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Introduction

The aim of this paper is to construct the sheaf morphism from the sheaf &% of
pseudodifferential operators to its symbol class G/M. Firstly we look back the histori-
cal background of pseudodiferential operators and mention the difference of two words
“pseudo-differential” and “pseudodifferential”.

The theory of pseudo-differential operators in real variables was done by Monvel [9]
and Monvel-Krée [10], and that in complex variables was done by Sato-Kawai-Kashiwara
[16]. In the case of real domain Monvel [9] introduced pseudo-differential operators of in-
finite order in the analytic category and Monvel-Krée [10] constructed the class of pseudo-
differential operators of finite order which are continuous on the class of Gevrey func-
tions. On the other hand, Sato-Kawai-Kashiwara [16] developed the theory of pseudo-
differential operators and its symbol theory by employing the sheaf cohomology theory
and they studied systems of differential equations in the complex domain. They defined
the sheaf Zx of pseudo-differential operators, which is now denoted by &%° and is called
the sheaf of microdifferential operators. Those two theories were finally linked up by
Kataoka [7]. He realized the symbols of operators in &% by utilizing the Radon transfor-
mations and it is known that pseudo-differential operators in [9] can be obtained by the
restriction of &% to the real domain.

While the essential idea of pseudodifferential operators had already been introduced
n [16], the explicit definition was not given. After a few years, Kashiwara and Kawai
gave the definition of the sheaf 2% of pseudodifferential operators in [8]. However the
sheaf 2% had not been named even at that time. Finally 2% had been denoted by
&% after the work of Kashiwara-Schapira [11], and &% came to be called the sheaf of
pseudodifferential operators after the work of Aoki [2].

Since &% is explicitly defined by using the sheaf cohomology, Kataoka [7] introduced
symbols of pseudodifferential operators by the aid of the Radon transformations for the
study of &% in analytic category, and Aoki [1],[2] developed the symbol theory of &x. The
sheaf &% is sufficiently large class of differential operators so that it contains indispensable
operators like differential operators of fractional order, which are not contained in the
class &%° of microdifferential operators.

In the foundation of Aoki’s symbol theory, however, there remain some issues. In this
paper we study one of those problems, which is the equivalence of the sheaf @@? and its
symbol class &/M. Aoki had already proved the equivalence of each stalks of &% and
S /M in the following method:

Thanks to SKK [16] the stalk & }gz* has the following cohomological expression at a
point z* € T*X

. n o,n
é();lgz* :thGTYE(UT; ﬁg(x))()7
r,e

where U, ranges through the family of open subsets of X x X and G, . through the
family of closed subsets of X x X satisfying some appropriate conditions. By taking
convenient Stein coverings we can identify the right-hand side cohomology with the Cech
cohomology. Thus, by the Cech cohomology we can see that a pseudodifferential operator
P is represented by some holomorphic n-form ¢ (z, 2z’ — z)d7’, i.e.,

P =[y(z,2 — 2)d"].



Via such a representation P = [1)(z, 2’ — 2)dz'], Aoki defined the map of stalks
01 EX o — G [N

/61% % w(z,w)eW’de
o /2 n

where the path of the integration is taken suitably. (See [2].) Under this definition he
gave the following theorem.

by the formula

o(P) = €6, /M.,

Theorem 0.1 (2], Theorem 4.3 and Theorem 4.5). There exists the homomorphism of
stalks
w: G /Ny — 5’}?’2*.

Moreover oo = id and o o w = id.

However when we apply this argument to the set &% (V) of sections on an open cone
V, we encounter several difficulties: There is no suitable Cech covering of Stein open
sets, that is, we cannot take a good representation of a section of é"}} Furthermore we
cannot choose an appropriate path of the above integration in this global case.

To overcome these difficulties we apply the theory of Cech-Dolbeault cohomology,
which is introduced by Honda-Izawa-Suwa [4], to representation of &% (V). They intro-
duce the Cech-Dolbeault complex and succeed in calculating local cohomology groups
Hy (X ﬁ)(f)) by applying the simple Cech covering which consists of two open subsets
to the Dolbeault complex. As the Cech-Dolbeault complex consists of pairs (w1, wo1)
of a (p,q)-form wy and a (p,q — 1)-form wpy with coefficients in C*° functions, we can

control the support of Cech-Dolbeault representative of Hi (X5 ﬁg?)) under some suit-
able conditions by the aid of a partition of unity. Such a modification of supports is
not allowed if we calculate Hy, (X ; ﬁgf)) with the standard Cech coverings since the
standard Cech representation of cohomology groups take holomorphic functions as their
representatives. As important applications they construct several operations such as the
boundary value morphism, external products, integrations along fibers and so on from
the viewpoint of the Cech-Dolbeault cohomology. By making full use of these advantages
of the Cech-Dolbeault cohomology theory, we construct globally a sheaf morphism from
Ex to G /N> of symbols as given in Theorem 4.1 of Section 4.

The plan of this paper is as follows. In Section 1 we prepare some notations and
definitions used in this paper, and in Section 2 we briefly recall the definitions of the
sheaf &% of pseudodifferential operators and the theory of Cech-Dolbeault cohomology.
Due to a fiber formula by Kashiwara-Schapira [12] it is known that the group &% (V) of
the sections on an open cone V is represented by the inductive limit of local cohomology
groups. As important examples the Cech-Dolbeault representation of hyperfunctions
B (M) and pseudodifferential operators &5 (V) are given. In Section 3 we introduce a
new symbol class G°° /M called the symbols of C*°-type and prove that the symbol class
G0 /N> of C°°-type is equivalent to the classical one &/91. The work of Hérmander
[14] plays an important role in the proof. Section 5 gives the morphism ¢ from &% to
&> /N> via Cech-Dolbeault representation. By the results in Section 4 we finally obtain
the sheaf morphism from &% to &/91. Well-definedness of < is also given. Together with
Aoki’s results ¢ turns out to be an isomorphism of sheaves.



1 Preliminaries

Through this paper we shall follow the notations and definitions introduced below.

We denote by Z, R and C the sets of integers, of real numbers and of complex numbers,
respectively. Moreover we set Ry = {r e R|r >0} and C* = {c e C| ¢ #0}.

Let X be a complex manifold of dimension n and M a submanifold of X of codimen-
sion m. Set the diagonal set

Ax ={(z1,22) € X x X | 21 = 22}.

We write A instead of Ax if there is no risk of confusion. One denote by p; and py the
first and the second projections from X x X to X, respectively.

X1XX2

/ YJ
X1 X2~

One denotes by 7 : TX — X the canonical projection from the tangent bundle to X
and 7 : T*X — X that from the cotangent bundle to X.

