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Normal trace for vector fields of bounded mean

oscillation

Yoshikazu Giga and Zhongyang Gu

Abstract

We introduce various spaces of vector fields of bounded mean oscillation (BMO) defined
in a domain so that normal trace on the boundary is bounded when its divergence is well
controlled. The behavior of “normal” component and “tangential” component may be dif-
ferent for our BM O vector fields. As a result zero extension of the normal component stays

in BMO although such property may not hold for tangential components.

Keywords: BM O, normal trace, duality, Jones’ extension, Triebel-Lizorkin space.

1 Introduction

One of basic questions on vector fields defined on a domain Q in R™ is whether the normal
trace is well controlled without estimating all partial derivatives when the divergence is well
controlled. Such a type of estimates is well known when a vector field is LP (1 < p < o0) or L.
Here are examples. Let €2 be a bounded domain with smooth boundary I". Let n denotes its
exterior unit normal vector field on I'. For simplicity we assume that a vector field v satisfies

divw = 0. Then there is a constant C' independent of v such that

HU ) nHW*Up,p(F) < CHUHLP(Q) (1)

[v - nf| oo (ry < Cllol L ()- (2)

Here W*P denotes the Sobolev space which is actually a Besov space B, , for non-integer s.
The first estimate is a key to establish the Helmholtz decomposition of an LP vector field; see
e.g. [FM]. The second estimate is important to study for example total variation flow; see e.g.
[ACM, Appendix C1]. These estimates (1), (2) hold for various domains including the case that
(1 is a half space R} i.e.,

R} = {(z1,...,2n) | 20 > 0}.

Our goal in this paper is to extend (2) by replacing [|v|[ ) by some BMO type norm.

{N1}
{n2}



However, it turns out that the normal trace of divergence free BM O vector fields may not be

bounded. Indeed, consider

v= (!0, vl(z)=0%() =log|r; —zs|. = (21,22) € R

This vector field is in BMO(R?) and it is divergence free in distribution sence. Indeed,

1 - -
| v Vodo =3 [ oglcl((@— 005+ (0, +0,)5) dédy = o
R? R?

(=x1 —x2, N=21+ T

for all compactly supported smooth function ¢, i.e., ¢ € C*(R?). Here, (¢,n) = Lp((C +
n)/2,(n—¢)/2). However, if we consider @ = R% and I' = {z; = 0}, then v-n = —vy on I' is
clearly unbounded. This example indicates that we need some control near the boundary. Such
a control is introduced in [BG], [BGS], [BGMST], [BGST]. More precisely, for f € LL (),

v € (0,00] they introduced a seminorm

[Flo = sup{?‘" /ﬂmB ( )\f(y)\ dy

where B, (x) denotes the closed ball of radius r centered at x. For u € (0, 00] they define

zel, 0<7’<1/},

1
[flBrrow = sup {!BT(IL’N o |f = fB @) dy ‘ By (z) CQ, r< M} ;

1
where fp = @ / f(y) dy, the average over B; here |B| denotes the Lebesgue measure of B.
B
The BMO type space BM Og‘ " introduced in these papers is the space of f € Li (Q) having

loc
finite

Il Brromr == [flBrror + [l -

This space is very convenient to study the Stokes semigroup in [BG|, [BGS], [BGMST], [BGST]
as well as the heat semigroup [BGST]. One of our main results (Theorem 25) yields

[l pee(ry < Cllvll paros (3) {n3}

for any p,v € (0, 00] for any uniformly C'*# domain.

However, for applications, especially to establish the Helmholtz decomposion BM Ol’: ¥ norm
for all components in too strong so we would like to estimate by a weaker norm. We only use

b” seminorm for normal component of a vector field v. To decompose the vector field let dg(x)



be the distance of x € 2 from the boundary I, i.e.,
do(z) :=inf{|z —y| |y €T}.

If © is uniformly C2, then dg is C? in a d-tubular neighborhood I's of I' for some § < R,, where
R, is the reach of I' [GT, Chapter 14, Appendix], [KP, §4.4]; here

Ls5:={z € Q| da(z) <}
Instead of (3), our main results (Theorem 21, 22) together with Theorem 9 read:
[o- 0| Loy < C([v]Baron + [Vdg - v]w) (4)

for v < 6, p € (0, 00] provided that Q is a bounded C**# domain with 8 € (0,1). The quantity

Vdgq - v is a kind of normal component.

Our main strategy is to use the formula

/F(v-n)de%"l :/Q(divv)pdx—/v-chdx

Q

for any ¢ € C°(Q) with ¢ |r = 1, where dH" ! denotes the surface element. This formula is
obtained by integration by parts. If dive = 0, then it reads

/F(v n)p dH" 1 = —/ v-Vydz. (5)

Q

Our estimate (4) follows from localization, flattening the boundary and duality argument. To
get the flavor we explain the case when (2 is the half space R'}. For ¢ € LY(T') it is known that
there is ¢ € F1172(R") such that its trace to the boundary equals to ¢; see e.g. [Tr92, Section
4.4.3]. Here F1172 denotes the Triebel-Lizorkin space which means that V¢ € hl, a localized
Hardy space. We may assume that ¢ is even in x,. We extend v = (v',v,) even in z,, for
tangential part v and odd in x, for the normal part v, = Vdq - v. Although extended v’ is
still in BMO>(R"), the extended v, may not be in BMO>(R") unless we assume [vy]pr < 00.

Here we invoke [Vdg - v]pr < co. By these extensions our (5) yields

1
/F(v-n)wdH”_l = —2/nU-Vg0d:U, (6)

where v denotes the extended vector field. We apply h'-bmo duality [Sa, Theorem 3.22] for (6)
to get

/F (v ) dH™

< Clllmmollel,.

{mMTB}

{sInNT}

{x1D}



where bmo = BMON Lllll a localized BM O space. Here L1111 denotes a uniformly local L' space;

see Section 2 for details. Since [l¢|p1, < C||¢||z1, this implies

v -0 Loy < Clv]|pmorr) (7)
SC(WbMowmy+Whmm*ﬁv%rﬂmﬁ- (8)

Here and hereafter C' denotes a constant depends only on space dimension and its numerical

value may be different line by line.

In the case of a curved domain we need localization and flattening procedure by using
normal (principal) coordinates. The localized space bmof = BMO" N L} (T's) is convenient for
this purpose. Again we have to handle normal component Vdg - v separately. If the domain
has a compact boundary, we are able to remove L}, term in (7) and we deduce the estimate (4).
Note that in this trace estimate only the behavior of v near I' is important so one may use finite
exponents in BMO# and b”.

As a byproduct we notice the extension problem of BMO functions. In general, zero ex-
tension of v € BMO*(2) may not belong to BMO*(R™) but if v is in BMO,"", as noticed in
[BGST], its zero extension belongs to BMO*(R™) for v > 2u. We also note that it is possible
to extend general bmog (2) to BMO* whose support is near . We develop such a theory to

explain the role of b”.

This paper is organized as follows. In Section 2 we introduce several localized BM O spaces
and compared these spaces. Some of them are discussed in [BGST]. We introduce a new space
vbmofy’” which requires that the b” seminorm of the normal component is bounded in (bmof)™.
A key observation is that if the boundary of the domain is compact, i.e., either a bounded or an
exterior domain, the requirement in L} (I's) is redudent in the definition of vbmo§™. In Section
3 we discuss extension problem as well as localization problem. In Section 4 we shall prove our
main results. In Appendix we discuss coordinate change of vector fields by normal coordinates

for the reader’s convenience.

