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Abstract:

A macrosegregation simulation model is developed by coupling solute and energy
conservation equations with Lattice-Boltzmann Method (LBM), newly developing
technique of computational fluid dynamics. Effect of the solidification shrinkage is
taken into account in the present LBM as well as effects of the Darcy’s flow and
thermos-solutal convection. The present LBM-coupled model is based on modified
lattice Bhadnager-Gross-Krook method, the numerical stability of which is better than
that of the standard LBM. Accordingly, the present LBM-coupled model can be applied
to simulations of macrosegregation behaviors in metallic alloy systems that cannot be
handled by the previous LBM-coupled model. The validity of the model was
demonstrated by comparing the results for steady-state flows with those of analytical
solutions and a conventional model based on the Navier-Stokes equation. In addition,
the computational speed of the present model is compared with the one of conventional
model in cases of lateral directional solidification of Sn-Bi alloy and continuous casting
of a steel slab. It was shown that the present LBM-coupled model enables remarkably
faster computation than the conventional model especially in the latter case.
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1. Introduction

Macrosegregation refers to a non-uniform distribution of alloying elements on
a scale of ingot. It stems from macroscopic flows of segregated liquids [1-4]. The
macroscopic flow occurs in several mechanisms such as thermosolutal convection, a
flow due to solidification shrinkage and forced flow and so on. Numerical models have
been developed for simulating macrosegregation behaviors. The simulation models have
been gradually sophisticated and their usefulness accordingly increases [5-7]. However,
the macrosegregation simulations, in general, are computationally demanding and the
high computational cost restricts the simulation system to a small size and/or it forces
one to employ coarse gird, which often causes inaccurate description of
macrosegregation behavior [4]. The numerical models are generally based on
momentum, mass, energy and solute conservation equations where the momentum
conservation is described by the Navier-Stokes (hereafter abbreviated as NS) equation.
The numerical calculation for the NS equation requires a time-consuming calculation
for correction of the velocity and pressure, which is a bottleneck restricting the speed-up
of macrosegregation simulation. It is necessary to accelerate the calculation of fluid
dynamics.

Lattice-Boltzmann Method (LBM) is a newly developing technique for
computational fluid dynamics [8-14]. This is a method based on the lattice-Boltzmann
equation that describes the time evolution of particle distribution functions, from which
the macroscopic quantities of fluid such as the density, velocity and pressure can be
calculated. Importantly, LBM does not require the time-consuming calculation for
correction of the velocity and pressure and, hence, it generally enables fast computation
of fluid dynamics. Recently, we developed a model for simulating macrosegregation
based on LBM in which the NS equation is replaced by the lattice-Boltzmann equation
including effects of the thermossolutal flow and Darcy’s flow [15]. The accuracy of the
LBM-coupled model was investigated by comparing the calculated results for the
steady-state flows with the results obtained by analytical solutions and a conventional
model based on the NS equation (NS-based model). The results of the LBM-coupled
model are almost identical to those of the analytical and the NS-based models.
Moreover, we conducted a simulation for solidification in a small ingot of a model alloy
where the macrosegregation appears only by natural convection, by means of the
LBM-coupled model and the NS-based model. The LBM-coupled model yields almost
the same result as the NS-based model. Importantly, the simulation of LBM-coupled
model is about five times faster than the one of NS-based model [15].

As described above, the acceleration of macrosegregation simulation was



successfully achieved based on LBM. However, the following issues remain to be
resolved. Although one cannot neglect effect of the macroscopic flow driven by the
solidification shrinkage on the formation of macrosegregation in some cases [1-4], the
solidification shrinkage cannot be dealt with in the previous model. More importantly,
the LBM-coupled model developed in the previous study cannot be applied to real
metallic alloy systems. In this model, the numerical stabilities of LBM and the energy
conservation equation limit the Prandtl number to about one order of magnitude larger
than typical values in metallic alloys [15]. In other words, when the typical value of
thermal diffusivity is employed, the viscosity must be one order of magnitude higher
than the typical value in metallic alloys in the light of the numerical stability of LBM.
This problem must be resolved. Moreover, it is important to clarify how much
acceleration can be achieved in simulations for realistic casting processes. The
advantage of parallel computing technique should be investigated because LBM is
suitable for parallel computing. These issues are tackled in this paper.

The purpose of this study is to construct a model for macrosegregation
simulations with high computational efficiency based on LBM that can be applied to the
simulations for realistic solidification processes in metallic alloy systems. To this end,
the effect of solidification shrinkage is introduced in LBM. Moreover, the model is
constructed based on the recently-developed Modified Lattice Bhadnager-Gross-Krook
(MLBGK) method [16], the numerical stability of which is much higher than that of the
standard LBM. Then, the model is applied to the simulations for lateral directional
solidification of Sn-Bi alloy and continuous casting of steel. The computational speeds
are investigated in comparison with the results of the conventional NS-based model.
The paper is organized as follows. The LBM-coupled model and the NS-based model
are explained in the next section. The results of steady-state flow, lateral directional
solidification and continuous casting are described in sections 3, 4 and 5, respectively.
The conclusions are given in the last section.