Let w be a (p, ¢)-form with coefficients in C*°-functions, and 9, and 9. the Dolbeault
operators with respect to the variable z, that is, for a local coordinate z = (21, 22, . . ., 2n ),
the form w can be written by

w= Z frr(z)dz" A dz’.

l|=p,|J1=q
Moreover the Dolbeault operators are written by

- 9 I n gad
(?Zw:z Z gfu(z)dzi/\dz ANdz”,

. 1
=1 |I|=p,|J|=¢

~ - 0
8;;0.) = Z Z Ff[](z)dfi A\ dZI AN dZJ.

i=1|I|=p,|J|=¢
Definition 1.1. We define several sheaves:

1. Let ﬁg(p) be the sheaf of holomorphic p-forms on X. In particular o0 = Ox is the
sheaf of holomorphic functions on X.

2. We denote by ory and ory;x = ' (Zx) the orientation sheaf on X and the
relative orientation sheaf on M, respectively.

3. Set Qg?) = ﬁ%) gi orx and ﬁg?’x"))( =0Oxxx 7% pglﬂg?).
Po X

4. One denotes by C’;Q(p D the sheaf of (p, q)-forms with coefficients in C* on X.

5. One denotes by &% the sheaf of pseudodifferential operators on T*X.



Let (z;¢) be a local coordinate system of T*X. Set T*X = T*X \ T% X where TE X
is the zero section. We identify TX (X x X) with T*X by the map

which is induced from the first projection p; : X x X — X.

Definition 1.2. Let V' be a set in T*X. The set V is called a cone, or equivalently
called a conic set in T*X if and only if

(;0) €V = (z;8¢) € V for any t € R,..

Remark 1.3. Let V be a set in T*X. We say that V is convex (resp. conic, resp.
proper) if for any z € 7(V), the set 7=(2) NV is convex (resp. conic, resp. proper).
Recall that a cone is said to be proper if its closure contains no lines.

Let V and V' be subsets in T*X. We write V' € V if V' is a relatively compact set
in V for the usual topology.

Definition 1.4. Let V be an open cone in T*X. A set W C V is an infinitesimal wedge
of type V' at infinity if for any K € V there exists 6 > 0 such that

Ks ={(2:tQ) | (%:¢) € K, t > 0} C W.
In what follows W is called the infinitesimal wedge of type V for short.

Definition 1.5. Let V and V' be cones in 7* X with V/ C V.. The cone V" is a relatively
compact cone in V if there exists a relatively compact set K of V' such that

VI ={(z1Q) |t € Ry, (%) € K}

To clarify the differences, one is denoted by V! € V if V' is a relatively compact cone

cone
inV.

2 Pseudodifferential operators via the Cech-Dolbeault
cohomology

The aim of this section is to obtain the Cech-Dolbeault representation of pseudodif-
ferential operators.

2.1 The sheaf &% of pseudodifferential operators

Let X be a complex manifold of dimension n. The sheaf &5 of pseudodifferential
operators on T* X is defined by

EF = A (ua(087))), (2.1)

where ;LA(ﬁgg’Xn))() is the microlocalization of ﬁg?’xn))( along the diagonal set A. (For the
definition of y, see [13].) One denotes by &Y .. the stalk of &% at a point 2* € T*X.



Let us recall the normal deformation Xi of X x X along A. We denote by ¢t € R the
deformation parameter. Set Q = {(z1,22,t) € X% |t > 0}. Then the following diagram

commutes
J

TA(X x X) — X3 9)

A—— 5 X x X,

where i and j are embeddings and p = p o j. (For the details, see [13].)

Definition 2.1. Let G be a subset of X x X. The normal cone to G along A, denoted
by Ca(G), is the set

CA(G) =TA(X x X)Nnp~HG).
Definition 2.2. Let V be a subset of T*X. The polar set V° of V is defined by
Ve={yeTX|7(y) €n(V)and Re(x,y) >0 for all z € 7~ *7(y) N V}.

Theorem 2.3 ([11], Theorem 4.3.2). Let V' be an open convex cone in 7*X. We have
ER(V) = lim Hyyy (U3 630%) (2.2)
X 1 Honu\Ys Oxxx ) :
UG

where U ranges through the family of open subsets of X x X such that U N A = (V)
and G through the family of closed subsets of X x X such that Ca(G) C V°.

Remark 2.4. In the above argument, we can construct the polar set V° of the cone
V C TX(X x X)) by the identification (1.1). Hereafter we sometimes use this identification
without notice.

2.2 The Cech-Dolbeault representation of &5

In the previous subsection we obtain the cohomological expression (2.2) of é§1§ due
to a fiber formula by Kashiwara and Schapira. In this paragraph we briefly recall the
theory of Cech-Dolbeault cohomology introduced in [4] and obtain the Cech-Dolbeault
representation of the group &5 (V) of sections on an open convex cone V.

Let S be a closed subset of X. Set Vp = X \ S and let V; be an open neighborhood
of S'in X. For a covering ¥V = {Vp, V1 } of X we set

CTrOW) =TI W) @ ox " (Vi) & 0P Vi), (2:3)
where Vo, = Vo N Vi. We define the differential d : C50"%? — ¢4t py

@(wo,wl, OJ01) = (5&)0, 5(411,&11 — W — 5&)01). (24)

Then we can easily see that ¥ o ) = 0 and the pair (C’)O(O’(p")(]))7 ) is a complex.

Definition 2.5. The Cech-Dolbeault cohomology HEZY(V) of V of type (p,q) is the g-th
cohomology of the complex (C;o’(p’°)(V), ).



Next we introduce the relative Cech-Dolbeault cohomology. Let V' = {V;} be a
covering of X \ S. We set

O PP,V = {(wo,wi,won) € OF PPWV) |wo = 0} = X PP () & OF PV (V).

Then the pair (Cy 20:(p:e) (V,V"),9) is a subcomplex of (Cy (p’°)(V), ) which is called the
relative Cech-Dolbeault complex.

Definition 2.6. The relative Cech-Dolbeault cohomology HEY(V, V') of (V,V') of type
(p, q) is the g-th cohomology of the complex (C5’ (V Vv, 19)

Here we have the following proposition.

Proposition 2.7 ([4], Proposition 4.6). The relative Cech-Dolbeault cohomology HEY(V, V)
is independent of the choice of V3 and determined uniquely up to isomorphism.

Therefore we can choose X as Vi, and hereafter HY?(V,V’) is also denoted by
HPY(X, X\ S).

Theorem 2.8 ([4], Theorem 4.9). There is a canonical isomorphism
HY(X, X\ S) ~ HY(X ; 69)). (2.5)

Example 2.9. Let M be a real analytic manifold of dimension n and X the complexi-
fication of M. Assume M to be oriented, and set V = {X, X \ M} and V' = {X \ M }.
Since we have

B (M) = Hyy (X; 0x) = Hy" (X, X \ M),

the representative w = (w1, wo1) of a hyperfunction u € %y (M) is written in the forms
n
w1 = f(Z)dZ, wo1 = Z fl(Z)dZ
i=1

satisfying the cocycle condition Jw = 0. Here f(z) is a C*°-function on X, f;(2) is a
C>-function on X\ M, dz = dz; AdZaA. .. AdZ, and dz; = dZ1A. .. dZ;—1 ANdZiy1 .. . ANdZp.
Note that wy consists of the only one term.

We apply Theorem 2.8 to the cohomology Hny (U ﬁg?’xn))() in Theorem 2.3.