2 Spaces

In this section we fix notation of important function spaces. Let Ll (R"™) be a uniformly L'

space, i.e., for a fixed ry > 0

eR”

LL(R) :={feL%oc<R"> \ Iy o= sup [ \f<y><dy<oo}.
T By ()

{MTH}

{Ps}



The space is independent of the choice of ry. For a domain ) the space L1111 is the space of all

Ll functions f in Q whose zero extension belongs to Ll (R"). In other words

Lh(0) = {feL%OCm) Wy = s [ \f<y>|dy<oo}.
Bro ()N

zeR™

As in [BG] we set
BMO*(Q) := {f € LIIOC(Q) ‘ [flBaon < OO}

For § € (0, 00] we set
bmok (Q) :== BMO*(Q) N LY (Ts) = {f € BMO"() | restriction of f on I'y is in Lllﬂ(F(;)} .
This is a Banach space equipped with the norm
1 o = Flmatoncey + s s = 1122 ooy
where the restriction of f on I'y is still denoted by f. If there is no boundary we set
bmo(R™) := BMO™(R™) N LY (R™)

which is a local BM O space and it agrees with the Triebel-Lizorkin space FSO’Q; see e.g, [Tr92,
Section 1.7.1], [Sa, Theorem 3.26].

For vector-valued function spaces we still write BMO* instead of (BMO")™. For example

for vector field v by v € bmof (Q) we mean that
v=(v1,...,v), v €bmo§(Q), 1<i<n.
We next introduce the space of vector fields whose normal component has finite b of the form
vbmo™ () == {v € bmof () | [Vdg - v]pw < o0}
for v € (0,00]. This space is a Banach space equipped with the norm
Wllopmas = 0llpmots + [Vl - ol
Similarly, we introduce another space

vBMO" (Q) := {v € BMO"(Q) ‘ [Vdg - v]pw < o0}



equipped with a seminorm
[wlvBrmory = [v]Bmor + [Vdg - v
Of course, this is strictly larger than the Banach space
BMO}"(Q) := {v e BMO*(Q) ‘ [v]pr < o0}

equipped with the norm

[vll Baropr = [v]Baon + [v]pr

introduced essentially in [BG]. Indeed, in the case when 2 is the half space R}
vBMOM(RY) = (BMO*(R1))" ™" x BMO!""(R™), (9) {pc}

where in the right-hand side the each space denotes the space of scalar functions not of vector
fields. This shows that vBMO** (R ) is strictly larger than BMO}""(R".) for n > 2.

Although there are many exponents, the spaces may be the same for different exponents.

By definition for 0 < p1 < pg <00, 0 < vy <o <00, 0 < d; < o < 00,

[flemom < [flemorz,  [flon < [flev2s  [flrs, < [f]rs, -
{E1}

Proposition 1. Let ) be an arbitrary domain in R".

(i) Let 0 < p1 < po < oo. Then seminorms [-|pypors and [-|pyrore are equivalent. If € is

bounded, one may take py = oo.

(i) Let 0 < 01 < 92 < 00 and p € (0,00]. Then there exists a constant C' > 0 depending only
onn, w, 61, 62 and  such that

[fh“gQ <C ([f]BMOM + [f]r(;l) .

In particular, the norms || - v are equivalent. If € is bounded, one may

puand || ’ ”bmoé2

||bmo(Sl

take 6o = 0.

Proof. (i) This is [BGST, Theorem 4] which follows from [BGST, Theorem 3].

(i) Since the space Ll (Ts) is independent of the radius rg in its definition, without loss of

generality, we may assume that ro > d1. Let us firstly consider the case where the dimension



n > 1. Let k be the smallest integer such that 27% < 9L and z € R". Notice that

/n
/ m@:/ mw+/ fldy,
B (a:)ﬁF52 B (q:)mF5l B""O (x)ﬂ(F52 \F,;l)

we can estimate || f||11(p, ()nr,,) directly by [f]r; . Assume that I's, \ I's, # (. Let Dg(x) be
the set of dyadic cubes of side length 27% that intersect with B,,(x) N (T's, \ T's,). For a dyadic
cube Q; € Dy(z), we define B; to be the ball which has radius @ -27% and shares the same
center with Q;. Let Cy(z) := {B;|Q; € Di(2)} and ¥ := {z € Q|dq(z) = 01}.

0 0

For Q; € Dy(x) that intersects ¥, we seek to estimate || f||z1(p,). Let ¢; be a point on £NQ;,
we have that Bs, (c;) C Q. Indeed as otherwise, there exists z € Bs,(c;) N Q°. Then the line
segment joining ¢; and z must intersect I' at some point, say z*. Then |2* —¢;| < |z — ¢;| < d1.
This contradicts the fact that do(c;) = 61. For y € B, [y —c¢j| < vn-£(Q;) = v/n-27% < §;. So
Bj C Bs,(cj). Let dj € T' be a point such that |c; — d;| = 61, then on the line segment joining
¢; and dj, we can find a point o; such that |o; — d;| = 4 27k Fory e B i ,1.(05), we have
that |da(y) — da(oj)| < |y — 0j]. Hence do(y) < da(oj) + |y — 0j] < v/n - 2*k2< 1. This means
that 34'2%(%) C I's,. Moreover,

@.2_1‘34_@.2_1’3:51'

lej =yl <lej —oj] +|oj —y| < 61 — 5 5

Thus Bz , . (0j) C B, (cj). Denote B ,_,(0j) by Bj. We have that
2 2

fdys/‘ Fof c,dy+/ f c.—f*dy+/‘ f5:|dy.
/B| | le(cj)| ) le(cj)| Pates) = I3 I

J Bs, (c5)

Notice that

/B . |f = fBs, epldy < Cn- 8- [flBMOR
51 (5
|Bs, (c;)I
Y < .
[ o Voo =ity < 55 laon
[ mlay < Pl
j _ * 1°
Biy(e;) |51
. " Bs, (¢ Chn-67 Ch-67 )
Since |Bs, (¢;)| = Cy, - 07 and | Té(;‘])' = (@,2—11@)” < (%)i = Ch, |/l z1(B,) 18 therefore controlled

by Cs, n - ([f]BMO” + [f]Fal)'

Next we consider Q;- € Dy(z) that does not intersect ¥. Suppose that Q; € Dy(x) has

Vn—1
2

a touching edge with Q;. There exists a ball Bg of radius - 27 which is contained in

B;n B;- where Bj, B; are the smallest balls that contain @), Q; respectively. Similar to above,



J
as By C Bj,

[ty < [ 15 toldy+ [ Uy~ fogldus [ 11y
Bj B]. J Bj J 4 B]. o
< |Bj|- [flamon + ’B;-P - [flBror + % ' / | f] dy.
‘BZ‘ ‘BZ‘ B;

Therefore if || f||,1(p,) is controlled by Cj, , - ([f]BMou + [f]rél), 1f1l 1y is also controlled by
J
Csin ([f]BMOH + [f]n;l)'

Since By, (z)N(L's,\I's,) is connected, we can estimate || f[|11(p;) for every Q; € Dy(z) where
B; is the smallest ball that contains @);. For each Q; € Dy(x), there exists y € Q; N By, (z), so

forany z € By, |z—2| < |z—y|+|y—2| < vVn-27F+rg <ro+6;. Thus | Bj C Brys, (2).
Q; €Dy (z)
Let N(Dg(x)) be the number of cubes in Dy(z), we have that

N(Dy(z)) < M <C,- ro + 01 )
9—kn 51

Therefore,

/Bro (£)N(T5,\Ls,)

fldy < > |f| dy
()/Bf

B;eCry(z
< N(Dy(x))-Csym - ([f]BMO# + [f]RSl)

< Chsiro - ([f]BMOu + [f]F61> :

For the case where the dimension n = 1, we let k to be the smallest integer such that 2% < %1
and Dy, to be the set of dyadic cubes of side length 2~% that intersects I's,\I's,. Notice that the
region I's,\I's, is indeed a union of intervals. Without loss of generality, we can assume 2 to be
(0,00) and take p = oo by part (i) of this proposition. Thus in this case I'5,\I's, = (01, 2). For
Qo € Dy, such that 41 € Qq,

