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A computational scheme of propagator method for
moment equations to derive real-space electron
transport coefficients in gas under crossed electric
and magnetic fields

Hirotake Sugawara

Abstract—A numerical technique to calculate real-space elec- A brief history of the development of the PM in the research
tron transport coefficients in gas under crossed electric and field of gas discharges and plasmas was presented in a recent
magnetic fields £ x B fields) by propagator method was newly haner [3]. The PM analyses of the EVDF started from those

developed. Components of centroid drift velocity vector of an . L
electron swarm and its diffusion coefficients defined in thas, B, Under static electric fields [4], [S]. After that, analyses by

and E x B directions were calculated by app|y|ng the propagator the PM in Various Simulation modes fO”OWed; e.g., thOSG in
method stepwise to the zeroth-, first-, and second-order, y, the steady-state Townsend mode [6], [7], [8], [9], a radio-
and z spatial moment equations derived from the Boltzmann frequency (13.56 MHz) alternating electric field mode [10],
equation. The results calculated for Sgat N = 10 "m ~in E/N' = 111] [12], and an impulse electric field mode [13]. The PM

and B/N ranges of 100-1000 Td and 100-1000 Hx, respectively, h Iso b lied to derivati f elect ¢ ¢ i
agreed with those obtained by Monte Carlo simulations with as also been applied to derivation ot electron transport coetii-

discrepancies of a few percent. The Hall deflection of the drift CI€Nts; e.g., drift velocities [14] and longitudinal and transverse
velocity vector and the direction dependency of the diffusion diffusion coefficients [15], [16], [17]. The simulations in these

coefficients were appropriately reproduced. A relaxation scheme jnvestigations were all performed in the absence of magnetic
developed for quick convergence of the electron velocity distribu- field. It was recent that the PM was applied to the calculation

tion function was effective also in the relaxations of the first- and . .
second-order spatial moment distribution functions. A prototype of the EVDF under crossed electric and magnetic fiekis B

of the propagator method as a calculation scheme to derive a fields) [18], [19]. Enhancement of the PM technique as one
set of electron transport coefficients necessary for fluid model of the practical computational methods such as Monte Carlo

simulations of magnetized plasmas was established. (MC) simulation and BE analysis would promote studies on
Index Terms—crossed electric and magnetic fields, diffusion €lectron transport if x B fields, and that would contribute
coefficient, drift velocity, electron swarm, electron velocity dis- to investigations on magnetized plasmas utilized widely in
tribution, magnetized plasma, moment equation, propagator etching and sputtering for material processing.
method In the PM calculation for the EVDF, velocity space is
partitioned into a number of cells. The number of electrons and
|. INTRODUCTION relevant quantities associated with the cells are stored in arrays

to, calculate the EVDF. The intercellular electron transfers

Propagator method (PM) is a numerical technique based . :
on the Bolzmann equation (BE), and it is applicable tgue to the electron acceleration by the applied external forces

calculation of electron velocity distribution function (EVDF)anOI electron scattering by gas molecules are calculated with

in gases. The EVDF is one of the most fundamental propertfoseraltorS called_ the propagators or Green's fl.mCt'OnS' _By
. . . repeatedly applying the propagators to the EVDF, its relaxation
of electrical discharges and plasmas because their macroscopic -

guantities such as physical and chemical reaction rates an L .
- . he arrays required in the PM calculation may become huge
electron transport coefficients are derived from the EVDE. . . 2 ;
' cgrresponding to the resolution of the cell partition, especially
Its field of use extends not only to gaseous plasmas [1] bu o . . . ;
IN case the partition of velocity space is three-dimensional

also to liquids via plasma-liquid interactions [2]. Therefore s is necessary unddg x B fields. The requirement for

availability of reliable numerical tools to obtain the EVDF an . .
. . he memory capacity and the computational power for many
associated electron transport coefficients from the electron— . : . . . e
X . ; ; ; ; repetitive operations in the relaxation process had limited the
molecule interaction cross sections is of an important interes : . .
) . . : use of the PM in the early decades despite the PM has merits
for investigators in the field of plasma analyses.

that the PM does not require series expansion of the EVDF
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The electron acceleratioa = (as,ay,a.) due to the

Coulomb and Lorentz forces is written as
d
a = %VZ—%(E—FVXB), 3)
d e
Ay Tl = s W, 4)
Ly =0 (5)
a. = — 0V, =
Y e v 7
d e E
a, = %vz = E(_va +FE)=—-w <1}x - B) , (6)

Fig. 1. Coordinate system and electron swarm development UfderB wheree and m are the electronic Charge and mass respec-

fields: drift to theW direction and diffusion in the;, y, andz directions. The . | dw — eB is th lot lar f '

Hall deflection occurs in the drift, and the diffusion relative to the centroiVélY, andw = e fm IS the cyclotron angular irequency.

G is anisotropic. When we consider a single electron motion in velocity space
(vg, vy, v;) Uundera, the electron would draw a circular locus
parallel to thev,v,-plane during its free flight [21] because

processing facilities because a considerable part of the R solutions ofy, andwv, obtained from (4) and (6) satisfy
calculation is simple multiply-add operations.

In the present paper, the PM technigue developed in the
preceding work [18] for calculation of the EVDF und& <
and B fields crossed at a right angle is newly applied to the

zeroth-, first- and second-ordey y, and z spatial moment yere /B is the E x B drift velocity vgyp under collision-
equations derived from the BE in order to derive real-spaggss condition. This motion is interpreted as a rotational
electron transport coefficients as well. The components 9f.ctron flow around an axi@,,v.) = (E/B,0) parallel to

Ty Yz) — 9

centroid drift velocity vector and the diffusion coefficientsha,, _axis when we consider the EVDF of an electron swarm
defined along th&, B andE x B directions are calculated as;,, veliocity space.

a benchmark, and they are compared with those obtained by

MC simulations. These transport coefficients are known to be

direction-dependent [20]. Thus, they are suitable as reference : L .
quantities for verification of the proposed PM scheme. THe: Electron velocity and moment distribution functions

application of the PM to the spatial moment equations is The real-space electron transport coefficients are derived
one of the possible extensions of the preceding work [1§hm the spatial moments relative to the centrait(t) =
that achieved a fluctuation-free calculation of the EVDF a'”(‘bx(t) G,(t),G(t)) of the electron swarm. Let us define
velocity-space electron transport coefficients underEheB  {he ;ith-order moment distribution functions in the laboratory
fields. The present effort for the real-space electron transpgry centroid systemspL (v, ¢) andmC (v, t), respectively,

n,r I n,r k) 4 )

coefficients is a significant step in a framework to systematizgere- represents one of the real-space coordinajeg and
the PM because the calculations of the drift velocity vectar

and direction-dependent diffusion coefficients are of a practica'IFrom the electron distribution functiof(r, v, ¢) defined in
demand frqm fluid model s_lmulatlons of plasmas: I_q additio hase spackr, v), we obtain the EVDF (v, ) andm® (v, )
this effort is a demonstration to show the possibility of th s follows: '
PM for calculation of higher-order moment equations in a '
hierarchy. The scheme of the PM coupled with the moment
equations is detailed and techniques for efficient numerical flv.t) = /rf(r’v’t)dr’ (®)
calculations are discussed.

