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Abstract Various collective motions of camphor boats have been studied. Cam-
phor boats are self-driven particles that interact with each other through the
change of surface tension on water surface by camphor molecules. Consequently,
even in a one-dimensional circuit, a congested state or jamming can be observed
[20]. In this phenomenon, the unidirectional motion of each particle is considered
a traveling wave, and the concentration of camphor molecules forms a pulse shape.
Hence, each pair of particles interacts with each other like a pulse-pulse interac-
tion. Thus, we expect that the center manifold theories proposed in [3] and [7]
are applicable for the analysis of the collective motion of camphor boats. How-
ever, spatial discontinuity in our model, in particular the existence of Dirac delta
functions in a linearized operator, does not fulfill the requirement in the reduc-
tion process because the authors developed their theories in L?-framework and for
smooth nonlinearity in [3] and [7]. In this article, we extend the results obtained
in [3] and [7] and establish a new center manifold approach in (H')*-framework.
Finally, we succeed to rigorously reduce a mathematical model ([17]) coupled with
a Newtonian equation and a reaction-diffusion equation including delta functions
to an ordinary differential system that represents the motions of camphor boats.
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1 Introduction

Self-driven motion of animal and inanimal organisms is observed in several fields,
including biology [16], chemistry [2], and nonlinear physics [10], [21], [22]. Organ-
isms move spontaneously to aggregate and form self-organized structures. In many
cases, the individual members do not interact directly. Rather, they change their
surroundings in ways that have an influence on the behavior of other members,
which indicates that the organisms have long-range interactions [9], [14]. There-
fore, it is important not only to clarify the mechanism of the self-sustaining motion
of each organism but also to study how organisms behave as a whole system.

Spatiotemporal collective motions in chemical experiments with camphor have
been investigated in [17], [18], [20]. A camphor scraping at an air—water surface ex-
hibits several motions, including clockwise / counterclockwise rotation, and trans-
lation ([18]). Moreover, it was shown in [17] and [20] that a unidirectional motion
can be observed if we place a camphor boat in an annular water channel. In an
experimental setup, a camphor boat is composed of a plastic disk and a camphor
disk stuck on the edge of the plastic disk with an adhesive. Camphor boats consti-
tute a system for changing the number of particles with simple interaction. In this
system, we observe two different states depending on the number of boats. It was
reported in [20] that, when the number of camphor boats is less than 30, they move
with a constant velocity and spatially disperse with the same spacing between the
boats, which is called a homogeneous state. However, when the number of boats is
greater than 30, the velocities of the boats change with temporal oscillation, and
the shock wave appears in the line of the boats, which is an inhomogeneous state.

Various motions exhibited by a camphor boat have been studied mathemati-
cally. In this article, based on [17] and [20], we introduce the following mathemat-
ical model for the self-sustaining motion of a camphor boat:

Ao dT oo

p7- e +7(u(zoo + p,t)) = V(uW(Te — p, 1)),
du  O%u L
9 on2 —au+ f(z — 2o, 5),

where a, p, and p are positive constants. The first equation is a Newtonian equation
of motion for the camphor boat with the surface tension of water given by 7v(u) as
a smooth and monotonically decreasing function of w. In this model, a camphor
scraping is regarded as a particle, and the position of a camphor boat is denoted
by Zoo = Zoo(t). The surface concentration, denoted by u, of a camphor molecular
layer is assumed to obey the reaction-diffusion equation with the function f(z,s)
defined by
1, 0<z<p,
flz,s)=4s, —p<z<0,

0, otherwise,

which indicates that camphor molecules are supplied only from (—p,p) where
a camphor boat contacts the water surface. Let s € [0, 1], which indicates that a
camphor boat considered in this model is an inhomogeneous object and the amount
of supply on (—p,0) is less than or equal to that on (0, p). This parameter s does
not appear in models proposed previously in [17] and [20], but was introduced in
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the previous works [4], [5]. It provides a new type of a bifurcation structure in (1),
which will be described later.

The spontaneous motion of a camphor boat can be characterized by a traveling
wave solution in (1), which is a stationary solution of

dzoo

- (e o} t bl
a Y >0
dyoo
B = —lyoo — )+ (ulze + 9 1) = Y(ulzee = p 1)), >0, (2)

2

%:%fc%faquf(zfzw,s), —o<z<oo, t>0,
where we set 2oo = 2oo(t) = Zoo(t) + ¢ty Yoo = Yool(t) = (dzoo/dt)(t), and z =
x + ct in (1). We represent the right-hand side of (2) by Lo (200, Yoo, U; ¢, p, ) for
(200, Yoo, u) € R? x H'(R), where * denotes the transpose and H*(R) (k = 1,2)
is a usual Sobolev space. We note that Loo(2oo, Yoo, U; ¢, 1, 8) is considered an
operator from R? x H'(R) to R? x (H'(R))*, where (H'(R))* denotes the dual
space of H'(R). A stationary solution defined by (2ec, Yoo, u) = (0,0, p) of (2) for a
function p = p(z) is called a traveling wave solution, and the parameter c is called
wave speed. The function p in traveling wave solutions of (2) is considered to be
in H?(R).

As shown in [17], there is a critical value of p such that (2) for s = 1 has a
stable traveling wave solution with a positive wave speed only in the case that u
is smaller than the critical value. Hence, the pair of the critical value and ¢ = 0
generates a supercritical pitchfork bifurcation, in which the spatially symmetric
structure is crucial. Moreover, the authors in [17] states the existence of a saddle-
node bifurcation. There is no Hopf bifurcation point in (2) as far as we investigated
numerically.

Such a bifurcation structure for s = 1 is preserved in the case of s < 1. A saddle-
node bifurcation point is easily found while the existence of a pitchfork bifurcation
point is not trivial because the assumption of s < 1 leads to an asymmetric struc-
ture in the system and probably causes an imperfect bifurcation. Nevertheless,
a pitchfork bifurcation can occur in (2) for some s < 1. For example, there is a
bifurcation point (uo, S0, co) such that 0.298 < po < 0.3, 0.12 < sg < 0.13, and
0.271 < ¢g < 0.273 for v(u) = v1/(1+au) and (a,y1, o, p) = (0.64,1.7,0.011,0.84).
From this viewpoint, both i and s should change simultaneously in order that a
pitchfork bifurcation in (2) appears. Under a more general setting in the nonlin-
earity 7y(u), we do not know whether the system (2) exhibits such a bifurcation
structure.

Let (10, S0, co) be a bifurcation point of a traveling wave solution (0, 0, p) with
a wave speed cg. We will give the precise description of a bifurcation point in
the assumptions (A1)—(A3). The existence of such a bifurcation point affects the
linearized operator

‘C'é)o(ov 07p7 Co, 1o, SO)¢

Yz
—p0Ye + 7 (P(0) P (0) Zs + $(p)) — v (P(—p) (P (—p) Z& + $(—p)) | (3)
@ - c% —ap — Zp[sod—p — (so — 1)do — 0]

022 0z



4 Kota Ikeda, Shin-Ichiro Ei

for & = "(Zs,Ys,$) € R? x H*(R), where we denote the Dirac delta function
providing unit mass to the point zo by §,,. Throughout this article, we regard
L5.(0,0,p; co, po, s0) as a closed operator from R?* x H*(R) to R? x (H'(R))*.
It is evident that & = *(—1,0, ) satisfies L5 (0,0,p;co, po, 50)® = 0, i.e., P is
an eigenfunction of L4 (0,0,p;co, to, so) for the zero eigenvalue, where ¢ can be
defined by ¢ = p'.

Furthermore, (3) has a degeneracy condition, and there is a solution ¥ =
£0,1,1) of L£45(0,0,p;co, o, 50)¥ = —P. Here, we assume that the first com-
ponent of ¥ is 0 without loss of generality. From this condition, we note that
¢ € H*(R) as shown below. The existence of ¥ indicates that the multiplicity of
the zero eigenvalue of £ (0,0, p; co, to, S0) is equal to or more than 2.

Fig. 1 Congestion in (4). The red disks represent camphor boats. All camphor boats move in
the same direction as indicated by the arrow.

Thus, we assume throughout this article that there is (uo, so, co) such that the
following conditions hold true:

(A1) Loo(0,0,p;co, 1o, 50) = 0 has a solution p = p(z) € H*(R).

(A2) There is a solution ¥ € R? x H*(R) of L£..(0,0,p;co, po,s0)¥ = —P =
t(—1,0,9), where ¢ = p’. In addition, the generalized eigenspace associated
to a zero eigenvalue is spanned by @ and V.

(A3) Any spectrum X of £, (0, 0, p; co, po, So) is contained in C\ X except for A = 0,
where X' = {A € C|—a/2 < ReA}U{X € C | |arg | < 0} for some 6 > 7/2. ReA
and arg A denote the real part and argument of a complex value A, respectively,
where arg A\ is assumed to satisfy —7m < arg A < 7.

Here, we provide a few remarks on the regularity and uniqueness of ¥. First,
we check that the first component of ¥ is 0 under the assumption (A2). If the first
component of ¥ is not equal to 0, the third component of L, (0,0, p; co, i0, 50)¥
has the three delta functions. Thus, we observe that ¥ ¢ R? x H? (R). However,
if the first component of ¥ is equal to 0, then ¥ € R? x H? (R) because of ¢ €
R? x H'(R). The regularity of ¥ is important for technical reasons.
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Now we consider the collective motion of (N + 1)-camphor boats in a one-
dimensional circuit of length L. Our system is described by

dei _

a I

dyi _ o . _ o

g = (ot 81 (i = co) +y(ulzi + 1)) = v(ulzi = p,1)), (4)
u  O%u

N
Frialrye —cog—: —ozu—i—gf(z—zi,so—l—ﬁg)
inz€T=R/LZfor N>0and i=0,...,N, where z; = 2;(t), yi = yi(t), and
u = u(z,t) € H'(T). Here, we denote by H*(T) (k = 1,2) a functional space
defined by the closure of C°°(T) in H"*(0, L), where C*°(T) is a set of infinitely
differentiable and L-periodic functions ¢ : R — R. For simplicity, we denote an op-
erator associated with the right-hand sides of the first, second, and third equations
of (4) by L(U, k) = "(LFU), LU, k1), «.., L5 (U), LY (U, k1), L*(U, k2)), where
U="20,90,--,28,yn,u) € X' = R*N T2 HY(T), k = (k1,k2) = (u—po, 5—50),
and £, LY (i =0,...,N), L* are given by

LY(U, k1) = —(po + k1) (yi — co) + v(u(zi + p)) — v(u(zi — p)),
8*u

N
w . ou -
LY (U, ko) = 92 " C0g, T ou + ;:0 f(z — zi,s0 + K2).

We note that £(U, k) is considered an operator from X! to X = R*N T2 x (H(T))*
as well as Lo (200, Yoo, U; €, 1, §), where (H'(T))* is the dual space of H'(T). For
a function ¢ defined on (—o0, ), ¥ denotes an L-periodic function given by

5(2) = x(z — nL)o(z — nlL), (n—%)L<z<<n—|—%)L, nez, (5

where x € C*°(R) is a cut-off function defined by

L

1, |Z| < Z,

x(z) = 3L
0 —.

Let [ be the position of the Oth particle and let us denote the distance between
the i-th and the (i + 1)-th particles by h; for ¢ = 0,..., N — 1. As we consider a
one-dimensional circuit, hy is defined by the distance between the N-th and the
Oth particles, i.e., hy = L — Zivzgl h;. Thus, we define a relative position of the
i-th particle by z; = z;(h) = Z;;(l) h;, where h = “(ho,...,hn_1). We consider
Zo = 0. Here, we assume that there is a sufficient distance from one particle to any
other particle. In other words, h; is assumed to satisfy h; > h* forany: =0,..., N,
where h™ > 0 is assumed to be sufficiently large. From this assumption, the circuit
length L is also assumed to be large, depending on h*. More precisely, we give
N > 0 and a positive constant C, arbitrarily and independently of L and h*, and
suppose that L and h* satisfy

L . L
2 0. <h < .
Ny1 G shsnT (6)
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Throughout this article, L and h* are assumed to be sufficiently large under the
condition (6).

Owing to the interactions described by (4), the positions of the particles will
be varied. Thus, the position | and the distance h; are regarded as functions of
time, denoted by I(t) and h;(t), respectively. In the statement of our result, we use
several notations. Consider P(z,l,h) = Zﬁio[(z + Dezitr1 +0(z — Zi — Deany3],
&(z,l,h,r) = Zio rile2it2 +(z — Z; — Deany3], and S(z,1,h,r) = P(z,1,h) +
£(z,1,h,r), where e; is the unit vector in R*V*3 given by e; = t(O,...,O,\l/
,0,...,0) and r = *(ro,...,7n). Note that S(z,1,h,r) € R2N*2 x g%(T).

