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ABSTRACT

Solid structures guide a multitude of elastic modes of different polarizations including both compression and shear, and the nature of the
elastic constant tensor implies a much richer behavior than in optics. Here, we introduce a metamaterial in the form of a rectangular cross
section beam of a single isotropic material that can simultaneously suppress all elastic-wave polarizations in the beam over a range of fre-
quencies in the kHz range. This is experimentally achieved by machining replicas of a subwavelength unit cell in an aluminum metabeam
based on a planar resonator with interconnected ribs, showing complex vibrational degrees of freedom that allow it to couple to compres-
sional, in-plane shear, flexural and torsional vibrations, that is, all four existing mode types. The result is a lightweight structure that can for-
bid all possible acoustic modes over the metamaterial bandgap frequency range, an exotic behavior that opens up diverse applications in
easily manufacturable vibration isolation structures and acoustic wave control.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5117283

Electromagnetic metamaterials consisting of subwavelength reso-
nators that show effective negative permeability and permittivity have
led to a wealth of applications since they were first proposed 20 years
ago.'” Around the same time, acoustic metamaterials showing effec-
tive negative density and modulus were introduced.” In the acoustic
case, many studies have focused on various nonintuitive phenomena
such as negative refraction,”” superlensing, ’ and cloaking.'”'” But
applications in sound damping appear to be the most promising for
practical applications.'*** In spite of this progress, the development
of useful damping materials in the form of metamaterial beams or
rods, i.e., metabeams or metarods, which simultaneously block differ-
ent acoustic polarizations, has not proved to be an easy task.'” ** The
problem stems from acoustic waveguide structures possessing multiple
acoustic modes. A case in point are rectangular beams, which exhibit
four modes, i.e., compressional, shear-horizontal (i.e., in-plane shear),
shear-vertical (i.e., flexural), and torsional modes.”*

Many studies of metabeam or rod damping involve only flexural
modes. For example, Yu et al. proposed a geometry of annular resona-
tors fixed at regular intervals on a metallic rod, Xiao et al. proposed a
geometry of metallic rectangular beams with attached metallic resona-
tor plates,’”"” and Nouh et al. and Zhang et al. proposed beams with
periodically spaced membrane resonator inclusions.””*’ Other designs
that attenuate flexural modes were proposed by Zhu et al., who made

use of a thin metallic ligament chiral lattice with added masses,”’ and
by Tang and Cheng, who made use of square beams of steel with lens-
shaped hole arrays.”*

Damping of other modes in metamaterial beams and rods has
also been investigated. Nobrega et al. proposed rectangular plastic
beams with embedded metal mass resonators to attenuate compres-
sional modes.”” To damp torsional modes, Li and Cai proposed circular
epoxy rods surrounded by rubber springs and epoxy ring masses,”® and
Wang et al. proposed epoxy rods surrounded by periodic resonators.”

However, for practical applications, it is advantageous to
block all acoustic polarizations. Numerical simulations for square
cross section rods that block three acoustic polarizations, yielding
a perfect bandgap in a given finite frequency range, were reported
by Ma et al. who used epoxy rods containing silicone-coated steel
masses;”* however, the existence of a perfect bandgap for all modes
was not demonstrated experimentally.

Another line of approach in this field has been to simplify fabri-
cation by choosing a single material for metabeams or metarods. Out
of the above quoted studies, only that of Tang and Cheng has involved
a single material.”” In spite of the example set by perfect-bandgap pho-
nonic crystal beams or rods, which possess periodicities comparable to
the acoustic wavelength,”**' no single-material metamaterial beams
or rods that can block all acoustic polarizations have been proposed.
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FIG. 1. Metabeam design. (a) Photograph of the metamaterial beam. (b) Schematic
of the top view of the unit cell. The gray region is aluminum, and the inner white

areas are holes. The unit-cell geometry comprises a frame, an inner mass, and
several ribs.

TABLE I. Symmetry (S: symmetric and A: antisymmetric) of the deformations associ-
ated with acoustic modes in rectangular cross section beams.

Mode Along the width Over the depth
Compressional S S
Shear-horizontal A N
Shear-vertical S A
Torsional A A

Here, we not only experimentally demonstrate a perfect-bandgap
acoustic metabeam but also show that this can be achieved with a sin-
gle material. Inspired by mass-spring resonator metamaterials, we
make use of a complex unit cell in a rectangular-cross section beam
consisting of interconnected ribs and a central mass. Guided by
approximate analytical models, we tailor compressional, in-plane
shear, flexural, and torsional resonances to form a single perfect
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bandgap that allows all these polarizations to be blocked. The chosen
design, made of aluminum, is first verified by numerical simulation
and then by measurements on all four modes at frequencies in the
kHz range.

