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Combination of sensitivity-based and random sampling-based methodologies

for efficient uncertainty quantification calculations with control variates

method

Shunsuke Nihira1 , Go Chiba1 ∗

1Hokkaido University, Kita-ku, Sapporo 060-8628, Japan

A combined method of the sensitivity-based and random sampling-based methodologies

is proposed for efficient uncertainty quantification calculations. The proposed method is

based on the control variates (CV) method, in which a mean value of a target parame-

ter can be estimated efficiently with a help of a mockup parameter whose mean value is

well known. Standard deviations can be also efficiently estimated from two mean values

of stochastic parameters; a target parameter itself and its square. In the present work,

the CV method is applied to a toy problem, in which a linear approximation to a target

parameter is regarded as a mockup parameter. This case corresponds to our proposed

method to combine the sensitivity-based and random sampling-based methodologies. Nu-

merical results reveal that the proposed method efficiently works. As a preliminary test of

application of our proposed method to realistic problems, nuclear fuel burnup calculations

are considered, and uncertainties of nuclides number densities after burnup are calculated.

Uncertainties of number densities of cesium-134 and europium-151 are calculated by the

proposed method, and it is demonstrated that we can carry out uncertainty quantifica-

tion calculations more efficiently with our proposed method than with the normal random

sampling method.
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1. Introduction

Uncertainty quantification in numerical simulation has been one of important research

subjects in the field of reactor physics, and various works especially about nuclear data-

induced uncertainties have been conducted so far. There are mainly two methodologies for

nuclear data-induced-uncertainty quantification; one is a sensitivity-based methodology

and the other is a random sampling-based methodology. The sensitivity-based methodol-

ogy was mainly adopted in the past, but as computer power has become significant, the

random sampling-based methodology, which is based on the Monte Carlo method, now be-

comes a standard method in uncertainty quantification calculations. The random sampling

method to estimate statistical quantities of target parameters is very simple and can be

applied to various problems[1,2]. One of great advantages of the random sampling-based

methodology is that it can handle with non-linear problems, which cannot be with the

sensitivity-based methodology. On the other hand, the random sampling-based method-

ology requires high computational cost to obtain numerical results with small statistical

uncertainties. Reduction technique of these statistical uncertainties inherent to the ran-

dom sampling method is important, and several efficient sampling methods such as the

Latin hypercube sampling have been proposed[1].

The control variates (CV) method[3] is one of variance reduction methods in Monte

Carlo calculations. With this method, one can efficiently estimate a mean value of a target

parameter by using another parameter whose mean value is well known and is highly

correlated to the target parameter. Efficiency of the CV method depends on this similarity,

and high efficiency is expected when one can prepare a parameter whose similarity to the

target parameter is high.

In the field of reactor physics, an attempt about application of the CV method to

uncertainty quantification calculations were initially made by Shiba, Iwahashi and other

co-authors[4,5] as far as the present authors’ knowledge. They have shown that both the
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mean values and standard deviations can be accurately estimated from a small number

of samples by adopting the CV method. Numerical results about infinite multiplication

factors in fresh and burned fuel assemblies and number density of plutonium-239 in burned

nuclear fuels have been presented, and it has been demonstrated that efficient estimation

of uncertainties of these parameters/quantities become possible if parameters similar to

the target parameters can be prepared.

This work about the application of the CV method to uncertainty quantification calcu-

lations has led us to a new idea; uncertainty quantification calculations with the random

sampling-based methodology can be accelerated by use of results of the sensitivity-based

methodology by adopting the CV method. Based on this idea, the present paper newly

proposes a combined method of the random sampling-based and sensitivity-based method-

ologies for efficient uncertainty quantification calculations, and presents some results of

simple toy problems and preliminary test calculations for realistic problems.

The present paper is organized as follows. In Section 2, the fundamental theory of the

CV method is described. Detailed procedure to estimate standard deviations of stochastic

parameters from a finite number of samples with the CV method has not been presented

in the previous works[4,5], so it is described in this section. In Section 3, numerical results

of toy problems and nuclear fuel depletion problems are presented, and finally the present

study is concluded in Section 4.