/T"’f(r,v,t)dr. (9)

r

E\? E\?
vm—B> +Uz:<vx|t_()_B) + (vli=0)®.  (7)

ml (v,

n,r

[I. THEORY
Here, mg ,(v,t), mg ,(v,t), andmg (v,t) are all identical

A. Electric and magnetic fields Y ;
9 to f(v,t). m$,.(v,t) is derived as

Let us assume the applied electric and magnetic fidids,

and B, to be static and uniform in boundary-free real space
(2,9, ) as follows: n() = [ [ vy = [ fevoiv, 10)
E = (E:E7Ey7EZ) = (0707 _E) (E > 0)7 (1) Gr(t) = 1 // ’I“f(I',Vﬂf)dI'dV
B = (BB, B.)=(0.80) (B>0. ( relt) ey
— L
The coordinate system and a schematic of direction-dependent Tone(t) J, my (v, t)dv, (11)

electron swarm development under thie x B fields are c .
illustrated in Fig. 1. my, (vit) = / [r— G ()" f(r,v,t)dr, (12)



wheren,(t) is the number of electrons in the electron swarm
mpy .(v,t) and m$ . (v,t) are convertible each other using

f(r, v, ) =f(x ¥, 2 v, v, U, 1)

G.(t) via (12). Their relations up ta = 2 are Uf(r, v, t) dr J‘xf(r, v, t)dr J'x2f(r, v, t) dr
mg, (v,t) = mg,(v,t) = f(v,1), (13) (v, 1) me (v, )G, m, (v, 1)
L L
mi,(v,t) = mi,(v,t) = G (t)mg . (v,1), (14) =mp (V. 1) relative to G,(t) relative to G (t)
C _ L L
map(Vit) = mp(v,t) = 26 (Hmy, (v, ) =, : m (v 0 WO el m (v, 0 D,(0)
+ GO mg(v:1). (15) :m%Z(v, ) ist-order 2nd-order
mk (v,t) and m¢ (v,t) have such quantities that =my (v, 1) X moment equation|| X moment equation
my .(v,t)dv andmg (v, t)dv are the total amounts of the =mg (v, ) yi(r, v, t) dr VPA(r, v, 1) dr
nth-orderr-direction moments of electrons within a regién - mOC W, 1) .I - I -
atv. They are sub-ensembles to obtain the electron population e my (v, 1): G,(t) m, (v, t)
ne(t) (n = 0), the average position or the centrold(t) relative to G,(t) relative to G,(t)
(n = 1), and the variancen( = 2) of the electron swarm (), = Y = Y
with respect to the- direction. The temporal variation of the et), ﬁmﬂ%mz,y("' 9 Dy(®)
average position is the centroid drift velocity, and that of the Var(t), 1st-order 2nd-order
variance gives the diffusion coefficient in thedirection as Vo), y moment equation| y moment equation
shown in the next subsection. Vign(t). sz(r’ v, 1) dr _[sz(r‘ v, 1) dr
Vmom(t)‘ L L
C. Electron transport coefficients V(1) = <v>, m; (v, )G m, (v, 1)
Primary electron transport coefficients of the electron swarm Vi(t) = <v>, relative to G,(t) relative to G(t)
to be derived by the present PM in rhrs. paper are the V() = <v> e (v, ) W) mS (v, 1) D(t)
mean electron energy, the effective ionization frequency T 1‘51 5 2Vd "
o _ o oltzmann -order nd-order
Vion = Vion — Vart (Where vie, and vy are the ioniza equation zmoment equation  zmoment equation

tion and attachment frequencies), the centroid drift velocity
W = (W, W,,W,) = (Wgxs, Wa, Wg), and the diffusion

coefficientsD,, = Dgys, D, = Dg, and D, = Dg defined F'gd 2.
nam

along thex, y, andz drrectrons respectively. They are typlcag
coefficients required in fluid model simulations. Hel&

may have different values from the average electron velocitther.

V = (V,,V,,V.) = (Vexs, Vs, V&) when the electron

swarm is non-conservative in the presence of ionization and(/%ere N

electron attachment [14], [22]. While they are time- dependeg}1

during the relaxation process of the electron swarm, we assume. i

that they eventually reach constant values in drift equilibrium.
Let us denote their time-dependent values with)’;, and
‘(t)" is omitted for the time-invariant values when they arg
distinguished hereafter

Derivation paths of moment distribution functiomsL (V) 1)
" C (v,t) and related electron transport coefficients fr(fm‘ v, t).
elaxation ofmn ~(v,t) proceeds along the thick arrows step by step for
n=0,1, and2. Thez, y, andz moment equations are independent of each

is the gas molecule number density, aipg,(v)
d g.t+(v) are the ionization and attachment collision cross
ions, respectively.
As well, D, (t), D,(t), and D,(t) are obtained from the

time-derivatives of the second-order moments (or, exactly
aying, the second-order cumulants [15]):

&(t), Dion(t), andV,.(t) are available from the EVDF (v, t): Dy (t) = 1d [1/m§ (v,t)dv} . 1)
2dt |ne(t) Jy ="
&) = ne(t) / 3 f (v t)d (16)  The relations between the transport coefficients and their
1 source moment distribution functions are shown in Fig. 2
Zon(t) = — 0 / Ngion(v) = qate (v)]vf(v,t)dv, (17)  together with their derivation paths frojfi{r, v, t) and depen-
el M dence in the numerical scheme. Some primary velocity-space
V.(t) = n—(t)/v,«f(v,t)dv (18) transport coefficients, which can be derived frgiv, t), were

calculated in the preceding work [18]. Calculations of the real-
W, (t), W, (t), andW,(t) are derived as the time- del’lvatlve%pace transport coefficients derived fr@n?
of G, (t), Gy(t), andG,(t), respectively:

:ritG (t) = jt[ /vmir(v,t)dv] (19)

W andV correspond to the ‘bulk’ and ‘flux’ drift velocities
[23], respectivelyW,.(t) can be written withV/.(¢) [14] as

W (t) = Vo (1)

yatn=1
and?2 for r = z, y, andz are attempted in thls paper, and the
results were in part reported in Ref. [19].

W, (t) =
ne(t)
D. The Boltzmann equation and moment equations

The BE for f(r,v,t) is

_a.ﬂ_v.g_l’_ g
ov or ot ) .on

0 N =
& (I‘, v, ) -
v) — qatt(v)]vmfr(v, t)dv, (20) (22)




The temporal variation of (r, v, t) is represented by the terms  (iii) mgr(v,t) increases as
for acceleration, drift, and collision in the right-hand side. By
integrating (22) over, we obtain a BE for the EVDF (v, t) 9 ¢ A = o mS )+ 2D..mCS " 29
described only in velocity space: 8tm2”(v’ ) = Ponmz, (v, 1) + 2Drmg, (v,1) - (29)
0 0 0 i ' i -
Fv,t) = [_a. N ( ) } fwt). (23 thatD, in (21) derived from the normalized second-order
coll

at av '\t moment distributionmg’,. (v, t) /n.(t) is time-invariant.

The moment equations for theth-order moment distribu- These assumptions are utilized in the numerical relaxation
. ) C - i i
tion functionsml: (v, t), mk (v, ), andm? (v, t) (denoted of m;,,.(v) in the PM as presented in section IlI-D.
as m};m(v,t)) are also obtained by integrating the BE with
weights ofz™, y™, andz" (denoted as™) overr, respectively lIl. PROPAGATOR METHOD
[14], [15]:

Practical PM calculation is performed for the sub-ensembles
of mg,.(v). The sub-ensembles are defined in each cell ob-

0 L 24 tained by partitioning of velocity space. After the convergence

T ot I My (V). (24) " of the sub-ensembles to their equilibrium solutions, the real-
ace electron transport coefficients are derived by integrating

The second term n the right-hand side of (24) appears as & sub-ensembles with appropriate weights given as properties
drift term representing the moment change due to the elecnggsociated with the cells

flight in real space. This term is missing when= 0.
By substituting the relations betweem; .(v,t) and
mﬁr(v,t) derived from (13)—(15) into (24), we obtain the

' . ) A, Cells and associated quantities
first- and second-order moment equations in the centroid q

Lvit) = —a-oem (v,t) +no,ml_y (v 1)

&m ov

system: Velocity space(v, 8, ¢) represented with polar coordinates
9 D) is divided into cells with section widthAe = e1,ax/imax fOr
amgr(vat) = -a- aivm(l%'r'(v?t) v, A0 = T/jmax fOr 0, and A¢ = 27/kumax for ¢. Here, a

uniform division for electron energy = %va results in non-

9 uniform division forv. With v; = vieyv/iAe/e10v (V1ev IS
4 ( ) m?r(v,t)7 (25) the electron speed associated with 1 eM) = %mvfev =
coll leV, 0; = jA§, and ¢, = kA¢, the region occupied by the

+ (v, — W,«)mgﬂ.(v,t)

gmg (v,t) = -—a- img (v,1) (4,5, k)th cell Cijx (1 < 4 < imax, 1 < § < Jmax, and
ot =T ov =" 1 <k < kyay) is defined as
+ 2(vy — Wr)mlc,r(mt)
Cijk: vie1 v <, 01 <0<0;, pp—1 << ¢y
+ <aat> mgr(v,t). (26) ! ! ! (30)
coll

_ ) A schematic of the cell configuration is shown in Fig. 3
Equations (23), (25), and (26) represent the spatial devgfyether with the electron acceleration vectoin velocity

opment of the electron swarm. The equilibrium values of ”ﬁ)ace projected to the,v,-plane. The numbers of sections
electron transport coefficients are calculated froifj . (v,t) j andkuma, and the energy rangs,... for the EVDF

. . . C . . max» nl_axr max ; ax
after their relaxation. One way to obtain,; .(v,t) in equi- cajculation are chosen depending on the strengtt ahd B
librium is to follow their temporal relaxation processes age|ds and required resolution. It is convenient tolgt.. be a
performed for electron swarms in d& fields [14], [15], muyltiple of four so that cell boundaries are aligned atithe, -

[16], [17]. On the other hand, the equilibrium solutions Ofing , v -planes to simplify the treatment of the acceleration
mg, .(v,t) can be obtained faster by a numerically accelerat%qlopagator explained in section I1I-C.

relaxation scheme [3] under the following assumptions.