A photograph of the proposed metabeam is shown in Fig. 1(a).
The structure consists of an aluminum (dural A2017) plate of thickness
8.0 mm and width 80.0 mm with a periodic drilled pattern of square
unit cells at a repeat distance of 80.0 mm. The drilled sections are per-
pendicular to the top and bottom surfaces of the beam. Figure 1(b)
shows a schematic diagram of a single unit cell (see the supplementary
material for a detailed description). It consists of an outer frame and an
inner geometry with a resonating inner mass supported by several per-
pendicular interconnected ribs that function as springs. As previously
mentioned, isotropic rectangular beams possess four acoustic modes of
different polarization propagating along the axial direction, which can
be classified by the symmetry of the acoustic deformations along the
width and over the depth in the beam, as shown in Table I. Our strat-
egy is to set the lowest resonance for each of the four polarizations to
roughly the same frequency in order to open a perfect bandgap. The
roles of the ribs and configuration of the inner mass in the proposed
geometry are different for each polarization, as described below. We
first present numerical simulations of the optimized design and then
experimental results for acoustic attenuation in a 10-unit-cell beam.
Simulations of the acoustic attenuation are then presented.

The approximate roles of the springs for each of the four polar-
izations are shown in Figs. 2(a)-2(d), which can be better understood
with reference to the on-resonance results of finite-element numerical
simulations with COMSOL Multiphysics (version 5.4) for a single unit
cell with two fixed boundaries perpendicular to the axial direction: we
show kinetic- and strain-energy density plots in Figs. 2(f)-2(m)
(animation also viewable in the supplementary material). The

ec. b
dp

(@ T

« Rigid frame

v\Spring 3, ky
Rigid mass

dy
Spring 2, ki
Torsional springs

Spring 1, k1

Kinetic energy
density
(arb. units)

Strain energy
density
(arb. units)

FIG. 2. Approximate analytical interpretation of the beam geometry in terms of masses and springs and simulated single-cell acoustic eigenmodes with rigid boundary condi-
tions. (a)—-(d) Geometries used for the models. The blue regions and red ribs act as masses and springs, respectively, shown for the following modes: (a) compressional (C,
motion along the axial direction), (b) shear-horizontal (SH, motion along the width direction), (c) shear-vertical (SV, out-of-plane flexural motion), and (d) torsional (T, rotation
about the axis along the axial direction). The gray regions are assumed to be rigid in the analytical models. (€) Detailed geometry for the compressional mode, showing the
rigid inner mass m and springs 1, 2, and 3. The gray region is considered to be a rigid frame. Only in-plane motion along the axial direction is considered. (f)—(i) and (j)~(m):
simulated kinetic- and strain-energy distributions for the lowest four eigenmodes, respectively. The green arrows show the displacements.
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corresponding resonance frequencies, 0.91, 0.99, 1.01, and 0.98 kHz,
are all tuned close to 1 kHz by iterative simulation of the rib and inner
mass dimensions. The density, longitudinal sound velocity, and trans-
verse sound velocity of the beam are taken to be 2.79 x 10> kg m >,
632x10°m s}, and 3.13x 10° m s~ 1,** respectively, and internal
friction is ignored. As shown by the green arrows, for the compres-
sional resonance the inner mass vibrates along the axial direction, for
the shear-horizontal resonance it swings along the width direction, for
the shear-vertical resonance it vibrates along the depth direction, and
for the torsional resonance it rotates about the central axis of the
beam. In this way, a quadruple-mode resonant structure is created.

It is pertinent to investigate the dependence of each of the reso-
nant frequencies on the chosen geometrical parameters by means of
approximate analytical or semianalytical models. Consider the case of
the compressional resonance, as illustrated schematically in Fig. 2(e)
(see the supplementary material for the other modes). The (blue) inner
mass m is assumed to be connected to an outer (gray) rigid frame by
(red) bending springs, two of them (1, 2) of spring constant k; and one
of them (3) of spring constant k,, with the former two springs being
identical. Assuming low-amplitude bending, the spring constants can
be written as k; = (Ed5t)/I} and k, = (16Ed3t)/13, where E is
Young’s modulus, ¢ is the beam thickness, and [; and d; are the length
and width of springs 1 and 2 (i=1) and 3 (i =2), respectively. Since
the three springs act in parallel, the resonant frequency is given by
f=(1/2n)[(2k; +ky)/m]"/?, where I, = 22.4mm, I, = 64.0mm, d,
=d,=2.4mm, t =8.0mm, m = 4.15 x 10~2kg, and E=73.1GPa.
The value f=1.09kHz obtained is in fair agreement with f=0.91kHz
from simulation, considering the approximations made. Reasonable
agreement between the analytical models and numerical simulations
is also obtained for the other three vibrational modes, confirming
the mass-spring interpretation of the dynamics (see the supplemen-
tary material).

The numerically derived dispersion relation using periodic
boundary conditions is shown in Fig. 3, showing the existence of a per-
fect bandgap from 0.97 kHz to 1.09 kHz arising from local resonances,
where the bandgaps for the four modes overlap. Strikingly, in spite of
the beam being able to guide four different acoustic polarizations, this
structure damps out all of these axially propagating acoustic disturban-
ces in the bandgap region. The onset of each bandgap occurs at a fre-
quency similar to the resonant frequency for the corresponding mode
derived above for a single unit cell.

