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Abstract

This thesis studies lossless compression techniques for repetitive data. Lossless com-

pression is a type of data compression that allows restoring the original information

completely from compressed data. Today’s ever-growing information technology in-

dustries involve the enormous data growth, and then an efficient method managing

large data is desired. Whereas, these large data in our society are in many cases highly

repetitive, that is, most of their fragment parts can be obtained from others occurring

in other positions in the data with a few modifications. Managing large repetitive

data efficiently is getting attention in many fields and demands for a good compression

method for such repetitive data are increasing. A repetition-aware compression tech-

nique allows to manage these large data more efficiently and this study contributes to

the technique. The term repetition-aware means high effectiveness for repetitiveness.

Our approaches to repetition-aware compression are through the grammar compres-

sion scheme that constructs a formal grammar that generates a language consisting

only of the input data. Grammar compression have been preferable over other lossless

compression techniques because of some profitable properties including practical high

compression performance for repetitive data. The heart of this study is to develop a

grammar compression method that aims to construct a small sized formal grammar

from the input data.
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We discuss on three grammar compression frameworks whose differences are the for-

mal grammars used as the description of the compressed data. We consider a context-

free grammar (CFG), a run-length context-free grammar (RLCFG), and a functional

program described by λ-term in Chapter 3, 4, and 5, respectively.

In Chapter 3, we approach to the problem of repetition-aware compression on CFG-

based grammar compression. We analyze a famous algorithm, RePair, and on the basis

of the analysis, we design a novel variant of RePair, called MR-RePair. We implement

MR-RePair and experimentally confirm the effectiveness of MR-RePair especially for

highly repetitive texts.

In Chapter 4, we address further improvement of compression performance via

the framework of RLCFG-based grammar compression. In the chapter, we design a

compression algorithm using RLCFG, called RL-MR-RePair. Furthermore, we propose

an encoding scheme for MR-RePair and RL-MR-RePair. The experimental results

demonstrate the high compression performance of RL-MR-RePair and the proposed

encoding scheme.

In Chapter 5, we study on the framework of higher-order compression, which is a

grammar compression using a λ-term as the formal grammar. We present a method

to obtain a compact λ-term representing a natural number. Obtaining a compact

representation of natural numbers can improve the compression effectiveness of rep-

etition, the most fundamental repetitive structure. For given natural number n, we

prove that the size of the obtained λ-term becomes O(slog2n) in the best case and

O(slog2n)logn/ log logn in the worst case.
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Chapter 1

Introduction

1.1 Background

Data compression is the technique for representing the redundant information in data

in a more economical way. Much of information is ordinarily embodied as a data in its

raw form and this raw material tends to be large because it holds much redundancy

in many cases. Today’s ever-growing information technology industries in our society

involve the enormous data growth, and then an efficient method managing such data

is desired. Data compression is one of the enabling technologies for the requirement.

Data compression reduces the storing and transmitting costs of the vast quantities of

data and allows us to use such data more efficiently.

Extracting the essential information from an input data is a basic principle of

data compression. The origin of challenges for the question of what is the essential

information of a datum goes back to information entropy (also known as Shannon

entropy) [88, 89] in 1948 or Kolmogorov complexity [54, 55, 91, 92, 23] in the 1960s.

These two concepts provide quantitative measures of information based on different
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ideas. In information entropy, the quantity of information associated with an event A,

which is a set of outcomes of some random experiment, is defined as

log
1

P (A)
= − logP (A),

where P (A) is the probability that A will occur. This means that if the probability

of an event is low, the amount of information contained in the event is high, and vice

versa. Kolmogorov complexity gives another measure. Let s be a sequence representing

a datum. Then, in Kolmogorov complexity, the quantity of information associated with

s is defined as the size of the program which generates s. Note that we do not have

to specify the programming language because of the invariance theorem such that

a program in one language can be translated to that in another language at fixed

cost. These two approaches are now regarded as the roots of data compression. The

underlying philosophy of data compression is to represent data in the size aligned with

the amount of its essential information.

Lossless compression is a type of methods for data compression which allows restor-

ing the original information completely from compressed data. In data compression,

two kinds of techniques have been developed; one involves some loss of information,

and the other involves no loss of information. The former is called lossy compression,

which aims for high compression performance by getting rid of some information in the

original data. Since some information is lost, generally, the exact original data cannot

be recovered from compressed data in lossy compression. Lossless compression is the

latter. Nowadays, the targets of lossless compression include many kinds of data such

as revision histories of wiki pages, server access logs, point of sale data (POS), genome

databases, pathology images, satellite maps, and so on.

Dictionary-based compression (or dictionary compression) is a technique of lossless

compression that uses a dictionary for compression. A dictionary consists of a set of
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patterns and a codeword for each pattern. If a pattern registered in the dictionary

is appeared in data, the pattern is represented by the corresponding codeword. Till

now, this technique has been the most successful solution to the problem of lossless

compression. Dictionary-based compression originated in the papers by Ziv and Lempel

in 1977 [105] and 1978 [106], which present famous algorithms known as LZ77 and

LZ78, respectively. More precisely, this two is the origin of one class of dictionary-based

compression, called adaptive (or dynamic) dictionary compression. Ahead of them, the

basic idea of dictionary-based compression itself was presented [85] and this method is

classified in a type called static dictionary compression. As the name suggests, static

dictionary compression uses a static dictionary which is generally prepared in advance.

In contrast, adaptive dictionary compression constructs a dictionary adaptively to the

input data.

In dictionary-based compression, regardless of static or adaptive, the frequencies of

the patterns registered in the dictionary affect the compression performance; that is,

if the patterns occur frequently in the input data, dictionary compression will provide

small sized compressed data. In fact, dictionary-based compression reduces redundancy

by focusing on repetitiveness in the data. We say that a datum is repetitive if an

element itself or similar one occur in the datum repeatedly. The large data used

in the society are in many cases highly repetitive, that is, most of their fragment

parts can be obtained from others occurring in other positions in the data with a

few modifications. A representative example is a genome database as used in the 1000

Genome Project [32], namely, a genome sequence collection storing many genomes from

the same species. Przeworski et al. [80] reported that genome sequences of humans differ

by 0.1%. The important point is that repetitive structures have much redundancies.

There is a potential for drastically compressive for these data. The term repetition-
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aware means high effectiveness for repetitiveness. Dictionary-based compression is now

a very reasonable approach to repetition-aware lossless compression.

Grammar compression is a method for dictionary-based compression which uses

a formal grammar as the dictionary model. The dictionary is generally constructed

adaptively, in more detail, grammar compression converts the input data into a for-

mal grammar that generates a language consisting only of the data. After LZ77 and

LZ78 in 1977 and 1978, several algorithms for dictionary compression had been pre-

sented [10, 52, 50, 73, 74] and through the studies, beneficial properties of formal

grammars as the dictionary model had been revealed. Then, grammar compression

was established as a compression scheme by Kieffer and Yang in 2000 [51]. While there

are some other successful approaches to lossless compression such as LZ77 and Burrows-

Wheeler Transform (BWT) [22], grammar compression have been preferable over these

techniques because of its implementation efficiency and practical high compression per-

formance especially for repetitive data. Also, the manageability of compressed data is

another important advantage of grammar compression. That is, grammar compression

allows accessing information of the original data directly in compressed form [21]. This

is suitable to be used as the compressor building a compressed data structure that rep-

resents original data in small space while simulating direct access to its information.

Now the compressed data structures are getting attention in various fields underlying

the motivation of managing large data in compressed form with execution time and

memory space depending on its compressed size. Under these circumstances, there are

demands for more efficient grammar compression algorithms.

In grammar compression, a context-free grammar (CFG) is mainly used as the for-

mal grammar, namely, as the dictionary model. Meanwhile, techniques using other

types of grammars for the model have been also considered [63, 49]. In lossless com-
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pression, better modeling for an input data leads better compression performance.

Development of an effective compression method for the inherent structure of the in-

put data is a profitable approach. Theoretically, we can optimize the average codeword

length for the input data by universal source coding [30], even if we do not know the

exact model for the input beforehand. However, indentifying the inherent structure

of the input and using an appropriate model for the structure realize much more ef-

ficient compression in practical uses attributing the finite sizes of computer memories

and input data. In 2012, Kobayashi et al. [53] proposed a compression scheme called

higher-orden compression, which use a functional program described by a λ-term as

the dictionary model. Functional programs are Turing complete and they are classified

in Type-0 grammars in Chomsky hierarchy [25], while CFGs are categorized in Type-2

grammars. This means that a smaller description of compressed data model can be

exist in functional programs than in CFGs. At the same time, this implies that the

search for a small description is more difficult in functional programs because of the

larger solution space compared to that of CFGs. Currently, higher-order compression is

one of the most seminal developing techniques in the research field of lossless compres-

sion; the futuristic high compression performance is expected but various algorithmic

challenges are remained.

1.2 Research Goals

To develop a well performing compression method is one of the major research goals

in lossless compression. For estimating the performance of a lossless compression tech-

nique, there are some indicators including compression ratio, execution time, memory

usage, online algorithm, and manageability of the compressed data. This thesis aims
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to improve the compression ratio of lossless compression for repetitive data. As stated

in Section 1.1, the large data currently used in our society are in many cases highly

repetitive and demands for a good compression method for such repetitive data are

increasing day by day. A repetition-aware compression technique allows to manage

these large data more efficiently and this study contributes to the technique.

1.3 Contributions

Our approaches to repetition-aware compression are through the grammar compression

scheme. The heart of our study is to develop a compression method that aims to

construct a small sized formal grammar from the input data.

In Chapter 3, we discuss the compression methods for repetitive data on the frame-

work of CFG-based grammar compression. This chapter presents an analysis of Re-

Pair [56], a grammar compression algorithm known for its high compression perfor-

mance. We show that the main process of RePair, that is, the step by step substitu-

tion of the most frequent symbol pairs, works within the corresponding most frequent

maximal repeats. We reveal the relation between maximal repeats and grammars con-

structed by RePair and we introduce a concept about selection orders of maximal

repeats, called MR-order, which enables to explain an unrevealed behavior of RePair

algorithm. Furthermore, we define the problem of determining the greatest size differ-

ence between possible outcomes of RePair as GSDRP and we establish a lower bound

of the GSDRP. Moreover, on the basis of above analyses, we further propose a novel

variant of RePair, called MR-RePair, which considers the one-time substitution of the

most frequent maximal repeats instead of the consecutive substitution of the most

frequent pairs. The results of the experiments comparing the size of constructed gram-
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mars and execution time of RePair and MR-RePair on several text corpora demonstrate

that MR-RePair constructs more compact grammars than RePair does, especially for

highly repetitive texts.

In Chapter 4, we address further improvement of compression performance via the

framework of run-length CFG-based grammar compression. Run-length CFG (RL-

CFG) [45, 76] is an extension of CFG. The properties of RLCFG have been stud-

ied [18, 36] and its usefulness for grammar compression as the dictionary model have

been revealed. Theoretically, RLCFG improves the effectiveness of CFG-based gram-

mar compression, but whether this is realized in practice remains undiscovered because,

to our knowledge, no compression algorithms for the RLCFG scheme have been devel-

oped. Here, we design a compression algorithm using RLCFG, called RL-MR-RePair,

which follows RePair and MR-RePair for the CFG scheme. Experimentally, we show

that RL-MR-RePair constructs smaller grammars for repetitive datasets than either

RePair or MR-RePair. Furthermore, we propose an encoding scheme for grammars.

The scheme was originally designed for RL-MR-RePair but is directly applicable to

MR-RePair. In comparative experiments from grammar construction to final bit en-

coding, we evaluate the performance of RePair, MR-RePair, and RL-MR-RePair. The

experiments confirm the high compression performance of RL-MR-RePair with the

proposed encoding method on real repetitive datasets.

In Chapter 5, we present a compression algorithm for repetitions on the frame-

work of higher-order compression. A repetition is the most fundamental repetitive

structure. Obtaining a compact representation of natural numbers can improve the

compression effectiveness of repetition because natural number is one of the essential

elements of repetition. Higher-order compression uses a λ-term as its dictionary model

and Church numerals are unary representations of natural numbers on the scheme of
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λ-terms. Here, we address the problem of compaction of Church numerals. We propose

a novel decomposition scheme from a given natural number into an arithmetic expres-

sion using tetration, which enables us to obtain a compact representation of lambda

terms that leads to the Church numeral of the natural number. For given natural num-

ber n, we prove that the size of the lambda term obtained by the proposed method

is O((slog2n)(logn/ log logn)). Moreover, we experimentally confirmed that the proposed

method outperforms binary representation of Church numerals on average, when n is

less than approximately 10,000.

1.4 Related Studies

Data compression is a fundamental research area of theoretical information science.

For lossless compression and related problems, many different approaches have been

proposed till today. Fortunately, several excellent books covering these approaches

have been published [93, 15, 72, 86, 103, 84, 65, 69].

Managing large repetitive data efficiently is getting attention in many fields and

several approaches have been proposed [59, 90, 60, 68, 36]. From the viewpoint of

lossless compression, some remarkable results discovering the theoretical effectiveness

of dictionary-based compression on repetitive data have been presented [48, 36].

In grammar compression, a smaller set of rules gives a better compression perfor-

mance. Finding the optimal grammar is an NP-hard problem [24] but several heuristic

algorithms have been proposed for its solution [56, 62, 64, 75, 78, 96, 38, 35]. Obtaining

a smaller grammar is of great importance regarding to the compressed data structures.

For several problems such as computing edit distance, subsequence matching, or q-gram

mining, a lot of algorithms that work on data in compressed form depending on the com-
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pressed sizes have been proposed in the past decade [27, 28, 39, 41, 16, 43, 46, 17, 57, 82].

For higher-order compression, Yaguchi et al. [104] proposed an efficient algorithm.

They state in [104] that their method often achieves better performance than a gram-

mar compression with regard to compression performance. For bit encoding of λ-terms,

Tromp [100] proposed a method for untyped λ-terms. Also, Takeda et al. [99] presented

a efficient encoding scheme for simply-typed λ-terms.

1.5 Organization

The remainder of this thesis is organized as follows. In Chapter 2, we provide some

notations and definitions to be used through this thesis. In Chapter 3, we analyze

RePair algorithm and present MR-RePair algorithm. Following this, in Chapter 4, we

propose another practical grammar compression algorithm, called RL-MR-RePair. In

Chapter 5, we address the problem of compaction of Church numerals for higher-order

Compression. Finally, the thesis concludes with Chapter 6, which also suggests future

directions for this work.
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Chapter 2

Preliminaries

In this chapter, we provide basic notations and definitions to be used in the following

chapters. The notations and definitions not found here will be found in appropriate

textbooks in algorithms [9, 29, 31, 47], information theory [30], and data compres-

sion [93, 15, 72, 86, 103, 84, 65, 69].

2.1 Texts

2.1.1 Basic Notations and Terms on Texts

Let Σ be an alphabet, that is, an ordered finite set of symbols. An element T = t1 · · · tn
of Σ∗ is called a string or a text, where |T | = n denotes its length. Let ϵ be an empty

string of length 0, that is, |ϵ| = 0. Let Σ+ = Σ∗\{ϵ} and T = t1 · · · tn ∈ Σn be any

text of length n. If T = usw with u, s, w ∈ Σ∗, then s is called a substring of T . Let

T [i..j] = ti · · · tj for any 1 ≤ i ≤ j ≤ n denote a substring of T beginning at i and

ending at j in T , and let T [i] = ti denote the ith symbol of T . For a finite set S of

texts, text T is said to be a superstring of S if T contains all texts of S as substrings.
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Let #occ(s) denote the frequency of s, i.e., the number of occurrences of s in a text as

a substring. If there exists an isomorphism from an alphabet Σ to another alphabet

Σ̂, texts Σ∗ and Σ̂∗ are said to be isomorphic for Σ and Σ̂.

2.1.2 Maximal Repeats

Let s be a substring of text T . If the frequency of s is greater than 1, s is called a repeat.

A left (or right) extension of s is any substring of T in a form of ws (or sw), where

w ∈ Σ∗. We define s as a left (or right) maximal if left (or right) extensions of s occur

a strictly less number of times in T than s. Accordingly, s is a maximal repeat of T if s

is both left and right maximal. In this chapter, we only consider strings with a length

of more than 1 as maximal repeats. For example, substring abra of T =abracadabra

is a maximal repeat, whereas br is not.

2.1.3 Repetitions and Runs

A repetition is a text taking the form wk, where w ∈ A+ and k ∈ N+, which means k

repetitions of w. A run is a repetition satisfying both of the following conditions: (i)

w ∈ A, and (ii) any of its left and right extensions are not repetitions, or the repetition

has no left or right extensions.

2.1.4 Bit Encoding Methods for Texts

For a given text, i-bit encoding represents each symbol of the text by i bits. Fixed bit

length encoding (FBLE) represents each symbol by ⌈logm⌉ bits, where m is the value

of the maximum symbol of the text.

A popular algorithm for compact bit encoding of text is Huffman coding [42], which
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assigns a variable number of bits to text symbols depending on their frequencies and

represents each symbol by the assigned number of bits.

Gamma encoding, also known as Elias gamma encoding [33], is an encoding scheme

for positive integers. To encode a given number n, gamma encoding inserts ⌊log n⌋ 0s

and appends the binary form of n.

Run-length encoding (RLE) converts a given text to two sequences: a symbol se-

quence S and a length sequence L. The given text is represented by r1r2 · · · rq, where

ri = ai
ki with ai ∈ A and ki ∈ N+ for 1 ≤ i ≤ q. The obtained S and L are then

denoted a1a2 · · · aq and k1k2 · · · kq, respectively. Note that RLE does not generate bit

sequences. To complete the bit encoding, we need additional bit-encoding methods for

the two sequences generated by RLE.

