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Abstract

This research is concerned with an annealing processor for efficiently solv-

ing a combinatorial optimization problem.

In order to realize a smart society, optimization of people and things

such as transportation networks, power networks, human resource allocation

and routes is indispensable. Many of these problems are called combinatorial

optimization problems and are known as very important problems in modern

society. However, it is known that the combinatorial optimization problem is

NP-hard and it is difficult to efficiently solve it with a conventional Neumann

computer.

In recent years, the miniaturization of the process of manufacturing com-

puter chips is approaching the physical limit. Therefore, especially in the

solution by the full search, the improvement in speed due to the calculation

speed of the computer cannot be expected. From such a background, ded-

icated hardware capable of solving a combination optimization problem at

high speed and with low power consumption has been attracting attention.

The annealing processor is a general-purpose combination optimization

solver that utilizes the property that the ground state of the optimization

problem expressed by using the Ising model and the optimal solution of the

combination optimization problem match. The Ising model is a ferromag-

netic model in statistical physics expressed by spins having an upward and

downward state, spin-spin interactions occurring between the spins, and an

external magnetic field acting on each spin. The Ising model can express a

combinatorial optimization problem by expressing a control target and a cost

using these parameters. The annealing processor updates the spin state while



slowly lowering the temperature parameters based on simulated annealing,

which is an optimization method learned from natural phenomena generally

called annealing. Eventually, the spin will reach the ground state with a high

probability and obtain the optimal solution.

Annealing processors are classified into two types, the nearest neighbor

type and the fully connected type, depending on the shape of the Ising model

simulated on the hardware. In the nearest neighbor type, the coupling be-

tween spins is limited to only between adjacent spins, and in the full coupling

type, coupling exists between arbitrary spins. The nearest neighbor type real-

izes high parallel processing by reducing the data spin required by simulated

annealing by reducing the proximity spin. In addition, since data transfer is

limited to adjacent spins, the scalability is high. However, since the spin-to-

spin interaction is sparse, there is a problem that the class of combinatorial

optimization problems that can be dealt with is limited, or that the problem

requires deformation processing to match the Ising model of hardware. The

fully connected type can solve any class of problems as long as the number

of spins permits, however it requires connections between arbitrary spins.

Therefore, scalability is low. Because there is a dependency on all spins,

the number of spins that can be updated at one time is always limited to

only one regardless of the total number of spins. Therefore, it takes time to

converge to the ground state.

In this research, we propose a method of increasing the number of spins

for this annealing processor by using (1) a spatially-expanded time-division

processing mechanism architecture based on a loosely-coupled type, (2) An

algorithm for applying a fully coupled Ising network to a more complex Ising

network using the nearest neighbor Ising network and an annealing method

that can be updated in parallel, (3) We conducted a study on the architecture

of a fully coupled annealing processor for parallel updating annealing.

As described above, the research described in this paper contributes to

the improvement of the efficiency of the annealing processor for solving the

large-scale combinatorial optimization problem from both the fundamental

algorithm and the hardware architecture. I hope that this research will solve

the combinatorial optimization problem that is expected to increase in de-

mand in the future and contribute to the development of human society.
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Chapter 1

Introduction

1.1 Background

1.1.1 Data Mining and Optimization Problem

In order to overcome the problems that exist in modern society such as en-

ergy problems and labor shortage, it is necessary to minimize costs and waste

while efficiently utilizing limited physical and human resources in sociery. In

addition, with the advent of the IoT era in recent years, an environment

capable of storing and acquiring an enormous amount of data has been con-

structed. Such accumulated data is called big data. A method of observing

trends in big data (data mining, frequent itemset mining) and optimizing

and improving the target based on the observation results (combination op-

timization problem) has emerged as an important academic issue in modern

society.

Frequent itemset mining (FIsM) is an important and fundamental prob-

lem in data mining with regards to association and correlation. FIsM finds

frequent itemsets by counting the occurrence of subgroups called itemsets in a

transactional database. It is possible to know the relationship between items

from frequent itemsets because items contained in frequent itemsets have a

high probability of occurring at the same time. The knowledge gained from

this technique is widely used in data analytics, such as in the analysis of

sensor networks, network traffic, stock markets, and fraud detection.
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Optimization is a method of maximizing (minimizing) the objective func-

tion represented by profit (cost) under given constraints. Combinatorial opti-

mization is one type of such optimization, and finds an optimal combination

from a large number of alternatives.

In our lives, we take actions that increase our own interests and satisfac-

tion under the constraints of time and physical strength. The choice is made

consciously or unconsciously, which is also the result of solving the combina-

torial optimization problem. Such problems exist not only in our immediate

surroundings but also in society. For example, manufacturing also supports

our daily life base, even if we are not directly visible, such as order planning,

searching for the shortest logistics route, staffing, and energy supply.

However, it is known that many of the very important combination opti-

mization problems are NP-hard, and these problems are difficult to efficiently

solve with a conventional computer in the theory of computational complex-

ity.

One of the methods for solving the optimization problem is an enumera-

tion method. This is a solution method that considers all possible combina-

tions and finds the optimal solution from among them. Although it is possible

to find a global optimal solution by this method, the number of combina-

tions increases exponentially. If the number of elements is N , there are 2N

combinations. Further, the computation time explosively increases, and if an

attempt is made to solve a real problem using enumeration, the computation

may not be completed in a realistic time even with a supercomputer.

1.1.2 Post Moore and Demand of ASIC

With the advent of the IoT era, the amount of real-time data that is pro-

cessed in data centers has increased explosively. As a result, stream mining,

extracting useful knowledge from a huge amount of data in real time, is at-

tracting more and more attention. It is said, however, that real-time stream

processing will become more difficult in the near future, because the perfor-

mance of processing applications continues to increase at a rate of 10− 15%

each year, while the amount of data to be processed is increasing expo-

nentially [1]. Therefore, data mining and solving NP-hard problems with

8



conventional computers requires considerable time and energy.

In order to overcome such bottlenecks in standard computers for combi-

natorial optimization, alternative computing mechanisms [3] [5] are aggres-

sively pursued. One such hardware that is already in wide use is the Fast

Fourier Transform (FFT) hardware accelerator [2]. Another example is that

dedicated circuits mounted on smartphones are increasing year by year.

