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ABSTRACT

We introduce and study the notion of G-Tutte polynomial for a list of elements
in a finitely generated abelian group and an abelian group G through combinatorial,
topological and matroid theoretical aspects. The G-Tutte polynomial establishes a
common generalization of several “Tutte-like” polynomials appearing in the literature
such as the (arithmetic) Tutte polynomial of realizable (arithmetic) matroid, the char-
acteristic quasi-polynomial of integral arrangement, the Bréandén-Moci’s arithmetic
version of the partition function of an abelian group-valued Potts model, and the
modified Tutte-Krushkal-Renhardy polynomial of a finite CW-complex.

Through combinatorial viewpoint, we generalize the characteristic polynomials of
hyperplane and toric arrangements to that of abelian Lie group arrangements and in
turn give two arrangement theoretic interpretations for every constituent of the chro-
matic quasi-polynomial. Passing from general to particular consideration, we give
several results on the characteristic quasi-polynomials of arrangements arising from
root systems in connection with Ehrhart theory, Eulerian polynomial and signed
graph. From topological viewpoint, we prove that the semialgebraic and topological
Euler characteristics and Poincaré polynomial of a certain abelian Lie group arrange-
ment can be expressed in terms of the associated G-Tutte polynomial, which general-
izes many classical formulas. From matroid theoretical viewpoint, we prove that the
G-Tutte polynomial, like many of its specializations, possesses deletion-contraction
and convolution formulas, but unlike them, the G-Tutte polynomial may have nega-
tive coeflicients. We propose some ideas and partial answers for finding under what

conditions the G-Tutte polynomial has positive coefficients.
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INTRODUCTION

Background

The Tutte polynomial, due to Tutte (e.g., [Tut54]), is one of the most-loved invari-
ants of graphs, and surely the most studied. This two-variable polynomial encodes
a substantial amount of the combinatorial information of a graph, and specializes to
several important graph polynomials (including the chromatic, flow and reliability
polynomials). Significant features of the Tutte polynomial have also been shown in
diverse areas of mathematics/sciences, for instances, it appears as the Jones and hom-
fly polynomials in knot theory (e.g., [Jae88]), as the Ising and Potts model partition
functions in statistical mechanics (e.g., [FK72]), and especially as the polynomial in-
variant of many objects in arrangement theory which is the main topic of discussion
in this thesis.

From the arrangement theoretical viewpoint, the Tutte polynomial is unquestion-
ably important because of the pervasiveness of its extensions from graphs to other
objects that have richer combinatorial and topological properties. These extensions
find applications to three broad types of arrangements. A hyperplane arrangement
is a finite collection of 1-codimensional subspaces in a vector space, which is one of
the most classical and appreciated types in the theory (e.g., [0T92]). Every undi-
rected graph gives rise to a matroid, and one can define for any matroid a Tutte
polynomial. To a given hyperplane arrangement H, there is a matroid naturally as-
sociated whose Tutte polynomial specializes to the characteristic polynomial x (%),
the fundamental invariant carrying the combinatorial and topological information of
‘H. Beyond hyperplane arrangements, many attempts were made in order to deal
with arrangements of submanifolds inside a manifold. For example, arrangements

of 1-codimensional subtori in a torus, or toric arrangements due to De Concini-
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Procesi (e.g., [DCP05]). Toric arrangements have generated increasing interest re-
cently. Among the others, the matroids get generalized to arithmetic matroids in
pursuit of toric arrangements, with the arithmetic Tutte polynomials answering to
the Tutte polynomials (see [Moc12|, [DM13]). In yet another consideration, a finite
list A of vectors in Z* determines a hyperplane arrangement A(R), a toric arrange-
ment A(S'), and especially a g-reduced arrangement A(Z,) of subgroups in the finite
abelian group Z. (e.g., [KTT08|). Evaluating the cardinality of the complement
of A(Z,) produces a quasi-polynomial invariant, the characteristic quasi-polynomial
X?faSi(q). The name is justified by the fact that the first constituent of this quasi-
polynomial is identical with the characteristic polynomial x ar)(t) of A(R). Further-
more, a coincidence has been observed from a large number of particular calculations
(e.g., [Sut98], [KTTO7], [ACH15]), that the last constituent of x4 (¢) coincides with
the characteristic polynomial x 4st)(t) of A(S").

Thus we arrive at the natural and essential problem that how we can build a gen-
eral framework to study the arrangements and their Tutte-like polynomials en masse,
rather than individually. More precisely, we are looking for a “useful” framework that
(i) unifies concepts from the literature, and (ii) explains the “coincidences” among

them. The problem will be given an answer in this thesis.

Objective

The key observation that enables us to build such a framework is that the arrange-
ments and their polynomials mentioned above all are defined by means of counting
homomorphisms between abelian groups. As an answer to the problem, we propose
the notion of G-plexification defined for a finite list A of elements in a finitely gener-
ated abelian group I', and a torsion-wise finite abelian group G, with the associated
G-Tutte polynomial. The notion of (F,p, q)-arrangement (i.e., G-plexification with
G =Fx(SY)?xRY, p,q >0, Fis a finite abelian group) provides important examples

of abelian Lie group arrangements and is a unification of a great number of concepts.
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In particular, when we specify I' = Z‘, and let G be R, S!, or Z,, we obtain the
G-plexification as the hyperplane, toric or g-reduced arrangement, respectively, and
the G-Tutte polynomial as the Tutte polynomial, arithmetic Tutte polynomial, or (a
generalization of) characteristic quasi-polynomial, respectively.

Having introduced the notion of G-Tutte polynomial, it is again natural and es-
sential to ask for what properties of the Tutte, arithmetic Tutte polynomials and
characteristic quasi-polynomial, there is an analogous result related to the G-Tutte
polynomial. It turns out that there are many properties that are preserved, but some
properties are not. In the present thesis, we study these properties through three

aspects: combinatorics, topology and matroid theory.

Organization

The structure of the thesis is as follows:

e In Chapter 1, we present a general theory of the G-Tutte polynomials.

In §1.1, we recall the definitions of typical arrangements and the associated
Tutte-like polynomials and their combinatorial and topological properties ap-
pearing in the literature: hyperplane arrangement and Tutte polynomial, toric
arrangement and arithmetic Tutte polynomial, ¢g-reduced arrangement and char-

acteristic quasi-polynomial.

In §1.2, we define the concepts of G-plexifications of finitely generated abelian
groups and G-Tutte polynomials over torsion-wise finite abelian groups. We
prove that the G-plexifications and G-Tutte polynomials possess deletion-contraction
formulas (Proposition 1.2.1.9 and Corollary 1.2.2.13). Aside from the mentioned
specializations, we further give some other “unexpected” specializations of the

G-Tutte polynomial (Examples 1.2.2.20 and 1.2.2.21).

The results of this chapter are found in [LTY], a joint work with Y. Liu and M.

Yoshinaga.
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e In Chapter 2, we study the G-Tutte polynomials via combinatorics.

In §2.1, we define two different intersection posets of a (F,p, q)-arrangement
and prove that the corresponding characteristic polynomials can be expressed in
terms of the G-characteristic polynomials (Theorem 2.1.2.7 or Corollary 2.1.2.8).
The results of this section are found in [TY19], a joint work with M. Yoshinaga.

In §2.2, we explain two “coincidences”: the first one is the equivalence between
the chromatic quasi-polynomial and the Chen-Wang’s quasi-polynomial (Theo-
rem 2.2.1.5), the second one is the identity between the last constituent of the
chromatic quasi-polynomial and the characteristic polynomial of the generalized
toric arrangement (Corollary 2.2.1.9) which was mentioned in Motivation. The

results of this section are found in [Tral8] and [LTY].

In §2.3, we give two natural but nontrivial interpretations for every constituent
of the chromatic quasi-polynomial via subspace and toric viewpoints (Corollaries

2.3.1.1 and 2.3.2.5). The results of this section are found in [TY19].

In §2.4, we study the characteristic quasi-polynomials of the arrangements aris-
ing from irreducible root systems. We introduce the notion of A-Eulerian poly-
nomial and prove that this polynomial together with shift operator express the
characteristic quasi-polynomial of certain Weyl subarrangements in terms of
the Ehrhart quasi-polynomial of the fundamental alcove (Definition 2.4.3.2 and
Theorem 2.4.3.11). Finally, we give a computational result on the characteristic
quasi-polynomials of ideals of classical root systems with respect to the inte-
ger and root lattices via a connection with signed graphs (§2.4.5). The results
of this section are found in [ATY19], a joint work with A. U. Ashraf and M.
Yoshinaga and [Tral9].

e In Chapter 3, we study the G-Tutte polynomials via topology.

In §3.1, we show that the topological and semialgebraic Euler characteristics of
the complement of any (F,p, g)-arrangement can obtained as an evaluation of

the associated G-characteristic polynomial (Theorem 3.1.2.2).
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In §3.2, we prove that the Poincaré polynomial of any non-compact (F,p,q)-
arrangement (i.e., ¢ > 0) can be expressed in terms of the associated G-
characteristic polynomial (Theorem 3.2.2.2). We emphasize that the non-compactness
plays a crucial role in our proof, without it many arguments may not work (Re-

mark 3.2.2.4 and Example 3.2.2.5).

The results of this chapter are found in [LTY].

In Chapter 4, we study the G-Tutte polynomials via topology.

In §4.1, we show that the G-multiplicities satisfy only four over five arithmetic
matroid axioms, this is the first property of the arithmetic Tutte polynomial
that the G-Tutte polynomial does not preserve (Theorem 4.1.1.13 and Remark
4.1.1.14). However, the G-Tutte polynomial does possess a convolution formula

(Theorem 4.1.2.1).

In §4.2, we show another “non-preserving” property of the G-Tutte polynomial,
that is the G-Tutte polynomial may have negative coefficient (Example 4.2.1.1).
We give some ideas and partial answers to a question that under what conditions
the coefficients of the G-Tutte polynomial are positive (Theorem 4.2.1.2 and
Propositions 4.2.1.3, 4.2.2.2).

The results of this chapter are found in [LTY].
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1. A GENERAL THEORY OF G-TUTTE POLYNOMIALS
1.1 Known arrangements and their Tutte-like polynomials

In this section, we recall a setting that has been used to define and study many
types of arrangements, including hyperplane, toric and ¢-reduced arrangements. as-
sociated with each arrangement, there is a polynomial often named after Tutte which
encodes combinatorial, topological and enumerative information of the arrangement.
We will see that the polynomials arise from very similar manners and share many
common properties, giving us an evidence that there is a common framework to unify
them and suitable to the mentioned setting.

In this thesis, the term [ist is synonymous with multiset. For example, the list
A = {a, a} has 4 distinct sublists: S; =0, Sy = {a},S3 = {a},Ss = {a,a} = A We
distinguish S; and Ss3, and hence A\ Sy = S3. If A is a list, then S C A indicates
that S is a sublist of A.

1.1.1 Hyperplane, toric and g-reduced arrangements

Let T':= @'_, Z; ~ 7' be a free abelian group. Let A be a finite list (multiset)
of elements in I'. Let (G,+) be an abelian group with the unit e € G. For a =
Zle a;3; € A and m,, € G, define a subset H,,, ¢ of G* by

¢
Heymo G = {z e Za,-z,- = ma},
i=1

Note that H, ., g is a subgroup G* when m,, = e. Given a vector m = (mg)aca € G4,

the arrangement of (A, m) with respect to I is defined by

(A,m)(G) :={Homoc | @ € A}



The complement of (A, m)(G) is defined by
M((A,m);T,G) =G\ | Homo.c-
acA

The arrangement (A, m)(G) is said to be central if m, = e for all @ € A. In this
case, we simply write A and H, ¢ instead of (A, m) and H, . ¢, respectively.

The arrangement (A, m)(G) and its complement M((A, m); T, G) are important
objects of study in many contexts. We list some typical examples appearing in the

literature.

(i) When G is a field (e.g., G = C,R,F,), A(G) is called the (affine) hyperplane
(or integral) arrangement of A w.r.t. I' (e.g., [OT92]).

(i) When G is C* or S', A(G) is called the (affine) toric arrangement of A w.r.t.
I (e.g., [DCP05,Moc12]).

(iii) When G is a finite cyclic group Z, := Z/qZ, A(G) is called the (affine) q-reduced
arrangement of A w.r.t. I' (e.g., [KTTO08, KTT11]).

(iv) When G = R®with ¢ > 0, m,, = eforall a« € A, A(G) is called the c-plezification
of Awrt. I (e.g., |Bjo94, §5.2]).

(v) When G =S' x S! (viewed as an elliptic curve), m,, = e for all @ € A, A(G) is
called the elliptic (or abelian) arrangement of A w.r.t. I' (e.g., [Bib16]).

In general, many properties of the arrangements depend on the choice of the free

abelian group I' (e.g., see Proposition 1.2.2.22, §2.4.5).

1.1.2 (Arithmetic) Tutte and characteristic (quasi-)polynomials

For § C A, let Ms denote the matrix of size #S x ¢ whose each column is
represented by a € §. Denote by rg the rank of Mg, in other words, rg is the

rank of the subgroup (S) < I' generated by S. The list A gives rise to a realizable



(or representable) matroid represented by My, and the (classical) Tutte polynomial
Ta(x,y) of A (e.g., see §4.1.1) is defined by
Ta(z,y) = > (x—1)A7s(y — 1)#s,
SCA
Let ds,...,ds,s be the invariant factors of Ms. Thus 1 < dg; is a positive integer
and ds,; divides ds;y1 (1 < i < rg). The (arithmetic) multiplicity m(S) of S is
defined to be [[;%, ds;. In other words, m(S) equals the cardinality of the torsion
subgroup of Z* quotient by the subgroup generated by the column vectors of Ms.
The arithmetic Tutte polynomial T3 ™ (x,y) of A is defined in [Moc12] as follows:
T (a,y) = 3 m(S)(x — 1y (y — 1#STe.
SCA

Remark 1.1.2.1. The definitions above make sense in a more general setting, namely
the free abelian group I is being replaced by any finitely generated abelian group in
a natural way. This is what Moci actually used to define the arithmetic Tutte poly-
nomial in [Moc12]. We use the same names, Tutte and arithmetic Tutte polynomials,

to call the polynomials in this setting.

It should be also noted that the above polynomials can be defined for more general
objects: matroids, arithmetic matroids [DM13] (see §4.1.1 for more details) and ma-
troids over Z [FM16]. From an arrangement theoretical viewpoint, we will introduce
the notion of G- Tutte polynomials in §1.2.2, giving another way for generalizing those
polynomials. Now let us restrict our discussion to the central arrangements, although
some of the results (e.g., those related to characteristic quasi-polynomials) hold true
for the non-central ones. The polynomials mentioned above encode combinatorial
and topological information of the arrangements. The characteristic polynomial of
the ranked poset of flats (e.g., [0T92, Definition 2.52|) is often known as “the com-
binatorics” of a hyperplane arrangement. For instance, Whitney showed that the
characteristic polynomial y 4)(t) of the hyperplane arrangement A(R) is given by
(e.g., [Sta07, Theorem 2.4])

XA®)(t) = (—1)4t7 AT 4 (1 — ¢,0). (1.1.1)



On the other hand, “the topology” of a hyperplane arrangement is often referred to

the Poincaré polynomial of its complement. For instance, the Poincaré polynomial of

M(A; Z*,R°) is given by (e.g., [GMS8S8, Bj694])

14+t
Praze rey(t) = grate= .y (tc—_'__lao) : (1.1.2)

Note that the special cases ¢ = 1 and ¢ = 2 correspond to the famous formulas by
Zaslavsky [Zas75] and Orlik-Solomon [OS80], respectively. Similarly, as proved by De
Concini-Procesi [DCP05] and Moci [Mocl2|, the characteristic polynomial x 4s1)(%)
of the poset of layers (see, e.g., [Moc12, §5], §2.1.1) of the toric arrangement A(S!) is

Xaen(t) = (1) 47 ATFN (L - 1,0),
and the Poincaré polynomial of M(A; Z¢, C*) is

i (142t
Prazec(t) = (L4 2) 74 ¢ra . Tait (T o) : (1.1.3)

When G is an arbitrary finite cyclic group Z, (¢ € Zo), the dimension no longer
makes sense. However, M(A; Z*, Z,) still contains a number of interesting properties.
Kamiya-Takemura-Terao [KTT08, KTT11| proved that #M(A;Z" Z,) is a quasi-

quasi

polynomial in ¢, denoted by x% ™ (¢), with period
pa=lem(ds,s | S C A). (1.1.4)

This means that there exist polynomials f%(¢) € Z[t] (1 < k < p4) such that for any
q € Z~o with ¢ = k mod p_4,
X4 (a) = fhla).

The polynomial f%(¢) is called the k-constituent of y%4*¥(¢). The authors called
the quasi-polynomial XjuaSi(q) the characteristic quasi-polynomial of A as a result of
the fact that the first constituent f}(¢) equals the characteristic polynomial x ) (t)
(e.g., [Ath96], [KTTO8]). Furthermore, we will prove in Corollary 2.2.1.9 that the last

constituent f4*(t) coincides with the characteristic polynomial y 4s1)(t). The men-

tioning properties open a new direction for studying the combinatorics and topology



of hyperplane and toric arrangements in one single quasi-polynomial. The charac-
teristic quasi-polynomial also has many enumerative properties related to Ehrhart

theory, which we will in discuss in §2.4.

1.2 G-plexifications and G-Tutte polynomials

We observe that the concept of the arrangement (A, m)(G) in §1.1.1 can be re-
defined in a more general and abstract setting by viewing I' as a finitely generated
abelian group (e.g., in [Moc12, §5] where G is S' or C*). We shall call this pro-
cess the G-plexification. Moreover, associated with a G-plexification, we hope to find
a suitable notion of Tutte polynomial in a similar manner to how the (arithmetic)
Tutte polynomials were defined. As also pointed out by Moci [Moc12, §3.2], working
with finitely generated abelian groups is useful and somewhat essential so that the
wanted Tutte polynomial satisfy a deletion-contraction formula as the classical Tutte
polynomial does. For the sake of convenience, in this thesis, we choose to develop the
theory almost only on the central arrangements, and leave the affine case for future

research (some results on the non-central case will be mentioned in §2.4).

1.2.1 G-plexifications of finitely generated abelian groups

Let (G, +) be an abelian group with the unit e € G. Let I" be a finitely generated
abelian group, and let A C I' be a finite list (multiset) of elements in I'. Following
the procedure in §1.1.1, we now define the “arrangement” associated with the list A
over G.

The total space is Hom(I", G), the abelian group of all group homomorphisms from
I' to G under point-wise addition. For each o € A, we define the G-hyperplane with

respect to « as follows:

H,c:={p € Hom(I',G) | p(a) = e}.



In other words, H, ¢ is the kernel of the following homomorphism naturally defined
by «
a:Hom(I',G) — G, o — p(a).

Then the G-plezification (or G-arrangement) A(G) of A is the collection of the sub-
groups H, ¢
A(G) :={Hyc |« € A}.

The G-complement M(A;T',G) of A(G) is defined by
M(A;T,G) == Hom(T",G) \ | Hac-
acA
Remark 1.2.1.1. Suppose that I' ~ Z* and fix a basis {£;,..., 8} for I'. Thus the
arrangement A(G) defined in §1.1.1 is indeed a G-plexification via the isomorphism
Hom(T',G) ~ G* ¢ —— (o(B1),...,9(B)). In particular, the hyperplane, toric,

g-reduced, elliptic arrangements and c-plexification are G-plexifications.

Example 1.2.1.2. Suppose that I' = Z;. Then
Hom(I',G) ~ G[d] . ={z € G| d-x = ¢}
is the subgroup of G of d-torsion points.

Example 1.2.1.3. Suppose that G = Z,;. Then #M(A;T'|Z,) is proved to be
a quasi-polynomial and is called the chromatic quasi-polynomial of A [BM14, §9].
Thus any characteristic quasi-polynomial (see §1.1.2) is indeed a chromatic quasi-
polynomial. A period py4 of the chromatic quasi-polynomial will be determined in
Definition 1.2.2.17 and Theorem 1.2.2.19. When no confusion arises, we use the
notations x4 (q), fA(t) (1 <k < p4) for both characteristic and chromatic quasi-

polynomials.

