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Abstract:  The surface of soft solids carries a surface stress that tends to flatten surface profiles.  For example, 

surface features on a soft solid, fabricated by molding against a stiff patterned substrate, tend to flatten upon 

removal from the mold.  In this work we derive a transfer function in explicit form that, given any initial surface 

profile, shows how to compute the shape of the corresponding flattened profile.  We provide analytical results for 

several applications including flattening of 1D and 2D periodic structures, qualitative changes to the surface 

roughness spectrum, and how that strongly influences adhesion. 
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1. Introduction  

Over the past decade, numerous studies have established that the surface stress   of soft solids plays an 

important and often dominant role in a variety of mechanical and physical phenomena [1].  In simple liquids, 

surface energy and the corresponding isotropic and constant surface stress, are numerically identical and surface 

stress is referred to as surface tension.  In this work we assume that the solid surface stress is likewise constant 

and isotropic and in this way the surface is fluid-like.  For bulk elastic materials, the effects of surface stress are 

typically felt over a characteristic elastocapillary length, ~ / 2cl G , where G  is the shear modulus of the soft 

solid and constant ( )2 1 = −  is introduced for later convenience (  is Poisson’s ratio).  Often, surface stress 
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is isotropic and approximately constant (per unit deformed area).  Its value lies in a relatively narrow range, 10 – 

100 mN/m for soft solids such as elastomers and gels and up to a few N/m for metals and ceramics [2–4].  

However, for the same range of materials, elastic modulus varies over seven orders of magnitude.  For metals, 

ceramics and some stiff silicones like PDMS, the value of elastocapillary length is generally very small [1,5].  For 

soft solids such as elastomers and gels with elastic modulus in the kPa to MPa range, the corresponding value of 

elastocapillary length is on the order of tens of nanometers to hundreds of microns or larger.  Thus, for soft 

materials, surface stress is far more likely to play a significant and sometimes dominant role in surface mechanical 

phenomena.   

For example, the surface stress can drive Rayleigh-Plateau-like instabilities [6]; it rounds off sharp edges by 

deformation [7–9]; it alters the flow field in porous media [10,11].  The contact mechanics models of Hertz and 

Johnson-Kendall-Roberts (JKR), which have been widely used to interpret indentation experiments, may no 

longer be applicable [12–17].  The contact angle of a liquid drop on a compliant surface is not a material property 

– it cannot be predicted by Young’s equation – but depends on the surface stress of the solid substrate as well as 

its elasticity [18–29].  The modulus of many biological cells is on the order of kPa, and the behavior of such cells 

on hydrophobic surfaces is strongly influenced by surface stress [30]. If the characteristic length scale in a problem 

is L, say the diameter of a droplet, then one may define an elastocapillary number as the ratio of the elastocapillary 

length and L: ~ /cl L .  Elastocapillary effects are generally important when the elastocapillary number 

approaches and exceeds unity in value. The flattening due to surface stress of a patterned surface bounding an 

elastic body is one of the basic phenomena that illustrates the action of surface stress. It has been used successfully 

to measure surface stress, and its dependence on strain [31–33].  Previous experimental work and accompanying 

analyses have focused on flattening of simple one-dimensional periodic surface patterns.  Here we consider the 

problem of flattening due to surface stress of a general surface bounding an elastic body.  In Section 2, we present 

a simple but general result (transfer function) that directly shows how to obtain the flattened shape in terms of the 

shape of the surface absent any surface stress.  In Section 3.1 we apply this result to study how several 2D surfaces 

transform under the influence of surface stress.  For periodic surfaces in 2D we show that in the limit of large 

elastocapillary number (based on largest wavelength) the transformed surface has a shape that is independent of 

the elastocapillary number.  We additionally present results for shape change of an isolated bump or cavity.   

In section 3.2 we consider the surface-stress driven transformation of rough surfaces. The role of roughness 

in a variety of surface mechanical phenomena is well-known [34–37].  In particular, surface roughness accounts 

for the discrepancy, for stiff bodies, between strong adhesion at the microscopic scale and lack of it at the 

macroscopic scale.[35,38].  Early models represented surface roughness by spherical asperities, and derived 

results by application of continuum contact mechanics [39,40].  However, most rough surfaces are random and 
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self-affine over a broad (nm – mm) range [36,37].  More recent work by Persson and others has revealed 

limitations of the spherical asperity approach and significant progress has been made on a mean-field theory based 

on the spectral properties of the roughness [41].  This approach has also been used to study adhesion between 

rough surfaces [42,43].  A key idea is that the energy required to bring rough surfaces into contact is released 

during their subsequent separation and is therefore subtracted from the intrinsic work of adhesion, lowering its 

value.  It should be noted that Persson’s approach does not apply to several specially designed surfaces where 

effects such as crack-trapping and local mechanical instabilities can lead to strong enhancement of adhesion with 

increasing roughness [44–46]. 