2.2 Grammars

2.2.1 Context-Free Grammars (CFGs)

A context-free grammar (CFG or simply grammar) G is defined as a four-tuple G =

{V,Σ, S, R}, where V denotes an ordered finite set of variables, Σ denotes an ordered

finite alphabet, R denotes a finite set of binary relations called production rules (or

rules) between V and (V ∪ Σ)∗, and S ∈ V denotes a special variable called start

variable. A production rule refers to the situation, where a variable is substituted and

written in a form of v → w, with v ∈ V and w ∈ (V ∪ Σ)∗. Let X,Y ∈ (V ∪ Σ)∗. If

there are xl, x, xr, y ∈ (V ∪ Σ)∗ such that X = xlxxr, Y = xlyxr, and x → y ∈ R, we

write X ⇒ Y , and denote the reflexive transitive closure of ⇒ as
∗⇒. Let val(v) be

a string derived from v, i.e., v
∗⇒ val(v). We define grammar Ĝ = {V̂ , Σ̂, Ŝ, R̂} as a

subgrammar of G if V̂ ⊆ V , Σ̂ ⊆ (V ∪ Σ), and R̂ ⊆ R.

21



2.2.2 Parse-Trees

The parse tree of a grammar is a rooted ordered tree with internal nodes labeled by

variables and leaves labeled by terminals. Any internal node vi is related to its children

through the rule vi → αi, that is, if αi = vi1 , vi2 , · · · , vij with j = |αi|, the children

of vi are the nodes labeled by vi1 , vi2 , · · · , vij from left to right. Note that the label

sequence of the leaves of the parse tree represents the text generated by the grammar.

2.2.3 Run-Length Context-Free Grammars (RLCFGs)

A run-length context-free grammar (RLCFG) [45, 76] is an extension of CFG by adding

run-length rules to the production rules. The run-length rules are written in the form

v → αk with α ∈ (Σ ∪ V ) and k ≥ 1.

2.3 Grammar Compression

2.3.1 Compression using a CFG

Given a text T , grammar compression [51] is a method for lossless text data compression

that constructs a formal grammar uniquely deriving the text T . Currently, a restricted

CFG is mainly used as the grammar. For the CFG to be deterministic, a production

rule for each variable v ∈ V must be unique. In what follows, we assume that every

grammar is deterministic and each production rule is vi → αi, where αi is an expression

either αi = a (a ∈ Σ) or αi = vj1vj2 · · · vjn ( i > jk for all 1 ≤ k ≤ jn).

For estimating the effectiveness of compression, we use the size of the constructed

grammar, which is defined as the total length of the right-hand side of all production

rules of the grammar.
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2.3.2 Compression using a RLCFG

A RLCFG can also be used as the constructed formal grammar in grammar compres-

sion. Namely, the grammar impose a unique rule vi → αi on each variable vi ∈ V such

that αi is one of αi = a (a ∈ Σ), αi = vj1vj2 · · · vjm (i > jk for all 1 ≤ k ≤ m), or

αi = vj
k.

The size of each rule form is specified as follows: (i) Rule v → a has a size of 1,

(ii) rule v → vj1vj2 · · · vjm has a size of m, and (iii) rule v → vj
k has a size of 3. We

estimate the effectiveness of a compression by the size of its generated grammar, that

is, by the total size of its production rules.

2.3.3 RePair algorithm

RePair is a grammar compression algorithm proposed by Larsson and Moffat [56]. For

input text T , let G = {V,Σ, S, R} be the CFG constructed by RePair. Then, the

RePair procedure can be described with the following steps:

Step 1. Replace each symbol a ∈ Σ with a new variable va and add va → a to R.

Step 2. Find the most frequent pair p in T .

Step 3. Replace every occurrence (or, as many occurrences as possible, when p is a

pair consisting of the same symbol) of p with a new variable v, and then, add v → p

to R.

Step 4. Re-evaluate the frequencies of pairs for the updated text generated in Step 3.

If the maximum frequency is 1, add S → (current text) to R, and terminate. Otherwise,

return to Step 2.

Figure 2.1 illustrates an example of the grammar generation process of RePair.

Lemma 1 ([56]). RePair works in O(n) expected time and 5n+4k2+4k′+⌈
√
n + 1⌉−1
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words of space, where n is the length of the source text, k denotes the cardinality of the

source alphabet, and k′ denotes the cardinality of the final dictionary.

2.4 Model of Computation

2.4.1 Word RAM

In this thesis, we assume the word RAM model as the model of computation, that is,

a random access machine with a computer word of w bits, where we can carry out all

the bitwise operations on a single word in constant time. We ignore the size of names

and pointers when we discuss size and space.
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a b r a c a d a b r a

vα → α (α = a, b, r, c, d) va vb vr va vc va vd va vb vr va

v1 → vavb v1 vr va vc va vd v1 vr va

v2 → v1vr v2 va vc va vd v2 va

v3 → v2va v3 vc va vd v3

S → v3vcvavdv3 S

Figure 2.1: An example of the grammar generation process of RePair for

the text abracadabra. The generated grammar is {{va, vb, vr, vc, vd, v1, v2, v3, S},

{a, b, r, c, d}, S, {va → a, vb → b, vr → r, vc → c, vd → d, v1 → vavb, v2 → v1vc,

v3 → v2vd, S → v3vcvavdv3}} with a size of 16.
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Chapter 3

Grammar Compression based on

Maximal Repeats

This chapter presents an analysis of RePair, which is a grammar compression algorithm

known for its simple scheme,while also being practically effective. First, we show that

the main process of RePair, that is, the step by step substitution of the most frequent

symbol pairs, works within the corresponding most frequent maximal repeats. Then,

we reveal the relation between maximal repeats and grammars constructed by RePair.

On the basis of this analysis, we further propose a novel variant of RePair, called MR-

RePair, which considers the one-time substitution of the most frequent maximal repeats

instead of the consecutive substitution of the most frequent pairs. The results of the

experiments comparing the size of constructed grammars and execution time of RePair

and MR-RePair on several text corpora demonstrate that MR-RePair constructs more

compact grammars than RePair does, especially for highly repetitive texts.
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3.1 Introduction

Grammar compression is one of the lossless data compression methods. For a given

text, grammar compression constructs a small size formal grammar that derives only

the given text. Currently, a context-free grammar is mainly used as the formal gram-

mar and in this chapter, we refer to the context-free grammar-based compression as

grammar compression. While the problem of constructing the smallest such context-

free grammar for a given text is known to be NP-hard [24], several approximation

algorithms have been proposed. One of them is RePair [56], which is an off-line gram-

mar compression algorithm. Despite its simple scheme, RePair is known for its high

compression in practice [26, 40, 101], and hence, it has been comprehensively studied.

Some examples of studies on the RePair algorithm include its extension to an online

algorithm [64], practical working time/space improvements [20, 87], applications to var-

ious fields [26, 58, 94], and theoretical analysis of generated grammar sizes [24, 71, 77].

In the field of text processing, the repetitiveness of a text is considered an important

property. Furthermore, it has been suggested that the extent of the repetitiveness of a

given text directly relates to the number of maximal repeats in the text. Belazzougui

et al. [13] demonstrated theoretical relations between the number of extensions of

maximal repeats and famous other properties of text such as the number of factors in

the Lempel–Ziv parsing and the number of runs in the Burrows–Wheeler transform.

Also, several text indexing data structures, whose sizes are bounded by the number of

extensions of maximal repeats, have been proposed in the literature [11, 12, 98].

In this chapter, we analyzed the properties of RePair, focusing on their relationship

to maximal repeats. Although RePair has been extensively studied, to the best of

our knowledge, no previous study has associated RePair with maximal repeats. Fur-

thermore, we propose MR-RePair, which is a novel grammar compression algorithm
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based on the property of maximal repeats. Several off-line grammar compression tech-

niques based on the properties of (non-maximal) repeats have been proposed previ-

ously [10, 44, 67]. Recently, Gańczorz and Jeż introduced a heuristic method that

improves the practical compression ratio of RePair in terms of the grammar size [38].

However, none of the previously proposed methods use the properties of maximal

repeats. In this chapter, we aim to demonstrate that there is a theoretical guaran-

tee for the size of constructed grammars; under a specific condition, the size of the

grammar constructed by MR-RePair is smaller than or equal to that constructed by

RePair. Our experiments show that MR-RePair constructs smaller grammars com-

pared to RePair. We emphasize that generating a grammar of small size is of great

importance since most, if not all, existing algorithms/data structures that work on

grammar-compressed texts have running time dependent on the grammar sizes (see

e.g., [27, 28, 39, 41, 16, 43, 46, 17] and the references therein) and not directly on the

encoded sizes.

3.1.1 Contributions

The primary contributions of this chapter are as follows.

1. We show interesting relations between maximal repeats and grammars constructed

by RePair.

2. We propose MR-RePair, which is a novel variant of RePair based on replacing

the most frequent maximal repeats.

3. We implement MR-RePair and experimentally demonstrate that MR-RePair pro-

duces smaller grammars than all tested implementations of RePair. For a highly
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repetitive text used in the experiments, MR-RePair decreased the size of the

constructed grammar to about 55% of that of RePair.

3.1.2 Organization

The rest of this chapter is organized as follows. In Section 3.2, we present an analysis

of the properties of RePair and demonstrate its relationship to maximal repeats. The

definition and implementation of MR-RePair and its comparison with RePair are pro-

vided in Section 3.3. In Section 3.4, we report the experimental results of comparing

RePair and MR-RePair. Finally, in Section 3.5, we conclude the chapter.

3.2 Analysis of RePair

This section presents an analysis of RePair with respect to its relationship to maximal

repeats and introduces an important concept, called MR-order.

3.2.1 RePair and Maximal Repeats

The following theorem describes an essential property of RePair, that is, RePair recur-

sively replaces the most frequent maximal repeats.

Theorem 1. Let T be a given text, assuming that every most frequent maximal repeat

of T does not appear with overlaps with itself. Let f be the frequency of the most

frequent pairs of T , and t be a text obtained after all pairs with frequency f in T are

replaced by variables. Then, there is a text s such that s is obtained after all maximal

repeats with frequency f in T are replaced by variables, and s and t are isomorphic to

each other.
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We need two lemmas and a corollary to prove Theorem 1. The following lemma

shows a fundamental relation between the most frequent maximal repeats and the most

frequent pairs in a text.

Lemma 2. A pair p of variables is most frequent in a text T if and only if p occurs

once in exactly one of the most frequent maximal repeats of T .

Proof. (⇒) Let r be a most frequent maximal repeat containing p as a substring. It

is clear that p can only occur once in r, since otherwise, #occ(p) > #occ(r) would

hold, implying the existence of a frequent maximal repeat that is more frequent than

r, contradicting the assumption that r is most frequent. Suppose that there exists

a different most frequent maximal repeat r′ containing p as a substring. Similarly, p

occurs only once in r′. Furthermore, since r and r′ can be obtained by left and right

extensions to p, #occ(r) = #occ(r′) = #occ(p), and any occurrence of p is contained in

an occurrence of both r and r′. Since r′ cannot be a substring of r, there exists a string w

that is a superstring of r and r′, such that #occ(w) = #occ(r) = #occ(r′) = #occ(p).

However, this contradicts that r and r′ are maximal repeats.

(⇐) Let r be the most frequent maximal repeat such that p occurs once in it. By

definition, #occ(r) = #occ(p). If p is not the most frequent symbol pair in T , there

exists a pair p′ in T such that #occ(p′) > #occ(p) = #occ(r). However, this implies

that there is a maximal repeat r′ with #occ(r′) = #occ(p′) > #occ(r), contradicting

that r is most frequent. 2

The following corollary is derived directly from Lemma 2.

Corollary 1. For a given text, the frequency of the most frequent pairs and that of the

most frequent maximal repeats are the same.
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The following lemma shows an important property of the most frequent maximal

repeats.

Lemma 3. The length of the overlap between any two occurrences of most frequent

maximal repeats is at most 1.

Proof. Let xw and wy be the most frequent maximal repeats that have an overlapping

occurrence xwy, where x, y, w ∈ Σ+. If we assume that |w| ≥ 2, since xw and wy

are most frequent maximal repeats, it holds that #occ(w) = #occ(xw) = #occ(wy),

i.e., every occurrence of w is preceded by x and followed by y. This implies that

#occ(xwy) = #occ(xw) = #occ(wy) as well, but contradicts that xw and wy are

maximal repeats. 2

Theorem 1 can now be proved based on the above lemmas and corollary.

Proof of Theorem 1. According to Corollary 1, the frequency of the most frequent max-

imal repeats in T is f . Let p be one of the most frequent pairs in T . According to

Lemma 2, there is a unique maximal repeat that is most frequent and contains p once.

We denote such maximal repeat as r. Let us assume that there is a substring zxpyw

in T , where z, w ∈ Σ, x, y ∈ Σ∗, and xpy = r. We denote r[1] and r[|r|] as ẋ and ẏ,

respectively. There are the following two cases to consider:

(i) #occ(zẋ) < f and #occ(ẏw) < f . If |r| = 2, the replacement of p directly

corresponds to the replacement of the most frequent maximal repeat, since p = r. If

|r| > 2, after p is replaced with a variable v, r is changed to xvy. This occurs f times

in the updated text, and according to Lemma 2, the frequency of every pair occurring

in xvy is still f . Because the maximum frequency of pairs does not increase, f is

still the maximum frequency. Therefore, we replace all pairs contained in xvy in the

following steps, whereas zẋ and ẏw are not replaced. This holds for every occurrence of
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p, implying that replacing the most frequent pairs while the maximum frequency does

not change, corresponds to replacing all pairs (old and new) contained in the most

frequent maximal repeats of the same frequency until they are replaced by a single

variable. Then, s can be generated by replacing r.

(ii) #occ(zẋ) = f or #occ(ẏw) = f . We consider the case where #occ(zẋ) = f .

Note that #occ(zxpy) < f according to the assumption that xpy is a maximal repeat.

Suppose RePair replaces zẋ by a variable v before p is replaced. Note that according

to Lemma 2, there is a maximal repeat occurring f times and including zẋ once (we

denote the maximal repeat as r′), and r′ ̸= r by assumption. According to Lemma 3,

the length of the overlap of r and r′ is at most 1, and then, only ẋ is a symbol present

in both r and r′. After that, xpy = r is no longer the most frequent maximal repeat

because some of its occurrences are changed to vr[2..|r|]. However, r[2..|r|] still occurs f

times in the updated text. Since #occ(zxpy) < f and #occ(xpy) = f , #occ(vr[2]) < f

and r[2..|r|] is a maximal repeat. Then, r[2..|r|] will become a variable in subsequent

steps, similarly to (i). Here, r′ would also become a variable. Thus, we can generate

s by first replacing r′ and then replacing r[2..|r|]. Similarly, this holds for ẏw when

#occ(ẏw) = f and #occ(zẋ) = #occ(ẏw) = f . 2

3.2.2 MR-Order

According to Theorem 1, if there is just one most frequent maximal repeat in the current

text, then RePair replaces its all occurrences step by step. However, a problem arises if

there are two or more most frequent maximal repeats, with some of them overlapping.

In this case, the selection order of pairs (of course, they are most frequent) affects the

priority of maximal repeats. We call this order of selecting (summarizing) maximal

repeats as the maximal repeat selection order (or simply MR-order). Note that, the

33



selection order of pairs actually depends on the implementation of RePair.

For instance, consider the text abcdeabccde, where abc and cde are the most

frequent maximal repeats occurring twice. There are two MR-orders, depending on

which of the two maximal repeats abc or cde is given priority. The results of the

replacement using RePair with the MR-order are (i) xyxcx with variables x and y

such that x
∗⇒ abc and y

∗⇒ de, and (ii) zwzcw with variables z and w such that

z
∗⇒ ab and w

∗⇒ cde. More precisely, there are 12 possible ways in which RePair can

compress the text, with the following generated rule sets:

1. {v1 → ab, v2 → v1c, v3 → de, S → v2v3v2cv3},

2. {v1 → ab, v2 → de, v3 → v1c, S → v3v2v3cv2},

3. {v1 → bc, v2 → av1, v3 → de, S → v2v3v2cv3},

4. {v1 → bc, v2 → de, v3 → av1, S → v3v2v3cv2},

5. {v1 → ed, v2 → ab, v3 → v2c, S → v3v1v3cv1},

6. {v1 → ed, v2 → bc, v3 → av2, S → v3v1v3cv1},

7. {v1 → ab, v2 → cd, v3 → v2e, S → v1v3v1cv3},

8. {v1 → ab, v2 → de, v3 → cv2, S → v1v3v1cv3},

9. {v1 → cd, v2 → ab, v3 → v1e, S → v2v3v2cv3},

10. {v1 → cd, v2 → v1e, v3 → ab, S → v3v2v3cv2},

11. {v1 → ed, v2 → ab, v3 → cv1, S → v2v3v2cv3},

12. {v1 → ed, v2 → cv1, v3 → ab, S → v3v2v3cv2}.
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Here, 1–6 have the same MR-order because abc precedes cde in all of them. At the

same time, 7–12 have the same MR-order for the same reason: cde precedes abc.

If there are several distinct most frequent pairs with overlaps, RePair constructs

grammars with different sizes according to the selection order of the pairs. For exam-

ple, consider the text bcxdabcyabzdabvbcuda. There are three most frequent pairs,

namely, ab, bc, and da, occurring three times each. If RePair takes ab first, the rule

set of the generated grammar may become {v1 → ab, v2 → bc, v3 → dv1, S →

v2xv3cyv1zv3vv2uda} and its size is 19. If RePair takes da first, the rule set of the

generated grammar may become {v1 → da, v2 → bc, S → v2xv1v2yabzv1bvv2uv1}

and its size is 18.