Example 1.2.1.4. Let ' = Z& Z, and G = C*. Then Hom(I', G) ~ C* x {£1, £i},
which is a (real 2-dimensional) Lie group with 4 connected components. If oy =
(2,2) € I', then H,, ¢ = {(£1,£1), (£i, £4)} consists of 8 points. If ay = (0,2) € T,

then H,, ¢ = C* x {£1} is a union of two copies of C*.



For each sublist S C A, we denote by rs the rank (as an abelian group) of the
subgroup (S) < I' generated by S. Additionally, r denotes the rank of I'. Given a

group K, denote by K, the torsion subgroup of K.

Definition 1.2.1.5. Following D’Adderio-Moci [DM13], we define the deletion A\ S
as a list of elements in the same group I'; and the contraction A/S as the list of cosets

{a| a e A\ S} in the group I'/(S).
Proposition 1.2.1.6. For each S C A, set

Hsg = m H,c={p e Hom(I',G) | p(a) =¢,Va € S}.

aeS

Then
Hs ¢ ~Hom(I'/(S),G) ~ Hom((T'/(S))tor, G) X G'™7"S.

Proof. The first isomorphism follows from the exact sequence
0 — Hom(I'/(S),G) — Hom(I', G) — Hom((S), G).

From the structure theorem for finitely generated abelian groups, we may assume that

L/(S) >~ (I'/(S))tor ® Z'™~"S. The second isomorphism follows automatically. O

Corollary 1.2.1.7. As sets,

ola) =e, foraeS
ola) #£e, forae A\S

M(A/S;T/(S),G) ~ ¢ ¢ € Hom(T', G)

Proof. By Proposition 1.2.1.6, Hom(I'/(S),G) ~ {¢ € Hom(I',G) | p(«a) = e,Va €
S}. The rest is clear. O

Proposition 1.2.1.8.
Hom(T, G) ~ | | M(A/S;T/(S).G).
SCA
Proof. 1t is easily seen that for any ¢ € Hom(I',G), S = A, :={a € A | p(a) = ¢}
is the unique sublist S C A that satisfies ¢ € M(A/S;T/(S),G) (here we viewed
the isomorphism in Corollary 1.2.1.7 as the identification). O



Fix a € A, define A := A\ {a}, IV := T and A" := A/{a}, I := I'/{a).
We call (A, A", A”) the triple (of lists) in I' with the distinguished element «. By
Corollary 1.2.1.7, we can consider both M(A; T, G) and M(A";T” G) as subsets of
Hom(I', G) (they are in fact subsets of M(A’;I", G)). These three sets are related by

the following set-theoretic deletion-contraction formula.

Proposition 1.2.1.9.
MA T, G) = MA" T, G)UM(A; T, G).

Proof. The set M(A’;T",G) can be decomposed as {p € M(A TV, G) | p(a) =
e} U{p € M(AT",G) | p(a) # e}. The first term on the right-hand side is
isomorphic to M(A”; T, G), and the second term is equal to M(A; T, G). O

1.2.2 (G-Tutte polynomials over torsion-wise finite abelian groups

Recall that I" is a finitely generated abelian group, and A is a finite list of el-
ements in I'. Inspired by the concept of (multivariate) arithmetic Tutte polyno-
mial by [Mocl2, BM14], we define the (multivariate) G-Tutte polynomial and the
G-characteristic polynomial for the list A and abelian group G. The main ingredient
is a refinement of the multiplicity m(S), and we require a condition on G so that the

new multiplicity remains finite.

Definition 1.2.2.1. An abelian group G is said to be torsion-wise finite if the sub-
group of d-torsion points G[d] (Example 1.2.1.2) is finite for all d > 0.

The class of torsion-wise finite groups is closed under taking subgroups and finite

direct products.
Example 1.2.2.2. The following are examples of torsion-wise finite abelian groups.
e Every torsion-free abelian group (e.g., {0},Z, R, C) is torsion-wise finite.

e Every finitely generated abelian group is torsion-wise finite.



e Every subgroup of the multiplicative group K* for any field K is torsion-wise

finite (e.g., (S!, x) and (C*, x)).
Example 1.2.2.3. (Z/27)* is not a torsion-wise finite group.

Remark 1.2.2.4. In this thesis, we are mainly interested in the torsion-wise finite
groups of the form

G~F x(S"?” x R,

where F' is a finite abelian group and p,q > 0. Note that every abelian Lie group
G with finitely many connected components is of this form (see, e.g., [HN12, Exer-
cise 9.3.7]). We call the associated G-plexification A(G) the (F,p, q)-arrangement.
Combinatorial and topological properties of this family of G-plexifications will be

described in Chapters 2 and 3.

Proposition 1.2.2.5. Let G be a torsion-wise finite abelian group. Let F' be a finite
abelian group. Then Hom(F, G) is finite.

Proof. By the structure theorem, we may assume that F' ~ Zg, X --- X Zg,. Then
Hom(F,G) ~ G[dy] x - -- x Gldy],
which is finite by definition. O

Proposition 1.2.2.6.

(1) Let G1,G5 and T be groups. Then Hom(I', G; x G2) ~ Hom(I', G;) x Hom(I", G3).
In particular, if Hom(T', G1 X Gs) is finite, then # Hom(T', G1xGs) = # Hom(I", G1) X
# Hom(I", Gy).

(2) Let dy,ds be positive integers. Then
Hom(Zq, , Za,) ~ Hom(Zg,, Za,) =~ ZLgcd(d ds)-
In particular, # Hom(Zy, , Zq,) = ged(dy, ds).

Proof. Straightforward. O
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Unless otherwise stated, we assume that G is torsion-wise finite.

Definition 1.2.2.7. The G-multiplicity m(S; G) for each S C A is defined by
m(S; G) := # Hom ((I'/(S) )tor, G) -

By Proposition 1.2.2.5, it is clear that m(S; G) is a finite number. Let us describe
m(S; G) more explicitly. Because I'/(S) is a finitely generated abelian group, it is
isomorphic to a group of the form Zj, &- - -@Zq, ®Z™"S. Thus (I'/(S))tor ~ D;_; Za,,

and
T

Hom ((T/(S))ior, G) ~ €D Gldi].
i=1
Therefore, m(S; G) = [[;_, #G|d;].
Remark 1.2.2.8. It is also easily seen that Hom ((I'/(S))tor, G) is (non-canonically)
isomorphic to Tor?(I'/(S), G). Hence m(S; G) = # Tor?(I'/(S), G).

Definition 1.2.2.9. Assume that A = {ay,...,a,} is a finite list of elements in a
finitely generated abelian group I', and G a torsion-wise finite group. Recall that rp

and rs denote the ranks of I and (S), respectively.

(1) The multivariate G-Tutte polynomial ZS(q,vy,. .., v,) of A is defined by

ZS(q,v1, .. 0,) = Z m(S; G)q™"s H ;.

SCA o, €S

(2) The G-Tutte polynomial TS (z,y) of A is defined by

T (z,y) =Y m(S;G)(x — 1) A7s(y — )#Srs.
SCA

(3) The G-characteristic polynomial x5(t) of A is defined by

Xfl(t) = Z(—l)#sm(S; G) - TS,

SCA
Proposition 1.2.2.10. The leading coefficient of x5 (t) equals #M(ANTor; Tior, G).

Proof. Straightforward. O
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Like the (multivariate) Tutte and arithmetic Tutte polynomials [BM14, Moc12,

Sok05], three polynomials above are related by the following formulas:

TG(r,y) = (x— 1) Z5((x = Dy =Dy — 1, oy—1),  (12)

XG(t) = (=144 T (1 = 1,0). (1.2.2)

Definition 1.2.2.11. Following [DM13, §4.4], we call a € A a loop (resp., coloop) if
a € Ly (resp., 74 = Ta\{a} +1). An element « that is neither a loop nor a coloop is

said to be proper.
Let (A, A, A”) be the triple with the distinguished element «; € A.

Lemma 1.2.2.12. The multivariate G-Tutte polynomials satisfy

Z%(¢. ) Z%(q,v) +vi - Z5(q, v), if a; is a loop,
A q,v) =
Z%(q,v) +vi-q - Z%.(q,v), otherwise.
Proof. Proof follows along the lines of [BM14, Proof of Lemma 3.2]. O

Corollary 1.2.2.13. The G-Tutte polynomials satisfy

TS (z,y) + (y — V)T (z,y), if a; is a loop,

TG(z,y) =4 (z = DTG (x,y) + TS, (z,y), if o is a coloop,
TS (z,y) + TS (z,y), if o is proper.
Proof. 1t follows from Lemma 1.2.2.12 and formula (1.2.1). O

Corollary 1.2.2.14. The G-characteristic polynomials satisfy

XA(t) = X3 (t) = xGn ().
Proof. 1t follows from Corollary 1.2.2.13 and formula (1.2.2). O

Recall the definitions of the Tutte polynomial T4(x,y) and the arithmetic Tutte
polynomial 75" (z,y) of A in Remark 1.1.2.1. The G-Tutte and G-characteristic

polynomials have several specializations. First, we mention the expected ones.



12
Proposition 1.2.2.15. Suppose that G is a torsion-free abelian group. Then TG (x,y) =
T.A ([L’, y) :

Proof. This follows from the fact that Hom((I'/(S))tor, G) is the trivial group for all
SCA O

Proposition 1.2.2.16. Suppose that G is S* or C*. Then TS (x,y) = T3 (x,y).

Proof. Note that # Hom((I'/(S))tor, G) = #(I'/(S) )tor, which is equal to the multi-
plicity m(S) in the definition of the arithmetic Tutte polynomial (§1.1.2). O

Definition 1.2.2.17. Suppose that I'/(S) ~ @', Zqs, ® Z'"~"S where ng > 0 and
1 < ds;lds,it1. The LCM-period pa of A is defined by

pa=lem(ds s | S C A).

Note that the LCM-period p4 defined above coincides with the number defined
in (1.1.4) when I' ~ Z‘. The arithmetic Tutte polynomial can also be seen as the

G-Tutte polynomial in terms of other group G.
Proposition 1.2.2.18. Tf”f‘ (z,y) = T (2, y).

Proof. Let G =Z,,. Since ds; | pa, we have # Hom(Z/ds,;,Z,G) = ds,; for all S C A
and 1 < i < ng which follows from Proposition 1.2.2.6. Thus, m(S;G) = m(S) for
all . -

Theorem 1.2.2.19. The chromatic quasi-polynomial of A (Example 1.2.1.3) is iden-

tical with the Z,-characteristic polynomial of A, i.e.,

uasi Zq
X4 ) = x4 (9)-
As a result, the LCM-period p4 is a period of x4 (q).

Proof. 1t is proved in [BM14, §9]. Alternatively, it is a special case of Theorem
3.1.2.5. ]

The G-Tutte polynomial also has some other specializations.
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Example 1.2.2.20. In [CS04, Sok05], partition functions of abelian group valued
Potts models were studied, and later were generalized to the arithmetic matroid set-
ting by Brandén-Moci [BM 14, Theorem 7.4]. Bréandén-Moci’s polynomial Z,(T", H, v)
is, in our terminology, equal to (#H)™™ - ZE(#H,v,...,v,), where L is a list of n
elements in I'; and H is a finite abelian group. In the same paper, Brandén-Moci
also defined the Tutte quasi-polynomial Q. (x,y), which is equal to TEZ(“”(W”(:E, Y)

for any fixed integers x and y.

Example 1.2.2.21. Both the modified Tutte-Krushkal-Renhardy polynomial for a
finite CW-complex (see [BBC14, §3|, [DM18, §4] for details) and Bibby’s Tutte polyno-

xSl(

mial for an elliptic arrangement [Bib16, Remark 4.4] can be expressed by T' jl z,Y).

Let o0 : 'y — I'y be a homomorphism between finitely generated abelian groups.

The map ¢ induces a homomorphism
c* : Hom(I'y, G) — Hom(I'}, G). (1.2.3)

Let o € T'y. Tt is easily seen that (0*) " (H, ) = Hy(a)g- Hence (1.2.3) induces a

map between the complements
U*|M(0(A);F2,G) : M(O’(.A), FQ, G) — M(A7 Fl, G)

A natural question is to compare T (z,y) and TUG( 4) (z,y). This comparison is in
general difficult. However, in the case where I'y = I'y = Z* and G is a connected Lie

group, the constant terms of the G-characteristic polynomials can be controlled by

det (o).

Proposition 1.2.2.22. LetT' = Z¢, 0 : T — T be a homomorphism, A be a finite
list of elements in T, and G = (S')? x R? with p > 0. Then

Xo()(0) = | det(a)[” - x5(0).

Proof. By formula (1.2.2), x§(¢) is divisible by ¢'*~"4. If det(c) = 0, then r,4) <
¢ = rr, and Xf( () is divisible by t. Therefore the left-hand side vanishes, and the

assertion holds trivially.
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We assume instead that det(o) # 0. Note that for a sublattice L C I" of rank ¢, we
have (I': o(L)) = | det(o)| - (I' : L). Second, if rs = ¢, then (I'/(S) )tor = I'/(S), and
we have m(8S; G) = m(8S;S")? = #(I'/(S))?. Third, because o : I' — T is injective,
Tos) = rs and #0(S) = #8 for every sublist S C A. Therefore,

XS0 =Y (=1)FOm((5);G)
o(8)Co(A)
To(s)=1t

= (=1)*m(a(S);G)

SC.A
s={

= Z 1)#5| det(0)|Pm(S; G)

SCA
rs=~{

= | det(o)” - x5(0).
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2. G-TUTTE POLYNOMIALS VIA COMBINATORICS
2.1 Combinatorics of (Fp,q)-arrangements

The notions of hyperplane, toric and ¢g-reduced arrangements are unified by that of
G-plezifications (Remark 1.2.1.1), and more specifically, by that of (F, p, q)-arrangements
(Remark 1.2.2.4). Inspired by the pioneered work of Moci on combinatorics of gener-
alized toric arrangements, we will associate with any (F| p, ¢)-arrangement the partial
and total intersection posets and prove that the corresponding characteristic polyno-

mials can be expressed in terms of the G-characteristic polynomials.

2.1.1 Generalized toric arrangements

Let us first fix some definitions and notations throughout this section. Let I' be a
finitely generated abelian group, and let A C I' be a finite list (multiset) of elements
in I". The ranks of (S) for S C T and I' are denoted by rs, rr, respectively. Given a
group K, denote by K., the torsion subgroup of K. Denote S*" := S N [',,.

Let (P,<p) be a finite poset. The Mdbius function pup of P is the function
wp P x P — Z defined by

p

0 if&fpb,

,UP(CL, b) =131 if a =p b,

- Yacec tr(a,c) i a <pb.
A poset P is said to be ranked if for every a € P, all maximal chains among those
with a as greatest element have the same length, denoted this common number by
rkp(a).

Now we briefly recall what has been known on combinatorics of generalized toric

arrangements following [Moc12, §5]. Set T := Hom(T', G) where G is either S' or



16

C*. The G-plexification A(G) is called the generalized toric arrangement defined
by A on T. In particular, when I' ~ Z*, T is a torus and A(G) is called the toric
arrangement (see §1.1.1). To describe the combinatorics of A(G), we associate with
it an intersection poset L4 ), which is the set of all connected components of all
intersections of the G-hyperplanes (subvarieties) H, . The poset L) is ranked
by the dimension of its elements (layers). Note that the dimension is defined over
R (resp., C) when G = S! (resp., G = C*). The characteristic polynomial often
regarded as “the combinatorics” of A(G) is defined by

W) = Y (T e,

where T¢ is the connected component of 7' that contains C. In comparison with
the notation in §1.1.2, the notation x'§"(t) here means either x 4s1)(t) or x.acx)(t)
depending on whether G is St or C*.

Moci showed that x'$"°(¢) can be computed by the arithmetic Tutte polynomial
Tt (z,y) in the same way as the Whitney’s theorem (formula (1.1.1)) showing how

the characteristic polynomial of a hyperplane arrangement is computed by the Tutte

polynomial.

Theorem 2.1.1.1. Assume that G is either S' or C*. IfT is a free abelian group and
Or ¢ A (or even if T is an arbitrary finitely generated abelian group with A*" =),
then

() = (~1) 7 T ,0) = x§(0).

Proof. The first equality follows from [Moc12, Theorem 5.6]. The second follows from
Proposition 1.2.2.16. U
2.1.2 Characteristic polynomials of (F,p,¢)-arrangements

In the remainder of this subsection, we assume that GG is an abelian Lie group

with finitely many connected components, i.e., G ~ (S')? x R? x F and F is a finite
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abelian group. In addition, we assume that the dimension is defined over R. Thus

g :=dimg(G) = p+ ¢ > 0. For each § C A, by Proposition 1.2.1.6, we have

Hsg = () Hoc
aES (211)

~ Hom((I'/(S))tors G) X F™7" x ((S")P x RT)"™ 775
We agree that 7" = Hom(I',G) := Hys. Each connected component of Hg ¢ is
isomorphic to ((S')? x R?)™ "%, If either rp = 0 or g = 0, it can be identified with
a point. The set of the connected components of Hg ¢ is denoted by cc(Hs ). The

following lemma is somewhat more general than [Mocl2, Lemma 5.4].
Lemma 2.1.2.1. #cc(Hsg) = m(S;G) - (#F)T7's.
Proof. 1t follows directly from Definition 1.2.2.7 and (2.1.1). O
Definition 2.1.2.2.
(1) The total intersection poset of A(G) is defined by
L= Lf}f(tG) := {connected components of nonempty Hs¢ | S C A},
whose elements, called layers, are ordered by reverse inclusion (D <; Cif D D C).

(2) The total characteristic polynomial of A(G) is defined by

Xley () =) u(T, C)ttm e,
CeL

Here T€ is the connected component of T' that contains C and p := py.

The set of minimal elements of L is exactly cc(T"). The connected components of
H 4 ¢ are maximal elements of L but the converse is not necessarily true. For each
C e L, set
R(C) ={SCA|Cecc(Hsq)}
One observes that dim(C) = dim(Hsg) = g(rr — rs) for every S € R(C). The
localization of A with respect to C is defined by

.Ac = {Oz cA | CC HQ,G}. (2.1.2)
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Stated differently, A¢ is the unique maximal element of R(C) in the sense that S C A¢
for every S € R(C). We also can write

R(C)={SCAc|rs=ra}. (2.1.3)
Thus L is a ranked poset with a rank function given by
tk,(C) :==ry4, = codim(C)/g (C € L).
We are interested in a particular subset scc(T") of cc(T),

sce(T) :=={T; € cc(T) | (Ar)* =0}
=ce(T)\ |J cc(Hag).

agAter

By using the Inclusion-Exclusion principle,
#sce(T) = #M(A™; Tior, G) - (#F)'T. (2.1.4)
Definition 2.1.2.3.
(1) The partial intersection poset of A(G) is defined by
P = {C e L|TC e sce(T)},
and the M&bius function of LP?" is the restriction of u i.e., pippar = p [par [par -

(2) The partial characteristic polynomial of A(G) is defined by

it (1) ==Y u(T, )™,

CelLpar

In other words, LP* is the dual order ideal (e.g., [Stall, §3.1]) of L generated by

sce(T'). It follows from the definition above that X[, (t) = 0 if sce(T') = 0.

Remark 2.1.2.4. Removing from A(G) the hyperplanes H, ¢ with a € A™ does not

affect the structure of the poset, i.e.,

L) = L) = L avory@)-
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As a consequence,

par

Xy (£) = X arery () (B) = X(aavory ) (1)-

In particular, Xff\)(tG) (t) = Xia(r(;) (t) if Atr = .

In the lemma below, we generalize the result in [Moc12, Lemma 5.5| as we include

the possibility A" = ().
Lemma 2.1.2.5. IfC € L, then

W(T€.C)  if C e L™,

PORCE

SER(C) 0 if C¢&Lr,

Proof. The proof of the formula when C € LP*" is processed by induction on rky (C),
which runs essentially the same as that of [Moc12, Lemma 5.5]. Note that Ap C A¢
whenever C C D C TC€. If (Agpe)™ # 0, then (A¢)'" # (). The remaining part of the
formula follows from Proposition 2.2.2.5. Indeed, by (2.1.3)

PRCEEID DRC i

SER(C) SCA¢
TS=T A,
equals the coefficient of t'"~"4c in f} (), which is 0. O

Corollary 2.1.2.6. The Mdbius function of L strictly alternates in sign. That is,
forallC € L,
(D)™ Ou(T¢,0) > 0.