Compared to general-purpose processors that have evolved to handle vari-

ous applications in general, dedicated hardware (ASICs) dedicated to certain

applications can process at higher speeds and lower speeds at the expense of

versatility. It can be executed with power consumption. On the other hand,

however, developing hardware dedicated to a specific application has a dis-

advantage that it costs more in terms of time and money than developing an

application of a general-purpose processor (with software). Once a circuit is

created, ASICs cannot be changed later and cannot be modified in the event

of a design error. In addition, it is not cost-effective to implement a dedicated

circuit for each problem. In addition, the ASIC takes a huge amount of time

since it has to solve physical problems such as chip layout after deciding the

logical operation. On the other hand, FPGAs use chips that have already

been made, so physical design does not take much time. Therefore, when

solving the combination optimization problem with a dedicated circuit, it is

not realistic to make hardware for each problem. In order to solve such a

problem, there are two existing approaches.

One is a hardware called Field Programmable Gate Array [4], which con-

sists of a Look Up Table that reproduces all logic circuits, and a switch matrix

that allows them to be connected and changed arbitrarily. By preparing a

circuit for each problem, it is possible to solve the problem. The FPGA can

be rewritten many times, but due to its redundancy, the area of the chip (sub-

stantially equivalent to the number of constituent elements) is larger than

that of an application specific integrated circuit (ASIC). Therefore, power

consumption increases. On the other hand, compared to CPUs, FPGAs

have a larger circuit area and therefore lower operating frequencies. How-

ever, it is said that FPGAs may have higher processing power than CPUs.

This is because the FPGA can configure a circuit in a form most suitable for

the intended operation.

9



Figure 1.1: Ising model

1.1.3 Annealing Processor

Instead of solving combinatorial optimization problems for each problem,

another method uses the dedicated circuit that searches the state of the min-

imum energy of one physical model and use the fact that ground state of each

problem embeded into this physical model is equivalent to optimized solu-

tion. Various types of combinatorial optimization problems can be processed

by creating one dedicated circuit.

Unlike conventional computers, natural computing is based on the mech-

anism that the computing state eventually reaches the state of lowest energy,

as shown in Fig. 1.1. The annealing processor, based on the Ising model and

”annaling’, is one approach to natural computing. The annealing processor

exploits a combinatorial optimization method called simulated annealing.

A conventional computer called a von Neumann computer is mainly com-

posed of a storage unit, an operation unit, a control unit, and an I/O unit. It

solves problems by storing data and calculation procedures in a storage unit

and executing them sequentially. On the other hand, a computing architec-

ture called the annealing processor has been proposed to map combinatorial

optimization problems and find the ground state of the Ising model, the

10



statistical model representing the behavior of the spins of magnetic mate-

rial. The calculation based on this natural phenomena enables more efficient

solution searching for many problems than searching for an exponentially

expanding solution space one by one.

1.1.4 Subject of This Study

It is not hard to imagine that the data to be processed will increase explo-

sively as the technology for the IoT, the Internet of Everything (IoE) and

the smart society develops in the future. Also, as the types of devices con-

nected to the Internet increase, it is considered important to perform data

observation and optimization by associating data between different devices.

In frequent itemset mining, high-speed processing has been achieved in

the past research [6] on the increase of data types. On the other hand, in

the combinatorial optimization problem, an increase in the number of data

types not only complicates the problem itself but also increases the number

of parameters. There is no approach that can solve the combinatorial opti-

mization problem efficiently. Therefore, research on an annealing processor

that solves the combinatorial optimization problem efficiently is important.

1.2 Organization

In the chapter 2, the class of the combinatorial optimization problem tar-

geted in this study and its solution are explained. Chapter 3 summarizes

related research on annealing processors and summarizes their characteris-

tics. In Chapter 4, we propose a hardware architecture for an annealing

processor that can search for the ground state of a large-scale loosely cou-

pled Ising model. In Chapter 5, based on the loosely coupled Ising model, we

propose an Ising model with more complex connections, and an architecture

that can handle the fully coupled Ising model. For a complex combinato-

rial optimization problem, the conventional loosely coupled Ising model uses

a combinatorial optimization problem with a network that is more complex

than that model. Although it was necessary to perform graph transformation

that causes a decrease in accuracy, this method makes it possible to solve

11



a model that is logically more complex than the Ising model on hardware

by utilizing the architecture of the loosely coupled Ising model. Chapter 6

proposes a new annealing technology that can be updated in parallel and an

architecture that handles the fully coupled Ising model. With this method,

it is possible to efficiently process the fully coupled Ising model, which was

a problem in principle with conventional annealing processors, and it is ex-

pected that it will be able to process more practical problems. In particular,

regarding this architecture, not only the logic verification by simulation, but

also a dedicated circuit was actually manufactured and evaluated.

Finally, in Chapter 7, we will summarize our work and discuss what

should be done in the future.
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Chapter 2

Combinatorial Optimization

Problem

2.1 Definition of Optimization Problem

Combinatorial optimization is a kind of optimization. Optimization is to

make an optimal selection under the some conditions for problem. The

method of defining the request to be optimized by various formulas and

finding the optimal answer by mathematical calculation is called mathemat-

ical optimization. A problem to be solved is represented by a mathematical

expression, which is called a mathematical model, and creating this mathe-

matical model is called formulation. Thus, it is necessary to formulate the

problem to be solved as an optimization problem, and to describe how much

the purpose required by the problem has been achieved. This is called an

objective function, and the variables determined to achieve this objective are

called decision variables. In the optimization problem, there are often vari-

ous constraints in achieving the purpose. These are called constraints, which

limit the domain of the decision variables. In summary, it can be said that

an optimization problem is a problem of finding a variable x (optimal solu-

tion) that maximizes (minimizes) the value of an objective function among

decision variables x satisfying constraints. When the value of the variable

x takes a discrete value such as an integer, it is particularly called a com-

bination optimization problem. Further, for a certain condition, a problem
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of a format for outputting a judgment of acceptance or rejection (whether

the condition is satisfied or not satisfied) for each input is called a decision

problem.

When the objective function f is formulated under the variables x =

(x1, x2, ..., xn) that satisfy the constraints, the optimization problem can be

expressed as follows.

Object function : f(x)→Maximum (minimum)

Constraints : x ∈ S

Here, when the decision variable x takes a discrete value, that is, when

S ⊆ Z, this problem is called a combinatorial optimization problem. Even if

the objective function is maximized, the objective function can be changed

to a problem that seeks the minimum by setting the objective function to

−f(x).