Remark 1. If there are several distinct pairs with the same maximum frequency, the

size of the grammar generated by RePair depends on their replacement order.

However, the following theorem states that the MR-order rather than the replace-

ment order of pairs determines the size of the grammar generated by RePair.

Theorem 2. The sizes of grammars generated by RePair are the same if they are

generated in the same MR-order.

Proof. Let T be a variable sequence appearing in the grammar generation process of

RePair and f be the maximum frequency of pairs in T . Suppose that T ′ is a variable

sequence generated after RePair replaces every pair occurring f times. According to

Theorem 1, all generated T ′ are isomorphic to one another, then the length of all of

them is the same, regardless of the replacement order of pairs. Let r1 be the most

frequent maximal repeats of T with r1 preceding all other maximal repeats in this MR-

order. As a result, r1 is converted into a variable, and according to Lemma 2, all pairs

included in r1 are distinct. Then, the size of the subgrammar which exactly derives
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r1 is 2(|r1| − 1) + 1 = 2|r1| − 1. This holds for the next prioritized maximal repeat

(we denote it as r2) with the following slight difference: the pattern actually replaced

would be a substring of r2 excluding its beginning or end if there are occurrences of

overlap with r1. However, these strings are common in the same MR-order. Then,

the sizes of generated subgrammars are the same, regardless of the order of selecting

pairs. Similarly, this holds for all most frequent maximal repeats and every maximum

frequency of pairs through the entire process of RePair. 2

3.2.3 Greatest Size Difference of RePair

We consider the problem of determining the greatest size difference between possible

outcomes of RePair.

Definition 1 (Greatest size difference). Let g and g′ be the sizes of any two possible

grammars that can be generated by RePair for a given text. Then, the greatest size

difference of RePair (GSDRP) is max(|g − g′|).

A lower bound of the GSDRP can be established according to the following theorem.

Theorem 3. Given a text with a length of n, a lower bound of GSDRP is 1
6
(
√

6n + 1+

13).

Proof. Let B, L, and R be strings such that

B = l1xyr1l2xyr2 · · · lf−1xyrf−1lf xyrf ,

L = ♢l1x♢l2x · · · ♢lf x,

R = ♢yr1♢yr2 · · · ♢yrf ,

where x, y, l1, . . . , lf , r1, . . . , rf denote distinct symbols, and each occurrence of ♢ de-

notes a distinct symbol. Consider text T = BLf−1Rf−1. Here, xy, l1x, · · · , lfx, yr1 ,
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· · · , yrf are the most frequent maximal repeats with a frequency f in T . Let G and G′

be grammars generated by RePair for T in different MR-order, such that (i) xy precedes

all other maximal repeats and (ii) xy follows all other maximal repeats, respectively.

We denote the sizes of G and G′ as g and g′, respectively.

First, we consider G and how RePair generates it. The first rule generated by the

replacement is v1 → xy considering the MR-order. After the replacement, L and R

remain unchanged, whereas B becomes the following text:

B1 = l1v1r1l2v1r2 · · · lf−1v1rf−1lf v1rf .

Each pair in B1 occurs only once in the entire text B1L
f−1Rf−1. This means that B1

can never be shortened from the current length of 3f . In the remaining steps, lix and

yri (for i = 1, · · · , f) are replaced. L and R are changed to texts with a length of 2f

each. Hence, the following holds:

g = 3f + 2 · 2f + 2(1 + 2f) = 11f + 2. (3.1)

Next, we consider G′ and how RePair generates it. According to their MR-order,

l1x, · · · , lfx, yr1 , · · · , yrf are replaced before xy is selected. They do not overlap

with each other, and after they are replaced, xy does not occur in the generated text.

Therefore, there are 2f rules in G′ deriving lix and yri (for i = 1, · · · , f), whereas the

rule deriving xy is absent. L and R are changed to texts with a length of 2f each, and

B is changed to a text with a length 2f . Hence, the following holds:

g′ = 2f + 2 · 2f + 2 · 2f = 10f. (3.2)

Let us denote the length of the original text T = BLf−1Rf−1 by n. Then, the

following holds:

n = 4f + 2(3f)(f − 1) = 6f 2 − 2f.
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Therefore,

f =
1

6
(
√

6n + 1 + 1) (3.3)

holds. According to Equations (3.1), (3.2), and (3.3),

g − g′ = 11f + 2− 10f = f + 2

=
1

6
(
√

6n + 1 + 13)

holds and the theorem follows. 2

3.3 Proposed Method

The main strategy of the proposed method is to recursively replace the most frequent

maximal repeats instead of the most frequent pairs.

In this section, we first explain the näıve version of our method called Näıve-MR-

RePair. Although it can have a bad performance in certain cases, it is simple and

helpful in understanding our main result. Then, we describe the proposed MR-RePair.

3.3.1 Näıve-MR-RePair

Definition 2 (Näıve-MR-RePair). For an input text T , let G = {V,Σ, S, R} be the

grammar generated by Näıve-MR-RePair. Näıve-MR-RePair constructs G through the

following steps:

Step 1. Replace each symbol a ∈ Σ with a new variable va and add va → a to R.

Step 2. Find the most frequent maximal repeat r in T .

Step 3. Replace every occurrence (or as many occurrences as possible, when there are

overlaps) of r in T with a new variable v and then add v → r to R.
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Step 4. Re-evaluate the frequencies of maximal repeats for the updated text generated

in Step 3. If the maximum frequency is 1, add S → (current text) to R and terminate.

Otherwise, return to Step 2.

We can easily extend the concept of the MR-order to Näıve-MR-RePair.

Figure 3.1 illustrates an example of the grammar generation process of Näıve-

MR-RePair. Figures 2.1 and 3.1 explain why the strategy of using maximal re-

peats is more effective compared to that using pairs. When compressing the text

vavbvrvavcvavdvavbvrva, both RePair and Näıve-MR-RePair generate subgrammars de-

riving the most frequent maximal repeat vavbvrva. The rule set of the subgrammar

generated by RePair is {v1 → vavb, v2 → v1vr, v3 → v2va} with a size of 6. At the same

time, the rule set of the subgrammar generated by Näıve-MR-RePair is {v1 → vavbvrva}

with a size of 4.

However, the following theorem indicates that the size of the grammar generated by

Näıve-MR-RePair is larger than that generated by RePair in certain cases, even when

they work in the same MR-order. Roughly speaking, this is caused by the overlaps of

maximal repeats. When there is an occurrence of the most frequent maximal repeat

that overlaps with its occurrence, little difference would arise in grammar constructing

processes of RePair and Näıve-MR-RePair from the viewpoint of maximal repeats, that

is, the targeted maximal repeats would vary in RePair and in Näıve-MR-RePair (RePair

replaces the targeted maximal repeat step by step and Näıve-MR-RePair replaces it at

once). Indeed, if maximal repeats are carefully embedded in a text for increasing the

difference, the case presented in the following theorem occurs.

Theorem 4. Given a text T with a length of n, let grp and gnmr be the sizes of the

grammars generated by RePair and Näıve-MR-RePair for T , respectively, assuming

that RePair and Näıve-MR-RePair work in the same MR-order. Then, there is a case
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when gnmr = grp + Ω(log n) holds.

Proof. Let Grp = {Vrp ,Σrp , Srp , Rrp} and Gnmr = {Vnmr ,Σnmr , Snmr , Rnmr} be the

grammars generated by RePair and Näıve-MR-RePair, respectively. Let T ′ be the

text generated just after Step 1 of RePair or Näıve-MR-RePair (the Step 1 is com-

mon in both algorithms), that is, T ′ = v1 · · · vn such that vi ∈ Vrp ∩ Vnmr and

vi → T [i] ∈ Rrp ∩ Rnmr (for i = 1, · · · , n), and Ĝrp = {V̂rp , Σ̂rp , Ŝrp , R̂rp} (or Ĝnmr =

{V̂nmr , Σ̂nmr , Ŝnmr , R̂nmr}) be a subgrammar of Grp (or Gnmr) deriving T ′. Let T ′ =

(uw)2
m+1−1u, where u ∈ Vrp ∩ Vnmr , w ∈ (Vrp ∩ Vnmr)

+ such that uwu is the most

frequent maximal repeat of T ′, and m ∈ N+. Note that 2m+1 − 1 =
∑m

i=0 2i. Here R̂rp

and R̂nmr are defined as follows:

R̂rp: Assume that xi ∈ V̂rp for 1 ≤ i ≤ m and yj ∈ V̂rp ∪ Σ̂rp for 1 ≤ j ≤ |w|, then R̂rp

consists of

• |w| rules yj → ylyr with val(y|w|) = uw,

• one rule x1 → y|w|y|w| and log2 ⌊2m+1 − 1⌋ − 1 = m− 1 rules xi → xi−1xi−1

for 2 ≤ i ≤ m, and

• one rule Ŝrp → xmxm−1 · · · x1y|w|.

R̂nmr : Assume that d = |V̂nmr | = |R̂nmr | and zi ∈ V̂nmr for 1 ≤ i ≤ d, then R̂nmr

consists of

• one rule z1 → uwu, and

• d− 1 rules zi → zi−1wzi−1 for 2 ≤ i ≤ d and zd = Ŝnmr .

40



Let ĝrp and ĝnmr be the sizes of Ĝrp and Ĝnmr , respectively. Then, the following holds:

ĝrp = 2|w|+ 2m + (m + 2) = 3m + 2|w|+ 2, (3.4)

ĝnmr = |w|+ 2 + (|w|+ 2)(d− 1) = (|w|+ 2)d. (3.5)

Here, with regard to the length of T ′, we have

n = (2(2m − 1) + 1)(|w|+ 1) + 1, and

n = (2d − 1)|w|+ 2d.

From these, d = m + 1 holds. Hence, according to Equations (3.4) and (3.5), the

following holds:

ĝnmr − ĝrp = (m− 1)(|w| − 1)− 1.

Therefore, ĝnmr > ĝrp holds for some (m, |w|), and the proposition holds. 2

Figures 3.2–3.4 are provided to help in understanding the proof of Theorem 4.

Let Grp , Gnmr , and Gmr be the grammars generated by RePair, Näıve-MR-RePair,

and MR-RePair, respectively. For a given text T = a1 · · · an (ai ∈ Σ, 1 ≤ i ≤ n) of

length |T | = n, let grp , gnmr , and gmr be the sizes of Grp , Gnmr , and Gmr , respectively.

Let us assume that T = (aw)2(2
m−1)+1a, where w ∈ Σ+ such that awa is the most

frequent maximal repeat of T and m ∈ N+. Then, according to the proof of Theorem 4,

gnmr > grp holds for some m and w such that (m− 1)(|w| − 1) > 1.

Figure 3.2 illustrates a specific example of the grammar generation process of RePair

and Grp for T = (abcd)7a with m = 2 and |w| = 3. The size grp is 18 in this example.

Figure 3.3 illustrates an example of the process of Näıve-MR-RePair and Gnmr for the

same T . It can be noticed from the figures that the size gnmr is 19, and thus gnmr > grp

holds. As shown in Figure 3.3, Näıve-MR-RePair may fail to extract repetitive patterns
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in particular cases (such as abcd of (abcd)7a in the running example). However, this

problem can be solved using MR-RePair. Figure 3.4 illustrates an example of the

process of MR-RePair and Gmr for the same T = (abcd)7a. The size gmr is 16, which

is smaller than grp = 18. Although the most frequent maximal repeat at the second

replacement step is vavbvcvdva, MR-RePair replaces vavbvcvd with a new variable v1,

providing the additional Step 3 in Definition 3.
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a b r a c a d a b r a

vα → α (α = a, b, r, c, d) va vb vr va vc va vd va vb vr va

v1 → vavbvrva v1 vc va vd v1

S → v1vcvavdv1 S

Figure 3.1: An example of the grammar generation process of Näıve-MR-RePair for the

text abracadabra. The generated grammar is {{va, vb, vr, vc, vd, v1, S}, {a, b, r, c, d}, S,

{va → a, vb → b, vr → r, vc → c, vd → d, v1 → vavbvrva, S → v1vcvavdv1}} with a

size of 14.
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3.3.2 MR-RePair

The grammar size of Näıve-MR-RePair becomes larger than that of RePair as shown in

Theorem 4 because Näıve-MR-RePair cannot replace all occurrences of most frequent

maximal repeats if it overlaps with another occurrence of itself. In the remainder of this

section, we describe MR-RePair, which is an improved version of Näıve-MR-RePair.

Definition 3 (MR-RePair). For an input text T , let G = {V,Σ, S, R} be the grammar

generated by MR-RePair. MR-RePair constructs T through the following steps:

Step 1. Replace each symbol a ∈ Σ with a new variable va and add va → a to R.

Step 2. Find the most frequent maximal repeat r in T .

Step 3. Check if |r| > 2 and r[1] = r[|r|], and if so, use r[1..|r| − 1] instead of r

in Step 4.

Step 4. Replace every occurrence of r with a new variable v and then add v → r to R.

Step 5. Re-evaluate the frequencies of maximal repeats for the updated text generated

in Step 4. If the maximum frequency is 1, add S → (current text) to R and terminate.

Otherwise, return to Step 2.

We can easily extend the concept of the MR-order to MR-RePair. We do not

care if it uses r[2..|r|] in Step 3, instead of r[1..|r| − 1]. MR-RePair can replace all

occurrences of r even if it overlaps with itself in some occurrences since, according to

Lemma 3, the length of the overlaps of the most frequent maximal repeats is at most 1.

If r[1] = r[|r|] but r does not overlap with itself, then vr[|r|] becomes the most frequent

maximal repeat after r[1..|r| − 1] is replaced by v and vr[|r|] is replaced immediately.

Similar to RePair, MR-RePair still cannot replace all of them if |r| = 2.

Figure 3.5 illustrates an example of the grammar generation process of MR-RePair.

Although the size of the grammar generated by MR-RePair as shown in Figure 3.5
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is larger than that generated by Näıve-MR-RePair as shown in Figure 3.1, it is still

smaller than that generated by RePair as shown in Figure 2.1.

Theorem 5. Assume that RePair and MR-RePair work based on the same MR-order

for a given text. Let grp and gmr be the sizes of the grammars generated by RePair and

MR-RePair, respectively. Then, 1
2
grp < gmr ≤ grp holds.

Proof. Assume that Grp = {Vrp ,Σrp , Srp , Rrp} and Gmr = {Vmr ,Σmr , Smr , Rmr} are

grammars generated by RePair and MR-RePair, respectively, for a given text T with

a length of n. Let T ′ be the text generated just after Step 1 of RePair or Näıve-MR-

RePair (the Step 1 is common in both algorithms), that is, T ′ = v1 · · · vn such that

vi ∈ Vrp ∩ Vmr and vi → T [i] ∈ Rrp ∩Rmr (for i = 1, · · · , n).

Let f1 be the maximum frequency of the maximal repeats in T ′. According to

Corollary 1, the maximum frequency of the pairs in T ′ is also f1. Let Ĝ
(f1)
rp (or Ĝ

(f1)
mr )

be a subgrammar of Grp (or Gmr) generated while RePair (or MR-RePair) replaces

pairs (or maximal repeats) with the frequency f1, ĝ
(f1)
rp (or ĝ

(f1)
mr ) be the size of this

subgrammar, and T
(f1)
rp (or T

(f1)
mr ) be the updated text after all pairs (or maximal

repeats) with the frequency f1 are replaced. Let r
(f1)
1 , · · · , r(f1)m1 be maximal repeats

with frequency f1 in T ′ assuming that they are prioritized in this order by the MR-

order. Let l
(f1)
i (for i = 1, · · · ,m1) be the length of the longest substring of r

(f1)
i such

that there are variables that derive the substring in both Ĝ
(f1)
rp and Ĝ

(f1)
mr . Note that

this substring is common to RePair and MR-RePair, and each l
(f1)
i is at least 2. Since

RePair replaces such substring step by step and MR-RePair replaces it at once, the
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following holds:

ĝ(f1)rp =

m1∑
i=1

2(l
(f1)
i − 1) , (3.6)

ĝ(f1)mr =

m1∑
i=1

l
(f1)
i . (3.7)

From these,

ĝ(f1)rp − ĝ(f1)mr = 2

m1∑
i=1

l
(f1)
i − 2m1 −

m1∑
i=1

l
(f1)
i

=

m1∑
i=1

l
(f1)
i − 2m1

≥ 2m1 − 2m1 = 0 (∵ li ≥ 2 holds for each i).

Hence,

ĝ(f1)mr ≤ ĝ(f1)rp (3.8)

holds. According to Equation (3.6),

ĝ(f1)rp = 2

m1∑
i=1

l
(f1)
i − 2m1

= 2ĝ(f1)mr − 2m1 (by Equation (3.7)).