Proof. Consider C € LP*. Note that f}lc(t) = Xom®(t) = Z;FZTF_TAC bjt! with
(=1)=9b; > 0 for all j (e.g., [Sta07, Corollary 3.5]). By Proof of Lemma 2.1.2.5,
w(T€,C) is equal to the coefficient of "™ "4c in f} .(t), which strictly alternates in
sign, i.e., (—=1)4ecp(T¢ C) > 0. If C ¢ LP¥ we consider A \ A" instead of A as

argued in Remark 2.1.2.4. O

The main idea of the proof below is very similar to the one used in [Mocl2,

Theorem 5.6]. We include it with a detailed proof for the sake of completeness.
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Theorem 2.1.2.7. Let G ~ (SY)? x RY x F with g = p+ q € Z~y. Then

Xy (1) = XG (#F - 19).
Proof. We must prove that
Z M(TC’ C)tdim(c) _ Z(—l)#sm(S; G) . (#F)rr—rs . tg(rr—rs).
ceLpar SCA
It is equivalent to proving that for all K = rp — 74, ..., 7,
Yo wTeC)= Y (~)Fm(S:G) - (#F)TTE
CeLprar SCA
gk=dim(C) k=rr—rs
We have

Yoo ourho= Y > (=¥
)

ceLpar CEL  SeR(C
gk=dim(C) gk=dim(C)

- [ > e

SCA Cecc(Hs,q)
rs=rr—k

= 2, (FDFmUSG) ()T
k:‘s;%‘,—é‘rg

We have applied Lemma 2.1.2.5 in the first equality, switched roles of sums in the
second equality, and used Lemma 2.1.2.1 in the last equality. O

Corollary 2.1.2.8. Let G ~ (SY)? x RY x F with g = p+ q € Z~g. Then

XA (t) = Xﬁ\Awr (#F - 19).
Proof. Tt follows from Theorem 2.1.2.7 and Remark 2.1.2.4. O

Remark 2.1.2.9. Although either Theorem 2.1.2.7 or Corollary 2.1.2.8 may not be
valid when g = 0, there is no loss of information in these formulations. Namely,
X (t) = #sce(T), and by equality (2.1.4) and Proposition 1.2.2.10, this equals the
“leading part” of X§ (#F) (the value of the leading term of x§ (¢) evaluated at #F).

Similarly, XfﬁG)(t) = #cc(T'), which is equal to the leading part of Xﬁ\ tor (FF).
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Remark 2.1.2.10. Note that when G = S' (or G = C*) and A™" = 0, X, (t) =
X4ie)(t) = X51¢(t). The result of Moci (Theorem 2.1.1.1) is a special case of Theorem
2.1.2.7.

2.2 An equivalent formulation of chromatic quasi-polynomials

Our main focus in this section is the Brandén-Moci’s chromatic quasi-polynomial
(see Example 1.2.1.3) and we prove that this quasi-polynomial can be formulated
in a different way. Recall that the Kamiya-Takemura-Terao’s characteristic quasi-
polynomial (§1.1.2) is defined for a finite list of elements in Z, and the chromatic
quasi-polynomial extends the definition to any finitely generated abelian group. In
a different setting involving two lists of elements in Z‘, and by the elementary
divisor method which was initially used by Kamiya-Takemura-Terao, Chen-Wang
[CW12] found another generalization of the characteristic quasi-polynomial. We
prove that the Chen-Wang’s quasi-polynomial and the Bréandén-Moci’s chromatic
quasi-polynomial are equivalent in the sense that the quasi-polynomials enumerate
the cardinalities of isomorphic sets. Several applications including the periodicity
of intersection posets of Z,-plexifications, an answer to a problem of Chen-Wang,
and computation of the characteristic polynomials of R-plexifications will also be

discussed.

2.2.1 Unify the quasi-polynomials

Since we will be greatly involved with quasi-polynomials, let us recall a precise
definition of them. A function g : Z — C is called a quasi-polynomial if there exist
p € Z~o and polynomials f*(t) € Z[t] (1 < k < p) such that for any ¢ € Z-, with
q = k mod p,

9(q) = f*(a)-
The number p is called a period and the polynomial f*(t) is called the k-constituent

of the quasi-polynomial g.
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Recall that for a finite list A of elements in a finitely generated abelian group I,
#M(A;T',Z,) is the chromatic quasi-polynomial of A. In particular, #M(A;Z*, Z,)
is the characteristic quasi-polynomial of A.

To define the Chen-Wang’s quasi-polynomial, in the following paragraph, we spec-
ify I' = Z*. Let ¢ € Zo, and set LY = Zq \ {0}. For simplicity of notation, we use
the same symbols A and z for the realizations of the list A C Z° and the element
Z € Zf; as matrices of size £ X #A and 1 x £, respectively. Let B be another finite list
in Z‘. Chen-Wang [CW12| defined

- A e (7)#A
CW(A,B,Z"q) == z € Z, ‘ (_q)
z-B=(0)#5

and applied the elementary divisor method of [KTTO08| to show that the cardi-
nality #CW (A, B,Z% q) is a quasi-polynomial in ¢. The notion of Chen-Wang’s
quasi-polynomials strictly generalizes that of characteristic quasi-polynomials because
M(A;Z5,7,) = CW(A, B, Z; q) when B is the zero matrix, and #M(0; Z*,Z,) = ¢*
while #CW (0, B, Z*; q) still depends on B.

Proposition 2.2.1.1. Any Chen-Wang’s quasi-polynomial is a chromatic quasi-polynomial.
Proof. By Corollary 1.2.1.7 together with the isomorphism Hom(Z¢, Z,) ~ Zg,
CW(A, B, 2% q) =~ M((AU B)/B; Z°/(B), Z,).
O

The converse of Proposition 2.2.1.1 is also true as we will see in the lemma below.

Lemma 2.2.1.2. [fT' ~Z"®Zy, ®- - -DZa,, then we can find two lists Q C L C 75
with rqg = s such that A= L/Q.

Proof. We can view I' ~ Z""%/(Q), where Q = {q1,...,qs} C Z"*, ¢; has d; in the
(r 4 i)-th coordinate and 0 elsewhere. Thus A can be identified with a list of cosets
A = {a,...,a;} with a; € Z""*. We choose a representative a; € Z"* for each
coset, which is determined up to a linear combination of elements from (). Define

A= {ai,...,ap} CZ"% and L := AL Q CZ*. Thus A= L/Q. H
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Remark 2.2.1.3. The construction of the lists A and £ presented in Lemma 2.2.1.2
is probably well-known among experts, for instance [DM13, §3.4|, wherein it plays a

crucial role in proving the representability of the duals of arithmetic matroids.
Proposition 2.2.1.4. Any chromatic quasi-polynomial is a Chen-Wang’s quasi-polynomial.
Proof. With the notation as in Lemma 2.2.1.2, we can write
M(AT,Z,) = CW(A,Q, 7% q).
O

Theorem 2.2.1.5. The Chen-Wang’s and the Brindén-Moci’s chromatic quasi-polynomials

are equivalent in the sense that they enumerate the cardinalities of isomorphic sets.

Proof. Tt follows directly from Propositions 2.2.1.1 and 2.2.1.4. O

Lemma 2.2.1.2 is also useful to prove the periodicity of intersection posets of the

Zg-plexification A(G). Following the idea of [KTTO08, §3|, we define the poset
L@z, = {Hsz, #0|S C A},
ordered by reverse inclusion.

Theorem 2.2.1.6. There exist positive integers qo, pe such that the intersection poset

L 4z, ts periodic in q > qo with a period pg, i.e.,
LA@qgsnp,) = Lazy) (as posets) for all ¢ > qo and n € Z~y.

Proof. Using the notation as in Lemma 2.2.1.2, for each S = {@;,,...,a;,} C A, we
can idenfity Hs gz, with ﬂ;zl Haij z, N Hgz,, which is clearly an element of L.z,
Thus the Hasse diagram® of L A(z,) is isomorphic (as directed graphs) to that of
L''={Y € Lyz, | Y C Hgz,} By [KTT08, Corollary 3.3|, there exists gy € Z
such that LL(Z(H”M) ~ Lgz,) for all ¢ > gy and n € Z~. Here p. is the LCM-period
of the list £. In particular, the isomorphism induces the periodicity of L’. This
completes the proof. O

'Hasse diagram of a poset P is the directed graph whose vertices are the elements of P and whose
edges are the pairs (a,b) with the edge going upward from a to b whenever b covers a.
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Now from Theorems 2.2.1.5 and 1.2.2.19 we know that the following concepts

are equivalent: the chromatic, Chen-Wang’s quasi-polynomials and Z,-characteristic

quasi (

polynomial of A. We use the common notation x%“ ' (¢) to denote these quasi-

polynomials, and also write f%(¢) for the k-constituents (1 < k < p4).

Proposition 2.2.1.7.

(1) For any k with 1 <k < pa, fh(t) = X% ().

(2) X5(q) satisfies the GCD-property, i.c., f4(8) = F4(1) if ged(a, pa) = ged(b, p.0).
(3) For any k with 1 <k < pa, if ged(q, pa) = k, then X4 (q) = f4(q).

Proof. See [CW12, Theorem 2.3]. O
Corollary 2.2.1.8. x5 (t) = Xi“ (t) = [ ().

Proof. The first equality is clear from Propositions 1.2.2.16 and 1.2.2.18. The second
equality follows from Proposition 2.2.1.7(1). O

Corollary 2.2.1.9. The last constituent f5(t) (resp., \Ator( )) of the chromatic
quasi-polynomial of A (resp., A\ A™") coincides with the partial (resp., total) char-

acteristic polynomial of the generalized toric arrangement A(S') of A, i.e.,
(@) =15 (0),
XA(sn) () =8 oo (B)-
In particular, when A*" =0,
X270 (t) = Xsn) (1) = Xoen (@) = 54 (D).

Proof. By definitions, x'$"¢(t) = X4(s1)(t) (see §2.1). The rest follows from Theorem
2.1.2.7 and Corollaries 2.1.2.8, 2.2.1.8. O

Fix a € A. Let (A, A, A”) be the triple in I with the distinguished element «.
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Theorem 2.2.1.10 (Deletion-Contraction formula).

quasi quasi quasi

Xa (@) =xa (@) — X (@)

Proof. This follows directly from Corollary 1.2.2.14 and Theorem 1.2.2.19 by letting

G = Zq. 1t can also be proved by Proposition 1.2.1.9. O

Remark 2.2.1.11. Using Theorem 2.2.1.10, the Deletion-Restriction formula in [CW12,
Lemma 3.3] can be exhibited by setting A as the contraction list (A LI B)/B, where
A # () and B are finite lists in Z*.

Corollary 2.2.1.12. If k < min{pu, par}, then the k-constituents satisfy

Falt) = fa(t) = far (D).

Proof. Note that the LCM-period of any deletion /contract list is a divisor of the LCM-
period of the parent list. The formula follows from Corollary 1.2.2.14 and Proposition
2.2.1.7(1). O

Remark 2.2.1.13. The LCM-period of X?faSi(q) is not necessarily the minimum period.
We clarify it by an example. Let I’ = Zy & Zy, A = {a, 8} C T with a = (0,0) and
B = (1,0). Then py = 2, while the minimum period is actually 1 and x%*¥(g) = 0
for every q. Note that this fact can also be clarified by another class of examples

originated from [CW12, Example 4.2].

We close this subsection by giving an answer to a problem asked by Chen-Wang

in [CW12, Problem 2].

Problem 2.2.1.14. Let A; and A, be finite lists in Z° with r4, = . Assume that
#COW (A1, Ay, Z% q) = 0 for every q € Zsg. Then there exists a € A; such that
a € <A2>

Answer. The statement is true if and only if = 1. By Proposition 2.2.1.1, we rewrite
the assumption as #M(A;T',Z,) = 0 where A = (A; U Ay)/As, and T' = Z/(As) is
a finite group. Assume that £ = 1. Then I' ~ Z, for some d € Z~. Suppose to the
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contrary that for every a € Ay, o ¢ (Ap). It is equivalent to saying that @ # 0 for

alae A Set T := {2 € C| 22 =1}. Foreacha@ e A with1 <a <d-—1, set

T, :={z € T| 2* = 1}. By Theorem 1.2.2.19, the degree of x4 (q) is 0. Moreover,
quasi

the last constituent of x% *'(¢) can be computed by using Proposition 2.2.1.7 as

follows:

PA(L) = XA PAT(t) = # <T\ U Ta> > 0,

=
which is a contradiction. For ¢ > 2, we show that the statement is not true by

providing a counterexample. Let us first prove the following fact: if I' = Zg, ®- - -®Zy,
is a finite abelian group containing at least two distinct nonidentity elements of order
2, say f1, 02, and A ={a €' | a # Or}, then #M(A; T, Z,) = 0 for every q € Z-o.
Indeed by definition,

M(A;T,Z,) = {p € Hom(T', Z,) | p(a) # 0, for all a € A},

={p € Hom(T',Z,) | ¢ is injective}.

If the above set is nonempty, then p(a), ¢(3) are distinct and both have order 2
in Z,. This contradiction implies that #M(A;I",Z,) = 0. By Proposition 2.2.1.4,
#CW (A, Q,Z% q) = 0. Now choose I' = Z& with £ > 2, and let A, = A, A, = Q.

0

2.2.2 Application to real hyperplane arrangements

As mentioned in §1.1.2, if [' = Z*, then f4(t) = xa)(t). However, this formula
may fail if ' is any finitely generated abelian group. It is because the list A may
contain torsion elements of I', and f}(¢) vanishes while by definition y am)(t) is never
0. Thus it is natural to ask of which real arrangement, the characteristic polynomial
agrees with f}(¢); and of which list, the first constituent of the characteristic quasi-
polynomial agrees with x 4)(t). These questions will be answered in this subsection.
More generally, we will give two interpretations for every constituent through subspace

and toric viewpoints in §2.3.
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In the following setting and until before Proposition 2.2.2.3, we restrict our at-
tention to the case I' = Z¢, and view A as a finite list of nonzero vectors in Z°.
We regard {e;,..., ¢} as the standard basis for R®, and equip to it the standard
inner product (-,-). Then the R-plexification A(R) is an arrangement of (possi-
bly repeated) hyperplanes in R® with each hyperplane H, g can be identified with
H, ={z € R"| (a,z) = 0}. Let L) be the intersection poset of A(R) (see §2.1.2).
Here the partial and total intersection posets are the same. Note that we require the
intersection poset to be a set, not multiset. Also, the ambient space R can be added

to the arrangement without affecting the arrangement’s intersection poset. For each

X € Lawy, the localization of A(R) on X is defined by

AR)x :={H € AR) | X C H},
and the restriction A(R)™ of A(R) to X is defined by

AR ={HNX | He AR)\ AR)x}.
Denote by X+ the orthogonal complement of X in R’. Set
Ay = AN X+ C A.

Proposition 2.2.2.1. The following formulas are valid at level of multisets:
(1) AR)x = (Ax)(R).
(2) AR)Y = (A/Ax)(R).

Proof. The proof of (1) is straightforward. To prove (2), for every X € L4y with
X # R weuse X =) HEAR)x H, the longest expression of X in terms of intersection
of the hyperplanes in A(R). To see A(R)* = (A/Ax)(R) as multisets, note that

the number of occurrences of each element Hgpr M X in these multisets is equal to

#{v € A\ Ax | v € spang{f3, Ax}}. d

Lemma 2.2.2.2. xmx (t) = fi, 4, (2)-
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Proof. 1t is essentially proved in [CW12, Corollary 2.4| (see also [Ath96, Corollary
6.1]). The idea is to use Whitney’s theorem (see (1.1.1)) and Proposition 2.2.2.1. O

Unless otherwise stated, in the remainder of this subsection, we assume that I is
an arbitrary finitely generated abelian group. Now we give an arrangement theoretic

realization for A(R).

Proposition 2.2.2.3. If A* = (), then A(R) is an integral arrangement, and also

can be realized as a restriction of L(R) where L is a finite list in some free abelian

group.

Proof. We use the notation as in Lemma 2.2.1.2. Set X := Hgr € Lgm), then
Q = LNX+ = Lx. The condition A* = () is crucial, otherwise it may happen
that Q@ C Lx. By Proposition 2.2.2.1, A(R) = (£/Lx)(R) = £L(R)*. This means
that A(R) is the restriction of £L(R) to X, and also can be identified with an integral

arrangement in R'T. O

Next, we prove an important property of X?faSi(q), which is the main theorem of

this subsection.
Theorem 2.2.2.4. xa@w)(t) = [ g (1)-

Proof. If A*" = (), we apply Proposition 2.2.2.3 and Lemma 2.2.2.2. For the case
A" =£ (), note that A(R) and (A \ A"*")(R) have the same intersection poset. O

The 1-constituent f}(t) sometimes can be regarded as the chromatic polynomial
defined on a graph, for example, via connection with graphic arrangements (e.g.,
[OT92, §2.4]). It is well-known (and easy to show) that the graphical chromatic
polynomial is identical to 0 if the graph contains some (graph theoretic) loop. Recall
from Definition 1.2.2.11 that an element o € A is called a loop if a € I',,. We prove

in the proposition below that a similar result holds for f}(t).

Proposition 2.2.2.5. If A™ £ (), then f}(t) = 0.
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Proof. Use Corollary 2.2.1.12 (viewing as k = 1) to reduce the problem to the case
that A = F LT with F and T # ) consist of only coloops and loops, respectively.
Then apply Proposition 2.2.1.7(1). a

Remark 2.2.2.6. There is a neater proof: fix a € A"" and break f}(¢) into two

summations with one of them is taken over B C A, o € B.

Corollary 2.2.2.7.

0 if AT £ 0,
falt) =
Xam)(t) if AP =10.
Proof. Tt follows directly from Theorem 2.2.2.4 and Proposition 2.2.2.5. O

Example 2.2.2.8. Let I = Z*®Z,, A= {a, 3,7} S T witha = (2,2,1), 8 = (0,2, 3)
and v = (0,0,3). Then pa = pa(,} = 8, and

(

0 if ged(q,8) =1,

2 .
: q*  if ged(q,8) = 2,
X?ilam(q) —
3¢ —4q+4  if ged(q, 8) = 4,

\3q2 —12¢+12 if ged(q,8) = 8.

(

¢ —2q+1 ifged(q,8) =1,

quasi 2¢> —4q+4  if ged(q, 8) = 2,
XA\ {7} (q) = .
4q> — 8¢ +8 if ged(q,8) = 4,

\4q2 —16g + 16 if ged(q,8) = 8.

Note that (A \ {v})(R) = L(R)X, where L(R) = {{22 + 2y + z = 0}, {2y + 32 =
0},{z =0}} C R® and X = {z = 0}, which can also be identified with the integral
arrangement {{x +y = 0}, {y = 0}} in R?. In either way,

X ® () = fay () = =2t + 1.
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Corollary 2.2.2.9. For q € Z~q, we have

> x5 (q) = #Hom(T, Z,). (2.2.1)
SCA

As a result, if U ~ 7" & Zqg, B --- D ZLq,, then

> flyst)y =1, (2.2.2)
SCA
M OFE W) =dy--dt (2.2.3)
SCA

Proof. Formula (2.2.1) follows from the definition of chromatic quasi-polynomials
(Example 1.2.1.3) and Proposition 1.2.1.8. Formulas (2.2.2), (2.2.3) are immediate

consequences of Formula (2.2.1) and Proposition 2.2.1.7(3). O

From Corollary 2.2.2.9, we see that the following well-known formula (e.g., [OS83,

(3.2)]) for integral arrangments is a consequence of Formula (2.2.2).

Corollary 2.2.2.10. Assume I' = Z* and Or ¢ A. For every X € L 4wy, we have

> Xawy () =t (2.2.4)

YEL_A(R)
YCX

Proof. Given X € L gr), replacing A, T in the Formula (2.2.2) by A/ Ax, Z'/(Ax),
respectively, we obtain
> flapasyspan®) =t (2.2.5)
AxCSCA

Notice that dim(X) = ¢ —r4,, and (A/Ax)/(S/Ax) can be identified with the list

A/S in Z*/(S). In addition, by Proposition 2.2.2.5 we can write (2.2.5) as
> Flyay () =m0, (2.2.6)
YEL_A(R)

AxCAyCA

Thus Formula (2.2.4) follows from Lemma 2.2.2.2 and Identity (2.2.6) above. O
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2.3 Arrangement theoretic interpretations of the constituents

As mentioned in the previous subsection, we are interested in a question that
given a constituent of a chromatic polynomial how we can describe it in connection
with arrangement characteristic polynomials? Less is known, except for the first and
the last (Corollaries 2.2.1.8 and 2.2.2.7). An attempt was made to describe certain
classes of the constituents appeared in [DFM18, §10.3.3]. In this section, we give two
complete interpretations for the constituents through subspace and toric viewpoints.
The subspace interpretation is obtained from the combinatorics of A(RY™) x 7,),
while the toric interpretation is obtained from the arithmetics of A(S') (or A(C*))

by appropriately extracting its intersection poset.

