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Abstract

We introduce a concept of singular Bogoliubov transformation on the abstract
boson Fock space and construct a representation of canonical commutation relations
(CCRs) which is inequivalent to any direct sum of the Fock representation. Sufficient
conditions for the representation to be irreducible are formulated. Moreover, an
example of such representations of CCRs is given.
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1 Introduction

In this paper we introduce a concept of singular Bogoliubov transformation on the ab-
stract boson Fock space over a Hilbert space . A singular Bogoliubov transformation is
induced by a pair (S, T") of unbounded linear operators on .7 obeying suitable constraints
on their domain of definition and some consistency conditions (see (4.1) and (4.2)). As
in the case of the standard bosonic Bogoliubov transformations (e.g., [11, 12, 13]), a
singular Bogoliubov transformation also yields a representation wg(2) of the canonical
commutation relations (CCRs) over a dense subspace & of 7. We are interested in
conditions under which the representation m5(%) is inequivalent to any direct sum rep-
resentation of the Fock representation np(%Z) of the CCRs over 2. We formulate also
sufficient conditions for 75(2) to be irreducible.

One of the motivations for this work comes from representation theoretic considera-
tions on the Casimir effect [3, 7, 14]. In the paper [5], there is a suggestion (a heuristic
argument) that a representation of CCRs inequivalent to the Fock one may be associated
with the Casimir effect and one may use this representation to explain the Casimir effect



without invoking zero-point energy. But, in this paper, we do not discuss the Casimir
effect.

The outline of the present paper is as follows. In Section 2, we recall the definition of
representation of the CCRs over a complex inner product space and state a proposition on
irreducibility of a representation of CCRs. In Section 3, we review the Fock representation
of CCRs and prove some related facts. In Section 4, we introduce a singular Bogoliubov
transformation. As mentioned above, it yields a representation w5(Z) of the CCRs over
2. We prove that mp(2) is inequivalent to any direct sum representation of the Fock
representation mp(%2) (Theorem 4.5). We formulate also sufficient conditions for 75(2)
to be irreducible (Theorems 4.7 and 4.8). In Section 5, we show that, for each pair
(K, L) of injective symmetric operators with suitable properties, there may exist a singular
Bogoliubov transformation and a representation 7x 1,(Z) of the CCRs over &, which is
inequivalent to any direct sum representation of mp(%2) (Theorem 5.3). We show that,
under an additional condition, g (2) is irreducible (Theorem 5.4). In the last section,
we discuss an example of 7k 1 (2) in the case # = L*(A) with A being a finite box in
the d-dimensional Euclidean space R? (d > 2). This example may be related to a Casimir
effect which may be caused by a quantum scalar field on A. But, in the present paper,
we do not discuss this aspect.

2 Preliminary

For a linear operator A on a Hilbert space 2", we denote by D(A) the domain of A. If A
is densely defined, then A has its adjoint; we denote it by A*.

Let . be a complex Hilbert space and & be a dense subspace of .#. Let 7 be a
complex inner product space with inner product ( , ), (linear in the second variable and
anti-linear in the first) and norm || - || (we sometimes omit the subscript # in ( , ), and
|| - |l if there is no danger of confusion). Suppose that, for each f € ¥/, a densely defined
closed linear operator C'(f) on % is given. Then the triple (%, 2,{C(f),C(f)*|f € ¥'})
is called a representation of the CCRs over 7 if the following (i)—(iii) hold:

(i) (domain invariance) For all f € ¥, 2 C D(C(f)) n D(C(f)*), C(f)2 C 2,
C(fyro c 2.

(ii) (anti-linearity in test vectors) For all f,g € ¥ and «, € C (the set of complex
numbers), C(af + Bg) = a*C(f) + *C(g) on P, where, for z € C, z* denotes the

complex conjugate of z.

(iii) (CCRs over ¥) For all f,g € ¥,

[C(f),C(9)*]=(f.9)y, [C(f),C(g)]=0 on 2,
where, for linear operators A and B on a Hilbert space, [A, B] := AB — BA.

Two representations (%, 2,{C(f),C(f)*|f € ¥}) and (F', 2, {C'(f),C'(f)*|f €
¥'}) of the CCRs over ¥ are said to be equivalent if there exists a unitary operator
U:Z — F' such that, for all f € ¥, UC(f) U =C'(f).



For two linear operators A and B on a Hilbert space 2, the symbol A C B means
that B is an extension of A, i.e., D(A) C D(B) and AV = BV, V¥ € D(A).

As usual, we denote by B(.2") the Banach space of everywhere defined bounded linear
operators on 2 .

For a set 2 of linear operators on a Hilbert space 27, the set

A = {T € B(2)|TAC AT, VA € A} C B(Z)

is called the strong commutant of 2.

