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1 Introduction

Histories of free probability theory

In 1980s, free probability theory was initiated by Voiculescu to understand the
construction of free group factors. In operator algebra theory, we know that the group
algebra CG for a discrete group G can be extended to the group von Neumann algebra
L(G) by taking the closure of the group algebras, acting on ℓ2(G), with respect to the
weak topology. To understand the structure of group von Neumann algebra L(G) is
one of important investigations in operator algebras. Let Fd be the free group with d
generators and τFd

a state on Fd defined by

τFd

(∑
g∈Fd

αgg

)
:= αe, (1.1)

where e is the unit element in Fd. We call L(Fd) the free group factor. Voiculescu
pointed out that there is an important relation (which is called free independence,
see Definition 2.4) between free group factors L(Fm) and L(Fn) in (L(Fm+n), τFm+n).
Voiculescu’s motivation for introducing the free independence was to attack the (still
open) problem of whether L(Fm) is isomorphic to L(Fn) or not when m ̸= n. After
Voiculescu’s idea, free probability theory contributed much to study the free group
factors (e.g. see [54]).

While free probability theory had been evolving to investigate the free group
factors, it also found connections with other topics (e.g. classical probability the-
ory, combinatorics, representation theory of symmetric groups and random matrices).
Recently, there are a few of relationships between deep learning and free probability
theory (see e.g. [41]). A particularly important way of developing free probability
theory is to find an analogue of classical probability theory. For example, there are
correspondences between central limit theorem and free central limit theorem, cu-
mulants and free cumulants, and convolution and free convolution, and so on. In
particular, the free central limit (for short, FCL) theorem is one of most important
an analogue of classical probability theory:

Proposition 1.1. (FCL theorem) Let (A, φ) be a *-probability space (see Section
2.2). Assume that X1, · · · , Xn ∈ A are free independent selfadjoint operators in
(A, φ) and φ(Xi) = 0 and φ(X2

i ) = 1. Then the laws of

X1 + · · ·+Xn√
n

(1.2)

in distribution converge to the following probability distribution:

1

2π

√
4− x2 · 1[−2,2](x)dx, (1.3)

as n→ ∞. The above distribution is called the (standard) semicircle law.

Voiculescu noticed a relation between free probability theory and random ma-
trix theory since it is known that the semicircle law (the limit distribution of FCL
theorem) appears as the limit of eigenvalue distributions of Wigner matrices as the
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size of the random matrices goes to infinity. This observation lead to the following
remarkable theorem in 1991: two large size unitarily invariant random matrices have
some relation (called asymptotic freeness). Moreover, the relation implies that the
eigenvalue distribution of sum of two large size random matrices coincides with the
free convolution of eigenvalue distributions of two large size random matrices (see
[65]).

Moreover, the FCL theorem is very important in a view of a complete analogy of
the classical central limit theorem. Motivated by this, many mathematicians in free
probability theory had studied the correspondence of limit theorems in classical and
free senses (see e.g. [14, 15, 16, 27]). The limit distributions of a most general limit
theorem are characterized by infinite divisibility. A probability measure µ on R is
said to be infinitely divisible if for any n ∈ N there exists a probability measure µn
such that µ = µ∗n

n , where ∗ is the classical convolution which means distributions of
sum of independent random variables. For example, the normal distribution is ID.
The ID distributions are one of most important distributions in probability theory,
mathematical statistics and finance and so on. Moreover, it is important since it
appears as a limit distribution of limit theorems for random walks (i.e. the sum of
independent n random variables at time n). A stochastic process with independent,
stationary increments is called a Lévy process and it is distributed as an ID distri-
bution at each time. This stochastic process is important to understand behavior of
random phenomena. For example, Brownian motion is a Lévy processes.

In free probability theory, we can also define infinitely divisible distributions and
Lévy processes by using free independence and free convolution which is the distribu-
tion of sum of freely independent random variables (see [63, 49, 18]). Freely infinitely
divisible (for short, FID) distribution is also important since it appears as a limit
distribution of limit theorems for ”free random walks” (i.e. the sum of freely inde-
pendent n random variables at time n). Therefore the semicircle law is FID (but this
fact can be directly checked by definition). Moreover, free infinite divisibility tells us
some distributional information: they have at most one atom and no singular contin-
uous part; the absolutely continuous part has a density function which is real analytic
when it is positive (see [18, 7]). The formula of absolutely continuous part was given
by [43]. In [29], if X1, · · · , Xn are freely independent selfadjoint random variables dis-
tributed as symmetric FID distributions and (aij) is a n× n Hermitian matrix, then∑n

i,j=1 αijXiXj has an FID distribution. The special cases X2
1 and i(X1X2 −X2X1)

were previously started in [4]. As an application of FID, we know a lot of information
(the number of atoms, singular continuous part and absolutely continuous part) on
the distributions of

∑n
i,j=1 αijXiXj, X

2
1 and i(X1X2 −X2X1).

Among the relations between classical and free probability theories, the most re-
markable one is the Bercovici-Pata bijection. This bijection plays a role to understand
limit theorems in classical and free probability theories (see [15]). For example, the
bijection connects the central limit theorem and the free central limit theorem. Fur-
thermore, the Bercovici-Pata bijection helps to construct free Lévy processes, freely
selfdecomposable distributions (see [22, 6]) and free subordinators (see [4]) which are
important to study free stochastic analysis. In particular, a free Lévy process is of
interest in free probability theory. This is a noncommutative stochastic process with
freely independent, stationary increments and it is distributed as an FID distribution
at each time. Moreover, there are random matrix models which realize free Lévy pro-
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cesses. Roughly speaking, free Lévy processes give a behavior of eigenvalues of large
unitary invariant Hermitian matrix-valued processes (see [12]). Therefore, Bercovici-
Pata bijection plays a role to understand about ID and FID distributions and Lévy
processes and free Lévy processes (i.e. unitary invariant large size random matrices).

Outline of the paper

This paper summarizes results on infinitely divisible distributions in classical and
free senses based on [39, 40, 50, 61].

In Section 2, we prepare the basic concepts of free probability theory. Recall the
definitions of probability spaces, random variables, independence, (additive/multiplicative)
convolution, infinite divisibility and so on. Similarly, we can define these concepts in
free probability theory.

In Section 3 - 4, we study a few of properties and examples of freely (additive)
infinitely divisible distributions. In particular, the purpose of Section 3 is to give a
new class of probability measures, containing many (additive) freely infinitely divisible
distributions. The class is called generalized power distributions with free Poisson
term (for short, GPFP) and it includes free Poisson distributions, free generalized
inverse gaussian laws, shifted semicircle laws and beta laws. Moreover, we study
powers of random variables which are distributed as freely infinitely divisible GPFP
distributions. Motivations come from Bondesson’s result: the special class (HCM
class) of probability measures are preserved by powers of random variables (see [23]).
This section is based on [50].

In Section 4, we study unimodality for distributions of classical (resp. free) Brow-
nian motions with initial distributions, that is, stochastic processes {X +Bt}t≥0 and
{Y +St}t≥0, where {Bt}t≥0 is the standard Brownian motion, {St}t≥0 is the standard
free Brownian motion, X is independent of Bt and Y is freely independent of St. The
distributions of X + Bt and Y + St are written by classical (resp. free) convolution
with normal (resp. Wigner’s semicircle) distribution and probability measure of X
(resp. of Y ).

In Section 5, we discuss (multiplicative) freely infinitely divisible distributions on
the unit circle. Free unitary Brownian motions can be approximated by some unitary
matrix valued Brownian motions (see [20]) and the marginal distribution of free uni-
tary Brownian motions is multiplicative FID. In particular, we study the unimodality
for distributions of free unitary Brownian motions with inital distribution, that is,
the stochastic processes {UtV }t≥0, where {Ut}t≥0 is free unitary Brownian motions
and V is a unitary random variable which is freely independent of Ut. These results
are similar to those in Section 4.

In Section 6, we discuss freely max-infinitely divisible distributions, in particular,
free extreme values. They are introduced by [11] as distributions of maximum of
freely independent random variables with respect to some operator order. These
distributions are expected to be related with maximum of eigenvalue distributions of
asymptotically freely independent random matrices. In [32], there are more detailed
relations between free extreme values and extreme random matrices. Moreover, we
explain max-convolution, max-infinitely divisible distributions and extreme values in
Boolean case (for details, see [62]). Now, there is no suitable model which realizes
Boolean max-notions. However, recently, the author could find a few of relations
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between additive convolution and max-convolution. The author expects that the
relations tell us a suitable model (e.g. random matrix model or operator model)
to realize Boolean max-notions. Finally, we give relations between limit theorems
for three convolutions (max-classical, max-free and max-Boolean) in the spirit of
Bercocivi and Pata’s equivalence limit theorems (see [15]).

2 Preliminaries

2.1 Noncommutative probability spaces

We investigate basic concepts of free probability theory. Firstly we give some settings
of noncommutative probability theory.

In classical probability theory, we call a triplet (Ω,F ,P) a probability space if Ω
is a set, F is a σ-algebra and P is a probability measure. For a probability space
(Ω,F ,P), we consider the space L∞(Ω,F ,P) of essentially bounded F -measurable
functions, equipped with the following linear functional:

E(X) :=

∫
Ω

X(ω)dP(ω), X ∈ L∞(Ω,F ,P). (2.1)

The set A is called a *-algebra if it is an algebra over C and is endowed an
antilinear operation A ∋ X 7→ X∗ ∈ A such that (X∗)∗ = X and (XY )∗ = Y ∗X∗ for
all X,Y ∈ A. By setting X∗(ω) := X(ω) for all X ∈ L∞(Ω,F ,P), the space becomes
a *-algebras. Moreover, E is a state on L∞(Ω,F ,P), where the linear functional φ is
called a state on a *-algebra A if it satisfies that φ(1A) = 1 and φ(X∗X) ≥ 0 for all
X ∈ A, where 1A is the unit of A.

For A ∈ F , we have

E(1A) = P(A), (2.2)

where 1A ∈ L∞(Ω,F ,P) is the characteristic function of A ∈ F . For f ∈ L∞(Ω,F ,P)
satisfying f(ω) = f(ω)2 = f(ω), P-a.s., we get f−1({1}) ∈ F and f = 1f−1({1}), P-a.s.,
and therefore

E(f) = P(f−1({1})). (2.3)

We give settings of noncommutative probability theory as follows.

Definition 2.1. (1) We call a pair (A, φ) a *-probability space if A is a unital *-
algebra and φ is a state on A. In particular (A, φ) is said to be tracial if φ is a
trace, that is, φ(XY ) = φ(Y X) for all X,Y ∈ A.

(2) A *-algebra A is called a C∗-algebra if it has a complete norm ∥·∥ on A, ∥XY ∥ ≤
∥X∥∥Y ∥ and ∥X∗X∥ = ∥X∥2 for all X,Y ∈ A. The pair (A, φ) is called a
C∗-probability space if A is a unital C∗-algebra and φ is a state on A.

(3) The elements in A are called (non-commutative) random variables. In particular,

• X is called real if it is selfadjoint, that is, X = X∗.
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• X is called unitary if X∗X = XX∗ = 1A.

(4) The spectrum of X is defined by σ(X) := {λ ∈ C : λ1A − X is not invertible},
where a is said to be invertible if there exists b ∈ A such that ab = ba = 1A.

For X ∈ A, a space C[X] is defined as the algebra of complex polynomials in X.

(5) A distribution of X ∈ A is given by a linear functional µX on C[X], defined by

µX(P ) = φ(P (X)), P ∈ C[X].

In this case, we say that X is distributed as µX and we write it like X ∼ µX .
In particular, if (A, φ) is a C∗-probability space and X is a real (resp. unitary)
random variable, then µx extends to a compactly supported probability measure
on the real line R (resp. the unit circle T), that is, there exists a unique probability
measure µx on σ(X) ⊂ R (resp. ⊂ T) such that

φ(f(X)) =

∫
R
f(x)dµX(x), f ∈ C(σ(X)),

where the random variable f(X) ∈ A is obtained by functional calculus (see [51]
for details).

We give a few of examples of *-probability spaces.

Example 2.2. (1) Let (Ω,F ,P) be a classical probability space. According to the
introduction of this section, the pair (L∞(Ω,P),E) is a tracial *-probability space.
However, we only deal with genuine random variables that are bounded in this
setting. To deal with the most important random variables from usual probability
those having a Gaussian random variables, we replace L∞(Ω,P) with the space

L∞−(Ω,P) :=
∩

1≤p<∞

Lp(Ω,P). (2.4)

For example, the space contains Gaussian random variables and elements in
L∞(Ω,P). This is also an abelian unital *-algebra, and therefore the pair (L∞−(Ω,P),E)
is also a tracial *-probability space.

(2) Let Mn(C) be the set of all n× n matrices. This is a unital *-algebra, where the
adjoint A∗ of A = (aij)1≤i,j≤n ∈Mn(C) is defined by A∗ := (aji)1≤i,j≤n ∈Mn(C).
The map τn : Mn(C) → C is the normalized trace on Mn(C), that is, for A =
(aij)1≤i,j≤n ∈Mn(C),

τn(A) :=
1

n

n∑
i=1

aii. (2.5)

Then the pair (Mn(C), τn) is a finite dimensional tracial *-probability space.

(3) Let G be a group with unit e ∈ G. Denote by CG the group algebra equipped
with the following *-operation:(∑

g∈G

αgg

)∗

:=
∑
g∈G

αgg
−1, αg ∈ C. (2.6)
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Moreover we define

τG

(∑
g∈G

αgg

)
:= αe. (2.7)

Then τG is a trace on CG. The pair (CG, τG) is a tracial *-probability space.

(4) Let H be a Hilbert space and let B(H) the algebra of all bounded linear operators
on H. This is a unital C∗-algebra, where the adjoint X∗ of an operator X ∈ B(H)
is uniquely determined by

⟨Xξ, η⟩ = ⟨ξ,X∗η⟩, ξ, η ∈ H. (2.8)

Suppose a vector ξ0 ∈ H with ||ξ0|| := ⟨ξ0, ξ0⟩1/2 = 1. We define the linear
functional φξ0 : B(H) → C by setting

φξ0(X) := ⟨Xξ0, ξ0⟩, X ∈ B(H). (2.9)

This is a state on B(H). In particular, φξ0 is called a vector-state on B(H).
Therefore (B(H), φξ0) is a C

∗-probability space.

Moreover, we give one example of distributions of noncommutative random vari-
ables.

Example 2.3. (see e.g. [51]) Let (A, φ) be a *-probability space. An element u ∈ A
is said to be a Haar unitary if it is a unitary and φ(uk) = 0 for all k ∈ Z \ {0}. Then

φ((u+ u∗)k) =
k∑
j=0

(
k

j

)
φ(uj(u∗)k−j) (2.10)

=
k∑
j=0

(
k

j

)∫
T
zjzk−jdh(z) (by the definition of a Haar unitary)

(2.11)

=

∫
T
(z + z)kdh(z) (2.12)

=
1

2π

∫ π

−π
(eiθ + e−iθ)dθ (2.13)

=
1

π

∫ π

0

(2 cos θ)kdθ (2.14)

=
1

π

∫ 2

−2

tk
dt√
4− t2

(by the change of variable 2 cos θ = t). (2.15)

By the Stone-Weierstrass theorem, we can conclude that φ(f(u+ u∗)) =
∫
f(t)ρ(t)dt

for any f ∈ C(σ(u+ u∗)). Therefore u+ u∗ ∼ ρ(t)dt, where

ρ(t) :=
1

π
√
4− t2

· 1(−2,2)(t) (2.16)

is the arcsine density.

6



In classical probability theory, it is important for us to consider the notion of
independence. We know some types of independence in noncommutative probability
theory. In particular, we give the definition of free independence as an important role
in this paper.

Definition 2.4. Let (A, φ) be a *-probability space and {Ai}i∈I a family of unital *-
subalgebras of A. The family is said to be freely independent if for any k ∈ N, i1 ̸= i2,
i2 ̸= i3, · · · , ik−1 ̸= ik in I and for any Xs ∈ Ais with φ(Xs) = 0 for s = 1, · · · , k, we
have

φ(X1 · · ·Xk) = 0 (2.17)

holds. In particular, a family {Xi}i∈I of random variables in A is said to be freely
independent if the family of unital *-subalgebras generated by Xi are freely indepen-
dent.

By assuming free independence of random variables, we can calculate the value of
the state of mixing random variables.

Example 2.5. Let X,Y ∈ A be freely independent random variables. Then

φ((X − φ(X)1A)(Y − φ(Y )1A)) = 0. (2.18)

Therefore we have φ(XY ) = φ(X)φ(Y ).

Roughly speaking, we can say that free probability theory is an area based on the
noncommutative settings and free independence. In next section, we discuss about
the probabilistic tools in free probability theory.

2.2 Free additive convolution

Let X ∼ µ and Y ∼ ν be freely independent real random variables. Then the
distribution of X + Y is denoted by µ⊞ ν and the operation ⊞ is called free additive
convolution (for short, free convolution). It was proved in [18] that the distribution
µ ⊞ ν is well-defined for all probability measures µ, ν on R (historically, see also
[49, 63]). Note that the operation ⊞ is the free analogue of the classical convolution
∗.

We characterize the free additive convolution by analytic tools as follows. Let µ
be a probability measure on R. The Cauchy transform of µ is defined by

Gµ(z) :=

∫
R

1

z − x
dµ(x), z ∈ C \ supp(µ). (2.19)

In particular, if X ∼ µ then we sometimes write GX as the Cauchy transform of
µ. The function Gµ is analytic on the complex upper half plane C+. Bercovici and
Voiculescu ([18, Proposition 5.4]) proved that for any γ > 0 there exist λ,M, δ > 0
such that Gµ is univalent in the truncated cone

Γλ,M := {z ∈ C+ : λ|Re(z)| < Im(z), Im(z) > M}, (2.20)
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and the image Gµ(Γλ,M) contains the triangular domain

Λγ,δ := {z ∈ C− : γ|Re(z)| < −Im(z), Im(z) > −δ}, (2.21)

where C− is the complex below half plane. Therefore the right inverse function G−1
µ

exists on Λγ,δ. We define the Voiculescu transform of µ by

φµ(z) := G−1
µ

(
1

z

)
− z,

1

z
∈ Λγ,δ. (2.22)

It was proved in [18] that for any probability measures µ and ν on R, there exists
a unique probability measure λ on R such that φλ(z) = φµ(z) + φν(z) for all z in
the intersection of the domains of the three transforms. Then we have λ = µ ⊞ ν.
Conversely, we have φµ⊞ν = φµ + φν in the intersection of domains defined three
Voiculescu transforms. The R-transform of µ is defined by

Rµ(z) := zφµ

(
1

z

)
, z ∈ Λγ,δ. (2.23)

In particular, if X ∼ µ then we sometimes write RX as the R-transform of µ. By the
definition, we have that Rµ⊞ν(z) = Rµ(z) + Rν(z) for all z in the intersection of the
domains of the three transforms. The transform is the free analogue of log µ̂.

Next, we give the definition of freely infinitely divisible distributions. A probability
measure µ on R is said to be freely infinitely divisible if for each n ∈ N there exists
a probability measure ρn on R such that µ = ρ⊞nn . Bercovici and Voiculescu ([18,
Theorem 5.10]) proved that µ is freely infinitely divisible if and only if the Voiculescu
transform φµ has an analytic continuation to a map from C+ taking values in C−∪R,
and therefore it has the Pick-Nevanlinna representation:

φµ(z) = γ +

∫
R

1 + xz

z − x
dσ(x), z ∈ C+, (2.24)

for some γ ∈ R and a nonnegative finite measure σ on R. The pair (γ, σ) is uniquely
determined and called the free generating pair. In this case, we can rewrite the R-
transform Rµ as

Rµ(z) = ηz + az2 +

∫
R

(
1

1− tz
− 1− tz1[−1,1](t)

)
dν(t), z ∈ C−, (2.25)

where η ∈ R, a ≥ 0 (called the semicircular component) and ν is a nonnegative
measure on R satisfying ν({0}) = 0 and

∫
R(1 ∧ t2)dν(t) < ∞ (see [6, Proposition

5.2]). The measure ν is called the free Lévy measure of µ. The representation (2.25) is
called the free Lévy-Khintchine representation and it is the free analogue of classical
Lévy-Khintchine representation of the Fourier transform µ̂. The triplet (η, a, ν) is
uniquely determined by µ and called the free characteristic triplet. Moreover the
relation between the free generating pair (γ, σ) and the free characteristic triplet
(η, a, ν) is given by

a = σ({0}), dν(t) =
1 + t2

t2
· 1R\{0}(t)dσ(t),

η = γ +

∫
R
t

(
1[−1,1](t)−

1

1 + t2

)
dν(t).

(2.26)
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Example 2.6. (1) The semicircle distribution S(m,σ2) is a probability measure with
the PDF:

1

2πσ2

√
4σ2 − (x−m)21(m−2σ,m+2σ)(x), m ∈ R, σ > 0. (2.27)

It is known (for example, see [51]) that RS(m,σ2)(z) = mz+σ2z2 for z ∈ C−. Therefore
S(m,σ2) is freely infinitely divisible and has the free characteristic triplet (m,σ2, 0).
This distribution appears as the limit of eigenvalue distributions of Wigner matrices
as the size of the random matrices goes to infinity.

(2) The free Poisson distribution (or Marchenko-Pastur distribution) fp(p, θ) is a
probability measure given by

max{1− p, 0}δ0 +

√(
θ(
√
p+ 1)2 − x

) (
x− θ(

√
p− 1)2

)
2πx

1(θ(√p−1)2,θ(
√
p+1)2)(x)dx

(2.28)
for p, θ > 0. In particular, we write fp(p) := fp(p, 1). We have that Rfp(p,θ)(z) =

pθz
1−θz

for z ∈ C−. Therefore fp(p, θ) is freely infinitely divisible. This distribution appears
as the limit of eigenvalue distributions of Wishart matrices as the size of the random
matrices goes to infinity.

2.3 Free multiplicative convolution

Throughout the paper we identify the unit circle T with R/2πZ (often denoted as
[−π, π)) and use the notation µ(dθ) as well as µ(dξ), where ξ = eiθ, for probability
measures µ on T. Moreover, we identify the density functions of a Haar absolutely
continuous distributions on T with functions on R with period 2π. Denote by pr,ψ
the Poisson kernel with the density

dpr,ψ
dθ

(θ) =
1− r2

2π|1− rei(θ−ψ)|2
, θ ∈ [−π, π), (2.29)

where r ∈ [0, 1) and ψ ∈ R.
Free multiplicative convolution ⊠ is a binary operation on the set of probability

measures on T. It was introduced in [64] as the distribution of the multiplication
of free unitary random variables on a noncommutative probability space. We briefly
review on how to compute it, following [17].

For a probability measure µ on T, we define the analytic functions

ψµ(z) :=

∫
T

ξz

1− ξz
µ(dξ) and ηµ(z) :=

ψµ(z)

1 + ψµ(z)
, z ∈ D. (2.30)

The function ηµ is called the η-transform of µ. The probability measure µ can be
recovered from ψµ via the inversion formula

µ(A) = lim
r↑1

∫
A

(2ℜ(ψµ(rξ)) + 1)h(dξ) (2.31)

for every arc A of T whose endpoints are continuity points of µ (see [48, Theorem 2]),
where h is the normalized Haar measure on T. There is a short probabilistic proof
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of it: a direct computation shows that
∫
B
(2ℜ(ψµ(rξ)) + 1)h(dξ) = (p0,r ⊛ µ)(B) for

every Borel subset B, and since p0,r weakly converges to δ1 as r → 1, (p0,r ⊛ µ)(B)
converges to µ(B) as long as µ(∂B) = 0.

It is easy to check that ηµ(0) = 0 and η′µ(0) =
∫
T ξ dµ(ξ). If the first moment of µ

is nonzero then there exists a function η−1
µ (z) which is analytic in a neighborhood of

zero, such that
ηµ(η

−1
µ (z)) = η−1

µ (ηµ(z)) = z, (2.32)

for z in a neighborhood of zero. Then we define the Σ-transform of µ

Σµ(z) :=
η−1
µ (z)

z
(2.33)

in the neighborhood of zero where η−1
µ (z) is defined. For any probability measures

µ, ν on T with nonzero first moments, we can find a unique probability measure τ on
T with a nonzero first moment such that

Στ (z) = Σµ(z)Σν(z), (2.34)

for z in a neighborhood of zero where the three functions are defined. We call the
probability measure τ the free multiplicative convolution of µ and ν, and it is denoted
by µ⊠ ν. The Σ-transform is related to the S-transform via

Sµ(z) = Σµ

(
z

1 + z

)
=

1 + z

z
ψ−1
µ (z). (2.35)

For all probability measures µ, ν on T with nonzero first moments, there exists an
analytic map η : D → D such that η(0) = 0 and ηµ⊠ν(z) = ηµ(η(z)) holds for all
z ∈ D. The function η is called the subordination function of ηµ⊠ν with respect to ηµ.

If both µ and ν have the zero first moment, the definition of free independence
implies that µ⊠ ν = h.

A probability measure µ on T is said to be ⊠-infinitely divisible if for each n ∈ N
there exists a probability measure µ on T, such that

µ =

n times︷ ︸︸ ︷
µn ⊠ · · ·⊠ µn . (2.36)

In [17, Theorem 6.7], µ is ⊠-infinitely divisible on T if and only if there exists a
function u(z) which is analytic in D such that ℜu(z) ≥ 0 for z ∈ D and its Σ-
transform is expressed by

Σµ(z) = exp[u(z)]. (2.37)

Suppose that µ is ⊠-infinitely divisible on T and its Σ-transform is expressed by
(2.37). Then there exists a ⊠-semigroup {µt}t≥0 of probability measures on T such
that

Σµt(z) = exp[tu(z)], t ≥ 0, (2.38)

in particular µ0 = δ1.
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3 Free infinite divisibility for some classes of prob-

ability measures

3.1 Introduction

This section is based on [50]. In this section, we give a new subclass of freely infinitely
divisible distributions.

In classical probability theory, many people studied infinitely divisible distribu-
tions as laws of Lévy processes (e.g. Brownian motions, Poisson processes, Cauchy
processes, etc). A probability measure µ on R is said to be infinitely divisible if for
each n ∈ N there exists a probability measure ρn on R such that µ = ρ∗nn where the
operation ∗ is the classical convolution. We recall that a probability measure µ on R is
infinitely divisible if and only if its characteristic function µ̂ has the Lévy-Khintchine
representation:

µ̂(u) = exp

(
iηu− 1

2
au2 +

∫
R

(
eiut − 1− iut1[−1,1](t)

)
dν(t)

)
, u ∈ R, (3.1)

where η ∈ R, a ≥ 0 (is called the gaussian component) and ν is the Lévy measure on
R, that is, ν({0}) = 0 and

∫
R(1∧ t

2)dν(t) <∞. The triplet (η, a, ν) is uniquely deter-
mined and is called the characteristic triplet. For example, the normal distribution
N(m,σ2) (with a mean m ∈ R and a variance σ > 0) has the characteristic triplet
(m,σ2, 0), (so that it is infinitely divisible). In general, it is very difficult to find
the characteristic triplet of probability measures. Many people studied subclasses of
probability measures as criteria for infinite divisibility. In particular, these subclasses
were studied to understand infinitely divisible distributions which are preserved by
powers, products and quotients of independent random variables. We say that the
distribution of X belongs to the ME (mixture of exponential distributions) class if X
is of the form EZ where two random variables E, Z are independent, E follows an
exponential distribution and Z is positive. By the Goldie-Steutel theorem, the ME
class is a subclass of infinitely divisible distributions (see [31, 56]). The class is impor-
tant to understand infinitely divisible distributions which is preserved by powers and
products of independent random variables, namely, if the distribution of X belongs
to the ME class then so is the distribution of Xr when r ≥ 1, and if X, Y are inde-
pendent and these distributions belong to the ME class then so is the distribution of
XY . As one of the most important subclasses of infinitely divisible distributions, the
GGC (generalized gamma convolution) class was introduced by Thorin (see [59, 60]).
Bondesson (see [23]) proved that the HCM (hyperbolically completely monotone) class
which is a subclass of the GGC class is preserved by powers (if the distribution of X
belongs to the HCM class then so is the distribution of Xr if |r| ≥ 1), products and
quotients of independent random variables. Moreover Bondesson (see [24]) proved
that if the distributions of X,Y belong to the GGC class and X,Y are independent
then so is the distribution of XY . However, we are not sure about whether the class
is preserved by powers of random variables.

In free probability theory, we have the corresponding problems for freely infinitely
divisible distributions which was defined in Section 2.3. There are two classes which
are important subclasses of freely infinitely divisible distributions, namely, the FR
(free regular) class and the UI (univalent inverse Cauchy transform) class. Firstly,
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Pérez-Abreu and Sakuma ([52]) introduced the FR class in terms of the Bercovici-
Pata bijection. In [4], the FR class was developed as a characterization of nonnegative
free Lévy processes. Next, the UI class was introduced by Arizmendi and Hasebe (see
[3]) as a subclass of freely infinitely divisible distributions. We will give a precise
definition of the UI class in Section 3.3. We are not completely sure about whether
the classes FR and UI are closed with respect to powers, products and quotients of
free independent random variables. Hasebe ([35]) studied the powers and products
for the classes FR and UI by using complex analytic methods.