/Qomdys/2Q0|f|dys/2Q0|f—f2Q0\dy+/2QO|f2Qo—ngdy+/2Q0\ng|dy
< ¢ (flsao= +[flry, )

where Qf = 2Qo\ (Qo U [d1,00)) and £(Q5) = 5£(Qo) = 2~ **+1).
We then put an ordering on the elements of Dy in the following way. For j € N, suppose
that we have ordered intervals Qq, @1, ..., Qj—1, we pick Q; € Dp\{Qo, Q1,...,Qj—1} such that



Q; has a touching edge with Q;_1. For @); € Dy, similarly we have that

[ istav< [ intay< [ 1= poldy+ [ o, Sosldy+ [ logldy
Qj 2Q; 2Q; 2Q; 2Q;
<C-: ([f]BMOoo + [f]ral) :

where QF = 2Q;—1 N 2Q); and E(Q;‘) =0(Q;) =27k

Let N(Dy) be the number of elements of Dy, we have that

52 — 51 4(52 - 61)
N(Dy) < 2< —=—=2 42
and therefore
[ 11y < Cosy - (Fanion + 11y,
sy \L'sy

The proof is now complete. O

By this observation when we discuss the space bmog‘ there are only four types of spaces

o0

bmog,

bmol{, bmog°, bmok,

for finite u,6 > 0. If © is bounded, it is clear that these four spaces agree with each other.
However, if 2 is unbounded, there four spaces may be different because they requires different

growth at infinity. Indeed, if Q = (0, 00)
bmoge C bmog®

since log(x + 1) € bmog® while it does not belong to bmo32. Moreover, since x € bmof but it

does not belong to neither bmohs nor bmo§°, we see that
bmog® C bmof,  bmok, C bmof.

It is possible to prove that bmo = bmoh,. Indeed as bmoX () C bmoho () is simply by
the definition of the BMO seminorm. It is sufficient to show the contrary, i.e. [flpyoe~ <
C - ([flBmor + [f]r.,). Without loss of generality, in defining the seminorm [']Lﬁl(rw)’ we set
the radius of the ball to be @ For B,(z) C Q with r < p,

1

[Br(@)] /() |f = FB,@)| dy < [flBron.



For B,(x) C Q with r > p, if r < 4, then

1

2
B oo Il = e | o140 S G £
2

Ifr > 4, B, (z) is contained in the cube @, with center z and side length 2([r] + 1), here [r]
is the largest integer less than or equal to r. By dividing each side length of @, equally into
2([r] + 1) parts, we can divide the cube @, into (2[r] + 2)" subcubes of side length 1. Let S,
be the set of these (2[r] + 2)" subcubes of Q.. For Q. € Sg,, let B. be the smallest ball that
contains QL. Let Cp, := {B! | Q. € Sg,}. We have that

(
/ fldy <
By (x)

2[r]+2)™

)
> /B o 140 S G042 [

Since r > p,

b
|Br(2)| /B, (a

)‘f_fBr(x)‘dyS )‘f|dy§C,n[f]Foo

2
|Br(2)| /B, (a

Therefore bmo = bmob, and thus bmobs C bmoyy.
We summarize these equivalences. (1}

Theorem 2. Let 2 be an arbitrary domain in R™. Then
bmo () = bmok, (Q) C bmog® () C bmof ()

for finite 6, u > 0. The inclusions can be strict when € is unbounded. If Q) is bounded, all four

spaces are the same.

As a simple application of Proposition 1, we conclude that the space BM Ol‘f " is included in

bmoy, since [f], < ¢[f]p (v < o0) with ¢ > 0 depending on v. (B2}
Theorem 3. Let Q be an arbitrary domain in R™. For u € (0, 00| the inclusion

BMO"™ () C brmok ()
holds for v € (0, 00).

Since b”-seminorm controls boundary growth stronger than L' sense, this inclusion is in
general strict even when ) is bounded. Here is a simple example when Q = (0,1). The b"-

seminorm of f(z) = logx is infinite but || f|[11(q) is finite.

We next discuss the space vbmo§™.

10



{ny}
Remark 4. As proved in [BGST, Theorem 9], if  is a bounded Lipschitz domain, the space
BMO™" (p,v € (0,00]) agrees with the Miyachi BMO space [Miy] defined by
BMOM(Q) = {f € Lige(Q) | I/ parom < oo},

£l Brrom = [flprom + [flpm,

1
s - / F = fo]dy

()

1
M = —_— d
[f1b Sup{’BT(xﬂ /Br(x)fl y

Proposition 5. Let Q be an arbitrary domain in R™. Let 0 < vy < 1n < § < co. Then there

BQT(ZU) C Q} ,

By (xz) C Q and Bs,.(z) NQ° # @} )

{E2)
exists a constant ¢ > 0 depending only on n, vy, va, § such that

[Vdq - v]pe < [Vdq - v]p1 + c[v]r,
for all v € L4 (Ty).

Proof. We may assume that v; < co. Let Q,(x) denote a cube centered at = with side length
2r, Since |Vd| =1 and B,(z) C Q,(x), we see that

1
[Vdgq - v]p2 — [Vdg - v]pr < sup {n/ |Vdgq - v|dy
r B (z)NQ2

1
§sup{rn/Q()l?7dy

where ¢ denotes the zero extension of v to R". Since vo < 4 so that Q,(z) N C T's, we see that

LL‘E@Q, I/1§7"<l/2}

x € 09, Vlgrgyg}

sup / || dy < \|UHL11(F6) for 11 <r <y
z€IN J Qr(z "

; in fact we take rog = \/n vy This

provided that 1» is finite by taking an equivalent norm of Lul,

implies that

1
[Vdq - oy = [Vdg - vlpr < 7 [v]r,-
1

If v, = § = oo, we may assume r = 2‘v;. We divide Q,(z) into subcube Q;, j = 1,...,2 of
side length 2v;. Then

L
B o o) 10 S e Z/ 714 < gl < sl

11



where rg in L1111 norm is taken as y/n v;. We thus observe that

(Vd - v]pr2 — [Vd - v]p1 < c[v]p.

By Propositions 1, 5 we do not need to care about v. More precisely, (F3}

Theorem 6. Let Q be an arbitrary domain in R™. Assume that p € (0, 00] and that 6 € (0, 00].

wrr and || -

vbmot pva are equivalent provided that 0 < v, < vy < 0co. In the

Then norms || - || [

case 6 = 0o, we may take vo = 0.

In general, different from Theorem 3, the space v BMO*" may not be included in bmo} even
for finite p by the decomposition (9) and the fact that BMO* is not contained in L. (Ts) for
any §. However, if each connected component of the boundary I of €2 has a curved part, we are

able to compare these spaces. {FC}

Definition 7. Let Q be a uniformly C' domain in R” and I'° be a connected component of the
boundary I of 2. We say that I'° has a fully curved part if the set of all normals of I'” spans R™.
In other words, the set {n(z) € R" |z € I'’} contains n linearly independent vectors, when n

denotes the unit exterior normal of T'°.

We introduce b”(I'’)-seminorm for convenience. Let us decompose I' into its connected

component IV so that T’ = UT:l [7. We set

[f1ov (09 ::sup{r_"/ |f(y)| dy z el 0<7"<1/}.
QNBr(z)

Evidently, [f]p» = maxi<j<m[flw ) at least for small v > 0.
The existence of a fully curved part implies “non-degeneracy” of the seminorm [Vd - f]pv. {ND}

Lemma 8. Let Q be a uniformly C% domain in R™. Let T7 be a connected component of the
boundary I' of Q. If c € R™ satisfies

[VdQ . C]bu(pj) = 0,
for some v > 0, then ¢ = 0 provided that TV has a fully curved part.

