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Preface 
 
 

This volume is intended as the proceedings of Sapporo Symposium on Partial 

Differential Equations, held on August 17 through August 19 in 2020 at Faculty 

of Science, Hokkaido University. 

 
Sapporo Symposium on PDE has been held annually to present the latest devel- 

opments on PDE with a broad spectrum of interests not limited to the methods of 

a particular school. Late Professor Taira Shirota started the symposium more 

than 40 years ago. Late Professor Kôji Kubota and late Professor Rentaro Agemi 

made a large contribution to its organization for many years. 

 
We always thank their significant contribution to the progress of the Sapporo 

Symposium on PDE. 

 
Finally, it should be mentioned that some contributions in this volume are written  

in Japanese, since the symposium is held as a domestic one for preventing from the  

spread of COVID-19.  

 
 
 
 
 

S.-I. Ei (Hokkaido University) 

Y. Giga (The University of Tokyo) 

N. Hamamuki (Hokkaido University) 

S. Jimbo (Hokkaido University) 

H. Kubo (Hokkaido University) 

H. Kuroda (Hokkaido University) 

T. Ozawa (Waseda University) 

T. Sakajo (Kyoto University) 

K. Tsutaya (Hirosaki University)
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Stability of steady states for geometric
evolution equations

1

( )

1

Γt ⊂ R
3

V = −ΔΓtH on Γt (1)

V Γt H Γt ΔΓt

Γt Laplace-Beltrami (1)
(1) Mullins[8] 1

1 V = H [8]

Γt = {(x, y(x, t)) | x > 0}

yt =
yxx

1 + y2x

( 1 ) Γt V
κ

V =
yt√
1 + y2x

, κ =
yxx

(1 + y2x)
3/2

V = κ ( 1
)

yt = − ∂

∂x

[
1√

1 + y2x

∂

∂x

{
yxx

(1 + y2x)
3/2

}]

( 1)

∂

∂s
=

1√
1 + y2x

∂

∂x

1
(1) Cahn, Taylor[11] Γt (≈

) H−1- 2
Cahn, Elliott, Novick-Cohen[2]

Cahn-Hilliard
(1)

1e-mail: kohsaka@maritime.kobe-u.ac.jp

－1－



Π+
Π−

Γt

θ− θ+

Π− Π+

Γt

1: (2)

ϕ± : R+ → R

Π± = {(ϕ±(|η|),η)T |η ∈ R
2}

Γt Π− Π+ Γt

⎧⎪⎪⎨
⎪⎪⎩

V = −ΔΓtH on Γt,

(N,NΠ±)R3 = cos θ± on Γt ∩ Π±,
(∇ΓtH, ν±)R3 = 0 on Γt ∩ Π±,
Γt|t=0 = Γ0.

(2)

N Γt NΠ± Π± ν±
Γt ∩Π± Γt (2) (

V = 0 ) Γ∗ Γ∗ H∗{
ΔΓ∗H∗ = 0 on Γ∗,
(∇Γ∗H∗, ν±)R3 = 0 on Γ∗ ∩ Π±.

‖∇Γ∗H∗‖2L2(Γ∗) = 0

(2)
Delaunay (2) Γ∗ Γ∗

(2)
(2) Delaunay

2

Γ Γ
Area [Γ] Area [Γ] 1 δArea [Γ]

δArea [Γ](ϕ) = −
∫
Γ

HϕdS (ϕ ∈ E)

E Hilbert δArea [Γ](ϕ)
Riez

δArea [Γ](ϕ) = (∇EArea [Γ], ϕ)E

－2－



∇EArea [Γ] Γt Area [Γt] t

d

dt
Area [Γt] = −

∫
Γt

HV dSt

Γ = Γt ϕ = V (∈ E)

d

dt
Area [Γt] = (∇EArea [Γt], V )E

Γt V = −∇EArea [Γt]

d

dt
Area [Γt] = −‖∇EArea [Γt]‖2E ≤ 0

V = −∇EArea [Γt] E Area [Γt]

• E 0 L2(Γt)
ϕ ∈ E ∫

Γ

HϕdS =

∫
Γ

(H −Hav)ϕdS, Hav =
1

Area [Γ]

∫
Γ

H dS

H −Hav 0 H −Hav ∈ E

∇EArea [Γt] = −(H −Hav)

V = H −Hav ( ).

• E 0 (H1(Γt))
∗(= H1(Γt) )

E

(ϕ1, ϕ2)E =

∫
Γ

{
(−ΔΓ)

−1ϕ1

}
ϕ2 dS.

(∇EArea [Γt], ϕ)E =

∫
Γt

{
(−ΔΓ)

−1∇EArea [Γt]
}
ϕdSt

(−ΔΓ)
−1∇EArea [Γt] = −(H −Hav).

∇EArea [Γt] = ΔΓH

V = −ΔΓtH ( )

H−1-

( ) E 0 V ∈ E V
0 Γt Vol [Γt]

d

dt
Vol [Γt] =

∫
Γt

V dSt = 0 (V ∈ E)

Γt (t )

－3－



(B = 0) (0 < B < 1)

( ) (B = 1) (B > 1)

2: Delaunay (H∗ 
= 0)

3

Γ∗ (2) Γ∗

Γ∗ = {(x∗(s), y∗(s) cos ζ, y∗(s) sin ζ)T | s ∈ [0, d], ζ ∈ [0, 2π]}

s Γ∗ (x∗(s), y∗(s))T

0 Delaunay

3.1 ([5, 7]) H∗ H∗ < 0 H∗ Delaunay

⎧⎪⎪⎨
⎪⎪⎩

x∗(s) =
∫ s

0

1− B sin(2H∗(σ − τ))√
1 +B2 − 2B sin(2H∗(σ − τ))

dσ,

y∗(s) = − 1

2H∗

√
1 +B2 − 2B sin(2H∗(s− τ)).

(3)

B ≥ 0 τ ∈ R

Delaunay B = 0 0 < B < 1 B = 1
( ) B > 1 ( 2 )

Delaunay Γ∗ (2)

⎧⎪⎪⎨
⎪⎪⎩

vt = −1

2
ΔΓ∗L[v] for (s, t) ∈ [0, d]× [0, T ],

∂sv ± (κΠ± csc θ± − κΓ∗ cot θ±)v = 0 for s = 0, d, t ∈ [0, T ],

∂sL[v] = 0 for s = 0, d, t ∈ [0, T ].

(4)

－4－



L[v] = ΔΓ∗v + |A∗|2v,

ΔΓ∗ =
1

y∗

{
∂s(y∗∂s) +

1

y∗
∂2
ζ

}
, |A∗|2 = (−x′′

∗y
′
∗ + x′

∗y
′′
∗)

2 +

(
x′
∗

y∗

)2

,

κΠ± = ± ϕ̈±(y∗)
{1 + (ϕ̇±(y∗))2}3/2 , κΓ∗ = −x′′

∗y
′
∗ + x′

∗y
′′
∗ .

κΠ− y = y∗(0) x = −ϕ−(y) κΠ+ y = y∗(d)
x = ϕ+(y) κΓ∗ Γ∗ (x∗(s), y∗(s))T v

ζ

ΔΓ∗v =
1

y∗
{∂s(y∗∂sv)}

v ∫ d

0

v y∗ds = 0

H−1- Γ∗
(4) ⎧⎪⎨

⎪⎩
−ΔΓ∗L[w] = λw for s ∈ [0, d],

∂sw ± (κΠ± csc θ± − κΓ∗ cot θ±)w = 0 at s = 0, d,

∂sL[w] = 0 at s = 0, d.

(5)

(5)

E =

{
w ∈ H1(Γ∗)

∣∣∣ ∫ d

0

w y∗ds = 0

}
, X =

{
w ∈ (H1(Γ∗))∗

∣∣ 〈w, 1〉 = 0
}

(H1(Γ∗))∗ H1(Γ∗)

D(A) =

{
w ∈ H3(Γ∗)

∣∣∣ ∂sw ± (κΠ± csc θ± − κΓ∗ cot θ±)w = 0 at s = 0, d,∫ d

0

w y∗ds = 0

}

D(A) A : D(A) → X

〈Aw,ψ〉 =
∫ d

0

∂sL[w] ∂sψ y∗ds (w ∈ D(A), ψ ∈ E)

I[w1, w2] =

∫ d

0

{
∂sw1∂sw2 − |A∗|2w1w2

}
y∗ ds

+ y∗(κΠ+ csc θ+ − κΓ∗ cot θ+)w1w2

∣∣
s=d

+ y∗(κΠ− csc θ− − κΓ∗ cot θ−)w1w2

∣∣
s=0

－5－



A
(Aw,ψ)−1 = −I[w,ψ] (ψ ∈ E)

( · , · )−1 H−1-

(w1, w2)−1 =

∫ d

0

∂suw1∂suw2 y∗ds.

wi ∈ X uwi{ −ΔΓ∗uwi
= wi for s ∈ (0, d),

∂suwi
= 0 at s = 0, d

A
(P1) A H−1-

(P2) {λn}n∈N A λ1 ≥ λ2 ≥ λ3 ≥ · · · {λn}n∈N

λ1 = − inf
w∈E\{0}

I[w,w]

(w,w)−1

, λn = − sup
W∈Σn−1

inf
w∈W⊥\{0}

I[w,w]

(w,w)−1

.

Σn E n W⊥ H−1- W

(P3) A κΠ± , κΓ∗ , d, θ± κΠ±

4

(5) ( λ1 ) Γ∗

4.1 κΠ− , κΠ+ > m d < δ

I[w,w] > 0 (w ∈ E \ {0})
m > 0, δ > 0

4.1 (P2) κΠ− , κΠ+ > m d < δ λ1 0
m > 0, δ > 0 κΠ±
0 0 -

ΔΓ∗L[w] = 0 for s ∈ [0, d], (6)

∂sw ± (κΠ± csc θ± − κΓ∗ cot θ±)w = 0 at s = 0, d, (7)

∂sL[w] = 0 at s = 0, d (8)

(6) L[w] (8)

‖∂sL[w]‖2L2(Γ∗) = 0.

－6－



L[w] = ( ) (8) (6)

L[w] = 0, L[w] = γ ( 
= 0) (9)

γ w1, w2 L[w] = 0 w3

L[w] = 1 (8) (6)

w(s) = c1w1(s) + c2w2(s) + γw3(s) (10)

c1, c2

Λ± := κΠ± csc θ± − κΓ∗ cot θ±

. (10) (7)∫ d

0

w y∗ds = 0

0
0∣∣∣∣∣∣∣∣

w′
1(0)− Λ−w1(0) w′

2(0)− Λ−w2(0) w′
3(0)− Λ−w3(0)

w′
1(d) + Λ+w1(d) w′

2(d) + Λ+w2(d) w′
3(d) + Λ+w3(d)∫ d

0

w1 y∗ds
∫ d

0

w2 y∗ds
∫ d

0

w3 y∗ds

∣∣∣∣∣∣∣∣
= 0 (11)

w(s) = (w1(s), w2(s), w3(s))
T , I(d) =

(∫ d

0

w1 y∗ds,
∫ d

0

w2 y∗ds,
∫ d

0

w3 y∗ds
)T

(11)
AwκΠ−κΠ+ + Bw

−κΠ− + Bw
+κΠ+ + Cw = 0 (12)

Aw = − (w(0)×w(d), I(d))R3 ,

Bw
− =

{−(w(0)×w′(d), I(d))R3 + (w(0)×w(d), I(d))R3κΓ∗(d) cot θ+
}
sin θ+,

Bw
+ =

{
(w′(0)×w(d), I(d))R3 + (w(0)×w(d), I(d))R3κΓ∗(0) cot θ−

}
sin θ−,

Cw =
{
(w′(0)×w′(d), I(d))R3

− (w(0)×w(d), I(d))R3κΓ∗(d)κΓ∗(0) cot θ+ cot θ−
}
sin θ+ sin θ−.

(12)

(I) Aw 
= 0 Bw
−B

w
+ − AwCw 
= 0

(12) ⇔ κΠ+ = −Bw
−

Aw
+

Bw
−B

w
+ − AwCw

(Aw)2

κΠ− −
(
−Bw

+

Aw

) .

－7－



(I) (II) (III)

3: (κΠ− , κΠ+
) (12) (I) Bw

−B
w
+ −AwCw > 0

(I)&(II) (I)&(II)&(III)

4: (κΠ− , κΠ+ , d) (12)

(II) Aw 
= 0 Bw
−B

w
+ − AwCw = 0

(12) ⇔
{
κΠ− −

(
−Bw

+

Aw

)}{
κΠ+ −

(
−Bw

−
Aw

)}
= 0.

(III) Aw = 0
(12) ⇔ Bw

−κΠ− + Bw
+κΠ+ + Cw = 0.

(I) (II) (III) (κΠ− , κΠ+ , d) (12) 4
4.1 (P3) (κΠ− , κΠ+ , d)

Γ∗
Aw, Bw

±, C
w Γ∗

Γ∗ H∗ ( , < 0) Delaunay wi (i = 1, 2, 3) Γ∗

－8－



(3) |A∗|2 κΓ∗

|A∗|2 = 4H2
∗{B2(B − sin(2H∗(s− τ))2 + (1− B sin(2H∗(s− τ))2}

(1 +B2 − 2B sin(2H∗(s− τ)))2
,

κΓ∗ =
2BH∗(B − sin(2H∗(s− τ))

1 +B2 − 2B sin(2H∗(s− τ))
.

L[w] = 0 w1, w2 L[w] = 1 w3⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

w1(s) =
cos(2H∗(s− τ))√

1 +B2 − 2B sin(2H∗(s− τ))
,

w2(s) = sin(2H∗(s− τ)) + 2H∗

{
1 +B2

2
I1(s)− 1

2
I2(s)

}
,

w3(s) =
1

4H2∗
+

B

2H∗
I1(s)w1(s).

(13)

I1(s) = I1(s;H∗, B, τ) :=

∫ s

0

1√
1 +B2 − 2B sin(2H∗(σ − τ))

dσ,

I2(s) = I2(s;H∗, B, τ) :=

∫ s

0

√
1 +B2 − 2B sin(2H∗(σ − τ)) dσ.

H+
∗ = −H∗ (> 0), α = H+

∗ τ +
π

4
, β = H+

∗ τ − π

4

α ∈ [−π/2, π/2), β < 0,⎧⎨
⎩ −π

2
+mπ < H+

∗ s− α <
π

2
+mπ (m ∈ N ∪ {0}) for B 
= 1,

0 < H+
∗ s− β < π for B = 1.

k = 2
√
B/(1 +B) I1(s;−H+

∗ , B, τ), I2(s;−H+
∗ , B, τ)

I1(s;−H+
∗ , B, τ)

=

⎧⎪⎪⎨
⎪⎪⎩

1

H+∗ (1 +B)

{
2mK(k) + (−1)mF (sin(H+

∗ s− α); k)− F (sin(−α); k)
}

(B 
= 1),

1

2H+∗

{
log

(
tan

(
H+

∗ s− β

2

))
− log

(
tan

(
−β

2

))}
(B = 1),

I2(s;−H+
∗ , B, τ)

=

⎧⎪⎨
⎪⎩

1 +B

H+∗

{
2mE(k) + (−1)mE(sin(H+

∗ s− α); k)− E(sin(−α); k)
}

(B 
= 1),

2

H+∗

{
cos β − cos(H+

∗ s− β)
}

(B = 1),

K(k) 1 E(k) 2 F (η; k) 1
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E(η; k) 2

K(k) =

∫ 1

0

1√
(1− k2ξ2)(1− ξ2)

dξ, E(k) =

∫ 1

0

√
1− k2ξ2

1− ξ2
dξ,

F (η; k) =

∫ η

0

1√
(1− k2ξ2)(1− ξ2)

dξ, E(η; k) =

∫ η

0

√
1− k2ξ2

1− ξ2
dξ.

(13) (12)

AD(H+
∗ , B, d, τ)κΠ−κΠ+ + BD

− (H
+
∗ , B, d, τ, θ+)κΠ− + BD

+ (H
+
∗ , B, d, τ, θ−)κΠ+

+ CD(H+
∗ , B, d, τ, θ+, θ−) = 0.

AD, BD
± , C

D Maple 2015 AD

AD(H+
∗ , B, d, τ)

=
1

8(H+∗ )3PQ

[
(H+

∗ )
2(1− B2)2I21 cos(2H

+
∗ τ) cos(2H

+
∗ (d− τ))

− 4(H+
∗ )

2(1 +B2)I1I2 cos(2H
+
∗ τ) cos(2H

+
∗ (d− τ))

+ 3(H+
∗ )

2I22 cos(2H
+
∗ τ) cos(2H

+
∗ (d− τ))

+ 2H+
∗ (1 +B2)I1

{
P sin(2H+

∗ τ) cos(2H
+
∗ (d− τ)) +Q cos(2H+

∗ τ) sin(2H
+
∗ (d− τ))

}
− 4H+

∗ BI1
{
P cos(2H+

∗ (d− τ))−Q cos(2H+
∗ τ)

}
− 4H+

∗ I2
{
P sin(2H+

∗ τ) cos(2H
+
∗ (d− τ)) +Q cos(2H+

∗ τ) sin(2H
+
∗ (d− τ))

}
+ 2PQ

{
1 + sin(2H+

∗ τ) sin(2H
+
∗ (d− τ))

}
− (P 2 +Q2) cos(2H+

∗ τ) cos(2H
+
∗ (d− τ))

]
.

P (H+
∗ , B, τ), Q(H+

∗ , B, d, τ)

P (H+
∗ , B, τ) =

√
1 +B2 − 2B sin(2H+∗ τ),

Q(H+
∗ , B, d, τ) =

√
1 +B2 + 2B sin(2H+∗ (d− τ))

Maple 2015

BD
− (H

+
∗ , B, d, τ, θ+)B

D
+ (H

+
∗ , B, d, τ, θ−)− AD(H+

∗ , B, d, τ)CD(H+
∗ , B, d, τ, θ+, θ−)

=
1

16(H+∗ )4PQ

[
H+

∗
{
(1 +B2)(1 + sin(2H+

∗ τ) sin(2H
+
∗ (d− τ)))− (P 2 +Q2)

}
I1

+H+
∗
(
3− sin(2H+

∗ (d− τ)) sin(2H+
∗ τ)

)
I2

− P cos(2H+
∗ τ) sin(2H

+
∗ (d− τ))−Q sin(2H+

∗ τ) cos(2H
+
∗ (d− τ))

]2
≥ 0
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4.1 q1 AD H+
∗ d

D(κΠ± , H
+
∗ , B, d, τ, θ±) :=AD(H+

∗ , B, d, τ)κΠ−κΠ+ + BD
− (H

+
∗ , B, d, τ, θ+)κΠ−

+ BD
+ (H

+
∗ , B, d, τ, θ−)κΠ+ + CD(H+

∗ , B, d, τ, θ+, θ−)

κΠ± , H
+
∗ , B, d, τ, θ±

D̂(κΠ± , H
+
∗ , B, d, τ, θ±) > 0, κΠ− > −BD

+ (H
+
∗ , B, d, τ, θ−)

AD(H+∗ , B, d, τ)
, H+

∗ d < q1,

Delaunay

4.2 H+
∗ d ≥ q1 Delaunay (κΠ− , κΠ+)

Delaunay
Delaunay
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STABILITY OF LAMB DIPOLES

KEN ABE

1. Introduction

1.1. Lamb dipoles. This talk is based on a joint work [1] with Kyudong Choi (UNIST).
We consider the two-dimensional vorticity equations:

(1.1)
∂tζ + v · ∇ζ = 0, v = k ∗ ζ in R2 × (0,∞),

ζ = ζ0 on R2 × {t = 0},

with the kernel k(x) = (2π)−1x⊥|x|−2, x⊥ = t(−x2, x1). The equations (1.1) admit a vortex
pair, i.e., a solution of the form

v(x, t) = u(x + u∞t) − u∞,
ζ(x, t) = ω(x + u∞t),

vanishing at space infinity with a constant velocity u∞ ∈ R2. Vortex pairs are symmetric
dipoles with compactly supported two vorticities having opposite signs translating to one
direction. They are theoretical models of coherent vortex structures in large-scale geophysi-
cal flows. See, e.g., [14], [10] for experimental works. By rotational invariance of (1.1), we
take u∞ = t(−W, 0), W > 0, without loss of generality. Substituting (v, ζ) into (1.1) implies
the steady Euler equations for (u,ω) in a half plane:

(1.2)
u · ∇ω = 0 in R2

+,

u→ u∞ as |x|→ ∞.
In 1906, H. Lamb [16, p.231] noted an explicit solution to (1.2), generally referred

to as the Lamb dipole (Chaplygin-Lamb dipole), a solution ωL = λmax{ΨL, 0}, uL =
t(∂x2ΨL,−∂x1ΨL), 0 < λ < ∞, of the form

(1.3) ΨL(x) =




CLJ1(λ1/2r) sin θ, r ≤ a,

−W
(
r − a2

r

)
sin θ, r > a,

with the constants

Date: June 26, 2020.

－13－



CL = −
2W

λ1/2J0(c0)
, a = c0λ

−1/2,

where (r, θ) is the polar coordinate and Jm(r) is the m-th order Bessel function of the first
kind. The constant c0 is the first zero point of J1, i.e., J1(c0) = 0, c0 = 3.8317 · · · , J0(c0) < 0.
The parameter λ > 0 denotes the strength of the vortex and is related with its impulse by

∫

R2
+

x2ωLdx =
c2

0πW
λ
.

The Lamb dipole (1.3) is the simplest explicit solution to (1.2), symmetric for the x2-
variable, which is a special case of non-symmetric Chaplygin dipoles, independently founded
by S. A. Chaplygin in 1903 [8], [9]. See also [22].

The Lamb dipole is considered as a stable vortex structure in a two-dimensional flow.
Its stability has been studied by an experimental work [10] and also by a numerical work
[13]. On the other hand, despite the explicit form of this classical solution, its mathematical
stability had been an open question since the solution was introduced by S. A. Chaplygin
and H. Lamb at the early 20th century. For solutions with a single-signed vortex such as a
circular vortex [28], [25] or a rectangular vortex [4], stability results have been developed,
while no stability result was known for the Lamb dipole which has a multi-signed vortex
and forms a traveling wave.

There is an interesting relation with solitons in the theory of nonlinear wave equations.
One of classical models that describes propagation of a wave may be the KdV equation [15].
More generally for the gKdV equation,

∂tw + ∂3
xw + ∂x(wp) = 0, x ∈ R, t > 0,

for an integer p ≥ 2, there exists a soliton solution of the form w(x, t) = Qc(x − ct) for c > 0
and Qc(x) = c1/(p−1)Q(c1/2x), where

Q(x) =
(

p + 1
2 cosh2((p − 1)x/2)

)1/(p−1)

,

is called soliton, which is a unique positive solution of the elliptic problem ∂2
xQ + Qp = Q,

up to translation. Stability of this soliton is well known when the problem is globally well-
posed. Indeed for 2 ≤ p < 5, the gKdV equation is globally well-posed, and if initial
data is close to the soliton, the solution remains nearby the soliton for all time by admitting
translation of Q [5], [29]. Such stability is termed orbital stability. For p = 5, this soliton
is unstable [20] and a finite time blow-up occurs [23], [21]. The Euler equations may have
some aspects of the wave equation. Even for the three-dimensional case, vortex rings form
traveling waves. We shall establish the orbital stability theorem for the Lamb dipole which
is the most typical traveling wave.
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In the sequel, we identify a function ζ0 in R2
+ with an odd extension to R2 for the x2-

variable, i.e., ζ0(x1, x2) = −ζ0(x1,−x2). Since a classical solution to (1.1) exists and is sym-
metric for the x2-variable for sufficiently smooth initial data [18], a standard approximation
argument implies the existence of a symmetric global weak solution ζ ∈ BC([0,∞); L2 ∩
L1(R2)) for symmetric initial data ζ0 ∈ L2 ∩ L1(R2) [19]. Here, BC([0,∞); X) denotes the
space of all bounded continuous functions from [0,∞) into a Banach space X. Among other
results, our simplest result is the following:

Theorem 1.1. Let 0 <λ, W < ∞. The Lamb dipole ωL is orbitally stable in the sense
that for ν > 0 and ε > 0, there exists δ > 0 such that for ζ0 ∈ L2 ∩ L1(R2

+) satisfying
x2ζ0 ∈ L1(R2

+), ζ0 ≥ 0, ||ζ0||1 ≤ ν and

inf
y∈∂R2

+

{‖ζ0 − ωL(· + y)‖2 + ‖x2(ζ0 − ωL(· + y))‖1
} ≤ δ,

there exists a global weak solution ζ(t) of (1.1) satisfying

inf
y∈∂R2

+

{‖ζ(t) − ωL(· + y)‖2 + ‖x2(ζ(t) − ωL(· + y))‖1
} ≤ ε, for all t ≥ 0.

1.2. Vorticity method. Theorem 1.1 is a particular case of our general stability theorem.
Let us consider the existence problem (1.2). The equation (1.2)1 can be written by the
Jacobian of t(Ψ,ω) for u = t(∂x2Ψ,−∂x1Ψ). Therefore ω is represented by ω = λ f (Ψ) with
some function f (t) and λ > 0 and existence of such (u,ω) is reduced to the free-boundary
problem for γ ≥ 0:

(1.4)

−∆Ψ= λ f (Ψ) in R2
+,

Ψ = −γ on ∂R2
+,

∂x1Ψ→ 0, ∂x2Ψ→ −W as |x|→ ∞.