Hence,

1

2
ĝ(f1)rp < ĝ(f1)mr (3.9)

holds. Therefore, according to Equations (3.8) and (3.9),

1

2
ĝ(f1)rp < ĝ(f1)mr ≤ ĝ(f1)rp (3.10)

47



holds. The updated texts T
(f1)
rp and T

(f1)
mr are isomorphic for Vrp and Vmr . Let f2 be

the maximum frequency of the maximal repeats in T
(f1)
rp (and T

(f1)
mr ). Then, a similar

analysis holds for Ĝ
(f2)
rp and Ĝ

(f2)
mr . Hence, 1

2
ĝ
(f2)
rp < ĝ

(f2)
mr ≤ ĝ

(f2)
rp holds similarly to

Equation (3.10), and the updated texts T
(f2)
rp and T

(f2)
mr are isomorphic. Inductively,

for every maximum frequency of maximal repeats fi,
1
2
ĝ
(fi)
rp < ĝ

(fi)
mr ≤ ĝ

(fi)
rp holds and

the updated texts T
(fi)
rp and T

(fi)
mr are isomorphic. Let k be a natural number such that

fk > 1 and fk+1 = 1, that is, k is the number of times that the maximum frequency

decreases through the entire process of RePair and MR-RePair. Then,

grp =
k∑

j=1

ĝ(fj)rp + |Σ|+ |T (fk)
rp |

=
k∑

j=1

mj∑
i=1

2(l
(fj)
i − 1) + |Σ|+ |T (fk)

rp | , and (3.11)

gmr =
k∑

j=1

ĝ(fj)mr + |Σ|+ |T (fk)
mr |

=
k∑

j=1

mj∑
i=1

l
(fj)
i + |Σ|+ |T (fk)

mr | (3.12)

hold. Recall that each symbol a ∈ Σ is replaced with a new variable in the first

step both in RePair and in MR-RePair. |Σ| is the size of the subgrammar consisting

of the rules generated in the first step. Since every l
(fj)
i ≥ 2 and |T (fk)

rp | = |T (fk)
mr |,

1
2
grp < gmr ≤ grp follows Equations (3.11) and (3.12), and thus, the proposition holds.

gmr = grp holds when every length l
(fj)
i is 2. 2

However, when the MR-orders of RePair and MR-RePair are different, then the

grammar generated by MR-RePair can be larger than that generated by RePair, as the

following theorem indicates:
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Theorem 6. Unless the MR-order of RePair and MR-RePair are the same, there is a

case where the size of the grammar generated by MR-RePair becomes larger than that

generated by RePair.

Proof. We show a concrete example of the case stated in the proposition. Consider text

abcxabcyabczcxcxcycyczcz. There are four most-frequent maximal repeats, abc, cx,

cy, and cz. Let A and B be two different MR-orders such that A prioritizes the maximal

repeats in order of abc, cx, cy, cz and B prioritizes the maximal repeats in order of

cx, cy, cz, abc, respectively. MR-RePair working in A generates a grammar whose

rules are {va → a, vb → b, vc → c, vx → x, vy → y, vz → z, v1 → vavbvc, v2 → vcvx,

v3 → vcvy, v4 → vcvz, S → v1xv1yv1zv2v2v3v3v4v4}, where S is the start variable.

Meanwhile, RePair working in B generates a grammar whose rules are {va → a, vb → b,

vc → c, vx → x, vy → y, vz → z, v1 → vcvx, v2 → vcvy, v3 → vcvz, v4 → vavb,

S → v4v1v4v2v4v3v1v1v2v2v3v3}, where S is the start variable. The size of the grammar

generated by MR-RePair working in A is 27, whereas the size of that generated by

RePair working in B is 26. 2

While Theorem 6 indicates that the grammar can be larger in MR-RePair than in

RePair, in Section 3.4 we demonstrate that MR-RePair outperforms RePair in practice.

We can implement MR-RePair by extending the original implementation of RePair

stated in [56] and holding the same complexity.

Theorem 7. Let G = {V,Σ, S, R} be the grammar generated by MR-RePair for a

given text with a length of n. Then, MR-RePair works in O(n) expected time and

5n + 4k2 + 4k′ + ⌈
√
n + 1⌉ − 1 word space, where k and k′ denote the cardinalities of

Σ and V , respectively.

Proof. Compared to RePair, the additional operations performed by MR-RePair are (i)

49



extending the selected pair to left and right until it becomes a maximal repeat and (ii)

checking and excluding either the beginning or the end of the obtained maximal repeat

if they are the same. These additional operations can be realized using the same data

structures as those employed in RePair. Then, the space complexity of MR-RePair

follows Lemma 1.

We can clearly execute operation (ii) in a constant time. Hence, we consider how

the time complexity is affected by operation (i). Let l be the length of the maximal

repeat containing the focused pair, as well as f be the frequency of the pair. Then,

O(fl) more time is required for MR-RePair to check the left- and right-extensions for

all occurrences of the focused pair compared to RePair. However, the length of the

entire text is shortened by at least f(l− 1) by the replacement. Therefore, MR-RePair

works in O(n) expected time according to possible counts of the replacement through

all of the steps of the algorithm. 2

Remark 2. We can convert a grammar of RePair to that of MR-RePair by repeating

the following transform: If a variable v appears only once on the right-hand side of

other rules, the rule can be removed for v, and the one occurrence of v can be replaced

with the right-hand side of the removed rule. However, the time and space complexity

stated in Theorem 7 cannot be achieved in this manner, since additional operations and

memory for searching and storing such variables are required.

3.4 Experiments

We implemented and conducted some comparative experiments. In particular, we

compared the sizes of constructed grammars and execution times of the proposed MR-

RePair, several existing RePair implementations, and Re-PairImp [37] , which was
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recently proposed in [38] as an improvement of RePair.

As stated in Remark 1, the MR-order affects the size of a constructed grammar. In

practice, the MR-order varies depending on the implementation of the priority queue

that manages pairs. For this reason, we used four different implementations of RePair in

the comparative analysis, and they were implemented by Maruyama [61], Navarro [70],

Prezza [20, 79], and Wan [102]1, respectively.

Table 3.1 lists the details of the texts that we used in the experiments. In particular,

we employed three texts as highly repetitive texts: one is a randomly generated text

(rand77.txt), and the other two are a Fibonacci string (fib41) and a German text

(einstein.de.txt) selected from the Repetitive Corpus of the Pizza&Chili Corpus [34].

The randomly generated text, rand77.txt, consists of alphanumeric symbols and some

special symbols. It was generated by concatenating 32 copies of a block that includes

1024 random strings of length 64 each, i.e., the size of the randomly generated text is

64 × 1024 × 32 = 2, 097, 152 byte. In addition, we used three texts (E.coli, bible.txt,

and world192.txt) selected from the Large Corpus [14], to consider a real-data case.

We executed each program seven times for each text and measured the elapsed CPU

time only for the grammar generation process. We calculated the average time across

five results, excluding the minimum and maximum values among the seven runs. The

experiments were run on a computer equipped with an Intel(R) Core i7-8700 3.2-

4.6GHz 6core, 32GB RAM, and using Ubuntu 16.04. All of the programs were compiled

using gcc version 7.4 with the “-O3” option.

Table 3.2 summarizes the experimental results. Unfortunately, Re-PairImp was

unable to process fib41 in our experimental environment because of a lack of memory.

Here, we excluded the number of rules generating a single terminal symbol from the

1we ran it with level 0 (no heuristic option).
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a b r a c a d a b r a

vα → α (α = a, b, r, c, d) va vb vr va vc va vd va vb vr va

v1 → vavbvr v1 va vc va vd v1 va

v2 → v1va v2 vc va vd v2

S → v2vcvavdv2 S

Figure 3.5: An example of the grammar generation process of MR-RePair for the

text abracadabra. The generated grammar is {{va, vb, vr, vc, vd, v1, S}, {a, b, r, c, d}, S,

{va → a, vb → b, vr → r, vc → c, vd → d, v1 → vavbvr, v2 → v1va, S → v2vcvavdv2}}

with a size of 15.

Table 3.1: Text files used in our experiments.

Text Size (bytes) |Σ| Content

rand77.txt 2,097,152 77 32 copies of 1024 random patterns with a length of 64

fib41 267,914,296 2 Fibonacci string from the Pizza&Chili Corpus

einstein.de.txt 92,758,441 117 Edit history of the Wikipedia for Albert Einstein

E.coli 4,638,690 4 Complete genome of the E. Coli bacterium

bible.txt 4,047,392 63 The King James version of the bible

world192.txt 2,473,400 94 The CIA world fact book
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number of rules since they are the same between RePair and MR-RePair. As shown

in the table, the sizes of grammars constructed by each RePair implementation differ

from each other for all texts except fib41. In any case, MR-RePair is not inferior

to RePair in terms of the size of grammars while in Theorem 6 we show that the

grammar can be larger in MR-RePair than in RePair if their MR-orders are different.

For rand77.txt, the number of rules and size of the grammars for MR-RePair decreased

to about 11% and 55% of those for RePair, respectively. Long maximal repeats occur

more frequently in rand77.txt than in other texts and we consider this is a main reason

of the remarkable effectiveness of MR-RePair for the text.

For einstein.de.txt, the number of rules and size of the grammar decreased to about

44% and 72% of those for RePair, respectively. By contrast, it turned out that the

effect of the improvement was limited for the texts from the Large Corpus, which are

not highly repetitive. Note that fib41 does not contain any maximal repeats longer

than 2 without overlaps. Therefore, MR-RePair generated the same rules as RePair in

this case. It should be also be noted that MR-RePair runs at a speed comparable to

the fastest implementation of RePair.

3.5 Conclusions

In this chapter, we analyzed the process of RePair and revealed that the RePair algo-

rithm replaces the most frequent pairs step by step within their corresponding most

frequent maximal repeats. On the basis of this analysis, we designed MR-RePair,

a novel variant of RePair. Instead of consecutively substituting the most frequent

pairs, MR-RePair performs one-time substitution of the most frequent maximal re-

peats. Furthermore, we implemented MR-RePair and compared the sizes of its con-
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Table 3.2: Sizes of generated grammars and execution times of the considered algorithms. Each cell

in the table represents the number of generated rules, total lengths of the right side of all of the rules

except for the start variable, length of the right side of the start variable, and the total grammar size

in the order from the top row. The total grammar size presented in the fourth row is the total of the

values presented in the second row and the third row. The fifth row separated by a line represents

the execution time for compression in seconds. The best results are highlighted in bold.

RePair Re-Pair MR-

Text file Maruyama Navarro Prezza Wan Imp RePair

rand77 Rules 41,651 41,642 41,632 41,675 41,661 4,492

.txt Total length 83,302 83,284 83,264 83,350 83,322 46,143

Start variable 9 2 7 2 2 9

Grammar size 83,311 83,286 83,271 83,352 83,324 46,152

Execution time 0.22 0.34 2.94 0.94 2.48 0.20

fib41 Rules 38 38 38 38 - 38

Total length 76 76 76 76 - 76

Start variable 3 3 3 3 - 3

Grammar size 79 79 79 79 - 79

Execution time 9.99 14.38 48.85 85.39 - 14.88

einstein Rules 49,968 49,949 50,218 50,057 49,933 21,787

.de.txt Total length 99,936 99,898 100,436 100,114 99,866 71,709

Start variable 12,734 12,665 13,419 12,610 12,672 12,683

Grammar size 112,670 112,563 113,855 112,724 112,538 84,392

Execution time 9.04 13.74 136.49 40.24 213.73 9.73

E.coli Rules 66,664 66,757 66,660 67,368 66,739 62,363

Total length 133,328 133,514 133,320 134,736 133,478 129,138

Start variable 651,875 649,660 650,538 652,664 650,209 650,174

Grammar size 785,203 783,174 783,858 787,400 783,687 779,312

Execution time 0.52 0.65 9.82 2.00 11.29 0.58

bible.txt Rules 81,193 81,169 80,999 81,229 81,282 72,082

Total length 162,386 162,338 161,998 162,458 162,564 153,266

Start variable 386,514 386,381 386,992 386,094 385,989 386,516

Grammar size 548,900 548,719 548,990 548,552 548,553 539,782

Execution time 0.51 0.65 8.41 1.85 11.32 0.57

world Rules 55,552 55,798 55,409 55,473 55,437 48,601

192.txt Total length 111,104 111,596 110,812 110,946 110,874 104,060

Start variable 213,131 213,962 213,245 212,647 212,857 212,940

Grammar size 324,235 325,558 324,057 323,593 323,731 317,000

Execution time 0.32 0.55 4.92 1.09 6.81 0.36
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structed grammars to those of the grammars constructed by several implementations

of RePair. Through the experiments, we confirmed the effectiveness of MR-RePair

especially for highly repetitive texts.

We defined the greatest size difference of any two possible grammars that can be

generated by RePair for a given text, naming it GSDRP. We demonstrated that a lower

bound of GSDRP is 1
6
(
√

6n + 1 + 13) for a given text of length n.

We estimated the effectiveness of the compression using the size of the generated

grammars instead of the length of the output bits. Reducing the grammar size has

important implications since the majority of the existing text algorithms applied to

grammar-compressed texts, including grammar-based self indexes [27, 28], edit dis-

tance computation [39], q-gram mining [41, 16], and pattern matching [43, 46, 17],

have time/space complexities that are dependent on the input grammar size. For in-

stance, the compressed indexes proposed by Claude and Navarro [27, 28] can be directly

built on MR-RePair grammar-compressed texts. Algorithms specifically designed for

straight-line programs (SLPs), which are text compressions with grammars in Chom-

sky normal form, can also be easily modified to work on grammars that are not in

Chomsky normal form similar to MR-RePair grammars. Hence, MR-RePair serves as

a base for practical improvements of these algorithms.

From the viewpoint of storing data more compactly, developing a method for en-

coding constructed grammars is another important issue. We discuss implementing an

efficient encoding method for MR-RePair in Chapter 4.
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Chapter 4

Grammar Compression with

Run-Length Rules

Grammar compression aims to construct a small-sized context-free grammar (CFG)

that uniquely generates the input text data. Theoretically, the effectiveness of CFG

compression can be improved by run-length CFG (RLCFG), an extension of CFG.

However, compression algorithms have been proposed only for the CFG scheme; com-

pression algorithms for the RLCFG scheme have not been studied so the practical com-

pression effectiveness of this scheme remains undiscovered. Here, we design a practical

compression algorithm for the RLCFG scheme and a compact bit-encoding method for

the constructed RLCFG. In experimental evaluations on real repetitive datasets, we

demonstrate the high performance of the compression scheme based on the proposed

algorithm and the encoding method.
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4.1 Introduction

Grammar compression is a lossless data compression method that constructs a small-

sized formal grammar that uniquely derives the input text. In grammar compression,

a context-free grammar (CFG) is mainly used as the formal grammar. As generating

the smallest such CFG from a given text is NP-hard [24], it is achieved by various

approximation techniques.

Run-length CFG (RLCFG) is an extension of CFG applied by Jeż [45] but formally

introduced by Nishimoto et al. [76]. The theoretical properties of RLCFG were studied

in [18, 36]. Theoretically, RLCFG improves the effectiveness of CFG compression, but

whether this is realized in practice remains undiscovered because, to our knowledge,

no compression algorithms for the RLCFG scheme have been developed.

RePair [56], an off-line grammar compression algorithm for the CFG scheme, achieves

a high compression ratio [26, 40, 101] despite its simple scheme. RePair has at-

tracted considerable interest and has been extended to an online algorithm [64], em-

bellished with practical working time/space improvements [20, 87], applied to other

fields [26, 58, 94], and subjected to theoretical analysis of its generated grammar

sizes [24, 71, 77]. In Chapter 3, we proposed a variant of RePair called MR-RePair.

The experimental results showed that the grammars were smaller in MR-RePair than

in the original RePair for repetitive datasets; that is, the compression efficiency was

higher in MR-RePair than in RePair.

In this chapter, we design a novel compression algorithm for the RLCFG-based

grammar compression scheme called RL-MR-RePair, which follows RePair and MR-

RePair for the CFG scheme. Experimentally, we show that RL-MR-RePair constructs

smaller grammars for repetitive datasets than either RePair or MR-RePair.

Generating small-sized grammars is undeniably important since grammar-compressed
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texts can be processed by several algorithms and data structures, whose runtimes de-

pends on the grammar size [39, 41, 16, 43, 46]. Meanwhile, these grammars must be

encoded in the storage format of compressed data, namely, as compact bit sequences.

Related to RePair, succinct encoding of straight-line programs (SLP) was addressed

in [95] (indeed, the grammars constructed by RePair are easily transformed to SLPs).

In addition, Bille et al. [19, 79] proposed a variant of RePair and an effective coding

method for the variant algorithm. However, encoding methods for MR-RePair have

not been discussed. Without effective encoding methods, the final bit sequence of the

grammar might be larger in MR-RePair than in RePair, even if the grammar is smaller

in MR-RePair than in RePair.

In this chapter, we also propose a bit-encoding method for constructed RLCFGs.

The scheme was originally designed for RL-MR-RePair but is directly applicable to

MR-RePair. In comparative experiments from grammar construction to final bit en-

coding, we evaluate the performance of RePair, MR-RePair, and RL-MR-RePair. The

experiments confirm the high compression performance of RL-MR-RePair with the

proposed encoding method on real repetitive datasets.

4.1.1 Contributions

The primary contributions of this chapter are listed below.

1. We design a new compression algorithm for the RLCFG scheme called RL-MR-

RePair.

2. We propose an encoding scheme for RL-MR-RePair and MR-RePair.

3. We implement RePair, MR-RePair and RL-MR-RePair and experimentally con-

firm that RL-MR-RePair produces smaller grammars than the other methods in
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nearly all instances. Furthermore, we implement eight encoding methods for Re-

Pair and six encoding methods for MR-RePair and RL-MR-RePair and confirm

their compression effectiveness in comparative experiments.

4.1.2 Organization

The remainder of this chapter is organized as follows. Section 4.2 describes the RL-MR-

RePair algorithm and its implementation and analyzes its time and space complexities,

Section 4.3 introduces some encoding schemes for grammar compression and presents

our bit-encoding method, Section 4.4 is dedicated experimental results, and Section 4.5

concludes the chapter.

