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F—Uw o2 T—xFt

Brian Forbes, Masao Jinzenji

1 IS5—ZHNK
1.1 E-YOZEHEDESE
FITBRIIC. NIE-YUZREO—BRWBERZLET

TH1 X Er—T—SREELTo(X)=0&BEEL LS, C0L>
X EHTEXTEREEVVET,

HAWFZEETZDIT, bo ERIREREICEELEL LD, £IZT. Z
NS =0y I ERBEETEENET, h—U v I ZREOREMEIX N —
AERNH B ETY, TOXIBEREEZMES &, AL RFEMNHEIZR
D i—g‘o

1.2 /a2y M

EFTR. BN SE-PUSBEOHZHALET, B I E- T4
EIEZDFEDOHLIZDOTTN, INBIEFRT/ > - AN M BRERRIEKTT,

fl1.1 X = RFTRETEE, D20, HREFEH ELOFERTY., ZD0LHE
DERFERL

X = {(wi,...,ws) € C* = Z : =3|lw1|?® + |wa|?® + |ws|?® + |ws|® =7}/S?, r € RT,

St (wrye. . we) — (673w, ePwsy, efws, etf wy), @ € St.

P? DRZEERRE [wa, ws, ws] T Z = {we = w3 = wy =0} TT, TDEH
EORERBERIIZZE ORI I—DE5REDET .

I = (—3 11 1) (1.1)



g+

M1 2T O(=-3) = PPOr—UwIT5T7TY., NTA=FrZEX
HEXBRDZABDRKRESIEEAD LN TEET,

BT, ZOZREOKREZEZET, £7. BFHEFHOINHEREZEZT
<FEEWNn:

0 1
h=10|,v=]0|,vs=|1]|,nu={-1]. (1.2)
1 1

CORMERTEIEDRI I —2FHETEET Y05, = 0&KD 1 =
(-3,1,1,1) T,

%, RIPP DTS T72ETEY. 0; = (5;,1) ELET, v; ZFEITEWN
T, ZARSEILT, T T 72FWT, TNhs BFRELEO S 57
NENET : r 2825E, ZABOIA XZ2EABTEINTEET,

1.3 VN NEBS

DDOWTI, a7 MBI TY, Z0FH, b—U v IR MOHEREZ
FXET,

il 1.2 ZOEMAERTLIEI N :

-1 4 -1 -1 -1

-1 -1 4 -1 -1
v = , Vg = , Vg = , Vg = ,Us = 1.3
1 _1 2 _1 3 _1 4 4 Us 1 (1.3)

-1 -1 -1 -1 4



AZHEEDORY h=TELT, t; 2EFEK. m; ZERELT, tm 2T T
FELET,

g™ = ¢ gt ym? (1.4)
&0, FERX  fa,t) =Y, ait™ =005 F DEEHER F(a,wo, ..., ws) =
wo . .. we f(a,t1 = w1 /wo,ty = wa/wo,t3 = ws/wo,ts = we/wo, (1.5)

ZBRET, INKD F=013—ROBERXRZERIZEVDET, TOLERIEKITI
S —K D —BEFLEHI T, ZOZRENOEREEROKE, 25—
W EAWTHETEET, 2UT a2V MREXRTH I E- YLk
KT,

1.4 =25—ZHHE

RiZ, BIDBEDH S E- YO ZREDI S —LRkE2RD D HFEZHHAL X
T, BTIT—ZRADBBIIONTH - ERLWHEZLET., 055
=y 7#MEFE>TNDDT, MBEIZIS—SHREEZRDEILENTE
X7

Bl 1.3 BFHEFEONRY ¥ —EIFTISIRI S—SHREREFTET :
V) = {F1 = wv +aoy1 + - - - + azys = 0,y; *yaysys = 1}/C*. (1.6)

EXIT (u,v,y1,...,94) € C?2 x (C*)* TY, ZDFEIEL Hori-Vafa 1Tk %
HOTY, B F 2P LEEETE, V= {w+ X5, y;"%y;n? =0},&>
ZOMMERNENET cm; =0;,i=1...4

%, COEMAOHEIBBET 271 M2V LHALET, £7. HEehm
DEREEELE a; BILETY, CITHEEERy =o'y, ZLTPSE,

3

a
{uv + ug + ug + uz + ug = 0,u; 3uguzug—=— = 1}/C* (1.7)
ao0a304

KRDET. INKOAYOERBEBEEZAONET ¢

_ 02030a4

z= o (1.8)
Bl 1.4 AREHEDI 5 —LHRAETT, ZOFHEEIT Batyrev ICKZHDT
T BIORY h—7T A DEHAIZWLTHHRY h—T A 2&2 £7.

A:{UER4:m-v2—1\7’mEA}. (1.9)



SDEDOHE. A DNMESIROLIITHEDET :

-1 1 0 0 0
-1 0 1 0 0
= , = , Va = ’ Vg = ,’U — 110
n _1 V2 0 3 0 4 1 5 0 ( )
-1 0 0 0 1

BTERUCAHET. ATEANS I TSRO A EREED I ENTEXT :
Fy = aqw + ayw + asws + agwg + agws + aswow;wowswy =0 (1.11)

ZDEBAEEFRBIMEIO I 7 —SRALFVET, 2B, AHTEFADRER
REXITRII-NHVET., FETSHE, UTORBRICADET !

1=(-5,1,1,1,1,1) (1.12)

ZORII—FEIFTETOI T —MIHEICBIT IR ERTTEEXT.
ZOBMEOEEBEEY 2 51 ZRITROH ERAERIT TY ., EBEEH
T5E, wl=q;!, HRBEERL 25 =a;1...a5/a§ T SHIT. TDF
BRICZw BRSO EEANS, FOTRVWERTHISNET | F, - cF,.
ZOREHEOBMT THRYBES I LEDDET,

%, ANy hiplE)>arNy FablOBEREDLEZEL LD, X
NERDOBEBRARYF—TI F—dHRUEFEZIEIEAETEEXTAN, TN
ny—FdERBsEACNINE Y AN MERICIKRAAET, il
WRHEKEHEONRY ¥ — (-5,1,1,1,1,1) LAREWE, FXEE &R
REZEH EORER O(=5) — PHIRFAIC U vy - RJF¥—%F>TW
EFINSEMEDETHN, BOTr—Uvr - Xy F¥—LEAMFETOREXZED
B THEORTNEIERRERIZRDEY, LrLary &/ >ar7 b
BEMEMNIDEVEVNERAN, ZORT > M 2AMBEMITOWTHR
BHETEZET,

1.5 =5—F4

FHE1 X ZHIENXIEZRIEEREBEBEELT. Y 2 X DI T—%H
HREBEEL XD, ZOFR, Y OERBEDED 271 ZEME X DT —F—
EVa 51 EROBICRABIERH D ET,

ZOEETIE, BETINEEFBEEDED 251 EMELT, AETINET—
F—ETVaTMEMEBEEL & I,

F—U v I SREOERBETY 2 51 ERIIMEHEZO T, 25—k
ZHWSEY Dh—Uw T - R F—FZFTHIOF D X OIERIA IR 2K
ABIENTEEXY, AT FOHAWE, Y OERBEDED 2571 %M
Y ORI NS MDD ETOT, ZORAMELZRDDDIZEETT,
F9, AN MahlEEZEL £ D,



2 RXRBHED IS —ZHEME
2.1 3 2/NZ MERARRES
ARBHE DI 7 —SHEOEEFBERIIUTTEASGNET

11

Y, = {Fz = aowg + alwf + a2w§ + (13’11)3 + (14’!1)2 + aswowi WawW3wWye = 0}(213)

Qo ZMMRTTHFEEMOEENZAEEREBEET. & {1(a),...,m(a)}
Y D3IRXRTHFERT—DEET T(vi(a) BINEDOFEOD—HA 7))V
EHOF2—TTY, INSZHANTHABBESEIUTOXIINTET

Qo .
II;(a =/ ,i=1,...,n (2.14)
( ) T(~:(a)) Fz(a,wo,...,w4)

FIZ, al3Y OEBBEDED 2 51 ZRIORATERETY. KIZ. FA#HED
DEREEZEZAEL & D,

2.2 GKZYATA

Y ORESZEBERDZOIEEL WO T, ERCHELEZWTEDHZ
TRAESOMETHML HERZRLET. D0, MORANES 2M0 5
BRXOMELTRDET, MR ERITWIAR L —F—2HE T &1
GKZ VAT ARERBZENTEET., ZOEREORT I —

l=(=51111) (2.15)
T, ~RIFARV—F—2FBITET .
Bag Oy Oy Doy Oy — 0. (2.16)

BAE, ZOWPARL—F—ZRIORAEMCTERZES L, FOicky
=0 q

0
DT, TOWAFHERNOBRIIY ORMES ERELET, —H., Y O¥ER
WEEY 21 ZEMIE—RILTINS, GSOMEE q, 132 TEET, ELL.
GKZ VAT LR DOREEBRTZZENTEET, BAENICES &, HBE
a; DO—RITORBFEREEZROEETET, HBRELT ACr—Uvy KX
D —Z2HWTEHEBEBEDED 271 DEZEIL :

0. (2.17)

= 20019200 (2.18)

as
THEALBNEY, 20, MENEEVEDERSTVNET, ¥ DEBEHER
ez TFa &, ZRERARET, MoBRBEbSsRiFhEniFERA,



ZZTc RO ThnEREELET, BOTGKZ ARV —F—bEHL
F9:

Loaz?. (2.19)

ZLTIDARVY —ZEEEBRTHE, ROLIITBVET :

DL = 65 — 2(56 + 1)(50 + 2)(50 + 3)(50 + 4)(56 + 5), 0=z% (2.20)

ERZOFRLV Y —ITHIET WO HEROMERMIRETET. REBMHE
BEILNTNEDT, CHNEEERLTAARL—F—TRHOEVA. TZ
TROXDITHRELET :

Dy = 0(0* — 52(50 + 1)(50 + 2)(560 + 3)(56 + 4)), (2.21)
ZZT RABOEENSWMORS ERDEIF R —F—NR_ENET,
Dy = 0* — 52(50 + 1)(50 + 2)(56 + 3)(50 + 4). (2.22)

ZDFARLV—=F—2EN—IV s TP AFRL—F—LFVET, BIY D
JEHIFESr T,

2.3 GKZ YARTADE

—FRRIZ, ZOBDHEROBEZHELEL LS. ZREY OF—Uy
g eRyI—2RNBEE, BOBEKEE IENTEET :

r1+5 )
Z L THEXOHIL
k
Y = aakwo(z )|p=0’ k"—‘04, (224)

THEABNETY, RT. ZOMTHKEMEOIEAFEIROKEFEL E7,

3 RBSAEFED IS —ZHREORMES
3.1 /> aAVRY MEEAES

NI NOBERSITAMBEY E T 2> TEREEEE 2512/ %
HBEZENTEETE, BN T E-YUSKREITBNTIZZD L S kB
A OERIDDERA. LU, BLEALCES CERZALNES 2
RICEZ DL, FROFENTEET, TNT, SOEREDLEEDOHER

Y1 = {Fi(a,u,v,y1,¥2) = wv + ao + a1y3 + azys + asy; 'y; ' = 0}, (3.25)



ZRWT, R/ > a2 MBEORAMBEZROEITEZET.

dudvdysd
Mr(a) = / udvdysdys/(yays) (3.26)
T(a) UV + @0 + Q1Y3 + A2Y4 + a3Y3 "Yyu

ERITBNTT € Hy(C?> x (C*)?-Y1,Z) TY. ZOHBERDOGEIERMED
AEMOMEIXH D EBANS, TOEED GKZ AR —F —Z2FNET :

L1 = 04,04,0a5 — 03, (3.27)
I 5ITHEREEEET
= A2 (3.28)
ap

CNEDEH=I « T AFRL—F—ILROLIITHRDET :
6> — 2(—36)(—36 — 1)(-36 — 2). (3.29)
MOBIERUKIC. MOBERIIN— v 7Ry & —THITET,

1

_ n+p 3.30
wo(2, p) T;F(1+n+p)31"(1—3n—3p)z (449

Z UTHRZERIE 05wl =0,k = 0,1,2 TRENET.