The function f is called a vorticity function which is prescribed by a non-negative and non-
decreasing function. We shall take

f (t) = t+, t+ = max{t, 0},

for which the Lamb dipole ΨL is a solution to (1.4) for γ = 0 and spt ωL = B(0, a) ∩ R2
+,

i.e., ωL = λ f (ΨL). Here B(0, a) is an open disk centered at the origin with the radius a > 0.
The three parameters W, γ ≥ 0 and λ > 0 are referred to as propagation speed, flux constant
and strength parameter. We chose the flux constant γ so that Ψ = 0 on the boundary of the
vortex core spt ω = Ω. The problem (1.4) is a free-boundary problem since the vortex core
Ω is a priori unknown. Once the core is found, one can find Ψ by solving the two problems:
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− ∆Ψ= λΨ in Ω, Ψ = 0 on ∂Ω,

− ∆Ψ= 0 in R2
+\Ω, Ψ = −γ on ∂R2

+, ∂x1Ψ→ 0, ∂x2Ψ→ −W as |x|→ ∞.

On the other hand, the core is characterized as Ω = {x ∈ R2
+ | Ψ(x) > 0} by a maximum

principle. The function Ψ = ψ−Wx2−γ is represented by the Green function of the Laplace
operator subject to the Dirichlet boundary condition in a half plane

ψ(x) =
∫

R2
+

G(x, y)ω(y)dy, G(x, y) =
1

4π
log

(
1 +

4x2y2

|x − y|2
)
.(1.5)

To study existence and stability of solutions to (1.4), we consider a variational principle
based on vorticity, called a vorticity method, originating from the idea of Kelvin [26], initi-
ated by Arnold [2], [3]. See also Benjamin [6] for vortex rings. For vortex pairs, vorticity
methods were developed by Turkington [27] and Burton [7]. See also Norbury [24] and
Yang [30] for a stream function method.

Our approach is based on the vorticity method of Friedman-Turkington [12], [11] devel-
oped for vortex rings. For 0 < µ, ν, λ< ∞, we set a space of admissible functions

Kµ,ν =
{
ω ∈ L2(R2

+)
∣∣∣∣∣∣ ω ≥ 0,

∫

R2
+

x2ωdx = µ,
∫

R2
+

ωdx ≤ ν
}
.

We construct solutions of (1.4) by maximizing a penalized energy

E2,λ[ω] = E[ω] − 1
2λ

∫

R2
+

ω2dx, E[ω] =
1
2

∫

R2
+

∫

R2
+

G(x, y)ω(x)ω(y)dxdy.

For a notational convenience, we formulate the maximization problem as a minimization of
−E2,λ and denote by

Iµ,ν λ = inf
ω∈Kµ,ν

{−E2,λ[ω]
}
.(1.6)

The constants W, γ ≥ 0 are Lagrange multipliers. This formulation is slightly different
from that of [12], [11], where admissible functions are restricted to a space of symmetric
functions for x1 ∈ R. More precisely, the method in [12], [11] applies to prove compactness
of a minimizing sequence satisfying

(1.7)
ω(x1, x2) = ω(−x1, x2),
ω(x1, x2) is non-increasing for x1 > 0.

The condition (1.7) is essential for the method in [12], [11]. In fact, since the energy −E2,λ
is invariant by translation for the x1-variable, translation of any minimizer is a minimizing
sequence. We shall show without assuming (1.7) that any minimizing sequence is relatively
compact by translation for the x1-variable by using the concentration compactness principle
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of Lions [17]. The following Theorem 1.2 is an improvement of [12], [11] in terms of vortex
pairs.

Theorem 1.2. Let 0 < µ, ν, λ< ∞. For any minimizing sequence {ωn} satisfying ωn ∈ Kµn,ν,
µn → µ and −E2,λ[ωn] → Iµ,ν,λ, there exists a sequence {yn} ⊂ ∂R2

+ such that {ωn(· + yn)}
and {x2ωn(· + yn)} are relatively compact in L2(R2

+) and L1(R2
+), respectively. In particular,

the problem (1.6) has a minimizer in Kµ,ν.
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Regularity for the stationary Navier-Stokes equations over bumpy

boundaries and a local wall law

Mitsuo Higaki∗

Department of Mathematics,
Kobe University

1 Introduction

In this talk we are concerned with the local regularity of viscous incompressible fluid flows above
rough bumpy boundaries x3 > εγ(x′/ε) with γ Lipschitz and the no-slip boundary condition.
Although bumpy boundaries have a complicated geometry and low regularity, the flow may
paradoxically be better behaved than for smooth or flat boundaries. It is well documented
in the physical [23, 35] and the mathematical [31, 12, 19] literature that roughness favors slip
of the fluid on the boundary in certain regimes. In the striking paper [8] it is even showed
experimentally that roughness may delay the transition to turbulence. This also supports the
idea that the vanishing viscosity limit from Navier-Stokes to Euler may be less singular above
highly oscillating boundaries than above flat ones [21, 11, 33].

Our goal is to investigate these effects, such as the enhanced slip, or the delay of the transition
to turbulence, from the point of view of the regularity theory. Due in particular to vorticity
creation at the boundary, the boundary regularity of fluid flows with the no-slip boundary
conditions is delicate. In the nonstationary case, it is for instance not known whether there
is an analogue of Constantin and Fefferman’s [7] celebrated geometric regularity criteria for
supercritical blow-up scenarios. For perfect slip or Navier-slip boundary conditions on the
contrary, the situation is brighter. In particular an extension of the criteria of [7] is known in
this case; see the work [6] by Beirão da Veiga and Berselli and [29] by Li. We expect that fluids
over bumpy boundaries have an intermediate behavior between these two extreme no-slip and
(full-)slip situations, especially as far as the mesoscopic regularity properties are concerned.

Our approach grounds on the use of asymptotic analysis to prove regularity estimates. The
success of such methods to prove the regularity to certain Partial Differential Equations is
spectacular. One of the striking examples is that of homogenization. The basic idea is that
the large-scale regularity is determined by the macroscopic properties of the systems, i.e. in
the homogenization limit, while the small-scale regularity is determined by the regularity of the
data (coefficients, boundary). Two approaches were developed: (a) blow-up and compactness
arguments in periodic homogenization in the wake of the pioneering works [4, 5], (b) quantitative
arguments based on suboptimal local error estimates as developed for periodic homogenization
[36, 9, 34], almost periodic homogenization [3], and stochastic homogenization [15, 1, 18, 38].

In this work, we focus on the regularity for stationary problems. We consider the three-

∗ This is joint work with Christophe Prange (Université de Bordeaux, CNRS)
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dimensional stationary Navier-Stokes equations
−∆uε +∇pε = −uε · ∇uε in Bε

1,+(0)

∇ · uε = 0 in Bε
1,+(0)

uε = 0 on Γε1(0) .

(NSε)

The functions uε = uε(x), uε = (uε1, u
ε
2, u

ε
3)> ∈ R3, and pε = pε(x) ∈ R denote respectively the

velocity field and the pressure field of the fluid. We have set for ε ∈ (0, 1] and r ∈ (0, 1],

Bε
r,+(0) = {x ∈ R3 | x′ ∈ (−r, r)2 , εγ(

x′

ε
) < x3 < εγ(

x′

ε
) + r} ,

Γεr(0) = {x ∈ R3 | x′ ∈ (−r, r)2 , x3 = εγ(
x′

ε
)} .

The boundary function γ ∈W 1,∞(R2) is assumed to satisfy γ(x′) ∈ (−1, 0) for all x′ ∈ R2. Note
that, since our interest is in the local boundary regularity of (NSε), the boundary condition is
prescribed only on the lower part of ∂Bε

r,+(0). We work in the framework of weak solutions of
(NSε). A vector function uε ∈ H1(Bε

1,+(0))3 is said to be a weak solution to (NSε) if uε satisfies
∇ · uε = 0 in the sense of distributions, uε|Γε1(0) = 0 in the trace sense, and∫

Bε1,+(0)
∇uε · ∇ϕ = −

∫
Bε1,+(0)

(uε · ∇uε) · ϕ (1)

for any ϕ ∈ C∞0,σ(Bε
1,+(0)). Here C∞0,σ(Ω) denotes the space of test functions {f ∈ C∞0 (Ω)3 | ∇·f =

0} when Ω is an open set in R3. For the pressure pε, we emphasize that the unique existence
in L2(Bε

1,+(0)) up to an additive constant can be proved in a functional analytic way using the
weak formulation (1).

Our use of compactness arguments to tackle the regularity for solutions of (NSε) is reminis-
cent of the pioneering work of Avellaneda and Lin [4, 5] in homogenization, and of the works
by Gérard-Varet [10], Gu and Shen [16], and Kenig and Prange [24, 25]. We separate the small-
scale regularity, i.e. at scales . ε, from the mescopic- or large-scale regularity, i.e. at scales
ε . r ≤ 1. Concerning the small scales, the classical Schauder regularity theory for the Stokes
and the Navier-Stokes equations was started by Ladyženskaja [28] using potential theory and
by Giaquinta and Modica [14] using Campanato spaces. These classical estimates require some
smoothness of the boundary and typically depend on the modulus of continuity of ∇γ when the
boundary is given by x3 = γ(x′). Therefore, these estimates degenerate for highly oscillating
boundaries x3 = εγ(x′/ε) with sufficiently small ε ∈ (0, 1). As for the large scales, on the con-
trary, the regularity is inherited from the limit system when ε → 0 posed in a domain with a
flat boundary. Here no regularity is needed for the original boundary, beyond the boundedness
of γ and of its gradient. The mechanism for the regularity at small scales and at large scales
is hence completely different. Moreover, it is possible to prove, at the large scales, improved
estimates that are known to be false at the small scales. An example of this is our large-scale
Lipschitz estimate of Theorem 2.1 below that is known to be false over a Lipschitz graph at the
small scales even in the case of a linear elliptic operator [26, 27, 36].

Beyond improved regularity estimates, our objective is to develop local error estimates for
the homogenization of viscous incompressible fluids over bumpy boundaries and derive local wall
laws. The wall law catches an averaged effect from the O(ε)-scale on large scale flows of order
O(1) through homogenization. In the wall law, a rough boundary is modeled as a smooth one
and an appropriate condition is imposed on it reflecting the roughness of the original boundary.
In typical situations, this process gives a Navier-type condition with slip length of O(ε), the so-
called Navier wall law. This effective boundary condition reads for instance in two dimensions

u1 = εα∂2u1 , u2 = 0 on ∂R2
+ (2)
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with a constant α depending only on the boundary function γ. We now briefly review the
literature concerned with the derivation of wall laws such as (2) and the proof of error estimates
in the global setting. The literature is vast and it is impossible to be exhaustive here. The wall
law for simple stationary shear flows is analyzed in the pioneering work Jäger and Mikelić [22]
when the boundary is periodic. This result is extended to a random setting by Gérard-Varet [10]
and to the almost periodic setting by Gérard-Varet and Masmoudi [12]. Nonstationary cases are
studied in Mikelić, Nec̆asová, and Neuss-Radu [32] under the assumption that the limit flows are
space-time C2 functions. The strong regularity condition in [32] implies that a careful analysis
is needed when we study Initial Boundary Value Problems (IBVPs). Indeed, for these cases,
no matter how regular the initial data are, there is the loss of regularity of solutions due to
the boundary compatibility condition. Higaki [19] considers an IBVP in a bumpy half-space
and verifies the Navier wall law for C1 initial data under natural compatibility conditions. A
key ingredient is to make use of the L∞-regularity theory of the Navier-Stokes equations in the
half-spaces. Theorem 2.3 below provides a local counterpart of these global error estimates in
the case of the stationary Navier-Stokes equations.

2 Outline and novelty of our results

Our main results are given in the two theorems below. In Theorem 2.1 we state a uniform
Lipschitz estimate. In Theorem 2.3 we give a local error estimate and identify the building
blocks of the regularity theory. Both results hold for weak solutions of the nonlinear equations
(NSε) and hold without any smallness assumption on the size of the solutions. For an open set
Ω ⊂ R3 and a Lebesgue measurable function f on Ω, we set

−
∫

Ω
|f | = 1

|Ω|

∫
Ω
|f | , (f)Ω =

1

|Ω|

∫
Ω
f ,

where |Ω| denotes the Lebesgue measure of Ω.

Theorem 2.1 ([20], mesoscopic Lipschitz estimate). For all M ∈ (0,∞), there exists a constant
ε(1) ∈ (0, 1) depending on ‖γ‖W 1,∞(R2) and M such that the following statement holds. For all

ε ∈ (0, ε(1)] and r ∈ [ε/ε(1), 1], any weak solution uε ∈ H1(Bε
1,+(0))3 to (NSε) with

(
−
∫
Bε1,+(0)

|uε|2
) 1

2

≤M (3)

satisfies (
−
∫
Bεr,+(0)

|uε|2
) 1

2

≤ C(1)
M r , (4)

where the constant C
(1)
M is independent of ε and r, and depends on ‖γ‖W 1,∞(R2) and M . More-

over, C
(1)
M is a monotone increasing function of M and converges to zero as M goes to zero.

Remark 2.2. (i) By using the Caccioppoli inequality, one can easily prove(
−
∫
Bεr,+(0)

|∇uε|2
) 1

2

≤ C̃(1)
M
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for r ∈ [ε/ε(1), 1
2 ]. Here the constant C̃

(1)
M satisfies the same property as C

(1)
M .

(ii) In the paper [10], Gérard-Varet obtains a uniform Hölder estimate for weak solutions of
the Stokes equations when γ ∈ C1,ω(R2) for a fixed modulus of continuity ω. Let us emphasize
that there is a gap in difficulty between the uniform Hölder estimate (right-hand side of (4)
replaced by Crµ with µ ∈ (0, 1)) and the uniform Lipschitz estimate (4). Indeed, at least in
the compactness argument, the Lipschitz estimate requires the analysis of the boundary layer
corrector. Moreover, let us emphasize that the Lipschitz estimate is the best that can be proved
for uε uniformly in ε. This comment does not contradict the uniform C1,µ estimate below. Indeed
the estimate in Theorem 2.3 is a measure of the oscillation between uε and affine functions, and
is not an estimate for uε directly. The reader is referred to the recent works Zhuge [38] and Gu
and Zhuge [18] obtaining large-scale Lipschitz estimates by stochastic homogenization.

(iii) As in the works [4, 10, 24] one can combine the mesoscopic regularity estimate with the
classical regularity, provided the boundary is regular enough, i.e. when ∇γ is Hölder continuous.
In that case, we can prove the full Lipschitz estimate ‖∇uε‖L∞(Bε1,+(0)) for (NSε). However, one
cannot expect such an estimate to hold in Lipschitz domains even for the Laplace equation with
the Dirichlet boundary condition.

(iv) There is a version of Theorem 2.1 for the linear Stokes equations; see [20, Theorem
3]. An important application of such uniform Lipschitz estimates is for estimating the Green
and Poisson kernels associated to the Stokes equations in the Lipschitz half-space {y3 > γ(y′)}.
Following [4], such estimates were proved for elliptic systems in bumpy domains in [24], or
the Stokes equations with periodic coefficients [17]. Such estimates play a crucial role for the
homogenization of boundary layer correctors, in particular in the works [13, 2, 37]

Next let us state the result which gives a local justification of the Navier wall law. The
following theorem is concerned with the polynomial approximation of weak solutions to (NSε)
at mesoscopic scales. Remark 2.4 below states consequences of the theorem and Remark 2.5
establishes the connection between our theorem and the Navier wall law.

Theorem 2.3 ([20], polynomial approximation). Fix M ∈ (0,∞) and µ ∈ (0, 1). Then there
exists a constant ε(2) ∈ (0, 1) depending on ‖γ‖W 1,∞(R2), M , and µ such that for all weak
solutions uε ∈ H1(Bε

1,+(0))3 to (NSε) satisfying the bound (3), the following statements hold.

(i) For all ε ∈ (0, ε(2)] and r ∈ [ε/ε(2), 1], we have(
−
∫
Bεr,+(0)

∣∣uε(x)−
2∑
j=1

cεr,jx3ej
∣∣2 dx

) 1
2

≤ C(2)
M (r1+µ + ε

1
2 r

1
2 ) , (5)

where the coefficient cεr,j, j ∈ {1, 2}, is a functional of uε depending on ε, r, ‖γ‖W 1,∞(R2), M ,

and µ, while the constant C
(2)
M is independent of ε and r, and depends on ‖γ‖W 1,∞(R2), M , and

µ.
(ii) We assume in addition that γ ∈W 1,∞(R2) is 2π-periodic in each variable. Then there ex-

ists a constant vector field α(j) = (α
(j)
1 , α

(j)
2 , 0)> ∈ R3, j ∈ {1, 2}, depending only on ‖γ‖W 1,∞(R2)

such that for all ε ∈ (0, ε(2)] and r ∈ [ε/ε(2), 1], we have(
−
∫
Bεr,+(0)

∣∣uε(x)−
2∑
j=1

cεr,j(x3ej + εα(j))
∣∣2 dx

) 1
2

≤ C̃(2)
M (r1+µ + ε

3
2 r−

1
2 ) , (6)

where the coefficient cεr,j, j ∈ {1, 2}, is same as in the estimate (5), while the constant C̃
(2)
M is

independent of ε and r, and depends on ‖γ‖W 1,∞(R2), M , and µ.
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Remark 2.4. (i) Each of the constants C
(2)
M and C̃

(2)
M satisfies the same property as C

(1)
M in

Theorem 2.1 as functions of M .
(ii) Note that at the small scale, namely when r = O(ε), the right-hand side in the estimate

(5) is no better than the right-hand side of (4) in Theorem 2.1. Hence there is no improvement
at this scale. On the other hand, if we consider the case r ∈ [(ε/ε(2))δ, 1] with δ ∈ (0, 1), then
we see that

r1+µ + ε
1
2 r

1
2 ≤ (1 + (ε(2))

1
2 r

1−δ
2δ
−µ)r1+µ .

Therefore, we call the estimate (5) a mesoscopic C1,µ estimate at the scales r ∈ [(ε/ε(2))δ, 1]
with δ ∈ (0, (2µ+ 1)−1].

(iii) A comparison between the estimates (5) and (6) highlights the regularity improvement
coming from the boundary periodicity. Indeed, the estimate (6) is sharper than (5) at mesoscopic

scales because ε
3
2 r−

1
2 ≤ ε

1
2 r

1
2 holds whenever r ∈ [ε, 1].

Remark 2.5. Let us denote the polynomial in (6) by P εN,j , j ∈ {1, 2}:

P εN,j(x) = x3ej + εα(j) .

Then each P εN,j is a shear flow in the half-space R3
+ and is an explicit solution to the Navier-

Stokes equations with a Navier-slip boundary condition
−∆uεN +∇pεN = −uεN · ∇uεN in R3

+

∇ · uεN = 0 in R3
+

uεN,3 = 0 on ∂R3
+

(uεN,1, u
ε
N,2)> = εM(∂3u

ε
N,1, ∂3u

ε
N,2)> on ∂R3

+

(NSεN )

with a trivial pressure pεN = 0. Here the 2 × 2 matrix M = (α
(j)
i )1≤i,j≤2 can be proved to be

positive definite; see Proposition 4.2 (ii) below. Thus the estimate (6) in Theorem 2.3 reads as
follows: any weak solution uε to (NSε) can be approximated at any mesoscopic scale by a linear
combination of the Navier polynomials P εN,1 and P εN,2 multiplied by constants depending on uε.

This is a local version of the Navier wall law at the O(εδ)-scales, which has been widely studied
in the global framework.

The novelty of our results can be summarized as follows:
(I) Singular boundary: it is just Lipschitz and has no structure (except in Theorem 2.3 (ii)).
(II) No smallness assumption on the size of solutions.
(III) Derivation of a local wall law and local error estimates.
As is stated in (I), one of the originalities of Theorem 2.1 is that it does not rely on the

smoothness of the boundary such as, the Hölder continuity of ∇γ. Moreover, one cannot use
any Fourier methods due to the lack of structure of the boundary. In fact, when working with
Lipschitz boundaries, the classical Schauder theory is not applicable directly since there is no
improvement of flatness coming from zooming on the boundary as is explained in [25]. The
smoothing happens at scales larger than that of the boundary layer thickness.

Concerning point (II), we are able to remove any smallness assumption on the size of the
solutions in Theorem 2.1 and Theorem 2.3. This is in stark contrast with previous works
concerned with the regularity of elliptic or Stokes systems [4, 10, 16, 24, 25]. Moreover, as far as
we know the error estimates in the stationary global setting are all in the perturbative regime;
see for instance [12].
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Point (III) is concerned with Theorem 2.3. It is important physically as well as mathemati-
cally since we are interested in the effects of rough boundaries on viscous fluids. Our result is a
first-step toward understanding roughness effects on the Navier-Stokes flows in view of regularity
improvement. As far as we know, estimate (6) is the first justification of a local wall law.

These three aspects are further discussed in connection with our strategy below.

3 Difficulties and strategy

The proof of Theorem 2.1 and Theorem 2.3 is based on a compactness argument as in [24, 25]
originating from the works [4, 5] on uniform estimates in homogenization. In principle, we follow
the strategy of [25] concerned with the regularity theory of elliptic systems in bumpy domains.
The main points in [25] are: (1) construction of a boundary layer corrector in the Lipschitz half-
space, (2) proof of the mesoscopic regularity by compactness and iteration. This strategy entails
difficulties related to the lack of structure of the boundary which implies a lack of compactness
of the solution to the boundary layer problem, and to the unavailability of Fourier methods up
to the boundary. In addition to these difficulties, our proof is more involved due to: (i) the
vectoriality of the equations (NSε) and the divergence-free condition, (ii) the nonlocal pressure,
(iii) the nonlinearity of the Navier-Stokes equations and the lack of smallness of the solutions.

Concerning the first point, the (vectorial) divergence-free condition ∇ · uε = 0 causes a
difficulty in the compactness argument even for the Stokes equations; see [20, Section 4] especially
Lemma 13 and its proof. A key idea is that no boundary layer is needed on the vertical
component of the velocity. Therefore the boundary layer corrector is naturally constructed
as a divergence-free function.

Concerning the second point, let us stress a key difference between the stationary Navier-
Stokes equations and the nonstationary ones. For the stationary Stokes equations imposed in a
ball B1(0), one can estimate the pressure directly in terms of the velocity as

‖p− (p)B1(0)‖L2(B1(0)) ≤ C‖∇p‖H−1(B1(0)) ≤ C‖∇u‖L2(B1(0)). (7)

Similar estimates in balls intersecting the boundary and for the Navier-Stokes equations are
intensively used in our analysis. This is in strong contrast with the nonstationary Navier-Stokes
equations where the pressure interacts with the time derivative of the velocity.

The third aspect is partly related to (ii). In typical statements of the partial regularity
theory for the nonstationary Navier-Stokes equations, one assumes smallness of certain scale-
critical quantities in ε and hence one obtains linear equations in the limit ε → 0. Then the
regularity theory for the linear equations yields a space-time Hölder regularity improvement
for the original solution; see Lin [30] for example. However, for the stationary Navier-Stokes
equations discussed in our talk, we do not need such a smallness condition; see Theorem 2.1.
The limit equations when ε → 0 are not linear, but we can prove the smoothness of weak
solutions because H1 bounds are enough to control both the nonlinear term and pressure term
in L2 space. Then bootstrapping using the standard elliptic regularity in a smooth domain leads
to the (spatial) C∞-regularity for the limit equations. Estimate (7) is the reason why one can
bootstrap the regularity. Once the regularity is inherited at a fixed scale θ ∈ (0, 1), a serious
difficulty arises in the iteration of such an estimate. At each step in the induction, we need to
use the Caccioppoli inequality to control the norm ‖uε‖L2 . A naive approach yields an estimate
that depends algebraically on the size M of uε as in (3). Hence the naive estimate becomes
unbounded in M as the iteration proceeds. This prevents one from closing the induction due
to the lack of uniformity. We overcome this difficulty by choosing the free parameter θ in the
compactness lemma in terms of the data γ and M . This is done in the spirit of the Newton
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shooting method. It should finally be emphasized that the boundary layer corrector, entering the
scheme for the nonlinear Navier-Stokes equations (NSε), solves the linear Stokes equations. This
is expected from the following formal heuristics. Indeed, in the boundary layer uε ' εv(x/ε), so
that v solves −1

ε∆v + εv · ∇v +∇q = 0, ∇ · v = 0.

4 The boundary layer corrector

We summarize the results concerning the boundary layer problem in Lipschitz half-spaces with-
out proof for easy reference. These results are needed in the proof of Theorems 2.1 and 2.3.

General case. The boundary layer equations for j ∈ {1, 2} are written as
−∆v +∇q = 0 , y ∈ Ωbl

∇ · v = 0 , y ∈ Ωbl

v(y′, γ(y′)) = −γ(y′)ej ,
(BL(j))

where γ ∈W 1,∞(R2) and Ωbl denotes the Lipschitz half-space Ωbl = {y ∈ R3 | γ(y′) < y3 <∞}.
The unique existence of weak solutions to (BL(j)) is stated as follows.