2.3.1 Via subspace viewpoint

Corollary 2.3.1.1. Let G =RY x Zj, with g >0 and 1 <k < p4. Then

Xt (8) = falk - 7).

Proof. Tt follows from Theorem 2.1.2.7 and Proposition 2.2.1.7(1) that

Nty (1) = X3 (k- 19) = x5 (k- 1) = fh(k - 19).
O

Let us explain Corollary 2.3.1.1 in more details. For nontriviality, we assume
that scc(T) # 0 (e.g., when A*" = ()), and rr > 0. Each connected component
of T'= Hom(I",RY x Zj) is isomorphic to RY". For each T; € scc(T), the poset
L; ={C € L|C C T;} is isomorphic to the total (or equivalently, partial) intersection
poset of a RY9-plexification G; in RYT (or g-plezification in the sense of [Bjo94, §5.2],
see §1.1.1), with each G; is possibly empty and defined over the integers. Thus after
a rescaling of variable, each constituent records the summation of the total charac-
teristic polynomials of the G;’s, i.e.,

Falkty = > xg' (). (2.3.1)

Tiesce(T)



32

Remark 2.3.1.2. In particular, when g = 1, each G; becomes an integral hyperplane
arrangement H; (Proposition 2.2.2.3). The conclusion related to the first constituent
(k = 1) in Corollary 2.3.1.1 is the same as that stated in Corollary 2.2.2.7. In
particular, if ' = Z*, each hyperplane H, rxz, inT can be identified with H, g x H, 7,
in RY x Z¢. Each arrangement H; turns out to be a subarrangement of A(R), and
in which components of 7" that the components of H,rxz, locate depends on the

arithmetics of the list A.

Example 2.3.1.3. Let I' = 7%, A = {«, 8,7} € Z* with a = (—1,1), 8 = (0,2), and
7 =(0,4). Then

4

¢ —2q+1 ifged(q,4) =1,

X?ilasi(q> — q2 _ 3q +2 if ng(Q7 4) = 27

¢ —5q+4 if ged(q,4) = 4.

Set G, := R x Zj, with k € {1,2,4}. The Hasse diagrams (arrow omitted) of L 4c,)
are drawn in Figures 2.1, 2.2, 2.3. The total characteristic polynomials XfXEGk)(t)
are computed according to the “xn”, indicator of the number of isomorphic Hasse

diagrams of L;’s.

/ N\

N/

x1

Figure 2.1: XEX(tGl)(t) =1* =2t +1= fi(t).

Now we give a discussion on reciprocity laws for every constituent f%(t). By
[CW12, Theorem 1.2|, (=1)*CW (A, B, Z*; —q) > 0 for all ¢ € Z~¢. Thus by Theorem
2.2.1.5, (1) fh(—t) > 0 for all t € Z~. Also, this fact can be derived from formula
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0/ \. 1
\/ .
X2

X2

Figure 2.2: X', (t) = 42 — 6t + 2 = f3(2t).

N\, -
\/ -

x12

x4

Figure 2.3: X3, (t) = 16t* — 20t + 4 = f3(41).

(2.3.4) in this paper. It is natural to ask whether the evaluations (—1)"r f%(—t) have
any combinatorial meaning. A partial answer is probably well-known when I' = Z*
that (—1)" f%(—t) can be expressed in terms of the Ehrhart quasi-polynomial of an
“inside-out” polytope [BZ06]. The construction of the polytope and the hyperplanes
cutting through it can be found in [KTTO08, §2.2] (with some modification).

Owing to equality (2.3.1) and Remark 2.3.1.2, we can give an answer to the
aforementioned question. For nontriviallity, we assume that rr > 0. The reciprocity
laws for the characteristic polynomial of an integral arrangement have been formulated
by several methods, e.g., [Ath10], [BS18, §7], [Wan15, §4]. Thus the reciprocity laws
for any (nonzero) constituent f%(¢) can be obtained from the reciprocity laws of the

polynomials x;, (t) (at least the method from [Ath10| is applicable here) as follows:

A0 = S0 () (22)

i
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2.3.2 Via toric viewpoint

We may expect if there exists a “nicer” expression to describe every constituent
without making any rescaling of variable. It turns out that such expression can be
obtained from the toric arrangement by appropriately extracting its poset of layers.
Now let us turn to the second interpretation via toric arrangement viewpoint. In the
remainder of this subsection, we assume that G is either S! or C*. We retain the
notation of the total group 7" = Hom(I', G), and its identity is denoted by 1. For

each k € Z, consider the homomorphism
E,:T—T via o—¢":=¢p--.0.
Definition 2.3.2.1.

(1) For each k € Z, the k-total intersection poset of A(G) is defined by

LK ={CeL|1e E(C).

(2) The k-total characteristic polynomial of A(G) is defined by

Xyt = Y u(T¢, )™,
CELK]

The cover relation in L is preserved in L[k] i.e., if C covers D in L and C € L[k|
then D € L[k|, which implies that L[k] is an order ideal (e.g., |[Stall, §3.1]). For
each § C A, note that Hg ¢ is a subtorus of 7' whose each connected component is
isomorphic to the torus G'™~"s. Let C& € cc(Hs ) be the identity component of Hs ¢,
that is, the connected component that contains 1. Thus cc(Hs ) can be identified
with the quotient group Hs ¢/C§. In the lemma below, we generalize [Moc12, Lemma

5.4] in an arithmetical manner.

Lemma 2.3.2.2. Fix k € Z~q. For each S C A, we have

# (cc(Hs ) N L[k]) = m(S; Zy,).
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Proof. For each S C A, the homomorphism Ej, induces the endomorphism FEj of
H&G / Cé- with
ker(Ey) = cc(Hs ) N LK. (2.3.1)

Using the identification Hs ¢ = Hom(I'/(S), G) and a decomposition I'/(S) = (I'/(S) )tor®
(F/<S>)freea we can write

Cs ={p € Hsg | p(x) =1, Y2 € ([/(S)) 10 }-

Applying the left exact functor Hom(—, G) to the following exact sequence

= (w). e @ (@

we obtain

Hi/C} = Hom((T/(S) or, ). (2.3.2)

Furthermore, Ej, induces the endomorphism Ej, of Hom((I'/(S) )tor, G) with
ker(E},) = Hom((T/(S))or, G[K]). (2.3.3)

Here G[k] = {x € G | 2* = 1} ~ Z;. Combining (2.3.1), (2.3.2) and (2.3.3) we get
# (cc(Hs ) N L[k)) = m(S; Zy,), as desired. O

Definition 2.3.2.3.

(1) For each k € Z, the k-partial intersection poset of A(G) is defined by

LP[k] == {C € "™ | 1 € E,(C)}.

(2) The k-partial characteristic polynomial of A(G) is defined by

k-par im
XA(pG) (t) == Z ,U(Tca C)td ©.
CeLpar[k]

Theorem 2.3.2.4. If q € Z~, then

Xatey (@) = X4 (a)-
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Proof. Very similar to Proof of Theorem 2.1.2.7 including the use of Lemma 2.3.2.2.

U
Corollary 2.3.2.5. If1 < k < py, then
Xaten () = F4(8).
Corollary 2.3.2.6. If g € Z~o and 1 < k < py4, then
q-tot quasi
XA(G) (Q) =X A\ Ator (Q)a
XGaey () =F e (1).
Proof. 1t follows from Theorem 2.3.2.4 and Corollary 2.3.2.5. O

Remark 2.3.2.7. Note that when G = S! (or G = C*) and A" = (), we have fi4(t) =
ity (8) = XZ"E;;’t(t) = X'9"(¢). The result of Moci (Theorem 2.1.1.1) is a special

case of Corollary 2.3.2.5 because by Corollary 2.2.1.8, x5 (t) = X" (t) = f7(1).

By Theorem 2.3.2.4, we can write

T

XA ) = D (=1)"Bi(g)d (2.3.4)

J=rr—ra
with each coeflicient (3;(q) is a periodic function given by
Bilg) = (=1 Y p(T€.C) =0,
CeLbar(q)
j=dim(C)
It is easily seen that if a,b € Z-o and a | b, then LP*[a] C LP*[b]. This obvious
inclusion between the subposets implies the result in [CW12, Theorem 1.2] about the

inequality of the constituent coefficients.

Corollary 2.3.2.8 (Theorem 1.2, [CW12]). If a,b are positive integers and a divides

b, then for all j withrr —ra < j <rr,

0 < fj(a) < B;(b).

Proof. Note that p strictly alternates in sign (Corollary 2.1.2.6). O
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Example 2.3.2.9. Let I' = 7%, A = {a, 3,7} € Z*? with a = (—1,1), 8 = (0,2), and
v = (0,4) as in Example 2.3.1.3. The Hasse diagrams (arrow omitted) of LP¥[k] are
drawn in Figures 2.4, 2.5, 2.6. The k-partial characteristic polynomials Xﬁ{fg;(t) are

computed according to the subposets extracted from L.

T

{2 =1} {z1'2 =1}

N

Figure 2.4: xi{{’éﬁ (t)=t* =2t +1= fi(2).

{(1, 1)}

{(LD} {(=1,-1)}

\\\

{zo =1} Az =1} {2712 =1}

AN

G2

Figure 2.5: \’a () = 12 — 3t + 2 = fA(1).

2.4 Characteristic quasi-polynomials and root systems

In this section, we study the characteristic quasi-polynomials through a very well-
behaved class of arrangements, the class of Weyl arrangements arising from irre-
ducible root systems. Let H be a Weyl arrangement. We introduce the notion of A-
Eulerian polynomial producing an Eulerian-like polynomial for any subarrangement

of H. This polynomial together with shift operator describe how the characteris-
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{zo=1} {zn=1} {n=1i} {n=-i} {'n=1}

~

G

Figure 2.6: Xi?g; (t) =12 =5t +4 = fi(t).

tic quasi-polynomial of a certain class of subarrangements of H can be expressed in
terms of the Ehrhart quasi-polynomial of the fundamental alcove. The method can
also be extended to define two types of deformed Weyl subarrangements containing
the families of the extended Shi, Catalan, Linial arrangements and to compute their
characteristic quasi-polynomials. We obtain several known results in the literature
as specializations, including the formula of the characteristic polynomial of H via
Ehrhart theory due to Athanasiadis [Ath96], Blass-Sagan [BS98|, Suter [Sut98| and
Kamiya-Takemura-Terao [KTT10]; and the formula relating the number of coweight
lattice points in the fundamental parallelepiped with the Lam-Postnikov’s Eulerian
polynomial [LP18] due to Yoshinaga [Yos18b|. Finally, using information from signed
graphs, we give a numerical description of the characteristic quasi-polynomials of

ideals of classical root systems with respect to the integer and root lattices.

2.4.1 Root systems and Worpitzky partition

Our standard references for root systems and their Weyl groups is [Hum90|. As-
sume that V = R’ with the standard inner product (-,-). Let ® be an irreducible
(crystallographic) root system in V' with the Coxeter number h and the Weyl group
W. Fix a positive system &+ C ® and let A := {«q, ..., a,} be the set of simple roots
(base) of ® associated with ®*. Define the partial order = on ®* such that 5; >
if and only if 5, — B = Zle n;o; with all n; € Zsg. A subset I of ®* is called an
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ideal if, for By, By € ®, By = B, B € I then By € I. For = S'_ iy € &F, the
height of B is defined by ht(3) := Zle ¢;. The highest root (w.r.t. »), denoted by
& € 1, can be expressed uniquely as a linear combination & = Zle ¢y (¢; € Zso).

Set ag := —a, ¢o := 1, and A := AU {ap}. Then we have the linear relation
cop + c1aq + -+ -+ cpay = 0.

The coefficients ¢; are important in our study and will appear frequently throughout
the section.

For a € V' \ {0}, denote o := 2%, The root lattice Q(®P), coroot lattice Q(®V),

ERCION

weight lattice Z(®), and coweight lattice Z(®V) are defined as follows:

Z(@):={zeV|(,2)€Z(1<i<)}
Z(@):={reV|(a,x)€Z(1<i</l)}
Then Q(®P) is a subgroup of Z(®) of finite index f, and similarly Q(®Y) is a sub-
group of Z(®") of index f. The number f is called the index of connection. Let
{@),..., @/} C Z(®") be the dual basis of the base A, namely, («;, @) = d;;. Then
Z(0V) = @, Zw).
For m € Z and o € ®, the affine hyperplane H, ,, is defined by

Hym ={z eV |(a,z)=m}.

A connected component of V'\
alcove A° is defined by

acd+ mez H, ,, is called an alcove. The fundamental

(v, ) >0(1 <i<U),
A =LzeV
(g, ) > —1

The closure A° = {z € V | (ay,2) > 0(1 <i <€), (g, ) > —1} is a simplex, which

is the convex hull of 0,w /cy,..., @)/ /ce € V. The supporting hyperplanes of the
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facets of A° are Hy, 0, .., Ha,0, Hay,—1. The affine Weyl group W := W x Q(®V)
acts simply transitively on the set of alcoves and admits A° as a fundamental domain
for its action on V.

The fundamental domain P¢ of the coweight lattice Z(®V), called the fundamental
parallelepiped, is defined by

14

Pe = (0,1]=/

1=1

—{z€V]|0< (o) <1(1<i<O))

Let N := %, and denote [N] := {1,2,...,N}. Then the set ¥ of all alcoves

contained in P® has cardinality N (see, e.g., [Hum90, Theorem 4.9]). Let us write
S ={47 C P®|ie[N]},
where each AY is written uniquely as

(o, ) > ko (a € 1),
(B,2) < ks (B €J)

A=<z eV

)

where ko € Z>o, ks € Z~o and the sets I, J C &F with #(I U J) = ¢+ 1 indicate the

constraints on x € V according to the inequality symbols >, <, respectively.
Definition 2.4.1.1. For each A? € ¥, the partial closure AY of A? is defined by

(o, ) > ko (v € 1),
(8,2) < kg (B € J)

A ={zeV

)

Theorem 2.4.1.2 (Worpitzky partition).

Pe = | A7

1€[N]

Proof. See, e.g., [Yos18b, Proposition 2.5, [Hum90, Exercise 4.3]. O
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2.4.2 Characteristic and Ehrhart quasi-polynomials

Let us recall the notion of affine ¢-reduced arrangement (or Z,-plexification) in
§1.1.1. LetI' = @le ZB; ~ 7" be a free abelian group. Let £ be a finite list (multiset)

of elements in I". For a = Zle a;3; € L and m,, € 7Z, set

¢
Y4 R [
Heomaz, = {z €Z, | E W2 = ma}.
i=1

Given a vector m = (mq)acr € Z*, the affine g-reduced arrangement of (£, m) w.r.t.
I'is
(£,m)(Zq) = {Hamaz, | @ € L}.

The complement of (£, m)(Z,) is

M((‘Cam)a Fan) = Zé\ U Ha,ma,Zq-

ael
For each S C L, write I'/(S) ~ @)%, Zqy , ® Z'"~"S where ng > 0 and 1 < dg ;|ds,i+1.
The LCM-period p. of L is

pe =lem(ds s | S C L).
It is not hard to see that pg divides p, for any B C L.

Theorem 2.4.2.1. #M((L,m);I',Z,) is a monic quasi-polynomial in q for which
pr 1S a period. The quasi-polynomial is called the characteristic quasi-polynomial of

(L,m) w.r.t. I', and denoted by X?Z?;i)(q).

Proof. See [KTT08, Theorem 2.4] and [KTT11, Theorem 3.1]. O

For a real affine hyperplane arrangement H, denote by x(t) the characteristic

polynomial (e.g., see [OT92, Definition 2.52]) of H.

Theorem 2.4.2.2. The first constituent of X?Zai)(q) coincides with the characteristic
polynomial of the R-plexification (£, m)(R), i.e.,

Fleamy(®) = Xemy@ (t)-
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Proof. See, e.g., [KTT08, Theorem 2.5| and [KTT11, Remark 3.3|. O

Convention: From §2.4.2 to §2.4.4, for every W C ®T(C Q(P)), the characteristic
quasi-polynomial y**'(¢) is always defined with respect to the root lattice T' = Q(®).
In §2.4.5, our computation will be involved with another choice of lattice, the integer
lattice.

For each ¥ C &t define the Weyl arrangement of ¥ by Hy = {H, | a« € U},
where H, = {x € V | (a,,x) = 0} is the hyperplane orthogonal to «. It is not hard to
see that H, ~ H, (as vector spaces), thus we can view Hy as the R-plexification of

U, ie., Hy = V(R). In standard terminology, He+ is known with the name Weyl (or

Cozxeter) arrangement, and clearly Hy is a (Weyl) subarrangement of He+.

Remark 2.4.2.3. Sometimes, when we say “the” characteristic quasi-polynomial of

quasi

(L, m)(Z,) or of (L,m)(R), we literally mean X?Zisri)(q). In particular, x3' " (¢) will
quasi

be referred to the characteristic quasi-polynomial x3; (q) of Hy. We will use this

notation later in §2.4.4 when we deal with deformed Weyl arrangements of W.

Let I' be a lattice. For a polytope P with vertices in the rational vector space
generated by I', the Ehrhart quasi-polynomial Lp(q) of P with respect to I is defined
by

Lp(q) := #(gP NT).

We denote by P° the relative interior of P. Similarly, we can define

Lpo(q) :=#(qP° NT).

For ¢ > 0, the following Ehrhart reciprocity law holds:

Lp(—q) = (=)™ "Lps(q).

Convention: Throughout the section, the Ehrhart quasi-polynomials Ls(q), Lao(q)
are defined with respect to the coweight lattice I' = Z(®VY).

Let Fy := H, F, := H,,o (1 < i < {) denote the supporting hyperplanes of

0,—9q>
the facets of ¢A°. Then the number of coweight lattice points in ¢A° after removing

some facets can be computed by L4z with the scale factor of dilation being reduced.



43

Proposition 2.4.2.4. Let {iy,... i} C{0,1,...,¢}. Suppose that ¢ > ¢;, +---+c,. .
Then
#(qA° N Z(@Y)\ (F, U~ UFy)) =Lys(q — (ciy +-- + )

In particular, for q € Z,
Lae(q) = Lzs(q — h).

Proof. See [Yos18b, Corollaries 3.4 and 3.5]. O

In general, it is not easy to find explicit formulas which involve both characteristic
and Ehrhart quasi-polynomials. With regards to root systems, there is an interesting

relation between these quasi-polynomials.

Theorem 2.4.2.5.

uasi #W
Xo+ (4) = TLAO(Q)-
Proof. See, e.g., [KTT10], [Yos18b, Proposition 3.7]. a
Theorem 2.4.2.6. The minimum period of X%‘fSi(q) is equal to lem(cy, ..., cp). Fur-

thermore, by a case-by-case arqument, we can verify that the minimum period coin-

cides with the LCM-period pg+.

Proof. See [KTT10, Corollary 3.2 and Remark 3.3]. O
Corollary 2.4.2.7. x™'(q) > 0 (equivalently, Lae(q) > 0) if and only if ¢ > h.
Proof. See, e.g., [KTT10, Corollary 3.4]. O

We can generalize the result above to have a formula for Y3 (¢) for any ¥ C &+
in terms of lattice point counting functions. It will also explain why the choice of
lattices for the characteristic and Ehrhart quasi-polynomials is important. In the

proposition below, we view ¥ as a list with possible repetitions of elements.