3.2 Outline of results

We study free infinite divisibility for the generalized power distributions with free
Poisson term (for short, GPFP distribution). A probability measure on R is said to be
a GPFP distribution if µ is Lebesgue absolutely continuous and its PDF (probability
density function) is given by√

(b− x)(x− a)

x

N∑
k=1

αk
xlk

1(a,b)(x), (3.2)

for some 0 < a < b, N ∈ N, α = (α1, . . . , αN) ∈ (0,∞)N satisfying that the function
of (3.2) becomes a PDF and l ∈ RN

< := {(l1, . . . , lN) ∈ RN : l1 < · · · < lN}.
We write the notation GPFP(a, b,N, α, l) as the distribution whose PDF is given
by (3.2). We prove that if a random variable X follows the GPFP distribution
then (i) the distribution of Xr belongs to the UI class if r ≥ 1 in the case when
l ∈ [t, t + 1]N< := {(l1, . . . , lN) ∈ RN : t ≤ l1 < · · · < lN ≤ t + 1} for some t ≥ 0; (ii)
the distribution of Xr belongs to the UI class if |r| ≥ 1 in the case when l ∈ [0, 1]N< .

The weak closure of the GPFP class contains the free Poisson distributions which
have no atoms at 0, the free positive stable laws with index 1/2, the free Generalized
Inverse Gaussian (fGIG) distributions, the shifted semicircle laws and some beta
distributions. From the above results (i) and (ii), we obtain free infinite divisibility for
powers of random variables which follow the fGIG distributions, the shifted semicircle
laws and the beta distributions.

We give examples of GPFP distributions which are not FID. In more detail, we
prove that (iii) there is a distribution GPFP(a, b,N, α, l) with l /∈ [0, 1]N< such that
X ∼ GPFP(a, b,N, α, l), but the distribution of X−1 is not FID; (iv) there is a
distribution GPFP(a, b,N, α, l) with l /∈ [t, t + 1]N< for any t ≥ 0 such that it is not
FID.

3.3 Univalent Inverse Cauchy transform

Recall that freely infinitely divisible distributions are characterized by R-transform in
terms of the free Lévy-Khintchine representation (2.25) (or its Voiculescu transform
has the Pick-Nevanlinna representation). However, in general, it is very difficult to
find the free characteristic triplet (or free generating pair) of probability measures.
Many people studied conditions of free infinite divisibility.

In particular, Arizmendi and Hasebe ([3, Definition 5.1]) defined the UI class as
a criterion for free infinite divisibility.

12



Definition 3.1. A probability measure µ on R is said to be in the UI (univalent
inverse Cauchy transform) class if the right inverse function G−1

µ , originally defined
in a triangular domain Λγ,δ, has univalent analytic continuation to C−. In particular,
if X ∼ µ and µ ∈ UI, then we write X ∼ UI.

In [3, Proposition 5.2 and p.2763], the UI class has the following property.

Lemma 3.2. µ ∈ UI implies that µ is freely infinitely divisible. The UI class is closed
with respect to weak convergence.

Example 3.3. (1) The semicircle distribution S(m,σ2) is in the UI class. The free
Poisson distribution fp(p, θ) is also in the UI class (see [35, Section 2.3 (1),(2)]).

(2) The beta distribution βp,q is the probability measure with the PDF

1

B(p, q)
xp−1(1− x)q−11(0,1)(x), p, q > 0. (3.3)

The beta distribution βp,q is in the UI class if (i) p, q ≥ 3/2, (ii) 0 < p ≤ 1/2, q ≥ 3/2
or (iii) 0 < q ≤ 1/2, p ≥ 3/2 (see [34, Theorem 1.2] and [35, Theorem 3.4]).

A symbol G̃µ(z) denotes the Cauchy transform of a probability measure µ on R
defined in (2.19). In [35, Lemma 3.11], Hasebe mentioned that the Cauchy transform
of µ has an analytic continuation to a domain C+ ∪ supp(µ)∪C− in the case when a
PDF of µ has some analytic properties. We give an assertion almost the same as [35,
Lemma 3.11] as follow.

Lemma 3.4. Consider 0 < a < b. Let σ be a probability measure on (a, b) whose PDF
is f(x) with respect to Lebesgue measure. Assume that f is analytic in a neighborhood
of (a, b)∪{z ∈ C− : arg(z) ∈ (−θ, 0)} for some 0 < θ ≤ π. Then the Cauchy transform
Gσ := G̃σ|C+ defined on C+ has an analytic continuation to C+ ∪ (a, b) ∪ {z ∈ C− :
arg(z) ∈ (−θ, 0)} (we use the same symbol Gσ), and

Gσ(z) = G̃σ(z)− 2πif(z), z ∈ {z ∈ C− : arg(z) ∈ (−θ, 0)}. (3.4)

Proof. This proof is very similar to [34, Proposition 4.1], but for readers convenience
we include the proof. Since the function f is analytic in a neighborhood of (a, b)∪{z ∈
C− : arg(z) ∈ (−θ, 0)} for some 0 < θ ≤ π, we have

Gσ(z) =

∫
γ

f(w)

z − w
dw, z ∈ C+, (3.5)

where γ is an arbitrary simple arc contained in {z ∈ C− : arg(z) ∈ (−θ, 0)} except its
endpoints a, b. Therefore Gσ has an analytic continuation to the domain containing
C+, surrounded by γ and (a, b). Since γ is arbitrary, Gσ has an analytic continuation
to the domain C+ ∪ (a, b) ∪ {z ∈ C− : arg(z) ∈ (−θ, 0)}. We prove that the formula
(3.4) holds. For z ∈ {z ∈ C− : arg(z) ∈ (−θ, 0)}, take a simple arc γ contained
in {z ∈ C− : arg(z) ∈ (−θ, 0)} with endpoints a, b such that the closed curve γ̃ :=
γ ∪ [a, b] surrounds the element z. By the residue theorem, we have that∫

γ̃

f(w)

z − w
dw = 2πiResw=z

(
f(w)

z − w

)
= −2πif(z). (3.6)

Since the LHS of (3.6) equals to Gσ(z) − G̃σ(z), the formula (3.4) holds for all z ∈
{z ∈ C− : arg(z) ∈ (−θ, 0)}.
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We define the following symbols:

x± i0 := lim
y→0±

(x+ iy), f(x± i0) = lim
y→0±

f(x+ iy), (3.7)

I ± i0 := {x± i0 : x ∈ I} (I : an interval in R) (3.8)

Moreover, note that the complex function zp (p ∈ R) means the principal value defined
on C \ (−∞, 0]. The complex function arg(z) means the argument of z defined on
C \ (−∞, 0] taking values in (−π, π).

We prove that a probability measure whose PDF satisfies the following properties
is in the UI class and therefore the measure is freely infinitely divisible.

Theorem 3.5. Suppose that 0 < a < b. Let µ be a probability measure on (a, b)
which has a PDF f(x) where f is real analytic and positive on (a, b) and there exists
θ ∈ (0, π] such that
(A1) f analytically extends to a function (is denoted by f) defined in {z ∈ C \
{0} : arg(z) ∈ (−θ, 0)} ∪ (a, b). Moreover f extends to a continuous function on
{z ∈ C \ {0} : arg(z) ∈ [−θ, 0]};
(A2) Re(f(x− i0)) = 0 for all 0 < x < a and x > b;
(A3) There exist α > 0 and 0 < l < 2π−θ

θ
such that

f(z) = − iα

z1+l
(1 + o(1)), as z → 0, arg(z) ∈ (−θ, 0); (3.9)

(A4) Re(f(ue−iθ)) ≤ 0 for all u > 0;
(A5) lim|z|→∞,arg(z)∈(−θ,0) f(z) = 0.
(A6) G(z) := Gµ(z) has analytic continuation to C+ ∪ (a, b) ∪ {z ∈ C− : arg(z) ∈
(−θ, 0)} (and we use the same symbol G), and G(z) can be extended to a continuous
function on C+ ∪ [a, b] ∪ {z ∈ C \ {0} : arg(z) ∈ [−θ, 0)} ∪ ((−∞, a] ∪ [b,∞) + i0) ∪
([0, a] ∪ [b,∞)− i0).

Then µ ∈ UI.

Remark 3.6. Before the proof the authors can make a remark that the existence of
analytic continuation of G follows from the above assumption (A1) and Lemma 3.4,
so the assumption (A6) is only about the continuous extension.

Proof. We prove Theorem 3.5. We define the following 8 lines and curves (see Figure
1). In the following η > 0 is supposed to be large and δ > 0 is supposed to be small.
c1 : the real line segment from −η + i0 to a+ i0;
c2 : the real line segment from a− i0 to δ − i0;
c3 : the clockwise circle δeiψ where ψ starts from 0 and ends with −θ;
c4 : the line segment from δe−iθ +0 to ηe−iθ +0 if θ ∈ (0, π) or the line segment from
−δ − i0 to −η − i0 if θ = π;
c5 : the counterclockwise circle ηeiψ where ψ starts from −θ and ends with 0;
c6 : the real line segment from η − i0 to b− i0;
c7 : the real line segment form b+ i0 to η + i0;
c8 : the counterclockwise circle ηeiψ where ψ starts from 0 and ends with π.

Define the curves gk := G(ck) for all k = 1, . . . , 8 (see Figure 2). It is easy to
prove that g1 is contained in the negative real line and g7 is contained in the positive
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Figure 1: The curves ck Figure 2: The curves gk

real line. Since we have

G(z) = G̃(z) =
1

z
(1 + o(1)), as |z| → ∞, z ∈ C+, (3.10)

the image g8 is contained in a ball of some small radius and it is the clockwise curve
whose argument starts from 0 and ends with −π when η is sufficiently large. By our
assumption (A6), the curves g1∪ g2 and g6∪ g7 are continuous since so are c1∪ c2 and
c6 ∪ c7. By our assumption (A2), we have that Re(f(x − i0)) = 0 for all 0 < x < a
and x > b. Hence Im(G(x − i0)) = 0 for all 0 < x < a, x > b, and therefore g2 and
g6 are contained in the real line. By our assumptions (A1) and (A4), we have that
when θ ∈ (0, π),

Im(G(ue−iθ + 0)) = Im(G̃(ue−iθ))− 2πRe(f(ue−iθ)) > 0, (3.11)

for all δ < u < η and when θ = π,

Im(G(−u− i0)) = Im(G̃(−u))− 2πRe(f(−u)) = −2πRe(f(−u)) ≥ 0, (3.12)

for all δ < u < η. Therefore g4 is contained in C+ ∪ R. Note that G̃(z) = o(1/z) as

z → 0, z ∈ C− since limz→0,z∈C− |G̃(z)| =
∫ b
a
f(t)
t
dt < ∞. Since our assumption (A3)

and the condition (3.4) hold, we have that

G(z) = −2πα

z1+l
(1 + φ(z)), (3.13)

where φ(z) = o(1) as z → 0, arg(z) ∈ (−θ, 0).
Let ε > 0 be supposed to be small. By the asymptotics of (3.13), we can take

δ ∈ (0, (παε)
1

1+l ) small enough such that |φ(δeiψ)| < 1/2 uniformly on ψ ∈ (−θ, 0),
and therefore

|G(δeiψ) + 2πα(δeiψ)−(1+l)| = 2παδ−(1+l)|φ(δeiψ)| < παδ−(1+l), (3.14)

(3.15)

uniformly on ψ ∈ (−θ, 0). Hence by the triangle inequality we have

|G(δeiψ)| ≥ | − 2πα(δeiψ)−(1+l)| − |G(δeiψ) + 2πα(δeiψ)−(1+l)| (3.16)

> 2παδ−(1+l) − παδ−(1+l) = παδ−(1+l) >
1

ε
, (3.17)
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and therefore the distance between the curve g3 and 0 is larger than 1
ε
. Since we have

that G(δeiψ) = 2πα
δ1+l e

(−π−ψ(1+l))i as δ → 0 and the argument ψ starts from 0 and ends
with −θ, the image g3 is the large counterclockwise curve whose radius is larger than
1
ε
and the argument of g3 starts from −π and ends with −π+ θ(1 + l) (< π by (A3))

when δ is sufficiently small.
Note that G̃(z) = 1

z
(1 + o(1)) as |z| → ∞, z ∈ C−. By our assumption (A5), we

have that |f(z)| → 0 as |z| → ∞, arg(z) ∈ (−θ, 0), and therefore

|G(z)| ≤ |G̃(z)|+ 2π|f(z)| → 0, (3.18)

as |z| → ∞, arg(z) ∈ (−θ, 0). Hence there exists η > 0 large enough such that |z| ≥ η
implies that |G(z)| < ε, that is, g5 is contained in a small circle with radius ε > 0.

Therefore every point of Dε := {z ∈ C− : ε < |z| < 1
ε
} is surrounded by the

closed curve g1 ∪ · · · ∪ g8 exactly once. By the argument principle, for any w ∈ Dε,
there exists only one element z in the bounded domain surrounded by the closed
curve c1 ∪ · · · ∪ c8, such that G(z) = w. Therefore we can define a right inverse
function G−1 on Dε. Since G−1(Dε) is a connected domain and G is univalent on
the domain G−1(Dε), the inverse function G−1 is univalent on Dε. We can define a
univalent right inverse function (as the same symbol G−1) in C− by letting ε→ 0. By
the identity theorem, the right inverse function, originally defined in some triangular
domain Λγ,δ has a univalent analytic continuation to our function G−1 on C−. Hence
we can conclude that µ ∈ UI.

Remark 3.7. According to Figure 2, it appears that the curves g1 and g2 (resp. g6
and g7) have empty intersections, but it is not necessarily right. However it does not
interfere with the proof of Theorem 3.5 since every point of Dε is surrounded by the
closed curve g1 ∪ · · · ∪ g8 exactly once even if g1 ∩ g2 ̸= ∅ (resp. g6 ∩ g7 ̸= ∅).

3.4 Free infinite divisibility for generalized power distribu-
tions with free Poisson term

Consider a random variable X which follows the free Poisson distribution fp(p) (see
Example 2.6 (2)). In [35, Theorem 3.5], if either p ≥ 1 and r ∈ (−∞, 0] ∪ [1,∞) or
0 < p < 1 and r ≥ 1, then the distribution ofXr is a FID (UI and FR) distribution. In
this section, we study free infinite divisibility for the distribution ofXr whenX follows
the generalized power distribution with free Poisson term (GPFP distribution). We
give a precise definition of the GPFP distributions. Recall that

RN
< := {(l1, . . . , lN) ∈ RN : l1 < · · · < lN} (N ∈ N). (3.19)

Definition 3.8. A probability measure µ on R is said to be the generalized power
distribution with free Poisson term (for short, GPFP distribution) if µ is Lebesgue
absolutely continuous and its PDF is given by

fa,b,N,α,l(x) :=

√
(b− x)(x− a)

x

N∑
k=1

αk
xlk

1(a,b)(x), (3.20)

for some 0 < a < b, N ∈ N, α = (α1, . . . , αN) ∈ (0,∞)N with
∫ b
a
fa,b,N,α,l(x)dx = 1

and l = (l1, . . . , lN) ∈ RN
< . In this case, the probability measure µ is referred to as

the notation GPFP(a, b,N, α, l).
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Remark 3.9. The GPFP class is closed under talking inverse of random variables,
namely, if X ∼ GPFP(a, b, N, α, l) with α = (α1, . . . , αN) ∈ (0,∞)N and l =
(l1, . . . , lN) ∈ RN

< , then

X−1 ∼ GPFP

(
1

b
,
1

a
, N, (αN

√
ab, . . . , α1

√
ab), (1− lN , . . . , 1− l1)

)
. (3.21)

The class of these distributions (namely, the GPFP class) contains the free Poisson
distributions and the free Generalized Inverse Gaussian (fGIG) distributions. More-
over the weak closure of the GPFP class contains a lot of examples. We give these
examples before the main result (Theorem 3.11).

Example 3.10. (1) Suppose that p > 1, a = (
√
p − 1)2, b = (

√
p + 1)2, N = 1,

α = 1
2π

and l = 0. Then we have

GPFP

(
a = (

√
p− 1)2, b = (

√
p+ 1)2, N = 1, α =

1

2π
, l = 0

)

=

√(
(
√
p+ 1)2 − x

) (
x− (

√
p− 1)2

)
2πx

· 1((√p−1)2,(
√
p+1)2)(x)dx

= fp(p).

(3.22)

In this case, the GPFP distribution corresponds to the free Poisson distribution
(Marchenko-Pastur distribution) which has no atom at 0.

(2) Consider λ ∈ R and α1, α2 > 0. Suppose that N = 2, l = (0, 1) and α =(
α1

2π
, α2

2π
√
ab

)
where 0 < a < b are the unique solution of{

1− λ+ α1

√
ab− α2

a+b
2ab

= 0

1 + λ+ α2√
ab

− α1
a+b
2

= 0.
(3.23)

Then we have

GPFP

(
a, b, N = 2, α =

(
α1

2π
,

α2

2π
√
ab

)
, l = (0, 1)

)
=

√
(x− a)(b− x)

2πx

(
α1 +

α2√
abx

)
· 1(a,b)(x)dx =: fGIG(α1, α2, λ).

(3.24)

In this case, the GPFP distribution corresponds to the fGIG distribution. This dis-
tribution was studied by [37] (the free version of the generalized inverse gaussian
distributions, free selfdecomposability, free regularity and unimodality for the fGIG
distributions) and [57] (the free version of Matsumoto-Yor property, the R-transform
of the fGIG distributions).

Next we give examples of distributions contained in the weak closure of the GPFP
class.
(3) Consider n ∈ N, b > 0. Define the following constant number:

c(n, b) :=

(∫ b

1
n

√
(x− 1/n)(b− x)

2πx
dx

)−1

. (3.25)
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Note that limn→∞ c(n, b) = 4
b
for each b > 0. We define the following GPFP distribu-

tion:

µn,b(dx) : = GPFP

(
1

b
, n, N = 1, α =

c(n, b)

2π

√
b

n
, l = 1

)

= c(n, b)

√
b

n
·
√

(x− 1/b) (n− x)

2πx2
· 1(1/b,n)(x)dx.

(3.26)

We can show that µn,b → µb weakly as n→ ∞ for each b > 0, where

µb(dx) :=
4

b
·
√
bx− 1

2πx2
· 1(1/b,∞)(x)dx. (3.27)

In particular, if b = 4, then the probability measure µb corresponds to the free positive
stable law with index 1/2. The free stable laws were introduced by [15].

(4) Consider n ∈ N, b > 0. We define the following GPFP distribution:

νn,b(dx) := GPFP

(
1

n
, b,N = 1, α =

c(n, b)

2π
, l = 0

)
, (3.28)

where c(n, b) is the constant defined in (3.25). We can show that νn,b → νb weakly as
n→ ∞ for each b > 0, where

νb(dx) :=
2
√
x(b− x)

πbx
1(0,b)(x)dx. (3.29)

In particular, if b = 4, then the probability measure νb corresponds to the free Poisson
distribution fp(1). Note that X ∼ µn,b if and only if X−1 ∼ νn,b for each n ∈ N and
b > 0 by Remark 3.9.

(5) Consider n ∈ N and l < 1/2. Define the following constant number:

α(n, l) :=

(
1

B
(
1
2
− l, 3

2

) ∫ 1

1
n

√
(1− x)(x− 1/n)

x1+l
dx

)−1

, (3.30)

where B(p, q) is the Beta distribution. Note that limn→∞ α(n, l) = 1 for each l < 1/2.
For all n ∈ N and l < 1/2, we consider the following GPFP distribution:

ρn,l(dx) := GPFP

(
1

n
, 1, N = 1,

α(n, l)

B(1/2− l, 3/2)
, l

)
. (3.31)

We can show that ρn,l → β1/2−l,3/2 weakly as n → ∞ for each l < 1/2. Recall that
β1/2−l,3/2 is the beta distribution and it was defined in Example 3.3 (2).

We start to discuss free infinite divisibility for the distribution of Xr where X
follows the GPFP distribution. Recall that

[t, t+ 1]N< := {(l1, . . . , lN) ∈ RN : t ≤ l1 < · · · < lN ≤ t+ 1} (n ∈ N, t ∈ R). (3.32)
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Theorem 3.11. Suppose that X ∼ GPFP(a, b,N, α, l) with l = (l1, . . . , lN) ∈ [t, t +
1]N< for some t ≥ 0. For r ≥ 1, Xr ∼ UI.

Proof. Fix a number N ∈ N. Consider first that r > 1 and l = (l1, . . . , lN) ∈ [t, t+1]N<
satisfies t < l1 < · · · < lN < t + 1 for some t ≥ 0. Assume that [t] = n − 1 for some
n ∈ N. Define l̃k := lk − [t] = lk − (n− 1) ∈ (0, 1) for all k = 1, . . . , N . Then we have

Xr ∼
s
√
(Bs − xs)(xs − As)

x

N∑
k=1

αk

xs(n−1+l̃k)
· 1(A,B)(x)dx =: h(x)dx, (3.33)

where s = 1
r
∈ (0, 1), A = ar and B = br. We define a function hk(x) as the k-th

term of h(x). Set n0 := s(n− 1) + 1 ≥ 1. Note that s(n− 1 + l̃k) = n0 − 1 + l̃ks for
each k = 1, . . . , N . Consider θ = π

n0
. Let G = GXr be the Cauchy transform of Xr.

We prove that θ, h and G satisfy the assumptions from (A1) to (A6) in Theorem 3.5.
(A1) Suppose that z ∈ C\{0} and arg(z) ∈ (−θ, 0). One can use similar argument

as in the proof of [35, Theorem 3.5] to show that arg((Bs − zs)(zs − As)) ∈ (−π, π).
Moreover we have that arg(zs(n−1+l̃k)) ∈ (−θs(n − 1 + l̃k), 0) ⊂ (−π, 0). Thus every
hk analytically extends to a function (is denoted by the same symbol hk) defined in
{z ∈ C \ {0} : arg(z) ∈ (−θ, 0)} ∪ (A,B), so that the assumption (A1) holds.

(A2) For 0 < x < A we have

hk(x− i0) = −
sαk
√

(As − xs)(Bs − xs)

x1+s(n−1+l̃k)
i. (3.34)

For x > B we have

hk(x− i0) =
sαk
√
(xs − As)(xs −Bs)

x1+s(n−1+l̃k)
i. (3.35)

Therefore Re(hk(x − i0)) = 0 for all 0 < x < A and x > B, so that the assumption
(A2) holds.

(A3) For each k = 1, · · · , N , we have

hk(z) = −
isαk

√
(AB)s

z1+s(n−1+l̃k)
(1 + o(1)), as z → 0, arg(z) ∈ (−θ, 0) . (3.36)

Moreover we have that 0 < s(n − 1 + l̃k) <
2π−θ
θ

. Therefore the assumption (A3)
holds.

(A4) Consider 0 < θ < π (equivalently, n > 1). For all k = 1, . . . , N , u > 0 we
have

arg(hk(ue
−iθ)) = arg

(
sαk
√

(Bs − use−isθ)(use−isθ − As)

u1+s(n−1+l̃k)e−iθ(1+s(n−1+l̃k))

)

∈
(
−π
2
+ θ(1 + s(n− 1 + l̃k)),

π − 2sθ

2
+ θ(1 + s(n− 1 + l̃k))

)
=

(
−π
2
+ θ(n0 + sl̃k),

π − 2sθ

2
+ θ(n0 + sl̃k)

)
=

(
π

2
+ θsl̃k,

3

2
π − θs(1− l̃k)

)
⊂
(
π

2
,
3

2
π

)
,

(3.37)
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since we have

arg
(√

(Bs − use−isθ)(use−isθ − As)
)
∈
(
−π
2
,
π − 2sθ

2

)
. (3.38)

Therefore Re(hk(ue
−iθ)) ≤ 0 for all u > 0. When θ = π (equivalently, n = 1), for all

k = 1, . . . , N , u < 0 we have that

arg(hk(u)) = arg

(
sαk
√

(Bs − (u− i0)s)((u− i0)s − As)

u1+s(n−1+l̃k)

)

= arg

(
sαk
√

(Bs − (u− i0)s)((u− i0)s − As)

|u|1+sl̃ke−iπ(1+sl̃k)

)

∈
(
−π
2
+ π(1 + sl̃k),

1− 2s

2
π + π(1 + sl̃k)

)
=

(
π

2
+ πsl̃k,

3

2
π − πs(1− l̃k)

)
⊂
(
π

2
,
3

2
π

)
,

(3.39)

since

arg
(√

(Bs − (u− i0)s)((u− i0)s − As)
)
∈
(
−π
2
,
1− 2s

2
π

)
. (3.40)

Therefore Re(hk(u)) ≤ 0 for all u < 0. Hence we can conclude that the assumption
(A4) holds.

(A5) We have

hk(z) =
−isαk

z1+s(n−2+l̃k)
(1 + o(1)), as |z| → ∞, arg(z) ∈ (−θ, 0) . (3.41)

Hence lim|z|→∞,arg(z)∈(−θ,0) hk(z) = 0, so that the assumption (A5) holds.

Since h(x) =
∑N

k=1 hk(x) for all x ∈ (A,B) and every function hk satisfies the
assumption (A1), the function h also satisfies the assumption (A1) and h(z) =∑N

k=1 hk(z) for all z ∈ {z ∈ C− : arg(z) ∈ (−θ, 0)} ∪ (A,B). Finally, we can
conclude that the function h satisfies from (A1) to (A5) since so is every function hk,
(k = 1, . . . , N).

(A6) Since h satisfies the assumption (A1), by applying Lemma 3.4, the Cauchy
transform G has an analytic continuation to C+∪(A,B)∪{z ∈ C− : arg(z) ∈ (−θ, 0)}
(and we use the same symbol G) and

G(z) =

∫ B

A

h(x)

z − x
dx− 2πih(z) =

N∑
k=1

(∫ B

A

hk(x)

z − x
dx− 2πihk(z)

)
, (3.42)

for z ∈ {z ∈ C− : arg(z) ∈ (−θ, 0)}. We use the notation G̃k(z) as the function∫ B
A

hk(x)
z−x dx. To prove that G can be extended to a continuous function on the domain

C+ ∪ [A,B] ∪ {z ∈ C \ {0} : arg(z) ∈ [−θ, 0)} ∪ ((−∞, A] ∪ [B,∞) + i0) ∪ ([0, A] ∪
[B,∞) − i0), we compute an asymptotic behavior of G at z = A and z = B. We
define a function Gk(z) as follow:

Gk(z) := G̃k(z)− 2πihk(z), (3.43)
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for z ∈ {z ∈ C− : arg(z) ∈ (−θ, 0)}. By the Taylor expansion at x = A, there exist
ck > 0 and a real analytic function ψk(x) on a neighborhood of A which satisfies
ψk(x) = o(1) as x → A + 0 and has an analytic continuation to {z ∈ C− : arg(z) ∈
(−θ, 0)} ∪ (A,B) (is denoted by the same symbol ψk) such that

hk(x) = ck(x− A)1/2(1 + ψk(x)), as x→ A+ 0. (3.44)

Therefore we have

Gk(z) = βk + γk(−(z − A))1/2 + o(|z − A|1/2), (3.45)

as |z−A| → 0 with z ∈ {z ∈ C− : arg(z) ∈ (−θ, 0)}, where βk = limz→A,z∈C− G̃k(z) <

0 (is finite) and γk = 2πck. Finally, if we put β :=
∑N

k=1 βk < 0 and γ =
∑N

k=1 γk > 0,
then we have

G(z) =
N∑
k=1

Gk(z) = β + γ(−(z − A))1/2 + o(|z − A|1/2), (3.46)

as |z − A| → 0 with z ∈ {z ∈ C− : arg(z) ∈ (−θ, 0)}. Moreover G(A + i0) =
β = G(A − i0). Similarly, we can compute an asymptotic behavior of G at z = B.
Hence G can be extended to a continuous function on C+ ∪ [A,B] ∪ {z ∈ C \ {0} :
arg(z) ∈ [−θ, 0)} ∪ ((−∞, A] ∪ [B,∞) + i0) ∪ ([0, A] ∪ [B,∞)− i0). Thus G satisfies
the assumption (A6).

By Theorem 3.5, we have Xr ∼ UI. By the weak closedness of the UI class (see
Lemma 3.2), we have that Xr ∼ UI even if r ≥ 1 and t ≤ l1 < · · · < lN ≤ t+ 1.

Corollary 3.12. If X ∼ GPFP(a, b,N, α, l) and l ∈ [0, 1]N< then Xr ∼ UI when
r ≤ −1.

Proof. Suppose that r ≤ −1. We have

Xr ∼
t
√

(AB)−t
√

(Bt − xt)(xt − At)

x

N∑
k=1

αk
xt(1−lk)

· 1(A,B)(x)dx := p(x)dx, (3.47)

where t := −1
r
∈ (0, 1), A := b−1/t and B := a−1/t. We set θ = π and a function pk(x)

as the k-th term of p(x). One can use similar argument as in the proof of Theorem
3.11 to show that θ, pk, p, and G = GXr satisfy the assumptions from (A1) to (A6)
in Theorem 3.5. Therefore Xr ∼ UI if r ≤ −1.

Finally, if X ∼ GPFP(a, b,N, α, l) with l ∈ [0, 1]N< then Xr ∼ UI for all |r| ≥ 1
by applying Theorem 3.11 and Corollary 3.12.

To end this section, we give applications of Theorem 3.11 and Corollary 3.12.

Example 3.13. (1) Consider p > 1. If we have

X ∼ fp(p) = GPFP

(
a = (

√
p− 1)2, b = (

√
p+ 1)2, N = 1, α =

1

2π
, l = 0

)
,

(3.48)
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then Xr ∼ UI for all |r| ≥ 1 by applying Theorem 3.11 and Corollary 3.12, (but the
result in [35] is stronger than this one).

(2) Consider λ ∈ R and α1, α2 > 0. Suppose that 0 < a < b are the unique solution
of the equation (3.23). If we have

X ∼ fGIG(α1, α2, λ) = GPFP

(
a, b, N = 2, α =

(
α1

2π
,

α2

2π
√
ab

)
, l = (0, 1)

)
,

(3.49)

then Xr ∼ UI for all |r| ≥ 1 by applying Theorem 3.11 and Corollary 3.12.

