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Preface

This volume is intended as the proceedings of Sapporo Symposium on Partial
Differential Equations, held on August 17 through August 19 in 2020 at Faculty

of Science, Hokkaido University.

Sapporo Symposium on PDE has been held annually to present the latest devel-
opments on PDE with a broad spectrum of interests not limited to the methods of
a particular school. Late Professor Taira Shirota started the symposium more
than 40 years ago. Late Professor Ko6ji Kubota and late Professor Rentaro Agemi

made a large contribution to its organization for many years.

We always thank their significant contribution to the progress of the Sapporo

Symposium on PDE.

Finally, it should be mentioned that some contributions in this volume are written
in Japanese, since the symposium is held as a domestic one for preventing from the

spread of COVID-19.

S.-I. Ei (Hokkaido University)

Y. Giga (The University of Tokyo)

N. Hamamuki (Hokkaido University)
S. Jimbo (Hokkaido University)

H. Kubo (Hokkaido University)

H. Kuroda (Hokkaido University)

T. Ozawa (Waseda University)

T. Sakajo (Kyoto University)

K. Tsutaya (Hirosaki University)
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Stability of steady states for geometric
evolution equations
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1 1 0 \/1_|_B?—2Bsin(2H*(U—T))
Iy(s) = Iy(s; Ha, B, 7) = / V1+B? —2Bsin(2H.(0 — 7)) do.
0
ZZT,
T e
Hb = —H,(>0), azHJTJrZa 5:HJT_Z

EBE, ae[—7/2,7/2), <0,
7r m
{§+m7r<Hjsa<§+m7r (me NU{0}) for B #1,

0<Hfs—p<m for B=1.
3%, k=2/B/(1+B)&d5&E, I(s;—H!, B, 1), Ls;—H}, B, 7) &

[1<8; _HjaB>7—)

m{QmK(k’) + (=1)™F(sin(H}s — a); k) — F(sin(—a); k)} (B # 1),

e elon (25)) e () 00

IQ(S; _H:r) BvT)

1;rB{2mE(k:) + (=1)"E(sin(H}s — a); k) — E(sin(—a); k)} (B #1),

;Jr {cos B —cos(H}s— )} (B=1),

ERIND. K(k)\FHB1EZEREHMS, E(k) 358 2 MaEaEHBED, Fn k) 1358 11
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0= / e
%1—k2§2 i Toe
B 1—k2§2
k)_/o \/(1—k2€2)(1—€2) - / Toe ¢

(13) & (12) ITfRAT B &,

AP(HS, B,d,7)kn_ku, + BP(H!,B,d, 7,0, )kn_ + B2(H}, B,d,7,0_)km,
+CP(H, B,d,7,0,,0_) =0.

AP BP CPlx Maple 2015 Z U TR TE 21 EHTH L5720, TI T AP DA
*KiLd 5.
AP(H} B, d,T)
1

T 8(H)PPQ [(H )2(1 — B*)*I7 cos(2H 7) cos(2H (d — 7))

— 4(H)*(1 + B*) I Iy cos(2H, 7) cos(2H (d — 7))

+ 3(H)?I5 cos(2H ) cos(2H ! (d — 7))

+2H (1 + B*)[[{Psin(2H, 1) cos(2H (d — 7)) + Q cos(2H 7) sin(2H; (d — 7)) }
—4HBI{Pcos(2H (d — 7)) — Q cos(2H, 7)}

— 4H L{Psin(2H 1) cos(2H (d — 7)) + Q cos(2H; 7)sin(2H (d — 7)) }
+2PQ{1 + sin(2H; 7)sin(2H (d — 7))}
7)

)|

772U, P(HF,B,7), QUHF,B,d,7) 3% hZh

— (P? 4+ Q*) cos(2H, 1) cos(2H (d —

P(H},B,7) = \/1+ B? — 2Bsin(2H:7),

QUE!, B,d,7) = /1 + B + 2Bsin(2H! (d - 7))
THZ6NE. 512 Maple 2015 289 5 &

BP(H}, B,d,7,0,)BY(H,B,d,7,0_) — AP(H}, B,d, 7)C”(H/, B,d,,0.,0_)
1
~16(HS)YPQ

+ H (3 —sin(2H, (d — 7)) sin(2H} 7)) I

[Hj{(l + B2)(1+ sin(2HF 7) sin(2H (d — 7)) — (P* + Q) V],

~ P cos(2H, ) sin(2H, (d — 7)) — Qsin(2H, 7) cos(2H; (d — 7)) >0

DO SEDZ DN D. ZOLELNTFOEMEG5.
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D(kn,, HY, B, d,7,05) := AP(H}, B,d, 7)kn_kn, + B?(H}, B,d, 7,0, )rn_
+ B£<Hj>Bad7 T, 9*)'%1_[4_ + CD(vaBada T, 9+70*)

c‘f_j—é :O)t%, /ini,Hj_,B,d,T,ei fﬁ

BY(H[,B.d,7,0-)
AP(HY, B,d,7) '

Z 729772 51F, Delaunay B IZHSFRZEENICE U TP L ETH 5.

D(ani,H:r,B,d,T,ei)>O, Ko > — de<q1,

EIE 4.2 Hfd> q 513, Delaunay MR LZREIZ45 & 5748 (kn_, ki, ) DRLIZELE L
AN

— R IR D SO NAFERIZIZZIETTH D, ERIZEDEI I RBETED LS
IR D Delaunay BRI DN Z ENZ 72 2 & R B1T1E, X SIZFHMRTz nEE §5.
A CTIEW LS D ORI ZRE L, BARNZZRZIRD Delaunay BHHNIZ B U TLE N % %
T 5.
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STABILITY OF LAMB DIPOLES

KEN ABE

1. INTRODUCTION

1.1. Lamb dipoles. This talk is based on a joint work [1] with Kyudong Choi (UNIST).
We consider the two-dimensional vorticity equations:

AW +v-Vi=0, v=kx{ inR*>x(0,c0),

1.1
(- {=¢  onR*x({t=0}

with the kernel k(x) = (27)~'x*|x72, x* = /(=x2, x1). The equations (1.1) admit a vortex
pair, i.e., a solution of the form

v(x, 1) = u(X + Uoot) — Uco,
L(x, 1) = W(x + Usol),

vanishing at space infinity with a constant velocity u,, € R?. Vortex pairs are symmetric
dipoles with compactly supported two vorticities having opposite signs translating to one
direction. They are theoretical models of coherent vortex structures in large-scale geophysi-
cal flows. See, e.g., [14], [10] for experimental works. By rotational invariance of (1.1), we
take uo, = '(—=W,0), W > 0, without loss of generality. Substituting (v, ) into (1.1) implies
the steady Euler equations for (1, w) in a half plane:

u-Vw =0 inRi,
U— Uy as|x| o co.

(1.2)

In 1906, H. Lamb [16, p.231] noted an explicit solution to (1.2), generally referred
to as the Lamb dipole (Chaplygin-Lamb dipole), a solution w; = Amax{¥.,0}, uy =
10y, YL, =0y, ¥L), 0 < A < o0, of the form

CrJi(A'?r)sing, r<a,

(1.3) Yi(x) = ( az) )
—Wlr——|sinf, r>a,
r

with the constants
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CrL=—-—r-——, a=col '?,

A2 Jo(co)
where (7, 0) is the polar coordinate and J,,(r) is the m-th order Bessel function of the first
kind. The constant ¢y is the first zero point of Jy, i.e., J1(cg) = 0, co = 3.8317 - - -, Jo(co) < O.
The parameter A > 0 denotes the strength of the vortex and is related with its impulse by

c(z)nW
xowrdx = .
R2 4

The Lamb dipole (1.3) is the simplest explicit solution to (1.2), symmetric for the x;-
variable, which is a special case of non-symmetric Chaplygin dipoles, independently founded
by S. A. Chaplygin in 1903 [8], [9]. See also [22].

The Lamb dipole is considered as a stable vortex structure in a two-dimensional flow.
Its stability has been studied by an experimental work [10] and also by a numerical work
[13]. On the other hand, despite the explicit form of this classical solution, its mathematical
stability had been an open question since the solution was introduced by S. A. Chaplygin
and H. Lamb at the early 20th century. For solutions with a single-signed vortex such as a
circular vortex [28], [25] or a rectangular vortex [4], stability results have been developed,
while no stability result was known for the Lamb dipole which has a multi-signed vortex
and forms a traveling wave.

There is an interesting relation with solitons in the theory of nonlinear wave equations.
One of classical models that describes propagation of a wave may be the KdV equation [15].
More generally for the gKdV equation,

6,w+6)3cw+<9x(wp):0, xeR, >0,

for an integer p > 2, there exists a soliton solution of the form w(x, t) = Q.(x — ct) for ¢ > 0
and Q.(x) = c/P~DQ(c!/?x), where

p+1 )1/(17—1)

o) (2 cosh?((p — 1x/2)

is called soliton, which is a unique positive solution of the elliptic problem 82Q + Q” = Q,
up to translation. Stability of this soliton is well known when the problem is globally well-
posed. Indeed for 2 < p < 5, the gKdV equation is globally well-posed, and if initial
data is close to the soliton, the solution remains nearby the soliton for all time by admitting
translation of Q [5], [29]. Such stability is termed orbital stability. For p = 5, this soliton
is unstable [20] and a finite time blow-up occurs [23], [21]. The Euler equations may have
some aspects of the wave equation. Even for the three-dimensional case, vortex rings form
traveling waves. We shall establish the orbital stability theorem for the Lamb dipole which
is the most typical traveling wave.



In the sequel, we identify a function o in R2 with an odd extension to R? for the x,-
variable, i.e., {p(x1, x2) = —{o(x1, —x2). Since a classical solution to (1.1) exists and is sym-
metric for the x,-variable for sufficiently smooth initial data [18], a standard approximation
argument implies the existence of a symmetric global weak solution / € BC([0, 00); L? N
L'(R?)) for symmetric initial data /o € L> N L'(R?) [19]. Here, BC([0, o); X) denotes the
space of all bounded continuous functions from [0, co) into a Banach space X. Among other
results, our simplest result is the following:

Theorem 1.1. Let 0 <A, W < oo. The Lamb dipole wy is orbitally stable in the sense
that for v > 0 and & > 0, there exists § > 0 such that for o € L* N L'(R?) satisfying
X280 € L'(R3), 40 2 0, Iolly < v and

igﬂgz {0 — wrC + Pl + Ix2(Go — wr(- + )i} <6,
YEOKRY

there exists a global weak solution {(t) of (1.1) satisfying

igﬂgz 1@ = wr + Yl + 126 (@) — wL- + DI} < &, forallt>0.
YEORY

1.2. Vorticity method. Theorem 1.1 is a particular case of our general stability theorem.
Let us consider the existence problem (1.2). The equation (1.2); can be written by the
Jacobian of '(¥, w) for u = '(9,,¥, —0,,'P). Therefore w is represented by w = Af(¥) with
some function f(¢) and 4 > 0 and existence of such (u, w) is reduced to the free-boundary
problem for y > 0:

~A¥= Af(¥) inR2,
(1.4) ¥=—y on dR?,
0,¥—0, 0,¥Y—-W as|x] - co.

The function f is called a vorticity function which is prescribed by a non-negative and non-
decreasing function. We shall take

f(t) = t+s t+ = maX{ta 0}’

for which the Lamb dipole ¥} is a solution to (1.4) for vy = 0 and spt w; = B(0,a) N Ri,
ie., wp = Af(¥L). Here B(0, a) is an open disk centered at the origin with the radius a > 0.
The three parameters W,y > 0 and A > 0 are referred to as propagation speed, flux constant
and strength parameter. We chose the flux constant y so that ¥ = 0 on the boundary of the

vortex core spt w = €. The problem (1.4) is a free-boundary problem since the vortex core
Q is a priori unknown. Once the core is found, one can find ¥ by solving the two problems:



-A¥Y= Y inQ, ¥=0 onodQ,
—~A¥= 0 inR2\Q, ¥=-y ondR%, 9, ¥ -0, 0,¥ > -W aslx — .

On the other hand, the core is characterized as Q = {x € R | ¥(x) > 0} by a maximum
principle. The function ¥ = ¢ — Wx, —v is represented by the Green function of the Laplace
operator subject to the Dirichlet boundary condition in a half plane

4xyy2 )
Ix =y

(1.5) Y(x) = f G(x, y)wydy, Glx,y) = L log (1 +
R2 47

To study existence and stability of solutions to (1.4), we consider a variational principle
based on vorticity, called a vorticity method, originating from the idea of Kelvin [26], initi-
ated by Arnold [2], [3]. See also Benjamin [6] for vortex rings. For vortex pairs, vorticity
methods were developed by Turkington [27] and Burton [7]. See also Norbury [24] and
Yang [30] for a stream function method.

Our approach is based on the vorticity method of Friedman-Turkington [12], [11] devel-
oped for vortex rings. For 0 < u, v, A< oo, we set a space of admissible functions

wZO,fxzwdx:,u,fa)dev}.
R2 R2

T

Kuy= {a) e L*(R?)

We construct solutions of (1.4) by maximizing a penalized energy

1 1
Er o] = Elw] - o fRZ a)zdx, Elw] = 3 fR2 11;2 G(x, y)w(x)w(y)dxdy.

For a notational convenience, we formulate the maximization problem as a minimization of
—E> , and denote by

(1.6) ]/l,V/l = a)lerll(f {_EZ,/I[(U]} .

wy

The constants W, v > 0 are Lagrange multipliers. This formulation is slightly different
from that of [12], [11], where admissible functions are restricted to a space of symmetric
functions for x; € R. More precisely, the method in [12], [11] applies to prove compactness
of a minimizing sequence satisfying

w(x1,x2) = w(=x1, x2),

1. . . .
(4.7 w(x1, x2) is non-increasing for x; > 0.

The condition (1.7) is essential for the method in [12], [11]. In fact, since the energy —FE» 4
is invariant by translation for the xj-variable, translation of any minimizer is a minimizing
sequence. We shall show without assuming (1.7) that any minimizing sequence is relatively
compact by translation for the x;-variable by using the concentration compactness principle



of Lions [17]. The following Theorem 1.2 is an improvement of [12], [11] in terms of vortex
pairs.

Theorem 1.2. Let 0 < p,v, A< oo. For any minimizing sequence {w,} satisfying w, € K, ,,
Hn — pand —E )[wp] — 1,0, there exists a sequence {y,} C (')Ri such that {w,(- + y»)}
and {xyw, (- + y,)} are relatively compact in LZ(Ri) and LI(R_%), respectively. In particular,
the problem (1.6) has a minimizer in K, ,.
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Regularity for the stationary Navier-Stokes equations over bumpy
boundaries and a local wall law

Mitsuo Higaki*
Department of Mathematics,
Kobe University

1 Introduction

In this talk we are concerned with the local regularity of viscous incompressible fluid flows above
rough bumpy boundaries 23 > ev(z'/¢) with v Lipschitz and the no-slip boundary condition.
Although bumpy boundaries have a complicated geometry and low regularity, the flow may
paradoxically be better behaved than for smooth or flat boundaries. It is well documented
in the physical [23, 35] and the mathematical [31, 12, 19] literature that roughness favors slip
of the fluid on the boundary in certain regimes. In the striking paper [8] it is even showed
experimentally that roughness may delay the transition to turbulence. This also supports the
idea that the vanishing viscosity limit from Navier-Stokes to Euler may be less singular above
highly oscillating boundaries than above flat ones [21, 11, 33].

Our goal is to investigate these effects, such as the enhanced slip, or the delay of the transition
to turbulence, from the point of view of the regularity theory. Due in particular to vorticity
creation at the boundary, the boundary regularity of fluid flows with the no-slip boundary
conditions is delicate. In the nonstationary case, it is for instance not known whether there
is an analogue of Constantin and Fefferman’s [7] celebrated geometric regularity criteria for
supercritical blow-up scenarios. For perfect slip or Navier-slip boundary conditions on the
contrary, the situation is brighter. In particular an extension of the criteria of [7] is known in
this case; see the work [6] by Beirao da Veiga and Berselli and [29] by Li. We expect that fluids
over bumpy boundaries have an intermediate behavior between these two extreme no-slip and
(full-)slip situations, especially as far as the mesoscopic regularity properties are concerned.

Our approach grounds on the use of asymptotic analysis to prove regularity estimates. The
success of such methods to prove the regularity to certain Partial Differential Equations is
spectacular. One of the striking examples is that of homogenization. The basic idea is that
the large-scale regularity is determined by the macroscopic properties of the systems, i.e. in
the homogenization limit, while the small-scale regularity is determined by the regularity of the
data (coefficients, boundary). Two approaches were developed: (a) blow-up and compactness
arguments in periodic homogenization in the wake of the pioneering works [4, 5], (b) quantitative
arguments based on suboptimal local error estimates as developed for periodic homogenization
[36, 9, 34], almost periodic homogenization [3], and stochastic homogenization [15, 1, 18, 38].

In this work, we focus on the regularity for stationary problems. We consider the three-

* This is joint work with Christophe Prange (Université de Bordeaux, CNRS)



dimensional stationary Navier-Stokes equations

—Auf +Vp* = —u - Vu® in Bf (0)
VouF =0 in B, (0) (NS7)
W =0 on I'5(0) .

The functions uf = u®(z), u® = (u§,u5,u5)" € R3, and p° = p°(x) € R denote respectively the
velocity field and the pressure field of the fluid. We have set for € € (0,1] and r € (0, 1],

/ /

Bi (0)={a € B |/ € (-rr)?, ev(T) <wy <en(T) 47},
/
x

Fi(O) = {.CC eR® ’ s (_T> T>2> €3 = 67(;)} :
The boundary function v € W1°°(R?) is assumed to satisfy v(z') € (—1,0) for all 2’ € R?. Note
that, since our interest is in the local boundary regularity of (NS¢), the boundary condition is
prescribed only on the lower part of 0B; | (0). We work in the framework of weak solutions of
(NS?). A vector function u¢ € H'(B§ , (0))? is said to be a weak solution to (NS?) if u* satisfies

V - uf = 0 in the sense of distributions, UE’Fi (0) = 0 in the trace sense, and

J

for any ¢ € C§% (B5 1 (0)). Here Cg%,(2) denotes the space of test functions { f € C§°()* | V-f =
0} when € is an open set in R3. For the pressure p?, we emphasize that the unique existence
in L%( 1.+(0)) up to an additive constant can be proved in a functional analytic way using the
weak formulation (1).

Our use of compactness arguments to tackle the regularity for solutions of (NS¢) is reminis-
cent of the pioneering work of Avellaneda and Lin [4, 5] in homogenization, and of the works
by Gérard-Varet [10], Gu and Shen [16], and Kenig and Prange [24, 25]. We separate the small-
scale regularity, i.e. at scales < ¢, from the mescopic- or large-scale regularity, i.e. at scales
e < r < 1. Concerning the small scales, the classical Schauder regularity theory for the Stokes
and the Navier-Stokes equations was started by Ladyzenskaja [28] using potential theory and
by Giaquinta and Modica [14] using Campanato spaces. These classical estimates require some
smoothness of the boundary and typically depend on the modulus of continuity of Vv when the
boundary is given by x3 = y(z’). Therefore, these estimates degenerate for highly oscillating
boundaries z:3 = ey(2’/¢) with sufficiently small € € (0,1). As for the large scales, on the con-
trary, the regularity is inherited from the limit system when € — 0 posed in a domain with a
flat boundary. Here no regularity is needed for the original boundary, beyond the boundedness
of v and of its gradient. The mechanism for the regularity at small scales and at large scales
is hence completely different. Moreover, it is possible to prove, at the large scales, improved
estimates that are known to be false at the small scales. An example of this is our large-scale
Lipschitz estimate of Theorem 2.1 below that is known to be false over a Lipschitz graph at the
small scales even in the case of a linear elliptic operator [26, 27, 36].