2. Numerical methods
2.1. Conventional model based on the Navier-Stokes equation

In this study, the LBM-coupled model is constructed by coupling the MLBK
method with the solute and energy conservation equations. As is similar to the previous
work, the present modeling rests on a NS-based model developed in early studies
[17-19], which was chosen because the numerical implementation is relatively
straightforward and the simulation results for lateral directional solidification of Sn-Bi
alloy and continuous casting of steel were already reported [17-19].



In the NS-based model, the incompressible fluid flow is calculated by the
following equations [19],
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where u is the velocity vector of fluid, g is the solidification shrinkage rate, fs is the
volume fraction of solid, p is the pressure, po is the density at a reference state, v is the
kinematic viscosity, dp represents the density change due to the variation of temperature
and concentration, g is the gravitational acceleration and K is the permeability. In
contrast to the previous work, the continuity Eg. (1) includes the effect of solidification
shrinkage. In the NS equation (Eqg. (2)), the third and fourth terms on the right-hand side
represent effects of thermosolutal convection and the Darcy’s flow, respectively. In this
study, the permeability K is given by K = Ko(1-f;)%fs%, where K, is the permeability
coefficient.

Equations (1) and (2) are coupled with the following energy conservation and

solute conservation equations [17-19],
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where T is the temperature, ar is the thermal diffusivity, AH is the latent heat and cy, is
the specific heat capacity, C_ is the solute concentration in the liquid and ke is the
equilibrium partition coefficient. In the solute conservation Eq. (4), the diffusion term is
omitted and the reaction term on the right-hand side is based on the Scheil model.

Although several numerical methods were developed for solving the NS
equation such as MAC [20] and SIMPLE methods [21], a time-consuming calculation is
required for correction of the velocity and pressure in these methods. Hence, the
computational burden for solving NS equation is generally high and it occupies a large
part of the computational cost of macrosegregation simulations. Hence, a key to
acceleration of the macrosegregation simulations lies in the calculation of fluid flow. In
this study, the continuity Eq. (1) and NS Eq. (2) are replaced by LBM.

We carried out simulations of the above-mentioned NS-based model to
compare its results with those of the LBM-coupled model. In the present study, Egs. (1)
and (2) were solved based on the SIMPLE method in all simulations. The energy and



solute conservation Egs. (3) and (4) were discretized based on a finite difference method
with a second order accuracy in space and they were solved using a first order Euler
scheme. One must pay attention to numerical accuracy of advection term because it
affects the stability and accuracy of macrosegregation simulations. In this study, the
advection terms were calculated based on the third-order upwind scheme. The total
variation diminishing scheme [22] was employed to stabilize the numerical simulation
only in the case of continuous casting of a steel slab.

2.2. LBM-coupled model

LBM has attracted a great deal of attention as an effective computational
method for fluid dynamics [8-14]. LBM can be viewed as a discrete version of the
Boltzmann equation. In the previous study, influence of solid fraction, Darcy’s flow and
thermosolutal convection are taken into account in LBM and it was coupled with the
energy and solute conservation equations [15]. This LBM-coupled model developed in
the previous work is first described in this sub-section. In this study, the model
including the effect of solidification shrinkage is first developed based on the previous
model, and then, it is reformulated based on the MLBGK model [16].

In LBM, the fluid consists of fictive and microscopic particles moving at
discrete velocities in discrete directions on a lattice. Their collective behavior
determines the macroscopic quantities of fluids such as the density, velocity and
pressure. The lattice-Boltzmann equation is written as [14],

f, (x+e,86t+8t)- T, (xt)=—=[ £, (x )~ {2 (x)]+F,6t  (5)
T

where f, represents the distribution function for the particle moving at a discrete
velocity e, in a discrete direction specified by «. In this study, all simulations are
carried out in two-dimensional system. Accordingly, we employed the two-dimensional
nine-velocity (D2Q9) model in which the discrete velocity vectors are defined on the
two-dimensional square lattice space as eo = (0,0), e, = (cos[(a—1)n/2], sin[(a—1)n/2])c
with ¢ = 1-4 and e, = (cos[(a-5)n/2 +n/4], sin[(a-5)n/2+7/4])c with oo = 5-8. Here, ¢
IS given as ¢ = ox/dt with the lattice spacing ox. In Eq. (5), x is the lattice coordinate, &
Is the time step and ris the relaxation time which is given as
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where v is the kinematic viscosity. Also, f,®? is the equilibrium distribution function
given as [11]
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where o, is the weight function given as @y = 4//9, w, = 1/9 with « = 1-4 and o,
=1/36 with o=5-8 and c; is given by cs® = c¢?/3. F is the force term of « dependent,
which is given by
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where the symbol, : , represents Frobenius inner product, I is the identity matrix and F
is the applied force as given by

F=(1- fs)[—%u +%gj )

The density p is calculated by p = 2 ,f, and the velocity vector u can be calculated as
follows,

[Ze f, +f1 f)(p0+5p)gj/(l+(l f)itw (10)

This is the LBM-coupled model developed in the previous work [15]. This model is
consistent with Eqgs. (1) and (2) with £ =0, i.e., with no solidification shrinkage.

