined by (2.1.6). For this reason, we can say that our results are generalization
of [37].

Remark 3.2.6. In Narazaki and Nishihara [50], they assumed that there exists
lim|g| o0 (14 |2]) ug(x) = c,. However, it seems a bit restrictive to assume the limit
of (1+ |x|)Yug(x) coinside each other. In fact, by introducing the function ¢, (y) the
definition of asymptotic profile Z(z,t) (3.2.5), we are able to handle the case where
the limits are different. Besides, such a modification can be applied in the case of
the heat equation and the damped wave equation treated in [50].

The rest of this chapter is organized as follows. First, in Section 3.3, we give
the proof of Theorem 3.2.1. Next, we prove Theorem 3.2.2 in last two sections
(Section 3.4 is for 1 < a < 2, Section 3.5 is for o = 2).

3.3 Proof of Theorem 3.2.1

In this section, we shall prove Theorem 3.2.1. First, in order to obtain the upper
bound estimates of u — x, we transform the equation (2.1.1) and (2.1.5) by using
the Hopf-Cole transformation used in [4, 18, 37, 45]. We set

p(z,t) = exp (—g / OO u(y,t)dy>, (3.3.1)

then we have the following equation:

b

Also, for n(x,t) defined by (2.4.6), we have
)= (0 ew = 0. (3.3.3)
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Therefore, if we set
w(x,t) = p(x,t) — nlx, t)~ !, (3.3.4)
then we have the following initial value problem for w(x,t) from (3.3.2) and (3.3.3):

b (c 4
Wy — Wye = =p| =u° + kg, |, xR, t>0,
t 2p(3 ) (3.3.5)
w(x,O):wo(x), x€R>

where wy(z) is defined by (2.1.6). Our first step to prove Theorem 3.2.1 is to show
the following proposition:

Proposition 3.3.1. Assume the same conditions on ug in Theorem 3.2.1 are valid.
Then we have

(14 t)~(e=1/2=12, t>1, 1<a<?2,

3.3.6
(14t)"2 2 log(24+ 1), t>1, a=2 (3:3.6)

105w, )|z < C{

for 1 =0,1, where w(z,t) is the solution to (3.3.5).

Proof. Applying the Duhamel principle to (3.3.5), we have the following integral
equation:

w(t) = G(t) * wo + %C/o G(t — 1) * (pu®)(7)dr

+ % i G(t — 7) * (puge)(T)dT (3.3.7)

E[1+[2+[3.

Before evaluating I, Iy and I3, we prove the following estimate for the initial data
wo(x):
lwo(z)] < C(1 +|z))~@ Y, zeR. (3.3.8)

By the mean value theorem, we obtain
o) <€ | [ (o) = x|
If z <0, from (3.1.1) and (2.1.4), we have
un()] <€ [ (ualw)] + b))y
<c [ asphdy+e [ sy o820
Sc/mﬂ—yY%ySCU—@*%”—CO+h®*‘

On the other hand, since fR uo(x)dx = fR X«(x)dx =6, if x > 0, similarly we have
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un(o) < €| [ (uo ))dy‘
/;uo / (y)dy_KZX*(y)dy+Ax*(y)dy’
=¢ /00 uo(y ' /:O X*(y)dy‘

C/ (1+ly]) ady+C/ (1+|y)™Ndy (YN >0)

o0

<C | (A+y) dy<C+z) @D =01 +|z))~ Y

S5

Thus we get (3.3.8).

Next, we prove the uniform boundedness of p(z,t):
o, )|l < C, t>0. (3.3.9)
To prove (3.3.9), it suffices to show
Jw(-,t)[= < C, 20, (3.3.10)

since p = w +n~! and (2.4.8). By using (3.3.7), (3.3.4), Young’s inequality,
Lemma 2.4.1, (3.3.8), (2.4.8) and Proposition 2.3.3, we have

lw (- )z
< GC Ol e llwol =

i 0/0 G (ot =)l (w, D)l + (7)) [w? ()l e dr
* O/O IG (st =Dl (lwl, Tz + 0, 7) 7 iz ) [twe (-, 7) | Ledr

t
< C+C’/ [w(-, 7)|| e (1 4+ 7)"%2dr, t > 0.
0

Therefore, by using Gronwall’s Lemma, we obtain

t
Jw(- )|z < CeXp(C’/ (1 +T)_3/2d7>§ C, t>0.

0
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Now, we start with evaluation of I;, Iy and I5. From Lemma 2.4.1, we have

/ 0.G( — . DL+ y)~ @y
R
:C</ +/ )IaiG(l“—yJ)I(H )~ Dy
ly|>v1+t-1 ly|<vI+t-1
<o sw e[ 0LGx — . 1)|dy
ly|>vI+t—1 ly|>vI+t-1

+o( sup |aiG<x—y7t>|) / (1+ y)- @Dy
Y <VTTi-1 Y| <VIFI-1

< C(L+ ) VPGB + CIAAGC Ol [ ()
[yl<v1+t-1
VIti-1
< C(1+¢)@b/z=l2 Ctl/”/Q/ (1+y)" @Dy
0
—(a—1)/24+1/2
<C(1+ t)f(afl)/2fl/2 + O/ (1+1) , I<a<?2,
B log(2 + t), oa=2
Y G 0 I t>1,1<a<2,
- (1+t)"V22og(2+1), t>1, a=2.
Therefore, we obtain from (3.3.8) and (3.3.11)
L t)-lemh=iz, t>1, 1<a<2
L (e < 0 PO 21 1<a
(1+1)" Y22 og(2+1), t>1, a=2

ozfl)dy

(3.3.11)

(3.3.12)

for I = 0,1. By Young’s inequality, (3.3.9), Lemma 2.4.1 and Proposition 2.3.3, we

have
t/2 t
104, Dl sc( [+ )na;G(t—T)*(pu3><f>||mdr
0 t/2
t/2
<C [ 1860t = n)lamllat ) ndr
0
t
e / 104G (st — 7)o [ (- 7) el
t/2

t/2
SC/O 105G (-t = T)|zoo (-, ) [ oo [l B)][F2dT

t
e // 10LG (st = 7)o (- 7) el
t/2

t

t/2
< C/ (t — 7')_1/2_l/2(1 + 1) Ydr 4+ C (t— T)_l/2(1 . 7')_3/2(17-
0

t/2
< Ct7 V22 0g(2 4 1) + C(1 + 1)~/

<COA+t) Y2 2log(2+1), t>1

20

(3.3.13)



for I = 0,1. Finally, we evaluate I3. Since p, = —(b/2)pu from (3.3.1), making the
integration by parts for the first part of the integral, it follows that