Beyond improved regularity estimates, our objective is to develop local error estimates for
the homogenization of viscous incompressible fluids over bumpy boundaries and derive local wall
laws. The wall law catches an averaged effect from the O(e)-scale on large scale flows of order
O(1) through homogenization. In the wall law, a rough boundary is modeled as a smooth one
and an appropriate condition is imposed on it reflecting the roughness of the original boundary.
In typical situations, this process gives a Navier-type condition with slip length of O(e), the so-
called Navier wall law. This effective boundary condition reads for instance in two dimensions

Vu® -V = —/ (u®-Vu) - (1)
(0) Bf 1 (0)

e
1,4+

up = ecadu;, uz =0 on 8Ri (2)



with a constant a depending only on the boundary function . We now briefly review the
literature concerned with the derivation of wall laws such as (2) and the proof of error estimates
in the global setting. The literature is vast and it is impossible to be exhaustive here. The wall
law for simple stationary shear flows is analyzed in the pioneering work Jager and Mikelié¢ [22]
when the boundary is periodic. This result is extended to a random setting by Gérard-Varet [10]
and to the almost periodic setting by Gérard-Varet and Masmoudi [12]. Nonstationary cases are
studied in Mikeli¢, Necasova, and Neuss-Radu [32] under the assumption that the limit flows are
space-time C? functions. The strong regularity condition in [32] implies that a careful analysis
is needed when we study Initial Boundary Value Problems (IBVPs). Indeed, for these cases,
no matter how regular the initial data are, there is the loss of regularity of solutions due to
the boundary compatibility condition. Higaki [19] considers an IBVP in a bumpy half-space
and verifies the Navier wall law for C! initial data under natural compatibility conditions. A
key ingredient is to make use of the L°°-regularity theory of the Navier-Stokes equations in the
half-spaces. Theorem 2.3 below provides a local counterpart of these global error estimates in
the case of the stationary Navier-Stokes equations.

2 Outline and novelty of our results

Our main results are given in the two theorems below. In Theorem 2.1 we state a uniform
Lipschitz estimate. In Theorem 2.3 we give a local error estimate and identify the building
blocks of the regularity theory. Both results hold for weak solutions of the nonlinear equations
(NS?) and hold without any smallness assumption on the size of the solutions. For an open set
Q C R? and a Lebesgue measurable function f on €, we set

]élflz‘é/glfl, <f>9:,§2‘/ﬂf,

where || denotes the Lebesgue measure of €.

Theorem 2.1 ([20], mesoscopic Lipschitz estimate). For all M € (0,00), there exists a constant
M € (0,1) depending on V][ w1002y and M such that the following statement holds. For all

e € (0,eM] and r € [¢/eW, 1], any weak solution u® € H'( £ .(0))? to (NS°) with

(£, . Wf <M (3)
(f

is independent of € and r, and depends on ||y||y1.00(r2y and M. More-

satisfies

1
NG (@
et

where the constant C](\/ll)

(1)

1) . ) ) .
over, C},/ 1s a monotone increasing function of M and converges to zero as M goes to zero.

Remark 2.2. (i) By using the Caccioppoli inequality, one can easily prove

/.

T+

1
vua‘2> 2 S C](\/II)
(0)



for 7 € [e/eWV), 1]. Here the constant C’](Vl[) satisfies the same property as C](Vl[).

(ii) In the paper [10], Gérard-Varet obtains a uniform Hoélder estimate for weak solutions of
the Stokes equations when v € C1*(R?) for a fixed modulus of continuity w. Let us emphasize
that there is a gap in difficulty between the uniform Holder estimate (right-hand side of (4)
replaced by Cr#* with p € (0,1)) and the uniform Lipschitz estimate (4). Indeed, at least in
the compactness argument, the Lipschitz estimate requires the analysis of the boundary layer
corrector. Moreover, let us emphasize that the Lipschitz estimate is the best that can be proved
for u¥ uniformly in €. This comment does not contradict the uniform C'* estimate below. Indeed
the estimate in Theorem 2.3 is a measure of the oscillation between u® and affine functions, and
is not an estimate for u® directly. The reader is referred to the recent works Zhuge [38] and Gu
and Zhuge [18] obtaining large-scale Lipschitz estimates by stochastic homogenization.

(iii) As in the works [4, 10, 24] one can combine the mesoscopic regularity estimate with the
classical regularity, provided the boundary is regular enough, i.e. when V+ is Hélder continuous.
In that case, we can prove the full Lipschitz estimate |[Vu®||poo( B;_, (0)) for (NS®). However, one
cannot expect such an estimate to hold in Lipschitz domains even for the Laplace equation with
the Dirichlet boundary condition.

(iv) There is a version of Theorem 2.1 for the linear Stokes equations; see [20, Theorem
3]. An important application of such uniform Lipschitz estimates is for estimating the Green
and Poisson kernels associated to the Stokes equations in the Lipschitz half-space {y3 > v(v)}.
Following [4], such estimates were proved for elliptic systems in bumpy domains in [24], or
the Stokes equations with periodic coefficients [17]. Such estimates play a crucial role for the
homogenization of boundary layer correctors, in particular in the works [13, 2, 37]

Next let us state the result which gives a local justification of the Navier wall law. The
following theorem is concerned with the polynomial approximation of weak solutions to (NS¢)
at mesoscopic scales. Remark 2.4 below states consequences of the theorem and Remark 2.5
establishes the connection between our theorem and the Navier wall law.

Theorem 2.3 ([20], polynomial approximation). Fiz M € (0,00) and p € (0,1). Then there
exists a constant €2 € (0,1) depending on [Vl w1eo 2y, M, and p such that for all weak
solutions u® € H'(B5 Jr(()))3 to (NS¢) satisfying the bound (3), the following statements hold.

(i) For all e € (0,6 and r € [¢/eP), 1], we have

(][ Zcmmgeg\ dx) <R e, (5)

where the coefficient i ;, j € {1,2}, is a functional of u® depending on e, 1, ||v|w1.00r2), M,

and w, while the constant C](V?,)

L

is independent of ¢ and r, and depends on |||y 1,002y, M, and

(ii) We assume in addition that vy € VV1 (R?) is 2m-periodic in each variable. Then there ex-
ists a constant vector field ) = (af ) ,0)T € R3, j € {1,2}, depending only on [V][w1.00 (m2)
such that for all ¢ € (0,e®)] and r € [6/6 , 1], we have

2 —_——
/ )= X slases 2o ) < P e, ()

7+( J:1

=

~(2)

where the coefficient c; ;, j € {1,2}, is same as in the estimate (5), while the constant Cyy is
independent of € and r, and depends on ||7|ly1.0c w2y, M, and p.



Remark 2.4. (i) Each of the constants C’J(VQI) and C’J(VQI) satisfies the same property as C’](\}) in
Theorem 2.1 as functions of M.

(ii) Note that at the small scale, namely when r = O(¢), the right-hand side in the estimate
(5) is no better than the right-hand side of (4) in Theorem 2.1. Hence there is no improvement
at this scale. On the other hand, if we consider the case r € [(¢/e?)%, 1] with § € (0,1), then
we see that

RIS < (1+ (5(2))%7"%_“)7““““ .

Therefore, we call the estimate (5) a mesoscopic C'#* estimate at the scales € [(g/e(?))?,1]
with § € (0, (2u +1)71).

(iii) A comparison between the estimates (5) and (6) highlights the regularity improvement
coming from the boundary periodicity. Indeed, the estimate (6) is sharper than (5) at mesoscopic
scales because 5%7*% < E%T% holds whenever r € [e, 1].

Remark 2.5. Let us denote the polynomial in (6) by Py ;, j € {1,2}:
P§ ;(z) = z3e; + ).

Then each Pﬁ,’j is a shear flow in the half-space Ri and is an explicit solution to the Navier-
Stokes equations with a Navier-slip boundary condition

—Auf + Vpy = —ufy - Vuly in Rg
V-uy =0 in R .
ujy 3 =0 on OR% (NSy)

(U§V,17 u?v,Q)T = 5M(83U§V71, 33U§V72)T on 8Ri

with a trivial pressure p§, = 0. Here the 2 x 2 matrix M = (Oé,gj))lgz‘,jgg can be proved to be
positive definite; see Proposition 4.2 (ii) below. Thus the estimate (6) in Theorem 2.3 reads as
follows: any weak solution u® to (NS¢) can be approximated at any mesoscopic scale by a linear
combination of the Navier polynomials Py ; and Py , multiplied by constants depending on u°.

This is a local version of the Navier wall law at the O(e%)-scales, which has been widely studied
in the global framework.

The novelty of our results can be summarized as follows:

(I) Singular boundary: it is just Lipschitz and has no structure (except in Theorem 2.3 (ii)).

(IT) No smallness assumption on the size of solutions.

(III) Derivation of a local wall law and local error estimates.

As is stated in (I), one of the originalities of Theorem 2.1 is that it does not rely on the
smoothness of the boundary such as, the Holder continuity of V. Moreover, one cannot use
any Fourier methods due to the lack of structure of the boundary. In fact, when working with
Lipschitz boundaries, the classical Schauder theory is not applicable directly since there is no
improvement of flatness coming from zooming on the boundary as is explained in [25]. The
smoothing happens at scales larger than that of the boundary layer thickness.

Concerning point (II), we are able to remove any smallness assumption on the size of the
solutions in Theorem 2.1 and Theorem 2.3. This is in stark contrast with previous works
concerned with the regularity of elliptic or Stokes systems [4, 10, 16, 24, 25]. Moreover, as far as
we know the error estimates in the stationary global setting are all in the perturbative regime;
see for instance [12].



Point (IIT) is concerned with Theorem 2.3. It is important physically as well as mathemati-
cally since we are interested in the effects of rough boundaries on viscous fluids. Our result is a
first-step toward understanding roughness effects on the Navier-Stokes flows in view of regularity
improvement. As far as we know, estimate (6) is the first justification of a local wall law.

These three aspects are further discussed in connection with our strategy below.

3 Difficulties and strategy

The proof of Theorem 2.1 and Theorem 2.3 is based on a compactness argument as in [24, 25]
originating from the works [4, 5] on uniform estimates in homogenization. In principle, we follow
the strategy of [25] concerned with the regularity theory of elliptic systems in bumpy domains.
The main points in [25] are: (1) construction of a boundary layer corrector in the Lipschitz half-
space, (2) proof of the mesoscopic regularity by compactness and iteration. This strategy entails
difficulties related to the lack of structure of the boundary which implies a lack of compactness
of the solution to the boundary layer problem, and to the unavailability of Fourier methods up
to the boundary. In addition to these difficulties, our proof is more involved due to: (i) the
vectoriality of the equations (NS¢) and the divergence-free condition, (ii) the nonlocal pressure,
(iii) the nonlinearity of the Navier-Stokes equations and the lack of smallness of the solutions.

Concerning the first point, the (vectorial) divergence-free condition V - u® = 0 causes a
difficulty in the compactness argument even for the Stokes equations; see [20, Section 4] especially
Lemma 13 and its proof. A key idea is that no boundary layer is needed on the vertical
component of the velocity. Therefore the boundary layer corrector is naturally constructed
as a divergence-free function.

Concerning the second point, let us stress a key difference between the stationary Navier-
Stokes equations and the nonstationary ones. For the stationary Stokes equations imposed in a
ball B1(0), one can estimate the pressure directly in terms of the velocity as

1P = @) B0yl 2B 0)) < ClIVPIE-1(B(0)) < ClIVUllL2(B) (0))- (7)

Similar estimates in balls intersecting the boundary and for the Navier-Stokes equations are
intensively used in our analysis. This is in strong contrast with the nonstationary Navier-Stokes
equations where the pressure interacts with the time derivative of the velocity.

The third aspect is partly related to (ii). In typical statements of the partial regularity
theory for the nonstationary Navier-Stokes equations, one assumes smallness of certain scale-
critical quantities in € and hence one obtains linear equations in the limit € — 0. Then the
regularity theory for the linear equations yields a space-time Holder regularity improvement
for the original solution; see Lin [30] for example. However, for the stationary Navier-Stokes
equations discussed in our talk, we do not need such a smallness condition; see Theorem 2.1.
The limit equations when € — 0 are not linear, but we can prove the smoothness of weak
solutions because H'! bounds are enough to control both the nonlinear term and pressure term
in L? space. Then bootstrapping using the standard elliptic regularity in a smooth domain leads
to the (spatial) C*°-regularity for the limit equations. Estimate (7) is the reason why one can
bootstrap the regularity. Once the regularity is inherited at a fixed scale 6 € (0,1), a serious
difficulty arises in the iteration of such an estimate. At each step in the induction, we need to
use the Caccioppoli inequality to control the norm ||u®||;2. A naive approach yields an estimate
that depends algebraically on the size M of u as in (3). Hence the naive estimate becomes
unbounded in M as the iteration proceeds. This prevents one from closing the induction due
to the lack of uniformity. We overcome this difficulty by choosing the free parameter 6 in the
compactness lemma in terms of the data v and M. This is done in the spirit of the Newton



shooting method. It should finally be emphasized that the boundary layer corrector, entering the
scheme for the nonlinear Navier-Stokes equations (NS¢), solves the linear Stokes equations. This
is expected from the following formal heuristics. Indeed, in the boundary layer u® ~ ev(z/e), so
that v solves —%Av +ev-Vo+Vqg=0,V-v=0.

4 The boundary layer corrector

We summarize the results concerning the boundary layer problem in Lipschitz half-spaces with-
out proof for easy reference. These results are needed in the proof of Theorems 2.1 and 2.3.

General case. The boundary layer equations for j € {1,2} are written as

—Av+Vqg=0, y € Qb
V-v=0, y € QM (BLO))
vy, (Y) = —v(y)e;

where v € W (R?) and Q"' denotes the Lipschitz half-space Q' = {y € R3 | 4(¢/) < y3 < o0}.
The unique existence of weak solutions to (BL)) is stated as follows.

Proposition 4.1. Fiz j € {1,2} and let v gfl’“(Rz). Then there exists a unique weak
solution (v,q) = (v, q)) € HL (QP)3 x L2 (QP) to (BLY)) satisfying

sup / / V09 (3, y3) 2 dys dy' < O,
nez? Jn+(0,1)2 J~(y')

where the constant C' depends only on [|7||y1.00 (m2)-

The basic idea of the proof is to decompose the domain QP! into @ U (QP! \@) and to

derive an equivalent equations to (BL)) on the infinite channel QP'\ R3 but involving the
Dirichlet-to-Neumann operator. This formulation allows us to apply the Poincaré inequality in
the vertical direction when estimating the local energy. The reader is referred to [20, Section 3]
for the details.

Periodic case. We note the asymptotic behavior of the boundary layer corrector at spatial
infinity when the boundary is periodic; see [20, Proposition 11].

Proposition 4.2. Fizj € {1,2} and let v € WH*°(R?) be 2m-periodic in each variable. Then the
weak solution (v9),qU)) to (BLY)) provided by Proposition 4.1 satisfies the following properties.

(i) There exists a constant vector field aU) = (agj), agj), 0)" € R3 such that

. . . . 7y7
09 (y) — a9+ ysq¥ ()] < CloD (0l 2(0,2mzy €% 0 w3 > 1,
where C' is a numerical constant. o A
(ii) The 2 x 2 matriz M € R?>*? defined by M = (041(]))19-7352 is symmetric and positive
definite.
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Numerical computations of split Bregman
method for fourth order total variation flow

Yoshikazu Giga* and Yuki Ueda'

1 Introduction

We are interested in gradient flows
uy € —0g E(u) for t > 0, (1)

with convex and lower semi-continuous energy functional £ : H — R U {oco} but may be very
singular, where H is a Hilbert space and dy F(u) is the subdifferential defined as

OopE(u)={p€ H:E(w)— E(u) > (p,v—u)g forallve H}. (2)

We give a few examples. Spohn [I3] has proposed a mathematical model for the relaxation of a
crystalline surface below the roughening temperature;

Vu

ug = —A (div <B\Vu] + |Vup_2Vu>> , (3)

where 3 > 0 and p > 1. Kashima [§] has presented this model as a fourth order H~!-gradient
flow for energy functional

E(u)—ﬁ/g|Dul+;/gDu|p. (@)

Rudin, Osher and Fatemi [I2] have proposed to minimize the following functional which is known
as Rudin-Osher-Fatemi (ROF) model:

A
[ 1Dul+ Sl = 1 5)

This is closely related to the second order total variation flow:

wp = div (;Z') . (6)

Indeed, equation (6)) introduces the subdifferential formulation u; € —072(q)E(u), where E(u) =

Jq |Du|. We apply the backward Euler method us ~ (u**! —u¥) /7 to the subdifferential formu-
lation, then we obtain

1
uk—i—l — argmin {/ |Du| + fH’U/ — ukH%z(Q)} ) (7)
u€L?(Q) Q 27
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where 7 > 0 is time step size. This is essentially the same problem as the ROF model. On the
other hand, Osher, Solé and Vese [I1] have proposed to minimize

[ 1Dul+ 5= -0 (8)

Osher-Solé-Vese (OSV) model () is closely related to the fourth order total variation flow, which

is formally described as
Vu
A
w=-a (o (g5 )

Performing numerical computations for the Spohn’s model, ROF model, the OSV model and
total variation flow have difficulties because of its singularity. Several studies have suggested
numerical schemes for the ROF model and second order total variation flow. Especially, the
split Bregman framework, which is based on the Bregman iterative scheme [1I] is well-known as
an efficient solver for the ROF model (for example, see [10, ]).

The aim of this work is to provide a new numerical scheme, which is based on the back-
ward Euler method and split Bregman framework, for fourth order total variation flow, OSV
model and Spohn’s fourth order model under periodic boundary condition. We introduce spa-
tial discretization by piecewise constant functions, then we compute V(—Ag, )~ 'vy, for piecewise
constant function vy, approximately or exactly. We also propose a new shrinkage operator for
Spohn’s model. Numerical experiments are demonstrated for fourth order problems under pe-
riodic boundary condition. We can check that our scheme perform quite well. Especially, it
has been proved that the solution of fourth order total variation flow becomes discontinuous
instantaneously for a class of initial data (see [4]). Our numerical result shows the discontinuity
approximately.

2 Preliminary

Let T = R/Z be the torus. In this paper, we regard T as an interval [0, 1] with periodic boundary
condition. The Fourier coefficient fr(§) € C for f € D'(T) is defined by the generalized Fourier
transform (for example, see [7, Chapter 5]):

Fr(€) = (f,e ™ pymy oy, fz) = ZfT(f)emgm- (10)
¢ez

Now we define the spaces of functions on T whose average are equal to zero:

L2,(1) = { feD(T): 3 |Fr(©)f < oo and Fr(0) =0, (11)

££0
Hy(T) = § f € D'(T) : Y & fr(€)* < oo and fr(0) =0 ¢, (12)

£#£0
HMNT) = { f €D(T): Y &7 fr(€)* < oo and fr(0) =0 ¢ (13)

£#0

We can check that each of these spaces are Hilbert space and the norms satisfy

1 £llzz, (1) = I fll2(m) for all f € L3,(T), (14)
e ery = IV Fll 22 for all f € H,,(T), (15)
1A it oy = 1(=2ar) " fllaz,m = V(= 2a) " fllgzmy  for all f e Hy\(T). (16)



We recall the spaces of functions of bounded variation in one-dimensional torus.