4 IERIFEphE
BRIC, FREHEROROHEEZHHAL T,

4.1 AXREHEOIENBFEEHED IS —FENSDHE.

ZOHNEI S—WHEDO—BELRFATTN, ZOEEIEMBTINSZ
ATRITREL TR RFEB A, £ prepotential &5 RFEKZELU T TEREL
9 :

5t3
F) =+ ¢;)Nde‘” (4.31)
COBBIIZOET « U4y T OAEROBEKT, Ny X7 0®7 - a4y
TUARERTY. ZOAERIIAXBE O IERFEIROKICH -0 FT,
tHITERKTY, s, AXKEHEOI 72K EDEI—IL - Ty 7 X
HEROMEEEET L

H(Z) = (y07 ey y3) (432)
dF dF



ERBEVNSIDONIT—FHRTY, LEL. I THWSIEEREHROBEKRR
t(2) = y1(2)/yo(2) 22 —BH/HEFVET, DX, AR@HEO/OE
7 Iy T AERORBERNI S -ZREOHMES ZHANWTRHHETE
50T, IREMEOIERFHBROKERZ D ENTEXY! ZOFE
N5, prepotential IZRD K S ITHEIFTET,

1
F= %(yﬂh —¥3). (4.34)

FEWBE, I T—FM(2) = y1(2)/yo(z) TEKBHED I 5—LHED
HFRE OB FAGBIE O ERAEMROBRICEL S Z ENTEET.
Ik, InBMESNET

5 4876875 ,
—

f=6ﬁ+%%é+ (4.35)

4.2 R TEOENTEHROIS—FEMSOHE
SOHE, TOIT—SHEOEMINS 2 HEETEUATOXSIBDET,

/

I(2) = (8)wolp=0, 8 wolp=0, Fowolo=0) = (1,1(2), W (2)) (4.36)

::“‘_w%nw‘i—E@Mth—w TV I AV AT ADORNEBETH
BCERERLTLESN, ZORER. 2TORMI S—/HtEicsnT
HBOWBEERVET, ZOABRREENFEHROBRIIUTOLS Ik
DET;
L7

I(z) = (1,t(2), — ﬁ), (4.37)
EEL. FRZOET - T4y F L AEROBERKTT

i 45 o0 244 5

F=—ggt3— 26+ e - (4.38)

XD 313 P! & P2 ORHEETT,

5 RESNEENA—I-TVIRIRTA
INB SRRFEE EOREOKFAMEOTELEL & 5.

5.1 FBEDHDH

RS 5 —MFMEDHEERIITETSICAIETH, botFELLIFANS
&, FHEDF/FTI 5 —MFRMEDN S prepotential Z3RDSNZWHIH L HD
i‘g_ﬂ



ZDEIBHFADOFT—REEZDBOIEX = 0(-1) 0 O(-1) — P &
SRIN T E-PIEKAETT, X OEBEHERZ

X = {(7.01,...,104)€(C4——Z:|w1|2+lfwz|2—|wg,[2——|w4|2=r}/51,1"611@+

SYo (wy,...,ws) — (w1, ePwsy, e Pws, e w,), 0 € S (5.39)

T, ERRBVT Z = {w; = wy, =0} TT. X WIIERHEEERITS x
HE—DEFTTMSE, TOXEHDI T—FEICK SEIEEIIMRICTE
BIETTYT, BOTIOHEZBOHEL XD, X DI T—LRAEIL :

Y = {(u,v,ys3,v4) € C? x (C*)2 cuv+ 1+ ys +ys + 2ysys = 0} (5.40)

213 Y ORFEZEEESRETT, foflERUCRKIC. AHESIIRTEZS
NET :

Hl"(a) — / dUdvdy3dy4/(y3y4) o (5 41)
r uv+ a1 + asys + asys + a41yY3ys '

T € Hy(C? x (C*)? -Y,Z) TF. ZhXOUFD GKZ AR —F—%E
*7 :

LI (a) = (8a,0a; — Baydaq ) (a) = 0 (5.42)

XDh—=UvIRIF—IE (1,-1,-1,1). TLT 2z = aja4/(aza3) FERHE
BERETY, GKZARV—F—2EELEHTEE, EN—IV - Ty I RF
R —F—IZRBVET :
d
— (1 — 2 -y
D=(1-2)f% =2 (5.43)
ZOFARL—F—IMETTR. D OMZEMITKILT, {1,log(z)} i3##
DEETYT, I3 HRICEMFRBROBEHZ S DICEME LD
BAMETY, I5IE, RLWREOERIZINTT :
log(z)? z
W() ===+ —.
n>1
COBBZXISEZABLTOMELRHRTEET. DIIW Z2H TS L,
DW =1RIE0VEY, BOTROIELZFXR L —F 2R TI/ZIWN

n

(5.44)

6(1 — 2)82, (5.45)

ZOFRL—5— D2 {1,log(2), W(2)} T ZHUZRDT I MZER
%5.Z. prepotential DEREZFALTNET,

KT, EEZOBRTELZENKRSOTVET, bIHIDLILBELEF R —
Y—mEZEZELLD :

62(1 — 2)6?, (5.46)



TBE, RFIAIE - YUSKEKIZEIMDST, ANRTMATE - PY
ZREDI 5 —FREFCERZHOMERMPEANKT ¢

(1,log(z), zZl%f’ log(2) (z%]—") - 2.7-') (5.47)
INED, RbH D ET,
d dF

ZORBEBMNIa N N B A ERUBATT |

PUET, ZOXDBARERRI T —KHRME L N2 NZER O —B &I D
BlemErlLELE, 3T, ZOMEBRIEZHSRKEZONTL &I ?EIE
O(-1) ® O(=1) — P FIULRTTOV A VNV &l RWEEDORENTY, T
DESRERX. BEOEN—I - Tv I A+ AT AIHEBEKD 2 kX%
BAEBRHOERL. I T—TFRITBNWTIE, HEEED 2 kX Z2EAK
RTEAAHEERERZAETOT, BMTZDKS 6 (dim Hy(X,Z) = 0)
TIETRICHECERLET,

BDIT, TOXIRMEEERLV S TIOMEEBRHEEZDIZVN>K DL
£9, TIN—KRIZIE, bo LAIBHRNRBEZESHLENODET, TN T
ZHOHIZREL & 5.

52 00 0(-2) — P!

RIZBFASE-TYUERE O O(-2) — P! ZEAEXL x5, EEHE
i

X = {(wl,...,w4)E(C4—Z:-—2|w1|2+|w2|2+|w3|2=r}/SI,r€R+

St (wiy...,wg) — (6720w, ePwy, ePPws, wy), 0 € S* (5.49)

TY9., FTlZ={wy=w3=0}TYT, IDELREDIERHMEIMRIIEH
WKENWIBMAHZDT, WOBDFEHI I —WHEDFHEET/OET -
TAVT AEBDERERANS ZEIITEETL, ZOZREDO—D y
7« RIFT—1% (-2,1,1,0) TS, TNKOEI—IV 77 AW HERD
1% 0 BF BRI

1
wo(z, p) = HZ>0 T(14+n+ p)2I'(1 —2n — 2p) ?

ntp (5.50)

EIRVET, HL, SOBBEOBEDOEN—I + Ty T AFRL—F1F
6 — 2(—20)(—260 — 1). (5.51)

TT. ZLTEORBKO=MEMS 1y = w2, p)|pmo, ETHRMICHEL TH
FLxS. ZOBKEIS—TROBEA S EESHE RN TESET L, /O



ET - IAVTORERIZOIRESTLEVNET, —4. O(-1)80(-1) — P!
DHBR DO T ORI AN S H/ESNSERETALO/OET -
T4y T IAEREGZET, IRDOTHOHITIE 0(0% — 2(—20)(-20 - 1)) D
WMAARV—F—%2EZEZ B LITBRBHD EE A,
ZITHALTBNIEEZDRDET., b5 —F (4.32) ZRTES W, G
A YVie EVWOBIRZERTEELEY ¢
B F

Y’ttt = ﬁ7

(5.52)

RI-—FTRELISKATRDET L, IhK0RKEMEOEN—IV - Ty
A FARV—=FIIROLIICHITZZENDNDET,
2 1 d
dt? Yy dt?
S 51T, BiZEL T, O(-1)® O(-1) — P DIIRENIZEI—I TV
AF R —F—iZ, ACHERELTOUET, DED. Y =1/(1-2) &L
TRNREF->EVRAET., 22T 355t =1t() LBIEAZEHMS
ZEMTENT O O(-2) — P DIIEINZARL—F—2EDZ LN
TEXET, :

2IT-BERIE X (5.51) OMBDBTEASNETNS., Vi 2ERES
Rp—F—ZENET., E0VHAT Yy, &

unintic(t) = (553)

11+¢t
Y = — =
bt 51— of

ELELLD, BTIOMBORUAZ b 50 AEHALET, (5.53) T
BABNEMAT R —F— %3 5—BHETEELRT S &, ROWESN
FEH=I s Ty IR AR —F—l0ET :

(5.54)

D=0"-2(20+2)(20 +1)%0 + 2%(20 + 4)(20 + 3)(20 + 1)260  (5.55)

INK UMD HER DS = 0 DRZERMIZ 09 O(-2) — P ®  prepotential

F 2RANT
ar 4F _

1,¢
(”dt’ dt

2F), (5.56)

=L X7,
KIZ, ORI A 7 Ve F /s WRHA T E- PO SkEEEZ EL £ 5.

53 70y 7ICDNT

CORRBFETBENC, I —DORA > M EFHHALET, KA1 M7
Ay 7EWIBREERTY., 70y iE b=V v 7 SREICHIET R
F=71, BOTHERZODOZAWLSERITIEHRTY. SHEEzT7Oy 7T



B, REOD—REXERAN, PROD—REXFET. —BELBOHIZ
BR O(-1) @ O(-1) b DR P TY. ZOZKEOERSERIZIN
T9Y :

{lw1]® + Jwa|* — |ws|* — |wa|® = r}/S*. (5.57)
CDEKEDTOY TR EDORITBNT r 5 —r EVWIERTERINET,
BOYBVWHIZ. 1=1,1,-1,-1) &T3&. | - -] LEHWTBRVHTT,
DD, BNEROBEBRROEEEZERTSHIETT,

ZARSEOZTETE., LOoT70y A IIROLIITREET., 06T
BHEREEZET, BHEAIINTTA:

0 1 0 1
v=|0],v2=1|0],v3=1|1],v4= 1]. (558)
1 1 1 1

BHERDE=ZDEEEZENT, FHEHLETRY F=7T2HNTRS L, #5
NBTSTREZARSBEOBERSZDHDET, DED. ZOZEMDE
BET7oy S TEET,

LDL, O90O(-2) — P DHIZEZSD L, ZOZEBIET Oy FHEE
Bh. BERS ZOEMORHTERAIIRDOELDITRD LT

0 1 0 -1
v=|0],2=1]0 03 = | 1] ,v4 = 0 ; (5.59)
1 1 1 1

COEBDT I 7%2ELE, 70y TERVWIENI->EDOMDET, &

2EVWHETBHE, ZOEBMOD MUy T - Ry &¥—(-2,1,1,0) IZ -1 Z#

AL, REMETIIR<ARDET,
INDNSESHNTBNT, 2070y TOFEREZLSFNET,

5.4 PRTTHA VIV ERHELEVWEFRASE-YOZEBEDIS—
XA

BN THIOBIDIFR I N/zA R —F —DFEEO—RILZHOET, =
TR I —ERMOFAZERTIEIN, BRI NEZFRL—F—ZB)I#E
RT-BEHEFNEROENET, I T-BEHIINOHBELEDOEI—)L - T v
0 AW HBEAROHEMET, ZHUINDDHEEBREDET, Lird, I 55—
TRUNDEL & F W= RTN 5 51556 O IERIA Eih»n 5% 7 0
BT U4 TUARERBEHDIENTEET., BOTEHINEADELRLES
ZHENEL x5,

L2 O0(-1)00(-1) - P Z2BATIEIN, ZOBEOIESN-F
RL—=F—0%2(1 - 2)? ZZOBIEANSHELELE

e

lfsss(s) =1+
1—e°

(5.60)



11 (1-2)02 CEBEHARBURSTT, ZOEEIHFZERICIS & :