In this study, we construct new LBM that recovers Eqgs. (1) and (2) with g+ 0.
For this, the Chapman-Enskog analysis [14] was carried out by expanding f,, time and
spatial scales as f, = f,° + £f,M+&f, P+ dlot = oloty, + £olot, and dlox = &0lox,
with & Here, ¢is the expansion parameter proportional to the ratio of the lattice spacing
to a characteristic macroscopic length. The analysis of Eq. (5) for each order of & yields
macroscopic equations, from which one can modify and/or introduce terms necessary to
recover the desirable macroscopic relations. The analysis carried out in this study is
essentially the same as the standard one and some details are explained in Appendix A.
In this study, the effect of solidification shrinkage is introduced by replacing Eg. (8)
with the following equation,
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The Chapman-Eskog analysis shows that the model with Eqg. (11) can recover the
macroscopic NS Eq. (2) and the following continuity equation,
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Here, the term & and &t are small parameters and, therefore, the term proportional to

&4&, i.e., AE. is negligible as usual [23]. Therefore, the continuity Eq. (1) with 8 # 0 is

recovered in this model.

As describe above, LBM with Egs. (5)-(7) and Egs. (9)-(11) formally recovers
the macroscopic Egs. (1) and (2). However, this model is not free from the problem with
the numerical stability. One of factors that affect the numerical stability of LBM is the
value of zgiven by Eq. (6) which must be larger than 0.5. The numerical simulation of
LBM is unstable when 7 is very close to 0.5 and, hence, ox and & must be chosen in
terms of the numerical stability for a given value of v. On the other hand, dx and ¢t need
to be determined in light of the numerical stability of Eq. (3) (and also Eq. (4)). More
specifically, the numerical simulation of Eq. (3) based on a simple Euler method, which
is suitable for parallel computing, requires & < &&%/ar with diffusion number & It
results in the requirement Pr < (t —0.5) / (3£) where Pr = v/ar is the Prandtl number
[15]. For example, when 0.65 is assigned to 7, Pr must be 0.1-0.3 which are about one
order of magnitude larger than typical values in metallic systems. Hence, in our
previous simulation, a fluid with high viscosity was simulated to avoid this problem.

A number of efforts have been devoted to improving the numerical stability of
LBM. For instance, the numerical simulation of LBM can be stabilized by employing
multiple relaxations times in the so-called Multiple-Relaxation-Time(MRT)-LBM [24].
In terms of computational efficiency, in this study, we focus on a Modified Lattice
Bhadnager Gross Krook (MLBGK) method [16] in which a single relaxation time is
employed, while a new correction parameter is introduced to improve the numerical



stability. Hence, we construct the macrosegregation simulation model based on the
MLBGK method. This is achieved by replacing Egs. (6) and (7) with the following
equations [16], respectively,

ot
=0.5+3v + 14
T e (14)
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where yis the newly introduced correction parameter to improve the numerical stability.
s.(u) and r,(u) are given by
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with the shear rate S defined as
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where f,*@ is given by Eq. (15) with r, = 0. The pressure p in Eq. (15) is calculated as
follows,

2
P fsgs(l—wo)(; £ 1 oStF, + pys, (u)j (19)
In summary, the present LBM-coupled model consists of Egs. (5), (9)-(11) and (14)-(19).
Since the MLBGK model exhibits better numerical stability for simulations of fluid
dynamics than the standard LBM [16], the numerical stability of macrosegregation
simulation using the present model should be better than that using the previous
LBM-coupled model. In the present model, »in Eq. (14) (also in Egs. (17) and (18)) is
the important parameter affecting the numerical stability. It is understood from Eq. (17)
that y determines the contribution of shear rate to the equilibrium distribution function.
It was shown in the previous work [16] that the numerical stability can be improved
when yis a finite but close to 0. We carried out simulations with different values of y for
the cases of lateral directional solidification and continuous casting to see its effect on
the stability and accuracy of the simulations. The boundary condition in the simulations



of the present model was calculated based on the nonequilibrium extrapolation scheme
[16].

The necessary steps to calculate this model is summarized as follows,

1.The computational parameters and domain of the computation are initialized.

2. The time derivative of solid fraction, ofs/ct, is calculated [15].

3. The energy conservation and solute conservation equations (3) and (4) are solved.

4. The fluid velocity is calculated based on the LBM with the boundary condition.

5. The temperature T, solute concentration C_ and the distribution function f, are
updated.

6. Steps 2 to 5 are repeated until the end of the simulation.

Note that our model is based on the D2Q9 model and is restricted to
two-dimensional simulations. Although some problems can be well analyzed by
two-dimensional simulations, three-dimensional simulations are required for analyses of
most of problems. In this regard, it is necessary to apply the present model to
three-dimensional system, for instance, based on D3Q19 model. This remains as an
important future work. In addition, as described above, y is the important parameter
affecting the numerical stability of the model. Although it was found in the previous
work [16] that the value of y close to 0 yields reasonable accuracy, an appropriate value
of » must be found for each of problem by carrying out preliminary simulations when
this model is applied to new problems.