2. Flattening of a Surface: Relation Between Original and Flattened Profiles 

We begin by posing the question: what is the relationship between the (initial) surface profile of an elastic 

body and the profile to which it transforms under the action of surface stress? We present simple transfer functions 

for 1D and 2D surfaces that convert the initial into its transformed shape.  Fig. 1 depicts our system that comprises 

a soft elastic substrate, one face of which (with normal along 3x ) is a macroscopically flat surface exposed to a 

liquid or gaseous phase.  Microscopically, the profile of this surface can be randomly rough or patterned with 

some regular structure.  The elastic substrate or body is very large in all its dimensions compared to length scales 

that characterize surface undulations; it is modeled as a half space with 3 0x   (Fig. 1).  Denote the shear modulus 

and Poisson’s ratio of the substrate by G  and  , respectively.  Consider first a general 2D surface for which the 

initial surface profile (in the absence of surface stress) is defined by the function ( )0 1 2,h x x with respect to 3 0x =

. For example, if the surface profile were fabricated by molding against a stiff patterned substrate, ( )0 1 2,h x x  

would correspond to the surface pattern of the soft solid prior to its separation from the mold, i.e., the complement 

of the surface pattern of the mold itself.  We denote by ( )1 2,h x x  the profile of the same surface under the action 

of surface stress.  Then, the vertical surface displacement ( )3 1 2,u x x  is,  

( ) ( )3 1 2 0 1 2, , .u h x x h x x= −           (1) 

Note, h  and 3u  are positive in the positive 3x  direction. 
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Fig. 1. Our system consists of an elastic substrate that is very large in all its dimensions compared to length scales 

that characterize surface undulations or structure.   

 

Assume that the surface patterns are shallow and that the deformations are small. This allows two 

simplifications. Firstly, the surface profile can be used to compute the Laplace pressure acting on the deformed 

surface as 

( )1 2,Lp x x h=  ,           (2) 

where 
2 2

2 2

1 2x x

 
 = +

 
 is the 2D Laplacian.  Note that the pressure is calculated using the deformed (not the initial) 

shape, and that the surface stress is constant in the deformed shape.  Here we use the standard notation that 

compressive pressure has a positive value.  To calculate the response of the elastic solid to the Laplace pressure 

(Eq. (2)), we represent the body as a linearly elastic half-space bounded by a flat plane.  In particular, we obtain 

the resulting vertical surface displacement 3u  as detailed in the supporting information (SI).  Denoting the 2D 

Fourier transform (FT) operator by F , the FT of ( )h x , ℎ̃(𝐪), is 

ℎ̃(𝐪) ( ) ( ) ( )1 2 1 2,
i

D

F h e h x x dx dx
− 

=    
q x

x ,        (3) 

where 1q , 2q  are the transformed variables, ( )1 2,q q=q  is the wave vector, ( )1 2,x x=x , and D  is the physical 

domain.  The inverse FT operator is denoted by 1F −   

We now state the following elasticity result which is derived in the SI: the 2D FT of 3u , 𝑢̃3(𝐪), is related to 

ℎ̃(𝐪) by 
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𝑢̃3(𝐪)
2

q
G


= − ℎ̃(𝐪),           (4)  

where ( )2 1 = −  and 2 2

1 2q q q= = +q . The factor / 2G , with units of length, has previously been 

introduced as the elastocapillary length.  It is important to note that ( )2 1 1 = −  . It equals unity for the special 

case of an incompressible solid, such as an elastomer. We also define the elastocapillary wave number (inverse 

elastocapillary length lc) as  

2 / 1/c cq G l = .           (5) 

Taking the Fourier transform of (1) and using (4), we obtain a one-to-one relation between the Fourier transforms 

of the deformed and initial surfaces:  

ℎ̃(𝐪) = ℎ̃0(𝐪) ( )/ 1 / cq q+ .          (6)  

Using standard terminology in control theory,  

𝜙̃(𝐪)  
1

1 / cq q
−

 + ,           (7)  

is the 2D transfer function.  Because Fourier transforms of the profiles 0h , and h  are related multiplicatively 

through the transfer function in Fourier space, in physical space they are related through a convolution, i.e., 

( ) ( )1 2 1 1 2 2 0 1 2 1 2( , ) , ,
D

h x x x x x x h x x dx dx      = − − ,        (8a)  

where ( ) x  is the inverse Fourier transform of the transfer function, 𝜙̃(𝐪), which is (see the SI) 

( ) ( ) ( )
2

0 0

1

2 2

cq
H x Y x

x






 
= − −   

 
x , 2 2

1 2cx q x x +        (8b) 

where ( )0H x  is the Struve function of order zero, ( )0Y x  is the Bessel function of the second kind of order zero.  