The volumeV; . ;. of C; ;5 in velocity space is
(i) f(v,t) grows exponentially witht as f(v,t) = Ik e ¥ sp

F(v)ne(t) andne(t) = ne(0) exp(Ziont) SO that the normal- v 05 péi
ized EVDF F(v) = f(v,t)/n.(t) is time-invariant. Thus, Vijk = / / / v?sin § dvdfde
Vi—1 91'71 k—1
0 0] _ _ 1
&f(vvt) = a[f(‘ﬁo) exp(Piont)] = Vion f(v,1).  (27) = g(vf —v2 )(cosB;_1 — cos0;)(pr — Pr_1)-
Here,t = 0 is such a time that the electron swarm can be (31)
regarded to be in equilibrium far> 0.
(i) m{,.(v,t) also grows exponentially with as The solid anglef?; ;, of C; ;, subtended at the origi of
velocity space is
—m¢ = —_[m® 7 — 5 mC
ot ml,'r(V’ t) ot [ml,'r(V’ 0) exp(Ziont)] Vlonml,r(vv t) 9, on
(28) Qjr = / / sin 0 dfd¢
so thatW,. in (20) derived from the normalized first-order 05—1J br_1

moment distributionn{’,.(v,t) /nc(t) is time-invariant. = (cosj_1 —cosb;)(dr — dr_1). (32)



(v, 05, o) represents the effective center 6f ;. for the
dgrivation of electron transport coefficients frof . ; ;5 and
/’Ln,r,i,j,k' . . .

C; .r has six boundaries facing to thev, +6, and +¢
directions. Let us name therﬁfjﬁk, Bfﬁk, and Bfﬁk, re-
spectively:

B;ﬁk cv=wv, 0,1 <0<0;, dp1 << ¢ (41)

B i v=wvi1, 0,21 <0< 0;, dp1 < o< (42)

B:ﬁk tvir SvSv, 0=05, g1 <o < (43)

B;ﬁk 01 S0 L, 0=0_1, ¢r_1 <P < ¢ (44)

B;f;?k vim1 Sv <, 020 <0560, 0= (45)

Bijﬁk twi1 Sv <, 0,0 <0<0;, p=¢r1 (46)

Bii;’k are sections on spheres centeredatand B; /', =
Fig. 3. Cells defined in velocity space and electron acceleratiprojected iy 40 . D0
to the vz v.-plane. The cells in the half-space of, < 0 can be omitted Bi—l,j,k' Bv’ x are sections on cones whose vertices are all

6.,
underE 1 B for the reflective symmetry of the equilibrium solution withgt O, and B,_‘,g = BT“‘? . B,i.‘b are sections on planes

) ! 1,5,k i,j—1,k 1,5,k
respect to thev,v.-plane. The cells in the octant ef, > 0, v, > 0, and . ludi h . Zo +¢ h f
vz > 0 are not drawn to show inner cella. is rotational but off-centered NC uding t e'(.)y-aXIS, ande‘,j,k = Bi,j,kfl' They are referred
from the vy-axis. The shift of its rotation center corresponds to aex B to afterward in the evaluation of the electron outflow from a
drift velocity vexs = E/B. cell to its neighboring downstream cells for quantification of

the acceleration propagator. Whip.. is a multiple of four,

+¢ 1 1 3 i
As the properties associated wid ; x, let us define the By ik @k = 7hmax, 3kmaxs §Fmax, and kmax are included

total amounts of theath-order r-direction moments within " the vyv-plane or thev,v,-plane.
Cijk as/j’%,r,i,j,k andﬂg,r,i,j,k: o
B. Collision propagator

i = / my (v, t)dv, (33)  The collision propagatoP,,(Ci j: 1 < Ci,.x) represents
sk the electron transfer frort; ; », to Cyr j/ i per unit time due

Hrrigk = / My (v, 1)dv. (34) to collision and resulting scattering. More than one cell can
Cijn be C; ;1 for one C; ;. The number of electrons scattered

Mg,ni,j,k — Mg,r,i,j,k is the number of electrons,; j in out ofROq;,jyk per unit time by a process denoted as i_“s
Cik- 1S, ;4 IS the very quantity to be relaxed in theN@«(vi)nijk = vinij, Whereq, is the electron collision
practical PM calculation. The electron transport coefficienf§0SS section and* may be ‘mom’ for momentum transfer
defined in (16)—(18), (20), and (21) are obtained after ifiglastic) collision, ‘exc’ for excitation, ‘ion’ for ionization,
relaxation Ofug’m’j’k by summing them up. or ‘att’ for eIectron' attachment in this paper. The scatpered
We can omit the cells in the half-spacewf < 0 in the PM electrons are re-distributed t0' j 1. Th% energy loss in
calculation for the reflectional symmetry of the equilibriunf€lastic coliisions is represented a8 — e} = (i —i)Ae,
solutions of the moment distribution functions with respect ta"d the difference—:" is denoted as,. for specific collisional

the v,v,-plane, wher | B: processes. The scattering is expressed as the changesdf
k to j/ andk’, respectivelyP.oy(Cys i+ s < Ci ;) associated
. o ) n C 3] oK 5Ty
Borigk = “Horijmax—sitlk with a collisional process«’ is quantified as
(for r = y at oddn), (35) Qi
c _ Pcoll,*(ci/,j’,k/ <— Ci,j,k) = Viy*(si/ J (47)
:un,r,i,j,k - 'un77'77:7j111ax_j+17k
(for the other cases) (36) Here,v; . = Nq.(v})uR is the collision frequency of process

*’, 0; is a division factor for the electron re-distribution for
the case’ has a range, and the solid angle fadiyr ;. /(4)
R S(ei1 ey) = (l B ) Ae, 37) represents isotropic scattering. The values of these factors in

Ci ;i has representative valueg, v}, 63, and ¢}

‘ 2 Peon(Cy j 1 < Ci 1) for specific collisional processes are
listed in table I.
R _ R
vio= vevy/e/eev, (38) I the present extension of the PM for moment equations,
1 o1 Peon(Cy jr i < Cy 1) is common for operatofd/dt)con in
GR = Z(0._ 6.) = R N 39 coll\“e/ 57k 7,k coll
/ 2( =1 +65) (j 2) ’ (39) all ordersn, because the amount of moment transferred by

R 1 1 electrons from a cell to another is proportional to the number
O = (0r-1ton) = (k - 2) Ag. (40)  of scattered electrons.



TABLE |
FACTORS IN COLLISION PROPAGATORP 011+ (Cyr j7 it 4= Ci j1) = Vi 0/ Qs 1 /(47) [3].

Collisions Ex Ly Vi« i 8y
momentum transfer 0 Imom =0 Ngmom (vR)vR i =i 1
excitation Coxe  loxe = |Eexc/De]  Ngexc(WF)vE 4 =i — loxe 1
ionization Eion lion = \_aion/AaJ NQion (’UZR)’U? i =7 lion 2/[2(2' — lion) — 1]
i <i-— lion 4/[2@ - lion) - 1]
electron attachment ~ — — Ngags (vE )R — 0

‘%' represents a process among momentum transfer, excitation, ionization, and electron attachment.