Proof. If € is uniformly C?, then dg is C? in (I'); for sufficiently small § > 0. Since —Vdgq ()

at = € IV equals n(z), we see that

1
— Vda(y)dy — con(z) as r—0
™ J B, (2)NQ

12



with scalar constant cg. Our assumption implies that ¢-n(z) =0 for z € V. If IV has a curved

part, then by definition this implies that ¢ = 0. O

Here is a few comments on examples of such domains. All connected components of the
boundary of a bounded domain, exterior domain has a fully curved part. A perturbed half
space

n __ / n / /I n—1
¢—{(az,xn)€R | 2 > ¥(a'), 2’ = (21,...,20-1) ER"'}

with 1 € C}H(R"1), 4 # 0 is another example. However, a half-space R", cylindrical domain
G x R"* with k > 1, G ¢ R¥ does not have a boundary having a fully curved part. Our goal
is to show that for a domain with boundary components having a fully curved part the space

vBMOMY is comparable with vbmo 5’” space if the boundary is compact.

{vi}

Theorem 9. Let Q be a C? bounded or exterior domain in R™ so that each component of the
boundary has a fully curved part. For u € (0,00] and v € (0, Ry) the identity holds:

vBMO*Y(Q2) = vbmob”.
Proof. Let IV be a j-th connected component of the boundary I' = 9Q such that I' = U;"’:l I,
Since (I'V), is C? and compact, there is a number ro € (0,7/2) such that

(), = | J int Byy(x), A C (TY),,
TEA

where I'V is a connected component of I' and (I'/),, denotes its v-neighborhood. The next lemma
shows that

vBMO""(Q) c LL(T,)
which yields the desired result. Note that we may assume v < p by Proposition 1. (v2}

Lemma 10. Under the same assumption of Theorem 9 with p < v assume thatro < v/2 < R /2

1s taken so that

(), = | int Byy(2)

TEA

with some A C (I7),. Then there exists C > 0 depending only on 1o, n, IV, v such that

1
sup ————— dy < C wiri oy + [Vda - flyr iy )
xeg ‘Bro(x)‘ Bry (0) |f(y)| Y ([f]BMO ((T9)y) [ Q f]b (T ))

Proof. We shall suppress 79 dependence since it is fixed. We shall prove the average fp(,) =

13



1 / .
—_ f dy has an estimate
|B(z)| JB()

aeh | B < C([f]BMO#((Fj)V) +[Vd- f]bv(Fj))- (10)

If this is proved, applying the triangle inequality

1
(D56 < 150 /B(w) \f = I dy + [ fae)|

yields the desired result.

We shall prove the key inequality (10) by contradiction argument. Assume the inequality

(10) were false. Then, there would exist a sequence { ¥} such that

2 ([ + 7001,

Here we suppress (I'!), and IV in the right-hand side. Since

1 =su k
supl o

sup ck(x)’ =1 with *(z)= fg(x) eR",
zEA

there is a sequence {z},-; in A with the property
1> )ck(:vk)‘ >1/2.

By taking a subsequence we may assume that xj, converges to some & € (I'V),, since I'V is compact
and d (a:k, 8(I’j)y) > ro, where d(x, A) denotes the distance from a point xj, to a set A. Since
IV is connected, there is an increasing sequence {K,}22, of connected compact sets in (I'7), such
that int K; 3 & for £ > 1 and (IY), = (J;2, K. By compactness, there is a finite subset Ay of A
with the property that

Ky |J intB(z), A¢CAp
IGA[

and the right-hand side is connected. By taking a further subsequence we may assume that

#(z) = ¢(z) for x € Ay. However, since [f¥] — 0 so that

as k — 00, we see that ¢(x) = ¢(y) if int B(z) Nint B(y) # (. Since

BMO#

fk—ck‘ dx — 0

U int B(z)

Z‘GA@

14
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is connected, ¢(z) is independent of z € Ay, say ¢ = ¢;. By taking a further subsequence of { f"’}
we may assume that ¢*(z) — ¢, in Ay. By a diagonal argument there is a subsequence of { fk}

such that

Fx) e for ze UAg::AOOCA.
=1

We thus observe that

If we take B(x) such that & € int B(z), ¢ should not be equal to zero since |c*(z))| > 1/2 and

fk(y)—c’dy—>0 for €A as k— oo.

T — & as k — oco. We now invoke the property that
[Vdg - f’f}b 0.

Since
(Fj)v = U B(z),
€A
we observe that f* — ¢in Ll ((Fj )V) By taking a subsequence we may assume that f*(z) — ¢
for a.e. € (IY), so that Vdg - f* — Vdq - ¢, a.e. By lower semicontinuity of integrals
(Fatou’s lemma) and supremum operation, the seminorm b is lower semicontinuous under this

convergence. We thus conclude that

Vdo -l < lim |Vdo- f*] =0
k—o0 b
By Lemma 8 this ¢ must be zero which leads a contradiction. We thus proved the key estimate

(10). This completes the proof of Lemma 10. O

3 A variant of Jones’ extension theorem

Different from L°° function it is in general impossible to extend BM O function by setting zero
outside the domain. Indeed, the zero-extension of log min(z,1) € bmoL(RL) does not belong
to BMO>(R). The goal in this section is to give a linear, extention operator of BMO type
function so that the support of extended function is contained in an e-neighborhood of the

original domain, of a function.

For this purpose we recall an extension given by P. W. Jones [PJ]. Since we modify the
way of construction, we will give a sketch of this construction. We first recall a dyadic Whitney

decomposition of a set A in R". Let A = {Q,}jen be a set of dyadic closed cubes with side

15
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length £(Q;) contained in A satisfying following four conditions.
(i) A=u;Qj,
(i) int@Q; Nint Qr =0 if j =k,
(i) v/ < d(Q;, R"\A)/£(Q;) < 4y/m for all j € N,
(iv) 1/4 < €(Qr)/4(Q;) < 4if Q5N Qk # 0.
We say that A is called a dyadic Whitney decomposition of A. Such a decomposition exists for
any open sets; see [Ste, Chapter VI, Theorem 1]. Here d(B, C) for sets B,C in R" is defined as

d(B,C)=inf{|lz—y| |z € B, ye C}.

If B is a point =, we write d(z, C) instead of d ({z},C).

There are at least two important distance functions on A. For Q;,Qr € A, a family
{Q(O}L, C A is called a Whitney chain of length m if Q(0) = Q; and Q(m) = Qj such
that Q({) N Q¢ + 1) # ( for £ with 0 < ¢ < m — 1. Then the length of the shortest Whitney
chain connecting (); and Q) gives a distance on A, which is denoted by di(Q;, Qx). The second
distance for Q;, Qi € A is defined as

4Qj)
(Qr)

0(Qj, Q)
E(Q]‘) +4(Qr)

d>(Qj, Qr) = log +1].

-Hog‘

Note that di and dy are invariant under dilation as well as translation and rotation. P. W.
Jones [PJ] gives a necessary and sufficient conditon for a domain such that there exists a linear
extension operator. A domain € is called a uniform domain if there exists constants a,b > 0
such that for all z,y € Q there exists a rectifiable curve v C Q of length s(v) < a|z — y| with
min {s (y(z,2)), s(v(y,2))} < bd(z,08), where y(z,z) denotes the part of v between z and z
on the curve; see e.g, [GOJ. It is equivalent to say that there is a constant K > 0 such that

di(Qj, Qr) < Kda(Qj, Qr) (11)

for all @;,Q € A and some dyadic Whitney decomposition A of €.

Theorem 11. Let A C R" be a uniform domain. Then there is a constant C(K) depending
only on K in (11) such that for each f € BMO%(A) there is an extension f € BMO>™(R")
satysfying

g} BMO>(R") < C(K) [f]BMOw(A)-

The operator f — f is a bounded linear operator. Conversely, if there exists such an extension,

then A is a uniform domain.

16
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A bounded Lipschitz domain is a typical example of a uniform domain. The constant K
in (11) depends only on the Lipschitz regularity of the domain. A Lipshitz half space RZ) is

another example of a uniform domain; here v is a Lipshitz function on R* 1.