In an optimization problem, a decision variable x that satisfies the fol-

lowing conditions is called a global optimal solution.

f(x) ≤ f(x′), ∀x′ ∈ S (2.1)

If the neighborhood of x is expressed as N(x) subsetS, a decision variable

satisfying the following conditions is called a local optimal solution.

f(x) ≤ f(x′), ∀x′ ∈ N(x) (2.2)

In the optimization, it is desirable to find a global optimal solution. How-

ever, as a practical problem, the formulation becomes complicated, and the

calculation time exponentially increases due to an increase in the number of

variables.

2.1.1 Classification by nature of problem

The optimization problem can be classified into the following three points.

1. Decision variables: continuous, discrete

2. Objective function: convex function, non-convex function
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3. Objective function: linear, nonlinear

Continuity

When the decision variables take continuous values, they are called contin-

uous optimization problems, and when they take discrete values, they are

called combination optimization problems (discrete optimization). Among

the combinatorial optimization problems, the problem in which the decision

variables are integers is called an integer optimization problem, and in par-

ticular, if the decision variables are restricted to binary values of 0 and 1, the

problem is called the 0-1 integer optimization problem. Called.

Convexity

Here, particularly, a classification method regarding convex and non-convex

is considered. In the case of a continuous optimization problem, the convexity

of the objective function can be defined for any x, y ∈ Rn, 0 ≤ α ≤ 1 by the

following formula.

f(αx+ (1− α)y) ≤ αf(x) + (1− α)f(y) (2.3)

A function f that satisfies the above conditions is called a convex function.

For any set S ⊆ Rn, if any x, y ∈ S, 0 ≤ α ≤ 1 satisfies the following

conditions, S is called a convex set .

(αx+ (1− α)y) ∈ S (2.4)

In the discrete function, the following is satisfied for an arbitrary decision

variable x ∈ Z.

2f(x) ≤ f(x+ 1) + f(x− 1), ∀x ∈ Z (2.5)

The biggest feature of the convex optimization problem defined above is

that the global optimal solution and the local optimal solution described in

the previous section match. Therefore, the problem of convexity is easier to

handle than the problem of nonconvexity. When trying to find the optimal

solution in the neighborhood N(x) ⊂ S of x, the solution obtained may differ

depending on convexity and nonconvexity.
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Linearity

If the objective function is a linear function and the constraints are given

by linear equations or inequalities, it is called a linear optimization problem,

Otherwise, it is called a non-linear optimization problem.

2.1.2 Classification by calculation difficulty

Combinatorial optimization problems are also classified according to their

difficulty. Here, the difficulty of a problem refers to the form of a func-

tion of the amount of computation, and such a class of problems is called a

complexity class from the viewpoint of computational complexity theory.

Usually, even if the same algorithm is used, the amount of calculation

often changes depending on the scale of the problem. Therefore, in order to

solve any problem of that scale, it is fundamental to estimate the number of

necessary operations in the worst case. The number of operations is indicated

in order (O) notation.

When represented by a multiplier or a factorial by a functional system

of this calculation amount, it is called an exponential time algorithm. When

expressed by a constant K like NK , it is called a polynomial time algorithm.

The exponential time algorithm is difficult to apply to real problems be-

cause the amount of calculation increases exponentially depending on the

problem size. On the other hand, polynomial time is a more practical al-

gorithm than the exponential time algorithm, but its application is difficult

depending on its constant k.

Is a polynomial time algorithm (one that can be represented by O(nk)

for a variable n and a constant k), that is, a set of relatively easy-to-solve

problems is a class P. There are classes such as NP, NP complete, and NP

difficult, including the class P.

The NP class, like the P class, is a class of problems that can be repre-

sented by a polynomial time algorithm, but the difference between the two

is computation method. The P class is performed by a deterministic Turing

machine, and the NP class is performed by a non-deterministic Turing ma-

chine. In a non-deterministic Turing machine, a calculation is performed in

which an output value is not uniquely determined for an input. In the deter-
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Class Problem

Liniar Optimization Problem

Hamiltonian Cycle Problem

P Shortest Path Problem

Maximum Matching Problem

Maximum Flow Problme

Traveling Salesman Problem (Dicision Problem)

Set Partitioning Problem (Dicision Problem)

NP-Hard Knapsack Problem (Dicision Problem)

Maximal Clique Problem (Dicision Problem)

Minimal Vertex Cover Problem (Dicision Problem)

Integer Optimization Problem

Traveling Salesman Problem

NP-Complete Set Partitioning Problem

Maximal Clique Problem (Dicision Problem)

Minimal Vertex Cover Problem

Table 2.1: Combinatorial optimization problems and their classification

ministic Turing machine, the calculation method is determined for the input,

but in the non-deterministic Turing machine, there are multiple calculation

methods (candidate answers) for the input. In a non-deterministic Turing

machine, it is assumed that it has the ability to execute branches to mul-

tiple cases in parallel in an algorithm, and can execute multiple calculation

processes simultaneously by repeating the branches.

By giving the parallelism to the calculation in this way, it is possible to

perform the calculation in a polynomial time even if the calculation becomes

enormous when performed by the deterministic Turing machine.

Thus, it can be seen that the capacity of a non-deterministic Turing

machine is higher than that of determinism. Therefore, relationship between

the calculation difficulty of the class P and the calculation difficulty of the

class NP is N ⊆ NP .

Table 2.1 shows examples of specific combinatorial optimization problems

and classification from the viewpoint of computational complexity.
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2.2 Typical Optimization Problems and Con-

ventional Approach

2.2.1 Max-Cut Problem

The max cut problem [1] finds two vertex groups that maximize the weight of

the edge for each endpoint that belongs to a different group. Applications of

this problem include noise removal of binary images. The obfective function

is expressed as follows.

H = max
1

2

∑
i,j∈N,i<j

Gij(1− xixj) (2.6)

xi ∈ {−1, 1} is the group to which vertex i belongs, and Gij represent the

weight of edge ij. In conventional computers, this problem is often solved by

a method called a greedy method [2]. In the greedy method, if the objective

function score is improved by changing the decision variables of the current

solution, it is accepted as the current solution. By repeating this process

many times, the method finds an approximate solution.

2.2.2 N-Quenn Problem

The N-Queen problem [3] is to find patterns that N queens can not attack

each other on the N ×N chessboard. That is, another queen cannot exist in

the same column, row, or diagonal where one queen exists. In a case where

this problem is solved by a conventional computer, a queen arrangement that

satisfies the above constraint is found by exhaustive search method.