4.2 Proposed Method

In Chapter 3, we proposed MR-RePair as a variant of RePair that identifies not the

most frequent pair, but the most frequent maximal repeat. We reported that MR-

RePair more efficiently compresses the grammar size than RePair in practice and is

especially effective for repetitive data. In this section, we extend MR-RePair to run-

length grammar compression schemes and present a new variant of RePair called RL-

MR-RePair.

4.2.1 Algorithm

Let x be a symbol and k be a natural number such that k ≥ 2. The most frequent

maximal repeat of xk is x2. Conversely, if the most frequent maximal repeat in T is

x2, then T might contain a long repetition of xk. RL-MR-RePair searches run xk in T
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and replaces that run if the most frequent maximal repeat is x2. Otherwise, it works

similarly to MR-RePair. The RL-MR-RePair algorithm is given as Algorithm 1.

4.2.2 Implementation

RL-MR-RePair is implemented similarly to MR-RePair but with an additional hash

the replacement phase (cf., Line 9 in Algorithm 1) to check whether a run has occurred

previously. If the run has already occurred, the replacement phase uses the previous

variable; otherwise, a new variable is required.

Theorem 8. RL-MR-RePair executes in O(n) expected time, where n is the length of

the input text.

Proof. Unlike MR-RePair, RL-MR-RePair must check whether a run is a repeat run

and requires an additional operation for each replacement of the old variable with a new

one. Assuming that the extra hash works in O(1) expected time, the time complexity

of RL-MR-RePair equals to that of MR-RePair; that is, by Theorem 7, RL-MR-RePair

executes in O(n) expected time. 2

Theorem 9. For a given text of length n, let us denote the grammar constructed

by RL-MR-RePair by {Σ, V, s, R}. Then, the space complexity of RL-MR-RePair is

6n + 4|Σ|2 + 4V + ⌈
√
n + 1⌉ − 1 words.

Proof. RL-MR-RePair requires one more space than MR-RePair for the extra hash,

which maintains the length of the runs occurring in the text. As the total length of

such runs is at most n, the hash requires at most n words of space. By Theorem 7,

RL-MR-RePair requires 6n + 4|Σ|2 + 4V + ⌈
√
n + 1⌉ − 1 words of space. 2
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Algorithm 1 RL-MR-RePair

Input: T

Output: G = {V,Σ, s, R}

1: Replace each a ∈ Σ in T with a new variable va and then

add va to V and va → a to R.

2: loop

3: Find the most frequent maximal repeat r.

4: if #occ(r) < 2 then

5: Add s→ T to R.

6: return G

7: end if

8: if r = x2 with variable x then

9: Replace each run xk with a new variable vk and then

add vk to V and vk → xk to R.

10: else

11: if |r| > 2 and r[1] = r[|r|] then

12: r ← r[1..|r| − 1]

13: end if

14: Replace each r in T with a new variable v and then

add v to V and v → r to R.

15: end if

16: end loop
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4.3 Bit Encoding

Let G = {Σ, V, s, R} be a grammar constructed by RePair, MR-RePair, or RL-MR-

RePair, where Σ = {a1, · · · , aσ}, V = {1, · · · , (σ + d + 1)}, s = (σ + d + 1), and

R = {1 → a1, · · · , σ → aσ, (σ + 1) → α1, · · · , (σ + d) → αd, (σ + d + 1) → τ}. In the

following discussion, the right-hand side of each run-length rule vi → vj
k is written as

a symbol sequence 0kvj, where 0 is a special symbol implying that the expression is

the right-hand side of a run-length rule. In this representation, the RLCFG is treated

as a CFG.

Finally, the compressed data are stored as bit sequences. In the most simple en-

coding approach, G is converted to a text, which is then encoded by a general text-

encoding scheme such as i-bit encoding, FBLE, or Huffman coding (e.g., the RePair

implementation by Navarro [70] uses 32-bit encoding). Here, we can convert G to

a1 · · · aσ ⋄α1 ⋄α2 ⋄ · · · ⋄αd ⋄ τ , where ⋄ is a special symbol called a delimiter. Letting g

be the size of G, the length of the resulting text is σ+1+
∑d

i (|αi|+1)+ |τ | = g+d+1.

If the length of each αi is 2, we can reduce the number of delimiters by converting G to

a1 · · · aσ ⋄α1α2 · · ·αd ⋄ τ with length σ+ 1 +
∑d

i |αi|+ 1 + |τ | = g+ 2. This implies that

the final bit sequence of the grammar can be smaller in RePair than in MR-RePair

or RL-MR-RePair, even if the grammar is larger in RePair than in MR-RePair or

RL-MR-RePair.

4.3.1 A Previous Effective Method for RePair

Bille et al. [19, 79] proposed another variant of RePair and an effective encoding for the

variant algorithm. They partially sorted the grammar rules and encoded the grammar

by packed gamma encoding (PGE), defined as follows.
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Definition 4 (PGE). Given a text T and a natural number ε, let D be a sequence

such that ⌈log l1⌉⌈log l2⌉ · · · ⌈log lq⌉, where li is the value of the maximum symbol in

T [j..j + ε − 1] with j = ε(i − 1) and q = ⌊|T |/ε⌋. Also, let Ddelta be a sequence with

first entry Ddelta [1] = D[1] + 1 and remaining entries Ddelta [i] = |D[i] −D[i − 1]| + 1

for 1 < i ≤ q, and let Dpms be a bit sequence with first entry Dpms [1] = 1. For

the remaining entries 1 < i ≤ q, if D[i] ≥ D[i − 1], then Dpms [i] = 1; otherwise,

Dpms [i] = 0. Let S1 and L1 be the symbol sequence and length sequence obtained by

RLE of Ddelta , respectively. Similarly, S2 and L2 are the symbol and length sequences

obtained by RLE of L1, respectively. Then, the PGE encodes T as a bit sequence

consisting of the following five-bit sequences.

1. A gamma-encoded bit sequence of S1.

2. A gamma-encoded bit sequence of S2.

3. A gamma-encoded bit sequence of L2.

4. A bit sequence obtained by representing each symbol T [i] in T by D[⌊i/ε⌋] bits

with 1 ≤ i ≤ |T |.

5. Dpms .

PGE is expected to perform well when symbols in a text have similar values to their

adjacent symbols. Bille et al. [19, 79] applied PGE to RePair as follows; (i) construct

two texts X and Xdelta such that X = max(αi[1], αi[2]) and Xdelta = |αi[1]−αi[2]| (note

that the length of each αi in RePair is 2), (ii) construct a bit sequence Xpms such that

if X[i] is αi[1] then Xpms [i] = 1; otherwise, Xpms [i] = 0, and (iii) store Xdelta , Xpms ,

and the PGE-encoded bit sequence of X. In this encoding scheme, each αi must be of

length 2, which is unsuitable for either MR-RePair or RL-MR-RePair.
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4.3.2 Encoding via Post-Order Partial Parse Tree (POPPT)

A partial parse tree [81] is an ordered tree formed by traversing the parse tree in

a depth-first manner and pruning out all descendants under each node of variables

appearing at least twice. A POPPT [62] is a partial parse tree whose internal nodes

contain post-order variables. A post-order CFG (POCFG) [62] is a CFG whose partial

parse tree is a POPPT. For the compact encoding of general grammars (not only CFGs

with |αi| = 2 for each i), a succinct representation of POCFG is useful.

Takabatake et al. [97]1 encoded POCFG as a succinct representation comprising

a bit sequence B and a text U . B is built by traversing the partial parse tree P

(specifically, a POPPT) of the POCFG in post-order and assigning c 0s and one 1 to

a node with c children. Finally, a single 0 is inserted in B to represent the super node.

The text U stores the symbols of the leaves of P from left to right.

Takabatake et al. [97] mentioned a similar encoding for SLPs developed by Maruyama

et al. [62]. The SLP encoding similarly constructs a bit sequence B and a text U but

builds B by traversing the POPPT in post-order and inserting 0 in B if the node is a

leaf, or 1 otherwise. The constructed B is smaller than that of Takabatake et al. [97].

This method is easily applied to the grammar constructed by RePair with τ decom-

posed as {(σ + d+ 1)→ τ [1]τ [2], (σ + d+ 2)→ (σ + d+ 1)τ [3], · · · , (σ + d+ |τ | − 1)→

(σ+d+|τ |−2)τ [|τ |]}. This decomposition increases the size of the grammar by |τ |, but

does not affect the final representation since the variables (σ+d+1), · · · , (σ+d+|τ |−1)

do not explicitly appear and only the symbols occurring in τ are placed in U .

1To construct a rank/select dictionary, the leaves of the partial parse tree in [97] are marked by an

additional bit sequence. We omit this procedure because our method does not use the bit sequence.
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4.3.3 Combination of POPPT and PGE

Both methods outlined in Section 4.3.2 finally encode U as a bit sequence. In these

methods, each symbol U [i] in the encoded U is represented by ⌈log (i + |Σ|)⌉ bits for

1 ≤ i ≤ |U |. This representation is referred to as increasing bit length encoding (IBLE).

Here, note that U [i] ≤ i + |Σ| holds since in a POPPT, the value of a leaf node is at

most the number of internal nodes in post-order until the leaf node is reached.

As an alternative method for encoding U , we propose a scheme based on PGE. We

expect that PGE will properly encode U since there is a tendency that the values of

the symbols in U are close to those of their adjacent symbols.

4.4 Experiments

This section experimentally compare the performance of RePair, MR-RePair, and RL-

MR-RePair. The measured value were the sizes of the grammars, the execution times

and peak memory usages of the grammar constructions, the sizes of the final compressed

files, and the execution times of encoding the grammars. The tested datasets are listed

in Table 4.1. All datasets were obtained from the Repetitive Corpus produced in

Pizza&Chili Corpus [34]. All tests were conducted on an Intel(R) Core i7-7800 X 3.50

GHz 12-core with 64 GB RAM. The operating system was Linux (Ubuntu 16.04.2,

64bit) running kernel 4.15.0. All programs were compiled by rustc version 1.35.0 with

the --release option.

4.4.1 Grammar Construction

Table 4.2 shows the sizes of the grammars constructed by RePair, RePair(PS), MR-

RePair, and RL-MR-RePair, the execution time of each grammar construction, and
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the peak memory usage of each grammar construction. RePair(PS) is a variant of the

RePair developed in [19]2, which partially sorts the grammar rules in the procedure.

While we stated in Theorem 6 that there is a case in which MR-RePair is theoretically

inferior to RePair, MR-RePair and RL-MR-RePair generally outperformed RePair and

RePair(PS). In particular, RL-MR-RePair constructed the smallest grammars on all

datasets except coreutils and executed faster than MR-RePair on all datasets except

sources.001.2.

4.4.2 Encoding the Grammars

Tables 4.3, 4.4, and 4.5 show the sizes of the files compressed by RePair, MR-RePair,

and RL-MR-RePair, respectively. We tested eight encoding methods by RePair and six

encoding methods by MR-RePair and RL-MR-RePair. The tables give the execution

times of the encoding methods.

32bit, fble, and huffman convert a given grammar to text by the procedure intro-

duced in the exordium of Section 4.3 and encode the text by 32-bit encoding, FBLE,

and Huffman coding, respectively. Note that the number of delimiters in the converted

text is smaller in RePair than in the other methods. 32bit is the simplest conversion

procedure and directly reflects the size of the grammar. However, as shown in the

tables, 32bit is too large for symbol representation. Also, huffman tended to be larger

than fble. We consider that Huffman coding performed poorly because few symbols

occurred repeatedly in the converted text.

For comparison, we also encoded RePair (more precisely, RePair(PS)) by the method

2A program of the algorithm implemented by the authors is available in [79]. For a fair comparison,

we tested our own implementation of the algorithm (the implementation in [79] mainly aims to reduce

the memory usage, which slightly decreases the runtime performance).
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of Bille et al. [19, 79]. The implementation in [79] sets the constant ε to 6 (see Defi-

nition 4), but we found that setting ε = 8 improves the efficiency of the compression

in some cases; thus, we evaluated both ε = 6 (ps+pge6) and ε = 8 (ps+pge8). As

shown in Table 4.3, both ε settings significantly improved the compression efficiency

over methods that convert a given grammar to a text.

Finally, we tested POPPT-based encoding methods for every RePair variant. The

POPPT for RePair was constructed by the method of Maruyama et al. [62], and those

for MR-RePair and RL-MR-RePair were constructed by the method of Takabatake

et al. [97]. In the succinct representation of POCFG, we expressed the text in three

ways; IBLE (poppt+ible), PGE with ε = 6 (poppt+pge6), and PGE with ε = 8

(poppt+pge8). The POPPT-based methods achieved high compression efficiency in

MR-RePair and RL-MR-RePair; in particular, poppt+pge8 achieved the best compres-

sion ratio on all datasets except fib41 and para (in para, poppt+pge6 delivered the

best performance, folloed by poppt+pge8). As shown in Table 4.3, the POPPT-based

methods were effective even on the grammars constructed by RePair.

Table 4.6 summarizes the best compression performances achieved by each RePair

variant in above experiments. For comparison, we also show the compression results of

two famous file compressors, gzip (version 1.6, with the -9 option) and bzip2 (version

1.0.6, with the -9 option). As indicated in the table, RePair effectively compressed the

artificial datasets (A) and the pseudo-real datasets (PR). In contrast, MR-RePair and

RL-MR-RePair performed well on the real datasets (R), and RL-MR-RePair achieved

higher compression efficiency than MR-RePair on all datasets except coreutils.
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4.5 Conclusions

We extended the MR-RePair algorithm to a run-length context-free grammar and de-

signed a novel variant called RL-MR-RePair. In addition, we proposed an encoding

scheme for MR-RePair and RL-MR-RePair and experimentally compared the perfor-

mances of the RePair variants on real repetitive datasets. The experimental results

confirmed the high compression performance of RL-MR-RePair and the proposed en-

coding scheme.
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Table 4.1: Datasets used in the experiments. Here, |Σ| is the alphabet size, representing

the number of different symbols occurring in each dataset. The ”type” describes the

scheme used to generate the dataset: artificially created symbol sequences (A), artifi-

cially generated by adding repetitiveness to real data (PR), or real repetitive data (R).

Name Size (bytes) |Σ| Type Description

fib41 267,914,296 2 A Fibonacci string

dna.001.1 104,857,600 5 PR 100 × 1MiB prefix of human genome

sources.001.2 104,857,600 98 PR 100 × 1MiB prefix of Linux and GCC sources

coreutils 205,281,778 236 R 9 versions of GNU Coreutils source

einstein.en.txt 467,626,544 139 R Edit history of Wikipedia for Albert Einstein

influenza 154,808,555 15 R 78,041 DNA sequences of Haemophilus Influenzae

para 429,265,758 5 R 36 DNA sequences of Saccharomyces Paradoxus

world leaders 46,968,181 89 R CIA World Leaders from Jan. 2003 to Dec. 2009
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Table 4.2: Sizes of the generated grammars, execution times, and peak memory usages of the

grammar constructions. In each constructed grammar G = {Σ, V, s, R}, Σ = {a1, · · · , aσ}, V =

{1, · · · , (σ + d + 1)}, s = (σ + d + 1), and R = {1 → a1, · · · , σ → aσ, (σ + 1) → α1, · · · , (σ + d) →
αd, (σ+d+1)→ τ}. From the top row, each cell represents d, (

∑d
i=0 |αi|), |τ |, and the size of grammar

G. The fifth and sixth rows (separated by a line) state the average runtimes of five executions (in

seconds) and the average peak memory usages of the five executions (in kB), respectively. The best

results are highlighted in bold font.

RePair RePair(PS) MR-RePair RL-MR-RePair
fib41 38 38 38 38

76 76 76 76
3 3 3 3

81 81 81 81
67.163 67.183 81.341 81.162

18,122,200 18,122,220 18,921,276 18,921,412
dna.001.1 261,023 261,239 223,983 223,612

522,046 522,478 485,514 485,251
498,612 498,402 496,566 494,406

1,020,663 1,020,885 982,085 979,662
61.787 61.798 70.493 67.244

7,684,652 7,685,988 7,660,588 7,660,980
sources.001.2 709,174 709,052 400,258 400,213

1,418,348 1,418,104 1,109,686 1,109,548
183,656 183,583 181,393 181,253

1,602,102 1,601,785 1,291,177 1,290,899
64.770 64.924 68.147 69.077

7,708,468 7,708,868 7,620,056 7,619,772
coreutils 1,833,094 1,833,918 436,515 436,443

3,666,188 3,667,836 2,269,133 2,269,393
154,036 154,001 153,622 153,611

3,820,460 3,822,073 2,422,991 2,423,240
122.824 124.309 137.012 128.219

15,529,364 15,529,764 15,226,140 15,225,932
einstein.en.txt 100,681 100,641 49,373 49,221

201,362 201,282 150,105 150,173
62,492 62,580 62,318 62,096
263,993 264,001 212,562 212,408
294.028 293.325 323.260 320.619

25,181,396 25,181,724 24,741,612 24,735,416
influenza 659,560 659,473 427,595 423,419

1,319,120 1,318,946 1,088,157 1,077,405
897,431 898,010 894,544 887,131

2,216,566 2,216,971 1,982,716 1,964,551
87.705 87.819 103.473 98.723

13,240,848 13,242,928 13,228,356 13,109,972
para 3,076,152 3,077,085 1,079,287 1,082,467

6,152,304 6,154,170 4,157,167 4,145,790
1,142,696 1,142,356 1,134,361 1,121,371
7,295,005 7,296,531 5,291,533 5,267,166
248.267 249.652 279.212 260.333

32,160,672 32,165,360 31,602,712 31,603,136
world leaders 209,071 209,079 99,910 98,078

418,142 418,158 309,031 306,091
98,127 98,210 97,712 94,851
516,358 516,457 406,832 401,031
20.214 20.427 23.553 18.586

4,222,924 4,222,713 4,163,532 4,164,368



Table 4.3: Sizes of the files compressed by RePair and the execution times of en-

coding the grammars. In each cell, the first row represents the size (bytes), and the

second row (in parentheses) gives the compression ratio (compressed file size)/(input

file size)×100 (%). The third row (separated by a line) is the average runtime of five

executions (in seconds).