We next note that if we modify the construction by P. W. Jones, the support of the extension

f is contained in an e-neighborhood of Q if f is also in L, type space.
g ul type sp (oM}

Theorem 12. Let 2 C R" be a uniform domain. For eache > 0 there is a constant C = C(K,¢)
with K in (11) such that for each f € bmoZ(Q) there is an extension f € bmo(Qae) such that

[ﬂ bmoL (Qae) < C[f]bmog(Q)

and supp f C ., where
Q. :={zeR"|d(z,Q) <c}.

The operator f — f is a bounded linear operator.

This can be proved almost along the same way as in [PJ]. We shall give an explicit proof.

Proof. Let k. be the smallest integer such that 27% < 5\f So 27k > 10f/ﬁ' Let £ = {Q;}
be the Whitney decomposition of €2 and E = {@Q j} be the Whitney decomposition of £¢. Let
E, be the set of Whitney cubes in E whose side length is strictly greater than 27%<. For each

Qm € E,, we define a function g, on Q by

e { o T2

0, else

and we further define a function g on Q by

D

QmeE*

Here fq,, = T Q | /. Qm y)dy for each Q,, € F.. Let g be the zero extension of g from € to R".

Without loss of generality, we assume that the radius ro of the ball equals 1 in defining the
space L1 (Q). Notice that

1
ol < 5 /Q fldy.

Let ko be the smallest integer such that 27%0 < } If £(Qm) < 27%0, then 1flLr@m) < [frse-
In this case, as £(Q.,) > 27",

1 10
ol < o [ 1y < G2 e

17



If £(Qy) > 27%0 we divide Q,, into (Z(Qm))” small subcubes of side length 270, Hence,

2~ ko

(e(Qm)/2 ko)

)/2770)
L(Qm n
[ona= 3 [ i< G2 e < 0l 0t - e
m i=1 m

in this case ||gm | p=@) < n? - [f]r... Therefore,

9l (@) < Cne - [fIra

and we deduce that g € bmo(2) as L>®(2) C bmo2 ().

Let f* := f—g € bmoX (). We do Jones extension to f*. If Q is unbounded, for each
Q; € E', we find a nearset Q; € E satisfying £(Q;) > E(Q;-). We define that f* = f* on Q and
f*(m) = féj for x € Q;.. If Q is bounded, we pick Qo € E such that ¢(Qo) = sup £(Q;). We

Q,;eE

define that f* = f* on Q, f*(z) = fo, for @ € Q; where £(Q}) < £(Qo) and F*(z) = f3, for
T € Q; where £(Q;) > ¢(Qo). By Jones [PJ], f* € BMO and [J?*]BMO < Ck - [f*]| BMmo>=(0)-
By this extension, for f*(z) # 0, either z € Q or z € Q; such that E(Q;) < 27k Since
d(Q;,Q) < 4\/5%(@;), pick = € Q; and z € I such that |z — z| = d(Q;,Q) For any y € Q;,
ly —z] < |y —z|+ |z — =2 <5yn- B(Q;.). So int Q;- C B5\/ﬁ'€(Q;)(z) for some z € I'. Since
5v/n - K(Q;) < 5yn 27k < g, int Q; C Q. Let f:=f*+Gand f = f|925, we have that

supp f C . and by previous calculation,

[flBmo < [f*]Bmo + [9lBmo < Ok - [f*]Bymo= (@) + 219ll
< Ckme - ([flBmo=@) + [flre)-

[flBro>(90.)

IN

Let B(x) denotes the ball of radius 1 centered at z and I'® := {x € Q°|dq(x) < €}. For

B(z)Nn Q. # 0,
/ mwz/ m@+/ 7l dy.
B(z)NQ. B(z)NQ B(z)nT=

The first integral on the right hand side is directly estimated by [f]s, so we only need to
consider the second integral. Let Q; be a largest Whitney cube in E' that intersects B (x)NTe.
For Q; € E', [PJ, Lemma 2.10] says that if Qj € E is a nearest Whitney cube satisfying
0(Qj) > K(Q;), then d(Q;, Q;) < 65K?2 E(Q;) Consider Q;- € E' such that Q; N B(z)NTe £,
let ; € Q; where Q); is a nearest Whitney cube satisfying £(Q;) > E(Q;), let :17; € Q;- NB(x)NT*
and x, € Q, N B(z) NI*. By choosing K large such that K2 > 2\/n, we have that

|2 — @] < |2, — x| + |2 — 2] < 24 2¢/n - U(Q)) + 65K - 6(Q;) < 2+ 66K2 - £(Q;).
Since £(Q;) < 26(@;) < 20(Q.) < 20(Q.) where Q, € E is a nearest cube satisfying £(Q,) >

18



UQL), oy — z.] < 24+ 132K2 - £(Q.).
If B(z)NT # 0, then /n - £(Q,) < d(Q.,Q) < 2. Hence £(Q.) < 20(Q.) < f, for any

zj € Qj, |v; — x| < 2+ 133K2 . %. Consider the cube 622 with center z, and side length
4+ 10?4%( For each Q/ € F' such that Q/ N B(z) NT¢ # (), the corresponding nearest Q; € E

such that £(Q;) > €(Q ) we choose to define f* is contained in Q*, ie. Q; C Q* Hence,

7 dy = / J dy</ £ dy.
/B(:c)mrs| | Z QmB a:)ﬂF5| Q| QLN 7]

Q €E’, *
QJﬁB( z)NCe#£)

Let p be the largest integer such that 277 > 4+ 10&\/“5 so27P < 8+ 2128\fK Let Q* be contained

in a larger cube Q where Q has center :c* and side length 27P. We can divide Q into (
subcubes of side length 27%0, thus

p
22_ - )n

(2—P /2= ko)n

Jallvs 3 [ 17 S G e < O e

*

If B(z)NT =0, ie. B(z) C Q. Let ) :={Q; € E'|Q;NB(x) # 0}. Let £y, := inf £(Q))
QieE,

and Q. be a largest Q; € E/1 If ¢,, = 0, then there exists z € T' N dB(z). In this case,
Vn-l(QL) < d(Q.,Q) < 2. Therefore same argument as in the case where B(z)NT # () gives that
£zt (B@)re) < Cron « [f*]oo- I 0 < £y < 2, then pick @, € E} such that £(Q,,) = {y,. Since
V- (Q *) <d(Q.,Q) <24+ n-UQ),)+d(Q,,,Q) < 2+10y/n, we have that £(Q,) < %+20.
Hence |z;—,| < 2+133K2’(ﬁ+20)' Following the argument as in the case where B(z)NI" # (),
we can deduce that || f[|1(pa)nre) < Crn - [f*|re- If £y > 2, then B(z) intersects at most 2"
Whitney cubes in E'. Without loss of generality, assume that E; has 2" elements. Then

|B(x) N Qi
/B(:p)mrs‘f|dy< Z/ |fQZ|dy< Z ]Q| / %] dy.

/

QleE,

i

—

Divide Q; into (‘;(,Qi

ko

n
) subcubes of side length 27%0, we have that

[ i< (3520) - len <1000t (7

Therefore,
[ ay< (3 1B@ Q) 0t £ ot (e
B(z)nre ;o
Q,€E;
Since [f*|r. < [flr.. + [9]r., and [g]r., is estimated by Ci, . - [f]r.., we are done. O
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As an application we give an estimate for the product of a Holder function and a function in
bmoZZ. We first recall properties of point multipliers. It is known that for a local hardy space

h' = FY, [Sa, Theorem 3.18], there is a constant C' such that

legllrp, < Cllelienllglles, o€ Fls (12) {u}

for p € C7(R"), v € (0,1), where

lellcr = sup [p(@)]+ sup |o(z) —o@)| / |z —y|7;
zeR"” z,yeR™
TFY

see e.g. [Sa, Remark 4.4]. Since
bmo = BMO*(R™) N LY (R™)
equals to FSQQ [Sa, Theorem 3.26], it is a dual space of h! = F10,2 [Sa, Theorem 3.22]. Thus

e fllbmo < Cllellc[1.f[mo- (13)  {ME}
{PMU}

Theorem 13. Let Q@ C R"™ be a uniform domain. Let ¢ € C7(Q), v € (0,1). For each
f € bmoX (), the function pf € bmoL () satisfies

e fllomoz () < Clliellcr@ I f lbmozs @)
with C independent of p and f.

