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Preface

Various statistical-mechanical models exhibit critical phenomena, and it is believed that the critical
exponents take on their mean-field values in high dimensions. The lace expansion is one of the few
mathematically rigorous methods to prove mean-field behavior for such models. It can show that the
two-point function for the concerned model, up to the critical point, is bounded by the Green function
for the underlying random walk in high dimensions.

First, we explain some background, historical facts and the purposes of this thesis.

Background

Cooperation of infinitely many particles results in various intriguing and challenging problems. One of
those is to understand phase transitions and critical behavior of statistical-mechanical models, such as
ordinary/oriented percolation and the ferromagnetic Ising model. Percolation, for example, exhibits a
phase transition when the bond-occupation parameter p crosses its critical value p.. If p is far below
Pe, €ach cluster of occupied vertices is so small that we may use standard probabilistic techniques for
i.i.d. random variables to predict what happens in the subcritical phase. If p is far above p., on the
other hand, vacant vertices can only form tiny islands and most of the other vertices are connected to
form a single gigantic cluster. However, when p is close to p, the cluster of connected vertices from
the origin may be extremely large but porous in a nontrivial way, and therefore naive perturbation
methods fail.

To mention ordinary percolation more precisely, consider a locally finite, amenable and transi-
tive graph as space. A standard example is the d-dimensional integer lattice Z¢, whose edge set
is denoted by B. Let D be the l-step distribution of nearest-neighbor simple random walk (RW):
D(x) = (2d)™'6),)1 on Z%. ({0,1}", F,P,) is regarded as a probability space, where F is the o-algebra
generated by cylinder sets, and P, = @y, ,jep Ber(pD(v — u)) is a product Bernoulli measure. We
write E, in the expectation against ,. We say that a bond b € B is occupied in ¢ € {0,1}B if £(b) = 1.
The main observable to be investigated is the percolation two-point function

Gy(w) = Pylo < a),

where { 0 <— z } denotes the event that either o = x or there exists a (self-avoiding) path from o to z
consisting of occupied bonds. The set C(0) = {x € Z? | 0 +— =} is called the cluster of 0. There is a
critical point py < ||D||" such that the percolation probability P,(|C(0)| = 00) = limy, e P,(|C(0)| >
n) is positive if p > py [3]. Also, there is another critical point pp such that the susceptibility (the
expected cluster size) x, = Y. Gp(x) = Ep[|C(0)|] is finite if p < pr (as p T pr, Xp diverges faster than
(pe — p)~! by the second inequality in (ICOCD) below). It is known that pp = py for any translation
invariant percolation model on Z¢ [6, B2]. Thus, we denote the critical point pr = pg by pc.

Similar phenomena occur in oriented percolation. In this model, we consider (directed) bond

variables on space-time Z? x Z,, where Z, = N1J {0}, and the two-point function is defined by
QOp(.T,t) = ]Pp((oa 0) — (.T,t)),
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where { (0,0) — (z,t) } denotes the event that either (0,0) = (x,t) or there exists a time-oriented
path from (o, 0) to (z,t) consisting of occupied bonds. As in ordinary percolation, x, = Z(x’t) op(x,t)
is finite if and only if p < pr = py (although x, and p. are distinct from ordinary ones, we write them
in the same symbols in Prefacd for convenience).

The way X, diverges for ordinary/oriented percolation is intriguing, as it shows power-law behavior
as (p. — p)~ 7 with the critical exponent . It is considered to be universal in the sense that the value
of v depends only on d and is insensitive to the details of the lattice structure. For example, the
value of 7 for bond ordinary percolation on Z? is believed to be % and equal to that for site ordinary
percolation on the 2-dimensional triangular lattice. This is not the case for the critical point p., as
its value may vary depending on the detail lattice structure. Other statistical-mechanical models that
exhibit divergence of the susceptibility are also characterized by the critical exponent ~, and many
physicists as well as mathematicians have been trying hard to identify the value of v and classify the
models into different universality classes since the last century.