I3(x,t) = %(/Om + /t;)/RG(x — Y, t — T)p(y, T)tyy (y, T)dydT

bk t/2
=5 [ [ 0.6t et = oty vy . )y
0 JE (3.3.14)
b2k t/2
+ e / / G(r —y,t —7)ply, T)u(y, 7)uy(y, 7)dydr
0 R
bk [t
+ — G(x —y,t — 7)p(y, T)uy,(y, 7)dydr.
2 JipJr

Therefore, in the same way to get (3.3.13), we have from (3.3.14)
t/2
05T (-, ) [0 < C/ 105Gt = 7) * (pua) (7) | Lod7
0
t/2
+ C/ |0LG(t — 7) * (puuy ) (7)|| Lo dT
0
t
#C [ 18GE = 7)% (e~
t/2
t/2
< [ 106t = Dl s Dl
0
t/2
+ 0/0 10,G (ot = )z llul, 7| e llua(, 7)l| 2dr
t
+0 [ 1966 =l Ol
t/2
t/2
< C’/ (t — T)_l_l/27'_1/2(1 + 7_1/4)d7'
0
t/2
+ C’/ (t —7) V221 4 1) dr
0

t
+ C’/ (t — 7)1 +7)7%%dr
t/2

(L+0)7 22 4 C(L+ )72 P log(2+ 1) + O(L+ ) /2712

<C
<CA4t) V22 og(241), t>1
(3.3.15)

for I = 0,1. Summing up (3.3.7), (3.3.12), (3.3.13) and (3.3.15), we obtain (3.3.6).
[l
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End of the proof of Theorem 3.2.1. From (3.3.1) and (2.4.6), it follows that

9 9
——(logp)z, x = ~(logn),.

b bl

Therefore, we have

2 2 B
u—x =—7(logp+logn), = —(log(w + 1 Y +1logn)

2 277xw+77wx
=——(1 1)), A

S og( + 1), = — 0T
2w 2w, wx 2w,
- bw+ntln bw+nt  p  bp’

since 1, = (b/2)ny and p = w + n~!. By using (2.3.10), we have

‘/ U(y,t)dy‘ <luG ) CA+EY) <C=Cy, t2>1.

Thus, from (3.3.1), we get the lower bound estimate of p(x,t):

¢ > e1biCo/2,
t>11r156R p(l’ t) €

(3.3.16)

(3.3.17)

Therefore, using (3.3.16), Lemma 2.4.1, Proposition 3.3.1 and (3.3.17), if 1 < a < 2,

we have
[u(-,8) = Xx(, )| < Cllw( )| zeel[x (- D)l zoe + CllOpw (-, £) Lo
<CA+t) @ V21402 o1+ 1)
<CA+t)72 t>1.
On the other hand, if a = 2, it follows that
[u(-,8) = X, )| < Cllw( )| zoel[x (- 1)z + CllOpw (-, £) || Lo
<CA+t)"Vlog(2+t)(1 +1)71/2

+C(1+1t) " log(2 + 1)
<C+t) tog(2+1t), t>1.

For 0 <t <1, from Proposition 2.3.3 and Lemma 2.4.1, we obtain

Ju(-, ) = X, Ol < Cllul- )|z + Clix ()l e
< CE,(1+t)7Y2+C)5|(1 +1t)~/?
<C, 0<t<1.

(3.3.18)

(3.3.19)

(3.3.20)

Combining (3.3.18) through (3.3.20), we get (3.2.1) for all £ > 0. This completes

the proof.

]

In the rest of this section, we will show the LP-decay estimate of u — x for
p € [2,00]. Especially, the following L2-decay estimate will be used in the proof of

Theorem 3.2.2.
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Proposition 3.3.2. Assume the same conditions on ug in Theorem 3.2.1 are valid.
Then, the following estimate holds:

(14 t)=e/2+1/4 t>0, 1<a<?2,
u(-,t) — x(, ¢ <C 3.3.21
Proof. Tt suffices to derive the following L?-decay estimate of d,w(z,t):
—a/2+1/4 >
lwl e <o WHDE 2l lcast g g o)
(1+1)"*og(2+1), t>1, a=2.

Indeed, if we have shown (3.3.22), then from (3.3.16), Proposition 3.3.1, Lemma 2.4.1
and (3.3.17), it follows that

[u(-t) = x( 0)llz2 < Cllw(, D)l eel[x( D)l 22 + CllGzw (-, )] 22
<O +t)7 D21 4 )"V L o1+ ¢)7/2H1 (3.3.23)
<O +t) o2 >
for 1 < a < 2. While, the following estimate holds in the case of a@ = 2:
[u-t) = x (- 0)llz2 < Cllw(, ) ceel[x (Dl L2 + CllGzw (-, )] 2
<CA+t)"Vlog(2+t)(1+1t)~ 4
+C(1+1t)"¥log(2+ 1)
<C(L+t)*og(2+1), t > 1.
For 0 <t <1, from Proposition 2.3.3 and Lemma 2.4.1, we obtain
[u(-,t) = x( D)2 < Cllul, )l z2 + Clix(- )]
< CE,(1+t)~ "+ Cl5|(1 + )~/ (3.3.25)
<C, 0<t< 1.