Definition 1 (Definition 3.3.13 of [6]). For a measurable function f on T which is defined
everywhere, we define the total variation as

M
/ |Df| = esssup Z\f(x]) —flzj)]:0=2g<a1 <---<am=1)p, (17)
T -
7=1
where the supremum is taken over all partition of the interval [0, 1]. Moreover, we define

BV(T):{UGD’(T):/|Df| <oo}. (18)
T
We define the functional E : H,}(T) — R U {co} as

- / |Dv| if v € BV(T)N HL(T),
- T

E(v (19)

00 otherwise.

Note that F : H}(T) — R U {co} is nonnegative, proper, lower semi-continuous and convex.
In this paper, we consider the gradient flow equation of the form

u(t) € —8H;,1(T)E(u(t)) for a.e. t >0,

u(-,0) =wug € HJ(T). (20)

(gradient flow) {
It is well-known that the theory of maximal monotone operators shows the existence and unique-
ness of solution u € C([0,0), H,,}(T)) to equation (for example, see [9]).
Let 7 > 0 be the temporal step size. We consider the backward Euler method for gradient
flow equation (20): for given u* € H!(T), find uf*? € H_1(T) such that

WFL — ok

—8, 1, E(uF). 21
— € O ET) (21)

This can be reduced to solving the following minimization problem:
1
k+1 _ : e k2
w7 = argmin {E(u) + 27_Hu u HHavl(T)} . (22)
u€H,y (T)

Since E is convex, such «*! is uniquely determined. The convergence of backward Euler method

has been proved in [9]. Note that equation is similar to the the minimization problem which
is given by OSV model [11]:

Find v € H,'(T) such that

(OSV) _ . A 9 (23)
u = argmin E(u)+§]\u—f||H;Vl(T) ,
where f € H}(T) is given data and X > 0 is an artificial parameter.
Hereafter, we consider the following minimization problem:
. A
(P0)  argmin « E(u) + Sllu— flF-1p ¢ (24)
—1 2 H&V (T)
uEHy (T)

where f € H}(T) is a given data or f = u¥, and X is a given parameter or A = 1/7. This
involves both of (OSV) and the backward Euler method for (gradient flow). Furthermore, (P0)
can be written equivalently as the following constrained minimization problem:

. A
(P1) argmin {/ d| + §||u - inI;,l(T) td = Du} . (25)
u€Hzy, (T) T



Remark. We can apply the above argument to Spohn’s fourth order model, which formally is
described as

u = —A (div <B|§Z| + |Vu\p2Vu>> . (26)
The subdifferential formulation is given as u; € _8H.;,1(’]1‘)E (u), where
E(u) = ﬁ/ |Dul + 1/ | DulP. (27)
T pJr
Therefore the backward Euler method for the H~!-gradient flow of E gives
argmin {B/\d]+l/\dp+/\Hu—fHQ 1 :d:Du}. (28)
weHL (T) T bJr 2 Hav (D)

3 Discretization for fourth order problems

3.1 Discretization for minimization problem

We introduce the (spatial) discretization. Let N € N be the partition number, h = 1/N and
z, = nh. We regard z¢ = xy, then {z,}_, gives an uniform partition of T. Furthermore, we
let z,11/2 = (Tn + Tnt1)/2 = (n+ 1/2)h for n = —1,0,..., N, where x_;,5 and xy,;/9 are
identified with zy_1/2 and zy /9, respectively. Then we define the following spaces of piecewise
constant functions:

Vi ={vn : T = R:uwlr, € Po(Iy) foralln=0,...,N}, (29a)
N N

Vhoz{vh:Zvnlfnth:Zvn:O}, (29b)
n=1 n=1

Vi ={dn:T—R:dpls, ,, €Po(l_1yp) foralln=1,...,N}, (29¢)

where I = [0,1), Iy = [y,—1/2, Tnt1/2)s In—1/2 = [Tn—1,Tn), Po(J) is a space of constant functions
on interval J and 1j, is its characteristic function.
Henceforth, we always denote

d=(dy,...,dy)"T e RV, Vv=(vy,...,on)T € RY, v=(v1,...,on_1)T € RN (30)

eVandy, =N

for given dj, = 25:1 dply, n—1Unly, € Vio. Here we introduce two matrices

—1/2

L0 .. 0 1 0 ... 0 -1
o 1 ... 0 11 0 0
RN: . . ERNX(N71)7 vh:hfl ) . GRNXN.
0 0 ... 1 ; h :
-1 -1 ... -1 00 -
Note that V}, is called the discrete gradient. Since v, = — 22[:_11 vy, for any vy, € Vi, we obtain
v = Ryv. We define Dy, : Vg — Vi, N L2, (1) as
N
Dpon = (o = 0 1)1a, 201 (31)
n=1



where v is identified with vy. Let v, € Vig and dp, = Dy, € 17;1, then we have
d = Syv =SyRpyvV, (32)
where Sy = hV},. Moreover, we can check that
N
E(vp) =Y |vn = va1| = [Sx¥[1 = 1], (33)
n=1

Note that Dyuvy € Vi, N L2,(I) C L2,(I) for all v, € Vjo; however, Dpvy, & H,H(T) because it
does not satisfy the periodic boundary condition.
Here we introduce the discretized problem for (P0):

. A
POy, argmin { Bur) + 5l10n ~ o} (34)

upE€Vho

where fr, € Vjo is given data or f, = uﬁ This can be written equivalently as the discretized
problem for (P1):

. A ~
(P1)y argm1n{||d||1 + §Huh — fh”?{fl(?r) :dy, = Dpuy, € Vh} . (35)
uRE€EVho av
Furthermore, we introduce the following unconstrained problem:
: A 2 H 2
(P2)p argmin_ 3 ldfls + S llun = fullgs i) + 5lldn = Drunlizagy ¢ (36)
uhEVho,dhEVh

where p > 0 is another parameter.

Remark. Using ||d, — Dpup ||, (r) in the unconstrained problem enables to apply the shrinking
method to minimization problem in the split Bregman framework.

We define Vg, = Vi Ry = h~1Sy Ry be the discrete gradient for functions whose average
are zero, then we obtain

@ ph
e e R A (37)
Henceforth we denote i = ph.

3.2 Corresponding matrix form for ! norm: first scheme

Next, we consider two expressions of |lup, — thiI_l (T for up — fr € V. Recall that

)
th”i];}(ﬂr) = HV(—Aa\,)*lvhH%g(T) for all vy, € Vpo. (38)

We propose two schemes for considering V(—A,,)~'. The first scheme is proposed to ap-

proximate V(—A,, )~ by using the discrete gradient Vj, € RY*Y and the discrete Laplacian
—Ay = ngh e RVXN Let wy, € Vi be such that v = —A,w, then we have

Ryv =—ApRyw. (39)



Multiplying the (unique) pseudo-inverse matrix

N -1 -1 ... —1 -1
1 -1 N—1 . 1 1
Ly = : ) e ROV-DXN (40)
—1 -1 ... N—-1 -1
yields v = Ly (—Ap)Ryw. For simplicity of notation, we let
Ay = LNS;{/SNRN, (41a)
(—Aav)n = h?Ax = Ly(—Ap) Ry (41b)
It is easy to check that det(—A,yv)n # 0. This implies
v = -—A,w,
{ w = RN<_AaV)}:1V‘ (42)

Our first scheme is proposed to approximate (—Aay)~! by Ry(—Aay); ', instead of (—A,) 7
which does not exist. This yields

2
IV (=20) onlay & | (TaBa(=Ba)i V) - (Lo Lr )

= h||Vavp(=Dav), VI3
= h*|| SN Ry AN V|3

L2(1)

As a result, our first scheme is described as

Ah3

A Ah _ _
lun = sy = S V(=B (0 = B3 = SISy Rn AR = DI (43)

3.3 Corresponding matrix form for /! norm: second scheme

Our second scheme is to compute V(—A,,)~! directly. It requires the second degree piecewise
polynomial which has continuous derivative. We define the second degree periodic B-spline basis
functions

(x—x, 3)
L eeri
(x_xn—%)(xn—‘r% —$) 1 .
By () = e ( +) if 7 € In, (44)
T .3 —X
n+22h2 if x S In+1;
0 otherwise.

We identify B_y = By_1, Bo = By and By = By41. Fix v, € Vg arbitrarily, then there exits
w = ZnN:1 wp By, with Zf:[:l wy, = 0 such that w = (=A v, € HL(T). We let

w:(wlj...,wN)TERN and w = Ryw € RV 1 (45)

for given w = 27]:[:1 wp By, € HL (T). Then we have

N N
v, = —Aw = an(fABn) =h? Z(fwn,l + 2wy, — wpt1)17, € Vi (46)
n=1 n=1



This implies w € HL (T) satisfies w = (—Aay) vy, and

Ryv=v=—-Ap,w=—-A,Ryw. (47)
Multiplying the pseudo-inverse matrix Ly yields
w = (—Au); 'v. (48)
On the other hand, we can obtain
ol s ey = V00020,

Z wnV By,
L2(T)

= (VW) T My VW
= W(VrRN(—Aay);, V)T My VL RN (— A ), v,

where
2/3 1/6 0 ... 0 1/6
1/6 2/3 1/6 ... 0 0
My = / / ./ o | e RVXY, (49)
1/6 0 0 ... 1/6 2/3
Let /My € RY*N be such that \/MNT\/MN = My, then it can be determined uniquely:
a 0 ... 00D
b a ... 00
VMy = | . ' € RV, (50)
0 0 b a
3+1 3—
where a = V3 + and b = V3 . Summarizing the above argument, our second scheme can
2v/3 2v/3
be described as
A Ah A\h3
§Huh—fh|!?{;vl 5 IWVMNVay (= p(u=D3 = — IvM NSNRy AN (a3, (51)

3.4 Split Bregman framework for fourth order problems

Applying equation ([37)), and to (P2)}, gives the following discretized problem;

. Ah 1L
P2y, angmin {ll+ K- DI+ Fla - hvav,huu%} S @

ucRN-1 deRN

where K = Vav,h(—Aav)gl or VMNV gy n(—Aay ) . By considering equation (43) and (51)), we
suggest to let A = O(h~3) and 1 = O(1).

Since this is similar to the matrix formulation for ROF model, we can apply the split Bregman
framework to fourth order problems:

)
witt = argnin { 3K (a =013 + 5107 - 1upu- ol B}, (530)
ucRN-1
(P3)y, d’™! = argmin {Hd”l + ng — hVa\,,hujJrl — ajH%} , (53b)
deRN
ot =l —d7 + hVaV,huj'H. (53c)
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(a) Numerical result for fourth order TV flow (b) Numerical result for Spohn’s model

Figure 1: Numerical examples of one dimensional problems.

The convergence result of split Bregman framework [3, Theorem 3.2] is satisfied also for fourth
order problems.

Remark. When we consider the backward Euler method, then (P3);, gives {u*7*1} for given
u¥ € Vio. The convergence result yields that the split Bregman iteration provides u**! € V} as
the limit j — oco. In practice we regard u**! ~ u®™ for some m € N and obtain the evolution
as a result of finite number of split Bregman iteration.

Remark. The split Bregman iteration requires to determine d and a® € RN. When we
consider the backward Euler method, we suggest letting d**10 = d*™ and a#*+10 = ab™m.

The functional in (53al) is differentiable with respect to u, and the minimization (53b)) can be
reduced to the shrinkage method:

uw/ ! :QMKTK+jm%VwﬁFVWﬁYJQhKTKf+mmvwamj_aQ%
(@7*h), = shrink ((AVay u? ™ + ad),, i1 foralln=1,..., N,
ot =al — T 4 AV, puith

Remark. The backward Euler method and the split Bregman framework for Spohn’s model
give

) _
u"It1! = argmin {2”[((11 —ub)|2 + gnd’w — hVay pu — o II%} ; (54a)
ucRN -1
) ) 1 m . )
d**! = argmin {ﬁndnl (Il + £ ld — Ay a’“n%} . (5n)
derN p 2
it = oFd — gkatl 4 hvav,huk’jH- (54c)

\
The shrinkage formula for Spohn’s model is provided by solving the quadratic equations given
by the Euler-Lagrange equation for (54b)):

uFIt = (ARKTK + ih?(Vay ) "Vayn) " (AKTKE+ Gh(Vay )T (d% — ak))

k,j+1 ﬁp27j+1 4 ki+1 154
(@1, = o [ =1 [T = max{ [pp T = £,04 | foralln=1,...,N,
2|pn” | K K
ak,j+1 — ak,j o dk,j—l—l + hvav,huk’j+1-




(c) Spohn’s fourth order model on T?

Figure 2: Numerical examples of two-dimensional problems.

k: : 1 . .
where pp? ! = (AV gy pubdtl 4 okl

Remark. The split Bregman framework for two-dimensional cases can be provided by the
similar way to one-dimensional cases.
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Heat or wave?
A classification of semilinear damped wave equations
with time-dependent coefficients *

In memory of Professor Koji Kubota

Hiroyuki Takamura '

In this talk, I would like to discuss about a characterization of semilinear damped
wave equations with time-dependent coefficients. They have been regarded as almost
like semilinear heat equations according to the critical exponent, decay estimates and
asymptotic behaviors of the solution. But in recent a few years, we find that it is not
true in the case that the coefficient has a strong time-decay, so that we have a threshold
which may have a mixed situation between heat and wave according to the size of the
coefficient. Here we propose a new classification by lifespan estimates. As a result, we
find that such a threshold must belong to the situation like wave equations. The main
result in this talk is based on our recent work, Imai, Kato, Takamura and Wakasa [8].

We are concerned with the following initial value problem for semilinear wave equations
with the scale-invariant damping;:

{ vy — Av + 1itvt = |vl? in R" x [0, 00), (1)

v(z,0) =ef(x), v(x,0) =eg(z), =€R",
where v = v(z,t) is a real valued unknown function, 1 > 0, p > 1, n € N, the initial data

(f,9) € HY(R™) x L?*(R") has compact support, and ¢ > 0 is a “small” parameter.
It is interesting to look for the critical exponent p.(n) such that

p > p.(n) (and may have an upper bound) = T'(g) = o0,
1 <p<pen) = T(e) < o0,

*Main results in this talk are based on the joint works with Takuto Imai (Accenture Japan Ltd),
Masakazu Kato (Muroran Institute of Technology), and Kyouhei Wakasa (National Institute of Technol-
ogy, Kushiro College).

TMathematical Institute, Tohoku University, e-mail: hiroyuki.takamura.al@tohoku.ac.jp.



where T'(¢) is the lifespan, the maximal existence time, of the energy solution of (1) with
an arbitrary fixed non-zero data. Then, we have the following conjecture:

> fio(n) = pe(n) = pr(n) (heat-like),
= io(n) = p.(n) =pr(n) =ps(n+ p) (intermediate), (2)
0<p<pgn) = pe(n)=ps(n+un) (wave-like),
where
n?+n+2
po(n) := —nio (3)
Here
pr(n) =1+ (@)

is the so-called Fujita exponent which is the critical exponent of the associated semilinear
heat equations v; — Av = vP, and

00 (n=1),
ps(n) =< n+1+vn2+10n—7 (5)
2(n — 1) (n=2)

is the so-called Strauss exponent which is the critical exponent of the associated semilinear
wave equations vy — Av = |v[P. We note that ps(n) (n > 2) is the positive root of

v(p.n) =2+ (n+1)p—(n—1)p* =0 (6)

and 0 < p1 < po(n) is equivalent to pr(n) < ps(n + ).

The conjecture (2) shows the critical situation of our problem in the following sense.
If one replaces the damping term pv;/(1+¢) in (1) by pv,/(1+1)?, then one can see that
there is no such a p.(n), namely T'(¢) = oo for any p > 1 when § < —1, the so-called
over damping case. Moreover one has p.(n) = pr(n) for any g > 0 when —1 < 5 < 1,
the so-called effective damping case, and p.(n) = pgs(n) for any p > 0 (it can be any
1 € R) when § > 1, the so-called scattering damping case. Therefore one may say that
the so-called scale-invariant case, § = 1, is an intermediate situation between wave-like,
in which the critical exponent is related to pgs(n), and heat-like, in which the critical
exponent is pp(n). To see all the references above results, for example, see introductions
of related papers to the scattering damping case, Lai and Takamura [13] (the sub-critical
case), Wakasa and Yordanov [19] (the critical case), Liu and Wang [15] (partial result of
the super-critical case).

For the conjecture (2), D’Abbicco [2] has obtained the heat-like existence partially
with

5/3  forn =1 (cf. po(l) =4/3),
w>< 3 for n =2 (cf. uo(2) = 2),
n+2 forn >3,



while Wakasugi [22] has obtained the blow-up parts in 1 < p < pgp(n) for p > 1 and
l<p<pr(n+pu—1)for 0 < p < 1. In the damped case p > 0, his second result is the
first blow-up result for super-Fujita exponents which are larger than pp(n).
In this paper, we consider a special case of © = 2. The speciality of this value is
clarified by setting
u(z, 1) = (L+ )"z, 1),

where v is the solution to (1). Then, u satisfies

uy — Au + T2t~ T e in R" x [0, 00), (7)
u(z,0) = ef(z), w(z,0) = e{puf(z)/2+g(x)}, =eR”

so that all the technics in the analysis on semilinear wave equations can be employed and
we may discussed about not only the energy solution but also the classical solution. In
fact, via this reduced problem (7), D’Abbicco, Lucente and Reissig [4] have proved the
intermediate part of the conjecture (2) for n = 2 and the wave-like part for n = 3 when
1 = 2. We note that the assumption of the radial symmetry is considered in [4] for the
existence part in n = 3. Moreover, D’Abbicco and Lucente [3] have obtained the wave-like
existence part of (2) for odd n > 5 when p = 2 also with radial symmetry.

In the case of p # 2, Lai, Takamura and Wakasa [14] have first studied the wave-
like blow-up of the conjecture (2) with a loss replacing u by /2 in the sub-critical case.
Initiating this result, Ikeda and Sobajima [5] have obtained the blow-up part of (2).

For the lifespan estimate, one may expect that

Ce= =D/} for 1 < p < pp(n),
T(e) ~ { exp (CeP~1) for p = pr(n) (8)

for the heat-like domain p > po(n) and

Ce=2p(=D)/v(pn+r)  for 1 < p < ps(n—+p),

exp (Ce ?=D) for p = ps(n+ p) (9)

()~ {
for the wave-like domain 0 < p < po(n). Recall the definitions of py(n), pr(n), ps(n) and
v(p,m) in (3), (4), (5) and (6). Here T'(¢) ~ A(e,C) stands for the fact that there are
positive constants, C; and Cs, independent of ¢ satisfying A(e,C;) < T'(e) < A(e, Cy).
Actually, (8) for n =1 and p = 2 > (1) = 4/3 is obtained by Wakasa [21], and (9) is
obtained by Kato and Sakuraba [10] for n = 3 and p = 2 < po(3) = 14/5. One may refer
Lai [12] for the existence part of weaker solution. Moreover, the upper bound of (8) in the
sub-critical case is obtained by Wakasugi [22]. Also the upper bound of (9) is obtained
by Ikeda and Sobajima [5] in the critical case, later it is reproved by Tu and Li [18], and
Tu and Li [17] in the sub-critical case.