C. Acceleration propagator The outflows((z/at)gggugmm and(a/at)ggﬁuff’m’jvk are
The acceleration propagat@t,..(Ci j: i <+ Ci ), 1.€., proportional topi,, ;.; ;.. as

the number of electrons transferred froff) ;. to Cyr ;i 9\ °ut o

per unit time by the Coulomb and Lorentz forces, has a non- (815) Hinri g,k

zero value wher(; ; . andCy ;. .+ are contacting and’; ; x ace

locates in the upstream 6f;/ ; 1/; otherwise Pooc(Cir j7 1 < _ Z Jp max(a - n,0)ds WS

Cijk) = 0. Pace(Cir j g < Ci;x) is obtained by the areal B_piv it pte Vijk i,

integral of the electron flux across the boundary betwégyy,. BRI RSk

andCy ;1 as the rate coefficient: (50)

8 out
1 () Ns,r,i,j,k
Poce(Cir jrir = Ciji) = v /max(a-n, 0)ds. (48) Ot ) con
bk Js = (Vrnom + Vexc + Vion + Vatt)/lg,ryi,jﬁ
Note that the electron flux in velocity space is quantified as the — Vtotal,ug,r,i,j,k. (51)
product between the electron number density in the dimensions i
of (speed)® and flow speed in speed/time. Herejs a unit On the other hand, the inflow$d/ot)x ., and
vector outward fromC; ;, and is normal to the boundary(9/9t)iupy .., ; ), are dependent oy ., .\, of cells other
betweenC; ;» and Cy 4. The areal elementls has the thanCi ;. as
dimensions of (speetl)

o . . a\"
Only the positive values of - n are mtegrateq to guantn‘y <8t> NS,r,i,j,k
the electron outflow fronC; ; », because the direction af acc
across a cell boundary may change even within the boundary. fg;vl‘j_k max(a - n,0)ds G
That is, mutual inflow and outflow betweé ; , andCy j: s - Vi i, Fonrit1,5k
may occur. In case the mutual flows occur, they should be I max’(;.n 0)ds
calculated separately instead of the net inflow/outflow, because + B i ' WS
the electron number density, to which the electron flux is Vicijk ik
proportional, is different for every source cell. fB.—? max(a - n,0)ds
Similarly to the collision propagatorPac.(Cir ji < + "’“""VH 1S i i1k
C;.;.1) is also common for the moment equations of all orders. Litlk
Jp+e  max(a-n,0)ds
4 il c
‘/i . :un,’!',l,]—l,k?
D. Relaxation scheme T
Jp-+ max(a-n,0)ds
Equations (23), (25), and (26) are discretized f(y, , . , + ""”"“V - 1S i k1
defined in (34). The solutions of.;, ., that compose Lokl
mS (v, t) in equilibrium are obtained from balance equations N fB,i;?k,l max(a-n,0)ds 52)
between the outflow and inflow of theth-order moment for Vijk—1 Honrigik—1
each cell. a\"
The terms of acceleration, collision, and drift fpfﬂ.,ijﬁk <8t> /L7C1,37rr7i7j7k7
can be separated as coll
P = Z PCOH(CZ»,J»,;{ — Ci’,j',k’)ug,r,i’,j/,k" (53)
—uC @5k
gtk

in out in out Here, the direction ofi is outward from the source cells. Note
(8) _ <8> + <8> _ (‘9) that some terms in the right-hand side of (52) may be ignored
ot ot ot Ot ) con when one of the indices and j is out of their definition

acc acc

coll
. 4 range (e.9., NquS,.; ,;, wheni =1, and nouS, ..,
+ ot Wit X Bori g ke (49) when j = 1), and the quantities corresponding #o= 0 and



k = kmax + 1 are interpreted as those bf= k. andk = 1, change of the electron transport coefficient specific to the order

respectively, becausie for ¢ is cyclic. n within a relaxation cycle is sufficiently small (e.g<,10~7).
Furthermore, the drift tern@@/at)driftugm’j)k, is propor-  The sequence of the relaxation @f , , ., for the ordern
tional to a lower-order momemgfl’m’j,k as and the directiorr was as follows.
) o N o 1) Relaxation of_ the .EV.DF:I A typicgl initial distribl_Jtion
(&t) g riik = MO g = Weltty 1 ik (54) is a Maxwellian distribution.f(v) is relaxed by iter-
drift atively operating (59) to obtain the normalized EVDF
This term appears for > 1 and is newly introduced in this F(v) = f(v)/ [ f(v)dv in equilibrium. This is the
work to the PM calculation under thE x B fields. Here, solution of the BE by the PM for velocity-space electron
Url’)ti,j,k' is one of the representative values@,id_,k, “iz‘a,k' transport coefficients [18]. The convergencedf) can
andvimk defined forC; ; ;. as be judged with those of, 7;,,, andV, derived from
f(v).
“2@3‘& = o Sina? cos ¢, (55) 2) R(elglxation of the first-order moment distribution func-
Ui = v cosfl (56) tion: A possible initial distribution ism{,.(v) = 0,
U,ljijk = R sinef‘ sin ¢k (57) which corcrespo_nds to electrqns s_upplled from a point
e source.my,.(v) is relaxed by iteratively operating (60)
Under assumptions (i), (ii), and (iii) in section II-D, which to obtain the normalized first-order moment distribution
are described as (27)—(29);,,,, in (49) satisfies the function M; . (v) = m{,.(v)/ [ m{,(v)dv under the
following equation on the balance between the outflow and  already obtained”(v). Becausé¥, to be derived from
inflow in equilibrium [3]: M, »(v) is included in (60),IV.. is also renewed every
in in C relaxation cycle. The convergence 8f, .(v) can be
W [(8/0t) e + (8 0t) 25y + (a/at)drift}t“nmi’jvk, judged with that ofi¥,.. An exception is that the con-
g 0/0t + (0/0t)qut + (0/0t)2uh (58) vergence ofM ,(v) is judged with that o/, because

W, = Wg is always zero undeE 1 B, whereWé

is the y-direction centroid drift velocity of the electrons
with v, > 0 and W, is obtained by limiting the region
of the integrals in (10), (18), and (20) to bg > 0.

The terms in the numerator of the right-hand side are practi-
cally represented by moments other thﬂ%l)m)j’k as shown
in (52)—(54). Explicit forms of (58) at specific ordens= 0,

1, and2 are 3) Relaxation of the second-order moment distribution
1 f . . . . . . . . . C _
C C unction: A possible initial distribution isng,.(v)
ik = = Pocc(Ci i < Cir jr iy e . 2,r\¥ )
HO.r gk sz e Gk 4= Gt o r g 0 similarly to the first-order moment distribution.
1 7 mS. (v) is relaxed by iteratively operating (61) un-
¢ 4 : :
+ 5 > Peon(Cijk < Cir jr b G it jo 1o der the already obtained'(v) and M ,.(v) until D,
it 50 k! derived fromm§,.(v) reaches a constant value. Be-
(59) causeD, has usually a positive value, the normalized
1 second-order moment distribution functidds ,.(v) =
C C 2,r
.. = —_— P C y < C‘I N 4 i1 gl et H H H ’ 1
Pk R ,/Zk/ ace(Cigik 57k M 1 mS,.(v)/ [, mS,.(v)dv increases with time even in
) AR equilibrium. Thus, M, ,.(v) does not converge to a
+ 5 > Peon(Cijik < Cit g S it jo 1o specific value.
i3k The dependence of the moment distribution functions at dif-
+ — (Vpigk — Wr)ug,m,ﬁk’ (60) ferent ordt_ars in the hierarchy is sh_own_ in Fig. 2_. The series of
1117 ’ moments in one of the, y, andz directions are independent
0 piik = = Z Pace(Cijge < Cir jo i S 0 o i of those in the dlfferentcdlrectlons. _ _
Y The renewal of thew, . .., values in the relaxation at
1 c each combination of, and r is applied basically from the
+ R Z Feon(Cijk <= Cir gk iz v o 1 upstream of the electron acceleration (i.e., electron flow in
) eV L velocity space) towards the downstream along the direction of
+ =20k — WT‘)UEr.i,j,k a. The_lndlces@,_g, andk change by_ increment or decrement
R ’ in a triple nesting loop structure in the PM program. The
_ lQDrugMjk, (61) directions in which: and j run are fixed corresponding to
R T the octant thatC; ; , belongs to. However, the change bf
where is partly exceptional for two reasons; the series of cells are

_ cyclic in the ¢ direction, and the upstream and downstream
R = ion (v7') + Z Pace(Cir o 4= Cijik) + Viotar (v7°)- are partly reverse for. The reverse region is the inside of
g (62) @ oylinder:[v, — E/(2B)” + v2 < [E/(2B)]*. The electron
Initial distributions of thenth-order moments are given tofloW through B, due toa is from the+¢ side to the—¢
”Sm,z}jk’ and they are relaxed in the manner of the Gaus§j.de WhenBj,;{’k is outside of the CyIinder, and is from the
Seidel method. The relaxation is terminated when the relativey side to the+¢ side whenBj_jjk is in the cylinder.