Proof. By [McS], there exists g € C7(R") such that @ | = ¢ and

1Pl rny < llelleve)-

For our current purpose it suffices to set ¥ = max{min{¢x, ||¢|lcc}, —||¢|lcc} With

pu() = yigg{w(y) + [pler - e =y},

where [|pllcn) = Il + [dlor), I¢llie@) = suple(a)] and [ploro) = sup EEEEL
xre z,ye

we often suppress 2. By definition @, (x) < ¢(x). Moreover, since p(z) < p(y) + [¢]or - |z — y|?

for z,y € Q, we see that ¢(x) < ¢,(x) which implies ¢ = @, on Q. For any x € R™ and € > 0

there is y. € Q such that
O(Ye) + [plor - |7 — ye|” < pu() + €.
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For 1 € R™ we observe that

pe(21) = pu(@) < @(ye) +[Plom - 21 —ye[" ={p(Ye) + [Plen - [z = e[} +e < [plen - fo —a | +e

Since ¢ is arbitrary, we see that ¢.(x1) — v« (z) < [p]cv - |& — 21]7. Interchanging the role of x4

and x, we conclude that

[ps]lcvmny < [@lev@)-
Since [|¢]loc < 00, T = ¢ on  and P is still Holder. More precisely, [@]lcv < [p«]cv. By
definition ||@]|oc < ||¢|loo 80 We conclude that ||@|lcv < ||l¢llcr-

Extending f € bmoX(Q) to f € bmo by Theorem 12, we conclude from multiplication
estimate (13) that

A

H@f”bmo%(ﬂ) = ||¢?Hbmo
< C-@llevmny - I1fllbmo

< Clellev) - 1 lbmogs©)-

|

{pP0Z}

Remark 14. If we prove that the extension f — f constructed in Theorem 11 is bounded from
bmoZ to bmo = BMO N L, then the support condition will follow by taking ¢ € C7(R™) in
Theorem 13 as a cutoff function of 2, i.e. ¢ = 1 on Q with suppy C Q.. In other words, we
consider f — ¢f. However, the proof that f € Lll11 needs some argument so we give a direct
proof of Theorem 12.

For BM O{)L °° function in € it is easy to see that its zero extension is in BMO space; see
e.g. |BGST, Lemma 4].

g [ ] (25}

Theorem 15. Let Q be an arbitrary domain in R"™. Assume that p € (0,00]. For f €
BMO"(Q) with v > 2u, let fo be the zero extension to R", i.e. fo(xz) = 0 for z € Q°
and fo(x) = f(x) for x € Q. Then fo € BMO*R") and [fo]pmor < C[f]BMO{;’” with C

independent of f.

Proof. If the ball B of radius < p is in €, then

|;/Bfo — fogldy < [f]BMmOn-

If B isin Q°, then [5|fo — fop|dy = 0. It remains to estimate the integral if B has nonempty
intersection with the boundary I' = 9€2. For each B, (z) NI # 0, r < p, we take xg € B,(x)NT.
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Then, B,(z) C Bar(z¢) and thus

1 2n+1

2
— fo— fop. (| Ay £ ——— foldy <
Bo@)] Sy 0 om0l WS 5 o

’ [f]bzﬂa

where w,, is the volume of an n-dimensional ball.
{BGST}

Remark 16. In [BGST, Lemma 4], it is assumed that Q = Q" x R"* where Q' is a bounded
Lipschitz domain in R*. However, from the proof above it is clear that we do not need this

requirement. Thus we give a full proof here.

As an application of boundedness of multiplication, we give invariance of function spaces
under coordinate changes. We say that U is a global C**# (resp. C*¥)-diffeomorphism if C**5

(resp. C*)-norm of ¥ and ¥~! are bounded in R™, where k € N and 3 € (0,1). (cc}

Proposition 17. The space bmo is tnvariant under bi-Lipschitz coordinate change and the space

h' is invariant under global C'*P-diffeomorphism.

Proof. For f € bmo, by a simple change of variables on the equivalent definition of the seminorm
[f]lBrmo where

ey = sup hﬂt/lf@)—dd%
BCR~ ¢€R Jp

see e.g. [Gra, Proposition 3.1.2], we can easily deduce that bmo is invariant under bi-Lipschitz

coordinate change.

Let g € h'(R™) and ¥ be a global C'*A-diffeomorphism. We have that

lg o Wl = sup
1 lbmo<1

f~go\I/dy’.
R”

By change of variable we have that

fou (z) - glx) - Jy-1(x) de| .

[ w-govt)a)

- ’ R7L
where Jg-1 is the Jacobian which is of regularity C”. Then by the bmo—h' duality [Sa, Theorem

3.22] and multiplication estimate (12), we deduce that

fou™ g Jy-vdr| <||f o U pmo - lgTu-1llnr < [1f © ¥ oo - [1Tw-1llcs - llglln-

b

Since bmo is independent of bi-Lipschitz coordinate change, we have that

lg o llp < C- VT oo - [ Jg-1llcs - llgllm
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for some constant C' independent of g and W.

{ccL}
Proposition 18. The space F1172(R”) is independent of global CY1B-diffeomorphism.
Proof. Let g € Fll’2 and ¥ be a global C'*A-diffeomorphism. By multiplication estimate (12)
and Proposition 17, we have that
19090 W) gy, < C-[V¥]cs - (V) 0 ¥llrp, < C- [V - [V0 2o - |1 ls -l .
where Jy-1 is the Jacobian for ¥=! and C is a constant independent of g and ¥. Hence
V(goV¥) e FPJ' Since the differentiation mapping is bounded from FJ  to F;;l for p € (0, 00),
g € (0,00] and s € R, see e.g. [Sa, Theorem 2.12], we have that A(go ¥) € F1_21 Since
F1172 — F10,2’ Proposition 17 tells us that g o ¥ € F10,2 and thus go ¥ € Ff21 Therefore,
(I —A)(goW) e F1_21 Notice that [Sa, Theorem 2.12] also tells us that for o € R, (I — A)? is
an isomorphism from F7  to F;;%. Hence by letting 0 = —1, we deduce that
lgo Wllgs, = (7~ A)7'( — A)(go W),
=C (I =A)go W)y
<C-(llgo@le, +IV(g o),
<C- A+ [IVEles) VO zoe - (| Ju-1llos - glley,.
where C' is a constant independent of g and V.
{CCLR}
Remark 19. The proof of Proposition 18 also says that Fy, = {f € F{5 | Vf € (F5)"}.
4 'Trace problems
{TR}
In this section we show that the normal trace of a vector field in vbmojf™” is in L®(T) if its
divergence is well controlled. We begin with the case that (2 is the half space R.
We first recall that the trace operator (I'rf)(z') = f(2',0) for f € F{5(R™) gives a surjective
bounded linear operator from Fil,(R™) to L(R"™1); see [Tr92, Section 4.4.3]. )
’ HA

Proposition 20 ([Tr92]). The operator Tr from F11’2 to LY(R"™1) is surjective for n > 2.
Actually, surjectivity holds for a smaller space Blljl. The inverse operator is called the extension

and it is a bounded operator.

For a C? domain € a normal trace v-n on I' = 9Q of v is well-defined as an element of
W LP(T) if v and divv is in LP : see e.g. [FM] or [Gal]. If v € vbmo§™ (Q) so that v € Li.,

p,loc loc?
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then by an interpolation inequality (see e.g. [BGST, Theorem 11]) v is in L} _ for any p > 1.