The set 2 is said to be reducible if there is a non-trivial closed subspace .# of 2~
(A #+ {0}, Z') such that every A € 2 is reduced by .# (i.e., P4A C AP ,, where P,
is the orthogonal projection onto .#). The set 2 is said to be irreducible if it is not
reducible.

A representation (F, 2, {C(f),C(f)*|f € ¥'}) of the CCRs over ¥ is said to be re-
ducible (resp. irreducible) if the set {C'(f),C(f)*|f € ¥} is reducible (resp. irreducible).

The following fact is well known (see, e.g., [2, Proposition 5.9]):

Lemma 2.1 Let A be a set of linear operators on 2.
(i) If A =CI :={al|la € C} (I denotes identity), then A is irreducible.

(il) If2A is an irreducible set of densely defined linear operators on 2~ and *-invariant
(e, Ac A= A* € ), then A = CI.

3 Fock Representation of CCRs and Related Facts

Let 27 be a complex Hilbert space and, for each n € N (the set of natural numbers), ®'5#
be the n-fold symmetric tensor product Hilbert space of ## with convention ®°.5# := C.
Then the boson Fock space over 5 is defined to be the direct sum Hilbert space of
{®r 0

Fu(H) 1 = Bl & A
= {\If = {UMe W e @I, n >0, ) WP < oo} :
n=0
The subspace

Fo(HA) = {U = {TM> 1w € @r 2 n > 0and there exists an ng € N such that
for all n > ngy, ¥™ =0}
is dense in %, (7). This subspace is called the finite particle subspace of .%,(.77).
We denote by A(f) the annihilation operator with test vector f € J on %, (),

which is the unique densely defined closed linear operator on .%;,(#) such that its adjoint

A(f)*, called the creation operator with test vector f, takes the following form: for all
€ DIA()), (A(f))© = 0 and

(A )™ = /nS,(f @ WD) n>1,
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where 5,, is the symmetrization operator on the n-fold tensor product ®".5¢ of 7. For
all f e, Fy(H) C D(A(f)) N D(A(f)*) and A(f) and A(f)* leave %, (.#) invariant.
Moreover, {A(f), A(f)*|f € #} satisfies the CCRs over ¢

[AC), A)T = (900 [A), Al9)] =0, [A(f)", Al9)'] =0 (f,g9e) (3.1)

on Fy ().
The following fact is well known (see, e.g., [2, Theorem 5.14]):

Theorem 3.1 Let 9 be a dense subspace of 7. Then {A(f), A(f)*|f € 2} = CI and
T8 (D) = (Fo(H), Fo(H), {AS), A(f)|f € 2}) (32)
1s an 1rreducible representation of the CCRs over 9.

The representation 7p(2) is called the Fock representation of the CCRs over Z.
An anti-linear mapping J : % — J is called a conjugation on 7 if J?> = I and

ITfI =111, f e

The next proposition plays a basic role in the theory of representations of CCRs in
boson Fock spaces:

Proposition 3.2 Assume that 7 is separable. Let S and T be (not necessarily bounded)
linear operators on S with the following property: D(S)ND(T) includes a dense subspace
9 of F such that TD is dense in F and Ty :=T | D, the restriction of T to P, is
injective. Let J be a conjugation on J€ and suppose that there exists a mon-zero vector

Q€ Z,(H) such that, for all V € Fo(H) and f € D,
(A(TS)'D,Q) = — (A(JS])T, Q). (3.3)
Then ST," is a densely defined closable operator and its closure STQ’1 1s Hilbert-Schmadt.

Proof. Let 2r := T%. Then, by the present assumption, Zr is dense in 7.
Hence T,,' is densely defined with D(T,,') = Zr. By (3.3), we have (A(g9)*¥,Q) =
— (A(JST,'g)¥,Q) for all g € Zr. Hence it follows from [1, Proposition 3.3]" that ST,

is bounded (hence closable) and ST," is Hilbert-Schmidt. ]

Lemma 3.3 Let X and Y be (not necessarily bounded) linear operators on S€ such that
there ezists a dense subspace 9 C D(X) N D(Y) and the following equation holds:

Let Xg := X | 9. Then X4 is injective and X@_1 s bounded with ||X§1|| < 1.

n the cited proposition, it is assumed that an operator L satisfying (A(g)*V,Q) = (A(JLg)¥, Q) is
bounded. But, as is seen from the proof, it is not necessary.
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Proof. Tt follows from (3.4) that, for all f € 2, | Xaf|I? = [|fI> + Y fII* > |If]I%
which implies the desired result. 1

The following proposition is new (to the author’s best knowledge) and plays a crucial
role in the present paper.

Proposition 3.4 Assume that € is separable. Let X and Y be as in Lemma 3.3 and
suppose that X is unbounded and X is dense in . Let Q be a vector in F(H)
satisfying

Then Q = 0.