(3.3.24)

Combining (3.3.23) through (3.3.25), we get (3.3.21) for all ¢ > 0.
To prove (3.3.22), we consider the following integral equation again:
w(t) = G()*wo—l——/ (t —7) * (pu®)(7)dr

=L+ ]2 + Is.
For the initial data, using (2.1.6), (3.1.1) and (2.1.4), we have

|wo())|
exp (—g /1 x*(y)dy) ‘|X*($)

o5 [ winiy)

gcump(ﬁm%ﬂﬁ)(1+pm—a+cxmp(EM&ﬂﬁ>(1+p@-N(VN;zm

<C

lug(z)| + C

2
<O+ z))®, zeR.
(3.3.26)
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Now we shall evaluate I, I and I5. Splitting the y-integral and making the inte-
gration by parts, we have

011 (x,t) = /R(%EG(x — 1y, t)wo(y)dy

_ ( / I I )amcxx O

00 ViFt—1
+f 0,G(x — y, ywo(y)dy
ly|<vI+i-—1
= -Gz -1+ V1+t,t)hwe(l —V1+1) (3.3.27)

+ G —VIti—1Ltw(VI+ti—1)

1—/1+t )
+ ( / + / )G(w —y, thwg(y)dy
—00 VIiFt—1

+ / 0,G(x — y, t)wo(y)dy
ly|<vI+i—1

=ha+hLo+Lizg+1a

Using Lemma 2.4.1 and (3.3.8), we have

12 ( 82 < CIG(C )| 2|wo(l — V1 + 1)
< OtV 4 t)~lem b2 (3.3.28)
< C(+t)~o2H4 ¢ >,

Similarly, we obtain

[ T10(-, ) |2 < C(14)70/2+V4 ¢ > 1. (3.3.29)

From Lemma 2.4.1 and (3.3.26), we obtain

sl < ¢ f A [~ 6= wolleteimlas

V1+t—1

[e.9]

<C —1/4 LoV 1 — —ag C —1/4 OO 1 —ag
<Ct (1—y)*dy+Ct (1+y) “dy

o ViFt—1
_1 1—+/1+t 1 o)
=4 [—1 (1— y)l_o‘] +Ct V4 [—1 (1+ y)l‘a}
-« oo -« VIFi-1
S Ot_1/4(]. +t)1/2—oz/2
S O(l + t)—a/2+1/4’ t Z 1
(3.3.30)
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On the other hand, we have from Lemma 2.4.1 and (3.3.8)

G 8)lle < / 18:G(- — )| 2 lwo ()| dy
ly|<v1+t-1

<3 / (1+ Jy[)~ My
\y|§\/1+t—1

VIFi-1 (3.3.31)
< Ct3/4/ (1+y)" @ Day
0
< c (14 t)=e/241/4, t>1, 1<a<?2,
- (1+t)*4log(2+1t), t>1, a=2.
Therefore, combining (3.3.27) through (3.3.31), we obtain
(14 t)=o/2+1/4) t>1, 1<a<?2,
1011 (-, t)||z2 < C Y B (3.3.32)
(14+t)/*log(2+1t), t>1, a=2.

By Young’s inequality, (3.3.9), Lemma 2.4.1 and Proposition 2.3.3, we have

t/2 t
10.Lo(-, )12 < c( [+ // )H@xG(t — ) x () ()| e
0 t/2
t/2
<0 [ 16t = )l 7))l

t
+ [ 10,6 =l Dl )
t
t/2 .
< 0/ (t—f)‘3/4<1+7)—1d7+0/ (t— ) V2(1 + 1) dr
0 t/2
< Ct™*Mlog(2+1) + C(1+ 1)~/

<O+t og(2+1), t>1.
(3.3.33)
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Finally, we evaluate I3. Using (3.3.14), in the same way to get (3.3.15), we have
102 13(:, 1) | 2

t/2
SO/“H%mw—ﬂmw%@mmm
0
t/2
*CA 10.GC ¢ — )l allale, ) 2l (- 7)o

¢
—|—C’/ 0,G (-t — 7)o |tge (-, V) || L2dT
» 10.G( Mz llwes (- 0)]lx (33,34

t/2 /2
< C/ (t—T)_5/4T_1/2(1+T_1/4)dT+C'/ (t—T)_3/4(1+T)_1dT
0 0

t

+ C'/ (t— 7')_1/2(1 + 7')_5/4d7'
t/2

<CA4+) 40+ log(2+1t) +C(1+ )3/

<O +1)3og(2+1), t>1.

Summing up (3.3.7) and (3.3.32) through (3.3.34), we obtain (3.3.22). This com-
pletes the proof. Il

Finally, by the interpolation inequality, it follows that
(- 8) = XD ler < Jlult) = xC Ol 1) = xC, )7
for p € [2,00]. Therefore, (3.2.1) and (3.3.21) lead to the following estimate:

Corollary 3.3.3. Assume the same conditions on ug in Theorem 3.2.1 are valid.
Then, for p € [2,00], we have

1+ ¢)—o/2+1/2p t>0, l<a<?2,
(s ) = x(s )l < 4 ETOT0 20, 1<a
(1+t) " 2%log(2 +1), t>0, a=2.

3.4 Proof of Theorem 3.2.2 for 1 < a <2

In this section, we shall prove Theorem 3.2.2 in the case of 1 < o < 2. Namely, we
prove (3.2.3) and (3.2.6). First, we set

(@, t) = u(w, 1) — (@), Yo(@) = uole) — ya(a). (3.4.1)
Then we have the following equation:

C 3

wt + (bX?ﬁ)x - wx:p = - (ng) - (5“ ) _kumzxa YIS R? t> 07

Y(x,0) = o(x), x€R,

(3.4.2)

26



From Lemma 2.5.1, we obtain

t

U[0,0*(7)](, t, T)dT
) 0 (3.4.3)

< /O 10,0 (7)) (2, £, 7)dr — /0 UL6Pu(r)| (. t, 7)dr

wlv

U(z,t) = Ultho)(z,,0) —

For the first term of the above equation (3.4.3), we have the following asymptotic
formula. This formula plays an essential role in the proof of (3.2.3) and (3.2.4). The
idea of the proof is based on the method used in Narazaki and Nishihara [50].

Proposition 3.4.1. Assume the same conditions on ug in Theorem 3.2.2 are valid.
Then we have

Jim (1 + 2| U o) (-, 1,0) = Z(-, )|z =0, 1 < a < 2, (3.4.4)

(1+1)

tLoo log(l + t) ||U[¢o]( it 0) - Z<'7t)||L°° = 07 o = 2, (345)

where Z(x,t) is defined by (3.2.5).

Proof. From the definition of U given by (2.5.2) we have

Y

Ulio) (2,1,0) = / 0,(Glx — y,tyn(e, ) (y) ™ ( / (uo(€) — X*(é))dé) dy

—00

(3.4.6)
_ / 0,(G(x — y, ), 1)) 20(y)dy,

where zy(y) is defined by (3.2.2). Now, from (2.4.8), (3.1.1) and (2.1.4), we can
check the following estimate in the same way to get (3.3.8):

20() < CA+ )Y, yeR.