RePair

32bit fble huffman ps+pge6 ps+pge8 poppt+ible poppt+pge6 poppt+pge8

fib41 327 85 251 83 84 50 69 71

(0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000)

0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000

dna 4,082,646 2,296,506 3,211,576 1,783,251 1,778,453 1,957,954 1,906,365 1,911,272

.001.1 (3.8935) (2.1901) (3.0628) (1.7006) (1.6961) (1.8673) (1.8181) (1.8277)

0.085 0.119 0.627 0.078 0.078 0.156 0.166 0.162

sources 6,408,123 4,005,269 6,713,711 2,606,298 2,604,665 2,324,485 2,342,488 2,334,697

.001.2 (6.1113) (3.8197) (6.4027) (2.4856) (2.4840) (2.2168) (2.2340) (2.2265)

0.148 0.214 1.438 0.169 0.167 0.272 0.286 0.283

coreutils 15,281,141 10,028,722 17,020,682 5,655,042 5,657,054 5,451,520 5,469,724 5,461,667

(7.4440) (4.8853) (8.2914) (2.7548) (2.7558) (2.6556) (2.6645) (2.6606)

0.329 0.533 3.867 0.420 0.394 0.688 0.714 0.710

einstein 1,055,564 560,999 938,266 439,083 441,650 375,523 374,902 374,938

.en.txt (0.2257) (0.1200) (0.2006) (0.0939) (0.0944) (0.0803) (0.0802) (0.0802)

0.024 0.031 0.165 0.027 0.027 0.037 0.039 0.038

influenza 8,866,228 5,541,429 7,813,734 4,140,255 4,137,727 4,214,266 4,201,129 4,198,308

(5.7272) (3.5795) (5.0474) (2.6744) (2.6728) (2.7222) (2.7138) (2.7119)

0.189 0.295 1.603 0.203 0.199 0.387 0.409 0.402

para 29,180,014 20,061,278 30,566,314 11,812,763 11,893,263 12,135,356 11,710,363 11,759,392

(6.7977) (4.6734) (7.1206) (2.7519) (2.7498) (2.8270) (2.7280) (2.7394)

0.631 1.053 7.193 0.723 0.712 1.423 1.460 1.455

world 2,065,174 1,161,820 1,953,121 796,540 796,666 741,111 740,316 739,570

leaders (4.3970) (2.4736) (4.1584) (1.6959) (1.6962) (1.5779) (1.5762) (1.5746)

0.046 0.061 0.380 0.049 0.049 0.078 0.081 0.081
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Table 4.4: As for Table 4.3, but showing the size of the files compressed by MR-RePair

and the execution times of encoding the grammars.

MR-RePair

32bit fble huffman poppt+ible poppt+pge6 poppt+pge8

fib41 429 118 264 60 79 78

(0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000)

0.000 0.000 0.000 0.000 0.000 0.000

dna.001.1 4,824,266 2,713,667 3,073,145 1,918,499 1,895,294 1,894,870

(4.6008) (2.5880) (2.9308) (1.8296) (1.8075) (1.8071)

0.096 0.139 0.560 0.144 0.151 0.149

sources.001.2 6,765,455 4,017,172 4,791,544 2,373,197 2,343,157 2,335,164

(6.4520) (3.8311) (4.5696) (2.2633) (2.2346) (2.2270)

0.145 0.217 0.933 0.215 0.219 0.217

coreutils 11,437,333 6,791,346 7,368,357 5,258,079 5,115,689 5,106,577

(5.5715) (3.3083) (3.5894) (2.5614) (2.4920) (2.4876)

0.222 0.363 1.427 0.393 0.403 0.394

einstein.en.txt 1,047,332 523,884 626,349 371,338 363,071 362,624

(0.2240) (0.1120) (0.1339) (0.0794) (0.0776) (0.0775)

0.021 0.027 0.096 0.026 0.028 0.028

influenza 9,641,208 5,724,503 6,427,285 4,123,574 4,071,746 4,064,247

(6.2278) (3.6978) (4.1518) (2.6637) (2.6302) (2.6253)

0.198 0.313 1.253 0.326 0.346 0.351

para 25,483,274 16,723,417 16,887,956 12,117,901 11,269,822 11,306,815

(5.9365) (3.8958) (3.9341) (2.8229) (2.6254) (2.6340)

0.502 0.884 3.565 1.009 1.019 1.005

world leaders 2,026,710 1,076,841 1,275,874 737,552 719,313 717,965

(4.3151) (2.2927) (2.7165) (1.5703) (1.5315) (1.5286)

0.041 0.057 0.226 0.058 0.056 0.056
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Table 4.5: As for Table 4.3, but showing the size of the files compressed by RL-MR-

RePair and the execution times of encoding the grammars.

RL-MR-RePair

32bit fble huffman poppt+ible poppt+pge6 poppt+pge8

fib41 479 118 264 60 79 78

(0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000)

0.000 0.000 0.000 0.000 0.000 0.000

dna.001.1 4,813,090 2,707,381 3,067,205 1,913,276 1,889,730 1,889,630

(4.5901) (2.5820) (2.9251) (1.8246) (1.8022) (1.8021)

0.096 0.144 0.551 0.144 0.150 0.150

sources.001.2 6,764,163 4,016,405 4,789,737 2,372,574 2,342,202 2,334,317

(6.4508) (3.8303) (4.5678) (2.2627) (2.2337) (2.2262)

0.141 0.215 0.929 0.208 0.217 0.216

coreutils 11,438,025 6,791,756 7,367,012 5,258,904 5,115,868 5,106,824

(5.5719) (3.3085) (3.5887) (2.5618) (2.4921) (2.4877)

0.222 0.359 1.330 0.381 0.395 0.393

einstein.en.txt 1,046,112 523,274 624,555 371,298 362,760 362,372

(0.2237) (0.1119) (0.1336) (0.0794) (0.0776) (0.0775)

0.022 0.027 0.097 0.026 0.028 0.028

influenza 9,551,844 5,671,443 6,367,819 4,085,808 4,033,158 4,025,295

(6.1701) (3.6635) (4.1134) (2.6393) (2.6053) (2.6002)

0.192 0.301 1.223 0.318 0.334 0.329

para 25,398,526 16,667,801 16,876,589 12,039,499 11,203,814 11,240,382

(5.9167) (3.8829) (3.9315) (2.8047) (2.6100) (2.6185)

0.501 0.884 3.364 0.933 0.958 0.952

world leaders 1,996,178 1,060,621 1,253,963 727,668 708,711 707,450

(4.2501) (2.2582) (2.6698) (1.5493) (1.5089) (1.5062)

0.040 0.057 0.200 0.055 0.056 0.056
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Table 4.6: Sizes of the files compressed by the gzip, bzip2, and RePair variants (the

methods achieving the highest compression performance are highlighted in bold font).

From top to bottom in each row (datasets) are listed the size (bytes), compression ratio

(compressed file size)/(input file size)×100 (%), and the encoding method.

gzip bzip2 RePair MR-RePair RL-MR-RePair

fib41 1,176,257 14,893 50 60 60

(0.4390) (0.0056) (0.0000) (0.0000) (0.0000)

poppt+ible poppt+ible poppt+ible

dna.001.1 28,486,029 27,385,893 1,778,453 1,894,870 1,889,630

(27.1664) (26.1172) (1.6961) (1.8071) (1.8021)

ps+pge8 poppt+pge8 poppt+pge8

sources.001.2 36,023,271 34,619,138 2,324,485 2,335,164 2,334,317

(34.3545) (33.0154) (2.2168) (2.2270) (2.2262)

poppt+ible poppt+pge8 poppt+pge8

coreutils 49,920,838 32,892,028 5,451,520 5,106,577 5,106,824

(24.3182) (16.0229) (2.6556) (2.4876) (2.4877)

poppt+ible poppt+pge8 poppt+pge8

einstein.en.txt 163,664,285 24,157,362 374,902 362,624 362,372

(34.9989) (5.1660) (0.0802) (0.0775) (0.0775)

poppt+pge6 poppt+pge8 poppt+pge8

influenza 10,636,889 10,197,176 4,137,727 4,064,247 4,025,295

(6.8710) (6.5870) (2.6728) (2.6253) (2.6002)

ps+pge8 poppt+pge8 poppt+pge8

para 116,073,220 112,233,085 11,710,363 11,269,822 11,203,814

(27.0399) (26.1454) (2.7280) (2.6254) (2.6100)

poppt+pge6 poppt+pge6 poppt+pge6

world leaders 8,287,665 3,260,930 739,570 717,965 707,450

(17.6453) (6.9428) (1.5746) (1.5286) (1.5062)

poppt+pge6 poppt+pge8 poppt+pge8
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Chapter 5

Compaction of Natural Numbers

for Higher-Order Compression

In this chapter, we address the problem of compaction of Church numerals. Church

numerals are unary representations of natural numbers on the scheme of lambda terms.

We propose a novel decomposition scheme from a given natural number into an arith-

metic expression using tetration, which enables us to obtain a compact representation

of lambda terms that leads to the Church numeral of the natural number. For natural

number n, we prove that the size of the lambda term obtained by the proposed method

is O((slog2n)(logn/ log logn)). Moreover, we experimentally confirmed that the proposed

method outperforms binary representation of Church numerals on average, when n is

less than approximately 10,000.
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5.1 Introduction

The goal of this chapter is to obtain a compact lambda term (λ-term) that leads to the

Church numeral of a given natural number. Church numerals are unary representations

of natural numbers on λ-terms. Let C(n) be the Church numeral for natural number

n; then C(n) is as follows:

C(n) = λf.λx.

n︷ ︸︸ ︷
f (f · · · (f x) · · · ).

Namely, the length of the Church numeral increases linearly with n. We want a

more compact representation for n in the scheme of λ-terms. We refer to this task as the

compaction of Church numerals. Using a binary representation for n is a natural idea,

which enables to obtain a λ-term whose size is Θ(log n). Another idea is to decompose

n into an arithmetic expression and to represent it as a corresponding λ-term of the

expression. This may reduce the size of the λ-term. For example, n = 500 can be

decomposed into 5 × 10 × 10. The λ-term corresponding to this expression is given

as (λp.λq.λf.λx.p (q (q f)) x) C(5) C(10), which is much smaller than C(500). In this

idea, tetration can be used for the decomposition. Tetration is the next hyperoperation

after exponentiation; it is defined as iterated exponentiation, e.g., the third tetration

of two 32 = 222 = 16. Since a function for calculating ik on Church numerals is written

as a λ-term whose size is O(i + k), the size of the λ-term for n = ik achieves o(log n).

In this chapter, we propose the Recursive tetrational partitioning (RTP) method to

decompose a natural number using tetration. We also present an algorithm to generate

a compact λ-term by using RTP. Moreover, we prove that the size of the obtained λ-

term is O((slog2n)logn/ log logn), where slog2n is super-logarithm, which is the inverse

operation of tetration. It is slightly worse than O(log n), but we also prove that the

size of the λ-term achieves O(slog2n) in some cases, and our experimental result shows
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that our method outperforms a binary representation on λ-term on average, when n is

less than approximately 10,000.

The compaction of Church numerals can be applied to data compression. Kobayashi

et al. [53] proposed a compression method called higher-order compression that uses

extended λ-terms as the data model. Their method translates an input data to a

compact λ-term and then encodes the obtained λ-term. When a pattern consecutively

appears n times in the input, such a part can be represented as a λ-term with C(n).

Thus efficient compaction of C(n) will help for higher-order compression when the data

contains many repetitive patterns.

Yaguchi et al. [104] proposed an efficient algorithm for higher-order compression.

They utilized a simply typed λ-term for efficient modeling and encoding. Differing

from Kobayashi et al.’s method where each context occurring more than once in an

input is extracted, Yaguchi et al.’s method extracts the most frequent context up to a

certain size. They state in [104] that their method often achieves better performance

than a grammar compression [51] with regard to compression ratio. Of course, their

method can also be applied to the compaction of C(n), while it takes time for repeating

context extraction. We confirmed via experiments that our method tends to produce

more compact λ-terms for Church numerals than Yaguchi et al.’s method. Note that

our method can be easily incorporated into Yaguchi et al.’s method.

5.1.1 Contributions

The primary contributions of this chapter are as follows.

1. For natural numbers, we propose a novel decomposition scheme called RTP, which

enables to obtain a compact representation of λ-terms that leads to the Church

numerals of the numbers.
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2. By incorporating RTP, we propose an algorithm to perform the compaction of

C(n) for natural number n. Moreover, we prove that the size of the λ-terms

constructed by the algorithm is O((slog2n)logn/ log logn).

3. We implemented the proposed algorithm and conducted comparative experi-

ments. With regard to the sizes of the obtained λ-terms, the results show that

the method is superior to that of Yaguchi et al. [104] and is also superior to a

binary representation on λ-term on average, when n is less than approximately

10, 000.

5.1.2 Organization

The rest of this chapter is organized as follows. In Section 5.2, we review tetration,

lambda notation, and Church numerals. In Section 5.3, we define the proposed RTP

method and present the translation algorithm using RTP. We also prove the upper

bound of the size of the λ-term produced by our algorithm. In Section 5.4, we discuss

application to higher-order compression and present our experimental result. Conclu-

sions are presented in Section 5.5.

5.2 Preliminaries

This section provides the definitions and notations used in this chapter. We introduce

tetration and super-logarithm and we review λ-terms and Church numerals.
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5.2.1 Tetration and Super-Logarithm

Definition 5 (Tetration). For natural numbers φ and t, the t-th tetration of φ, denoted

by tφ, is recursively defined as follows:

tφ :=

 1 (if t = 0),

φ(t−1φ) (otherwise).

For example, 12 = 2
02 = 21 = 2, 22 = 2

12 = 22 = 4, 32 = 2
22 = 24 = 16, and

42 = 2
32 = 216 = 65536.

The following corollary is easily induced from Definition 5.

Corollary 2. For natural numbers φ and t, it holds that logφ
tφ = t−1φ.

Definition 6 (Super-logarithm). Super-logarithm, denoted by slog, is the inverse op-

eration of tetration, defined as slogφ(tφ) = t with natural numbers φ and t.

The iterated logarithm of n, denoted by log∗ n, is also known as the number of

times the logarithm function must be applied to n before it becomes less than or

equal to 1. For positive numbers, the super-logarithm is essentially equivalent to the

iterated logarithm, i.e., it holds that log∗ n = ⌈slogen⌉ for any n > 0. However, note

that in the O(.)-notation the size of super-logarithm depends on its base, that is,

O(slogan) ̸= O(slogbn) if a ̸= b.

5.2.2 Lambda Terms

Definition 7 (Lambda terms (λ-terms)). Let x be a variable. Then, lambda term

(λ-term) M is defined inductively as follows:

M ::= x | λx.M | M1 M2.
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We call λ-terms formed λx.M and M1 M2 λ-abstraction and functional application,

respectively. Let V1 and V2 be the sets of the variables occurring in M1 and M2,

respectively, then, we identify M1 with M2 if there is an isomorphism from V1 to V2.

M [x1 := M1, x2 := M2, . . . ] denotes the λ-term such that all occurrences of x1, x2, . . .

in M are replaced by M1,M2, . . . , respectively.

We show in parentheses “(“ and “)” the precedence of combining λ-terms. However,

for simplicity, we omit these parentheses based on standard omission rules, that is, we

consider that functional applications are left-associative and prior to λ-abstractions.

For example, we consider M1 M2 M3 as (M1 M2) M3 rather than M1 (M2 M3), and

consider λx.M1M2 as λx.(M1 M2) rather than (λx.M1) M2.

Definition 8 (β-reduction). Let x be a variable, and M1 and M2 be λ-terms. Then, β-

reduction is a relation of λ-terms, denoted by using −→β, such that (λx.M1) M2 −→β

M1[x := M2]. We write −→∗
β for the reflexive transitive closure of −→β.

For example, (λx.M1 x x) M2 −→β M1 M2 M2 because the right-side of −→β

is (M1 x x)[x := M2]. Similarly, (λx.λy.x y y) M1 M2 −→∗
β M1 M2 M2 because

(λx.λy.x y y) M1 M2 −→β (λy.M1 y y) M2 −→β M1 M2 M2.

We define the sizes of λ-terms as follows. The definition can be found in [53].

Definition 9 (Sizes of λ-terms). Let x be a variable and M be a λ-term. Then, we

denote the size of the λ-term by #M , and inductively define the size of each λ-term as

follows:

#x = 1, #(λx.M) = #M + 1, #(M1 M2) = #M1 + #M2 + 1.

For λ-terms M1 and M2, we say that M2 is more compact than M1 if #M2 < #M1.

Compaction of a λ-term M1 means to find a λ-term M2 such that M1 N −→∗
β M ′ and

M2 N −→∗
β M ′ for every N with a λ-term M ′, and #M2 < #M1.
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In this chapter, we assume Word RAM as the computational model. Thus, we

ignore the size of names and pointers when we discuss size and space.

5.2.3 Church Numerals

It is known that natural numbers are represented as Church numerals on λ-terms.

Also, some λ-terms enabling arithmetic operations on Church numerals are provided.

Definition 10 (Church numerals). For natural number n, its Church numeral, denoted

by C(n), is

C(n) := λf.λx.

n︷ ︸︸ ︷
f (f · · · (f x) · · · ).