Definition 2.10. The sheaf C’;o’x(f(’q’r) is the sheaf of (p + ¢,r)-forms with coefficients
in C'*°-functions which are holomorphic p-forms with respect to the first variables, holo-
morphic ¢g-forms with respect to the second variables and antiholomorphic r-forms with
respect to the first and the second variables. In other words, for a local coordinate z =

(21,22) of X x X and for an open subset V' of X x X, the form f(z1, 22) € C)O(ox(f(q T)(V)
is written by

flz1,220) = > frox(z1, z2)dzt Adzg A dZE,

[I|=p,|J|=q,|K|=r

where each frjx(z1,22) is a C*°-function on V.



Set Vo = U \ G and let V; be an open neighborhood of GNU in U. Moreover set
Vo1 = Vo N V1. For coverings V = {Vo, V1} of U and V' = {Vp} of U \ G, we define

ORI W V) = % () @ o5 (V).

X

We can also define the differential ¥ : C;)’X(f(’q’r) v,V — C;O’X(f(’q’rﬂ)(MV’) as usual,

and the pair (C;O’X(g'(’q")(v, V"),4) becomes a complex.

Definition 2.11. The r-th relative Cech-Dolbeault cohomology HZT"(V, V') is the r-th
cohomology of the complex (c;’;”x(f;q")(v, V), ).

By Proposition 2.7 we can choose U as V; and obtain the following theorem.
Theorem 2.12. There is a canonical isomorphism
0,n,n n . 0,n
HG™ " (U, U\ G) = Hepr (U s O5%)- (2.6)
Thus the group of sections of the sheaf &% on an open convex cone V is expressed by
. n o,n . 0,n,n
EX(V) =lim Hp (U5 0F7%) = lim HY™"(U,U \ G),
UG UG
where U and G run in the same sets as those in Theorem 2.3.
Remark 2.13. The case of pseudodifferential operators is quite different from the one
of hyperfunctions. In this case the length of the relative Cech-Dolbeault complex
0= C& W V) = ey -

= W,V = o5 (Y V) 5 0

is equal to 2n + 1. Hence for the representative w = (w1,wp1) of an element u €
Hg’"’"(U7 U\ G), wy and wy; consist of several terms satisfying the cocycle condition

YJw = 0.

3 Classical symbols and symbols of C"*°-type

While the classical symbol theory &/91 of &% is based on holomorphic functions, the
Cech-Dolbeault expression is based on C*°-functions, and hence it is difficult to construct
the map from Cech-Dolbeault expression to the classical symbol class directly. In this
section we construct a new symbol class which is of C*°-type and show that the new
symbol class is isomorphic to the classical symbol class.

3.1 The sheaf G/M of classical symbols

First we review the classical symbol theory. Let z* = (2;() be a local coordinate
system of T*X. First we construct two conic sheaves & and 9t on T*X.

Definition 3.1. Let V C 7*X be an open cone.



1. A function f(z,() is called a symbol on V if the following conditions hold.

(7) There exists an infinitesimal wedge W of type V such that
f(Z, C) € ﬁT*X(W)

(i) For any open cone V' & V there exists an infinitesimal wedge W' C W of
cone

type V' such that f(z,() satisfies the following condition:
For any constant h > 0, there exists a constant C' > 0 such that

(2 Q) < C- et on W, (3.1)

2. A symbol f(z,{) on V is called a null-symbol if for any open cone V' & V there

cone

exist an infinitesimal wedge W/ C W of type V’ and constants h > 0 and C' > 0
such that
If(z,0) < C-e ™M on W', (3.2)

3. We denote by &(V) and 9N(V) the set of all the symbols on V and the set of all
the null-symbols on V, respectively. Moreover we set

&.. = lim &(V),
Voz*
MN.. = lim N(V),

Voz*
where V runs through the family of open conic neighborhoods of z* € T*X.

Remark 3.2. A function f(z,() satisfying the estimate (3.1) is said to be an infra-
exponential function. Similarly a function ¢(z, () satisfying the estimate (3.2) is said to
be an exponentially small function.

Next we extend the sheaves & and 91 to the sheaves on T*X. We define the sheaves
TLX and ‘)’K\T;{ x on the zero section T3y X = X in the following way.

G

1. Let U be an open set in X. The group &|r; x (U) of sections is a family of f(z,() €
Or-x (7~ 1(U)) where for any compact set K € U and for any constant h > 0 there
exists a constant C' > 0 such that

F(50)] < C- el on x1(E0).

2. Set ‘)1|T;X =0.
Then the sheaves G and 91 are naturally extended to T%X.

Remark 3.3. Well-definedness of the sheaves & and 91 can be shown as follows. Let
¥ = {Va}aca be a conic basis of 7*X which consists of open cones and % = {Us}sep
a basis of X. Then we can easily see that # = {V,, 71 (Ug)}acasep is a basis of
T*X. For any subsets V € ¥ and U € % with 7(V) C U, the restriction pyr-1(yy :
S(r~HU)) — &(V) is just given by f > f|y.



Next we construct the quotient sheaf &/.

Proposition 3.4. Given an open cone V in 7% X, the group (V) of null-symbols is an
ideal of &(V).

Proof. Let f(2,¢) € M(V) and g(z,¢) € &(V). We assume that f(z,() and g(z,() are
holomorphic on some common infinitesimal wedge W of type V. The definition of I
implies that for any V' & V there exist an infinitesimal wedge W’ of type V' and the

cone

constants h > 0 and C' > 0 such that
(2.0 < C-e el

Similarly definition of & implies that for V', W’ and h > 0 which are the same ones as
above, there exists a constant C’ > 0 such that

l9(z, Q)] < € - e3I4l,
Hence we obtain

1£(2,0) - 9(2,Q)] < C el 7 e3hd < 07 - em2hel,

One denotes by 6//31 the presheaf defined by the correspondence
Vi G(V)/N(V),

where V is an open cone in T*X, and let & /M be an associated sheaf to &/91. We have
the following exact sequence of sheaves

0—N—6LG/M—0. (3.3)

Here k; is the composition of the canonical morphisms & — &/M — &/N, and this
exact sequence induces the long exact sequence

0=NV)=6V)—=6&/NV)— HY(V;N) = ---.

To treat &/M(V) as it is a quotient group &(V)/MN(V), we claim H*(V;9) = 0 for a
suitable V.

Theorem 3.5. Assume X to be a complex vector space and let V be a closed cone in
T*X. Moreover assume that V satisfies the following three conditions.

1. A family of conic open neighborhoods of V has a cofinal family which consists of
Stein open cones in T*X.

2. The projection 7(V) is compact in X.
3. There exists (o € C™ \ {0} such that

Vc{(z) el X |zen(V),Re((, () > 0}



Then H*(V;0) = 0 holds for any k > 0.

Example 3.6. We can construct a closed cone 1% satisfying the above three conditions
as follows. Let N be a natural number and f(z), f2(2), ..., fn(z) holomorphic functions
on X. Set

B =) <1,

and assume B to be compact, and let I" be a closed proper convex cone. Then V =BxT
satisfies the second and the third conditions in Theorem 3.5. A cofinal family of B x I"
is given in the following way. We can take a family {B.}.cr, of open neighborhoods of

B as follows
B.= () {lfi2)l <1+¢}.
1<i<N

Since T' is a closed proper convex cone we can take a cofinal family {I'y}xrea which
consists of open convex conic neighborhoods of I'. Then the family {B. x I'x}(c x)er, xa
is what we want.