2. Theory of control variates method

2.1. Mean value estimation

Here let us consider a stochastic parameter X (a target parameter), which we attempt

to estimate its mean value, and consider another stochastic parameter Y (a mockup

parameter) whose mean value and variance are well known and is highly correlated to X.

Also, let mean value and variance of X denoted to as E[X] and V [X]. Remember that
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E[Y ] and V [Y ] are assumed well known.

Now consider a parameter H which is defined as H = X − αY . A mean value of H,

E[H], can be written as

E[H] = E[X]− αE[Y ]. (1)

This equation suggests that E[X] can be efficiently estimated as E[H]+αE[Y ] if variance

of H, V [H], is adequately small because variance of E[H] is proportional to V [H]. V [H]

can be expressed by using covariance between X and Y , Cov[X, Y ], and V [X] as

V [H] = V [X − αY ] = V [X] + α2V [Y ]− 2αCov[X, Y ], (2)

and a condition of minimization of V [H] can be given as

∂V [H]

∂α
= 0. (3)

From the above equations, we can derive

α =
Cov[X, Y ]

V [Y ]
. (4)

When we use the above α, V [H] can be written as

V [H] = V [X]−
Cov[X, Y ]

V [Y ]
=

(

1− Corr[X, Y ]2
)

V [X], (5)

where Corr[X, Y ] is a correlation coefficient between X and Y . Since square of a correla-

tion coefficient must be in a range of [0,1], V [H] is smaller than V [X] if the correlation

coefficient is non-zero. This means that statistical uncertainty of E[H] should be smaller

than E[X], so we can efficiently estimate E[X] from E[H] instead of estimating E[X]

directly.

A procedure to estimate a mean value by the CV method can be described as follows:

(1) Let us assume that E[Y ] and V [Y ] are well known.

(2) A finite number of samples of X and Y are prepared.

(3) From these samples of X and Y , covariance between X and Y is calculated and

α is obtained with Equation (4). Here we have two options about V [Y ]; a rigorous
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value and an estimated value from the samples. In the present study, we will use

the estimated value for V [Y ] to keep consistency between Cov[X, Y ] and V [Y ]. This

will be discussed later.

(4) Samples about H = X − αY are calculated, and from these samples E[H] is calcu-

lated.

(5) E[X] is estimated as E[H] + αE[Y ].

2.2. Variance estimation

The CV method can be applied not only to mean value estimation but also to variance

estimation as follows. Variance of X can be presented with mean values of X and X2 as

V [X] = E[X2]− (E[X])2 . (6)

Now we know that estimation of a mean value of any stochastic parameters can be effi-

ciently carried out with the CV method, so this concept can be directly applied to variance

estimation based on Eq. (6). In order to estimate E[X2] by the CV method, we define H̄

as

H̄ = X2
− βY 2, (7)

and a mean value of X2 can be written as

E[X2] = E[H̄] + βE[Y 2]. (8)

The coefficient β is defined so as to minimize V [H̄] as

β =
Cov[X2, Y 2]

V [Y 2]
. (9)

A procedure to estimate variance by the CV method can be described as follows:

(1) Let us assume that E[Y ] and V [Y ] are well known. In this situation, E[Y 2] is also

well known because E[Y 2] = V [Y ] + (E[Y ])2.

(2) A finite number of samples of X and Y are prepared.
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(3) From these samples of X and Y , covariance between X2 and Y 2 is estimated and

β is obtained with Equation (9). Here we have to use V [Y 2] estimated from the

samples because we do not know a rigorous value of V [Y 2] generally.

(4) Samples about H̄ = X2
− βY 2 are calculated, and from these samples E[H̄] is

calculated.

(5) E[X2] is obtained with Equation (8), and finally V [X] can be estimated as V [X] =

E[X2]− (E[X])2, where E[X] is estimated also with the CV method.