Corollary 3 (Arithmetic operations on Church numerals). Let n1 and n2 be natural

numbers. Then we obtain three λ-terms Add(n1, n2), Mul(n1, n2), and Tet(n1, n2), such

that Add(n1, n2) −→∗
β C(n1 + n2), Mul(n1, n2) −→∗

β C(n1 · n2), and Tet(n1, n2) −→∗
β

C(n2n1), respectively, as follows:

Add(n1, n2) = (λp.λq.λf.λx.p f (q f x)) C(n1) C(n2),

Mul(n1, n2) = (λp.λq.λf.λx.p (q f) x) C(n1) C(n2),

Tet(n1, n2) = (λp.λf.λx.

n2︷ ︸︸ ︷
p p · · · p f x) C(n1).

As can be seen in Corollary 3, in each λ-term, one λ-abstraction occurs first, and one

or two Church numerals follow it. We call the former λ-abstraction and the following

Church numerals function term and argument terms, respectively. For example, for

Add(n1, n2), (λp.λq.λf.λx.p f (q f x)) is the function term and the following C(n1)

and C(n2) are the argument terms.
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5.2.4 Binary Expression of Natural Numbers on λ-Terms

Instead of Church numerals, we can represent natural numbers on λ-terms based on

binary representation as follows [66].

Definition 11 (Binary representation on λ-terms). For natural number n, assume that

its binary representation is BkBk−1 · · ·B2B1 with Bi ∈ {0, 1} for 1 ≤ i ≤ k. Then, the

binary expression of n on λ-terms, denoted by B(n), is

B(n) := bB1 (bB2 · · · (bBk−1
(bBk

(λx.x))) · · · ),

where b0 = λp.λf.λx.p f (p f x) and b1 = λp.λf.λx.f (p f (p f x)).

For example, the binary expression of 57 is 111001, then its binary expression on

λ-terms is b1 (b0 (b0 (b1( b1 (b1 (λx.x)))))).

Note that B(n) −→∗
β C(n) and #B(n) = Θ(log n) follows Definition 11, while

#C(n) = Θ(n).

5.3 Proposed Method

5.3.1 Basic Idea

Let n be a natural number. As stated in Section 5.1, we can reduce #C(n) by us-

ing decomposition of n into an arithmetic expression. For the example, for n =

500, we can decompose it to an arithmetic expression 5 · 10 · 10 (more precisely,

(5 · 10) · 10). A corresponding λ-term M of the expression is obtained as M =

(λp.λq.λf.λx.p (q f) x) ((λp.λq.λf.λx.p (q f) x) C(5) C(10)) C(10), and its size is

85, while #C(500) = 1003. Here, M −→∗
β C(500). Moreover, we can make M

more compact by combining two λ-abstractions into a single λ-abstraction, such as
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(λp.λq.λf.λx.p (q (q f)) x) C(5) C(10). This also generates C(500) through β-reduction

similar to M , while its size is just 51.

We perform compaction of C(n) in the following three steps.

Step 1. Decompose n into a special form of arithmetic expression, called TAE.

Step 2. Translate the arithmetic expression into a λ-term having the form of M C(φ∗).

Step 3. Apply the above Step 1 and Step 2 for the natural number φ∗ recursively.

For Step 1, we introduce TAEs in Section 5.3.2. For Step 2, we describe a trans-

lation method in Section 5.3.3. There are many ways to achieve decomposition of a

natural number into a TAE, and the size of the translated λ-term changes depending

on the expression. Then, we consider how we effectively obtain a TAE such that the

translated λ-term of the TAE is compact. We propose RTP in Section 5.3.4, which is

a heuristic approach decomposing a natural number into a TAE. Finally, for Step 3,

we discuss further recursive compaction of Church numerals in Section 5.3.5.

5.3.2 Tetrational Arithmetic Expression (TAE)

We define tetrational arithmetic expression (TAE), denote by E, as a special form of

arithmetic expression.

Definition 12 (Tetrational arithmetic expressions (TAEs)). Let N be an arbitrary

natural number. Then, tetrational arithmetic expression (TAE) E is inductively defined

as follows:

E ::= N | E + E | E · E | N2N1.

If the evaluated result of a TAE E is a natural number n, we write E[n] for the

TAE. Especially, let Eφ denote a restricted form of TAE with a natural number φ,
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defined as

Eφ ::= φ | Eφ + Eφ | Eφ · Eφ | tφ,

where t is an arbitrary natural number.

For example, 2 · 3 + 22 is a TAE, which is written as E[10] because its evaluated

result is equal to 10. Similarly, 22 · 2 + 2 is also a TAE written as E2[10].

Informally speaking, reducing the number of natural numbers occurring in TAEs

is effective for compaction of corresponding λ-terms, since it enables to reduce the

number of the kinds of argument terms in the λ-terms; note that we can transform

(λp.λq.λf.λx.p f (q f x)) C(n1) C(n1) to (λp.λf.λx.p f (p f x)) C(n1), for example.

From this point of view, it is expected that the corresponding λ-term of Eφ[n] becomes

compact when n is a multiple of φ. Let r = n mod φ and n̄ = n− r. Thus, we consider

TAE Eφ[n̄] + r instead of Eφ[n] itself.

5.3.3 Translation from TAE to λ-Term

Here, we consider how we translate an TAE Eφ[n̄] to a corresponding λ-term. A simple

method is to translate each arithmetic operation occurring in Eφ[n̄] by using λ-terms

stated in Corollary 3. For example, for E2[200] = 32 · (22 ·2 + 22) + 22 ·2, the translated

λ-term is obtained as

Add(Mul(Tet(2, 3),Add(Mul(Tet(2, 2), 2),Tet(2, 2))),Mul(Tet(2, 2), 2)).

As seen above, the corresponding λ-term seems to become long. However, we can

translate the TAE to a compact λ-term.

Definition 13 (Corresponding functional λ-terms (CFLT)). Let n and φ be natural

numbers. We say a λ-term M is a corresponding functional λ-term (CFLT) of TAE

E[n] if both of the following conditions hold for M :
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1. M has the form of (λp.λf.λx.M̂) C(φ), where M̂ is a λ-term that contains no

Church numerals.

2. M −→∗
β C(n).

For a given TAE E, We denote a CFLT of E by Λ(E).

For example, for E2[200] = 32 · (22 · 2 + 22) + 22 · 2, one of its CFLTs is

Λ(E2[200]) = (λp.λf.λx.p p p (λy.p p (λz.p f z) (p p f y)) (p p (λw.p f w) x)) C(2).(5.1)

The size of the above (5.1) is 48, which is much smaller than #C(200) = 403.

For TAE Eφ, the following lemma holds.

Lemma 4. For any TAE Eφ, its CFLT exists.

Proof. We prove the lemma by induction. Considering λ-terms stated in Corollary 3,

for Eφ = φ and Eφ = tφ, their CFLTs are obtained as

Λ(φ) = (λp.λf.λx.p f x) C(φ) and

Λ(tφ) = (λp.λf.λx.

t︷ ︸︸ ︷
p p · · · p f x) C(φ),

respectively.

Let E
(1)
φ and E

(2)
φ be TAEs. Then, we assume that there are CFLTs of E

(1)
φ and

E
(2)
φ . Moreover, by Definition 13, we assume that Λ(E

(1)
φ ) = (λp.λf.λx.M̂ (1)) C(φ) and

Λ(E
(2)
φ ) = (λp.λf.λx.M̂ (2)) C(φ). Here, CFLTs of Eφ +Eφ and Eφ ·Eφ are obtained as

Λ(E(1)
φ + E(2)

φ ) = (λp.λf.λx.(λy.M̂ (1)[x := y]) ((λy.M̂ (2)[x := y]) x)) C(φ) and

Λ(E(1)
φ · E(2)

φ ) = (λp.λf.λx.(λg.λy.M̂ (1)[f := g, x := y]) (λy.M̂ (2)[x := y]) x) C(φ),

respectively. 2
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For compaction, next we introduce simplification of λ-terms.

Definition 14 (Simplification of λ-terms). Let x be a variable, M1 and M2 be λ-terms,

and −̃→β be a special β-reduction from (λx.M1) M2 to M1[x := M2] which defined only

if at least one of the following holds:

1. x occurs in M1 only once (in other words, x is linear in M1),

2. #M2 = 1.

Then, simplification is reflexive transitive closure of −̃→β.

By using simplification for (λx.M1) M2, we can reduce the size of the λ-term since

#M1[x := M2] = #M1 + #M2 − 1 (if x occurs in M1 only once) or #M1[x := M2] =

#M1 (if #M2 = 1) holds, while #((λx.M1) M2) = #M1 + #M2 + 2.

From the above discussion, we can translate a given TAE Eφ into a compact λ-

term by applying simplification after translating Eφ into the CFLT in the manner of

the proof of Lemma 4. We show the translating algorithm in Algorithm 2. The time

complexity of Algorithm 2 depends on the total number of the occurrences of addition

and multiple in the input TAE.

5.3.4 Recursive Tetrational Partitioning (RTP)

We consider how we obtain an effective Eφ[n̄] for given n̄ and φ in the sense that the

CFLT becomes more compact. Eφ[n̄] is more effective if it consists of fewer arithmetic

operations because the size of the CFLT increases with the number of arithmetic op-

erations occurring in it. For example, for n̄ = 12 and φ = 3, 3 · 3 + 3 is more effective

than 3 + 3 + 3 + 3. We propose recursive tetrational partitioning (RTP), which is a

heuristic method to find such an effective TAE for given n̄ and φ.
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Algorithm 2 Translation from Eφ to its CFLT

Input: Eφ

Output: Λ(Eφ)

1: function translate(Eφ)

2: if Eφ = φ then

3: return (λp.λf.λx.p f x)

4: else if Eφ = tφ then

5: return (λp.λf.λx.

t︷ ︸︸ ︷
p p · · · p f x)

6: else if Eφ = E
(1)
φ + E

(2)
φ then

7: (λp.λf.λx.M̂ (1)) := translate(E
(1)
φ )

8: (λp.λf.λx.M̂ (2)) := translate(E
(2)
φ )

9: return (λp.λf.λx.(λy.M̂ (1)[x := y]) ((λy.M̂ (2)[x := y]) x))

10: else if Eφ = E
(1)
φ · E(2)

φ then

11: (λp.λf.λx.M̂ (1)) := translate(E
(1)
φ )

12: (λp.λf.λx.M̂ (2)) := translate(E
(2)
φ )

13: return (λp.λf.λx.(λg.λy.M̂ (1)[f := g, x := y]) (λy.M̂ (2)[x := y]) x)

14: end if

15: end function

16:

17: M := translate(Eφ)

18: M∗ := the λ-term generated by simplification of M

19: return (M∗ C(φ))
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Definition 15 (Recursive tetrational partitioning (RTP)). Let n and φ ≥ 2 be natural

numbers, and r = n mod φ. Then, recursive tetrational partitioning (RTP) is a method

of decomposing n into Eφ[n− r] + r. Let Tφ[n] denote a TAE generated by RTP, then

RTP recursively decompose n in the manner described as follows:

Tφ[n] :=



n (if n ≤ φ),

kφ · Tφ[pk − rk] + (

rk︷ ︸︸ ︷
kφ + · · ·+ kφ)

+ · · ·+ 1φ · Tφ[p1 − r1] + (

r1︷ ︸︸ ︷
1φ + · · ·+ 1φ) + r (otherwise),

where k is the maximum natural number such that kφ ≤ n, and for 1 ≤ i ≤ k, pi is the

natural number such that 0 ≤ pi · iφ < i+1φ and ri = pi mod φ. Here, if pi − ri = 0 or

1, we omit the corresponding terms or coefficients in the generated TAE, respectively.

For example, for n = 201 and φ = 2, Tφ[n] = T2[201] = 32 · (22 · 2 + 22) + 22 · 2 + 1.

In Definition 15, note that each coefficient (pi − ri) of iφ is a multiple of φ, and then,

each Tφ[pi − ri] generates just Eφ[pi − ri] without any remainder.

Theorem 10. For given natural numbers n and φ ≥ 2, Tφ[n] is uniquely determined.

Proof. We prove the statement by induction. For n ≤ φ, the statement clearly holds.

Otherwise, let k be the maximum natural number such that kφ ≤ n, n̄ = n−(n mod φ),

and P = {pk, pk−1, · · · , p1} be a set such that

k∑
i=1

pi · iφ = n̄. (5.2)

Then, it is sufficient to prove that P is uniquely determined for n̄ since k, n̄, and

each ri are uniquely determined from n, φ, and P . By Definition 15, 0 ≤ pi · iφ < i+1φ

holds for 1 ≤ i ≤ k. We assume that pk is not the maximum natural number such that
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pk · kφ ≤ n̄, then

n̄− pk · kφ ≥ kφ + (n̄ mod kφ) (5.3)

holds. On the other hand,

k−1∑
i=1

pi · iφ <

k∑
i=2

iφ ≤ kφ + (n̄ mod kφ) (5.4)

also holds. By (5.3) and (5.4),
∑k

i=1 pi ·iφ < n̄ holds. However, this contradicts to (5.2).

Therefore, pk must be the maximum one. Similar discussion holds for pk−1, pk−2, · · · , p2,

that is, for 2 ≤ i ≤ k − 1, pi is the maximum natural number such that pi · iφ ≤

n̄ mod i+1φ. By (5.2), p1 is unique if pk, pk−1 · · · , p2 are unique. Hence, P is uniquely

determined for n̄ and k. 2

Theorem 11. For given natural numbers n and φ ≥ 2, there exists a CFLT of Tφ[n].

Proof. By Definition 15, Tφ[n] has form of Eφ[n̄]+r, where r = n mod φ and n̄ = n−r.

By Lemma 4, for Eφ[n̄], there is a CFLT Λ(Eφ[n̄]) = (λp.λf.λx.M̂) C(φ). Then, a

CFLT of Tφ[n] is obtained as

Λ(Tφ[n]) = (λp.λf.λx.M̂ [x := (

r︷ ︸︸ ︷
f (f · · · (f x) · · · ))]) C(φ).

2

For the size of Λ(Tφ[n]), the following two lemmas hold.

Lemma 5. For a given Tφ[n] with natural numbers n and φ ≥ 2, let Na and Nm be

the numbers of addition and multiplication occurring in Tφ[n], respectively. Also, for

tetration n2n1, we call n2 second argument of tetration, then let Nt be the sum of second

arguments of all tetration occurring in Tφ[n]. Then,

#Λ(Tφ[n]) ≤ 14Na + 8Nm + 2Nt + 2r + 2φ + 6
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holds with r = n mod φ.

Proof. By Definition 13, we assume that Λ(E
(i)
φ ) = (λp.λf.λx.M̂ (i)) C(φ). Then, the

following holds:

#Λ(tφ) = #((λp.λf.λx.

t︷ ︸︸ ︷
p p · · · p f x) C(φ))

= 2t + 7 + #C(φ), (5.5)

#Λ(tφ · E(1)
φ ) = #((λp.λf.λx.

t︷ ︸︸ ︷
p p · · · p (λy.M̂ (1)[x := y]) x) C(φ)) (5.6)

= #M̂ (1) + 2t + 7 + #C(φ), (5.7)

#Λ(E(1)
φ + E(2)

φ ) = #((λp.λf.λx.(λy.M̂ (1)[x := y]) ((λy.M̂ (2)[x := y]) x)) C(φ))

= #M̂ (1) + #M̂ (2) + 9 + #C(φ). (5.8)

By Definition 15, Tφ[n] has the form of Eφ+r, where Eφ is TAE inductively defined

as Eφ ::= tφ | tφ ·Eφ | Eφ +Eφ with natural number t. Therefore, by Equations (5.5),

(5.7), and (5.8),

#Λ(Eφ) ≤ 6Na + 4Nm + 2Nt + 3 + 4
∑
i

M̂ (i) + #C(φ)

= 6Na + 4Nm + 2Nt + 3 + 4(2Na + Nm) + #C(φ)

= 14Na + 8Nm + 2Nt + 3 + #C(φ). (5.9)

holds. Note that, in (5.5), (5.7), and (5.8), the constant size 3 arise from λp.M , λf.M ,

and functional application of λ-abstraction and Church numeral C(φ), which do not

appear in higher level λ-term as M̂ (i). Also note that

t︷ ︸︸ ︷
p p · · · p occurring in (5.6) is

the λ-term generated by simplification. Then,

#Λ(Tφ[n]) ≤ 14Na + 8Nm + 2Nt + 2r + 3 + #C(φ)

= 14Na + 8Nm + 2Nt + 2r + 2φ + 6
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Table 5.1: n, #C(n), and #Λ(Tφ[n]) for 8 < n ≤ 15 and φ = 3.

n #C(n) #Λ(Tφ[n]) n #C(n) #Λ(Tφ[n])

9 21 20 13 29 26

10 23 22 14 31 28

11 25 24 15 33 28

12 27 24

follows (5.9). 2

Lemma 6. For a given natural number n > 8, there is a natural number φ such that

2 ≤ φ ≤ ⌊
√
n⌋ and #Λ(Tφ[n]) < #C(n).