3. Steady state flow

We investigate the accuracy and the numerical stability of the present
LBM-coupled model, focusing on the steady-state flow between parallel planes in fluid
systems and in a solid and liquid two-phase system. The computational system consists
of 128 and 16 lattice points in x- and y-directions, respectively, which is sandwiched
between two planes parallel in x-direction. A non-slip boundary condition was applied
to both planes (at y = 0 and y = 16 ox). For the sake of convenience, all quantities are
normalized by cs, & and p. Although we calculated the steady-state flow for different
kinematic viscosity and pressure difference, we show only representative results that are
sufficient for discussion about the numerical accuracy of the present model. The
dimensionless kinematic viscosity v© = v/(cs’&) was set to v. = 0.15 and the
dimensionless pressure p- = p/(pcs’) at x = 0 and 1286k was set to 0.11 and 0.10,
respectively. The correction parameter y was set to y = 0.01. The simulation was carried
out until the steady-state of u field was realized. The results shown in Fig. 1(a) are the
spatial profiles of uy in y-direction at x = 64 ox in the purely fluid system obtained from



the present model (full circles) and the NS-based model (squares). The well-known
analytical solution of this Poiseuille flow is indicated by the solid line. The result of the
present model is in good agreement with those of the NS-based model and the analytical
model. It supports the validity of the present model for calculation of the viscous fluid.

In Fig. 1(a), open circles represent the result of the previous LBM-coupled
model [15] which is consistent with those of the NS-based model and the analytical
solution. As described in Sec. 2, the problem with the previous LBM-coupled model is
low numerical stability. The previous model cannot be applied to flows at high
Reynolds number in a fluid with low kinematic viscosity as is in the case of the standard
LBM. Accordingly, this model cannot be applied to simulations of metallic alloy
systems. When the Reynolds number Re is defined as Re = Lu’/v with the distance
between two planes L and u’ is a half of the maximum value of uy at x = 64 8x, Re in
Fig. 1(a) corresponds to Re = 4.6. We carried out the simulation of Poiseuille flow with
lower kinematic viscosity than that employed in Fig. 1(a). To be more specific, v was
set to v = 0.03. The results are shown in Fig. 1(b). In this condition, Re is given as Re =
115.5 and the solution of the previous LBM-coupled model cannot be obtained because
it is numerically not stable. However, the present model is stable even in this condition
and its result is in good agreement with the results of analytical solution and NS-based
model as shown in Fig. 1(b). It demonstrates that that the numerical stability of the
present LBM-coupled model is better than that of the previous model.

Next, we focus on the steady-state flow in a solid and liquid two-phase system
where the Darcy’s term arises. The computational system and conditions are the same as
those used in the calculation of Fig. 1(a), except that the volume fraction was set to 0.5.
The dimensionless permeability K™ = K/(cs8t)? was given as K~ = 0.0225. The results are
shown in Fig. 2 where the following analytical solution for the steady state flow [17] is
indicated by the solid line.

u, :1de(l—e‘ yIK )(e‘JyTK —e_m)/(l—em) (20)

pdx v

where Ly = 16 &X. The result of the present model is in good agreement with those of the
NS-based model and the analytical model. Hence, the accuracy of the present
LBM-coupled model is sufficiently high. In Fig. 2, the result of the previous model
oscillates near the wall, indicating that it is numerically not stable in this condition.
Therefore, the numerical stability of the present LBM-coupled model is improved as
compared with that of the previous model in the case of solid and liquid two-phase
systems.

Although not shown here because of limitation of space, the steady-state flow



under the temperature gradient, i.e., thermal convection was studied as in the previous
work [15]. The result of the present model is in good agreement with the one of
NS-based model.

Note that the data of NS-based model are shifted by 1/2 6k in Figs. 1 and 2.
This is because the staggered grid was employed to solve the NS equation, while the
regular grid was employed in LBM. This difference in the type of grid does not have
any influence on the results of steady-state flows as shown in Figs. 1 and 2. However, it
causes differences of non-steady-state flow between both methods especially near the
boundaries (wall) as shown in the next section.

4. Lateral directional solidification of a Sn-Bi alloy
4.1 Computational details

Formation of channel segregation during lateral directional solidification of
Sn-Bi alloy was studied by means of experiments and numerical simulations in Ref.
[18] where the NS-based model explained in Sec. 2.1 was employed. Note that the
previous LBM-coupled model cannot be applied to this simulation because of the low
numerical stability. It is important to test to see whether or not the present LBM-coupled
model can describe the formation behavior of the channel segregation in this system. It
is also important to clarify how much acceleration can be achieved in the simulation of
this realistic process. Therefore, we carried out the simulations for this process, using
the present LBM-coupled model and the NS-based model.

In this study, we focus on Sn-10mass%Bi alloy. The liquidus temperature was
given as a function of Bi composition and also the partition coefficient was given as a
function of temperature as described in in Ref. [18]. In this calculation, g in Egs. (1) and
(11) was set to g = 0 (no solidification shrinkage) and dp in Egs. (2) and (9) were given
as 5p = {psnCL + pei(1-CL)H1-Br (T-Trer)} Where ps, and pg; are densities of Sn and
Bi atoms, respectively, gr is the thermal expansion coefficient and Tges is the reference
temperature. All parameters employed in this study are listed in Table 1. We used a
two-dimensional system of 64x64 mm?. The non-slip boundary condition was applied to
all boundaries. The adiabatic condition was applied to all boundaries except for the
left-side boundary at which the temperature was decreased at a constant rate of 5 K/s.
The initial velocity and the initial temperature were uniformly set to 0 m/s and 523 K,
respectively, over the whole system. All simulations were stopped at t = 1600 s because
the solidification finished by 1600 s in all simulations.