(3) Consider S ∼ S(0, 1) and u ̸= 0, where S(0, 1) is the semicircle law with mean
0 and variance 1 (see Example 2.6 (1)). Then the distribution of (S + u) is FID.
However, the distribution of (S + u)2 is not FID (see [28]).

If u > 2, then we have

S + u ∼ GPFP

(
a = u− 2, b = u+ 2, N = 1, α =

1

2π
, l = −1

)
(3.50)

=
1

2π

√
4− (x− u)2 · 1(u−2,u+2)(x)dx. (3.51)

By Remark 3.9, we have

(S + u)−1 ∼ GPFP

(
a =

1

u+ 2
, b =

1

u− 2
, N = 1, α =

1

2π

√
u2 − 4, l = 2

)
. (3.52)

By Theorem 3.11, we have that (S + u)−r = ((S + u)−1)r ∼ UI for r ≥ 1. Finally we
can conclude that (S + u)s ∼ UI for all u > 2 and s ≤ −1.

(4) Consider a random variable Sn,b ∼ µn,b, where µn,b is the GPFP distribution given
by (3.26) in Example 3.10 (3) for each n ∈ N and b > 0. Then Srn,b ∼ UI for all |r| ≥ 1
by applying Theorem 3.11 and Corollary 3.12.

Recall that µn,b → µb weakly as n→ ∞, where µb is the probability measure given
by (3.27) in Example 3.10 (3) for each b > 0. If Sb ∼ µb, then the weak closedness of
the UI class implies that Srb ∼ UI for all |r| ≥ 1.

(5) Consider a random variable Bn,l ∼ ρn,l, where ρn,l is the GPFP distribution given
by (3.31) in Example 3.10 (5) for each n ∈ N and l < 1/2.

If 0 ≤ l < 1/2 then Br
n,l ∼ UI for all |r| ≥ 1 by applying Theorem 3.11 and

Corollary 3.12.
By Remark 3.9, we have that

B−1
n,l ∼ GPFP

(
1, n, 1,

√
1

n
· α(n, l)

B(1/2− l, 3/2)
, 1− l

)
. (3.53)

If l < 0 then B−r
n,l = (B−1

n,r)
r ∼ UI for all r ≥ 1 by applying Theorem 3.11 and the

condition (3.53). Finally we conclude that if l < 0 then Bs
n,l ∼ UI for all s ≤ −1.

Recall that ρn,l → β1/2−l,3/2 weakly as n→ ∞ for each l < 1/2. If Bl ∼ β1/2−l,3/2,
then the weak closedness of the UI class implies that (i) if 0 ≤ l < 1/2 then Br

l ∼ UI
for all |r| ≥ 1, and (ii) if l < 0 then Bs

l ∼ UI for all s ≤ −1.
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3.5 Non free infinite divisibility for GPFP distributions

In this section, we give a few of examples of the GPFP distributions which fail to
satisfy the conclusions of Theorem 3.11 or Corollary 3.12 without these assumptions.

Let (A, ϕ) be a C∗-probability space and X ∈ A a random variable. The n-
th moment mn = mn(X) of X is defined by the value of ϕ(Xn). In particular, if
X ∼ µ, we write mn(µ) as the n-th moment of X (or µ). The n-th free cumulant
κn = κn(X) of X is defined as the n-th coefficient of power series of the R-transform
RX(z). If X ∼ µ, we write κn(µ) as the n-th free cumulant of X (or µ). We have the
moment-cumulant formula as follow:

κn =
∑

π∈NC(n)

(∏
V ∈π

m|V |

)
µ(π, 1n), n ∈ N, (3.54)

where NC(n) is the set of non-crossing partitions of the finite set {1, . . . , n}, the
symbol 1n is the non-crossing partition which has the block {1, . . . , n}, the function
µ(π, σ) (π ≤ σ in NC(n)) is the Möbius function of NC(n), and |V | is the number of
elements in a block V of π (see [51] for details). By the moment-cumulant formula,
we can compute the free cumulants. For example we have that

κ1 = m1, κ2 = m2 −m2
1, κ3 = m3 − 3m1m2 + 2m3

1,

κ4 = m4 − 4m1m3 − 2m2
2 + 10m2

1m2 − 5m4
1,

κ5 = m5 − 5m1m4 − 5m2m3 + 15m2
1m3 + 15m1m

2
2 − 35m3

1m2 + 14m5
1.

(3.55)

The n-th free cumulant of the free Poisson distribution fp(p) is given by κn(fp(p)) = p
for all n ∈ N (from Example 2.6 (2)). Then the formula (3.55) yields that

m1(fp(p)) = p, m2(fp(p)) = p(p+ 1), m3(fp(p)) = p(p2 + 3p+ 1),

m4(fp(p)) = p(p3 + 6p2 + 6p+ 1), m5(fp(p)) = p(p4 + 10p3 + 20p2 + 10p+ 1).

(3.56)

In particular, we need to compute the moments of fp(p) of degree s ∈ C:

ms(fp(p)) =

∫ ∞

0

xsfp(p)(dx), s ∈ C, p > 1. (3.57)

This is analytic in C as a function of s.

Lemma 3.14. For s ∈ C and p > 1, we have that

ms(fp(p)) =
m−s−1(fp(p))

(p− 1)−1−2s
. (3.58)

23



Proof. Consider s ∈ C and p > 1. Then we have that

ms(fp(p)) =

∫ (
√
p+1)2

(
√
p−1)2

xs−1

√(
(
√
p+ 1)2 − x

) (
x− (

√
p− 1)2

)
2π

dx

= (p− 1)

∫ 1
(
√
p−1)2

1
(
√
p+1)2

x−s−1

√(
1

(
√
p−1)2

− x
)(

x− 1
(
√
p+1)2

)
2πx

dx

=
1

(p− 1)−1−2s

∫ (
√
p+1)2

(
√
p−1)2

x−s−1

√(
(
√
p+ 1)2 − x

) (
x− (

√
p− 1)2

)
2π

dx

=
m−s−1(fp(p))

(p− 1)−1−2s
,

(3.59)

where the second equality holds by changing the variables from x to x−1 and the third
equality holds by changing the variables from x to x

(p−1)2
.

By Lemma 3.14, we have that for all p > 1,

m−1(fp(p)) =
1

p− 1
, m−2(fp(p)) =

p

(p− 1)3
. (3.60)

Lemma 3.15. Consider p > 1 and α1, α2 > 0.
(1) The following measure√(

x− 1
(
√
p+1)2

)(
1

(
√
p−1)2

− x
)

2πx2

(
α1 +

α2

x

)
1( 1

(
√
p+1)2

, 1
(
√

p−1)2)
(x)dx (3.61)

is a probability measure if and only if α1 + α2p = p− 1.

(2) The following measure√(
(
√
p+ 1)2 − x

) (
x− (

√
p− 1)2

)
2πx

(
α1 +

α2

x2

)
1((√p−1)2,(

√
p+1)2)(x)dx (3.62)

is a probability measure if and only if α1 +
p

(p−1)3
α2 = 1.

Proof. (1) Assume that the measure (3.61) is a probability measure. Suppose that X
is a random variable which follows the probability measure (3.61). Then we have

X−1 ∼

√(
x− (

√
p− 1)2

) (
(
√
p+ 1)2 − x

)
2π(p− 1)x

(α1 + α2x)1((√p−1)2,(
√
p+1)2)(x)dx. (3.63)

By our assumption, the measure (3.63) is also a probability measure. Equivalently,
we have

1 =
1

p− 1
(α1m0(fp(p)) + α2m1(fp(p))) =

1

p− 1
(α1 + α2p). (3.64)
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Therefore the relation α1 + α2p = p− 1 holds. The converse implication is clear.

(2) Let µp,α1,α2 be the measure (3.62) on the positive real line. It is a probability
measure if and only if

1 =

∫ (
√
p+1)2

(
√
p−1)2

µp,α1,α2(dx) = α1m0(fp(p)) + α2m−2(fp(p)). (3.65)

The calculation (3.60) implies our conclusion.

There is a criterion for free infinite divisibility of probability measures on R with
compact support.

Lemma 3.16. (See [51, Theorem 13.16]) Let µ be a probability measure on R with
compact support. The following conditions are equivalent.
(1) µ is FID.
(2) The sequence {κn(µ)}n∈N of free cumulants of µ is conditionally positive definite,
namely, for all n ∈ N and all α1, . . . , αn ∈ C we have that

n∑
i,j=1

αiαjκi+j(µ) ≥ 0. (3.66)

In particular, if a compactly supported probability measure µ is FID, then the n-th
Hankel determinant det((κi+j(µ))

n
i,j=1) of the sequence {κn(µ)}n∈N is nonnegative for

all n ∈ N.

First we give an example of the GPFP distribution which fails to satisfy the
conclusion of Corollary 3.12 without the assumption.

Example 3.17. Consider the following GPFP distribution:

σα1,α2(dx) : = GPFP

(
1

(
√
2 + 1)2

,
1

(
√
2− 1)2

, 2,
(α1

2π
,
α2

2π

)
, l = (1, 2)

)

=

√(
x− 1

(
√
2+1)2

)(
1

(
√
2−1)2

− x
)

2πx

(α1

x
+
α2

x2

)
1( 1

(
√
2+1)2

, 1
(
√
2−1)2

)(x)dx,

(3.67)

where α1, α2 > 0 satisfy the relation α1 + 2α2 = 1 (0 < α2 < 1/2) by Lemma 3.15
(1). The GPFP distribution σα1,α2 fails to satisfy the assumption of Corollary 3.12
since l = (1, 2) /∈ [0, 1]2<.

If Xα1,α2 ∼ σα1,α2 , then the distribution of X−1
α1,α2

is not FID for all α1, α2 > 0 with
α1+2α2 = 1. Therefore the GPFP distribution σα1,α2 does not satisfy the conclusion
of Corollary 3.12.

Proof. By Remark 3.9 (or (3.63)), we have

X−1
α1,α2

∼ GPFP
(
(
√
2− 1)2, (

√
2 + 1)2, 2,

(α2

2π
,
α1

2π

)
, (−1, 0)

)
=

√(
x− (

√
2− 1)2

) (
(
√
2 + 1)2 − x

)
2πx

(α1 + α2x)1((
√
2−1)2,(

√
2+1)2)(x)dx.

(3.68)
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From the relation α1 + 2α2 = 1 and the above formulas (3.56), we have that

m1(X
−1
α1,α2

) = (1− 2α2)m1(fp(2)) + α2m2(fp(2)) = 2(1 + α2),

m2(X
−1
α1,α2

) = (1− 2α2)m2(fp(2)) + α2m3(fp(2)) = 2(3 + 5α2),

m3(X
−1
α1,α2

) = (1− 2α2)m3(fp(2)) + α2m4(fp(2)) = 2(11 + 23α2),

m4(X
−1
α1,α2

) = (1− 2α2)m4(fp(2)) + α2m5(fp(2)) = 2(45 + 107α2).

(3.69)

From the formula (3.55) and the above calculations (3.69), we have that

κ2 := κ2(X
−1
α1,α2

) = −2(2α2
2 − α2 − 1),

κ3 := κ3(X
−1
α1,α2

) = 2(8α3
2 − 6α2

2 − α2 + 1),

κ4 := κ4(X
−1
α1,α2

) = −2(2α2 − 1)(20α3
2 − 10α2

2 − 3α2 + 1),

(3.70)

where κn is the n-th free cumulant of X−1
α1,α2

. By an elementary calculation, the 2nd
Hankel determinant κ2κ4 − κ23 (is a function of α2) is negative for all 0 < α2 < 1/2
with α1 + 2α2 = 1. By Lemma 3.16 the distribution of X−1

α1,α2
is not FID for all

α1, α2 > 0 with α1 + 2α2 = 1.

Next we give an example of the GPFP distribution which fails to satisfy the
conclusion of Theorem 3.11 without the assumption.

Example 3.18. Consider the following GPFP distribution:

ηα1,α2(dx) : = GPFP
(
(
√
2− 1)2, (

√
2 + 1)2, 2,

(α1

2π
,
α2

2π

)
, l = (0, 2)

)
=

√(
(
√
2 + 1)2 − x

) (
x− (

√
2− 1)2

)
2πx

(
α1 +

α2

x2

)
1((

√
2−1)2,(

√
2+1)2)(x)dx,

(3.71)

where α1, α2 > 0 satisfy the relation α1 + 2α2 = 1 by Lemma 3.15 (2). The GPFP
distribution ηα1,α2 fails to satisfy the assumption of Theorem 3.11 since l = (0, 2) /∈
[t, t+ 1]2< for any t ≥ 0.

There exist α1, α2 > 0 with α1 + 2α2 = 1 such that the GPFP distribution ηα1,α2

is not FID. Therefore the GPFP distribution ηα1,α2 does not satisfy the conclusion of
Theorem 3.11.

Proof. From the relation α1 + 2α2 = 1 and the above formulas (3.56) and (3.60), we
have that

m1(ηα1,α2) = (1− 2α2)m1(fp(2)) + α2m−1(fp(2)) = 2− 3α2,

m2(ηα1,α2) = (1− 2α2)m2(fp(2)) + α2m0(fp(2)) = 6− 11α2,

m3(ηα1,α2) = (1− 2α2)m3(fp(2)) + α2m1(fp(2)) = 2(11− 21α2),

m4(ηα1,α2) = (1− 2α2)m4(fp(2)) + α2m2(fp(2)) = 6(15− 29α2).

(3.72)

From the formula (3.55) and the above calculations (3.72), we have that

κ′2 := κ2(ηα1,α2) = −9α2
2 + α2 + 2,

κ′3 := κ3(ηα1,α2) = −54α3
2 + 9α2

2 + 6α2 + 2,

κ′4 := κ4(ηα1,α2) = −405α4
2 + 90α3

2 + 34α2
2 + 10α2 + 2.

(3.73)
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This implies that the 2nd Hankel determinant κ′2κ
′
4 − (κ′3)

2 (is a function of α2) is
negative for 0 < α2 < α̃, where α̃ ∈ (0, 1/2) is the unique solution α2 of the equation
κ′2κ

′
4− (κ′3)

2 = 0. Thus ηα1,α2 is not FID for 0 < α2 < α̃ with α1+2α2 = 1 by Lemma
3.16.

According to Mathematica, we get that α̃ ≈ 0.157781 (see Figure 3). For example,
the GPFP distribution η0.7,0.15 is not FID.

0.2 0.4 0.6 0.8

0.5

1.0

1.5

2.0

Figure 3: κ′2κ
′
4 − (κ′3)

2 as a function
of α2. It is negative when 0 < α2 ⪯
0.157781.

3.6 Future works

We defined the GPFP distributions as Lebesgue absolutely continuous probability
measures and studied the UR property of GPFP distributions. More generally, we
consider the following probability measures:

cδ0 +

√
(b− x)(x− a)

x

N∑
k=1

αk
xlk

1(a,b)(x)dx, (3.74)

where 0 ≤ c ≤ 1, 0 < a < b, N ∈ N, α = (α1, · · · , αN) ∈ (0,∞)N with∫ b

a

√
(b− x)(x− a)

x

N∑
k=1

αk
xlk

dx = 1− c, (3.75)

and l = (l1, · · · , lN) ∈ RN
< . The probability measures (3.74) include general free

Poisson distributions (2.28). We should study UI property and FR property of the
above probability measures.

4 Unimodality for classical and free additive Lévy

processes with initial distributions

4.1 Introduction

In this section, we discuss about the paper [39] which studies unimodality for classical
and free Lévy processes (in particular, Brownian motions, Cauchy processes, positive
stable processes with index 1/2) with initial distributions.
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A Borel measure µ on R is unimodal if there exist a ∈ R and a function f : R →
[0,∞) which is non-decreasing on (−∞, a) and non-increasing on (a,∞), such that

µ(dx) = µ({a})δa + f(x) dx. (4.1)

The most outstanding result on unimodality is Yamazato’s theorem [68] saying that
all classical selfdecomposable distributions are unimodal. After this result, in [38],
Hasebe and Thorbjørnsen proved the free analog of Yamazato’s result: all freely
selfdecomposable distributions are unimodal. The unimodality has several other sim-
ilarity points between the classical and free probability theories [36]. However, it is
not true that the unimodality shows complete similarity between the classical and
free probability theories. For example, classical compound Poisson processes are
likely to be non-unimodal in large time [67], while free Lévy processes with compact
support become unimodal in large time [36]. In this section, we mainly focus on
the unimodality of classical and free Brownian motions with initial distributions and
consider whether the classical and free versions share similarity points or not.

4.2 Outline of results

In free probability theory, it is known that the semicircle distribution is the free ana-
log of the normal distribution. Free Brownian motion is defined as a process with free
independent increments, started at 0 and distributed as the centered semicircle distri-
bution S(0, t) at time t > 0. Furthermore, we can provide free Brownian motion with
initial distribution µ which is a process with free independent increments distributed
as µ at t = 0 and as µ⊞S(0, t) at time t > 0. In [19], Biane gave the density function
formula of free Brownian motion with initial distribution (see Section 4.3.1). In our
studies, we first consider the symmetric Bernoulli distribution µ := 1

2
δ+1+

1
2
δ−1 as an

initial distribution and compute the density function of µ⊞S(0, t). Then we see that
the probability distribution µ⊞ S(0, t) is unimodal for t ≥ 4 (and it is not unimodal
for 0 < t < 4). This computation leads to a natural problem:

Problem 4.1. For which class of probability measures µ on R does the free Brownian
motion with initial distribution µ become unimodal for sufficiently large time?

We then answer to this problem as follows (formulated as Theorem 4.8 and Propo-
sition 4.10 in Section 4.3.3):

Theorem 4.2. (1) Let µ be a compactly supported probability measure on R and
Dµ := sup{|x− y| : x, y ∈ supp(µ)}. Then µ⊞ S(0, t) is unimodal for t ≥ 4D2

µ.

(2) Let f : R → [0,∞) be a Borel measurable function. Then there exists a proba-
bility measure µ on R such that µ⊞ S(0, t) is not unimodal for any t > 0 and∫

R
f(x) dµ(x) <∞. (4.2)

Note that such a measure µ is not compactly supported by (1).

The function f can grow very fast such as ex
2
, and so, a tail decay of the initial

distribution does not imply large time unimodality.
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The corresponding classical problem is natural, that is, for which class of initial
distributions on R does Brownian motion become unimodal for sufficiently large time
t > 0? We prove in this direction the following results (formulated as Theorem 4.20
and Proposition 4.19 in Section 4.4, respectively):

Theorem 4.3. (1) Let µ be a probability measure on R such that

α :=

∫
R
eεx

2

dµ(x) <∞ (4.3)

for some ε > 0. Then the distribution µ ∗N(0, t) is unimodal for all t ≥ 36 log(2α)
ε

.

(2) There exists a probability measure µ on R satisfying that∫
R
eA|x|

p

dµ(x) <∞ for all A > 0 and 0 < p < 2 (4.4)

such that µ ∗N(0, t) is not unimodal for any t > 0.

Thus, in the classical case, the tail decay (4.3) is sufficient and almost necessary
to guarantee the large time unimodality. From these results, we conclude that the
classical and free versions of the problems of unimodality for Brownian motions with
initial distributions share common features as both become unimodal in large time
under each assumption.

Further related results in this paper are as follows. In Section 4.3.4 we prove
that µ⊞ S(0, t) is always unimodal whenever µ is symmetric around 0 and unimodal
(see Theorem 4.12). In Section 4.3.5, we define freely strongly unimodal probability
measures as a natural free analogue of strongly unimodal probability measures. We
conclude that the semicircle distributions are not freely strongly unimodal (Lemma
4.15). More generally, we have the following result (restated as Theorem 4.16 later):

Theorem 4.4. Let λ be a probability measure with finite variance, not being a delta
measure. Then λ is not freely strongly unimodal.

On the other hand, there are many strongly unimodal distributions with finite
variance in classical probability including the normal distributions and exponential
distributions. Thus the notion of strong unimodality breaks the similarity between
the classical and free probability theories.

In Section 4.5, we focus on other processes with classical/free independent incre-
ments with initial distributions. We consider a symmetric stable process with index 1
and a positive stable process with index 1/2. Then we prove large time unimodality
similar to the case of Brownian motion but under different tail decay assumptions.

4.3 Free Brownian motion with initial distribution

4.3.1 Free convolution with semicircle laws

Almost all the materials and methods in this section are following Biane’s paper [19].
Recall that S(0, t) is the semicircle law of mean 0 and variance t > 0. We then
compute its Cauchy transform and its R-transform (see, for example, [51]):

GS(0,t)(z) =
z −

√
z2 − 4t

2t
, z ∈ C+, (4.5)
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where the branch of the square root on C \ R+ is such that
√
−1 = i. Moreover

RS(0,t)(z) = tz, z ∈ C−. (4.6)

Let µ be a probability measure on R and let µt = µ ⊞ S(0, t). Then we define the
following set:

Ut :=

{
u ∈ R

∣∣∣∣ ∫
R

1

(x− u)2
dµ(x) >

1

t

}
, (4.7)

and the following function from R to [0,∞) by setting

vt(u) := inf

{
v ≥ 0

∣∣∣∣ ∫
R

1

(x− u)2 + v2
dµ(x) ≤ 1

t

}
. (4.8)

Then vt is continuous on R and one has Ut = {x ∈ R | vt(u) > 0}. Moreover, for
every u ∈ Ut, vt(u) is the unique solution v > 0 of the equation∫

R

1

(x− u)2 + v2
dµ(x) =

1

t
. (4.9)

We define
Ωt,µ := {x+ iy ∈ C | y > vt(x)}. (4.10)

Then the map Ht(z) := z +RS(0,t)(Gµ(z)), defined on C+, is a homeomorphism from
Ωt,µ to C+ ∪ R and it is conformal from Ωt,µ onto C+. Hence there exists an inverse
function Ft : C+ ∪ R → Ωt,µ. By [19, Lemma 1, Proposition 1], the domain Ωt,µ is
equal to the connected component of the set H−1

t (C+) which contains iy for large
y > 0 and for all z ∈ C+ one has

Gµt(z) = Gµt(Ht(Ft(z)))

= Gµt

(
Ft(z) +RS(0,t)

(
Gµ(Ft(z))

))
= Gµ(Ft(z)).

(4.11)

Moreover Gµt has a continuous extension to C+ ∪R. Then µt is Lebesgue absolutely
continuous by Stieltjes inversion and the density function pt : R → [0,∞) of µt is
given by

pt(ψt(x)) = − 1

π
lim
y→+0

Im(Gµt(ψt(x) + iy)) =
vt(x)

πt
, x ∈ R, (4.12)

where

ψt(x) = Ht(x+ ivt(x)) = x+ t

∫
R

(x− u)

(x− u)2 + vt(x)2
dµ(u). (4.13)

It can be shown that ψt is a homeomorphism of R. Furthermore the topological
support of pt is given by ψt(Ut), and pt extends to a continuous function on R and is
real analytic in {x ∈ R : pt(x) > 0}.

Example 4.5. Let µ := 1
2
δ−1+

1
2
δ+1 be the symmetric Bernoulli distribution. Recall

that the topological support of the density function pt is equal to ψt(Ut). If 0 < t ≤ 1,
we have

Ut =

u ∈ R

∣∣∣∣∣∣
√

2 + t−
√
t2 + 8t

2
< |u| <

√
2 + t+

√
t2 + 8t

2

 , (4.14)
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and if t > 1, we have

Ut =

u ∈ R

∣∣∣∣∣∣ −

√
2 + t+

√
t2 + 8t

2
< u <

√
2 + t+

√
t2 + 8t

2

 . (4.15)

If 0 < t ≤ 1 then the number of connected components of Ut is two, and therefore µt
is not unimodal. If t > 1 then Ut is connected. By the density formula (4.12), the
unimodality of µt is equivalent to the unimodality of the function vt(u), the latter
being expressed in the form

vt(u) =

√
−(2u2 + 2− t) +

√
t2 + 16u2

2
. (4.16)

Calculating its first derivative then shows that µt is unimodal if and only if t ≥ 4; see
Figures 4–9.

According to Example 4.5, we have a question about what class of initial distri-
butions implies the large time unimodality of free Brownian motion. We will give a
result for this in Section 4.3.3.
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Figure 4: p0.25(x)
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Figure 5: p1(x)

-6 -4 -2 2 4 6

0.1

0.2

0.3

0.4

0.5

Figure 6: p2(x)

-6 -4 -2 2 4 6

0.1

0.2

0.3

0.4

0.5

Figure 7: p3(x)
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Figure 8: p4(x)
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Figure 9: p7(x)

4.3.2 A basic lemma for unimodality

A unimodal distribution is allowed to have a plateau or a discontinuous point in its
density such as the uniform distribution or the exponential distribution. If we exclude
such cases, then unimodality can be characterized in terms of levels of density.

Lemma 4.6. Let µ be a probability measure on R that is Lebesgue absolutely con-
tinuous. Suppose that its density p(x) extends to a continuous function on R and is
real analytic in {x ∈ R : p(x) > 0}. Then µ is unimodal if and only if, for any a > 0,
the equation p(x) = a has at most two solutions x.

The proof is just to use the intermediate value theorem and the fact that a real
analytic function never has plateaux. Note that the idea of the above lemma was
first introduced by Haagerup and Thorbjørnsen [33] to prove that a “free gamma
distribution” is unimodal.
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4.3.3 Free Brownian motions with compactly supported initial distribu-
tions

The semicircular distribution is the free analogue of the normal distribution. There-
fore, a process with free independent increments is called (standard) free Brownian
motion with initial distribution µ if its distribution at time t is given by µ ⊞ S(0, t).
In this section, we firstly prove that free Brownian motion with compactly supported
initial distribution is unimodal for sufficiently large time, by using Biane’s density
formula.

Lemma 4.7. Suppose that t > 0. The following statements are equivalent.

(1) µ⊞ S(0, t) is unimodal.

(2) For any R > 0 the equation∫
R

1

(x− u)2 +R2
dµ(x) =

1

t
(4.17)

has at most two solutions u ∈ R.

Proof. We adopt the notations µt = µ ⊞ S(0, t), vt, pt and ψt in Section 4.3.1. This
proof is similar to [38, Proposition 3.8]. Recall that µt is absolutely continuous with
respect to Lebesgue measure and the density function pt is continuous on R since its
Cauchy transform Gµt has a continuous extension to C+∪R, and the density function
is real analytic in ψt(Ut) and continuous on R by Section 4.3.1.

Suppose (2) first. Since ψt is a homeomorphism of R, by Lemma 4.6 it suffices to
show that for any a > 0 the equation

a = pt(ψt(u)) =
vt(u)

πt
, u ∈ R (4.18)

has at most two solutions u ∈ R. Since vt(u) is a unique solution of the equation
(4.9) if it is positive, then we have{

u ∈ R
∣∣∣∣ a =

vt(u)

πt

}
=

{
u ∈ R

∣∣∣∣ ∫
R

1

(x− u)2 + (πat)2
dµ(x) =

1

t

}
. (4.19)

By the assumption (2), the equation a = vt(u)
πt

has at most two solutions in R.
Conversely, suppose that (2) does not hold. Then for some R > 0 there are three

distinct solutions u1, u2, u3 ∈ R to (4.17). By (4.19) this shows that vt(ui) = R and
hence pt(ψt(ui)) =

R
πt

for i = 1, 2, 3. Again by Lemma 4.6, µt is not unimodal.

Now we are ready to prove Theorem 4.2 (1).

Theorem 4.8. Let µ be a compactly supported probability measure, and let Dµ be
the diameter of the support: Dµ = sup{|x− y| : x, y ∈ supp(µ)}. Then µ⊞ S(0, t) is
unimodal for t ≥ 4D2

µ.
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Proof. Applying a shift we may assume that µ is supported on [−Dµ

2
, Dµ

2
]. For fixed

R > 0, we define by

ξR(u) :=

∫
R

1

(x− u)2 +R2
dµ(x), u ∈ R. (4.20)

Then we have

ξ′R(u) =

∫ Dµ
2

−Dµ
2

2(x− u)

{(x− u)2 +R2}2
dµ(x),

ξ′′R(u) =

∫ Dµ
2

−Dµ
2

6(x− u)2 − 2R2

{(x− u)2 +R2}3
dµ(x).

(4.21)

If u < −Dµ

2
, then x− u > −Dµ

2
− (−Dµ

2
) = 0 for all x ∈ supp(µ), so that ξ′R(u) > 0.

If u > Dµ

2
, then x− u < Dµ

2
− Dµ

2
= 0 for all x ∈ supp(µ), so that ξ′R(u) < 0. We take

t ≥ 4D2
µ and consider the form of ξR(u) on u ∈ (−Dµ

2
, Dµ

2
).

If 0 < R <
√
3Dµ, then (x− u)2 +R2 < (Dµ

2
+ Dµ

2
)2 + (

√
3Dµ)

2 = 4D2
µ ≤ t, so that

ξR(u) =

∫
R

1

(x− u)2 +R2
dµ(x) >

1

t
, u ∈

(
−Dµ

2
,
Dµ

2

)
. (4.22)

Hence the equation ξR(u) = 1
t
has at most two solutions u ∈ R if t ≥ 4D2

µ. If

R ≥
√
3Dµ, then the function ξR(u) satisfies the following three conditions:

• ξ′R(u) > 0 for all u < −Dµ

2
and ξ′R(u) < 0 for all u > Dµ

2
,

• ξ′R is continuous on R,

• ξ′′R(u) < 0 for all u ∈
(
−Dµ

2
, Dµ

2

)
.

By the intermediate value theorem, ξ′R has a unique zero in [−Dµ

2
, Dµ

2
] and hence ξR

takes a unique local maximum in the interval [−Dµ

2
, Dµ

2
] (and therefore it is a unique

global maximum on R). Therefore the equation ξR(u) =
1
t
has at most two solutions

if t ≥ 4D2
µ. Hence we have that the free convolution µ⊞S(0, t) is unimodal if t ≥ 4D2

µ

by Lemma 4.7.