2.3. Use of results by sensitivity-based methodology as mockup parameters

As described in the preceding sections, we are now focusing on quantifications of nu-

clear data-induced uncertainties in reactor physics parameters. Under this circumstance,

input stochastic parameters are nuclear data and output stochastic parameters are reactor

physics parameters. In the sensitivity-based methodology, linearity is assumed between

input stochastic parameters to output stochastic parameters, but generally this linearity

is not guaranteed in every reactor physics problems. However, when we consider fictitious

output stochastic parameters which linearly depend on input parameters, these fictitious

parameters can be good mockup parameters of the output parameters. With sensitiv-

ity coefficients of output parameters with respect to input parameters, mean values and

standard deviations of the fictitious output parameters can be accurately calculated with

the uncertainty propagation formula, and also calculations of fictitious output param-

eters from samples can be carried out quite easily without any computational burden.

Here we propose to use these fictitious parameters in the CV method to perform efficient

estimations of statistical quantities of target stochastic parameters.
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3. Numerical results

3.1. Toy problem of correlated two parameters

Here we consider two stochastic parameters X and Y . These are described by the

Gaussian distribution and correlated to each other. Mean values and standard deviations

are determined as (0.5, 0.25) for X, and (1.0, 0.5) for Y . In order to adopt the CV method,

X is regarded as a target parameter whose statistical quantities are unknown, and Y is

a mockup parameter whose statistical quantities are well known. A correlation coefficient

between X and Y is assumed 0.95. Statistical quantities such as a mean value and a

standard deviation of X are estimated from a finite number of samples. Uncertainties of

the estimated statistical quantities are calculated from 100 sets of estimated statistical

quantities; 100 sets of independent random sampling calculations with a certain num-

ber of samples to estimate statistical quantities are carried out. Figures 1 and 2 show

mean value and standard deviation of X estimated with the normal random sampling

method and the CV method. Error bars indicate 1σ uncertainties of estimated statistical

quantities.

[Figure 1 about here.]

[Figure 2 about here.]

In both the mean value and the standard deviation, uncertainties of these estimations

become small if the number of samples increases, and uncertainties of these estimations

by the CV method is smaller than those by the normal random sampling method. This

shows effectiveness of the CV method.

As mentioned in the preceding section, we have another choice about V [Y ] in calculat-

ing α. As a default procedure, we utilize V [Y ] estimated from samples to keep consistency

to Cov[X, Y ] which is numerator of α, but it is also possible to use the rigorous value of

V [Y ]. Here calculations with this different option for α calculations are carried out. To

quantify the efficiency of the CV method, a new quantity, uncertainty reduction, is defined
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as a ratio of uncertainty of estimations by the CV method to that by the normal random

sampling method. Results are shown in Figure 3.

[Figure 3 about here.]

A case 1 is the default case, and a case 2 is the case with the other option for α calculations.

It is clearly shown that the case 1 gives much smaller uncertainties than the case 2,

especially when the number of samples is small. Further deep investigation about this

still remains as a future subject, but in the following calculations, we will continue to use

the default procedure: the case 1.

Next, dependence of uncertainty reduction on correlation between a target parameter

and a mockup parameter is investigated. Figure 4 shows uncertainty reduction under

the same numerical conditions with different correlation coefficients.

[Figure 4 about here.]

These figures tell us two things. One is that uncertainty reduction strongly depends on

correlation coefficients. This result suggests that it is necessary to choose a mockup pa-

rameter whose correlation to a target parameter is at least around 0.9. The other is that

uncertainty reduction doesn’t depend on the number of samples. This means that we

can grasp performance of the CV method by using results obtained only from a certain

number of samples.

In the above calculations, mean values and standard deviations of X and Y are deter-

mined so as to give the same relative standard deviation. Here we examine dependence of

uncertainty reduction on mean values and standard deviations of X and Y .

We change a mean value and a standard deviation of X in the ranges of [0.25, 0.75]

and [0.125, 0.375], respectively, and the same calculations are carried out. Figure 5 shows

uncertainty reduction of standard deviations of X. It is shown that uncertainty reduction

effect generally becomes small when a mean value and a standard deviation of X become

apart from their original values. The same calculations are conducted when a mean value
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and a standard deviation of Y are changed in the ranges of [0.5, 1.5] and [0.25, 0.75],

respectively. Figure 6 shows uncertainty reduction of a standard deviation of X in these

calculations, and the similar trend with Figure 5 can be observed.