In the same way as in (2), we can show that there exists a traveling wave
solution of (4) such that z; = ¢L/(N + 1), which corresponds to the homogeneous
state observed in the experiment of [20]. According to the result obtained in [20],
the traveling wave solution is expected to be unstable for a large number N. To
prove the instability of the traveling wave solution, it is necessary to determine an
unstable eigenvalue. However, the linearized eigenvalue problem is too difficult to
analyze theoretically even in the case of N = 1. From this point of view, we must
reduce (4) and derive a simpler system. This is the motivation of our study.

Now, we state our main result in a formal way: the dynamics of (N + 1)-
camphor boats described in (4) can be reduced to a finite dimensional dynamical
system under (A1)—(A3) if the length of the circuit is sufficiently large and each
particle is sufficiently separated from other particles. We will describe the precise
statement of our main theorem at the end of Section 5 (see Theorem 1).

Main result. If L is sufficiently large and the initial value Uy of (4) is close
to S(z,lo,ho,ro) for some lop, ho,ro, then the solution U(z,t) of (4) can be ap-
proximated by S(z,l,h,r) for t > 0, and (I,h,r) = (I(¢),h(¢),r(t)) is governed
by

dl

pri ro + h.o.t.,
dh;
=7rit+1 — 7 + h.o.t.,
i +1 +
d’l"i
= h.o.t.,
dt
where 7; denotes the i-th component of r for ¢ = 0,..., N and rny4+1 corresponds

to rog.

Our main result is similar to that in [7], where the authors considered the in-
teraction between two pulses with very small velocity near a bifurcation point in a
reaction-diffusion system. In the aforementioned article, each pulse can be approxi-
mated by a stationary solution, which indicates that all eigenfunctions &, ¥, ®* w*
are expected to be symmetric, i.e., odd or even functions. Consequently, several
calculations in the reduction process become simpler than in our case. $* and ¥*
in our case will be introduced in the following section.

In the current study, we only have the lowest-order terms in reduced ordinary
differential equations. We have a reduced system with higher-order terms derived in
a formal way in [4]. We also derive a simpler system by an additional approximation
and perform numerical simulations [5]. We will show that the system exhibits
congestion of particles as shown in the experiment in [20]. However, we need more
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careful calculations in order to derive higher-order terms rigorously as obtained in
[3] and [7], which will be undertaken in our future works.

Let L(h) = £'(P(2,0,h),0) be a linearized operator of L(U,0) at U = P(z,l,h).
Using the resolvent operator of L(h), we will define projection maps Q(h) and
R(h) = I — Q(h) by the Dunford integral (see [15]). Here, we denote the identity
map by I : X — X. To derive a reduced system, we introduce a homeomor-
phism map I7(h) such that I7(h)~!'E(h) and II(h)~*E*(h) are independent of
h € H(h*), where E(h) = Q(h)X and E*(h) = R(h)X. We note that L(h) in
this study includes delta functions, which causes the lack of regularity of functions
and consequently makes it impossible to define the homeomorphism I7(h) in a
standard way as in [3]. We overcome it by applying a “discrete method” to the
definition of I7(h) in Section 3.

Further, weak regularity of functions causes other technical difficulties in the-
oretical approaches. In our analysis, we consider the linearized operator L(h) in
X as a base space whereas the authors in [3] and [7] considered a usual Lebesgue
space L?. Hence, we must derive several properties of operators in X as well-
known results in L? to estimate the resolvent operator of L(h) in X, to clarify
several properties of the fractional operator of L(h) for some h, etc. Moreover, it
is complicated to pay careful attention to the regularity and check the dependency
of parameters on those estimates. Our first aim in this study is to overcome the
mathematical difficulties described above.

We transform (4) into a system (56), (57) of a pair of (I,h,r) and a function
W, in which nonlinear terms include delta functions and may not be Lipschitz
continuous. As the right-hand side of the first equation of (56) depends on only
h,r, W, the system (56), (57) is equivalent to (60). Eventually, we will show that
W is sufficiently small. Thus, we can formally set W = 0 in (60) and derive a
reduced system for only h, r,de which is a similar result to that in [3] and [7]. It is
our second aim in this study to derive (60) rigorously. Unfortunately, we cannot
construct a center manifold in (60) in the same way as in [3] and [7] because the
lack of regularity of functions makes it difficult to establish the uniqueness of the
solution in (60). This study is a first step to overcome this problem in the near
future.

In the present study we establish a new center manifold approach in (H')*-
framework in order to overcome mathematical difficulties described above in the
reduction process. Such difficulties can be seen in interface equations arising in
reaction-diffusion systems under a singular limit ([1], [12], [13],[19]). We expect
that our new approach is applicable for these problems in one dimension. However,
it is difficult to apply it for higher-dimensional problems directly. In spite that the
almost all mathematical results in this manuscript are verified by using the Hélder
continuity of functions, the Sobolev space H I cannot be imbedded into a usual
Hélder space with any exponent in higher dimension (see Section 5.6 in [8]). We
will challenge developing a center manifold theory in our future works to treat
problems as in [6].

The rest of this paper is organized as follows. In Section 2 we introduce sev-
eral notations which we use throughout this manuscript. Moreover, we describe
the properties of £4.(0,0, p; co, 0, s0) and L(h), and prove in Lemmas 1, 2 that
—L4.(0,0, p; co, 10, s0) and —L(h) are sectorial operators (see [11] for the defini-
tion of sectorial operators). In Lemma 3, the fractional space induced by L(h) can
be embedded into a usual Lebesgue space and a Hélder space. In Section 3 we
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study the regularity of the projection mappings Q(h) and R(h) with respect to
h, and verify that they are Holder continuous (Lemmas 4-10). Using this fact, we
define a homeomorphism I7(h). Finally, we prove the Holder continuity of I7(h)
and its inverse IT(h) ™! (Lemma 12). In Section 4 we define an evolution operator
T(t,to; h) generated by L(h) = II(h)"'L(h)II(h) by a standard theory in [11],
and have the decaying property of T'(t,to; h) (see (43)). In Section 5 we show that
the system (4) can be decomposed into a finite dimensional manifold coordinated
by (I,h,r) and its normal direction, denoted by W (Lemma 18). Consequently,
we will derive a system (60) and estimate WW. Finally we prove our main result,
Theorem 1.

2 Preliminaries

We define several notations. We set H(h*) = {h = ‘(ho,...,hxy_1) € RY | b* <
hj ( =0,...,N)}. If hT and h3 satisfy hi < h3 and (6), H(h3) C H(hT) holds
true. We set h* = *(L/(N + 1),...,L/(N + 1)) € RY and observe that h* is
included in H(h*) for any h* with (6). Consequently, we simply estimate

|hy —hs| < |hy — h*| + |hy — h*| < 2C.VN

uniformly in hi,hy € H(h*) based on (6). Set R(r*) = {r = *(ro,...,rn) €
RN*Y | r; < r* (j =0,...,N)} for a constant r* > 0. We represent the m x m
identity matrix by I, for m € N. We simply denote the identity maps in several
Banach spaces by I without distinguishing them. We denote the derivative of
W € X with respect to z by 9W/0z = £(0,0,...,0,0,w’(z)), where w(z) is the
(2N + 3)-th component of W and w’(z) denotes the derivative of w if it can be
defined.

Generally, we denote a norm of a Banach space B by ||-|| g and a usual Euclidian
norm by |-|. We denote (-, -)__ by a pairing between R* x ' (R) and R? x (H'(R))*.
Thus, the norm || - [|g2x (g1 (r))+ can be given by

0" l[R2 x (rr (r))~ = sup{| (0", 0) | | ¢ € R? x H'(R), [[llrex i ry = 1}

for ¢* € R* x (H'(R))*. We denote a pairing between X and X' by (-,-) for
simplicity. Then we can provide a norm in X as above. Note that X = (X')*. We
may use a notation (-,-) g ), which is a pairing between (H*(R))* and H'(R).
Similarly, (-, ) zr1(7) denotes a pairing between (H*(T))* and H'(T). Finally, we
represent a usual operator norm simply by || - ||.

Let L4(R) and L%(T) be the usual Lebesgue spaces on R and T for 1 < g < oo,
respectively. It is well known that L?(R) can be embedded into (H'(R))* by the
inclusion map ¢. More precisely, tu € (H*(R))* for u € L*(R) can be defined by

e IO

for » € H*(R). As L*(R) C (H'(R))* in this sense, we do not distinguish between
wu and u throughout this article for simplicity. Similarly, L?(T) c (H*(T))* holds
true. Finally, we denote a Banach space consisting of Hélder continuous functions
on T with a Holder exponent ¢ by C(T).
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Next we study spectra and estimate resolvent operators of L (0,0, p; co, 10, S0)
and L(h). Hereafter, we denote general constants by C independent of A, L, h"
and h. We first study £.,(0,0, p; co, 10, s0). We refer to [15] for the definition of
Fredholm operators.

Lemma 1 There are 8 > /2 in the definition of X in the assumption (A3),
M > 0 and C > 0 such that L.(0,0, p; co, o, S0) satisfies the following conditions;

(i) For A € X, A\I — L,(0,0,p; co, 110, S0) is a Fredholm operator.
(i) Any X € X with |\| > M belongs to the resolvent set of Ln. (0,0, p; co, fto, 0)-
(@ii) The resolvent estimate

_ c
(AT = £56(0,0,p; co, pro, 50)) || < o (7)
holds true uniformly in A € X with |A\| > M.
Proof Define A and B by
0
0
AU = ,
@ —c 9u _ ou
022 00z
Y
BU = | —poY +7'(p(p))(P'(P)Z + u(p)) = 7' (p(=p)) (0 (—P) Z + u(—p))

—Z[SO(S_p — (So — 1)50 — (5,0}

for U = “(Z,Y,u) with the domains D(A) = R? x H'(R) and D(B) = R? x
((H*(R))* N Cy(R)), where Cy(R) denotes a set of bounded and continuous func-
tions on R. The Sobolev’s imbedding theorem implies D(A) C D(B). We decom-
pose the operator L5 (0,0, p; co, po, so) into L (0,0, p; co, to, s0) = A + B.

It is easy to see that Al — A is Fredholm for A € ¥ because D(A) is dense in
R? x (H'(R))* and AI — A is a closed operator. In addition, for any f € (H*(R))*,
there is a unique solution v € H*(R) of Au — (u” — cou’ — au) = f and there is
C' > 0 independent of A, u, f such that

C
<< - < ..
llull @)y~ < |/\+a|Hf||(H1(R)) v Nullarwy < CNFllca wy) (8)
We next prove that B is (AI — A)-compact (see Section 1 in Chapter IV in [15]
for the definition of T-compact). Suppose that for &, = *(Zn,Yn,un) € D(A),
there is a constant C' > 0 independent of n such that

[Pnllre x (211 (R))* + (AL = A)Pr g2 x (111 (R))- < C-

Set fn = Aun — (uls — coul, — aun) € (H'(R))*. From the inequality above and
(8), we see that |Z,|, |Yn|, and |[un| g1 () are uniformly bounded in n. Then
there are a subsequence (Zn,,Yn,,un,) and (Z,Y,u) € R? x H'(R) such that
(Zny, Yoy, uny) — (Z,Y,u) weakly in R? x H'(R) as k — oo. Furthermore we
can assume that v € Cp(R) and up, (2) — u(z) uniformly in [-R, R] as k — oo
for sufficiently large R > 0 without loss of generality by the Sobolev’s imbedding
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theorem. Therefore B®,, converges to B® as k — oco. Hence we complete the
proof of Lemma 1 (i) by Theorem 5.26 in Chapter IV in [15].

Next we prove (ii), (iii). Suppose that for W € R? x (H'(R))*, there is a
solution U of (A — £5,(0,0, p; co, o, 50))U = W. Put U = *(Z,Y,u). From (8),
we have

1
1z < W(IY\ + W llg2 x (1 ®))*)5
Vi< % (21 + Jullmg + W] )
= "t 0] H1(R) R2x (H'(R))* />

llull gy < CUIW Rz % (1 (R))- + | Z])s

C
< —(|W “ Z).
[l (e myy < |>\+a|(|| lr2 x (e )y~ + | Z])

From these inequalities, there is a constant C' independent of A, W, M such that
C
IUllRzx Loy < ClIW llRex (i myyss U llRex (11 (m))= < WHW”RZX(Hl(R))*

uniformly in A € X' with |[A\| > M for sufficiently large M. The second inequality
above implies that any A € X with |A] > M is included in the resolvent set of
A — L£5(0,0,p; co, po, S0).-

Remark 1 For f € (H*(T))* and A € X, let u € H*(T) be a solution of Au — (u” —
cou’ — au) = f. It is well-known that the following estimates hold true;

ey < alflanmr llmm <Clflanam: — ©)

for a constant C' independent of L, A\, u, f.