Problem 4.9. What is the optimal universal constant C > 0 such that µ⊞S(0, t) is
unimodal for all t ≥ CD2

µ and all probability measures µ with compact support?

We have already shown that C ≤ 4. Recall from Example 4.5 that if µ is the
symmetric Bernoulli distribution on {−1, 1}, then µ⊞S(0, t) is unimodal if and only
if t ≥ 4. Since the diameter Dµ of the support of µ is 2, we conclude that 2 ≤ C ≤ 4.

The next question is whether there exists a probability measure µ such that µ⊞
S(0, t) is not unimodal for any t > 0 or at least for sufficiently large t > 0. Such a
distribution must have an unbounded support if it exists. Such an example can be
constructed with an idea similar to [44, Proposition 4.13] (see also [36, Example 5.3]).
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Proposition 4.10. Let f : R → [0,∞) be a Borel measurable function. Then there
exists a probability measure µ such that µ⊞S(0, t) is not unimodal at any t > 0 and∫

R
f(x) dµ(x) <∞. (4.23)

Proof. We follow the notations in Section 4.1.1. Let {wn}n and {an}n be sequences
in R satisfying

• wn > 0,
∑∞

n=1wn = 1,

• an+1 > an, n ≥ 1,

• lim
n→∞

(an+1 − an) = ∞.

Consider the probability measure µ :=
∑∞

n=1wnδan on R and define the function

Xµ(u) :=

∫
R

1

(u− x)2
dµ(x) =

∞∑
n=1

wn
(u− an)2

. (4.24)

Recall that Ut is the set of u ∈ R such that Xµ(u) > 1/t. Set bk := ak+1+ak
2

for all
k ∈ N. Then we have

|bk − an| ≥
ak+1 − ak

2
, k, n ∈ N (4.25)

and so

Xµ(bk) ≤
(

2

ak+1 − ak

)2 ∞∑
n=1

wn =

(
2

ak+1 − ak

)2

→ 0

as k → ∞. This means that for each t > 0 there exists an integer K(t) > 0 such that
Xµ(bk) <

1
t
for all k ≥ K(t). This implies that, for k ≥ K(t), the closure of Ut does

not contain bk. Note that the set Ut is an open set. Therefore, there exists a sequence
{εk(t)}∞k=K(t)+1 of positive numbers such that

Ut ∩ (bK(t),∞) =
∞∪

k=K(t)+1

(ak − εk(t), ak + εk(t)), (4.26)

where the closures of the intervals are disjoint. Thus the set supp(µt) = ψt(Ut)
consists of infinitely many connected components for all t > 0, and hence µt is not
unimodal for any t > 0.

In the above construction, the weights wn are only required to be positive. There-
fore, we may take

wn =
c

n2max{f(an), 1}
, (4.27)

where c > 0 is a normalizing constant. Then the integrability condition (4.23) is
satisfied.

Proposition 4.10 shows that tail decay estimates of the initial distribution do not
guarantee the large time unimodality. In Section 4.4 we shall see that the situation
is different for classical Brownian motion.
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4.3.4 Free Brownian motion with symmetric initial distribution

This section proves a unimodality result of different flavor. It is well known that if µ
and ν are symmetric unimodal distributions, then µ ∗ ν is also (symmetric) unimodal
(see [53, Exercise 29.22]). The free analogue of this statement is not known.

Conjecture 4.11. Let µ and ν be symmetric unimodal distributions. Then µ⊞ ν is
unimodal.

We can give a positive answer in the special case when one distribution is a
semicircle distribution.

Theorem 4.12. Let µ be a symmetric unimodal distribution on R. Then µ⊞S(0, t)
is unimodal for any t > 0.

Remark 4.13. There is a unimodal probability measure µ such that µ⊞S(0, 1) is not
unimodal (see Lemma 4.15). Hence we cannot remove the assumption of symmetry
of µ.

Proof of Theorem 4.12. By Lemma 4.7 it suffices to show that for any R > 0 the
equation ∫

R

1

(u− x)2 +R2
dµ(x) =

1

t
(4.28)

has at most two solutions u ∈ R. Up to a constant multiplication, the LHS is the
density of µ ∗ CR, which is unimodal since µ and CR are symmetric unimodal. Since
the density of µ ∗CR is real analytic, Lemma 4.6 implies that the equation (4.28) has
at most two solutions. This shows that µ⊞ S(0, t) is unimodal.

4.3.5 Freely strong unimodality

In classical probability, a probability measure is said to be strongly unimodal if µ∗ν is
unimodal for all unimodal distributions ν on R. A distribution is strongly unimodal
if and only if the distribution is Lebesgue absolutely continuous, supported on an
interval and a version of its density is log-concave (see [53, Theorem 52.3]). From this
characterization, the normal distributions are strongly unimodal. We discuss the free
version of strong unimodality.

Definition 4.14. A probability measure µ on R is said to be freely strongly unimodal
if µ⊞ ν is unimodal for all unimodal distributions ν on R.

Lemma 4.15. The semicircle distributions are not freely strongly unimodal.

Proof. The Cauchy distribution is not strongly unimodal since its density is not log-
concave. Hence, there exists a unimodal probability measure µ such that µ ∗ C1 is
not unimodal. Since the density of µ ∗ C1 is real analytic on R, by Lemma 4.6 there
exists t > 0 such that the equation

π
d(µ ∗ C1)

dx
(x) =

∫
R

1

(x− y)2 + 1
dµ(y) =

1

t
(4.29)

has at least three distinct solutions x1, x2, x3 ∈ R. Lemma 4.7 then implies that
S(0, t)⊞ µ is not unimodal. By changing the scaling, we conclude that no semicircle
distributions are freely strongly unimodal.
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Theorem 4.16. Let λ be a probability measure with finite variance, not being a
delta measure. Then λ is not freely strongly unimodal.

Proof. We may assume that λ has mean 0. Suppose that λ is freely strongly unimodal.
A simple induction argument shows that λ⊞n is freely strongly unimodal for all n ∈ N.
We derive a contradiction below. By Lemma 4.15 we can take a unimodal probability
measure µ such that µ ⊞ S(0, 1) is not unimodal. Our hypothesis shows that the
measure D√

nv(µ) ⊞ λ⊞n is unimodal, where v is the variance of λ and Dc(ρ) is the
push-forward of a measure ρ by the map x 7→ cx for c ∈ R. By the free central limit
theorem [49, Theorem 5.2], the unimodal distributions D1/

√
nv(D√

nv(µ) ⊞ λ⊞n) =
µ⊞D1/

√
nv(λ

⊞n) weakly converge to µ⊞S(0, 1) as n→ ∞. Since the set of unimodal
distributions is weakly closed (see [53, Exercise 29.20]), we conclude that µ⊞ S(0, 1)
is unimodal, a contradiction.

Problem 4.17. Does there exist a freely strongly unimodal probability measure that
is not a delta measure?

4.4 Classical Brownian motions with initial distributions

This section discusses large time unimodality for classical standard Brownian motion
with an initial distribution µ, which is a process with independent increments dis-
tributed as µ ∗ N(0, t) at time t ≥ 0. Before going to the general case, one example
will be helpful in understanding unimodality for µ ∗N(0, t).

Example 4.18. Elementary calculus shows that

1

2
(δ−1 + δ1) ∗N(0, t) (4.30)

is unimodal if and only if t ≥ 1; see Figures 10-15.
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Figure 10: t = 0.25
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Figure 11: t = 0.5
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Figure 12: t = 0.75
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Figure 13: t = 1
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Figure 14: t = 2
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Figure 15: t = 4

This simple example suggests that Brownian motion becomes unimodal for suffi-
ciently large time, possibly under some condition on the initial distribution. In some
sense, we give an almost optimal condition on the initial distribution for the large
time unimodality to hold. We start by providing an example of initial distribution
with which the Brownian motion never becomes unimodal.
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Proposition 4.19. There exists a probability measure µ on R such that µ ∗N(0, t)
is not unimodal at any t > 0, and∫

R
eA|x|

p

dµ(x) <∞ (4.31)

for all A > 0 and 0 < p < 2.

Proof. We consider sequences {wn}n∈N ⊂ (0,∞) and {an}n∈N ⊂ R such that

∞∑
n=1

wn = 1, (4.32)

bk := inf
n∈N\{k}

|ak − an − 1| → ∞ as k → ∞. (4.33)

Moreover we assume that for all t > 0 there exists k0 = k0(t) ∈ N such that

k ≥ k0(t) ⇒ wke
− 1

2t > bke
− b2k

2t . (4.34)

Define a probability measure µ by setting µ :=
∑∞

n=1wnδan and the following function:

ft(x) :=
√
2πt · d(µ ∗N(0, t))

dx
(x) =

∞∑
n=1

wne
− (x−an)2

2t , x ∈ R. (4.35)

Then we have

f ′
t(x) =

∞∑
n=1

wn

(
−x− an

t

)
e−

(x−an)2

2t , x ∈ R. (4.36)

If needed we may replace k0(t) by a larger integer so that bk >
√
t holds for all

k ≥ k0(t). For k ≥ k0(t) we have

f ′
t(ak − 1) =

wk
t
e−

1
2t −

∑
n∈N,n̸=k

wn

(ak − an − 1

t

)
e−

(ak−an−1)2

2t

≥ wk
t
e−

1
2t −

∑
n∈N,n̸=k

wn
|ak − an − 1|

t
e−

(ak−an−1)2

2t

≥ wk
t
e−

1
2t −

∑
n∈N,n̸=k

wn
bk
t
e−

b2k
2t

≥ 1

t

(
wke

− 1
2t − bke

− b2k
2t

)
> 0,

(4.37)

where we used the fact that x 7→ |x|e−x2

2t takes the global maximum at x = ±
√
t

on the third inequality and the assumption (4.34) on the last line. This implies that
µ ∗N(0, t) is not unimodal for any t > 0.

Next we take specific sequences {wn}n and {an}n satisfying the conditions (4.32)–
(4.34). Set ak = ak, k ∈ N where a ≥ 2. Note that there exists some constant c > 0
such that bk ≥ cak for all k ∈ N. Hence we have that bk → ∞ as k → ∞. Moreover
we set

wk :=Me−
b2k
k , (4.38)
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where M > 0 is a normalized constant, that is, M = (
∑∞

k=1 e
− b2k

k )−1 (note that the
series converges). Since bk → ∞ as k → ∞, we have

bke
− b2k

2t

wk
=

1

M
bke

b2k
k
− b2k

2t → 0, as k → ∞. (4.39)

For all t > 0 there exists k0 = k0(t) ∈ N such that k ≥ k0 implies that e−
1
2t >

bke
− b2k

2t /wk. Therefore the sequences {wn}n and {an}n satisfy the condition (4.34).
Finally we show that µ =

∑∞
n=1wnδan has the property (4.31). For every A > 0 and

0 < p < 2, using the inequality bk ≥ cak shows that∫
R
eA|x|

p

dµ(x) =
∞∑
k=1

wke
A|ak|p =M

∞∑
k=1

e−k
−1b2keAa

kp

≤M
∞∑
k=1

e−Aa
pk(c2A−1k−1a(2−p)k−1) <∞.

(4.40)

Thus the proof is complete.

Note that for any sequences {wn}n and {an}n satisfying the conditions (4.32)–
(4.34) the distribution µ =

∑∞
n=1wnδan has the following property:∫

R
eεx

2

dµ(x) = ∞ for all ε > 0. (4.41)

Then we have a natural question whether the large time unimodality of µ ∗ N(0, t)
holds or not if the initial distribution µ does not satisfy the condition (4.41). We
solve this question as follows.

Theorem 4.20. Let µ be a probability measure on R such that

α :=

∫
R
eεx

2

dµ(x) <∞. (4.42)

for some ε > 0. Then µ ∗N(0, t) is unimodal for t ≥ 36 log(2α)
ε

.

Remark 4.21. The proof becomes much easier if we assume that µ has a compact
support.

Proof of Theorem 4.20. For x > 0 we have

µ(|y| > x) =

∫
|y|>x

1 dµ(y) ≤
∫
|y|>x

eεy
2

eεx2
dµ(y) ≤ αe−εx

2

. (4.43)

Let

ft(x) :=
√
2πt · d(µ ∗N(0, t))

dx
(x) =

∫
R
e−

(x−y)2

2t dµ(y). (4.44)

Then we have

f ′
t(x) =

∫
R

(y − x

t

)
e−

(y−x)2

2t dµ(y)

=

∫ ∞

x

y − x

t
e−

(y−x)2

2t dµ(y)−
∫ x

−∞

x− y

t
e−

(x−y)2

2t dµ(y).

(4.45)
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For x > 0, we have∫ ∞

x

y − x

t
e−

(y−x)2

2t dµ(y) ≤
√
t

t
e−

1
2µ((x,∞)) ≤ α√

t
e−

1
2
−εx2 . (4.46)

For x ≥
√
t

2
, we have∫ x

−∞

x− y

t
e−

(x−y)2

2t dµ(y) ≥
∫ x−

√
t

3

−3x

x− y

t
e−

(x−y)2

2t dµ(y)

≥ 1

t
min

{√t
3
e−

1
18 , 4xe−

8x2

t

}
µ

([
−3x, x−

√
t

3

])
.

(4.47)

Now the function g(x) := 4xe−
8x2

t has a local maximum at x =
√
t

4
, and hence for all

x ≥
√
t

2
,

g(x) ≤ 2e−2
√
t <

1

3
e−

1
18

√
t, (4.48)

where 2e−2 ≈ 0.2706 and 1
3
e−

1
18 ≈ 0.3153. Hence we have∫ x

−∞

x− y

t
e−

(x−y)2

2t dµ(y) ≥ 4x

t
e−

8x2

t µ

([
−3x, x−

√
t

3

])

≥ 4x

t
e−

8x2

t µ

([
−
√
t

6
,

√
t

6

])
≥ 2√

t
e−

8x2

t (1− αe−
εt
36 ),

(4.49)

where the last inequality holds thanks to (4.43) and x ≥
√
t

2
. Therefore if x ≥

√
t

2
then

f ′
t(x) ≤

α√
t
e−

1
2
−εx2 − 2√

t
e−

8x2

t (1− αe−
εt
36 )

=
α√
t
e−

1
2
−εx2

{
1− 2e

1
2

α
eεx

2− 8x2

t (1− αe−
εt
36 )

}
.

(4.50)

If t ≥ 16
ε
then eεx

2− 8x2

t ≥ e
1
2
εx2 ≥ e

εt
8 . Hence if t ≥ 16

ε
then

f ′
t(x) ≤

α√
t
e−

1
2
−εx2

{
1− 2e

1
2

α
e

εt
8 (1− αe−

εt
36 )

}
. (4.51)

If t ≥ 36 log(2α)
ε

then 1− αe−
εt
36 ≥ 1

2
and we have

1− 2e
1
2

α
e

εt
8 (1− αe−

εt
36 ) ≤ 1− e

1
2 · 2

9
2 · α

7
2 < 0. (4.52)

By taking t ≥ max{16
ε
, 36 log(2α)

ε
} = 36 log(2α)

ε
, we have

f ′
t(x) < 0 if x ≥

√
t

2
. (4.53)
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Similarly, we have

f ′
t(x) > 0 if x ≤ −

√
t

2
. (4.54)

Next, we will show that f ′′
t (x) < 0 for all x ∈ R with |x| <

√
t

2
. We then calculate

the following

f ′′
t (x) =

∫
R

(x− y)2 − t

t2
e−

(x−y)2

2t dµ(y)

=

∫
|x−y|>

√
t

(x− y)2 − t

t2
e−

(x−y)2

2t dµ(y)

−
∫
|x−y|≤

√
t

t− (x− y)2

t2
e−

(x−y)2

2t dµ(y).

(4.55)

Since the function h(u) := u2−t
t2
e−

u2

2t has a local maximum at u = ±
√
3t, we have∫

|x−y|>
√
t

(x− y)2 − t

t2
e−

(x−y)2

2t dµ(y) ≤ 2

t
e−

3
2µ([x−

√
t, x+

√
t]c). (4.56)

For all x ∈ R with |x| <
√
t

2
, we have [x−

√
t, x+

√
t]c ⊂

[
−

√
t

2
,
√
t

2

]c
, and therefore∫

|x−y|>
√
t

(x− y)2 − t

t2
e−

(x−y)2

2t dµ(y) ≤ 2

t
e−

3
2µ
([

−
√
t

2
,

√
t

2

]c)
≤ 2

t
e−

3
2αe−

εt
4 . (4.57)

Since the function −h(u) is decreasing on [0,
√
3t], we have∫

|x−y|≤
√
t

t− (x− y)2

t2
e−

(x−y)2

2t dµ(y) ≥
∫
|x−y|≤ 2

√
t

3

t− (x− y)2

t2
e−

(x−y)2

2t dµ(y)

≥
t− 4

9
t

t2
e−

4
9 t

2t µ
([
x− 2

√
t

3
, x+

2
√
t

3

])
=

5

9t
e−

2
9µ
([
x− 2

√
t

3
, x+

2
√
t

3

])
≥ 5

9t
e−

2
9µ
([

−
√
t

6
,

√
t

6

])
≥ 5

9t
e−

2
9 (1− αe−

εt
36 ).

(4.58)

Therefore

f ′′
t (x) ≤

2

t
e−

3
2αe−

εt
4 − 5

9t
e−

2
9 (1− αe−

εt
36 )

=
1

t

{
2e−

3
2αe−

εt
4 − 5

9
e−

2
9 (1− αe−

εt
36 )
}
.

(4.59)

If t ≥ 36 log(2α)
ε

, then

2e−
3
2αe−

εt
4 − 5

9
e−

2
9 (1− αe−

εt
36 ) ≤ e−

3
2

(2α)8
− 5

18
e−

2
9 < 0, (4.60)
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and therefore f ′′
t (x) < 0 if |x| <

√
t

2
.

To summarize, if t ≥ 36 log(2α)
ε

, then we have the following properties:

x ≤ −
√
t

2
⇒ f ′

t(x) > 0,

x ≥
√
t

2
⇒ f ′

t(x) < 0,

|x| <
√
t

2
⇒ f ′′

t (x) < 0.

(4.61)

Hence ft(x) has a unique local maximum in
(
−

√
t

2
,
√
t

2

)
when t ≥ 36 log(2α)

ε
, which

is a unique global maximum on R as well. Therefore µ ∗ N(0, t) is unimodal for

t ≥ 36 log(2α)
ε

.

Remark 4.22. If µ is unimodal then µ ∗ N(0, t) is unimodal for all t > 0. This
is a consequence of the strong unimodality of the normal distribution N(0, t) (see
Section 4.3.5), in contrast with the failure of freely strong unimodality of the semicircle
distribution (see Lemma 4.15).

We close this section by placing a problem for future research.

Problem 4.23. Estimate the position of the mode of classical Brownian motion
with initial distributions satisfying the assumption (4.42). Our proof shows that for
t ≥ 36

ε
log(2α), the mode is located in the interval [−

√
t/2,

√
t/2]. How about free

Brownian motion?

4.5 Large time unimodality for stable processes with index
1 and index 1/2 with initial distributions

We investigate large time unimodality for stable processes with index 1 (following
Cauchy distributions) and index 1/2 (following Lévy distributions) with initial dis-
tributions.

4.5.1 Cauchy process with initial distribution

Let {Ct}t≥0 be the symmetric Cauchy distribution

Ct(dx) :=
t

π(x2 + t2)
· 1R(x) dx, x ∈ R, C0 = δ0, (4.62)

which forms both classical and free convolution semigroups. A Cauchy process with
initial distribution µ is a process with independent increments that follows the law
µ ∗ Ct at time t ≥ 0. It is known that the Cauchy distribution satisfies the identity

µ⊞ Ct = µ ∗ Ct (4.63)

for any µ and t ≥ 0, and so the distributions µ ∗ Ct can also be realized as the laws
at time t ≥ 0 of a process with free independent increments with initial distribution
µ. The authors do not know a written proof of (4.63) in the literature, so give a
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proof below. The Cauchy transform of the Cauchy distribution is given by GCt(z) =
1/(z + it) on C+ (e.g. by the residue theorem), and hence RCt(z) = −itz. Then
Rµ⊞Ct(z) = Rµ(z) − itz, and after some computation we can check that Gµ⊞Ct(z) =
Gµ(z + it). The Stieltjes inversion formula implies that for t > 0 the free convolution
µ⊞ Ct has the density

− 1

π
Im(Gµ(x+ it)) =

∫
R

t

π((x− y)2 + t2)
dµ(y), (4.64)

which is exactly the density of µ ∗ Ct.
As in the cases of free and classical BMs, taking µ to be the symmetric Bernoulli

1
2
(δ−1 + δ1) is helpful. By calculus we can show that µ ∗ Ct is unimodal if and only

if t ≥
√
3; see Figures 16-21. Thus it is again natural to expect that a Cauchy

process becomes unimodal for sufficiently large time, under some condition on the
initial distribution. We start from the following counterexample.
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Figure 16: t = 0.25
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Figure 17: t = 0.5
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Figure 18: t = 1
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Figure 19: t =
√
2

-6 -4 -2 2 4 6

0.1

0.2

0.3

0.4

0.5

0.6

0.7

Figure 20: t =
√
3
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Figure 21: t = 3

Proposition 4.24. There exists a probability measure µ on R such that µ∗Ct is not
unimodal for any t > 0, and∫

R
|x|p dµ(x) <∞, 0 < p < 3. (4.65)

Proof. Let {wn}n≥1 be a sequence of positive numbers such that
∑∞

n=1wn = 1 and
{an}n≥1 be a sequence of real numbers. Consider the probability measure

µ =
∞∑
n=1

wnδan . (4.66)

Suppose that the sequence

bk = inf
n∈N\{k}

|ak − an − 1|, k ∈ N (4.67)

satisfies the condition
lim
k→∞

wkb
3
k = ∞. (4.68)
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When {an} is increasing, this condition means that the distance between an and an+1

grows sufficiently fast. Let

ft(x) :=
π

t

d(µ ∗ Ct)
dx

(x) =
∞∑
n=1

wn
(x− an)2 + t2

. (4.69)

Then we obtain

f ′
t(x) =

∞∑
n=1

−2wn(x− an)

[(x− an)2 + t2]2
, (4.70)

and so for sufficiently large k such that bk > 0 and for each t > 0

f ′
t(ak − 1) =

2wk
(1 + t2)2

+
∑

n≥1,n ̸=k

−2wn(ak − an − 1)

[(ak − an − 1)2 + t2]2

≥ 2wk
(1 + t2)2

−
∑

n≥1,n̸=k

2wn
|ak − an − 1|3

≥ 2wk
(1 + t2)2

−
∑

n≥1,n̸=k

2wn
b3k

≥ 2wk
(1 + t2)2

− 2

b3k
= 2wk

(
1

(1 + t2)2
− 1

wkb3k

)
.

(4.71)

The condition (4.68) shows that f ′
t(ak − 1) is positive for sufficiently large k ∈ N.

This shows that µ ∗ Ct is not unimodal for any t > 0.
If we take the particular sequences an = an and wn = cnra−3n, where a ≥ 2, r > 0

and c > 0 is a normalizing constant, then the sequence bn satisfies bn ≥ Can for
some constant C > 0 independent of n. Then the conditions (4.68) and (4.65) hold
true.

In the above construction, for any positive weights {wn}n and any sequence {an}n
that satisfies (4.68), the third moment of µ is always infinite,∫

R
|x|3 dµ(x) = ∞, (4.72)

due to the inequality |ak| ≥ bk − |a1| − 1 and the condition (4.68). The next question
is then whether there exists a probability measure µ with a finite third moment such
that µ ∗ Ct is not unimodal for any t > 0, or at least for sufficiently large t > 0. The
complete answer is given below.

Theorem 4.25. Let µ be a probability measure on R which has a finite absolute
third moment

β :=

∫
R
|x|3 dµ(x) <∞.

Then µ ∗ Ct is unimodal for t ≥ 20β
1
3 .

Proof. The Markov inequality implies the tail estimate

µ([−x, x]c) ≤ β

x3
, x > 0. (4.73)
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It suffices to prove that the function

ft(x) :=
π

t

d(µ ∗ Ct)
dx

(x) =

∫
R

1

(x− y)2 + t2
dµ(y) (4.74)

has a unique local maximum for large t > 0. Suppose first that x > 0. The derivative
f ′
t splits into the positive and negative parts

f ′
t(x) =

∫
y>x

2(y − x)

[(x− y)2 + t2]2
dµ(y)−

∫
y≤x

2(x− y)

[(x− y)2 + t2]2
dµ(y). (4.75)

By calculus the function u 7→ 2u
(u2+t2)2

takes a global maximum at the unique point

u = t/
√
3. Using the tail estimate (4.73) yields the estimate of the positive part∫

y>x

2(y − x)

[(x− y)2 + t2]2
dµ(y) ≤

∫
y>x

2 t√
3

( t
2

3
+ t2)2

dµ(y) ≤ β

t3x3
. (4.76)

On the other hand the negative part can be estimated as∫
y≤x

2(x− y)

[(x− y)2 + t2]2
dµ(y) ≥

∫
−x<y<x/2

2(x− y)

[(x− y)2 + t2]2
dµ(y). (4.77)

Elementary calculus shows that for −x < y < x/2,

2(x− y)

[(x− y)2 + t2]2
≥ min

{
4x

(4x2 + t2)2
,

x

(x2/4 + t2)2

}
, (4.78)

and if we further restrict to the case x ≥ t/4, then

min

{
4x

(4x2 + t2)2
,

x

(x2/4 + t2)2

}
≥ min

{
4x

(4x2 + 16x2)2
,

x

(x2/4 + 16x2)2

}
≥ 10−3

x3
.

(4.79)

Thus we obtain∫
y≤x

2(x− y)

[(x− y)2 + t2]2
dµ(y) ≥ 10−3

x3
µ((−x/2, x/2)) ≥ 10−3

x3

(
1− β

(x/2)3

)
≥ 10−3

x3

(
1− 83β

t3

)
, x ≥ t/4.

(4.80)

Comparing (4.76) and (4.80), taking t ≥ 20β1/3 guarantees that the positive part is
smaller than the negative part, and hence

f ′
t(x) < 0, x ≥ t

4
. (4.81)

Similarly, if t ≥ 20β1/3 then

f ′
t(x) > 0, x ≤ − t

4
. (4.82)
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In order to show that f ′
t has a unique zero, it suffices to show that f ′′

t (x) < 0 for
|x| ≤ t/4. Now we have

f ′′
t (x) =

∫
|y−x|>t/

√
3

2[3(y − x)2 − t2]

[(x− y)2 + t2]3
dµ(y)

−
∫
|y−x|≤t/

√
3

2[t2 − 3(y − x)2]

[(x− y)2 + t2]3
dµ(y).

(4.83)

The function u 7→ 2(3u2 − t2)/(u2 + t2)3 attains a global maximum at u = ±t and a
global minimum at u = 0. Therefore, the positive part can be estimated as follows:∫

|y−x|>t/
√
3

2[3(y − x)2 − t2]

[(x− y)2 + t2]3
dµ(y) ≤

∫
|y−x|>t/

√
3

2(3t2 − t2)

(t2 + t2)3
dµ(y)

=
1

2t4
µ

([
x− t√

3
, x+

t√
3

]c)
.

(4.84)

For all x such that |x| ≤ t/4, we have the inclusion[
x− t√

3
, x+

t√
3

]c
⊆
[
− t

5
,
t

5

]c
, (4.85)

and hence we obtain∫
|y−x|>t/

√
3

2[3(y − x)2 − t2]

[(x− y)2 + t2]3
dµ(y) ≤ 1

2t4
µ

([
− t

5
,
t

5

]c)
≤ 53β

2t7
. (4.86)

On the other hand, the negative part has the estimate∫
|y−x|≤t/

√
3

2[t2 − 3(y − x)2]

[(x− y)2 + t2]3
dµ(y) ≥

∫
|y−x|≤t/2

2[t2 − 3(y − x)2]

[(x− y)2 + t2]3
dµ(y). (4.87)

By calculus, the function u 7→ (t2 − 3u2)/(u2 + t2)3 is decreasing on [0, t], and so∫
|y−x|≤t/2

2[t2 − 3(y − x)2]

[(x− y)2 + t2]3
dµ(y)

≥
∫
|y−x|≤t/2

2(t2 − 3 t
2

4
)

( t
2

4
+ t2)3

dµ(y) =
32

125t4
µ

([
x− t

2
, x+

t

2

])
≥ 32

125t4
µ

([
− t

4
,
t

4

])
≥ 1

4t4

(
1− 43β

t3

) (4.88)

for all |x| ≤ t/4. The positive part (4.86) is smaller than the negative part (4.88)
if we take t in such a way that t ≥ 10β1/3. Thus f ′′

t (x) < 0 for all |x| ≤ t/4 and
t ≥ 10β1/3.

4.5.2 Positive stable process with index 1/2 with initial distribution

A positive stable process with index 1/2 has the distribution

Lt(dx) :=
t√
2π

· e
− t2

2x

x3/2
· 1(0,∞)(x) dx, x ∈ R, (4.89)

at time t ≥ 0 which is called the Lévy distribution. We restrict to the case where the
initial distribution is compactly supported.
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Theorem 4.26. If µ is a compactly supported on R with diameter Dµ then µ ∗Lt is
unimodal for all t ≥ (90/4)1/4D

1/2
µ .