The mean-field theory for ordinary percolation

It is still open to prove, in general, the existence of = for ordinary/oriented percolation because
there are many different paths joining two vertices, and pairs of such paths generally have edges in
common. However, the critical exponents are obtained for ordinary percolation on the Bethe lattice
with coordination number r (the r-regular tree). The following calculation yields v = 1 for ordinary
percolation (see, e.g., [26, Chapter 2| for the more details). Let h(x) be the height of . On the Bethe
lattice, note that, if o is connected to z, such a path is unique. As in one-dimensional percolation, we
have

Gyla) = (D" = (2).

By the fact that there are r(r — 1)"~! vertices in the Bethe lattice at height n > 1, we obtain

B A L .0 VL
XP”;< () T p(r — 1))’

which implies v = 1 and p. = r/(r — 1).

Heuristically, when the dimension is high, any pairs of percolation connections are close to being
independent. Since each percolation connection is defined as a self-avoiding path, by analogy with
high dimensional self-avoiding walk, it is expected that such a path is regarded as a sample path of
RW. Also, any different paths starting from o do not intersect each other on the Bethe lattice. These
facts suggest that G,(x) may be approximated by the RW Green function S,(z) = > 7, p"D*"(x)
with a mean-field fugacity p = p(Z%, p), where D*" is the n-fold convolution of D, and therefore Xp
may be approximated by Y. S, (z) = (1 — p)~t. Thus, pu(p.) = 1, which is the critical point (=the
radius of convergence) for RW. If 1 is left-differentiable at p, then this implies x, < (p. — p)~* (i.e.,
Xp is bounded above and below by positive multiples of (p. — p)~!) as p 1 pe. In this respect, the
mean-field value for the critical exponent - is 1.

The infrared bound

For ordinary/oriented percolation, instead of deriving the exact solution for x,, one may seek for
bounds on y,, or its derivative. Indeed, it is shown in [4, §] that

d
er(1— Dp(R)x2 < dipp <2 (0.0.1)
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where eg — 0 as R — oo, if the condition

Op (R) =sup { G2 (2) | [z, = R} o O (0.0.2)

is satisfied for ordinary percolation. It can be shown that the second inequality in (000) implies that
Xp is always bounded below by (p. — p)~!. Moreover, the first inequality in (II) implies that y,, is
also bounded above by a multiple of (p. —p)~ !, hence v = 1, if

G*3(0) =lim [ Gp(k)3 dh
Pe  phpe Td b (2m)d

< 00

(which implies limp o0 Ay, (R) = 0 by [5, Lemma 2.1]), where G, (k) is the Fourier transform of the
percolation two-point function and T¢ = [, 7T]d is the d-dimensional torus of side length 27 in the
Fourier space. It is a sufficient condition for the mean-field behavior for x, and is called the triangle
condition, named after the shape of the diagram consisting of three line segments. Whether or not the
triangle condition holds depends on the behavior of G,(k) in the infrared regime (i.e., around k = 0).

Usually, there is no a priori bound on Gp(k). However, for some spin models with a strong
symmetry condition called reflection positivity (e.g., the ferromagnetic Ising model with symmetric
nearest-neighbor couplings satisfies this condition), the two-point function enjoys the following infrared
bound [I6]: for any d > 2, there is a constant K < oo such that

(1 = D)Gylleo = sup (1 — D(k))|Gp(k)] < K uniformly in p close to pc. (0.0.3)
keTd

If D is a symmetric, non-degenerate and finite-range distribution with variance o2, then 1 — D(k‘) ~
g—;|/~c|2 as |k| — 0. Suppose that the infrared bound holds for ordinary percolation. Then

3 1d d
G;;3(o)g/( K ) dkdx/ 4%
¢ e \1—D(k)/ (27) Td |K|

which implies that the triangle condition holds in all dimensions d > 6.