2.2.3 Travelling Salesman Problem

The traveling salesman problem is a problem in which, when a salesman

departs from a certain city, visits all the cities and returns to the starting

point, finds the order in which the shortest route to go around the city is

reached. The traveling salesman problem can be applied to delivery planning

problems and VLSI design. When turning around a n city, there are (n−1)!
2

streets around the city considering the reverse direction. Even if you try
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to solve the problem by brute force, the combination becomes more and

more exponential (factorial) as the number of cities increases, so it becomes

difficult. In other words, the traveling salesman problem is a NP difficult class

problem, and it is difficult to find a deterministic polynomial-time algorithm

for the size of a problem example.

2.3 Summary

There are many combinatorial optimization problems in human society, and

techniques for solving such problems are indispensable in terms of advanced

decision-making and control of people and objects. These problems can be

categorized in terms of decision variables, features of the objective func-

tion, and computational complexity. In particular, there are classes that

are difficult to solve with conventional computers in terms of computational

complexity. In this paper, the following chapters describe research on ded-

icated hardware for solving combinatorial optimization problems involving

such classes.
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Chapter 3

Annealing Processor

3.1 Introduction

In this chapter, two problems, ”the slowdown of the performance improve-

ment of the conventional computer” and ”the conventional computer is not

suitable for solving the combination optimization problem”, which are prob-

lems when solving the combination optimization problem with the conven-

tional computer, are presented. The explanation about the new computing

technology which solves is described. A conventional von Neumann com-

puter including a calculation unit, a storage unit, and an input / output unit

solves a desired problem by writing (programming) a command for data by

a user. On the other hand, the annealing processor described in this chapter

associates a natural phenomenon model called natural computing with the

problem to be solved (equivalent to conventional programming). Then, by

inputting a problem to be solved into a processor simulating the behavior of

nature, the processor automatically outputs a solution according to a natu-

ral phenomenon. The annealing processor uses the Ising model as a model

and annealing as a natural phenomenon, The optimal solution (ground state

of the Ising model) of the combinatorial optimization problem converted to

the Ising model is obtained efficiently by using an annealing processor. The

following describes the annealing processor and its related research.
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3.2 Annealing Processors

3.2.1 Ising Model

The Ising model is when a huge number of elements interact with each other

and each element is given an external force. This is a model that expresses the

behavior as a whole. This is a model where the spins are arranged in a grid as

shown in ref fig: ising. This is a very simple model in statistical mechanics.

An Ising model is defined on an undirected graph. In the undirected graph

G = (V,E), V indicates a vertex and E indicates a set of edges. In the Ising

model, each vertex has a spin state at each vertex, and each side has an

interaction coefficient Jij(i 6= j, 0 ≤ i ≤ n, 0 ≤ j ≤ n). Assuming that the

spin state of the vertex vi ∈ V is σi, there are two upward and downward

states σi = ±1. Regarding this Jij, if Jij > 0, it shows a ferromagnetic

interaction and is stable when adjacent spins have the same direction. When

Jij < 0, anti-ferromagnetic interaction is exhibited, and it becomes stable

when adjacent spins are in opposite directions.

3.2.2 Simulated Annealing

Sampling method of Ising model

The energy and Hamiltonian of the whole system of the Ising model are given

by the following functions.

H = Γ−
∑
i,j

Jijσiσj −
∑
i

biσi (3.1)

Here, bi is a magnetic field applied to vertex vi. Regarding the magnetic

field, it is stable when σi = +1 when bi > 0 and when σi = −1 when bi < 0.

The spin arrangement when the energy becomes minimum is called a ground

state.

Now, σj in the expression 3.1 indicates a spin adjacent to σi. In other

words, j exists in the 2 direction in the 1 dimension and in the 2 direction in

the 2 dimension. In this Ising model, when it is in a statistically equilibrium
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state, its distribution function (state sum) is expressed as follows.

Z =
∑
σi

exp{− βH(σi)} (3.2)

An attempt is made to sample a state that follows this statistical me-

chanical distribution function by the Monte Carlo method. Now consider a

N state sequence Xi, i ∈ N . If the sequence is random, the following equation

holds.

PN({X1, X2, ..., XN}) = P1(X1)P1(X2)...P1(XN) (3.3)

Here, P ({X{) is the probability that N , the event X, holds. When this

sequence is a Markov chain, the state is changed while satisfying the following

equation.

PN(X1, X2, ..., XN) = P1(X1)T (X1, X2)T (X2, X3)...T (XN−1, XN) (3.4)

Here, T (X,X ′) is the transition probability from state X to X ′. T (X,X ′) is

normalized by the following equation.∑
X′

T (X,X ′) = 1 (3.5)

In a certain Monte Carlo step t, the probability of being in the state X

is represented as ρ(X, t). At this time, the change in the probability at

the transition from X to X ′ at t + 1 is the decrease in the probability at

the transition from X to X ′, Based on the increase in the probability of

transition from X ′ to X, it can be expressed as follows.

ρ(X, t− 1)− ρ(X, t) = −
∑
X′

ρ(X, t)T (X,X ′) +
∑
X′

ρ(X ′, t)T (X ′, X) (3.6)

A Boltzmann distribution is assumed as a steady-state distribution function.

ρ(X, t) = ρ(X, t+ 1) = exp(−βH(X)), ρ(X ′, t) = exp(−βH(X ′)) (3.7)

β indicates the inverse temperature and is expressed as follows using the

Boltzmann constant kB.

β =
1

kBT
(3.8)
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By transforming the expression 3.6 using this expression, the following ex-

pression is obtained.∑
X′

T (X,X ′)exp(−βH(X)) =
∑
X′

T (X ′, X)exp(−βH(X ′)) (3.9)

With the special solution of this equation as a sufficient condition, a solution

that satisfies this relationship is obtained for all X and X ′. This solution is

referred to as a detailed balance solution.

T (X,X ′)exp(−βH(X)) = T (X ′, X)exp(−βH(X ′)) (3.10)

Using the detailed balance solution, a metropolis sampling widely used in

the Monte Carlo method is formulated. The transition probability T (X,X ′)

is expressed as follows using the symmetric matrix ωXX′ and the adoption

probability AXX′ .