Proposition 4.1. Fix j ∈ {1, 2} and let γ ∈ W 1,∞(R2). Then there exists a unique weak

solution (v, q) = (v(j), q(j)) ∈ H1
loc(Ω

bl)3 × L2
loc(Ω

bl) to (BL(j)) satisfying

sup
η∈Z2

∫
η+(0,1)2

∫ ∞
γ(y′)
|∇v(j)(y′, y3)|2 dy3 dy′ ≤ C ,

where the constant C depends only on ‖γ‖W 1,∞(R2).

The basic idea of the proof is to decompose the domain Ωbl into R3
+ ∪ (Ωbl \ R3

+) and to

derive an equivalent equations to (BL(j)) on the infinite channel Ωbl \ R3
+ but involving the

Dirichlet-to-Neumann operator. This formulation allows us to apply the Poincaré inequality in
the vertical direction when estimating the local energy. The reader is referred to [20, Section 3]
for the details.

Periodic case. We note the asymptotic behavior of the boundary layer corrector at spatial
infinity when the boundary is periodic; see [20, Proposition 11].

Proposition 4.2. Fix j ∈ {1, 2} and let γ ∈W 1,∞(R2) be 2π-periodic in each variable. Then the
weak solution (v(j), q(j)) to (BL(j)) provided by Proposition 4.1 satisfies the following properties.

(i) There exists a constant vector field α(j) = (α
(j)
1 , α

(j)
2 , 0)> ∈ R3 such that

|v(j)(y)− α(j)|+ y3|q(j)(y)| ≤ C‖v(j)(·, 0)‖L2((0,2π)2) e
− y3

2 , y3 > 1 ,

where C is a numerical constant.
(ii) The 2 × 2 matrix M ∈ R2×2 defined by M = (α

(j)
i )1≤i,j≤2 is symmetric and positive

definite.
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Numerical computations of split Bregman
method for fourth order total variation flow

Yoshikazu Giga∗ and Yuki Ueda†

1 Introduction

We are interested in gradient flows

ut ∈ −∂HE(u) for t > 0, (1)

with convex and lower semi-continuous energy functional E : H → R ∪ {∞} but may be very
singular, where H is a Hilbert space and ∂HE(u) is the subdifferential defined as

∂HE(u) = {p ∈ H : E(v)− E(u) ≥ (p, v − u)H for all v ∈ H} . (2)

We give a few examples. Spohn [13] has proposed a mathematical model for the relaxation of a
crystalline surface below the roughening temperature;

ut = −∆

(
div

(
β
∇u
|∇u| + |∇u|p−2∇u

))
, (3)

where β > 0 and p > 1. Kashima [8] has presented this model as a fourth order H−1-gradient
flow for energy functional

E(u) = β

∫
Ω
|Du|+ 1

p

∫
Ω
|Du|p. (4)

Rudin, Osher and Fatemi [12] have proposed to minimize the following functional which is known
as Rudin-Osher-Fatemi (ROF) model:∫

Ω
|Du|+ λ

2
‖u− f‖2L2(Ω). (5)

This is closely related to the second order total variation flow:

ut = div

( ∇u
|∇u|

)
. (6)

Indeed, equation (6) introduces the subdifferential formulation ut ∈ −∂L2(Ω)E(u), where E(u) =∫
Ω |Du|. We apply the backward Euler method ut ≈ (uk+1−uk)/τ to the subdifferential formu-

lation, then we obtain

uk+1 = argmin
u∈L2(Ω)

{∫
Ω
|Du|+ 1

2τ
‖u− uk‖2L2(Ω)

}
, (7)
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where τ > 0 is time step size. This is essentially the same problem as the ROF model. On the
other hand, Osher, Solé and Vese [11] have proposed to minimize∫

Ω
|Du|+ λ

2
‖u− f‖2H−1(Ω). (8)

Osher-Solé-Vese (OSV) model (8) is closely related to the fourth order total variation flow, which
is formally described as

ut = −∆

(
div

( ∇u
|∇u|

))
. (9)

Performing numerical computations for the Spohn’s model, ROF model, the OSV model and
total variation flow have difficulties because of its singularity. Several studies have suggested
numerical schemes for the ROF model and second order total variation flow. Especially, the
split Bregman framework, which is based on the Bregman iterative scheme [1] is well-known as
an efficient solver for the ROF model (for example, see [10, 5]).

The aim of this work is to provide a new numerical scheme, which is based on the back-
ward Euler method and split Bregman framework, for fourth order total variation flow, OSV
model and Spohn’s fourth order model under periodic boundary condition. We introduce spa-
tial discretization by piecewise constant functions, then we compute ∇(−∆av)−1vh for piecewise
constant function vh approximately or exactly. We also propose a new shrinkage operator for
Spohn’s model. Numerical experiments are demonstrated for fourth order problems under pe-
riodic boundary condition. We can check that our scheme perform quite well. Especially, it
has been proved that the solution of fourth order total variation flow becomes discontinuous
instantaneously for a class of initial data (see [4]). Our numerical result shows the discontinuity
approximately.

2 Preliminary

Let T = R/Z be the torus. In this paper, we regard T as an interval [0, 1] with periodic boundary
condition. The Fourier coefficient f̂T (ξ) ∈ C for f ∈ D′(T) is defined by the generalized Fourier
transform (for example, see [7, Chapter 5]):

f̂T (ξ) = 〈f, e−2πiξx〉D′(T),D(T), f(x) =
∑
ξ∈Z

f̂T (ξ)e2πiξx. (10)

Now we define the spaces of functions on T whose average are equal to zero:

L2
av(T) =

f ∈ D′(T) :
∑
ξ 6=0

|f̂T (ξ)|2 <∞ and f̂T (0) = 0

 , (11)

H1
av(T) =

f ∈ D′(T) :
∑
ξ 6=0

ξ2|f̂T (ξ)|2 <∞ and f̂T (0) = 0

 , (12)

H−1
av (T) =

f ∈ D′(T) :
∑
ξ 6=0

ξ−2|f̂T (ξ)|2 <∞ and f̂T (0) = 0

 . (13)

We can check that each of these spaces are Hilbert space and the norms satisfy

‖f‖L2
av(T) = ‖f‖L2(T) for all f ∈ L2

av(T), (14)

‖f‖H1
av(T) = ‖∇f‖L2(T) for all f ∈ H1

av(T), (15)

‖f‖H−1
av (T) = ‖(−∆av)−1f‖H1

av(T) = ‖∇(−∆av)−1f‖L2(T) for all f ∈ H−1
av (T). (16)
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We recall the spaces of functions of bounded variation in one-dimensional torus.

Definition 1 (Definition 3.3.13 of [6]). For a measurable function f on T which is defined
everywhere, we define the total variation as∫

T
|Df | = ess sup


M∑
j=1

|f(xj)− f(xj−1)| : 0 = x0 < x1 < · · · < xM = 1

 , (17)

where the supremum is taken over all partition of the interval [0, 1]. Moreover, we define

BV (T) =

{
v ∈ D′(T) :

∫
T
|Df | <∞

}
. (18)

We define the functional E : H−1
av (T)→ R ∪ {∞} as

E(v) =


∫
T
|Dv| if v ∈ BV (T) ∩H−1

av (T),

∞ otherwise.
(19)

Note that E : H−1
av (T) → R ∪ {∞} is nonnegative, proper, lower semi-continuous and convex.

In this paper, we consider the gradient flow equation of the form

(gradient flow)

{
ut(t) ∈ −∂H−1

av (T)E(u(t)) for a.e. t > 0,

u(·, 0) = u0 ∈ H−1
av (T).

(20)

It is well-known that the theory of maximal monotone operators shows the existence and unique-
ness of solution u ∈ C([0,∞), H−1

av (T)) to equation (20) (for example, see [9]).
Let τ > 0 be the temporal step size. We consider the backward Euler method for gradient

flow equation (20): for given uk ∈ H−1
av (T), find uk+1 ∈ H−1

av (T) such that

uk+1 − uk
τ

∈ −∂H−1
av (T)E(uk+1). (21)

This can be reduced to solving the following minimization problem:

uk+1 = argmin
u∈H−1

av (T)

{
E(u) +

1

2τ
‖u− uk‖2

H−1
av (T)

}
. (22)

Since E is convex, such uk+1 is uniquely determined. The convergence of backward Euler method
has been proved in [9]. Note that equation (22) is similar to the the minimization problem which
is given by OSV model [11]:

(OSV)

 Find u ∈ H−1
av (T) such that

u = argmin

{
E(u) +

λ

2
‖u− f‖2

H−1
av (T)

}
,

(23)

where f ∈ H−1
av (T) is given data and λ > 0 is an artificial parameter.

Hereafter, we consider the following minimization problem:

(P0) argmin
u∈H−1

av (T)

{
E(u) +

λ

2
‖u− f‖2

H−1
av (T)

}
, (24)

where f ∈ H−1
av (T) is a given data or f = uk, and λ is a given parameter or λ = 1/τ . This

involves both of (OSV) and the backward Euler method for (gradient flow). Furthermore, (P0)
can be written equivalently as the following constrained minimization problem:

(P1) argmin
u∈H−1

av (T)

{∫
T
|d|+ λ

2
‖u− f‖2

H−1
av (T)

: d = Du

}
. (25)
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Remark. We can apply the above argument to Spohn’s fourth order model, which formally is
described as

ut = −∆

(
div

(
β
∇u
|∇u| + |∇u|p−2∇u

))
. (26)

The subdifferential formulation is given as ut ∈ −∂H−1
av (T)Ẽ(u), where

Ẽ(u) = β

∫
T
|Du|+ 1

p

∫
T
|Du|p. (27)

Therefore the backward Euler method for the H−1-gradient flow of Ẽ gives

argmin
u∈H−1

av (T)

{
β

∫
T
|d|+ 1

p

∫
T
|d|p +

λ

2
‖u− f‖2

H−1
av (T)

: d = Du

}
. (28)

3 Discretization for fourth order problems

3.1 Discretization for minimization problem

We introduce the (spatial) discretization. Let N ∈ N be the partition number, h = 1/N and
xn = nh. We regard x0 = xN , then {xn}Nn=0 gives an uniform partition of T. Furthermore, we
let xn+1/2 = (xn + xn+1)/2 = (n + 1/2)h for n = −1, 0, . . . , N , where x−1/2 and xN+1/2 are
identified with xN−1/2 and x1/2, respectively. Then we define the following spaces of piecewise
constant functions:

Vh = {vh : T→ R : vh|In ∈ P0(In) for all n = 0, . . . , N} , (29a)

Vh0 =

{
vh =

N∑
n=1

vn1In ∈ Vh :

N∑
n=1

vn = 0

}
, (29b)

V̂h = {dh : I → R : dh|In−1/2
∈ P0(In−1/2) for all n = 1, . . . , N}, (29c)

where I = [0, 1), In = [xn−1/2, xn+1/2), In−1/2 = [xn−1, xn), P0(J) is a space of constant functions
on interval J and 1In is its characteristic function.

Henceforth, we always denote

d = (d1, . . . , dN )T ∈ RN , ṽ = (v1, . . . , vN )T ∈ RN , v = (v1, . . . , vN−1)T ∈ RN−1 (30)

for given dh =
∑N

n=1 dn1In−1/2
∈ V̂ and vh =

∑N
n=1 vn1In ∈ Vh0. Here we introduce two matrices

RN =


1 0 . . . 0
0 1 . . . 0
...

. . .
...

0 0 . . . 1
−1 −1 . . . −1

 ∈ RN×(N−1), ∇h = h−1


1 0 . . . 0 −1
−1 1 . . . 0 0
...

. . .
...

0 0 . . . −1 1

 ∈ RN×N .

Note that ∇h is called the discrete gradient. Since vn = −∑N−1
n=1 vn for any vh ∈ Vh0, we obtain

ṽ = RNv. We define Dh : Vh0 → V̂h ∩ L2
av(I) as

Dhvh =

N∑
n=1

(vn − vn−1)1[xn−1,xn), (31)
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where v0 is identified with vN . Let vh ∈ Vh0 and dh = Dhvh ∈ V̂h, then we have

d = SN ṽ = SNRNv, (32)

where SN = h∇h. Moreover, we can check that

E(vh) =

N∑
n=1

|vn − vn−1| = ‖SN ṽ‖1 = ‖d‖1, (33)

Note that Dhvh ∈ V̂h ∩ L2
av(I) ⊂ L2

av(I) for all vh ∈ Vh0; however, Dhvh 6∈ H−1
av (T) because it

does not satisfy the periodic boundary condition.
Here we introduce the discretized problem for (P0):

(P0)h argmin
uh∈Vh0

{
E(uh) +

λ

2
‖uh − fh‖2H−1

av (T)

}
, (34)

where fh ∈ Vh0 is given data or fh = ukh. This can be written equivalently as the discretized
problem for (P1):

(P1)h argmin
uh∈Vh0

{
‖d‖1 +

λ

2
‖uh − fh‖2H−1

av (T)
: dh = Dhuh ∈ V̂h

}
. (35)

Furthermore, we introduce the following unconstrained problem:

(P2)h argmin
uh∈Vh0,dh∈V̂h

{
‖d‖1 +

λ

2
‖uh − fh‖2H−1

av (T)
+
µ

2
‖dh −Dhuh‖2L2(I)

}
, (36)

where µ > 0 is another parameter.

Remark. Using ‖dh−Dhuh‖2L2(I) in the unconstrained problem enables to apply the shrinking
method to minimization problem in the split Bregman framework.

We define ∇av,h = ∇hRN = h−1SNRN be the discrete gradient for functions whose average
are zero, then we obtain

µ

2
‖dh −Dhuh‖2L2(I) =

µh

2
‖d− h∇av,hu‖22. (37)

Henceforth we denote µ̃ = µh.

3.2 Corresponding matrix form for H−1 norm: first scheme

Next, we consider two expressions of ‖uh − fh‖2H−1
av (T)

for uh − fh ∈ Vh0. Recall that

‖vh‖2H−1
av (T)

= ‖∇(−∆av)−1vh‖2L2(T) for all vh ∈ Vh0. (38)

We propose two schemes for considering ∇(−∆av)−1. The first scheme is proposed to ap-
proximate ∇(−∆av)−1 by using the discrete gradient ∇h ∈ RN×N and the discrete Laplacian
−∆h = ∇T

h∇h ∈ RN×N . Let wh ∈ Vh0 be such that ṽ = −∆hw̃, then we have

RNv = −∆hRNw. (39)
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Multiplying the (unique) pseudo-inverse matrix

LN =
1

N


N − 1 −1 . . . −1 −1
−1 N − 1 . . . −1 −1
...

. . .
...

−1 −1 . . . N − 1 −1

 ∈ R(N−1)×N (40)

yields v = LN (−∆h)RNw. For simplicity of notation, we let

AN = LNS
T
NSNRN , (41a)

(−∆av)h = h−2AN = LN (−∆h)RN . (41b)

It is easy to check that det(−∆av)h 6= 0. This implies{
ṽ = −∆hw̃,

w̃ = RN (−∆av)−1
h v.

(42)

Our first scheme is proposed to approximate (−∆av)−1 by RN (−∆av)−1
h , instead of (−∆h)−1

which does not exist. This yields

‖∇(−∆av)−1vh‖2L2(I) ≈
∥∥∥(∇hRN (−∆av)−1

h v
)
· (1I1/2 , . . . ,1IN−1/2

)
∥∥∥2

L2(I)

= h‖∇av,h(−∆av)−1
h v‖22

= h3‖SNRNA−1
N v‖22.

As a result, our first scheme is described as

λ

2
‖uh − fh‖2H−1

av (T)
≈ λh

2
‖∇av,h(−∆av)−1

h (u− f)‖22 =
λh3

2
‖SNRNA−1

N (u− f)‖22. (43)

3.3 Corresponding matrix form for H−1 norm: second scheme

Our second scheme is to compute ∇(−∆av)−1 directly. It requires the second degree piecewise
polynomial which has continuous derivative. We define the second degree periodic B-spline basis
functions

Bn(x) =



(x− xn− 3
2
)2

2h2
if x ∈ In−1,

(x− xn− 1
2
)(xn+ 1

2
− x)

h2
+

1

2
if x ∈ In,

(xn+ 3
2
− x)2

2h2
if x ∈ In+1,

0 otherwise.

(44)

We identify B−1 ≡ BN−1, B0 ≡ BN and B1 ≡ BN+1. Fix vh ∈ Vh0 arbitrarily, then there exits
w =

∑N
n=1wnBn with

∑N
n=1wn = 0 such that w = (−∆−1

av )vh ∈ H1
av(T). We let

w̃ = (w1, . . . , wN )T ∈ RN and w = RNw̃ ∈ RN−1 (45)

for given w =
∑N

n=1wnBn ∈ H1
av(T). Then we have

vh = −∆w =

N∑
n=1

wn(−∆Bn) = h−2
N∑
n=1

(−wn−1 + 2wn − wn+1)1In ∈ Vh0. (46)
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This implies w ∈ H1
av(T) satisfies w = (−∆av)−1vh and

RNv = ṽ = −∆hw̃ = −∆hRNw. (47)

Multiplying the pseudo-inverse matrix LN yields

w = (−∆av)−1
h v. (48)

On the other hand, we can obtain

‖vh‖2H−1
av (T)

= ‖∇w‖2L2(T)

=

∥∥∥∥∥
N∑
n=1

wn∇Bn
∥∥∥∥∥

2

L2(T)

= h(∇hw̃)TMN∇hw̃
= h(∇hRN (−∆av)−1

h v)TMN∇hRN (−∆av)−1
h v,

where

MN =


2/3 1/6 0 . . . 0 1/6
1/6 2/3 1/6 . . . 0 0

...
. . .

...
1/6 0 0 . . . 1/6 2/3

 ∈ RN×N . (49)

Let
√
MN ∈ RN×N be such that

√
MN

T√
MN = MN , then it can be determined uniquely:

√
MN =


a 0 . . . 0 b
b a . . . 0 0
...

. . .

0 0 . . . b a

 ∈ RN×N , (50)

where a =

√
3 + 1

2
√

3
and b =

√
3− 1

2
√

3
. Summarizing the above argument, our second scheme can

be described as

λ

2
‖uh−fh‖2H−1

av (T)
=
λh

2
‖
√
MN∇av,h(−∆av)−1

h (u− f)‖22 =
λh3

2
‖
√
MNSNRNA

−1
N (u− f)‖22. (51)

3.4 Split Bregman framework for fourth order problems

Applying equation (37), (43) and (51) to (P2)h gives the following discretized problem;

(P2)′h argmin
u∈RN−1,d∈RN

{
‖d‖1 +

λh

2
‖K(u− f)‖22 +

µ̃

2
‖d− h∇av,hu‖22

}
, (52)

where K = ∇av,h(−∆av)−1
h or

√
MN∇av,h(−∆av)−1

h . By considering equation (43) and (51), we
suggest to let λ = O(h−3) and µ̃ = O(1).

Since this is similar to the matrix formulation for ROF model, we can apply the split Bregman
framework to fourth order problems:

(P3)h



uj+1 = argmin
u∈RN−1

{
λh

2
‖K(u− f)‖22 +

µ̃

2
‖dj − h∇av,hu−αj‖22

}
,

dj+1 = argmin
d∈RN

{
‖d‖1 +

µ̃

2
‖d− h∇av,hu

j+1 −αj‖22
}
,

αj+1 = αj − dj + h∇av,hu
j+1.

(53a)

(53b)

(53c)
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(a) Numerical result for fourth order TV flow
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Figure 1: Numerical examples of one dimensional problems.

The convergence result of split Bregman framework [3, Theorem 3.2] is satisfied also for fourth
order problems.

Remark. When we consider the backward Euler method, then (P3)h gives {uk,j+1} for given
uk ∈ Vh0. The convergence result yields that the split Bregman iteration provides uk+1 ∈ Vh0 as
the limit j →∞. In practice we regard uk+1 ≈ uk,m for some m ∈ N and obtain the evolution
as a result of finite number of split Bregman iteration.

Remark. The split Bregman iteration requires to determine d0 and α0 ∈ RN . When we
consider the backward Euler method, we suggest letting dk+1,0 = dk,m and αk+1,0 = αk,m.

The functional in (53a) is differentiable with respect to u, and the minimization (53b) can be
reduced to the shrinkage method: uj+1 =

(
λhKTK + µ̃h2(∇av,h)T∇av,h

)−1 (
λhKTKf + µ̃h(∇av,h)T(dj −αj)

)
,

(dj+1)n = shrink
(
(h∇av,hu

j+1 + αj)n, µ̃
−1
)

for all n = 1, . . . , N,

αj+1 = αj − dj+1 + h∇av,hu
j+1.

Remark. The backward Euler method and the split Bregman framework for Spohn’s model
give 

uk,j+1 = argmin
u∈RN−1

{
λh

2
‖K(u− uk)‖22 +

µ̃

2
‖dk,j − h∇av,hu−αk,j‖22

}
,

dk,j+1 = argmin
d∈RN

{
β‖d‖1 +

1

p
‖d‖pp +

µ̃

2
‖d− h∇av,hu

k,j+1 −αk,j‖22
}
,

αk,j+1 = αk,j − dk,j+1 + h∇av,hu
k,j+1.

(54a)

(54b)

(54c)

The shrinkage formula for Spohn’s model is provided by solving the quadratic equations given
by the Euler-Lagrange equation for (54b):

uk,j+1 =
(
λhKTK + µ̃h2(∇av,h)T∇av,h

)−1 (
λhKTKf + µ̃h(∇av,h)T(dk,j −αk,j)

)
,

(dk,j+1)n =
µ̃ρk,j+1

n

2|ρk,j+1
n |

(
−1 +

√
1 +

4

µ̃
max

{
|ρk,j+1
n | − β

µ̃
, 0

})
for all n = 1, . . . , N,

αk,j+1 = αk,j − dk,j+1 + h∇av,hu
k,j+1.
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(a) Fourth order isotropic total variation flow

(b) Fourth order anisotropic total variation flow

(c) Spohn’s fourth order model on T2

Figure 2: Numerical examples of two-dimensional problems.

where ρk,j+1
n = (h∇av,hu

k,j+1 + αk,j)n.

Remark. The split Bregman framework for two-dimensional cases can be provided by the
similar way to one-dimensional cases.
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Heat or wave?
A classification of semilinear damped wave equations

with time-dependent coefficients ∗

In memory of Professor Kôji Kubota

Hiroyuki Takamura †

In this talk, I would like to discuss about a characterization of semilinear damped
wave equations with time-dependent coefficients. They have been regarded as almost
like semilinear heat equations according to the critical exponent, decay estimates and
asymptotic behaviors of the solution. But in recent a few years, we find that it is not
true in the case that the coefficient has a strong time-decay, so that we have a threshold
which may have a mixed situation between heat and wave according to the size of the
coefficient. Here we propose a new classification by lifespan estimates. As a result, we
find that such a threshold must belong to the situation like wave equations. The main
result in this talk is based on our recent work, Imai, Kato, Takamura and Wakasa [8].

We are concerned with the following initial value problem for semilinear wave equations
with the scale-invariant damping:{

vtt −Δv +
μ

1 + t
vt = |v|p in Rn × [0,∞),

v(x, 0) = εf(x), vt(x, 0) = εg(x), x ∈ Rn,
(1)

where v = v(x, t) is a real valued unknown function, μ > 0, p > 1, n ∈ N, the initial data
(f, g) ∈ H1(Rn)× L2(Rn) has compact support, and ε > 0 is a “small” parameter.

It is interesting to look for the critical exponent pc(n) such that{
p > pc(n) (and may have an upper bound) =⇒ T (ε) = ∞,
1 < p ≤ pc(n) =⇒ T (ε) < ∞,

∗Main results in this talk are based on the joint works with Takuto Imai (Accenture Japan Ltd),
Masakazu Kato (Muroran Institute of Technology), and Kyouhei Wakasa (National Institute of Technol-
ogy, Kushiro College).

†Mathematical Institute, Tohoku University, e-mail: hiroyuki.takamura.a1@tohoku.ac.jp.
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where T (ε) is the lifespan, the maximal existence time, of the energy solution of (1) with
an arbitrary fixed non-zero data. Then, we have the following conjecture:⎧⎨

⎩
μ > μ0(n) =⇒ pc(n) = pF (n) (heat-like),
μ = μ0(n) =⇒ pc(n) = pF (n) = pS(n+ μ) (intermediate),
0 < μ < μ0(n) =⇒ pc(n) = pS(n+ μ) (wave-like),

(2)

where

μ0(n) :=
n2 + n+ 2

n+ 2
. (3)

Here

pF (n) := 1 +
2

n
(4)

is the so-called Fujita exponent which is the critical exponent of the associated semilinear
heat equations vt −Δv = vp, and

pS(n) :=

⎧⎨
⎩

∞ (n = 1),

n+ 1 +
√
n2 + 10n− 7

2(n− 1)
(n ≥ 2)

(5)

is the so-called Strauss exponent which is the critical exponent of the associated semilinear
wave equations vtt −Δv = |v|p. We note that pS(n) (n ≥ 2) is the positive root of

γ(p, n) := 2 + (n+ 1)p− (n− 1)p2 = 0 (6)

and 0 < μ < μ0(n) is equivalent to pF (n) < pS(n+ μ).
The conjecture (2) shows the critical situation of our problem in the following sense.