On the other hand, there is some evidence (from hyperscaling inequalities, numerical simulations,
conformal field theory and so on) to suggest that the critical exponents (if they exist) cannot take on
their mean-field values simultaneously if d < 6 for ordinary percolation. In this respect, the critical
dimension d. is 6 for ordinary percolation.

By replacing Ay (R) with

sup Q> wp(w )y —w,s —r)eply — x5 =) | (@, 0)], = R
(,9),(wyr)

the convergence (III2) is also sufficient condition for the mean-field behavior for x, for oriented
percolation. When the models depend on time Z, the infrared bound is a little different from (OT3)
and given by

|1 —e"D)pyll o= sup |1—e?D(k)||@p(k,e?)) <K uniformly in p close to pe,  (0.0.4)
(k,0)€Td+1

where ¢, (k,e'?) is the Fourier-Laplace transform of ¢, (x,t). It implies that the triangle condition for
oriented percolation holds on Z? x Z, in all dimensions d > 4 [33]. The critical dimension d. = 4 for



oriented percolation is different from that for ordinary percolation due to

S gplw,r)ep(y —w, s —r)ep(y — x5 — 1)
(y,8),(w,r)

- L | ()
1a (2m)4 Jp \|1 = ?D(k)| ) |1 —e ¥D(k)| 27

</ ddk/ 1 9
~ Sz o) Sz (k)2 4 jo))* 27

where f(z) < g(x) means that there exists a constant C' < oo such that f(z) < Cg(x).
To complete the mean-field picture in high dimensions, it thus remains to show that the infrared
bounds (IT3) and (0O4) hold for all dimensions d > d.. Here, the lace expansion comes into play.

The lace expansion

In 1985, Brydges and Spencer [IT] came up with a fascinating idea for weakly self-avoiding walk. First,
they looked at the naive expansion for the self-avoiding walk two-point function GEAW:

||
GSAW(x) = Z p! H D(wj — wj-1) H (1 = Aduwyr)
w: o= j=1 0<s<t<|w]
||

= > IDwi —wi) Do N TT denns
j=1

w: 0—T reglo,|wl] {st}el’

where I', which is called a graph, is a set of pairs of indices on [0, |w|] = {0,1, ..., |w|}, G[0,|w|] is the
set of all graphs, and |I'| is the cardinality of I'. Next, from each I' € G[0, |w|], they isolated a connected
graph I'g C I' of the origin. Then, they extracted a minimally connected graph £ C I'y called a lace,
and resummed all the other edges in I' \ £ to partially restore the self-avoidance constraint. This is
what we nowadays call the algebraic lace expansion, named after the shape of the aforesaid minimally
connected graph. Since then, the algebraic lace expansion has been successfully applied to other
models, such as oriented percolation [33], lattice trees and lattice animals [20].

Later in 1990s, Hara and Slade (e.g., [?2]) came up with a more intuitive derivation of the lace
expansion. To distinguish it from the algebraic lace expansion, we sometimes call it the inclusion-
exclusion lace expansion. This opened up the possibility of applying the lace expansion to a wider
class of models, including (ordinary) percolation [Z1], the contact process [37], the Ising model [35]
and the (one-component) ¢* model [40].

From now on, we simply call the latter the lace expansion. We will show its derivation for ordinary
percolation in Section E=3 and for oriented percolation in Section B=3.

The result of the lace expansion is formally explained by the following recursion equation similar
to that for the RW Green function: for any p < p., there are functions I, and J, such that

Gp(x) = Ip(x) + (Jp * Gp) (7).

If I, and J, satisfy certain regularity conditions, then it is natural to believe that the global behavior
of G, is also similar to that of the RW Green function and therefore the infrared bound (ITZ3) holds.