T (X,X ′) = ωXX′AXX′ (3.11)

ωXX′ indicates the probability of selecting X ′ as the next transition destina-

tion in the next step when the state is X. By using ωXX′ = ωX′X because it is

a symmetric matrix, the following equation can be derived from the detailed

balance equation.

AXX′

AX′X
= exp[−β{H(X)−H(X ′)}] (3.12)

AXX′ that satisfies this equation is as follows.

AXX′ =

{
exp[−β{H(X)−H(X ′)}] (H(X) > H(X ′))

1 (H(X) ≤ H(X ′))

The procedure of metropolis sampling is as follows.

1. In the state X, the next state X ′ is determined using ωXX′ .

2. Transition to state X with probability AXX′ (no transition with prob-

ability 1− AXX′)

All of these operations are controlled using random numbers.

In the Ising system, in the case of d dimensions, one specific spin is

selected from among Nd spins. Depending on the change in spin energy when
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the transition from state X to X ′ is selected, Select whether to transition

with a probability of 1 or exp(−β∆H). As a similar sampling method, there

is Gibbs sampling. In Gibbs sampling, transition occurs with the following

probability without depending on the state before the transition.

AXX′ ∝ exp{− βH(X ′)} (3.13)

Since the spin state transition of the Ising model is basically performed

by focusing on each spin, the parallelism is extremely low.

Annealing for Ising Model

In metal engineering, the process of gradually lowering the temperature af-

ter a substance is kidnapped is called annealing. In annealing, atoms are

detached from their initial state and change to a higher energy state. Slow

cooling in this state increases the likelihood of a change to a lower energy

state than the initial state. Simulated annealing (SA method) is a highly

versatile algorithm that imitates this annealing. One of the solutions to the

NP complete problem is to use this SA method. This is a method in which a

virtual temperature is introduced on a computer and a state close to a global

optimal solution is obtained by appropriately controlling the temperature

with time. The SA method randomly finds the neighborhood of the cur-

rent solution. By repeating this operation, an optimal solution is obtained.

In the process of finding the optimal solution, even if the value of the cost

function when the combination is changed does not become small (it does

not approach the optimal solution), it is selected as the next state with a

certain probability. This control is performed using a temperature variable,

and when the temperature is high, the transition of the combination becomes

intense. When the temperature is low, the value of the cost function changes

only to a low state, and it is possible to search for an optimal solution while

preventing falling into a local solution. Now, when solving the combinatorial

optimization problem using this SA method, some objective function must be

defined. Given input x = x0, x1, x2, ..., xn, The following objective function

needs to be minimized.
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f(x) = −
∑
i

C(x) (3.14)

This objective function varies depending on the problem when creating an

annealing machine having an optimal model according to the purpose. The

advantages of the SA are as follows.

• It is hardly trapped a local solution and it is possible to find a global

optimal solution (or a local optimal solution close to the global optimal

solution)

• It is possible to set arbitrary constraints, and there is high flexibility

for problems

• There are no restrictions on the objective function. High versatility

because it can be applied to continuous functions and discrete functions

• Very simple to implement, very easy to implement

However, there are some disadvantages as follows.

• Simple to implement, but computationally intensive, requiring enor-

mous computation time for some problems

• Optimal parameters need to be set depending on the problem

These two shortcomings come to the fore when trying to find a good solution.

Although it is possible to obtain a good solution by increasing the amount of

calculation, it is almost impossible to solve the problem in a realistic time.

Also, there are various problems regarding parameter setting, such as how

to update the temperature parameter. The algorithm of the SA method is

as follows.

1. Initial state

2. Create next state

3. Acceptance of state by energy difference and temperature

4. Updating temperature parameters
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5. Judgment of termination condition

For 2, 3, the process is repeated until the termination condition is satisfied.

The termination condition includes various conditions, such as repetition a

predetermined number of times and a sufficient decrease in temperature.

There is also a technique called quantum annealing that changes the

quantum effect instead of temperature. In a state where the quantum effect

is strong, all combinations are superimposed. The state transition due to the

tunnel effect occurs as the quantum effect becomes stronger, but the state

becomes stable when the quantum effect is reduced.

In order to apply the Ising model to the optimization problem, it is nec-

essary to formulate the Ising spin glass ground state search problem. Here,

how to apply some optimization problems will be described.

3.2.3 Optimization on Annealing Processors

Application to max-cut problem

The maximum weight cut problem is a problem in which vertices of a weighted

graph are divided into two groups. There is a problem of maximizing the

sum of the weights of the sides to be cut when grouping is performed.

This problem is formulated as follows When a graph G = (V,E) with a

vertex set V and an edge set E is input, the edge weight wij is considered,

Find V1 ⊆ V and V2 ⊆ V (V \V1) that satisfy the following.

max.
∑

vi∈V1,vj∈V2

wij (3.15)

The value of each vertex is vx = { − 1, 1}, and if vx ∈ V1, the value of the

vertex is xn = 1, vx ∈ V2If is xn = −1, The objective function is as follows,

and finds xi and xj that minimize H.

H =
1

2

∑
vi,vj∈V (i<j)

wij(1− xixj) (3.16)

When this equation is applied to the Ising model, it can be applied only by

eliminating the constant term. That is, when applied to the Ising model, the
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following equation may be used.

H =
1

2

∑
vi,vj∈V (i<j)

wijxixj (3.17)

Here, when compared with the Hamiltonian of the Ising model, the Ising

model conversion of the maximum cut problem is It is possible to set Jij =

−wij for the interaction coefficient Jij of the Ising model.

3.2.4 Optimization on Annealing Processors

Now, in order to apply the traveling salesman problem to the Ising model,

the problem is formulated. Now, assuming that the number of cities is n,

and the distance between cities i and j is dij, the total distance when passing

through all cities once is minimized.

D =
∑
i 6=j

dijxij (3.18)

Here, xij takes 1 when moving from city i to city j, and 0 when not moving.

The constraints are as follows.

1. At the same time there is only one salesman (at any time, in some city)

2. Visit all cities once (no city has 0 visits)

If the above conditions are met, the traveling salesman problem of ”visiting

all cities once” is satisfied. At a certain time t, an expression satisfying the

above requirements is as follows.∑
i

xt,i = 1 (3.19)

∑
t

xt,i = 1 (3.20)

xt,i indicates whether or not it is in city i at time t (xt,i ∈ 0, 1). When try-

ing to find a solution that satisfies these two constraints, there is a method

of “do not search for a state that does not satisfy the constraints”. How-

ever, annealing cannot add such arbitrary states. Therefore, the objective
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function needs to be modified. What an annealing machine can do is to min-

imize the objective function. When trying to find a solution that satisfies the

constraints described above, a penalty term may be added to the objective

function. This is a term that prevents an optimal solution from being ob-

tained if the constraints are not satisfied. Here, in order to incorporate the

two constraints into the objective function, the constraint 3.19 is modified as

follows.