If one replaces the damping term μvt/(1+ t) in (1) by μvt/(1+ t)β, then one can see that
there is no such a pc(n), namely T (ε) = ∞ for any p > 1 when β < −1, the so-called
over damping case. Moreover one has pc(n) = pF (n) for any μ > 0 when −1 ≤ β < 1,
the so-called effective damping case, and pc(n) = pS(n) for any μ > 0 (it can be any
μ ∈ R) when β > 1, the so-called scattering damping case. Therefore one may say that
the so-called scale-invariant case, β = 1, is an intermediate situation between wave-like,
in which the critical exponent is related to pS(n), and heat-like, in which the critical
exponent is pF (n). To see all the references above results, for example, see introductions
of related papers to the scattering damping case, Lai and Takamura [13] (the sub-critical
case), Wakasa and Yordanov [19] (the critical case), Liu and Wang [15] (partial result of
the super-critical case).

For the conjecture (2), D’Abbicco [2] has obtained the heat-like existence partially
with

μ ≥
⎧⎨
⎩

5/3 for n = 1 (cf. μ0(1) = 4/3),
3 for n = 2 (cf. μ0(2) = 2),
n+ 2 for n ≥ 3,
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while Wakasugi [22] has obtained the blow-up parts in 1 < p < pF (n) for μ ≥ 1 and
1 < p < pF (n+ μ− 1) for 0 < μ < 1. In the damped case μ > 0, his second result is the
first blow-up result for super-Fujita exponents which are larger than pF (n).

In this paper, we consider a special case of μ = 2. The speciality of this value is
clarified by setting

u(x, t) := (1 + t)μ/2v(x, t),

where v is the solution to (1). Then, u satisfies⎧⎨
⎩ utt −Δu+

μ(2− μ)

4(1 + t)2
u =

|u|p
(1 + t)μ(p−1)/2

in Rn × [0,∞),

u(x, 0) = εf(x), ut(x, 0) = ε{μf(x)/2 + g(x)}, x ∈ Rn,
(7)

so that all the technics in the analysis on semilinear wave equations can be employed and
we may discussed about not only the energy solution but also the classical solution. In
fact, via this reduced problem (7), D’Abbicco, Lucente and Reissig [4] have proved the
intermediate part of the conjecture (2) for n = 2 and the wave-like part for n = 3 when
μ = 2. We note that the assumption of the radial symmetry is considered in [4] for the
existence part in n = 3. Moreover, D’Abbicco and Lucente [3] have obtained the wave-like
existence part of (2) for odd n ≥ 5 when μ = 2 also with radial symmetry.

In the case of μ 	= 2, Lai, Takamura and Wakasa [14] have first studied the wave-
like blow-up of the conjecture (2) with a loss replacing μ by μ/2 in the sub-critical case.
Initiating this result, Ikeda and Sobajima [5] have obtained the blow-up part of (2).

For the lifespan estimate, one may expect that

T (ε) ∼
{

Cε−(p−1)/{2−n(p−1)} for 1 < p < pF (n),
exp

(
Cε−(p−1)

)
for p = pF (n)

(8)

for the heat-like domain μ > μ0(n) and

T (ε) ∼
{

Cε−2p(p−1)/γ(p,n+μ) for 1 < p < pS(n+ μ),
exp

(
Cε−p(p−1)

)
for p = pS(n+ μ)

(9)

for the wave-like domain 0 < μ < μ0(n). Recall the definitions of μ0(n), pF (n), pS(n) and
γ(p, n) in (3), (4), (5) and (6). Here T (ε) ∼ A(ε, C) stands for the fact that there are
positive constants, C1 and C2, independent of ε satisfying A(ε, C1) ≤ T (ε) ≤ A(ε, C2).
Actually, (8) for n = 1 and μ = 2 > μ0(1) = 4/3 is obtained by Wakasa [21], and (9) is
obtained by Kato and Sakuraba [10] for n = 3 and μ = 2 < μ0(3) = 14/5. One may refer
Lai [12] for the existence part of weaker solution. Moreover, the upper bound of (8) in the
sub-critical case is obtained by Wakasugi [22]. Also the upper bound of (9) is obtained
by Ikeda and Sobajima [5] in the critical case, later it is reproved by Tu and Li [18], and
Tu and Li [17] in the sub-critical case.

In the non-damped case of μ = 0, it is known that (9) is true for n ≥ 3, or p > 2 and
n = 2, The open part around this fact is p = pS(n) for n ≥ 9. In other cases, (9) is still
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true if
∫
Rn g(x)dx = 0. On the other hand, we have

T (ε) ∼
⎧⎨
⎩

Cε−(p−1)/2 for n = 1,
Cε−(p−1)/(3−p) for n = 2 and 1 < p < 2,
Ca(ε) for n = 2 and p = 2

(10)

if
∫
Rn g(x)dx 	= 0, where a = a(ε) is a positive number satisfying ε2a2 log(1 + a) = 1. We

note that the bounds in (10) are smaller than the one of the first line in (9) with μ = 0
in each case. For all the references in the case of μ = 0, see Introduction of Imai, Kato,
Takamura and Wakasa [7].

The remarkable fact is that even if μ is in the heat-like domain, the lifespan estimate for
(1) is similar to the one for non-damped case. Indeed, for n = 1 and μ = 2 > μ0(1) = 4/3,
Kato, Takamura and Wakasa [11] show that the result on (8) by Wakasa [21] mentioned
above is true only if

∫
R
{f(x) + g(x)}dx 	= 0. More precisely, they have obtained that

T (ε) ∼

⎧⎪⎪⎨
⎪⎪⎩

Cε−2p(p−1)/γ(p,3) for 1 < p < 2,
Cb(ε) for p = 2,
Cε−p(p−1)/(3−p) for 2 < p < 3,
exp(Cε−p(p−1)) for p = pF (1) = 3,

(11)

if
∫
R
{f(x)+g(x)}dx = 0, where b = b(ε) is a positive number satisfying ε2b log(1+b) = 1.

We note that the bounds in (11) are larger than those in (8) with n = 1 and μ = 2 in
each case.

The main aim in this talk is to show the lifespan estimates for (1) in two dimensional
case, n = 2, with μ = 2 which is similar to one dimensional case as above. We note
pc(2) = pF (2) = pS(2 + 2) = 2 and μ0(2) = 2. More precisely, we shall show that

T (ε) ∼
{

cε−(p−1)/(4−2p) for 1 < p < 2,
exp(cε−1/2) for p = 2

(12)

if
∫
R2{f(x) + g(x)}dx 	= 0, and

T (ε) ∼
{

cε−2p(p−1)/γ(p,4) for 1 < p < 2,
exp(cε−2/3) for p = 2

(13)

if
∫
R2 {f(x) + g(x)} dx = 0. We note that the critical cases in (12) and (13) are new

in the sense that they are different from (8) and (9). (12) and (13) are announced in
Introduction of Lai and Takamura [13], but there are typos in the exponents of ε in the
critical case.

The strategy of proofs is based on point-wise estimates of the solution. In the ex-
istence part, we employ the classical iteration argument for semilinear wave equations
without damping term, which is first introduced by John [9] in three space dimensions,
and its variant, which is developed by Imai, Kato, Takamura and Wakasa [7] in two space
dimensions. In the blow-up part, we also employ an improved version of Kato’s lemma on
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ordinary differential inequality by Takamura [16] for the sub-critical cases. We note that,
till now, the so-called test function method such as in Ikeda, Sobajima and Wakasa [6]
cannot be applicable to delicate analysis to catch the logarithmic growth of the solution
in the case of p = 2 in (10), (11), (12) and (13). Therefore we employ the so-called
slicing method of the blow-up domain for the critical case, which is introduced by Agemi,
Kurokawa and Takamura [1] to handle weakly coupled systems of non-damped semilinear
wave equations with critical exponents.
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EQUIVALENCE OF SOLUTIONS OF EIKONAL EQUATION
IN METRIC SPACES

QING LIU

Department of Applied Mathematics
Fukuoka University, Fukuoka 814-0180, Japan

1. Introduction

We discuss the equivalence between some known notions of solutions to the eikonal
equation and more general analogs of the Hamilton-Jacobi equations in complete and rec-
tifiably connected metric spaces. This talk is based on joint work with N. Shanmugalingam
(University of Cincinnati) and X. Zhou (Okinawa Institute of Science and Technology
Graduate University).

The Hamilton-Jacobi equations in the Euclidean spaces are widely applied in various
fields such as optimal control, geometric optics, computer vision, image processing. It is
well known that the notion of viscosity solutions provides a nice framework for the well-
posedness of first order fully nonlinear equations; we refer to [10, 4] for comprehensive
introduction.

In seeking to further develop various fields such as optimal transport [3, 26], mean field
games [9], topological networks [25, 17, 1, 15, 16] etc., the Hamilton-Jacobi equations in a
general metric space (X, d) have recently attracted great attention, see for example [12, 13].
Typical forms of the equations include

H(x, u, |∇u|) = 0 in Ω, (1.1)

and its time-dependent version

∂tu+H(x, t, u, |∇u|) = 0 in (0,∞)×X (1.2)

with necessary boundary or initial value conditions. Here Ω � X is an open set and
H : Ω×R×R → R is a given continuous function called the Hamiltonian of the Hamilton-
Jacobi equation. While ∂t denotes the time differentiation, |∇u| stands for a generalized
notion of the gradient norm of u in metric spaces.

We pay particular attention to the so-called eikonal equation

|∇u|(x) = f(x) in Ω. (1.3)

Here f : Ω → [0,∞) is a given continuous function satisfying

inf
Ω

f > 0.

The eikonal equation in the Euclidean space has important applications in various fields
such as geometric optics, electromagnetic theory and image processing [18, 21].
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Several new notions of viscosity solutions have recently been proposed in the general
metric setting. We refer the reader to Section 2 for a review with precise definitions of
solutions and to the relevant papers we mention below.

Using rectifiable curves in the space X, Giga, Hamamuki and Nakayasu [13] discussed
a notion of metric viscosity solutions to (1.3) and established well-posedness under the
Dirichlet condition

u = ζ on ∂Ω, (1.4)
where ζ is a given bounded continuous function on ∂Ω satisfying an appropriate regularity
assumption to be discussed later. In the sequel, this type of solutions will be called curve-
based solutions (or c-solutions for short). The definition of c-solutions (Definition 2.1)
essentially relies on optimal control interpretations along rectifiable curves and requires
very little structure of the space. The same approach is used in [22] to study the evolution
problem (1.2) with the Hamiltonian H(x, p) convex in p. Moreover, unique viscosity
solutions of the eikonal equation in the sense of [13] are also constructed on fractals like
the Sierpinski gasket [7].

On the other hand, when (X, d) is a complete geodesic space, by interpreting |∇u| as
the local slope of a locally Lipschitz function u, Ambrosio and Feng [2] provide a different
viscosity approach to (1.2) for a class of convex Hamiltonians. This was extended to
the class of potentially nonconvex Hamiltonians H by Gangbo and Święch [11, 12], who
proposed a generalized notion of viscosity solutions via appropriate test classes and proved
uniqueness and existence of the solutions to more general Hamilton-Jacobi equations in
length spaces. Stability and convexity of such solutions are studied respectively in [23]
and in [19]. Since this definition of solutions is based on the local slope, we shall call
them slope-based solutions (or s-solutions for short) below. See the precise definition in
Definition 2.3.

Since either approach above provides a generalized viscosity solution theory for first
order nonlinear equations, especially the uniqueness and existence results, it is natural
to expect that they actually agree with each other in the wider setting of metric spaces.
This motivates us to explore the relations between both types of viscosity solutions and
to understand further connections to other possible approaches.

2. Metric viscosity solutions

Let us briefly review the two notions of viscosity solutions to Hamilton-Jacobi equations
in metric spaces, mentioned in the first section. We focus on the eikonal equation (1.3).

2.1. Curve-based solutions. For any interval I ⊂ R with 0 ∈ I, we say an absolutely
continuous curve ξ : I → X is admissible if

|ξ′| ≤ 1 a.e. in I.
Note that these are 1-Lipschitz curves.

For any x ∈ X, we write ξ ∈ Ax(I,X) if ξ : I → X is an admissible curve satisfying
ξ(0) = x. We also need to define the exit time and entrance time of a curve ξ:

T+
Ω [ξ] := inf{t ∈ I : t ≥ 0, ξ(t) /∈ Ω};

T−
Ω [ξ] := sup{t ∈ I : t ≤ 0, ξ(t) /∈ Ω}. (2.1)
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Definition 2.1 (Definition 2.1 in [13]). An upper semicontinuous (USC) function u in Ω
is called a curve-based viscosity subsolution or c-subsolution of (1.3) if for any x ∈ Ω and
ξ ∈ Ax(R,Ω), we have ∣∣φ′(0)

∣∣ ≤ f(x) (2.2)
whenever φ ∈ C1(R) such that t 	→ u(ξ(t)) − φ(t), t ∈ ξ−1(Ω), attains a local maximum
at t = 0.

A lower semicontinuous (LSC) function u in Ω is called a curve-based viscosity super-
solution or c-supersolution of (1.3) if for any ε > 0 and x ∈ Ω, there exists ξ ∈ Ax(R,X)
and w ∈ LSC(T−, T+) with −∞ < T± = T±

Ω [ξ] < ∞ such that
w(0) = u(x), w ≥ u ◦ ξ − ε, (2.3)

and ∣∣φ′(t0)
∣∣ ≥ f(ξ(t0))− ε (2.4)

whenever φ ∈ C1(R) such that w(t) − φ(t) attains a minimum at t = t0 ∈ (T−, T+). A
function u ∈ C(Ω) is said to be a curve-based viscosity solution or c-solution if it is both
a c-subsolution and a c-supersolution of (1.3).

The regularity of u above can be relaxed, since we only need its semicontinuity along
each curve ξ. In fact, one can require a c-subsolution (resp., c-supersolution) to be merely
arcwise upper (resp., lower) semicontinuous; consult [13] for details. However, in order to
obtain our main results, we need to impose the conventional continuity of u rather than
the arcwise continuity.

Uniqueness of c-solutions of (1.3) with boundary data (1.4) is shown by proving a
comparison principle [13, Theorem 3.1]. The existence of solutions in C(Ω), on the other
hand, is based on an optimal control interpretation; in particular, it is shown in [13,
Theorem 4.2 and Theorem 4.5] that

u(x) = inf
ξ∈Cx

{ˆ T+Ω [ξ]

0
f(ξ(s)) ds+ ζ

(
ξ(T+

Ω [ξ])
)}

(2.5)

is a c-solution of (1.3) and (1.4) provided that for each x ∈ Ω we have
Cx :=

{
ξ ∈ Ax([0,∞),X) : T+

Ω [ξ] ∈ (0,∞)
} �= ∅

and ζ satisfies a boundary regularity.

Note in the definition of c-supersolution, for each (x, ε) the conditions (2.3) and (2.4)
for (ξ, w) are satisfied for all t ∈ (T−, T+). We localize this definition as follows.

Definition 2.2 (Local curve-based solutions). A function u ∈ LSC(Ω) is said to be a
local c-supersolution if for each x ∈ Ω there exists r > 0 with an open ball in metric d
Bd

r (x) ⊂ Ω, and for each ε > 0 we can find a curve ξε ∈ Ax(R,X) with ξε(0) = x and a
function w ∈ LSC(t−r , t+r ) with t−r := T−

Bd
r (x)

[ξε] and t+r := T+
Bd

r (x)
[ξε] such that

w(0) = u(x), w(t) ≥ u ◦ ξε(t)− ε for all t ∈ (t−r , t
+
r ),

and ∣∣φ′(t0)
∣∣ ≥ f(ξε(t0))− ε

whenever φ ∈ C1(R) such that w(t) − φ(t) attains a minimum at t = t0 ∈ (t−r , t+r ). A
function u ∈ C(Ω) is said to be a local c-solution if it is both a c-subsolution and a local
c-supersolution of (1.3).
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2.2. Slope-based solutions. We next discuss the definition proposed in [11], which relies
more on the property of geodesic or length metric. We denote by Liploc(Ω) the set of locally
Lipschitz continuous functions on an open subset Ω of a complete length space (X, d). For
u ∈ Liploc(Ω) and for x ∈ Ω, we define the local slope of u to be

|∇u|(x) := lim sup
y→x

|u(y)− u(x)|
d(x, y)

. (2.6)

Let
C(Ω) := {u ∈ Liploc(Ω) : |∇+u| = |∇u| and |∇u| is continuous in Ω},
C(Ω) := {u ∈ Liploc(Ω) : |∇−u| = |∇u| and |∇u| is continuous in Ω}, (2.7)

where, for each x ∈ X,

|∇±u|(x) := lim sup
y→x

[u(y)− u(x)]±
d(x, y)

(2.8)

with [a]+ := max{a, 0} and [a]− := −min{a, 0} for any a ∈ R. We call |∇+u| and
|∇−u| the (local) super- and sub-slopes of u respectively; they are also named super- and
sub-gradient norms in the literature (cf. [20]).

Definition 2.3 (Definition 2.6 in [12]). A function u ∈ USC(Ω) (resp., u ∈ LSC(Ω)) is
called a slope-based viscosity subsolution (resp., slope-based viscosity supersolution) or
s-subsolution (resp., s-supersolution) of (1.3) if

|∇ψ1|(x) ≤ f(x) + |∇ψ2|∗(x) (2.9)

(resp., |∇ψ1|(x) ≥ f(x)− |∇ψ2|∗(x)) . (2.10)
holds for any ψ1 ∈ C(Ω) (resp., ψ1 ∈ C(Ω)) and ψ2 ∈ Liploc(Ω) such that u − ψ1 − ψ2

attains a local maximum (resp., minimum) at a point x ∈ Ω, We say that u ∈ C(Ω) is an
s-solution of (1.3) if it is both an s-subsolution and an s-supersolution of (1.3).

Comparison principles for s-solutions are given in [12, Theorem 5.3] for the eikonal
equation and in [12, Theorem 5.1, Theorem 5.3] for more general Hamilton-Jacobi equa-
tions.

3. Equivalence of solutions to the Dirichlet problem

We first compare c- and s-solutions of the eikonal equation and show their equivalence
when continuous solutions to the Dirichlet problem exist. To this end, we assume that
(X, d) is complete and rectifably connected; namely, for any x, y ∈ X, there exists a
rectifiable curve in X joining x and y.

Our key idea is to use the induced intrinsic metric of the space X, which is given by

d̃(x, y) = inf{�(ξ) : ξ is a rectifiable curve connecting x and y} (3.1)

for x, y ∈ X, where �(ξ) denotes the length of the curve ξ with respect to the original
metric d. It is then easily seen that (X, d̃) is a length space. Since this change of metric
preserves the property of c-solutions, we can directly compare the notion of c-solutions
in (X, d) with s-solutions in (X, d̃). In order to preserve the completeness of the metric
space, we assume throughout this work that

d̃ → 0 as d → 0. (3.2)
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Before introducing our main results, we emphasize that in the sequel, by “local” we
mean the property in question holds in sufficiently small open balls with respect to the
intrinsic metric of the space.

Our first main result is as follows.

Theorem 3.1 (Equivalence between c- and s-solutions). Let (X, d) be a complete recti-
fiably connected metric space and d̃ be the intrinsic metric given by (3.1). Assume that
(X, d) also satisfies (3.2). Suppose that Ω � X is an open set bounded with respect to the
metric d̃. Assume that f ∈ C(Ω) satisfies infΩ f > 0. If u is a c-solution of (1.3) with
respect to d, then u is a locally Lipschitz s-solution of (1.3) with respect to d̃. In addition,
if f is uniformly continuous in Ω, ζ is uniformly continuous on ∂Ω, and there exists a
modulus of continuity σ such that

|ζ(y)− u(x)| ≤ σ(d̃(x, y)) for all x ∈ Ω and y ∈ ∂Ω, (3.3)
then u is the unique c-solution and s-solution of (1.3) satisfying (3.3).

In the second result of the theorem above, we can replace the assumptions of uniform
continuity of u and f by their continuity if (X, d) is additionally assumed to be proper,
that is, any bounded closed subset of X is compact.

As the metric d was replaced with the metric d̃, the proof of the first statement in
Theorem 3.1 is more or less analogous to the classical arguments to show the relation
between a viscosity solution and its optimal control interpretation (cf. [4]).

The c-solutions and f considered in [13] are in general only continuous along curves,
and therefore might not be continuous with respect to either the metric d or the metric
d̃; see [13, Example 4.9]. Here we assume the stronger requirement of continuity with
respect to the metric d. Then (3.3) in the second result of Theorem 3.1 guarantees that
the c-solution u is uniformly continuous up to ∂Ω. Recall that the comparison principle
(and thus the uniqueness) for s-solutions [12] needs such an assumption. More precisely, it
was shown in [12, Theorem 5.3] that any s-subsolution u and any s-supersolution v satisfy
u ≤ v in Ω whenever there exists a modulus σ such that

u(x) ≤ ζ(y) + σ(d̃(x, y)), v(x) ≥ ζ(y)− σ(d̃(x, y)) (3.4)
for all x ∈ Ω and y ∈ ∂Ω. One thus needs to use (3.3) to validate the comparison principle
and conclude the uniqueness and equivalence.

4. Local equivalence of solutions

Our result in Theorem 3.1 states that c- and s-solutions of (1.3) coincide. However,
we show the equivalence in presence of the Dirichlet boundary condition so as to use
the comparison principle. One may wonder about a more direct proof of the equivalence
without using the boundary condition.

The second part is devoted to answering this question. Our method is based on local-
ization of our arguments in the first part. To this end, we introduce a local version of
the notion of c-solutions, which we call local c-solutions, by restricting the definition in
a small metric ball centered at each point in Ω. We also include a third notion, called
Monge solutions, in our discussion. We compare locally the notions of s-, local c-, and
Monge s olutions of (1.3) in a complete length space.
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The Monge solution is known to be an alternative notion of solutions to Hamilton-Jacobi
equations in Euclidean spaces [24, 5]. In a complete length space (X, d), our generalized
definition of Monge solutions to (1.3) is quite simple; it only requires a locally Lipschitz
function u to satisfy

|∇−u|(x) = f(x) for every x ∈ Ω,
where |∇−u|(x) is given in (2.8). One advantage of this notion is that it does not involve
any viscosity tests and the comparison principle can be easily established. We show that
locally uniformly continuous c-, s- and Monge solutions of the eikonal equation are actually
equivalent under a weaker positivity assumption on f . A more precise statement is given
below.

Theorem 4.1 (Local equivalence between solutions of eikonal equation). Let (X, d) be
a complete length space and Ω ⊂ X be an open set. Assume that f is locally uniformly
continuous and f > 0 in Ω. Let u ∈ C(Ω). Then the following statements are equivalent:

(a) u is a local c-solution of (1.3);
(b) u is a locally uniformly continuous s-solution of (1.3);
(c) u is a Monge solution of (1.3).

In addition, if any of (a)–(c) holds, then u is locally Lipschitz with
|∇u|(x) = |∇−u|(x) = f(x) for all x ∈ Ω. (4.1)

We actually prove more:

• The notions of all locally uniformly continuous subsolutions are equivalent and
locally Lipschitz;

• The notions of locally Lipschitz s-supersolutions and Monge supersolutions are
equivalent;

• Any locally Lipschitz local c-supersolution is a Monge supersolution;
• Any Monge solution is a local c-solution.

We however do not know whether an s- or Monge supersolution needs to be a local c-
supersolution.

In proving Theorem 4.1, it turns out that the local Lipschitz continuity of solutions is an
important ingredient. Note that the local Lipschitz continuity holds for Monge solutions
by definition, and it can be easily deduced for c-subsolutions as well because the space
(X, d̃) is a length space. In contrast, the Lipschitz regularity of s-solutions of (1.3) is less
straightforward. Our proof requires the assumption on the local uniform continuity of
s-solutions and f due to possible lack of compactness for general length spaces. We can
remove such an assumption if (X, d) is proper (and therefore the length space space X is
a geodesic space because of the generalized Hopf-Rinow theorem in metric spaces [14, 6],
which can be viewed as an immediate consequence of the Arzela-Ascoli theorem). The
notions of continuity and uniform continuity in a compact set are clearly equivalent.

We will assume that (X, d) satisfies the hypotheses of Theorem 3.1. It is worth stressing
that here (X, d) is assumed to be a length space only for simplicity from the point of view
of c-solutions. The s-solutions and Monge solutions are not defined for the case that X
is not a length space. For metric spaces that are not length spaces, the slopes in the
definition of s-solutions and Monge solutions require us to replace the metric d with d̃.
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It is not difficult to extend our discussion on the equivalence to the general equation (1.1)
under a monotonicity assumption on p → H(x, r, p). When p → H(x, r, p) is increasing,
we can simply apply an implicit-function-type argument to locally reduce the problem to
the eikonal equation.

Besides, as in (4.1) in Theorem 4.1, in this general case for any solution u we can obtain
the continuity of |∇u| as well as the following property:

|∇u|(x) = |∇−u|(x) for all x ∈ Ω; (4.2)

in other words, the solution itself actually lie in the test class for s-subsolutions proposed
in [11, 12]. This type of properties also appears in the study of time-dependent Hamilton-
Jacobi equations on metric spaces (cf. [20]). Our analysis reveals that (4.2) resembles
the semi-concavity in the Euclidean space. In fact, in the Euclidean space, (4.2) implies
the existence of a C1 test function everywhere from above, which is a typical property of
semi-concave functions [8]. We expect more applications of the regularity property (4.2),
since in general metric spaces defining convex functions is not trivial at all. It would be
interesting to see further properties on such regular solutions in relation to the structure
of PDEs and the geometric property.