68

(5.61)

Yiss(s) = K + 1

EIRBDTITN, TTTs— —sDEEEBRLELLD, THERDEIIK
A=

Yiss(8) 4 Vags(—5) = 2K — 1. (5.62)

BOTK =1/2&T35LEI0EBDOBET FFZHRNT) AERRZDE
T, ZOBIFEEED &,
D= 92(2(11;;))02. (5.63)
Ei, SOBERERKHEHEBFITERLOTIN, K =1/2 EWVWIBUAN
—RALDBEIC—BEHRTH D L2 THHAL X7,
KiZ, 0@ 0(-2) — P! OB)IFERDOEREHRIALET. #IOROS 1L
ROELISBHBDTLZ :

1+e 1 e
Yttt(t)=“§'(1—_—et) =3T3 —e) (5.64)
ZOBDIS—EBHRIUTFTTEAENET :
(2n-1)!
t(z) = log(z) + Z g z". (5.65)

n>0
ZIZTRI—EHKT, Viu(t) ZHEEBL TR0 ET, YVi(t) BDEET >V
NTHBEEZRENRNTLEIWN:

dt\3 1+t 1
=) 2=~ AT—d2) (5.66)
ZDXIIT, BRI OFEERERVET, LOBEKED -1/2 2E 25
E Y, IFEERTIERRZVEY, TITIOENEZLELE,
BRINZEHN=I s Ty IR+ FR—F— D EEE— LT B R0,
LFOEBEDREVFZ—BALLET. N0 TNVEII, FITHHALET,
TOR—UY Y - RYF—TEHELE X (5.67) BEZATIEI N, =Yy
7 T7771E2TY,

3 2 1 10 0
(P) - (1 10 1 —1> (5.67)

h—Uvr 75 7%R5E, EAEEMESENET:[C,],[C)] € Ha(X,Z)
T R NG, x 2 O(-1) ® O(-1), Ngy/x = 0 O(=2) T MOE
BIA BRI [Cope). TLTHERIZO(-1) 0 O(=1) TF. h—Uw s - RZ
5 — T OMROERNRL T

Viaa(2) = - (z

P+F=(—10 11 —Q. (5.68)



Cy

2 XD =Y T5TTY,

X OBNIEEZEELET., TOBRTEIIEAE TIEINZEI—I - Ty
DAVATFLADFHEEZHRALET, I 5—FRUNDERZE L =R
MEEFEEOTOTT « T4v T UAELRICET HH2IE

Yc _ e’ es+t Yc _ et es+t
sss—l—es+1—es+t’ ttt__l—et+1—es+t’
es+t
},S(;t = Ysit = 1 _ €S+t, (569)

ERBIENDNVET, TOBMMELRSE, TNENOEI O E
HTOWET, BRI /(1 —et) IR O(=1) @ (= 1) —s P! LR TBEI
&TT, CNEVEREERD ST, BHIE C,, C,, Cope HLTHET
BEREE L. MOPTROLERE 1, -1 22LTRRELNOTY,
ZITBE, SOFDHETROES IV ET :

1 e’ 1 estt e® estt
sss — % = —_— =1 ° .
Y. 2+1—es+2+1——e“’+t +1—es+1—es+t (5.70)
FIERICA T 2T .
et e.'~J+t 1 es+t
Yttt:—l_et +1—68+t, Ysst=Ystt=§ 1 estt (5.71)

ZDEBEOBRVHIE S > EHRNZERRDVET, XD —Uw .
Ry y—%270vTLET

I +72 -1 01 1 -1
= . 5.72
(=)@ 5T 57

THE XM, BIO3RIL/ > A2INT MATE-VISERE X lor 5315
BNEY., VI 7R3 TENTVETY, RIFEEFUCAHET, XFlor DB
BOEBHEZETET, —H. X OBJIFERITT Oy FITxET % BELs
LTRDETE, X OB)IKEDOERE T X lor 0B JIIKEEOEFEITED
DET, BROTIDERHEDEVNAHIZ 7Oy TOBREANS BRBEVETH
5 EMOMNDET,



X3 7av7E3N=X DTS5 ITY,

CDOEET, X OHIRINFZEH=I - T IR+ VAT L&ERRDHD
MRS EFRHIVWE LR, £, X OBEEOEN I - Ty I X+ Y AT AR
DFTEABENET:

Dy = 01(01 —0) — z1(—2601 + 02)(—26; + 65 — 1),
Dy = (201 —65)05 — 25(01 — 65)62,
Dy = 0105 — 2125(26; — 65)0,. (5.73)

Kz, LOBNEENS AETINOIEINTNWEELI—IV - 77 A
NHBRREELHEEZHPILET., TIN5 I T—E/HT A ETINVHMSHE
RS BETIVICEELBRLUEY, BELROENIERBEE 27 1%
MZET T S—MHRELEMETSHZ LTI,

% s, t DB ELET, . 80, =0;,,0,=0, EL T, V2 =Y,s &L
£, ZIT. UTOMDHBERDODIATLAEZEZEL LS ¢

0. = ¢, (5.74)
RV S RO (5.75)
2 = Sy ®, (5.76)
8,9 = 0. (5.77)

oW HERE P IKOWTHREEL LS. ZITY™ 2B)IEEE V.
DI NIV I A%

Yasc Y24 = 6 (5.78)
EEL &, ROAFERICIRDET :

Pt =" Y009 (5.79)
b

O OE—BOICREBITTINS, LOABROELOH T alckD
¥R, CNXOROTBSZLEZEBET :

D Y0 =Y Y3000, (5:80)
b b



FUHRIZ. B 1 DORFESEHEDN (5.76) NS/ROENET :
0 ) Y018, =01 ) Yy ?0,8, =0. (5.81)
b b
BEBIC, S5—FE{TB ETIWICEBFELHT S L, X DIRENIZEN—
W T9IR AT LBEENEKT:

D~1 = 142+ leg)Dl + Dy + 29Ds3,
Dy = 6,D;. (5.82)

BEEHETE L, ZOVAT L {D),Ds} DRZEMIROLI BV ET

OF OF OF OF
(LS,t’E’E’SE-Ft—a_t_Z?.) (583)
HL., ERXizBNWT
s3 st st? ens + 6n(s-}-t) — ent
—'E+1—2‘+E+ 3 o (5.84)

n>0

ELELE, ZOMEMITE L5 ENNTT R,

DX LUTHERINEZD AT LEES DT TN, Ho TWBEEM
BHVET, AEBTINOTOET - T4 T U AEEROBRTHERINZE
A=) T DAV ATLEZRDELZNSH L WIERIEHEROBERITIA
NTERBA. TORA U REHALET, HEEINEZIATLDEHEEZEDH
MISERIEFEMRERZASHEEZI I —FPHOHEBENTUET S ZETT,
ZOBEBND=DIZIE. BEORRII—HHREDOEN—IV - Ty I X+ X
TALATHEHARSTY, T THERBHDOBFEEICEN—I - TV I AT AT A
ZEIELE L. I THOEEARBFNIIRITY A 7V ERETZIRWET
HISE-VYIZKRETT, BT I —0HEORKNRBERIIZ O XS kR
SNEERN—IN T I AVATLAEZEOREZLEVWET, THELELED
SRS T —FHRUANOHERZ L > TRETHS, o &—RNEHER
BATVWET,

2B, BIHEOERHOPHIAAWRALEBEVWET, RERSRTOY
B2 DFHRIT (Gopakumar-Vafa) & 5 W TRIBZEEENEHNE L T,
LB EDEBIEIIZOHO—RILICH =0 £T,

5.5 fhDILRESNERTA

RiT, FRRISIRER SN/ AT LA DFHEE TEER K OBl Z2HANET, S
I =1y 7 ZRICERSHRAETY. WBICHHAT 25T, Kp, OFIFZTHE
WET, CORMEREDERRN -V v T - Ry F—13

M (21 1 00 g5
2/ \o 0 -2 1 1/ (5.85)



K¢ DBEWT, HBEINZEN—I s Ty I X« AT LDED HFIIHRLL
9, BERS. WRTHA ZNEHRZZWH, BIZ 0o 0(-2) — P13,
WEDEH =)« Tv 7 AW HERNTEIT 2 ERIFEEMRERAONER
Mo RO TIERIE R ZR A B/-OICEEOEN—IV Ty I X - F XX —
7 —ICHHATRW 2; OB EHRITILENHDEL /.

—%. K OEEFIIEANGHENZNDT, f:C > SIESHh5EITER
o TEDT, BEOEH—IV + 7y IR - M HERD S ERIF RO
BHBZEMTEBRTTY, TZTHRBEI—IN - TV I X - FXRL—
F—DEMNSLTZE 0; DRIEMZHTTOAE T TR NI AT LIRS
CEMHIBTEET, DFD, HETRWL 2, DK ZEDIZI TN END
BHTY, £IT. ZEBICVWDOMFIZFARTROETEZDEZAFITZEEL L
ZEDRDOMNDET,

Kp, OBEOEHN—I - Ty I X « VAT LAEBUFTTEAGNET ¢

Dy = 01(61 — 262) — 21(261)(261 + 1) (5.86)
Dy = 03 — 23(01 — 205)(6; — 265 — 1). (5.87)

F % ZDHID prepotential &L Ty w & Dy, Dy DRI WA HERDOBEDR:
B ELELXD .

w(z,p) =Y c(n, p)2y T 2520 (5.88)
n>0
EXIZBNT,
c(n,p)~t =T(1 = 2n; —2p))T(1 +ny + py1) (5.89)
XxT(1+ny + p1 — 20 — 2p2)T(1 + 1y + p1)2. (5.90)

TY, EIlL; =0 0 w0 EEBLET. I5—FM1, 6 1 LOWBS

17 p2

BROMEMTT, k0 Loy AERXOMZERIX

oF
(1, t1, b, "2671)' (5.91)
&R0 i‘g_o _'fl‘\ Hzo, H11 & prepotential @Bg{;?\' 3
Ty 40F 0t
= . 5.92
<n11> (25?/31:1 ~ 46.7-'/8t2) (592

ERDET, KD, FEIEZERICERET, Iy, ENI DK
IROIEEEINIZEN—I « TV T A ATLADBRTT :

{61D4, D5}

TN ZOWRSINIZIATLAZED &, WRINZI AT LDRIETT
Kp, @ prepotential ZFIETE XY, I5IT. WERINZIZATLANSH



LT, BIEEZ2EHETEEYT, COXILEHEIIBTHLWEZLET,
FHEOERIT:

—1 221 - %
Y=g n e e T A - 6dd
Yig2 = —22(821 — 1) Yans = —22(242123 + 221 — 225 — -é-)
(1—42)* - 64])(1 - 42)’ 0= ) — 647) (1 — 4a)?
LRV ET,

6 AX/NY MLERFIRRITAS E-V U SHiEk
6.1 fITHERITHSE-¥USHE?

LOFET, B I —MHEOHEOMBERID LN E KD EL
7zo PWRITHA 7 IV EFFIZIVEN S E-YUEREOHI HERITNDD
AFESTT, RERSHAFERO_ERNERTI/OET « T4y T UARE
BERAETH, ZOXIBEREDI T—ZREDOEN—IV - Ty 7 A
SHBRRI-ERFEER DD ERA. b E—RIT, by(X) # by(X) DKD
72 X 7251, X O prepotential Z5EEICFHETEE R A,

BIZE, Kyp, DHIZBERZEL XD, TTT. dP, &1E. 2 RITEEFE T
HORERZZ2HETO0—7 vy 7L THRLNZEHEETT, ZOLRKEDOER
Ny & =%

-1 1 -1 1 00
-1 -1 1 0 01 (6.93)
-1 0 1 -110

TS NuTFEIT by(dP2) =3, by(dP2) =1 TY. F % Kyp, DJOET -
T4 T IABBROBEKRELET, TINS5 Kip, DI T—ZREO N
75—

oOF OF OF
(1,t1,t2,t3, 6_t1 + a—tz' + 'at—3) (6.94)

TY, WHEEDEZ St X Kgp, DZRITHA VNVOEEEMIRL, —&H
MEMRIIWRITH A VIV ORBEBRL XY, SOHE. MR 7LD
B EOTENEMED 1 E72 0, prepotential DS -gt—f Z &R
5 EMTEEXER A, £ I T prepotential DI ZFED T B0, by = by
IMNBERAEERVET, COREEZOEELRIMMIRDEL DI BERBRY ¥ —
NWoR/END /)2 AN VIS EXYULKRIETT