We performed the simulations for different grid spacing ox and time step & to
evaluate the computational speed of the NS-based and the present LBM-coupled models.



In this study, ox and &t were chosen so that the simulation of the NS-based model
finishes in a reasonable computation time because it took much longer computational
time than the present model. The conditions are listed in Table 2 where values of rare
also described. In order to examine acceleration by parallel computing, both serial
computing on CPU and parallel computing on Graphics Processing Unit (GPU) were
conducted in all cases. However, it was not possible to obtain the result of case 3 by the
NS-based model because it requires extremely long computational time. As described in
Sec. 2.1, Egs. (1) and (2) were solved by the SIMPLE method in the NS-based model,
where the Jacobi iterative method was employed for the GPU computation. We
employed-GRUTesla-P100-foral-GRU-computations: In addition, we investigated an
effect of yon the result of the LBM-coupled model, focusing on the range of y from 0 to
1.0.

4.2. Simulation results

The result of the present LBM-coupled model is shown in Fig. 3. This is the
result of GPU computation. Figures 3(a), (b) and (c) represent the change of solid
fraction (gray scale) and the velocity u (arrow) during the solidification, while Figs.
3(d), (e) and (f) show the change of segregation ratio Csgy defined as local volume
averaged molar composition of Bi divided by the average composition of the alloy. The
formation of channel segregation is observed in Fig. 3. Let us stress that it is not
possible to simulate this process using the previous LBM-coupled model because of the
low numerical stability. We found that the numerical simulation of the present
LBM-coupled model is stable in the range of y between 0.05 and 0.1 and the result does
not substantially depend on y in this range. Hence, the result only for » = 0.05 is shown
in Fig. 3.

The solidification starts from the left-side wall and it proceeds rightward in Fig.
3. As the solidification proceeds, Bi atom is rejected from the solid into the liquid.
Accordingly, the liquid with high Bi composition, which has a high density, flows
downward. Then, it leads to an anti-clockwise flow ahead of the solidification front.
Importantly, local non-uniformity of composition emerges due to such convection of
liquid. Once relatively high composition region forms, the liquidus temperature become
low in this region, thus causing the delay of solidification, i.e., low solid fraction. Bi
composition in this region further increases due to solute rejection accompanied by the
solidification in the vicinity of this region. Hence, the liquidus temperature further
decreases in this region. This is the mechanism for the formation of channel segregation
observed in Fig. 3. It is also important to notice that relatively high composition region



forms in the lower right part of ingot. This positive segregation is caused by the
rightward flow of high composition liquid oozed from the channel along the bottom
edges.

The segregation patterns at 1600 s calculated by the NS-based model and
LBM-based model are compared in Fig. 4. These results were obtained from the GPU
computations. The reasonable agreement between them is observed. More specifically,
in both cases, the channel segregation emerges in the lower left part, and also, the
relatively high composition region (positive segregation) forms in the lower right part.
On the other hand, from a closer look at both results, one can see the quantitative
difference between them. The composition in the lower right part is low, and
accordingly, the composition in the channel segregation is high in the result of
LBM-coupled model as compared with the one of NS-based model. Although not
shown here, the area of positive segregation region in the lower right part is slightly
reduced with increasing the number of grid points from 64% to 1282 in the NS-based
model. In the LBM-coupled model, on the other hand, this positive segregation region is
extended and the composition in this region gradually increases as the number of grid
points increases from 642 to 2562 Namely, the quantitative difference between them
gradually decreases as the number of grid points increases. Hence, the quantitative
difference between the LBM-coupled model and NS-based model observed in Fig. 4 is
ascribable to numerical errors in both models originating from coarse grid spacing. Note
that the positive segregation in the lower right part of ingot originates from the
rightward flow of high composition liquid from the channel along the bottom edges.
The flow near the edge is sensitive to the type of grid (staggered or regular). When the
coarse grid is employed, therefore, the difference in the flow near the bottom edge
appears, causing the difference in the segregation in the lower right part and thus the
final composition in the channel segregation. It is expected that the results of the
LBM-coupled model and NS-based model should coincide with each other when
sufficiently fine grid spacing is employed. However, we did not carry out the
simulations with the finer grid spacing because the long computational time is required
especially in the NS-based model.

The main purpose of this study is the acceleration of macrosegregation
simulations. The computational times are plotted in Fig. 5 where x axis is the total
number of grid points multiplied by the total number of time steps that is a measure of
the computational cost. For reference, the number of grid points Ngig is denoted at the
top of the figure. Circles and squares are the results of NS-based and LBM-coupled
models, respectively. Also, the CPU and GPU computations are represented by the open



and full symbols, respectively. We employed CPU Xeon E5-1620 V3 3.50 GHz and
GPU Tesla K20 in CPU and GPU computations, respectively. One can understand that
the significant acceleration is achieved in the present LBM-coupled model. In both
models, the computational time is reduced by performing parallel computation on GPU.
However, when the simulation with 128 gird points is considered, the computational
time of NS-based model on GPU is longer than the one of the LBM-coupled model
even on CPU. Moreover, when the GPU computation with 128° grid points is
considered, the LBM-coupled model is about 34 times faster than the NS-based model.
Therefore, the acceleration is successfully achieved in simulations for this realistic
process.