A plot of the normalized transfer function 
22 / cq =  versus x is shown in Fig. 2(a). For small and large x ,  

( ) 11 lnx x x −  + , ( ) 31x x −           (8c,d) 

The transfer function in Fourier space is also plotted in Fig. 2(b).   



6 
 

 

Fig. 2. (a) Normalized transfer function 
22 / cq =  in real space versus normalized radial distance x .  The 

asymptotic behavior for small and large x  (Eq. (8c,d)) are plotted as dashed and dotted lines respectively.  (b) 

Transfer function 𝜙̃(𝐪) in the Fourier space versus / cq q . 

 

The real and FT expressions of the transfer function, Equations (7) and (8b) for 2D, are the central new results 

of our work.  A similar treatment yields the transfer function for 1D surfaces where the profile ( )1h x  is 

independent of 2x .  This transfer function and some applications to 1D surfaces are provided in SI.  The remainder 

of this manuscript studies their applications to a variety of patterned 2D surfaces, as well as characteristics and 

adhesion of randomly rough surfaces.  

3. Applications 

3.1 Flattening of Surfaces with Two-Dimensional Profiles 

(a) 2D-periodic surface profiles 

In many practical situations ( )0 1 2,h x x  is a periodic function in 2D. We consider a periodic surface of the 

form ( ) ( ) ( )0 1 2 1 1 2 2, cos / cos /h x x A n x L m x L =  in which n  and m  are any non-negative integers, A  is the 

amplitude, and 1L , 2L  are characteristic wavelengths. In the SI, we show that surface stress deforms ( )0 1 2,h x x  

into 
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( )
( ) ( )1 1 2 2

1 2
2 2 2 2

1

2 2

1 2

cos / cos /
,

1 c

A n x L m x L
h x x

n m
q

L L

 

 −

=

+ +

.        (9) 

Similar to the 1D case, surface stress leaves the wavelength unchanged, decreasing instead the amplitude, each 

m, n mode by a factor of 
2 2 2 2

1

2 2

1 2

1 c

n m
q

L L

 −+ + . (See SI for results on a more generic 2D-periodic surface.)  In 

general, a periodic function ( )0 1 2,h x x  within periods 12L  and 22L  in two directions can be expressed by a 2D 

Fourier series, that is, 

( ) 0 01 2 1 2
0 1 2

0 0 0 01 2 1 2

0 01 2 1 2

0 0 0 01 2 1 2

, cos cos cos sin

sin cos sin sin

nm nm

n m n m

nm nm

n m n m

nx mx nx mx
h x x a b

L L L L

nx mx nx mx
c d

L L L L

   

   

   

= = = =

   

= = = =

       
= +       

       

       
+ +       

       

 

 

,   (10) 

The Fourier coefficients 
0 0 0 0, , ,nm nm nm nma b c d are defined in the SI.  The deformed surface ( )1 2,h x x  is also periodic 

and is given by (19) except that ( )0 0 0 0, , ,nm nm nm nma b c d  must be replaced by  

( )
( )0 0 0 0

2 2 2 2
1

2 2

1 2

, , ,
, , ,

1

nm nm nm nm

nm nm nm nm

c

a b c d
a b c d

n m
q

L L

 −

=

+ +

.        (11) 

As in the 1D example (see the SI), for large elastocapillary number 1/ 2 1GL  , the surface profile converges 

to a limiting profile: 

( )
( ) ( )

0

1 2
00

2 2 2
, 0,01 1 22 2 1

2

2

, 1 cos cos
2

nm

n m

a nx mx
h a

GL L Lm L
n

L

 









   
 − →      

   
+

x ,   (12) 

The final shape, when normalized by the elastocapillary number 1/ 2GL , depends only on the initial geometry.  

As a specific example, Fig. 3 shows initial and deformed profiles for a periodic structure ( )0 1 2,h x x  in 

   , ,L L L L−  −  given by 

( )
   1 2

0 1 2

/ 2, / 2 , / 2, / 2
,

0 otherwise

A x L L x L L
h x x

  −  −
= 


.       (13) 
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Fig. 3. (a) Initial profile; (b) / 2 0.1GL = ; (c) / 2 0.5GL = ; (d) / 2 1GL = .  

 

Fig. 4. The deformed shape of a Gaussian bump due to surface stress (dotted lines).  The initial shape (without 

surface stress) is the solid blue line.  

(b) Lifting of a depression or flattening of a bump 

Consider a small depression given by the Gaussian, ( )
2 2/

0 1 2, x wh x x ce−= , where 2 2

1 2x x x= +  (for a bump, 

0c  ); w  is its characteristic width. The deformed profile is given by (see the SI) 
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( )
( )

2 /4

0

0
2 1 / c

c e x
h x J d

wq w

 




 −
 

=  
+    

 .         (14) 

Profiles of ( )h x  for different elastocapillary number / 2Gw  are plotted in Fig. 4.  