In the non-damped case of = 0, it is known that (9) is true for n > 3, or p > 2 and
n = 2, The open part around this fact is p = pg(n) for n > 9. In other cases, (9) is still



true if [, g(x)dz = 0. On the other hand, we have

Ce=(=1)/2 forn =1,
T(e) ~ Ce=®PD/B=P) forn=2and1<p<?2, (10)
Ca(e) forn =2 and p =2

if [q.9(x)dz # 0, where a = a(e) is a positive number satisfying e%a®log(1+a) = 1. We
note that the bounds in (10) are smaller than the one of the first line in (9) with =0
in each case. For all the references in the case of ;1 = 0, see Introduction of Imai, Kato,
Takamura and Wakasa [7].

The remarkable fact is that even if u is in the heat-like domain, the lifespan estimate for
(1) is similar to the one for non-damped case. Indeed, forn =1 and pu =2 > po(1) = 4/3,
Kato, Takamura and Wakasa [11] show that the result on (8) by Wakasa [21] mentioned
above is true only if [p{f(z) + g(x)}dx # 0. More precisely, they have obtained that

Ce=2p(=1)/7(P3) for 1 < p <2,

Cb(e) for p =2, 11
Ce—PP=1)/B=p)  for 2 < p <3, ( )
exp(Ce =) for p = pp(1) = 3,

T(e) ~

if [o{f(z)+g(x)}dz =0, where b= b(e) is a positive number satisfying e*blog(1+b) = 1.
We note that the bounds in (11) are larger than those in (8) with n = 1 and g = 2 in
each case.

The main aim in this talk is to show the lifespan estimates for (1) in two dimensional
case, n = 2, with g = 2 which is similar to one dimensional case as above. We note
Pe(2) = pr(2) = ps(2+2) = 2 and pp(2) = 2. More precisely, we shall show that

ce=®P=D/G=2) for 1< p<2,
T~ { exp(ce™!/?)  for p=2 -
if [oo{f(2)+ g(z)}dz # 0, and
ce= =D/ for 1 <p<2,
Tie) ~ { exp(es™%)  for p=2 Y

if [q2{f(z)+g(z)}dzr = 0. We note that the critical cases in (12) and (13) are new
in the sense that they are different from (8) and (9). (12) and (13) are announced in
Introduction of Lai and Takamura [13], but there are typos in the exponents of € in the
critical case.

The strategy of proofs is based on point-wise estimates of the solution. In the ex-
istence part, we employ the classical iteration argument for semilinear wave equations
without damping term, which is first introduced by John [9] in three space dimensions,
and its variant, which is developed by Imai, Kato, Takamura and Wakasa [7] in two space
dimensions. In the blow-up part, we also employ an improved version of Kato’s lemma on



ordinary differential inequality by Takamura [16] for the sub-critical cases. We note that,
till now, the so-called test function method such as in Ikeda, Sobajima and Wakasa [6]
cannot be applicable to delicate analysis to catch the logarithmic growth of the solution
in the case of p = 2 in (10), (11), (12) and (13). Therefore we employ the so-called
slicing method of the blow-up domain for the critical case, which is introduced by Agemi,
Kurokawa and Takamura [1] to handle weakly coupled systems of non-damped semilinear
wave equations with critical exponents.
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EQUIVALENCE OF SOLUTIONS OF EIKONAL EQUATION
IN METRIC SPACES
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1. INTRODUCTION

We discuss the equivalence between some known notions of solutions to the eikonal
equation and more general analogs of the Hamilton-Jacobi equations in complete and rec-
tifiably connected metric spaces. This talk is based on joint work with N. Shanmugalingam
(University of Cincinnati) and X. Zhou (Okinawa Institute of Science and Technology
Graduate University).

The Hamilton-Jacobi equations in the Fuclidean spaces are widely applied in various
fields such as optimal control, geometric optics, computer vision, image processing. It is
well known that the notion of viscosity solutions provides a nice framework for the well-
posedness of first order fully nonlinear equations; we refer to [10, 4] for comprehensive
introduction.

In seeking to further develop various fields such as optimal transport [3, 26], mean field
games [9], topological networks [25, 17, 1, 15, 16] etc., the Hamilton-Jacobi equations in a
general metric space (X, d) have recently attracted great attention, see for example [12, 13].
Typical forms of the equations include

H(z,u,|Vul) =0 in £, (1.1)
and its time-dependent version
Owu+ H(z,t,u,|Vul) =0 in (0,00) x X (1.2)

with necessary boundary or initial value conditions. Here 2 C X is an open set and
H: QxRxR — Ris a given continuous function called the Hamiltonian of the Hamilton-
Jacobi equation. While 9; denotes the time differentiation, |Vu| stands for a generalized
notion of the gradient norm of u in metric spaces.

We pay particular attention to the so-called eikonal equation

\Vu|(z) = f(x) in Q. (1.3)
Here f: Q — [0,00) is a given continuous function satisfying
1gff > 0.

The eikonal equation in the Euclidean space has important applications in various fields
such as geometric optics, electromagnetic theory and image processing [18, 21].



Several new notions of viscosity solutions have recently been proposed in the general
metric setting. We refer the reader to Section 2 for a review with precise definitions of
solutions and to the relevant papers we mention below.

Using rectifiable curves in the space X, Giga, Hamamuki and Nakayasu [13] discussed
a notion of metric viscosity solutions to (1.3) and established well-posedness under the
Dirichlet condition
u={_ on JQ, (1.4)
where ( is a given bounded continuous function on 9 satisfying an appropriate regularity
assumption to be discussed later. In the sequel, this type of solutions will be called curve-
based solutions (or c-solutions for short). The definition of c-solutions (Definition 2.1)
essentially relies on optimal control interpretations along rectifiable curves and requires
very little structure of the space. The same approach is used in [22] to study the evolution
problem (1.2) with the Hamiltonian H(z,p) convex in p. Moreover, unique viscosity
solutions of the eikonal equation in the sense of [13] are also constructed on fractals like
the Sierpinski gasket [7].

On the other hand, when (X, d) is a complete geodesic space, by interpreting |Vu| as
the local slope of a locally Lipschitz function v, Ambrosio and Feng [2] provide a different
viscosity approach to (1.2) for a class of convex Hamiltonians. This was extended to
the class of potentially nonconvex Hamiltonians H by Gangbo and Swiech [11, 12], who
proposed a generalized notion of viscosity solutions via appropriate test classes and proved
uniqueness and existence of the solutions to more general Hamilton-Jacobi equations in
length spaces. Stability and convexity of such solutions are studied respectively in [23]
and in [19]. Since this definition of solutions is based on the local slope, we shall call
them slope-based solutions (or s-solutions for short) below. See the precise definition in
Definition 2.3.

Since either approach above provides a generalized viscosity solution theory for first
order nonlinear equations, especially the uniqueness and existence results, it is natural
to expect that they actually agree with each other in the wider setting of metric spaces.
This motivates us to explore the relations between both types of viscosity solutions and
to understand further connections to other possible approaches.

2. METRIC VISCOSITY SOLUTIONS

Let us briefly review the two notions of viscosity solutions to Hamilton-Jacobi equations
in metric spaces, mentioned in the first section. We focus on the eikonal equation (1.3).

2.1. Curve-based solutions. For any interval I C R with 0 € I, we say an absolutely
continuous curve £ : I — X is admissible if

€] <1 ae. in I

Note that these are 1-Lipschitz curves.

For any x € X, we write £ € A,([,X) if £ : I — X is an admissible curve satisfying
£(0) = x. We also need to define the exit time and entrance time of a curve &:

Tglél:=inf{t € I:¢t>0,£(t) ¢ Q};

_ (2.1)
To €] :==sup{t € I:1 <0,§(t) & Q}.



Definition 2.1 (Definition 2.1 in [13]). An upper semicontinuous (USC) function w in
is called a curve-based viscosity subsolution or c-subsolution of (1.3) if for any x € Q and
€ € A(R,Q), we have

¢'(0)] < f(=) (2.2)
whenever ¢ € C*(R) such that ¢t — u(&(t)) — ¢(t), t € £1(Q), attains a local maximum
at t = 0.

A lower semicontinuous (LSC) function u in  is called a curve-based viscosity super-
solution or c-supersolution of (1.3) if for any € > 0 and z € €, there exists £ € A, (R, X)
and w € LSC(T~,T) with —co < T* = T [¢] < oo such that

w(0) =u(z), w>uof—e¢, (2.3)

and

|6/ (to)| = f(E(to)) — € (2.4)
whenever ¢ € C'(R) such that w(t) — ¢(t) attains a minimum at t =ty € (T, TF). A
function u € C(Q) is said to be a curve-based viscosity solution or c-solution if it is both
a c-subsolution and a c-supersolution of (1.3).

The regularity of u above can be relaxed, since we only need its semicontinuity along
each curve £. In fact, one can require a c-subsolution (resp., c-supersolution) to be merely
arcwise upper (resp., lower) semicontinuous; consult [13] for details. However, in order to
obtain our main results, we need to impose the conventional continuity of u rather than
the arcwise continuity.

Uniqueness of c-solutions of (1.3) with boundary data (1.4) is shown by proving a
comparison principle [13, Theorem 3.1]. The existence of solutions in C'(Q2), on the other
hand, is based on an optimal control interpretation; in particular, it is shown in [13,

Theorem 4.2 and Theorem 4.5] that

T3 [€]
u(z) = inf {/0 f(ﬁ(S))ds+C(§(T5[£]))} (2.5)

§€C,

is a c-solution of (1.3) and (1.4) provided that for each z € Q we have
Ca = {& € Ax([0,00), X) : T [¢] € (0,00)} # 0

and ( satisfies a boundary regularity.

Note in the definition of c-supersolution, for each (x,¢) the conditions (2.3) and (2.4)
for (£, w) are satisfied for all t € (T, T"). We localize this definition as follows.

Definition 2.2 (Local curve-based solutions). A function v € LSC(Q) is said to be a
local c-supersolution if for each x € ) there exists r > 0 with an open ball in metric d
Bd(x) ¢ Q, and for each £ > 0 we can find a curve & € A, (R, X) with £(0) = x and a
function w € LSC(t,,t;}) with ¢, := Tt [&] and ¢ := T;rg(x) [€.] such that

roUr

w(0) = u(x), w(t)>uok(t)—e forallte (t,t)),

and

|9 (t0)| > F(&(to)) —¢
whenever ¢ € C(R) such that w(t) — ¢(t) attains a minimum at t = ¢y € (¢, ,t}). A
function v € C(Q) is said to be a local c-solution if it is both a c-subsolution and a local
c-supersolution of (1.3).



2.2. Slope-based solutions. We next discuss the definition proposed in [11], which relies
more on the property of geodesic or length metric. We denote by Lip;,.(€2) the set of locally
Lipschitz continuous functions on an open subset € of a complete length space (X, d). For
u € Lip;,.(92) and for = € €2, we define the local slope of u to be

|Vul|(x) := limsup M

S ) (26)

Let
C(Q) := {u € Lip;,.(Q) : |[VTu| = |Vu| and |Vu]| is continuous in Q}, @7)
C(92) := {u € Lip;.(2) : |V u| = |Vu| and |Vu| is continuous in Q}, '

where, for each x € X,

VEu|(z) = limsupw 53
V) y—w d(z,y) (2.8)
with [a]; := max{a,0} and [a]_ := —min{a,0} for any a € R. We call |[V*u| and

|V~ u| the (local) super- and sub-slopes of u respectively; they are also named super- and
sub-gradient norms in the literature (cf. [20]).

Definition 2.3 (Definition 2.6 in [12]). A function v € USC(Q2) (resp., u € LSC(R)) is
called a slope-based viscosity subsolution (resp., slope-based viscosity supersolution) or
s-subsolution (resp., s-supersolution) of (1.3) if

IVnl(z) < fz) + Ve[ (z) (2.9)

(resp., [Viu|(z) = f(z) — [Vipa|* (). (2.10)
holds for any ¢; € C(Q) (resp., 1 € C(2)) and 19 € Lip,.(Q2) such that u — 91 — 1o
attains a local maximum (resp., minimum) at a point x € Q, We say that u € C(Q) is an
s-solution of (1.3) if it is both an s-subsolution and an s-supersolution of (1.3).

Comparison principles for s-solutions are given in [12, Theorem 5.3 for the eikonal
equation and in [12, Theorem 5.1, Theorem 5.3] for more general Hamilton-Jacobi equa-
tions.

3. EQUIVALENCE OF SOLUTIONS TO THE DIRICHLET PROBLEM

We first compare c- and s-solutions of the eikonal equation and show their equivalence
when continuous solutions to the Dirichlet problem exist. To this end, we assume that
(X,d) is complete and rectifably connected; namely, for any x,y € X, there exists a
rectifiable curve in X joining x and y.

Our key idea is to use the induced intrinsic metric of the space X, which is given by

d(z,y) = inf{l(§) : £ is a rectifiable curve connecting x and y} (3.1)
for z,y € X, where ¢(£) denotes the length of the curve & with respect to the original

metric d. It is then easily seen that (X, J) is a length space. Since this change of metric
preserves the property of c-solutions, we can directly compare the notion of c-solutions

in (X,d) with s-solutions in (X,d). In order to preserve the completeness of the metric
space, we assume throughout this work that

d—0asd—0. (3.2)



Before introducing our main results, we emphasize that in the sequel, by “local” we
mean the property in question holds in sufficiently small open balls with respect to the
intrinsic metric of the space.

Our first main result is as follows.

Theorem 3.1 (Equivalence between c- and s-solutions). Let (X,d) be a complete recti-
fiably connected metric space and d be the intrinsic metric given by (3.1). Assume that
(X, d) also satisfies (3.2). Suppose that Q@ C X is an open set bounded with respect to the
metric d. Assume that f € C(Q) satisfies infq f > 0. If u is a c-solution of (1.3) with
respect to d, then wu is a locally Lipschitz s-solution of (1.3) with respect to d. In addition,
if [ is uniformly continuous in 2, ¢ is uniformly continuous on 0S), and there exists a
modulus of continuity o such that

IC(y) —u(x)| < o(d(x,y)) forallxz € Q andy € 01, (3.3)

then w is the unique c-solution and s-solution of (1.3) satisfying (3.3).

In the second result of the theorem above, we can replace the assumptions of uniform
continuity of u and f by their continuity if (X, d) is additionally assumed to be proper,
that is, any bounded closed subset of X is compact.

As the metric d was replaced with the metric d, the proof of the first statement in
Theorem 3.1 is more or less analogous to the classical arguments to show the relation
between a viscosity solution and its optimal control interpretation (cf. [4]).

The c-solutions and f considered in [13] are in general only continuous along curves,
and therefore might not be continuous with respect to either the metric d or the metric
J; see [13, Example 4.9]. Here we assume the stronger requirement of continuity with
respect to the metric d. Then (3.3) in the second result of Theorem 3.1 guarantees that
the c-solution u is uniformly continuous up to 9€2. Recall that the comparison principle
(and thus the uniqueness) for s-solutions [12] needs such an assumption. More precisely, it
was shown in [12, Theorem 5.3] that any s-subsolution v and any s-supersolution v satisfy

u < v in Q whenever there exists a modulus o such that

u(x) < C(y) +old(z,y), v(x)>((y) —oldx,y)) (3.4)
for all x € Q and y € 9. One thus needs to use (3.3) to validate the comparison principle
and conclude the uniqueness and equivalence.

4. LOCAL EQUIVALENCE OF SOLUTIONS

Our result in Theorem 3.1 states that c- and s-solutions of (1.3) coincide. However,
we show the equivalence in presence of the Dirichlet boundary condition so as to use
the comparison principle. One may wonder about a more direct proof of the equivalence
without using the boundary condition.

The second part is devoted to answering this question. Our method is based on local-
ization of our arguments in the first part. To this end, we introduce a local version of
the notion of c-solutions, which we call local c-solutions, by restricting the definition in
a small metric ball centered at each point in €. We also include a third notion, called
Monge solutions, in our discussion. We compare locally the notions of s-, local ¢-, and
Monge s olutions of (1.3) in a complete length space.



The Monge solution is known to be an alternative notion of solutions to Hamilton-Jacobi
equations in Euclidean spaces [24, 5]. In a complete length space (X, d), our generalized
definition of Monge solutions to (1.3) is quite simple; it only requires a locally Lipschitz
function u to satisfy

V7 u|(x) = f(z) for every x € Q,
where |V~ u|(z) is given in (2.8). One advantage of this notion is that it does not involve
any viscosity tests and the comparison principle can be easily established. We show that
locally uniformly continuous c-, s- and Monge solutions of the eikonal equation are actually
equivalent under a weaker positivity assumption on f. A more precise statement is given
below.

Theorem 4.1 (Local equivalence between solutions of eikonal equation). Let (X, d) be
a complete length space and 2 C X be an open set. Assume that f is locally uniformly
continuous and f >0 in Q. Let u € C(Q). Then the following statements are equivalent:

(a) w is a local c-solution of (1.3);
(b) w is a locally uniformly continuous s-solution of (1.3);
(c) u is a Monge solution of (1.3).

In addition, if any of (a)—(c) holds, then u is locally Lipschitz with
|[Vu|(z) = |V ul(z) = f(z) forall z €. (4.1)

We actually prove more:

e The notions of all locally uniformly continuous subsolutions are equivalent and
locally Lipschitz;

e The notions of locally Lipschitz s-supersolutions and Monge supersolutions are
equivalent;

e Any locally Lipschitz local c-supersolution is a Monge supersolution;

e Any Monge solution is a local c-solution.

We however do not know whether an s- or Monge supersolution needs to be a local c-
supersolution.

In proving Theorem 4.1, it turns out that the local Lipschitz continuity of solutions is an
important ingredient. Note that the local Lipschitz continuity holds for Monge solutions
by definition, and it can be easily deduced for c-subsolutions as well because the space
(X, d) is a length space. In contrast, the Lipschitz regularity of s-solutions of (1.3) is less
straightforward. Our proof requires the assumption on the local uniform continuity of
s-solutions and f due to possible lack of compactness for general length spaces. We can
remove such an assumption if (X, d) is proper (and therefore the length space space X is
a geodesic space because of the generalized Hopf-Rinow theorem in metric spaces [14, 6],
which can be viewed as an immediate consequence of the Arzela-Ascoli theorem). The
notions of continuity and uniform continuity in a compact set are clearly equivalent.

We will assume that (X, d) satisfies the hypotheses of Theorem 3.1. It is worth stressing
that here (X, d) is assumed to be a length space only for simplicity from the point of view
of c-solutions. The s-solutions and Monge solutions are not defined for the case that X
is not a length space. For metric spaces that are not length spaces, the slopes in the
definition of s-solutions and Monge solutions require us to replace the metric d with d.



It is not difficult to extend our discussion on the equivalence to the general equation (1.1)
under a monotonicity assumption on p — H(z,r,p). When p — H(x,r,p) is increasing,
we can simply apply an implicit-function-type argument to locally reduce the problem to
the eikonal equation.