5. Continuous casting
5.1. Computational details

The macrosegregation in continuously cast slab of Fe-0.55 mass%C steel was
recently investigated by the numerical simulation using the NS-based model explained
in Sec. 2.1 [19]. Flows induced by thermo-solutal convection and solidification
shrinkage were taken into account in the recent work. In this study, we performed the
same simulation by means of the present LBM-coupled model and compare the
computational time with the one of the NS-based model reported in Ref. [19].

The computational condition employed in this study is basically the same as
that in the recent work [19]. As illustrated in Fig. 6(a), the computational system
consists of two-dimensional box with a 2 m length in x-direction and 0.25 m thickness
in y-direction. The right-side wall is a chill wall, while the left-side, the upper and lower
walls are adiabatic walls. The cooling process in the continuous casting was
approximated by moving the chill zone on the upper and lower walls from right to left.
The moving velocity of the chill zone corresponds to the casting speed which was set to
1 m/min. The inlet of melt was considered on the left-side wall to describe the incoming
flow that compensates for the volume reduction due to solidification shrinkage. The size
of inlet was set to 5 ox and it feeds the melt having the initial composition. Note that the
velocity of the melt coming out of the inlet is determined by the solidification shrinkage.
The continuous caster is schematically illustrated in Fig. 6(b), the spatial coordinate of
which is rotated at 90° from the one in Fig. 6(a). Since it is a curved-type continuous
caster, the gravity direction changes with time from x-direction to — y-direction in the
computational box of Fig. 6(a). The total time of casting process was set to 1500 s. All
parameters employed in the simulation are shown in Table 3. The simulations were
accelerated by parallel computing on Tesla P100 GPU.



In the previous work [19], the simulation of NS-based model was carried out
with the grid spacing of ox = 5 and 10 mm. It was found that the simulation with ok =
10 mm is numerically unstable. Therefore, only the simulation result with 6x = 5mm
was discussed in the previous work. As pointed out by the authors, however, the
checkerboard patterns of segregation ratio, which stems from the numerical error, were
observed even in the simulation with ox = 5mm. Therefore, the grid spacing ox = 5mm
is not fine enough to obtain the accurate result for this process. In fact, our preliminary
simulation showed that the simulation with ok = 5 mm is unstable in the present
LBM-coupled model. Accordingly, the result shown in this paper is the one obtained
with ox = 2.5 mm and & was set to 0.5 ms. We investigated effect of y and found that
the simulation is stable in the range between y = 0.005 and 0.05 and the result does not
significantly depend on the value of yin this range. Therefore, only the result obtained
for y=10.01 will be discussed below.

5.2 Numerical results

Figure 7 represents the simulation result of the present LBM-coupled model.
The distributions of fs, the magnitude of fluid velocity |u] and Csqy Of C at three time
steps are shown. The solidification gradually takes place from the upper and lower walls
into the center part of y-direction. In other words, the solidification shell becomes thick
with time. At 800 and 1200 s, the shape of growth front of shell is not even but fine
wedge shape. The thermo-solutal convection causes the spiral-shaped flow as can be
understood from |u| patterns. This spiral-shaped flow yields V-shaped non-uniformity of
C composition. This formation mechanism of the V-shaped non-uniformity of C
composition is essentially identical to that of channel segregation shown in Fig. 3. Also,
the positive segregation region of C forms along the centerline of the slab at 1200 s.
These behaviors are comparable with those described by the NS-based model [19]. The
segregation pattern at 1200 s (Fig. 7(c)) is very similar to the result of NS-based model
(Fig. 8(a) of Ref. [19]). However, there are quantitative differences. The maximum
(minimum) composition in the positive (negative) segregation in the present model is
higher (lower) than the one of the NS-based model. Note that the accuracy of the
previous simulation of NS-based model is not sufficiently high as pointed out by the
authors. Also, the difference in the type of spatial grid (staggered or regular) for
computation of fluid flow causes the difference in fluid dynamics when the gird is not
sufficiently fine as described in Sec. 4. A further discussion on this point requires
computation of NS-based model with fine grid spacing which is extremely
time-consuming as will be understood below. It remains as an important future work. It



should be stressed that both models consistently predict the formations of V-shaped and
centerline segregation in this continuous casting process.

Let us discuss the computational time. It was reported that the simulation of
this process until t = 1160 s took 1497 hours by the NS-based model, even though the
simulation was accelerated by a shared-memory parallel computing with 6 threads
(Xeon 5472 3.0GHz). On the other hand, the simulation of the present LBM-coupled
model took only 1.5 hours on GPU. Surprisingly, therefore, the simulation by the
present model is about 1,000 times faster than the one by the NS-based model. Although
a part of this remarkable speedup might be ascribed to a difference in performance of
the computer, it is evident that the extremely fast computation was achieved by the
present LBM-coupled model.