For the proof of Proposition 3.5, we construct a soft resolution of M. First we intro-
duce the radial compactification 7% X of T* X with respect to the fibers.

Definition 3.7. The radial compactification Dcn of C™ is defined by
D(Cn =C" | S2n_100.

We define the fundamental system of neighborhoods. If zy belongs to C™ a family of
fundamental neighborhoods of zy consists of open sets

B:(z0) ={z € C" | |z — 20| < &}

for € > 0, otherwise that of zpoo consists of open sets

G (D) = {z ecn

,z|>7‘,|z|€F}I_II‘7

where r > 0 and T is an open neighborhood of zyo0 in $2"1oo.

Figure 1: G.(I")

We denote by V the closure of V taken in Den.

10



Definition 3.8. The radial compactification T*X of T*X with respect to the fiber is

"X =| | T7X.
zeX

Here T3 X ~ (C:? =Cru S§2n—loo,

The topology of T*X is induced from that of D¢n. Let V' be an open set in T*X.
We define several sheaves on T X.

Definition 3.9. 1. Let Z/QJOC be the sheaf of rapidly decreasing locally L2-functions.

Namely, for an open set V C T*X, a function f(z,¢) belongs to ig,loc(V) if and
only if for any compact set W in V there exists a constant h > 0 such that

f(z,¢) - el e L2 W nT*X).

2. Let L? be the sheaf of (p, q)-forms with coeflicients in .Z/Q,loc

2,loc

3. The sheaf 29 is the subsheaf of L2'?  defined below:

2,loc 2,loc

A (p,q)-form f € E(p’q)(V) belongs to .Z, 2% (V) ifand only if 9 f (2, () € Lwath) (V).

2,loc 2,loc 2,loc

Lemma 3.10. The resolution of Ot

0snd 2300 2 K7W 2 .. | (3.4)

is a soft resolution.

In order to prove Lemma 3.10, we show that the sequence
0= 239 (V) = 233, (V) = - 233 (V) = 0 (3.5)

is exact for any V which satisfies the assumptions of Theorem 3.5. Actually we obtain
Lemma 3.10 by applying the inductive limit ~ lim  to (3.5).
Int (V)32*
We recall the Hérmander’s existence theorem for the 0 operator, which is crucial in
the proof of the exactness of (3.5).

Theorem 3.11 ([14], Theorem 4.4.2). Let Q be a pseudoconvex open set in C™ and ¢

any plurisubharmonic function in 2. For every g € Lép ’q)(Q, ©) with g = 0 there is a

solution u € L;{’ lgg(ﬂ) of the equation du = g such that

/|u|26_‘9(1+|z|2)_2d/\§/ FLETEN
Q Q

Remark 3.12. In Theorem 3.11 we adopt Hormander’s notation. A form g € L¥7(2Q, ¢)

is a (p, q)-form on Q with coefficients in square integrable functions with respect to the
measure e~ ?d\ where d\ is the Lebesgue measure.

11



Now let us prove the exactness of (3.5). Let V be a closed cone which satisfies the
assumptions of Theorem 3.5 and set f(z,() € j(O’QH)(V). Then there exist a Stein

2,loc
open cone V; with V. € Vi and f(z,() € j;g;qcﬂ)(Vl) such that f(z,¢) = f(2,¢) on
V. Fix Co € C™\ {0} whose existence is guaranteed by the third assumption in Theorem

3.5. We can assume |(y] = 1 without loss of generality. By the definition of ,?2(32)?1)

there exist an infinitesimal wedge W7 of type Vi and a constant h > 0 such that
F(z.0) -l e LT W),

Let V5 be a Stein open cone with V e Vo & Vi. From Definition 1.4 there exists a

cone cone

compact set K of Vi such that
Va ={(z1Q) [t e Ry, (2,¢) € K}

Then by the definition of an infinitesimal wedge Wi, for such a compact set K there
exists a constant d > 0 such that

Ks={(ztQ) | (5() € K, t >0} CW.

Co

Figure 2: Wi and Ws

Hence for an open half space
He,(6) = {(2:¢) € T"X | z € m(V1), Re (¢ — 6o, o) > 0},

the set Wo = Vo N H¢, (0) is a convex set. Then Wy is relatively compact set of V3 and
is a Stein infinitesimal wedge of type V2. Thus we can fix a small constant h’ < h so
that a function f(z,() - el (€0:0) gatisfies the assumption of Theorem 3.11. Here we set a
plurisubharmonic function ¢ by

p = —log(d(z,()),

where d(z,() = dist ((z;{),0Ws) is the distance function. Setting F(z,{) = f(z,() -
e"'(%0:Q) by Theorem 3.11 we can find u(z,() € L(O’Q)(WQ) such that Ju = F and

2,loc
/ (1C1? + 1) 2Jul(z, Q) - e #dA < / [F(2,Q)]* e~ #dA < o. (3.6)
W2 W2
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Hence setting g(z,¢) = u(z,¢) - e (€00 we have
dg = e~ (€0:C) COu(z, ¢) = o= (600 CF(2,0) = f(2,0).

In particular such a g(z, () belongs to jé?fg(?) because of (3.6) and the exactness of
(3.5) has been proved.

Finally we can calculate the global cohomology H* (‘7,‘)’1) by using the resolution
(V; .,222(3’0'6)) and get the vanishing H*(V;91) = 0 of the higher global cohomology for an
arbitrary natural number k.

Corollary 3.13. Let V be a closed cone satisfying the assumptions in Theorem 3.5.
Then an arbitrary element f(z,¢) € &/9(V) is represented by some symbol f'(z,() €

S(V).
The claim follows immediately from the exactness of the sequence

0—NV) = &S(V)— &/NV) — 0.

3.2 The sheaf &> /9™ of symbols of C*-type

Next we introduce symbols of C*°-type. Let V' be an open cone in T*X and z* = (20)
a local coordinate system of T*X. We construct conic sheaves > and 91> on T*X.

Definition 3.14. We define the sheaf C3°0¢ as follows.

A function f(z,¢) € C*0:(V) < A function f(z,() is a C*°-function on V'

and a holomorphic on V in the second variables.

Remark 3.15. The sheaf C7°0¢ is invariant under the coordinate transformation of X.

Definition 3.16. 1. A function f(z,() is said to be a null-symbol of C*-type on V'
if it satisfies the following conditions.

N1. There exists an infinitesimal wedge W of type V such that
f(z,0) € CZO(W).

N2. For any open cone V' € V and any multi-indices a = (a1, g, ..., a) € ZZ,,
cone -

and B = (B1, B2, ..., Bn) € ZL, there exist an infinitesimal wedge W' Cc W of
type V' and constants h > 0,C > 0 such that

o~ oP

824182,3‘]0(2’0‘ S C- 67h\<| on W’.

2. A function f(z, ) is said to be a symbol of C*°-type on V if it satisfies the following
conditions.

S1. There exists an infinitesimal wedge W of type V such that

f(z,¢) € CZO(W).