Thus if divv is in L?

loc> ¥ -1 is well-defined. We derive L estimate for v - n when € is the half

space.

Theorem 21. Let p,v,0 be in (0,00] and n > 2. Then there is a constant C = C(u,v,0,n)
such that

o il ey < € (Iollobmop ) + Il div el )

for all v € vbmof” (RY).

Proof. Let v € vbmo§™ (R.), by definition the n-th component v, of v = (v, v,) belongs to
BMO"(R™Y). For zy € R"!, we consider the region U = Bi(x,) x (—4,8) where Bj(x)
denotes the ball in R™™! centered at m{) with radius 1. Let v, denotes the restriction of v on

UNRY,ie v =0 |UQR1- We have that v € bmo3 (U N R’ ) and

1
SUP T T o ) |(re)n| dy < o0.
#eni(al) [Br@, O, o))
r<v

Let (vre)n be the zero extension of (vye)y to U. By Theorem 15, (vy¢)y is in BMO®(U). Let

v], be the even extension of v, to U of the form

(14)

U;e(x yTn) =

R, vl (2!, x,),  « € By(xg) and z, > 0
Upe (', =), r € Bl(:vz)) and z, <0

re

and set T = (v, (re)n). We have that T € brmoX(U). By Theorem 12 its Jones’ extension vy

belongs to bmo(R™).

Integration by parts formally yields

/ vy -npdr’ = /
Rnr—1 R

By Proposition 20 there is an extension operator Ext : L1(R"™1) — F1172 (R™) such that T'ro Ext

(divoy)pdx — / vy - Vpdx. (15)
i R%

is the identity operator on L. For ¢ € O (B% (1:6)) we set 0 = Fxtp. By multiplying a cut

off function § € C°(U) such that @ = 1 in U and consider p = o we still find p € Fl(R™)
by a multiplier theorem [Sa, Theorem 3.18], [Tr92, Section 4.2.2]. We estimate (15) to get

'/ vy - npdr’ / vy - Vipdz
Rn—1 Ri

=I1+1I+ 1.

_|_

< ’/ (divoy)p dx
U

0
+ ’/ vyn 8$p dx
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We may assume that p is even in z, by taking (p(z’,xy) + p(2/, —x5)) /2 so that the second

term is estimated by bmo-h! duality (h')* = (F10,2)* = F(?o,? = bmo as follows

I =

1
:2‘/ vy - Vpde

< Cllog lemoll Vol

/ vy - Vpdz
R

n
+

The third term is estimated as

dp

I < CHUU"Hbmo D
n

hl'

The first term is estimated by

I < | divou|zn@llpll prso- @y
< Clldivollzr Vel

u

by the Sobolev inequality. Since ||[Vp| 1 < [|[Vp|ln and ||Vpllp < HpHFll’2 < C’||g0HL1 (B

4@

collecting these estimates yields

1Ty

| vengdd| <l (Il + vl ey )
%(zo) 5

This yields the desired estimate since C2° (B 1 (x())) is dense in L! (B 1 (:B6)> and C in the
2 2
right-hand side is independent of z, € R" . |

We now consider a curved domain. Let Q be a uniformly C? domain in R” so that the reach

R, of T is positive and € (0, 1). e

Theorem 22. Let Q be a uniformly C**# domain in R™ with n > 2. Let u,v,d be in (0, 00].
Then there is a constant C = C(u,v,,Q) such that

ol ey < € (Hollopmop @y + Il divellzg ) )
for all v € vbmof™" (Q).

We shall prove this result by localizing the problems near the boundary and use normal
(principal) coordinates. Let © be a uniformly C?*# domain. In other words, there exist r, 6, >

0 such that for each zp € I', up to translation and rotation, there exists a function h,, €
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C**8(B,,(0")) with

IV¥h,,| < L in B, (0) for k=0,1,2,
[V?heolos (s, o)) < 00 V hag(0) =0, by (0) = 0

such that the neighborhood

Ur. suheg (20) = {2, 20) € R ey (&) = 6 < 2 < b (2) +0s, |2] <1}
satisfies

QN Uy, 5.0y (20) = {(2',20) € R | hoy (&) < @n < by (@) + 60, |2 < 7}

and
AN Uy, 5. h., (20) = {(&',2n) € R" | @y = hoy(2), 2| < 14}

For x € Q, let 7z be a point on I" such that |z — mx| = dg(z). If z is within the reach of T',

then this 7z is unique. There exist r < r, and § < J, such that
U(z) = {z € Ur, 5. n., (20) | (72)" € B,(0'), dr(x) < 5}

is contained in Uy, s, h., (20). Since dg is C?**8 in T, for ¢ < R, [GT, Chap. 14, Appendix] [KP,
§4.4), we may take d smaller (independent of zg) so that dg is C?78 in U(zp) N Q.

We next consider the normal coordinate in U(z)

(16) {nc}

{ =y +y,Vida(y,v(y))
Ty = YY) + ynOr, da (v, ¥(y'))

or shortly

x =7z — do(x)n(rz).

Let this coordinate change be denoted by = v (y), 1» € C'*#(B,(0')). Notice that Vi (0) = I.
If we consider r and & small, this coordinate change is indeed a local C*'-diffeomorphism which
maps U(z) to V where V := B,(0") x (—4,8). Moreover, by [Lew], we extend ¢ to a global
C'-diffeomorphism 1 such that {/;|V = 1 and ||V1;|]L00(Rn) < 2. Let the inverse of ¢ in V be

. _ 1
denoted by ¢, i.e. ¢ =" {VFG}

Lemma 23. Let W be a vector field with measureble coefficient in I'y, 0 < R, of the form

= 0
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Let y be the normal coordinate such that y, = dq(z). Let W be W iny coordinate of the form
W =370 w(y)d/dy;. Then

Wy (y) = Vda (z(y)) - w (z(y)) -

We shall prove this lemma in Appendix which follows from a simple linear algebra.

Proof of Theorem 22. We first observe that the restriction v on U(z)N$2 is in bmoZ2 (U(zp) N 2).

By considering the following equivalent definition of the seminorm [f]gas0e(p) Where

1
[flBMo>~(py = sup inf ——— |f(y) — cl dy,
O g wepr B @)l g,
see [Gra, Proposition 3.1.2], we can deduce that the space bmo3 on a bounded domain is
independent of bi-Lipschitz coordinate change. We introduce normal coordinate for a vector
field v = Y " | v;0/0x; with v; € bmoZ (U(z9) N ). Let w be the transformed vector field of
normal coordinate y. By Lemma 23, w,, of w =", w;0/0y; fulfills w, = Vdq (z(y)) - v (z(y)).

Since v € vbmo§™ (), this implies that w € bmoZ(V N R’ ) and moreover,

sup E_”/ |wy,| dy < oo.
€<, By(z)CV By(z)NRY

Thus, as in the proof of Theorem 21 the zero extension of wy, for y, < 01is in bmo2(V'), we still
denote this extension by w,. Let J = J(y) denote the Jacobian of the mapping y — = in V.