3.2 Flattening and Adhesion of Self-Affine Surfaces  

As discussed in the Introduction, surface roughness strongly affects surface properties such as adhesion and 

friction. The crucial quantity that characterizes roughness is its power spectral density (PSD), ( )C q ; it is the 

Fourier transform of the autocorrelation function of the surface heights [34,47], and ( )C q |ℎ̃(𝐪)|
2
. Self-affine 

surfaces [34,48] are an important special case of rough surfaces.  They are surfaces with fractal-like topography.  

They are characterized by a power-law decay of the surface power-spectral density, denoted by ( )0C q , 

( ) 2 2

0 0

0                     

      

0                      

L

H

L s

s

q q

C q D q q q q

q q

− −




=  
 

,         (15)  

where Lq  and sq  are the lower and upper cutoff wave vector respectively.  In the following, we define 1/L Ll q=  

and 1/s sl q= .  Physically, Ll  and sl  correspond to the long and short wavelength cut-offs, respectively. 0D  is a 

constant with dimensions [L]4-2H, and H  is the Hurst exponent. Typical values of H  on scales from atoms to 

mountains are between 0.7 and 0.9 [49–51].  As noted by [34,49], self-affine scaling can extend over many 

decades so s Lq q . The small scale cut-off is at the molecule scale ( 1>~nm− ) while for soft solids a large-scale 

cut-off is the sample size, or for thin enough samples, flattening due to gravity, i.e., 1/ ~ mmLq g  − .  A 

reasonable value of /s Lq q  is thus 106, which we will use in the remainder of this work.  Eq. (15) is a special case 

in Persson and Gorb [48] of a somewhat more general definition in Jacobs et al. [34], assuming no roll-off.   

Jacobs et al. [34] argued that the mechanical response of surfaces is determined by three important statistical 

measures of the real-space surface topography: the root-mean-square (RMS) height rmsh , the RMS slope rmsh , and 

the RMS curvature rmsh .  For isotropic surfaces, the expressions are 

( )2

0

1

2
rmsh qC q dq





=  , ( )2 3

0

1

2
rmsh q C q dq





 =  , ( )2 5

0

1

8
rmsh q C q dq





 =  .      (16a-c) 

For self-affine surfaces, by substituting (15) and (16), and using s Lq q , we obtain [34] 
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2 20
0  

4

H

rms L

D
h q

H

−= , 
( )

2 2 20
0

4 1

H

rms s

D
h q

H

− 
−

, 
( )

2 4 20
0

16 2

H

rms s

D
h q

H

− 
−

.    (17a-c) 

Thus, the RMS height depends on the power at the scale of Lq  whereas the RMS slope and curvature are 

independent of Lq , meaning that, for a self-affine surface, these latter two characteristics of the surface roughness 

are determined entirely by the smallest scale surface features.  As shown next, these results are dramatically 

altered by surface stress.   

(a) Effect of surface stress on power-spectral density of self-affine surfaces 

Surface stresses have a dramatic effect on self-affine surfaces at small length scales. In this subsection, we 

will consider the effect of surface stresses in Fourier space.  In the next sub-sections, we’ll consider its effect on 

the statistical measures of the real-space topography.  Our result (6) shows that the ratio of the PSD of the final 

and initial self-affine surfaces is 

( )

( )0

C

C
=

q

q
|ℎ̃(𝐪)|

2
/|ℎ̃0(𝐪)|

2
 

2
1 / cq q

−
= +         (18)  

For soft materials, cq  varies from 
5 110 m−

 to 
8 110 m−

 as noted in the Introduction. Fig. 5 plots ( )C q  using 

3 110 mLq −= , 9 110 msq −=  and 0.75H = .  As shown in Fig. 8, in a log-log plot, the slope of the initial self-affine 

surface ( )0C q  is a constant given by 2 2H− − .  When surface stress matters, i.e., when s c Lq q q  , ( )C q  is no 

longer a straight line in log-log space.  Instead, its slope in this plot changes from 2 2H− −  for c Lq q q   to 

4 2H− −  for s cq q q  .  
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Fig. 5. Log-log plot of ( )C q  versus q for 0.75H = .  For s c Lq q q  , ( ) ( )0C q C q→ ; its slope in this log-log 

plot is 2 2H− − . In contrast, the slope of ( )C q  for s cq q q   is 4 2 2 2( 1) 2 2 'H H H− − = − + = −  where 

' 1H H= + .  The figure plots ( )C q  for three values of cq  from relatively soft (red dotted line) to relatively stiff 

(orange dashed line).   