13



S2. For any open cone V! € V and any multi-indices o = (1, g, ..., ) € Z%,
cone =

and = (B1,B2,...,8n) € ZY,, there exists an infinitesimal wedge W' C W
of type V' such that f(z, () satisfies the following condition:
For any h > 0 there exists a constant C' > 0 such that

a 9B
‘aaza;zﬁf@&)‘ <O on W,

S3. The derivative

a‘f(z,g) is a null-symbol on V for any i =1,2,...,n.

Zi

3. We denote by (V) and 91°° (V) the set of all the symbols of C*°-type on V' and
the set of all the null-symbols of C*°-type on V', respectively. Moreover we set

where V' runs through the family of open conic neighborhoods of z*.

As we showed in Remark 3.3, we can also extend the sheaf &> and 91°° to the sheaves
on T*X. Set & TLX = 6|T§X and 2N TLX = 0. Then the sheaves &°° and 91> are
well-defined on T*X.

Proposition 3.17. Let V be an open cone in 7*X. Then M°° (V) is an ideal of (V).

Proof. Let f(z,{) € M>(V) and ¢(z,{) € (V). Then we can take an infinitesimal
wedge W of type V such that f(z,¢) and g(z, () are in C3°0:(W). By the product rule
we have

aa aal 8a7a1
520 9(,.0) = 0<;<a o[ (5:0) 5= 9(2,0).

By the assumption for any V' & V there exists an infinitesimal wedge W' C W of

cone

type V' such that f(z,() satisfies the following condition: For any h,, > 0 there exists
a positive constant C, such that
‘ aal

0z

f(z,C)‘ <Oy, - etenldl,

Similarly for the same V' € V and the same W' C W there exist constants h, > 0
cone
and C/,, > 0 such that

‘ aozfal

Oza—a1 g(z, C)) < C(/ll . eih;1|<|'

1
Thus by taking he, = =h/, we obtain

2
o oo go—on
- . < )
820‘ (f(Z,C) g<Z7§))‘ - Z aZOél f(Z,C) aza_al g(ZaC)'
0<a;<a
< S Gl et el < e 3hid,
0<a;<a

14



where h = oglgif%a{h&l}’ C = og?}g(a{calcé‘l} and m is the number of a; satisfying

0 < a1 < a. By the similar argument

oh _h
5 (20 9(z0) < 0"
holds for some Cg > 0 and hg > 0, and these complete the proof. O

One denotes by 6@"0 the presheaf defined by the correspondence
Vi &2(V)/N=(V),

where V' is an open cone in Io“*X, and let G°° /N> be an associated sheaf to GWOO.
We have the following exact sequence of sheaves.

0 — N® — 6™ 2 /N — 0. (3.7)
Here kg is the composition of the canonical morphisms &> — 6@"0 — G /MN>®. As
is in the previous subsection, we want the exactness of the sequence on V/

0= NZ(V) = &8®(V) = &% /N°(V) — 0,

where V satisfies the assumptions in Theorem 3.5, and this exactness is guaranteed by
the following argument. We have the commutative diagram

0 NI &) — & /mT) —— 0

LQ(V) Ll(f/) lb(f/)

0——N=°(V) —— &=(V) ﬁ &% /N> (V),
K2 1%

where ¢1(V) and 15(V) are canonical inclusions and horizontal sequences are exact. As-
suming L(‘7) is an isomorphism, the surjectivity of /<;2(X~/) follows from the fact that the
composition L(‘N/) o /<;1(1~/) is a surjective, and hence, we have the exact sequence.

It shall be proved in the next subsection that ¢ is an isomorphism between & /9% and

& /9.

Corollary 3.18. Let V be a closed cone satisfying the assumptions in Theorem 3.5.
Then an arbitrary element f(z,() € &> /M (V) is represented by some symbol f/(z,¢) €
G (V).

3.3 The equivalence of two symbol classes

The aim of this subsection is to prove the equivalence of &/9 and & /9.
By the definitions of classical symbols and symbols of C'*°-type, there exist canonical
inclusions

t1: 6 = 6%, 15N — N>,

which induce the morphism
L:G/MN — &°/N>.

15



Theorem 3.19. The induced morphism
L:G/MN — &/MN™
is an isomorphism of sheaves.

By the definitions we have &/MN|ry x = &% /N™|ry x = ZF. Hence Theorem 3.19
holds obviously on the zero section T% X and it is sufficient to prove Theorem 3.19 on
T*X.

Since we have already had the map

L G/MN — &N,

it suffices to show ¢,+ to be an isomorphism of stalks at z* € T*X.

For this purpose we prepare the following proposition. As the problem is local, we
may assume that 7" X ~ CZ x C until the end of this subsection. In addition we can
take z* = z§ = (0;1,0,...,0) without loss of generality. Let D = D1(r1,0) x Da(rq,0) x
-+« X Dyp(ryn,0) be a polydisc in C? where D;(r;,0) is an open disc in C whose radius is
r; and the center is at the origin. Set

V=DxT,

where I' is an open convex cone containing (1,0,...,0) € CZ.

We denote by 91°° (9 the sheaf of (p, q)-forms on T* X with respect to the variables
z with coefficients in 91°°.

Proposition 3.20. Let V = D xT" be an open set defined above and let f € 9o (P:9) (V)
satisfy d.f = 0. For any polydisc D' € D we can find u € Moo (Pa+1) (V) where
V' = D’ x T such that 9,u = f on V'.

Proof. By the induction with respect to k, we prove that the lemma is true if f does not
contain dzZp41,...,dz,. If K =0, it is obvious that f = 0. Assuming that it has been
proved when k is replaced by k — 1, we write

f=dzx Ng+h,
g=" Y grsdz" Ndz’.
[I|=p|J|=q

Here g is a sum of (p, ¢)-forms on V with coefficients in C° 0, and h is a sum of (p, g+1)-
forms on V' with coefficients in C2°0;. Moreover g and h do not contain dzy, ..., dz,
and Z/ means that we sum only over increasing multi-indices. Since df = 0, we have

g1y
82]'

=0,

for j > k so that g;; is analytic in these variables.
We want to construct the solution Gy ; of the equation

16



For this purpose we fix a C'"°-function ¢ on Dy (rg, 0) with compact support such that
¥(zx) = 1 on a neighborhood D” C D of D', and set

G[J = (277\/ —1)_1 //(T - Zk:)_lw(T)gIJ(Zla"'azk—177-7 Zk+1s - - 7Zn)d7-/\d77—
—(27v/— // (zk = T)917 (215 -+ oy 21, 2k — Ty Zhtls - - - 5 20 )dT N dT.

The last integral representation show that Gy is a C3°60¢ function. We confirm that
G satisfies the condition N2. in Definition 3.16.

Let a = (a1,a9,...,a,) € Z%; and B = (b1, B2,...,Bn) € Z%, be multi-indices.
Hereafter gr (21, .., 2k—1,2k — Ty 2Zk+1,- - -, 2n) 1s also denoted by g]J( 2 — 7) for short.
Then we have

oa 86 = o* 9Ff _
pyn 82’5 =(2m)~ " pa ﬁ(d)(zk —7)g17(2k — T))dT A dT
1 o, 0% 0P _
=(27) T — (2 — )15 (21 — 7))dT N dT| .
ot o718

Here we can calculate the integrand as follows.
1 0% 97
ot o7h
"os go—o'  gh=p
= 3 Y gt 1) g gaone 7).