Proposition 2.4.2.8. Let m = (my)acw be a vector in ZY. Set

Xwm)(q) = gP® N Z(®Y)\ U Ho,kqma

aceV keZ
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Yowm(q) :={7 € Z(®")/qZ(®") | (o, x) # my mod ¢, Vo € U}
We have bijections between sets
X(\I/,m) (Q) = YV(\I/,m) (Q) = M((\Da m)7 Zé> Zq)

As a result,

X (i) (9) = # X wm) (4) = #Y () (9)-

Proof. The bijection X @+ m)(q) ~ Yo+ m)(q) is proved in [Yos18b, §3.3]. We can use
exactly the same argument applied to any W. The proof of Yy(q) ~ M(¥;Z* Z,) for

an arbitrary ¥ C ®* runs as follows:
¢
Y (@) = {7 =Y 7@ | (a,x) # m, mod q,Vo € U}
i=1

0
—{Z=) 7w | (D Sy, »_ zw) #mamodg, (1<j<#V)}
i=1 ; ]

=1 =1

4
~{z= (..., %) €Z,| Y 2S; #mamod g, (1<j<#V)}

1=1

= M((‘;[f,m);Zé,Zq).
O

Remark 2.4.2.9. The bijection Xg+(q) =~ M(®*;Z* Z,) appeared (without proof)
in [KTT10, Proof of Theorem 3.1|. Theorem 2.4.2.5 is a special case of Proposition
2.4.2.8 because Y27 (q) = #Xp+(q) = %LAo(q) [Yos18b, §3.3].

2.4.3 Eulerian polynomials for Weyl subarrangements

Let U C ®&F, and set U := &\ U,

Definition 2.4.3.1. The descent dscy with respect to W is the function dscy : W —
Z>( defined by
dscy(w) = Z Ci.

0<i<l, w(a;)e—w°



45

Definition 2.4.3.2. The (arrangement theoretical Eulerian or) A-Eulerian polyno-
mial of W is defined by

1 —dasc w
BEy(t) := 7 D phdsew(w),

weW

Remark 2.4.3.3.
(a) If ¥ = &7, then dsce+(w) = 0 for all w € W, and Eg+(t) = %th.

(b) If U = (), then dscy = dsc = cdes, the descent statistic (see, e.g., [LP18, Definition
6.2], [Yos18b, Definition 4.1]). Then Ey(t) = Re(t), the generalized Eulerian
polynomial (e.g., [Yosl8b, Definition 4.4]). Note that if ® is of type Ay, then
Re(t) = Ay(t), the classical ¢-th Fulerian polynomial |[LP18, Theorem 10.1].

Lemma 2.4.3.4. For allw € W, 0 < dscy(w) < h. In particular, Eg(0) = 0.

Proof. It U = ®* then the statements are clearly true by Remark 2.4.3.3(a). Assume
that U # ®F. If w(ay) ¢ —V° for some 1 < i < ¢, then dscy(w) < h. Otherwise, we
have w(ap) = — Sr_, csw(ey) € . Thus w(ag) ¢ —P°, and hence dscy(w) < h. O

Lemma 2.4.3.5.

(i) Let w € W. Suppose that w induces a permutation on A. If w(a;) = a,,, then

Ci = Cp,-

(ii) Let wy,wy € W. If there exists v € V such that wy(A°) = wy(A°) + v, then

dscy (wy) = dscy (we).

Proof. (i) is exactly [Yos18b, Lemma 4.3(1)], and (ii) is similar to [Yos18b, Lemma
4.3(2)]. O

Let A’ be an arbitrary alcove. We can write A’ = w(A°) + ~ for some w € W and
v € Q(PY). By Lemma 2.4.3.5, we can extend dscy to a function on the set of all

alcoves (in particular, on the set X of alcoves contained in P¢) as follows:

Definition 2.4.3.6.
dscy(A") := dscy(w).
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Theorem 2.4.3.7.
E\Ij(t) — Z th—dSC\II(A?).

1€[N]

Proof. Similar to [Yos18b, Theorem 4.7|. O

In what follows, we shall sometimes abuse terminology and call a face of A? (resp.,

P9) that is contained in the partial closure AY (resp., P?), a face of AY (resp., P®).

Definition 2.4.3.8. A subset W C ®7 is said to be compatible (with the Worpitzky
partition) if for each AY C P the following condition holds: if AY N H,,,., # 0 for
a € ¥, m, € Z, then there exist 3 € U, mg € Z such that A? N Heym, € A? N Hg myg
and AY N Hpg m, is a facet of AL

Example 2.4.3.9. Clearly, ¥ is compatible if U =, or ¥ = &*. If U = {a}, where
@ is the highest root, then ¥ is not compatible because Hg py(a) intersects with pe

only at z = 3¢ @Y

=1 """ *

Definition 2.4.3.10. Let f : Z — C be a function and let P(S) = ag+a;S5+- - -+a,S"
be a polynomial in S. The shift operator via P(S) acting on f is defined by

n

(P(S)F)(E) =Y arf(t — k).

k=0

Theorem 2.4.3.11. If U is compatible, then

X3 (q) = (Bw(S)L=)(q)-

Proof. The proof is similar in spirit to [Yos18b, Proof of Theorem 4.8|. Since both
sides are quasi-polynomials, it is sufficient to prove the formula for ¢ > 0 (actually,

g > h is sufficient). For i € [IV], we have

# | aA?nzE@)\ U Hqu)
e kET
(

(o, ) > qko (v € 1)
=#{x € Z(P')| (B,x) < qks (B JNT)
(0,2) < qks (0 € JNTC)
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=Ls(¢ —h + dsce(A47)).

Note that we used Definition 2.4.1.1 of AZ-O in the first equality. We applied Proposition
2.4.2.4 and Definition 2.4.3.6 in the second equality. More precisely, if A} = w(A°)+~

for some w € W and v € Q(®Y), then ¢A? can be written as

e daey] o0 <aluion 4,
(—w(), =) < q(-w(a),7), (1 <i<0)
Thus the half-spaces defined by (0, x) < gks (6 € J N W) correspond exactly to the
roots a; € A satisfying w(a;) € —W¢. The compatibility of ¥ ensures that if a lattice
point in a face qu> N Hpgrs (B € W) is removed, then all the lattice points in any
facet gAY N H, 4, (7 € ¥) containing gAY N Hpg g, also get removed.
By the Worpitzky partition (Theorem 2.4.1.2) and Proposition 2.4.2.8, we have

X uasi Z#<A<>mzq>V\ U q>

1€[N] HeEY kEZ

=3 Lys(q —h+dscq(47)).

1€[N]
Now using Theorem 2.4.3.7 together with the shift operator (Definition 2.4.3.10), we

conclude that

Xo¥i(q) = (Bg(S)Lgs)(q)-

[
Proposition 2.4.3.12.
th
> Lac(t! = ————r.
>1 Hz 0(1 — %)
Proof. See, e.g., [KTT10, Proof of Theorem 3.1]. O

Theorem 2.4.3.13.

(i)
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(11) Let Re(t) be the generalized Eulerian polynomial (see Remark 2.4.3.3(b)). Then

a — Ry (1)

q>1 z 0(1

Proof. For a proof of (i), see, e.g., [Ath96], [BS98, Theorem 4.1|, [KTT10, Theorem
3.1]. (ii) follows from [LP18, Theorem 10.1]. O

Theorem 2.4.3.14. If U is compatible, then

> =g - B0

>1 i—o(1 — 1)

Proof. By Theorem 2.4.3.11, Corollary 2.4.2.7 and Proposition 2.4.3.12, we have

X:XquaSI )7 = Z Z Lac(q + dscg(A7))t?

q=>1 q>1 i€[N]
S ) S Ly g 4 e (A7) ()
i€[N] q=1
LY e S L
1€[N] ng>h
Yiegn W By (1)

Hf:o(l — %) Hf:o(l —te)
Remark 2.4.3.15. By Remark 2.4.3.3, Theorems 2.4.3.11 and 2.4.3.14, if
(a) ¥ = &7, then we recover Theorems 2.4.2.5 and 2.4.3.13(i).

(b) W =, then we recover [Yos18b, Theorem 4.8] and Theorem 2.4.3.13(ii).

2.4.4 Deformations of Weyl subarrangements

Let U C ®&*, and recall the notation W¢ = &+ \ . Let a < b be integers, and
denote [a,b] :={m € Z | a < m < b}. Also, if b > 1, then write [b] instead of [1,b].

Definition 2.4.4.1. Let a < b, ¢ < d be integers. Define two types of the deformed

Weyl arrangements of U as follows:
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(Type I) 1% .= {H, . | « € U, m € [a,b]}.
(Type I1) IIggl=? = 17 U TG,

Remark 2.4.4.2.

(a) There is an obvious duality H{f,b ?chd] = chd\pab]. We can list some specializa-
tions: Ié)a’b] = & the empty arrangement, Hgfql:uc’d = H‘[Ifiﬂ the truncated affine

Weyl arrangement, including the extended Shi, Catalan, Linial arrangements,
see, e.g., [SP00, §9]. In addition, Igff = II{IC,””@;[“’I’] = ’}-[[ab. We refer the reader
to [Ath99], [Ath04], [Yos18b] and [Yos18a] for more details on the characteristic

(quasi-)polynomials of 'H[a )

(b) The deformed Weyl arrangements of an arbitrary ¥ are less well-known. When
® is of type A, the deleted (or graphical) Shi arrangement, see, e.g., [Ath96, §3]
or [AR12], is the product [OT92, Definition 2.13| of the one dimensional empty

arrangenment and H\p 1100,

Definition 2.4.4.3. For w € W, define

dscy (w) := Z ¢,

0<i<l,w(a;)e—T

ascy(w) := Z Ci,

0<i<l,w(a;)ePe

ascy(w) = Z Ci.

0<i<l,w(a; )P

Obviously, ascy(w) +ascy (w) + dscy (w) + dscy (w) = h for all w € W. Similar to

Lemma 2.4.3.4, each function defined above takes values in [0, h — 1]. Furthermore,

ascy(w) = a8Cqp+ (W) = ascy(w) + ascy (w),

dscp(w) = dsce+ (w) = dscy (w) + dscy (w).

Similar to Definition 2.4.3.6, we can extend the functions above to functions on the

set of all alcoves.
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Now let us formulate a deformed version of Proposition 2.4.2.4. Set

Fth = ) Hopm (1<i<0),
me(a;,b;)
ag,b
FO[ 0 0} = U Ha07_q+m.
me&lao,bo]

Proposition 2.4.4.4. Let {iy,... i} C [0,£], and let bj; > 0 for all 1 < j < k.
Suppose that q > 3 (bi; + 1)ci;. Then

s g nz@)\ R = Lata = S0, + 1)es).

J€k] jelk]

Proof. The formula was implicitly used in [Yos18b, §5| and its proof is very similar

to the non-deformed case. Note that if ¢ € [¢], then

(i, x) > b+ 1
4 (qﬁ NZ(®Y)\ F}O”’”) =# {2 € Z(Q)| (aj,2) >0(j € [\ {i})
(a0, ) = —q
= Lgs(q — (b; + 1)c).
Here the last equality follows from the bijection x — x + (b; + 1)wy. The proof for
1 = 0 is similar. Then apply the formula above repeatedly. O

Remark 2.4.4.5. If we replace the interval [0, b;;] in Proposition 2.4.4.4 by [a, b;,| with
a > 1, there might be a large change in the right-hand side of the formula above. For

example, if 1 < a; < by, then
# (a2 N Z(@)\ F"™) = Las(g = (b1 + D)e) + Lis(a) — Ls(a — i),
Theorem 2.4.4.6. Let U be a compatible subset of O .
(1) If a,b >0, then

X (@) = D Los(g — (b+ )&ty (A7) — aseq (A7) — (a + 1)dsey (A7)).

b i€[N]
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(i) If b > 1, then

X (@) = D Ll — (b+ 1)asey (A7) — aseq (A7)).
1€[N]
Proof. Proofs of (i) and (ii) are similar, and both are similar in spirit to the proof
of [Yos18b, Theorem 5.1|. See also Proof of Theorem 2.4.3.11 in this paper. First, we
give a proof for (i). Since both sides are quasi-polynomials, it is sufficient to prove
the equality for ¢ > 0 (actually, ¢ > (a4 b+ 3)h is sufficient). By Proposition 2.4.4.4,
for i € [N,

# [ gAY N Z(®Y)\ U Hy gt

pEV,kEZ,me|—a,b]

( (,2) > gha+b+1(a e INT) |
(n,z) > gk, (n € I NY°)

(8,2) <qgkg—a—1(B€JNV)

(0,2) < qks (0 € JNT°)

=#z € Z(D)

\

=L (g — (b+ 1)ascy (A7) — ascy(AS) — (a + 1)dscy (AY)).
By Proposition 2.4.2.8, we have
X (@) = > Las(q — (b+ 1)ascy (A7) — ascy (A7) — (a + 1)dscy(47)).
v i€[N]

For (ii), note that for i € [N],

# | gAY N Z(@Y)\ U Hy kg m
neW keZ,me[1,b]
( )\

(,2) > qhko + b+ 1 (€ INY)
(n,z) > qk, (n € I N¥°)
(B,x) < qkg (B e JNV)
(0,2) < qks (0 € JN W)

N EIAC)

\

=Las(q — (b + 1)ascy (A7) — asce(A7))-
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Remark 2.4.4.7. Theorem 2.4.4.6 is a generalization of several known results.

(a) When ¥ = &1 we obtain [Ath04, Theorem 1.2] (a = b > 0), and Theorem 5.1
(a =b—12>0), Theorem 5.2 (b > 1), Theorem 5.3 (b =n+k,a=k—1,n,k > 1)
in [Yos18b]. When ¥ = (), we obtain [Yos18b, Theorem 4.8].

(b) When ¥ C &% is compatible and a = b = 0, we obtain Theorem 2.4.3.11.

By using the same method, we have the following result for the arrangements of

type II.
Theorem 2.4.4.8. Let U be a compatible subset of +.
(i) If a,b,c,d > 0, then

X e (0) = Y Lias(a — (b+ 1)ascy (A7) — (d + Dascy (A7)

H[a,b] ,l[c,d]
e 1€[N]

— (a + 1)dscy (A9) — (¢ + 1)dscy (AS)).

(i) If a,b > 0,d > 1, then

X pa(@) = Y Las(q — (b + 1)ascy (A7) — (d + Dascy(47)
e

I
v i€[N]

— (a+ 1)dscy (A9)).

(i1i) If b,d > 1, then

X (@) = Y Las(a — (b+ 1)asey (A7) — (d + Dascy (47))-
v ic[N]

Remark 2.4.4.9.

(a) Ome can work with other intervals [a,b] but the computation may become more

complicated (see Remark 2.4.4.5).

(b) One can define and study the arrangement | |;_, I&,“Z’b’“} where ®* = | ||_, ¥}, with
n > 3. See, e.g., [Ath96, Theorem 3.11] for an example when n = 3. We choose

not to develop this direction here.
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It is interesting to compare the following result with [AR12, Theorem 3.2| and
[Ath96, Theorem 3.9].

Corollary 2.4.4.10. Define My (t) := %ZwEW thtasce (W) - 1f 0 4s compatible, then

o 00(@) = (M (S)Ligs) (9)-

Iy g
2.4.5 Classical root systems, ideals and signed graphs

In this subsection, with a combinatorial ingredient of signed graphs, we compute
the characteristic quasi-polynomial of every ideal of a given classical root system
with respect to the integer and root lattices. The method used here is numerical and
greatly different to that of §2.4.3, and that would be interesting to compare them.

Let us recall some notations on root systems from §2.4.1. Let ® be an irreducible
(crystallographic) root system in V' = R Fix a positive system ®* C ® and the
associated base A = {ay,...,a,} C &T.

Let us recall the recent advance towards the study of the ideals. Let ©®) C &+
be the set consisting of positive roots of height k. Let I be an ideal of ®* and set
M = max{ht(5) | § € I}. The height distribution of I is defined as a sequence of
positive integers:

(11, ey ke e s i0g)s

where i, := #0® for 1 < k < M. The dual partition DP(I) of (the height distribu-

tion of ) I is given by a sequence of nonnegative integers:

DP(I) = ((0)7", (1), (M = 1) (M)

b means the integer a appears exactly b times. Although the

where notation (a)
definition of the dual partition seems to esteem the (increasing) order of components
in the sequence, this requirement is not important in this subsection. Two dual
partitions of an ideal are conventionally identical if the partitions differ only by a

re-ordering of the components.
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Theorem 2.4.5.1. Any ideal subarrangement Hy is free (in the sense of Terao) and

the set of exponents coincides with DP(I).
Proof. See [ABCT16]. O

Corollary 2.4.5.2. For any ideal I C ®*, the characteristic polynomial x4, (®,t) of

Hy factors as follows:
‘

X, (@,1) = H(t —d;),

i=1

where DP(I) = (dy, ..., dp).
Proof. See [ABCT16]. O

Let us recall some notions on characteristic quasi-polynomials from §2.4.2. For
simplicity of notation, an integral matrix M and the list of its column vectors will
be denoted by the same symbol M. For each ¥ C ®*, we assume that an ¢ x #W¥

integral matrix Sy = [S;;] satisfies

@z{ésijai 1<) <#u

In other words, Sy is the coefficient matrix of ¥ with respect to the base A. Denote
LY = Z4 \ {0}. Then XqS:aSi(CI), q) is called the characteristic quasi-polynomial of W

with respect to the root lattice I' = @le Za;, and interpreted by the formula
X5 (P,q) = #{z € Z; | 2- Sy € (Z)*"}.

In the remainder of this subsection, we are mainly interested in the root system
® of classical type (ABCD). Let us recall briefly the constructions of these root
systems? following [Bou68, Chapter VI, §4]. Let {ey,..., ¢} be an orthonormal basis
for V. If £ > 2 then

O(By) ={£e (1 <i<Vl),£(et¢) (1 <i<y<O)},

2We decided to omit the construction of type A root systems as the calculation on this type follows
from those on the other types (e.g., see formula (2.4.1)).
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with #®(B,) = 2¢? is an irreducible root system in V of type B,. We may choose a

positive system
P (By) ={e;(1<i<{),ei+e;(1<i<j<{)}.

Define o; :=€¢; — €41, for 1 <i < ¢ —1, and ay := €¢;. Then A(B;) = {a1,...,q} is

the base associated with ®*(B,). We may express

O B)=f{e= Y ap(1<i<l,e—¢= > a(l<i<j<i),

i<k<t i<k<j
€Z+€]:ZOzk+QZOék<1SZ<j§€)}
i<k<j J<k<t

For any U C ®*(By), we write Ty = [T};] for the coefficient matrix of U with respect to
the orthonormal basis. Then XqT‘iaSi(é, q) is called the characteristic quasi-polynomial
of ¥ with respect to the integer lattice I' = @le Ze;. The matrices Ty and Sy are
related by Ty = P(By) - Sy, where P(By) is an unimodular matrix of size ¢ x ¢ given

by

1

-1 1

Similarly, let ¢ > 2, an irreducible root system of type Cy is given by

Il
=
2

I
&N

I
N
+
—_
—~

—_
IA
~.
IN
[

I

—_
~—
Q
~

I

[\
Q)
~
tv—‘

€i+€j: Z oy + 2 Z Oék+045(1§1<j§£)}

1<k<j j<k<t
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Finally, let ¢ > 3, an irreducible root system of type D, is given by

i<k<f—2
€ — € = Z ar(1<i<j <y,
i<k<j
€ +€ = Z o + 2 Z art+ a1 +a(l<i<j<O}
i<k<j j<k<t—1

From the constructions above, we obtain the comparison of the height placements of

positive roots in ®(By), (C;) and ®(D,) as in Table 2.1.

Remark 2.4.5.3. The matrix Sy is independent of the choice of base for ®, while
Ty is not. In addition, the characteristic quasi-polynomials with respect to the root
lattice have a nice expression in terms of the Ehrhart quasi-polynomials of the closed
fundamental alcoves with respect to the coweight lattice (see Theorem 2.4.3.11). We
shall see that the computation related to the integer lattice is simpler, and the relation

T = P - S enables us to carry out the computation in the root lattice case.