However, since I, and J, are described by an alternating series of the lace-expansion coefficients
{W;,(JM o0 0, €ach of which involves complicated local interaction (n represents the degree of complexity),
it is certainly not true that the aforesaid regularity conditions always hold. In fact, the regularity

conditions require the critical triangle (D*? * G;‘,f)(o) for ordinary percolation to be small, not to be

vi



merely finite. This seemingly tautological statement (i.e., the critical triangle have to be small in
order to prove them to be finite) is taken care of by the so-called bootstrapping argument, which will
be explained later in this thesis.

During the course of the bootstrapping argument, we often assume that the number of neighbors
per vertex is sufficiently large. Since each vertex has 2d neighbors on Z%, it means that d is assumed to
be large. For strictly self-avoiding walk, for example, Hara and Slade [22, 23] succeeded in showing that
d > 5 is large enough to prove mean-field results. For ordinary percolation, however, the situation is not
as good as for self-avoiding walk. The best results so far were obtained by Fitzner and van der Hofstad
[T5], in which they proved mean-field results on 7% for d > 11 by using NoBLE, a perturbation method
from non-backtracking random walk (= memory-2 self-avoiding walk). For oriented percolation, the
situation is much worse than ordinary percolation. Nguyen and Yang [33, 34] proved mean-field results
on Z% x 7 for d > dy > 4, but they did not identify the value of dj.

There is another way to increase the number of neighbors per vertex. Instead of taking d large, we
may enlarge the range L of neighbors. One such example is the spread-out lattice Z‘i, in which two
distinct vertices x,y € Z? satisfying ||z — y||co < L are defined to be neighbors, hence (2L + 1)¢ — 1
neighbors per vertex. By taking L sufficiently large, all the models for which the lace expansion
was obtained are proven to exhibit mean-field behavior for all d above the predicted upper-critical

dimensions [20, 21, 31, 33, 87, B8, 40].

The purpose of this thesis

Since we believe in universality, the mean-field results on the spread-out lattice Z¢, as long as L < 0o,
are believed to hold on Z¢ as well. This is proven to be true for self-avoiding walk, but not yet
for ordinary/oriented percolation. We want to get rid of the artificial parameter L and come up to
a decent nearest-neighbor lattice, on which 7-dimensional ordinary and (5 + 1)-dimensional oriented
percolation are proven to exhibit the mean-field behavior. In this thesis, we analyze the lace expansion
for percolation on a d-dimensional version of the body-centered cubic (BCC) lattice, denoted by L9,
which has better features than the standard Z?, as explained in the next section. Thanks to those
features, enumeration of RW quantities relevant to the lace-expansion analysis becomes extremely
simple. Also, since those RW quantities are much smaller than the Z%-counterparts, it is easy to get
closer to the predicted upper-critical dimension without introducing too much technical complexity.
The purpose of this thesis is to explain the current status of the BCC work and reveal the potential
problems to overcome for completion of the mean-field picture in high dimensions. As a result,
using the lace expansion, we prove that nearest-neighbor ordinary percolation on L4929 and oriented
percolation on 929 x Z, (the constraint d > 9 is just a coincidence) exhibit the mean-field behavior.

In Chapter O, the models are defined more precisely, and the triangle conditions and the main
results (the infrared bound) for each ordinary /oriented percolation are stated. At the end of Chapter 0,
we quote some lemmas and their proofs to use in the later chapters.

In Chapter B, we prove the main result for ordinary percolation. Also, in Chapter B, we prove
the main result for oriented percolation. The proofs are almost parallelly described in which we use
the lace expansion. In Section Pl and Section B, we define the bootstrapping functions {9@}?:1
and state the strategy of proofs. It suffices to show the continuity, the initial condition and the
bootstrapping argument for {g;}?_;. The continuity is proved in Section and Section B2. By
combining the bounds appeared in Section ZZ4-277 and Section BZ-H8"7, both the initial condition and
the bootstrapping argument are proved in Section 28 and Section B=3.