For tangential part w' of w = (w',w,), we take an even extension with weight J of the form

. w' (Y yn), Yn > 0
W'Y yn) = { hy , , (17)
W' (Y, —yn) I =) /T Y Yn)s Yn <O

and set @W(y,yn) = (W, wy). Let @ denote the normal even extension of w' to V, thus w €
bmo(V N RY) implies that @ € bmoX(V). Let f be the function defined on V such that
f=1fory, >0and f = J,~yn)/J W yn) for y, < 0. Since J(y)~* = |det Dy(y)|~ =
|det Dp(1)(y))| for y € V, we have that f € C?(V). Notice that @' (y) = @ (y)f(y), therefore by
Theorem 13, we can deduce that w belongs to bmoZ (V). By Theorem 12, the Jones’ extension

wy of W belongs to bmo2 (R™). Its expression in x coodinate is vy which is only defined near I

If the support of p is in U(zp), then integration by parts implies that

/’UU -npdH" 1 :/(divvy)pda: — / vy - Vpdzx. (18) {1nT2}
r Q Q

We shall estimate the left-hand side as in the case of R’}. The first integral in the right-hand
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side can be estimated similarly as in the proof of Theorem 21. It is sufficient to only consider the
second integral. Let ¥ : B,.(0') — T'NU(z0) by (3/,0) = (¢, ks (v')). Extend h,, € C?(B,.(0))
to h € C2(R" 1) such that h |B,(0) = hz- Define TR AR by (v,0) — (1, h(y)).
Hence U |B,.(0ry = ¥. Extend further ¥ to U* : R" — R" by (i, d) — ¥(y/,0) + (0, d). Notice
that this U* is a global C?-diffeomorphism whose derivatives are bounded in R™ up to second-
order. Let ¢ > 0 be a constant, for ¢ € CH(I' N (U(zp)), we have that ¢ o ¥ € C1(B¢(0')). Let
& = Ext (¢ o ¥) as in the proof of Theorem 21 and let o = & o (¥*)~L. With this choice of o,
we have that for (v/, h.,(y')) € T'NCU(2p),

oy hay(y) = G 0 (W) 1Y hsy () = 5y, 0) = 0 W(y,0) = (i, hsy ().

Thus ¢ is an extension of o. Since (¥*)~1 is a global C2-diffeomorphism and & € Fll’2 (R"), we

observe that o € F|,(R"), see e.g. see Proposition 18 or [Tr92, Section 4.3.1].

For each zg € T', there exists €., > 0 such that we can find a cutoff function 6,, € C°(U(zp))
for which 6., = 1 within €,,U(z9) and

Z D0z || Loo(mry < M
<2

for some fixed universal constant M > 1 independent of zy5. By multiplying this cutoff function
0, We have that p = 6.,0 € F,(R") and lollF ,rry < M - llollp1, @mn)- Hence we take the

constant ¢ above to be €.

By coodinate change, we observe that

v Vpde = / Vig —pdr = / wy, (y)J(y) =—(po dy.
/Q S U(ZO)HQ; o;” VmRnZ v; W) (W) 5 —(po(y))dy

T =1 9y;

The n-th component equals

0 0
/ wu, (1) (y) 5.~ (p o dy))dy = / wu, (1) (y) 5= (po v (y))dy
VARY Yn 4 Yn
since wy, equals zero for y, < 0. Consider extensions of Holder functions [McS] and local
diffeomorphism [Lew], by the F10,2 - Fgog duality [Sa, Theorem 3.22] and Proposition 17, we

conclude that

IN

C- > lwu,llomo - I llcsvy - 10y %llcsvy - Voo Plla
i=1
C - lwor, llomo - IV pl[nr-

/ wUn<y>J<y>5i(pow<y>)dy‘

IN

28



For tangential part we may assume that

(o)W yn) = (po ) (¥, —yn) for y, <O0. (19) {EEV}

In fact, for a given p we take

9 yn) = (po (W s yn) + po (Y, —yn)) /2

which satisfies evenness g(y', y,) = 9(v/, —yn) and

9(y',0) =0 op(y,0) - o op(y,0) =0y, hey (y)) - 0¥ hay (V)

It suffices to take p such that p o (y) = g(y). Thus, we may assume that p o1 is even in y, so
that d,,(p o) is also even in y, for j =1,2,...,n — 1. Since wy,J is even in y,, for y in V, we

observe that

1

0 9
/me ij(y)J(y)afyj(pow) dy = Q/Vij(y)J(y)ayj(pod)) dy

for 1 < j <n —1. Similar to the case for the n-th component, we thus conclude that

0
[ w01 po )| < € oo 19
v Yj

Collecting these estimates, we conclude that

< Cllwulomol| Vol p1

/ v-npde"
'NezqU(20)

< Cllvllopmet @) 1€l L1 (Pres U(20)) -

Thus [|[v-nllze < Cllv[lypmos (g)- - {NTGB}

Remark 24. (i) Since BMO}"" C vbmo§"” for § < oo, the estimate in Theorem 22 holds
if we replace vbmog Y by BM Of ¥, Moreover, since we are able to use zero extension in
this case. We can follow the proof of Theorem 22 directly without the necessity to invoke
normal coordinates. We shall state a version of Theorem 22 for BM O;f " in the end of this

section.

(i) By Theorem 9 we may replace vbmo§”” by vBMO*¥(Q) in the estimate in Theorem 22

since we may always take § < v < R, provided that {2 is a bounded or an exterior domain. (TREB)

Theorem 25. Let Q be a uniformly C'*8 domain in R™ with n > 2. Let u,v,6 be in (0, c0].
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Then there is a constant C = C(u,v,,) such that

[l ey < C- (vl Brrorr @) + Idivollze )
for allv e BMO}"™ ().

Proof. For zyp € T, let U(zp) = Ur, 6.hz (z0) with d. < R.. We then follow the proof of
Theorem 22 without invoking the normal coordinates. For v € BMO}"" (), let vy be the zero
extension of v. We have that vg € bmoZ(U(z0)). Let vy be the Jones’ extension of r;(,,)vo by
Theorem 12 where 71, vo denotes the restriction of vy on U(zp). For ¢ € CHI'N U (z)), we
construct the function ¢ in the same way as in the proof of Theorem 22. Since the boundary
' is uniformly C'+5, T* is a global C'*P_diffeomorphism. By Proposition 18, we have that
o=050(U*)le FE’Q(R”). Pick 6 in C°(U(20)) such that § = 1 within $U(z9) and let p = 6o,
we deduce that p € F1172(R”) and

\ [ vvVpds] < foulono - 10l < € Wolarop<cay - 1ol
Therefore,
v-npda" < C-ollpaoprio) 12l rntveo)-
/FﬁéU(zo) BMO"" () LY(T'N5U(20))
The proof is therefore complete. O

5 Appendix
{aPP}

We shall prove Lemma 23. We first recall a simple property of a matrix.

{La}

Proposition 26. Let A be an invertible matriz

when d; =t (@ij)i<i<n 15 an column vector. Assume that dy is a unit vector and orthogonal to
a; with 1 < j < n—1. Then n-row vector of A~ equals t@,. In other words, if one writes

Ail — (bz])lgz,jSTH then bn] - ajn fOT 1 S j S n.

Proof. By definition the row vector b = (bnj)i<j<n must satisfies b- aj=0(G=1...,n—-1),
b-d, = 1. Since {a@; }?:_11 spans R™"~! orthogonal to @,, first identities imply that bis parallel to

@,. We thus conclude that b = @, since b- @, = 1 and |@,| = 1. ]
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Proof of Lemma 23. We recall the explicit representation (16) of the normal coordinate. The

Jacobi matrix from y —— z is of the form

with 6] =t (51] - ynajnl (y/a w(y/)) ) 8J¢(y/) - ynajnn (y/71/}(y,)))1§i§n_17 1< j <n-— 17
dn=—"n(y,¢¥(y)) where n=—Vdq.

Note that the vector (3, 0;4(y')); <;<,,_1 18 a tangential vector to I'. Moreover, (Ojn,...,0;ny,)
is also tangential since ;n - n = 9;|n|?>/2 = 0. Thus @; is orthogonal to @, for 1 < j < n — 1.

The invertibility of A is guaranteed if y,, < R,.

By a chain rule we have

w= ) wj(y)(d/dy;)
j=1
B Zn: " ~'a$i 6
= lir
== 0y; Ox;
so that
L ox; -
wz(x(y)): w] y)a . lea 'UJ—AlU,
] Yj
J
where A = (8mi/8yj)1gi,j§n, w = (1[)1, ,Zﬁn), w =" (wlv 7wn) Thus
w=A"tw

By Proposition 26, the last row of A~! equals Vdq,.

We thus conclude that w,, = Vdq - w. This is what we would like to prove. O
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