Proof. By performing a translation we may assume that µ is supported on [0, γ],
where γ = Dµ. We set the following function:

gt,y(x) :=
e−

t2

2(x−y)

(x− y)3/2
1(0,∞)(x− y), x, y ∈ R. (4.90)

Note that this function is C∞ with respect to x. Consider the following function

ft(x) :=

√
2π

t
· d(µ ∗ Lt)

dx
(x) =

∫ γ

0

gt,y(x) dµ(y), x ∈ R, (4.91)

which is supported on (0,∞) and has the derivative

d

dx
ft(x) =

∫ γ

0

t2 − 3(x− y)

2(x− y)7/2
e−

t2

2(x−y)1(0,∞)(x− y) dµ(y). (4.92)

If 0 < x < t2/3 then t2 − 3(x− y) > t2 − 3 · t2/3 = 0 for all 0 ≤ y ≤ γ, and therefore
f ′
t(x) > 0. Moreover, if t2/3 + γ < x then we have that t2 − 3(x− y) < t2 − 3(t2/3 +
γ) + 3γ = 0 for all 0 ≤ y ≤ γ, and therefore f ′

t(x) < 0. For t2/3 < x < t2/3 + γ, the
second derivative of ft is given by

f ′′
t (x) =

∫ γ

0

15(x− y)2 − 10t2(x− y) + t4

4(x− y)11/2
e−

t2

2(x−y)1(0,∞)(x− y) dµ(y). (4.93)

Note that t2/3− γ < x− y < t2/3 + γ. Since for X ∈ R

15X2 − 10t2X + t4 < 0 iff
t2

3
− 2t2

3
√
10

< X <
t2

3
+

2t2

3
√
10
, (4.94)

if 2t2

3
√
10

≥ γ then f ′′
t (x) < 0.

To summarize, we have obtained that if t2 ≥ 3
√
10
2
γ then

• f ′
t(x) > 0, x < t2/3,

• f ′
t(x) < 0, x > t2/3 + γ,

• f ′′
t (x) < 0, t2/3 < x < t2/3 + γ.

Hence ft has a unique local maximum in [t2/3, t2/3 + γ], which is a unique global

maximum on R as well. Therefore µ ∗ Lt is unimodal for all t2 ≥ 3
√
10
2
γ.

We give a counterexample for large time unimodality for positive stable processes
of index 1/2 when the initial distribution is not compactly supported.

Proposition 4.27. There exists a probability measure µ on R such that µ∗Lt is not
unimodal for any t > 0, and∫

R
|x|p dµ(x) <∞, 0 < p <

5

2
. (4.95)
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Proof. Let {wn}n≥1 be a sequence of positive numbers such that
∑∞

n=1wn = 1 and
{an}n≥1 be a sequence of real numbers such that the sequence

bk = inf
n∈N\{k}

|ak − an|, k ∈ N (4.96)

satisfies
lim
k→∞

wkb
5/2
k = ∞. (4.97)

Consider the probability measure

µ =
∞∑
n=1

wnδan . (4.98)

Let

ft(x) :=

√
2π

t

d(µ ∗ Lt)
dx

(x) =
∑

n≥1,an<x

wn
e−

t2

2(x−an)

(x− an)3/2
. (4.99)

Then we obtain
f ′
t(x) = −

∑
n≥1,an<x

wnh(x− an), (4.100)

where h(x) = 3x−t2
2x7/2

e−
t2

2x , and for each k ∈ N and each t > 0

f ′
t(ak + t2/6) = wk ·

54
√
6

t5
e−3 −

∑
n:n̸=k

an<ak+t
2/6

wnh(ak − an + t2/6).
(4.101)

Since bk → ∞ as k → ∞, there exists a positive integer k(t) such that bk + t2/6 >
5+

√
10

15
t2 for all k ≥ k(t). For k ≥ k(t) and n ̸= k such that an < ak + t2/6, we

can show that ak − an ≥ bk; otherwise, by the definition of bk it must hold that
ak − an ≤ −bk < −5+2

√
10

30
t2, which contradicts an < ak + t2/6. Since the map h is

positive and strictly decreasing on (5+
√
10

15
t2,∞), for k ≥ k(t) we have

f ′
t(ak + t2/6) ≥ wk ·

54
√
6

t5
e−3 −

∑
n:n̸=k

an<ak+t
2/6

wnh(bk + t2/6) (4.102)

≥ wk ·
54
√
6

t5
e−3 − h(bk + t2/6) (4.103)

= wk ·
54
√
6

t5
e−3 − 3bk − t2/2

2(bk + t2/6)7/2
e
− t2

2(bk+t2/6) . (4.104)

The condition (4.97) shows that f ′
t(ak + t2/6) is positive for sufficiently large k ∈ N.

This shows that µ ∗ Lt is not unimodal for any t > 0.
If we take the particular sequences ak = ak and wk = cka−

5
2
k where a > 2 and

c > 0 is a normalizing constant, then the sequence bk satisfies bk ≥ Cak for some
constant C > 0. Then the condition (4.97) holds true and∫

R
|x|p dµ(x) =

∑
k≥1

wk|ak|p = c
∑
k≥1

ka(p−5/2)k. (4.105)

Hence the above integral is finite if and only if 0 < p < 5/2.
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In the above construction, for any positive weights {wn}n and any sequence {an}n
that satisfies (4.97), the 5/2-th moment of µ is always infinite, that is,∫

R
|x|5/2 dµ(x) = ∞. (4.106)

We conjecture that if the integral in (4.106) is finite then µ ∗ Lt is unimodal in large
time. More generally, considering results on Cauchy processes in Section 4.5.1, it is
natural to expect the following.

Conjecture 4.28. Suppose that St (resp. Tt) is the law at time t ≥ 0 of a classical
(resp. free) strictly stable process of index α ∈ (0, 2). If µ is a probability measure
such that ∫

R
|x|2+α dµ(x) <∞, (4.107)

then µ ∗ St (resp. µ⊞ Tt) is unimodal for sufficiently large t > 0.

5 Unimodality for free unitary Brownian motions

5.1 Introduction and outline of results

This section discusses on [40]. This paper gives unimodality for free unitary Brownian
motions and Poisson kernels with initial distributions on the unit circle. This result
can be contrasted to Section 4.

In this section, we study unimodality for free multiplicative convolution with the
free normal distributions on the unit circle. We write λt (t > 0) for the free normal
distribution on the unit circle which is the distribution of free unitary Brownian
motion at time t > 0 (see [20, 21]). Let Ut ∼ λt (t > 0) and V ∼ µ be freely
independent unitary operators in a noncommutative probability space. Then we write
µ ⊠ λt for the distribution of V Ut for t > 0. Recall that the operation ⊠ is called
free multiplicative convolution. It can be defined on the set of general probability
measures on T. In [70], Zhong proved that for an arbitrary probability measure µ on
T the probability measure µ ⊠ λt is Haar absolutely continuous and its probability
density function is continuous on T and is analytic wherever it is positive. In this
paper, we study the unimodality for µ⊠ λt by using Zhong’s density formula and we
conclude the following results:

Theorem 5.1. (See Theorems 5.22, 5.26, 5.27 and 5.29 below.)

(1) Unimodality for µ ⊠ λt: let µ be a symmetric unimodal probability measure
on T. Then µ⊠ λt is symmetric unimodal for all t > 0.

(2) Eventual unimodality for µ ⊠ λt: let µ be a symmetric distribution on T
supported on {eiθ : θ ∈ [−φ, φ]} for some φ ∈ (0, π/2). Then µ⊠ λt is unimodal

for all t ≥ 2(1+rφ)

1−rφ log 1
rφ
, where rφ = (cosφ)/4.

(3) Non-unimodality for µ⊠λt: let b be the Bernoulli distribution 1
2
(δ−1 + δ1) on

T. Then the density of b⊠ λt attains a strict maximum at ±1 and hence is not
unimodal for any t > 0.
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(4) Failure of freely strong unimodality of λt: there exists some t0 > 0 such
that λt is not freely strongly unimodal at any time t ∈ (0, t0).

The above (1) strengthens [70, Corollary 3.13], where the statement is proved for
µ = δ1. The non-unimodality result (3) contrasts with the additive case; in the latter
case the assumption of compact support of the initial distribution implied the eventual
unimodality. We do not know whether the failure of freely strong unimodality can be
proved for all t > 0.

We also prove similar statements for classical multiplicative convolution ⊛ on the
unit circle, in particular convolution with the Poisson kernel pr,ψ (see (2.29)).

Theorem 5.2. (See Theorems 5.13, 5.15, 5.16 and 5.18 below.)

(1) Let µ and ν be symmetric unimodal probability measures on T. Then so is µ⊛ν.

(2) Eventual unimodality for pr,ψ ⊛ µ: let µ be a symmetric distribution on T
supported on {eiθ : θ ∈ [−φ, φ]} for some φ ∈ (0, π/2). Then pr,ψ⊛µ is unimodal
for all r ∈ (0, rφ), where rφ = (cosφ)/4.

(3) Non-unimdality for pr,ψ ⊛ µ: let b be the Bernoulli distribution 1
2
(δ−1 + δ1)

on T as before. Then the density of measure pr,ψ ⊛ b attains a strict maximum
at ±1 ∈ T and hence is not unimodal at any r ∈ (0, 1).

(4) Failure of strong unimodality of pr,ψ: there exists some r0 ∈ (0, 1) such that
pr,ψ is not strongly unimodal for any r ∈ (r0, 1) and ψ ∈ R.

In fact, some statements of Theorem 5.1 are closely related to or directly applied to
Theorem 5.2, as well as they are new in classical probability to the authors’ knowledge.
The reason why classical convolution with Poisson kernels is related to free convolution
with free normal distributions can be understood via Lemma 5.12.

After introducing basic known results on free probability in Section 5.2.1- 5.2.3, we
introduce and investigate the classes of symmetric and unimodal probability measures
on T in Sections 5.2.4 and 5.3, respectively. The above main results are proved in
Section 5.4.

5.2 Preliminaries

5.2.1 Free normal distributions on the unit circle

Recall that the definition and properties of ⊠-infinitely divisible distributions are
given by Section 2.4. For t > 0, we define λt as the ⊠-infinitely divisible probability
measure on T whose Σ-transform is given by

Σλt(z) = exp

[
t

2
· 1 + z

1− z

]
, t > 0. (5.1)

We call λt the free normal distribution on the unit circle. This is the distribution of
free unitary Brownian motion which was introduced by Biane (e.g, see [20, 21]).
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5.2.2 Zhong’s density formula

Most of the materials in this section are based on Zhong’s papers [69, 70]. As men-
tioned in Section 2.3, if µ and ν have nonzero first moments, then we can find a
subordination function of ηµ⊠ν with respect to ηµ (or ην). However, if µ has the zero
first moment (and ν has a nonzero first moment), then the subordination function of
ηµ⊠ν with respect to ηµ is generally not unique (see [69, Example 3.5]). If we require
a subordination function to satisfy additional properties, then it is unique even if µ
has the zero first moment [9, 22]. Namely, if µ ̸= h is a probability measure on T and
ν has a nonzero first moment, then there exists a unique pair of analytic functions
w1, w2 : D → D such that

• w1(0) = w2(0) = 0;

• ηµ⊠ν(z) = ηµ(w1(z)) = ην(w2(z)) for all z ∈ D;

• w1(z)w2(z) = zηµ⊠ν(z) for all z ∈ D.

We focus on the case when ν is the free normal distribution λt which has the
nonzero first moment e−t. For a probability measure µ ̸= h on T and t > 0, let ηt
denote the above function w1. According to [8, Proposition 3.2], for each t > 0 there
exists a probability measure ρt on T, such that ηt(z) = ηρt(z). In [69, Lemma 3.4 and
Corollary 3.13], the measures ρt are proved to be ⊠-infinitely divisible on T and its
Σ-transform is expressed by

Σρt(z) = Σλt(ηµ(z)) = exp

[
t

2

∫
T

1 + ξz

1− ξz
µ(dξ)

]
. (5.2)

It is proved in [8] that ηt(z) = ηρt(z) is a conformal map of D onto a simply connected
domain Ωt,µ ⊂ D and extends to a homeomorphism from cl(D) to cl(Ωt,µ), where cl
is the closure of the corresponding sets. To study the measure µ⊠ λt, it is important
to describe the domain Ωt,µ.

According to Zhong’s paper (see [70]), we define the open set (of T)

Ut,µ :=

{
θ ∈ [−π, π) :

∫ π

−π

1

|1− ei(θ+x)|2
µ(dx) >

1

t

}
, (5.3)

and also define a function vt,µ : [−π, π) → (0, 1] as

vt,µ(θ) := sup

{
r ∈ (0, 1) :

1− r2

−2 log r

∫ π

−π

1

|1− rei(θ+x)|2
µ(dx) <

1

t

}
. (5.4)

Note that the function vt,µ is continuous on [−π, π), analytic in Ut,µ and one has
Ut,µ = {θ ∈ [−π, π) : vt,µ(θ) ̸= 1} by the proof of [70, Corollary 3.9]. In particular we
have that vt,µ(θ) = vt,µ(−θ) for all θ ∈ [−π, π) if µ is symmetric. For any θ ∈ Ut,µ,
the value vt,µ(θ) is a unique solution r ∈ (0, 1) of the following equation:

1− r2

−2 log r

∫ π

−π

1

|1− rei(θ+x)|2
µ(dx) =

1

t
. (5.5)

In [70, Theorem 3.2], it is proved that Ωt,µ = {reiθ : 0 ≤ r < vt,µ(θ), θ ∈ [−π, π)}
and ∂Ωt,µ ∩ D = {vt,µ(θ)eiθ : θ ∈ Ut,µ}. As the inverse map of ηt, the restriction
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of the map Φt,µ(z) := zΣρt(z) to Ωt,µ is conformal onto D, and it extends to a
homeomorphism of cl(Ωt,µ) onto cl(D). We define a homeomorphism Ψt,µ : T → T by

Ψt,µ(e
iθ) := Φt,µ(vt,µ(θ)e

iθ), θ ∈ [−π, π). (5.6)

Since |Ψt,µ(e
iθ)| = 1 and Φt,µ(z) = zΣρt(z), we have

arg(Ψt,µ(e
iθ)) = θ + t

∫ π

−π

vt,µ(θ) sin(θ + x)

|1− vt,µ(θ)ei(θ+x)|2
µ(dx), (5.7)

and hence

Ψt,µ(e
iθ) = exp

[
i

(
θ + t

∫ π

−π

vt,µ(θ) sin(θ + x)

|1− vt,µ(θ)ei(θ+x)|2
µ(dx)

)]
. (5.8)

By [70, Proposition 3.6, Theorem 3.8], the probability measure µ⊠ λt is Haar abso-
lutely continuous and its probability density function pt is given by

pt(Ψt,µ(eiθ)) = − log(vt,µ(θ))

πt
, (5.9)

and it is analytic wherever it is positive. Moreover we have that

supp(µ⊠ λt) = {Ψt,µ(eiθ) : θ ∈ cl(Ut,µ)}. (5.10)

5.2.3 Free multiplicative convolution with Poisson kernels

There is no useful formula for describing the absolutely continuous part of free mul-
tiplicative convolution of general probability measures. One special case is the free
multiplicative convolution with the free normal distribution, which has some implicit
formula for the density as already mentioned. Another computable case is the free
multiplicative convolution with the Poisson kernel.

Proposition 5.3. For every probability measure µ, every r ∈ [0, 1) and every ψ ∈ R
we have

pr,ψ ⊛ µ = pr,ψ ⊠ µ. (5.11)

A proof can be found e.g. in [30, Section 7.1]. In Sections 5.4.2 – 5.4.3, we will dis-
cuss unimodality for classical multiplicative convolution (and hence free multiplicative
convolution) with Poisson kernels.

5.2.4 Symmetric probability measures on the unit circle

In this section, we define and characterize the symmetric probability measures on T.

Definition 5.4. A probability measure µ on T is said to be symmetric if µ(B) = µ(B)
for all Borel sets B in T, where B := {ξ : ξ ∈ B}.

We show that the free multiplicative convolution of two symmetric probability
measures on T is also symmetric. To prove this we characterize the class of symmetric
probability measures on T.
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Proposition 5.5. For a probability measure µ on T, the following statements are
equivalent.

(1) µ is symmetric.

(2) ψµ(z) = ψµ(z) for z ∈ D.

(3) All moments of µ are real.

Moreover, if µ has a non-zero mean, then the above conditions are also equivalent to

(4) Σµ(z) = Σµ(z) on a neighborhood of 0.

Proof. (1)⇒(2): for a symmetric probability measure µ on T we have

ψµ(z) =

∫ π

−π

ξz

1− ξz
µ(dξ)

=

∫
(0,π)

(
ξz

1− ξz
+

ξz

1− ξz

)
µ(dξ) +

z

1− z
µ({1}) + −z

1 + z
µ({−1}),

(5.12)

and therefore we have ψµ(z) = ψµ(z).
(2)⇒(1): condition (2) implies that ℜψµ(z) = ℜψµ(z). The inversion formula

(2.31) shows that

µ(A) = lim
r↑1

∫
A

(2ℜ(ψµ(rξ)) + 1)h(dξ) = lim
r↑1

∫
A

(2ℜ(ψµ(rξ)) + 1)h(dξ) = µ(A)

for any arc A ⊂ T such that its endpoints are continuity points of µ. Therefore
µ(B) = µ(B) holds for all Borel subsets B of T.

Conditions (2), (3) and (4) are equivalent by basic complex analysis.

Corollary 5.6. If µ and ν are symmetric probability measures on T, then µ⊠ ν and
µ⊛ ν are also symmetric.

Proof. Any moment of µ⊠ν can be expressed as a polynomial (with real coefficients)
of moments of µ and those of ν, and hence is real. The same arguments apply to
µ⊛ ν.

This corollary implies a part of Theorem 5.1: µ⊠ λt is symmetric whenever µ is.

5.3 Unimodal probability measures on the unit circle

In this section, we introduce the concept of unimodal probability measures on T.
Recall that unimodal distributions on R are defined in (4.1). In addition, unimodal
distributions on R can be characterized from the viewpoint of geometric function
theory: µ is unimodal with some mode if and only if the Cauchy transform Gµ (see
(2.19)) is univalent and its range is horizontally convex, namely if z, w are points in
the range of Gµ with the same imaginary part then the line segment connecting them
is also contained in the range [30, Theorem 6.24].

According to [30], we similarly define the concept of unimodal probability measures
on T as follows.
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Definition 5.7. Consider ϕ, ψ ∈ R with 0 ≤ ϕ − ψ ≤ 2π. A probability measure µ
on T is said to be unimodal with mode ϕ and antimode ψ if µ is written as

µ(dθ) = cδϕ + f(θ) dθ, (5.13)

for some nonnegative number c and a function f : (ψ, ψ+2π) → [0,∞) which is non-
decreasing on (ψ, ϕ) and non-increasing on (ϕ, ψ + 2π). In particular, if ψ = ϕ (resp.
ψ+2π = ϕ), then we may understand that f is non-increasing (resp. non-decreasing)
on (ψ, ψ + 2π).

Note that unimodality on T can be characterized by the univalence (injectivity)
of ψµ and the ”vertical convexity” of the range ψµ(D), namely for any z, w ∈ ψµ(D)
having the same real part and for any t ∈ (0, 1), we have (1− t)z + tw ∈ ψµ(D); see
[30, Remark 7.17].

Example 5.8. The Poisson kernel pr,ψ, defined in (2.29), is unimodal with mode ψ
and antimode −π + ψ. Moreover, the probability measure pδψ + (1 − p)pr,ψ is also
unimodal with mode ψ and antimode −π + ψ for p ∈ (0, 1).

For other examples, it is proved in [70, Corollary 3.13] that the free normal dis-
tribution λt on the unit circle is unimodal with mode 0 and antimode −π for all
t > 0.

It is known that the set of all unimodal probability measures on R is closed with
respect to the weak convergence. A similar result holds for the unit circle by using
[30, Lemma 2.11, Theorem 7.16].

Lemma 5.9. The set of all unimodal probability measures on T is closed with respect
to the weak convergence.

Moreover, unimodal distributions can be approximated by smooth densities.

Lemma 5.10. For a unimodal distribution µ there is a sequence of unimodal prob-
ability measures {µn}n≥1 which have C∞ densities such that µn weakly converges to
µ as n→ ∞.

Proof. We only sketch the proof which is similar to [38, Lemma 6]. Assume that µ is
of the form (5.13). We may assume that the mode ϕ and the antimode ψ are different,
and that the antimode ψ is −π. By approximating δϕ with unimodal Haar absolutely
continuous distributions supported on a small arc, we may assume that µ does not
have an atom. We regard the density function f as a function on R supported on
[−π, π]. By cutting f near ±π, flattening f near ϕ and normalizing, we may assume
that f(x) = 0 for all |x| > π−α for some α ∈ (0, π), and that f(x) is constant for all
|x−ϕ| < β for some β > 0. Then we apply a mollifier φε := ε−1φ(ε−1·) with a smooth
nonnegative function φ supported on [−1, 0] to get a smooth function φε ∗ f which is
unimodal on (ϕ,∞), as done in [38, Lemma 6]. A similar construction works for the
opposite half-line (−∞, ϕ), and combining the two we obtain a unimodal function fε
on R. Note that if ε is sufficiently small, then fε is still supported on [−π, π], and
hence can be regarded as a unimodal density on T.

Unimodality can be characterized in terms of level sets under some assumptions.
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Lemma 5.11. Let µ be a Haar absolutely continuous distribution on T. Suppose
that its density p extends to a continuous function on T and is real analytic in
{ξ ∈ T : p(ξ) > 0}. Then µ is unimodal if and only if, for any a > 0, the equation
p(ξ) = a has at most two solutions ξ ∈ T.

Proof. Assume that µ is unimodal with mode ϕ and antimode ψ. Since p is continuous
we have 0 < ϕ−ψ < 2π. We identify the function p on T with a function on [ψ, ψ+2π).
Since p is real analytic wherever it is positive, the function p is strictly increasing on
{θ ∈ (ψ, ϕ) : p(θ) > 0} and strictly decreasing on {θ ∈ (ϕ, ψ + 2π) : p(θ) > 0}.

Case 1. If a > p(ϕ) or 0 < a < p(ψ), then the equation p(θ) = a has no solutions
θ ∈ [ψ, ψ + 2π).

Case 2. If a = p(ϕ), then the equation p(θ) = a has only one solution, since p(ϕ) is
the strict maximum.

Case 3. If a = p(ψ) > 0, then the equation p(θ) = a has only one solution since p(ψ)
is the strict minimum.

Case 4. If p(ψ) < a < p(ϕ), then by the intermediate value theorem and the mono-
tonicity the equation p(θ) = a has a unique solution in each of [ψ, ϕ) and
(ϕ, ψ + 2π).

In any case, we conclude that the equation p(θ) = a has at most two solutions θ in
[ψ, ψ + 2π).

Conversely, we assume that µ is not unimodal. Let ψ and ϕ (0 < ϕ− ψ < 2π) be
points where p takes a global minimum and a (strict) global maximum, respectively.
Then either p is not non-decreasing on (ψ, ϕ) or not non-increasing on (ϕ, ψ + 2π).
Without loss of generality we may focus on the former case. Then there exist ψ <
θ1 < θ2 < ϕ such that p(ψ) < p(θ2) < p(θ1) < p(ϕ). For any a ∈ (p(θ2), p(θ1)), by
the intermediate theorem the equation p(θ) = a has at least one solution in each of
the intervals (ψ, θ1), (θ1, θ2) and (θ2, ϕ). Therefore the equation p(θ) = a has at least
three solutions.

Combining Zhong’s density formula and Lemma 5.11 one can characterized the
unimodality for µ⊠ λt as follows.

Lemma 5.12. Suppose that t > 0 and µ is a probability measure on T. The following
statements are equivalent.

(1) µ⊠ λt is unimodal.

(2) For any r ∈ (0, 1) the equation

d(p0,r ⊛ µ)

dθ
(θ) =

− log r

πt
(5.14)

has at most two solutions θ ∈ [−π, π).
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Proof. This proof is very similar to [38, Proposition 3.8] or [39, Lemma 3.1]. Recall
that µ⊠ λt is Haar absolutely continuous, its density function pt is continuous on T
and real analytic in Ψt,µ(Ut,µ) by Section 5.2.2. Assume firstly the condition (2). Since
Ψt,µ is a homeomorphism of T, it suffices to show that for any a > 0 the equation

a = pt(Ψt,µ(eiθ)) = − log(vt,µ(θ))

πt
, θ ∈ [−π, π) (5.15)

has at most two solutions θ ∈ [−π, π) by Lemma 5.11. Since vt,µ(θ) is a unique
solution of the equation (5.5) when it is positive, then we have{

θ ∈ [−π, π) : a = − log(vt,µ(θ))

πt

}
=

{
θ ∈ [−π, π) : 1− (e−πat)2

−2 log(e−πat)

∫
[−π,π)

dµ(x)

|1− e−πatei(x+θ)|2
=

1

t

}
=

{
θ ∈ [−π, π) :

d(p0,e−πat ⊛ µ)

dθ
(−θ) = − log(e−πat)

πt

}
(5.16)

By the assumption (2) the equation a = − log(vt,µ(θ))

πt
has at most two solutions θ ∈

[−π, π). Conversely, assume that the condition (2) does not hold. Then for some
r ∈ (0, 1) there are three distinct solutions θ1, θ2, θ3 ∈ [−π, π) to the equation (5.14).
By (5.16) this shows that vt,µ(−θk) = r and hence pt(Ψt,µ(e−iθk)) = − log r

πt
for a =

− log r/(πt) and k = 1, 2, 3. Therefore µ⊠ λt is not unimodal by Lemma 5.11 again.

5.4 Main results

In Sections 5.4.1 – 5.4.3, we prove the main theorem announced as Theorem 5.2,
namely: in Section 5.4.1, we study unimodality for the multiplicative convolution of
two symmetric probability measures on T; in Section 5.4.2, we discuss when pr,ψ ⊛ µ
is unimodal for sufficiently small r ∈ (0, 1) and when it is not unimodal at any time
t > 0; in Section 5.4.3, we prove that pr,ψ is not strongly unimodal for any r ∈ (0, 1)
sufficiently close to 1.

In Sections 5.4.4 – 5.4.6, we prove the main theorem announced as Theorem 5.1,
namely: in Sections 5.4.4 and 5.4.5 we discuss when µ⊠ λt is unimodal for all t > 0,
when it is unimodal for sufficiently large t > 0, and when it is not unimodal at any
t > 0; in Section 5.4.6, we conclude the failure of freely strong unimodality for λt at
sufficiently small t > 0.

5.4.1 Multiplicative convolution of symmetric unimodal distributions

In this section, we study unimodality for the multiplicative convolution of two sym-
metric unimodal probability measures. It was proved by Wintner that classical ad-
ditive convolution ∗ preserves the symmetric unimodal probability measures on R
(see [53, Exercise 29.22] or the original article [66, Theorem XIII]). We conjectured
a similar property of free additive convolution ⊞ in [39] or the last section, which
is still open. We now prove the corresponding property for classical multiplicative
convolution ⊛ on T.
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Theorem 5.13. Let µ and ν be symmetric unimodal probability measures on T.
Then so is µ⊛ ν.

Proof. The symmetry follows from Corollary 5.6 (one can also prove it more directly
by formula (5.18) below). We will prove the unimodality. By Lemma 5.9 and Lemma
5.10, we may assume that µ and ν respectively have C1 densities f and g on T. We
extend f and g to even continuous functions on R which have period 2π, that is,
f(θ + 2π) = f(θ) and g(θ + 2π) = g(θ) for all θ ∈ R.

Let a = −f ′ on (0, π). Then a ≥ 0 and

f(θ) =

∫ π

|θ|
a(ψ) dψ, θ ∈ (−π, π). (5.17)

Let h be the density of µ⊛ ν. For φ ∈ (0, π) we have

h(φ) =

∫ π

−π
f(θ)g(φ− θ) dθ =

∫ π

−π

(∫ π

|θ|
a(ψ) dψ

)
g(φ− θ)dθ

=

∫ π

0

a(ψ) dψ

∫ ψ

−ψ
g(φ− θ)dθ. (5.18)

Fix ψ ∈ (0, π) and let k(φ) :=
∫ ψ
−ψ g(φ− θ)dθ =

∫ φ+ψ
φ−ψ g(θ) dθ for φ ∈ (0, π). Then

k′(φ) = g(φ+ ψ)− g(φ− ψ). (5.19)

In order to show h′ ≤ 0 on (0, π), we show that k′ ≤ 0 on (0, π).
Case 1: φ+ ψ ≤ π. Then k′ ≤ 0 because φ+ ψ ≥ |φ− ψ|.
Case 2: φ+ ψ ≥ π. Then 2π − φ− ψ ≤ π and

k′(φ) = g(2π − φ− ψ)− g(φ− ψ), (5.20)

since g(φ+ψ) = g(−φ−ψ) = g(2π−φ−ψ). We can check that 2π−φ−ψ ≥ |φ−ψ|,
and hence g(φ− ψ) ≥ g(2π − φ− ψ).

Therefore h is non-increasing on (0, π) and also non-decreasing on (−π, 0) since
µ⊛ ν is symmetric. Hence µ⊛ ν is unimodal.

So far we found no counterexample to the corresponding conjecture for ⊠.

Conjecture 5.14. Let µ and ν be symmetric unimodal distributions on T. Then
µ⊠ ν is also unimodal.

Thanks to Proposition 5.3 and Theorem 5.13, this conjecture holds when one of
the distributions is the Poisson kernel. In Section 5.4.4 the above conjecture is proved
when one of the probability measures is the free normal distribution.

5.4.2 Eventual unimodality and non-unimodality for pr,ψ ⊛ µ

Firstly, we give a class of probability distributions µ on T such that the distribution
pr,ψ ⊛ µ is unimodal for sufficiently small r ∈ (0, 1).
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Theorem 5.15. Let φ ∈ (0, π/2) and µ be a symmetric distribution on T such that
supp(µ) ⊂ {eiθ : θ ∈ [−φ, φ]}. Then pr,ψ ⊛ µ is unimodal for r ∈ (0, rφ) where
rφ := (cosφ)/4.