Thus, the first consequence of deformation driven by surface stress is that the deformed surface is no longer 

self-affine.   (However, because the transfer function is isotropic, isotropy is preserved by surface stress.)  More 

accurately, it is no longer self-affine with a single Hurst exponent for L sq q q  .  Rather, in the soft regime,  

s cq q q  , the surface approximately transformed from one with Hurst exponent H to one with H+1.  We will 

often encounter ratios such as / /c s s cq q l l=  and / /c L L cq q l l= . Thus, the ratio of two ‘q’s in Fourier space is the 

inverse of the ratio of corresponding length scales.  In this instance, the ratio /c sq q  equals the ratio of short cut-

off length and the elastocapillary length whereas /c Lq q  represents the ratio of long cut-off length versus the 

elastocapillary length. 

(b) Effect of surface stress on RMS height 

Consider first the RMS height.  Direct integration of (16a) using (15) and (18) gives (see the SI) 

( )
( )

( )

2
2 2 12 0

2,2 2 ;3 2 , /
/

2 2 2

H
c LL

rms c L

F H H q qD q
h q q

H

− + + −
=

+
,      (19)  

where 2 1F  is the Gauss Hypergeometric function. Similar to the case of no surface stress, as long as / 1s Lq q 

, sq  plays no role in determining the RMS height.  To compare the RMS height with and without surface stress, 

we form the ratio 2 2

0/rms rmsh h  using (17a) and (19), i.e., 

( ) ( )
2

2

2 12

0

/ 2,2 2 ;3 2 ; /
1

rms
c L c L

rms

h H
q q F H H q q

h H
= + + −

+
.       (20)  

For / 1L cq q  , (20) can be expanded in a power series,  

( )( )
( ) ( )

2
2

2
00

1 2
3 2 2

2 1

k H

rms L L

krms c c

k Hh q qH
H H

h H k q H q



=

+ −    
= − +  +  −   

− + +   
 .     (21) 

where   is the Gamma function.  Since H  typically lies between 0.7 to 0.9, for very hard solids where 

/ 1L cq q   equation (21) indicates 
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2

2

0

4
1

2 1

rms L

rms c

h qH

h H q
 −

−
,            (22) 

A plot of 2 2

0/rms rmsh h  versus /L cq q  is shown in Fig. 6(a) using 0.75H = .  The solution for 0.75H =  is exact and 

is given in the SI.  This figure shows surface stress can dramatically reduce the RMS height as the RMS ratio 

decreases rapidly from 1 as /L cq q  increases from zero.    

 

Fig. 6. (a) The ratio of RMS heights is plotted against the elastocapillary number for 0.75H = . (b) The ratio of 

RMS slope is plotted against /s cq q  for 0.75H =  and 6/ 10s Lq q = .  The red dash-dotted line is (25b).  (c) The 

ratio of RMS curvature is plotted against the elastocapillary number for 0.75H =  and 6/ 10s Lq q = . Blue solid is 

the exact solution.  The red dash-dot curve is (28b).    

(c) Effect of surface stress on RMS slope 

Next, we consider the RMS slope which, according to Eq. (17b), depends only on the small features, i.e., on 

sq .  Since surface stress tends to smooth preferentially the small-scale features, we expect it to alter this 

conclusion.  The ratio of RMS slopes before and after deformation is (see SI) 

( ) ( ) ( )
2

2 2

2 1 2 12

0

2,2 2 ;3 2 ; / / 2,2 2 ;3 2 ; /
Hrms

s c s L L c

rms

h
F H H q q q q F H H q q

h

−
= − − − − − − −


.    (23) 

Consider first hard solids where / 1s cq q  . For this case, using the power series expansion for (23) gives 

( )( )
( ) ( )

( )( )
( )

2
2 2

2
0 00

1 2 2 1 2 2
/ / /

2 2 2 2

k H krms
s c s L L c

k krms

k H k Hh
q q q q q q

h H k H k

 
−

= =

+ − + −
= − − −

 − + − +
  .   (24a) 
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For 0.5 1H   , s Lq q , and / 1s cq q  , then (24a) becomes 2 2

0rms rmsh h = .  The more general case corresponds 

to solids soft enough with / 1L cq q   but / 1s cq q  .  Using linear transformation formulas and power series 

expansion for the first term in the right-hand side (RHS) of (23) gives 

( ) ( )( )

( )
( ) ( ) ( ) ( )

( )
( )( )

( )

2
2 2 2

2
00

2 2

0

1 1 2
/ / 3 2 2

2

1 2 2
/ /

2 2

k Hrms
s c s c

krms

H k

s L L c

k

H k Hh
q q q q H H

h H H k

k H
q q q q

H k


− − − +

=


−

=

− +
= − − +  −    +

+ −
− −

− +





 .  (25a) 