In the following, 6 denotes a constant given in Lemma 1 throughout this article.
Lemma 1 implies that A € X' either belongs to the resolvent set or is a spectrum
with a finite multiplicity of L5 (0,0, p; co, to, S0), which is called an “eigenvalue”.
Lemma 1 implies that all spectra in X of £ (0, 0, p; co, to, so) should satisfy |A| <
M. Assumption (A3) implies that A € X with |A] < M belongs to the resolvent
set of L5.(0,0,p;co, po, so) except for A = 0. In addition, A = 0 is an eigenvalue
and its multiplicity is 2 due to (A2). These facts and a decomposition theorem
described in [15] give the following resolvent estimates;

C, rAe X, m<|A\ <M,

M — £1.(0,0, p; co, po, $0)) || < 10
¢ (0,0,p; co, po, s0)) || < % res A <m (10)

for small m > 0, where C' may depend on m.

In the reduction process, we will project the solution U(z,t) of (4) onto a finite
dimensional manifold coordinated by h € H(h™). According to [3], the tangent
space of the manifold, denoted by E(h), will be represented by the generalized
eigenfunctions of £, (0,0, p; co, 10, 50) and (L5 (0,0, p; co, 1o, s0))*, which is as-
sociated with the adjoint operator of L., (0,0, p;co, f0,s0) and can be explicitly
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given by

(L5(0,0,p; co, po, $0))*®
Y0Yg — [509"(=p) — (s0 — 1)¢"(0) — ¢ (p)]
Zp — oYsg

—a¢™ + (7' (p())dp — 7' (p(p))d-p)Ye

82¢* a¢*
072 teo

0z
for &* = (Z3,Y4,¢%) € R? x H*(R), where 7o is a constant defined by v =
Y (0(p)p' (p) — ' (p(—p))p' (— p) Using this expression, we have

(L£5(0,0,p; co, o, 50)®,P™)__ = ((L5(0,0,p; co, o, 50)) P, D) __

for @, &* € R? x H'(R). Since R? x H*(R) is reflective, (L5 (0,0, p; co, po, 50))* is
thought of as an operator in R? x (H'(R))* with a domain R? x H'(R).

Let @*,¥* be the generalized eigenfunctions of (L5 (0,0, p; co, po, s0))* which
satisfy (L5o(0,0,p; co, p1o, 50))*@* = 0 and (L4 (0,0, p; co, 1o, 50)) " ¥* = —P*, re-
spectively. Under the assumptions (A1)—(A3), *,¥™* do exist thanks to the Riez-
Schauder’s theorem (see [15]). Then, &* and ¥* are uniquely determined by or-
thogonal conditions such as (¥, ®*) =1 and (¥,¥*)__ = 0. Then we note that
(@,¥") , =1 and (,9%) = 0 automatically hold Put &* = *(Z5,Y4,¢") and
U =475, Ye,*). Note that ¢,1, ¢*,¢* decay exponentially as |z| — co. More
precisely, there is 1 > 0 such that |o(z)] < Ce™#11#l and |¢'(2)] < Ce P11 in
z €R for p =p, ¢, 9, 8", Y".

Next we study L(h). It is easy to see that AI — L(h) is Fredholm in X for
A € X by the same proof as that of Lemma 1. Next we study the spectra and the
resolvent of L(h) in the following lemma. We prove it for the readers though it is
the same as in [3] and [7]. Here we set ¢ = e~ #1"" If h* is large, ¢ is small.

Lemma 2 There exist positive constants C1,C2, Cs, M independent of h* such
that if h™ is sufficiently large, then L(h) satisfies the following facts;

(i) The resolvent estimate

2
(AT = L(h))"'U|x: < C2 (1 + ﬁ) U1 x (11)

holds true uniformly in ' h € H(h*), A € X with C1e*/® < |\ and U € X.
(i) L(h) satisfies

Cs

1A = L(h)) 1| < )’ |

(M= L(h)) " 'UlIx: < Cs|U|lx  (12)

uniformly inh € H(h™), A € X with |A\| > M and U € X.

The inequality (12) can be proved by the same way as in Lemma 1. So we only
consider the case of |A| < M for A € X and prove (11). Actually, we can prove that
the total number of eigenvalues of L(h) close to 0 is exactly equal to 2(N + 1).
Remember that the number of eigenvalues, what is called “algebraic multiplicity”,
corresponds to the dimension of the associated eigenspace E(h) (see [15]). We will
define E(h) in the next section precisely and show the facts above (see Remark 2).
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Here we introduce
[@x(h)](2) = —eart1 + Gz — Zk)ean+3,
(7 (h)](2) = eart2 + P(z — Zx)eanys,
[@7.()](2) = Zjeant1 + Yaeonra + 0 (2 — Zx)ean+3,
(7% (0)](2) = Zgesrr + Yo eapro + 05 (2 — Zr)ean+a

for k =0,..., N, which play an important role in the proof of Lemma 2. Actually,
those functions approximate eigenfunctions of L(h) and L(h)*, which we will claim
in Lemmas 4 and 8 more precisely. Here L(h)* is an operator from X' — X defined
by an equality (L(h)®,&*) = (L(h)*®*, &) for ,&* € X', which is associated
with the adjoint operator of L(h).

Proof We first suppose that there exists a solution U of (A — L(h))U = & (h)
for k =0,...,N, A € X with |A\] < M for sufficiently large M. We set U(z) =
t(Z07 Yo,.--y 2N, YN, U(Z)) and

Uz(z) = Zi€2¢+1 + yi€2itra + Z(l/z)u(z +§i)€2N+3 (7, =0,... ,N),

U(z) = (1 — ZC v(z —Zi)) > u(z)ean+3,

where ( is a cut-off function satisfying ((z) = 1 if |2|] < 1 and ¢(z) =0 if |z| > 2,
and v = 4/h*. Then we have U(z) = Zﬁvzo Ui(z —z:) + U(2).

We first estimate U. Put @(z) = (1 — Zi\]:o C(v(z —Z:)))u(z). Then @ satisfies
A — (@ — cott’ — ati) = F(z), where F' = F(z) is defined by

F= Z 2wz = z))ulz) + 2vC (v(z = Z)' (2) — corC (v(z — Zi) Ju(2)]

N —
( Z v(z — %) >¢>(z—zk).

By (9), we have ||@|| g1y < C||F|| (a1 (1)) < C(et* + v||ul| g1\ B))- Here we set
B= UfV:OBl/,,(Ei), where Br(z) denotes a ball with the radius r and the center z.

Put u;(2) = E(z/z)u(z + z;) and U, = t(zi,yi,ui) fori =0,...,N. For i = k,
we have Az —yr = —1,
Ayr = (=poyr + 7' (0(P)) (' (p)2k + ur(p) — 7' (p(=p)) (' (=p) 2k +ur(=p))) = Fi,
and

uy — (up — coup, — qug — 2k[s00—p, — (s0 — 1)d0 — ,]) = ((v2)p(2) + Fa(z),

where F1, F3(z) are defined by

N
P=y (Zp(zk —Zi+ p)) (

1=0

N
- (Zp(Zk —Zi— P)) (
=0 7

— ' (p(p) (P’ (p) 2k + ur(p)) +

Mz

P (Zr—zi+p)zi + uk(p))

Il
)

1

Mz

P (Zk —Zi — p)zi + uk(p)>
"(p(=p)) (P (—p) 2k + ur(—p)),

Qg
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Fr(z) = —VQZN(Z/Z)U(Z +Zk) — ZVZI(Vz)u'(z +Zk) + CoI/ZI(VZ)u(Z + Zk).

Here we naturally extend the domains of ui(z) and Fa(z) to a whole line R by
setting ux(z) = 0 and F2(z) =0 in (—oo0, —h"/2) U (h*/2,00). Then the equations
above are represented by (A — £5.(0,0,p; co, pto, 50))Ur = Y1 + Ya, where Y1 =
f(—=1,0,¢(v2)¢(2)) and Y2 = ¥(0, Fi, F>(2)). Here we have

(het) | <C [ —1 < Ce”,
(0) | <om, [(va0) | < oM,

where N1 = 51/4VHU||H1(T\B)+5||U||X1- We can expand Uy, as Uy, = ad+b¥ + U,
where a,b are given by a = <ﬁk,&0*> and b = <Uk,¢'*> , and Uib satisfies

oo oo

<UkL, @*> = <Ulf7 LU*> = 0. Substituting it into the above equation, we have

Aa+b—(Y1,¥") | <CNi, |[Xb—(Y1,9") | < CNi,

and _
(AL — £5(0,0, p; co, 10, 50)) Ui

=Yi+Yo— (Y1 +Yo,¥0") &—(Y1+Y2,8") V.

From (A1)-(A3) and a similar result of Theorem 6.17 in Chapter 3 in [15], we
have

08 e s my < CEY* + vl|ull g ony sy + €l U] x1).

Then we have ||U, — D/ N2 x 1 (r) < CN2 by putting

et/ 1 1/4 1)?
Ny = 1+W 1+W (8 +l/||u||H1('ﬂ‘\B))+C 1+W E”U”Xl

By the similar argument, we have ||(~]Z-||R2><H1(R) < CNa for any ¢ # k. Hence
we have ||U — @ (h)/A| x: < CNz. Here we have

1. c
HU_ Aé’“(h)H > ull i mvmy — e
Xl

—
Al
Since v is sufficiently small and fixed independently of €, we have ||ul|g1(m\ By <
CN3 and ||U — &4 (h)/A||x: < CN3 for any A with Ce'/® < |A|, where N3 =
/8 4 (1 +1/|A])%||U|| x1. Therefore we have
1. 1/8
U—<d,m)|| <ce's. (13)
A X1

Next we suppose that there exists a solution U of (Al — L(h))U = ¥ (h) for
k=0,...,N, A € ¥ with Ce'/® < |A\| < M for sufficiently large M. By the same
argument as above, we see

1 . 1.
HU +32Pr(h) - )\%(h)Hxl 2
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Finally we have a resolvent estimate. For W € X, U is supposed to be a
solution of (AI — L(h))U = W. By the same argument as above, we obtain

al 1 . 1 . )
-3 (—ﬁ (W, (m)) + 5 (W, wk(h)>) B1(h)

=0 (14)
< ClWlix

X1

A
=3 5 (Wdim)) ()
k=0

for A € X with Ce'/® < |A\| < M. This inequality implies that any A € X with
Ce'/® < |A] < M belongs to the resolvent set of L(h), and derives a resolvent
estimate (11). In other words, if A € X is an eigenvalue of L(h), then |\| < Ce'/8
holds true.

As shown in Lemma 2, —L(h*) is a sectorial operator, and the real parts of all
spectra of —L(h*)+ I have strictly positive values. Then we can define a fractional
space by X* = D((—L(h*) + I)*) for w € [0,1), where D((—L(h*) + I)¥) is a
domain of (—L(h*) 4+ I)*. We denote the norm of X“ by || - ||. Hereafter we fix
w € (3/4,1) such that X* is imbedded into R*N T2 x L?(T), and R*N T2 x C¢(T),
as shown in the following lemma.

Lemma 3 Set w € (3/4,1) and let ¢ be a positive constant with

3. ¢
1 + 5 < w. (15)
If L is greater than or equal to 1, X% is imbedded into R*N*2 x L*(T), and
R2N+2 ¢ (T). More precisely, there is C > 0 independent of L such that

[Ullrz~+2xp2(ry < CUlws  IUllgen+2xce(ry < Cl|U]w (16)
uniformly in L > 1 and U € X*.

Proof Tt is well-known that H'(T) is embedded into C*/2(T). More precisely, there
is a constant C' > 0 independent of L > 1 such that any u € H'(T) satisfies
llullcrrzery < Cllullgi(ry because |u(z1) — u(z2)| < |21 — 22|71r/2||u'\|L2(T) for any
u € C°(T) and 21,22 € R, where | - |7 is defined by |z|r = min,ez |2z — nL]| for
z € R. The inequality above is what is called the Morrey’s inequality.