Besides, as in (4.1) in Theorem 4.1, in this general case for any solution u we can obtain
the continuity of |Vu| as well as the following property:

|Vul|(z) = |V~ u|(x) for all z € Q; (4.2)

in other words, the solution itself actually lie in the test class for s-subsolutions proposed
in [11, 12]. This type of properties also appears in the study of time-dependent Hamilton-
Jacobi equations on metric spaces (cf. [20]). Our analysis reveals that (4.2) resembles
the semi-concavity in the Euclidean space. In fact, in the Euclidean space, (4.2) implies
the existence of a C'! test function everywhere from above, which is a typical property of
semi-concave functions [8]. We expect more applications of the regularity property (4.2),
since in general metric spaces defining convex functions is not trivial at all. It would be
interesting to see further properties on such regular solutions in relation to the structure
of PDEs and the geometric property.
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Nonlinear diffusion equation with dynamic boundary
conditions and related topics

2 B3 (Takeshi Fukao)*

Abstract
BERSMCREMD 2 &0 TEREERSM] 238 U o) IMEE SUERTEIL, 5L
TDO12DR%zik T 5 & HIT, HEBATOR L DBEGHEL 25, AGHEETIE,
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L%, IIXREHE RS XD iR & i < 72D ORISR TIIELS, 205
&, BSERME XN O AN e SR LOABRRNOENRD 2 WIFEAMEE R d Il &
HETED. Lo T, N R CRIGHDIBS BRL DR/, TH 2R BRI RDETR%E
BT B bagge 2, BB St & & O ME IR BRE .

2. BRI RH T COIFBRMILEAER
0<T <00, QCRYd=23)IZ+RWSNHERERT =00 2t DR FMEKE T5. KAH
B u:(0,T) x Q=R &L, RO SRR 2 ELT 5.

Ou — AB(u) =g in@Q:=(0,T) x Q, (1)
Ou+ 0y f(u) — Arp(u) =gr on ¥ :=(0,7) xI. (2)

B Y) RIS 2 3 U TSR YRR E & R T <KD, LIXS K#IISRMFIZ DWW T
XEE$ 5. 22T, 0, [ER R, A lX Laplace fEH &, 0, (&40 A S iE&R v B, £ LT,
Ar 1% Laplace-Beltrami fEFH & (il 21X, Grigor'yan[53] Z&#) #EE T 5. f: R — R D%
CHIZE 5T (1)-(2) FERIEEF M T T O A 2 IERPHEROG R Bk 5. AT

kgr r <0,
B(r) =40 0<r<t, Blr)=I[r["""r (m>0), Br):=dlgy(r)
kp(r—4¢) r>¢,

D &5 IGRAIE, (1)(2) BT IR Stefan FIBO T ¥ 2 VY —JER (ks by, ¢ BEE), %7
RN (m > 1), fast diffusion FFEA (0 < m < 1), Hele-Shaw DS A & 72 5. mifk
DHITIE B : R — 2813, SRR 1 1) DEMIY 0L TH Y, ZEHETH S, WTHIZE &K,
BITEABIMR T Z 7 & WS REDATH D% L T\ <. BIEERSM: N TO Stefan

AR GREFES:17K05321) 3 & O, AW ENEN (AN BRI AR (No.190367) DB % 5%
F7bDTH5.
*HHEBE RS BEFIR, T 612-8522 HUHRT R L X R EBEARNT 1
e-mail: fukao@kyokyo-u.ac.jp




RIEIZ D WTIEE AR (1, 2, 3] 1T & - THEEIEDHFEN I NTH D, £ Z Tl LaplaceBeltrami
TEH & 13859, Laplace Beltrami fEFIED S5 S N ROWE S X DIERIZIES Z & #<
FROIFAEZ B L T\ EUZIER L2\, 72, ZOKRIZ Igbida 512X > T, & b —f%H722R
BUZIEIR TN T W5 (8, 55]. Hele-Shaw MBED 5582 U T [54], £ DD IERHIZHLEL [82]
mEL SR K. G, BT 2 BNER S N COIRBILE AR RIZ DWW TIE Gal O —#
DAESR 48, 49] HFEL W,

AFEHOETE T EE (1)-(2) D & 5 BB S N TOIMIALE AR L T,
Cahn-Hilliard HFEHRIZ & D00 6 86 2 idA 5. Cahn-Hilliard SRR [12] ZAY /) —
RV RTINS 2 D SR DS MER 2 50d T 2 RMA AR LTL<ASNTNS
(BIZNE, Z DFELIERICDWTIE Cahn 28 [HHRE | 228 U 7-BROGEEGIH [11], BUEHIE
D BN DWW T Miranville[72, 73] DY — A % 2.

Ou—Ap=0 1in Q, (3)
p=—cAu+ F'(u)—f inQ. (4)

TR 2 IEEIE FI2DOWT, FIZZT DT 7 7DD S Z—EHHFRKT V> v
CIFENTE D, FIZIE F(r)=1/4)(r? = 1), 2F0 Fl(r) =13 —r BFEBMORF V> v L &
LTELED Hbnd. RKABKD 1D u:=u(t,z) 1F, FRFEHED L EA— L =152 —%
CIFEN B HORMZ TR T ZEBMTH O, A u=125FELTEREA u=-1%51F%e
TaREB, u= 0725 MBENPHL T LN 72RRNRTE 5. F’( )% F'(r) := B(r)+em(r)
D& SIZ F Oy & IEMEITOT, ¢ — 0 OMREEIEZ 1T 213 (3)-(4) X Rz (1) ~
LHEET A Z t#ﬁf@hé 7z, (2) 1T B8R ETD Cahn-Hilliard O Bk 7 5
HEHAZTIEL W BIZIE, [17, 47, 52]). 7272 L, BB S R @ Cahn-Hilliard HF2 &
mof%ﬁba@%bmﬂéMTab 0 THsd 5854 ET® Cahn-Hilliard B o #ik15
BEAM] &1, Goldstein-Miraville-Schimperna[52] D€ TV %259, Z OIBREE DTN % KR
NI 2 DDARGEHOFPER D TH 5. KD 2B OERTHRA, WY agfizc&z L, B
TERFIC KR X N 2 iR AR Ol A TR 25 U 5 ([39, 40]).

AFHEDEN: T, IRD & S BB N T OIERIEIEEUI RN 5 R 8 2
EERIT D,

Ou — Au™ +au™ = P inQ, t>0, (5)
ou+ Opu™ — Apu™ +bu™ = pu? on T, ¢ >0, (6)

ZIZT,0<m<1,pq>1,(ab),\p)€{(1,0),0,1)} T2 a=A=0ThHHiL(5)
fast diffusion HFEA L U T X KHIS N (BIAIX, Vazquez[84] 2 S IR), G RRIFZ] T IZHZEIZ
0 L7228 THRKZEW (finite time extinction)] %% (Sabinina[79]). Z OFf D [ %
HEFIZL S DETMEDR D 0, HIZIXLAN N DFE

ou—Au" =4 inQ, t>0,
u=0 onl, t>0

f%%fBau]%EBawmzlwﬁﬁ%ﬁw0<m<1®i FIZHIHITHS < DR~
RARgE (B 20X [5, 7, 24, 25, 26, 35, 36, 67, 85]) BV T WA, 7B Q = R? OEAICENIE
me%ppﬂﬂﬁ#wqwo<m<1®% DIEREDH 5. éak()%#ﬁ%#ﬁ%#?
THEUAERS, HlRIX[16, 23, 32, 37, 66, 80, 87| D X S5 IZHE < H 5. —J, BIETASM:
(6) ITIEHT 2L, m=1,a=0, =1 DHAIZEHEL T Fila—£i &Il k27, 28, 29, 30, 31] D
—HDAFFER, T DAl [33, 48, 49, 86] 72 X DAER N H 5. 728, Fila—Quittner[34] DEFIBER 5
TR TOMERE (m =1 DGE) BAGE THRE LTV HEIZRBII.

AEHOB L TR ETHMEZIZ-oE D IEB 720, INITEE L ARRADONIRE H 1T T



<.

ou — Au™ m o= P in Q

(a,b,\, 1) = (1,0,1,0), o AU T = R (7)
ou+ Opu™ — Aru™ =0 on I';
O — Au™ = uP in Q

(a,b,\, 1) = (0,1,1,0), s = R (8)
Oru + Opu™ — Apu™ +u"™ =0 on I';
Ooru — Au™ m = in Q,

(a,b, A\ 1) = (1,0,0,1), t— AuT o 9)
ou + Opu™ — Apu™ = u on I';
ou — Au™ =0 in Q,

(a,b, A\ 1) = (0,1,0,1), t o o (10)
O + Opu™ — Apu™ + u™ = ul on I'.

ZZTh, gIALRMHEIFEK L TWaE. T Z Tl Filo[35], Fila-Filo[25, 26] @, Dirichlet B5 5
U < FFERMEBERSM RCTOIRATIIGEZHE, b 2 LEEE» SVIMIEEEZA 2GS, RIZK
W — B E VA RRFZIEBE Z 5 2 8 2RT. OFIEIZDODVWTIEO<m <1 THDZ
& LIRS DY Laplace Beltrami fEHEZE 2 &L Z & 026, BER TOMDW & X WERT
SR HIRE SN D RITER L2\,
3. Cahn—Hilliard AR XRIC K 28k

Z 2T, (1)-(2) o¥ME S FHERE 23S U Cahn-Hilliard AR K 25EBUZ &K > T
R %2l ABIZH720, LFTOME (GMS) 2% ET 5. ¢ € (0,1] 2RI, RABEH %
U Q >R & up,ur : ¥ — R & U, RO Cahn-Hilliard AR %2 E% T 5.

Ou—Ap=0 a.e. in Q, (11)

w=—-cAu+&+em(u)—f, £€pP(u) ae in@Q, (12)

U, =ur, fp=pr, Owur+0yp— Arpur =0 ae. on (13)

pur = Opu — eArur + &r + enr(ur) — fr, &r € Br(ur) a.e. on X, (14)
)

uw(0) =ug ae.inQ, wur(0)=urp ae. onl, (15

U up BudD U —ARRERS S, DF D, (13)-(14) Fu & ur, p & pp DEAFMITE -
TWa. HHiETOLIITud b=, 28D T u LIS IUX up © pr Z2FFH 1§ BE
TN, WIS L SIS OB u, p & ur, ur 2 ZNENFNZE R 72 DPRITFENP T WD,
CTIIRMBEBERITERS. £, p OFMHREK S 2 F ONMED, m OFIGEER T % F O
M ERBLL, KVIEWZEHFMART VY YV F = +er TTHOHS. 51, (12)
& (14) ETRT VY YRR > THE T HRW. IO 3 DDH#iE Cahn-Hilliard AR &
LTE<HY EFoN2EDTHIH, 8% R — 2R &, —RDOLMEAE LT CHEYIMED R
ULo6Nd I T, e— 0DMREEELRIT> 2B, & 0% < OIEBIBAEUGIER DY Z Ot A Iz
D,

e B(r) =13 n(r)=—r, D(B) = R D&, FIFROFMO “EHFRAT > v

F(r) = 102 = 1)’

o B(r)=In((1+7r)/(1—7)), n(r) = —2cr, D(B) = (—1,1) DEH, FIFIRD log AT >
¥yl
F(r)= ((1 +7r)In(l+7)+ (1 —r)In(l — r)) —er?,
72720, c> 0 FMMEE2 ST (CEHAFMEZES) TORELRER
o B(r) =0I_11(r), 7(r) = —r, D(B) = [-1,1] D&, FIXIRORRIRT VY v )L

1
F(r) = I (r) — 57”2,



ZIT, Iy FEAKME [-1,1] LOfHREK, $7205

0 ifrel~1,1],
Iy () :{ =L 1]

oo otherwise.
if:, 8[[_1’1} =g I[—LH ®%1ﬂﬁj\%%u*j—é (W’chi, Barbu[lO] %%ﬁﬁ)

WLF?%_ (GMS) & Gal[47] X Goldstein—Miranville-Schimperna[52] THIE & 41, £k 4 724
% (1212 [14, 15, 17, 44 15, 57]) AT\ A, FEEI A AR £ 50 = & (2L L 7 o,
B, (11), (13), (15) £ 0, ROBER R 2 155

/u(t)da:—l—/uﬂt)dfz/uodﬂ:—i—/unodf‘ for all t € [0,7].
Q r Q r

D, oKL EHNS: H = L*Q), V := H(Q), W := H*(Q) Hr := L*(I"), \} =
H\T), Wr:= H*('). £72, H:=H x Hp ¥V :={z:=(z,2r) € V. x Vp: 2r = 7). a.e. on
L}, W= (W xWr)NV, L®:=L®(Q) x L) £ LTHL. & 512, MEREFIOR)E
7R D SIROBEBZER 2 HE T2 Hy:={zc€ H:m(2) =0}, 22T, m: H - RIZ

1
= — d
m(z) QT {/QZ x+/FzrdT} forall ze H

8%%2&/, X 60:%%@71&3 mgo = m(uo) Bl f:f:b, up = (UO,URQ). if:, V() = VﬂHO
LBEL. TNETNOBEBERMIZEHED /) VLAZFHATNDED, Vo D/ IVAIZDOWTIE, ER
RAFRNZ XIS U 72 Poincaré-Wirtinger D RN ER %135 Z & T |z|y, = a(z,2)'/? (2 e Vo) M8
BRHTES. 22T, R a(,): VXV oR%Z

a(z,z) := / Vz-Vzdx + / Vrzr - Vrzrdl forall z,z eV
0 r

TREHELTEL. HE, Vo 2o ZORBER Vi ~NDEGERF & (Fz,2)y: v, = a(2,2) &
BITNEF V- VIR EHE R, 512 ZHBEMCp > 0 BFEL T

Cplzly < (Fz,z)vsv, = |2l3, forallze Vg

Zii7=9. £/, Voo s Hy—s > VERBMEND I VN7 M BbIABDKALS 5 (Colli-
2 [17, Appendix| & ZHR).

M EDRBED T, flFf-Niezgédka—Pawlow[60] (& O —HIRTET, AL [63] &) 2L B
e SRR DR HERIC K 2 EHE I (GMS) OEYIEZIR L2 Z LW TES. £I T, IRDE
BEMERHET%: w = (v,vr) := (u—mo, ur —my), wo := (wo, wr) := (uo—mo,uno mg).

£, RORAEINB: B(2) = (B(2), Brler)), m(2) i= (m(z), mr(ar)-
Mg, AR Z2INET 5

(A1) B, fr: R — 2R IZAMFT, &2 ME FWEFMBEK B, Ar - R - [0,00] T B(0) =
,BF( )=0%ii7=THEDIZL->T B = 86 Br = 851“ B TREINT WS,

(A2) 7, mr : R — R & Lipshitz Hi;
(A3) D(fBr) C D(B) T, THIZHDEM 0,c0 > 0 DPMFEL T
1B°(r)| < o|BR(r)| +co for all r € D(fr),

ZZT, Bor) ={r*ep(r): |r*| = mingeg(,) Is|};



(A4) mg € intD(Br) TX 512 Blug) € L(Q), Br(ur,) € LY(T) Dz d
(AB) f:=(f, fr) e WH 0, T; H) £7-1% f € L*(0,T;V), ug € V.

BIR—MiEHRTHNIZLEAA B =3ThHd. £7= = 0r DEHEITIE (A3) DIREITEE)
IS 5. $7abb, (A3) IFHMMEBRTRAELZRT Vv VEMD 2O DEMT, BIF
(A3) DEWRT fp IZXELE N T WS (Calatroni-Colli[13]). Allen—Cahn B D By 5i LS D 5
ATHhNIE, LEBIRAHDIE TOHLD Ha® Gilardi-Miranville-Schimperna[51] 123 5.

ZD & &, (GMS) (2 U TEAN DDA EBD AL T 5
~ EiE 3.1.[17, Theorem 2.2] ~N

(A1)~(A5) DF, BB M (w, p, &) HBIRDZ T A

w e HY0,T; V) NL®(0,T; Vo) NL*0,T; W),
peL*(0,T;V), &eL*0,T;H),
¢ € p(w+mg) ae. in Q, & € Pr(wr +mg) a.e. on X
IZFEL T

(w'(1), Z>V3,Vo +a(p(t),z) =0 forall z€ Vy,
(m(t),z) g = ca(w(t), z) + (£(t) + em(w(t) + mol) — f(t),2) forallzeV,

for a.a. t € (0,T) T, T 512 w(0) =wg in Hy Ziii7=7. )
N
ROARE %2 BINT X, B DL GG &0 S BRI DRE (A1) D FTH (GMS) 128
T BEDFAENFEI T & 5!

(A5) fe HY0,T;H), f(0) € V,up € VN (H3Q) x H}T)), B°(up) € V.

~ EH 3.2.[17, Theorem 4.2] ~
(A1)-(A4), (A5) DN, HBHA (u, u, &) WDIRD 27 Z A
weWhe0,T; VYN HY0,T; V)N L¥(0,T; W),
pe L0, T;V)NLA0,T; W), €€ L®(0,T; H),
Ee€p(u) ae in Q, & € Pr(ur) a.e. on X

WZIEEL T (11)-(15) %723,
N J

551 DAFAE A LD FER D AE ) 2 5 48U, IR DGR T RO W HMERTE & 2 O Iz
X9~k D LRIZH 5

F'w'(t) + edp(w(t)) = P(—€(t) — em(w(t) + mol) + f(t)) in Ho,
£(t) € Bw(t) + mgl) in H, fora.a.te(0,7),
w(0) =wp in Hy,

ZZ T, p: Hy— [0,00] IFIRDH E T8 BEEL

1 1

/|vzy dz + = /VFZF‘QdF if z € Vo,

p(z) =
o~ if z€ Hy \ Vo.



¥72,P:H — Hylx Pz :=2z-—m(2)1, 772U 1:=(1,1). 2O« & HEHEEAME Az DFF
fiiz BRNHEZIE D(Op) = WNV (T HIZ, 0p(z) = (—Az,0,2— Arzr) 2135 (Colli-iEE
(17, Appendix] 2 ZM). ZDHE, p = cdp(w)+€+em(w+mol) — f THEH, ZDV O—
PR % 155 DIZ Vi, Veur OFEHZIZ m(p) OFHli % T.k 9 % Z & T Poincaré-Wirtinger
DARFRADIEHTE 2 PR ENZERD 1 DTH 5.

[ (GMS) 12 DWW T, fROEFUKAFIEIC L 0 55X @0 —EM£ 48 55 5 [17, Theorem
2.1]. X7z, KA MIME I TH [75], B EOBGR fr 2 GIEIIE & 3 2 B oD f il 80 A 1R
JE— LRy [44], FRERE > 5 O BEE RS & OCRFHEZEENIC DWW TRE-Wu[43], sKRIERIEIZ D W
TR [57], Bist & R aig e LN TRz wlifh & & 9 2 ¥EFER R EA O G A 1% Colli-
B [19] THRONT WS, M, BEd 2558 & U TAHBRESRKIC X 5 BUEEIFEICEE L T
Cherfils—Petcu[14], Cherfils—Petcu-Pierre[15] HEIE (RAFEUEE M FEIZ 5RO BETEAR)E [46] DRERK
2 S RBGRIZ B U CHEE-E)I-FIH [45] OFERE H 5. 72, W & BiS T2 02 il
ARTFRIDS RN S 5 H70 2 BBE RS R ORTE L U T Liv-Wu[69] D L WET IV (LW) $
RIEZX N, Colli-#E-Wu[20], Garcke-Knopf[50] ~ & WFZEIEHENT WS, WFOFHEE L T,
(GMS) & (LW) & O D fE#r Knopf-Lam-Liu-Metzger[61] 235 12 BLERZE .