Thus, we obtain the boundedness of (14]y|)* ' 2¢(y). Moreover, from the assumption
on zo(y), for any € > 0 there is a constant R = R(e) > 0 such that

20(y) — ek (L4 ly)™ @V < e+ Jy) ", y > R,
20(y) = ca (L4 [y~ @V <e(+ ), y < R
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From (3.2.5) and (3.4.6), we have the following estimate

|U[¢o]($at70) - Z(Jf,t)|
< [ 10:(6(a = .0 O)la(0) — cal) 1+ )™l

s/KR@«%x—%wm@wm%@»—%<xrwm>alwy

+€/>R@ﬂ%$—%DM%ﬂW1+MDm1Wy
< C 61 n Le° 8" Lo° 20 — Cq 1 —(e—1) d
§]| Dl 1G] A@J (4) — caly)(1 + Jy)~V|dy

O N0 i [ 126 I+ Yy
n=0
(3.4.7)

Therefore, by using (3.4.7), Lemma 2.4.2, Lemma 2.4.1 and (3.3.11), we get

HU[wO](ﬂfaO) - Z(',t)”Loo S C(l —l—t)_l
Lo d DT t>1,1<a<?
(1+¢)tlog(2+¢), t>1, a=2.

Thus, we obtain

timsup(L+ )2 [Ulo)(-£,0) — Z(-8) |1~ < £C, 1 < a <2,

t—o0
1+1¢
lim sup (1+%)

t—o0 m”[][w0]<at>o) - Z('at)HLOO < SC, o= 2.

Therefore, we get (3.4.4) and (3.4.5), because € > 0 can be chosen arbitrarily small.
[

End of the proof of Theorem 3.2.2 for 1 < a < 2. First, we shall prove (3.2.3).
By using (3.2.5) and (3.4.3), we have

u(z,t) — x(x,t) — Z(x,t)

=W%W¢®—Z@O—3/U@WUW%WMT
0 (3.4.8)

/ Ul0,u®(7))(x, t, 7)dT — k/tU[a,iu(T)](x,t,T)dT
= Ulo)(z,t,0) — Z(z,t) + J1 + Jo + Js.

OJIO

We shall evaluate J;, Jo and J3. Using Lemma 2.5.6, Proposition 3.3.2 and
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Theorem 3.2.1, we obtain

| J1(-, )| oo
1
n=0
t/2 ¢
» ( [ a=nr e + [ (t—T)‘"/2||¢2(-,T)I|Locd7)
0 t/2
1
n=0
t/2 t
X ( (t — 7')_1/2_”/2(1 + T)_a+1/2d7' + / (t— T)_”/2(1 + T)_O‘dT)
0 t/2
(1+¢)71, t>1,3/2<a<2,
<CR(1+t)og(l+t), t>1, a=3/2,
(14¢)-a+1/2, t>1, 1<a<3/2

(3.4.9)

Next we evaluate J;. In the same way to get (3.4.9), from Lemma 2.5.6 and
Proposition 2.3.3, we get

[ J2(-, )| Lo
1
<O (L)t
n=0
t/2 t
< ([ am i+ [ =)
0 t/2
1
<O (L)t
n=0
t/2 t
X (/ (t — T)_l/Q_”/Q(l + 1)t + / (t— T)_"/2(1 + T>_3/2d7'>
0 t/2
<O +t) " og(l +1), t>1.
(3.4.10)
Finally, we evaluate I3. We define J3; and J;5 are as follows.
t
Ji=—t [ [ 0(Gta = .t = rynta. )0ty 1) By, T)dydr
0o Jr
1
=—k 3;”77(1'7 t)
; (3.4.11)

« </Of/2+ /ﬁ;) /R PGz — .t — 7)(n(y, 7)) Puly, 7)dydr

= J31 + J32.
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Then, by making the integration by parts for Js 1, we obtain

1 t/2
J3.1 =—k Z a;_nn(xa t) / / a;H_lG('r - Y, t— T) (77(,% T))_layu(y7 T)
n=0 0 R

+ 0,G(x —y, t — 7)0,(n(y, T)_l)ayu(y, T)dydr.

Using Young’s inequality, Lemma 2.4.2, Lemma 2.4.1, Proposition 2.3.3 and (2.4.8),
we have

1 a1 ()|
t/2
<CZH5‘” Rl / (101G (= 7) % (0 ) (7)1
VG-« b (V) atn) (7)o )

1 t/2
< CZ(Ht)””””/ N2 Gt = 7)ol (-, 7)o
n=0

0

+ II_@EG(-,t — ) oo [t (-, 7) | 22|02 (0 (-, 7)™ || 22) dr (3.4.12)

1
S 02(1 + t)—1/2+n/2

t/2
X / ((t — 7)71*”/2771/2(1 + 7'71/4) + (t — 7')*1/2*"/2(1 + 7')71) dr
0

<CA+) P+ C(1+1) " og(l +1t)
<O+t og(l+1), t>1.

On the other hand, for J5,, the following estimate is obtained:

t
[ J32(, 8)[| 2 < CZH@l RIQDIZ // 107G (-t = 7)ot [[waw (-, T) || oo dr
t/2

< CZ (1+1) 1/2+"/2/ (t=7)""*(1+ 1) dr

n=0 /2
<CO+t)7h t>1.
(3.4.13)

Therefore, from (3.4.11) through (3.4.13), we get
| J5(-,t)||pee < C(1+ 1) Hlog(1+1¢), t > 1. (3.4.14)
By using (3.4.8), (3.4.9), (3.4.10) and (3.4.14), we have

lu 1) = x( 1) = 2 1) ||

< NURpo] (- 1,0) = Z(-, )|z + C(1+ 1) log(1 + 1)
(1+t) t>1, 3/2<a<2,

+C(1+1t)” 110g(1+t) t>1, a=3/2,
(14 t)oF1/2, t>1, 1<a<3/2
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Therefore, from (3.4.4), we obtain

hmsup(l + t)a/2||u<7t) - X(7 t) - Z(7t)|lL°° = 0.

t—o00

This completes the proof of (3.2.3).