[Figure 5 about here.]

[Figure 6 about here.]

The above results are re-plotted with relative difference between relative standard

deviations of X and Y in Figure 7. Generally it can be said that uncertainty reduction

significantly depends on difference in relative standard deviations between target and

mockup parameters.

[Figure 7 about here.]

3.2. Toy problem for the CV method with linear approximation results as

mockup parameters

Here we consider two stochastic parameters X and Y , and those depend on a common

stochastic parameter Z which is described by the Gaussian distribution and whose mean

value and standard deviation are 1.0 and 0.5, respectively. When a sample of Z is presented

as z, corresponding samples of X and Y , x and y, are written as

x = z + Sz2, (10)

y = z. (11)

To adopt the CV method to this problem, we assume that X is a target parameter and Y

is a mockup parameter, so a mean value and a standard deviation of Y are assumed well

known. It is expected that the performance of the CV method depends on S in Eq. (10),

so calculations with the CV method are carried out with different values of S. Frequency

distribution functions of X with different values of S based on results with a large number

of samples are shown in Figure 8. It is clearly shown that the frequency distribution is
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distorted when the second-order effect, a value of S, is large.

[Figure 8 about here.]

A standard deviation of X is estimated from a finite number of samples with the

normal random sampling method and the CV method in which a mockup parameter

is Y . Uncertainty of the estimated standard deviations are calculated from 100 sets of

random sampling calculations with a certain number of samples as the preceding section.

Figure 9 shows standard deviations in the case of S=0.2. Significant reduction of the

uncertainty in estimated standard deviations by the CV method is observed. Figure 10

shows uncertainty reduction of standard deviations with different values of S. As the

second-order effect becomes large, uncertainty reduction effect becomes small, but it still

be around 0.2 even though S is 0.2. Correlation coefficients between X and Y are 0.999,

0.998 and 0.995 in the cases of S=0.05, 0.1 and 0.2.

[Figure 9 about here.]

[Figure 10 about here.]

In the above calculations, uncertainties of estimated statistical quantities are cal-

culated through 100 sets of random sampling calculations, but this approach becomes

impractical when we adopt the CV method to realistic problems in which calculations

of a target parameter require heavy computational burden. Here we use the bootstrap

method in order to simply estimate uncertainties of statistical quantities only from one

set of random sampling calculations[6, 7]. In the present work, we apply the following

simple procedure based on the bootstrap method; when we estimate uncertainties of sta-

tistical quantities obtained from N samples, N bootstrap replicates, which are chosen

randomly from the original N samples, are generated, and E[X], E[X2] and V [X] are

calculated from these N samples. This calculation is performed 1,000 times, so 1,000 sets

of the bootstrap replicates are generated, and 1,000 sets of E[X] and V [X] are obtained.

Standard deviations calculated from these 1,000 sets of E[X] and V [X] can be approxi-
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mately regarded as standard deviations of E[X] and V [X] estimated with the CV method

from N samples. With this procedure, we can roughly estimate uncertainties of estimated

statistical quantities without direct calculations of additional sets of samples.

Uncertainties of estimated standard deviations in the toy problem of this subsection

are estimated by this simple bootstrap method and results are compared with reference

ones, which are calculated from 100 sets of statistical quantities estimated from random

sampling calculations. Because uncertainties obtained with the simple bootstrap method

should include uncertainties, estimations by this method are carried out three times with

different random seeds. Results of standard deviations of estimated sample standard de-

viations are shown in Figure 11 with different values of S. These figures suggest that our

bootstrap procedure tends to underestimate uncertainties of estimated statistical quan-

tities if the number of samples is less than 1,000, but it can roughly estimate these

uncertainties if the number of samples is over 1,000. This bootstrap procedure will be

adopted to calculations in the following section.

[Figure 11 about here.]

3.3. Preliminary application to nuclear fuel burnup problems

Finally the proposed method to combine the sensitivity-based and random sampling-

based methodologies is applied to nuclear fuel burnup problems in this section. This is

just a preliminary test, and extensive application test is required in future.