4. (GMS) 5 IHE LM AR A~ DR

AGEHO EMIE U TV I ALE G FE X (ND) 2R3 5. REBEHZ u,& : Q — R,
UP,fI‘ X —-sR&U

Ou—AE =g, §€p(u) ae in@, (16)
§r =¢&ry Owur + 00§ — Arér =gr, &r€ B(ur) a.e.on X, (17)
u(0) =up a.e. inQ, upr(0)=urp ae. onl. (18)

AEiTIE g =(g,9r) & up IZ2WT, IRZEINET 5:
(A6) g € L*(0,T; Hy), ug € H;

o E, f € L*0,T;Vy) % dp(f) = g in Hy ae. in (0,T), wo. € Vo % wo. +
Eago(wg,a) = Wp ‘= Uy — mo]. in H() %(ﬁf:j_ck 5 C:EM’L&;}:, 3@5%& Cl >0 ﬁ)ﬁﬁbf

lwoelF, < C1, elwoely, < Cn,
/ B(U}O,a + mo)dz < Cf, /B(QUF,O,s +mg)dl < Cp for all e € (0,1],
Q r
woe — wo in Hy, wuge:=woe+mol - ug in H ase— 0.

BB RS T T OB RER (16)-(18) 1, B=pr & L7z (11)-(15) 226D e — 0
72 B MRAEIEIZ & 5 T, (A1) DIRED FT (ND) DHffiE 2w L5 Z W TE 5

~ EIE 4.1.[39, Theorem 2.1] [40, Theorem 2.1] ~
(A1), (A4), (A6) DF, & 2 (u, &) BIRD Y 5 A

we HY0,T;V*)NL>®0,T; H),
EcL*0,T;V), ¢cpBu)ae in@Q, &€ pBur) ae on X

IZHAEL T
<u'(t), Z>v*,v + <ui“(t), Zl“>vr*7vF + /Q VE(t) - Vedx + /F Vrér(t) - Vrzrdl

= / g(t)zda?—i—/gr(t)deF forallz eV,
Q r

for a.a. t € (0,T) T, THIZu(0) =ug in H %7279 . )
NG




HHRIFEZ DWW T [39, Theorem 2.2] 2. 1E& U T Cahn-Hilliard /#2570 & AR
FEALE A FE RN DL TR LM IIAE Tld 7 <, Hl X 1E, Neumann B H 5 R Tl Colli-
BRI [18] 125\ TRl FAilh

T
e — ulg o 1) + /0 (&(5) — &(5), uc(s) — u(s)) ,ds < Const.e*/?

& O TRBROFERSY, Robin Btseth N TIRER—JGH [42] 128 W TEAAEFH X Neumann 57
FREM T TOMENDPNHDFRVBFGSNT VS,

Cahn-Hilliard /#2872 6 IR ILE G R AN O BaER TIRIEMIEME 2 5dik 35 4 1I2B
BIREMDBANZ DWW TR ED D 5. FEBE, HERD H (Q) DILAAZEIIZ BT 2 RE RO
RIS DL TIE BOMAERT vy v L e L, 20 HY(Q) DILZREMTOEMN T &
LRI 21750, ZOBIC R EERMEZ S5 72012 B DREMHERPELRWVRETH -
7z. Neumann BE5U5/F T~ T, RIFf [59] DM, ZAEBAALGRRRDLEITHRA [4], log BLOGE
ZALR-Lu[64] 7 EEBI ORE Z AR BRI N T Wz, £ D&, Robin K5t &l T %
\Z Damlamian-®I%f [22] T “F PR OEBIR I N, BRSRMOEMAFRE L o5 72,
Cahn-Hilliard AR 2 SR HRE RN OHEE Tk, FERRIE 2 HL580H X Cahn-Hilliard
FERARICE T 2EHEHT U2\ R PEEGHNE 2 AW 2 BEN N SIZH SR H 5.
Damlamian[21] 2 545 % - 72 HY(Q) OHAEERIZ B 1) 2 FE AR MEERmIC L 28 TR
BT H > 7R OBRNTDWT [22) IS 1 DDRIRKE 5 X 72 Z 21275 (L O
#l A 13 Barbu[10] 2 2t X). SEAIEEFRLGEIC Z ORI EZ M U 72 R ERE-#H [41]
DERH H 5.

5. Fast diffusion A72%X & BREFZIH R
AREITIEO<m <1, B(r) =Br(r) = |r™r ODBEEZRS. v = 7L v i=u™,
vp = Ul IR B EREBUZ £ 5T (5)-(6) IFIRDIBIZER TE 5:
Oy(v) — Av+av = Ay(v)P ae. inQ, t>0,
v =vr aeonl, >0
Oy(vr) + Opv — Arpvr + bup = py(vp)? a.e.on I, ¢t>0
v(0) =vg ae. in, op(0)=vrp ae. onl,
ZZT,u: 0 = [0,00) &opg: ' = [0,00) IZENETNGZSNTHHUET, vy = uf,
vro = ufly THB. K72, pg > 1, (a,b), (A ) € {(1,0),(0,1)} &F 5.

ARRZERZ S 2 12 H 72 0, 8% < DIEATIISE (KA1, [25, 26, 58, 68, 71, 77, 81, 83])
R, BEEAW ETANTF - EZUTOLDIITERT 5: MME, a:=1/m, p. :== \p+ g
EBL.ThLE, (\p)=(L0)DeEEp.=p, \p)=(0,1)D&Ep,=q¢qThb.

W:={zeV\{0} : 2>0,2r >0,E(2) <d,2p1(z) > (ap. + 1)p2(z) } U{0},
E(z) = ¢1(2) — o2

(2)
1 1 b
o1(2) = / szde+“/ ]szx—i—/\VpZﬂQdF—i—/\zﬂQdf,
2 Jo 2 Jo 2 Jr 2 Jr

1
z) = A |2 e + (/“ ‘W+1dF>.
ea(e) = g (3 [l tian s [

BEEG W IZBE T 2E8 d 1% depth of the potential well(fil 21X, Lions[68], # )& [71],
Sattinger[81], 2 [83] Z &) LIEITNLLFTEHRTE 5!

d:=inf{E(z) : z€ V\{0},2¢1(2) = (ap« + 1)p2(2)}.

TS AR BRI 2 I R LT, B2 E [25, 26, 68, 71, 81, 83] THY b T3,
7z, BEEBEIED 01 — 0oy D LD IZHEMB DATREINT WD IMEFEHFEA (FI X
[6, 62, 76]) 1254 LT, = DG HIRESE A H I [56] X KA [77) TH S DR 72,




201 = (aps +1)p2

#1 E—d
o1 = 072/(ap*+1)(p§/(ap*+1)
Yofp-----5
w
d |
3 2
O Lo

Figure 1: ZEHEAH W.

Jet75E Fila-Filo[26] DA WEAN 2155 Z LA TE 5: f#E (7) ® (8) 1T L TlE
q > LITA U CTHRRAHEMA AL T 5.
s EE 5.1. ~
(a,b) € {(1,0),(0,1)}, (\,p) = (0,1),1/5<m <1 &L, vg:= (vg,vpr0) € WNL® &K

ET D, ZDLE, v lTHIFT D Togy € (0,00) BFIEL, v(t) =0, vp(t) = 0 D3t > Ty 12
XUTHALT 5. & 512, m IZHIFT B EEHC(m) > 0 BMFEIEL T

‘U(t)‘uum)/m(g) + |UF(t)|L<1+m>/m(r) < C(m)(Text — t)m/(lim) (19)

MTRTDt € [0, Toxe) 12X U THNLT 5.
N J
& N

vg € HY(Q)NL>®(Q) Tug >0, ZLTO< |0l <2d ZIET S (DD, vo := (v0,0)).

\:0)?: &6, ARRFZITHEBEARNLS 5. )

I (9) % (10) IR LU TIE, p > LI 2 MEMED T THBRRZERA KL T 5.
EIE 5.2.
(aab) € {(170)7(()’ 1)}> ()\nu) = (170)7 1/5 <m<1,1<p<dm & L/) Vo = (U(JaUF,O) €

WNL® ZRETSH. TDEE, v iZEIFT D Tex € (0,00) BEIEL, v(t) =0, vp(t) =0
Dt > Tox ICHUTHALT . S 51T (19) ARAET 5.

JERIZIE m = 1 DGEDOEE < DEATHRDERITHRE S W, fast diffusion HFERX (0 <
m < 1) Ti&, BB OO FNHLHEL XD 1 D245, FEE, BRIITEED T € [0,00) T4
LT oleth)/2 = p(+m)/2m ¢ g0, T; H), 725 O

%I(v(t)) 201 (v(t)) = A /Q WP (1) da + /F VLA for aa. ¢ € (0, 00)
)f_‘p
o /t|a o@HV2(1)2 dr + E(v(t)) < E(v(s)) for all s,t € [0,00)
(a+1)2 ;™ H - e



PROoNE—HT, v TR TAREREIIETE LW, 22T,

1 1
- (1+m)/m (14+m)/m
I(z): 1+m/Qz d:c+1+m/FzF dr

__“ /za+1dx+ @ /Z%de.
Oé+1 0 Oé—i—l T

Z 2T, £7 Filo [35] DB HEN IR 2 RBAE XD S y(v) € HY(0,T; H) 72 51K

—

D DIERIME 2159 5. 59k e U CORAT IR IRERL 2.1 & FRIZ Ap 2> S FE B E R
DHOBHERMIZE > THEOND FAIMEEETH L. £72, Fila-Filo[25] 12725\ W O ARE M
ZIFC, BATMRDOFEZIEIRT 2 Z L PV AafaE & 70 5. Lo°-3HliiZ B U Tl Alikakos[7](m = 1),
HE [71](m > 1) OFEZ LR U 72 Fila-Filo[26] DFEHR (0 <m < 1) DIGHTE 5.

728, Dirichret B/ R T fast diffusion HFENIZH U Tk, RO R H- cEoh

55 BRLANT, up € HL(Q) N Lo (Q) 12565 L T A BRI LI WA O R 72 65 525 Aok
R[5 THR5hTWS.
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Solvability of doubly nonlinear parabolic equations
with p-Laplacian

Shun Uchida (Oita University)*

1. Introduction

We consider the following initial boundary value problem of doubly nonlinear equation:

OB(u(z,t)) — Apu(x,t) 3 f(z,1) (x,t) € Q:=Q x(0,7T),
(P) u(z,t) =0

u(z,0) = up(x) x €,

(z,) € 9Q x (0,T),

where Q@ C R" (n > 1) is a bounded domain with sufficiently smooth boundary oS
and f = f(z,1) is a given external force. Moreover, 3 : R — 2% is a (multi-valued)
maximal monotone graph on R satisfying 0 € 5(0) and the exponent in p-Laplacian
Apu =V - (|Vu|P~2Vu) is p € (1, 00).

The case where 3(s) = |s|""2%s (r > 0) is one of the well-investigated examples of the
above formulation (see, e.g., Raviart [14], Bamberger [2], and Tsutsumi [16]). When
p=2and ((s) = e*—1in (P), the equation is equivalent to d,v = Alog v, considered in,
e.g., Berryman—Holland [8] and Esteban—Rodriguez—Vazquez [10]. Recently, Miyoshi-
Tsutsumi [12] derived the following equation from the singular limit of a generalized

Carleman model (2-speed model of rarefied gas):
O — V- ([VIogv[*Viogv) = f.

In order to follow them and more general cases, we aim to show the existence of solution
to (P) with less assumptions of £.

As for previous studies of solvability, Alt-Luckhaus [1], Otto [13], Benilan-Wittbold
[5], and Carrillo-Wittbold [9] deal with the case where J is single-valued based on
L'-contraction principle. Grange-Mignot [11] is concerned with an abstract doubly
nonlinear evolution equation in Banach space and assures the solvability under the
boundedness condition for the realization of 8. Barbu [3] avoids assumptions for growth
order or coerciveness by using angular condition and obtains the existence of solution

to (P) with p > 2 in L2-framework for general f3.

This work was supported by JSPS KAKENHI Grant Number #18KKO0073.
2010 Mathematics Subject Classification: 35K92, 34G25, 35K55.
*e-mail: shunuchida@oita-u.ac.jp



Main purpose of this talk is to construct a solution to (P) for every p € (1,00)
without any assumptions of § except 0 € 3(0). Especially, we do not impose growth

condition, coerciveness, single-valuedness, or D(f) = R on 3.

2. Preliminary

We here define some notations and review basic properties in nonlinear evolution equa-
tion theory (see e.g., [4], [7], and [15]).

Let V be a reflexive Banach space and V* its dual space. A multi-valued operator
AV — 2V is said to be monotone if (1, — 1, u; — uz)y, > 0 for every u; € D(A) and

n; € Au; (i = 1,2). A monotone operator A : V — 2V is said to be maximal monotone

if there is no monotonic extension of A. Moreover, A is said to be bounded if | J,,. 5 Au
is bounded in V* for any bounded subset B C V' and coercive if lim,,_,, <7|7@:ﬁl‘>/‘/ =400

holds for any w, € D(A) and n, € Au, such that ||u,|y — oo as n — oco. A typical
example of maximal monotone operator is subdifferential. Let ¢ : V' — (—o0, +00] be

a proper (¢ # +00) lower semi-continuous convex functional. Then we define

Ovep(u) :=={neVnv—u, <p)—plu) YveV}

Obviously 0 € dp(u) implies that ¢ attains its minimum at u.
For a proper lower semi-continuous convex function ¢ and A > 0,
ort) o= ing {2 g}
is called the Moreau—Yosida regularization of p. If V' and V* are strictly convex, Oy @y
coincides with the Yosida approximation of dy ¢ with parameter A > 0. Moreover, the
Legendre-Fenchel transformation (conjugate) of ¢ is defined by
w*(n) := sup {(n, v}, —(v)}.
veV
Remark that ¢* : V* — (—o0,400] is proper lower semi-continuous convex and
Oy+* = (Oyp)~ L.

When V' = V* = R, the maximal monotone operator always possesses a primitive
function. That is to say, if 3 : R — 2% is a maximal monotone graph, then there is a
proper lower semi-continuous convex function j : R — (—o0, +00] such that g = 9j.
If 0 € 5(0) holds, we can assume j(0) = 0 and 7 > 0 without loss of generality. Let
V = LP(Q) and V* = L (Q), where p € (1,00) and p/ is the Hélder conjugate of p.
Then

/j(u(:z:))dx if ue LP(Q), j(u) € LY(Q),
P(u) = °

+ 00 otherwise,



is proper lower semi-continuous convex on V and & € dy1)(u) if and only if &€ € LY (Q)
and &(x) € B(u(x)) for a.e. x € Q. In this sense, we write 5 := 9yt and call it the
realization of 5 in LP(2). By the canonical restriction, we can regard v as a proper lower
semi-continuous functional on X = W, () and then we can consider its subdifferential
on X, written by Oxt. However, £ € dxt(u) dose not imply £(z) € f(u(z)) since &
belongs to X* = W~17(Q), the dual of W,”(Q) (except the case of D(8) = R, see
Brézis [6]).

Define the resolvent of 3 by Jy := (Id + A\3)~! and the Yosida approximation by
B = (Id — Jy)/A. Tt is easy to see that these are Lipschitz continuous function on R.
Although the fact immediately yields the Lipschitz continuity of the realization of )
in LP(Q) if p > 2, this dose not hold if p < 2. We also remark that the Moreau—Yosida

regularization of ¢ given above dose not coincide with u — [, ja(u(z))dz except the

|s—ol?
2\

case of p = 2, where j(s) := inf,cr { + j(O’)}. This means the mismatch between

the Yosida approximation of dy¢ and £y, the realization of S,.

3. Main Result

In this talk, we show the existence of the following solution:

Definition 1. Let (ug, &) satisfy & (z) € B(ug(z)) for a.e. x € Q. A pair (u,§) is
said to be a solution to (P) with the initial data (ug, &) if u € L>(0,T;W,7"(Q))
and &€ € Wh(0,T; W=17(Q)) N L=(0,T; LP (Q)) satisfies &(x,t) € B(u(x,t)) for a.e.
(x,t) € @ and the equation of (P) in the following sense:

DE() — Apu(t) = f(t) in W (Q) forae. t e (0,T),
5('7 0) = &o-

Remark 1. Let § = 0 and f = 0. Then energy equality (1) below implies that for

any given ug € W, ?(Q), (P) has a unique solution

up(x t=0,
u(z,t) = o(@)
0 t>0.

Hence we deal with cases where u is not continuous and the initial condition for u may

be satisfied in just the sense of representative.

Theorem 3.1. Let p € (1,00), ¢ € [p/, 0], and 0 € 5(0). Then for any u, € W, 7(Q),
& € LP(Q)NLAQ), and f € WW(0,T; L (Q)) N L>(0, T; L)), there exist at least



one solution to (P) with the initial data (ug, &) satisfying

sup €@l < T sup JLF ()1 + llSoll oo
0<t<T

0<t<

sup [|€(t)llze <T sup [[f(t)llze + [I€o]l Lo-
0<t<T 0<t<T

Furthermore, (u, &) fulfills for every t1,t, € [0,7]
W [ st enie [ et [0 = [ oot

where j is the primitive function of g and j* its Fenchel-Legendre transformation.

With additional conditions of initial data, we can obtain a solution which is Lipschitz

continuous with respect to t:

Theorem 3.2. In addition to assumptions in Theorem 3.1, let Ajug € LP ()N LY(S).

Then there exist at least one solution to (P) with the initial data (ug, &) satisfying

sup [[E(0)||w < T sup [[f(&)]l + 1€ — Aptio|| o,
0<t<T 0<t<T

sup [|E(@)|[a < T sup ||f(?)[lra + 1€ — Apuol|ra,
0<t<T 0<t<T

1€(t) — E(t)||rx < Clt — | Vty,ts € [0,T].

Our proof relies on the standard time discretization technique by Raviart [14] and
Grange-Mignot [11]. Let N € N and define 7 := T//N. Then we determine u, =
{ud,ul, ... uN}y and & = {€0,¢!, ... &N} satisfying u? € WP(Q), —Aul, & €
LP(Q) N LY(Q) for n = 1,2,..., N by solving the following equation inductively:

£2+1(ZL’) - 5‘?( ) Apun+1( ) = ff(m) x €,

-
(2) &l (@) € Burt(z)) v eQ,

u" M (z) =0 x € 09,
where v = wug, & = &, and [P = I TEZH)T f(-,s)ds. We next connect u, =
{ud ul, . ul} and & = {€2,&, ..., &Y} between [0,T] by horizontal lines and a

polygonal line, respectively:

ut! if t € (n7, (n+ 1)7],

u? if t =0,

T—T(t—n1)+ & iftenr (n+1)7].



By establishing a priori estimates independent of N or 7 from (2) and discussing the
limits as 7 — 0 with some properties of maximal monotone operator and convex
analysis, we observe the convergence Il u, and A;&; to a desired solution to (P).

In order to complete this argument, we have to assure the solvability of (2), namely,

begin with the following elliptic problem:

&(z) — Apu(x) = h(z) x € (),
) §(x) € Blu(x)) z€Q,
u(x) =0 x € 0.