Proof. We prove the proposition by reductio ad absurdum. Suppose that there existed
a non-zero vector Q) € F,(J) such that (3.5) holds. Since Ran Xy is dense by the
present assumption and Xg is injective by Lemma 3.3, it follows from Proposition 3.2
that K := Y X,' is Hilbert-Schmidt. Hence K*K is trace class. Using (3.4) and a
limiting argument, one can show that

K*'K=1-1L"L, (3.6)

where L := X;. For a linear operator A, we denote by o(A) the spectrum of A. Since
K*K is a non-negative trace class operator, it is a non-negative compact operator. Hence
o(K*K)\{0} = {\.,}2_,, where N < oo or N = oo and )\, is a positive eigenvalue of K*K
with a finite multiplicity; if N = oo, then lim, o, A, = 0---(%). Hence o(L*L) \ {1} =
{1 o )\n}rjyzl'

Suppose that there existed a constant v > 0 such that L*L > ~. Then, for all
g € Ran Xo, || X, gll* > 7vlg||>. Hence || Xof||*> <~ f]I? f € 2. But this contradicts
the unboundedness of X. Hence info(L*L) = 0. Hence N = oo and there exists a
subsequence {A,, }72; such that lim, (1 — A,,) = 0, i.e, limy_A,, = 1. But this
contradicts (). Thus we arrive at a contradiction. ]

In concluding this section, we state a fact which may be used to prove the irreducibility
of representations of CCRs. For each f € 77, one has a self-adjoint operator

B(f) = %(A(f)* A,

called the Segal field operator with test vector f. It is easy to see that ®(f) leaves Fy(H)
invariant and, for all f, g € JZ,

[@(f), ®(9)] = ilm (f,g) on Fo(H), (3.7)

where, for a complex number z € C, Im z denotes the imaginary part of z.
Let J be a conjugation on 7. Then the set

Hy={feAH|]f=T[} (3.8)
is a real Hilbert space with the inner product of 7. It follows that
A ={f+iglf.g € 3}

Let A and B be densely defined linear operators on .7 with the following properties
(i) and (ii):




(i) JAC AJ, JB C BJ.

(ii) There exists a subspace & in . such that & C D(A)N D(B) and, for all f,g € &,
(Af, Bg) = (/. 9)-

Property (i) means that, for all ¥ € D(A), JU € D(A) and AJVY = JAV. Hence, in
particular, A(D(A) N J¢;) C ;. Similarly one has that B(D(B) N &) C ;.
Let

oa(f) = ®(Af), ms(f):=®(iBg), [eD(A)NA; ge D(B)NA;.

Then it follows from (3.7) that ¢4(f) and m(g) obey the Heisenberg commutation rela-
tions over & on %, (.#): for all f,g € &,

[0a(f), mB(9)l =i (f,9), [0a(f) 0a(g9)] =0, [75(f), 78(g)] =0

on Fy(). In fact, €4U) and €5 obey the Weyl relations (see, e.g., [2, Theorem
5.25(ii)]):
€i¢A(f)€iﬂ-B(g) _ efi<f,g>ei7r3(g)ei¢A(f)’ f’ g € &.

Lemma 3.5 Let C' := A+iB. Suppose that C& is dense in . Then {e®2f) e8| f ¢
&Y = CI. In particular, {2 ™| f € &} is irreducible.

Proof. Let T € {4 ™8| f € &Y. Then, for all f € &, Te4) = ¢9alNT and
Tem () = ¢ms()T By a general formula for the Weyl operator ¢/®®™ (u € ) (see, e.g.,
[2, Theorem 5.25(ii)]), we have

GO — (lTIP2i6aN gimn(D f ¢ g

Hence it follows that Te'®( ) = ®(CHT § € &. Recall that, for any dense subspace &
of #, {e®W|u € P} is irreducible (e.g., [2, Theorem 5.25(iv)]). Note that {e*™|u € 2}
is *-invariant. Hence, by Lemma 2.1(ii), {e"p lu € 2} = CI. Therefore {*/)|f €
&} = CI. Hence T = al for some a € C. ]

4 Singular Bogoliubov Transformations and Repre-
sentations of CCRs

4.1 Definitions

Let T and S be densely defined (not necessarily bounded) linear operators on ¢ such
that there exists a dense subspace  C D(T') N D(S) and the following equations hold:

(Tf,JSg)=(S[,JTg), f.g9€2, (4.2)

where J is a conjugation on 7.



For each f € &, the operator
Bo(f) == ATf)+ A(JS[)

is a densely defined linear operator with D(By(f)) D Fo() and By(f)* is densely
defined with D(By(f)*) D Fo(4). Hence By(f) is closable. Therefore one can define a
densely defined closed operator B(f) on %, () by

B(f) := Bo(f) (4.3)

It is obvious that B(f) and B(f)* leave .%,(.#) invariant. Moreover, using (4.1) and
(4.2), one can easily show that B(-) and B(-)* satisfy the CCRs over Z on .%,(5): for
all f,g€ 9,

[B(f), B(g)'] = (f.9), [B(f),B(g)] =0, [B(f)",B(g)’]=0 onF(H). (44)

Therefore
T5(2) = (Fo(H), Fo(H),{B(f), B(f)'|f € 7} (4.5)

is a representation of the CCRs over Z.