Next, we shall prove (3.2.6). First, we take x = 0 in (3.2.5), then we have from
(2.1.3) and (2.4.1)

Z(0,t)
= /Rca(y) ((ayG)(_y;t)n(O,t> + G(_y7t)gX(0;t)77(0,t)) (1+ |y|)_(a_1)dy

::qmwxfﬂmex—%wu+y>m1wy

+@mmy/ (0,6)(—y,1)(1 — )~y

—00

bet N o a—
0O+ 07 [ G+
0

OO0+ 07 [ 6= )y

:«z—qammx[?@Gx—%wu+yrm*uy

Moo )y 0@+ 0 [T G+ ey

= L1 (t) + LQ(t)7

+

(3.4.15)

since 9,G(y, t) and G(y, t) are the odd and even functions for y-variable, respectively.
From the mean value theorem, there exists 6; € (0,1) such that

(14y) @7 —y @9 = —(a—j)(y +0;)" 7. (3.4.16)

Therefore, we obtain from (2.4.1)

+ _ - . 0 o
Ll(t) _ (Ca Ca)n ( )t_3/2/ 6—y2/4ty(1 +y)—(a—1)dy
0

4T
(e en0),
NG
v (/ 6_y2/4ty2_ady+/ €_y2/4ty((]- _I_y)_(a_l) _ y—(a—l))dy)
0 0
(), g
NG
3 0o
% (22—at(3—a)/2r( . 04) _(a - 1) / e_y2/4ty(y + 01)—ady)’
0

(3.4.17)
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since

/ 6_y2/4tyj_ady — 2j—04t(j+1—ll)/2r (‘m%)’ ] Z 17 (3418)
0

where T'(s) is the Gamma function for s > 0. Similarly, by making the integration
by parts, we have from (3.4.16) and (3.4.18)

b(ct +¢) /9. e —(a—

o o N . 14+t /2t 1/2/ y? /4t 1 (a 1)d

HeatCe)y o 01+ [ 1)y
b(ct + ¢, C1/2,

= Mo o), (o). (0)(1 4+ 0) 122

e

1 1 RS
tfl —y2/4t 1 7(a72)d
X(a—2+2(2—a) /0 e "Myl +y) y

= Mo )y (o014 1) 2012 (a 5+ 2(2 - @)

4y

X (23_0‘252_(‘“/2)F (2 - %) +(2— ) / e v/ y(y + 02) dy))
0

L2 (t) -

t_l

(3.4.19)
Therefore, from (3.4.15), (3.4.17) and (3.4.19), we obtain
1Z(, ) lLee = [Z(0,8)| = [La(¢) + La()]
’77*( )’ 22 a( 1— C;)F<3_a)t_a/2
AT 2
—(ef —e)(a =12 / e V' My(y + 01)“dy
0
_ <Cl— + C;)bX*<O) (1 + t)—l/Qt—l/Q
2—«
2—a( .+ -
i 2% (cf + Ca)bX*(())F(Q . g) (1+ t)*l/Ztl/Q*a/Z
2 —« 2
-+ — o
1 (cd + c;)bx*(()) (1+ t)1/2t3/2/ efy2/4ty<y + 92)(a1)dy‘
0
— + )b 3.4.20
— |77*< )| 22 « ( l_—C;)F 3 o +(Ca +Coz) X*(O)F 2_ g t—a/2 ( )
4\/_ 2 2—« 2
_ (C;t + Ca_)bX*(O) (1 + t)*1/2t71/2

2 —«
(et —e)(a— 1)t / ety (y 1 0,) - dy
0
(2

227 (et + ci)bx«(0)
2—«

rlo— %) ((1+ t)_1/2 _ t—1/2)t1/2—a/2

+ - 00
+ (Ca + Co2z)bX*<O) (1 +t)_1/2t_3/2/ 6—y2/4ty(y + 92)—(a—1)dy
0
1(0)]

4

= [My(t) + Ma(t) + Ms(t) + Ma(t) + Ms(t)].
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For M, (t), we get
[ My (8)] > 227 Bo| (1 + 1) ~*/2, (3.4.21)

where [ is defined by (3.2.8). Obviously, we have

_ l(ef + cp)bxe(0)
- 2 —«

| Mo (t)] tt, (3.4.22)

On the other hand, for M;(t), we have from (3.4.18)

IMy(8)] < (o — 1)t — e |69 / oty 1=0 gy

0 (3.4.23)

(a = 1)|cf — ;| QN 1o
g @ (8 F 1_ — t / 04/2'
2a-1 2

It is easy to see that

2—al( .+ _
| My(t)] < 2 |<Ca2—i-_cgé)bX*(0)|F(2 _ %) (tfl/z —(1+ 25)—1/2)151/2704/2

3 ! (3.4.24)
< 22 |<C;t +Ca)bX*(O)|F 9 _ g tflfa/2
- 2—« 2 '
Finally, for M5(t), we obtain from (3.4.18)
+ — o
’M5(t)| < |<Ca +Cc5)bX*<O)|(1+t)1/2t3/2/ e*y2/4ty*(a72)dy
0
3.4.25
et + by O] (30 s (3429
- 20—1 2
Therefore, combining (3.4.20) through (3.4.25), we have
20l = 2O an )] = 10 00)] = M) = M) — [ M
1Z ()] = NG (1M ()] = [Ma(t)] — [M3(t)| — [Ma(t)] — |M5(t)])
[7:(0)] (52— —ap2 ed +c)bx:(0)], 4
> — 27 14+1t) % — == B t
~ (a=1)fef - CQIF 1 &) 1/2-a
201 2
2 b O 0 s
2—«
B |(CI+C;)5X*(O)‘P 3 -« i—1/2-a/2 )
20—1 2

Hence, there is a positive constant 1 such that (3.2.6) holds. This completes the
proof of Theorem 3.2.2 for 1 < a < 2. O
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3.5 Proof of Theorem 3.2.2 for o =2

In this last section, we shall completes the proof of Theorem 3.2.2.

End of the proof of Theorem 3.2.2 for a = 2. First, we shall prove (3.2.4).
We set

o(x,t) = u(z,t) — x(x,t) — v(z,t)
= P(z,t) —v(z,1),

where v(z,t) is the solution to
U+ (bx0)p — Vg = — (§X3) —kXpzz, T ER, >0,

v(xz,0) =0, z€R.

(2.6.1)

Then, from (2.1.1), (2.1.5), (3.4.1) and (2.6.1), ¢(z, t) satisfies the following equation:

¢t + (bx¢)x - (ba:m = — (ng) _ (§¢3) —C(uxz/})m — k%m, T € R, t> 0’
(x,0) = 1o(x) = uo(x) — x«(z), v € R.