Define Ag = —92/92* + 1 : H'(T) — (H*(T))*. We denote a fractional op-
erator and its domain of Ao by Af and D(Ag). It is easy to see [jul/p2(r)y =
||A(1)/2uH(H1(T))* for any u € D(A(l)/z) by the Riez representation theorem. Hence
it can be proved that u € D(A§) can be imbedded into L?*(T) and C(T), and
satisfies

lullzzery < CllAGullar (ryy-5  llullecry < CllAGulla(ry)- (17)

by standard embedding theorems (see Theorem 1.6.1 in [11]) if w and ¢ satisfies
(15). Moreover, it is obvious that ||(AI + Ao)~'|| < C/|A + 1] holds true for real
A > —1 by a standard argument.
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Set A = (Ian+2,40) : X' - X and B = —L(h*) + 1 : X' — X. Since it is
easy to see that ||u| g1ty = ||Aoul| (g (1))~ for u € H'(T), it follows from Lemma 2
that any positive real number A belongs to the resolvent set of B and satisfies

[(A + A)(\ + B) Y| < C. (18)
Simple calculations give us
(1 .
(AI+A) = ()\+1I2N+2,(AI+A0) )

for any A > 0 so that we have A = (Ian42, AG). Then, the Morrey’s inequality
proved above, Lemma 2 and (17) imply

(A= B)YA +A)7 ' <C. (19)
In addition, we have

sin Tw

AT —-B™Y =

/Oo AU+ A) (A - B)(M\T + B) 'd\.

™ 0
Thanks to (17)—-(19) and Theorem 1.4.4 in [11], we have

_ > 1 1
I-A“B™%||<C AT dx < C.
|| I<c [ X e e <

Hence we see X* C D(A®) and there is C' > 0 independent of L > 1 such that
|A“U||x < C||U||w uniformly in U € X*, which completes the proof of Lemma 3
owing to (17).

3 Construction of a homeomorphism I7(h)

In the previous section we have studied spectra and estimated resolvent opera-
tors of £4,(0,0,p; co, f10,s0) and L(h). Our goal in this section is to construct a
homeomorphism I7(h) by using projection maps defined by a Dunford integral for
the resolvent operator of L(h). Such an operator was introduced in the previous
work [3]. However, the lack of regularity of several functions makes it impossible
to construct I7(h) by the same way as in [3]. Then we will define IT(h) discretely.
In the following we prove several lemmas. Lemmas 4-9 are shown by almost
the same way as in [3] and [7]. However, our linearized operator has the Dirac
delta functions, which lack the regularity of various functions, while the authors
in the previous works [3] and [7] only considered smooth functions. Throughout
this section, we denote general constants by C' independent of A, L, h* and h.
Let I'={A € C| |\| = 0} C X be a positively-oriented circle enclosing A\ = 0,
where o € (0, «/2) is sufficiently small and fixed independently of A*. The fact (i)
in Lemma 2 implies that I" is included in the resolvent set of L(h) in h € H(h™).

We define 1
Qh) = o /F(AI — L(h)) " tdx

and E(h) = Q(h)X. Then we see that E(h) is a 2(/N + 1)-dimensional space
spanned by a basis which consists of (generalized) eigenfunctions of L(h) approx-
imated by &,V.
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Lemma 4 Set &;,(h) = Q(h)®x(h) and i (h) = Q(h)¥(h). If h* is sufficiently
large, then {®y(h), ¥, (h)}a_, is a basis of E(h) for h € H(h*). In addition,
there is C > 0 independent of h* such that ||By(h) — @x(h)|x: < Ce'/* and
W% (h) — &, (h)||x: < Cet’* uniformly in k=0,...,N and h € H(h").

Proof By the similar argument to the proof of Lemma 2, there is a constant C
independent of A, o, L, h*, h such that ||(A—L(h)) ™ @ (h) =& (h) /A x1 < Ce'/4
for A € X with |A| = o, where h™ is sufficiently large dependently on o. Due to
definition of Q(h) by the Dunford integral, we see ||Q(h)®;(h) — &4 (h)[x: <
Ce'/*. Similarly, we have ||Q(h)¥(h) — ¥y (h)||x:1 < Ce'/%. This result implies
that the dimension of E(h) is larger than or equal to 2(N + 1).

Finally, we prove that it is equal to 2(N + 1). Set W € E(h) and assume

(W, 7 (h)) = (W, 87 (h)) =

for all i = 0,...,N. Let U be a solution of (\I — L(h))U = W for A € X with
|A| = 0. By (14) and Lemma 2, we have ||U||x < [|[U]|x: < C||W||x for a constant
C independent of A, o, L, h*, h, W. Hence we have

Wi =Wl = |55 [ r-cm)~twa| < copws.

which implies W = 0 because o is small. Therefore the dimension of F(h) is equal
to 2(IN +1).

Remark 2 Lemma 4 implies that L(h) has exactly 2(N + 1) eigenvalues included
in {\ € C||A| < Cie'/®} for any h € H(h*), where C} is a positive constant given
independently of h in Lemma 2. Multiple eigenvalues are repeated as many times
as their multiplicity indicates. Moreover, other spectra of L(h) are in C\X.

Actually, the functions @ (h) and ¥y (h) are differentiable, and their derivatives
are Holder continuous with respect to h € H(h™), which will be verified in a general
setting.

Lemma 5 Assume 3/4 < w < 1 and set W € X% with |[W||. = 1. Put #(h) =
QM)W. If h* is sufficiently large, @(h) is differentiable with respect to h € H(h").
In addition, there is a constant C > 0 independent of h* such that ||®(h)||x: < C,
[0(@(h))/OhjlRen+2 5 p2(r) < C,
[@(h1) — @(h2)|gen+2x p2(ry < Clhi — hal,
@ (ha) - (hQ)HXI < Ol —ba| /2,

| ) = S )

' < Clhy —112|1/2
X

uniformly in j =0,...,N —1, hyhi,hy € H(h™), and W € X with |[W|. = 1.

Before describing the proof of Lemma 5, we first study @ (h), ¥, (h), &% (h),

¥y (h).
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Lemma 6 Let & be equal to $r(h), ¥y (h), &5 (h) or ¥ (h) fork =0,...,N. Then
&(h) is differentiable with respect to h in X, and it holds true that ||®(h)|x: < C,
[0[@(M)]/Oh;||g2r+2x L2(1) < C,

[@(h1) — P(h2)|gen+2x 2y < Clhi — hal,

o
[#(h0) ~ @)l < i~ ol | S (h) = S )| < s b
j X
uniformly in j =0,...,N —1 and h,hy,hy € H(h").
Proof We first claim that the delta function §, satisfies
1/2
1821 = Seallarmyy+ < l21 = 22l (20)

by the Morrey’s inequality in the proof of Lemma 3, where | - Hr/ % was defined in
the proof of Lemma 3.

In the following, let C' > 0 be a general constant independent of h, hi, ha. Let
@(h) = [p(h)](2) be a function ¢(z —Z), ¥(z —Zk), ¢* (2 — Zk), or P*(z — Z1). We
define F(h) = p(h)" — cop(h)’ — ap(h), where the prime ’ denotes differentiation
with respect to z. It is easy to see p(h) € H'(T). Hence we have | F (D) ||z ey <
C and ||F(h1) — F(h2)| g1y~ < Clh1 —ha|*/? by (20) so that [|¢(h)|| 1) < C
and [[¢(h1) — @(h2)||g1 () < Clhr — hy|*/? uniformly in h,h;,hy € H(h*) from
the inequalities above and (9). We note that |z;(h1) — Zz;(h2)|r < Clh1 — ho|
uniformly in ¢ = 0,..., N and hy,hy € H(h"). Moreover, it is easy to see ||¢(h1) —
go(hz)||L2(T) < C‘hl — h2| uniformly in h1, hs € H(h*)

Finally, we study Op(h)/0h;. In case of j > k, we have dp(h)/0h; = 0.
On the other hand, in case of j < k, we have dp(h)/0h; = —p(h) and then

)(890(h)/8hj,w>H1(T) < Cllw||z2ery for any w € H'(T). In addition, thanks to
<<p(h)’,w>L2(T) = <<p(h),w'>L2(T) for any w € H'(T), we see

Oy Op
<ah (h1) = Oh; (ha), w >H1(T)

Since w is an arbitrary function in Hl(’]I‘) in the inequalities above, we have

Fea

< Clhy — ha|[|lw|| g1y

< Clhy — ha|.
(HY(T))*

o gzt

L2(T)

From the definitions of @ (h), ¥ (h), QSZ (h) or ¥} (h) and the orthogonal con-
ditions of &, ¥, d*, ¥*, the following lemma holds true, which can be proved easily.
We omit the details of the proof.

Lemma 7 Let F(h) be either L(h)®i(h), L(h)¥(h) + &4(h), L(h)*®;(h) or
L(h)*¥; (h) + &;(h) for k=0,...,N. There is a constant C' > 0 independent of
h* such that if h*™ is sufficiently large, then

[Pl < OVE  [F(b) ~ F(ha) e < Clhy 1),
OF OF
lgem| <ove | hm - S|

uniformly in j =0,...,N —1 and h,hy,hy € H(h").

(21)
< Clh1 — ha|
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Now we are in a position to prove Lemma 5. Here we easily see that there is a
positive constant C independent of h* such that

'<d§i(h),d32(h)>‘ < OV, ’<<f5i(h), A,jj(h)> S| < OVE,
(B0, B (0)) — 00| < VR, [(B50), 5 ()| < OVE

(22)

uniformly in i,k = 0,..., N and h € H(h*). In the following proof of Lemma 5,
we apply the inequalities (22).

Proof Fix A € X with |A\| = 0. We denote the solution of (Al — L(h))U = W
by U(h) == t(?j’o,g:/o,...,éN,QN,u), where 22‘ = ZA'i(h)7 Qz = Qi(h), and u = u(h).
Throughout the proof, we denote a general constant independent of \, h* by C,
which may depend on o. Moreover, Co denotes a general constant independent of
Ao, h*.
(11) implies ||U(h)| x1 < C. Weset V(h) = U(h) + >~ 2:®;(h). From (A —
L(h))U(h) = W, we have
N
(M —=LM)V(h) =W — Z 2;(M — L(h))?;(h) = F(h,z(h)), (23)

=0
where z(h) = (2o, ..., 2n). If h* is sufficiently large, the function F(h, z) satisfies
[F(h1,21) = F(h2, 22)||lgan 2 21y < Coolza — 22|+ C(|z1] + |z2])[h1 — ho| (24)

uniformly in hy, hy € H(h*) and z1,2z2 € RV due to Lemmas 6, 7. We denote
the (2N + 3)-th component of F(h,z) by F*(h, z).

We denote the (2N +3)-th component of V (h) by v = v(h). Since all (2i41)-th
components of V(h) are 0 in ¢ =0,..., N, v satisfies

v — (v — cov” — av) = F*(h, z(h)), (25)
and |lv(h1) — v(h2)||g2(ry < Coolz(hi) — z(hz2)| +C|hi — hz| because of (9) and

(24). Thanks to A\2; — §; = wi, we see |§;(h1) — gi(h2)| = o|2:(h1) — 2;(h2)|. As a
result, we have

[V (h1) = V(h2)||lgen+2x m2(ry) < Coolz(hi) — z(h2)| + Clhi — ha|. (26)

Next we estimate <U(h)7 & (h)> and <U(h), v (h)> Since U (h) satisfies (A —
L(h))U(h) = W, we have

A(U), 87 (0)) = (LU D), (b)) + (W, ; (b))

- <L(h)*q%;(h), U(h)> n <W, qu(h)> ' (27)

From Lemmas 3, 6, 7, and due to [A\| =0 and W € X* for w € (3/4,1), we have

(U, 81 (1)) — (U(he), 8% (h2))| < CVEIU(B1) = Ulha)lx + Clhas = bl
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where h* is sufficiently large dependent on o. Similarly, we have

(Um0, (1)) = (Uh2), 7 (h2) )| < CVE|U (1) = Ulhe)|[x + Clhy — hal.
(28)
From U(h) = V(h) — 3. | 2,®;(h), we have

N
(Um), 5 m)) = (V(0), 5 (b)) = > 2 (Bi0), 0 ().
1=0
Here we define an (N + 1) x (N + 1) matrix A( = (aix(h))k,; and an (N + 1)-
dimensional vector b(h) = (bx(h))x by a;x(h <§§ (h), ¥} (h > and bi(h) =
<V(h) — U(h), @;(h)> From Lemma 6, (22), (26) and (28), it is easy to see that
A(h) and b(h) are differentiable in h € H(h"), and ||A(h)—I|| < Cy/, |b(h)| < C,

0

JA(ln) — A(h2)] < Ol — hal, H )~ o) < O,

[b(h1) — b(h2)| < Clh1 — ho| + CVe||U(h1) — U(h2)||x + Coolz(h1) — z(h2)].
The first inequality implies that A(h) has an inverse A(h) ™" with ||A(h) || < Co.
Since we have z(h) = A(h) " 'b(h), we see

|z(h1) — z(h2)| < Clhy — ho| + CVE[|U(h1) = U(h2)||x + Coolz(h1) — z(h2)],
from which we have |z(h1)—z(h2)| < Clh1 —ha|+Ce||U(h1) —U(h2)|| x because
sufficiently small o can be given independently of h*. Hence we have

N
|U(h1) — U(he)||x < [[V(h1) = V(ho)llx + Y [|2:(h1)®s(h1) — 2;(ha)®i(ha)|| x
=0

< CVe|U(hi) — U(h2)||x + Clhy — ha|,
from which we have
[U(hy) — U(h2)|lx < Clhy — hy| (29)
if h* is sufficiently large. From Lemma 6, (26) and (29), we also have
[U(h1) — U(hz)||gen+2x p2(r) < Clh1 — hal,
IU(h1) = Uha) || x2 < Clhy —ha|'/2.