Proof. Let φ = ⌊
√
n⌋ and r = n mod φ. By Definition 15, Tφ[n] has the form of

φ · φ + r. Then, since r < φ,

#Λ(Tφ[n]) = #Λ(φ · φ + r)

= #((λp.λf.λx.p (p f) (

r︷ ︸︸ ︷
f (f · · · (f x) · · · ))) C(φ))

= 2r + 2φ + 14

< 4φ + 14

≤ 4
√
n + 14 (5.10)

holds. By (5.10), the statement holds for n > 15 because #C(n) = 2n + 3. For

8 < n ≤ 15, the statement holds when φ = 3. Table 5.1 shows n, #C(n), and

#Λ(Tφ[n]) in such cases. 2
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5.3.5 Further Compaction

Let Λ(Tφ[n]) = M C(φ). Hereinafter, we call M and C(φ) function term and argument

term, respectively, similarly to the λ-terms stated in Corollary 3. Moreover, for a given

natural number n, φ∗ denotes a natural number such that φ∗ ≥ 2 and #Λ(Tφ∗ [n]) is

smaller than any other #Λ(Tφ[n]), where φ ̸= φ∗.

Lemma 6 implies that there is room for more compaction of Λ(Tφ∗ [n]) if φ∗ > 8,

since there is a natural number φ∗
1 ≥ 2 such that #Λ(Tφ∗

1
[φ∗]) < #C(φ∗). This holds

recursively, that is, we can obtain a compact λ-term L(n) such that L(n) −→∗
β C(n)

and #L(n) ≤ #Λ(Tφ∗ [n]) as

L(n) :=

 Λ(Tφ∗ [n]) (if φ∗ ≤ 8),

M L(φ∗) (if φ∗ > 8),

where M is the function term of Λ(Tφ∗ [n]). We show an algorithm generating L(n) for

a given n in Algorithm 3. In line 9, we use Algorithm 2 to obtain Λ(Eφ). Assume that

O(α) is the time complexity of Algorithm 2, then as shown in Algorithm 3, O(α
√
n)

time is required to obtain φ∗ once.

For the size of L(n), the following theorem holds.

Theorem 12. For a given natural number n if there are φ and t such that tφ = n,

then #L(n) = O(slogφn).

Proof. By Definition 15 and Lemma 6,

#L(n) ≤ #Λ(Tφ[n])

= #((λp.λf.λx.

t︷ ︸︸ ︷
p p · · · p f x) C(φ))

≤ #((λp.λf.λx.

t︷ ︸︸ ︷
p p · · · p f x) C(8))

= 2t + 26.
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Algorithm 3 Generation of L(n) for a given natural number n

Input: n

Output: L(n)

1: function generate(n)

2: if n ≤ 8 then

3: return C(n)

4: else

5: φ := 2, φ∗ := φ, minsize :=∞, M := NULL

6: while φ ≤ ⌊
√
n⌋ do

7: r := n mod φ

8: Eφ + r := Tφ[n]

9: ((λp.λf.λx.M̂) C(φ)) := Λ(Eφ)

10: Λ(Tφ[n]) := ((λp.λf.λx.M̂ [x := (

r︷ ︸︸ ︷
f (f · · · (f x) · · · ))]) C(φ))

11: if #Λ(Tφ[n]) < minsize then

12: φ∗ ← φ

13: minsize ← #Λ(Tφ[n])

14: M ← the function term of Λ(Tφ[n])

15: end if

16: φ← φ + 1

17: end while

18: Marg := generate(φ∗)

19: return (M Marg)

20: end if

21: end function

22:

23: return generate(n)
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holds. Since t = slogφn, the statement holds. 2

As seen in the above Theorem 12, by using proposed method, we can obtain L(n)

which is a tetrationally compact expression of C(n) for some n. This is properly smaller

than B(n) which we introduced in Definition 11. However, Theorem 12 refers to only

special cases of n. For general n, the following theorem holds.

Theorem 13. For a given natural number n, #L(n) = O((slog2n)
logn

log logn ).

We need the following lemma to prove Theorem 13.

Lemma 7. For a given natural number n, let Mφ∗ and M2 be function terms of

Λ(Tφ∗ [n]) and Λ(T2[n]), respectively. Then, #Mφ∗ ≤ #M2 holds.

Proof. According to the definition of sizes of λ-terms, #Λ(Tφ∗ [n]) = #Mφ∗+#C(φ∗)+1

and #Λ(T2[n]) = #M2 + #C(2) + 1 holds. Therefore, by definition of φ∗, the following

holds:

#Λ(Tφ∗ [n]) ≤ #Λ(T2[n]) ⇐⇒ #Mφ∗ + #C(φ∗) + 1 ≤ #M2 + #C(2) + 1

⇐⇒ #Mφ∗ −#M2 ≤ #C(2)−#C(φ∗)

⇐⇒ #Mφ∗ −#M2 ≤ 0.

The statement follows the above. Note that, according to Definition 15, Tφ[n] is only

defined for φ ≥ 2. 2

Now we can prove Theorem 13.

Proof of Theorem 13. According to the definition of L(n), we assume that L(n) =

Mφ∗L(φ∗), where Mφ∗ is the function term of Λ(Tφ∗ [n]). According to the definition

of sizes of λ-terms, the following holds:

#L(n) = #Mφ∗ + #L(φ∗) + 1. (5.11)
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First, we consider the size of Mφ∗ . For a given natural number n, we inductively

define a TAE T̂2(n) as follows:

T̂2(n) :=

 n (if n ≤ 2),

k2 · T̂2(pk − rk) + k2 + · · ·+ 12 · T̂2(p1 − r1) + 12 + 2 (otherwise).

where k is the maximum natural number such that k2 ≤ n, and for 1 ≤ i ≤ k, each

pi is the natural number such that 0 ≤ pi · i2 < i+12 and ri = pi mod 2. If pi = 0

or 1, we omit the corresponding terms or coefficients in the TAE, similarly to T2[n].

While T̂2(n) is not E2[n] (since there is a case that the evaluated result of T̂2(n) is not

equal to n), T̂2(n) is clearly a TAE Eφ. Therefore, by Lemma 4, a CFLT Λ(T̂2(n))

exists. By Lemma 5, the upper bound of #Λ(T̂2(n)) depends on the number of the

arithmetic operations occurring in T̂2(n). Let Na and Nm be the numbers of addition

and multiplication occurring in T2[n], respectively. Also, for tetration n2n1, we call

n2 second argument of tetration, then let Nt be the sum of second arguments of all

tetration occurring in T2[n]. Let us denote N̂a, N̂m, and N̂t similarly for T̂2(n). Here,

Na ≤ N̂a, Nm ≤ N̂m, and Nt ≤ N̂t hold, since in T2[n], no terms increase compared to

T̂2(n) while the terms i2 following i2 · T̂2(n) is reduced if ri = 0. Then,

#Λ(T2[n]) ≤ max(#Λ(T̂2(n)))

≤ 14N̂a + 8N̂m + 2N̂t + 11.

follows Lemma 5. Note that (n mod 2) ≤ 1. Let N̂(n) = 14N̂a + 8N̂m + 2N̂t + 11, then

by the above,

#Λ(T2[n]) ≤
k∑

i=1

(14 · 2 + 8 · 1 + 2 · 2i + N̂(pi − ri) + 11)

≤ 2k2 + 13k + kN̂(pk − rk). (5.12)
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holds. We assume that ρ is the depth of the recursion in T̂2(n). Then, kN̂(pk − rk) =

O(kρ) holds.

Therefore, by (5.12),

#Λ(T2[n]) = O(kρ). (5.13)

holds. Here, (k2)ρ ≤ n ⇐⇒ ρ log k2 ≤ log n holds. Thus, by Corollary 2,

ρ ≤ log n

log k2
<

log n

log (slog2n)−12
=

log n

log log n

holds. According to Definition 6, k ≤ slog2n. Then,

#Λ(T2[n]) = O((slog2n)
logn

log logn ) (5.14)

follows (5.13). By Lemma 7, #Mφ∗ is bounded by Λ(T2[n]) since the function term of

Λ(T2[n]) is smaller than Λ(T2[n]) itself. Then, by (5.14), we obtain

#Mφ∗ = O((slog2n)
logn

log logn ). (5.15)

Second, we consider the size of L(φ∗). If φ∗ ≤ 8, it is constant since L(φ∗) = C(φ∗)

and #C(φ∗) ≤ C(8) = 19. Otherwise, #L(φ∗) ≤ Λ(Tφ∗
1
[φ∗]) holds with a natural

number φ∗
1. By the definition of L(n), it recursively holds until φ∗

i ≤ 8. Thus, by

(5.11) and (5.15),

#L(φ∗) = O((slog2φ
∗)

logφ∗
log logφ∗ ) +O((slog2φ

∗
1)

logφ∗
1

log logφ∗
1 )

+ · · ·+O((slog2φ
∗
m)

logφ∗
m

log logφ∗
m ) + m + C (5.16)

holds, where C is a constant and m is a natural number such that φ∗
m ≤ 8. Here, by

Lemma 5, φ∗ ≤ ⌊
√
n⌋, φ∗

1 ≤ ⌊
√
φ∗⌋, φ∗

2 ≤ ⌊
√
φ∗
1⌋, · · · , φ∗

m ≤ ⌊
√
φ∗

m−1⌋ holds, then the

recursion depth m is O(log n). Hence,

#L(φ∗) = O((slog2φ
∗)

logφ∗
log logφ∗ ) +O(log n) + C (5.17)
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follows (5.16). Note that
∑∞

i=1 F (xi) < 2F (x1) holds for function F (x) and natural

number x such that F (xi) ≥ 0 and xi+1 ≤
√
xi for 1 ≤ i.

As a result, by (5.12), (5.15), and (5.17), we obtain

#L(n) = O((slog2n)
logn

log logn ) +O((slog2φ
∗)

logφ∗
log logφ∗ ) +O(log n) + C

= O((slog2n)
logn

log logn )

and the statement holds. 2

5.4 Application to Higher-Order Compression and

Comparative Experiments

We implemented our method stated in Section 5.3, and conducted an experiment com-

pared to the binary expression on λ-terms stated in Definition 11 and λ-terms generated

by using the method stated in [104] (we call the method YKS).

Let B(n) denote the binary expression of n on λ-terms. As seen in Section 5.3,

our proposed method generates a compact λ-term L(n) for a given C(n). While C(n)

has the size of Θ(n), the size of the λ-term L(n) achieves O(slog2n) for some n, as

shown in Theorem 12. However, as shown in Theorem 13, the size of L(n) becomes

O((slog2n)logn/ log logn) for general n, which is greater than that of B(n), Θ(log n). On

the other hand, YKS is a method of higher-order compression, which generates an

extended λ-term for a given text. Here, a text is an element of Σ∗, where Σ is an

alphabet. Let LYKS(n) be the generated extended λ-term by using YKS for a given

text anc with a, c ∈ Σ. Then, we can find that the size of LYKS(n) achieves O(slog2n)

for some n, similarly to L(n).
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We define extended λ-terms following to [104]. We show that the application of

B(n) and L(n) to extended λ-terms is directly possible.

Definition 16 (Extended λ-terms and their sizes). Let x be a variable and a ∈ Σ.

Then, extended λ-term M̃ is defined inductively as follows:

M̃ ::= a | x | λx.M̃ | M̃1 M̃2.

The size of M̃ , denoted by #M̃ , is inductively defined as follows:

#a = 1, #x = 1, #(λx.M̃) = #M̃ + 1, #(M̃1 M̃2) = #M̃1 + #M̃2 + 1.

Similar to normal λ-terms, we define β-reduction, variable replacement notation

M̃1[x := M̃2], and simplification on extended λ-terms. Clearly, we can regard any

normal λ-terms as extended λ-terms.

In higher-order compression, a given text anc is regarded as an extended λ-term

S̃(n) = (

n︷ ︸︸ ︷
a (a · · · (a c) · · · )), then we generate a compact extended λ-term M̃ such

that M̃ −→∗
β S̃(n). From B(n) and L(n), we can obtain extended λ-terms B̃(n) and

L̃(n) such that B̃(n) −→∗
β S̃(n) and L̃(n) −→∗

β S̃(n), respectively, as follows. By

Definition 11 and the definition of L(n), we assume that B(n) = (λp.λf.λx.M̂B) M ′
B

and L(n) = (λp.λf.λx.M̂L) M ′
L. Then, B̃(n) and L̃(n) are obtained as

B̃(n) = (λp.M̂B[f := a, x := c]) M ′
B and L̃(n) = (λp.M̂L[f := a, x := c]) M ′

L ,

respectively. Note that B(n) a c −→∗
β S̃(n) and L(n) a c −→∗

β S̃(n) holds, since

B(n) −→∗
β C(n), L(n) −→∗

β C(n), and C(n) a c −→∗
β S̃(n). Here, B̃(n) and L̃(n) are

the results of simplification for B(n) a c and L(n) a c, respectively.

Figures 5.1 and 5.2 show the experimental results. In both of them, “Binary”,

“YKS”, and “Proposed” denote the methods using the binary expression on λ-terms,
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YKS, and ours, respectively. The horizontal axis shows the repetition number n of

given text anc. Then, we compare the sizes of the generated extended λ-terms by

using these three methods, for the given anc.

In Figure 5.1, the vertical axis shows the sizes of B̃(n), LYKS(n), and L̃(n). The in-

equality #L̃(n) ≤ #B̃(n) holds in 5187 out of 10,000 cases within the range [1, 10000].

The average ratio #L̃(n)/#B̃(n) for the range is approximately 0.9962. Similarly, the

inequality #L̃(n) ≤ #LYKS(n) holds in 5959 cases, and the average ratio #L̃(n)/#LYKS(n)

is approximately 0.9321.

In Figure 5.2, the vertical axis shows the ratio (the average size of cumulative sum

of extended λ-terms from 1 to n)/#B̃(n). That is, Figure 5.2 shows how #LYKS(n)

and #L̃(n) increase compared to #B̃(n) on average. As can be seen, #L̃(n) tends to

be greater than #B̃(n) when n is greater than 10, 000. We consider that it is consistent

with the theoretical upper bound O((slog2n)logn/ log logn), stated in Theorem 13.

5.5 Conclusions

In this chapter, we addressed the problem of compaction of Church numerals. For

given natural number n, by using proposed RTP, we decompose n into an arithmetic

expression, which enables to obtain a compact λ-term leading to the Church numeral

of n. We proved that the size of the obtained λ-term becomes O((slog2n)logn/ log logn).

Moreover, we experimentally confirmed that the λ-terms produced by our method tend

to be smaller than binary expressions on λ-terms on average, when the given number

is less than approximately 10, 000.

The compaction of Church numerals can be applied to higher-order compression,

that uses extended λ-terms as the data model. In the procedure of higher-order com-
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Figure 5.1: Term size for integer n.

Figure 5.2: Average ratio to binary expression.
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pression, a repetitive part in the input can be represented as a λ-term with C(n). Thus,

efficient compaction of C(n) will help for improving the compression performance of

higher-order compression.
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Chapter 6

Conclusions

6.1 Summary

This thesis studied lossless compression methods for repetitive data, namely, repetition-

aware lossless compression techniques. We discussed on three grammar compression

frameworks whose differences are the formal grammars used as the description of the

compressed data. We considered a context-free grammar (CFG), a run-length context-

free grammar (RLCFG), and a functional program described by λ-term in Chapter 3,

Chapter 4, and Chapter 5, respectively.

In Chapter 3, we approached to the problem of repetition-aware compression on

CFG-based grammar compression. We analyzed a famous algorithm, RePair, and on

the basis of the analysis, we designed a novel variant of RePair, called MR-RePair. We

implemented MR-RePair and experimentally confirmed the effectiveness of MR-RePair

especially for highly repetitive texts.

In Chapter 4, we addressed further improvement of compression performance via the

framework of RLCFG-based grammar compression. In the chapter, we designed a com-
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pression algorithm using RLCFG, called RL-MR-RePair. Furthermore, we proposed

an encoding scheme for MR-RePair and RL-MR-RePair. The experimental results

demonstrated the high compression performance of RL-MR-RePair and the proposed

encoding scheme.

In Chapter 5, we studied on the framework of higher-order compression, which

is a grammar compression using a λ-term as the formal grammar. We presented a

method to obtain a compact λ-term representing a natural number. Obtaining a com-

pact representation of natural numbers can improve the compression effectiveness of

repetition, the most fundamental repetitive structure. For given natural number n, we

proved that the size of the obtained λ-term becomes O(slog2n) in the best case and

O(slog2n)logn/ log logn in the worst case.

6.2 Towards the Future

We considered the grammar-based lossless compression problem through using formal

grammars other than a CFG, while a CFG has been mainly used as the dictionary

model. Related to the approach, reconstruction of the hierarchy of formal grammar

for lossless compression may be a most challenging task. The study will include the

establishment of a new formal grammar for efficient grammar compression. Also, other

finer but important future studies related to this work are listed below.

In Chapter 3, we analyzed RePair and defined the greatest size difference of any

two possible grammars that can be generated by RePair for a given text, naming it

GSDRP. We demonstrated that a lower bound of GSDRP is 1
6
(
√

6n + 1+13) for a given

text of length n. We left improving the lower bound and showing an upper bound of

GSDRP as future work.
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In Chapter 3 and 4, we developed RePair variants, MR-RePair and RL-MR-RePair.

As stated in Section 3.1 and 4.1, RePair practically achieves a higher compression ratio

than other existing grammar compression methods. However, like MR-RePair and RL-

MR-RePair, it requires a large space for execution. The working space of RePair was

recently reduced in [20, 83]. Our future study will explore the development of space-

efficient MR-RePair/RL-MR-RePair algorithms.

In Chapter 5, we discussed the size of the obtained λ-term by the proposed method.

However, we have not proved the lower bound of the size in the worst case; it remains

future work. Furthermore, in data compression, data models are finally encoded in bit

sequences. For bit encoding of λ-terms, Tromp [100] proposed a method for untyped

λ-terms. Recently, Takeda et al. [99] proposed an efficient encoding scheme for simply-

typed λ-terms. Finding an efficient bit encoding for our method is another interesting

challenge.
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