Root Height in By Height in Cy Height in D,
€
{—i+1 None None
(1<i<¥)
261'
None 20—i)+1 None
(1<i<¥)
€+ €
/ 2W—i—j+2 2—i—j+1 2 —i—j
(I1<i<ji<y
€ — € .
J—1 J—t J—1
(I1<i<ji<y

Table 2.1: Height placements in ®(By), ®(Cy) and ®(Dy).
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In the language of signed graphs following [Zas81, §5|, we can associate with each
subset U C &1 (By) a signed graph G := G(¥) = (Vg, Eg+, Eg-, Lg) on the vertex
set

Vo ={v,vj|leee€Vore —e €Vore +e €V},

with the set of positive edges Fg+ = {e;; | € +¢; € U}, the set of negative edges
Eg- = {e;; | s — ¢; € ¥}, and the set of loops Lg := {{; | ¢, € ¥}. Alternatively,
if U C &*(Cy), we can define Lg := {/; | 2¢; € V}. To extract information from W
by using G(¥), we associate with it an unordered sequence of nonnegative integers,

denoted
Sg(\lj) = (pla e apé)7

where for each ¢ (1 <i < /)
pi = #{ef; | e € B} +#{ej; | e;; € Ea-} + #{li | t; € Lg}.

Notice that in general, p; is not the degree of the vertex v; in G(¥).

Remark 2.4.5.4. Strictly speaking, following the general theory of signed graphs in
[Zas82|, one would prefer to say an element of Lgy) is a halfedge and a negative
loop when V¥ is a subset of ®(B,) and ®*(Cy), respectively. Since we treat the
root systems of type B, C separately, there will be no signed graphs containing both

halfedges and negative loops. In this subsection, we simply call them loops.

Let I be an ideal of ®*. When & is of type By, or Cy, DP(I) = SG(I), while
DP(I) # SG(I) if ® is of type D,. Also, SG(I) does not determine I, for instance,
I, = {es—¢€5} and I, = {e4+€5} are distinet ideals of @1(Ds), but SG(I) = SG(1,) =
(0,0,0,1,0).

Computation on ideals

In the remainder of this subsection, we assume that @ is of classical type. We sum-
marize some easy cases that the computation of the characteristic quasi-polynomials

is manageable thanks to Corollary 2.4.5.2. The minimum period coincides with the
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LCM-period (see Theorem 2.4.2.6). So the minimum period of Xg‘;aSi(Ag, q) is 1 for

quasi

every I C ®*; hence x§,"" (Ar, q) = x#,(Ar, q). For other cases, the minimum period

quasi

of & (®,q) is at most 2; hence we know the 1-constituents: fg (®,t) = x3,(®,1).

quasi

We are left with the task of determining fgl(q),t), or equivalently, s, (®, q) when
q is even, and @ is of type B, C or D. Turning the problem around, we would like to
verify Corollary 2.4.5.2 by using the information of ideals via signed graphs without

relying on the freeness, which we will do in Theorem 2.4.5.16.

Type B root systems

By [KTTO07, Theorem 4.1], if & C & (B,),

X4 (B q) = X (Bey q)-

Let I be an ideal of ®*(By). Assume that DP(I) = SG(I) = (dy,...,d,). For
each k (1 < k < /), write dy = d,(j) + d](;) + d}gO) for a partition of d with

0 ife &1,
4 = &

1 ife €1
AP = #{er e |epte €
y = ke |e,te eI}
The partitions give rise to a partition of I which we call it the B-partition, as follows:
I =101 UI", where
I°:={e|e €}
IFi={ete|ete el}
We work out the computation on type B root systems slowly and painstakingly

so that it can serve as a template for the computations on type C, D root systems to

come.

®Note that the number b(g) in [KTT07, Theorem 4.1] should be read as b(q) = [[;~, ged{q,d;},
where d;’s are invariant factors of the matrix P. In particular, if det(P) takes the value in {1,2},
then b(q) = ged{q, det(P)}. Hence [KTT07, Theorem 4.1] is valid if ® is a classical root system.
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If €;+¢; ¢ I for all 4, j, then the computation is considered on type A root systems.
For all q € Z~,,

)4
X (Bra) = #{z € Zy | Zi # % (e~ € D} = [ [(a - o). (24.1)

i=1
This is because there are (¢ — dy) ways to choose Z,, (¢ — dy—1) ways to choose Z;_1,
ete.

Now assume that some ¢ +¢; € I with 1 < i < j < {. In particular, ¢, € I
because €; +¢€; = € +¢€ = €. Set s :=min{l <k < /¢ |¢, € I}. Denote R:=1\ R’
where R :={¢; —¢; € I |1 <i<s,i<j</(}. Forany (3,0 € R with 51 > [35, the
difference 1 — > can be written as a linear combination with the positive coefficients
of elements in RN A(By). Thus R is an ideal of the root subsystem of ®(By) of type
By_s11 with a base given by A(B;_s41) = {as, ..., a,}. In addition, for all ¢ € Z+,,

s—1

XS By, q) = XE (Beosi1,q) - | [(a — o).
1

i

Then it suffices to consider s =1, i.e., ¢; € I. For such ideals, d](;) =/0—k, d,(fo) =1
for 1 <k </

Lemma 2.4.5.5. Let I be an ideal of T (By) with ¢ € I. Set J:=1\ I°.
(a) J is an ideal of ®T(Dy).

(b) DP(J) = (p1,--.,pe) with py = d,i_) + d,(::)l for all1 < k < (. Here we agree that
' =0
5 :

Proof. The proof of (a) is straightforward by the definition of ideals. The proof of
(b) follows from the height placements in Table 2.1. O

Theorem 2.4.5.6. Under the Lemma 2.4.5.5’s assumptions, if ¢ € Z~q is even,

L
X (Beog) = X85 (Do — 1) = [ J(a = i = 1).

1=1
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Proof. The proof of the first equality is similar to (but more general than) that
of [KTTO7, Lemma 4.4(11)].

;

Zi #7Z; (1 <i<j<d),

Xt (Bea) = #32€ 2| Z+%£0(i+¢ € 1),

Zi #0(1<i <)

zi Az (1<i<j<H{),

=# (21,...,z2) €T zi+zj #q(e;+¢ €1),

1<z<q¢—-11<i<Y)

v #v;(1<i<yj<),

= #< (v1,...,v) € Z°F vi+v; #0(e; + ¢ € 1),
—2 <y <P (1<i <)

t#Ft(1<i<j<U),
=#Q (t,...,t) € Z° ti+t;#q—1(e+¢€ €1),
0<ti<qg-2(1<i<)

TGAT(1<i<j<),

ﬂi—i—ﬂj #G(Ei"—q S J)
=X, (De,q — 1)
We have used the following changes of variables

q Uiif’UZ‘ZO,
UZ':ZZ'—§ and tz:

vi+q—1if v; <O0.
The second equality follows from Lemma 2.4.5.5 and Corollary 2.4.5.2. O

Example 2.4.5.7. Table 2.2 shows the B-partition of an ideal I = {a € &7 (Bs) |
ht(a) < 7} (in colored region), with I° =, I* are colored red, green, blue, respec-
tively. Table 2.3 shows the corresponding partition of the ideal J = I'\ I° in &+ (D).
In this case, DP(I) = (7,7,5,3,1) and DP(J) = (4,5, 5,3, 1). Hence for even q € Z-,,
we have

Xty (Be,a) = (a = 2)(g — 4)(q — 5)(q — 6)°.



Height

€1 + €2

€1 —|— €3

€1 +€4 €2+ €3

€1 +e5 €2+e€y
€1 €s+ €5 €3+ €4

€] — €5 €2 €3 + €5

€1 —€4 €2 — €5 €3 €1+ €5

€1 —€3 €2 — €4 €3 €5 €4

€] —€ €2 —€3 €3 —€ €4 —€ €5
7 7 ) 3 1

Table 2.2: The B-partition of an ideal I in ®*(Bs).

Height
7 €1 T €
6 €1 T €3
5 €1+ €4 €2+ €3
4 €1 —¢c; €1+€5 €3+ €y
3 €1 —€4 €3 —€5 €+€ €346y
2 €1 —€3 € —¢€ €3—€5 €3+¢€5
1 €] —€ €2 —€ €€ €46 €4 1€5
4 5 5 3 1

Table 2.3: The resulting partition of J = I\ I° in ®(Ds).

DP(J)

61



62

Remark 2.4.5.8. When I = ®7(B,), DP(I) = (2 —1,2¢—3,...,3,1) and DP(J) =
(¢ —1,2¢—3,...,3,1). Thus for even q € Z~g, we have

XE(Beya) = X3 (Besa) = (g = 2)(g = 4) ... (a — (20 = 2))(a = 0),

which recovers the result of [KTT07, Theorem 4.8| for type B root systems.

Type C root systems
By [KTTO07, Theorem 4.1], for any ¥ C ®*(C}) and for even g € Zq, we have

uasi 1 uasi
V8 (Cra) = 5 (XE(Co ) + FulCia))

F\p(Cg,q) : {Z c ZZ ‘ z-Ty+g- Sy € ( )#\p}
=(0,0,...,1) e Z,.

Let I be an ideal of ®*(Cy) with DP(I) = SG(I) = (di,...,d;). We need only
consider €; +¢; € I for some 1 <7 < 5 < /. In particular, 2¢;, € [ for all j <k <.
Set s :=min{l <k < |2¢, € I}. Define R:=1\{ete; €l ]|1<i<s,i<j</(}
Thus R itself is the positive system of a root system of type C,_s,; with a base given

by A(Cy_s+1) = {as, ..., a}. Furthermore, for all ¢ € Z~, we have

s—1
XE(Crq) = XP (Coarr ) - [ J (0 -
i=1
s—1
Fi(Co,q) = Fr(Cr—s1,q) - | | (¢ — dy).

1

i

Then it suffices to consider s = 1 or equivalently, I = ®*(C,). The computations
of XquaSI(Cg,q), Fs+(Cy,q) and XquaSI(Cg,q) were already done in [KTT07, Theorem
4.7 and §4.3|. More direct computations are also obtainable. For instance, when ¢ is

even, we have

X2 Crq) = #{z € Zg | 7 ¢ {0,4/2, 22}, 1 <i < j <}

¢
Hq— (d; +1))
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Example 2.4.5.9. Table 2.4 shows an example of an ideal I C ®*(Cj) (in enclosed
region). In this case, DP(I) = (4,6,5,3,1). Hence for even ¢ € Z~,, we have

XE*(Crq) = (g — 6)*(q — 4)*(q — 2),

Fp+(Co,q) = (¢ — 6)(q — 4)*(¢ — 2)g,
X&™(Crq) = (¢ —6)(q — 4)*(q — 3)(q — 2).

Height
9 261
8 €1 + €2

7 €1 + €3 262

6 €1 +€4 | €2+ €3

5 €1+€5 | €2+ €4 2€3
4 €1 — €5 €x+¢€5 €3+¢€4
3 €1 — €4 €3 —€5 €3+¢€5 2€y
2 €1 —€3 €3 —€4 €3—€5 €4+ €5
1 €1 — €y €3 —€3 €3—€4 €4—€5 265
4 6 5 3 1 DP{)

Table 2.4: An ideal I in ®*(Cs).

Type D root systems

The computation on this type requires a bit more effort. By [KTT07, Theorem
4.1], if ¥ C ®*(Dy) and ¢ is even,

Xgl\;aSi(Déa Q) = (X%};aSi(Déa Q) + F‘I/(Db q)) ) (242)

N —

Fy(De,q) :=#{z€Z |z- Ty +g- Su € (Z))*"},
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— (A7 T ¢
g:=(0,0,...,1) € Z,

Let I be an ideal of ®7(Dy). We need only consider ¢; + ¢; € I for some 1 < <

j < L. In particular, €,_1 + ¢, € I. Define
s:=min{2 <k </l|e_1+e €1} (2.4.3)

If 1 — € ¢ I, we must have s = ¢. Then the computation can be reduced (up to
a bijection) to that on the type A root systems, which can be done easily. Suppose

henceforth that €,_1 — ¢, € I, and set
ro=min{l <k</l|e+e €l ande —e €1}
Obviously, r < s — 1. Assume that SG(I) = (p1, ..., pe) with for each i
= #{e; —pije; € 1| iy € {£1}}. (2.4.4)

Define R:=I\{e e € 1|1 <i<ri<j</{} Thus R is an ideal of the root
subsystem of ®(Dy) of type D,_,.,1 with a base given by A(Dy_,11) = {a,, ..., au}.

Furthermore, for all ¢ € Z~(, we have

r—1
quasi quasi
X1, (ng ) XTg D€ r+1,4 H q— pz )
=1

r—1

Fr(Dy¢,q) = Fr(Dy—r11,q) - | | (@ — pi)-

1

7

Then it suffices to consider r = 1, i.e., e;4¢, € I. For such ideals, pg_) = p§3+1 =/{—i
for 1 <4 < ¢—1. Moreover, the subset {¢;£¢; | s—1 <1i < j < ¢} C I is the positive
system of a root subsystem of ®(Dy) of type Dy_go. Thus p; < pir1 + 1, p(+) < pfii
forall 1 <i<s—3, and p; + 2 = p;_1 for s <1 < £. We will need the following

lemma.

Lemma 2.4.5.10. Let U be a subset of ®*(B,) such that {e; £¢; |s—1<i<j<
(} C W for some 2 < s < (. Assume that SG(V) = (p1,...,pe) with p; < piy1 + 1 for
all1 <i<s—3. Then ¥ is an ideal of ®T(By).
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Proof. For 8y, Py € ®T(By), B1 = Pa, 1 € ¥, we will prove that 83 € U. Note that
for each § € ®T(By), we have #{y € ®*(By) | 5 —v € A(By)} < 2. Since 5y = [a,
there exists a path in the Hasse diagram of ®*(B,) connecting 3; and 3,.* It follows

that this path must lie entirely within ¥, yielding 3, € W. O

Let II be an irreducible root system of type B,_; with a base given by A = {«; =
6 — €1 (1 <i < l—2), 01 = €1} We define a sequence of subsets {Up}i_;

(depending on I) of IT*(B,_) classified into two types as follows:

(i) Type L,
Sg(Uk) = (pla cee apk—laﬁﬂpk-‘rl + 1a RNy + 1)7 (245)

for 1 < k < s — 2. Here p;, means omission.
(ii) Type II,
SG(Uy) = (p1 — Ty Ps—2 — Ts—24> Ps—1 — L, ..., o1 — 1), (2.4.6)
fors—1<k</ 1<n<s-—2, with

0 if€n+€k¢f
Tk =
1 ife,+e €1

It is easily seen that 7,5, < 7,11x (as well as 7,5 < Tpg41), hence p, — T <
Prt1 — Tui1n + 1 for all 1 <n < s — 3. By Lemma 2.4.5.10, the subsets {U;}{_, are
indeed ideals of IIT(By_1). We also define

K =TU{e |1<k< {1} (2.4.7)
Then again by Lemma 2.4.5.10, K is an ideal of ®*(B,) with
SG(K)={p1+1Lp+1,...,p+1).

The following result is a generalization of [KTT07, Lemma 4.4(12)].

4This fact is true for any root system, which is a consequence of, e.g., [Som05, Lemma 3.2].
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Lemma 2.4.5.11. Let I be an ideal of ®T(Dy) so that e, ¢, € I. For all q € Zy,

we have

X%?a51 Z Xquam 1,4 + X%‘L}l{aSI(BZ7 q>’ (248)
where Uy, and Kare defined in (2.4.5), (2.4.6), (2.4.7).

Proof. With the notion of contraction lists (see Definition 1.2.1.5), we can write

X (Be1,0) = X8, (Be.q) with Ay = Trige,,..q1/Tiay for 1 < k < ¢ For all

.....

q € Z~g, by applying the Deletion-Contraction formula (Theorem 2.2.1.10) recur-

sively, we get

B (D g) = X (Beor.q) + X" (Brag)

B (Bt ) 4 (B ) X (Bra)

— Z XOIuam Bg g + X%uaSI(Bg, q>.
U

In Lemma 2.4.5.12 and Theorem 2.4.5.13 below, we use the same assumption and

notation as in Lemma 2.4.5.11.

Lemma 2.4.5.12. For even q € Z~q, we have

¢
Fi(Dy,q) = Frogze,.,...2¢, (Ce,q) = H(q — Di)-
i=1
Proof. This follows from the height placements in Table 2.1. O

Theorem 2.4.5.13. For even q € Z~q, we have

¢
Xg‘;aSI Dy, q) <Z xquaSI By 1,q) + X%L;aSl(Be, q) + H(q - pz)) :
i=1

Proof. This follows from formula (2.4.2), and Lemmas 2.4.5.11, 2.4.5.12. O
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Example 2.4.5.14. Table 2.6 shows an example of the ideal I = {a € ®T(D;) |
ht(ar) < 6} (in colored region), with positive roots contributing to pi, ps, p3, ps4 are
colored in green, pink, blue, red, respectively. In this case, s = 2 since €3 +¢€3 € I, but
e1+e ¢ I. We have SG(I) = (7,6,4,2,0), and the computation on the ideals K and
Uy for even q € Z~ is given in Table 2.5. By Theorem 2.4.5.13, for even q € Z~, we

have

Xg}]lasi(DZ’ q) _ (q i 2)((] _ 4)(q3 — 13q2 + 51q - 51)

Ideals DP Roots of 1!
K (8,7,5,3,1) 7.6,5,4,2
Ui,Uq (7,5,3,1) 6,4,4,2
Us, Ui, Us (6,5,3,1) 5,4,4,2

Table 2.5: Computation of Example 2.4.5.14.

Remark 2.4.5.15. When I = ®*(Dy), SG(I) = (20 —2,2(—4,...,2,0), DP(I) = ({—
1,2¢-3,...,3,1), DP(K) = (20—1,2(—3,...,3,1),and DP(U;) = (2(—3,...,3,1)
for all 1 <k < /. Note that s = 2, so there is no ideal Uy, of type I. Then by Lemma
2.4.5.11, for odd q € Z+

XDy q) = X4 (Desq) = (g = 1)(g = 3) . (g — (2€ = 3))(g — (¢ = 1)),

which agrees with Corollary 2.4.5.2. Moreover, for even q € Z+

V& (Dea) = (= D(g—4) . (0~ (2~ 9)) (f “2e- D+ 1)) |

which recovers the result of [KTT07, Theorem 4.8| for type D root systems.
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Height
7 €1+ €2
6 €1 + €3
5 €1 t€4 €2+ €3
4 €] —€5 €1+¢€5 €e2tey
3 €] —€4 €2 —€5 €21+€5 €3+ €y
2 €1 —€3 € —€4 €3—€5 €3+ €5
1 €1 — €y €y —€3 €3 —€4 €4—€5 €4+ €5

7 6 4 2 0 SG(I)

Table 2.6: T = {a € ®*(Ds) | t(a) < 6} in &+ (D5).

Applications

The last constituent of every characteristic quasi-polynomial is proved to be identi-
cal with the characteristic polynomial of the corresponding toric arrangement (Corol-
lary 2.2.1.8). The first application that we obtain automatically from our computa-
tions is a full description of the toric arrangement characteristic polynomials defined
by the ideals in terms of the signed graphs.

For the second application, we give a direct verification of Corollary 2.4.5.2 when
® is any classical root system. We restrict the discussion to type D root systems as
the other cases are easy. For any ideal I C & (D) with SG(I) = (p, - .., pe) defined

in (2.4.4), we write
pi = pgﬂ —I—pg_),where, pgi) =#{e, e | et €1},
for each 1 <1 < (. It is easily seen that DP(I) = (dy, . ..,d,) with
di=p{” +p7).

Here we agree that p(()+) =0.
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Theorem 2.4.5.16. Let I be an ideal of ®*(Dy). For odd q € Z~q, we have

X (Desa) = [[ (4= i) - (2.4.9)

i=1
Proof. 1t suffices to prove Theorem 2.4.5.16 when ¢; + ¢, € I, as the other cases

) +p§ﬂ = Pi—1 — 1 for

are straightforward. For such ideals, dy = ¢ — 1, d; = pl(-_
all 2 < i < ¢. We recall the notation of the parameter s defined in (2.4.3) that
s=min{2 < k < 0| e_1+ ¢ € [}. It follows from Lemma 2.4.5.11 and Remark
2.4.5.15 that both sides of (2.4.9) are divisible by [];_. (¢ — p;_1 + 1). Hence we need

only prove the following:

s—1
A+B+C=(q—t+1)|[(g—pii +1), (2.4.10)

(2

||
N

where

s—1

A::H(q_pi_1>7

B:=> (q=p1)-- - (q=pe-1)(@—pry1 — 1) ... (g = psr — 1),

k=1
V4 s—2
C= Z C, with C}, := H (¢ —pn+ Tok),
k=s—1 n=1

and 7, is defined in (2.4.6). Since 7,51 = 0 forall 1 < n < s—-2, Cs_y =
[1:=7 (g — p). Tt is routine to check that

s—1

A+B+Coa=]](a—p). (2.4.11)

i=1
Write M, = |7, ] for a matrix of size (s —2) x (/ — s+ 1) whose entries are the 7, s

(the columns indexed by the set {s,...,¢}). Then

0 -+ 0 «o- ««- 0 1 --- 1
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with the number of 1’s on the n-th row is exactly ps’), and the entries on the k-th

column contribute to the evaluation of C). Thus

l s—2 n s—2
ch = (an ) H q—pi) H qg—pit+1). (2.4.12)
k=s n=0 =1 i=n+1

Now combining (2.4.11) and (2.4.12) with a rigorous check, we obtain (2.4.10).
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3. G-TUTTE POLYNOMIALS VIA TOPOLOGY
3.1 Euler characteristics of (F,p, ¢)-arrangements

In this section, we show a first topological property of the G-Tutte polynomial.
We prove that the topological and semialgebraic Euler characteristics of the com-
plement of any (F, p, ¢)-arrangement can obtained as an evaluation of the associated
G-characteristic polynomial. In particular, in the case of arrangement of finite groups

(i.e., (F,0,0)-arrangement), we obtain a generalization of Theorem 1.2.2.19.