In each Section, briefly speaking, we bound {g;}3_; in terms of the lace expansion coefficients
{my”}e2 1, bound {my”}% ;| in terms of so-called diagrams, bound their diagrams in terms of RW
quantities, and we estimate the numerical values of the RW quantities. The upper bounds on {m(,”) o
are obtained by splitting the events of {ﬂ,(,") o, carefully. Paying attentions for them lead to better
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bounds than the previous researches. Moreover, thanks to the structure of the BCC lattice L%, it is
easier to compute the RW quantities and to obtain smaller values of them than Z¢, cf., Section B2
(or Section 277) and Appendix [Al

For the oriented percolation, Section B and Section BT contain two novel tasks (see Section B9
for the details). Nguyen and Yang [33] used the inequality Dy (k) 4+ 1 > 0 for all k, where Dy, is
the RW transition probability for the spread-out model, to bound go in our notation. They used a
similar inequality despite the nearest-neighbor model, but the inequality does not hold because D(k:)
can take —1 for some k € T?. The structure of the BCC lattice helps us to solve this problem (see also
Proposition BZ3). Moreover, Nguyen and Yang showed the finiteness of the weighted open triangle
diagram (the derivative of the open triangle diagram), which corresponds to Azf’q’l)(k) in this thesis,
for only d > 8. We focus that the period of D(k)? equals that of D(2k). This equality yields the
finiteness of f/p(j‘,’f )(k:) in Lemma B61 for d > 4. It has a potential that this finiteness is helpful to
improve our result and to prove the mean-field behavior near the upper critical dimension.

The result for ordinary percolation is based on the joint work with Handa and Sakai [I9], and that
for oriented percolation is based on the joint work with Chen and Handa [IT].
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Chapter 1

Introduction

1.1 Models

1.1.1 The body-centered cubic (BCC) lattice

The d-dimensional BCC lattice IL? is a graph that contains the origin o = (0,...,0) and is generated
by the set of neighbors A4 = {x = (z1,...,24) € Z% | Hle |z;| = 1}. Although we should generally
distinguish a graph from its vertex set, for convenience, we denote by “z € L?” that z belongs to the
vertex set of the BCC lattice. It is equivalent to Z% when d = 1 and 2 (modulo rotation by 7/4) but is
more crowded in higher dimensions in the sense that the degree of each vertex is 2¢ on L¢, while it is
2d on Z%. We write x ~ y if 2,y € L% are neighbors, i.e., H?:1 |z; — y;| = 1. It is a natural extension
of the standard 3-dimensional BCC structure (see Figure ). The d-dimensional Brownian motion
with the identity covariance matrix can be constructed as the scaling limit of random walk (RW) on
L4 generated by the 1-step distribution

1

d

1

D(z) = mn{zem} =11 501511 (1.1.1)
j=1

where 1{} is the indicator function, .. is the Kronecker delta, and |A| denotes the cardinality of a
set A. Due to this factorization and Stirling’s formula®, we can obtain a rather sharp bound on the
2n-step return probability for all n € N, as
—d/2 *2n, A5 —2) —d/2 2d —d/2
0 < (mn)~%2 — D*™(0) < (1 — Moma—an )(7rn) < £ () ™2, (1.1.2)
n

where f*"(z) = (f*"V % f)(z) = > yerLd =1 (y) f(z — y) denotes the n-fold convolution on L% for
some function f: L% — R. This helps us to numerically compute some random-walk quantities as we
see in Section P70 and Section B72. Let D(k) be the Fourier transform of D: LY — R defined as

d
D(k) = Z D(z)e** = Hcos k; (1.1.3)
j=1

zcld

for k = (ky1,...,kq) € T¢ where k -z is the Euclidian inner product, and T¢ = [—7r,7r]d is the
d-dimensional torus of side length 27 in the Fourier space. In the equality in the above, we used

1 ! 1 .
"The two-sided bound -~ <log \/ﬁzi(ﬂ)" < J5> bolds for all n € N [I3, Section IL9].