(3.5.1)
From Lemma 2.5.1, we obtain
olant) = Ulinl(w.t.0) =5 [ VD0t 7)r
. /0 U (0,08 (7)) (2, £, 7)dr — ¢ /0 Ulo i) (DG tr)dr
— k/o U02y(7)|(x, t, 7)dT
= Ulo)(z,t,0) + Ky + Ky + K3 + Ky.
Thus, we have
u(z,t) — x(x,t) — Z(x,t) — V(x,t) (353)

- U[Q/JO](ZE,t,O) - Z(I‘,t) + U(I,t) - V(ZE,t) + Kl + K2 + K3 + K47

where Z(z,t) and V(x,t) are defined by (3.2.5) and (2.2.3), respectively.
We evaluate K, Ky, K3 and K. In the same way to get (3.4.9), from Lemma 2.5.6,
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Theorem 3.2.1 and Proposition 3.3.2 for a = 2, we obtain
1K1 (5 2) | zee

1
<Oy (s
n=0

t/ t
Y ( / (b )RR e + / <t—r>“/2|w2<~,r>|rmdr)

/2

1 t/2
<O (L4t /2me (/ (t— 7)1 4 1) log(2 + 7)2dT
n=0 0

+ /t/;(t —7) (14 7) " log(2 + r)2d7)

<O+t t>1.
(3.5.4)

We omit the evaluation of K, since we can easily evaluate it in the same way as
the above calculation. Actually, it follows that

[Ko( )= < C(L+8)71 £ > 1. (3.5.5)

Next, we evaluate K3. Using Lemma 2.5.6, the Schwarz inequality, Proposi-
tion 2.3.3, Lemma 2.4.1 and Theorem 3.2.1 for a = 2, we obtain

K5 ( )] o

1 t/2
<CY (1)1 (/ (t =)~ 22 (ux) (- ) || dr
n=0 0

n /t;of—r>-”/2||<uw><-,T>||Lood7)

1 t/2
<SCOY (Lt ams (/0 (t =) 22 ) G a2 19 C 7)o dr

n=0

+ /t (t =) uC )|zl G Ol T)HLoodT)

/2

1 t/2
< 02(1 )T Y/2 /2 (/ (t —7)" Y221 4+ 1) 2 log(2 + 7)dr
n=0 0

+ /t/;(t — 7)1+ 1) % log(2 + T)dT)

<O+t t>1.
(3.5.6)

Finally, we evaluate K. From the definition of Ky, it follows that

Ky=— k:/o /}R@x(G(m =yt —=)n(x, ) (nly, 7))~ 95 (y, T)dydr

1
—— kY 0 (e, 0)ga(w, 1),

n=0
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where we put

gul, 1) = / / Gz — gt — 1)y, 7)) 02 (y, )dydr.

Then, we have from Lemma 2.4.2

[ K4, 0)|[ Lo < CZH@l "0, Ollzeellgnl, )l e
(3.5.7)

< 02(1 )TV g )| e

n=0
By making the integration by parts for the first part of the 7-integral of g, (x,t), we

have
0-(/ T //) [ 316G = 0.t Doty ) 0

t/2
- / / PG — gt — 1)y, 7))y, T dydr
t/2
9 / / G (& — y, t — )0, (n(y, ) by, 7)dydr
/ / G — .t — ) (1(y, 7)) (y, )dydr
" / / Gz — y.t — 7)(n(y, 7)) R(y, )dydr.
t/2 JR

Therefore, from Young’s inequality, the Schwarz inequality, Proposition 2.3.3, Lemma 2.4.1,
Lemma 2.4.2 and Proposition 3.3.1, we have

t/2
19 (- )] L < C/ 1037 2G (st = ) pee (luls T ller + [Ix (5 )][22)dr
" t/2
+C/O 105G (-t =) pee 102 (- )™ 2]l (-, 7) || 2dr
t/2
+C/O 107G (-t = )L 05 (0, 7))zl (-, 7) [ podr
t
0/ 102G (-t = D)L (10Zu(, 7) || pee + 05X T)[| oo )dT

t/2
t2 3.5.8
< O/ (t . 7_)—3/2—71/2(1 + 7'_1/4)d7' ( )
0
t/2
—|—C’/ (t —7) 721+ 1) Mog(2 + 7)dr
e / 120201 4 1) 32 l0g(2 4+ 7)dr

I
/2
< C(L41)7 Y22 > 1.
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Combining (3.5.7) and (3.5.8), we get
[K4( )|l < CA+8)7Y, > 1, (3.5.9)
Summing up (2.6.57), (3.5.4), (3.5.5), (3.5.6) and (3.5.9), we have

[l 8) = x(-

7t) - Z('at) - V("t)HLOO
< |’U[¢O]<vt70

) = Z(-, )|l + C(L4+8)7", t> 1.
Therefore, from (3.4.5), we obtain

1+t
lim sup (1+%)

msup gyl ) = x(0) = 26,1) =V, D)l = 0.

Thus, we completes the proof of (3.2.4).

Finally, we shall derive the lower bound estimate of Z(z,t) + V(x,t), that is
(3.2.7). First, we take z = 0 in (2.2.3). Then, from (2.1.10), it follows that

bd

V.0 = -

(b% + C)X*(O)n*(o)(l ) M og(1 4+ 1). (3.5.10)

Combining (3.4.15) and (3.5.10), we have from the triangle inequality and (2.4.1)

1Z (1) + V(. 8]l = 12(0,¢) + V(0,1)]

+ . 0 o]
(02 ¢ )N« ( )t3/2/ efy2/4ty(1 —i—y)*ldy
0

ING
(c3 + ¢3)bx.(0)1.(0) 121 / " -1
+ I/ (14+¢t)"/<t ) e (1+y) dy
bd

- (5 )00+ o1 1)

Sl 1 (0) |7 (0)] (1 4 ) ~1/2

(c5 + 05)’5_1/2/ e V(1 4 y)~ldy
0

=SNG
_d<68k ;)(1+t)1/2log(1+t)'—’(02 _4(3%"*@)%3/2/0 V4t gy

_ |b| ~1/2 |(C;_62_)77*(0)| —1

—7|X*( )0 (0)|(L+ )" V2W (L) — 1 .