3.1.1 Topological and semialgebraic Euler characteristics

We first recall the notion of Euler characteristic for semialgebraic sets (see [Cos07,
BPRO6| for further details). A subset X C R”" is said to be a semialgebraic set if it

is expressed as a finite union of sets of the form:

{z eR" | p(z) =0,q:(x) >0,...,qn(x) >0},

where m > 0, and p,q1,...,qm € R[zy,...,2,]. Every semialgebraic set X has a de-
composition X = |_|fi1 X, such that each semialgebraic subset X; is semialgebraically
homeomorphic to the open simplex o4, = {(x1,...,24) € R% | 2; > 0, z; < 1} for
some d; = dim X;. The semialgebraic Euler characteristic of X is defined by

N

Coomi (X) =D _(—1)%.

i=1
The Euler characteristic egeni(X) is independent of the choice of decomposition. Fur-

thermore, it satisfies the following additivity and multiplicativity (e.g., [Cos07])

esemi(X U Y) - esemi(X) + 6semi(Y)>

esemi(X X Y) = esomi(X) X esemi(Y)-
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Remark 3.1.1.1. If X is compact, then egn;(X) is equal to the topological Euler
characteristic eiop(X) 1= 35,50(=1)'0(X) (b(X) is the i-th Betti number). How-
ever, unlike the topological Euler characteristic, the semialgebraic Euler character-
istic egemi(X) is not homotopy invariant. Even contractible semialgebraic sets have
different semialgebraic Euler characteristics, e.g., €semi([0,1]) = 1, €semi(R>0) = 0,

€semi (R) = —1.

For a locally compact semialgebraic set X, the semialgebraic Euler characteristic is
known to be equal to the Euler characteristic of the Borel-Moore homology HM (X)
(see [Cos07, Chapter 1] for details). If X is a manifold (without boundary), we have
an isomorphism HPM(X) ~ HYmX=i(X) (see [[ve86, Theorem 4.7, Chapter IX]).
Thus egemi(X) and e, (X) are related by the following formula:

Csemi(X) = (=)™ X e L (X). (3.1.1)

3.1.2 Euler characteristics of (F,p, ¢)-arrangements

In the remainder of this subsection, we assume that A is a finite list of elements
in a finitely generated abelian group I'. We also assume that G is an abelian Lie
group with finitely many connected components, i.e., G = (S!)? x R? x F with
g = dimg(G) = p+ ¢ > 0 and F is a finite abelian group. Such a group G can
be realized as a semialgebraic set, where the group operations are defined by C*
semialgebraic maps. Hence subsets defined by using group operations are always

semialgebraic sets.

Proposition 3.1.2.1.

0, fp>0,
esemi(G> = pr
(1) -#F, ifp=0,
0, ifp>0,
erop(G) =
#F, ifp=0.

Proof. Straightforward. O
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The space M(A;T",G) is a semialgebraic set, and, if it is not empty, it is also a
manifold (without boundary) of dim M(A; ", G) = grr. We prove that the topological
and semialgebraic Euler characteristics of M(A;T",G) can be computed by the G-
Tutte polynomial (in fact, by the G-characteristic polynomial) of A.

Theorem 3.1.2.2.

esemi(M ('A7 P? G)) = Xf\(esemi(G))a
eop(M(AT, G)) = (=1)7 - X G ((=1)7 - ewop(G))

Proof. We can compute egemi(M(A;T,G)) by using the additivity of egemi(—), the
Inclusion-Exclusion principle and Proposition 1.2.1.6 as follows:

Csemi(M(A T, G)) = Y (—1)# - ey (ﬂ Ha,G>

SCA aEeS

= D (=1*m(S:G) - eremi(G)T 7
SCA

= Xfl(esemi(G))‘

O

Remark 3.1.2.3. We can also prove Theorem 3.1.2.2 by using the deletion-contraction
formula (Proposition 1.2.1.9). Note that if A = 0, then xG(¢) = # Hom(Tor, G) - £'T.
Hence xG(€semi(G)) = # Hom(Lior, G) - semi(G)'™ = €gemi(Hom (T, G)). Theorem
3.1.2.2 then follows easily from Proposition 1.2.1.9 and Corollary 1.2.2.14 by induction
on #A.
Remark 3.1.2.4. Theorem 3.1.2.2 is a generalization of [Mocl2, Theorem 5.15] by
viewing G = S, " = Z*.

Now we prove a generalization of Theorem 1.2.2.19 by replacing Z, by any finite

abelian group.

Theorem 3.1.2.5. If G is a finite abelian group (i.e., g =0), then

H#M(AT, G) = XG(#G).
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Proof. If G is finite, then M(A;T",G) is also a finite set. Proposition 3.1.2.1 and
Theorem 3.1.2.2 complete the proof. O

Let ® be an irreducible root system of rank ¢, and let I' := Z® be the root lattice
of ®. Consider the list A := & C T of positive roots. Let W be the Weyl group of

®, and let f be the index of connection.

Proposition 3.1.2.6. The constant term of the characteristic polynomial of the toric

arrangement of ®* can be computed as follows:

(14w
o

Proof. Recall from §2.4.2 the notation L4s(q) of the Ehrhart quasi-polynomial of the

Xer(0) =

closed fundamental alcove A° w.r.t. the coweight lattice. By Theorem 2.4.2.5, the
Ehrhart reciprocity law, and the fact that L4=(0) = 1 (e.g., [BS18, Exercise 5.15]),

we have
)= ELAY g = EAT
By Corollary 2.2.1.9,
o) = i o) = AT

O

Remark 3.1.2.7. The Cartan matrix of ® whose determinant is the index of connec-
tion f expresses the change of basis between the root lattice and the weight lattice. It
follows from Propositions 1.2.2.22 and 3.1.2.6 that the constant term of the character-
istic polynomial of the toric arrangement w.r.t. the weight lattice equals (—1)*#W.

This gives a new proof for [Moc12, Corollary 7.4].

Corollary 3.1.2.8 (Theorem 7.3, [Moc12]).

(1) #W
o

Proof. Note that eyop(C*) = €gemi(C*) = 0 (Proposition 3.1.2.1). Theorem 3.1.2.2

esemi(M(qy’_;FaCX)) = etop(M((I)Jr; PaCX)) =

and Proposition 3.1.2.6 complete the proof. O



75

3.2 Poincaré polynomials of non-compact (F,p, q)-arrangements

As a next step after the formulas of the Euler characteristics in the previous
section, we are interested in finding the relation between the Poincaré polynomial of
a (F,p, q)-arrangement and the G-Tutte polynomial. In this section, we prove that
the Poincaré polynomial of any non-compact (F,p, q)-arrangement (i.e., ¢ > 0) can
be expressed in terms of the associated G-characteristic polynomial. To this end, we
introduce two special classes of homology cycles called the torus and meridian cycles
in H,(M(A;T',G),Z). The former provides a version of lifts of cycles in a compact
torus, while the latter generates the entire homology group H,(M(A;I',G),Z). Then
we prove that the Poincaré polynomials satisfy a recursive formula, which in turn
prove the desired formula. It turns out that the non-compactness plays a crucial role

in our proof, without it many arguments may not work.

3.2.1 Torus and meridian cycles

Assume that G ~ (S')? x R? x F with g = dimg(G) = p+¢ > 0 and F is a finite
abelian group. Write G, = F x (S')? (compact part) and V' = R? (non-compact part).
Let I be a finitely generated abelian group. Fix a decomposition I' = ['io; @ e,
where e ~ Z'". Note that Hom(I'y,, V') ~ {0}. Thus

Hom(I', G) ~ Hom(I', G.) x Hom(I'tyee, V), (3.2.1)
~ Hom(I'yor, Gc) X Hom(Dgee, G) X Hom(Lgee, V). (3.2.2)

The first component Hom(T'y,;, G¢) of (3.2.2) is a finite abelian group, the second
component Hom(T'eq, G¢) is a compact abelian Lie group (not necessarily connected),
and the third component is Hom(I'ee, V) >~ V' ~ R77T,

Let a = (8,7n) € Tior ® Thee- According to decomposition (3.2.1), the subgroup
H.c C Hom(I',G) can be expressed as

Ha,G = Ha,Gc X Hn,Vu
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where H, . C Hom(I',G.) and H, vy C Hom(I'fee, V). If @ € I'yor, or equivalently
a = (,0), then using (3.2.2) gives

Ha,G = HB,GC X Hom(Ffree, GC) X Hom(Ffree, V),

where Hp ¢, is a subgroup of the finite abelian group Hom(I',, G¢). In this case,
H, ¢ is a collection of connected components of Hom(I', G).

Similarly, the complement can be expressed as

M({a};T',G) = Hom(I',G) \ H, ¢
= (Hom(Ftor, GC) \ Hﬁ7Gc) X Hom(rfro(n Gc) X Hom(Fﬁ”CCv V)

More generally, if A C I'y,, C I', then

MAT,G) = (Hom Cior, Ge) '\ U Ha,c. ) X Hom(T'tree, Ge) X Hom(Tee, V')
acA

= M(A; Tior, Ge) X Hom(Tgee, G) X Hom(Tgee, V).
(3.2.3)

Therefore, M(A;T", G) is a collection of some of the connected components of Hom(T', ).
Let A C T" be a finite list of elements. Recall the notation A*" = A NT.. As
mentioned above, M(A"*"; T, G) is a collection of components of Hom(T", G). Consider

the following diagram:

M(AT,G) —=— M(A";T,G) —=— Hom(T,G) 3 (f,t,v)
| |~ (3.2.4)
M(A" T, Ge) —=— Hom(T',Go) > (f.1),
where 7 : Hom(I', G) — Hom(I', G.) is the projection defined by = (f,t,v) = (f, 1)
for (f,t,v) € Hom(T'r, G.) X Hom([gee, Ge) X Hom(Igee, V') >~ Hom(T', G).
Now assume that ¢ > 0. The fiber of the projection 7 is isomorphic to Hom(I", V') ~
V' ~ R?T, Then

M(A\ AT V) =Hom(I,V)\ ) Hay
ac A\ Ator
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is the complement of a collection of proper subspaces. Hence it is non-empty. Fix an
element vy € M(A\ A*"; T, V). For a given (f,t) € Hom(T', G.), define i,,(f,t) :=
(f,t,v0). This induces a map

iyt M(A™ T, G) — M(AT,G),

which is a section of the projection 7|ypar,a) : M(AT,G) — M(A*"T',G.) in
(3.2.4).

Definition 3.2.1.1. Assume that ¢ > 0. A cycle v € H,(M(A;T,G),Z) is said to
be a torus cycle if there exist a connected component T'C M(A"": T, G,), a cycle

vy e H(T,Z) C H (M(A*:T',G.),Z) and vg € M(A\ A*"; T, V) such that

7 = (i) (7)-
The subgroup of H,(M(A; T, G),Z) generated by torus cycles is denoted by H""(A(G)).

Remark 3.2.1.2. If ¢ > 1, then the homology class (iy,)«(7) is independent of the
choice of vy € M(A\ AT, V), because M(A\ A*";T,V) is connected. On the
other hand, if ¢ = 1, then the subspace H, y is a real hyperplane in Hom(I', V') ~
VT, Hence the homology class (i,,)+(7) may depend on the connected component of

V' \ | H,,v which contains vy.

Lemma 3.2.1.3. Assume that ¢ > 0. Let « € A\ A*", and A" = A\ {a}. Then
the map ¢ : H™"(A(G)) — H"(A(G)) induced by the inclusion M(A;T,G) —
M(A; T, G) is surjective.

Proof. Let (iy,)«(7) € H(M(A"T',G),Z) be a torus cycle. If vy ¢ H,y, then
(iyy)+(7) is clearly contained in the image of the map ¢. If vy € H, v, since M(A\
A" T V) is nonempty, there exists a small perturbation v of vy such that v €
M(A\A™ T, V) (see Remark 3.2.1.2). Then HP"(A(G)) 3 (iy )+(7) = (iny)«(7) €
e n

The torus cycles defined previously are not enough to generate the homology

group H,(M(A;T',G),Z). We also need to consider meridians of H, ¢ to generate
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H.(M(A;T,G),Z). Let us first recall the notion of layers (Definition 2.1.2.2). A layer
of A(G) is a connected component of a non-empty intersection of elements of A(G).
Let S C A. By Proposition 1.2.1.6 (see also (2.1.1)), every connected component of

Hs g =(\,es Ha,c is isomorphic to
(8 x RY)™ S

We sometimes call the number rg the rank of the layer. Since Hys = Hom(T', G),
a connected component of Hom(I', G) is a layer of rank 0. Similarly, a connected
component of H, ¢ for a € A\ A*" is a layer of rank 1.

Let L be a layer. Recall from (2.1.2) the notion of localization of A w.r.t L by
Ar={a € A| L C H,g}, and denote A" := A/Ar. Note that L can be considered
as a rank 0 layer of A*(G). Define

ME(A) =L\ U H.c
Hog2L
=LNM(AT /AL, G).
Note that we considered M(A¥;T/(AL),G) as a subset of Hom(T', G) as in Proposi-
tion 1.2.1.8.
Let Ly € Hom(I', G) be a rank 1 layer of A(G), and let Ly be the rank 0 layer

that contains L;. We wish to define the meridian homomorphism
Wiy - Ho(MPHA), Z) — Haope (1) (MP(A), Z),

where ¢ = dimG = p+ ¢ > 0 and ¢ € {0,1}. Since the normal bundle of L; in
Ly is trivial, there is a tubular neighborhood U of M (A) in Ly such that U ~
ML1(A) x D9 with the identification ML1(A) = ML1(A) x {0}, where DY is the
g-dimensional disk. Then U N M (A) ~ M5 (A) x D9, where D% := D9\ {0}.
We denote the corresponding inclusion by i : ML (A) x D9 — M (A). For a
given v € H, (M (A),Z), define the element 1o, (V) € Ho e (g-1) (M (A),Z) as

follows:

(0) When e = 0, let pg € D9. Then v x [p] € H.( M1 (A)) @ Hy(D9*) C
HL(ME (A) x D), and 28, (4) = (3 x [po]).
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(1) When ¢ = 1, let S9~' C D9 be a sphere of small radius. Then v x [S97!] €
H.(M"(A)) @ Hy—1(D9) C H,yg1(M*(A) x D9*) (this part is essentially

the Gysin homomorphism). Now define yiy ,; (7) := i.(y x [S771]).
Similarly, we can define the meridian map
Wyt Ho(ME(A), Z) — Hoo(g-1) (M (A), Z)
between layers L; O L, with consecutive ranks.

Definition 3.2.1.4. A cycle v € Hy(M(A;T',G),Z) is called a meridian cycle if

there exists some k£ > 0 and

(a) a flag Ly 2 Ly O --- D Ly of layers with rank L; = j, such that Ly N
M(A;T, G) # 0 (or equivalently, Ly € M(A™; T, G)),

(b) a sequence ,...,¢c; € {0,1}, and

(c) a torus cycle T € Hy (g1

) leei(MLk(A)vz)v
such that
Y= /’Lzlo/Ll © /’L221/L2 ©---0 /’l’i,k,lcil/Lk(T)'

We call the minimum such k the depth of ~.

By definition, a meridian cycle of depth 0 is a torus cycle of a connected component
Ly. Furthermore, a cycle v € H, (M(A;I',G),Z) is a meridian cycle of depth £ > 0
if and only if there exist layers Ly O L; of rank 0 and 1 respectively, with Ly N
M(A;T,G) # 0, ¢ € {0,1} and a meridian cycle 7/ € H,_..(4-1)(M*(A),Z) of
depth (k —1) such that v =3 ,; (7).

Note that in Definition 3.2.1.4, M%?(A) is a non-empty open subset of M(A; T, G).
Hence we have the induced injection H,(M™(A),Z) < H.(M(A;T,G),Z). We de-
note by H™"4(A(G)) the submodule of H,(M(A;T,G),Z) generated by the images

of meridian cycles. It is clear that

H™(A(G)) € HY*™(A(G)) € Ho(M(AT,G), Z).
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Lemma 3.2.1.5. Assume that ¢ > 0. Let « € A\ A", and let A’ = A\ {a}. Then
H™ MY A(G)) — HPY(A(Q)) (3.2.5)
18 surjective.

Proof. We prove this by induction on #(A \ A'*") and the depth & of the meridian
cycle v. If #(A\ A*") = 1, then A" = A'*". In this case, the meridian cycles of
M(A; T, G) are torus cycles, and the statement follows from Lemma 3.2.1.3. Now
assume that #(A\ A*") > 1. Let v € H,(M(A’;T',G),Z) be a meridian cycle of A’
Suppose that 7 can be expressed as v = ueLlO/Ll 0---0 ’ui/kk—l/Lk (1), as in Definition
3.2.14. If k=0, then v = 7 is a torus cycle. Hence, again by Lemma 3.2.1.3, v is
contained in the image of the map (3.2.5). We may therefore assume that k£ > 0. Let
Y =W, 0o by, (7). Then o' € Hirfgil(.i(g_l)((A’)Ll(G)) is a meridian cycle
of depth (k — 1). We separate the proof into two cases depending on whether @ is a
loop in A,

Suppose that @ is a loop in A*. Then H,¢ either contains L; or does not
intersect L;. In either case, M1 (A) = M1 (A’). Hence the tubular neighborhood
U of M*(A') satisfies U N M (A") = UN M (A) = U\ Ly, and the meridian
cycle v = pg, . (7') can be constructed in Mlo(A) C Mo (A’). Consequently, v is
contained in the image H™"4(A(G)) — H™(A(Q)).

Suppose that @ is not a loop in A. Then, by the induction hypothesis, there
exists a meridian cycle 7' € H merid( g_l)(.ALl(G)) that is sent to +' by the induced map

*—g1-

H (AP (G)) — S, (A2 (G)), 7 —

x—e1-(g—1) x—e1-(g—1

Using the following commutative diagram, we can conclude that ~ is also contained

in the image:

7€ HEU ) (AM(G)) —— H2T ) (A)(G) 5
M?O/Lll l”ilo/h
HPW(AG)  —— HP(A(G)) 2.
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3.2.2 Mayer-Vietoris sequences and Poincaré polynomials

For simplicity of notation, in this subsection, we denote M(A) := M(A;T",G),
M(A") = M(A;T,G), and M(A") .= M(A";T",G).

Theorem 3.2.2.1. Let A be a finite list of elements in a finitely generated abelian
group T, and let G = (S)P x RY x F', where F is a finite abelian group. Assume that
qg>0, and let g =dim G = p+ q. Then the following hold:

(i) H (M(A),Z) is generated by the meridian cycles. That is H (M(A),Z) =
HDe(A(G)), and furthermore it is torsion free.

(11) If a is not a loop, then H,(M(A),Z) — H.(M(A"),Z) is surjective.
(i1i) Let oo € A. Then

PM(A’)(t) — PM(A”)(t)a Zf a 1S a lOOp,

Praca(t) =
Prgan(t) + 1971 Prgan(t),  if a is not a loop.