C

The renewal sequence for 4, j, and k was

o 4~ 20 ,
n,r,i,7,k | Ve,gs T
arranged as follows. £ | WEEBB E/N=1000Td [+ x MC
1) Renewal sequence in the direction (inner loop): At E Y EW 500 Td B/N = 1000 ﬁx O PM
given j andk values, the renewal is operated fram: 0107 ZOOETEI, El-o- TN
. . . 1] d
Imax (U = Umax) 101 =1 (v = 0)‘ by decrgment of in ; 1100 Tor®: * X 200 Hx
the region ofv, < 0, and fromi = 1 t0 i = iyax DY @ E * % % 100 Hx %
i Al i > . s 0' i T T T T T
increment ofi in the region ofv, > 0 > 90 7 0 0 0 0 o

2) Renewal sequence in tifedirection (middle loop): At a
given k value, the renewal is operated from= % Jmax
(0 = 3m) to j =1 (§ = 0) by decrement ofj in the
region ofv, < 0, and fromj = 1to j = %jmax by
increment ofj in the region ofv, > 0.

Renewal sequence in the direction (outer loop): The

following forward and reverse cycles alternate every

Ve, We (10° ms™)

Fig. 4. Drift velocity vectorse and+, average velocitf Vg, VExs); ando
and x, centroid drift velocity(Wg, Wgxg). Monte Carlo simulation (MC,
+ and x) and propagator method (PM,and o).

3)

other relaxation cycles. In the forward cycle, the renewal ‘ ;_; — 10 Td 4 _ OTd !
is operated fromk = kpax (@ =2m)t0 k=1 (¢ = 0) 1E/N = 1000 Td
by decrement ok. In the reverse cycle, the renewal for 3.1200Td 31500 Td
the cells in the region of,, < 0 is unchanged; from e 2% e
k= %k’max (¢ = %7() to k = %k/’max +1 ((b = %ﬂ-) by ] T'Z 100 Td T'; -ZOOTd
decrement ofk. On the other hand, that for the cells in < -
the region ofv, > 0 is operated fromk = 3k, + 1 9 27 9 2
t0 k = kmax DYy increment ofk and fromk = 1 to e o {100Td
k = Ykmax by increment ofk. = S
This sequence was adopted in the EVDF relaxation [18], and || = MC 1=« mc 1=« mc
is applied here also to the relaxationsmof ,.(v) andm$,.(v) © PM™ © P © P
in the same manner. ' ' 0 (@) 0 (b) 0 (©
100 1000 100 1000 100 1000
B/N (Hx) B/N (HXx) B/N (HXx)

IV. BENCHMARK

A. Conditions . i . o —
Fig. 5. Diffusion coefficients defined in the directions a) E x B, (b) B

Sk was chosen for benchmark of the present PM calcard ¢) E. Monte Carlo simulation (MCx) and propagator method (PM).
lation. The set of collision cross sections taken from Refs.
[24], [25] includes collisional processes of momentum transfer, . . .
excitation, ionization, and electron attachment. The latter t oThe calculation results were compared with those obtained

processes make the electron swarm non-conservative. TR¥yMC simulations performed with this workstation and in

induce the difference between electron transport coefficiem@ with another used for a previous work [.18]’ which had
defined in velocity space and real space, W, V as a CPU of Intel Xeon E5-26672(9 GHz) and Linux CentOS

understood from (20). 6.4. In the MC simulations, the time stefit was set at

_ 22 mM—3 11
The electron transport coefficients were calculated Q\ ps atN = 10" m~*. The electron transport coefficients

E/N = 100, 200, 500, and 1000Td (1 Td (townsend)— reached their equilibrium values by = 100—200ns._ The .
1072 Vm2) and at B/N = 100, 200, 500, and 1000 Hx number of electrons sampled at the end of the tracking period

(1Hx (huxley) = 10-27 Tm?) by the PM. TheselZ/N and was more thanl0’. The electron swarm development was

B/N values are the same as examined in Refs. [18], [19]. attachment-dominated ab/N 100 and 200 Td. These

. . . . |Wses were severe for the MC simulation because the electron
The size of the three-dimensional arrays used in the P Opulation decreases during the relaxation period. However
Tmax X %jmx X kmax, Was chosen to b&0000 x 45 x 720. The POp 9 P ' !

cells were prepared only for the region«gf > 0, because the special treatment against the population decrease [26], [27]

EVDF and moment distribution functions are in reflectional’®> not adopted here.

symmetry with respect to the,v.-plane whenkE L B. This

saves the memory capacity for the PM calculation. Althoudh Results

W, = Wg derived fromm¢ (v) is always zero for the The drift velocities Wgxg and Wg and the diffusion

symmetry, the calculation ofn‘ﬁy(v) is necessary becausecoefficientsN Dgxg, NDg, and N Dg, which have become

mEy(v) itself has non-zero values armjfy(v) is referred to available with the PM by the present extension, are shown in

in the second-order moment equation mﬁy(v). Figs. 4 and 5. Their values are shown in Table Il together with
The benchmark simulations of the PM were carried 0@t Dion/N, Vexs, and Vg.

with a workstation having the following properties: CPU, Intel The MC results are the averages during the1asts of each

Xeon E5-1650 v43.6 GHz); main memory] 28 GB; operating tracking period. Their statistical fluctuations represented as

system, Linux CentOS 7.3; programming language, C++. ox/(X) for a quantityX, whereo x is the standard deviation



TABLE Il
THE ELECTRON TRANSPORT COEFFICIENTS I$Fs.

E/N B/N Method & Tion /N Vexs Ve  Wexs Ws  NDexs NDs NDg
(Td)  (Hx) (ev) (1076 mis 1) (104*ms™ 1) (10*ms™1) (1024 m—1s 1)

100 100 MC 5.412 —8.7 0.442 6.392 0.329 8.168 2.76 2.77 1.92

PM 5.423 —8.9 0.434 6.371 0.339 8.189 2.80 2.82 1.93

200 MC 5.399 —8.7 0.852 6.289 0.658 8.059 2.72 2.79 1.90

PM 5.410 —-9.0 0.857 6.288 0.669 8.100 2.76 2.82 1.90

500 MC 5.315 —-9.1 1.983 5.783 1.573 7.519 2.47 2.78 1.75

PM 5.329 —-94 1.964 5.762 1.530 7.534 2.51 2.83 1.76

1000 MC 5.112 —10.1 3.046 4.447 2.445 6.023 1.87 2.84 1.36

PM 5.140 —10.4 3.013 4.442 2.406 6.016 1.92 2.88 1.39

200 100 MC 6.598 —6.4 0.682 11.432 0.628 13.002 2.90 2.93 2.15

PM 6.603 —6.5 0.692  11.427 0.637  13.036 2.92 2.93 2.16

200 MC 6.582 —6.4 1.380 11.330 1.263 12.906 2.87 291 2.13

PM 6.586 —6.6 1.371 11.313 1.261 12.919 2.88 2.93 2.14

500 MC 6.472 —6.7 3.230  10.596 2.954 12.138 2.64 2.90 1.98

PM 6.476 —6.9 3.217 10.574 2.942 12.159 2.65 291 1.99

1000 MC 6.139 —7.6 5.281 8.559 4.853 10.039 2.02 2.86 1.58

PM 6.149 —-7.8 5.264 8.551 4.825 10.058 2.04 2.88 1.59

500 100 MC 9.320 10.1 1.205  23.927 1.144 28.658 3.36 3.36 2.87

PM 9.322 10.1 1.198  23.905 1.147  28.650 3.34 3.35 2.88

200 MC 9.304 9.9 2.382  23.770 2.295  28.450 3.33 3.36 2.83

PM 9.305 9.9 2.385  23.749 2.282 28.457 3.32 3.34 2.86

500 MC 9.182 8.9 5.762  22.713 5.489  27.170 3.16 3.34 2.71

PM 9.183 8.8 5.740  22.685 5.472  27.162 3.16 3.33 2.72

1000 MC 8.776 5.6 10.077  19.481 9.557 23.289 2.63 3.28 2.31

PM 8.778 5.6 10.030  19.457 9.522  23.288 2.63 3.27 2.32

1000 100 MC 12.596 74.0 1.675  40.450 1.655  52.285 3.73 3.73 3.27

PM 12.594 74.0 1.675  40.401 1.634  52.238 3.71 3.72 3.30

200 MC 12.580 73.6 3.346  40.274 3.272  52.006 3.70 3.75 3.26

PM 12.579 73.6 3.340  40.227 3.254  52.004 3.70 3.71 3.28

500 MC 12.469 70.9 8.208 39.077 7.963  50.425 3.63 3.72 3.15

PM 12.468 71.0 8.176  39.027 7.904  50.400 3.61 3.70 3.15

1000 MC 12.061 62.1 15.155  35.061 14.347  45.257 3.26 3.68 2.85

PM 12.062 62.1 15.090 35.036 14.331 45.237 3.23 3.66 2.84

MC: Monte Carlo simulation, and PM: Propagator method.