0<a/<a 0<B'<B

(Y(zx — T)QIJ(Zk —-7))

Since (2, — 7) has a compact support and gy is of M>-type,

— Oll 8(1_05 66 b — —hrgs
// oo ﬁ'w( k=) 5razar g 910 (3 = T)AT AF| < Cargre e

holds for some Cyrgr > 0 and hagr > 0. As the sets {a € Z%, | 0 < o/ < a} and
{B €% ]10< B < B} are finite we obtain

< Ce ¢l

8« 98
‘ Gry

02 978

for some C' > 0 and h > 0.
We construct the solution u with the family {Gj;} of functions. Set

G =Y Grsdz" nd7’.
I1,J

It follows that

oG
G=y3" Z’—dzj ANdzt AdzT = dz A g+ ha,
1,J 3 323
where hy is the sum when j runs from 1 to k£ —1 and does not involve dzg, ..., dz,. Thus
by the inductive hypothesis we can find v so that v = f — dG and u = v + G satisfies
the equation du = f. The proof has been completed. O

17



Now we are ready to prove Theorem 3.19.

Proof. 1t is sufficient to prove that the stalks of sheaves are isomorphic to each other.
One denotes by
Ly 2 G [N — B /N

the induced morphism from ¢ : §/9M — &°° /9. The injectivity of ¢« is obvious. We
prove the surjectivity.

Set F' € 6 and let f € &(V) be a representative of F' on some open cone V- = D xT.
Then f satlsﬁes of € ‘ﬁ(o 1 (V) and 9%f = 0. By Proposition 3.20 there exist D' € D

and g € M (V') where V' = D’ x T such that dg = 0f. This implies that f —g € &(V").
Set F' = (f — g).-. Then we have F’ = .} (F) and the proof has been completed.  [J

4 The equivalence of & and &> /N>

In this section X is assumed to be a complex vector space of dimension n. We identify
X x X with TX by the map

0: X XX 3 (z,w)— (z,w—2) e TX, (4.1)

then we can easily see that the following diagram commutes

XxX—2% 3 TX

The aim of this section is to construct the sheaf morphism ¢ : &% — &>/ and
prove the following theorem.

Theorem 4.1. The sheaf é";g of pseudodifferential operators is isomorphic to the sheaf
S/ of the classical symbol class.

4.1 The map ¢ from &% to &> /N>

Let V be a closed convex proper cone in TiX , and let V and V' be open convex
proper cones with V. €@ V' & V. Assume 7(V) is compact, and 7(V’) and n(V) are

cone cone
relatively compact sets. Recall that we have the cohomological expression

. n 0,n
ER(V) = lim Hiy (U5 67%)
UG
under suitable conditions. If we have already obtained the map

T Hiop (U5 630%) — 6= /M= (V),

by taking inductive limits hén and h_H)l to ¢ in this order, we have
UG Vev ev

cone cone

7 EX (V) — &% /M (V).
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Hence our aim is to construct the map < concretely.
We recall the y-topology on T'X. Let v be a closed convex cone in T'X.

Definition 4.2. The y-topology on T'X is the topology for which the open sets 2 satisfy:
1. © is open for the usual topology.
2. Oty =Q.

Here + is defined by

Q"T"Y = |_| (Qz + 7z)a
z€T(Q)

where 0, = QN 77(2) and v, = yN 7 (2). In particular if v, = 0, set Q, + 7. = Q..

An open set V' of TX is called y-open if V is open in the sense of y-topology.
Now let us construct the map

~ n 07 oo (o]
T gy (U5 O5%) — /M (V),
Let I'y and T'y be open convex proper cones in 7% X such that

1.V/@FQ@F1@V.

2. GNU C o HInt (TS)) U A in p; (x(V")).

Remark 4.3. By taking U sufficiently small, we can guarantee the existence of I'; since
G is tangent to o~ 1(V°) near the edge.

Figure 3: Geometrical relations in X x X

We construct the paths of the integrations in the following way. Set v; = I'y for
1 =1,2. Let D; and D5 be open domains in X x X with C*°-smooth boundaries such
that
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D1. o(D;) is a ~;-open set for i =1, 2.

D2. A(n(V’")) C Dy, where A : X — X x X is a diagonal embedding.

D3. Dy Npy H(a(V')) C Int (72).

D4. D npyH(n(V')) C U where D = Dy \ Ds.

D5. ENnp;'(n(V")) C U\ G where E = 9D, \ Ds.

D6. dD; and dD, intersect transversally in p; *(7(V"))

D7. p;*(2) and dD; (resp. ODs) intersect transversally for any z € 7(V").

Example 4.4. Except the conditions D6. and D7., such D; and Dy can be easily
constructed in the following way. Set

D, = |_| {(z,v) € T.X | disty, x (v,71 N7 (2)) < &1},
zen(V')

Dy = |_| {(2,v) € T.X | distr, x (v, 7 (2) \ 12)) > €2},
zen(V')

for 1,60 > 0. Then Dy = Q‘l(f)l) and Dy = Q‘l(ﬁg) satisfy the conditions D1.~D5. if
we take sufficiently small 1 and es.

Moreover slightly modifying D7 and Dy we can obtain D; and Dy with C*°-boundaries
which satisfy all the above conditions.

o ' (Dy)

Figure 4: The figure of D and 132

Let D; and D3 be open domains in X x X satisfying the above conditions. Set
D =D\ Dy, E=0D1\ Da, D, = DNp;'(z) and E, = ENp; ' (2).
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Definition 4.5. Let u belong to Hg’"’n(U, U\G) and let w = (w1, wp1) be arepresentative
of u. The map

$ Hio (U3 687%) = HY"™ (U, U\ G) — & /1= (V") (4.2)
is defined by
an4<)=:/ wdznw-eW*%O—:/ wor(z,w) - 770 (4.3)
D, E.

In the next paragraph we will show well-definedness of ¢. More precisely we shall
prove that ¢ is independent of the choices of the domains D1, D and a representative w
of u.

4.2 Well-definedness of the map ¢

Well-definedness of < follows from the proposition below. Let V and V' be the same
as in the previous subsection.

Proposition 4.6. Let w = (w;,wp1) be a representative of u € Hg’"’"(U,U \ G). The
map < has the following properties.

1. The image ¢(w) belongs to &> (V).

2. The image ¢(w) belongs to M>(V’) if w is equal to 0 as an element of the relative
Cech-Dolbeault cohomology.

3. The image ¢(w) does not depend on the choices of Dy and Ds.

For the proof of Proposition 4.6 we expect ¢ and % (resp. ¢ and %) to be commu-
tative. However ¢ and % (resp. ¢ and %) do not commute in general since the paths
D, and E, of the integrations ¢ depend on the variables z. We start with surmounting
this difficulty.

For a fixed point zp € X and a constant € > 0, set

B(zp,e) ={z € X | |z — 20| < €}.
We denote by D(zg,¢) and E(zg,¢) subsets in X x X defined by

D(z0,¢) = B(zg,¢) x pa(Ds,) C X x X,

E(z0,€) = B(zp,¢) x p2(F,,) C X x X.