(
∑
i

xt,i − 1)2 = 0 (3.21)

In addition, since it must hold for all t, it is further modified as follows.

HA =
∑
t

(
∑
i

xt,i − 1)2 (3.22)

Also, the condition 2 is similarly transformed into the following expression.

HB =
∑
i

(
∑
t

xt,i − 1)2 (3.23)

Regarding the two expressions, HA geq0 and HB geq0 regardless of the value

of x. HA and HB take the minimum value 0 only when the constraint con-

dition is satisfied. When these two conditions are added to the objective

function, it becomes as follows.

H =
∑
i 6=j

dijxij + AHA +BHB (3.24)

A, B are large enough numbers. Although it is possible to perform annealing

using this objective function, the accuracy greatly changes depending on the

values of the input parameters A and B.

3.3 Related Work

D-wave Systems proposed D-wave [1], which exploits quantum computing

technology. Unlike a general-purpose quantum computer, D-wave is a quan-

tum computer specialized for combinatorial optimization problem by express-

ing the Ising model using superconducting elements. D-wave operates based

on an optimization technique called quantum annealing. In quantum anneal-

ing, weakening the quantum effect maximizes the probability of observing a
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qubit state that minimizes the total energy of the system. However, a large-

sized cooler is needed to cool the superconducting element to an extremely

low temperature. In addition, there is a lack of spin numbers to express real

problems.

In order to solve such problems, methods using optical parametric am-

plification [7] and methods using CMOS technology have been proposed.

CMOS-AP is an annealing processor based on a Monte Carlo simulation of

the classical system (simulated annealing) using a CMOS technique without

the quantum effect. It performs simulations of the Ising model in a classical

system and searches for the ground state by decreasing the temperature of

the system, not the quantum effect.

In recent years, FPGA-based annealing machines have attracted attention

to facilitate the development of such systems instead of custom LSIs. There

are indeed proposals of FPGA-based Monte Carlo simulations of the Ising

model [9] [5] [11]. However, these are simulators designed for physics research,

rather than combinatorial optimization problems. With the FPGA-based

AP approach, hardware topologies, embedding [12], and random number

generators [6] are mainly studied. In terms of the hardware topology, two

approaches are mainly studied: the all-to-all type [2], [13], in which all spins

are connected to each other; and the nearest-neighbor type [3], in which only

adjacent spins are coupled.

With the former, since the hardware allows for all spin coupling (high

problem-expression capability), problems converted to the Ising model are

easily embedded in the hardware. However, only a few spins can be de-

ployed because of the many interaction coefficients. In addition, due to the

restrictions of Glauber dynamics, neighboring spins cannot be updated si-

multaneously. Therefore, only one spin can be updated at the same time in

all coupled spin networks. Furthermore, since it is necessary to share a spin

state change with all spins, its scalability is low.

With the latter approach, even under the constraints of Glauber dynam-

ics, non-adjacent spins can be updated at the same time. Further, since the

change in the spin state after updating is only the adjacent spin, parallelism

and scalability are very high. However, when the combinatorial optimization

problem converted to the Ising model does not match the topology of the
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Figure 3.1: Quantum annealing in D-wave machine

hardware, additional conversions are required for the embedding process.

3.3.1 D-Wave

The Dwave machine is a quantum computer based on quantum annealing

developed by D-wave Systems. The superconducting chip inside operates

based on quantum annealing. The chip is packed with 2000 rings, which

are connected by a superconductor. Each of these rings is in a quantum

superimposed state. In a normal copper wire, if the same amperage current

is passed clockwise and counterclockwise at the same time, the two cancel

each other out to 0. However, in a superconducting element, both can exist

simultaneously without canceling out in a very short time. By regarding

the reverse current that exists at the same time as a spin state, it can be

regarded that two states exist at the same time. If there are two rings, 4

combinations of spins can be expressed simultaneously. In the Ising model,

the Hamiltonian based on the combination of spins is calculated, and the
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minimum value is calculated.

As shown in Figure 3.1, each ring has upward and downward spins (ac-

tually clockwise and counterclockwise currents). Due to the stability of the

downward and upward relationships, each interaction can be represented in

gray and black in the figure to cope with the problem. While gradually weak-

ening quantum superposition, he repeatedly determines his own spin state

according to the interaction with the neighbor.

3.3.2 CMOS Annealing

CMOS annealing is a technique that simulates the Ising model with a CMOS

circuit. In CMOS Annealing Processor (CMOS-AP) 3.2, the spin states are

held in binary (+1,−1) and stored in one bit in the circuit. Both interac-

tion coefficients and external magnetic field coefficients are held in ternary

(+1, 0,−1). Each coefficient is stored in two bits. Using these values, the in-

teraction effect between neighboring spins is simulated on the digital circuit.

Figure 3.2 shows the operator unit for updating the states of spins. In

this circuit, the operation shown in Equation 5.15 is performed and the state

of spin “i” is updated based on the sign of the interaction.

”This unit receives the states of adjacent spins (σi) and coefficients (J

and H) for spin updates, where Hk[0] and Jk[0] represent the signs, Hk[1]

and Jk[1] represent the absolute values and these interactions occur between

the spin “i” and its k-th adjacent spin.” With these values, calculations are

performed in each spin-to-spin connection through XNOR gates (rather than

the multiplier), as shown in Fig.3.2(a1), because the spin state and interac-

tion are binary and ternary, respectively. Further, the number of spin-to-spin

connections depends on the number of XNOR gates in this architecture.

Then, the results are tabulated by the majority voter circuit shown in

Fig.3.2(a2). In this way, the state of the next spin is determined. States

of multiple spins can be updated at the same time, provided that they are

not connected. Thus, if the number of spins included in the Ising model

increases, the number of updated spins processed at the same time increases.

In short, the problem size (i.e., the number of spins) has little influence on

the update time.
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Figure 3.2: Operator unit

Although the energy decreases according to the interaction operation de-

scribed above, it is possible that the model becomes trapped in a local min-

imum that is not the overall minimum. To escape from the local minimum,

the states of the spins are randomly destroyed with a thermal fluctuation.