of X and (X) represents the ensemble averageXofover tion was6.1-82.9 h. That for the MC simulation was estimated
the electron swarm, werk1-24.4% for Vg« g, 0.4-0.9% for to be14.3-173.5 h from the ratio of the CPU clock frequencies
Ve, 0.3-5.5% for Wg«g, 0.1-0.5% for Wg, 1.2-4.7% for of the two workstations used. The tendency that the relaxation
NDgyg, 1.2-5.3% for N Dg, and1.4-5.3% for N Dg. There was slower under loweE and strongeB was common for
is a tendency that the fluctuation is larger for the coefficienddl n values, for allz, y, and z directions, and for both of
defined in theE x B direction than for those defined in thethe PM and MC simulations. The numerical relaxation of
E direction. These uncertainties should be taken into accounf ,.(v) in the PM was successfully accelerated by alternating
when the PM and MC results are compared. the renewal direction of, i.e., by switching the increment and
Most of the Wi, g and Wg values agreed well betweendecrement of index of 7, ., not only atn = 0 as done
the PM and MC results with discrepancies less thén The in Ref. [18] but also ab = 1 and2. The total iteration cycles
discrepancy was larger ds6-3.3% for Wg,p at low E/N required for the convergence of the PM solutions were less
of 100Td. This was perhaps because their absolute valu&an 1/10 of those required in the one-way renewal in the
were small. Nonetheless, the PM appropriately calculated th@st efficient cases where the diameter of the reverse region,

difference betweeltWg, Wgxs) and (Vg, VexB). E/B, is relatively large.
NDgxn, NDg, andN Dg agreed between the PM and MC
with discrepancies up t0.7%, 2.1%, and1.9%, respectively. V. DISCUSSION

The tendency that discrepancies become largeMdig « g IS
common with those oW/gyg and its statistical fluctuation.
is suggested that there is some difficulty in the calculations of The relaxation Ofmg,r(v) to obtain the electron transport
the moments defined in the direction Bfx B, toward which coefficients in Table Il can be performed independently for the
the Hall deflection occurs. It is also considered that numerical y, and » directions, where the target diffusion coefficients
errors accumulate in the sequence of the relaxation scheane defined along the-, y-, and z-axes (see Fig. 2). A
for the moment equations step by step fram= 0 to n = 2. possible relaxation sequence is, for example, in the following
However, qualitative dependence of the diffusion coefficientsder: F(v) (= m§ ,(v) = m§,(v) = m§,(v)), m{,(v),

on the £/N and B/N values seen in the MC results wasng ,(v), m¢,(v), m§,(v), m{_(v), andm3 (v). After the
successfully reproduced by the PM as well. derivations of W, from m{,(v) and D, from m$,(v), the

The CPU time spent for the PM calculation in each condialues ofm{ ,(v) and mgm(v) are no longer necessary for

it A- Memory saving
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the succeeding derivations d¥,, D,, W., and D.. The The moment equation fani ,.(v,t) is obtained by integrat-
arrays used for the calculations mﬁfm(v) and mgc@(v) ing (22) with a weight ofrz as
can be freed and the values off, (v) and m§, (v) can o o
. Rk . & L o L
be overwritten on the arrays. This applies again also to the amQ,xz(vvt) = —a: amlxz(vat)
calculations ofm{ . (v) andmg _(v) after the derivations of +oaml (v, 1)
W, from m¢, (v) and D, from mg,(v). There is no need M LEA T

H L
to prepare different arrays for all of the y, andz moments. + vgmy (v, 1)
The entire calculation can be carried out with at least three n 9 mb (v.1). (66)
arrays formff,r(v), except for the arrays for the associated ot) .y 2,22\, 1)

guantities such as the acceleration propagator. The acceleraH]o

. . ntroi m, this momen ion m
propagator requires at least four arrays to quantify the electronﬂ1e centroid system, this moment equation becomes

outflow through three or four of the six boundaries of each cell. %mgm(“ ) = -a- %mgm(v, )
B. Electron transport coefficients in the Hall drift direction + (v, — Wz)mfz(v,t)
In the presence of the Hall deflection under Hag B fields, + (vg — Wo)m$ (v, t)
some electron transport coefficients may be defined neither P ’
along thez-axis, they-axis, nor thez-axis but in the direction + <> mgzz(wt). (67)
of the Hall drift, which tilts from the—E direction to the 9t/ con

E x B direction. m§ ... (v) in equilibrium is to be obtained by relaxation in the
The drift velocity in the Hall drift direction/V, is available  PM using discretized$ . , ., in the same manner as done for
from Wg and W; asWy = (Wg + W2, g)"/?. The Hall ¢ i< obiai C C
'E ExB asWy BT WExB) " 13 i .1 BECAUSEDy is obtained frommy (v, t), ms (v, 1),
deflection angle) is given asy = tan™" (W, /W>). Wi €an  andmS_ (v, t) as shown in (63), and the PM calculation for
be derived without introducing new terms into the mome%gm(v’t) refers to the Convergefhgw(v) and mgz(v) as

equations. On the other hand, the derivation of the diffusign’(67), we need a sufficient memory capacity for the arrays
coefficientDy in the Hall drift direction needs a new moment, storenS, . pS. S, uS, o anduS L
52,9,k 1250,k 52,7,k 1250,k sTZ50,7,

distribution term [28]. simultaneously.
Dy is defined as

Du(t) C. Further extension of the PM
= 1d {1 / / [(r — G(1)) .e]2 f(r,v,t)drdv} One of the further extensions of the PM calculation tech-
2dt | ne(t) Jy Je nigue would be for calculation of the electron transport co-
_ ldf 1 //[sim/)(x—G ) efficients underE and B fields crossed at arbitrary angles.
2dt | ne(t) Jy Jr * The reflective symmetry of the EVDF with respect to the

5 vzv-plane is no longer assumed, thus, the cells in the region
+eosy(z — G1(1))] f(r"”t)drdv} of v, < 0 cannot be omitted. The collision propagator is

1 d 1 still unchanged. On the other hand, the quantification of the
= = sin® ¢— /WLQ.m(Vvt)dV acceleration propagator would become much complicated for
2 dt (ne(t) J, % . )
p the change in the crossing angle between the cell boundary
+ ECOSP — [ 1 / mgz(v,t)dv} and the acceleration vectar becausea becomes helical for
2 dt [ne(t) Jy ™~ emergence of thé, component wherE / B. In addition,
. d 1 C more generally, the diffusion coefficient becomes a tensor [29]
— . t)d U o
+ Smwcosd)dt [ne(t) /‘,mZ"Z(V’ ) V] [30], [31]. Calculations of the components of the tensorial
= sin?¢Dgyg(t) + cos®> ¥ Dg(t) diffusion coefficient would require moments weighted by

d 1 and yz as well as that weighted byz in (66). We need to
+singcosy {ne(t) /‘;mng(V,t)dvil ) (63) keep calculation results af{,(v), mgy(\é), and m,(v)

for succeeding calculations ofiS,(v), m§,(v), m§_(v),
mg ., (v), mgm_z(v), and mg,.(v). This requires a larger
memory capacity.

wheree = W/|W| is a unit vector in the direction oW,
andm§ . (v,t) is the second-order moment weighted by

andz: Another extension would be calculations of higher-order
my__(v,t) = /xzf(r,v,t)dr, (64) moments for composition of the spatial electron distribution
' r f(r,v,t) under theE x B fields by using Hermite polynomials
mS, (v,t) = /[x_ G.(Dlz — G.()]f (x, v, t)dr weighted bym; .(v,t). An effort to composef(z,v,t) in
RN v * i T a one-dimensional model under a Hcfield without B field
= my, . (v,1) calculatedny; ,(v,t) up ton = 9 [15]. However, higher-order
— G ()mE (v, 1) palculatlons under th& x B fields would.possmly involve
- issues such as accumulation of numerical errors, memory
- Gx(t)mIf,z(V»t) shortage, and heavy computational load. They currently seem
+ G ()G (t) f(v,1). (65) to be of an only theoretical possibility.