We also set

azo(w) = /~ wl(z,w) . e(w—z,{) — /~ wm(z, w) . 6<w_Z’O.
D(z0,e)Np7 * (20) E(20,6)Npy  (20)

Lemma 4.7. Let 29 € m(V’) and let w = (w1, wp1) be a representative of u € Hg’"’"(U, U\
G). Then there exists a constant € > 0 such that the difference on 771(B(2,¢)) of the
integrations

S (W) = /~ wy(z,w) - elW=9 — /~ wor (z,w) - efw=2<)
D(ZU,E)ﬁpfl(z) E(zo,e)ﬁpfl(z)
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and
S(w) :/ w1(z7w).e<w—z,<> _/ w01(z7w)-e<w_z’<>
D, E.
belongs to the null class 9> (V' N7~ 1(B(20,¢))).

Proof. Tt suffices to prove that <, (w) — ¢(w) satisfies the condition N2. in Definition
3.16. Since the domains D, and Dy are smooth we can assume the following properties
by taking e sufficiently small.

(i) (2,2) € D(z0,¢) for z € B(z,¢).
(ii) dD(z0,) \ E(z0,¢) C 0 (72).
Here we take domains D’ and D'(zg,¢) in X x X such that
1. D' C D and D'(z0,¢) C D(z0,¢).
2. 0D\ E C 8D’ and dD(z,¢) \ E(z0,¢) C D' (20, ¢).
3. For any z € B(zg,¢), D' Np7Y(z) = D'(20,¢) Np7(2) on U\ o1 (72).
Set
E' =8D'\ (0D \ B),
E'(z0,€) = OD'(20,¢) \ (0D (20,¢) \ E(20,¢)).

By the Stoke’s formula we have

Sz (W) :/~ wi(z,w) - WO /~ wor(z, w) - elw=¢)
D(z0,e)NpT * (2) E(20.6)Np7 1 (2)

:/~ wi(z,w) / wor(z,w) - e<w72’g>,
D'(20.0)1p7 (2) B (20,0) e (2)

and

wor(z (w=2,C)

z

://wl(zw

Here we write D, and E’ instead of D' Np;*(z) and E' Np; *(z) for short, respectively.

(w—2,¢)

g(w):/ w1(z,w) (w=2,0)
D

(w—2z,¢)

wo1(z,w) (w=2.0),

)
).
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Therefore we obtain

620 (w) - E(w)
= ﬁ o.;l(z,w) Celw=20) /~ w01(27,w) . e{w=2.0)
D(z0,e)Np7*(2) B(z0,0)p7 1 (2)
_ (/ wi(z,w) - elw=2,) _/ wor(z, w) - e(w—z,())
D, E.
— / wl(z7w) . e(w—Z,C) _/ wl(z’w) . e(w—z,()
D’(20,6)Npy *(2) D!
_ [ wo1(z,w) - e(w=2¢) _/ OJ01(Z,U)) Celw=z0) |
E’(20,6)Npy ' (2) B!

As D'(zp,¢) N p7(20) and D’ (vesp. E'(zp,¢) N py*(z0) and E.) coincide in the
domain U \ ¢~ !(2) by the definitions of D’(zq,¢) and D’ (resp. E’(z9,¢) and E’), we
obtain

/~ wi (2, w) - 020 — / wi (2, w) - W50
D' (z0,6)NpT " (20) D

’
z

w1 (z, w) - el - / wi (2, w) - W5,

/13’(2078)01711(20)“@1(72) D.ne=1(v2)

We estimate the former integration. Let o € Z%, and 8 € ZY, be multi-indices. Since
the path of the integration does not depend on z, we have

o« 0 w—z
27 027 D (20,6)npy M (2z0)Ne= 1 (v2)
o~ 9" w2
-\ oz, w) - )
D' (z0,)Npy *(20)Ne~t(y2) 9% 0%
o~ 08 9o’
= —— ——wi(z,w) - =— {70
/5/(2075)01011(20)091(72)0§a/§a 0z 92° 9z«
80/ aﬁ aafo/
< Az w) - el
o<a1<a/5/<m>mpll(zmg1<v2> 0z 92F 0z
o o° ot
— o797 (ya—a gw=20)| < co—hlC]
oga/ga/ﬁ/(zw)ﬂpll(%)ﬁ@1(72) 9z aZﬁW1(z7w) =d ‘ =

for some C' > 0 and h > 0.
Next we estimate the latter integration. Let D, N o~ 1(72) = LN | K; be a partition
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such that each K; is bounded measurable subset in p;*(z). Then we have

0> oFf o* o
=z elw=20) . pflw=2,0)
577 5P /D;ng_l(w)m(z,w) =52 557 /ug\’_lm wi(z,w) - e
N
0% 9P
Z . plw=2,0)
Give the local coordinate (z,w) = (21,..., 2n, w1, ..., w,) for an open neighborhood U;

of K; and consider the coordinate transformation
®; : (z,w) — (z,0")

such that L; = ®;(K;) is independent of the variables z. Then we have

o 98 9> 9B N ,
77/ W1(Z7’LU) . e<w—Z,C> — 77/ U.J](Z,?I)l) . e(w—z,(} .
K; L;

0z 0z8 0z 0zP
Here &y(z,w") = wi(2z,w) holds under the coordinate transform ®;, and Jg, is the
Jacobian.

Remark 4.8. The existence of the coordinate transformation ®; is guaranteed by the
condition D7.

As the domain K; is independent of the variables z we obtain

0% 98
Z 7 . plw=2,0)
‘82’0‘ 82’6 /[v(l wl(Z,’UJ) € ‘

o 65 ~ ~ 1 w—2z
‘82:0‘825/ 1 (z,0) - e | g, |

< ﬁi(@ (Z ?I)Z)
= Ju, |0z 028 T

" 98
< / 0" 9% 5 5“ R
L, 0<a'<a

@ﬁ(w( ) | o, [) - a—a ©
< ) /

0<a’'<a

e<wz’c>)‘

v o°

557 538 )+ (b=

(W1(z,w ) |Js,

k3

Since @1 (z,w") - |Jo,| is a C*°-function, the absolute value of its derivative is bounded
on L;. Hence there exist C' > 0 and hA > 0 such that

§ ‘ i aﬁ w1 (z,w) e<wz’<>‘ < }N:ce*h\d < MCehldl
1(< . > >
— 0z% Gzﬁ P

hold. We can apply the same argument to

/~ wor(z,w) - eS¢ — / wot (2, w) - WO
E'(z0,)Npy ' (2) z

and these complete the proof. O
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The corollary below follows immediately from Lemma 4.7.

Corollary 4.9. Let w = (w;,wo1) be a representative of u € Hg’"’n(U, U\ G). For any
i=1,...,n the symbols

0 -
0z S(w1, wo1), £§(w1,w01) (4.4)
are equal to
~( 0 0 (0 0
(azlwlv ) iw(n) ) <azl°"1’ aiwm) (4.5)

in &% /91°°(V'), respectively.
Proof. Due to Lemma 4.7 we can identify

(w1, wor)(z,¢) = / wi(z,w) - elw=20 7/ wo1(z, w) - elw=20)
D E.

z

with

/ wl(z, w) . e<w72,C> _ / w01(2’,w) . 6<wfz,()
D E

20 20
as in the symbol class &°°/91°°(V’). On the other hands, since the domains D,, and
E,, do not depend on z we have

9 </ wi (z,w) - eW=5C — / wor(z,w) - e<wz,c>>
62’ Dzo
/ —wl zZ,w) (w=2,¢) _ / —w01 z,w) - elw=2.0
0
=q azwh FRCUNE

By the same argument the second claim holds and these complete the proof. O

Now we start the proof of Proposition 4.6. In the following proof the Dolbeault
operator 0, + 0,, is denoted by d without notice.