Figure 1.1: The basic structure (in red) of the BCC lattice L¢ for d = 2, 3.

1.1.2 Ordinary percolation

Here, we introduce bond percolation on L% In this thesis, we simply call ordinary percolation “per-
colation”. Each bond {u,v} C L¢ randomly takes either one of the two states, occupied or vacant,
independently of the other bonds. We define the bond-occupation probability of a bond {u,v} as
pD(v — u), where p € [0, | D||2] is the percolation parameter, and || f|| . = sup,epq |f(z)]. p is equal
to the expected number of occupied bonds per vertex. Let P, be the associated probability measure,
and denote its expectation by [E,.

Next, we define the percolation two-point function. In order to do so, we first introduce the notion
of connectivity. For n € N, a path of length n on L is defined to be a sequence (wp,ws, .. .,w,) of
vertices in L. Let Q,(z,y) be the set of self-avoiding paths of length n from wy = = to w, = v,
and let Q(z,y) = U,.ez, n(2,y), where Z; = NU {0}, and U is a disjoint union. By convention,
Q(z,z) = Qo(z,z) = {(z)}. We write the number of steps of w € Q(x,y) as |w|. We say that a
self-avoiding path w = (wo, . ..,w),|) € 2(z,y) is occupied if either z = y or every bj(w) = {wj—1,w;}
for j = 1,...,|w| is occupied. We say that x is connected to y, denoted by z <— vy, if there is an
occupied self-avoiding path w € Q(z,y). Then, we define the percolation two-point function as

Gp(z) =Pplo+— ) = Pp< U {wis occupied}). (1.1.4)

weN(o,x)

The susceptibility x, and its critical point p. are defined as

o= Gylw) and pe=sup{pe0 DI |y <oo},

z€ld

respectively.

1.1.3 Oriented percolation

Here, we introduce bond oriented percolation on L% x Z,.. We use the same symbols as in the previous
subsection to express some notions. If we emphasize the difference, we add superscripts “pe” for
ordinary percolation and “op” for oriented percolation, such as pE® and peP. We call L¢ x Z_ a space-
time in which we write a vertex in the bold font, i.e., z = (x,t) € L? x Z, , while we write an vertex in
space ¢ in the normal font, i.e., z € L¢. For convenience, x and 7(x) denote the spatial and temporal
components of x, respectively. A bond on L x Z, is an ordered pair ((x,t), (y, s)) of two vertices in
L x Z. Each bond (z,y) is occupied with probability g,(y —x) = pD(y — )07 (y)—r(a), and vacant
with probability 1 — ¢,(y — ) independently of the others, where p € [0, ||D||] is the percolation
parameter. Let P, be the associated probability measure with such bond variables, and denote its
expectation by [E,.



For t € N, a (time-oriented) path of length ¢ on L¢ x Z is defined to be a sequence (wq, w1, . . . ,w;)
of vertices in LY x Z, such that 7(w,) — T(ws_1) = 1 for s = 1,...,t. Let # (x,y) be the set of all
paths of length t = 7(y) — 7(x) from & = wp to y = w;. By convention, # (x,x) = { (x) }. We say
that a path & = (wo,...,w;) € # (x,y) of length ¢t = 7(y) — 7(x) is occupied if either = y or every
bond (ws_1,ws) for s = 1,...,¢ is occupied. We say that « is connected to y, denoted by = — y, if
there is an occupied path & € # (x,y). Then, we define the two-point function as

op(x) =Pplo — ) =P, U { & is occupied }
weW (o,x)

for x € LY x Z, where o = (0,0). The susceptibility and its critical point are defined as

Xp = Z op(x) and p. = sup { p €0, ||D||;01] ’ Xp < 00 } , (1.1.5)
wELdXZ+

respectively.