It was demonstrated that the present LBM-coupled model allows for fast
computations for realistic problems of casting. This model can be applied to the
simulations for very large system with fine grid spacing that has been not been possible
by means of the NS-based models.

6. Conclusions

To realize fast computation of macrosegregation simulation, we developed a
numerical model by coupling solute and energy conservation equations with
Lattice-Boltzmann Method (LBM). The previous LBM-coupled model [15] cannot be
applied to metallic alloy systems because of low numerical stability. This problem was
resolved in this study to employ modified lattice Bhadnager-Gross-Krook method [16].
Also, the solidification shrinkage was taken into account. The model was validated by
comparing the results for steady-state flows with those of analytical solutions and a
model based on the Navier-Stokes (NS) equation. The simulations for lateral directional
solidification of Sn-Bi alloy were carried out. The present model successfully describes
the formation of channel segregation as is consistent with the NS-based model. The
computational times of the present model were much shorter than those of the NS-based
model. When the GPU computation with 128% grid points is considered, the
LBM-coupled model is about 34 times faster than the NS-based model. In this study,
also, we conducted the simulations for continuous casting of a steel slab, where
V-shaped segregation and centerline segregation were reproduced. In this case, the
simulation by the present model is about 1,000 times faster than the one by the
NS-based model. Hence, the remarkable acceleration was achieved. It is expected that
the present model is applied to a variety of macrosegregation problems in metallic alloy
systems.



Before closing, it should worthwhile pointing out the following issues. In
lateral solidification of Sn-Bi alloy and continuous casting of a steel slab, reasonable
agreements were found between the segregation distributions predicated by the present
LBM-coupled model and the NS-based model. However, there are quantitative
disagreements between them. In the case of lateral solidification, the differences
gradually diminish as the grid spacing decreases. Hence, the quantitative differences
should stem from the numerical errors in both models associated with coarse grid
spacing. A further investigation should be aimed at elimination of the quantitative
differences. Next, in this study (also in the previous study), we used LBM for fluid
dynamics in porous media in Ref. [14] in order to include effect of solid fraction.
Although our LBM-coupled model is consistent with the NS-based model reported in
Refs. [17-19], it is important to develop the LBM-coupled model equivalent to the other
NS-based models that include effects of solid fraction in different ways. In this regard,
the full volume-averaged Navier-Stokes equation can be reproduced by LBM developed
in Ref. [25]. Hence, the construction of the LBM-coupled model based on such LBM
should be important task to be tacked in a future work. In addition, LBM is suitable for
parallel computing and, accordingly, our simulations were accelerated by GPU
computation in this study. Recently, LBM was coupled with a phase-field method to
simulate solidification microstructures under fluid flows [26, 27] and the simulations
were conducted using massively parallel GPU (i.e., multi GPU) computing technique
[28]. Coupled with multi-GPU computation technique, the present model will contribute
to further progress in our understanding of the formation processes of
macrosegregation.
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Appendix A. Chapman-Enskog analysis
In this appendix, we derive Eq. (11) by carrying out Chapman-Enskog
expansion of Eq. (5). In D2Q9 model, the following relations are satisfied,

8
D e, =0 (A1)
a=0
8
Zwaea,iea,j = Cszé‘ij (A2)
a=0
8
Y we,e, e, =0 (A.3)
a=0

8
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Therefore, the equilibrium distribution function given by Eq. (7) satisfies the
following relations,

Z fol = (A.5)

Zea, fol = (A.6)
fea 1

Zeal a,] a = 5 +T100uiuj (A7)
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To obtain the macroscopic equations (1) and (2), we first consider the
following form of the force term [29],

. C:(ee —c?l
F =o, A+Be+l (aa4s)
c.? 2 fc
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(A.9)

where a scalar A, a vector B and a matrix C will be determined later so as to derive the
macroscopic equations of interest. Also, the fluid velocity is defined as

u=>ye,f +mstF (A 10)

where m is a constant that will be determined later.

In order to obtain the macroscopic equations from Eq. (5), the distribution
function f,, time scale t and spatial scale x are expanded using the expansion parameter
gas follows,
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In addition, A, B and C in Eq. (A. 9) are explained by sas A ~ sA;+£A,, B ~ ¢B; and
C ~ &Cy + £C,. Here, as will be realized later, A and C are related to &fs/ét and hence
the expansions were carried out up to the second order. Accordingly, the force term is
expanded as F,, = &F ,1+&° F 2. In addition, the applied force F is given as F ~ ¢ F.

By expanding f, in Eq. (5) about x and t and by substituting above expansions
into the resulting equation, one can obtain the following equation in each order of &,

o(e°): fP=£ (A 14)
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From the definition of p, Egs. (A.5), (A. 10) and (A.14), one finds,
Y i=0, Ye, =0 for k=1 (A 18)

D Y%, =-mstF,  (A.19)

By taking moments of Eq. (A.15), then, one can obtain the macroscopic equations

Z—tp+V(pOu): A (A 20)

M.,.v.noz(m_pn)l:l (A. 21)
T

1

where I, is the zeroth-order momentum flux tensor given by T, = pc.’5; +polil; /.

In Eqg. (A.21), we assume that B; = nF;. To recover the macroscopic equations, we put
(m/z+n)=1inEq. (A. 21).