References

[1] Y. Achdou, F. Camilli, A. Cutrì, and N. Tchou. Hamilton-Jacobi equations constrained on networks.
NoDEA Nonlinear Differential Equations Appl., 20(3):413–445, 2013.

[2] L. Ambrosio and J. Feng. On a class of first order Hamilton-Jacobi equations in metric spaces. J.
Differential Equations, 256(7):2194–2245, 2014.

[3] L. Ambrosio, N. Gigli, and G. Savaré. Heat flow and calculus on metric measure spaces with Ricci cur-
vature bounded below—the compact case. In Analysis and numerics of partial differential equations,
volume 4 of Springer INdAM Ser., pages 63–115. Springer, Milan, 2013.

[4] M. Bardi and I. Capuzzo-Dolcetta. Optimal control and viscosity solutions of Hamilton-Jacobi-Bellman
equations. Systems & Control: Foundations & Applications. Birkhäuser Boston Inc., Boston, MA,
1997. With appendices by Maurizio Falcone and Pierpaolo Soravia.

[5] A. Briani and A. Davini. Monge solutions for discontinuous Hamiltonians. ESAIM Control Optim.
Calc. Var., 11(2):229–251 (electronic), 2005.

[6] M. Bonk, J. Heinonen, and P. Koskela, Uniformizing Gromov hyperbolic spaces. Astérisque No. 270
(2001), viii+99 pp.

[7] F. Camilli, R. Capitanelli, and C. Marchi. Eikonal equations on the Sierpinski gasket. Math. Ann.,
364(3-4):1167–1188, 2016.

[8] P. Cannarsa and C. Sinestrari. Semiconcave functions, Hamilton-Jacobi equations, and optimal control,
volume 58 of Progress in Nonlinear Differential Equations and their Applications. Birkhäuser Boston,
Inc., Boston, MA, 2004.

[9] P. Cardaliaguet. Notes on mean field games (from P.-L. Lions’ lectures at Collége de France).
https://www.ceremade.dauphine.fr/~cardaliaguet/MFG20130420.pdf, 2013.

[10] M. G. Crandall, H. Ishii, and P.-L. Lions. User’s guide to viscosity solutions of second order partial
differential equations. Bull. Amer. Math. Soc. (N.S.), 27(1):1–67, 1992.

[11] W. Gangbo and A. Święch. Optimal transport and large number of particles. Discrete Contin. Dyn.
Syst., 34(4):1397–1441, 2014.

[12] W. Gangbo and A. Święch. Metric viscosity solutions of Hamilton-Jacobi equations depending on
local slopes. Calc. Var. Partial Differential Equations, 54(1):1183–1218, 2015.

[13] Y. Giga, N. Hamamuki, and A. Nakayasu. Eikonal equations in metric spaces. Trans. Amer. Math.
Soc., 367(1):49–66, 2015.

[14] M. Gromov, Metric Structures for Riemannian and Non-Riemannian Spaces. Birkhäuser, Boston,
1999.

[15] C. Imbert and R. Monneau. Flux-limited solutions for quasi-convex Hamilton-Jacobi equations on
networks. Ann. Sci. Éc. Norm. Supér. (4), 50(2):357–448, 2017.

－51－



[16] C. Imbert and R. Monneau. Quasi-convex Hamilton-Jacobi equations posed on junctions: The multi-
dimensional case. Discrete Contin. Dyn. Syst., 37(12):6405–6435, 2017.

[17] C. Imbert, R. Monneau, and H. Zidani. A Hamilton-Jacobi approach to junction problems and appli-
cation to traffic flows. ESAIM Control Optim. Calc. Var., 19(1):129–166, 2013.

[18] M. Kline and I. W. Kay. Electromagnetic theory and geometrical optics. Pure and Applied Mathemat-
ics, Vol. XII. Interscience Publishers John Wiley & Sons, Inc. New York-London-Sydn ey, 1965.

[19] Q. Liu and A. Nakayasu. Convexity preserving properties for Hamilton-Jacobi equations in geodesic
spaces. Discrete Contin. Dyn. Syst., 39(1):157–183, 2019.

[20] J. Lott and C. Villani. Hamilton-Jacobi semigroup on length spaces and applications. J. Math. Pures
Appl. (9), 88(3):219–229, 2007.

[21] S. K. Mitrea and G. L. Sicuranza. Nonlinear image processing. Academic Press, Inc., San Diego, CA,
2001.

[22] A. Nakayasu. Metric viscosity solutions for Hamilton-Jacobi equations of evolution type. Adv. Math.
Sci. Appl., 24(2):333–351, 2014.

[23] A. Nakayasu and T. Namba. Stability properties and large time behavior of viscosity solutions of
Hamilton-Jacobi equations on metric spaces. Nonlinearity, 31(11):5147–5161, 2018.

[24] R. T. Newcomb, II and J. Su. Eikonal equations with discontinuities. Differential Integral Equations,
8(8):1947–1960, 1995.

[25] D. Schieborn and F. Camilli. Viscosity solutions of Eikonal equations on topological networks. Calc.
Var. Partial Differential Equations, 46(3-4):671–686, 2013.

[26] C. Villani. Optimal transport, volume 338 of Grundlehren der Mathematischen Wissenschaften [Fun-
damental Principles of Mathematical Sciences]. Springer-Verlag, Berlin, 2009. Old and new.

－52－



Nonlinear diffusion equation with dynamic boundary
conditions and related topics

(Takeshi Fukao)∗

Abstract

,
1 , . ,

Cahn–Hilliard
,

. , fast diffusion ,
.

1.

, ,
,

. Dirichlet( ), Neumann( ), Robin(
, ) , 1 , 2 , 3

. , dynamic( )
.

,
. ,

,
. , ,

, .

2.

0 < T < ∞, Ω ⊂ R
d(d = 2, 3) Γ := ∂Ω .

u : (0, T )× Ω→ R , :

∂tu−Δβ(u) = g in Q := (0, T )× Ω, (1)

∂tu+ ∂νβ(u)−ΔΓβ(u) = gΓ on Σ := (0, T )× Γ. (2)

,
. , ∂t , Δ Laplace , ∂ν ν , ,

ΔΓ Laplace–Beltrami ( , Grigor’yan[53] ) . β : R → R

(1)–(2) .

β(r) :=

⎧⎪⎨
⎪⎩
kSr r < 0,

0 0 ≤ r ≤ �,

kL(r − �) r > �,

β(r) := |r|m−1r (m > 0), β(r) := ∂I[0,1](r)

, (1)–(2) Stefan (kS, kL, � ),
(m > 1), fast diffusion (0 < m < 1), Hele-Shaw .

β : R → 2R , I[0,1] ∂I[0,1] , . ,
β . Stefan

( :17K05321) , (No.190367)
.

∗ , 612-8522 1
e-mail: fukao@kyokyo-u.ac.jp

－53－



[1, 2, 3] , Laplace–Beltrami
, Laplace–Beltrami

. , Igbida ,
[8, 55]. Hele-Shaw [54], [82]

. , Gal
[48, 49] .

(1)–(2) ,
Cahn–Hilliard . Cahn–Hilliard [12]

2
( , Cahn [11],

Miranville[72, 73] ):

∂tu−Δμ = 0 in Q, (3)

μ = −εΔu+ F ′(u)− f in Q. (4)

F ′ , F
, F (r) = (1/4)(r2 − 1), F ′(r) = r3 − r

. 1 u := u(t, x) ,
, u = 1 A, u = −1

B, u = 0 . F ′(r) F ′(r) := β(r)+ επ(r)
F , ε → 0 (3)–(4) (1)

. , (2) Cahn–Hilliard
( , [17, 47, 52]). , Cahn–Hilliard

, Cahn–Hilliard
, Goldstein–Miraville–Schimperna[52] .

. , ,
([39, 40]).

,
.

∂tu−Δum + aum = λup in Ω, t > 0, (5)

∂tu+ ∂νu
m −ΔΓu

m + bum = μuq on Γ, t > 0, (6)

, 0 < m < 1, p, q ≥ 1, (a, b), (λ, μ) ∈ {(1, 0), (0, 1)} . a = λ = 0 (5)
fast diffusion ( , Vázquez[84] ),
0 (finite time extinction) (Sabinina[79]).

,

∂tu−Δum = up in Ω, t > 0,

u = 0 on Γ, t > 0

, Ball[9], [38] m = 1 , 0 < m < 1
( [5, 7, 24, 25, 26, 35, 36, 67, 85]) . Ω = R

3 ,
Leoni[65] – [74] 0 < m < 1 . , (5)

, [16, 23, 32, 37, 66, 80, 87] . ,
(6) , m = 1, a = 0, λ = 1 Fila– – [27, 28, 29, 30, 31]

, [33, 48, 49, 86] . , Fila–Quittner[34]
(m = 1 ) .

,
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.

(a, b, λ, μ) = (1, 0, 1, 0),

{
∂tu−Δum + um = up in Ω,

∂tu+ ∂νu
m −ΔΓu

m = 0 on Γ;
(7)

(a, b, λ, μ) = (0, 1, 1, 0),

{
∂tu−Δum = up in Ω,

∂tu+ ∂νu
m −ΔΓu

m + um = 0 on Γ;
(8)

(a, b, λ, μ) = (1, 0, 0, 1),

{
∂tu−Δum + um = 0 in Ω,

∂tu+ ∂νu
m −ΔΓu

m = uq on Γ;
(9)

(a, b, λ, μ) = (0, 1, 0, 1),

{
∂tu−Δum = 0 in Ω,

∂tu+ ∂νu
m −ΔΓu

m + um = uq on Γ.
(10)

, . Filo[35], Fila–Filo[25, 26] , Dirichlet
, ,

. 0 < m < 1
Laplace–Beltrami ,

.

3. Cahn–Hilliard

, (1)–(2) Cahn–Hilliard
, (GMS) . ε ∈ (0, 1] ,

u, μ : Q → R uΓ, μΓ : Σ→ R , Cahn–Hilliard :

∂tu−Δμ = 0 a.e. in Q, (11)

μ = −εΔu+ ξ + επ(u)− f, ξ ∈ β(u) a.e. in Q, (12)

u|Γ = uΓ, μ|Γ = μΓ, ∂tuΓ + ∂νμ−ΔΓμΓ = 0 a.e. on Σ, (13)

μΓ = ∂νu− εΔΓuΓ + ξΓ + επΓ(uΓ)− fΓ, ξΓ ∈ βΓ(uΓ) a.e. on Σ, (14)

u(0) = u0 a.e. in Ω, uΓ(0) = uΓ,0 a.e. on Γ, (15)

, u|Γ u . , (13)–(14) u uΓ, μ μΓ

. u u|Γ u uΓ μΓ

, u, μ uΓ, μΓ ,
. , β β̂ F , π π̂ F

, F = β̂ + επ̂ . , (12)
(14) . 3 Cahn–Hilliard

, β R → 2R ,
, ε → 0 ,

.

• β(r) = r3, π(r) = −r, D(β) = R , F

F (r) =
1

4
(r2 − 1)2;

• β(r) = ln((1 + r)/(1− r)), π(r) = −2cr, D(β) = (−1, 1) , F log

F (r) =
(
(1 + r) ln(1 + r) + (1− r) ln(1− r)

)− cr2,

, c > 0 ( ) ;

• β(r) = ∂I[−1,1](r), π(r) = −r, D(β) = [−1, 1] , F

F (r) = I[−1,1](r)−
1

2
r2,
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, I[−1,1] [−1, 1] ,

I[−1,1](r) =

{
0 if r ∈ [−1, 1],
∞ otherwise.

, ∂I[−1,1] I[−1,1] ( , Barbu[10] ).

(GMS) Gal[47] Goldstein–Miranville–Schimperna[52] ,
( [14, 15, 17, 44, 45, 57]) , .
, (11), (13), (15) , :∫

Ω
u(t)dx+

∫
Γ
uΓ(t)dΓ =

∫
Ω
u0dx+

∫
Γ
uΓ,0dΓ for all t ∈ [0, T ].

, : H := L2(Ω), V := H1(Ω), W := H2(Ω) HΓ := L2(Γ), VΓ :=
H1(Γ), WΓ := H2(Γ). , H := H ×HΓ V :=

{
z := (z, zΓ) ∈ V × VΓ : zΓ = z|Γ a.e. on

Γ
}
, W := (W ×WΓ) ∩ V , L∞ := L∞(Ω)× L∞(Γ) . ,

: H0 := {z ∈ H : m(z) = 0}, , m :H → R

m(z) :=
1

|Ω|+ |Γ|
{∫

Ω
zdx+

∫
Γ
zΓdΓ

}
for all z ∈ H

, m0 := m(u0) . , u0 := (u0, uΓ,0). , V 0 := V ∩H0

. , V 0 ,
Poincaré–Wirtinger |z|V 0 := a(z, z)1/2 (z ∈ V 0)

. , a(·, ·) : V × V → R

a(z, z̃) :=

∫
Ω
∇z · ∇z̃dx+

∫
Γ
∇ΓzΓ · ∇Γz̃ΓdΓ for all z, z̃ ∈ V

. , V 0 V ∗
0 F 〈Fz, z̃〉V ∗

0,V 0
:= a(z, z̃)

F : V 0 → V ∗
0 , CP > 0

CP|z|2V ≤ 〈Fz, z〉V ∗
0,V 0

= |z|2V 0
for all z ∈ V 0

. , V 0 ↪→ ↪→H0 ↪→ ↪→V ∗
0 (Colli–

[17, Appendix] ).

, –Niezgódka–Paw�low[60] ( , [63] )
(GMS) . ,

: w := (v, vΓ) := (u−m0, uΓ−m0), w0 := (w0, wΓ,0) := (u0−m0, uΓ,0−m0).
, : β(z) := (β(z), βΓ(zΓ)), π(z) := (π(z), πΓ(zΓ)).

, :

(A1) β, βΓ: R → 2R , β̂, β̂Γ : R → [0,∞] β̂(0) =
β̂Γ(0) = 0 β = ∂β̂, βΓ = ∂β̂Γ ;

(A2) π, πΓ : R → R Lipshitz ;

(A3) D(βΓ) ⊂ D(β) , 
, c0 > 0∣∣β◦(r)
∣∣ ≤ 


∣∣β◦
Γ(r)

∣∣+ c0 for all r ∈ D(βΓ),

, β◦(r) := {r∗ ∈ β(r) : |r∗| = mins∈β(r) |s|};
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(A4) m0 ∈ intD(βΓ) β̂(u0) ∈ L1(Ω), β̂Γ(uΓ,0) ∈ L1(Γ) ;

(A5) f := (f, fΓ) ∈ W 1,1(0, T ;H) f ∈ L2(0, T ;V ), u0 ∈ V .

β β◦ = β . β = βΓ (A3)
. , (A3) , β

(A3) βΓ (Calatroni–Colli[13]). Allen–Cahn
, Gilardi–Miranville–Schimperna[51] .

, (GMS) :

3.1.[17, Theorem 2.2]� �
(A1)–(A5) , (w,μ, ξ)

w ∈ H1(0, T ;V ∗
0) ∩ L∞(0, T ;V 0) ∩ L2(0, T ;W ),

μ ∈ L2(0, T ;V ), ξ ∈ L2(0, T ;H),

ξ ∈ β(w +m0) a.e. in Q, ξΓ ∈ βΓ(wΓ +m0) a.e. on Σ

〈
w′(t), z

〉
V ∗
0,V 0

+ a
(
μ(t), z

)
= 0 for all z ∈ V 0,(

μ(t), z
)
H
= εa

(
w(t), z

)
+

(
ξ(t) + επ(w(t) +m01)− f(t), z

)
H

for all z ∈ V ,

for a.a. t ∈ (0, T ) , w(0) = w0 in H0 .
� �

, β (A1) (GMS)
:

(A5)’ f ∈ H1(0, T ;H), f(0) ∈ V , u0 ∈ V ∩ (H3(Ω)×H3(Γ)), β◦(u0) ∈ V .

3.2.[17, Theorem 4.2]� �
(A1)–(A4), (A5)’ , (u,μ, ξ)

u ∈ W 1,∞(0, T ;V ∗) ∩H1(0, T ;V ) ∩ L∞(0, T ;W ),

μ ∈ L∞(0, T ;V ) ∩ L2(0, T ;W ), ξ ∈ L∞(0, T ;H),

ξ ∈ β(u) a.e. in Q, ξΓ ∈ βΓ(uΓ) a.e. on Σ

(11)–(15) .
� �

,
:

F−1w′(t) + ε∂ϕ
(
w(t)

)
= P

(−ξ(t)− επ
(
w(t) +m01

)
+ f(t)

)
in H0,

ξ(t) ∈ β
(
w(t) +m01

)
in H, for a.a. t ∈ (0, T ),

w(0) = w0 in H0,

, ϕ :H0 → [0,∞]

ϕ(z) :=

⎧⎨
⎩
1

2

∫
Ω
|∇z|2dx+ 1

2

∫
Γ
|∇ΓzΓ|2dΓ if z ∈ V 0,

∞ if z ∈ H0 \ V 0.
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, P :H → H0 Pz := z−m(z)1, 1 := (1, 1). , Δz
D(∂ϕ) =W ∩V 0 , ∂ϕ(z) = (−Δz, ∂νz−ΔΓzΓ) (Colli–

[17, Appendix] ). , μ = ε∂ϕ(w)+ ξ+ επ(w+m01)−f , V
∇μ, ∇ΓμΓ m(μ) Poincaré–Wirtinger

1 .

(GMS) , [17, Theorem
2.1]. , [75], fΓ
– [44], –Wu[43],

[57], Colli–
[19] . ,

Cherfils–Petcu[14], Cherfils–Petcu–Pierre[15] – [46]
– – [45] . ,

Liu–Wu[69] (LW)
, Colli– –Wu[20], Garcke–Knopf[50] . ,

(GMS) (LW) Knopf–Lam–Liu–Metzger[61] .

4. (GMS)

(ND) : u, ξ : Q → R,
uΓ, ξΓ : Σ→ R

∂tu−Δξ = g, ξ ∈ β(u) a.e. in Q, (16)

ξ|Γ = ξΓ, ∂tuΓ + ∂νξ −ΔΓξΓ = gΓ, ξΓ ∈ β(uΓ) a.e. on Σ, (17)

u(0) = u0 a.e. in Ω, uΓ(0) = uΓ,0 a.e. on Γ. (18)

g = (g, gΓ) u0 , :

(A6) g ∈ L2(0, T ;H0), u0 ∈ H;

, f ∈ L2(0, T ;V 0) ∂ϕ(f) = g in H0 a.e. in (0, T ), w0,ε ∈ V 0 w0,ε +
ε∂ϕ(w0,ε) = w0 := u0 −m01 in H0 , C1 > 0

|w0,ε|2H0
≤ C1, ε|w0,ε|2V 0

≤ C1,∫
Ω
β̂(w0,ε +m0)dx ≤ C1,

∫
Γ
β̂(wΓ,0,ε +m0)dΓ ≤ C1 for all ε ∈ (0, 1],

w0,ε → w0 in H0, u0,ε := w0,ε +m01 → u0 in H as ε → 0.

(16)–(18) , β = βΓ (11)–(15) ε → 0
, (A1) (ND) :

4.1.[39, Theorem 2.1] [40, Theorem 2.1]� �
(A1), (A4), (A6) , (u, ξ)

u ∈ H1(0, T ;V ∗) ∩ L∞(0, T ;H),

ξ ∈ L2(0, T ;V ), ξ ∈ β(u) a.e. in Q, ξΓ ∈ β(uΓ) a.e. on Σ

〈
u′(t), z

〉
V ∗,V +

〈
u′Γ(t), zΓ

〉
V ∗
Γ ,VΓ

+

∫
Ω
∇ξ(t) · ∇zdx+

∫
Γ
∇ΓξΓ(t) · ∇ΓzΓdΓ

=

∫
Ω
g(t)zdx+

∫
Γ
gΓ(t)zΓdΓ for all z ∈ V ,

for a.a. t ∈ (0, T ) , u(0) = u0 in H .
� �
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[39, Theorem 2.2] . Cahn–Hilliard
, , Neumann Colli–

[18]

|uε − u|2C([0,T ];V ∗) +

∫ T

0

(
ξε(s)− ξ(s), uε(s)− u(s)

)
H
ds ≤ Const.ε1/2

, Robin – [42] Neumann
.

Cahn–Hilliard β
. , H1(Ω)

β̂ , H1(Ω)
, β

. Neumann , [59] , [4], log
–Lu[64] . , Robin

Damlamian– [22] “ ” , .
Cahn–Hilliard , Cahn–Hilliard

“ ” .
Damlamian[21] H1(Ω)

[22] 1 (L1

Barbu[10] ). – – [41]
.

5. Fast diffusion

0 < m < 1 , β(r) = βΓ(r) := |r|m−1r . γ := β−1, v := um,
vΓ := umΓ (5)–(6) :

∂tγ(v)−Δv + av = λγ(v)p a.e. in Ω, t > 0,

v|Γ = vΓ a.e. on Γ, t > 0

∂tγ(vΓ) + ∂νv −ΔΓvΓ + bvΓ = μγ(vΓ)
q a.e. on Γ, t > 0

v(0) = v0 a.e. in Ω, vΓ(0) = vΓ,0 a.e. on Γ,

, v0 : Ω → [0,∞) vΓ,0 : Γ → [0,∞) , v0 := um0 ,
vΓ,0 := umΓ,0 . , p, q ≥ 1, (a, b), (λ, μ) ∈ {(1, 0), (0, 1)} .

, ( , [25, 26, 58, 68, 71, 77, 81, 83])
, W E : , α := 1/m, p∗ := λp+ μq
. , (λ, μ) = (1, 0) p∗ = p, (λ, μ) = (0, 1) p∗ = q .

W :=
{
z ∈ V \ {0} : z ≥ 0, zΓ ≥ 0, E(z) < d, 2ϕ1(z) > (αp∗ + 1)ϕ2(z)

} ∪ {0},
E(z) := ϕ1(z)− ϕ2(z),

ϕ1(z) :=
1

2

∫
Ω
|∇z|2dx+ a

2

∫
Ω
|z|2dx+ 1

2

∫
Γ
|∇ΓzΓ|2dΓ + b

2

∫
Γ
|zΓ|2dΓ,

ϕ2(z) :=
1

αp∗ + 1

(
λ

∫
Ω
|z|αp+1dx+ μ

∫
Γ
|zΓ|αq+1dΓ

)
.

W d depth of the potential well( , Lions[68], [71],
Sattinger[81], [83] ) :

d := inf
{
E(z) : z ∈ V \ {0}, 2ϕ1(z) = (αp∗ + 1)ϕ2(z)

}
.

, [25, 26, 68, 71, 81, 83] .
, - ∂ϕ1 − ∂ϕ2 (

[6, 62, 76]) , [56] [77] .
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ϕ2

ϕ1

O

E = d

ϕ1 = C−2/(αp∗+1)ϕ
2/(αp∗+1)
2

d

x0

y0
W

2ϕ1 = (αp∗ + 1)ϕ2

Figure 1: W.

Fila–Filo[26] : (7) (8) ,
q ≥ 1 .

5.1.� �
(a, b) ∈ {(1, 0), (0, 1)}, (λ, μ) = (0, 1), 1/5 < m < 1 , v0 := (v0, vΓ,0) ∈ W ∩ L∞

. , v0 Text ∈ (0,∞) , v(t) ≡ 0, vΓ(t) ≡ 0 t ≥ Text

. , m C(m) > 0∣∣v(t)∣∣
L(1+m)/m(Ω)

+
∣∣vΓ(t)∣∣L(1+m)/m(Γ)

≤ C(m)(Text − t)m/(1−m) (19)

t ∈ [0, Text] .
� �
� �
v0 ∈ H1

0 (Ω) ∩ L∞(Ω) v0 ≥ 0, 0 < |v0|2V < 2d ( , v0 := (v0, 0)).
, .

� �
(9) (10) , p ≥ 1 .

5.2.� �
(a, b) ∈ {(1, 0), (0, 1)}, (λ, μ) = (1, 0), 1/5 < m < 1, 1 ≤ p < 5m , v0 := (v0, vΓ,0) ∈
W ∩L∞ . , v0 Text ∈ (0,∞) , v(t) ≡ 0, vΓ(t) ≡ 0

t ≥ Text . (19) .
� �

m = 1 , fast diffusion (0 <
m < 1) , 1 . , T ∈ [0,∞)

v(α+1)/2 = v(1+m)/2m ∈ H1(0, T ;H),

d

dt
I
(
v(t)

)
+ 2ϕ1

(
v(t)

)
= λ

∫
Ω
vαp+1(t)dx+ μ

∫
Γ
vαq+1
Γ (t)dΓ for a.a. t ∈ (0,∞)

4α

(α+ 1)2

∫ t

s

∣∣∂tv(α+1)/2(τ)
∣∣2
H
dτ + E

(
v(t)

) ≤ E
(
v(s)

)
for all s, t ∈ [0,∞)
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, v′ . ,

I(z) :=
1

1 +m

∫
Ω
z(1+m)/mdx+

1

1 +m

∫
Γ
z
(1+m)/m
Γ dΓ

=
α

α+ 1

∫
Ω
zα+1dx+

α

α+ 1

∫
Γ
zα+1
Γ dΓ.

, Filo [35] γ(v) ∈ H1(0, T ;H)
. 2.1 ΔΓ

. , Fila–Filo[25] W
, . L∞- Alikakos[7](m = 1),

[71](m > 1) Fila–Filo[26] (0 < m < 1) .