Proof. 1. We can divide D, into two subsets D, ;(¢) and D, 5(¢) in p; *(2) for suffi-
ciently small € > 0 which have piecewise smooth boundaries such that
(a) GND,1(e) = 0.
(b) OE.(¢) = 0(dD: \ E.).
(¢) D.a(e) € (074 (72) U B((2,2),e)) Npy'(2) where B((z,2),e) is an open ball

in X x X with radius € whose center is at (z, 2).

Here we set E,(¢) = 0D, 1(c) N 0D, 2(e).
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0 (72) @‘f (m)

Figure 5: The subsets Dy and Dy

radius €

Figure 6: E. near the vertex

By the Stoke’s formula we have

/ wi (z,w) - W50 :/ w1 (z, w) - efw=¢)
1)2,1(6)

l)z,l(s)

:/ wo1(z,w) - e,
E.+E(e)

For any h > 0, by retaking £ small enough to satisfy Re(w — z,{) < h|(] in
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B((2,2),¢) Npy *(2), we can see that

o~ o _
92 977° )

oY el [e B8
/ %%wl (Z7w) . 6<w72,<> +/ a 8 w01(z7w) . 6<7U72,C>
DZ,Q(E)

i) 320 05F
J,
Dz,z(&")

SC-ehm.

o~ o8

9x 98
v Y . oRe(w—2,0)
o Bwl(z,w)‘ e /(E)

Re(w—2z,¢
555 55 e

w01(z,w)‘ e

Next we check that

0 -
S(w) belongs to N> (V') for any ¢ = 1,2,...,n. By the

0z; - - - i
Stoke’s formula and the facts that (0, + 0y)wor = wi and O,w; = —0Opwi, we
obtain
|(§z€(w)| = / @wl(z,w) . e<w72,C> +/ 5zw01(sz) . 6<w7z,C>
Dz 2(e) B(e)

= —/ avwl(z,w) elw=2.0)
DZ,Z(E)

+/ (w1 (2, w) — Opwor (z,w)) - elw=20)
E(e)

8D2,2(s)

_/ wl(z’w).e<uz—z,<>+/ wol(z,w)-e<”v<>
E(e)

OE(¢)

/ wl(z7w) . €<w_z7<> + / wo1 (Z7w) . e(w—z,Q
OD, 5()\E(e) OE(e)

By the construction of the partitions D, ; and D, we obtain 0D, () \ E(e) C
Int (0™ *(72)) and OE(e) C Int (0~ %(72)), and hence there exist positive constants
h and C such that

/ wl(z’w) . e<w_27<> + / w01(27w) . e(w—27€>
0D 2(e)\E(e) OE(¢e)

3 e [ ()]
0D 2(e)\E(e) OE(e)

<C- e*h\Cl7

and we obtain the claim.

. In addition to the assumption in the above proof we assume that w is equal to
0 as an element in the relative Cech-Dolbeault cohomology. Then there exists
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T = (11,701) € C?;((?(’"’n_l)(v,V') with 97 = w. By substituting (w,wo1) =
(Or1, 71 — O191) we have

S(w) :/ wi(z,w) - elw=20) +/ wo1(z,w) - elw=20)
D 2(e) E(e)
z/ 0t (z,w) - efw=20 —|—/ (11(2,w) — 0701 (2, W)) - efw=2),
D 2(e) E(e)
Since the integrations

/ 0,11 (z,w) - elw=20, 0.701(z,w) - elw=2:.<)
D. .5(e) E(e)

vanish, we have

/ o1 (z,w) - ef0>¢) 4 / (11(z,w) — do1 (2, w)) - 7O
D 2(¢) E(g)

:/ Tl(z, w) . e(w*Z’Q +/ Tol(zaw) . 6('11)72,{).
dD: 2(e)\E(e) OE(e)

By the same argument as in the proof of 1, we can find constants A > 0 and C' > 0
such that

/ 7-1(2’ w) . e<w*27C> + / TOl(z’w) . e('LUfZ,C>
0D 2(e)\E(¢) OE(e)

< / ICADIR / [7o1 (2, w)] - 7l < C - eTHL
9D 2(e)\E(¢g) OE(e)

3. The claim follows immediately from the argument in the above proofs.

The corollary below follows from Proposition 4.6.
Corollary 4.10. The map < is well-defined.

In the subsequent section we prove the main theorem.

4.3 The proof of the main Theorem 4.1

First we briefly recall the classical symbol theory introduced by Aoki [2].
Let U, Z. . and V) subsets in X x X defined in [2], Page 184. Then we have the
following cohomological expression

Ex e =lim H (Ue; OFT%).
Here we take z* = (0; A\, 0,...,0) with A € C*. Moreover we set

V= ﬁ V(V), v — ﬂ 17408
v=1 iFy
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Then we have the following exact sequence
DI o) — TV 080%) — Hy, (Ue; 0%1%) — 0.
v=1

Hence any pseudodifferential operator P € & }gz* can be represented as an equivalence
of a holomorphic form ¢(z, z")dz’ € T'(V; ﬁgg’x"))(). By the aid of Radon transformations
Aoki defined the symbol mapping o at point z* by

0 8% = H" W, W5 077%) — (6/M)..

The following theorem established by Aoki is crucial.

Theorem 4.11 ([2], Theorem 4.3 and Theorem 4.5). The symbol mapping o is an
isomorphism of stalks.

For the proof of this theorem Aoki constructed the inverse map
w: (6/N), — 5572*,

and had confirmed that ¢ o w = id and w o o = id.
Now let us prove Theorem 4.1. As a consequence of Subsections 4.1 and 4.2, we have
a well-defined morphism B N
g 1 Ex (V) — &%/ (V)
for any closed convex proper cone V in T*X with 7r(1~/) being compact.

Let V' be a closed convex proper cone contained in V. Then, it follows from Propo-
sition 4.6 that we have the following commutative diagram:

ER(V) — &% /(V)

-

ER(V') 2 &% e (V7).
Since the family of closed convex proper cones in T*X is a basis of sets on which a conic
sheaf can be defined, the family {¢y } of morphisms gives a sheaf morphism on 7% X
G: &% — G /M.

Thus we have obtained a sheaf morphism from &% to the symbol space of C*-type.
The rest of the problem is to show ¢ to be an isomorphism, and it suffices to show the
morphism ¢.- : €% . = (6% /MN>).- of stalks is isomorphic. It is easy to see that the
diagram

(S/MN).-
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commutes at each z* € T*X , where ¢ is a symbol map described above. The vertical
arrow in the diagram is isomorphic by Theorem 3.19 and ¢ is also isomorphic by Theorem
4.11. Hence ¢,~ is also isomorphic, which completes the proof of Theorem 4.1.
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