For soft solids, / 1L cq q   while / 1s cq q   is typical.  For this important case, the dominant term in (25a) is  

( ) ( ) ( )
( ) ( )

( )

2
2 2 2 2 2

02

0

3 2 2
/ 3 2 2

4 1

H Hrms
s c rms c

rms

H Hh
q q H H h D q

h H

− + −
 − 

  −   
 −

.    (25b) 

Eq. (25b) shows that the RMS slope is controlled solely by surface stress through the elastocapillary length.  In 

Fig. 6(b), we plot 2 2

0/rms rmsh h   versus /s cq q  in log-log scale for 6/ 10s Lq q =  and 0.75H = .  The red dash-dotted 

line is (25b), representing the behavior of soft solids.  It is very accurate for / 10s cq q  .  

(d) Effect of surface stress on RMS curvature 

Finally, we consider the RMS curvature.  For this case, the ratio of the RMS curvatures is (see SI) 

( ) ( ) ( )
2

2 4

2 1 2 12

0

2,4 2 ;5 2 ; / / 2,4 2 ;5 2 ; /
Hrms

s c s L L c

rms

h
F H H q q q q F H H q q

h

−
= − − − − − − −


.   (26) 

Using the same tricks (i.e., linear transformation formulas and power series expansion for hypergeometric 

functions) and similar arguments in previous subsection, we find, for / 1s cq q   (hard solids), 

( )( )
( ) ( )

( )( )
( )

2
2 4

2
0 00

1 4 2 1 4 2
/ / /

4 2 4 2

k H krms
s c s L L c

k krms

k H k Hh
q q q q q q

h H k H k

 
−

= =

+ − + −
= − − −

 − + − +
  ,   (27) 

In typical situations, / 1s cq q   and / 1L cq q  , we find 

( )
( )
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( ) ( ) ( ) ( )
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q q q q
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=


−

=
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= − − − +  −  −   − +

+ −
− −

− +





,   (28a) 

The asymptotic behavior for soft solids is obtained from (28), it is  
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( )
2

2

2

0

2
/

1

rms
s c

rms

h H
q q

h H

− −
=

 −
,  / 1, / 1s c L cq q q q  .      (28b) 

In Fig. 6(c), we plot 2 2

0/rms rmsh h   versus /s cq q  in log-log scale for 6/ 10s Lq q =  and 0.75H = .   This plot shows 

that the RMS curvature ratio drops extremely rapidly from 1 to a small number as / csq q  increases from zero.   

The red dash-dotted line is (28b), representing the behavior of soft solids.  It is very accurate for / 10s cq q  : a 

condition that is readily satisfied by soft materials.   

To summarize the results of this section, the action of surface stress on the characteristics of a rough surface 

can be profound.  If the initial surface roughness is self-affine over the entire range of wave vectors, the deformed 

surface is no longer so.  Instead, if qc is intermediate in value between qs and qL then the surface is approximately 

self-affine, with the original Hurst exponent H over the low q range and H+1 over the high q range.  The RMS 

roughness, slope, and curvature are all attenuated by surface stress.  In the case of slope and curvature, for 

properties typical of soft solids, their dependence on surface properties changes qualitatively.  Whereas the RMS 

slope and curvature of (initially) self-affine surfaces are governed by the small scale wave vector sq , this 

dependence is replaced by one on cq . 

3.3 Adhesive contact: effect of surface stress 

As discussed previously, surface mechanical properties such as compliance, adhesion, and friction of 

randomly rough surfaces depend on their PSD.  We have just shown how the PSD and its principal characteristics 

can be profoundly altered by surface stress.  This is particularly so at the small length scales, and we now consider 

how that affects adhesion.  We follow the procedure of Persson and Tosatti [42] to study the influence of random 

surface roughness on the adhesion of elastic structures.  In their theory, they consider self-affine surfaces with 

PSD given by (15).  Let us consider the energetics associated with separating a rough surface adhered to a rigid 

flat plane (per unit area of the flat plane).  Start with the elastic body pressed into full contact and adhered to the 

flat surface.  The process of separation increases the energy by oW .  In step 2 the flat surface of the elastic body 

relaxes, releasing elastic energy elU .  Simultaneously the area increases slightly, thus increasing the surface 

energy by a .  This is generally small compared to other terms and will be neglected here.  Absent surface stress, 

the process of separation ends here and the effective work of adhesion is therefore: 

eff o a el o elW W U W U= + −  −           (29) 

Within their model, the effective interfacial energy 
effW  is generally reduced compared to the intrinsic work of 

adhesion, oW , due to surface roughness.  For an infinitely thick plate, they found 
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2 Persson