-3 1 110 (6.95)
1 -2 0 0 1 )



CDERRAED I T —LHRiED RS X
0F OF OF _OF )

95, T 05,705, 205,

TY9, TNT. CORMBRETZESETOET - T4y T UoAEERDR
B ZEFETEET,

ZORRIZEZ D E, ROPROADBENET, b LKLY A ZIVNED Iz
ZRRIZH L WIERITTY A Z IV EANT, BENEREEZHARDEHLN
TOFET T4 T OALEDERNDH B3I T, TNNL6mEZEEHS T,
TEDEREDOEREZRDSNET, FBAMEL T, WEORXIZ/ >
ST RRMRTTYA IV ED E<EREREICHRETZE70ET7 - Uay
FIORERDERNONE EENWTVWET, ZITHIFHER, />asNn
7 NIRRT HA 2 Ea 20 MET 5 Z &ick > THEREREICHIET 2
ENSHBITHEIONTNET, :

TIZT, s tarizplzROFE->TITEEL & D,

(1)31a32a -3 (696)

6.2 HO—E. B P

BT PLICRITEY A1 7 Ve ANDZR 0 HIIREI N7 MeEL T, £
NNSREINT MEDBEERZRD £, ZZTRD ETF5460F. P E
DZRTERNT PR O(-1) @ O(-1) & OB O(-2) T, EDAZINY
METHESZILRITTH T E- YU EBRENS BRICEF P D7 OF T - T4y
T UAEBRDHGABNET,

Bl 6.5 X9, BEZORABIMKITH I E-YUEKRENSE B EDHED ) > - O
ST MATEXYIEREDTOET - T4y T ORERDESNDENITD
WTHD EFHELWELZLET, X =0(-1)00(-1) - PLOr—=Uy -
N7FZ—id(1,1,-1,-1) TS, I TXIZ/>AU)N7 MR TL A

Kx ZHI0YSTET :
0 11 -1 -10
(—3 00 1 1 1)' (6.97)

CDERMRITEREDT T 713 4) T, V572X RB&. ZOHEE
MRTEERREDHBEDORFVBRAEY. K5 TX D/ > A2/ MizEmK
THA 7 IVEEREEITZDE L, O(-1) ® O(-1) — P IZDWTIE,
CDAZINT NS I INVDEBENS BT P D7 OFT7 - 4w T lER%E
"ONET. BOT Kx DI 7—SREBOEAMMD 2T, Zhd 5 EM
B OWREZEST, O(-1)00(-1) - PLOFOET - T4y 5 FEK
EZRDSNET,



M 4: WE3 2 NT MEE. Ky OROMIDKRIZ, FREROFGHMZRL LT

%, B —DEBENBVET, Ky DI F—SREORMRSTLE N —)) -
79 7 AMSFEROBTIES D E1- A, TOBRIHEROMEXRMS T
BE. R0 ET,

ZNTRAOPIOMRTEEREOEMEA ZHELEL & 5.

Y % K5 D3 5—SKEE LET, TNED Y 5T E-vymkTE4E
hRTT. Y OREAERR

V= {uv+1+ys+ 2195 yays + ya +ys + 2297 g5 - =0} (6.98)
EXTuveC ELTy; €eC* T, YOEI—I - T I X+ VAT ALK
Dy = 62— 2(=01 + 65)(—6; + 65) (6.99)
Dy = 02(05 —601)* — 23(—3602)(—305 — 1)(—36, — 2).
Y ORT A VEERI

1-)Q-¢)
(1-1)?

ZLUT, ThTH XD EVVBRATYA I VEABOET, O  TIH
5. Ky ORI (WRTT) A 2V ERTEA—I + Ty 7 AMHHER
DFEIR b, 1, (CEAER Iy, Ty) AESNET, BB BE
FIET S, KOMRERNET :

=3+ 22 +2t+ 1 (6.100)

ent1

lim Ty =) — (6.101)

to——00
n>0

INTRFAPOJOET - U4y T oAERERSNET, LML, 2D
TERBETIEIH D ER A, £, BIIHEHIZZOBBETREYL 7,



OFIC, FOTRWERZ ZOBITHITAAEEDHVET, DFED, &
MEMEFES EHELWERIIEAERA, BXL, o2& LoD LEFHE
ENHOET, ZOHKIIROFEOH LT, KURDDIIMAREEKTT,

ZTT, WRINEWD AT A {Dy,0:,D,} ZEZTLIESIN, DY
ATFLDRY PHAVZERZR TR E, ZOVATLDOFEII /)N Mix
MRTEEHREDEAES Z2ET NNV ET, DT, M 2hHIE-Y
TIRITTERAE LT, M ORI REIN TS AT LADHEEFRT
EEIRLET, ZTNXOROEEEZLET,

y@) = /;QAVESWQQ7n+n=k,keMﬁL (6.102)

EXTORMOEAMHERELT. VZE M OERBEES 271 ERDHE
WHwELET, % EXTEZOABERITU 71 ABHHEE WS HEEICH =
DET, TNNE ZDIWEINTNSE AT LANS Yy" OB ZEXHE
£9. IR EN—I - Ty I AWHHERLD. ROFEKXANKROIALE
FIN5.

6101D1Q =0
020:D:10 = 0
0192D1Q =0
0D = 0 (6.103)
DT OBBAMELNET :
(- Y8+ 2% - ¥B)a + Y8 = 0
(-YH+2YE -YR)a+YE = 0
(- W)+2“W@‘W3Vf+nﬁ =0
13 —

COYATLDEHOBERREMED & Yr BETY (= §) #ANTET
x9, %hﬁ\bitﬂﬁéhf:vxTA%‘:ﬁmi? TERIBI—Dor 2H
FTTR2L, SOWNHERZETET., ZoMNHRAEM &, Y i’k
REDET,

E@mtmﬁt)@y@t@iiﬂééémﬁékwﬁﬁﬁ%ﬁﬁmfﬁ:

mn 1 1,n m,n—1
Y—(S) = 5 (mel (4) + n92},(4) ). (6.105)

ZZTAf =1—54z — 542120 + 72923 — 14582122 + 7292323 L L £ 7,



EORBEEZEDS & DLTOMRICEZVDET !

1 1- 2721 + 272’122 27212:2
04 _ 13 _ 22 _
Y—(4) - A_f ’ }/24) - 2Af ’ l/(4) - Af ,(6106)
y3l _ 21(—1+ 2725 + 812129) y40 _ 22(—1+4 5429 + 5421 29)
(4) 2(z1 — 1)Ag G (z1 — 1)2A;

ZOWRRTIE, MWEEEROERIZL DD ERAN, I 5—B4 THEBESE
L7218 (F/2, HETF VIO ERZ2ENRNTRIN), ZRITTOMEZ
BoTRDETE, UTOMBELZEKICRZDET :

. 1 ey
lim 0(341) =3 Z emt, (6.107)
Cor 3 AETNOWEREKT, ty,ty EA—IN - Ty IR - VAT LOR
BIRTY, SOHEROAMERIT. €K 1/2 0V N> TVWET, ZOFREE

BoENHBEKEZEANDDICERD &, BRBHBETHSEEZAET, BT,
ZOBEBITITERIAEIID D EE A,

il 6.6 KiIT X' =00 O(-2) — P! OFITHRKEEHEREZLET, Lofl
EDLLDBVWERANSFHELWHARLER A,

ZNTIE, SEZHDEL &S5, AVBIMRITH 7 E-Y U SRE K5 @
E'b—Uw T - Ry F—IZ

-2 1100
. (6.108)
1 00 1 1

TY. TLT Ky DI F—%HRFI
Y ={w+1+2y; g + 2125y v5 Y5 2 + ya + ys +y6 = 0} (6.109)
T YDEHN—IN s T9IAATALIIINTT :

D, = 0% —21(—20; + 02)(—26, + 65 — 1), (6.110)
Dg = (02 - 201)03 - 22(—392)(—392 - 1)(—302 - 2)

CDY AT LADRI WD HERXDOBZEMIINKIL T,
AEFURRIC, SEI NS AT A {Dy,0,D,) T MABKERD B2 &
MTEET, AETF)NOMEEKOBERIROL SR ET

1
m10%=—52}m. (6.111)

72, BTERMRIC, €8 1/2 BBREEITHN > TVWET,



6.3 HE_ LDEHER

BNT, MRITEHEDHBEEZEDHE B &S T, AP x P D&T
DENEEZRDET, SEDIREINZEN—I - Ty 7 AWHHERT
BN EZRDODENETHE, £595&, HIICXVERHEDRBOGDENE
T, DEV, S5EDIRINZIATAIEZTHHEZI2E R EL Tidd 4
AFERFROET, —H., ERICEHREDHEITL O —BENHOET, =5
12, B EOBEROFDHRIEN DD ZOFBEENER T,

Bl 6.7 Ot Fo =P x P! LOBEERZEZEL &5, X = K, DEFEF—
Vw2 - R7F—

1 -
PY_(-2 1100} (6.11)
2 -2 00 11

TY, INKVX 2 X OREINRI MLEL T, Ky DEEL—U VT -
N7 T =13

0 -2 11000
0 -2 00110 (6.113)
-2 1 00001

Y % Ky DI T—HTE-PUSRGELET. ¥ OREFERZINTT
{wo + 1+ 2095 g + 212595 05 Y6 > +ya +ys + 36 =0} (6.114)

ERT (u,v, 94, y5,6) € C? x (C*)® T Y BRBHAKAITH T E-v 7 L4tk
TY, WOBHERUKIZ, Y OFERBRD OS> AT Ll

D1 = 67 —21(—26; — 265 + 63)(—26; — 205 + 65 — 1),
Dy = 63— 25(—20; — 26, + 63)(—26; — 205 + 65 — 1),
D3 =, 63(93 - 201 - 202) - 23(—203)(—203 - 1) (6115)

t1,t2,t3 ZZDVATLADRI WA HEROREMELEL &5, AIOFIEF
URRIC, ERENICEN = « T IR+ AT L {Dy,D,,03Ds} 2EZXE
L&, BIDYUTRIMRITEREIZINDOORICIBEINAEI AT AZFENE
9 DFD, Ty AMN—0IAFEOP—EHOBERRIIHIETBARL —F—
Dp ZROFIXRLV—FITEZAET : 0rDp. Elzw M 2RI NI AT A
D EF A O N MR TEHREELEL £ 5. MABEKD
HERIT

Y(T)np = /MQAV‘TSZV‘?szgng’ m+n+p=k, k€ {4,5},
Yiy" = 0, k<3 (6.116)



TY, MDOFIERUCRICY OE2TD B EFI)NONEREKZRD T, HMaH
BEROWNBMBET A TF)V O SBEEICEELSH LY, £/~ 2 THsE
BompET ) VB EES> TET, —BREIC A BTV K OKEE %
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Toric Mirror Symmetry

Abstract

This is a review focused on mirror symmetry for noncompact toric varieties. We first
describe the connection between mirror symmetry and period integrals, using the quintic and
the canonical bundle over P? to illustrate the general theory. We then move on to two recent
topics in local mirror symmetry: extended Picard-Fuchs systems, and compactifications in
local mirror symmetry.

1 Calabi-Yau manifolds.

1.1 Two Basic Examples.

Since the basic objects involved in mirror symmetry are Calabi-Yau manifolds, we begin with a
discussion of these. First, the definition.

Definition 1 Let X be a Kdhler manifold of complex dimension 3. Then X is called a Calabi-Yau
manifold if the first Chern class of X is trivial.

In principle, we only need to add the hypothesis that X satisfies H>'(X) # 0 in order make a
statement of mirror symmetry for X. However, it is useful to use a restricted class of Calabi-Yau
manifolds to simplify our search for interesting examples.

First, the noncompact case. We will say that X is a local toric Calabi-Yau threefold if X is a
Calabi-Yau threefold containing the algebraic torus (C*)® as an open dense subset, and the action
of (C*)3 extends to X. Since these notes are driven primarily by examples, we turn to our first
such space.