This operation is performed by the inverters shown in Fig. 3.2(b) with two

kinds of random pulses. For details regarding these random pulses, see [14].

This enables the states to escape from the local minimum by randomly tran-

sitioning the spin state, making it possible to find a state close to the ground

state.

The Fig.3.3 shows the spin unit proposed in the previous study. Since

the spin unit holds four fully-coupled spins and the adjacent spins cannot
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Figure 3.3: Spin unit

be updated at the same time, each spin unit use one operator by switching

inputs to reduce resources. A 2-bit counter decides the spins to be updated

and its value is used as the address of spin memory and coefficient memory

and control signal of selectors. After that, the update spin through the

“operator” is written back to the location indicated by the counter.

The optimal network of the spin unit for hardware depends on problem.

There are some structures for well-known optimization problems such as a

three-dimensional mesh structure, a chimera topology, and so on. In this

paper, we utilize the king’s graph and chimera topology. In the king’s graph,

spins are placed on a square lattice and spin-to-spin connections are formed

on the edge of the square and its diagonal. Therefore, each spin has eight

connections. In the chimera topology, four complete spins are contained

within one spin unit. Each internal spin is coupled to the corresponding spin

in the same position of the adjacent spin units. In short, one spin is coupled

with the other three spins in the same spin unit and eight spins at the same
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Figure 3.4: Minor embedding

position of the adjacent spin units as shown in the upper left of the Fig.3.3.

Since adjacent spins cannot be updated at the same time, as explained above,

all the spin states are updated over four clocks in both topologies.

Minor Embedding

Minor Embedding (ME) [15] is an algorithm for embedding arbitrary graphs

in hardware. In the conventional architecture, there are graphs that cannot

be directly embedded in hardware due to hardware and space constraints

and because the hardware topology is fixed. In such cases, it is necessary to

transform the problem graph so that it can be embedded in the hardware.

ME duplicates spins with reverse-minor processing to virtually increase the

degree of hardware while maintaining the connection relationship.

We will explain ME for CMOS-AP [12] using the three graphs shown in

Fig. 3.4. The lattice graph in (a) and the complete graph in (c) are denoted

Ln and Km, respectively, where n is the degree of nodes and m is the number

of nodes. If it is possible to solve the problem expressed in a complete graph
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Km, the Ising machine can solve any kind of problems consisting of m nodes.

However, not all problems are expressible as complete graphs. Further, some

edges are deleted beforehand as unnecessary. Therefore, we mainly focus on

graphs similar to graph (b)—i.e., graphs that are slightly more complicated

than lattice graphs.

Given that the spin unit array on the hardware is configured as shown in

Fig. 3.4(a), subgraphs of L4 can be embedded without ME. If the problem

graph does not satisfy the space and hardware constraints, such graphs are

embedded as (d1) and (d2), respectively. When graph (b) is embedded in

L4, vertices 4 and 6 are duplicated for the above reasons. Then, graph (b) is

embedded as shown in (e).

Complete graphs Km can be embedded in a lattice graph L8 whose size

is m× (m− 1). The number assigned to the vertex of row y and column x is

denoted by #(y, x). Vertices of the first row are assigned numbers as follows:

#(1, x) = x (3.25)

In the second and subsequent lines, numbers are allocated as follows:
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#(y, x) =

#(y − 1,max(1, x− 1))&(x+ y is even)

#(y − 1,min(n, x+ 1))&(x+ y is odd)
(3.26)

In this way, graph (f) is obtained by converting graph (b) to match king’s

graph(L8) which is a kind of graph (a) with ME. When embedding an arbi-

trary graph, duplicated spins are removed from the converted complete graph

so that it has the minimum necessary spins.

Difficulties with Minor Embedding

In the previous section, we explained how arbitrary graphs can be embedded

by ME. However, a new interaction (connection) is required between dupli-

cated spins so that the copying spins stay in the same state. If there is no

self-loop, the new interaction between spin i and the duplicated spin is set

as follows:

new connection i =
∑
|Jij| (3.27)

The newly added interaction is set such that it is stronger than any in-

teraction originally occurring with spin i. Therefore, the replicated spin

updates its state based on the only state of another replicated spin. This

means that updating the duplicated spin state is not performed without a

random number (heat).

Figure 3.5 shows the influence on the accuracy of the solution due to

the number of duplicated spins in the problem. This graph shows the results

from solving the max-cut problem with both simulated annealing and CMOS-

AP with ME. When solving a problem that includes a replicated spin, the

accuracy of the solution decreases and the solution becomes more dispersed

with CMOS-AP compared to simulated annealing.

3.3.3 Digital Annealer

Digital Annealer is an FPGA-based annealing processor that calculates the

ground state of a fully coupled Ising model using simulated annealing. The

most significant feature of the fully-coupled annealing processor is that the
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number of spins that can be updated at a time is limited to one regardless of

the number of spins at a time due to the limitation of the Glauber dynamics,

resulting in low parallelism of hardware. The problem of becoming a problem.

Specifically, when each spin unit inverts its own spin state with respect to the

current spin arrangement, it is determined in parallel whether or not the state

is accepted by Simulated Annealing. Select one and update the spin state.

The advantage of this process is that the state of spins often changes because

N next states can be verified from the current spin arrangement. If the fully

coupled Ising model is implemented intuitively with CMOS Annealing, only

one spin can be verified for N spins.If the verified spin state is not accepted,
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the spin state changes almost even with the number of steps. There is a

problem that it takes much time to reach the ground state.

Figure 3.6 shows the architecture of Digital Annealer. In this architec-

ture, the ”trial unit” that calculates and holds the local field of each spin,

determines whether the next state can be accepted from the local field, and

outputs an Acceptance Dicision Block that outputs flags, and the output N

flags And a Spin Update Unit that updates the spin state of the selected

spins.