0

0

2
1 ( )eff o

ad

W W q C q dq




 
= − 

 
 ,         (30a)  

where ( )2 1 / /ad o ov W G W G = − =  is the adhesive length, and the spectral density denoted by ( )Persson

0C q  is  

( )
2

Persson

0

0

4
C q

A


= 〈ℎ̃0

Persson(𝐪)ℎ̃0
Persson(−𝐪)〉,        (30b) 

with 0A  the area of the flat interface and 

ℎ̃0
Persson(𝐪) ( ) ( )0 1 2 1 22

1
,

4

i

D

e h x x dx dx


− 
 

q x
.        (30c) 

Note in our paper the Fourier transformation (equation (3)) differs from Persson’s (equation (30c)) by a factor of 

24 . We define  

( )0C q = 〈ℎ̃0(𝐪)ℎ̃0(−𝐪)〉
2

0/4 A           (31) 

and it is readily seen that 

( ) ( )Persson

0 0C q C q=            (32) 

Equation (32) allows us to simply replace ( )Persson

0C q  with ( )0C q  in (30a) to compute the effective work of 

adhesion. Note in their theory, they did not consider the effect of surface stress so that when the rough surface of 

the elastic body is removed from the rigid surface, all the elastic energy of surface-flattening is released.  This 

energy is available to contribute to the work required to separate surface or, equivalently to be subtracted from 

the work of adhesion, which is expressed by (30a).  However, in the presence of surface stress only part of this 

elastic energy is released, since work of flattening the surface is trapped in the elastic body.  Let us denote this 

energy (per unit area) by sW .  In the presence of surface stress, we need to add a third step in which the randomly 

rough surface flattens, increasing energy by sW , and the effective work of adhesion now is 

eff o a el s o el sW W U W W U W= + − +  − +         (33) 

which is 

2

0

0

1 ( )
2

eff o s

ad

W W q C q dq W



 

= − + 
 

          (34) 

A schematic showing these three steps is illustrated in the SI. 
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To obtain explicit expressions for effective work of adhesion, assume first that there is no surface stress so 

0sW = , for this case, it can be readily shown that 

( )
( )

( )

2 1 2 10

0

2
1 0.5

2 1

2
1 ln / 0.5

H H

o L s

ad
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o s L
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W q q H
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W q q H
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− + − +
  

− −   
−  

= 
 
− = 

 

      (35a,b)  

There is a clear transition when 0.5H = .  Since for all practical cases H  is between 0.7 and 0.9, we consider 

only 0.5H   so 
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02
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D q
W W
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
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o L L
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 
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− + − +

=
− −

     (36a,b)  

where we have used the fact that / 0L sq q  .  In this regime where surface stress is neglected, large surface 

features control adhesion.  With non-zero surface stress, we need to compute sW .  Since the calculation method 

is similar to that of Persson and Tosatti [42], we give the details in the SI and state the results here: 

( )4

0

2

0
2

1
2

s

q C q
W dq

G
q

G


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


 

=  
   

+ 
 

           (37)  

Using the power spectral density in (15), the integral can be expressed in terms of hypergeometric functions (see 

the SI); the result is,  

( ) ( ) ( )
2 3

3 2

0
2 1 2 12,3 2 ;4 2 ; / / 2,3 2 ;4 2 ; /

3 2 2
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S
s s c s L L c
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   −
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   = − − − − − − −    −  
 (38) 

For hard materials, / 1s cq q  , the second term in (38) can be neglected in comparison with the first, so  

( )( )
( )

3 2

0

0

1 3 2
/

3 2 2 4 2

H
k

S
s s c

k

k HD q
W q q

H G H k

  − 

=

+ − 
= −    − − + 

 ,  /s cq q < 1    (39)  

The relevant result is the soft solid regime where / 1L cq q   and / 1s cq q  .  By analyzing the behavior of the 

integral in (37), we show (see SI),   

( ) ( ) 1 202
3 2 1 2 H

s c

D G
W H H q





−  −  − +   / 1L cq q  , / 1s cq q      (40a) 
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Note that in this regime, the elastic energy due to surface stress is determined solely by the elastocapillary wave 

number and is independent of sq  and Lq .  Note also that the elastic energy elU  (see (36b)) has exactly the same 

form as (40a) except the wavenumber is Lq .  Specifically, the ratio in this limit is: 

( ) ( )( )
2 1

3 2 2 /
Hs

L c

el

W
H H q q

U

−
  −  .         (40b) 

In most soft materials, cq  is between Lq  and sq , (40b) shows that surface stress can considerably increase the 

effective work of adhesion by reducing the amount of energy available to open the interface.   