Example 1.1 Let X; = O(—3) — P2. X can be described as a symplectic quotient

X1 = {(wl, .. .,w4) € (C4 — 7 —3[101]2 + |’U12l2 + |’(U3|2 + |w4]2 = T}/Sl, e R+, (11)

ST (wry - wy) — (67w, ePws, ePws, ewy), 0 € ST (1.2)

Here the disallowed locus is Z = {w; = w3 = wyq = 0}. The reason for this is clear; in the above,
[wa, w3, ws) are homogeneous coordinates on the P?, and thus we cannot have all three coordinates



Vg =~ ’

Figure 1: The toric graph of O(—3) — P2. The overall scaling of the boldface triangle is
controlled by the real parameter r.

vanish simultaneously. Notice that in the above, all the information regarding the above geometry
is captured in the single vector

I=(-3 11 1) (1.3)

Since we are primarily concerned with toric geometry, we note that this vector | can be realized
as the single basis vector of relations among the vertices

0 1 0 -1
1?1 = 0 5 'lfz == 0 5 '0\3 = 1 3 1}\4 = -1 . (14)
1 1 1 1

That is, if { = (I1, %, 13, 1*) satisfies >, I'0; = 0, then [ = (—3,1,1,1) up to an overall multiplicative
constant. We can use these vertices to produce a nice toric picture of O(—3) — P2. Write
9; = (9, 1), and plot the points 9; in Z2. Then connect the vertices and draw the dual toric graph
I'. T is then a toric realization of X. This is illustrated in Figure 1.

Next, we turn to compact Calabi-Yaus. While these are not the main focus of these notes, his-
torically they were studied first, and much of the intuition regarding the geometry of noncompact
Calabi-Yaus is better illustrated through compact examples. Rather than work out the theory of
compact toric CY manifolds in general, we will simply present the best known example below.

Example 1.2 We will present the toric construction of the quintic X, i.e. a zero section of
O(5) —» P*. Take the following vertices in Z*

-1 4 -1 -1 -1
-1 -1 4 -1 -1

v = 1| Vg = 1| Vg = 1| Vg = 4 , Vs = 1 (1.5)
-1 -1 -1 -1 4



and let A be the convex hull of {v,...,vs}. Let t = (t1,...,%4) € C* be a formal variable, and
for m = (m!,...,m*) € Z*, define the symbol

gm = g gty (1.6)
Let {my,...,ms} = ANZ* and set f(a,t) =, a;t™ for arbitrary a; € C. Then if we take
F(a,wo, ..., wg) =wy ... waf(a,ty = wi/wo,ty = wa/wo,ts = ws/wo, t4 = wa/wo), (1.7)

we see that F' is an arbitrary polynomial of degree 5 in wy,...,ws. For example, considering
the line connecting (—1,—1,—1,—1) to (4,—1,—1,—1), we have that (3, —1,—1,—1) lies on this
line, hence lies in A N Z* The homogenezation of this term leads to wiwp; in this way we may
build every possible degree 5 polynomial from A. If we consider [wo,...,ws as homogeneous
coordinates on P*, then F' = 0 defines a zero section of O(5) — P4, as desired. It is known that
any such section is a compact CY manifold of dimension 3.

1.2 Mirror Manifolds.

In this subsection, we will exhibit the so-called ‘mirror manifolds’ to the above two examples.
At this stage, we will simply present the way of computing mirror manifolds, and postpone the
detailed discussion of their properties until the next section. We merely remark that the mirror
manifolds given below capture many interesting features of our two examples.

Example 1.3 The mirror Y; of O(—3) — P? can be immediately written down using the defining
vector [ = (—3,1,1,1), as follows:

Yy = {(u,v,91,-,s) € C* x (C)* : wv + arys + - + aays = 0,y7 *yoysys = 1}/C*. (1.8)

This is called the Hori-Vafa construction for local mirror symmetry. After some algebra, we can
rewrite this as

Y1 = {Fi(2,u,v,y1,¥2) = uv + a1 + asys + aays + a2y3 'Yy ' = 0}. (1.9)

Notice that if we write ¥; = {uv+3 r, y;n’lyin’? =0}, and m; = (m}, m?), then m; = 4;,1 =1...4.

We also want to take a brief tour into the moduli space of this equation. First notice that the
above parameterization of complex structure moduli variables is redundant; if one were to rescale
the variables as y; = a; Lu;, we would get

3

a
{uv + uy + ug + uz + ug = 0, uuguzus—— = 1}/C* (1.10)
o304

from which we could identify immediately the correct complex structure moduli variable:

Q20304
a}

(1.11)



And now, for the mirror of the quintic.

Example 1.4 This is a special case of the so-called Batyrev construction of mirror symmetry.
Consider the original polytope A given for the quintic. For any polytope with vertices in 72, we
have the definition of its polar polytope

A={veR':m-v>-1Vme A} (1.12)

For the example we're working with, it turns out that the polar polytope A has vertices

-1 1 0 0 0
-1 0 1 0 0

V1 = 1| Vg = ol V3 = ol Vg = 1 ,Us = 0 (113)
-1 0 0 0 1

Now, according to Batyrev, if we use the canonical procedure of associating a family of Calabi-Yau
hypersurfaces to these vertices, then the resulting family is mirror to the quintic. By carrying out
the same procedure of homogenization, we find only 6 terms, and thus arrive at

5 5 5
Fy = apwy + aywd + aqw + azwy + aygws + aswow wowswy = 0 (1.14)

as the family mirror to the quintic.

Now, we also want to briefly mention the moduli space discussion here. As above, through the
rescalings w? = a;', we would arrive at a complex structure moduli coordinate 2° = a; ... as/aj.
Also, since there is no uv factor in the polynomial for F,, we can also multiply the equation by a
nonzero constant Fy — cF5. This contributes nontrivially to the period integrals we will calculate.

We would also like to comment on the common features of the two examples above, e.g. on
the relationship between mirror symmetry constructions on compact and noncompact manifolds.
In terms of what we are computing, there is in fact only one feature which will capture all the
information we need. On O(—3) — P2, recall that the vertices of the dual polytope {v1,...,v4}
of equation (1.4) had the single relation (—3,1,1,1) between them. Similarly, the vertices of the
dual polytope to the quintic from equation (1.11) have a single relation (—5,1,1,1,1,1). In terms
of the moduli space data we will be computing shortly, these two vectors already capture most
of the information we need. There is in fact only a small difference between the computations
for the compact and noncompact models. We now turn to this, and to the general predictions of
mirror symmetry.

2 Period Integrals and Complex Structure Moduli Spaces

2.1 General statement of mirror symmetry.

Now that we have looked at two of the most well known examples of CY manifolds, we are
interested in understanding what mirror symmetry has to say about CYs. We will first give the
statement, and defer a discussion of defining its various ingredients until afterwards.



Conjecture 1 (Mirror Symmetry Conjecture.) Let X be a CY threefold with complexified Kdhler
moduli space X. Then there exists a CY threefold Y with complez structure moduli space Y such
that there is a local isomorphism of moduli spaces X = ).

In order to appreciate this, we need some understanding of what the complexified Kahler and
complex structure moduli spaces of various CY manifolds are. In fact, this is an extremely difficult
question to answer in general. Yet, for the type of spaces we are considering, we have an explicit
way of describing them, as we will see now.

We will first give an exposition of the meaning of the complex moduli space, as it applies to
the examples we are working with.

Example 2.5 To begin with, let’s consider the mirror to the quintic, defined by the hypersurface
equation F, = 0 in P*. Since this is a compact CY threefold, the theorem of Bogolomov-Tian-
Todorov states that the complex structure is determined by the period integrals of Y;. We note
that Y, depends on the single complex parameter z, and thus the period integrals of Y, will move
in a l-parameter family. This family is in fact the complex structure moduli space ) of Y3, at
least as far as local deformations are concerned.

Now take a basis {71(2),...,7n(2)} of H3(Y2,Z), and let € be the standard (4,0) form on P*.
Then we can define the period integrals of Y5 by

Qo :
1L (2 =/ ,i1=1,...,n 2.15
( ) T(vi(2)) FQ(Z, Wo, ..., 'LU4) ( )

where T'(7;(2)) is a tube over v;(2).
In principle, then, we only need to know the II;(z) in order to determine the complex structure
moduli space of the quintic.

Example 2.6 We can also do the same thing for the local mirror geometry ¥; of O(-3) —
P2. Unfortunately, for noncompact cases we are no longer guaranteed that the period integrals
determine the complex structure; nonetheless, we may formally carry out computations similar
to the compact case. In fact, in all examples studied to date, it is known that this formalism
produces the correct results, in a sense to be made more precise later in this article.

From recent work of Hosono, we may define the noncompact period integrals for Y, as

dudvdysdys/(ysya)
To(s) = / 2.16
F( ) ]."(z) F]_(zy U,U,y3,y4) ( )

for all T € Hy(C? x (C*)? - Y1, Z).

Thus, at least formally, we have achieved our goal of understanding the (local) complex structure
moduli space. By studying the behavior of the period integrals under infinitesimal deformations
of the complex structure parameter z, we expect to be able to recover local information of the
complex structure moduli space of ¥; and Y5. Next, we will develop techniques for evaluating the
period integrals presented in this subsection.



2.2 Generalized Hypergeometric Series and Period Integrals.

The period integrals of the previous subsection may be quite difficult to compute directly. Thank-
fully, there is a simple way to recover this information on toric varieties, through the so-called
GKZ differential system. As usual, rather than describe the general theory, we will carefully go
through the details on each of our two examples.

Example 2.7 These computations were traditionally performed in the compact setting, so we
will first go through the process on the quintic mirror. Rather than use the period integrals from
eqn. (2.14), it is in fact simpler to use the ones with ‘too many’ complex structure variables. Let

5 5 5 ,
Fy(a,wy, ..., ws) = aqwy + a1w; + agws + azwi + aqw; + aswow wewsws. (2.17)

Then we want to work out

Qo
II 2/ . 2.18
T ), F(a,w, ..., ws) (218)

In fact, we can arrive at the answer easily, once we realize that the cycles v should be locally
constant. It is obvious that

Qo
Fy(a,wo,...,ws)

(aaoaal Oy Oy Oy — ags) = 0. (2.19)
Hence, we convert the question of computing the period integrals of F5(a) into that of finding the
solutions of L f = 0, where Lo = 0,04, 04y 0430a, — 02 ,- We remark that the differential operator
L is completely specified by the vector (1,1,1,1,1, —5), which was the vector of relations among
the vertices of the polytope A dual to the polytope if the quintic.

Now, we are not quite done, because the solutions of our operator £, are not really the period
integrals, since they have too many moduli variables. Thus we need to reduce £, to an ordinary
differential operator; this is also automatically taken care of through the GKZ formailism, as
follows. First, the vector (1,1,1,1,1,—5) determines a single complex structure variable

ApQ1020304
= —""

(2.20)
a3

We want to rewrite Lo in terms of this single variable. To be more precise, £, also requires a
slight modification before we can sensibly pass to the quotient. This is because, in the definitino
of period integrals in eqn. (2.17), we are actually free to multiply the denomenator by an arbitrary
c € C*, F, — cF,. In order to fix this invariance, we divide as out of the denomenator. The end
result is that the real operator we want to convert to an ordinary differential operator is

Loas™. (2.21)

It is then a matter of simple calculation to finally rewrite this as the relevant operator

DL = 0% — 2(50 + 1)(560 + 2)(56 + 3)(50 -+ 4)(50 + 5), 6 zgd; (2.22)



For this specific example, it is in fact the case that there is one more solution to D} f = 0 than we
are interested in. Hence we factor the operator, which yields the familiar Picard-Fuchs operator
for the mirror to the quintic

Dy = 0* — 52(50 + 1)(560 + 2)(50 + 3)(50 + 4). (2.23)

Now that we at long last have our differential operator in hand, we need to know its solutions
in order to give the period integrals for the mirror to the quintic. The GKZ formalism is also
equipped for this, and we can once again simply write down the solutions simply by using the
vector (1,1,1,1,1,—5). We can immediately write down the generating function

Z 1}((11:57?:,05” ) (—zyes. (2.24)

Then the general theory of GKZ systems tells us that the solutions of Dy f = 0 are given by
3k
op kY

We will explore the meaning of these solutions, and their relation to mirror symmetry, in the next
section.

w0l P)lpmos £ =0...4 (2.25)

Example 2.8 We also want to carry out the same procedure on Y;. Since this computation is
nearly identical to the above, we will merely point out the differences. Firstly, the period integrals
we use here

/ dudvdysdyas/(ysys) (2.26)

r UV + ag + a1ys + a2ys + azysys

no longer have invariance under multiplication by elements of C*, since v and v are C variables.
Thus, the GKZ operator

L1 = 85,0,,04, — 02

ao

(2.27)

coming from the vector of relations (1,1, 1, —3) descends to the quotient unmodified. This results
in a Picard-Fuchs differential operator

63 — 2(—36)(—30 — 1)(—36 — 2). (2.28)
We have a modified generating function of solutions in the noncompact case

1
p) = ; I'(1+n+p)3T'(1 —3n — 3p)

wo(2z 2P (2.29)

and the solutions are given as the 0,1,2 derivatives of this series with respect to p, as in the compact
case. The main difference between the noncompact and compact cases in terms of solutions of the
PF differential operators is that in the compact case, there is always a constant solution. This
simplifies many calculations, as we will see in the sequel.