The correspondence Tp: (A(-), A(-)*) — (B(:), B(:)*) is a generalization of the stan-
dard bosonic Bogoliubov transformation (see, e.g., [11, 12, 13], [9, p.316], [6, §2] and
references therein) in the sense that S or 7' may be unbounded and T is not necessarily
invertible. Equation (4.1) implies that 7" is bounded if and only if S is bounded. Based
on this property, we say that the Bogoliubov transformation T is singular if T or S is
unbounded (then both 7" and S are unbounded).

4.2 Inequivalence to any direct sum representation of the Fock
representation (%)

We want to find conditions under which 75(2) is inequivalent to any direct sum repre-
sentation of the Fock representation mg(2).

Lemma 4.1 Let 9 be a dense subspace of F and nc(D) = (F,2,{C(f),C(f)*|f €
P}) be a representation of the CCRs over 9. Suppose that mc(2) is equivalent to a direct
sum representation ®N_mp(2) of 7p(2) with N < co or N = co. Then there exists a
non-zero vector Q € Ngey D(C(f)) such that C(f)Q =0, f € 2.

Proof. By the present assumption, there exists a unitary operator U from %, (7€)
to Yy = ®N_|.F,(H) such that UC(f)U! = @) A(f), f € 2. Let Q. be the Fock
vacuum in %, (J):

00 =1, =0, n>1

Then one has

A(f)Qp =0, fe . (4.6)



It is easy to see that ¥y := ®N_n"10, is a non-zero vector in ¥y (note that, in the case
N =00, 3500 In™' Q| = 3202, n7? < 00). By (4.6), Wy € D(&,1,A(f)), f € Z and
(&N 1 A(f))¥y = 0. Hence, putting Q := U~'W, one sees that Q € Ny D(C(f)) and
C(fH)ir=0, fe 2. ]

To state and prove results on the above mentioned inequivalence, we consider two

cases separately: the one is the case where T is bounded and the other is the case where
T is unbounded.

Lemma 4.2 Assume that € is separable. Suppose that T is bounded with TS being
dense in € and S is not Hilbert-Schmidt. Then there exist no non-zero vectors §) €
NreaD(B(f)) such that B(f)2 =0, f e .

Proof. Suppose that there existed a non-zero vector Q@ € Ny D(B(f)) that B(f)Q =
0, f € 2. Then, for all ¥ € %y() and f € 2, (3.3) holds. Hence, by Proposition

3.2, ST, 9?1 is Hilbert-Schmidt. By the present assumption, 7 = T is bounded. Hence

U:= ST, 1T, is Hilbert-Schmidt. One has U = S. Hence S is Hilbert-Schmidt. But this
contradicts the assumption that S is not Hilbert-Schmidt. 1

Theorem 4.3 Assume that 7 is separable. Suppose that T is bounded with T'Y being
dense in S and S is not Hilbert-Schmidt. Then ng(2) is inequivalent to any direct sum
representations of the Fock representation mp(2). In particular, if mg(2) is irreducible,
then mp(2) is inequivalent to (7).

Proof. Suppose that m5(2) were equivalent to a direct sum representation of 7p(2).
Then, by Lemma 4.1, there exists a non-zero vector Q € Ney D(B(f)) such that B(f)Q =
0, f € 2. But this contradicts Lemma 4.2. |

We next consider the case where T is unbounded.

Lemma 4.4 Assume that 7€ is separable. Suppose that T is unbounded and T'Y is dense
in . Then there exist no non-zero vectors Q0 € Ny D(B(f)) such that B(f)Q =10, f €
9.

Proof. Suppose that there existed a non-zero vector @ € Nyey D(B(f)) such that
B(f)Q2 =0, f € 2. Then (3.5) holds with X = T and Y = S. But this contradicts
Proposition 3.4. 1

The following theorem is one of the main results in the abstract framework of the
present paper.

Theorem 4.5 Assume that € is separable. Suppose that T is unbounded and TP is
dense in . Then wp(D) is inequivalent to any direct sum representation of the Fock
representation mr(2). In particular, if mp(2) is irreducible, then wg(2) is inequivalent

to mr(2).