Nuclides number densities after burnup of 45GWd/t of a UO2 fuel pin-cell with

uranium-235 enrichment of 4.1wt% are concerned, and uncertainties of nuclides num-

ber densities induced by nuclear data are estimated by the proposed method. Nuclear fuel

burnup calculations are carried out with a reactor physics code system CBZ, which is un-

der development at Hokkaido University. Verification of CBZ against nuclear fuel burnup

calculations has been well demonstrated in our previous work[8]. Sensitivities of nuclides
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number densities after burnup with respect to nuclear data are calculated by the depletion

perturbation theory capability of CBZ[9]. Fission yields data and radioactive decay data

of fission product (FP) nuclides are taken from an updated version of JENDL FP yields

data file-2011(JENDL/FPY-2011) and FP decay data file-2011(JENDL/FPD-2011)[10],

in which nuclear data of 1,400 FP nuclides are evaluated. Covariance data on decay half-

lives, decay branching ratios and independent fission yields provided in these files are

considered in our calculations. Correlations in fission yields among FP nuclides belong-

ing to the same mass chain are considered by the method presented in the reference[10].

One-hundred percent standard deviation is assumed to nuclear data to which covariance

data are not provided in these files. Capture, fission and (n,2n) reaction cross section

uncertainties of twenty important actinoid nuclides, which are given in JENDL-4.0[11],

are also considered.

In this calculation, relative perturbation amounts of half-lives, decay branching ra-

tios, independent fission yields and reaction cross sections are sampled based on their

covariance matrices and these nuclear data are changed according to these perturbation

amounts. A simplified burnup nuclide chain consisting of 138 FP nuclides is generated

from these perturbed nuclear data to reduce computational time, a fuel depletion cal-

culation with this simplified chain is carried out, and finally samples about concerned

quantities are obtained. In this random sampling process, negative values of nuclear data

and negative number densities are allowed. At the same time, these perturbation amounts

of nuclear data are used to calculate mock-up samples of concerned quantities. Here a rel-

ative perturbation amount of nuclear data i, σi, is denoted to as δi. Based on a linear

assumption, a mock-up sample of a concerned quantity p can be calculated as

p = p̄+
∑

i

(

dp

dσi

·

σi

p

)

δi, (12)

where p̄ is an original value calculated from unperturbed nuclear data and

(

dp

dσi

·

σi

p

)

is

a sensitivity of p with respect to σi.
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In this preliminary calculation, uncertainties of number densities of cesium-134 and

europium-151 are concerned. Cesium-134 is chosen because of its importance in short-

term decay heat, and europium-151 is chosen because non-linear effect on nuclear data has

been observed in our previous study[12]. Relative standard deviations of number densities

of these two nuclides after burnup of 45 GWD/t calculated with the normal random

sampling method and our proposed method are shown in Figures 12 and 13. Error

bars indicate 1σ uncertainties calculated by the simple bootstrap method. In addition,

uncertainty reductions in these standard deviations are shown in Figure 14. In both

the nuclides, uncertainty reduction can be attained by the proposed method and it is

clearly shown that our proposed method is promising. The uncertainty reduction is more

significant in the cesium-134 case than in the europium-151 case. This can be explained by

a difference in correlation coefficients between the rigorous model and the linear model;

0.999 in cesium-134 and 0.988 in europium-151. A difference in standard deviations of

the europium-151 number densities is observed in the result with 10,000 samples between

the normal sampling method and the proposed method. This difference is smaller than

2σ of uncertainties estimated by the simple bootstrap method. If we consider ambiguity

inherent to the bootstrap method and that caused by our simple procedure, this difference

can be regarded reasonable at present.

[Figure 12 about here.]

[Figure 13 about here.]

[Figure 14 about here.]

4. Conclusion

A combined method of the sensitivity-based and random sampling-based methodolo-

gies has been proposed for efficient uncertainty quantification calculations. The proposed

method is based on the CV method, in which a mean value of a target parameter can be
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estimated efficiently with a help of a mockup parameter whose mean value is well known.