(3.5.11)

Now, we evaluate W (t) from below. Splitting the y-integral and using the triangle
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inequality, we obtain
VIit+i-1 00 ,
(c5 + )t (/ +/ )e_y M1+ y)dy
0 V1tt—1
b*k ~1/2
—d —1—3 (1+1) log(1 +1t)

W(t) =

8

VIte-1 )
> ey + ey )t 1/2/ e Y Mt(l—i—y)*ldy
0

(3.5.12)

b2k
- d( 5 ;) (1+1)"Y2log(1 + t)‘

~let e |
Vitt-1

o

e’yQ/4t(1 + y)ldy’

From the mean value theorem, there exists 6 € (0, 1) such that

eV y_2€—9y2/4t_
4t

Therefore, we obtain

Viti—1 y2 )
e [T (1= R )y
0

— d(b% 3) (1+1t)"%log(1 + t)‘

Wi(t) =

8

Viti-1
> et e [T )y
0

—d(bzk C)(1+t)1/21og(1+t)‘

(3.5.13)

8 3
+ 4 . Vitt-1
| e‘9y2/4ty2(1+y)_1dy'
0

= Wlll(t) — Wl_g(t).
For Wi 4(t), we have

+
% 12 10g(1 4 1) — (
e ey

c§+c§t
2

T4 vk
+ (02 —12—02 - d(? + g))(l + )72 1og(1 +t)‘

> 16:](1 +t)_1/21 _ 3 + 65 —-1/2 ~1/2
> |5 og(l+1t) — log(1 +t)(¢ (1+t)"7%)

5 +cy
> |81 (1 4+ )" log(1 4 t) — |2—22|t_

Wii(t) =

) (1+)"2log(1 +t)‘

= 210g(1+t) — (1+t) 1210g(1 4 t)

E
+
2

3/2 log(1 + 1),
(3.5.14)
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where (; is defined by (3.2.8). On the other hand, for W 5(t), we obtain

cy +oy|, VIF-l
Wia(t) < %t 3/2/ y dy
0

e L (3.5.15)
_ |3 ;;02 ’t_3/2(\/1—+t— 1)? < e ‘;‘02 ’t_l/Q.
Analogously, for Ws(t), it follows that
Walt) < e +erle (s @elt) [ ey
y>vIFi-1 y>vIFi-1 (3.5.16)

<V7lef + e |(1+1)7V2
Therefore, summing up (3.5.11) through (3.5.16), we get
12(,8) + V(1) e

> %mmmm(on (wl ) log(141)

et el (Ve g ) ) MO

Hence, there is a positive constant 14 such that (3.2.7) holds. This completes the
proof of Theorem 3.2.2 for a = 2. Il

Remark 3.5.1. Our method can be applied not only to (2.1.1) but also to other
equations. For example, we can treat the following damped wave equation with a
convection term in the same way:

U — Ugy + U + (f(u))z = 07

where f(u) = au + 2u? + Su® with [a| < 1, b # 0 and ¢ € R. Actually, for the
above equation, we are able to obtain the the similar results for Theorem 3.2.1 and
Theorem 3.2.2 (for details, see [9]).

Concluding Remark. We studied the large time behavior of the solutions for the
initial value problem for the generalized KdV-Burgers equation:

Uy + (f(u)):c + kul‘xw = Ugy, T E R, t > 0,
u(z,0) = up(z), = €R,

where f(u) = (b/2)u?+(c/3)u’ and b # 0, ¢, k € R. In Chapter 2, we studied (2.1.1)
with the data ug € Li(R) N H3*(R) and constructed the asymptotic profiles. Then,
we have seen that the effects of the nonlinear term and the dispersion term on the
asymptotic profiles of the solutions. In Chapter 3, we studied (2.1.1) with slowly
decaying data satisfying (3.1.1) with 1 < a < 2, and investigated the effect of the
shape of the initial value on the asymptotic profiles of the solutions. However, as we
mentioned in Chapter 1, if the far field states of the data (lim, 4o uo(z) = uy) are
different, we can get the different asymptotic profiles. When u, < u_, under the
suitable assumptions on the initial perturbation, the solution to (2.1.1) converges to
the traveling wave solution (cf. [54, 59, 60, 66]). On the other hand, when u, > u_,
the asymptotic profile is given by the rarefaction wave (see e.g. [5]). However, the
optimal asymptotic rates to these functions and second asymptotic profiles of the
solutions have not yet been obtained, and we leave these as future works.

+ p—
la + 6| ;CQ ’t‘Q log(1 + 1)

(2.1.1)
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Chapter 4

Appendix

The purpose of this appendix is to explain the idea of the derivation of the asymp-
totic profiles.

4.1 Self-Similar Solution of the Burgers Equation

We have already shown that the asymptotic profile of the solution to (2.1.1) is given

by the nonlinear diffusion wave x(x,¢) which is essentially the self-similar solution of

the Burgers equation. In this section, we shall derive the exact self-similar solution.
We consider the following Burgers equation:

b
Xt + (§X2> = WXz /x(x,t)daf =0 #0, (4.1.1)
x R
where b # 0 and p > 0. If x(z,?) is a solution of (4.1.1),
M, t) = Ax(Az, M%), A >0 (4.1.2)
1 x
is also a solution of (4.1.1). We suppose x = x*. Then we have y = —x [ —=,1 ).
(4.1.1) ppose X = x X=X ( 7 )
Therefore, our task is reduced to find the solution of (4.1.1) of the form:

(o) = %x(%) [ teie=s (1.1.3)

Here and later, we assume that y.(&) is smooth and decaying fast enough at spatial
infinity. Substituting (4.1.3) to (4.1.1), we have

1 1 x b
t_3/2 oy, — - */ 7 *21_ *//: ‘
(=5v = 57000 + 0P = ") =0
Therefore, it follows that
1 / b 2\/ __ " o T o
5 &) + 5 (0)7) = nlx)", €= VAT
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Integrate both sides, we obtain Bernoulli’s differential equation

b
(x.) + %x* = ﬂ(x*)z-

We can rewrite it to the following equation:

(1)’_5 1 b
X«/ 20X« 21

1
If we set — = 1), it follows that

*

13 b
V=g
24
Therefore, we can solve this equation and get
2 bo[C .
0l = (v0) = o [ e ).
210 Jo

Thus we obtain

© =& /A e—E /4n
XalS) = b (€ - DN Ry
x*;m)_ﬂfoe n*/Aup n+ﬁfw@e v dy
1 b\/—
where Kk = . Since |, x«(§)d€ = §, we have
20 _ °° 2/ K
Ry
b /\ﬁ oo b K+by/T/p

which yields
k=20 (e bo/2p _ 1~
i
Hence, the self-similar solution of (4.1.1) is given by

b5/2,u 1) —x? /4t

\/_—i— eb5/2l‘—1 f/\/@ vdy

(4.1.4)

The nonlinear diffusion wave defined by (2.1.3) is obtained from (4.1.4) by a small
shift in time, so that we can avoid the singularity at ¢ = 0.