Proof. We may assume that ψ = 0. The density function fr of pr,0 ⊛ µ is given by

fr(θ) =
1− r2

2π

(∫ φ

0

dµ(x)

1− 2r cos(θ − x) + r2
+

∫ φ

0

dµ(x)

1− 2r cos(θ + x) + r2

)
, θ ∈ [−π, π).

(5.21)
For all θ ∈ (0, π), we have

f ′
r(θ) = −2r(1− r2) sin θ

π

∫ φ

0

Lr(θ, x)

(1− 2r cos(θ − x) + r2)2(1− 2r cos(θ + x) + r2)2
dµ(x),

(5.22)
where

Lr(θ, x) :=
{
(1 + r2)2 + 4r2(1− sin(θ − x) sin(θ + x))

}
cosx−4r(1+r2) cos θ. (5.23)

If θ ∈ (π/2, π), then it is clear that Lr(θ, x) > 0 for all x ∈ (0, φ) and hence f ′
r(θ) < 0.

If θ ∈ (0, π/2), then for all r ∈ (0, rφ) and x ∈ (0, φ), we have

Lr(θ, x) ≥ (1 + r2)2 cosx− 4r(1 + r2) cos θ (5.24)

≥ (1 + r2)2 cosx− 4r(1 + r2) (5.25)

≥ (1 + r2)(cosx− 4r) (5.26)

≥ (1 + r2)(cosφ− 4r) (5.27)

= 4(1 + r2)(rφ − r) > 0. (5.28)

Therefore Lr(θ, x) > 0 for all r ∈ (0, rφ) and x ∈ (0, φ). Thus f ′
r(θ) < 0 for θ ∈

(0, π/2) if 0 < r < rφ. The above arguments show that fr is non-increasing on (0, π)
if 0 < r < rφ. Since pr,0 ⊛ µ is symmetric, the above result implies that pr,0 ⊛ µ is
unimodal for r ∈ (0, rφ).

Next we prove that the above theorem does not hold for φ = π/2. In fact, the
equally weighted Bernoulli distribution b on {1,−1} ⊂ T is a counterexample of the
above theorem for φ = π/2.

Theorem 5.16. The density of the measure pr,ψ ⊛ b attains a strict maximum at
the two points ±eiψ and hence is not unimodal at any r ∈ (0, 1).

Proof. We may assume that ψ = 0. The density function of pr,0 ⊛ b is computed in
the form

fr(θ) =
1− r2

2π

(
1

1− 2r cos θ + r2
+

1

1 + 2r cos θ + r2

)
, θ ∈ [−π, π). (5.29)

For all θ ∈ (0, π), we have

f ′
r(θ) =

1− r2

2π
· −8r2(1 + r2) sin(2θ)

(1− 2r cos θ + r2)2(1 + 2r cos θ + r2)2
. (5.30)

This formula easily shows that the function fr has a global maximum at θ = 0, π and a
local minimum at θ = ±π/2. Therefore pr,ψ⊛b is not unimodal at any r ∈ (0, 1).
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5.4.3 Failure of strong unimodality of pr,ψ

We prove that the Poisson kernel pr,ψ is not strongly unimodal for r ∈ (0, 1) suffi-
ciently close to 1. This is a key fact to prove that the free normal distribution λt is
not freely strongly unimodal for sufficiently small t > 0 in Section 5.4.6. We start
from defining the concept of classically and freely strong unimodality (we use the
concept of freely strong unimodality in Section 5.4.6 later).

Definition 5.17. A probability measure µ on T is said to be strongly unimodal
(resp. freely strongly unimodal) if µ⊛ ν (resp. µ⊠ ν) is unimodal for every unimodal
probability measure ν on T.

Theorem 5.18. There exists r0 ∈ (0, 1) such that the Poisson kernel pr,ψ is not
strongly unimodal for any r ∈ [r0, 1) and any ψ ∈ R. More strongly, there exists
a probability measure µ and a continuous function h : [r0, 1) → (0,∞) such that
lim supr→1 h(r) ∈ (0,∞] and for each r ∈ [r0, 1) and ψ ∈ R the equation

h(r) =
d(pr,ψ ⊛ µ)

dθ
(θ)

has at least three solutions θ ∈ [−π, π).
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Figure 22: The density of p0.99,0 ⊛ µ0.01

Proof. We may assume that ψ = 0. Let µ = µa be the probability measure defined
by

µa(dθ) = aδ0 + b1(0,π)(θ) dθ, (5.31)

where a, b are fixed positive real numbers such that a + bπ = 1. As we see later, we
want a to satisfy a2/(4b2) < 1/27; for example a = 1/20. Let fr and pr be the density
functions of pr,0 ⊛ µa and pr,0, respectively. Then we have

fr(θ) = apr(θ) + b

∫ π

−π
1(0,π)(θ − φ)pr(φ) dφ = apr(θ) + b

∫ θ

θ−π
pr(φ) dφ (5.32)

for all θ ∈ (0, π). Therefore, we have

f ′
r(θ) = ap′r(θ) + b[pr(θ)− pr(θ − π)] (5.33)

=
1− r2

2π
· gr(θ)

(1 + r2 − 2r cos θ)2(1 + r2 + 2r cos θ)
, θ ∈ (0, π), (5.34)
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where

gr(θ) = −2ra sin θ(1 + r2 + 2r cos θ) + b(1 + r2 − 2r cos θ)(1 + r2 + 2r cos θ)

− b(1 + r2 − 2r cos θ)2.
(5.35)

In order to prove that gr has several zeros, we extend the parameter r to the interval
[0, 1], and then take r = 1 to simplify gr:

g1(θ) = 4[−a sin θ(1 + cos θ) + 2b cos θ(1− cos θ)]. (5.36)

Note that g1(0) = 0, g′1(0) = −8a < 0 and g1(π) < 0. It is clear that g1 < 0 on
[π/2, π). By trigonometry, for θ ∈ (0, π/2) the inequality g1(θ) < 0 is equivalent to

a2

4b2
>

cos2 θ(1− cos θ)

(1 + cos θ)3
. (5.37)

The function on the RHS increases on (0, π/3) and decreases on (π/3, π/2), and
attains the maximum 1/27 at θ = π/3. Thus, if a2/(4b2) < 1/27 (for example
a = 1/20 suffices) then we obtain two solutions α1, β1 of the equation

a2

4b2
=

cos2 θ(1− cos θ)

(1 + cos θ)3
, θ ∈ [0, π/2], (5.38)

such that 0 < α1 < π/3 < β1 < π/2 and g1 > 0 on (α1, β1) and g1 < 0 on (0, α1) ∪
(β1, π). Each of the zeros 0, α1, β1 of g1 has multiplicity one.

Since gr(θ) depends continuously on r ∈ [0, 1] and analytically on θ, by the argu-
ment principle, there exists r1 ∈ (0, 1) such that the function gr still has three zeros
−0.1 < γr < αr < βr < π/2+0.1 for every r ∈ (r1, 1). This implies that fr takes local
maxima at γr and βr and a local minimum at αr. The zeros are continuous functions
of r ∈ [r1, 1]. Since g

′
1(0) = −8a < 0, g1(0) = 0 and gr(0) > 0 for every r ∈ [0, 1), we

must have γr > 0.
The zero βr depends on r ∈ [r1, 1] continuously, and in particular limr→1 βr =

β1 ∈ (π/3, π/2). Therefore we have βr ∈ (π/3, π/2) if r is close enough to 1, and
hence

b

∫ βr

βr−π
pr(φ) dφ ≤ fr(βr) ≤ apr

(π
3

)
+ b

∫ βr

βr−π
pr(φ) dφ. (5.39)

Taking the limit r → 1 we conclude that

lim
r→1

fr(βr) = b. (5.40)

On the other hand, the local maximum at γr can be estimated from below as

fr(γr) ≥ fr(0) ≥ apr(0) =
a(1 + r)

2π(1− r)
. (5.41)

Therefore, if r is close enough to 1 then fr(γr) > fr(βr), and so the equation fr(θ) = h
has at least three solutions θ ∈ (0, π) for every h ∈ (fr(αr), fr(βr)) (see Figure 22).
Thus there exist r0 ∈ (0, 1) and a continuous function h : [r0, 1) → (0,∞) such that the
equation fr(θ) = h(r) has at least three solutions θ ∈ (0, π) for each r, and h(r) → b as
r → 1; for example we may define h(r) = max{1

2
[fr(αr)+fr(βr)], fr(βr)−(1−r)}.
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Remark 5.19. Numerical simulations suggest that p0.9,0 ⊛ µa is already unimodal
for all a ∈ (0, 1); see Figures 23 and 24.

We do not know whether pr,0 is strongly unimodal for r smaller than r0.

Problem 5.20. Does there exist r ∈ (0, 1) such that the Poisson kernel pr,0 is
strongly unimodal? Note that p0,0 is the normalized Haar measure and the weak
limit limr↑1 pr,0 is the delta measure δ1, and hence both are strongly unimodal.

A more challenging problem is to prove the analogue of Ibragimov’s theorem,
which characterizes the strongly unimodal distributions on R by the log concavity of
the density (see [53, Theorem 52.3]; the original article is [46]).

Problem 5.21. Characterize the classically strong unimodality on T. In particular,
is the classical normal distribution (= the heat kernel) on T with the density

1√
2πt

∑
n∈Z

exp

(
−(θ + 2πn)2

2t

)
, θ ∈ [−π, π), t > 0, (5.42)

strongly unimodal?

5.4.4 Unimodality for µ⊠ λt

In this section, we study unimodality for µ⊠ λt when µ is symmetric unimodal.

Theorem 5.22. If µ is a symmetric unimodal probability measure on T, then µ⊠λt
is symmetric and unimodal for any t > 0.

Proof. Since µ and λt are symmetric, the probability measure µ⊠λt is also symmetric
by Corollary 5.6. To show the unimodality, it suffices by Lemma 5.12 to show that
for any r ∈ (0, 1) and t > 0 the equation (5.14) has at most two solutions θ ∈ [−π, π).
By Theorem 5.13, the measure pr,0⊛µ is unimodal for any r ∈ (0, 1), and by Lemma
5.11 the equation (5.14) has at most two solutions θ ∈ [−π, π) for any r ∈ (0, 1) and
t > 0 . Hence µ⊠ λt is unimodal for any t > 0.
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5.4.5 Eventual unimodality and non-unimodality for µ⊠ λt

We firstly prepare the following functions to describe the density of µ ⊠ λt. For
θ ∈ [−π, π) and r ∈ (0, 1) define the following two functions on [−π, π).

Γθ,r(x) :=
sin(θ + x)

(1− 2r cos(θ + x) + r2)2
, (5.43)

Ξθ,r(x) :=
2r(1 + log r − r2 + r2 log r) cos(θ + x) + r4 − 4r2 log r − 1

(1− 2r cos(θ + x) + r2)2
. (5.44)

Those functions will play a key role in analyzing the density of µ⊠λt as the following
lemma shows. Actually, it serves as an alternative of Lemma 5.12; one can choose a
convenient one from the two lemmas, according to a problem to be considered.

Lemma 5.23. For arbitrary numbers θ ∈ [−π, π) and r ∈ (0, 1), the function Ξθ,r
takes negative values on [−π, π). Moreover, for each t > 0 we have

d

dθ
vt,µ(θ) =

2vt,µ(θ)
2(1− vt,µ(θ)

2) log(vt,µ(θ))∫ π
−π Ξθ,vt,µ(θ)(x)µ(dx)

∫ π

−π
Γθ,vt,µ(θ)(x)µ(dx), θ ∈ Ut,µ.

(5.45)

Proof. By calculus we can check that 1 + log r − r2 + r2 log r < 0 for all r ∈ (0, 1).
Hence we have

2r(1 + log r − r2 + r2 log r) cos(θ + x) + r4 − 4r2 log r − 1 (5.46)

≤ −2r(1 + log r − r2 + r2 log r) + r4 − 4r2 log r − 1 (5.47)

= (1 + r)2(−2r log r + r2 − 1). (5.48)

By calculus we can prove that the RHS is negative, and so is Ξθ,r(x).
Recall that the function vt,µ is analytic in Ut,µ and satisfies vt,µ(θ) ∈ (0, 1) and the

equation R(θ, vt,µ(θ)) = 0 for all θ ∈ Ut,µ, where

R(θ, r) :=
1− r2

−2 log r

∫ π

−π

µ(dx)

1− 2r cos(θ + x) + r2
− 1

t
, r ∈ (0, 1), θ ∈ Ut,µ. (5.49)

In order to compute d
dθ
vt,µ(θ), we calculate partial derivatives of R which can be

expressed with the functions Γθ,r and Ξθ,r as follows:

∂R

∂θ
(θ, r) =

r(1− r2)

log r

∫ π

−π
Γθ,r(x)µ(dx), (5.50)

and

∂R

∂r
(θ, r) = − 1

2r(log r)2

∫ π

−π
Ξθ,r(x)µ(dx). (5.51)

Since ∂R
∂r
(θ, r) > 0, we can use the differentiation of implicit functions to obtain the

desired expression of v′t,µ.
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In Lemma 5.23, the denominator in the expression (5.45) is always strictly nega-
tive, that is, ∫ π

−π
Ξθ,vt,µ(θ)(x)µ(dx) < 0, (5.52)

for all θ ∈ Ut,µ. Therefore, it is enough to check only the sign of
∫ π
−π Γθ,vt,µ(θ)(x)µ(dx)

to know the one of the first derivative of vt,µ(θ). The sign of d
dθ
vt,µ(θ) is used in the

proof of Theorems 5.26 and 5.27.

Lemma 5.24. Let t > 4. Let r(t) ∈ (0, 1) be the unique solution r to the equation

1 + r

1− r
(−2 log r) = t.

Then vt,µ(θ) ≤ r(t) for every θ ∈ [−π, π) and every probability measure µ on T. In
particular, Ut,µ = T and λt ⊠ µ has a strictly positive real analytic density on T.

Remark 5.25. The opposite inequality of the form vt,µ(θ) ≥ at was obtained in [70,
Proposition 3.10] in a similar way.

Proof. By the triangle inequality we obtain

1− r2

−2 log r

∫
T

dµ(ξ)

|1− reiθξ|2
≥ 1− r2

−2 log r
· 1

(1 + r)2
=

1− r

(1 + r)(−2 log r)
=: f(r). (5.53)

Elementary calculus shows that f is strictly increasing on (0, 1) and f(+0) = 0 and
f(1 − 0) = 1/4. Therefore, for every t > 4 the unique solution r(t) exists. Since
f(r(t)) = 1/t, the LHS of (5.53) is greater than or equal to 1/t at r = r(t), which
implies that vt,µ(θ) ≤ r(t). Since vt,µ(θ) < 1 the last statement holds.

We give a class of probability distributions µ on T such that the distribution µ⊠λt
is unimodal for sufficiently large time. In fact the class considered in Theorem 5.15
is available.

Theorem 5.26. Let φ ∈ (0, π/2) and µ be a symmetric probability measure on T such

that supp(µ) ⊂ {eiθ : θ ∈ [−φ, φ]}. Then µ⊠ λt is unimodal for all t ≥ 2(1+rφ)

1−rφ log 1
rφ
,

where rφ = (cosφ)/4.

Proof. Let t > 4. For θ ∈ T = Ut,µ, we have∫ π

−π
Γθ,vt,µ(θ)(x) dµ(x) =

∫ φ

0

[
Γθ,vt,µ(θ)(x) + Γθ,vt,µ(θ)(−x)

]
dµ(x) (5.54)

= 2 sin θ

∫ φ

0

Lvt,µ(θ)(θ, x) dµ(x)

(1− 2vt,µ(θ) cos(θ + x) + vt,µ(θ)2)2(1− 2vt,µ(θ) cos(θ − x) + vt,µ(θ)2)2
,

(5.55)

where the function Lr(θ, x) was defined in (5.23). For θ ∈ [0, π], we have

Lvt,µ(θ)(θ, x) ≥ 4(1 + vt,µ(θ)
2)(rφ − vt,µ(θ)). (5.56)
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by the same calculations from (5.24) to (5.28). Suppose that rφ ≥ vt,µ(θ) holds for all
θ ∈ [0, π]. We can then conclude Lvt,µ(θ)(θ, x) ≥ 0 for all θ ∈ [0, π] and x ∈ [0, φ], and
hence

∫ π
−π Γθ,vt,µ(θ)(x) dµ(x) ≥ 0. By Lemma 5.23, we have d

dθ
vt,µ(θ) ≥ 0 for θ ∈ [0, π],

and therefore d
dθ
vt,µ(θ) ≤ 0 for θ ∈ [−π, 0] since µ is symmetric. Thus vt,µ is non-

increasing in (−π, 0) and non-decreasing in (0, π). Therefore the density function

pt(ψt(eiθ)) = − log(vt,µ(θ))

πt
of µ⊠ λt is non-decreasing in (−π, 0) and non-increasing in

(0, π), so that µ⊠ λt is unimodal.
Next we prove rφ ≥ vt,µ(θ) for large t by using Lemma 5.24. Let tφ := 1+rφ

1−rφ (−2 log rφ),

which is greater than 4. For every t ≥ tφ we have r(t) ≤ rφ since t 7→ r(t) is strictly
decreasing, and hence rφ ≥ vt,µ(θ).

Next we prove that the above theorem does not hold for φ = π/2. This result is
a complete free analogue of Theorem 5.16 on the classical multiplicative convolution
of the Poisson kernel pr,ψ and the Bernoulli distribution.

Theorem 5.27. The density of the measure b ⊠ λt attains a strict maximum at
±1 ∈ T and hence is not unimodal at any time t > 0.

Proof. By the definition of Ut,b in (5.3), we have

Ut,b =

{
−π ≤ θ < π : −

√
t

2
< sin θ <

√
t

2

}
. (5.57)

Therefore, Ut,b and hence the support of b ⊠ λt have two connected components if
0 < t < 2, and has the single connected component T if t ≥ 2. The density function
of b⊠ λt is symmetric for the x-axis since b is symmetric. For θ ∈ Ut,b we have∫

[−π,π)
Γθ,vt,b(θ)(x)b(dx) =

1

2

(
sin θ

(1− 2r cos θ + r2)2
+

− sin θ

(1 + 2r cos θ + r2)2

)
(5.58)

=
2r(1 + r2) sin(2θ)

(1− 2r cos θ + r2)2(1 + 2r cos θ + r2)2
. (5.59)

By Lemma 5.23 we conclude that d
dθ
vt,b(θ) > 0 on (0, π

2
) ∩ Ut,b and d

dθ
vt,b(θ) < 0 on

(π
2
, π) ∩ Ut,b. Since vt,b(θ) = vt,b(−θ), the function vt,b has local minima at θ = 0, π.

By the density formula pt(Ψt,b(eiθ)) = − log(vt,b(θ))

πt
, the desired statement holds for

any t > 0.

Remark 5.28. We have concluded in [39] that the free additive convolution of the
semicircle distribution S(0, t) and a compactly supported probability measure on R
is unimodal for sufficiently large t > 0, but a similar statement is not true in the case
of the free multiplicative convolution, according to Theorem 5.27.

5.4.6 Failure of freely strong unimodality of λt

In this section, combining Lemma 5.12 and Theorem 5.18 we conclude the failure of
freely strong unimodality for λt for small t > 0.

Theorem 5.29. There exists some t0 > 0 such that the free normal distribution λt
is not freely strongly unimodal for any t ∈ (0, t0).
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Proof. In order to prove that λt is not freely strongly unimodal, according to Lemma
5.12 we need to find a unimodal distribution µ and some r > 0 such that equation
(5.14) has at least three solutions θ ∈ [−π, π). We take the probability measure µ
and the function h : [r0, 1) → (0,∞) in Theorem 5.18. Let t0 := (− log r0)/(πh(r0)).
For each t ∈ (0, t0), by the intermediate value theorem there exists some rt ∈ [r0, 1)
such that − log rt/(πt) = h(rt). For r = rt equation (5.14) has at least three solutions
θ ∈ [−π, π) by Theorem 5.18.

Problem 5.30. In the case of additive free convolution, once we establish that S(0, t)
is not freely strongly unimodal at some t > 0 then nor is it at any t > 0, because
t > 0 is just a scaling. However, on the unit circle the parameter t > 0 for λt is not
a scaling. Thus the following problem remains unsolved: does there exist t > 0 such
that the free normal distribution λt is freely strongly unimodal?

5.5 Summary

We conclude this paper by mentioning some relationship between additive and multi-
plicative free convolutions. Our method of studying unimodality for free multiplica-
tive convolution has been quite similar to the case of free additive convolution in [39].
In particular, the study of the unimodality of λt ⊠ µ was reduced to that of pr,0 ⊛ µ
in this paper, while in [39, Lemma 3.1] the study of the unimodality of S(0, t) ⊞ µ
was reduced to that of the classical convolution of µ and Cauchy distributions. Ac-
tually, the Poisson kernel pr,0 is the push-forward of the Cauchy distribution by the
exponential mapping x 7→ eix (see [2, Example 19, Theorem 20]).

Anshelevich and Arizmendi [2] studied the exponential mapping and succeeded
in systematically explaining that various results on additive free convolution can be
transferred to multiplicative free convolution on T. Therefore, it is tempting to have
a proof of some results in this paper by transferring the corresponding results on
additive free convolution. However, this seems not possible. The main difficulty is
twofold: the push-forward by the exponential mapping does not preserve unimodality;
the key class L of probability measures on R, defined in [2], contains only few unimodal
distributions (Cauchy and delta measures).

6 Limit theorems for max-infinitely divisible dis-

tributions

6.1 Introduction

This section is based on [61]. We denote by P and P+ the set of all probability
measures on R and [0,∞), respectively. In this section, we give a max-analogue of
Bercovici and Pata’s result [15] in which there exist bijections between the sets of
classical, freely and Boolean infinitely divisible distributions.

Recall that a probability measure µ on R is said to be ◦-infinitely divisible if for

any n ∈ N there exists µn ∈ P such that µ =

n times︷ ︸︸ ︷
µn ◦ · · · ◦ µn, where ◦ ∈ {∗,⊞,⊎}.

The operation ⊎ is said Boolean convolution and it means the distribution of sum
of Boolean independent random variables. Let ID(◦) be the set of all ◦-infinitely
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divisible distributions on R, where ◦ ∈ {∗,⊞,⊎}. Speicher and Woroudi [55, Theorem
3.6] proved that ID(⊎) = P .

In [15, Theorem 6.3], we obtained innovated results for three types of infinitely
divisible distributions. For any sequences {µn}n in P and any sequences {kn}n of
positive integers with k1 < k2 < · · · , the following conditions are equivalent.

(1) there exists µ ∈ ID(∗) such that

kn times︷ ︸︸ ︷
µn ∗ · · · ∗ µn

w−→ µ as n→ ∞;

(2) there exists ν ∈ ID(⊞) such that

kn times︷ ︸︸ ︷
µn ⊞ · · ·⊞ µn

w−→ ν as n→ ∞;

(3) there exists λ ∈ ID(⊎) = P such that

kn times︷ ︸︸ ︷
µn ⊎ · · · ⊎ µn

w−→ λ as n→ ∞.

According to this result, we can construct the Bercovici-Pata bijection B∗7→⊞ :
ID(∗) → ID(⊞), µ 7→ ν and the Boolean-free Bercovici-Pata bijection B⊎7→⊞ :
ID(⊎) → ID(⊞), λ 7→ ν. These bijections play an important role to understand
limit theorems in three probability theories. For example, B∗7→⊞ maps the normal
distribution to the semicircle law and B⊎7→⊞ sends the symmetric Bernoulli distri-
bution to the semicircle law. The normal distribution is well known as the limit
distribution of central limit theorem. The semicircle law is the limit distribution of
free central limit theorem (see [51, Theorem 8.10, p.124]). Moreover, the symmetric
Bernoulli distribution is known as the limit distribution of Boolean central limit the-
orem (see [55, Theorem 3.4]). To be precise, we obtain the classical, free and Boolean
central limit theorems when µn := D1/

√
n(νn) in the above conditions (1)-(3), where

νn ∈ P has mean 0 and a finite variance and Dc(µ)(B) := µ(c−1B) for all c > 0 and
all Borel sets B in R. More generally, B∗7→⊞ maps stable laws to free stable laws,
and B⊎7→⊞ sends Boolean stable laws to free stable laws. Summarizing the above, the
Bercovici-Pata bijections connect various limit theorems in classcial, free and Boolean
probability theories.

Belinschi and Nica [10, Theorem 1.1] defined the important map to understand
free infinite divisibility for probability measures and the Boolean-free Bercovici-Pata
bijection as follows:

Bt(µ) := (µ⊞(1+t))⊎
1

1+t , t ≥ 0, µ ∈ P . (6.1)

Note that Bt ◦Bs = Bt+s for every t, s ≥ 0. Hence the family {Bt}t≥0 is a semigroup
with respect to the composition of maps and it is called Belinschi-Nica semigroup.
In [10, Corollary 1.3], we obtained that Bt(µ) ∈ ID(⊞) for every t ≥ 1 and µ ∈ P .
Moreover, the map Bt is a homomorphism on P+ with respect to free multiplicative
convolution ⊠ (the details of ⊠ were given by [18]), that is, Bt(µ⊠ν) = Bt(µ)⊠Bt(ν)
for all µ, ν ∈ P+ (see [10, Theorem 1.1]). Finally, Belinschi and Nica clarified the
Boolean-free Bercovici-Pata bijection by using the above semigroup at time one.

Theorem 6.1. (See [10, Theorem 1.2]) The Boolean-free Bercovici-Pata bijection
coincides with the map B1.

Max-probability (extreme value) theory is concerned with maxima of real random
variables. Define X ∨ Y := max{X,Y } as the maximum of real random variables X
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and Y . Denote by FX the cumulative distribution function of X, that is, FX(x) :=
P(X ≤ x). If X and Y are independent random variables, then

FX∨Y (x) = P(X ∨ Y ≤ x) = P(X ≤ x, Y ≤ x) (6.2)

= P(X ≤ x)P(Y ≤ x) = FX(x)FY (x), x ∈ R. (6.3)

According to the above equation, we define max-convolution ∨ of distribution func-
tions F and G by setting F ∨G := FG. The concept of max-infinite divisibility acts
like classical convolution case, that is, F is said to be max-infinitely divisible if for

any n ∈ N there exists a distribution function Fn such that F =

n times︷ ︸︸ ︷
Fn ∨ · · · ∨ Fn = F n

n .
However, every distribution function F is max-infinitely divisible since the n-th root
Fn := F 1/n is also distribution function.

A non-trivial distribution function F is called max-stable law if F (X1∨···∨Xn)−bn
an

w−→ F

for some sequence {Xk}k of independent identically distributed R-valued random
variables, a sequence {ak}k of positive real numbers and a sequence {bk}k of real
numbers. Fisher and Tippett, Fréchet and Gnedenko proved that every max-stable
law is an extreme value distribution which is one of following types:

• Fclassical
I (x) = exp(− exp(−x)), x ∈ R: Gumbel distribution;

• Fclassical
II (x) =

{
exp(−x−α), x > 0

0, x ≤ 0,
α > 0: Fréchet distribution;

• Fclassical
III (x) =

{
0, x > 0

exp(−(−x)α), x ≤ 0,
α > 0: Weibull distribution.

These distribution functions are the most important ones in extreme value theory,
and they are used in max-value statistics.

In noncommutative setting, we can realize the maximum of (noncommutative)
random variables by using the spectral order (see [1, 11] or Section 6.3). Furthermore,
we can establish the concepts of max-convolution, max-infinitely divisible distribu-
tion functions and max-stable laws (extreme value distributions) in free and Boolean
settings (see Sections 6.4 and 6.5, for details).

6.2 Outline of results

We obtain the limit theorem for freely max-infinitely divisible distributions from
Boolean max-limit theorem. First we give a relation of limit theorems for boolean
and free max-infinitely divisible distributions.

Theorem 6.2. Let {Fn}n be a sequence in the set ∆+ of all distribution functions
on [0,∞) and {kn}n a sequence of positive integers such that k1 < k2 < · · · . If there

exists F ∈ ∆+ such that

kn times︷ ︸︸ ︷
Fn ∪∨ · · · ∪∨Fn

w−→ F , then

kn times︷ ︸︸ ︷
Fn□∨ · · ·□∨ Fn w−→ BM

1 (F ) as n→ ∞.

The operations □∨ and ∪∨ are realized distribution functions of maximum of freely
and Boolean independent noncommutative real random variables. They are called
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free max-convolution (see Section 6.4) and Boolean max-convolution (see Section 6.5).
The map BM

t is defined in Section 6.6 and it is an analogue of the Belinschi-Nica
semigroup.

Next, we prove the equivalence of limit theorems for classical and Boolean max-
infinitely divisible distributions.

Theorem 6.3. Consider a sequence {Fn}n in ∆+ and a sequence {kn}n of positive
integers with k1 < k2 < · · · . The following conditions are equivalent.

(1) There exists F ∈ ∆+ such that

kn times︷ ︸︸ ︷
Fn ∨ · · · ∨ Fn

w−→ F as n→ ∞;

(2) There exists G ∈ ∆+ such that

kn times︷ ︸︸ ︷
Fn ∪∨ · · · ∪∨Fn

w−→ G as n→ ∞.

Thus we get the bijection F 7→ G, where F and G are distributions in Theorem
6.3. It is called the Boolean-classical max-Bercovici-Pata bijection. Moreover, we find
an explicit representation of the bijection.

6.3 Spectral order and distribution functions of noncommu-
tative random variables

Let (M, τ) be a tracial W ∗-probability space, that is, M is a von Neumann algebra
and τ is an ultraweakly continuous faithful tracial state. We may assume that M
acts on a Hilbert space H (e.g. taking a Hilbert space H = L2(M, τ) with an inner
product defined by ⟨X,Y ⟩H := τ(Y ∗X) for all X,Y ∈ M). Firstly, we define an
order ≤ of selfadjoint operators in M as follows.