The theory is expected to break down when s elW U  since when it reaches one, the elastic energy associated 

with surface stress will cancel the elastic energy elU ; at this point, roughness has no effect on the effective surface 

adhesion energy.  In the mathematical limit where /L cq q → , the ratio /s elW U  can be computed using (36b) 

and (38); it is 

( )/ / 1s L c elW q q U→ →           (41)  

We plot /s elW U  versus /s cq q  for the case of 0.75H =  in Fig. 7 using (36b) and (38).  

 

Fig. 7. Ratio of the elastic energy density due to surface tension, sW , and the elastic energy density elU  needed 

to completely flatten the rough surface in the absence of surface stress plotted against /s cq q  for the case of 

0.75H =  and 6/ 10s Lq q = .   
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4. Summary and Conclusion 

In this work we examined in some breadth and depth how in soft materials the surface stress flattens and 

transforms surface profiles.  We first derived basic and general results that relate the initial and deformed (1D and 

2D) surface profiles via a transfer function.  We obtain explicit forms of the transfer functions that, multiplied by 

the Fourier transform of the initial profile, yield the Fourier transform of the deformed surface profile.  

Equivalently, we obtained the form of the real-space transfer function that, in convolution with the real space 

surface profile, produces the deformed profile.  These basic results were applied to study how a number of 1D 

and 2D surface profiles are transformed by surface stress.  We show that 1D and 2D periodic surfaces are flattened 

but don’t change their period.  Interestingly, in the limit of large elastocapillary number periodic shapes 

asymptotically approach a new periodic form that is independent of elastocapillary number.  We show that surface 

stress rounds off sharp features in crack-like defects; this could potentially affect damage and fracture processes 

in soft materials.  Surface stress has a profound effect on self-affine rough surfaces, we found.  Specifically, we 

examined how physically important characteristics of the surface, RMS height, slope, and curvature, are altered 

as the surface flattens with increasing elastocapillary length.  Surface stress preferentially flattens small-scale 

structures, resulting in a qualitative change in scaling of RMS slope and curvature with roughness parameters and 

properties.  We also examined how the change in surface character affects its adhesion against a rigid flat plane.  

We show that the energy of flattening subtracts from the elastic energy adhesion penalty usually associated with 

rough surfaces.  For sufficiently compliant surfaces, the roughness penalty can be entirely mitigated. It should be 

noted that Persson and Tosatti [42] studied the effective work of adhesion for a flat soft solid in contact with a 

rough rigid surface whereas in our case the soft solid is rough and is in contact with a flat rigid surface.  If surface 

stress is neglected, then the effective work of adhesion for both cases is essentially the same.  This is not the case 

if surface stress is significant. The surface stress of the flat soft surface will resist deformation which decreases 

the effective work of adhesion.  This case is not considered here. 

A phenomenon we did not consider here is the thermal fluctuation of surfaces at small scales which can 

modify the PSD of soft surfaces, as noted by [52–54].  More importantly, we assume that the material is linearly 

elastic and that the surface stress is isotropic and constant per unit of deformed area.  The assumption of linear 

elasticity is perhaps the most limiting.   For example, if a rippled surface of a soft hydrogel is released from its 

mold, surface stress can squeeze water out and the surface profile will change with time [10,55]. Here we note 

that immediately after removal from its mold, the gel is incompressible.  The gel becomes compressible as solvent 

squeezes out of the polymer network.  Solvent flow will eventually cease as the gel relaxes and reaches 

equilibrium.  The final equilibrium state is elastic and is characterized by the same shear modulus but with a 

different Poisson’s ratio 0.5v  .  Because our material model is elastic, it is unable to capture the transient flow 

process.  Nevertheless, the effect of surface stress can be quantified by the short- and long-time limits where the 
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hydrogel is elastic since the role of compressibility is specified by ( )2 1 = − .  In the short time limit, the gel 

is incompressible and 1 = .  In the long-time limit, the gel is fully relaxed and 1 2  .  Since the 

elastocapillary length is / 2G , flow increases this length and promotes the flattening effect of surface stress.  

Soft solids can also exhibit viscoelastic behaviors.  Viscoelastic relaxation decreases the shear modulus resulting 

in increasing elastocapillary length with time.  Our analysis for the effect of surface tension on the flattening of 

structured surface is strictly valid for short or long-time limits. Specifically, for times much shorter (longer) than 

the characteristic relaxation time, the shear modulus in our model should be replaced with the short (long) time 

modulus [56].  However, viscoelasticity will significantly change our result on adhesion, since the work to 

separate two surfaces will be strongly dependent on the history of making contact (compressing the two surfaces 

together) and separation.  We believe that the results presented in this work provide a comprehensive 

understanding of one of the principal ways in which surface stress acts upon surface profiles.  Additionally, the 

results presented here suggest new experimental work to measure flattened profiles, in particular those of 

randomly rough surfaces, as well as experiments on how surface properties such as contact compliance, adhesion, 

and friction are altered by surface stress.  
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