3 Enumerative Predictions via Period Integrals.

We now turn to the topic which ultimately fueled the interest of many mathematicians in mirror
symmetry. Namely, physics conjectures that we should be able use computations of the type
performed above to enumerate rational curves on the quintic and O(—3) — P2. We will first
demonstrate this on the classical example of the quintic.

3.1 Rational Curves on the Quintic.

Let wp be the generating function (2.24) for periods of the quintic, and set y; = 8,,wo|,=o. With the
tools developed so far, we can now formulate one of the most impressive consequences of mirror
symmetry. First, we need to define a notion of the number of rational curves on the quintic.
Following Kontsevish, let M(d, P*) be the moduli space of degree d stable maps with no marked
points into P*. We note briefly that the bundle O(5) — P* induces and obstruction bundle Uy
on M(d,P*), such that the fiber over (f,C) € M(d,P*) is H°(C, f*O(5)). Kontsevich and Manin
have then defined the numbers

Ng = /_ csa+1(Ua) (3.30)
M(d,P*)

which we take to be the number of rational curves on the quintic. In fact, it is known that this
interpretation is not always the right one; the above is actually counting a physical instanton
number, whose definition we will not elaborate upon.

Then inspired by physics, we can then define a generating function of these numbers

3
Ft) = 5% + Z Nget (3.31)
d>0

where t is a formal complex parameter.
Then the mirror symmetry theorems, proved by Givental and Lian-Liu-Yau, state the following.

Consider the periods g, . . .,ys for the mirror to the quintic. Then if we arrange these in a period
vector
II= (yOa"'7y3)a
then we can factor this period vector, with the result
dF dF
M= (l,t, 4 44 27). 3.32
Yo dt " dt ( )

Here t and F are exactly the same functions as in the Kontsevich-Manin formulation of rational
curves on the quintic. That is to say, the period integrals on the mirror to the quintic have all the
information about the number of rational curves on the quintic. The function ¢ above is called the
mirror map, which tells us how to change information on the mirror of the quintic into information
on the quintic.



Of course, we can then recover the function F directly from the period integrals on the mirror
to the quintic as

1
= — - . 3.33
F o (Y192 — y3) (3.33)

And this is precisely the basic consequence of mirror symmetry.

3.2 The noncompact setting.

Using the above compact calculations as a template, we would now like to carry out the same sort
of computations for O(—3) — P2, In fact, the computations on this space and its mirror are
simpler than the quintic, but the meaning of the resulting numbers is more subtle.

Recall that the generating function wy from (2.29) satisfies wo|,=0 = const, and moreover that
there are a total of 3 solutions, since the relevant Picard-Fuchs operator for this case is order 3.
As in the compact case, we arrange these solutions in a period vector

I(2) = (1,1(2), W () (3.34)

where t(z) is the mirror map and W (z) is a function which we want to interpret as a generating
function of Gromov-Witten invariants. There is in fact a simple way to do this, as we now explain.
Let F denote the generating function of Gromov-Witten invariants for this case, and recall that
the single relation vector for X = O(—3) — P? is (-=3,1,1,1). Notice that there is exactly one

compact divisor, D = P?, and that this satisfies P' NP> = —3.  From the predictions of mirror
symmetry, we then have that the above period vector is equal to
dF
II(2) = (Lt(Z), —3&—), (3.35)

so that we need only use —W/3 in order to find the Gromov-Witten invariants for this example.
And indeed, this produces the expected invariants.

4 Extended Picard-Fuchs systems.

We now move on to discuss our recent work, which was done at Hokkaido University in collabora-
tion with Professor M. Jinzenji. We begin by motivating the study with a basic case, and proceed
afterward towards the general method of solution.

4.1 Origin of the Problem.

The story of mirror symmetry presented in the previous sections presents a compelling and neatly
told story. And in fact, on the surface it may seem as though most of the mathematical structures
of local mirror symmetry have been well understood. However, there is a class of examples
for which the constructs of local mirror symmetry break down, and new techniques must be
introduced.



To understand the simplest example of this phenomenon, consider the classical example X =
O(—1) ® O(—1) — P!, which is called the conifold in the physics literature. This space admits
a symplectic quotient description

X = {(w,...,w) € C*' = Z: > + wo]? — |wy|* — Jwa|* = r}/S", r € RY
St (wy, .., wy) — (e%wr, ePwy, e 0w, e Pwy), 6 € S (4.36)

and Z = {wy; = wy = 0}. This is perhaps the simplest model of local mirror symmetry, in the
sense that we know clearly that X contains exactly one holomorphic curve. Thus, we expect a
formulation of local mirror symmetry to be exceedingly simple in this case.

So, we go forward and set the usual machinery of local mirror symmetry into motion. The
mirror manifold Y to X can be realized as the hypersurface

Y = {(u,v,y3,y1) € C* x (C*)*: uwv + 1+ y3 + ys + 2y3ys = 0} (4.37)

where z is the single complex structure moduli variable. As in the previous sections, we write
down a period integral involving an enlarged moduli space:

Tr(a) = / dudvdysdys/(ysys) (4.38)
r YU+ ay + azy3 + a3Ys + asY3ys
for I' € Hy(C? x (C*)?2 — Y, Z). Then it’s clear that we have
;CH[‘(CL) = (8a18a4 - 8a26a3)1'[p(a) =0 (439)

from which we derive the vector of relations (1,—1,—1,1) and the complex structure variable
z = aya4/(aza3). Reducing as before to the single variable z, we arrive at

D=(1-2)0 0= zd%. (4.40)

This is clearly a problematic situation. The operator D has a two dimensional solution space,
spanned by {1,log(z)}. As we have seen in previous sections, it is generally the case that the
third solution is the one relevant for enumeration of rational curves. Since there is one rational
curve in X, one would expect that the curve-counting function we’d encounter would be

W(z) = lﬁgé—z)i 3 2—2 (4.41)

n>1

Now we come to the point which suggests a method of resolving this problem. Notice that if
we apply the order 2 operator D to W, we get DW = 1. This means that if we were to work with
a higher order operator

(1 — 2)62, (4.42)

then the solution space for §(1 — 2)02f = 0 would be {1,log(z), W (z)}. Moreover, W(z) is the
right function to enumerate the single rational curve in the geometry.



In fact, there is more we can do. If we work with an operator of just one higher order,
0%(1 — 2)6?, (4.43)

then we find a remarkable solution space:

d d
(1, log(z2), za.}", log(z) (zaf) - 2.7-") (4.44)
where we have set
d
=z—0F. 4.45
W(2) =2 F (4.45)

Note that this is the same form as the compact period vector (3.32)!

Thus, we have demonstrated a method of fixing local mirror symmetry for this simplest possible
case. The basic reason that the natural Picard-Fuchs operator failed to contain the relevant
enumerative data is that the space O(—1) ® O(—1) — P! contains no 4 cycle. In such a
situation, it is expected that the Picard-Fuchs system will have no double logarithmic solutions;
since we use double logarithmic solutions to count curves, we see that any space X satisfying
dim H4(X,Z) = 0 must have the same problem.

Nonetheless, it is still surprising that we were able to remedy the situation by such a trivial
modification, i.e. by simply multiplying the original Picard-Fuchs operator on the left by another
factor of . We will see that in the next simplest case, this is indeed not sufficient. It will turn
out that we can complete enumerative data by this trivial modification of Picard-Fuchs operators
exactly when the missing curves are rigid, as the single curve was in this case.

4.2 A nonrigid P.
Now consider the local Calabi-Yau O @& O(—2) — P, given as the quotient

X = {(wy,...,ws) € C* = Z: =2w1|? + |wo|® + |ws|* = r}/S*, r e RT
ST (wyy.. . we) — (€7 0wy, ePwsy, ePws, wy), 6 € S (4.46)

with Z = {w, = w3 = 0}. Note that this is a local K3 surface times a trivial C factor. It is known
that there are no instanton corrections on this space; this means that we expect to be unable to
recover any information on Gromov-Witten invariants via standard techniques. To exhibit this
phenomenon, note that the vector defining this geometry is (—2,1,1,0), which gives rise to a
generating function of Picard-Fuchs solutions

1
wO(za p) = Z
= I'(1+n+ p)2T(1 —2n — 2p)

2"tP, (4.47)

We note that the Picard-Fuchs operator here is

0% — 2(—26)(—20 —1). (4.48)



Then if we formally consider the second derivative of the above, yo = 0,wo(2, p)|,=0, we find that y,
has no instanton part. This is to be contrasted with the case of O(—1) & O(—1) — P!, in which
the second Frobenius derivative reproduces the correct instanton expansion. What this means
in the present example is that we cannot possibly recover our missing instanton information by
considering e.g. 8(6? — 2(—260)(—26 — 1)) and its solution space.

However, we can cheat a bit here, and simply use the form of the known answer to produce
the operator we are looking for. Recall the period vector of solutions (3.32) for the compact case.
If we define a function Y by

&F
dt3”’

the so-called Yukawa coupling, then (3.32) implies that the differential operator for the mirror to
the quintic (written in the variable t) must be

Y= (4.49)

1
S dRY di?
Recall, furthermore, that our extended Picard-Fuchs operator on O(—1) & O(—1) — P! is also
of exactly this form, if we make the identification Y = 1/(1 — 2z). Thus, it’s clear that there are
only two things we need to construct our operator on O & O(—2) — P*: (1) a choice for ¥ and
(2) the mirror map t = t(2).

(2) is trivial; the logarithmic solution of the Picard-Fuchs operator (4.48) is the same as t.

Thus we only need Y. For reasons to be discussed more thoroughly in the next section, we will
take

Dguintic(t) (4.50)

11+¢t

21 —et’
Then putting these together and transforming into B model variables, we find the differential
operator

Y =

(4.51)

D = 0" — 2(20 + 2)(26 + 1)%0 + 22(20 + 4)(260 + 3)(26 + 1)26 (4.52)

which gives the solution space as we would expect for the mirror of O & O(—2) — P*.
We turn next to methods of generalizing this procedure for all local Calabi-Yaus X such that
dim H4 (X ) =0.

4.3 Mirror symmetry without four cycles.

We next turn to the question of performing this same computation for the general case. First,
we must make one more observation regarding the above two cases. Note that in both, in order
to give the Picard-Fuchs operator we are interested in, all that is needed is a choice of Yukawa
coupling and the mirror map. The mirror map is always given as solutions to the regular Picard-
Fuchs system, and we can get the instanton part of the Yukawa coupling just based on the curve
information, which is nearly trivial in all cases with no 4 cycles. Hence, the only thing that we
really need is a choice of constant term for the Yukawa coupling.



Let’s consider once again O(—1) ® O(—1) — P!. The extended PF operator we used above,
6%(1 — 2)0?, is constructed, basically, from the A model Yukawa coupling

es

1—es’

Y(s)=1+ (4.53)
The constant term of 1 in the front was chosen because it corresponded most naturally to the
GKZ derived PF operator (1 — 2)0%. Let us now set this parameter to be arbitrary,

S

Y(s) =K+ 1.