Finally we prove the Hélder continuity of 90U (h)/0h; for j =0,..., N —1. The
Lipschitz continuity of U(h) implies that U (h) is differentiable almost everywhere
in h € H(h"). First of all we have
9| _ 3zk

Oh;|

INETr

;}Z(h)‘ e (30)
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forj=0,...,N—1,k=0,...,N from (26) if h* is sufficiently large. In addition,
from (23), we have

Az (i (h), 97 (h))
——«M—meﬁmmvm»+§p&um@my

0
+ (Wi () = A 5 (Ba(h), 5 (),

i#£k

from which we have

8zk

‘ (hﬁ4—0

forj=0,...,N—1,k=0,...,N by Lemmas 6, 7, (22) and (30). Hence we have
|0z(h)/0h;| < C because o is small. Then we see |0V (h)/0h;||x: < C.
From (25), 0V (h)/h; satisfies

0z 0z

S Coo oh,; ——(h1) - *(hZ)

H h2) +C|h1—h2|.

Thanks to Lemma 6 and 8@’;/8@ = —0U} |0z, we note

o ov
(o))

Differentiating both sides of (31) by h;, we have

< Clhy — ho|'/2.

0z 0z 0 0
G ) = G )| < Coo | S () = % () -+l — af! 2,
which implies
‘ (h2) < Clhy — hy|'/?,
H (h2) < Clhy — ho|'/2.
Xl

This completes the proof.

Thanks to the Riez-Schauder’s theorem (see [15]) and Remark 2, L(h)* has
exactly 2(N + 1) eigenvalues close to 0. We denote the associated eigenspace of

L(h)* by E(h)* = Q(h)* X, where
Q) =5 [ r- 1w

Note that Q(h)* corresponds to the adjoint operator of Q(h), that is, it holds true
that

(Q(h)®, &™) = (®,Q(h)"P") (32)

for @, 9" € Xi. By the similar argument of Lemma 4, we can give a basis of F'(h)",
denoted by {@}(h), ¥} (h)}2_, as in the following lemma.
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Lemma 8 Set ¢} (h) = Q(h)*®%(h) and ¥} (h) = Q(h)*¥; (h). If h* is suffi-
ciently large, then {®;(h), ¥ (h)}i_, is a basis of E(h)*. In addition, there is
a constant C > 0 independent of h* such that ||®}(h) — &% (h)| x1 < Ce'/* and
%4 (h) — & (h)]| x1 < Ce'/* uniformly in k=0,...,N and h € H(h*).

From Lemmas 3, 5 and (32), we can easily prove that &} (h) and ¥} (h) are
differentiable, and their derivatives are Holder continuous with respect to h €
H(h*). More precisely, for #*(h) = &;(h) or ¥;(h) (k=0,...,N) and W € X¥
with w € (3/4,1), we set F(h) = (Q(h)W,®"(h)). Then, F(h) is differentiable
with respect to h and satisfies

|[F(h)| < C, [F(h1) — F(hg)| < Clhy — ha,
OF oF OF 1/2 (33)
oh, (h)‘ <C, ‘ahj (h1) oh, (h2)| < Clh; — hg|

uniformly in j =0,...,N —1, h;h;,hy € H(h*),and W € X for 3/4 < w < 1
with [|[W], = 1.
We set
N

N
Oi(h) = (a;68] () + bjnd; (h), ¥i(h) =) (c;n®](h) + djnd; (b)) (34)
§=0 j=0

for constants aj, bjk, ¢jk, djr inj, k = 0,..., N.It is obvious that &7 (h) and ¥;; (h)
are included in E(h)* because of their definitions in (34) by linear combination of
{®}(h), ¥} (h)}. By choosing appropriate constants, ®;(h), ¥;(h), &} (h) and ¥; (h)
satisfy orthogonal conditions given in the following lemma.

Lemma 9 If h* is sufficiently large, then there exist aji, bjk, cjr and d;i for
J,k=0,...,N in (34) such that ®;(h), ¥;(h), &3 (h), and ¥;; (h) satisfy
(®i(h),¥; (h)) =6k, (Pi(h),Pk(h)) =0,

(Ti(h), B (0)) = 650, (Wi(h), ¥} () = 0 (35)

for any i,k =0,..., N, where §;;, denotes the Kronecker delta. In addition, there
are positive constants C1,Cq independent of h* such that the functions aj, =
a;jr(h), bjr = bjk(h), cjx = cjr(h) and dji = d;ix(h) satisfy the following condi-
tions;

(i) It holds true that
laje(h) — 8] < Cre™™*,  |bji(h)| < Cre'/?,
leji(h)| < Cre™*, |dju(h) — 65| < Cre/?

uniformly in j,k=0,...,N and h € H(h").
(i1) Let o(h) be either a;i(h), bjr(h), cjix(h) or dj(h) for j,k=0,...,N. Then
w(h) is differentiable in h € H(h™) and satisfies |0(p(h))/0h;| < Ca,

0 0
[p(h1) = o(h2)| < Calhy —hal, | 22 (01) = 227 (h2)| < Cafh — hof*/2

uniformly in i,5,k =0,...,N and h,hy,ha € H(h").
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Thanks to & (h), ¥ (h), &5 (h), ¥ (h) € X!, Lemmas 5, 6 and (32) imply
Lemma 9. So we omit the details of the proofs.

From the orthogonal conditions (35), we note that the projection map @(h)
can be represented by Q(h)U = YN (U, ¥} (h)) ®;(h) + (U, &; (h)) ¥;(h)). Set
R(h) = I —Q(h). Let E*(h) = R(h)X. Note that E+(h) can be characterized by

E*(h)={Ue€ X | (U®;(h)) = (U, ¥ (h)=0 (i=0,...,N)}

It is easy to see ||Q(h)|| < C and ||R(h)|| < C uniformly in h € H(h*). Next we
prove the Holder continuity of the projection maps Q(h), R(h).

Lemma 10 There is a positive constant C independent of h* such that if h* is
sufficiently large, then ||Q(h1) — Q(h2)|| < Clhy — h2|1/2 and ||R(h1) — R(ha)|| <
Clhy — ha|'? uniformly in hy,hy € H(h").

Proof Thanks to (20) and the Morrey’s inequality as in the proof of Lemma 3, we
easily see
I(L(h1) = L(hs))®| x < Clhy — ho|'/?||®] x: (36)

uniformly in hi,h, € H(h*) and & € X'. From the definition of Q(h) and
Lemma 2, we have

Q(h1)? — Q(h2)?| x
= ‘ / (M — L(hy)) "' (L(h1) — L(ha)) (A — L(hg))leﬁd)\H
I

< Clhy — ho|"?) 0] x

X

uniformly in h;, hy € H(h*) and & € X. Hence we conclude Lemma 10.

Remark 8 As described in Lemma 10, Q(h) is Holder continuous but may not
be differentiable in general. On the other hand, Lemma 5 implies that Q(h)W is
differentiable and its derivative is Holder continuous in h € H(h™) by the regularity
of We X% with 3/4 <w < 1.

We define th (h2) = Q(h2)|E(h1) and Rh1 (h2) = R(h2)|EL(h1). Then th (hg)
and Ry, (h2) satisfy the following lemma.

Lemma 11 There exists n > 0 independent of h* such that if h* is sufficiently
large, then Qn,(h2) : E(h;) — E(h2) and Ry, (h2) : EX(h1) — E*(h2) are
homeomorphic for any hi,hy € H(Rh™) with |hy — ha| < n. In addition, there is
C > 0 independent of h* such that the invertible operators satisfy |Qn, (h2) || <
C and ||Rn, (h2) || < C uniformly in hi,ha € H(h*) with |hy — ha| < 7.

Proof Tt is obvious that Qn, (h2) is continuous. Next we put Qn, (h2)V = 0 for
V € E(hi). Then we have V = R(h2)V. Due to Lemma 10, we have

1
IVIlx = [R(h2)V|x = [|(R(h1) — R(h2))V]|x < Clhi — ha|?|[V]1x < SIVilx-

Here we assume that 7 is sufficiently small such that C'\/n < 1/2, which implies
V = 0. Note that n can be given independently of h*.
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Finally we see that Qn, (h2) is surjective. Set K = Q(h2)R(h1) : E(h2) —
E(h3). Here we prove || K|| < 1/2 for hy,hy € H(h*) with |h; — ha| <#. For any
V € E(h3), we have

[Q(h2)R(h1)V||x = [|Q(h2)(R(h1) — R(h2))V|x

1
< Oy — b 2|V]|x < S| V]x.

Then (I — K) : E(h2) — E(hg) is invertible. Set V' € E(hg) arbitrarily and
U=(I—-K) 'V € E(h2). Then we see

U = Q(h2)U = @n, (h2)Q(h1)U + Q(h2) R(h1)U = @n, (h2)Q(h1)U + KU.
Hence we have V = Qp, (h2)Q(h1)(I — K)~'V. Because of Vi = Q(h1)(I —
K)™'V € E(h1) and V = Qn, (h2)V1, we see that Qn, (h2) is surjective.

Next we estimate Qp, (h2)~*. Thanks to || K|| < 1/2, we consider the Neumann
series and estimate

(7= K)~") =

oo
> K"
n=0

As seen above, we have Qn, (h2)™! = Q(h1)(I — K)™', and then ||Qu, (h2)™!||
=[leh)(I - K)~!| < C.

By the same argument as above, we also prove that Ry, (h2) is homeomorphic,
and estimate Ry, (h2) ™! so that we conclude Lemma, 11.

oo oo 1
<Y NEIP< ) =2
n=0 n=0

It follows from Lemma 11 that projection spaces E(hi) (E+(h;)) and E(hs)
(E*(h2)) are homeomorphic in the case of |hy — ha| < 7. Then we can construct
homeomorphisms 7g(h) : E(h*) — E(h) and 7g(h) : E+(h*) — E*(h) for any
h € H(h"), respectively, as follows. Let n be a positive integer which satisfies
1/n < n. If we assume (6), n can be given independently of h*. For h € H(h*),
we define h(k) € H(h™) by

n

h(k) = (1 E) h* + ky
n
for k =0,1,...,n. Then we set
mo(h) = [ @um-r(h(n —k+1)), 7r(h) =[] Rug-i (h(n —k+1)).
k=1 k=1

Since Qu(n—k)(h(n —k+1)) and Ry(n—k)(h(n — &k + 1)) are homeomorphisms for
any k= 1,...,n due to 1/n <7, mg(h) : E(h*) — E(h) and 7g(h) : E*(h*) —
E~(h) are homeomorphisms in h € H(h*) from Lemma 11.

Using mg(h), 7r(h), we define an operator II(h) : X — X by

I(h)V =rmgh)QMh")V + mr(h)R(h™)V (37)

for V € X. Then the operator II(h) satisfies the following lemma.
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Lemma 12 If h* is sufficiently large, II(h) : X — X is homeomorphic and
invertible for h € H(h*). Its inverse operator, denoted by IT(h)™", is explicitly
given by

M(h)™'V = (rq(h)) ' Q(h)V + (7r(h)) " R(h)V. (38)

In addition, there is a positive constant C' independent of h* such that

[I(h)[| <C,  |[(h1) — I(hg)|| < C|hy — ha|'/?,
[I(h) 7Y < C, |H(h1)™" — T(h2) 7' < Clhy — ho|'/?

uniformly in h,hi, ho € H(h™).

Proof We first see that II(h) is bijective. We suppose that II(h)V =0 for V € X.
Then we have 7o (h)Q(h*)V = 0 and 7r(h)R(h*)V = 0. Here we note Q(h™)V €
E(h*) and R(h*)V € E+(h*). In addition, 7g (h) and 7 (h) are homeomorphisms
so that Q(h*)V = 0 and R(h™)V = 0, which implies V' = 0. Set V € X arbitrarily.
Putting Vg = mo(h)™'Q(h)V € E(h*), Vg = nr(h)"*R(h)V € E*(h*) and
V:VQ+VR€X, we have

V =7o(h)Vo + 7r(h)Vk = g (h)Q(h*)V + 7(h)R(h*)V = IT1(h)V.

Hence I1(h) is bijective. The equality above also implies (38).