Proof. We first note that when « is a loop, M(A’) = M(A) U M(A") is a decompo-
sition into disjoint open subsets. Thus (iii) is obvious when « is a loop.
We prove the other results by induction on #(A\ A*"). If A = A™ then (i)

follows from

H.(M(A),Z) = H"(A(G)) = H™(A(G))

(see (3.2.3)), and there is nothing to prove for (ii) and (iii).

Assume that A\ A*" = (), and suppose that a € A\ A"*. Let U be a tubular
neighborhood of M(A”) in M(A’), asin §3.2.1. Set U* := UNM(A) ~ M(A")x D9*.
Consider the Mayer-Vietoris sequence associated with the covering M(A') = U U
M(A). We have the following diagram:

— s HyUY) I U)o Hy(MA) —2 s Hy(MA) ——s

Thl Th2 Th:s
i * fl/c meri meri - /k meri /
Hpend(U*) —*— Hped(U) & Hped(A(@) —— Hped(A(@)),
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where H™e(U*) = H2ed(A"(G)) @ H,(D9*) and HPY(U) ~ HP"4(A”(G)). The
first line is a part of the Mayer-Vietoris long exact sequence. The vertical arrows
hi,ho and hgz are the inclusions of the subgroups generated by the meridian cycles.
By the induction hypothesis, hy and hg are isomorphic. Lemma 3.2.1.5 implies that
gy 1s surjective. Hence, g is also surjective. The surjectivity of g1 implies that fj is
injective. Therefore, the long exact sequence breaks into short exact sequences. The

torsion freeness follows immediately. Thus
rank Hy(U) + rank Hy(M(A)) = rank H,(U*) + rank Hy(M(A)),

which implies the inductive formula (iii). A diagram chase shows that hsy is also

surjective. Hence H,(M(A),Z) = H™"4(A(Q)). O
If G = (S')? x R? x F as in the previous theorem, the Poincaré polynomial of G
is
P(t) = (1 +1)P x #F.

We can compute the Poincaré polynomial of the complement M (.A) using Pg(t) and
the G-Tutte/characteristic polynomial.

Theorem 3.2.2.2. Let G be a non-compact abelian Lie group with finitely many

connected components. Set g =dim G. Then

— (=Y G (_]:j_(?) | to—

Proof. We prove the result by induction on #.A. Suppose that A = (). Then M(A) =
Hom(T', G) ~ Hom(L'yor, G) x G'T, and G () = # Hom(Tor, G) X "7, Theorem 3.2.2.2

Pa(t
PM(A) (t) _ PG(t)rr—rA _trA(g—l) TE < G( ) + 1’0)

follows immediately.
Suppose A # (). Then, using Corollary 1.2.2.14 and Theorem 3.2.2.1 (iii), Theorem

3.2.2.2 can be proved by induction. U

Remark 3.2.2.3. Theorem 3.2.2.2 recovers the known formulas (1.1.2) and (1.1.3).
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Remark 3.2.2.4. If G is a compact group, then Theorem 3.2.2.2 is not valid unless
A = ) (see Example 3.2.2.5 for the simplest example). There are several steps that
fail for compact groups. For example the surjectivity of torus cycles (Lemma 3.2.1.3)
fails, so the proof of the surjectivity of meridian cycles (Lemma 3.2.1.5) does not work.
Furthermore, the existence of the fundamental class is an obstruction for breaking

the Mayer-Vietoris sequence into short exact sequences.

Example 3.2.2.5. Let G = S', T = Z, and A = {a} with « = 1 € Z. Then
rp =14 =1and g = dimG = 1. By definitions, T% (z,y) = = and x5 (t) =t — 1.
The right-hand side of the second formula in Theorem 3.2.2.2 is equal to 2 + t.
However, since M(A) = S'\ {pt} is homeomorphic to R, we have Pya(t) = 1, and

the formula fails.
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4. G-TUTTE POLYNOMIALS VIA MATROID THEORY

4.1 Relationship with arithmetic matroids

The G-Tutte polynomial is defined by inspiration of the arithmetic Tutte polyno-
mial, and we have seen that they share a number of combinatorial and topological
properties. Associated with an arithmetic Tutte polynomial, there is a matroidal
structure defined through a system of axioms on the arithmetic multiplicities. It is
natural to investigate the relationship between the G-multiplicity and the axioms,
that is the main objective of this section. In addition, we present a G-Tutte poly-
nomial version of convolution formula, a feature known to be possessed by several

well-known polynomials including Tutte and arithmetic Tutte polynomials.

4.1.1 G-multiplicities and arithmetic matroid axioms

Definition 4.1.1.1. A matroid M = (E,r) is a finite list £ with a rank function

r: 28 — 7 such that:

(1) if AC FE, then r(A) < |A|,

(2) it AC B C E, then r(A) <r(B),

(3) if A, BC E,thenr(AUB)+r(ANB) <r(A)+r(B).

Example 4.1.1.2. Let E be a finite list of elements in a finitely generated abelian
group I'. For S C E, denote r(S) := rg (= rank((S)z)). Then (E,r) defines a

matroid. Matroids of this form are called realizable (or representable).

Definition 4.1.1.3. The Tutte polynomial of a matroid M = (E,r) is defined by

TM(:L', y) = Z (ZL’ _ 1)7‘(E)—T(A)(y _ 1)\A|—r(A).
ACE
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More generally, let m be a function m : 2¥ — R, called the multiplicity function. The

Tutte polynomial of (M, m) is defined by

Ty (2,y) = Z m(A) - (x — 1)"E=A)  — 1)lAl=r(A),
ACE

Definition 4.1.1.4. Let M = (E,r) be amatroid. f R C S C FE, let [R,S] :={A C
E| RC AC S} The set [R,S] is called a molecule if S = RU F UT, and for each
A€ R, S|,

r(A) =r(R)+ |ANF|.

A molecule [R, S] is said to be extreme if either F' =0, or T = {.
Proposition 4.1.1.5.
(1) If [R, S] is a molecule and [R',S'] C [R, 5], then [R',S'] is a molecule.

(i1) A molecule [R,S] is extreme if either r(R) = r(S) (i.e., F = 0), or r(S) =
r(R)+|S\ R| (i.e., T=0).

Proof. Straightforward. O

Let M = (E,r) be a matroid. Let m be an integral multiplicity function, i.e.,

m:2F - 7.

Definition 4.1.1.6. The triple (F,r,m) is called a quasi-arithmetic matroid if the

multiplicities m satisfy

(Ql) for all A C F and a € E, if r(AU{a}) = r(A), then m(A U {a}) | m(A);
otherwise m(A) | m(AU{a}),

(Q2) if [R, S] is a molecule with S = RU F UT, then

m(R)-m(S)=m(RUF) - m(RUT).

Definition 4.1.1.7. The triple (E,r,m) is called a
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(P) pseudo-arithmetic matroid if for every molecule [R, S],

p(R,S) = (=111 Y~ (=1)¥Im(4) > 0.

A€|[R,S]

(NP) nearly pseudo-arithmetic matroid if for every extreme molecule [R, S|,

p(R,S) > 0.

(RP) relatively pseudo-arithmetic matroid if for every non-extreme molecule [R, S],

p(R,S) > 0.
Clearly, a matroid together with a multiplicity function satisfy (P) if and only if
they satisfy (NP) and (RP).

Proposition 4.1.1.8. The multiplicities m satisfy (Q2) and (NP) if and only if they
satisfy (Q2) and (P).

Proof. See [BM14, §2]. O

Definition 4.1.1.9 (§2.3, [DM13]). The triple (E,r,m) is called an arithmetic ma-
troid if the multiplicities m satisfy (Q1), (Q2) and (P).

Definition 4.1.1.10 (§4.2, [DM13]). Let AM = (E,r, m) be an arithmetic matroid.
The Tutte polynomial T'yn(z,y) of AM is called the arithmetic Tutte polynomial.

Clearly, any matroid is an arithmetic matroid with ¢rivial multiplicity function,
i.e., m(A) = 1 for all A C E. Thus, the Tutte polynomial is a specialization of the

arithmetic Tutte polynomial.

Theorem 4.1.1.11. Let PAM = (E,r,m) be a pseudo-arithmetic matroid. Then

the coefficients of the Tutte polynomial Tpapm(x,y) are nonnegative integers.

Proof. See [BM14, Theorem 4.5| O
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Example 4.1.1.12 (§2.4, [DM13], §5, [BM14]). Let (E,r) be a realizable matroid
(see Example 4.1.1.2). For A C FE, let m(A) = #(I'/(A))tor- Then (E,r,m) is an
arithmetic matroid. Arithmetic matroids of this form are called realizable (or repre-

sentable).

Unless otherwise stated, we assume that A = {aq,...,®,} is a finite list of ele-
ments in a finitely generated abelian group I'. Let G be a torsion-wise finite abelian
group (Definition 1.2.2.1). We can define for the realizable matroid (A,r) a multi-
plicity function by using the definition of G-multiplicity in Definition 1.2.2.7, more
precisely, m(S; G) = # Hom ((I'/(S) )tor, G) for S € A. We wish to investigate the
relationship between the G-multiplicities and arithmetic matroid axioms mentioned
previously.

To do that, we need the construction of the dual of a representable arithmetic
matroid described in [DM13, §3.4]. Let us recall the construction briefly (actually,
the construction has been described in Lemma 2.2.1.2 for serving other purpose).
Assume that I' can be expressed as I' = Z™/(vy,...,vy). Choose a representative

a; € Z" of a; € T for each i € [n]. Define
FT = Zn+h/<t(&1, ce ,&n,Vl, ce ,Vh)>,

where the denominator is the subgroup generated by m columns of the (n + h) x m
matrix ‘(&y, ..., Qn, V1,..., V). Let e; be the standard basis of Z"*". Set ozj =€ €
't for i € [n]. Now we have the list AT = {a!,... al}. It is proved in [DM13, §3.4]
that for a subset S C [n], we have

75 = 5 = 7 (4.1.1)

(T/{af [ i € S))ior = (T/{c | i € 5))ior,
where S¢ = [n] \ S, rg = rank(a; | i € S) and 7}, = rank(a] | i € S) (the second
relation in (4.1.1) is not a canonical isomorphism). Note that A" has rank r 4 =
H#A—1r4.
Denote the G-multiplicity of (I'f, AT) by

mi(S; G) := # Hom ((r*/<ag i € 5))sor, G) .
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The operation (—) is reflexive in the sense that

reg =#S5 — T’ELn} + rgc,

(4.1.2)
m(S;G) =m'(5%G),
and the G-Tutte polynomials satisfy
jt%(xay)::ipf(y>z)' (4J“3)

Convention: In what follows, a dot under a letter indicates the parameter in the
summation. For instance, ) -z, indicates that S and 7 are fixed, and B is running

between them.

Theorem 4.1.1.13. Let G be a torsion-wise abelian finite group. Then the G-
multiplicities satisfy (Q1) and (NP). In other words, they satisfy the following four
properties (we borrow the numbering from [DM13, §2.5]).

(1) If § C A and a € A satisfy rsuay = s, then m(S U {a}; G) divides m(S; G).
(2) If S € A and o € A satisfy rsufay = rs+1, then m(S; G) divides m(SU{a}; G).
(4) If S CT C A and rs = ry, then

p(S,T:G) = Y (=) #m(B;G) >0,

SCBCT
(5) IfSCTCAandrr=rs+#(T\S), then

PS8 T:G) = Y (~)*T#5m(B;G) > 0.

SCBCT

Additionally, if G is a (torsion-wise finite) divisible abelian group, that is, the multiplication-
by-k map k : G — G is surjective for any positive integer k, then the G-multiplicities

satisfy (Q2), i.e., they satisfy the following.

(3) If S C T C A and T is a disjoint union T = S U BUC such that for all
SCRCT, we have rp =rs + #(R N B), then

m(S;G) -m(T;G) =m(SUB;G) - m(SUC;G).
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Proof. By [BM14, Lemma 5.2|, there exists a group epimorphism (I'/(S))ior —
(T'/{(SU{a}))tor- Applying the functor Hom(—, G) to this epimorphism, Property (1)
follows. By the above construction, (rf, m') satisfies Property (1), which is equivalent
to Property (2) for (r,m) by the duality (4.1.2).

We prove Property (4) by showing that p(S,7;G) is the cardinality of a certain
finite set. Property (4) is clearly true if S = T, so assume that S C 7. Let us define
[ by

I":={geT|3n>0such that n-g € (S)}.

It is also characterized by (I'/(S))ior = I"/(S). By the assumption rs = r7, we have
SCTCI'IftSCBCT,then (I'/(B))ior = I"/(B). Therefore, Hom((I'/(B))tor, G) =
Hom(I"/(B), G) can be considered as a subset of Hom((I'/(S) )tor, G) = Hom(I"/(S), G).
By the Inclusion-Exclusion principle and Proposition 1.2.1.6, we have

pS.T:G)= Y (D) m(B:G)

SQZ.SQT

= > (~D)*# #Hom(I'/(B),G)

SCBCT
= #M(T/S;T'/(S),G),

which is clearly non-negative. We can prove Property (5) by an argument similar to
that for Property (2) by using the duality.
Finally, to prove Property (3) we generalize the argument used in [DM13, Lemma

2.6]. We consider the following diagram composing of two short exact sequences:

»— (moa). — (@) — @/ (5w@)., —
"
o (). (w0m)., (w5) /(). —»

Note that the isomorphism indicated by the vertical arrow is proved in [BM14, Lemma
5.3]. Since G is divisible, G is an injective Z-module and the functor Hom(—, G) is

exact. Applying the functor Hom(—, G) to the diagram we obtain Property (3). O
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Remark 4.1.1.14. When G is a connected abelian Lie group, that is, G = (S!)? xR?, G
is a torsion-wise finite and divisible group. Theorem 4.1.1.13 is valid. We can see that
Property (3) fails in many cases. For example, let I' = Z?, § = {(0,2)}, B = {(2,1)},
C ={(0,1)} and G = Zy. Then (I'/(S) )tor = Zs, (L/{(SUB))tor = Zs, (I'/(SUC) )or ==
{0}, (T/{T))tor = Zy, and m(S;G) - m(T;G) =4 #2=m(SUB;G) - m(SUC;G).

4.1.2 Convolution formula

As proved in Corollary 1.2.2.13, the G-Tutte polynomial possesses a deletion-
contraction formula as the (arithmetic) Tutte polynomials do. We prove that the
G-Tutte polynomials also satisfy a convolution formula, a feature known to be shared

by many polynomials.

Theorem 4.1.2.1. Let A be a finite list in a finitely generated group I', and let Gy

and Go be torsion-wise finite groups. Then

T§1XG2(xay) = Z Tgl(oay) : ijB([L’,O)
BCA

Proof. The right-hand side of the formula is equal to

Z Z m(S; G1)(=1)"87"S(y — 1)#3—7"5

BCA | sCB

X Z m(7'7 Gg)(x — 1)7‘A—7‘B—(7“7'—7"B)(_1)#7——#3—(7*7——7«8)
BCTCA

= > mS;G)m(T; Go)(w — 1) 477 (y — 1)#Srs (—1)#T—#Brmrs

SCBCTCA

= ) m(S;Gm(S; Ga)(z — 1) AT (y — 1)FS T
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The first term is equal to TG “?(x,y) by the multiplicativity m(S; Gy x Gy) =
m(S; Gy) - m(S; Gy) (see Proposition 1.2.2.6). The second term vanishes because,
when 8 C T, we have Y~ gcper(—1)#F = 0. O

The classical convolution formula [ELVI8, KRS99| for matroids representable over
Q is obtained from Theorem 4.1.2.1 by replacing G; and G5 by {0}. Theorem 4.1.2.1
can also be specialized to the Backman-Lenz’s convolution formula [BL.16] when G; x

Gy =S' x {0} or {0} x S".

4.2 Coefficients of G-Tutte polynomials

We have already seen that the G-Tutte polynomial can not be directly associated
with a realizable arithmetic matroid as the G-multiplicities satisfy only four over five
required axioms. Furthermore, although the arithmetic Tutte polynomial is a poly-
nomial with positive coefficients, we will show that the positivity of the coefficients is
not preserved for the G-Tutte polynomial. This leaves us with a question under what
conditions the coefficients of the G-Tutte polynomial are positive. We propose some

ideas and partial answers.

4.2.1 (Non-)positivity of coefficients
In general, the G-Tutte polynomial can have negative coefficients as in the next
example.

Example 4.2.1.1. Let ' = Z@®Zy, let A = {a, 8} C T with a = (2,1) and 8 = (0, 2),
and let G = Z4. Then by direct computation, we have

TS (2, y) = 22y + 20 + 2y — 2.

This also produces a counter-example to axiom (P) in Definition 4.1.1.7. Note that

[0, A] is a molecule, and

p(0,A;G) = (-1)- Y (1> *Pm(B;G) = -2 < 0.

BCA
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As hinted in the example above, to obtain the positivity of the coefficients of G-
Tutte polynomial, some condition either on the group G or the list A is needed. The
first idea is to keep the generality of A, and restrict G.

Theorem 4.2.1.2. Let G be a torsion-wise finite divisible abelian group. Then the

coefficients of the G-Tutte polynomial TS (x,y) are nonnegative integers.

Proof. Tt is proved in Theorem 4.1.1.13 that the pair (T',.A) together with the G-

multiplicities form an arithmetic matroid. Theorem 4.1.1.11 completes the proof. [

Owing to the deletion-contraction formula (Corollary 1.2.2.13) and the convolution
formula (Theorem 4.1.2.1) we propose some other ideas to approach the positivity

problem.

Proposition 4.2.1.3. Let G be a torsion-wise finite abelian group. The coefficients
of the G-Tutte polynomial TS (z,y) are nonnegative integers if the group G satisfies

one of the following conditions:

(i) for any finite list D C T' containing no proper elements, the coefficients of the

G-Tutte polynomial TS (z,y) are nonnegative integers.
(ii) for any finite list D C T,

T5(0,0) = > (=1)>#m(B;G) > 0
BCD
Proof. (i) follows from Corollary 1.2.2.13 because we can write T (z,y) as a sum
of the G-Tutte polynomials of the lists having no proper elements. (ii) follows from
Theorem 4.1.2.1 because

0
TS(w,y) =Y TE(0,y) - Ti)s(w,0)
I.S’CA

=3 Tk 0) | ST 0,y) T8 5(0,0)
= $8
Note also that the coefficients of the classical Tutte polynomial (i.e., the {0}-Tutte

polynomial) are nonnegative integers. O
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4.2.2 An interpretation of coefficients

As suggested previously, to obtain the positivity we may look at the second idea,
that is to keep the generality of G, and put some condition on the list A. We prove
that if A consists of only torsion elements of I, then T (z,y) is a polynomial in y
by definition, and it always has nonnegative coefficients. Moreover, the coefficients of

the G-Tutte polynomial can be explicitly described.

Theorem 4.2.2.1. Let G be a torsion-wise finite abelian group. Suppose that A is

contained in I'yor. Then

#A
TS(y) =Y | > #MA/S:Tw/(S),G) | v".
k=0 SCA

#S=k
In particular, TS (z,y) is a polynomial in y with nonnegative coefficients.
Proof. By assumption, 74 = rs = 0 and (I'/(S))tor = 'ter/(S) for every S C A.

Using Proposition 1.2.1.8, we have

Tf(% y) = Z #Hom(Ty, /(S),G) - (y — 1)#°

=
S
_Z#Homrtor Zy #S k #
ScA k

—Zy S (—1yrs #S > HM(A/T:Tea/(T), G)

SCA SCTCA
#S>k
#A #S
=Dy ) H#MAT T /(T),G) - > (—1)#H
k=0 TCA SCT k
#T >k #S>k
#A m #T
=Sy Y HMAT T /(TG - Y (]
k=0 TCA h<m<#T k m

HT >k



#A

“Y

k=0

#A

:Zyk

k=0

T
' Z #M(.A/T, Ftor/<T>,G) . # Z (_1)m—k

TCA k) k<m<#T
HT>k

N HMA/T: T/ (T), G).

TCA
#T=k

Proposition 4.2.2.2. Let G be a torsion-wise finite group.
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#T — k
m—k
O

(i) If A C T consists of loops (i.e., A C T'yo), then TS(z,y) has positive coeffi-

crents.

(ii) If A C T consists of coloops (i.e., 74 = #A), then TG (x,y) has positive coeffi-

crents.

Proof. (i) follows immediately from Theorem 4.2.2.1. (ii) follows immediately from

(i) and (4.1.3) (note that if A consists of coloops, then A" consists of loops).

O
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