Theorem 3.3. Let p € (1,00), q € [p/, 00, and 0 € $(0). Then for every h € L¥ () N
L9(9), (3) possesses a unique solution u € W, *(Q2) such that &, Ayu € L¥ (Q) N LY(Q)

and

(4) 1€l < Nllzsrs  [I€llze < [R]lza-

Formally, we can interpret (4) as the result of integration by parts:

[ 12 s@auds =~ - 1) [ 1) @I valde <o,
Q Q
where 8 > 0 since [ is monotone.
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Existence of traveling wave solutions to a nonlocal scalar
equation with sign-changing kernel *
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1 EC®IC

A, MO DA TR NS IEREHHEEZ FORHEFR AL, #RpY 2] PYERY
[4], &M% (10,12, 13] RE OB I 2 HHET L LTREINTVWS. Ol LT, K
D RO IFHIFE R HFEADPE T 5D ¢

U = dugy + Kxu+ f(u), t >0, z € R. (1.1)

u(t,z) AL ¢, (0 2 2B BT 5 OWEOREPEE, RERYEETEDL L,
C(R) NL'(R) iR TS b,

Q (q
|\/ (q

(K xu)(t, =) /K u(t,x —y)dy

CED, fiR = RIZIEREEBE T 5. dug, IWEOIEOSE, FEREAE K «u lZWEIZEL
BIEFARIE, flu) BYWEORKIGOMEZEZL TWDS, K OHEIfIE LT, MBI 50K
DFKBZLOBILE TV THWONS, FATENE - RGO AL TH S 2] (B1).

FRER (1.1) 1ZFEE LB G RE R [3] RHERE TV 2 Mg b U 72 AR [11], MO R Ax—
BT AHEEE TV (10, 13], FEREANRABT XL X — %2 F R L OB R OBIEE TV [4], £
VIOREEROBILE TV [12) mE L LTHNS. AR (1.1) OBUEEMEITIZOWT, BOAEA
D& ZFIFFAPDOEHMMOGLE, —ERETIRE L ZTITET T D ETHROFE, 2205
DEENTREDENRR =T 22 K OFERPIBEINTWS [, 7,8, 16, 17, 18]. FFADES
Bz R AREADZ I, HREHEZ O KL AR AOEZMT cCHW oz EENEHATE S
ZrudY, KIGIHABRRDILEE UTOMIFRMESNT WD

—Ji, AR 1 O X3 ZREEMAT 2541, ARER (1.1) & &0 HMOIEFTHEHZ RKD
R AR RITEM R BB OMEET 22D, Y I al—YaViZioTHRLNTNS
10, 13, 15]. FFE2{LT 2MAEE 5272560 A (1.1) OBUEY I 2L —> a v Tk, FEHEH

* This is a joint work with Sin-Ichiro Ei (Hokkaido University), Jong-Shenq Guo (Tamkang University) and
Chin-Chin Wu (National Chung Hsing University).
T E-mail : hiroshi-ishii@eis.hokudai.ac.jp
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4 2 0 2 4

1 RS - FERFIHE OO D 25 7

IRHEAT IR F 2 — ) ¥ T RLEVEIC X 0 ZR N2 ERBN S Z ARG TN T WS [15]. £/
FEJRFTIE % R D UM O e R AR IS S 2 2 OGPl EOBUEY I 2 L —Y 3 Y TIE, HE£1L
T LBEY RO EGZ D LT, Fa—V VI REEMIZIVEYPAOERELIZHNS
ARNTATRARY b, REARX -8 2BHETES e HEINTVS [13]. 2o DfER &
D, HEEATIMAMOEGEITITRMDLBRATH o> TH, HRFLEITHMOF 12— v ILL
MR ¥ DL O RIGHEECAFE R & AERBOMEEPNIEI N T WS Z R FPHEI NG, ZDLS
RO REEALT DD DLEITIX, MR EI TR DR XK 25 G DA TR b TN
273 THo7 [6).

AR TRHSLAT 2RO ERORHERRABRICE T 2 EMAX— Ot 28k e LT,
B2 1R IRV IE 2 5 2 T2 5 B DT IR DAL DWTHE 2 5. DAIRIIANIIE O MR E & STt
%%, BIUORONZEMRL ZTDFEHD S E %2 BT 5.

2 FERERTE
RBFECIEIAT OFRFHE R REA D T — HRAILOWTHR 5.

U = dugy + K xu—au+ f(u), t >0, x € R. (2.1)
CITCAREE®BLTId >0, oKX
}W@:K}wﬂxem,(XMHLW@BK%O,a:i/K@Mx>O (K1)
R

ATz, D
VA >0, / |K (z)|e”Mdz < oo. (K2)
R
EAHLTHDET L. £, FERIPH f X

Ie Liploc(R)’ f(O) - f(l) =0, (Nl)
f>0in (0,1), f <0in (1,00), f'(0) >0

AL, OB ER ut > 1 DBMFEHELT
Vu e [0, ut], f(u) < f/(0)u (N2)



ERETHEDOET S,
LROBE (K1), (K2) %&a7= TR0 K OB

1 2 1 2
o —z= L —z°/4
K(z) = NG (e 5¢ > (2.2)
TH Y, K (N1), (N2) & b7z IHIE [ OBl
)2 2u, uE(%,#—oo),
f(u) N {2u, (RS (—oo, %] (2'3)

Ths. (2.3) BEED ut > 1IZH LT (N2) AT L IZEHRT 5.

ABFRTIR, RIESR—2D 1 DThBETRMIZOVTERS. AR (2.1) OETHM 2 13,
TR0 SR ¢ LB c 1ITH LT, u(t,z) = ¢la +ct) LRENDMDOI L RILR. %
o, BHR € = o+ ot REATHY, EIFRRIFET 5 2 L3,

cd =d¢" + K+ ¢ —ad+ f(¢), E€R (TW1)

EATTER ¢ LHEITHE c 2 RODMBEITESIND. T SITARMIETIE, ALELFHR u=0
EHEBDDOERTLELR VMR uw=1 %28 XS5 lITEEEXS -

p(—o0) =0, ¢(+00) =1. (TW2)

2.1 FTHR

InECTHER (2.1) &, RCIEABRADORALEE ERArLE (3] IcE S M 72 HHRA e U
T, BEAEPIEERD d=0DGHEHIZ, (TW1), (TW2) &2 A7 T EFEMOTFENFTARSNTE
8,16, 17]. AT DIRE %R A7z 3D K L IFGILI [ I23 LT, IROETEMEDFEIZET 54
ROPFoNTWS.

RE 2.1 B K & (K1), (K2) 27 EAMKE T3, B £ 12 (N1) 25720, 512

IM >0, Ip € (0,1] s.t. — Mul*? < f(u) — f/(0)u <0 (ue (0,1)) '
M.
T 2.2 ([16])
d=0&U7T, HMPHE f eBOM K IMUE 2.1 2A =32 T5. oL,
A /
o= nt B G0 - [ Ky —a+ £ (2.5)

DHEAELT, ¢>c* D& ZITiE (TWL), (TW2) % A7z 3 BilEaBE8 ¢ BFEET 5. c<c* D
YEITIE, 20 %S BB ¢ RAE LR

Zoftiiz, K>0m72d>0Th->TH, LR (2.1) DETFTEMOFAENPHSNTWDS [8]. L
U DR B 26T 5 & 2121, AR (2.1) O#ETEMOFEIIRIN T W aRro 7.



3 E#ER
LB, B K BZEOHDZ2R2EDE 5. Thbb,
K*(z) := max{+K(x),0}

LEDIZEE, K (1) 208353, £/, K@) =Kt (2)— K (2), |[K(z) =K' (2)+K (z) %
AT I EET A,
FREREZBRRDZENZ, WS OO BELEEEZHETS. FTRD2O0RE2TEET .

cg = inf %, Q) :=d\? + / K(y)e Mdy — o+ f(0), (3.1)
A€(0,8) A R
A
nim int T RO = 0+ [ K@l dy - a+ 0) (3:2)

ZZTAR, Q) =0%,%2%\>0HEETHIE, /(0)>048DT A :=min{\>0|Q(\) =0}

UTeo=0, BUFELRITNIEN =400 £T 5. ZDLE RN A A > 0% L THREMELK

THDIENS cp>0I13ERTE, cp>cg AT

AR 3.1 U KB TONIWADEDZRDEATS, cq=0214225Ze0dH5. HIZE,
K(w) = (1+&)J(@) = 5(J(@ = 1) + (@ +1)

LB EELe>0THY, JIF[-L 1] BicAEREOMARS | DA OHEIEEKE T 5.

IDtEa=1ThHY, liHOLD f/(0)=1,d=021BLL,

Q) :/K(y)e_)‘ydy: {1+5—8cosh()\)}/ J(y)e dy
R R
TH5. £oT, [ J(y)e NWdy FEED N > 0 ICHUTERDT, ¢ > 00D&FITF A =
cosh™ (1) € (0,00). DF D cq=017%5.
7z, FWVHEEABOBEAEIIN LT, IRORKEZEAT 5.

RE 3.2 flk(N1) & (N2) 2A/=T LT 5. £/2bdne (0,1) BFALELT, TXRXTDu e [0,7]
2R LT

f() = ' (O)u (33)
ZHRZL, fIE0)>akAzdedd I5I25e(lLum) LT, K- 1ZREAKT.
/ K™ (y)dy < min { _{5(5), (f (0)5_ a)n} . (3.4)
R

3.3 f&(23)LLTEDD. ZOEn=1, f/(0)=2Tdhbh, EEOu" >1IZHLT, f
i (N2) 2Ad. Fhha=0L795L,

f6) _2-2  (f(0) a1
1) 5 1)




Ths. 10)(‘:%5:; LLTHRD L,

AK+@M%=AKf@MyS§

EREZTEIETHNIEMWE 3.2 2H72F. ULENR->T, Mo K LIEBIBIE f 2 LT (22) &
(2.3) 25 AN, RE 3.2 2H7T.

7o, MOBBZERZHET 5.

Cy(R) :={g € C*(R) [ [|g||oc < 00, j =0,1,...,k}, HMHMZ?£MKN
S
Rz, Cp(R):=C)(R) T 5. ZDOLE, ROMEIFSNT-.

EFIE 3.4 ([9))
I f E D8 K 13RE 32 2 A72TLT5. ZDLE, §RTDce>cp iZHLT (TWI),
p(—o00) =0mD

lim inf $(£) > 0 (3.5)

& AT IR ¢ € Cp(R) BHFAET B. 1T ¢ > max{cp,cx} DL ¥, B¢ #5 ¢ € CA(R) %
BlEIE, d(too) =1E%B. 7L, cx RIRTELZEHTH 2.

WJW ) ([ seiwan).

EE 3.5 ¢ € Cp(R) IEHEX (TW1) OETHEDT, d>00DLEITE ¢ e CFR) THBI L
bhrb. Fd=00rEILE, feCYR) THNL e CER) THS.

4 FREOIEBO ALt

AREITIIEH 3.4 DA D idt 2N 5. LB 3.4 OFIED Th 2 ETEMM O, BEHD
DD WL DIFATIZ 31 THIAS 5.

41 EITRBEOEFHE

BB SZT 255 AER (2.1) 3 MBICHBFEEZFZR2WIehs, Yy IX—0
AETEHE AW PRI & D ETEMOGFEERT. £V Yy I X — ORI AEHE NS 720
2, OB SEMT 2I5E0 AR (TW1) 2 28 - REOF-2EHEEAL, TOE
BEATZTIRORT B E1T > 7.

2T, Gaohizce> 01U T (TWL) 2472 TEMOIEAEZIEIT 2720 0% LT, #
fift - HffEEAT 5.

EFE 4.1 > 0T8T, HEGEBKOM {¢, ¢} % (TWL) DB - R TH D & 13,

(€), VEER\A,  (41)
(€), VEER\A,  (4.2)



oy

2 fHRE 4.2 2B SEM - HIEOIRD A A -V

DO DZETHD. ZL ACRIBHLEREG LT S.

OB EADOHAEROZ DS, (A1) ITF K x¢, (42) T K ¢ NEENLTND I LT
HETS. E420H L TEHK 4.1 2A72T (TW1) OEfE - HEEERT 5. EED c>cr i
MLUT, A e(0,)) 2RBESBUTD N 2HBIENTES.

QM) =cAi, QN > forall A € [0,\). (4.3)
F7- CR DEFELD, R()\) =c\ BAT2T 2 DD Aoy < A3 MFIEL,
R()\) <cA Ve (AQ, )\3); R()\) >ch, VA E [0, )\2) @] ()\3, OO) (44)

AT, ZIT A >\ THEILIERLT, v € Vo, \3) 25T v>1%25. £,
h>11ZxLT,

g g . — ()
p(§) =e he ’&4_(V—UM (4.5)
RERD. E<EyDEZFITIEp(E) >0THDY,
p(€) < plénr) =C(W)h V"1 Ve eR (4.6)

ERET. 2ELC=C) =v VD1 -1/v)>0Thb. 7=, (45) D p& & ITHLT,
plér) =N %5 &5 h>0%85. ZOLE, DTOMENIEOND.

W 4.2 JERPI f ERAB K BIRE322A72TL95. ZOEE c>cpilHLT,

5(5) _ min{e’\lg + he”)‘l‘g,é}, ?(5) _ {(3)\15 — hew\lﬁ’ €< &,

7, §Z€M
YL ZOLE, {6} 1 (TW1) OEE - HRTH 5.

R 4.2 (2B 2R - HIRORIE, B2D L5125 TWD. £, ¢ € CHR) Lo TWV3.
RICHEATWEBROFELEZEZ R T 2O, HULEHZL ZOARLESGE2EMT 5. £ =
sup{% | u,v € [0,u™], u;«év} EBL.ec>0,d>01zHLT, MNOBEASIEMFE



P§ 2 AT 2.

3
Rl =3 [ e Gy (d=00r#)

c

+oo N ¢ -
P =d<#+1_u)[ [T [ o

ZIT, p=(a+r)/e, GRIE) = (K x)(€) +rp(§) + f(P(E) &BE, pF > 0> p” &
dp? —cp— (a+rK) =0 DFERETE. 2O PFIX, ¢7 P ORBHTHEILL ¢4 (TW1) %
AT ZEMEMTH S LI ITHEREINTVS. kb, (TW1) 2A7T ¢ DEFEEZRT 201,

PS5 ORFEOFEERT.
5, c> 0T UTU R &A7T (TW1) OEfE - 5 {¢, ¢} BET 2 LIET 5.

GlYly)dy (d>0DEF)

(1) ¢, ¢ : R—[0,u"],
(2) (&) < B(€) (V€ e R),

—/

(3) ¢ (2=) 2 & (24), ¢'(2—) < ¢ (2+), (Vz € A).

ZZT, ¢zd) i=lime,.t00(8), P(2k) i=lime,.109(&) L LTEHEZ, AREH LI TERALN
bDrTs. 72T :={p c C(R) | 6(€) <€) <h(6)} £BL. ZDLE, ER - HROEH
EVEAT C OR) FMDMEMFE P OLEEATHDL ZEDVEBIZDONS.
T oI [M4] ERMRERIZED, PS:T 5> TIRRO/VAZHLTavy s MEHETHS Z L
NRED
[ lle := sup [(€)]e ¥,
£ER
ZZTORFTRNIVERE TS, ZOHMICOVTOFMITEET S, Ik ¥y I X —DKRH)
REBD S, ROFEEEBMFSND.
B 4.3 ¢c>01THLT, UTFa2ALT (TWL) OB - B (o, ¢} WMFET 5 LIET 5.
(1) ¢, ¢+ R—[0,u"],
(2) 6(8) < 9(¢) (V€ € R),

(3) 8 (2=) > 8 (24), ¢'(2—) < ¢ (2+), (V2 € A).
ZorE, (TW1) 3f# ¢ 2B R ETo< ¢ < 2HizT.

i 4.2 THER U 72 1BfR - HIRITE 4.3 DIREZATZ-LTWB I LS, ¢>cgp D& EITIFIEA
TR ¢ DMFAET B &\ D EHE 3.4 DRTPEH DG S NS,

42 FBEH o OEHER

ZITHE, (TW1) 25T HB 6 O € — +oo BT BHRICOVLTOR-EAMATS. B
PEDIA RO L 2, HRR (2.1) OPH u = 1 RS ORI TLETH 5 & IEH S 20 [15).
ZDrb, FHEDEEIE &SRV ¢ OEHAOMIRE G201, [1] 3% ¢ O L2 3
% BRI & o 72, £ ¢ 12DWT, UFOMELESND.



B 44 (c,0) eRXCER) % (TW1) AT E TS, £72, c>cx EIRETD. ZDOLE,
¢ € L*(R) TH Y, ¢/(+o0)=0Th5.

COMBEE 7 AAV-TILY 2 IDEME Y RL 7DHOIAAREHEZ W ZE#RIZ LD, ¢ DER
EHOERU X f() =0 %2 AT IEMNRES. Lo T, ¢ ORERESGICE T DHROHME 2
LT FOm@ENE s N5.

HB 4.5 (c,0) & (TW1) AL, ¢ CE(R) ThBEFHRME TS, %72, HEBCR %

B::{ue

EBEL. BPARESD L E, ¢>cx THNIR ¢(+00) BFEEL T ¢p(+00) e BTH 5.

ggﬂgé(f), Supcb(é)] | f(u) = 0}

£eR

Ik, EH 34 0BEBIVEOND.
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Upper and lower bounds and modulus of continuity of
decomposed Mobius energies

BIE ity (BEAD)

B ¥ (BEAY) & OHEAWR

B E

Mobius TRV F—ZFEVCHD T R ILF —D—D T, Mobius BHITRET
HAENLEIORKE > TWVWE, TOIRNF—IIEHRLELRLIEODLD
KEPHSNT WD, —DFEFHAOREEZHNZED T, RIEARLIFIX
N5, fiik, Mobius AERERMOIEIZHRET 5H DT, SRS NZEDIX
DRI AINF =N E, ZOFHENLS, REARNIIDMHMET XL F—DH &
FLUL, AT AVF =2 Lo TREARDFHT I NG Z L0025, Wik
ESThHA5M, TiHbb, fflx DT 3 IV F —I1ZREANE W THAE
INBEZAIM0, ZOMBIIN LU CEENRREEZG A5, Thbb, 4Hf#
TRV X — O E TR X H A 2 RIXA N EHWCHHMET 5, HiZ, 22
DOFECH (FHIFR) OAET XX —DZEDFMIZ DN T EERT 5,

Inid, A ¥ BEXRY) & OLFEMRSE (18] IZEDISEDTH 5,

1 &

FEOH OFEHEIR 2 P $ 5 HIUT O'Hara i3S HO = 2 L X — %235 L 7= ([23]).
ZNIFBIZ O Hara TRV F — L IEEND KD 1o 7, $EOCHIZ REAOHCORKR
XEFEZVEBETH 2, TXVF—E R NOZD XS RilhifgicdLTd
EHZINS, AR#EHETIX, OHara TRV F—D—DTH 5 Mobius TRILF—%
R* NOEdhfRic L TE X 5,

f:R/LZ — R 2 RTIZHDIAEFN-EE L OFROIIE T XA — X KR
9%, BAMER ED 2 51 F(s1), Fso) DAKIMEEEEZ |AF) = || F(s1) — F(52)||rn,
WAERIEEREZ |As| = distr)cz(s1, 52) THY, WIERFERES 13, difR LOFHRETH
%, Mobius T IV ¥ — I,

e = [[ ) dsis

TEHEINS, T T, TRILF—EE X

11
IAFIZ |As?

AM(f) =



Td %, Mobius T4V F—DHFDHRIE, Mébius £H#IZ & > T AL F —{H
DAZETHLHIZLD, TOWHEIZ 1994 H1Z Freedman-He-Wang [9] (2 & o TR
SNz,

Mobius 21, GRIZH, FHOZLH, KEICBE TR ZNS5DERTDH 5,
> T, FHZ Mobius T4V F— 1%, MILZEHIZ L > TAZETH S, T OFITHN
FNZBWT T AN F —FEDOEHEZHET L5H2ERT 5, TDD, Kb
FIDOPHIE— I TR K72V, Freedman-He-Wang (&, T % J)L¥ — D Mébius
AEVWZ R U721 Tl BORMPEWPEZIEETH 561, R/MEFNIC
BRENZB T 2 iz MARE Z e T, TANVF—2m/MET 25 THEHEEMRE-
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On an inverse crack problem in a linearized elasticity by the
enclosure method

Hiromichi Itou*
Department of Mathematics, Tokyo University of Science, Tokyo 162-8601, Japan

1 Introduction

We consider a reconstruction problem for several linear cracks located on a line between two
linearized elastic plates from measured data which are a loading surface traction and the resulted
displacement field on the boundary of the joined plates. This is a typical inverse crack problem
arising from the nondestructive testing of materials. For this problem, we introduce an extraction
formula of the cracks from a single set of the data by means of the enclosure method [2].