The application of the CV method to uncertainty quantification calculations has been car-

ried out by the other research group, but its theoretical detail has not been presented, so it

has been described in the present paper. Standard deviations can be efficiently estimated

from two mean values of stochastic parameters; one is a target parameter itself and the

other is its square. In the present work, the CV method has been applied to a toy problem

with two stochastic parameters which are highly correlated to each other, and effective-

ness of the CV method in uncertainty quantification calculations has been demonstrated.

Then, the CV method has been applied to another toy problem, in which a linear approx-

imation to a target parameter is regarded as a mockup parameter. This case corresponds

to our proposed method to combine the sensitivity-based and random sampling-based

methodologies. Numerical results have revealed that the proposed method has efficiently

worked, and some parameter surveys have been carried out to understand the feature of

the proposed method. Finally, as a preliminary test of application of our proposed method

to realistic problems, nuclear fuel burnup calculations have been considered, and uncer-

tainties of nuclides number densities after burnup have been calculated. Uncertainties

induced by various types of nuclear data such as decay half-lives, decay branching ratios,

fission yields and neutron-nuclide reaction cross sections have been taken into account.

Uncertainties of number densities of cesium-134 and europium-151 have been calculated

by the proposed method, and it has been demonstrated that we can carry out uncer-

tainty quantification calculations more efficiently with our proposed method than with

the normal random sampling method.

Through the present study, it can be concluded that our proposed method is promis-

ing. Extensive application tests of our proposed method to wide ranges of problems are

necessary and are now under progress. This work includes adoption of more reliable boot-

strap method than the present simple one, and trial to adopt much more simplified model,
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such as pin-cell model for fuel assembly model, instead of rigorous target model in mockup

parameter calculations.
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Figure Captions

Figure 1 Mean values estimated from samples

Figure 2 Standard deviations estimated from samples

Figure 3 Uncertainty reduction in estimations of mean value and standard deviation

Figure 4 Dependence of uncertainty reduction in estimations of mean value and

standard deviation on correlation coefficients C

Figure 5 Uncertainty reduction in estimations of standard deviation with differ-

ent conditions for a target parameter

Figure 6 Uncertainty reduction in estimations of standard deviation with differ-

ent conditions for a mockup parameter

Figure 7 Uncertainty reduction in estimations of standard deviation with relative

difference in relative standard deviations between target and mockup

parameters

Figure 8 Frequency distribution functions of target parameters with different

value of S

Figure 9 Standard deviations for non-linear problem in the case of S=0.2

Figure 10Uncertainty reduction of standard deviation estimated by the CV

method for non-linear problem
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Figure 11 Standard deviation of estimated sample standard deviation calculated

by the bootstrap method for non-linear system

Figure 12 Standard deviation of cesium-134 number density after burnup

Figure 13 Standard deviation of europium-151 number density after burnup

Figure 14Uncertainty reduction in standard deviation of cesium-134 and

europium-151 number density after burnup
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Figure 1 Mean values estimated from samples
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Figure 2 Standard deviations estimated from samples
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correlation coefficients C
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Figure 5 Uncertainty reduction in estimations of standard deviation with different conditions for a

target parameter
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Figure 6 Uncertainty reduction in estimations of standard deviation with different conditions for a

mockup parameter
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Figure 7 Uncertainty reduction in estimations of standard deviation with relative difference in relative

standard deviations between target and mockup parameters
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Figure 9 Standard deviations for non-linear problem in the case of S=0.2
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Figure 10 Uncertainty reduction of standard deviation estimated by the CV method for non-linear

problem
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Figure 11 Standard deviation of estimated sample standard deviation calculated by the bootstrap

method for non-linear system
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Figure 12 Standard deviation of cesium-134 number density after burnup
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Figure 13 Standard deviation of europium-151 number density after burnup
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Figure 14 Uncertainty reduction in standard deviation of cesium-134 and europium-151 number density

after burnup

S. Nihira and G. Chiba

Combination of sensitivity-based and random sampling-based methodologies for efficient

uncertainty quantification calculations with control variates method

33