Obviously, ||[II(h)|] < C holds true by its definition. Since Lemma 11 implies
Ima() | < C and [[ra(h)~|| < C, we have [7T(h)~| < |rq(h)~'Q(h)|| +
|rr(h)"*R(h)|| < C. Finally we prove the Hélder continuity of I7(h) and IT(h)™*.
Let 1 be given in Lemma 11. Then it suffices to consider the case of |h; —ha| < 7.
Define

kY, . k
hj(k):<1 7>h + -y

n
for j=1,2and k=0,...,n. We have |hi(k) —ha(k)| <n for any £k =0,1,...,n.
Simple calculations give us

mo(h1) —mo(he) = [[ Qu(n—k+1)) — [ Qha(n — k+1))

k=1 k=1

= (1:[ Q(ha(n —k + 1)))

k=1

(Q(h1(2)) — Q(h2(3))) ( I[I emim—k+ 1))) ;

k=n—i4+2
where we denote [[0_, Q(h2(n — k + 1)) = I and [Ticyi Qha(n —k+1)) = 1.
Therefore it follows from Lemma 10 that
Irq(h1) = mo(he)|| < O [hi(i) = ha()]V/* < Oy — ho|'/2.
i=1

Similarly, we have |[7r(h1) — 7r(h2)|| < C|hy — ha|*/2, from which we complete
the proof of the lemma.
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Remark 4 1t follows that II(h)|gm-) = m@(h) and II(h)|gi(h~y = 7r(h). In
addition, there is C' > 0 independent of h* such that ||Q(h)U||x: < C||U||x: and
|R(h)U||x1 < C||U||x: uniformly in h € H(h*) and U € X'. Moreover, it is easy
to see II(h)W € X® and ||[II(h)W|, < C||W/|, uniformly in h € H(h*) and
W € X% with 3/4 < w < 1 for C > 0 independent of h*.

Remark 5 In order that n is independent of h*, the condition (6) is necessary.
When all particles are positioned with almost the same distance between two
neighboring particles in the circuit T for large L, (6) does hold true.

4 Definition of an evolution operator T'(¢,tg;h)

In this section we estimate the resolvent operator of L(h) = H(h)‘{L(h)H(h) and
its continuity with respect to h € H(h™). As a result, we see that L(h) generates
an evolution operator T'(¢,to; h).

Lemma 13 Setw € (3/4,1) and suppose that h* is sufficiently large. Then, there
1s a positive constant C independent of h* such that the following inequalities hold
true uniformly in hyhi,ho € H(h™) and V € X* with |V ||lo = 1;

ILM)Q(h)|| < €, L(h)(Q(h1) - Q(h2))|| < Clhy — hol", (39)

Q) LM)Vx < C,  [[(Q(h1) = Q(h2))L(h)V|x < Clhy —ha[*,  (40)

where ¢ is a positive constant satisfying (15).

Proof Throughout this proof, we denote general positive constants by C' indepen-
dent of h*, A\, V,h, hi, hy. We have

L(h)Q(h1)V = % /F L()(A\T — L))" Vdx

for V € X. Due to Lemma 2, we see | L(h)(AT—L(h1)) "'V ||x < C|V]x < C|IV |
uniformly in A € I" so that ||[L(h)Q(h1)V||x < C||V||w. Similarly, we have

L(h)(Q(h1) — Q(h2))V
- ‘ﬁ /F L(h)(AL = L(h1)) " (L(h1) — L(hs))(A — L(hs)) ™' Vda.

Therefore we have ||L(h)(Q(h1) — Q(h2))V|x < Clhi — ha|*?||V| x from (36).
Here we note that L(h)Q(h1)V is well-defined because of Q(h1)V € X' even for
VeX.
It is easy to verify that there is a positive constant C independent of h* such
that
I(L(h1) = L(h2))V|[x < Clhy —h2|® (41)

uniformly in h;,hs € H(h*), and V € X* with ||V, = 1 by Lemma 3. Here
we see Q(h1)L(h) = L(h1)Q(h1) + Q(h1)(L(h) — L(h1)) so that the domain of
Q(h1)L(h) can be extended from X' to X*“. Therefore we see the first inequality
in (40). By a similar argument, we can verify the second inequality of (40).
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Next we prove the following lemma.

Lemma 14 Set w € (3/4,1) and let ¢ be a positive constant satisfying (15). Sup-
pose that h* is sufficiently large. Then, there is a positive constant C' independent
of h* such that
IL(h)(IT(h1) — 1T (h2))V||x < Clh1 — he|*[|[V ],
(T (1) ™" = I (h2) ™) L(0)V|[x < Clhy — h2|*[[V]|

uniformly in h,hy,hy € H(h*) and V € X*.

Proof Tt is obvious that the first inequality holds true from the definition of I7(h)
and Lemma 13. In order to have the second inequality, we have

(IT(h1) ™" = I (h2) ") L(h)V
= —1I(h1)~ ' (11 (h1) — 11 (h2)) 1 (he) "' L(h)V
= —I(h1) "' (rq(h1) — mq(h2))Q(h") T (he) "' L(R)V
— I (h1) ™ (mr(h1) = mr(he))R(W") I (h2) "' L(h)V.
Both terms in the right-hand sides can be represented by a finite multiplicity of

Q(h;(k)) for j =1,2and k =0,1,...,n, where h;(k) was introduced in the proof
of Lemma 12. Thanks to Lemma 13, we can conclude the lemma.

Next we estimate the resolvent operator of L(h) and its continuity with respect
to h € H(h™), which implies that L(h) generates an evolution operator.

Lemma 15 Suppose that h* is sufficiently large. Then, there is a posilive con-
stant C independent of h* such that L(h) : X* N E+(h*) — E+(h*) satisfies the
following conditions;

(i) It holds true that

C

1M — L(h)Hlx < Dta2

IO = L) "' U[lx: < CIUIx - (42)
uniformly in U € E+(h*),h € H(h*) and A\ € X. Moreover, —L(h) is a
sectorial operator.

(i) Set w € (3/4,1) and let ¢ be a positive constant with (15). It holds true that

I(Z(h1) = L(h2)V [ x < Clhy = ha |||Vl
uniformly in hi,ha € H(h*) and V € X¥ N E+(h*).

Proof The condition (i) can be easily shown by Lemmas 2, 12 and the facts in
Chapter III, Section 6 of [15]. On the other hand, the condition (ii) is shown by
(41), Remark 4, and Lemma 14. So we complete the proof of the lemma.

From the previous lemma, we easily prove the following lemma by the same ar-
gument as in the proof of Theorem 1.4.4 in [11]. So we omit the proof of Lemma 16.
Note that L(h*)U = L(h*)U in U € X' N E+(h*).
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Lemma 16 Setw € (3/4,1) and suppose that h* is sufficiently large. Then, there
s a constant C' > 0 independent of h* such that
(L") + 1)*(=L(h))"“U|x < C||U]|x,
[(=L(h))*(=L(h") + 1)~ “Ullx < C|U|Ix

uniformly in h € H(h*) and U € E*+(h*).

Give t.,t* with 0 < t. < t* arbitrarily. Let h(t) : [t«,t*] — H(h*) be a C*
function such that sup,¢;, ;) [dh/dt| < C(eY? + (r*)% 4 |k|) for a constant C' > 0
independent of h*,7*, k, t«,t*, h. Then, B(t) = L(h*) — L(h(t)) : X* N E*(h*) —
E*(h*) is Hélder continuous in ¢ € [t.,t*] from Lemma 15 because we have

I(B(t2) — B(t1))Vllx < Clh(t2) — h(t1)|]|V |
< CEY2+ () + kDIt = 8|V ]|

uniformly in t1,ts with t. < t1 < t2 < t*, where ¢ satisfies (15). Hence L(h)
generates an evolution operator T'(¢,to;h) thanks to Theorem 7.4.2 in [11]. In
addition, for any B2 € (0,a/2), there are sufficiently large h*, sufficiently small
r*,|k| and a positive constant C' independent of h*,r*, k, t,t*, h such that

17t tos W)Vl < Cmax {1, (t = to) ™ }e | V]x, VB0, w5
1Tt tos W)V [l < Ce™ > V|Ju, V€ X¥ 0 B (h")

uniformly in ¢,to with t. <o <t < t*.

5 Derivation of a reduced system and proof of the main theorem

Our goal in this section is to prove the main theorem and derive a reduced system
for (I,h,r). To begin with, we state the existence of a solution U(z,t) in (4). We
denote the initial value of (4) at ¢t = 0 by Up and assume Uy € X* with w €
(3/4,1) throughout this section. Then it can be shown by a standard argument for
analytical semigroups that the solution U(z,t) of (4) exists uniquely and globally
in time. Moreover, it is also continuous in X“ and differentiable in X with respect
to t. Actually, we can also prove that U(z,t) is differentiable for ¢ > 0 in X“ as
seen in the following lemma.

Lemma 17 Set w € (3/4,1). Let U = U(z,t) be a solution of (4) with the initial
value Ug € X% at t = 0. Then OU /0t exists for t > 0 in X*.

Proof We denote U(z,t) = (20(t),y0(t),...,2n(t), yn(t),u(z,t)) and may repre-
sent z; = 2z;(t), yi = vi(t) and u = u(z,t) for simplicity. We fix ¢t* > 0 arbitrarily
and consider OU/0t for ¢t € (0,t™). In the proof, we denote general constants inde-
pendent of k,t by C.

As stated above, it is easy to see that OU/Jt exists and is continuous for ¢ > 0
in X by a standard semigroup argument. It means that z; and y; exist and are
continuous for ¢ > 0. Moreover, it follows from (4) and the assumption Uy € X*
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that 2z, and vy satisfy |z;] < C and |y;| < C uniformly in ¢ € (0,t*). Moreover,
lU]|w < C uniformly in ¢ € (0,t").

Set F(z,t) = vazo f(z — 2, s) for s = so + k2. Then we see that F = F(z,t)
is differentiable with respect to t, and satisfies

N
Z(S(szi—P - (S - 1)6zi - 6Zi+ﬁ)z;

=0

< C. (44)

or
0
(H(T))*

t H(Hl(T))*

Hereafter we omit the z—dependency of the functions and abbreviate u(z,t) and
F(z,t) as u(t) and F(t). The third equation of (4) can be written into an integral
form ,
w(t) = T(t)uo + / T(a)F(t — a)da,

0
where up denotes the (2N + 3)-th component of Up. Here T'(t) is an analytic
semigroup generated by Ao, which is an operator from H'(T) to (H'(T))* and
defined by Agv = 9%v/92% — co0v/dz — aw for v € H*(T). Differentiating the both
sides of the equation above with respect to ¢, we have

G = AT+ TOFO + [ T(@ (- a)da.

Due to Up € X“, up € D((—A0)*) holds true. Hence it follows from the equation
above and [|F(0)||(g1(ry)- < C that

< C'max (1 L 1) e Pty c (45)

o

ot Tpw? ¢

(H'(T))*

for some 8 > 0. Setting A = (Ian 42, —Ao) : X' — X, we see that A is a sectorial
operator and satisfies ||(—L(h*) + I)*A™“|| < C and [|[A*(—L(h*)+ )| < C
by the same argument as in the proof of Theorem 1.4.4 in [11]. From this fact and
(45), we complete the proof of Lemma 17.

We summarize the remainder of this section. To begin with, we will prove that
we can transform the solution U(z,t) of (4) to (I(¢t),h(¢),r(t), W(z,t)) as

U(z,t) = S(z,1(t),h(t),r(t)) + Z@) I (h(t)W(z,t)

(see Lemma 18). Here we define the shift operator Z(I) : X — X by (5 ()W, D) v,
= (W, &*(-+1))x: for W € X and &* € X', For simplicity, we may represent
(L,hye, W) = (I(t),h(t),r(t), W(z,t)). In order to prove our main result stated in
Section 1, we derive a governing system (60) of (I, h,r, W) and estimate a function
W by using the evolution operator T(t,to; h) generated by L(h), where L(h) is
thought of as an operator from X' N E+(h*) to E+(h*) (see (43)). Unfortunately,
we can only verify the Holder continuity of the nonlinear terms in the system
(60) (Lemmas 19-21). This fact enables us to prove the existence of a solution in
the system though we cannot expect the uniqueness of a solution. Eventually, we
obtain Theorem 1, in which we will state our main result precisely.

We show that the transformation above is valid in Lemma 18. Here we denote
B, ={V e X¥|||V|lw <n} for some n > 0.
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Lemma 18 Set w € (3/4,1). There exists a positive constant C independent of
h*,r*,n such that if h* is sufficiently large, and r* and n are sufficiently small,
for any (lo,ho,ro,V) € R x H(h") X R(r*) x By, there exists (I,h,r,W) € R x
H(h*) x R(7) x (Bcy N E*(h*)) uniquely such that

V 4 S(z, 1o, ho, ro) = S(z, 1, h,r) + ()T (L)W, (46)
Il =lo| <Cn, |h—=he| <Cn, |r—rol<Cn |[W],<Cn, (47)

where h* = h* — Cn and 7 = r* + Cn. In addition, there exist the partial deriva-
tives of (I, h,r, W) satisfying (46) with respect to lo, ho,ro,V, and their derivatives
depend on lo,ho,ro,V continuously.