D. Remarks for future investigation

In the present work, SFwas chosen for the test gas in This work was supported by a KAKENHI
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ered as possible media in succeeding work for improvement of
precision and extension of calculation conditions. The modéf
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E and B fields crossed at arbitrary angles are available
for CF; [35] and a model gas [36]. Whether the negativd2]
differential conductivity [35] appears or not in each drift

velocity component undeE x B fields is also a point of
interest.

When the PM calculation is applied to temporal, or further-
more, spatio-temporal development of electron swarms under
E x B fields, behavior of the drift velocity components in

temporarily varying crossell and B fields seen in Ref. [35]

can be a reference. Reproducibility of the transiently negativg,

diffusion coefficients under crossdilandB fields [37] after
stepwise change oE and B fields would also be a good
viewpoint to examine the PM calculation.

VI. CONCLUSIONS

A PM technique to calculate real-space electron transpogi,

coefficients undefE and B fields crossed at a right angle

was developed. The centroid drift velocity vector and diffusion

coefficients defined separately for the directiondofB, and

E x B were calculated by the PM applied to simultaneous
moment equations derived from the BE. The results agreeg
with those calculated by MC simulations with discrepancieé]

about a few percent.

The relaxation scheme previously applied to the EVDF
worked successfully also in the relaxation of the first- ancﬁsl
second-order moment distribution functions. However, in or-
der to improve the convergence speed and precision of the
PM, it would be necessary to systematically investigate the
dependence on various factors such as the resolution of the

cell partitioning and the relaxation scheme.

Nonetheless, a prototype of the PM calculation scheme 1%9]

the real-space electron transport coefficients urfdleand B

fields has been established. In addition to MC simulations
the PM has become a choice in the derivation of a set %11”
electron transport coefficients for fluid model simulations of
magnetized plasmas. The deterministic calculation schemel’s{
the PM would be an advantage in some conditions severe

for the MC simulations such as strorlg fields and low

E fields under which the electron population decreases @@l
attachment during a long relaxation period. It is expected that
further numerical efforts, e.g., customization of the relaxation
scheme and implementation of the PM to parallel processiHg!
computers, would lead to higher performance of the PM in

practical calculations.

R. Metelmann, A. Mizuno, E. Moreau, A. B. Murphy, B. A. Niemira,

G. S. Oehrlein, Z. Lj. Petrovic, L. C. Pitchford, Y.-K. Pu, S. Rauf,
0. Sakai, S. Samukawa, S. Starikovskaia, J. Tennyson, K. Terashima,
M. M. Turner, M. C. M. van de Sanden, and A. Vardelle, “The 2017
plasma roadmap: low temperature plasma science and technology,” J.
Phys. D: Appl. Phys., vol. 50, no. 32, 323001 (46 pp.), July 2017, doi:
10.1088/1361-6463/aa76f5.

P. J. Bruggeman, M. J. Kushner, B. R. Locke, J. G. E. Gardeniers,
W. G. Graham, D. B. Graves, R. C. H. M. Hofman-Caris, D. Maric,
J. P. Reid, E. Ceriani, D. Fernandez Rivas, J. E. Foster, S. C. Garrick,
Y. Gorbanev, S. Hamaguchi, F. I1za, H. Jablonowski, E. Klimova, J. Kolb,
F. Krcma, P. Lukes, Z. Machala, I. Marinov, D. Mariotti, S. Mededovic
Thagard, D. Minakata, E. C. Neyts, J. Pawlat, Z. Lj. Petrovic, R. Pflieger,
S. Reuter, D. C. Schram, S. Soker, M. Shiraiwa, B. Tarab@y

P. A. Tsai, J. R. R. Verlet, T. von Woedtke, K. R. Wilson, K. Yasui and
G. Zvereva, “Plasma-liquid interactions: a review and roadmap,” Plasma
Sources Sci. Technol., vol. 25, no. 5, 053002 (59 pp.), September 2016,
doi: 10.1088/0963-0252/25/5/053002.

H. Sugawara, “A relaxation-accelerated propagator method for calcu-
lations of electron energy distribution function and electron transport
parameters in gas under dc electric fields,” Plasma Sources Sci. Technol.,
vol. 26, no. 4, 044002 (16 pp.), March 2017, doi: 10.1088/1361-
6595/aa5d7f.

P. J. Drallos and J. M. Wadehra, “A novel algorithm for calculating the
time evolution of the electron energy distribution function in gaseous
discharge,” J. Appl. Phys., vol. 63, no. 11, pp. 5601-5603, June 1988,
doi: 10.1063/1.340340.

P. J. Drallos and J. M. Wadehra, “Exact time-dependent evolution of
electron-velocity distribution functions in a gas using the Boltzmann
equation,” Phys. Rev. A, vol. 40, no. 4, pp. 1967-1975, August 1989,
doi: 10.1103/PhysRevA.40.1967.

T. J. Sommerer, W. N. G. Hitchon, and J. E. Lawler, “Self-consistent
kinetic model of the cathode fall of a glow discharge,” Phys. Rev. A, vol.
39, no. 12, pp. 6356-6366, June 1989, doi: 10.1103/PhysRevA.39.6356.
H. Sugawara, Y. Sakai, and H. Tagashira, “Position-dependent electron
swarm behaviour in steady-state Townsend discharges,” J. Phys. D: Appl.
Phys., vol. 25, no. 10, pp. 1483-1487, October 1992, doi: 10.1088/0022-
3727/25/10/013.

H. Sugawara, Y. Sakai, and H. Tagashira, “Analyses of electron swarms
in gases in steady-state Townsend conditions,” J. Phys. D: Appl.
Phys., vol. 27, no. 1, pp. 90-94, January 1994, doi: 10.1088/0022-
3727/27/1/013.

9] H. Sugawara, Y. Sakai, and H. Tagashira, “Properties of electron swarms

in gases in the upstream region of an electron source,” J. Phys. D:
Appl. Phys., vol. 28, no. 1, pp. 61-67, January 1995, doi: 10.1088/0022-
3727/28/1/011.

T. J. Sommerer, W. N. G. Hitchon, R. E. P. Harvey, and J. E. Lawler,
“Self-consistent kinetic calculations of helium rf glow discharges,” Phys.
Rev. A, vol. 43, no. 8, pp. 4452-4472, April 1991, doi: 10.1103/Phys-
RevA.43.4452.

K. Maeda and T. Makabe, “Time-dependent rf swarm transport by direct
numerical procedure of the Boltzmann equation,” Japan. J. Appl. Phys.,
vol. 33, no. 7B, pp. 4173-4176, July 1994, doi: 10.1143/JJAP.33.4173.
T. Shimada, Y. Nakamura, Z. Lj. Petrayiand T. Makabe, “Electron
transport coefficients in SiHand SiHe in dc and rf fields,” J. Phys.

D: Appl. Phys., vol. 36, no. 16, pp. 1936-1946, August 2003, doi:
10.1088/0022-3727/36/16/304.

H. Sugawara and Y. Sakai, “Electron acceleration in gas by impulse
electric field and its application to selective promotion of an electron-
molecule reaction,” J. Phys. D: Appl. Phys., vol. 36, no. 16, pp. 1994—
2000, August 2003, doi: 10.1088/0022-3727/36/16/311.

H. Sugawara, H. Tagashira, and Y. Sakai, “Evaluation of real space
electron drift velocity in gases using moment equations performed in
velocity space,” J. Phys. D: Appl. Phys., vol. 30, no. 3, pp. 368-373,
February 1997, doi: 10.1088/0022-3727/30/3/009.