In the case of a single linear crack, the extraction formula of the location and length of
an unknown crack has been established by using the enclosure method for isotropic [5] and
anisotropic [6] elasticity. However, this result cannot be extended to several cracks case directly
because the original enclosure method can give information of the convex hull of cracks. As one
of ways to overcome the difficulty, we apply the Kelvin transform to the indicator function of
the classical enclosure method. The idea of using Kelvin transform has been applied also to the
probe method by Ikehata [4]. In [1, 7], by use of this transform in the enclosure method we
succeeded to derive the extraction procedure of information about the location of tips of several
cracks located on a line between two electric conductive plates from a single set of an electric
current density and the corresponding voltage potential on the boundary of the material formed
by the plates. Moreover, by a collaborative project with M. Ikehata, A. Hauptmann (University
College London, University of Oulu) and S. Siltanen (University of Helsinki), we demonstrate
computationally that the Kelvin transformed enclosure method can be used for robust detection
of multiple crack locations [1]. In the present paper, we consider an extension of the result [1]
to the linearized elastic case. Originally, this problem should be considered in three dimensions,
however, our results obtained in 2D are not directly applicable to the actual 3D situation. In
order to do that, we need to analyze the asymptotic behavior of the solution of the linearized
elasticity equation near the crack edges. Also, the further extension to the multilayered case,
that is, cracks are located on the interface of two different elastic bodies (cf. [3] for the Laplace
equation), can be expected.

2 Formulation

Let Q C R? be a rectangular domain described as Q :=]0,a[x]0,b] with @ > 0 and b > 0. Let
c€l0,b,m>1and 0 =cy < ¢y < -+ < Cams1 = a. We consider the set

3= ([co, 1] U fea, e3] U fes, 5] U+ - U [eam, compa]) x {c}-

*e-mail: h-itou@rs.tus.ac. jp
This is a joint work with Masaru Ikehata (Hiroshima University).




a mathematical model of the crack lying on the interface of two plates QF and Q- (QF :=
QN {£(x2 — ¢) > 0}) which consist of the same isotropic homogeneous elastic materials. Set

W i= ([0, a] x {c}) \ .
which has the decomposition
W = (Jer, el U+ - UJeam—1,caml) x {c}

and both ¢; and ¢y, are in ]0, a|. See Figure 1 for an illustration of the geometry of the situation.

bi. ] —
Q.
c (e1, ) (c3,¢) (csy€)
| (ca,€) (ca5€) (cg5€)
Q 1
O a !

Figure 1: an example of the domain €2

Let v denote the unit outward normal vector field on 0Q U ¥ and v is fixed as (0,1) on X.
Let g € L?(09) be a function defined on 9Q and denote the surface force acting on 9. By
w = (U;)i=1,2, € = (&j)ij=1,2 and o = (04j)i j=1,2 we denote the displacement vector, the strain
tensor and the stress tensor in the state of a plane strain, respectively. The linear elasticity
equations for a homogeneous isotropic material consist of the constitutive law (Hooke’s law)

o = Mr(e)I + 2ue (2.1)
and the equilibrium conditions without any body forces
V-0 =0, (2.2)

where I is the identity tensor. A and p are Lamé constants assumed to be p > 0 and A+ p > 0.
In the context of infinitesimal deformation the linearized strain tensor is given by

e(u) = % (Vu + (Vu)T) (2.3)

where the superscript T denotes matrix transposition.
Then (2.1), (2.2) and (2.3) give the system of equations for u = (u1,u2)

pAu+ A+ p)V(V-u) =0. (2.4)
On the crack X we assume the free traction condition
ctv=0c"vr=0 on %%, (2.5)

where % means both sides of ¥ and o*v is the stress vector on XF, respectively. We define
the space of rigid displacements;

R = {'U | 'v(ac) = (k‘l + koxa, ko — k‘oxl), ko, k‘l,kig S R}



Definition 1. We say that for given g € L*(0Q) satisfying

Vp(x) € R, g-pdsg =0,
[2)9]

u € HY(Q\ X))\ R is a weak solution of the problem
pAu+ A+ p)V(V-u)=0 in Q\3,
(x){ efvr=0 on X%,
ov=g on Of)

if for arbitrary ¢ € HY(Q\ X) \ R it holds

/Q\ia(m:s(so) do= [ g-pds,

(2.7)

where the double dot in o(u) : (@) = X, j—1,204j(w)eij (@) implies the scalar product of matrices.

By virtue of Lax-Milgram Lemma and Korn’s inequality one can prove the problem (x) has

a unique weak solution.
In this paper, we consider the following inverse problem.

Inverse Problem . Fiz g # 0 satisfying (2.6). FEztract information about the location of %

from uw on O0N).

3 Statement of the main result

Now we state our results for the Inverse Problem defined above. We denote the unit circle by
St Let w € S! and take w* € S! perpendicular to w satisfying det (w* w) > 0. Following [5],

for 7 > 0 we define a function v satisfying (2.4) in R? by

v = (w + Z‘wJ_)eTZC-(eriwl).

Based on the Kelvin transform to v, we define a new function

. - .
v =v.(y;x) := (€1 +iez) exp {—7;72 (eg + zel)}.

|
which satisfies (2.4) in R?\ {z}, also
Ayv, =0 and Vy- v, =0.

Moreover, let s > 0 and write

. - 1
e 2V, = (el + i62) exp {T <ﬁ -eg + %> } exp {M—Fijy sc|2 .

Since

y-—x 1 2s(y—x)-extly—xf |y—(z—sey)

e+ — =

ly—a2 T 2s 25|y — x| a 2sly — x/?

we see the following facts;



(i) if |y — (x — sez)| > s, then lim e /)|v | =0;
T—00

(i) if |y — (@ — sey)| < s, then lim e~ /9|y | = oo;
T—00

(iii) if |y — (& — se)| = s, then each components of e~/ ®**)v_ is highly oscillating as 7 — oo.

(i), (ii) and (iii) suggest that the circle centred at & — ses with radius s plays the role of the
line in the previous enclosure method using a single set of Cauchy data [2].

For fixed € > 0 set a line segment I'. := [0,a] x {b+ €}. Using the function v,, we define a
mathematical indicator.

Definition 2. Let u be a weak solution of (x). Given x € I'c and 7 > 0 define

Iria) = [ gw)-volysm) —uy) - ofo-(a)w dsy.
Next, we define the function of & given by
sx(x) =sup {s >0 | By(x — sex) C R\ T}.

The value sy (x) at « € I'¢ is the largest radius of the disc centered at & — sep with radius s
whose exterior encloses .
Now we state our main result to extract the sy(x) at € T'..

Theorem 1. Let the non-trivial g € L?(09) satisfying (2.6) be such that the following condition
(1) is fulfilled:

(1) supp(g) C (02N {|z2 —¢| >~}) \ (B4(O) U B,(0,b) U B,(a,b) U By(a,0)) for some >0
and there exists py € R such that

/ g-pydsxe #0 or / g pydsg # 0.
OQN{z2>c} ON{z2<c}

Let further x € T satisfy that the intersection of By (x)(x — sx(x)e2) with tips of crack ¥ in
Q consists of a single point, namely there exists a j € {1,--- ,2m} such that

By () (T — sx(x)ex) N3 = {(cj,c)} (3.2)

Then, the function e*T/(QsE(m))I(T; x) is truly algebraically decaying as T — oo and it holds that

T—00 T - 2sy(x)

4 Asymptotic expression for the indicator function and its prop-
erty

In order to show the formula (3.3) in Theorem 1 we need to study the asymptotic behavior of
the indicator function. For this purpose we employ the following two important propositions.

Proposition 1 (Proposition 2 in [5]).

I(riz) = - / (u* (y) - u () - (o(v- (3 2))ea) dsy. (4.1)



Here u™ denotes the trace of u|g+ onto ]0,a[x{c}, respectively, and (4.1) is obtained from the

Green formula.

Next, we choose a polar coordinates system with respect to the center (¢j,c). It is depending
on whether j is even or odd. Since the case when j is even can be treated in the same manner
as the case when j is odd. Therefore, in what follow we assume j is an odd number, see Figure
2 for the illustration. Choose a positive number 79 in such a way that

no <  min {¢;j —c¢j—1} and ny < min{b—c,c}.

j=1, 2m+1

Set & = (¢j +rcosf,c+ rsinf) for r €]0,n[ and 6 €] — 7w, 7] and define

u(r,0) = u(c; +rcosf,c+rsinf), rel0,n], 6¢€]—mrmnl

Hence, we have
ut(x) = u(r,0), 0clo,n]
and

u (x) =u(rd), 0c]—mx,0[

L

2

T 9 ut ()

(Cja C) u__ (513_)

Figure 2: Illustration of the polar coordinates system used

Proposition 2 (Proposition 1 in [5]). Fiz n €]0,’R[. There exist real numbers A

(k=0,1,2,---) such that

2p(0) in Bay((cj,0) \ %,

—1)*} cos %«9 )

—1)*} sin ko

(=1)*}sin kg

00 A(J) . 0o B(g) .
_ k = k
u(r) =3 Frby ) - 30 o
k=0 k=0
where
’ rcos 50— §os (§ = 2) 0+ {5+ (
0 = rsin 50+ Esin (5 —2)0 — {& +(
2 2 2 2
msin%ﬂ—%sin %—2)9+{§f
P(0) =
—kcos k) — Ecos(E—2)0+{E — (=1 coskh
2 2 2 2 5

)

. BY

(4.2)



with k = ﬁ\:—gi The series is convergent, absolutely in H'(B,((cj,¢))NQT) and H' (B, ((cj,c))N

Q7), and uniformly on compact sets in Ba,((cj,c)). Moreover, there exists p; € R such that for
n=1,2,--- the estimate

ulr,m) = p; — | Yo Frien(m) = Y Sriep(n) (4.3)
k=1 K k=1 K
+luln=m) = p; = | o Grten(om) = 3t || < K
k=1 k=1

is valid uniformly with respect to r €10,n[, where K,, is a positive constant depending on n.
Remark 1. For any p € R, there exist fl(()j), B(()j),fj’é‘j) € R such that
p = A5 00 (8) + B 4o(6) + BY rapy(6).
Then, it follows from Proposition 2 that for each n =1,2,---

u(c; —r,c+0) —u(c;—r,c—0)

n —B(j),
_ k+1 Z(—l)kr%gl 2k—1 L0 (T2n2+1) k (4.4)
H el A(j)
- 2k—1

with a constant vector k. In (4.1), by use of (2.1) and (2.3) we calculate
o(v-(y;z))e

2

y—=x . y—x . .

=2ut <7 - (eg + zel)> exp {77 - (ea + zel)}(el +iez). (4.5)
ly — x| ly — x|

As the result, the following result is obtained.

Proposition 3. There exist a positive number A and an integer N > 1 such that for each fixed
x € T'c satisfying (3.2)

lim 77 672527(%)1(7';:3) = A, (4.6)

T—00
which means that the function 6*7/(232@))[(7; x) is truly algebraically decaying as T — oo.

This proposition was proved by [1] in the case of Laplace equation. Following [1] the proof
is given in the next section.

5 Proof of Proposition 3

The proof is divided into the following steps. In what follows we use the notation for simplicity
s0 = su(x).



5.1 Step 1: Decomposition of ¥

Choose 0 > 0 in such a way that

BSO+6(x — 8062) N cC [cj_l,cj] X {C}
and
s =/ (s0+0)2 —s§<n

with n fixed in Proposition 2. Set

5 = /(50 + 6) — (2 — 50 — )2 — |21 — ¢j.
Then one sees 75 > 175 > 0. Now we divide ¥ into two parts:
¥ = (E \ BSO_H;(JZ — 5062)) U (E N B50+5(:L' - 8062)) .

Firstly, we consider in the case y € ¥\ By 45(x—spez). In this case it holds |y — (x—spe2)| >
so + d. Consequently, it follows from (3.1) and (4.5) that for all y € £\ Bs,4s(x — spea)

e %0 lo(v:(y;x))es| < ciTe T

with positive constants ¢; and cy. By using (4.4) one can see that, as 7 — oo

¢ %0 (u™(y) —u™(¥)) - (o (v-(y; 2))es) dsy = O(re~7), (5-1)
Y\Bsg+6(T—s0€2)

where c3 is a positive constant described as c3 = 0277(%.

5.2 Step 2: Estimate of (4.1) for y € XN By, 4s(x — spe2)
In the case y € ¥ N By, 15(x — spez), noting (4.4), (4.5) and Lemma 3.3 in [1], we have

T

—e 0 (ut(y) —u™(y)) - (o(v-(y;2))e2) dsy
N Bsy45(L—s0€2)
1 <& ng) 1
. e () Lo
ENBsy+6(L—s0€2) Ko Agjk)fl
2
L 2ur <y7:1:2 (e +ie1)> exp{ y—x (e2 +iey } er +ies) » dsy
ly — | Ty —ap
T & _ng) 1 3
=2(k+ 1)Te 20 Z(—l)k -(e1 +ie2) Iy (1) + O (7’ 1) .
Pt AW
= 2k—1
(5.2)
Here I (7) is defined as follows:
/ 2k—1
s r-2 1T
I =  — ——— | d
i = [ e (i)
Zo = — (efgi + jef(%Jra)i) = —coso + Z(l + SiDOé),



where a €] — 7, §[ is uniquely determined as the solution of the equation

. 1 — Cj ‘562*80*6
eza: ]—i-Z

)

S0 S0
and Z, denotes the complex conjugate of z,. In this notation for y = (¢; — r,¢) one sees

y—zT (es +ieq) i —1
_— 1 = - = —.
ly—x2 T T ey o) vl — ) T s07a

Now we provide a lemma for asymptotic behavior of Iy (7) as 7 — oo;

Lemma 1 (Lemma 3.5 in [1]). Letn=1,2,3,---. It holds for alla €] — 5, %]

. 2n+1 iT cos a
11m T 2 e 230 e T 25g(1+sin o) I ( )
T—00

= —is2"™ Lo (1 + sin o) #ei(*5 7 )ap (2712—}— 1> .

This lemma implies that as 7 — oo

eiﬁfn( ) ~ —isg"” lo®5 (1 —i—sina)%ei(%)ae%lﬂ <2n2—i— 1> 3

Combining (5.1) with (5.2), it follows from Lemma 1 that as 7 — o0

e QSOI 7_ :B ZC ero(ljgna) -1 + O (TanQJFlT%) s (53)
where
h = t(k+1)(— e 1+sina Bt gi(F5 e .
Co = i+ 1)(-1) " ( ) 5
Ly
) . (61 + ’Lez).
Az

However, (5.3) is not sufficient to prove (4.6) because it only shows that e~7/(250) [ (1; ) is

at most algebraically decaying as 7 — oo. Note that C,, = 0 if and only if A(]) 1= B(]) 1 =0.

5.3 Step 3: Key lemma and completion of proof of Propostion 3

Next, we provide key lemma for the proof of (4.6).

Lemma 2. Let g # 0 satisfy the conditions (2.6) and (A). Then, there exists an integer n > 1
such that (Aén) 1>2 + <B§{1)71>2 £ 0.

Proof. The proof proceeds along the same line as that of Lemma 2 in [5], see also the proof of
Lemma 3.4. in [1] in the case of Laplace equation.

Now we assume that A%Q_l = Bé‘zl)_l =0 for all n > 1. Then, (4.2) can be reduced to
oo 4(7) B(J)

=3 e rtn0) - Y Ty o) (54)

=0 k=0



which means that w is real analytic near the crack tip (c;j,c). Moreover, it is easy to see that
o(u)es = 0 on |¢j, ¢j +n[ x{c}. By use of analytic continuation, one can see o(u)es = 0 on W
and all the tips of 3 are removable singularities of u* and w™. Since supp(g) C (9QN{|z2 —c| >
1)\ (By(O) U By(0,b) U By(a,b) U By(a,0)) due to the condition (f), o(u)rv = 0 on the edges
near corner points O, (a,0), (0,¢), (a,c), (0,b) and (a,b). For a sufficiently small ¢ we set
o = Q7 \ Re with Re = Bo(O) U Bu(0,¢) U Ber(a,0) U Ber(a,c). By virtue of interior and
boundary regularity results, we see that for a sufficiently small ¢/, u € H 2(@;) satisfies
pAu+ AN+ p)V(V-u) =0 in Q_,
o(uw)r=0 on ¢, a—¢€[x{c},
our=g on (I2N{xe2 <c})\ Re.
Then, the divergence theorem yields that for an arbitrary p € R
0 = / p-(phu+ AN+ p)V(V-u)) de
Q

6/

= / p-gdstr/ p-o(u)v dsg.
(aﬂﬂ{$2<0})\R€/ aRe/ﬂQ_

According to [8], as € tends to 0,

— 0.

/ p-o(u)v dsg
aRe/ﬂQ_

Thus, we conclude that for an arbitrary p € R

/ g-pdsg =0.
O0N{za<c}

Since g satisfies the condition (}), it is a contradiction.
Similarly, the above argument is valid for the case of Q*. The proof of Lemma 2 is completed.
O
A 2 . 2
In the consequence we can take N = min {n >1] (Agjn)_l) + (Béjn)_1> #* O}. Therefore,

it follows from (5.3) that for each x € I'. satisfying the condition (3.2), (4.6) is valid with

_gW
- 2N +1 N—
A= (5+1)s2V"1257 (1 + sina) "2 1r< ; > (i Y (e +ies)] .
AZJJVfl

6 Examples of g € L?(99) satisfying the conditions (2.6) and ()

We provide two concrete examples of g € L?(09) satisfying the conditions (2.6) and (f). For
B, B2 # 0,

prez on |y, a—~v[x{b},
g = 7ﬁ162 on ]Vvaiw[x{o}v

0, otherwise.



Next, set v/ = min {¢ — 27,0 — ¢ — 2v}.

Ba(aer — (2v+7")e2) on {a}x]e—vy—9, c—1l,
g =13 —f2(aer —(2y+7)ez) on {0}x]e+~, c+v+9],

0, otherwise.
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