Proof Throughout this proof, we denote general positive constants by C inde-
pendent of h*,r*,n. Since II(h) is homeomorphic from E*(h*) to E*(h) and
ZE)~t = Z(~1), it suffices to show Z(—1)(V + S(-,lo,ho,r0) — S(z,l,h,r)) €
E*(h). This condition is equivalent to

0= (Z(-)(V + S(-,lo,ho,ro) — S(-,I,h,r)), ¥ (h)),

0= <E(7l)(v + 5(7 lOa hOa I'()) - 5(7 l7 h7 I‘)), ¢:(h)>

for all i =0,..., N. Thus we define F' by

Fi(l,h,r) = (E(=1)(V + S(-,10,ho,r0) — S(-,1,h, 1)), ¥ (h)),
FN+1+i(la h, I‘) = <E(_l)(v + S(',lo, hOer) - S('vlyha r)):@:(h» ’
F(l: h: I') = t(FO(l7h7r)7 ) F2N+1(l: h: I‘))
fori =0,..., N and find a zero (I, h,r) of F' for each (lo, ho,ro, V) by a contraction
mapping theorem. Note that |F'(lg, ho,ro)| < Cn.

First of all, we calculate the derivative of F(I,h,r). For i = 0,..., N, direct
calculations give us

N
OF; _ ov a8 .
T <5(l)az +E(=)5_ (1o, ho,ro) — > ez, ¥ (h)> :
1=0

Similarly we calculate the derivative of Fiy414; for i =0,..., N with respect to I.
Then we have

OF; )
' ol (lo’h‘)’ro)—ll <O +e* ),
‘]EH(lo,ho,ro) < O@* + eV 1)

by (33) and Lemmas 4, 8, and 9. Similarly we have

8FZ N / _ —/ — *
= Z (—e2i+1 +D (2 — Zi)eanys + 10 (2 — Zi)ean+3), ¥ (h)
O, k1
ovF(h
+ { 2DV + S 1o, ho, ro) — S, 1, b, r)), 2 BN
Ohy,
OF;
Orm

= = (B (0), % (W) =0
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for i,m=0,...,N and k=0,..., N — 1 by (32) so that we have

OF; al * 1/4
8hk(l0’h0’r0)_ D G| <O+ ).
J=kt1

Similarly we have

OFN 1144

< C(r* 1/4
<O +e/"+n), o

(l07 hOa I‘O)

OFN+144
‘ N1+ (lo,ho,r0) = —6mi

Oh

fori,m=0,...,Nand k=0,...,N — 1. Thus we find

oF M 0 * 1/4
———(lo, h — < .
H@(l,h,r) (107 071'0) (0 IN—‘,-I)H _C(T +e JFW)
Here 0 is the (N 4+ 1) x (N + 1) zero matrix. In addition, M = (m;x)i r is an
(N +1) x (N + 1) lower triangular matrix defined by m;, = 1 if ¢ > k and 0
ifi <k (i,bk =1,...,N +1). Hence (0F/9(l,h,r))(lo,ho,ro) is invertible. In
addition, if A* is sufficiently large and r*,n are sufficiently small, it holds true

that
OF -t
'(mz,m““hm))

uniformly in (lp, ho,ro, V) € R x H(h™) x R(r*) x By,.
Next we show that for any v1 > 0, there is v > 0 given independently of
h*,r*,n such that

<cC (48)

HaF(l,ha r) — aiF(lo,ho,I‘o) <wu (49)

a(l, h,r) a(l, h,r)

uniformly in (lo,ho,ro, V) € R x H(h™) X R(r*) X By, and (I,h,r) € D, where D
is a closed set defined by D = {(I,h,r) € R*¥*2 | |(I,h,r) — (lo, ho,ro)| < va}.
We easily see that

’<5(—l)%‘z/,w,-*(h)> - <E(—lo)%z,%*(ho)>‘

<|(=-0%7 - 2w G )| + | (2w GE v - w0

< OIVIw(I$* (- = lo) =" (- = Dll sy + | — ho|'/?)

uniformly in (lp, ho,ro,V) € R x H(h*) X R(r*) x By and ({,h,r) € D due to
Lemmas 3, 6 and 10, where ¢ is a positive constant satisfying (15). Here C' is a
positive constant independent of not only h*,r*,n but also v1,r2. Since we can
also estimate the remainder terms, we conclude (49).

In order to find a zero (I,h,r) of F, it is sufficient to obtain a fixed point of
G(l,h,r) : D — D defined by

oF

-1
W(Zo,ho,ro)) (F(lo,ho,ro) + Fi(l,h, 1)),

G(l,l’l7 I‘) = (lo7h0,1‘0) — (
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where
Fl(lvhv I‘) = F(lahv I‘) - F(l07h07r0)
oF

_ (W(lo, ho,ro)) (l — lo,h — ho,I‘ — I‘o).

Since F'(l, h,r) is differentiable and its derivative is continuous by the calculations
above, we obtain
F(l,h,r) = F(lo, ho, ro)
+ /q—fﬂ—um)m@rm»m (1= lo,h — ho, r — o)
o O hr) EoT

where (I(a),h(a),r(a)) = (1 — a)(lo, ho,ro) + a(l,h,r) for a € [0,1]. Then, due to
(48) and (49), we see

|G(I,h, ) — (lo, ho, o)

OF OF

af;gw@mmm@»_afﬁa%mmm)m

1
< C|F(lo,ho,r0)| + CVQ/
0

<

uniformly in (lo,ho,ro,V) € R x H(h*) X R(r") X By, and (I,h,r) € D if 5 is
sufficiently small for v» and v1 is sufficiently small independently of i, where C' is
a positive constant independent of h™,r*,n, v1,v2. Similarly, we have

1
|G(l17h1,r1) — G(l27h271‘2)| < §|(l1,h1,r1) — (lg,hg,r2)|

uniformly in (lo, ho, ro, V) e Rx H(h*) X R(’I"*) x By, (ll, hiq, 1‘1), (12, ho, I‘g) e D.
Hence G is a uniform contraction so that there is a unique fixed point of G, or
equivalently a zero (I,h,r) of F by the contraction mapping theorem.

It is easy to see that there exist the partial derivatives of (I, h,r) with respect
to (lo, ho, ro, V), and their derivatives depend on (I, ho,ro, V') continuously.

Using the notation in Lemma 18, we can decompose a solution U(z, t) of (4) into
(I,h,r) = (I(t),h(t),r(t)) € R x H(h*) x R(r*) and W = W(z,t) € B, N E*+(h*).
More precisely, we have the following corollary.

Corollary 1 Set w € (3/4,1). Suppose that h* is sufficiently large, and r* and n
are sufficiently small. For some ty« > 0, let U(z,t) be continuous for t > t. and dif-
ferentiable fort > t. in X such that U(z,t«) = S(z,lo, ho,ro)+=(lo) I (ho)Wo(z)
for some (lo,ho,ro) € R x H(h*) x R(r*) and Wy € B, N E=(h*). Then, there
exist t* > t. and a continuous function (I,h,r,W) = (I(t),h(t),r(t), W(z,1))
in R*VNT2 5 X% for t € [te,t*) such that (I,h,r) € R x H(h*) x R(r*), W €
B, N E*+(h*), and

U(z,t) = S(z,1,h,r) + S() I ()W (z, 1) (50)

hold true in t. <t <t*, and (I(t«),h(t«),r(t«), W(z,t«)) = (lo,ho,ro, Wo). More-
over, (I,h,r, W) is differentiable for t € (t.,t*) in R*N T2 x X*.
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Now we are in a position to derive governing equations of I, h, r, W. Substitut-
ing U(z,t) = S(z,l,h,r) + Z() I (h)W(z,t) into the system (4), we have

%[i — =) (%‘j(z 0,h,r) — ﬁn(h)w) ji
”(1)( (zOhr)+aH(h) )%

_ i _ ow
(l) (z 0,h,1) %+ S()11(h) S5 -

and
LU, k) =L(S(z,l,h,r)+ EO) (L)W, k) = Z()L(S(2,0,h,r) + IT(h)W, k).

Remark 4 and Lemma 5 imply that O(I1(h)W)/0z and 9(II(h)W)/0h are well-
defined. Hence it follows that

(?;(z . gﬂ(h)W) dl (gi(z 0,h,r) + 8% (h)W>

‘Z s 8W — £(S(2,0,h,t) + (W)W, k).

dh
dt (51)
+ g(za Oa ha )

Multiplying @Q(h) and R(h) to (51), we decompose it into

at
+(‘9520hr)+i (h)W)dh+§( 0,h,r) %% } (52)

Q(h) K (2,0,h,1) — 2H(h)w) di

oh oh dt
= Q()L(S(2,0,h,t) + I (h)W, x)

and

“U(h)R(h) [(as(z 0,h,r) — 2n(h)w> %
9 dh 09 oW (53)

dr
( G 0hr) + 2w ) P+ 95 0nn %] + 5F

= I (h)R(h)L(S(z,0,h,r) + I ()W, k).

The left-hand side of (52) can be represented as a linear combination of dl/dt,
dh/dt and dr/dt, that is, there are (2N + 2)-dimensional vectors m,; for i =
0,...,2N + 1 such that the left-hand side of (52) can be represented as

m, . (0 dn dr
Yo\dt dt’ dt

<((967(z 0,h,r) — iﬂ(h)W) Z—i
0

dh 0S8 dr .
(G0 + ) 9 S0 e w).
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iy (AL b dr
N+1+1¢ dty dt’dt
oS 0 di
<(al (2,0,h,r) — —H(h)W) 7
8 dh 85 dr x

for i =0,..., N, where “” denotes the inner product in R2N*2, The vector m; =
m;(h,r, W) are defined in h € H(h*), r € R(r*), and W € X* with 3/4 <w < 1.
Here we define a (2N +2) x (2N +2) matrix M such that the i-th row corresponds
to m;_;. By Lemma 3 and the same argument to the proof of Lemma 18, M =
M (h,r, W) can be estimated as shown in the following lemma.

Lemma 19 Set w € (3/4,1). There is a constant C > 0 independent of h*,r*
such that if h* is sufficiently large and r* is sufficiently small, then

-M 0

ity (37,0

)Hga&“+ﬁ+vwn

uniformly in h € H(h™),r € R(r*), and W € X%, where M is the same matriz as
in the proof of Lemma 18, and

M (hi,r1, W1) — M(ha,r2, Wa)|| < O(lhy — ha|'/? + [r1 — ra| + [|[W1 — Wa|lw)

uniformly in hy,hy € H(R™), r1,r2 € R(r*), and W1, W2 € X¥ with |[Will, <1
and |[Wall, < 1.

Proof Thanks to IT(h)W € X* and Lemma 3, we estimate

0z
uniformly in ¢ =0,..., N, h € H(h*) and W € X*. From Lemma 5, we have

0 * *
’<H@MWHMNSHWMthwmmN%@WFSCWVw

0 0 "
(W, v ) ) = (1100w, 77 1) )|
< [T (ha) W1 — IT(ha) Wolgan 2. 12 195 (B) | x2
+ [T (h2)Wa |gev+2 p2(my 1% (ha) — & (he) || x1
< O(lhy — ha|'/? + ||W1 — W2l

uniformly in ¢ = 0,...,N, hy,hs € H(h*™) and Wi, Wy € X with |[W|lo <1
and |[Wa|lw < 1.
From Lemma 5, we have

0 *
= — 1T (h)W, 7 ( H(h)W 1% (h)[[x: < C[[W]lw
Ohy X
uniformly in4=0,...,N,k=0,..., N—1, he€ H(h") and W € X“. In addition,

we have |<62 11(hy) Wi, ¥ (h )> <8(Z II(h2) W2, ¥, (h2)>’

< C(hy —ho|"? + W1 — Wall)
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uniformly in ¢ = 0,...,N,k =0,...,N —1, h;,h, € H(h*) and Wi, W, € X¥
with HW1||w <1 and HWQ”W <1

From the inequalities above and by the same argument as in the proof of
Lemma 18, we easily complete the proof of Lemma 19.

Next we study the right-hand side of (52). We set

Fij(h,r,W) = (L(S(z,0,h,r) + II(h)W, k), ¥; (h)),
Fny14;(h,r,W) = (L(5(2,0,h,1) + II(h)W, k), &} (h))

for j =0,...,N and obtain the lowest order terms of Fj;(h,r, W).