[15]

[16]

[17]

(18]

[29]

[20]

[21]

[22]

(23]

[24]

[25]

[26]

[27]

(28]

[29]

[30]

(31]

[32]

(33]

H. Sugawara, Y. Sakai, H. Tagashira, and K. Kitamori, “The spatio-
temporal development of electron swarms in gases: moment equa-
tion analysis and Hermite polynomial expansion,” J. Phys. D: App[34]
Phys., vol. 31, no. 3, pp. 319-327, February 1998, doi: 10.1088/0022-
3727/31/3/011.

H. Sugawara and Y. Sakai, “An analysis of transverse evolution of
electron swarms in gases using moment equations and a propagétoi
method,” J. Phys. D: Appl. Phys., vol. 32, no. 14, pp. 1671-1680, July
1999, doi: 10.1088/0022-3727/32/14/320.

H. Sugawara and Y. Sakai, “Equality of the higher-order diffusion
coefficients between component and composite electron swarms in gas,”
Japan. J. Appl. Phys., vol. 45, no. 6A, pp. 5189-5196, June 2006, di#6]
10.1143/3JAP.45.5189.

H. Sugawara, “Calculation of electron velocity distribution function
under crossed electric and magnetic fields using a propagator method,”
presented at th&3rd Int. Conf. Phenomena in lonized Gas&d-6, [37]
Estoril, Lisboa, Portugal, July 9-14, 2017.

H. Sugawara, “Calculation of real-space electron transport coefficients
under crossed electric and magnetic fields by a propagator method,” pre-
sented at thaOth Asia-Pacific Int. Symp. on the Basics and Applications
of Plasma Technql.S3-01, Taoyuan, Taiwan, December 15-17, 2017.

S. Dujko, Z. M. Raspopoti and Z. Lj. Petro\d, “Monte Carlo studies

of electron transport in crossed electric and magnetic fields in"CF

Phys. D: Appl. Phys., vol. 38, no. 16, pp. 2952—-2966, August 2005, doi:
10.1088/0022-3727/38/16/032.

H. Sugawara, T. Yahata, A. Oda, and Y. Sakai, “The drift velocity
vector of electron swarms in crossed electric and magnetic fields,” J.
Phys. D: Appl. Phys., vol. 33, no. 10, pp. 1191-1196, May 2000, doi:
10.1088/0022-3727/33/10/309.

H. Tagashira, Y. Sakai, and S. Sakamoto, “The development of electron
avalanches in argon at higlt/N values: Il. Boltzmann equation
analysis,” J. Phys. D: Appl. Phys., vol. 10, no. 7, pp. 1051-1063, May
1977, doi: 10.1088/0022-3727/10/7/011.

R. E. Robson, “Transport phenomena in the presence of reactions:
definition and measurement of transport coefficients,” Aust. J. Phys.,
vol. 44, no. 6, pp. 685-692, 1991, doi: 10.1071/PH910685.

H. ltoh, T. Matsumura, K. Satoh, H. Date, Y. Nakao, and H. Tagashira,
“Electron transport coefficients in $F J. Phys. D: Appl. Phys.,

vol. 26, no. 11, pp. 1975-1979, November 1993, doi: 10.1088/0022-
3727/26/11/020.

H. Itoh, Y. Miura, N. lkuta, Y. Nakao, and H. Tagashira, “Electron
swarm development in $FI. Boltzmann-equation analysis,” J. Phys. D:
Appl. Phys., vol. 21, no. 6, pp. 922-930, June 1988, doi: 10.1088/0022-
3727/21/6/010.

12

cross-sections,” Aust. J. Phys., vol. 32, no. 3, pp. 231-254, 1979, doi:
10.1071/PH790231.

K. F. Ness and R. E. Robson, “Velocity distribution function and trans-
port coefficients of electron swarms in gases. Il. Moment equations and
applications,” Phys. Rev. A, vol. 34, no. 3, pp. 2185-2209, September
1986, doi: 10.1103/PhysRevA.34.2185. . .

Z. Lj. Petrovi, S. Dujko, D. Marg, G. Malovt,Z. Nikitovi¢, O. S&ic,

J. Jovanow, V. Stojanovt, and M. Radmilovi-Ratenovic, “Measure-
ment and interpretation of swarm parameters and their application in
plasma modelling,” J. Phys. D: Appl. Phys., vol. 42, no. 19, 194002 (33
pp.), September 2009, doi: 10.1088/0022-3727/42/19/194002.

S. Dujko, R. D. White, Z. Lj. Petrog, and R. E. Robson, “Benchmark
calculations of nonconservative charged-particle swarms in dc electric
and magnetic fields crossed at arbitrary angles,” Phys. Rev. E, vol. 81,
no. 4, 046403 (18 pp.), April 2010, doi: 10.1103/PhysRevE.81.046403.
R. D. White, S. Dujko, K. F. Ness, R. E. Robson, Z. Raspopovi
Z. Lj. Petrovi, “On the existence of transiently negative diffusion
coefficients for electrons in gases in E x B fields,” J. Phys. D: Appl.
Phys., vol. 41, no. 2, 025206 (7 pp.), January 2008, doi: 10.1088/0022-
3727/41/2/025206.

J. Miri¢, D. Basnjakovt, |. Simonove, Z. Lj. Petrove, and S. Dujko,
“Electron swarm properties under the influence of a very strong attagh-
ment in Sk and CRl obtained by Monte Carlo rescaling procedures,]
Plasma Sources Sci. Technol., vol. 25, no. 6, 065010 (15 pp.), Decemper
2016, doi: 10.1088/0963-0252/25/6/065010.

H. Sugawara, “Efficiency and limitation of periodic sample multipli-
cation to reduce computational load in Monte Carlo simulations of
electron swarms in gas under attachment-dominated conditions,” Japan.
J. Appl. Phys., vol. 57, no. 3, 038001 (3 pp.), January 2018, doi:
10.7567/3JAP.57.038001.

Hirotake Sugawara was born in Japan in 1967. He
received the B.E., M.E., and D.E. degrees in electri-
cal engineering from Hokkaido University, Sapporo,
Japan, in 1990, 1992, and 1997, respectively.

PLACE From 1992 to 1998, he was a Research Asso-
PHHEORTIS ciate with the Department of Electrical Engineering,

Hokkaido University, where he was an Associate
Professor in 1998. He is currently an Associate
Professor with the Division of Electronics for In-

formatics, Graduate School of Information Science

and Technology, Hokkaido University.

R. D. White, M. J. Brennan, and K. F. Ness, "Benchmark simula- pr sygawara is a senior member of the IEE of Japan and a member of
tions for electron swarms in crossed electric and magnetic fields,” shnan Society of Applied Physics.

Phys. D: Appl. Phys., vol. 30, no. 5, pp. 810-816, March 1997, doi:
10.1088/0022-3727/30/5/014.

R. D. White, K. F. Ness, R. E. Robson, and B. Li, “Charged-particle
transport in gases in electric and magnetic fields crossed at arbitrary
angles: multiterm solution of Boltzmann’s equation,” Phys. Rev. E, vol.
60, no. 2, pp. 2231-2249, August 1999, doi: 10.1103/PhysReVvE.60.2231.
A. M. Nolan, M. J. Brennan, K. F. Ness, and A. B. Wedding, “A
benchmark model for analysis of electron transport in non-conservative
gases,” J. Phys D: Appl. Phys. vol. 30, no. 20, pp. 2865-2871, October
1997, doi: 10.1088/0022-3727/30/20/013.

Z. Raspopow, S. Sakat#dc, S. A. Bzent, and Z. Lj. Petrowi, “Bench-
mark calculations for Monte Carlo simulations of electron transport,”
IEEE Trans. Plasma Sci., vol. 27, no. 5, pp. 1241-1248, October 1999,
doi: 10.1109/27.799799.

J. Lucas and H. T. Saelee, “A comparison of a Monte Carlo simulation
and the Boltzmann solution for electron swarm motion in gases,” J.
Phys. D: Appl. Phys., vol. 8, no. 6, pp. 640-650, April 1975, doi:
10.1088/0022-3727/8/6/007.

I. D. Reid, “Investigation of the accuracy of numerical-solutions of
Boltzmann-equation for electron swarms in gases with large inelastic