Proof. Suppose that (%) were equivalent to a direct sum representation of 7g(2).
Then, by Lemma 4.1, there exists a non-zero vector € N¢ey D(B(f)) such that B(f)Q2 =
0, f € 2. But this contradicts Lemma 4.4. |



4.3 Irreducibility

In this subsection, we formulate sufficient conditions for m5(%) to be irreducible. To be
as general as possible, we consider two cases. The first one uses the following condition:

Assumption (I) There exists a dense subspace 2, of ¢ such that the following (i) and
(ii) hold:
(i) 21 c D(TT*)N D(JSS*J) N D(ST*) N D(JTS*J).
(i) "% C 2, (5* )P C Z and
Tr* —Jss*J =1, ST*J=JTS" on %.
Lemma 4.6 Suppose that Assumption (1) holds. Then, for all f € D,
A(f) = BT"f) = B(S" )" on Fo(28). (47)

Proof. One needs only to compute the right hand side of (4.7) using (4.3) and As-
sumption (I). ]

Theorem 4.7 Suppose in addition to (4.1) and (4.2) that Assumption (I) holds. Then
wp(D) is irreducible.

Proof. Let Z € {B(f),B(f)*|f € 2}. Then Z € B(%,(4)) and for all f € 2,
ZB(f) C B(f)Z, ZB(f)* € B(f)*Z. By using (4.7), one can show that, for all &, ¥ ¢
go(%) and f S .@1,

(B, ZA(F)D) = (A(f)'®, 7).
Since Fy(S) is a core for A(f)*, it follows that ZW € D(A(f)*) = D(A(f)) and
A(f)ZV = ZA(f)¥. Since Fy(H) is a core for A(f), this implies that ZA(f) C A(f)Z.
Similarly one has ZA(f)* C A(f)*Z for all f € 2,. Hence Z € {A(f),A(f)*|f € 21}
By Theorem 3.1, {A(f), A(f)*|f € 21} = CI. Hence {B(f),B(f)*|f € 2} = CI.
Therefore, by Lemma 2.1(i), {B(f), B(f)*|f € 2} is irreducible. ]

Another criterion for the irreducibility of 75(2) is given as follows:
Theorem 4.8 Suppose in addition to (4.1) and (4.2) that
JScSJ, JrctTJ.

Let ;.= 9N, R:= (1+4)T+ (1 —1)S and suppose that RZ; is dense in F. Then
5(9D) is irreducible.

Proof. Let Z € {B(f),B(f)*|f € 2}'. Then it is easy to see that, for all f € 2,

1 . B KB . .
E(B(f) + B(f)) = ér4s(f), ﬂ(B(f) B(f)) = mr-s(f)

on %y(S). Hence, in the same way as in the proof of Theorem 4.8, one can show that

Zoris(f) C ores(f)Z and Zrr_s(f) C mr_s(f)Z. Since ¢ s(f) and mp_g(f) are self-
adjoint, it follows that Ze@r+s() = ¢¢r+s(N) 7 and Zemr-sf) = eimr—s(f) 7 Note that
T+ S+i(T —S) = R. Hence, by Lemma 3.5, Z = ol for some o € C. Thus 75(2) is
irreducible. 1



5 A General Class of Singular Bogoliubov Transfor-
mations

In this section, we introduce a general class of singular Bogoliubov transformations. Let
K and L be injective (not necessarily bounded) symmetric operators on a Hilbert space
¢ such that

D =DK 'LYND(KL™) (5.1)
is dense in ¢ and, for a conjugation J on .77,
JK CKJ, JLCLJ. (5.2)
Then one can define densely defined linear operators
T, = %(K‘IL + KL (5.3)

with D(Ty) = Pk 1. It follows from (5.2) that

JTy C Ty
Lemma 5.1 For all f,g € Pk 1,
(T4 f, Trg) — (T-f, T-g) = (f.9), (5.4)
(T, f,JT g) = (T_f,JTyg). (5.5)
Proof. This follows from direct computations, where the symmetry of K and L are
used. 1

Remark 5.2 Operators of type T with K and L being injective self-adjoint operators
such that K~'L and KL™! are bounded are introduced in [1, Lemma 5.8]. But here we
are mainly interested in the case where 7. are unbounded.

Let & be a dense subspace of ¢ such that 2 C P 1. Then, as in Section 4, one can
define a densely defined closed linear operator

Bico(f) = AT ) + AULJF, €9 (5.6)
and see that

Tx,.(D) = (Fo(H), Fo(H),{Br.L(f), Bx.L(f)'|f € 9} (5.7)

is a representation of the CCRs over Z.

Note that, if 7 or 7_ is unbounded, then the correspondence: (A(:),A(-)*) —
(Br.(+), Br.r(+)*) is a singular Bogoliubov transformation. Thus, for each pair (K, L) of
injective symmetric operators with additional properties, there exists a singular Bogoli-
ubov transformation.

A simple application of Lemma 4.4 and Theorem 4.5 yields the following theorem:
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Theorem 5.3 Let 7 be separable. Suppose that T, is unbounded and T\ is dense.
Then:

(i) There exists no non-zero vector Q@ € NregD(Bk,1(f)) such that Bi(f)Q =
0, fe .