, Dirichret fast diffusion , H−1

, u0 ∈ H1
0 (Ω) ∩ Lα+1(Ω) –

[5] .
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[76] M. Ôtani, On the existence of strong solutions for du/dt(t) + ∂ϕ1(u(t)) − ∂ϕ2(u(t)) � f(t). J.
Fac. Sci. Univ. Tokyo Sect. IA Math., 24 (1977), 575–605.
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Solvability of doubly nonlinear parabolic equations
with p-Laplacian

Shun Uchida (Oita University)∗

1. Introduction

We consider the following initial boundary value problem of doubly nonlinear equation:

(P)

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

∂tβ(u(x, t))−Δpu(x, t) � f(x, t) (x, t) ∈ Q := Ω× (0, T ),

u(x, t) = 0 (x, t) ∈ ∂Ω× (0, T ),

u(x, 0) = u0(x) x ∈ Ω,

where Ω ⊂ R
n (n ≥ 1) is a bounded domain with sufficiently smooth boundary ∂Ω

and f = f(x, t) is a given external force. Moreover, β : R → 2R is a (multi-valued)

maximal monotone graph on R satisfying 0 ∈ β(0) and the exponent in p-Laplacian

Δpu := ∇ · (|∇u|p−2∇u) is p ∈ (1,∞).

The case where β(s) = |s|r−2s (r > 0) is one of the well-investigated examples of the

above formulation (see, e.g., Raviart [14], Bamberger [2], and Tsutsumi [16]). When

p = 2 and β(s) = es−1 in (P), the equation is equivalent to ∂tv = Δ log v, considered in,

e.g., Berryman–Holland [8] and Esteban–Rodŕıguez–Vázquez [10]. Recently, Miyoshi–

Tsutsumi [12] derived the following equation from the singular limit of a generalized

Carleman model (2-speed model of rarefied gas):

∂tv −∇ · (|∇ log v|p−2∇ log v) = f.

In order to follow them and more general cases, we aim to show the existence of solution

to (P) with less assumptions of β.

As for previous studies of solvability, Alt–Luckhaus [1], Otto [13], Benilan-Wittbold

[5] and Carrillo–Wittbold [9] deal with the case where β is single-valued based on

L1-contraction principle. Grange–Mignot [11] is concerned with an abstract doubly

nonlinear evolution equation in Banach space and assures the solvability under the

boundedness condition for the realization of β. Barbu [3] avoids assumptions for growth

order or coerciveness by using angular condition and obtains the existence of solution

to (P) with p ≥ 2 in L2-framework for general β.

This work was supported by JSPS KAKENHI Grant Number #18KK0073.

2010 Mathematics Subject Classification: 35K92, 34G25, 35K55.
∗ e-mail: shunuchida@oita-u.ac.jp
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Main purpose of this talk is to construct a solution to (P) for every p ∈ (1,∞)

without any assumptions of β except 0 ∈ β(0). Especially, we do not impose growth

condition, coerciveness, single-valuedness, or D(β) = R on β.

2. Preliminary

We here define some notations and review basic properties in nonlinear evolution equa-

tion theory (see e.g., [4], [7], and [15]).

Let V be a reflexive Banach space and V ∗ its dual space. A multi-valued operator

A : V → 2V
∗
is said to be monotone if 〈η1 − η2, u1 − u2)V ≥ 0 for every ui ∈ D(A) and

ηi ∈ Aui (i = 1, 2). A monotone operator A : V → 2V
∗
is said to be maximal monotone

if there is no monotonic extension of A. Moreover, A is said to be bounded if
⋃

u∈B Au

is bounded in V ∗ for any bounded subset B ⊂ V and coercive if limn→∞
〈ηn,un〉V
‖un‖V = +∞

holds for any un ∈ D(A) and ηn ∈ Aun such that ‖un‖V → ∞ as n → ∞. A typical

example of maximal monotone operator is subdifferential. Let ϕ : V → (−∞,+∞] be

a proper (ϕ �≡ +∞) lower semi-continuous convex functional. Then we define

∂V ϕ(u) := {η ∈ V ∗; 〈η, v − u〉V ≤ ϕ(v)− ϕ(u) ∀v ∈ V }.

Obviously 0 ∈ ∂ϕ(u) implies that ϕ attains its minimum at u.

For a proper lower semi-continuous convex function ϕ and λ > 0,

ϕλ(u) := inf
v∈V

{‖u− v‖2V
2λ

+ ϕ(v)

}

is called the Moreau–Yosida regularization of ϕ. If V and V ∗ are strictly convex, ∂V ϕλ

coincides with the Yosida approximation of ∂V ϕ with parameter λ > 0. Moreover, the

Legendre–Fenchel transformation (conjugate) of ϕ is defined by

ϕ∗(η) := sup
v∈V

{〈η, v〉V − ϕ(v)} .

Remark that ϕ∗ : V ∗ → (−∞,+∞] is proper lower semi-continuous convex and

∂V ∗ϕ∗ = (∂V ϕ)
−1.

When V = V ∗ = R, the maximal monotone operator always possesses a primitive

function. That is to say, if β : R → 2R is a maximal monotone graph, then there is a

proper lower semi-continuous convex function j : R → (−∞,+∞] such that β = ∂j.

If 0 ∈ β(0) holds, we can assume j(0) = 0 and j ≥ 0 without loss of generality. Let

V = Lp(Ω) and V ∗ = Lp′(Ω), where p ∈ (1,∞) and p′ is the Hölder conjugate of p.

Then

ψ(u) :=

⎧⎪⎨
⎪⎩

∫
Ω

j(u(x))dx if u ∈ Lp(Ω), j(u) ∈ L1(Ω),

+∞ otherwise,
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is proper lower semi-continuous convex on V and ξ ∈ ∂V ψ(u) if and only if ξ ∈ Lp′(Ω)

and ξ(x) ∈ β(u(x)) for a.e. x ∈ Ω. In this sense, we write β̃ := ∂V ψ and call it the

realization of β in Lp(Ω). By the canonical restriction, we can regard ψ as a proper lower

semi-continuous functional onX = W 1,p
0 (Ω) and then we can consider its subdifferential

on X, written by ∂Xψ. However, ξ ∈ ∂Xψ(u) dose not imply ξ(x) ∈ β(u(x)) since ξ

belongs to X∗ = W−1,p′(Ω), the dual of W 1,p
0 (Ω) (except the case of D(β) = R, see

Brézis [6]).

Define the resolvent of β by Jλ := (Id + λβ)−1 and the Yosida approximation by

βλ = (Id− Jλ)/λ. It is easy to see that these are Lipschitz continuous function on R.

Although the fact immediately yields the Lipschitz continuity of the realization of βλ

in Lp(Ω) if p ≥ 2, this dose not hold if p < 2. We also remark that the Moreau–Yosida

regularization of ψ given above dose not coincide with u �→ ∫
Ω
jλ(u(x))dx except the

case of p = 2, where jλ(s) := infσ∈R
{

|s−σ|2
2λ

+ j(σ)
}
. This means the mismatch between

the Yosida approximation of ∂V ψ and β̃λ, the realization of βλ.

3. Main Result

In this talk, we show the existence of the following solution:

Definition 1. Let (u0, ξ0) satisfy ξ0(x) ∈ β(u0(x)) for a.e. x ∈ Ω. A pair (u, ξ) is

said to be a solution to (P) with the initial data (u0, ξ0) if u ∈ L∞(0, T ;W 1,p
0 (Ω))

and ξ ∈ W 1,∞(0, T ;W−1,p′(Ω)) ∩ L∞(0, T ;Lp′(Ω)) satisfies ξ(x, t) ∈ β(u(x, t)) for a.e.

(x, t) ∈ Q and the equation of (P) in the following sense:

∂tξ(t)−Δpu(t) = f(t) in W−1,p′(Ω) for a.e. t ∈ (0, T ),

ξ(·, 0) = ξ0.

Remark 1. Let β ≡ 0 and f ≡ 0. Then energy equality (1) below implies that for

any given u0 ∈ W 1,p
0 (Ω), (P) has a unique solution

u(x, t) =

⎧⎨
⎩ u0(x) t = 0,

0 t > 0.

Hence we deal with cases where u is not continuous and the initial condition for u may

be satisfied in just the sense of representative.

Theorem 3.1. Let p ∈ (1,∞), q ∈ [p′,∞], and 0 ∈ β(0). Then for any u0 ∈ W 1,p
0 (Ω),

ξ0 ∈ Lp′(Ω)∩Lq(Ω), and f ∈ W 1,p′(0, T ;Lp′(Ω))∩L∞(0, T ;Lq(Ω)), there exist at least
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one solution to (P) with the initial data (u0, ξ0) satisfying

sup
0≤t≤T

‖ξ(t)‖Lp′ ≤ T sup
0≤t≤T

‖f(t)‖Lp′ + ‖ξ0‖Lp′ ,

sup
0≤t≤T

‖ξ(t)‖Lq ≤ T sup
0≤t≤T

‖f(t)‖Lq + ‖ξ0‖Lq .

Furthermore, (u, ξ) fulfills for every t1, t2 ∈ [0, T ]

(1)

∫
Ω

j∗(ξ(x, t2))dx−
∫
Ω

j∗(ξ(x, t1))dx+
∫ t2

t1

‖∇u(t)‖pLpdt =

∫ t2

t1

∫
Ω

f(x, t)u(x, t)dxdt,

where j is the primitive function of β and j∗ its Fenchel–Legendre transformation.

With additional conditions of initial data, we can obtain a solution which is Lipschitz

continuous with respect to t:

Theorem 3.2. In addition to assumptions in Theorem 3.1, let Δpu0 ∈ Lp′(Ω)∩Lq(Ω).

Then there exist at least one solution to (P) with the initial data (u0, ξ0) satisfying

sup
0≤t≤T

‖ξ(t)‖Lp′ ≤ T sup
0≤t≤T

‖f(t)‖Lp′ + ‖ξ0 −Δpu0‖Lp′ ,

sup
0≤t≤T

‖ξ(t)‖Lq ≤ T sup
0≤t≤T

‖f(t)‖Lq + ‖ξ0 −Δpu0‖Lq ,

‖ξ(t1)− ξ(t2)‖L1 ≤ C|t1 − t2| ∀t1, t2 ∈ [0, T ].

Our proof relies on the standard time discretization technique by Raviart [14] and

Grange–Mignot [11]. Let N ∈ N and define τ := T/N . Then we determine uτ =

{u0
τ , u

1
τ , . . . , u

N
τ } and ξτ = {ξ0τ , ξ1τ , . . . , ξNτ } satisfying un

τ ∈ W 1,p
0 (Ω), −Δpu

n
τ , ξ

n
τ ∈

Lp′(Ω) ∩ Lq(Ω) for n = 1, 2, . . . , N by solving the following equation inductively:

(2)

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

ξn+1
τ (x)− ξnτ (x)

τ
−Δpu

n+1
τ (x) = fn

τ (x) x ∈ Ω,

ξn+1
τ (x) ∈ β(un+1

τ (x)) x ∈ Ω,

un+1
τ (x) = 0 x ∈ ∂Ω,

where u0
τ := u0, ξ0τ := ξ0, and fn

τ := 1
τ

∫ (n+1)τ

nτ
f(·, s)ds. We next connect uτ =

{u0
τ , u

1
τ , . . . , u

N
τ } and ξτ = {ξ0τ , ξ1τ , . . . , ξNτ } between [0, T ] by horizontal lines and a

polygonal line, respectively:

Πτuτ (t) :=

⎧⎨
⎩ un+1

τ if t ∈ (nτ, (n+ 1)τ ],

u0
τ if t = 0,

Λτξτ (t) :=
ξn+1
τ − ξnτ

τ
(t− nτ) + ξnτ if t ∈ [nτ, (n+ 1)τ ].
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By establishing a priori estimates independent of N or τ from (2) and discussing the

limits as τ → 0 with some properties of maximal monotone operator and convex

analysis, we observe the convergence Πτuτ and Λτξτ to a desired solution to (P).

In order to complete this argument, we have to assure the solvability of (2), namely,

begin with the following elliptic problem:

(3)

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

ξ(x)−Δpu(x) = h(x) x ∈ Ω,

ξ(x) ∈ β(u(x)) x ∈ Ω,

u(x) = 0 x ∈ ∂Ω.

Theorem 3.3. Let p ∈ (1,∞), q ∈ [p′,∞], and 0 ∈ β(0). Then for every h ∈ Lp′(Ω)∩
Lq(Ω), (3) possesses a unique solution u ∈ W 1,p

0 (Ω) such that ξ,Δpu ∈ Lp′(Ω) ∩ Lq(Ω)

and

(4) ‖ξ‖Lp′ ≤ ‖h‖Lp′ , ‖ξ‖Lq ≤ ‖h‖Lq .

Formally, we can interpret (4) as the result of integration by parts:∫
Ω

|β(u)|q−2β(u)Δpudx = −(q − 1)

∫
Ω

|β(u)|q−2β′(u)|∇u|pdx ≤ 0,

where β′ ≥ 0 since β is monotone.
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equation with sign-changing kernel ∗
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1

[2]

[4] [10, 12, 13]

ut = duxx +K ∗ u+ f(u), t > 0, x ∈ R (1.1)

u = u(t, x) t x

d ≥ 0 K ∈ C(R) ∩ L1(R)

(K ∗ u)(t, x) :=
∫
R

K(y)u(t, x− y)dy

f : R → R duxx K ∗ u
f(u) K

[2] 1

(1.1) [3] [11]

[10, 13] [4]

[12] (1.1)

[5, 7, 8, 16, 17, 18]

1 (1.1)

[10, 13, 15] (1.1)
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1

[15]

2

[13]

[6]

2

ut = duxx +K ∗ u− αu+ f(u), t > 0, x ∈ R (2.1)

d ≥ 0 K

K(x) = K(−x) (x ∈ R), C(R) ∩ L1(R) � K �≡ 0 α :=

∫
R

K(x)dx ≥ 0 (K1)

∀λ > 0

∫
R

|K(x)|e−λxdx < ∞. (K2)

f{
f ∈ Liploc(R) f(0) = f(1) = 0

f > 0 in (0, 1) f < 0 in (1,∞), f ′(0) > 0
(N1)

u+ ≥ 1

∀u ∈ [0, u+], f(u) ≤ f ′(0)u (N2)
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(K1) (K2) K

K(x) =
1

2
√
π

(
e−x2 − 1

2
e−x2/4

)
(2.2)

(N1), (N2) f

f(u) =

{
2− 2u, u ∈ (

1
2 ,+∞)

,

2u, u ∈ (−∞, 1
2

] (2.3)

(2.3) u+ ≥ 1 (N2)

1 (2.1)

φ c u(t, x) = φ(x + ct)

ξ := x+ ct

cφ′ = dφ′′ +K ∗ φ− αφ+ f(φ), ξ ∈ R (TW1)

φ c u = 0

u = 1

φ(−∞) = 0, φ(+∞) = 1. (TW2)

2.1

(2.1) [3]

d = 0 (TW1) (TW2)

[8, 16, 17] K f

2.1 K (K1) (K2) f (N1){
f ∈ C1(R), f ′(0) > 0, f ′(1) < 0,

∃M > 0, ∃p ∈ (0, 1] s.t. −Mu1+p ≤ f(u)− f ′(0)u ≤ 0 (u ∈ (0, 1))
(2.4)

2.2 ([16])

d = 0 f K 2.1

c∗ = inf
λ∈(0,+∞)

Q0(λ)

λ
, Q0(λ) =

∫
R

K(y)e−λydy − α+ f ′(0) (2.5)

c ≥ c∗ (TW1) (TW2) φ c < c∗

φ

K ≥ 0 d > 0 (2.1) [8]

(2.1)
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3

K

K±(x) := max{±K(x), 0}

K−(x) �≡ 0 K(x) = K+(x)−K−(x) |K(x)| = K+(x) +K−(x)

2

cQ := inf
λ∈(0,λ̂)

Q(λ)

λ
, Q(λ) := dλ2 +

∫
R

K(y)e−λydy − α+ f ′(0), (3.1)

cR := inf
λ∈(0,∞)

R(λ)

λ
, R(λ) := dλ2 +

∫
R

|K(y)|e−λydy − α+ f ′(0). (3.2)

λ̂ Q(λ) = 0 λ > 0 f ′(0) > 0 λ̂ := min{λ > 0 | Q(λ) = 0}
cQ = 0 λ̂ = +∞ R(λ) λ > 0

cR > 0 cR > cQ

3.1 K cQ = 0

K(x) = (1 + ε)J(x)− ε

2
(J(x− 1) + J(x+ 1))

ε > 0 J
[− 1

2 ,
1
2

]
1

α = 1 f ′(0) = 1, d = 0

Q(λ) =

∫
R

K(y)e−λydy = {1 + ε− ε cosh(λ)}
∫
R

J(y)e−λydy

∫
R
J(y)e−λydy λ > 0 ε > 0 λ̂ =

cosh−1
(
1+ε
ε

) ∈ (0,∞) cQ = 0

3.2 f (N1) (N2) η ∈ (0, 1) u ∈ [0, η]

f(u) = f ′(0)u (3.3)

f f ′(0) > α δ ∈ (1, u+) K−

∫
R

K−(y)dy ≤ min

{−f(δ)

δ
,
(f ′(0)− α)η

δ

}
(3.4)

3.3 f (2.3) η = 1
2 f ′(0) = 2 u+ ≥ 1 f

(N2) α = 0

−f(δ)

δ
=

2δ − 2

δ
,

(f ′(0)− α)η

δ
=

1

δ
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δ =
3

2 ∫
R

K+(y)dy =

∫
R

K−(y)dy ≤ 2

3

3.2 K f (2.2)

(2.3) 3.2

Ck
b (R) := {g ∈ Ck(R) | ||g(j)||∞ < ∞, j = 0, 1, . . . , k}, ‖g‖∞ := sup

ξ∈R

|g(ξ)|

Cb(R) := C0
b (R)

3.4 ([9])

f K 3.2 c > cR (TW1)

φ(−∞) = 0
lim inf
ξ→+∞

φ(ξ) > 0 (3.5)

φ ∈ Cb(R) . c > max{cR, cK} φ φ ∈ C2
b (R)

φ(+∞) = 1 cK

cK :=

√(∫
R

|K(y)|dy
)(∫

R

y2|K(y)|dy
)
.

3.5 φ ∈ Cb(R) (TW1) d > 0 φ ∈ C2
b (R)

d = 0 f ∈ C1(R) φ ∈ C2
b (R)

4

3.4 3.4

4.1

(2.1)

(TW1)

c > 0 (TW1)

4.1 c > 0 {φ, φ} (TW1)

cφ
′
(ξ) ≥ dφ

′′
(ξ) + (K+ ∗ φ)(ξ)− (K− ∗ φ)(ξ)− αφ(ξ) + f(φ(ξ)), ∀ ξ ∈ R \A, (4.1)

cφ′(ξ) ≤ dφ′′(ξ) + (K+ ∗ φ)(ξ)− (K− ∗ φ)(ξ)− αφ(ξ) + f(φ(ξ)), ∀ ξ ∈ R \A, (4.2)
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2 4.2

A ⊂ R .

(4.1) K− ∗ φ (4.2) K− ∗ φ
4.2 4.1 (TW1) c > cR

λ1 ∈ (0, λ̂) λ1

Q(λ1) = cλ1, Q(λ) > cλ for all λ ∈ [0, λ1). (4.3)

cR R(λ) = cλ 2 λ2 < λ3

R(λ) < cλ, ∀λ ∈ (λ2, λ3); R(λ) > cλ, ∀λ ∈ [0, λ2) ∪ (λ3,∞) (4.4)

λ2 > λ1 νλ1 ∈ (λ2, λ3) ν > 1

h > 1

ρ(ξ) := eλ1ξ − heνλ1ξ, ξM :=
− ln(hν)

(ν − 1)λ1
(4.5)

ξ < ξM ρ(ξ) > 0

ρ(ξ) ≤ ρ(ξM ) = C(ν)h−1/(ν−1), ∀ ξ ∈ R (4.6)

C = C(ν) := ν−1/(ν−1)(1− 1/ν) > 0 . (4.5) ρ ξM

ρ(ξM ) = η h > 0

4.2 f K 3.2 c > cR

φ(ξ) = min{eλ1ξ + heνλ1ξ, δ}, φ(ξ) =

{
eλ1ξ − heνλ1ξ, ξ ≤ ξM ,

η, ξ ≥ ξM

{φ, φ} (TW1)

4.2 2 φ ∈ C1(R)

κ :=

sup
{

|f(u)−f(v)|
|u−v| | u, v ∈ [0, u+], u �= v

}
c > 0 d ≥ 0
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P c
d

P c
0 [ψ](ξ) :=

1

c

∫ ξ

−∞
e−μ(ξ−y)G[ψ](y)dy (d = 0 )

P c
d [ψ](ξ) :=

1

d(μ+ − μ−)

[∫ +∞

ξ

eμ
+(ξ−y) +

∫ ξ

−∞
eμ

−(ξ−y)

]
G[ψ](y)dy (d > 0 )

μ := (α + κ)/c G[ψ](ξ) := (K ∗ ψ)(ξ) + κψ(ξ) + f(ψ(ξ)) μ+ > 0 > μ−

dμ2 − cμ− (α+ κ) = 0 P c
d φ P c

d φ (TW1)

(TW1) φ

P c
d

c > 0 (TW1) {φ, φ}

(1) φ, φ : R → [0, u+],

(2) φ(ξ) ≤ φ(ξ) (∀ξ ∈ R),

(3) φ
′
(z−) ≥ φ

′
(z+), φ′(z−) ≤ φ′(z+), (∀z ∈ A).

φ(z±) := limξ→z±0 φ(ξ) φ(z±) := limξ→z±0 φ(ξ) A 4.1

Γ := {ψ ∈ C(R) | φ(ξ) ≤ ψ(ξ) ≤ φ(ξ)}
Γ ⊂ C(R) P c

d

[14] P c
d : Γ → Γ

‖ψ‖θ := sup
ξ∈R

|ψ(ξ)|e−θ|ξ|

θ

4.3 c > 0 (TW1) {φ, φ}

(1) φ, φ : R → [0, u+],

(2) φ(ξ) ≤ φ(ξ) (∀ξ ∈ R),

(3) φ
′
(z−) ≥ φ

′
(z+), φ′(z−) ≤ φ′(z+), (∀z ∈ A).