X,Y ∈ M ⇔ Y −X is a positive operator in M. (6.4)

The order ≤ is called operator order. Note that the set of all projections in M is
a complete lattice with respect to ≤. For any projections P,Q in M, we define the
following projections on H:

(P ∨Q)H := cl(PH +QH); (6.5)

(P ∧Q)H := PH ∩QH. (6.6)

In fact, P ∨Q and P ∧Q are projections in M. Moreover the projections P ∨Q and
P ∧Q are the maximum and the minimum of P and Q with respect to the order ≤,
respectively.

Next, we discuss the maximum and the minimum of selfadjoint operators in M.
However, the set of all (bounded) selfadjoint operators on a Hilbert spaceH (in B(H))
does not form a complete lattice with respect to the operator order ≤ (see [47]).

For any selfadjoint operator X ∈ M and any Borel set T in R, the projection
E(X;T ) ∈ M denotes the corresponding spectral projection. The spectral order on
the set of all selfadjoint operators in M is defined by X ≺ Y ⇔ E(X; [t,∞)) ≤
E(Y ; [t,∞)) for all t ∈ R. Note that the spectral order ≺ extends to unbounded
selfadjoint operators affiliated with M. In [1] (M: matrix algebra) and [11], for any
selfadjoint operators X,Y in M, we get well-defined selfadjoint operators X ∨Y and
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X ∧ Y in M as follows:

E(X ∨ Y ; (t,∞))) := E(X; (t,∞)) ∨ E(Y ; (t,∞)), t ∈ R; (6.7)

E(X ∧ Y ; [t,∞)) := E(X; [t,∞)) ∧ E(Y ; [t,∞)), t ∈ R. (6.8)

Note that X ∨ Y and X ∧ Y are the maximum and the minimum of selfadjoint
operators X and Y with respect to the spectral order ≺. In [11], since τ is tracial,
we have

E(X ∨ Y ; [t,∞)) = E(X; [t,∞)) ∨ E(Y ; [t,∞)), t ∈ R. (6.9)

Moreover, the definitions and properties of ∨ and ∧ extend to unbounded selfadjoint
operators affiliated with (M, τ).

For an (unbounded) selfadjoint operator X ∈ M, we define a function FX by
setting FX(x) := τ(E(X; (−∞, x])) for all x ∈ R. We know that FX is a distribution
function of a probability measure µX of an (unbounded) selfadjoint operator X ∈ M,
that is, µX((−∞, x]) = FX(x) for all x ∈ R.

6.4 Theory of freely max-infinitely divisible distributions

6.4.1 Free max-convolution

If X and Y are freely independent real random variables (selfadjoint operators) affil-
iated with a tracial W ∗-probability space (M, τ), then we have

FX∨Y = (FX + FY − 1)+ := max{FX + FY − 1, 0}, (6.10)

(see [11, Corollary 3.3] for details). Considering the fact, we can define free max-
convolution as follows.

Definition 6.4. Let F and G be distribution functions on R. We define a distribution
function F□∨G as a function (F +G− 1)+ := max{F +G− 1, 0}. Moreover we have

F□∨n =

n times︷ ︸︸ ︷
F□∨ · · ·□∨ F = (nF − (n− 1))+, n ∈ N. (6.11)

The operation □∨ is called free max-convolution.

For a distribution function F on R, we define an interval [α(F ), ω(F )] ⊂ [−∞,∞]
by setting

α(F ) := sup{x ∈ R : F (x) = 0}; (6.12)

ω(F ) := inf{x ∈ R : F (x) = 1}. (6.13)

For any positive integers n ≥ 2, we have α(F□∨n) > −∞,

α(F□∨n) = sup{x ∈ R : F (x) ≤ 1− 1/n}, (6.14)

and limn→∞ α(F□∨n) = ω(F ). If F is continuous on R, then there is u ∈ R such
that F (u) = 1 − 1/n, that is, α(F□∨n) = sup{u : F (u) = 1 − 1/n} by applying the
intermediate theorem.

68



In [11, Lemma 6.9], for any distribution functions F on R, we extend free max-
convolution F□∨n (n ∈ N) to distribution functions F□∨t (t ≥ 1) as follows:

F□∨t := (tF − (t− 1))+, t ≥ 1. (6.15)

This is a distribution function with α(F□∨t) = sup{x ∈ R : F (x) ≤ 1 − 1/t} and the
map t 7→ F□∨t is weakly continuous on [1,∞).

Proposition 6.5. For any distribution function F on R, we have F□∨t□∨F□∨s = F□∨(t+s)

for any t, s ≥ 1.

Proof. Notice that F□∨t = tF − (t− 1) on {F > 1− 1/t} for all t ≥ 1, and we have

F□∨t□∨ F□∨s = (F□∨t + F□∨s − 1)+

= max{max{tF − (t− 1), 0}+max{sF − (s− 1), 0} − 1, 0}.
(6.16)

for all t ≥ s ≥ 1. Consider the following four cases of t ≥ s ≥ 1.
(1) x ∈ {F > 1− 1/(t+ s)}; (2) x ∈ {1− 1/(t+ s) > F > 1− 1/t};
(3) x ∈ {1− 1/t > F > 1− 1/s}; (4) x ∈ {1− 1/s > F}.

We calculate the RHS of (6.16) for each cases.
(1) If x ∈ {F > 1 − 1/(t + s)}, then F□∨t(x) = tF (x) − (t − 1) and F□∨s(x) =

sF (x) − (s − 1). Thus, the RHS of (6.16) equals to (t + s)F − ((t + s) − 1) on
{F > 1− 1/(t+ s)}.

(2) If x ∈ {1−1/(t+s) > F > 1−1/t}, then F□∨t(x) = tF (x)−(t−1) and F□∨s(x) =
sF (x)−(s−1), but we have that (RHS of (6.16)) = max{(t+s)F−((t+s)−1), 0} = 0
on {1− 1/(t+ s) > F > 1− 1/t}.

(3) If x ∈ {1−1/t > F > 1−1/s}, then F□∨t(x) = 0 and F□∨s(x) = sF (x)− (s−1).
Then we have that (RHS of (6.16)) = max{sF−s, 0} = 0 on {1−1/t > F > 1−1/s}.

(4) If x ∈ {1 − 1/s > F}, then F□∨t(x) = 0 and F□∨s(x) = 0. Then we have that
(RHS of (6.16)) = max{−1, 0} = 0 on {1− 1/s > F}.

Consequently, we have F□∨t□∨ F□∨s = F□∨(t+s) for any t, s ≥ 1.

6.4.2 Freely max-infinitely divisible distributions

In this section, we introduce a concept of freely max-infinitely divisible distributions.

Definition 6.6. A distribution function F on R is said to be freely max-infinitely
divisible if for each n ∈ N, there is a distribution function Fn on R such that F = F□∨n

n .

We give an equivalent property of distribution functions to be freely max-infinitely
divisible.

Proposition 6.7. Let F be a distribution function on R. Then F is freely max-
infinitely divisible if and only if α(F ) > −∞.

Proof. If F is freely max-infinitely divisible, then there is a distribution function Fn
such that F = F□∨n

n for each n ∈ N. Since α(F□∨n
n ) > −∞ for every n ≥ 2, we have

that α(F ) > −∞. Conversely, if α(F ) > −∞, then for each n ∈ N, we define

Fn(x) :=

{
1
n
F (x)−

(
1
n
− 1
)
, x ≥ α(F )

0, x < α(F ).
(6.17)
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For all x ≥ α(F ), we have

F□∨n
n (x) =

(
n

(
1

n
F (x)−

(
1

n
− 1

))
− (n− 1)

)
+

= F (x). (6.18)

Furthermore, F□∨n
n (x) = 0 for all x < α(F ). Hence F is freely max-infinitely divisible.

We give a few of examples of freely max-infinitely divisible distributions.

Example 6.8. (1) (Compactly supported probability measure) Let µ be a compactly
supported probability measure on R. Then its distribution function Fµ is freely max-
infinitely divisible since −∞ < α(Fµ).

(2) (Normal distribution) Let nm,v be a normal distribution with mean m ∈ R and
variance v > 0. Then its distribution function

Fnm,v(x) =
1√
2πv

∫ x

−∞
exp

(
−(t−m)2

2v

)
dt, (6.19)

is not freely max-infinitely divisible since α(Fnm,v) = −∞.

To end this section, we give a limit theorem for every distribution function on R
with respect to free max-convolution.

Proposition 6.9. Let F be a distribution function on R. Then there exists a sequence

{Fn}n of distribution functions on R such that

n times︷ ︸︸ ︷
Fn□∨ · · ·□∨ Fn w−→ F as n→ ∞.

Proof. If F is freely max-infinitely divisible, then there is nothing to prove. If F is
not freely max-infinitely divisible, then we have α(F ) = −∞ by Proposition 6.7. For
each n ∈ N, we define a distribution function Fn by setting

Fn(x) :=

{
1
n
F (x)−

(
1
n
− 1
)
, x ≥ −n

0, x < −n.
(6.20)

Then

n times︷ ︸︸ ︷
Fn□∨ · · ·□∨ Fn =

{
F (x), x ≥ −n
0, x < −n

(6.21)

n→∞−−−→ F (x), (6.22)

for all continuous points x of F .

Remark 6.10. In [16], we obtained a free analogue of Khintchine’s theorem: Consider
a sequence {kn}n of positive integers with k1 < k2 < · · · , an infinitesimal array
{µnk}1≤k≤kn,n≥1 in P and a sequence {an}n of real numbers. If µn1 ⊞ · · ·⊞ µnkn ⊞ δan
weakly converges to some probability measure µ on R, then µ ∈ ID(⊞). However,
the Khintchine type theorem does not hold in the max-case by Proposition 6.9.
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6.4.3 Free max-stable laws

In this section, we study distribution functions of

(X1 ∨ · · · ∨Xn)− bn
an

, n ∈ N. (6.23)

for some sequences {Xn}n of freely independent identically distributed real random
variables, {an}n ⊂ (0,∞) and {bn}n ⊂ R.

Firstly, we define the above distribution function.

Definition 6.11. A non-trivial distribution function G on R is said to be freely
max-stable if for each n ∈ N there exist an > 0 and bn ∈ R such that

G□∨n(an ·+bn) = G(·). (6.24)

Next we define freely max-domain of attraction.

Definition 6.12. A distribution function F is said to be in the free max-domain of
attraction of a distribution function G if there exist an > 0 and bn ∈ R such that

F□∨n(an ·+bn)
w−→ G(·), (6.25)

as n→ ∞. In this case, we write F ∈ Dom□∨(G).

In [11, Theorem 6.5] we obtain the following equivalent properties of freely max-
stable laws.

Proposition 6.13. The following conditions are equivalent.
(1) G is freely max-stable;
(2) G ∈ Dom□∨(G);
(3) Dom□∨(G) ̸= ∅.

This means that the freely max-stable laws are weak limits of distribution func-
tions of (X1∨· · ·∨Xn−bn)/an, as n→ ∞ for some sequence {Xn}n of freely indepen-
dent identically distributed real random variables, {an}n ⊂ (0,∞) and {bn}n ⊂ R. In
[11, Theorem 6.8], the freely max-stable laws are characterized by free extreme value
distributions.

Theorem 6.14. A non-trivial distribution function G is freely max-stable if and
only if G is of free extreme value type, that is, there exist a > 0 and b ∈ R such that
G(ax+b) is one of the following distributions (called free extreme value distributions):

• Ffree
I (x) := (1− e−x)+, x ∈ R: exponential distribution;

• Ffree
II (x) :=

{
(1− x−α)+, x > 0

0, x ≤ 0,
α > 0: Pareto distribution;

• Ffree
III (x) :=

{
0, x > 0

(1− |x|α)+, x ≤ 0,
α > 0: Beta law.
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[11, Theorem 6.11-Theorem 6.13] states that the classical max-domains of at-
traction of the extreme value (Gumbel, Fréchet and Weibull) distributions are corre-
sponding to the free max-domains of attraction of the free extreme value (exponential,
Pareto and Beta) distributions. By using a map Λ∨ defined by Λ∨(F ) = (1+logF )+,
we get a relation between classical extreme value distributions and freely extreme
value distributions, that is, Λ∨(Fclassical

n ) = Ffree
n for n = I, II, III in [11, p.2052].

Moreover, the map Λ∨ satisfies

Λ∨(FG) = Λ∨(F )□∨ Λ∨(G), (6.26)

for all distribution functions F,G. Moreover, Λ∨(F ) is freely max-infinitely divisible
for all distribution functions F on R.

In [13, Theorem 3.3], we obtained a random matrix model whose empirical spectral
law weakly converges almost surely to a probability measure constructed by Λ∨ as its
matrix size goes to infinite.

6.4.4 Free regular max-infinitely divisible distributions

We define a set ∆+ to be the set of functions F : [0,∞) → [0, 1] which are increasing,
right-continuous and satisfy limx→∞ F (x) = 1. We regard F ∈ ∆+ as a distribution
function F̃ on R given by

F̃ (x) :=

{
F (x), x ≥ 0

0, x < 0.
(6.27)

In other words, we regard ∆+ as the set of all distribution functions of positive random
variables. By the above identification, we define α(F ) = 0 when F (0) > 0. We can
consider in nature free max-convolution of distribution functions in ∆+. Moreover,
we can define a map Λ∨ on ∆+ by setting

Λ∨(F ) := Λ∨(F̃ ) = (1 + log F̃ )+ = (1 + logF )+ ∈ ∆+, (6.28)

for any F ∈ ∆+. In Section 6.4, we use Λ∨ as the map on ∆+ defined by (6.28).
In particular, we consider the following subset of ∆+:

∆
(0)
+ := {F ∈ ∆+ : F (0) = 0}. (6.29)

We can see that ∆
(0)
+ is the set of all distribution functions of strictly positive random

variables. The set ∆
(0)
+ preserves free max-convolution by the definition.

Proposition 6.15. If F,G ∈ ∆
(0)
+ , then F□∨G ∈ ∆

(0)
+ .

Finally, we define free max-infinite divisibility of distribution function in ∆
(0)
+ . A

distribution function F ∈ ∆
(0)
+ is said to be free regular max-infinitely divisible if for

each n ∈ N, there is Fn ∈ ∆
(0)
+ such that F =

n times︷ ︸︸ ︷
Fn□∨ · · ·□∨ Fn. Note that for any

F ∈ ∆
(0)
+ , we have α(F□∨n) > 0. One can use similar argument as in the proof of

Proposition 6.7 to get the following proposition.

Proposition 6.16. Consider F ∈ ∆
(0)
+ . Then F is free regular max-infinitely divisible

if and only if α(F ) > 0.
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6.5 Theory of Boolean max-infinitely divisible distributions

All materials in the following discussions are based on [62]. We can construct two
families (X̃i)i∈I , (Ỹj)j∈J of Boolean independent bounded noncommutative random
variables (selfadjoint operators) on some Hilbert space (H, ξ) equipped with a unit
vector ξ ∈ H as follow.

Consider two families (Xi)i∈I and (Yj)j∈J of bounded selfadjoint operators on
(H1, ξ1) and (H2, ξ2), respectively. If we consider a Hilbert space (H, ξ) equipped
with a unit vector ξ ∈ H, where H := (H1 ⊖Cξ1)⊕ (H2 ⊖Cξ2)⊕Cξ and identifying
isometries V1 : H1 → H and V2 : H2 → H, then we have

V1|H1⊖Cξ1 = IH1⊖Cξ1 , V1ξ1 = ξ; (6.30)

V2|H2⊖Cξ2 = IH2⊖Cξ2 , V2ξ2 = ξ. (6.31)

Consider X̃i := V1XiV
∗
1 and Ỹj := V2YjV

∗
2 for all i ∈ I and j ∈ J . Then (X̃i)i∈I and

(Ỹj)j∈J are Boolean independent bounded selfadjoint operators on (H, ξ). Note that

⟨(X̃i)
nξ, ξ⟩H = ⟨(Xi)

nξ1, ξ1⟩H1 , ⟨(Ỹj)nξ, ξ⟩H = ⟨(Yj)nξ2, ξ2⟩H2 , (6.32)

for any i ∈ I, j ∈ J and n ∈ N.
This discussion works for unbounded real random variables (selfadjoint operators)

by replacing operators to spectral scales. However, E(X̃; (−∞, t]) and E(X; (−∞, t])
are not equivalent even if X̃ and X are equivalent, where X and Y are said to be
equivalent if there exists an isometry V such that Y = V XV ∗. Actually, we have

E(X̃i; (−∞, t]) = V1E(Xi; (−∞, t])V ∗
1 , t < 0, (6.33)

E(X̃i; (−∞, t]) = V1E(Xi; (−∞, t])V ∗
1 + PH2⊖Cξ2 , t ≥ 0. (6.34)

Similarly, we have

E(Ỹj; (−∞, t]) = V2E(Yj; (−∞, t])V ∗
2 , t < 0, (6.35)

E(Ỹj; (−∞, t]) = V2E(Yj; (−∞, t])V ∗
2 + PH1⊖Cξ1 , t ≥ 0. (6.36)

Since we have

P := (V1E(Xi, (−∞, t])V ∗
1 ) ∧ (V2E(Yj, (−∞, t])V ∗

2 ) ≤ PCξ, (6.37)

the projection P is either 0 or PCξ, and therefore ⟨Pξ, ξ⟩H ∈ {0, 1}. On the other
hand, the projection

Q := (V1E(Xi, (−∞, t])V ∗
1 + PH2⊖Cξ2) ∧ (V2E(Yj, (−∞, t])V ∗

2 + PH1⊖Cξ1) (6.38)

is not trivial, and therefore ⟨Qξ, ξ⟩H ∈ [0, 1] takes non-trivial value.
Finally, the non-trivial spectral max works when we choose X ≥ 0 and Y ≥ 0.

Strictly speaking, the spectral projections E(X̃ ∨ Ỹ ; (−∞, t]) and E(X̃ ∧ Ỹ ; (−∞, t])
are not trivial (neither 0 nor PCξ) if X and Y are positive. Therefore, we assume
positivity of real random variables when we consider the maximum of Boolean inde-
pendent real random variables.
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6.5.1 Boolean max-convolution

Consider a Hilbert space (H, ξ) equipped with a unit vector ξ ∈ H. Firstly we define
Boolean max-convolution of Boolean independent projections on (H, ξ). Define the
vector state φ(X) := ⟨Xξ, ξ⟩H on the set of all operators on (H, ξ). If P is a projection
on (H, ξ), then its distribution function FP is

FP (x) =


0, x < 0

p := φ(I − P ), 0 ≤ x < 1

1, x ≥ 1,

(6.39)

where p ∈ [0, 1]. In [62, Lemma 3.1], we have the following statement.

Lemma 6.17. If P,Q are Boolean independent projections on (H, ξ) with φ(P ) =
1− p and φ(Q) = 1− q, then φ(P ∨Q) = 1− r, where r ∈ [0, 1] satisfies that

r−1 − 1 = (p−1 − 1) + (q−1 − 1). (6.40)

If either p or q is equal to 0, then we define r = 0. Due to Lemma 6.17, we can
define a semigroup structure on [0, 1]. We define an operation ∪∧ on [0, 1] by setting

(x ∪∧y)−1 − 1 := (x−1 − 1) + (y−1 − 1), x, y ∈ [0, 1]. (6.41)

The notation ∪∧ means the distribution function of P ∧ Q. Strictly speaking, if
φ(I − P ) = p and φ(I − Q) = q, then φ(P ∧ Q) = φ(I − P ∨ Q) = r, where
r−1−1 = (p−1−1)+(q−1−1). Two semigroups ([0, 1],∪∧) and ([0, 1], ·) are isomorphic
by an order preserving isomorphism χ : [0, 1] → [0, 1], where χ(x) := exp(1 − x−1)
and χ(0) := 0 (see [62, Lemma 3.2]).

Considering the above discussion, we define Boolean max-convolution as follow.

Definition 6.18. Consider F,G ∈ ∆+. Their Boolean max-convolution is defined by

(F ∪∨G)(x) := F (x) ∪∧G(x). (6.42)

Recall that ∆+ is the set of all distribution functions of positive random variables.
In [62, Lemma 3.3], if X,Y ≥ 0 are Boolean independent positive random variables on
(H, ξ), then FX∨Y = FX∪∨FY . Thus, Boolean max-convolution means the distribution
function of maximum of Boolean independent positive random variables.

By definition of Boolean max-convolution, for any F,G ∈ ∆+, we have

F ∪∨G =
FG

F +G− FG
∈ ∆+, (6.43)

and

F∪∨n :=

n times︷ ︸︸ ︷
F ∪∨ · · · ∪∨F =

F

n− (n− 1)F
∈ ∆+, n ∈ N. (6.44)
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6.5.2 Boolean max-infinitely divisible distributions

In this section, we introduce Boolean max-infinitely divisible distributions and semi-
group of distribution functions with respect to Boolean max-convolution.

Definition 6.19. F ∈ ∆+ is said to be Boolean max-infinitely divisible if for each
n ∈ N there exists Fn ∈ ∆+ such that

F =

n times︷ ︸︸ ︷
Fn ∪∨ · · · ∪∨Fn . (6.45)

We study the class of Boolean max-infinitely divisible distribution functions.

Proposition 6.20. Every distribution function in ∆+ is Boolean max-infinitely di-
visible.

Proof. Given F ∈ ∆+. For each n ∈ N, we define the following distribution function
F̃n:

F̃n :=
F

1/n− (1/n− 1)F
∈ ∆+. (6.46)

Then we have

F̃n
∪∨n

=

F
1/n−(1/n−1)F

n− (n− 1)× F
1/n−(1/n−1)F

(6.47)

=
nF

n(1 + (n− 1)F )− (n− 1)nF
= F. (6.48)

Therefore F is Boolean max-infinitely divisible.

This proposition is similar to the fact that every probability measure is (additive)
Boolean infinitely divisible (see [55, Theorem 3.6]). For any F ∈ ∆+ and each n ∈ N,
a choice of the n-th root F̃n of F is unique. Denote by F∪∨1/n the n-th root F̃n for
each F ∈ ∆+.

For any t ≥ 0, we define distribution functions Ft as follows:

Ft : =
F

t− (t− 1)F
, t > 0 (6.49)

F0 : = 1[α(F ),∞). (6.50)

Then the map t 7→ Ft is weakly continuous on [0,∞) and Ft ∪∨Fs = Ft+s for any
t, s ≥ 0. In particular, we have Fn = F∪∨n and F1/n = F∪∨1/n for any n ∈ N. Hence we
denote by F∪∨t the distribution function Ft for each t ≥ 0.

6.5.3 Boolean max-stable laws

In this section, we introduce the Boolean max-stable laws. They are the most impor-
tant to consider Boolean max-probability theory from a reason that it is analogue of
classcal and free max-stable (extreme value) laws which are very important to study
extreme value statistics.
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Definition 6.21. A non-trivial distribution function G ∈ ∆+ is said to be Boolean
max-stable if for some F ∈ ∆+ there exists an > 0 such that F∪∨n(an·)

w−→ G(·).

The Boolean max-stable laws are analogue of classical/freely max-stable laws.
This is the weak limit of distribution function of

X1 ∨ · · · ∨Xn

an
, n ∈ N, (6.51)

for some sequences {Xn}n of Boolean independent identically distributed positive
random variables, {an}n ⊂ (0,∞).

Define X : ∆+ → ∆+ as an isomorphism X (F ) := χ ◦ F , that is, X (F ) :=
exp(1 − F−1) and X (0) := 0 for all F ∈ ∆+. This isomorphism preserves pointwise
convergences and satisfies X (F )·X (G) = X (F ∪∨G) for all F,G ∈ ∆+. In other words,
this map is connects the set ∆+ equipped with classical max-convolution (F,G) 7→
F ·G and the set ∆+ equipped with Boolean max-convolution (F,G) 7→ F ∪∨G.
Looking at the map X and the classical max-stable laws, we obtain the following
important theorem.

Theorem 6.22. (See [62, Theorem 4.1, Corollary 4.1]) A non-trivial distribution
function G ∈ ∆+ is Boolean max-stable if and only if

X (G)(x) = exp(−λx−α), (6.52)

for some λ, α > 0. Equivalently,

G(x) = (1 + λx−α)−1, (6.53)

for some λ, α > 0.

By Theorem 6.22, every Boolean max-stable law is characterized by two parame-
ters λ > 0 and α > 0, so that we write it as

Sλ,α(x) := (1 + λx−α)−1. (6.54)

We define Boolean max-domain of attraction of distribution functions.

Definition 6.23. F ∈ ∆+ is said to be in the Boolean max-domain of attraction of
G ∈ ∆+ if for some sequence of an > 0, we have F∪∨n(an·)

w−→ G(·) as n→ ∞. In this
case we write F ∈ Dom∪∨(G).

Remark 6.24. For each Boolean max-stable law G = Sλ,α, we can take F = G and
an = n1/α in Definition 6.21. From the reason, if G is Boolean max-stable law, then
G ∈ Dom∪∨(G).

Definition 6.25. Consider α, β, p > 0. The Dagum distributions are defined by

Dα,β,p(x) :=
(
1 + (x/β)−α

)−p
, x > 0. (6.55)
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In particular, we write

Dα := Dα,1,1. (6.56)

Note that the Dagum distribution Dα,β,1 is Boolean max-stable since Dα,β,1 = Sβα,α.
To end this section, we characterize distribution functions which are in the Boolean

max-domain of attraction of Dagum distributions by behavior at the tail of distribu-
tion function.

For a distribution function G on R, we define a function G := 1−G. The function
is important to study distribution functions of the maximum of random variables
since we have to focus on behavior at the tail to look at statistics of the maximum of
random variables. Recall the definition of regularly varying functions.

Definition 6.26. A function f is said to be regularly varying of index α if for all
t > 0 we have that f(tx)/f(x) → tα as x→ ∞. In particular, if α = 0, then f is said
to be slowly varying.

From [11, Theorem 6.12] and [62, Corollary 4.3], we obtain the following theorem.

Theorem 6.27. The following conditions are equivalent for α > 0.
(1) G ∈ Dom∪∨(Dα);
(2) G is in the classical max-domain of attraction of the Fréchet distribution Φα:

Φα(x) := Fclassical
II (x) = exp(−x−α), x > 0; (6.57)

(3) G is in the free max-domain of attraction of the Pareto distribution Pα with
exponent α:

Pα(x) := Ffree
II (x) = (1− x−α)+, x > 0; (6.58)

(4) G is regularly varying of index −α.

6.5.4 Tails of max-convolution power of distribution functions

Since Φα(n
−1/α·) = Φ∨n

α , Pα(n
−1/α·) = P□∨n

α and Dα(n
−1/α·) = D∪∨n

α (α > 0, n ∈ N),
the classical, free and Boolean domains of attraction of Φα, Dα and Pα coincide with
ones of Φ∨n

α , P□∨n
α and D∪∨n

α , respectively. Therefore, Φ∨n
α , P□∨n

α and D∪∨n
α are regularly

varying of index −α by Theorem 6.27. This means that three type max-convolutions
preserve tails of corresponding extreme value distributions. More generally, we can
conclude that three type max-convolution preserve tails of distribution functions as
follows. However, the following proposition has already been obtained in [26] and [42]
to study behavior at tails of free and Boolean subexponential distributions, but for
readers convenience we include the proof.

Proposition 6.28. Consider n ∈ N. We have the following conditions.

(1) Let F be a distribution function. Then F∨n ∼ nF as x→ ∞.

(2) Let F be a distribution function. Then F□∨n ∼ nF as x→ ∞.

(3) Let F ∈ ∆+. Then F∪∨n ∼ nF as x→ ∞.
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Proof. (1) As x→ ∞, we have F → 1. Therefore

F∨n = 1− F n = nF (1 + o(1)), as x→ ∞. (6.59)

Hence we have F∨n ∼ nF as x→ ∞.
(2) We have

F□∨n = 1−max{nF − (n− 1), 0} = min{n(1− F ), 1}. (6.60)

As x→ ∞, we may consider n(1− F ) < 1. Hence we have F□∨n ∼ nF as x→ ∞.
(3) We have

F∪∨n = 1− F

n− (n− 1)F
=

n(1− F )

n− (n− 1)F
. (6.61)

Since n− (n− 1)F → 1 as x→ ∞, we have F∪∨n ∼ nF as x→ ∞.

In the same way to prove Proposition 6.28, it is easy to get a generalization of the
above proposition as follows.

Corollary 6.29. We have the following conditions.

(1) Let F be a distribution function and t > 0. Then F∨t ∼ tF as x→ ∞.

(2) Let F be a distribution function and t ≥ 1. Then F□∨t ∼ tF as x→ ∞.

(3) Let F ∈ ∆+ and t > 0. Then F∪∨t ∼ tF as x→ ∞.

In particular, we get a relation between three type max-convolutions and regularly
varying functions by using Corollary 6.29. Note that the following relation has already
been obtained in [26, Proposition 2.4] in the case when t is a positive integer.

Corollary 6.30. Consider α ∈ R. The following conditions are equivalent.

(1) F is regularly varying of index α.

(2) F∨t is regularly varying of index α for any t > 0.

(3) F∨t is regularly varying of index α for some t > 0.

(4) F□∨t is regularly varying of index α for any t ≥ 1.

(5) F□∨t is regularly varying of index α for some t ≥ 1.

(6) F∪∨t is regularly varying of index α for any t > 0.

(7) F∪∨t is regularly varying of index α for some t > 0.
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6.6 Max-Belinschi-Nica semigroup

In [10, Proposition 3.1], there is a relation between free (additive) convolution and
Boolean (additive) convolution, that is,

(µ⊞p)⊎q = (µ⊎q′)⊞p
′
, µ ∈ P , (6.62)

where p′ = pq/(1 − p + pq) and q′ = 1 − p + pq. By using free and Boolean max-
convolutions, we obtain a completely analogue of the above relation.