(1) The representation m (Z) is inequivalent to any direct sum representation of
the Fock representation mp(2). In particular, if mx (2) is irreducible, then mr (D)
is inequivalent to mp(2).

With regard to irreducibility of 7k 1,(Z), we have the following result.

Theorem 5.4 Suppose that (K 'L +iKL1')(2 N ) is dense in A . Then 7 (D)
is irreducible.

Proof. We need only to apply Theorem 4.8 to the case where T'="T,, S =T_. In this
case R=K 'L +iKL™". |

6 An Example

In this section we show by an explicit construction that there exists a pair (K, L) of
symmetric operators and a conjugation .J, satisfying conditions described in Section 5 so
that the conclusions of Theorems 5.3 and 5.4 hold.

The example given below is related to a construction of two quantum scalar fields on
the finite box

A= (0, L)d*1 X (0,Lq) ={x = (x1,...,xq)|x1,...,24-1 € (0, L), x4 € (0,Lqg)} (6.1)
in the d-dimensional Euclidean space R? with d > 2, L > 0 and Ly > 0.

Remark 6.1 There may be another choice of A. For example A = R%"! x (0, L,). But,
in this paper, we restrict ourselves to the case given above.

We denote by Ap the Dirichlet Laplacian for A on L2(A) (see, e.g., [10, p.263] for the
definition of Ap).? The operator —Ap is a non-negative self-adjoint operator. Let

m m
I=<k=(k,... e =N, j=1,...,d—1 —
{kz (k... ka) | kj € LN,; ooy d—1,kg € LdN}

where aN := {an|n € N} (o € R). It is well known that the spectrum o(—Ap) of —Ap
is purely discrete with

o(—Ap) = {k?|k € T'}.

20ne can consider also Laplacians with other boundary conditions. But, in the present paper, we
treat only the Dirichlet Laplacian for simplicity.
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An eigenvector of —Ap with eigenvalue k? is given by

:Hgokj(xj)7 x=(x1,...,2q) €A (6.2)
=1
with
2 .
o (x5) = 78 sin(kjz;), z;€(0,L), j=1,...,d—1, (6.3)
2
ok, (zq) = ”L_d sin(kgzyq), x4 € (0, Lg). (6.4)

It is well known that {p|k € T'} is a complete orthonormal system (CONS) of L*(A).
Let m > 0 be a constant and

h = (—Ap 4+ m?)"? (6.5)
Then we have
hor = w(k)pk, keT, (6.6)
with
w(k) == VE2 + m2. (6.7)
Hence the spectrum of A is purely discrete with
o(h) ={w(k)|k € T'}. (6.8)
Note that
0 < wik) ! < ! kel (6.9)

Hence h™' € B(L*(A)).
We set
Liea(A) = {f € L*(N)|f" = [},

the real Hilbert space of real elements in L?(A). For all « € R and f € D(h*), we have

hef = wk) ok, f

kel

in the sense of L?(A)-convergence. Hence
RD(h®) N Lyeat(A) C L2, (A). (6.10)
We next consider the case where a “wall”

W, :={x € Azg=a} (6.11)

12



perpendicular to the z4-axis is placed in A with 0 < a < Lg4. In this case A is decomposed
as follows:

A:A1UWGUA2, (612)
where
A ={xeA0<zs<a}, Ay:={xela<zs< Ly} (6.13)
This decomposition of the box A induces the orthogonal decomposition
L*(A) = L*(Ay) @ L*(A) (6.14)
of the Hilbert space L?(A). But one should note that the Dirichlet Laplacian Ap cannot
be reduced by L*(A,) (£ =1,2).
In what follows, we assume the following:

Assumption (a) L?/L? € Q (the set of rational numbers) and a*/L? ¢ Q

Let A; and Ay be given by (6.13) and A, be the Dirichlet Laplacian for A, (¢ = 1,2).
For each k € T" and ¢ = 1,2, we define functions 1/1,(f) on A, as follows:

(@) = (H sokj<xj>) U@, @ e, (6.15)

v (@) = (H sokj<xj>) U@, @ e, (6.16)

where

2 L,k
Ui (g) = \/gsin dad’”d, zq € (0, ), (6.17)

2 n Ldkd<l’d — CL)

(2) —
Yy, (Ta) = 745 Ti—a zq € (a, Lq). (6.18)

The set {1\ }rer is a CONS of L2(Ay).
Using the Dirichlet Laplacian A, for A, (¢ = 1,2), we introduce a non-negative self-
adjoint operator

hmg = (—Ag + m2)1/2 (619)
on L*(A,) and define
ha = ha,l S¥ ha,2 (620)

relative to the decomposition (6.14).
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Let