(TW1) φ R φ ≤ φ ≤ φ

4.2 4.3 c > cR

φ 3.4

4.2 φ

(TW1) φ ξ → +∞
(2.1) u = 1 [15]

φ [1] φ′ L2

φ′
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4.4 (c, φ) ∈ R× C2
b (R) (TW1) c > cK

φ′ ∈ L2(R) φ′(+∞) = 0

- φ

l f(l) = 0 φ

4.5 (c, φ) (TW1) φ ∈ C2
b (R) B ⊂ R

B :=

{
u ∈

[
inf
ξ∈R

φ(ξ), sup
ξ∈R

φ(ξ)

]
| f(u) = 0

}

B c > cK φ(+∞) φ(+∞) ∈ B
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෼ղ͞ΕͨϝϏ΢εɾΤωϧΪʔͷ্քɾԼքͱ࿈ଓ౓ධՁ

ɹ
Upper and lower bounds and modulus of continuity of

decomposed Möbius energies
ɹ

௕ᖒ ᆴ೭ (େֶۄ࡛)
ɹ

ੴؔ ࠼ (େֶۄ࡛) ͱͷڞಉڀݚ

֓ ཁ

MöbiusΤωϧΪʔ͸݁ͼ໨ͷΤωϧΪʔͷҰͭͰɺMöbiusม׵ͰෆมͰ
͋Δ໊͕ࣄલͷ༝དྷͱͳ͍ͬͯΔɻ͜ͷΤωϧΪʔ͸ఆٛͱҟͳΔ͔ͭزͷ
ද͕ݱ஌ΒΕ͍ͯΔɻҰͭ͸֯ܭڞͷ༨ݭΛ༻͍ͨ΋ͷͰɺ༨ࣜެݭͱݺ͹
ΕΔɻଞํ͸ɺMöbiusෆมͳෳ਺ͷ߲ʹ෼ղ͢Δ΋ͷͰɺ෼ղ͞Εͨ΋ͷ͸
෼ղΤωϧΪʔͱݺ͹ΕΔɻ͜ͷ͔ࣄΒɺ༨ࣜެݭ͸෼ղΤωϧΪʔͷ࿨ͱ
౳͘͠ɺ෼ղΤωϧΪʔʹΑͬͯ༨͕ࣜެݭධՁ͞ΕΔ͜ͱ͕෼͔Δɻٯ͸
Ͳ͏Ͱ͋Ζ͏͔ɻ͢ͳΘͪɺݸʑͷ෼ղΤωϧΪʔ͸༨ࣜެݭΛ༻͍ͯධՁ
͞ΕΔͩΖ͏͔ɻ͜ͷ໰୊ʹରͯ͠ߠఆతͳղ౴Λ༩͑Δɻ͢ͳΘͪɺ෼ղ
ΤωϧΪʔͷ্ԼݶධՁ΍࿈ଓ౓Λ༨ࣜެݭΛ༻͍ͯධՁ͢Δɻߋʹɺ2ͭ
ͷ݁ͼ໨ (ดۂઢ)ͷ෼ղΤωϧΪʔͷࠩͷධՁʹ͍ͭͯ΋͢࡯ߟΔɻ
͜Ε͸ɺੴؔ ࠼ (େֶۄ࡛) ͱͷڞಉڀݚ ΋ͷͰ͋Δɻͮ͘جʹ[18]

1 ং
݁ͼ໨ͷඪ४ܗΛܾఆ͢Δ໨తͰO’Hara͸݁ͼ໨ͷΤωϧΪʔΛઃͨ͠ܭ ([23])ɻ
͜Ε͸ޙʹO’HaraΤωϧΪʔͱݺ͹ΕΔΑ͏ʹͳͬͨɻ݁ͼ໨͸ R3಺ͷࣗަݾ
ࠥΛ࣋ͨͳ͍ดۂઢͰ͋Δ͕ɺΤωϧΪʔ͸ Rn ಺ͷͦͷΑ͏ͳۂઢʹରͯ͠΋
ఆٛ͞ΕΔɻຊߨԋͰ͸ɺO’HaraΤωϧΪʔͷҰͭͰ͋ΔMöbiusΤωϧΪʔΛ
Rn ಺ͷดۂઢʹରͯ͑͠ߟΔɻ
f : R/LZ → Rn ΛRnʹຒΊࠐ·Εͨ௕͞ L ͷดۂઢͷހ௕ύϥϝʔλදࣔ
ͱ͢Δɻดۂઢ্ͷ 2఺ f(s1), f(s2)ͷ֎དྷతڑ཭Λ ‖∆f‖ = ‖f(s1)− f(s2)‖Rn ,

಺ࡏతڑ཭Λ |∆s| = distR/LZ(s1, s2)Ͱද͢ɻ಺ࡏతڑ཭ͱ͸ɺۂઢ্ͷڑ཭Ͱ͋
ΔɻMöbiusΤωϧΪʔ͸ɺ

E(f) =
∫∫

(R/LZ)2
M (f) ds1ds2

Ͱఆٛ͞ΕΔɻ͜͜ͰɺΤωϧΪʔີ౓͸

M (f) =
1

‖∆f‖2 − 1

|∆s|2
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Ͱ͋ΔɻMöbiusΤωϧΪʔͷ໊শͷ༝དྷ͸ɺMöbiusม׵ʹΑͬͯΤωϧΪʔ஋
͕ෆมͰ͋ΔࣄʹΑΔɻ͜ͷੑ࣭͸ 1994೥ʹ Freedman-He-Wang [9]ʹΑͬͯࣔ
͞Εͨɻ
Möbiusม׵͸ɺ߹ಉม׵ɺ૬ࣅม׵ɺٿ໘ʹؔ͢Δ൓సͱͦΕΒͷ߹੒Ͱ͋Δɻ
ैͬͯɺಛʹMöbiusΤωϧΪʔ͸ɺ૬ࣅม׵ʹΑͬͯෆมͰ͋Δɻ͜ͷࣄ͸࠷খ
Խྻʹ͓͍ͯΤωϧΪʔີ౓ͷूதΛڐ༰͢ΔࣄΛҙຯ͢ΔɻͦͷͨΊɺ࠷খԽ
ྻͷऩଋ͸Ұൠʹ͸ظ଴ग़དྷͳ͍ɻFreedman-He-Wang͸ɺΤωϧΪʔͷMöbius

ෆมੑΛ͚ࣔͨͩ͠Ͱͳ͘ɺ݁ͼ໨໌͕ࣗܕ·ͨ͸ૉͰ͋Δ৔߹͸ɺ࠷খԽྻʹ
ΛอͬࣄখԽ͢ΔྻͰ͋Δ࠷Ή͜ͱͰɺΤωϧΪʔΛࠐ໘ʹؔ͢Δ൓సΛ૊Έٿ
ͨ··ΤωϧΪʔີ౓ͷूதΛճආ͢Δ͕ࣄՄೳͰ͋ΔࣄΛࣔ͠ɺͦͷ݁Ռɺͦ
ͷΑ͏ͳ৔߹͸࠷খ͕ݩଘ͢ࡏΔࣄΛূ໌ͨ͠ɻ݁ͼ໨͕ܕ߹੒ͷ৔߹ʹ͸ɺΤ
ωϧΪʔີ౓͕ 2͔ॴҎ্Ͱूதͯ͠͠·͏Մೳੑ͕͋ΔͨΊɺ൴Βͷํ๏͸ػ
ೳ͠ͳ͍ɻKusner-Sullivan [22]͸਺஋ࢉܭʹΑͬͯɺ݁ͼ໨͕ܕ߹੒ͷ৔߹ʹ͸
ͦͷ݁ͼ໨ܕ಺ʹ͸MöbiusΤωϧΪʔͷ࠷খݩ͸ଘ͠ࡏͳ͍ͱ༧૝ͨ͠ɻ͜ͷ༧
૝͸݁ͼ໨ΤωϧΪʔͷੵ೥ͷະղܾ໰୊ͷҰͭͰɺKusner-Sullivan༧૝ͱݺ͹Ε
͍ͯΔɻ
ଟ͘ͷ͕͜ऀڀݚͷ༧૝ʹڵຯΛ࣋ͪɺղܾΛࢼΈ͍ͯΔ͕ɺݱঢ়Ͱ͸ղܾʹ
ͷࠩΛͲͷΑ͏ʹղੳֶͷखܕͳ͍ɻղੳతʹ໰୊Λѻ͏৔߹ɺ݁ͼ໨͍ͯͬࢸ
๏ʹऔΓࠐΉ͔͕ݤͱͳΔ͸ͣͰ͋Δ͕ɺܾఆଧ͸ੜΈग़͞Ε͍ͯͳ͍Α͏ʹࢥ
͑Δɻ
ʹ΋߆ΘΒͣɺۙ೥ɺMöbiusΤωϧΪʔʹؔ͢Δཧղ͕ਂ·Γͭͭ͋Δɻಛ
ʹɺຊߨԋͰ͸৮Εͳ͍͕ɺఀཹ఺ͷਖ਼ଇੑʹ͍ͭͯ͸࠷ऴܾணʹͨͬࢸɻ͢ͳ
ΘͪɺBlatt-Reiter-Shikorra [6] ͕ఀཹ఺͸ C∞ ͍༺Λࣔ͠ɺͦΕΛࣄͰ͋Δڃ
ͯɺBlatt-Vorderobermeier [8]ʹΑͬͯ CωڃͰ͋Δ͕ࣔ͞ࣄΕͨɻBlatt-Reiter-

Shikorra ͸ [7]ʹ͓͍ͯMöbiusΤωϧΪʔΛؚΉ૬ࣅม׵ͰෆมͳΤωϧΪʔͷ
ఀཹ఺ͷਖ਼ଇੑʹ͍ͭͯٞ࿦͍ͯ͠ΔɻͦͷଞʹBlatt [3]͸ɺMöbiusΤωϧΪʔ
ΛؚΉ͔ͭزͷ݁ͼ໨ͷΤωϧΪʔͷະղܾ໰୊Λղܾͨ͠ɻMöbiusΤωϧΪʔ
ͷMöbiusෆมੑΛอͬͨ཭ࢄԽʹ͍ͭͯ͸ɺBlatt-Ishizeki-Nagasawa [4, 5]Ͱఏ
এ͞ΕͨɻMöbiusෆมੑΛྀ͠ߟͳ͍཭ࢄԽʹ͍ͭͯ͸ɺۙ೥ͷ΋ͷʹݶΕ͹
Kawakami [19, 20], Okamoto [27]͕͋ΔɻIshizeki-Nagasawa [14]ͰMöbiusΤωϧ
Ϊʔͷม෼ެࣜͱͦͷධՁΛ͕ͨͬߦɺO’HaraΤωϧΪʔʹ͍ͭͯͷಉ༷ͷ݁Ռ
͸ɺKawakami-Nagasawa [21], Ishizeki-Nagasawa [17]ͰಘΒΕ͍ͯΔɻୠ͠ɺ[21]

ͷํ๏͸ [14]ͷͦΕͱ͸ҟͳΔɻ

2 ༨ࣜެݭͱ෼ղΤωϧΪʔ
MöbiusΤωϧΪʔ͸ɺΤωϧΪʔີ౓͕MöbiusෆมͰͳ͍ʹ΋ؔΘΒͣɺΤ
ωϧΪʔ͸MöbiusෆมʹͳΔɻҰ͢ݟΔͱෆ͑ࢥʹٞࢥΔ͜ͷੑ࣭ʹ͍ͭͯɺΤ
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ωϧΪʔͷผදݱʹΑͬͯͦͷෆٞ͞ࢥ͸ղফ͞ΕΔɻͦΕ͸ɺ

E(f) = E0(f) + 4 (1)

Ͱ͋Δɻ͜͜Ͱɺ

E0(f) =
∫∫

(R/LZ)2
M0(f) ds1ds2, M0(f) =

1− cosϕ

‖∆f‖2

Ͱ͋Δɻ͜ Ε͸ɺAuckly-Sadun [1]ʹै͍ɺDoyle-SchrammʹΑͬͯࣔ͞Εͨ ([22])ɻ
ϕ ͸֯ܭڞͱݺ͹ΕΔ΋ͷͰɺ(1)ʹ͸ͦͷ༨͕ݭ༻͍ΒΕΔͨΊɺ༨ࣜެݭͱݺ
͹ΕΔɻ֯ܗڞ͸࣍Ͱఆٛ͞ΕΔ΋ͷͰɺMöbiusෆมྔͰ͋Δɻ

Definiton 2.1 (֯ܭڞ) C12 Λ f(s1)Λ௨Γͦͷ఺Ͱ Imf ʹ઀͠ɺߋʹf(s2)Λ
௨Δԁͱ͢ΔɻC12 ͱ C21 ͕ f(s1) (·ͨ͸ f(s2) ) ʹ͓͍ͯͳ֯͢ϕ(s1, s2)Λ ڞ
֯ܭ ͱ͍͏ɻ

·ͨɺMöbiusෆมʹΑΔަࠩൺ (ෳൺ)ͷෆมੑΑΓ
ds1ds2
‖∆f‖2 ͕Möbiusෆมͳ

ͷଌ౓ࣜެݭ෼͔Δɻैͬͯɺ༨͕ࣄͰ͋Δࣜܗ2࣍ ds1ds2·ͰࠐΊͨඃੵ෼ؔ
਺͸MöbiusෆมͰ͋Δ͕ࣄ෼͔Γɺ͜ΕʹΑΓMöbiusΤωϧΪʔͷMöbiusෆ
มੑ͕༰қʹͯݟऔΕΔΑ͏ʹͳͬͨͷͰ͋Δɻ
E ͷଞͷදݱͱͯ͠ɺ෼ղΛ༻͍ͨ΋ͷ͕͋Δ (Ishizeki-Nagasawa [13])ɻMöbius

ΤωϧΪʔ͸ɺ
E(f) = E1(f) + E2(f) + 4

ͱ෼ղ͞ΕΔɻ͜͜Ͱɺ

Ei(f) =
∫∫

(R/LZ)2
Mi(f) ds1ds2 (i = 1, 2),

M1(f) =
‖∆τ‖2

2‖∆f‖2 , M2(f) =
2

‖∆f‖2

〈
τ (s1) ∧

∆f

‖∆f‖ , τ (s2) ∧
∆f

‖∆f‖

〉

Ͱ͋Δɻτ ͸ۂઢͷ୯Ґ઀ϕΫτϧͰ͋Δɻ∧ ͸ Rn্ͷ 1-vectorಉ࢜ͷ΢Σο
δੵɺ〈·, ·〉 ͸ Rn্ͷ 2-vectorಉ࢜ͷ಺ੵͰ͋Δɻڵຯਂ͍఺͸ E1 ͱ E2 ʹڞ͕
MöbiusෆมʹͳΔࣄͰ͋Δ ([13, 15])ɻ
෼ղͷزԿֶతͳҙຯ͸ҎԼͷ௨ΓͰ͋ΔɻM1 ͸୯Ґ઀ϕΫτϧͷࠩ෼ͷฏ

ํͷఆ਺ഒͰ͋ΔͷͰɺE1͸ۂઢͷʮ͕ۂΓ۩߹ʯΛଌ͍ͬͯΔɻ|∆s| < L
2
ͱͳ

Δ s1, s2 ʹର͠ɺ∆s = s1 − s2 ͱ͓͘ɻ΢Σοδੵͷੑ࣭ΑΓ〈
τ (s1) ∧

∆f

‖∆f‖Rn
, τ (s2) ∧

∆f

‖∆f‖Rn

〉
∧2 Rn

=
(∆s)2

‖∆f‖2Rn

〈(
τ (s1)−

∆f

∆s

)
∧ ∆f

∆s
,

(
τ (s2)−

∆f

∆s

)
∧ ∆f

∆s

〉
∧2 Rn
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͕੒Γཱͭɻۂઢ͕ C2Ͱ͋Δͱ͠ɺκ Λۂ཰ϕΫτϧͱ͠Α͏ɻτ (si)−
∆f

∆s
͸

|∆s|͕খ͍͞ͱ͖ຌͦ κ(si)(∆s) Ͱ͋ΔͷͰɺ
(
τ (si)−

∆f

∆s

)
∧ ∆f

∆s
ͷํ޲͸ຌ

ͦജ๏ઢํ޲ͱͳΔɻैͬͯɺૈͯͬ͘ݴɺM2 ͸ۂઢ্ͷ 2఺ͷജ๏ઢͷؒͷ֯
ͱؔ࿈͢ΔɻΏ͑ʹɺE2 ͸ۂઢͷʮᎇ͡Ε۩߹ʯΛଌ͍ͬͯΔͱղऍͰ͖Δɻ
෼ղΤωϧΪʔ͸ɺΤωϧΪʔɾΫϥε (E(f) < ∞ͱͳΔ f ͷ଒)ʹ͓͍ͯɺ
ઈରՄੵ෼ͳੵ෼ʹͳΔɻ͜ͷ͜ͱʹΑΓ, ͜ΕΒͷม෼ެࣜͱ༷ʑͳؔ਺ۭؒʹ
͓͚ΔධՁΛՄೳʹͨ͠ ([14, 16, 12])ͱ͏ݴ఺Ͱղੳతʹ΋༗ӹͰ͋Δɻ
༨ࣜެݭͱΤωϧΪʔͷ෼ղ͸ɺҰൠԽ͞ΕͨO’HaraΤωϧΪʔʹ͍ͭͯ΋੒
Γཱͭɻৄࡉ͸ɺIshizeki-Nagasawa [17]ΛݟΑɻ·ͨɺ༨ࣜެݭͷଟ࣍ݩԽʹͭ
͍ͯ͸ɺO’Hara [25]ΛݟΑɻ

3 ෼ղΤωϧΪʔͷ্ԼݶධՁͳͲ
Kusner-Sullivan༧૝ʹऔΓ૊ΉͨΊʹ͸ɺMöbiusΤωϧΪʔͷ࠷খԽྻ͕ಉ͡
݁ͼ໨ܕʹ͓͍ͯऩଋ͢Δ͔൱͔Λ͑ߟΔඞཁ͕͋ΔɻͦͷͨΊʹɺ෼ղΤωϧ
Ϊʔ஋Λ௥੻͍ͨ͠ɻ࠷খԽྻͰ͋Εɺͦͷ࿈ଓ൛Ͱ͋Δޯ഑ྲྀͰ͋ΕɺΤωϧ
Ϊʔ஋͸ॳظͷ΋ͷͰԡ͞ΕΒΕΔɻ͔͠͠ɺ෼ղΤωϧΪʔ͸ͦ͏ͱ͸ݶΒͳ
͍ɻͦ͜Ͱɺ෼ղΤωϧΪʔΛݩͷΤωϧΪʔͰධՁ͢ΔࣄΛ͑ߟΔɻݩͷΤω
ϧΪʔ E ͱ༨ࣜެݭ (1)Ͱఆٛ͞ΕΔ E0 ͸ఆ਺ࠩͰ͋ΔͷͰɺ෼ղΤωϧΪʔ
Λݩͷ E0ͰධՁ͢Δͱͯͬݴ΋Α͍ɻ෼ղΤωϧΪʔ͕ඇෛͰ͋Ε͹ɺͦͷ࿨͕
E0Ͱ͋ΔͷͰධՁ͸ࣗ໌Ͱ͋Δɻ͔͠͠ɺୈ 2ΤωϧΪʔ͸ඇෛͱ͸ݶΒͳ͍ͷ
ͰɺධՁ͸ࣗ໌Ͱͳ͍ɻ͜͜Ͱ͸ɺE0ͷଞʹҎԼʹ͢ه X ͱ C ͱ͍͏ྔΛ༻͍
Δɻલऀ͸૬ࣅม׵ͰෆมͳྔͰGromovͷ distotion (ᎇ͡Ε)ʹؔ࿈͢Δɻऀޙ
͸MöbiusෆมྔͰ͋Δɻ
E0(f) < ∞ͱ͢Δͱɺf ͸૒ LipschitzͰ͋Δ͕ࣄ஌ΒΕ͍ͯΔ ([23])ɻ͢ͳΘ

ͪɺ sup
(s1,s2)∈(R/LZ)2

s1 $=s2

|∆s|
‖∆f‖ < ∞Ͱ͋Δɻ͜Ε͕ distortionͰ͋Δɻ[10, 11, 24, 22]Λ

Αɻ[7]Ͱ͸εέʔϧෆมͳ݁ͼ໨ΤωϧΪʔͱݟ distortionͷؔ࿈͕ٞ࿦͞Εͯ
͍Δɻ͜͜Ͱ͸ɺdistortionʹؔ࿈͢Δ

X(s1, s2) = log
|∆s|2

‖∆f‖2 = log
1

‖∆f‖2 − log
1

|∆s|2

Λ༻͍Δɻ‖∆f‖ ! |∆s|Ͱ͋ΔͷͰX ͸ඇෛͰ͋Δɻ෼ղΤωϧΪʔͷ্քɾԼ
քධՁͱ࿈ଓ౓ධՁΛ E0(f) ͱ X ʹΑͬͯ༩͑Δɻ
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ఆཧ 3.1 ([18]) E0(f) < ∞ ͷͱ͖ɺ

0 ! E1(f) ! (3 + ‖X‖L∞) E0(f) + 4 (4 + ‖X‖L∞) ,

− (2 + ‖X‖L∞) E0(f)− 4 (4 + ‖X‖L∞)

! E2(f) ! min {‖X‖L∞ (E0(f) + 4)− 8, E0(f)}

͕੒Γཱͭɻ

ఆཧ 3.2 ([18]) f ͱ f̃ ͸શ௕͕ಉ͡΋ͷͱ͠ɺE0(f) < ∞, E0(f̃) < ∞ ͱ͢Δɻ

a ∈ R/LZ ʹର͠ɺf̃a(·) = f̃(·+ a), X̃a = log
(∆s)2

‖∆f̃a‖2
ͱ͓͘ɻ͜ͷͱ͖ɺ

∣∣∣E1(f)− E1(f̃)
∣∣∣

!
∣∣∣E0(f)− E0(f̃)

∣∣∣
+ 2 inf

a∈R/LZ

{
‖X − X̃a‖L∞

(
E0(f) + E0(f̃) + 4

)
+

∣∣∣∣∣
∫∫

(R/LZ)2

X − X̃a

(∆s)2
ds1ds2

∣∣∣∣∣
}
,

|E2(f)− E2(f0)|

! 2 inf
a∈R/LZ

{
‖X − X̃a‖L∞

(
E0(f) + E0(f̃) + 4

)
+

∣∣∣∣∣
∫∫

(R/LZ)2

X − X̃a

(∆s)2
ds1ds2

∣∣∣∣∣
}

͕੒Γཱͭɻ

஫ҙ 3.1 E0(f) = E0(f̃) Ͱ͋ͬͯ΋ X − X̃ ≡ 0 ͱ͸ݶΒͳ͍ɻྫ͑͹ Imf ͱ
Imf̃ ͕Möbiusม׵ͰࣸΓ߹͏৔߹͸ΤωϧΪʔ͸౳͍͕͠ɺX − X̃ ≡ 0 ͱ͸ݶ
Βͳ͍ɻΑͬͯɺX − X̃ Λ

∣∣∣E0(f)− E0(f̃)
∣∣∣ ͰධՁ͢Δࣄ͸ෆՄೳͰ͋Δɻ

f ͱ f̃ Λ Rn಺ͷ 2ͭͷดۂઢͱ͠ɺθ ∈ R/ZͰύϥϝτϥΠζ͞Ε͍ͯΔͱ
͢Δɻf ͕Möbiusม׵Ͱ f̃ ʹࣸ͞ΕΔͱ͖ΤωϧΪʔࠩ Ei(f)− Ei(f̃) ͸ 0ʹͳ
Δɻ͜Ε͕ಡΈऔΕΔΑ͏ʹΤωϧΪʔࠩΛMöbiusෆมྔͷࠩͰද͍ͨ͠ɻ͜͜
Ͱ͸ɺ

C (f)(θ1, θ2) =
‖ḟ(θ1)‖‖ḟ(θ2)‖

‖∆f‖2

Λ༻͍Δɻෳൺ
‖f(θ1)− f(θ3)‖‖f(θ2)− f(θ4)‖
‖f(θ1)− f(θ2)‖‖f(θ3)− f(θ4)‖

ͷMöbiusෆมੑΑΓ C ͷMöbiusෆมੑ͕ै͏ɻ͕࣍ಘΒΕΔɻ

ఆཧ 3.3 ([18]) E(f) < ∞, E(f̃) < ∞, ‖ḟ‖ ∈ C0,1, ‖ ˙̃f‖ ∈ C0,1 ͱ͢Δɻ͜ͷ
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ͱ͖ɺ

E1(f)− E1(f̃)

=

∫∫
(R/Z)2

{
C (f)− C (f̃) +

1

2

∂2

∂θ1∂θ2

(
logC (f)− logC (f̃)

)}
dθ1dθ2

+
1

2
lim

ε→+0

∫∫
|θ1−θ2|!ε

{
∂

∂θ1

(
logC (f)− logC (f̃)

)}{
∂

∂θ2

(
logC (f) + logC (f̃)

)}
dθ1dθ2

E2(f)− E2(f̃)

= −1

2
lim

ε→+0

∫∫
|θ1−θ2|!ε

{
∂

∂θ1

(
logC (f)− logC (f̃)

)}{
∂

∂θ2

(
logC (f) + logC (f̃)

)}
dθ1dθ2

͕੒Γཱͭɻ

E2 ͸ O’Hara-Solanes [26]Ͱಋೖ͞ΕͨΤωϧΪʔͱຊ࣭తʹಉ஋Ͱ͋Δɻͦͷ
Möbiusෆมੑ͸ [13] ͱ [26] ͰಠཱʹҟͳΔํ๏Ͱࣔ͞Εͨɻ͔͠͠ɺE ͱ E1ͷ
MöbiusෆมੑΑΓؒ઀తʹಋ͘ͱ͍͏఺͸ڞ௨Ͱ͋Δɻ͜͜Ͱ༻͍Δํ๏͸ɺE2
ͷMöbiusෆมੑΛ௚઀ࣔ͢࠷ॳͷࢼΈͰ͋Δɻ
͍ͣΕͷ݁Ռ΋෼ղͷୈೋΤωϧΪʔͷີ౓ͷ৽͍͠ද͕ݱग़ൃ఺ͱͳ͍ͬͯ
Δɻ࠶ͼɺۂઢ͸ހ௕ύϥϝʔλͰද͞Ε͍ͯΔͱ͢ΔɻE(f) < ∞ΑΓ f ∈
W

1
2 ,2(R/LZ) Ͱ͋Δ ([2])ɻैͬͯɺf ′ = τ ͸ a.e. s ∈ R/LZ Ͱଘ͢ࡏΔɻ͜ΕΑ

Γ
∂2

∂s1∂s2
‖f(s1)− f(s2)‖2 ͸ a.e. (s1, s2) ∈ (R/LZ)2 Ͱଘ͢ࡏΔɻ ∂2

∂s1∂s2
|∆s|2

͸ |s1 − s2| =
L
2
ʹ͓͍ͯ Sobolevۭؒͷݩͱͯ͠͸ఆٛ͞Εͳ͍ɻ·ͨɺs1 = s2

ʹ͓͍ͯ͸ X ͸ఆٛ͞Εͳ͍ɻΑͬͯɺ0 < |s1 − s2| <
L
2
Ͱ͑ߟΔɻ

ิ୊ 3.1 0 < |s1 − s2| <
L
2
ʹ͓͍ͯ͸ɺ∆s = s1 − s2 ͱͯ͠Α͍ɻ͜ͷͱ͖ɺ

M2(f) =
∂2X

∂s1∂s2
− 1

2

∂X

∂s1

∂X

∂s2
− 1

∆s

(
∂X

∂s1
− ∂X

∂s2

)

͕੒Γཱͭɻ

͜ΕʹΑΓɺ෼ղͷୈೋΤωϧΪʔͷධՁ͸ XͷධՁΑΓಋ͔ΕΔ͕ࣄಡΈऔ
ΕΔɻ·ͨɺୈೋΤωϧΪʔ͸ۂઢͷᎇ͡Ε۩߹Λଌ͍ͬͯΔͱ͑ߟΒΕͨɻ࣮
ɺGromovͷࡍ distortion (ᎇ͡Ε)ʹؔ࿈͢Δྔ XͰΤωϧΪʔີ౓͕ද͞ΕΔ
Α͍ͩΖ͏ɻͯͬݴͰɺࣜͷ্Ͱ΋͜Ε͕֬ೝͰ͖ͨͱࣄ
ैདྷͷ෼ղͷୈೋΤωϧΪʔͷ݁Ռ͸ɺୈҰΤωϧΪʔΛղੳ͠ɺ෼ղલͷΤω
ϧΪʔͷੑ࣭Λར༻͢ΔࣄͰؒ઀తʹಋ͍͍ͯͨɻ͜ͷิ୊͸ɺୈೋΤωϧΪʔ
ͷॾੑ࣭Λ௚઀ಋ͘وॏͳख͕͔ΓΛ༩͑Δɻஶऀࣗ਎΋·ͩ͜ͷิ୊Λ͏·͘
Δॾੑ࣭͕͕ܨʹɺKusner-Sullivan༧૝ղܾޙࠓΓɺ͕͋ײͳ͍ͤͯͳ͍͍͜࢖
ಘΒΕΔࣄΛظ଴͍ͯ͠Δɻಛʹɺ͋Δ݁ͼ໨ܕ಺ͷ࠷খԽྻͷऩଋ໰୊ΛɺX

ͷऩଋ໰୊ʹؼணͤ͞ɺऩଋͷҐ૬ʹΑͬͯ࠷খݩͷଘࡏͷ༗ແ͕൑ఆͰ͖ͳ͍
͔ͱ͍ͯ͑ߟΔɻ
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O’Hara’s Möbius energy, arXiv:1809.07984

[5] S. Blatt, A. Ishizeki & T. Nagasawa, A Möbius invariant discretization and
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Ann. of Math. (2) 139 (1) (1994), 1–50.