Lemma 20 Assume w € (3/4,1) and let ¢ be a positive constant satisfying (15).
There is a constant C' > 0 independent of h™,r*, Kk such that if h* is sufficiently
large and r*,|k| are sufficiently small, then

|Fj (b, 2, W) ] < CM2 4 () + [l + WIS,

: (54)
|Fniapi(hr, W) < CEV2 4 () + |s] + [[WISH)

uniformly in j = 0,...,N, h € H(h*), r € R(r*), W € X“ N E+(h*) with
[Wllw <1, and

|Fj(h1,r1, W1) — Fj(hg,r2, W2)| < C(lhy — ha|* + [r1 — ra| + [W1 — Wa||$) (55)

uniformly in j = 0,...,2N 4+ 1, hi,hy € H(h™), r1i,r2 € R(r*), Wi,W2 € X“ N
E*(h*) with |[Wi|lw <1 and |[Wallw < 1.

Proof First of all, we compute £(S(z,0,h,r) 4+ II(h)W, k) under the assumption
of W € X' n E+(h*). Set IT(WW = *(w§,wy, ..., wk, w,w) and denote the
(2N + 3)-th component of S(z,0,h,r) + II(h)W by a function u. Note that the

positive constant ( is less than 1/2 because of (15).
We easily see L7 (S(z,0,h,r) + II(h)W) =r; + w! and

LY(S(2,0,h,r) + I (W)W, k1) = —pow! + ' (p(p)) (0 (p)w] + w(Zi + p)))

— 7' (p(=p)) (0 (—p)w +w(z: — p)))
+ Ry — R — k1(ri +w! — co),

where

Rt =y(u(Zi +wi £ p))
— (v(p(£p)) + 7' (p(£0) P (£p)w] + ritp(£p) + w(Zi £ p))).

Since p and v decay exponentially as |z| — oo, we have
[R+| < Cle+ () + [W|STT)

uniformly in ¢ =0,...,N, he€ H(h*), r € R(r*), and W € X*.
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Next we study £“(S(z,0,h,r) + II(h)W, k2). Direct calculations give us

LY(S(2,0,h,r) + II(h)W, k2)
N

= Z (ﬁ”(z — fk) — coﬁ/(z — Ek) — o@(z — Ek) —l—?(z — Zk, So))
k=0

N
+ > Tk @”(z —Z) — o (2 — Z3) — otz — Zx) + (= — E1~c))
k=0

(f(z —Zp — wk, so + k2) — f(z — Zk, 50))

"
] =

k=0
N N
+ > wi(s00z,—p — (s0 — 1)dz, — 0z,4p) — > k(2 — Zk)
k=0 k=0
8w ow N »
52 0y, Tow— Z Wi (800z,—p — (S0 — 1)dz, — 0z, 4p)-
k=0

Putting ¢ = ¢* and ¥*, we see that
‘@”(’ —Zk) — coP (- — Zx) — ap(- — Zk) + (- — Zk, 50), (- — 5j)>H1(T)’ < Ce'’?,

< 051/2

\(w”c ~2k) = 0¥ (- = %) = o~ 2) + 60 T ol = 7))
uniformly in j,k =0,..., N and h € H(h™). In addition,

| G(z —Z) — Wi, S0 + k2) — f(z — Zk, S0))

+wf (5002, - p — (50— 1)8z, — 85,4.0), 0(- = Z)) sy | < Cle + [l + [W]/)

uniformly in j,k=0,...,N,he€ H(h"), and W € X¥ with |[W|. < 1.
Due to L(h)*®}(h), L(h)*¥; (h) € E(h)*, we see
(L(h)IT(h)W, & (h)) = (L(h)IT(h)W, ¥} (h)) = 0
inany j =0,...,N. Thanks to (32) and Lemma 9, we have

(1(0), @5 (h)) = (B (h), %] (b)) = 8i; = 0

in any j,k = 0,..., N. Therefore we have (54) for any W € X' N E+(h*). Then,
a usual density argument implies that (54) holds true in W € X N E*+(h*).

The inequality (55) can be proved by the same arguments above and owing to
Lemmas 3, 5, 10.

From Lemma 19, M is invertible. We set V = (h,r, W) and define G(V) =
Y(Go,...,Gan+1)(V) = (M(V) H(Fo, ..., Fant1)(V). Then (I, h,r) is governed
by reduced equations

dl

a = GO(V),
dd}? :G1+1(V)7 (’LZO,,N— 1)5 (56)
dTi

E:GN+1+7Z(V)? (1207"'7]\[)'



36 Kota Ikeda, Shin-Ichiro Ei

Substitution of (56) into the left-hand side of (53) results in

ow - -
S = LW +G(V), (57)

where

G(V) = II(h)" ' R(h)

|:£(S(Z,O, h,r),0) + L2(V) + <%—f(2,0, h,r) — %H(h)W) Go(V)

_GgwmmJHY%nmmﬁcﬂvy—Gg@ﬁmmOGﬂVﬂ,

G1(V) = t(G1, ceey GN)(V), GQ(V) = t(GN+1, ceey GQN+1)(V).
In the end, we have the following lemma. It can be proved by the same way as in
the proofs of Lemmas 19 and 20 so that we omit the details of the proof. Here we
note that the matrix M defined in the proof of Lemma 18 has the inverse matrix
M~ which is a tridiagonal matrix and represented by M ! = (1i1;3); x, where
mik (4,k=1,...,N +1) is given by

1, 1=k,
e =4 — 1, i=k+1,
0, otherwise.

Lemma 21 Assume w € (3/4,1) and let ¢ be a positive constant satisfying (15).
There is a constant C > 0 independent of h™,r*, k such that if h* is sufficiently
large and r*, |k| are sufficiently small, then

Go(V) = o] < C(" + () + |s| + WS
1Gis1(V) = (rig1 — )| < CE? + (r)? + |s| + W] ST
Gr1 1 (V) < CEY?+ (") + 6] + WS
IG(V)[x < CEY2+(r) + |s| + [W]SH

uniformly ini=0,...,N—1,5=0,...,N, V= (hr,W) € Hh") x R(r") X
(X* N EL(h*)) with |W]lw < 1, where r = *(ro,...,r~). In addition, one has

)

€

’

(58)

)

~— ~— ~— ~—

|Gi(V1) = Gi(V2)| < C(Jh1 — ho|* + |r1 — ro| + [[W1 — W2|)$),
|G(V1) — G(V2)|lx < C(Jhy — ha|* + [r1 —ra| + [ W1 — W2|S)

uniformly in i =0,...,2N +1, Vi = (hy,r1,W1), V2 = (ha,r2, Wa) € H(h™) X
R(r*) x (X* N E*(h*)) with |[Wi|l, < 1 and ||Wa|, < 1.

Eventually we derive a decomposed system from (4) as

dh

o =Gi(br,W),

o = Gafhr, W), (60)
ow

5;:me+émnwy
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Note that the variable | can be determined by the first differential equation (56).
By solving the third equation of (60) and estimating the function W, we will obtain
our main result.

Before we state our main theorem, we give a few remarks on the initial value Uy
of (4) at t = 0. As stated in Section 1, Uy is supposed to be close to S(z, lo, ho, o)
for some lgp € R,hg € H(h™),ro € R(r"). More precisely, we fix constants C, C1 >
0 and w € (3/4,1) independent of h*,r*, k, and assume that Uy satisfies

Uo € X¥, ||Uo—S(-lo,ho,ro)lle <n=Cie?+ (r*)? +x|). (61)

Then it follows from Lemma 18 that if L,h" are sufficiently large with (6) for
C, and r*, |k| are sufficiently small, there are [ € R;h € H(h"),r € R(7*) and a
constant C' > 0 independent of h*,7*, x such that Uy — S(-,/,h,r) € X* N E*(h)
and ||Uo—S(-,1,h,1)||w < Cn, where h* = h* —Cn, £ = e #"" and #* =" +Cn.
Since 7 is sufficiently small, h* is sufficiently large with (6) for L, 7#* is sufficiently
small, and a constant C, close to C, and independent of h*,r*, k. Moreover, we
easily see that € < & and r* < 7#*. Thus we replace (h*,7*,&,C*) — (h*,r*,&,C*)
and (I, h,r) — (lo, ho,ro), and assume instead of (61) that there is a constant C' >
0 independent of h*,r*, k such that Uy satisfies Up — S(, lo, ho,r0) € X*NE*(ho)
and ||Uo—S(-, 1o, ho, 0)||w < C(e*/24(r*)2+|k|) for some Iy € R,hg € H(h*),ro €
R(r™).

Now we are in a position to state and prove our main theorem.

Theorem 1 Put N > 1 and w € (3/4,1). Let C«,C1 > 0 be arbitrary fized
constants. Assume (A1)—(A8), and suppose that L,h™ are sufficiently large with
(6) for Cyx and ™, |k| are sufficiently small. Let Uy = Up(z) be a function such that
Uo—S(-, 1o, ho,ro) € XwﬂEJ‘(ho) and ||{Uo— S(+,lo, ho,ro)||lw < 01(61/2 +(r*)2+
|k|) for somelo € R,ho € H(h™),ro € R(r*). Then, there exist a positive constant
C2 > 0 independent of h*,r*, k and I(t) € R, h(t) € H(h"), r(t) € R(r") such that
(1(0), h(0),r(0)) = (lo, ho, o), and U(-,t) — S(-,1(t), h(t),r(t)) € X* N E*(h(t))
and
U 8) = SC, U1, (), v(1) o < Ca(e? + ()2 + [x])

hold true in t > 0 as long as h(t) € H(h"),r(t) € R(r"), where U(z,t) is a
solution of (4) with U(z,0) = Uo(z). In addition, there exists a positive constant
Cs independent of h*,r*, k such that

a_,
dat°

dh;
dt

dr;

dt

+ <Cs(eP+ () +sl)  (62)

"

= (rig1 — i)

fori=20,...,N, where h; = h;(t) and r; = ri(t) are the i-th components of h(t)
and r(t), respectively, and hy = L — Z;V:f)l hi and rNy1 = 70.

Proof Throughout this proof, we denote general positive constants by C' indepen-
dent of h*, r*, k, t. Corollary 1 after Lemma 18 implies that there exist to > 0 and
(I,h,r, W) = (I(t),h(t),r(t), W(z,t)) € Rx H(h*) x R(r*) x (X* N E+(h*)) such
that the solution U(z,t) can be decomposed by (I,h,r, W) as in (50) in ¢ € [0, to].
Moreover, (I,h,r, W) is differentiable with respect to t € (0,t0) in R2N+2 x X,
Then, (h,r, W) is a solution of (60) in t € (0,%0) with the initial value (ho, ro, W)
at t = 0.
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Hereafter we omit the z—dependency of W (z,t) and abbreviate W (z,t) as W (t).
From (60), we have

W(t) =T(t,0;h)Wy + /Ot T(t,a;h)G(h(a),r(a), W(a))da.

From the assumption and Lemma 12, |[Woll, < C(e/? 4+ (+*)? + ||). Then it
follows from Lemma 21 that

W ()]l < Ce™?"|[Woll
+ C/o max{1, (t — a)"“}e ?2*=?|G(h(a), r(a), W(a))| xda

< CE? + (") + k) + C max [W()[ST
t€[0,t0]

where ( is a positive constant satisfying (15). If h* is sufficiently large and r*, ||
are sufficiently small, we have ||[W(t)[|w < C(eY2 + (r*)2 + |]) in 0 < t < to as
far as h(t) € H(h*) and r(t) € R(r").

In the case of h(tg) € H(h™) and r(to) € R(r*), we can find ¢t; > to9 and
(li,ha, v, Wh) = (11(¢), hi(t),e1(¢), Wi(t)) e Rx H(h™) x R(r™) x (X“ OEL(h*))
such that the solution U(z,t) can be decomposed by (I1,hi,r1, W1) as in (50) in
t € [to, t1]. Moreover, (I1,h1,r1, Wh) is differentiable with respect to ¢t € (to,¢1) in
R?N*2 5 X% and then (hi,r1,Wh) is a solution of (60) in ¢t € (to,t1) with the
initial value (h(to),r(to), W(to)) at t = to. Since the solutions (h(t),r(t), W(t))
and (h1(t), r1(t), W1 (t)) are continuous for t € [0, to] and t € [to, t1] in RZNV T2 x X«
respectively, we can also define all derivatives with respect to t at t = tp and see

dh, . d dr, . dr oW, . oW
E(to) = W(to), E(to) = E(tO)v W(to) =5 (to)-

Therefore we have constructed a solution of (60) in ¢ € [0,¢1]. By a similar argu-
ment, we can continue the solution as long as h(t) € H(h*),r(t) € R(r*). This
completes the proof.
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