We measure the acoustic propagation characteristics for all four
modes by means of a 10-unit-cell metabeam that is 80.0 cm in length.
The experiment for the compressional mode is described here and
those for the other three modes in the supplementary material. The
apparatus is shown in Fig. 4. The sample, vertically suspended by fish-
ing line, is excited by a sinusoidally driven piezoelectric disk (Murata
Manufacturing 7BB-41-2L0) bonded on one end. Three-axis acceler-
ometers (Fuji Ceramics SA12ZSCA) are used at two points at both
ends of the metabeam [see red squares in Fig. 4(a)] in conjunction
with lock-in detection, in order to obtain a measure of the acoustic
wave damping,.

The experimental output/input amplitude ratio for all four modes
is shown on a logarithmic scale in Fig. 5. Outside the bandgap in each
case, interference by multiple acoustic reflections occurs, producing
local maxima and minima, but all modes show marked damping in
the bandgap regions. It is difficult to precisely determine the perfect
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FIG. 3. Acoustic dispersion relation for axial propagation in the metabeam; k and a
are the wavevector and unit-cell length, respectively. The solid red, dotted blue,
dashed green, and dashed-dotted pink curves correspond to compressional (C),
shear-horizontal (SH), shear-vertical (SV), and torsional (T) modes, respectively.

bandgap experimentally, but the output/input ratio takes a value less
than 0.5 between 1.02 and 1.16 kHz, which is in reasonable correspon-
dence with the simulated perfect-bandgap region.

Numerical simulations can be used to compare with the observed
damping. We assume there is a vacuum outside the sample in the sim-
ulations. Simulated effective amplitude decay constants derived from
the output/input amplitude ratio for a free-standing 10-unit-cell meta-
beam are shown in Figs. 6(a)-6(d) together with those derived from
experiment (see the supplementary material for the details of the simu-
lations). The order of magnitude of the simulated decay constants is in
reasonable agreement with those from experiment. We attribute the
differences to small imperfections in fabrication, to residual sound

(a) Output side (b)

—
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]
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FIG. 4. Experimental setup. (a) Schematic diagram of the setup for compressional
mode propagation measurements. (b) Image showing the compressional mode
excitation.
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Amplitude ratio (dB)

Frequency (kHz)

FIG. 5. Experimentally observed output/input acoustic amplitude ratio for each
acoustic mode. (a)—(d) correspond to the compressional, shear-horizontal, shear-
vertical (flexural), and torsional modes, respectively. The vertical dashed lines indi-
cate the band edges for each mode expected from the simulations, whereas the
gray shaded region in each case corresponds to the perfect bandgap expected
from the simulations.

transmitted through the air or to perturbations caused by the added
masses of the accelerometers. As previously mentioned, data outside
the gap regions are heavily influenced in both experiment and simula-
tion by multiple acoustic reflections along the beam and are not reli-
able for quantitative analysis, but the correspondence between
experiment and simulation in these regions is also reasonable. The
particularly pronounced peak for the simulation evident for the
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FIG. 6. Results of simulations and experiments for a metabeam of 10 unit cells.
Comparison of the experimentally obtained decay constants (dotted blue lines) with
those obtained from simulation (solid red lines) for the four modes. (a)—(d) show the
results for the compressional (C) mode, shear horizontal (SH) mode, shear vertical
(SV) mode, and torsional (T) mode, respectively. The vertical dashed lines indicate
the band edges obtained from the simulated dispersion relations. sim.: simulation;
exp.: experiment.
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compressional mode in Fig. 6(a) near the band onset arises because
only this mode exhibits a marked near-zero group velocity branch just
above the band onset. At ~1kHz, the typical experimental decay con-
stant, ~5 m~ ! for all modes, implies that acoustic attenuation across
10 unit cells is sufficient to almost completely damp out the acoustic
amplitude by a factor of ~50.

The observed properties of the metabeam originate solely from
its metamaterial nature, i.e., they depend on local resonances rather
than on periodicity; varying the lattice constant through the thickness
of the portions of the frames separating unit cells merely affects the
bandgap widths while not significantly changing the bandgap central
frequencies (see the supplementary material, where the effect of chang-
ing the frame thickness is analyzed).

In conclusion, we have demonstrated both experimentally and by
simulation a lightweight single-material metabeam made of aluminum
with a rectangular cross section in the form of a periodic quadruple-
mode resonator array that displays a perfect acoustic bandgap near
1kHz. In this region, our structure efficiently damps out compres-
sional, in-plane shear, flexural and torsional vibrations, as predicted by
the simulations.

The frequency range for acoustic damping demonstrated here
should be extendable to wider band operation by the use of a gradient
in unit cell properties along the length of the metabeam. In addition,
lower frequencies may be accessed without a proportional increase in
the weight by the use of softer materials such as rubber, which could
provide effective damping of low frequency vibrations in machinery or
vehicles, for example. Further, truly large scale extension of the present
type of geometry may well prove to be useful in earthquake vibration
isolation for buildings and structures.

See the supplementary material for the detailed structure,
approximate analytical models, experimental setup, simulations, and
decay constants as well as the animation for the motion of each mode.
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