()= B4R+ (Lakafa)? + 2

wo(k) = \/k:% bt k2 4 (Laka/(La — @) +m2, kel
Then we have
haety) = wi(k)yy), kel (6.21)
By (6.14), each f € L*(A) is written as
f=fm4 @

or f=(fW, f@), where
FO =X, f € L*(Ag)

with xa, being the characteristic function of A,.
The direct sum operator

—Agp = (A1) & (—Ay)
is a non-negative self-adjoint operator on L*(A). By functional calculus, we have
(—A)? = (=AY @ (D)2 (6.22)
Lemma 6.2 D((—Ay)"?) € D((=Ap)'?) and, for all f € D((—A12)"?),
I(=Ap) 2 fll = (=Aw) 2 1]l (6.23)
In particular, (—Ap)Y?(—A12)~Y? is in B(L*(A)).
Proof. Let f = fM) 4+ f@ € D((—A12)"/?). Then, by the definition of A,, there exists
a sequence { f,(f)};’f:l in C§°(A,) such that R {0 (n — oo) and

d
(=8O = tm D 10: 4017
j=1

where 0; := 0/0z;. Hence, letting f, := AU f752), we see that f, € C°(A) and f, — f
(n — 00),

d
Tim S0, = I(=A0)Y2 £V + |(~20) 2 F P2 = [[(~A0) V272
j=1

Therefore f € D((—Ap)*/?) (hence D((—A12)'/?) € D((—Ap)'/?)) and (6.23) holds. B

We next study relations between h and h,.

Lemma 6.3
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(i) D(hy) C D(h) and hh,' is in B(L?(A)).
(ii) D(ha'*) € D(hY2) and h'/?hg "7 is in B(L2(A)).
Proof. (i) It follows from functional calculus that
D(h) = D((—Ap)""%),  Dlha) = D((—Ar2)"2).

Hence, by Lemma 6.2, D(h,) C D(h). Hence D(hh;') = L*(A) and hh;' € B(L*(A)).?
(i) By part (i), h is h,-bounded. Since h and h, are non-negative self-adjoint operators,
it follows from a general theorem ([8, Theorem X.18(a)]) that h/2 is he/*-bounded. Hence
D(hy*) € D(hV?) and hY/2h;""? is bounded with D(h'/2hs /%) = L2(A).
]

For convenience, we extend each eigenfunction w,(f) of hey (k €T) to a function on A
in the following way:

(0 ,
0y . ] () ifx e,
e (@) { 0 ifzeA\A, (6.24)

Similarly we denote by 1/;,2? (¢ = 1,2) the extensions of the functions wl(vi) and w,(;) to
(0, Lqg).
By functional calculus, we have for all o > 0

ooy = wik)™py), (=12, keT, (6.25)
For each (k,p) € I' x I' and ¢ = 1,2, we define
Vhg = <s0k,@5,(f)>- (6.26)

It follows from (6.2), (6.15) and (6.16) that

d—1
Yhp = (H %pj) (ora B2} (6.27)
j=1

We set
¢ = % Co = LdLja. (6.28)
Lemma 6.4 For all kg, pg € (7/La)N,
<9"kd7¢ﬁ)> = zda (_1)Lgc_1ié;%n(akd)a (6.29)
<sokd,12§i)> = \/ﬁﬁg S_ing;zd). (6.30)

3The following fact is well known (which follows from the closed graph theorem): let A and B be closed
linear operators on a Banach space 2 . Suppose that D(A) C D(B) and A is bijective. Then BA™! is
in B(ZL).
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Proof. By (6.4) and (6.17), we have

~ 2 ‘. .
<S01cdﬂ/’;()?>: \/Tala/o sin(kqzq) sin(cipazq)dea.

Then, by direct computations, we obtain (6.29). Similarly one can prove (6.30). ]
Lemma 6.5 D(hi/*) G D(h'/?).
Proof. By functional calculus, for all k € T, ¢ € D(h'/?) with
hl/QSOk: — W(k)1/2g0k

It is sufficient to show that, for some ko € I', pr, & D(h,ll/z). Let k € I' be such that
VK € D(h}z/Q). Then, by the fact that {&,(f)w =1,2, pe '} is a CONS of L*(A), we have

2
~ 2
= 303 |(3) i n)| = Il < .
(=1 pel’

By the symmetry of he/? and (6.25), we have

~ ~ J4
<¢;(f), hy/ 2<Pk> - <h3/ 2¢§Z),@k> = wi() iy

Hence
2

2
sk=Y_ Y wilp) ’%(2

(=1 pel’

Using (6.27), we have

2
~ ~ 2
Sk = Z C(Jg<k7pd) ‘<S0kd’ ¢éi)>‘ )

where
T o\d—1
ko= (ki,... kai1) € (zN)
By Lemma 6.4, we have
-\ 2 4sin®(aky) S\ 2 4sin®(akq)
i |os (o)) = =pog™ oo d)] = g —we
pdlinoo Pa\ P ¢pd Ldacf Pdlinoo Pa\ P wpd Ld(Ld — a)c%