Proposition 6.31. For any F ∈ ∆+, p ≥ 1 and q > 1− 1/p, we have

(F□∨p)∪∨q = (F∪∨q′)□∨p
′
, (6.63)

where p′ = pq/(1− p+ pq) and q′ = 1− p+ pq. Note that p′ ≥ 1 and q′ > 0.

Proof. Note that for any F ∈ ∆+, p ≥ 1 and q > 1− 1/p,

q + (1− q)(pF − (p− 1)) = pq + pF − (p− 1) (6.64)

> p

(
1− 1

p

)
+ pF − (p− 1) = pF ≥ 0. (6.65)

Therefore, for any F ∈ ∆+, p ≥ 1 and q > 1− 1/p, we have

(F□∨p)∪∨q =
F□∨p

q + (1− q)F□∨p =
(pF − (p− 1))+

q + (1− q)(pF − (p− 1))+
(6.66)

=

{
pF−(p−1)

q+(1−q)(pF−(p−1))
, if pF − (p− 1) ≥ 0

0, if pF − (p− 1) < 0
(6.67)

=

(
pF − (p− 1)

q + (1− q)(pF − (p− 1))

)
+

. (6.68)

On the other hand, we have

(F∪∨q′)□∨p
′
=

(
F

q′ + (1− q′)F

)□∨p′

=

(
p′F

q′ + (1− q′)F
− (p′ − 1)

)
+

(6.69)

=

(
(1− q′ + p′q′)F − (p′ − 1)q′

q′ + (1− q′)F

)
+

(6.70)

=

(
pF − (p− 1)

q + (1− q)(pF − (p− 1))

)
+

. (6.71)

Thus the formula of this theorem holds.

Recall the Belinschi-Nica semigroup in Section 6.1. Similarly, we define a Belinschi-
Nica type semigroup for free and Boolean max-convolutions.

Proposition 6.32. For each t ≥ 0, we define a map BM
t : ∆+ → ∆+ as

BM
t (F ) :=

(
F□∨(1+t))∪∨ 1

1+t , F ∈ ∆+. (6.72)

The family {BM
t }t≥0 is a semigroup with respect to composition and α(BM

t (F )) =
α(F□∨(1+t)). In particular, BM

t (F ) is free regular max-infinitely divisible for any F ∈
∆

(0)
+ and t > 0.
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Proof. Using Proposition 6.31, for any F ∈ ∆+, we have

BM
s ◦BM

t (F ) = Bs

(
(F□∨(1+t))∪∨

1
1+t

)
=

[(
(F□∨(1+t))∪∨

1
1+t

)□∨(1+s)]∪∨ 1
1+s

(6.73)

=

[(
(F□∨(1+t))□∨

1+t+s
1+t

)∪∨ 1+s
1+t+s

]∪∨ 1
1+s

=
(
F□∨(1+t+s))∪∨ 1

1+t+s = BM
t+s(F ).

(6.74)

By using the fact α(F∪∨t) = α(F ) for every t > 0, we have α(BM
t (F )) = α(F□∨(1+t)).

If F (0) = 0, then BM
t (F (0)) = BM

t (0) = 0. Hence BM
t (∆

(0)
+ ) ⊂ ∆

(0)
+ holds. For

any t > 0, we have α(F□∨(1+t)) > 0 by right continuity of F and F (0) = 0. Therefore

BM
t (F ) is free regular max-infinitely divisible for any F ∈ ∆

(0)
+ by Proposition 6.16.

Definition 6.33. The semigroup {BM
t }t≥0 is called the max-Belinschi-Nica semi-

group. For each t ≥ 0, the map BM
t is called the max-Belinschi-Nica map at time

t.

In [26, Theorem 2.5], we know a relation between behavior at tails of µ ∈ P and
one of Bt(µ). In the max-case, by applying Corollary 6.30, we can conclude that the
map BM

t preserves behavior at tails of distribution functions.

Corollary 6.34. Let F ∈ ∆+ and t ≥ 0. Then BM
t (F ) ∼ F as x→ ∞.

Set Θ+ := Λ∨(∆+), where the map Λ∨ was defined in Section 6.4. Recall that
Λ∨(Φα) = Pα, where Φα and Pα are the Fréchet distribution and the Pareto distri-
bution, respectively. We show that the Belinschi-Nica map BM

1 has rich properties
as follow.

Proposition 6.35. The following conditions hold:
(1) We have BM

1 = Λ∨ ◦ X , where the map X was defined Section 6.5.
(2) BM

1 is a surjection from ∆+ to Θ+.
(3) We have BM

1 (Dα) = Pα for any α > 0.
(4) We have BM

1 (F ∪∨G) = BM
1 (F )□∨BM

1 (G) for any F,G ∈ ∆+.

Proof. (1) For all F ∈ ∆+, we have that

BM
1 (F ) =

(2F − 1)+
1/2 + (1/2)(2F − 1)+

=

{
2− 1

F
, if 1/2 ≤ F ≤ 1

0, if 0 ≤ F < 1/2
(6.75)

=

(
2− 1

F

)
+

= (1 + logX (F ))+ = Λ∨(X (F )). (6.76)

(2) By (1), the map BM
1 takes values in Θ+. For any G ∈ Θ+, there is H ∈ ∆+

such that G = (1 + logH)+. Put F := 1/(1− logH) ∈ ∆+. Then we have

BM
1 (F ) = (2F − 1)

∪∨ 1
2

+ =

(
1 + logH

1− logH

)∪∨ 1
2

+

(6.77)

=

(
1+logH
1−logH

)
+

1
2
+ 1

2
×
(

1+logH
1−logH

)
+

= (1 + logH)+ = G. (6.78)
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Hence BM
1 is surjective from ∆+ to Θ+.

(3) Note that X (Dα) = Φα (see Section 6.5). By (1), we have

BM
1 (Dα) = Λ∨ ◦ X (Dα) = Λ∨(Φα) = Pα. (6.79)

(4) By definition of Λ∨ and X , we have

BM
1 (F ∪∨G) = Λ∨(X (F ∪∨G)) = Λ∨(X (F )X (G)) (6.80)

= Λ∨(X (F ))□∨ Λ∨(X (G)) = BM
1 (F )□∨BM

1 (G), (6.81)

for any F,G ∈ ∆+.

In addition, we have BM
1 (∆+) = Θ+ by Proposition 6.35 (1) and (2). Finally,

we conclude that the map BM
1 connects limit theorems for Boolean and freely max-

infinitely divisible distributions.

Theorem 6.36. Let {Fn}n be a sequence in ∆+, F ∈ ∆+ and {kn}n a sequence of

positive integers such that k1 < k2 < · · · . If
kn times︷ ︸︸ ︷

Fn ∪∨ · · · ∪∨Fn
w−→ F , then

kn times︷ ︸︸ ︷
Fn□∨ · · ·□∨ Fn w−→

BM
1 (F ) as n→ ∞.

Proof. Denote by C(F ) the set of all continuous points of F . By our assumption, we
have Fn(x) > 0 for all x ∈ C(F ) ∩ {F > 0}, for sufficiently large n. Note that the
assumption is equivalent to

knFn(x)− (kn − 1)

Fn(x)
− 1

Fn(x)

n→∞−−−→ 1− 1

F (x)
, x ∈ C(F ) ∩ {F > 0}. (6.82)

Furthermore, our assumption implies that there is εx > 0 such that

Fn(x)

kn − (kn − 1)Fn(x)
> εx, (6.83)

and therefore

Fn(x) >
εxkn

εx(kn − 1) + 1
, (6.84)

for sufficiently large n. Hence limn→∞ Fn(x) = 1 for all x ∈ C(F ) ∩ {F > 0}.

(I) Consider x ∈ C(F ) ∩ {F > 1/2}. Our assumption implies that

Fn(x)

kn − (kn − 1)Fn(x)
>

1

2
, (6.85)

and therefore Fn(x) >
kn
kn+1

for sufficiently large n. Hence

knFn(x)− (kn − 1) >
1

kn + 1
> 0, (6.86)
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for sufficiently large n. Thus∣∣∣∣∣∣
kn times︷ ︸︸ ︷

Fn□∨ · · ·□∨ Fn(x)−
(
2− 1

F (x)

)∣∣∣∣∣∣ (6.87)

=

∣∣∣∣knFn(x)− (kn − 1)−
(
2− 1

F (x)

)∣∣∣∣ (6.88)

≤ |Fn(x)|
∣∣∣∣knFn(x)− (kn − 1)

Fn(x)
− 1

Fn(x)

(
2− 1

F (x)

)∣∣∣∣ (6.89)

≤
∣∣∣∣knFn(x)− (kn − 1)

Fn(x)
− 1

Fn(x)
−
(
1− 1

F (x)

)∣∣∣∣+ ∣∣∣∣1− 1

Fn(x)

∣∣∣∣ ∣∣∣∣1− 1

F (x)

∣∣∣∣ (6.90)

≤
∣∣∣∣knFn(x)− (kn − 1)

Fn(x)
− 1

Fn(x)
−
(
1− 1

F (x)

)∣∣∣∣+ 2

∣∣∣∣1− 1

Fn(x)

∣∣∣∣ (6.91)

n→∞−−−→ 0. (6.92)

If limx→0+ F (x) > 1/2, we finish to prove this theorem. If limx→0+ F (x) ≤ 1/2,
we continue to prove this theorem as follow.

(II) Consider x ∈ C(F ) ∩ {F = 1/2}. Since F (x) = 1/2, the condition (6.82)
satisfies

knFn(x)− (kn − 1)

Fn(x)
− 1

Fn(x)

n→∞−−−→ −1. (6.93)

Therefore we have

|
kn times︷ ︸︸ ︷

Fn□∨ · · ·□∨ Fn(x)| ≤ |knFn(x)− (kn − 1)| (6.94)

= |Fn(x)|
∣∣∣∣knFn(x)− (kn − 1)

Fn(x)

∣∣∣∣ (6.95)

≤ |Fn(x)|
∣∣∣∣knFn(x)− (kn − 1)

Fn(x)
− 1

Fn(x)
+ 1

∣∣∣∣+ |1− Fn(x)| (6.96)

≤
∣∣∣∣knFn(x)− (kn − 1)

Fn(x)
− 1

Fn(x)
+ 1

∣∣∣∣+ |1− Fn(x)| (6.97)

n→∞−−−→ 0. (6.98)

(III) Consider x ∈ C(F ) ∩ {0 ≤ F < 1/2}. Our assumption implies that

Fn(x)

kn − (kn − 1)Fn(x)
<

1

2
, (6.99)

for sufficiently large n. Therefore we have Fn(x) <
kn
kn+1

. This means that knFn(x)−

(kn − 1) < 1
kn+1

. Hence

kn times︷ ︸︸ ︷
Fn□∨ · · ·□∨ Fn(x) = (knFn(x)− (kn − 1))+ → 0 as n→ ∞.
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Finally, by Proposition 6.35, we have

kn times︷ ︸︸ ︷
Fn□∨ · · ·□∨ Fn(x) n→∞−−−→

{
2− 1

F (x)
, x ∈ {F ≥ 1/2}

0, x ∈ {0 ≤ F < 1/2}
= BM

1 (F (x)), (6.100)

for all x ∈ C(F ).

Remark 6.37. We can obtain the above theorem even if we change ∆+ to ∆
(0)
+ . In

this case, we can interpret that the map BM
1 makes a limit theorem for free regu-

lar max-infinitely divisible distributions from one of Boolean max-infinitely divisible
distributions.

Remark 6.38. In Section 6.7, we prove an equivalence of limit theorems for classical
and Boolean max-infinitely divisible distributions by using the map X . Moreover,
[13] has already proved an implication from the classical max-limit theorem to the
free max-limit theorem by using the map Λ∨. Combining these facts gives another
proof of Theorem 6.36.

We give three examples of Theorem 6.36.

Example 6.39. (Uniform distribution) Let U(a,b) be a positive random variable dis-
tributed as the uniform distribution on [a, b], where 0 < a < b. By an elementary
calculation, we have

FU(a,b)
(x) := P(U(a,b) ≤ x) =


0, 0 ≤ x < a
x−a
b−a , a ≤ x < b

1, x ≥ b

= BM
1 (F (x)), (6.101)

where

F (x) =


0, 0 ≤ x < a
b−a

2b−a−x , a ≤ x < b

1, x ≥ b.

(6.102)

On the other hand, if for each n ∈ N,

Fn(x) =


0, 0 ≤ x < a

n(b−a)
(n+1)b−na−x , a ≤ x < b

1, x ≥ b,

(6.103)

then

n times︷ ︸︸ ︷
Fn ∪∨ · · · ∪∨Fn = F . By Theorem 6.36, we have

n times︷ ︸︸ ︷
Fn□∨ · · ·□∨ Fn w−→ FU(a,b)

as n→ ∞.

Example 6.40. (Free and Boolean max-compound Poisson distribution) Consider
λ ≥ 0 and ν ∈ P with ν({0}) = 0. Let µN be a probability measure on R defined by

µN :=

(
1− λ

N

)
δ0 +

λ

N
ν. (6.104)
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Let G and FN be distribution functions of ν and µN , respectively. Hence we have

FN(x) :=

{
λ
N
G(x), x < 0(
1− λ

N

)
+ λ

N
G(x), x ≥ 0.

(6.105)

Then we have

N times︷ ︸︸ ︷
FN□∨ · · ·□∨ FN =

{
(1−N + λG)+, x < 0

(1− λ+ λG)+, x ≥ 0
(6.106)

w−→

{
0, x < 0

(1− λ+ λG)+, x ≥ 0
=: Π□∨

λ,G, (6.107)

as N → ∞. The distribution function Π□∨
λ,G is called the free max-compound Poisson

distribution.
Next, we consider λ ≥ 0, ν ∈ P+ with ν({0}) = 0 and µN := (1−λ/N)δ0+(λ/N)ν

for each N ∈ N. Let G,FN ∈ ∆+ be distribution functions of ν and µN , respectively.
Then we have

N times︷ ︸︸ ︷
FN ∪∨ · · · ∪∨FN =

N − λ+ λG

Nλ(1−G) +N − λ+ λG
(6.108)

w−→ 1

1 + λ(1−G)
=: Π∪∨

λ,G ∈ ∆+, (6.109)

as N → ∞. The distribution function Π∪∨
λ,G is called the Boolean max-compound

Poisson distribution.
It is easy to check that BM

1 (Π∪∨
λ,G) = Π□∨

λ,G for all λ ≥ 0 and G ∈ ∆+. Considering
this discussion, the map BM

1 connects Boolean and free max-compound Poisson type
limit theorems.

In particular, if ν = δs (s > 0), then G = 1[s,∞). Then

Π□∨
λ,s := Π□∨

λ,1[s,∞)
= (1− λ+ λ1[s,∞))+ (6.110)

Π∪∨
λ,s := Π∪∨

λ,1[s,∞)
=

1

1 + λ(1− 1[s,∞))
. (6.111)

These distributions are called the free/Boolean max-Poisson distributions.
In [45], we have already obtained the bi-free max-compound Poisson distributions.

This distribution is a bi-free analogue of the free max-compound Poisson distribution.

Example 6.41. (Burr type XII distribution, see [25, 58]) Consider α, p > 0. Let
Burrα,p be the Burr type XII distribution, that is,

Burrα,p(x) := 1− (1 + xα)−p ∈ ∆+. (6.112)

In particular, Burrα,1 = Dα. If for each n ∈ N,

Fn(x) :=
1− (1 + xα)−p

1− (1− 1/n)(1 + xα)−p
∈ ∆+, (6.113)
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then

n times︷ ︸︸ ︷
Fn ∪∨ · · · ∪∨Fn = Burrα,p. By Theorem 6.36, we have

n times︷ ︸︸ ︷
Fn□∨ · · ·□∨ Fn w−→ BM

1 (Burrα,p) =

(
1− 1

(1 + xα)p − 1

)
+

. (6.114)

Of course, if p = 1, then the RHS on the above equation coincides with the Pareto
distribution Pα.

Next we show the converse claim of Theorem 6.36 under the special case.

Theorem 6.42. Let {Fn}n be a sequence in ∆+, F ∈ ∆+ with F > 0 on [0,∞), and

{kn}n a sequence of positive integers such that k1 < k2 < · · · . If
kn times︷ ︸︸ ︷

Fn□∨ · · ·□∨ Fn w−→ F ,

then

kn times︷ ︸︸ ︷
Fn ∪∨ · · · ∪∨Fn

w−→ 1
2−F ∈ ∆+ as n→ ∞.

Proof. For any x ∈ C(F )∩{F > 0}, there is εx > 0 such that knFn(x)− (kn−1) > εx
for sufficiently large n, and therefore Fn(x) → 1 as n→ ∞. Then we have

kn times︷ ︸︸ ︷
Fn ∪∨ · · · ∪∨Fn(x) =

Fn(x)

1 + Fn(x)− (knFn(x)− (kn − 1))
(6.115)

n→∞−−−→ 1

2− F (x)
. (6.116)

Hence

kn times︷ ︸︸ ︷
Fn ∪∨ · · · ∪∨Fn

w−→ 1
2−F as n→ ∞.

We give two remarks for Theorem 6.36 and Theorem 6.42.

Remark 6.43. (1) In the setting of Theorem 6.36, note that the convergence of F□∨kn
n

to BM
1 (F ) (for some F ∈ ∆+) does not necessarily imply the convergence of F∪∨kn

n to
F .

We give an example as follows. Consider α > 0. Let Fn be the following distribu-
tion function:

Fn(x) :=

{
Pα(n

−1/αx), x ≥ 1

0, 0 ≤ x < 1.
(6.117)

Then F□∨n
n

w−→ Pα = BM
1 (Dα) as n→ ∞. However,

F∪∨n
n

n→∞−−−→

{
Dα, x ≥ 1

0, 0 ≤ x < 1
̸= Dα. (6.118)

(2) In Theorem 6.42, we assume that F > 0 on [0,∞) to prove the converse claim
of Theorem 6.36. However we expect that the converse claim of Theorem 6.36 holds
without the special assumption of F .
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For example, we consider F ∈ ∆+ with α(F ) > 0. Define the following sequences
of distribution functions in ∆+:

F1,n : =

{
1− 1

n
+ F

n
, x ≥ α(F )

1
α(F )

(
1− 1

n

)
x, 0 ≤ x < α(F ),

(6.119)

F2,n : =

{
1− 1

n
+ F

n
, x ≥ α(F )

1− 1
n
, 0 ≤ x < α(F ),

(6.120)

F3,n : =

{
1− 1

n
+ F

n
, x ≥ α(F )

1− 2
n
, 0 ≤ x < α(F ).

(6.121)

Then F□∨n
i,n

w−→ F as n→ ∞ for i = 1, 2, 3. Moreover, we have that

F∪∨n
1,n

w−→

{
1

2−F , x ≥ α(F )

0, 0 ≤ x < α(F ),
(6.122)

F∪∨n
2,n

w−→

{
1

2−F , x ≥ α(F )
1
2
, 0 ≤ x < α(F ),

(6.123)

F∪∨n
3,n

w−→

{
1

2−F , x ≥ α(F )
1
3
, 0 ≤ x < α(F ),

(6.124)

as n → ∞. Therefore the convergence of F∪∨n
i,n to F (i = 1, 2, 3) implies the conver-

gences of F∪∨n
i,n to some distribution function.

According to the above three examples, for any x ∈ C(F ) ∩ {F = 0}, the conver-
gence of the sequence of F∪∨kn

n (x) depends on a situation of Fn.

We formulate the conjecture in Remark 6.43 (2) as follows.

Conjecture 6.44. Let {Fn}n be a sequence in ∆+, F ∈ ∆+ and {kn}n a sequence of

positive integers such that k1 < k2 < · · · . If
kn times︷ ︸︸ ︷

Fn□∨ · · ·□∨ Fn w−→ F , then

kn times︷ ︸︸ ︷
Fn ∪∨ · · · ∪∨Fn

w−→
G as n→ ∞ for some G ∈ ∆+. In particular, we have G = 1

2−F on {F > 0}.

6.7 Limit theorems for classical and Boolean max-infinitely
divisible distributions

In this section, we give a relation of limit theorems for classical and Boolean max-
infinitely divisible distributions. According to [62, Theorem 4.1] (or Section 6.5), we
have X (Dα) = Φα and X−1(Φα) = Dα for any α > 0, where X (F ) := exp(1 − F−1)
for any F ∈ ∆+. Note that

X−1(F ) =
1

1− logF
, F ∈ ∆+. (6.125)

The isomorphism X is an important key to discuss in this section. We give the
following theorem.
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Theorem 6.45. Consider a sequence {Fn}n in ∆+ and a sequence {kn}n of positive
integers with k1 < k2 < · · · . The following conditions are equivalent.

(1) There exists F ∈ ∆+ such that

kn times︷ ︸︸ ︷
Fn ∨ · · · ∨ Fn

w−→ F as n→ ∞;

(2) There exists G ∈ ∆+ such that

kn times︷ ︸︸ ︷
Fn ∪∨ · · · ∪∨Fn

w−→ G as n→ ∞.

If either (1) or (2) holds, then we have X (G) = F and X−1(F ) = G.

Proof. Firstly we show the implication (1) ⇒ (2). Assume that

kn times︷ ︸︸ ︷
Fn ∨ · · · ∨ Fn

w−→ F
(i.e., F kn

n
w−→ F ) as n → ∞. Suppose x ∈ C(F ) ∩ {F > 0}. Then Fn(x) > 0 for

sufficiently large n by our assumption. Moreover, Fn(x) → 1 as n → ∞. Indeed,
we assume that Fn(x) does not converge to 1 as n → ∞. If necessary, passing to a
subsequence, we can find ε > 0 such that |Fn(x)−1| ≥ ε for sufficiently large n. Thus
we have

Fn(x)
kn ≤ (1− ε)kn

n→∞−−−→ 0. (6.126)

This is a contradiction for that Fn(x)
kn n→∞−−−→ F (x) > 0. In addition, the assumption

implies that kn logFn(x) → logF (x) as n → ∞. Furthermore, kn(1 − Fn(x)) →
− logF (x) as n→ ∞. Indeed, since log(1+ z) = z(1+ o(1)) as z → 0 and Fn(x) → 1
as n→ ∞, we have

kn(1− Fn(x)) ∼ −kn logFn(x)
n→∞−−−→ − logF (x). (6.127)

Hence

kn times︷ ︸︸ ︷
Fn ∪∨ · · · ∪∨Fn(x) =

Fn(x)

kn − (kn − 1)Fn(x)
(6.128)

=
Fn(x)

Fn(x)− kn logFn(x) + {kn(1− Fn(x)) + kn logFn(x)}
(6.129)

n→∞−−−→ 1

1− logF (x)
= X−1(F (x)). (6.130)

Suppose that x ∈ C(F ) ∩ {F = 0}. Assume that

kn times︷ ︸︸ ︷
Fn ∪∨ · · · ∪∨Fn(x) does not converge

to 0 as n→ ∞. If necessary, passing to a subsequence, we can find δ > 0 such that

kn times︷ ︸︸ ︷
Fn ∪∨ · · · ∪∨Fn(x) =

Fn(x)

kn − (kn − 1)Fn(x)
> δ, (6.131)

equivalently,

Fn(x) >
δkn

(1− δ) + δkn
, (6.132)
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for sufficiently large n. Therefore we have

kn times︷ ︸︸ ︷
Fn ∨ · · · ∨ Fn(x) = Fn(x)

kn >

(
δkn

(1− δ) + δkn

)kn
(6.133)

=
1(

1 +
(
1−δ
δ

)
1
kn

)kn n→∞−−−→ e−
1−δ
δ > 0. (6.134)

This is a contradiction for that

kn times︷ ︸︸ ︷
Fn ∨ · · · ∨ Fn(x)

n→∞−−−→ 0. Hence we have

kn times︷ ︸︸ ︷
Fn ∪∨ · · · ∪∨Fn(x)

n→∞−−−→ 0 = X−1(0). (6.135)

Finally, we have

kn times︷ ︸︸ ︷
Fn ∪∨ · · · ∪∨Fn

w−→ X−1(F ), as n→ ∞. (6.136)

Next we show the implication (2) ⇒ (1). Assume that

kn times︷ ︸︸ ︷
Fn ∪∨ · · · ∪∨Fn

w−→ G as
n→ ∞. Consider x ∈ C(G) ∩ {G > 0}. In the proof of Theorem 6.36, we know that
Fn(x) > 0 for sufficiently large n and limn→∞ Fn(x) = 1. Moreover the assumption is
equivalent to

kn(Fn(x)− 1)

Fn(x)

n→∞−−−→ 1− 1

G(x)
. (6.137)

Since Fn(x) → 1 as n→ ∞, we have

kn(Fn(x)− 1)
n→∞−−−→ 1− 1

G(x)
, (6.138)

and hence

kn times︷ ︸︸ ︷
Fn ∨ · · · ∨ Fn(x) = Fn(x)

kn = exp(kn logFn(x)) ∼ exp(kn(Fn(x)− 1)) (6.139)

n→∞−−−→ exp

(
1− 1

G(x)

)
= X (G(x)). (6.140)

Suppose that x ∈ C(F ) ∩ {G = 0}. Then for arbitrary ε > 0, we have

kn times︷ ︸︸ ︷
Fn ∪∨ · · · ∪∨Fn =

Fn(x)

kn − (kn − 1)Fn(x)
< ε, (6.141)

equivalently,

Fn(x) <
knε

(1− ε) + εkn
, (6.142)
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for sufficiently large n. Therefore we have

Fn(x)
kn <

1(
1 +

(
1−ε
ε

)
1
kn

)kn n→∞−−−→ e−
1−ε
ε . (6.143)

Since ε > 0 is arbitrary, we have Fn(x)
kn n→∞−−−→ 0 = X (0). Finally, we have

kn times︷ ︸︸ ︷
Fn ∨ · · · ∨ Fn

w−→ X (G), as n→ ∞. (6.144)

Thus, the equivalence of two conditions holds and X (G) = F and X−1(F ) =
G.

According to the above consideration, it is appropriate that the map X is said
the Boolean-classical max-Bercovici-Pata bijection. We obtain an application of this
bijection.

Example 6.46. Let ν ∈ P with ν({0}) = 0 and λ ≥ 0. Suppose a distribution
functionG of ν. Then the classical max-compound Poisson distribution Π∨

λ,G is defined
as the weak limit of FN , where

FN(x) =

{
λ
N
G(x), x < 0(
1− λ

N

)
+ λ

N
G(x), x ≥ 0.

(6.145)

The distribution is explicitly written by

Π∨
λ,G(x) =

{
0, x < 0

exp (−λ(1−G(x))) , x ≥ 0
(6.146)

This distribution has already been mentioned as an example of max-infinitely divisible
distributions (e.g. see [5, Example 1]). It is easy to check X (Π∪∨

λ,G) = Π∨
λ,G and

X−1(Π∨
λ,G) = Π∪∨

λ,G for any λ ≥ 0 and distribution functions G ∈ ∆+.

Applying discussions in this section and previous section (Section 6.6), we obtain a
relation of limit theorems for classical and freely max-infinitely divisible distributions.
However, the following corollary has already been proved in [13].

Corollary 6.47. Consider a sequence {Fn}n in ∆+ and a sequence {kn}n of positive

integers with k1 < k2 < · · · . If there exists F ∈ ∆+ such that

kn times︷ ︸︸ ︷
Fn ∨ · · · ∨ Fn

w−→ F ,

then

kn times︷ ︸︸ ︷
Fn□∨ · · ·□∨ Fn w−→ Λ∨(F ) as n→ ∞.

Proof. Assume that

kn times︷ ︸︸ ︷
Fn ∨ · · · ∨ Fn

w−→ F as n→ ∞. By Theorem 6.45, the assumption

is equivalent to

kn times︷ ︸︸ ︷
Fn ∪∨ · · · ∪∨Fn

w−→ X−1(F ) as n → ∞. Moreover, by Proposition 6.35
and Theorem 6.36, the above condition implies that

kn times︷ ︸︸ ︷
Fn□∨ · · ·□∨ Fn w−→ BM

1 (X−1(F )) = Λ∨ ◦ X (X−1(F )) = Λ∨(F ). (6.147)
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Moreover, the converse claim of the above corollary holds under the special case.

Corollary 6.48. Consider a sequence {Fn}n in ∆+ and a sequence {kn}n of positive
integers with k1 < k2 < · · · . If there exists F ∈ ∆+ with F > 0 on [0,∞) such that

if

kn times︷ ︸︸ ︷
Fn□∨ · · ·□∨ Fn w−→ F , then

kn times︷ ︸︸ ︷
Fn ∨ · · · ∨ Fn

w−→ Π∨
1,F as n→ ∞.

Proof. Assume that

kn times︷ ︸︸ ︷
Fn□∨ · · ·□∨ Fn w−→ F as n → ∞, where F ∈ ∆+ with F > 0

on [0,∞). By Theorem 6.42, we have

kn times︷ ︸︸ ︷
Fn ∪∨ · · · ∪∨Fn

w−→ 1
2−F ∈ ∆+ as n → ∞. By

Theorem 6.45, we have

kn times︷ ︸︸ ︷
Fn ∨ · · · ∨ Fn

w−→ X
(

1

2− F

)
= exp(−(1− F )) = Π∨

1,F , (6.148)

as n→ ∞.

For example, if F = Π□∨
λ,G for some 0 ≤ λ < 1 and a distribution function G on R

in Corollary 6.48, then we get Π∨
1,F = Π∨

λ,G. Therefore we can apply to the classical
and free max-compound Poisson type limit theorems by the above corollaries.

From the same reason of Remark 6.43 (1), in general, the convergence of F□∨kn
n to

Λ∨(F ) (for some F ∈ ∆+) does not necessarily imply the convergence of F∨kn
n to F .
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