Figure 3.7 shows the details of ADB. Normally, when determining whether

or not the next spin state candidate is acceptable, the determination is made

by calculating the reversal probability based on ΔE and comparing it with

a random number. On the other hand, ADB compares the generated ran-

dom number with ΔE by using a memory storing an inverse function of the

function for calculating the inversion probability. Thereby, it is possible to

simplify the hardware of the function necessary for the probability calcula-

tion. However, since a memory is required for the square of the bit precision,

it is possible that this does not lead to a significant decrease in computational

resources.
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Figure 6.16: Comparison with state-of-the-art annealers: STATICA is the

first custom processor chip for fully-connected Ising spins. Among the fully-

connected family, it has the fastest annealing speed and lowest energy con-

sumption per annealing run.

the measured Ising energy as a function of MC steps to numerical simula-

tions. Both data are identical. As the measured Fmax-VDD and Ppeak-F

curves show, the STATICA prototype operates at 320MHz@1.1V, dissipating

629mW peak power.

Fig. 6.16 compares STATICA with prior art. First, the sparse connec-

tivity of quantum and CMOS annealers limits their utility and their equiva-

lent counts for fully connected spins are inferior. Further, comparing fully-

connected architectures is not straightforward, since STATICA is the first

silicon prototype. Yet, while exact numbers have not been published, we ex-

pect that DA is at least two orders of magnitude slower and consumes more

power due to the serial spin updates. On the other hand, STATICA clearly
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Figure 6.17: STATICA prototype chip

outperforms SA, CIM, and SB (Fig. 6.13).

Figure 6.17 shows a STATICA prototype microphotograph and a speci-

fication table. Note that increasing STATICA’s spin count in the future is

straightforward as the chip size (process node) becomes larger (finer), since

SHMs scale linearly with the number of spins (not the number of connec-

tions), and also since STATICA’s critical path is determined by the WM

read cycle.

6.4 Conclusion

In summary, STATICA aims at revolutionizing annealing processors by solv-

ing optimization problems based on the mathematical model of SCA, fa-

cilitating three innovations: (1) A parallel, near-memory architecture for

fast and monitorable annealing of all-to-all spin connections. (2) Acceler-

ated DDSS field updates removing redundant computations based on flipped

spins. (3) New light-weight RNGs. Initial evaluations provided strong re-

sults.
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Chapter 7

Conclusion

Combinational optimization is a fundamental and practical method to de-

scribe and solve various social problems in our daily lives, such as trans-

portation cost optimization, machine learning, drug discovery and so on.

The goals of that problem are to find the best combination that maximize or

minimize the objective function defined by user. The difficult point to solve

such optimization problems is that they are known as NP, so that they can

be resolved in a polynomial time. Even if approximate solutions via heuristic

approaches are allowed, it takes certainly long computing time to solve them

due to their iterative searches of optimal solution points.

In order to overcome inefficiency of the modern von Neumann computers

for such optimization problems, an Ising computer has been proposed based

on the ”natural computing” paradigm which maps a target problem onto a

physical model in nature and observes the obtained status of the physical

matters as its computing result. Unlike conventional computers, natural

computing is based on the mechanism that the computing state eventually

reaches the state of lowest energy. The annealing processor, based on the

Ising model, is one approach to natural computing and exploits the fact

that combinatorial optimization problem can be mapped to the ground state

search of Ising model.

Based on these, the issues of existing annealing processors in Chapter 3.4

are as follows.

1. A disadvantage of the conventional CMOS-AP is that there are a lim-
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ited number of spin counts that can be deployed due to hardware re-

source constraints.

2. In the annealing processors which has the nearest-neighbor Ising model,

the accuracy and convergence speed of the solution decrease if there is

a mismatch between the hardware Ising model and the problem.

3. When calculating the ground state of the fully coupled Ising model by

simulated annealing, the number of update spins is limited to one in

principle. Therefore, high parallelism cannot be obtained unlike the

nearest-neighbor annealing processor.

In chapter 4, the method of increasing the number of spins based on the

nearest neighbor type was studied based on the CMOS Annealing machine,

the first CMOS-type annealing processor. In CMOS annealing, since a dis-

tributed memory is used to maintain spin states and spin-spin interactions,

there was a problem that the number of LUTs became a bottleneck and the

scalability of spin numbers was low. In this research, we focused on the draw-

backs and created an architecture with a time-division processing mechanism

that is presumed to be stored in a higher density block RAM of FPGA. As

a result, it was shown that a loosely coupled Ising network formed with a

larger number of spins than the conventional method can be implemented at

high density.

In chapter 5, based on the architecture for the large-scale combinatorial

optimization problem described above, we researched a method to solve the

problem that the class of the problem which the nearest neighbor type has

is limited in this research. In the case of a loosely coupled Ising network,

if there is a mismatch between the network in problem and the hardware

graph, it is necessary to perform a graph transformation called embedding

processing to match the shape of the Ising model of the annealing processor

and the network of the optimization problem. However, since a spin having

a strong ferromagnetic connection which does not originally occur due to

the graph deformation is added, it is considered that the accuracy of the

annealing and the convergence speed are adversely affected. Therefore, in

this research, based on the time-division architecture of (1), we developed a
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technology to virtually increase the complexity of the Ising network on the

hardware, and a class of problems that can be addressed without lowering the

accuracy and speed We considered a method to increase the number. As a

result, we obtained a result that it is possible to eliminate the decrease in the

accuracy and the convergence speed of the annealing due to the embedding

process for the problem that the accuracy is reduced in the conventional

nearest neighbor Ising network.

However, when trying to reproduce a fully coupled Ising network using a

loosely coupled Ising model using a time-sharing architecture, the number of

divided networks increases in the time direction to resolve data dependencies,

and processing speed decreases. Therefore, a new annealing technique that

samples the spin state and searches for the ground state using a stochastic

cellular automaton that can update the spin state in parallel even in the fully

connected Ising model, and an algorithm that reproduces the fully coupled

Ising network with a loosely coupled Ising network Researched. This study

shows that the ground state search of a fully coupled Ising network can be

realized at high speed with a small number of divisions using a loosely coupled

Ising model and a time division architecture.

In chapter 6, I conducted a study on a fully coupled architecture based

on the parallel update annealing described above. This architecture solves

the problem that if all spins are updated in parallel, many product-sum

operations are required for each update. It is possible to obtain the ground

state at a higher speed as compared with. In addition, a dedicated circuit

was created based on the architecture that was actually created, and the

superiority of other annealing processors in terms of convergence speed and

power consumption was actually confirmed.

As described above, the research described in this paper contributes to

the improvement of the efficiency of the annealing processor for solving the

large-scale combinatorial optimization problem from both the fundamental

algorithm and the hardware architecture. I hope that this research will solve

the combinatorial optimization problem that is expected to increase in de-

mand in the future and contribute to the development of human society.
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