Now let ko := (k, kq) with k € ((x/L)N)4~! arbitrary and kg = 7/Lq. Then 0 < akq < 7.
Hence sin aky # 0. Therefore there exists a constant C' > 0 such that

(o] 2

> —.
Cep?g
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Note that

we(k,pa) > cepa-

Hence

Sk, > C Z i:oo.

pa(m/LaN Pl

Thus ¢r, & D(h'). N

The following fact shows a singular nature of the pair (h, h,) of one-particle Hamilto-
nians:

Lemma 6.6 The operator h_l/Qh,l/2 18 unbounded.

Proof. Let T := h=Y2hY/%. We prove the unboundedness of T by reductio ad absur-
dum. Suppose that 7" were bounded. Since D(T') = D(h(l/ %), T is densely defined. Hence
it is closable and the closure T is in B(L2(A)). We have T* = (T)*. Hence D(T*) = L%(A).
Since h=1/2 is bounded with D(h~1/2) = L2(A), it follows that T* = (he/*)*(h=1/2)* =
he!*h=1/2. This implies that D(h*/2) C D(hY?*) and D(T*) = h¥/2D(hi/*). But this con-
tradicts Lemma 6.5. ]

Lemma 6.7 Let

Sy 1= %(hmh}f + h'2h ). (6.31)
Then S+ are unbounded.
Proof. This follows from Lemma 6.3(ii) and Lemma 6.6. ]
Note that
P, = D(S,) = D(S_) = D(h}/?). (6.32)

We denote by Cy the complex conjugation on L?*(A):
Caf=f" feL*A).
Then it is easy to see that, for all a € R,
Cphh™ C R*Ch, CprhY C hyCh.
Hence
CprS+ C S1Cy. (6.33)

The next lemma follows from Lemma 5.1 and (6.33):
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Lemma 6.8 For all f,g € D, the following equations hold:

<S+f7 S+g> - <S*f7 S*g> = <f7 g) ) (634>
(S4f.S-g) = (5-f,5+9). (6.35)

Lemma 6.9 The range Ran Sy of Sy is dense in L*(A).

Proof. Tt is sufficient to show that the orthogonal complement (Ran S, )% of Ran S,
is {0}. Let g € (RanS,)*. Then, for all f € D(h}z/Q), (S4f,g9) = 0, which implies that
<hcll/2f, h_l/zg> = —(Gf,g) with G := hY2h7 % By Lemma 6.3(ii), G is bounded. Hence

(Gf,g) = (f,G*g). Hence h™'/?¢g € D(h}/z) and he/*h~12g = —G*g. Hence g = —GG*g,
which implies that ||g||? = —||G*g||?> < 0. Therefore g = 0. Thus (RanS,)* = {0}.

Lemma 6.10 (h~Y2hy? + ih*/2h,"/*) (D, 0 L2,,(N)) is dense in L2(A).

real

Proof. Suppose that there exists an element g € L?(A) such that, for all f € Z, N
Luea (M), <g, (R V2hY% 1 iV 2hg V) f> — 0.--(%). Since ChhY? c BY2Cy, it follows
that, each f € &, is written f = f; + ify with f; and f5 being in Z, N Lyea(A). Hence
(%) extends to all f € Z,. Let G := h/2hg "% Then, by Lemma 6.3(ii), G is bounded.
Hence it follows that, for all f € &, = D(h}/z), <h*1/29, hi/2f> = (iG*g, f). This implies
that h=/%g € D(héﬂ) and h(l/2h*1/29 = iG*g. Hence g = iGG*g, which implies that
lgl|* = i||G*g||>. Hence ||g||*> = 0, implying that g = 0. Thus the desired result follows. i

We now define

b(f) = a(Syf) +a(CaS_f)*, [ € D, (6.36)
Theorem 6.11 The triple

m(Za) 1= (Fp(L*(A)), Fo(L* (M) {b(f), b(f)"|f € Za})-
is a representation of the CCRs over 9,. Moreover, the following (i) and (i) hold:
(i) There exists no non-zero vector Q@ € Ngeg, D(b(f)) such that b(f)Q1 =0, f € Z,.

(11) The representation m,(P,) is irreducible and inequivalent to the Fock represen-
tation mp(Z,).

Proof. (i) By Lemma 6.9, we can apply Theorem 5.3(i) to the case where K = h'/2,
L=n 2, J=Cjand Ty = S,. Then the desired result follows.

(ii) The irreducibility of m,(Z,) follows from Lemma 6.10 and an application of The-
orem 5.4. The inequivalence of m,(%,) to mr(Z,) is due to an application of Theorem 5.3

(ii). ]
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