Also, the sum of Eq. (A.16) with respect to « yields,

a—’O+5t(1—mjV-Fl+£5ta—Ai: A (A.22)
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By putting m = 1/2 and combining Egs. (A.20) and (A. 21), one can find the following
continuity equation,

op 1, 0A
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Here, the last term is proportional to £ and it can be omitted [23]. Therefore, Eq.(1)
can be reproduced by defining A as,

of
A=-p— A. 24
B p (A. 24)
Finally, by taking the moment of Eq. (A. 16), one can obtain,
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When o = 0, the combination of Eqgs. (A.21) and (A.25) yields the macroscopic
Navier-Stokes Eq. (2) with Egs. (6) and (9). Therefore, C should be given as
Cz(l—zij(uFH:u)—Aflcszl (A. 28)
T
By substituting Eq. (A. 24), B = nF with n = 1- 1/(27) and Eq. (A. 28) into Eq. (A. 9),
one obtains Eq. (11).
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Table 1. Parameters used for simulation of lateral directional solidification of Sn-Bi
[18]

alloy

Initial composition of Bi, Cg;i’ [mass%] 10
Density of Sn, ps, [Kg m™] 7310
Density of Sn, pgi [Kg m™] 9780
Kinematic viscosity, v [m?s™] 2.5x10”7
Thermal conductivity, 2 [W m™ K] 60
Latent heat, AH [J Kg™] 60000
Specific heat, ¢, [J K* Kg™] 250
Thermal diffusivity, ar [m? s™] 2.5x10°
Heat transfer coefficient, h [W m? K™] 10000
Thermal expansion coefficient, Sr [K™] 1.0x10™
Permeability coefficient, Ko [m?] 1.5x10°
Solidification shrinkage rate, £ [-] 0

Table 2. Spatial grid and time steps

Case 1 Case 2 Case 3
Grid spacing, ox [mm] 1.0 0.5 0.25
Time step, & [ms] 1.0 0.5 0.25
Total number of grids, Ngrig 64° 128° 256°
Total time steps, Niime 1600000 3200000 6400000
Relaxation time, 7 0.51075 0.5115 0.513




Table 3. Parameters used for simulation of continuously cast steel slab %

Initial composition of C, Cc” [mass%] 0.55
Density of Fe, pre [Kg m™] 7100
Density of C, pc [Kg m™] 3440
Kinematic viscosity, v [m?s™] 6.0x10”7
Thermal conductivity, 2 [W m™ K] 41.86
Latent heat, AH [J Kg™] 251163
Specific heat, ¢, [J K* Kg™] 837
Thermal diffusivity, ar [m*s™] 7.1x10°®
Heat transfer coefficient, h [W m? K™] 200"
Thermal expansion coefficient, Ar [K™] 8.28x10™
Secondary dendrite arm spacing, A2 [m] 1.7x10™
Permeability coefficient, Ko [m?] 5.0x10™
Solidification shrinkage rate, £ [-] 0.03

*Since the heat transfer coefficient reported in Ref. [19] was quite low, i.e., 0.005 W m™
K™, we assumed 200 W m™ K™ which yields the solidification time quite similar to the
one in Ref. [19].
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Fig.1. Calculated results of steady-state velocity in fluid systems with (a) v’ = 0.15 and
(b) v'=0.05 between two parallel planes. In each figure, the solid line represents the
analytical solution. Squares and full circles indicate the results of NS-based model and
the present LBM-coupled model, respectively. In Fig. 1(a), open circles represent the
results of the previous LBM-coupled model [15].



T S —
14t
Eqg. (20)
x
< 2r o NS-based model
= -
= 10f | —%- previous model
=2 e this model
Z sl
o
B 6
N
4
S
Zz oL
Y S edtirbui= S

10

Normalized velocity, u /(10°°c)
Fig.2. Calculated results of steady-state velocity in a solid and liquid two-phase system
with fs = 0.5 between two parallel planes. The solid line represents the solution of Eq.
(20) and red square indicates the result of NS-based model. The open and filled circles
represent the results of the previous [15] and present LBM-coupled models. The dashed
line with the open circles (the previous LBM-coupled model) is guide to the eyes.
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Fig. 3. Results of lateral directional solidification in Sn-10mass%Bi alloy obtained by
the LBM-coupled model with 2562 grid points. The snapshots in (a-c) show fs (gray
scale) and u-field (arrow) at (a) t =450 s, (b) 550 s and (c) 650 s, while those in (d-f)
represent the segregation ratio at (a) t =450 s, (b) 550 s and (c) 650 s.
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Fig. 4. Segregation patterns at 1600 s calculated by (a) LBM-coupled model and (b)
NS-based model. 1282 grid points were utilized in both simulations.
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Fig. 7. Simulation results of continuous casting of steel slab at (a) t =400 s, (b) t =800 s

and (c) t = 1200 s. In each figure, the upper, middle and lower snapshots represent the
spatial distributions of fs, |u| and Csy of carbon, respectively. The scale bars of these
variables are shown at the bottom. unax in Fig. (a) is 0.01 m/s, while the one in Figs. (b)
and (c) is 0.001 m/s.