4.2 Idea of the Derivation of the Second Asymp-
totic Profiles

We have seen that the second asymptotic profile of the solution to (2.1.1) is given
by V(x,t) (defined by (2.2.3)) and Z(z,t) (defined by (3.2.5)) in Theorem 2.2.1 and
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Theorem 3.2.2, respectively. But it might be useful if we introduce the idea of the
derivation of the second asymptotic profile by heuristic discussion.
First we consider the linear heat equation:

U — Uy =0, z€R, t>0,

4.2.1
u(@,0) = uolz), = €R, (42.1)

where ug € C°(R) satisfying the following condition:
Iy >0, 3C >0 st |up(z)] <CA+|z])77, z€R. (4.2.2)

If v > 1 in (4.2.2), then uy € L'(R), so that we can pose the condition [, ug(x)dz =
J. In this case, it is known that the solution to (4.2.1) tends to 6G(z,t) (for details,
see e.g. pp.10-11 of [10]). Formally, we denote it

u(z,t) ~ 0G(x,t), t— oc. (4.2.3)

On the other hand, in the case of 0 < v < 1 in (4.2.2), by applying the discussion
given in [50], we see that

G(x —y,t + >0
u(x,t) ~ / SWE@ —y, )dy, t— 00, ¢, (y)= G ¥=5 (4.2.4)
g (L+yl)” ¢, y<O0,
provided that lim, 10 (1 + |2])7 M ug(z) = ¢ exist.

Next, for a given parameter 7 € R, we consider the following initial value problem

wt_(bx¢)m_¢xx:07 xERJ t>7—7

4.2.5
(o) = dola), 2R (425)
with the following condition:
da>1, 3C >0 s.t. |(x)] < C(1+|z|))™%, zeR. (4.2.6)
We set .
et = [ w0y
Then, it follows that
e —bXry — 122 =0, xR, t>T,
e (4.2.7)
r(z,7) = / Uy, 7)dy,
so that z(x,t) = n(x,t)"1r(z,t) satisfies the heat equation
2 — 222 =0, TER, t>T,
(4.2.8)

2(a,7) = 20(z) = n(z, £) / " Wy, )dy,
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where n(z,t) is defined by (2.4.6). Moreover, from (4.2.6) and (4.2.8), we can check
the following estimate in the same way to get (3.3.8):

[z0(2)] < C(L+ |2])~*7Y, y e R. (4.2.9)

Case (i): @ > 2in (4.2.6),i.e. « —1 > 1in (4.2.9). We have from (4.2.3)

z(x,t) ~ M[Y|(1)G(x,t —T), t— o0, (4.2.10)

or
r(z,t) ~ M[¢](T)G($ t—71)n(x,t), t— oo, (4.2.11)
where M[Y](1) = [pn(y, 7)) (7 ¥(& 7)d€)dy. Thus, Lemma 2.5.1, (4.2.7) and

(4.2.11) lead that
Y(x,t) = Ulpol(x,t, 1) ~ M[Y](1T)0:(G(x,t — T)n(x,t)), t— 0. (4.2.12)

Case (ii): 1 <@ <2in (4.2.6),i.e. 0 < a—1<11in (4.2.9). We obtain from (4.2.4)

— + >
2(x,t) ~ / Ca(y)G(z y’t)dy, t— 00, cu(y) = Car ¥ 20, (4.2.13)
R (L+ [yt c., y <D0,

o)

or

t — oo, (4.2.14)

r(z,t) ~ /R Ca(y)G(z — ?/,t)n(x,t)d

v,
(1 + [yl

provided that the data satisfies lim, 1. (1+ |2])* 1 20(z) = ¢E. Therefore, similarly
as before, we see that

Ca(y)ar(G<x B yat - 7)77(1’7 t))
L+ [y

¢@ﬂ=ﬂW@mﬂ~A dy, t— oco. (4.2.15)

Now, recalling that the solution to (2.6.1) is given by (2.6.4), we have from
(4.2.12) that

~ [ 3]0, (<50) ] 0G0t = it )t o

. Ot 0u(Glast = (o) [ ) (=5 = o ) )

:-d(bQ )/ 0,(Gla,t — Tz, ) (1 + 1) Ldr,

where we used the facts

[t oy = 1477 [ ) ety = S )
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Now, we rewrite

/Ot 0(G(z,t — )2, t))(1 4+ 1)~ dr
—— /Ot 0. G(x,t — 7)(1 4+ 7)"\dr + Dunp(a, 1) /Dt Gla,t —7)(1+7) dr.
To proceed further, let us take z = 0. Then we have
I(t) = /Ot 0x(G(x,t — T)n(2,1)) gm0 (1 +7)tdr

= gX(O,t)n(O,t) /Ot G(0,t —7)(1 4 7)"tdr.

Since the factor (1 + 7)7! is irrelevant to the integral when 7 is close to 0, we may
guess that the leading term of the above integral is

47

/0 G(0,t)(1 +7)tdr = %t‘m log(1 +t).

Actually, it follows that

/t G0,t —7)(1+7)tdr — /t G0,t)(1+ 1)~ tdr

_1/t(1 _L>Ld_1 f\/{e-\/ﬁld

T VI \Vier Vi) 1 T Vary VT 1+
I 1 T

:m/o Vi ievie 1

1 bt 1
< dr = —
Var Jo tVt—T NZs

Therefore, I(t) can be well approximated by

+—1/2

b
——x(0,£)n(0,t)t"/*1log(1 + t).
4ﬁx(,)n(,) og(1+1)
As for the general case, replacing G(x,t—7) by G(x,t+1) and restricting the interval
of the 7-integral to (0,¢/2), from (4.2.16), we see that the leading term would be

2 o\ [H?
v(x,t) ~ —d(% + 5)/0 0,(G(x, 1+ t)n(x,t))(1 + 1)~ dr

~ 4(% + g)@x(G(ac, 1+ )z, 1) log(1 + 1)

On the other hand, for the first term in the right hand side of (3.4.3) with slowly
decaying data, we immediately obtain from (4.2.15) that

Vil 0~ | S

dy = Z(z,t).
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