(4.54)

We want to consider the behavior of this function under analytic continuation s — —s. We find
the following formula:

Y(s)+Y(—s) =2K — 1. (4.55)

This means that in the context of this transformation, in order to preserve the instanton sum we
should take K = 1/2. This choice results in a PF operator

D= 92(2(11—;:))92. (4.56)

Note that, since the constant term has an interpretation as a triple intersection number for the
P!, and there is no such intersection number unless we consider a compactified model, there are
many possible choices. The above choice of 1/2 will be shown to be natural from the point of view
of generalization.
We also briefly mention the derivation of the constant term on O & O(—2) — P*. The choice
we made before was
1+¢ 1 et

that is, we picked a triple intersection number of —1/2. The motivation for this is as follows. The
mirror map for this case is

t(z) = log(z) Z (2n — 1) —2" (4.58)

n>0 (n')2

Using this, we can transform Y (¢) into the B model Yukawa coupling, keeping in mind Y'(¢) is a
rank 3 tensor:

dt)3 1+¢€t 1

Ya(2) = _(ZE 2(1—¢t)  2(1—42)%

(4.59)

It turns out that with any other choice of constant term, the B model coupling is not a nice
rational function, as we have above. This is the basis of our choice of —1/2 for this geometry.



C

Figure 2: Toric diagram for X.

Now, we only need to make one more observation in order to generalize to the case of an
arbitrary number of 2 cycles. That is, we need to see how we can take the intersection theory
of the two spaces above and derive intersection theory for the general case. For definiteness, we
will illustrate the procedure through an example. Consider the local threefold X defined by the
vectors in eq. (4.60). The toric skeleton is depicted in Figure 2.

It -2 1 10 O
(e)=(3" 450 5) (160
It is evident from the defining vectors that there are two curves [Cy], [Cy] € Ha(X,Z) satisfying

Neyx 2 0(-1) @ O(-1), Ng,yx = O @ O(—2). We can also exhibit a third curve [Cy,;] with
normal bundle O(—1) @ O(—1). To see that this is in fact the normal bundle, note that

P+P=(-1011 -1). (4.61)

Now, we would like to define A model Yukawa couplings for this geometry. As we will show
shortly, this is all we need to work out a complete Picard-Fuchs system. The nonconstant parts
of the Yukawa couplings are known to be

es es—l—t

Ye — + c _ _
588 1— es 1 . €$+t, tit 1 _ Ct

et es+t es+t

c _ c __
+1—65+t’ Yio =Y =

T:;ﬁ. (4-62)
Note that each individual term of the couplings is exactly the same as was found on our two one
parameter cases above. This leads one to conjecture that in order to work out the constant terms
of the above couplings, we should just add the results from the one parameter cases based on the
number of (—1,—1) and (—2,0) curves in the geometry. Thus, for example,

1 e’ 1 es+t es es+t
Ya=str Sttt on =1t 1w (4.63)
and similarly
et es+t 1 es+t
Yur = + Yot =You = 5 + (4.64)

T l—et | 1—estt 2 1—estt’



Figure 3: The flopped X.

To add further evidence in favor of this choice of intersection theory, note that this geometry
admits a flop to a distinct toric diagram 4.65

I+ 12 -101 1 -1
(3)-C e 4 7)) (169
The toric diagram is given in Figure 3. Then, similarly to the above, we can write down the
would-be intersection numbers on the flopped X. What we find is that if we follow the Yukawa
couplings on X through the flop, they exactly equal the couplings on the flopped X, including the
constant term. Thus, we have a unique choice. Moreover, we have also demonstrated that this
holds on more general examples.
For the present purposes, we now have all we need to exhibit an extended Picard-Fuchs system
for X. We first note the usual Picard-Fuchs system on X:

Dl - 01(91 - 92) — Z1(—201 + 92)(~291 + 92 - 1),
Dy = (261 — 602)02 — z2(61 — 62)62,
Dg = 9192 — 2122(201 - 92)92. (466)

Now, we want to explain the general procedure for going from the above Yukawa couplings to
a system of partial differential equations on the A model. We will then use the mirror map to take
these to the B model, in order to get an understanding of what kinds of differential operators will
be featured in a more complete version of local mirror symmetry.

Let 1 be a function of s,t. Also, set 0y = 0;,0, = Js, and e.g. Yi1o = Y. We consider a
system of partial differential equations, as follows:

Bup = 92, (4.67)

0uty) = Yapottt®, (4.68)
0ty = Sap®, (4.69)
9,9 = 0. (4.70)

Now, suppose that we want to solve for ¢£4) in the above system. If we take Y*° as the inverse of
Yaie, we get an equation

Y = V0,00 (4.71)

b



In order for the solution 1/)£4) to be well defined, the right hand side of the above equation should
be independent of a. This leads to an integrability condition

D Y00 =D V0,00 (4.72)
b b
Similarly, from the third line we find

0 Y Y018, =01 Y ¥320,8 = 0. (4.73)
b b
After finally performing the coordinate change to the B model, we arrive at the following set of

operators, the extended Picard-Fuchs operators for X:

251 = (1 + 29 + leg)Dl + D2 + ZZD?))
5 — 0. (4.74)

By explicit computation, we can check that the solution space of {D;, Dy} is given by

OF OF OF  ,0F
(1,8’t’—a;—7ﬁ’8_a?+t_at_ —2.7:) (475)
where
s3 st st? ens 4 en(s+t) — e
Pt Rttt W (4.76)

which is exactly the form of the solution space we would find in the compact case.

A few remarks are in order here. One question that arises is, what exactly is gained by this
construction? After all, we took for granted the instanton expansion of the A model, and one
of the main demonstrations of the power of mirror symmetry is the counting of rational curves
via the B model. In this sense, we have not introduced anything new. We see the advantages of
the above to be twofold. First, it is certainly a fact that the GKZ differential system, which is
the only tool available from the perspective of toric B model mirror symmetry, does not give us
curve information in this case. This is precisely because there are no 4 cycles on the A model side.
Thus, we have first of all gained some hint as to what sort of systems of differential equations will
be involved in a general construction of local mirror symmetry. Secondly, we have the conjecture
regarding triple intersection theory. We remark that the early work of Gopakumar and Vafa
also discovered the same triple intersection number on the conifold, through the consideration of
geometric transitions. We view our conjecture as a prediction of the numbers one might find if
similar geometric transition calculations were carried out on the more general geometries we work
with here.

4.4 More general geometries.

In this section, we briefly go over what kind of information is available by extending the above
techniques to casese of type Kg, where S is a toric complex surface. For simplicity of exposition,



we concentrate on only one case, which is Kp,. This is defined by the charge vectors

It -2 1 1 00
(5)=(3 0 211) Co
In K cases, the construction of the extended Picard-Fuchs system simplifies dramatically. The
reason for this is as follows. As noted in the by = 0 cases, and in particular O & O(—2) — P,
the information on non-rigid curves is not available from the Picard-Fuchs system. What this
amounts to is that we must multiply the usual PF operators by nontrivial functions in z; in order
to ‘fill in’ missing curve information.

In contrast, on Ky, all maps f : C — S cannot move off the surface, since the canonical bundle
has no sections. Hence, we expect that the PF system already has all enumerative information
regarding curves mapped to S. What this means is that we should be able to derive the full
set of prepotential derivatives for these cases by multiplying the ordinary PF operators by linear
combinations of #; only, i.e. there are no functions of z; that we need to worry about. An in fact,
in all cases we have checked this turns out to be the case.

On Kp,, the PF system is

D=6, (91 — 202) — 21 (261)(291 + 1) (478)
D2 = 93 - 22(01 - 202)(91 - 292 - 1) (479)

Let F be the prepotential for this model, and w the generating fuction of solutions of Dy, D,.
Then

wlz,0) = 3 cln, ) 2 (4.80)
n>0
where
c(n,p) "t =T(1 - 2n; — 2p))T (1 +n1 + p1) (4.81)
XT(1 +ny + p1 — 209 — 2p2)T(1 + 1y + p1)2. (4.82)

Let II;; = 621 6£2w| p = 0. Also, take t1,t3 to be the logarithmic solutions of this system. Then the

solutions of the ordinary Picard-Fuchs system are

(1, t. b, —2—‘?5).

- (4.83)

By direct computation, we can show that

M) _ 40F | oty
(Hu) - <28.7:/3t1 - 48]7/8152) : (4.84)

From these relations, it is natural to proceed as follows. We note that the functions Iy, ITy;
are solutions of the higher order set of differential operators {6;D;,D;}. And taking this as an
extended PF system, we indeed find that we are able to fully reconstruct the prepotential on



K, from solutions of this system alone. Moreover, we can actually use the relations of these
differential operators to calculate Yukawa couplings for this model. From techniques that will be
more carefully addressed in the sequel, we find the following result:

Y; = —1 Y; _ 221 - %
H (1 - 421)2 - 6427%’ 12 = (1 — 421)2 _ 642%,
_22(821 - 1) —22(242:12’2 + 221 — 229 — l)
Vi = Yooo = 2 ) )
122 (]_ — 431)2 _ 642’%)(1 _ 42:2), 222 (1 — 421)2 — 642%)(1 _ 422)2 (4 85)

5 Compactifications and Calabi-Yau Fourfolds.

This is the first of two parts of the most recent collaborative work of the author and Professor
Masao Jinzenji. The focus is the use of compactifications in local mirror symmetry.

5.1 Motivation for Compactifications.

In the preceding sections, there has emerged a single guiding principle regarding the problems we
encounter with local mirror symmetry. Namely, local mirror symmetry fails precisely when we
have a breakdown of Poincare duality between two and four cycles, i.e. for any space X such that
ba(X) # ba(X).

As a simple demonstration of this, consider the canonical bundle over the del Pezzo surface
Kg4p,. This is defined by the vectors

-11 -1 1 00
-1 -1 1 0 01 (5.86)
-1 0 1 -1120

It is well known that bs(dP;) = 3, by(dP;) = 1. Let F be the generating function of Gromov-
Witten invariants on dP,. Then the solutions of the Picard-Fuchs equations for dP, can be written
as

(1,t1,t2,t3, Qf—i— Qf— + 8_.7:)

5.87
Oty 0Oty Ot ( )

Physicists would argue that each ¢; measures the volume of a 2 cycle, while the double log solution
measures the 4 cycle volume. Thus, in order to have enough double log solutions to be able to
integrate them to a single prepotential, we need by = bs. The second simplest example of this
latter case is provided by the local Calabi-Yau threefold defined by the vectors

-3 1 110
( 1 —92.0 0 1) . (5.88)
As expected, the solution space here is found to be

0F OF OF 26.7-')

I T ) Jui 5.89
881 682, 681 882 ( )
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Figure 4: The projective closure procedure. The external lines on the K% picture represent the
canonical bundle direction.

Thus, all information regarding the prepotential is contained in the period vectors alone.

With these examples in mind, one might hope that by adding extra 4-cycles to the geometry,
we may have some hope of recovering missing Gromov-Witten data. This idea is given further
credence if one considers the claim of Hori and Vafa that the instanton expansions are provided
by the regulated volume of the noncompact 4-cycles which are dual to the 2-cycles. Let’s see how
these ideas work in one particularly simple example.

5.2 Application to local P! (two examples).

We will here apply the canonical bundle over the projective completion technique to a local P!
with normal bundle either O(—1)®O(—1) or O O(—2). In both cases, we find that the resulting
noncompact fourfold contains the instanton data in a natural way.

Example 5.9 First, we note in greater detail why it is that one might see missing instanton
information in the noncompact fourfold geometry. Consider X = O(—1) @ O(—1) — P!, which
is determined by the vector (1,1,—1,—1). We associate to X the noncompact fourfold K%,

described by the vectors
0 11 -1 -10
<—3 00 1 1 1)' (5.90)

There is a nice graphical representation of this procedure, as illustrated in Figure 4. By looking
at this picture, we can gain an understanding about what the projective closure does for us
computationally. Recall [?] that on the geometry O(—1) & O(—1) — P!, we are supposed to be
able to recover the instanton data by computing the ‘volume of the noncompact 4-cycle dual to
the PV, This is made into a sensible calculation in that paper by introducing a cutoff parameter
on this 4-cycle and performing the regulated integral. Yet, from our picture here, we can see that
the noncompact 4-cycle is given a finite volume; and moreover, we can recover that volume simply



by analyzing the period integrals on the mirror of K5. We can then recover the data originally
coming from O(—1) ® O(—1) — P! by taking the large fiber limit on the relevant integrals.