[10] M. Gromov, Homotopical effects of dilatation, J. Differential Geom. 13 (3)

(1978), 303–310.

[11] M. Gromov, Filling Riemannian manifolds J. Differential Geom. 18 (1)

(1983), 1–147.

[12] K. Gunji, L2 representations of the second variation and "Lojasiewicz-Simon

gradient estimates for a decomposition of the Möbius energy, Adv. Differential
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On an inverse crack problem in a linearized elasticity by the

enclosure method

Hiromichi Itou∗

Department of Mathematics, Tokyo University of Science, Tokyo 162-8601, Japan

1 Introduction

We consider a reconstruction problem for several linear cracks located on a line between two
linearized elastic plates from measured data which are a loading surface traction and the resulted
displacement field on the boundary of the joined plates. This is a typical inverse crack problem
arising from the nondestructive testing of materials. For this problem, we introduce an extraction
formula of the cracks from a single set of the data by means of the enclosure method [2].

In the case of a single linear crack, the extraction formula of the location and length of
an unknown crack has been established by using the enclosure method for isotropic [5] and
anisotropic [6] elasticity. However, this result cannot be extended to several cracks case directly
because the original enclosure method can give information of the convex hull of cracks. As one
of ways to overcome the difficulty, we apply the Kelvin transform to the indicator function of
the classical enclosure method. The idea of using Kelvin transform has been applied also to the
probe method by Ikehata [4]. In [1, 7], by use of this transform in the enclosure method we
succeeded to derive the extraction procedure of information about the location of tips of several
cracks located on a line between two electric conductive plates from a single set of an electric
current density and the corresponding voltage potential on the boundary of the material formed
by the plates. Moreover, by a collaborative project with M. Ikehata, A. Hauptmann (University
College London, University of Oulu) and S. Siltanen (University of Helsinki), we demonstrate
computationally that the Kelvin transformed enclosure method can be used for robust detection
of multiple crack locations [1]. In the present paper, we consider an extension of the result [1]
to the linearized elastic case. Originally, this problem should be considered in three dimensions,
however, our results obtained in 2D are not directly applicable to the actual 3D situation. In
order to do that, we need to analyze the asymptotic behavior of the solution of the linearized
elasticity equation near the crack edges. Also, the further extension to the multilayered case,
that is, cracks are located on the interface of two different elastic bodies (cf. [3] for the Laplace
equation), can be expected.

2 Formulation

Let Ω ⊂ R
2 be a rectangular domain described as Ω :=]0, a[×]0, b[ with a > 0 and b > 0. Let

c ∈]0, b[, m ≥ 1 and 0 = c0 < c1 < · · · < c2m+1 = a. We consider the set

Σ := ([c0, c1] ∪ [c2, c3] ∪ [c4, c5] ∪ · · · ∪ [c2m, c2m+1]) × {c}.
∗e-mail: h-itou@rs.tus.ac.jp

This is a joint work with Masaru Ikehata (Hiroshima University).
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a mathematical model of the crack lying on the interface of two plates Ω+ and Ω− (Ω± :=
Ω ∩ {±(x2 − c) > 0}) which consist of the same isotropic homogeneous elastic materials. Set

W := ([0, a] × {c}) \ Σ.

which has the decomposition

W = (]c1, c2[ ∪ · · · ∪ ]c2m−1, c2m[) × {c}
and both c1 and c2m are in ]0, a[. See Figure 1 for an illustration of the geometry of the situation.

Figure 1: an example of the domain Ω

Let ν denote the unit outward normal vector field on ∂Ω ∪ Σ and ν is fixed as (0, 1) on Σ.
Let g ∈ L2(∂Ω) be a function defined on ∂Ω and denote the surface force acting on ∂Ω. By
u = (ui)i=1,2, ε = (εij)i,j=1,2 and σ = (σij)i,j=1,2 we denote the displacement vector, the strain
tensor and the stress tensor in the state of a plane strain, respectively. The linear elasticity
equations for a homogeneous isotropic material consist of the constitutive law (Hooke’s law)

σ = λtr(ε)I + 2με (2.1)

and the equilibrium conditions without any body forces

∇ · σ = 0, (2.2)

where I is the identity tensor. λ and μ are Lamé constants assumed to be μ > 0 and λ+μ > 0.
In the context of infinitesimal deformation the linearized strain tensor is given by

ε(u) =
1
2
(∇u+ (∇u)T

)
(2.3)

where the superscript T denotes matrix transposition.
Then (2.1), (2.2) and (2.3) give the system of equations for u = (u1, u2)

μ�u+ (λ + μ)∇(∇ · u) = 0. (2.4)

On the crack Σ we assume the free traction condition

σ+ν = σ−ν = 0 on Σ±, (2.5)

where Σ± means both sides of Σ and σ±ν is the stress vector on Σ±, respectively. We define
the space of rigid displacements;

R = {v | v(x) = (k1 + k0x2, k2 − k0x1), k0, k1, k3 ∈ R}.
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Definition 1. We say that for given g ∈ L2(∂Ω) satisfying

∀ρ(x) ∈ R,

∫
∂Ω
g · ρ dsx = 0, (2.6)

u ∈ H1(Ω \ Σ) \ R is a weak solution of the problem

(∗)

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

μ�u+ (λ + μ)∇(∇ · u) = 0 in Ω \ Σ,

σ±ν = 0 on Σ±,

σν = g on ∂Ω

if for arbitrary ϕ ∈ H1(Ω \ Σ) \ R it holds∫
Ω\Σ

σ(u) : ε(ϕ) dx =
∫

∂Ω
g · ϕ dsx, (2.7)

where the double dot in σ(u) : ε(ϕ) = Σi,j=1,2σij(u)εij(ϕ) implies the scalar product of matrices.

By virtue of Lax-Milgram Lemma and Korn’s inequality one can prove the problem (∗) has
a unique weak solution.

In this paper, we consider the following inverse problem.

Inverse Problem . Fix g �= 0 satisfying (2.6). Extract information about the location of Σ
from u on ∂Ω.

3 Statement of the main result

Now we state our results for the Inverse Problem defined above. We denote the unit circle by
S1. Let ω ∈ S1 and take ω⊥ ∈ S1 perpendicular to ω satisfying det (ω⊥ ω) > 0. Following [5],
for τ > 0 we define a function v satisfying (2.4) in R

2 by

v = (ω + iω⊥)eτx·(ω+iω⊥).

Based on the Kelvin transform to v, we define a new function

vτ = vτ (y;x) := (e1 + ie2) exp
{
−τ

y − x
|y − x|2 · (e2 + ie1)

}
.

which satisfies (2.4) in R
2 \ {x}, also

�yvτ = 0 and ∇y · vτ = 0.

Moreover, let s > 0 and write

e−
τ
2svτ = (e1 + ie2) exp

{
−τ

(
y − x
|y − x|2 · e2 +

1
2s

)}
exp

{
−iτ

y − x
|y − x|2 · e1

}
.

Since

y − x
|y − x|2 · e2 +

1
2s

=
2s(y − x) · e2 + |y − x|2

2s|y − x|2 =
|y − (x− se2)|2 − s2

2s|y − x|2 , (3.1)

we see the following facts;
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(i) if |y − (x− se2)| > s, then lim
τ−→∞ e−τ/(2s)|vτ | = 0;

(ii) if |y − (x− se2)| < s, then lim
τ−→∞ e−τ/(2s)|vτ | = ∞;

(iii) if |y− (x− se2)| = s, then each components of e−τ/(2s)vτ is highly oscillating as τ −→ ∞.

(i), (ii) and (iii) suggest that the circle centred at x− se2 with radius s plays the role of the
line in the previous enclosure method using a single set of Cauchy data [2].

For fixed ε > 0 set a line segment Γε := [0, a] × {b + ε}. Using the function vτ , we define a
mathematical indicator.

Definition 2. Let u be a weak solution of (∗). Given x ∈ Γε and τ > 0 define

I(τ ;x) :=
∫

∂Ω
g(y) · vτ (y;x) − u(y) · σ(vτ (y;x))ν dsy.

Next, we define the function of x given by

sΣ(x) = sup
{
s > 0 | Bs(x− se2) ⊂ R

2 \ Σ
}

.

The value sΣ(x) at x ∈ Γε is the largest radius of the disc centered at x − se2 with radius s
whose exterior encloses Σ.

Now we state our main result to extract the sΣ(x) at x ∈ Γε.

Theorem 1. Let the non-trivial g ∈ L2(∂Ω) satisfying (2.6) be such that the following condition
(†) is fulfilled:

(†) supp(g) ⊂ (∂Ω ∩ {|x2 − c| > γ}) \ (Bγ(O) ∪ Bγ(0, b) ∪ Bγ(a, b) ∪ Bγ(a, 0)) for some γ > 0
and there exists ρ0 ∈ R such that∫

∂Ω∩{x2>c}
g · ρ0 dsx �= 0 or

∫
∂Ω∩{x2<c}

g · ρ0 dsx �= 0.

Let further x ∈ Γε satisfy that the intersection of BsΣ(x)(x− sΣ(x)e2) with tips of crack Σ in
Ω consists of a single point, namely there exists a j ∈ {1, · · · , 2m} such that

BsΣ(x)(x− sΣ(x)e2) ∩ Σ = {(cj , c)}. (3.2)

Then, the function e−τ/(2sΣ(x))I(τ ;x) is truly algebraically decaying as τ → ∞ and it holds that

lim
τ→∞

log |I(τ ;x)|
τ

=
1

2sΣ(x)
. (3.3)

4 Asymptotic expression for the indicator function and its prop-
erty

In order to show the formula (3.3) in Theorem 1 we need to study the asymptotic behavior of
the indicator function. For this purpose we employ the following two important propositions.

Proposition 1 (Proposition 2 in [5]).

I(τ ;x) = −
∫

Σ

(
u+(y) − u−(y)

) · (σ(vτ (y;x))e2) dsy. (4.1)

－92－



Here u± denotes the trace of u|Ω± onto ]0, a[×{c}, respectively, and (4.1) is obtained from the
Green formula.

Next, we choose a polar coordinates system with respect to the center (cj , c). It is depending
on whether j is even or odd. Since the case when j is even can be treated in the same manner
as the case when j is odd. Therefore, in what follow we assume j is an odd number, see Figure
2 for the illustration. Choose a positive number η0 in such a way that

η0 < min
j=1,··· ,2m+1

{cj − cj−1} and η0 < min{b − c, c}.

Set x = (cj + r cos θ, c + r sin θ) for r ∈ ]0, η0[ and θ ∈ ] − π, π[ and define

u(r, θ) = u(cj + r cos θ, c + r sin θ), r ∈ ]0, η0[, θ ∈] − π, π[.

Hence, we have

u+(x) = u(r, θ), θ ∈ ]0, π[

and

u−(x) = u(r, θ), θ ∈ ] − π, 0[.

Figure 2: Illustration of the polar coordinates system used

Proposition 2 (Proposition 1 in [5]). Fix η ∈ ]0, η0

2 [. There exist real numbers A
(j)
k , B

(j)
k

(k = 0, 1, 2, · · · ) such that

u(r, θ) =
∞∑

k=0

A
(j)
k

2μ
r

k
2ϕk(θ) −

∞∑
k=0

B
(j)
k

2μ
r

k
2ψk(θ) in B2η((cj , c)) \ Σ, (4.2)

where

ϕk(θ) =

(
κ cos k

2θ − k
2 cos

(
k
2 − 2

)
θ +

{
k
2 + (−1)k

}
cos k

2θ

κ sin k
2θ + k

2 sin
(

k
2 − 2

)
θ − {

k
2 + (−1)k

}
sin k

2θ

)
,

ψk(θ) =

(
κ sin k

2θ − k
2 sin

(
k
2 − 2

)
θ +

{
k
2 − (−1)k

}
sin k

2θ

−κ cos k
2θ − k

2 cos
(

k
2 − 2

)
θ +

{
k
2 − (−1)k

}
cos k

2θ

)
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with κ = λ+3μ
λ+μ . The series is convergent, absolutely in H1(Bη((cj , c))∩Ω+) and H1(Bη((cj , c))∩

Ω−), and uniformly on compact sets in B2η((cj , c)). Moreover, there exists ρj ∈ R such that for
n = 1, 2, · · · the estimate∣∣∣∣∣u(r, π) − ρj −

(
n∑

k=1

A
(j)
k

2μ
r

k
2ϕk(π) −

n∑
k=1

B
(j)
k

2μ
r

k
2ψk(π)

)∣∣∣∣∣ (4.3)

+

∣∣∣∣∣u(r,−π) − ρj −
(

n∑
k=1

A
(j)
k

2μ
r

k
2ϕk(−π) −

n∑
k=1

B
(j)
k

2μ
r

k
2ψk(−π)

)∣∣∣∣∣ ≤ Knr
n+1

2

is valid uniformly with respect to r ∈ ]0, η[, where Kn is a positive constant depending on n.

Remark 1. For any ρ ∈ R, there exist Ã
(j)
0 , B̃

(j)
0 , B̃

(j)
2 ∈ R such that

ρ = Ã
(j)
0 ϕ0(θ) + B̃

(j)
0 ψ0(θ) + B̃

(j)
2 rψ2(θ).

Then, it follows from Proposition 2 that for each n = 1, 2, · · ·

u(cj − r, c + 0) − u(cj − r, c − 0)

=
κ + 1

μ

n∑
k=1

(−1)kr
2k−1

2

⎛
⎝ −B

(j)
2k−1

A
(j)
2k−1

⎞
⎠ + O

(
r

2n+1
2

)
k (4.4)

with a constant vector k. In (4.1), by use of (2.1) and (2.3) we calculate

σ(vτ (y;x))e2

= 2μτ

(
y − x
|y − x|2 · (e2 + ie1)

)2

exp
{
−τ

y − x
|y − x|2 · (e2 + ie1)

}
(e1 + ie2). (4.5)

As the result, the following result is obtained.

Proposition 3. There exist a positive number A and an integer N ≥ 1 such that for each fixed
x ∈ Γε satisfying (3.2)

lim
τ→∞ τ

2N−1
2

∣∣∣e− τ
2sΣ(x) I(τ ;x)

∣∣∣ = A, (4.6)

which means that the function e−τ/(2sΣ(x))I(τ ;x) is truly algebraically decaying as τ → ∞.

This proposition was proved by [1] in the case of Laplace equation. Following [1] the proof
is given in the next section.

5 Proof of Proposition 3

The proof is divided into the following steps. In what follows we use the notation for simplicity
s0 = sΣ(x).
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5.1 Step 1: Decomposition of Σ

Choose δ > 0 in such a way that

Bs0+δ(x− s0e2) ∩ Σ ⊂ [cj−1, cj ] × {c}
and

ηδ =
√

(s0 + δ)2 − s2
0 < η

with η fixed in Proposition 2. Set

η′δ =
√

(s0 + δ)2 − (x2 − s0 − c)2 − |x1 − cj |.
Then one sees ηδ > η′δ > 0. Now we divide Σ into two parts:

Σ = (Σ \ Bs0+δ(x− s0e2)) ∪ (Σ ∩ Bs0+δ(x− s0e2)) .

Firstly, we consider in the case y ∈ Σ\Bs0+δ(x−s0e2). In this case it holds |y−(x−s0e2)| ≥
s0 + δ. Consequently, it follows from (3.1) and (4.5) that for all y ∈ Σ \ Bs0+δ(x− s0e2)

e
− τ

2s0 |σ(vτ (y;x))e2| ≤ c1τe−c2η2
δτ

with positive constants c1 and c2. By using (4.4) one can see that, as τ → ∞

e
− τ

2s0

∫
Σ\Bs0+δ(x−s0e2)

(
u+(y) − u−(y)

) · (σ(vτ (y;x))e2) dsy = O(τe−c3τ ), (5.1)

where c3 is a positive constant described as c3 = c2η
2
δ .

5.2 Step 2: Estimate of (4.1) for y ∈ Σ ∩ Bs0+δ(x− s0e2)

In the case y ∈ Σ ∩ Bs0+δ(x− s0e2), noting (4.4), (4.5) and Lemma 3.3 in [1], we have

−e
− τ

2s0

∫
Σ∩Bs0+δ(x−s0e2)

(
u+(y) − u−(y)

) · (σ(vτ (y;x))e2) dsy

= −e
− τ

2s0

∫
Σ∩Bs0+δ(x−s0e2)

⎧⎨
⎩κ + 1

μ

n∑
k=1

(−1)kr
2k−1

2

⎛
⎝ −B

(j)
2k−1

A
(j)
2k−1

⎞
⎠ + O

(
r

2n+1
2

)
k

⎫⎬
⎭

·
{

2μτ

(
y − x
|y − x|2 · (e2 + ie1)

)2

exp
{
−τ

y − x
|y − x|2 · (e2 + ie1)

}
(e1 + ie2)

}
dsy

= 2(κ + 1)τe
− τ

2s0

n∑
k=1

(−1)k

⎛
⎝ −B

(j)
2k−1

A
(j)
2k−1

⎞
⎠ · (e1 + ie2)Ik(τ) + O

(
τ−n+1

2 τ
3
4

)
.

(5.2)

Here Ik(τ) is defined as follows:

Ik(τ) =
∫ η′

δ

0

r
2k−1

2

(r − s0zα)2
exp

(
iτ

r − s0zα

)
dr,

zα = −
(
e−

π
2
i + ie−(π

2
+α)i

)
= − cos α + i(1 + sinα),
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where α ∈] − π
2 , π

2 [ is uniquely determined as the solution of the equation

eiα =
x1 − cj

s0
+ i

x2 − s0 − c

s0
,

and zα denotes the complex conjugate of zα. In this notation for y = (cj − r, c) one sees

y − x
|y − x|2 · (e2 + ie1) =

−i

r + (y1 − cj) + i(y2 − c)
=

−i

r − s0zα
.

Now we provide a lemma for asymptotic behavior of Ik(τ) as τ → ∞;

Lemma 1 (Lemma 3.5 in [1]). Let n = 1, 2, 3, · · · . It holds for all α ∈ ]− π
2 , π

2

[
lim

τ−→∞ τ
2n+1

2 e
− τ

2s0 e
− iτ cos α

2s0(1+sin α) In(τ)

= −is2n−1
0 2

2n−1
2 (1 + sin α)

2n−1
2 ei( 2n−1

2 )αΓ
(

2n + 1
2

)
.

This lemma implies that as τ → ∞

e
− τ

2s0 In(τ) ∼ −is2n−1
0 2

2n−1
2 (1 + sin α)

2n−1
2 ei( 2n−1

2 )αe
iτ cos α

2s0(1+sin α) Γ
(

2n + 1
2

)
τ− 2n+1

2 .

Combining (5.1) with (5.2), it follows from Lemma 1 that as τ → ∞

e
− τ

2s0 I(τ ;x) =
n0∑

n=1

Cne
cos α

2s0(1+sin α)
iτ

τ− 2n−1
2 + O

(
τ−n0+1

2 τ
3
4

)
, (5.3)

where

Cn = i(κ + 1)(−1)n+1s2n−1
0 2

2n+1
2 (1 + sin α)

2n−1
2 ei( 2n−1

2 )αΓ
(

2n + 1
2

)
⎛
⎝ −B

(j)
2n−1

A
(j)
2n−1

⎞
⎠ · (e1 + ie2).

However, (5.3) is not sufficient to prove (4.6) because it only shows that e−τ/(2s0)I(τ ;x) is
at most algebraically decaying as τ → ∞. Note that Cn = 0 if and only if A

(j)
2n−1 = B

(j)
2n−1 = 0.

5.3 Step 3: Key lemma and completion of proof of Propostion 3

Next, we provide key lemma for the proof of (4.6).

Lemma 2. Let g �= 0 satisfy the conditions (2.6) and (A). Then, there exists an integer n ≥ 1

such that
(
A

(j)
2n−1

)2
+

(
B

(j)
2n−1

)2
�= 0.

Proof. The proof proceeds along the same line as that of Lemma 2 in [5], see also the proof of
Lemma 3.4. in [1] in the case of Laplace equation.

Now we assume that A
(j)
2n−1 = B

(j)
2n−1 = 0 for all n ≥ 1. Then, (4.2) can be reduced to

u(r, θ) =
∞∑

k=0

A
(j)
2k

2μ
rkϕ2k(θ) −

∞∑
k=0

B
(j)
2k

2μ
rkψ2k(θ), (5.4)
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which means that u is real analytic near the crack tip (cj , c). Moreover, it is easy to see that
σ(u)e2 = 0 on ]cj , cj + η[×{c}. By use of analytic continuation, one can see σ(u)e2 = 0 on W
and all the tips of Σ are removable singularities of u+ and u−. Since supp(g) ⊂ (∂Ω∩{|x2−c| >
γ}) \ (Bγ(O) ∪ Bγ(0, b) ∪ Bγ(a, b) ∪ Bγ(a, 0)) due to the condition (†), σ(u)ν = 0 on the edges
near corner points O, (a, 0), (0, c), (a, c), (0, b) and (a, b). For a sufficiently small ε′ we set
Q−

ε′ = Ω− \ Rε′ with Rε′ = Bε′(O) ∪ Bε′(0, c) ∪ Bε′(a, 0) ∪ Bε′(a, c). By virtue of interior and
boundary regularity results, we see that for a sufficiently small ε′, u ∈ H2(Q−

ε′ ) satisfies⎧⎪⎪⎪⎨
⎪⎪⎪⎩

μ�u+ (λ + μ)∇(∇ · u) = 0 in Q−
ε′ ,

σ(u)ν = 0 on ]ε′, a − ε′[×{c},
σ(u)ν = g on (∂Ω ∩ {x2 < c}) \ Rε′ .

Then, the divergence theorem yields that for an arbitrary ρ ∈ R

0 =
∫

Q−
ε′
ρ · (μ�u+ (λ + μ)∇(∇ · u)) dx

=
∫

(∂Ω∩{x2<c})\Rε′
ρ · g dsx +

∫
∂Rε′∩Ω−

ρ · σ(u)ν dsx.

According to [8], as ε tends to 0,∣∣∣∣∣
∫

∂Rε′∩Ω−
ρ · σ(u)ν dsx

∣∣∣∣∣ → 0.

Thus, we conclude that for an arbitrary ρ ∈ R∫
∂Ω∩{x2<c}

g · ρ dsx = 0.

Since g satisfies the condition (†), it is a contradiction.
Similarly, the above argument is valid for the case of Ω+. The proof of Lemma 2 is completed.

In the consequence we can take N = min
{

n ≥ 1 |
(
A

(j)
2n−1

)2
+

(
B

(j)
2n−1

)2 
= 0
}

. Therefore,

it follows from (5.3) that for each x ∈ Γε satisfying the condition (3.2), (4.6) is valid with

A = (κ + 1)s2N−1
0 2

2N+1
2 (1 + sin α)

2N−1
2 Γ

(
2N + 1

2

) ∣∣∣∣∣∣
⎛
⎝ −B

(j)
2N−1

A
(j)
2N−1

⎞
⎠ · (e1 + ie2)

∣∣∣∣∣∣ .

6 Examples of g ∈ L2(∂Ω) satisfying the conditions (2.6) and (†)
We provide two concrete examples of g ∈ L2(∂Ω) satisfying the conditions (2.6) and (†). For
β1, β2 
= 0,

g1 =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

β1e2 on ]γ, a − γ[×{b},
−β1e2 on ]γ, a − γ[×{0},
0, otherwise.
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Next, set γ′ = min {c − 2γ, b − c − 2γ}.

g2 =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

β2(ae1 − (2γ + γ′)e2) on {a}× ]c − γ − γ′, c − γ[,

−β2(ae1 − (2γ + γ′)e2) on {0}× ]c + γ, c + γ + γ′[,

0, otherwise.
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