Let us now carry this out for the present example. We will find that the threefold limit of the
fourfold periods indeed reproduces what we expect. More importantly, we are able to apply the
machinery of extended Picard-Fuchs systems to recover the correct Yukawa coupling.

Denote the mirror of K% by Y. Then Y is a CY fourfold which can be described by the
equation

Y = {uv+1+ys+ 2195 'Yays + ya + Y5 + 2295 'y5 - = 0} (5.91)
where u,v € C and y; € C*. The Picard-Fuchs differential operators for period integrals on Y are

D, = 0? — zl(—Hl + 02)(~01 -+ 62) (592)
Dg = 02(62 - 01)2 - 252(-—302)(—392 - 1)(—392 - 2)

The Poincare polynomial is

(1-t)(1-1)
(1-1)?

=+ 28 +2t+1 (5.93)

which gives exactly the right number of 0,2,4 and 6 cycles, as is clear from Figure 4. Corresponding
to the two two cycles in the A model geometry, there are two logarithmic solutions #;,%; of the
system (5.92), and two double logarithmic ones for the four cycles, II;5 and II32. What we find is
that

entl

lim H22 = .
f2r—o0 n>0 n2

(5.94)

While this reconstructs instanton data on the threefold from taking the limit of appropriate
periods of the fourfold, it is difficult to determine from the Picard-Fuchs solutions alone exactly
which solution should correspond to the volume of which four cycle, thus obscuring the overall
multiplicative constant for the instanton expansion. More importantly, technically we cannnot
even take the above limit,because, because we have disregarded the logarithmic terms of Ilz,, and
these actually turn out to be divergent. There is, happily, another approach we can take in the
analysis of this system. The following is in fact the main computational technique we work with
in this paper.

Consider the extended system of differential operators {Dy,6;D2}. The Poincare polynomial
of this system indicates that we should expect its solutions to behave as a compact Calabi-Yau
fourfold. With this as motivation, assume there exists a compact fourfold M whose period integrals
coincide with the solutions of {Dy,0,D2}. We make the definitions

Il

e /MQ AV, V?ZZQ, m+n=k, ke {4,5}, (5.95)

Y = 0, k<3



where  is the (4,0) form on M and V is the connection on the complex structure moduli space
of M. The condition in the second line above is Griffiths transversality. We can then use the
extended Picard-Fuchs equations to derive relations among the Y7". To illustrate this in the
present case, note that the two equations

0102D1f =0
imply the following relations for four point functions:
2 13 13
(= Y@ +2 - Y@ - Yii) 2 + Y
04 22 13 04 _

20V + Yy —2Y )+ Yy = 0. (5.97)
The full set of such relations (there are 5 in this example) completely determine the Y(fg” up to
the overall multiplicative function S = Y(g‘;’. We can then use the PF system again (this time with
one higher power of derivatives) to derive a system of partial differential equations for S. To see

how this works, note that the assumption of the existence of M made above implies a relationship
between four point and five point functions:

mn 1 —1,n n—1
G = 5 (oY +nboY ("), (5.98)

Set Ay = 1—54zy — 542120+ 72925 — 14582122 + 7292222, Then the four point functions derived
using the above method read

1 1—272 + 2722 27212
04 __ 13 _ 1 142 22 142
Yo=3, Yo= 24, Yo =3 (5.99)
vl _ z1(—1+ 2729 + 8121 29) A0 _ 22(—1 + 542y + 5421 29)
&) 2(z1 — 1A » W (21 — 1)2A;

These are not terribly enlightening in this form, but if we perform a coordinate change to the A
model using the inverse mirror map (and treat the above functions as rank 4 tensors), we find a
surprisingly simple result:

1
lim Cff =5 e (5.100)

Here C(’Z? represents the A model four point function, and ¢, ¢, are the logarithmic solutions of
the PF system. The above of course the right expansion (up to the factor of 1/2) and moreover
behaves in the way we expect, in terms of recovering threefold data as a limit of fourfold four
point functions [?]. We note that there is no constant term in the above expansion.

Example 5.10 We now present the details of carrying out this same idea on O @ O(—2) — P*.
Since this is nearly the same as the above, we give only the briefest overview. We mention, however,
that the process of taking the projective completion adds more information than in example 1.



This is because in example 1, there was already a rigid curve which could in principle be counted
through other means. Here, we have additionally compactified the curve family, which amounts
to a nontrivial addition of Gromov-Witten information.

Recall that the defining vectors are

-2 1100
(1 00 1 1). (5.101)

Y = {w+1+ 25y + 212595 Y5 Yo +ya+ys +ys = 0} (5.102)

The mirror geometry is

and the PF operators are

Dy = 02— 2 (=201 + 05)(—20, + 0, — 1), (5.103)
Dg = (92 - 201)03 - 22(—302)(—392 - 1)(—‘392 - 2)

The double logarithmic solutions are exactly the same as in Example 1, reflecting that both cases
have the same instanton expansion.

By using, once again, the extended PF system {D;,0;D,}, we are able to find four point
functions, and translating these to the A model as in example 1, we arrive at

1
lim CP} = -5 > et (5.104)

to——00
n>1

5.3 Kg cases.

We now demonstrate more fully the power of this approach by using the Calabi-Yau fourfold
calculation to find the full set of Yukawa couplings on Kp,. In a previous work , the authors
used a classical cohomology argument to produce extended Picard-Fuchs differential operators on
K. These operators were then shown to reproduce the expected Yukawa couplings via the same
techniques we used above on local P'. The disadvantage of the extended PF system is that there
is not a simple closed form for the extended system on K. We will now show that through the
fourfold formalism, all Yukawa couplings are produced automatically. We believe that this method
should remain valid on every canonical bundle case.

Example 5.11 We work with the second most trivial example in this class, namely the canonical
bundle over Fy = P! x P'. The charge vectors for X = Kp, are

! —2 110 0
(z2>:<—2 001 1). (5.105)

The canonical bundle over the projective closure X has the toric description

(5.106)

o o
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Let Y be the mirror to K5. Then Y is the family of hypersurfaces
{(u, v, 91, Y5, Ys) € C* x (C*)? :uw + 1+ 2095 yg ' + 212597 Y5 2ys > + ya + Y5 + ys = 0}.(5.107)

As usual, there is a Picard-Fuchs system of differential operators whose solutions are the period
integrals of Y

Dy = 62— z(—201 — 205 + 03)(—26, — 20, + 05 — 1),
Dy, = Hg — zg(—201 — 205 + 93)(-—201 — 205 + 93 — 1),
D3 = 03(93 - 291 — 292) — 23(—203)(—293 - 1) (5108)

We let t;,ts,t3 denote the logarithmic solutions. Similarly to the local P' cases we worked out
above, consider the extended Picard-Fuchs system {D;,D,,03D5}. This is always the canonical
procedure of associated and extended Picard-Fuchs system; simply raise the power of the differ-
ential operator from the compactification fiber by 1. We suppose that there is a compact fourfold
M whose period integrals coincide with the solutions of {D;, D, 63D3}, and define

Yo" = / QAVE VG, VEQ mn+p=Fk ke {45}, (5.109)
M

mn,
Yo P =0, k<3
Using the procedure detailed above, we can fully determine all 14 of the B model Yukawa cou-
plings Y(Z;"p on M. As in the local P! case, we have to convert these couplings to the A model
(remembering that these functions transform as rank 4 tensors) and then take the limit t3 — —oco
in order to recover the correct Yukawa couplings. Let C’(’Z;c denote the A model couplings obtained
this way. We obtain, in particular,

. 1
lim Cft = g( —2q1 — 4142 — 2¢7 — 48¢3q2 — 6q1q5s — 243 —...),

t3——o00
. 1 ‘
t3gleoo Cly = g( —4q1qy — 24} g2 — 1215 — ... ), (5.110)

where we have set ¢; = e’. These have exactly the instanton expansion expected. That is, if F
is the prepotential for Kp,, then e.g. 83F/0t3 = limy,_,_ C'. Of course, there are two other
coupings C{3' and C?gl, and these also have the correct instanton expansions.

There is also, as above, the overall multiplicative factor of 1/8, which appears as an artifact of
the fourfold construction.

6 Fourfold constructions for threefolds with b, = 0.

From the above, we have seen that while we can recover much additional information by using
the projective closure plus canonical bundle technique, this seems to be unsuitable of there are
too many noncompact divisors in the uncompactified geometry. This is because the dimension of
the compactification fiber gets too large, resulting in a complicated PF system on the fourfold. In
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Figure 5: Toric diagram for the addition of a 4 cycle to O(—1) & O(—1) — P*.

particular, for any local Calabi-Yau with dim Hy(X,Z) > 1 and dim H4(X,Z) = 0, there are at
least three noncompact divisors, making our computations unwieldy.

With these difficulties in mind, we will develop tools tailor made to address such cases. In fact,
we are able to show that for a large class of examples, by performing a partial compactification
followed by a flop, we can reduce the problem to a Kg type case. Then we have only to refer back
to the methods introduced in the preceding sections on Kg, flop the resulting Yukawas back and
take the appropriate limits to recover the Yukawa couplings on the geometry of interest. We will
work through one example to get a feel for the computational techniques.

6.1 A first example.

Example 6.12 We begin with the conifold, X; = O(—1) @ O(-1) — P'. While the Yukawa
coupling for the conifold can be recovered through possibly simpler means, we present this example
as a template for the types of methods we’ll be using.

First, we need to realize that the basic reason that local mirror symmetry (that is, local mirror
symmetry via Picard-Fuchs systems) breaks down for the conifold is that there is no 4 cycle on
this space. Hence, the PF system on the mirror cannot have a double log solution, and therefore
we cannot recover the instanton expansion as we would like.

With this as motivation, we consider the most basic operation we can perform on the conifold in
order to add a 4 cycle without destroying the original geometry. The candidate ‘compactification’,
which we call X3, is depicted in Figure 5, and is defined by the toric charge vectors

I 1 1 -1 -10
<l2>:(—3 0 1 1 1)' (6.111)

Now, we want to connect this to our previous constructions, i.e. the canonical bundle over a
surface case. But this is easy, because X; admits a flop to Kp;:

- -1 -1110
(l1+l2>_<—2 1 00 1)' (6.112)



That is, X{'” = K, . Now we use the machinery of previous sections. Let Kx,, be the noncom-
pact fourfold associated to Kp, defined by charge vectors

0 -1 -1 1100
0 -2 1 0010 (6.113)
-2 1 0 0001

This procedure is summarized by the following sequence of operations:
X) —> %, — %1% = f, — Kr,,

Then exactly as in the Kp, case, we can compute B model fourpoint functions Y(Z;"” (21, 22, 23)
using the Picard-Fuchs system from the mirror manifold to KFFl' Here (z1, 22, 23) are the local
variables on the complex strucure moduli space of the mirror of KFFI'

The next step is to carry the B model fourpoint functions across the flop on the B model,
defined by the change of variables

21 = wit, Z = wiwy, 23 = Ws. (6.114)

Here, we have to remember that the Y(jy" (21, 22, 23) transform as rank 4 tensors. Then, we have

fourpoint functions f’(z;"p (w1, ws, ws) on the mirror of the fourfold associated to X;. Let ty,t,t3

be the logarithmic solutions of the Picard-Fuchs system on the mirror to the fourfold over X,
Next, use the inverse mirror map w(t) to convert the Y/ (w1, w2, ws) into A model fourpoint

functions C’&‘)"” on the fourfold over X, again taking the tensor property into account. And
then finally, we can recover the expected Yukawa threepoint function Cx, on X in the limit as
ty,t3 — —oo. These two limits are to be understood as first taking the size of the P? — X, to
infinity, and then taking the limit of the large compactification fiber (that is, the limit in which
the noncompact fourfold becomes a noncompact threefold). The result of this is

Cx,= lim CP'= (6.115)

Here t; is the volume of P! — X;. This is, of course, exactly the expected instanton expansion
for X;. As in all previous cases, we find an overall multiplicative constant in the instanton sum.
This is an artifact of the fourfold compactification that we are using.
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