1.1.4 Addendum: the uniqueness of critical points

In the literature, the percolation threshold py characterized by the emergence of an infinite cluster of
the origin,

inf { p € [0,]|D|| ] | Ph°(0 +— o0) >0} [percolation],
p =
inf {p € [0,]|D||}] | PP (0 — o00) >0} [oriented percolation],

is usually called the “critical point”, respectively, while our critical point p. is denoted by pr. However,
Menshikov [82] and Aizenman and Barsky [0] independently proved that pg = pr for any translation
invariant percolation model on Z¢. Recently, Duminil-Copin and Tassion [12] found a particularly
simple proof of the uniqueness on arbitrary locally finite vertex-transitive infinite graphs. They also
extended the idea to the Ising model and dramatically simplified the proof of the uniqueness of the
critical temperature, first proven by Aizenman, Barsky and Ferndndez [2]. This uniqueness also holds
on L%, hence we do not distinguish from each other.

1.1.5 Fourier-Laplace transform

We mention the Fourier-Laplace transform of ¢,(x) as a preliminary for the main results. Let
Dp(k;t) = > cra pp(w,t)e™ be the Fourier transform of ¢p(z,t) with respect to z. The Markov
property of the oriented percolation implies that {log ®,(0;t)/t};2; is a subadditive sequence, hence
there exists a constant m,, b = limypoo @, (0; t)l/ ¢ depending on p by [I'7, Appendix. IT] with m,_ =1 [34].
For every p < pc, the inequality m, > 1 holds. By the definition, m,, is the radius of convergence of
the Laplace transform (the generating function) of ®,(0;t), defined by

@p(sz) = Z (Ep(k,t)zt = Z Wp(x,t)eik.tzt

teZy (x,t)ELEXZy

for k € T? and z € C satisfying || € [0,m,). Also, let Q,(z,t) = p! D**(x)1{1ez,} be the random-walk
two-point function. By convention, 0-fold convolution denotes the Kronecker delta: f*0(z) = 0o,z for
any function f: L¢ — R. The Laplace transform of Q1 (z,t) gives the well-known random-walk Green
function as

Sp(x) = Y Qi t)p' = > p'D* ()

teZy teZy



for z € LY and p € [0,1]. Notice that the radius of convergence of S,(z) is 1, and in particular
Si1(x) is well-defined in a proper limit when d > 2. By the Boolean inequality, one can easily see that
o1(z,t) < Q1(z,t) (and also Gy(z) < Si(z)). Taking the sum of both sides leads to pc” > 1 (and
pe

pes > 1).

1.2 Main results

As we mentioned in Prefacd, it is believed that the susceptibility x, obeys the power law (p. — p)~"
in the vicinity of p. with a critical exponent . In particular, it is believed that v+ = 1 for ordinary
percolation on Z%>% and for oriented percolation on Z%>* x Z,. Aizenman and Newman [2] showed
that the triangle condition is a sufficient condition for percolation models to exhibit the mean-field
behavior (or v = 1). Barsky and Aizenman [G] extended /reformulated the Aizenman-Newman triangle
condition in order to deal with oriented percolation unifiedly (moreover, they also showed that other
critical exponents § and § take the mean-field values 2 and 1, respectively, if the triangle condition is
satisfied). An alternative argument involving operator theory is given by Kozma [30]. Let

sup { G;g(a:) | zll, > R} [percolation],

Np(R) =
o(R) sup Z gol*f(y)gop(y —x) ||zl > R [oriented percolation],
yELdXZ+

d - _
where [z, = (30, |2il*) 2, [[(z, 6)]ly = ([2[|5+t%)2, and f*(x,t) = (FDxf)(@,8) = 3¢, geraxa,
F*=D(y. s) f(x—y,t—s) denotes the n-fold convolution on L4 x Z for some function f: LxZ, — R.
The triangle condition is expressed that

lim A, (R) = 0. (1.2.1)

R—oc0

If (=) holds, then solving the differential inequality

er(l—Dp(R))X2 < =2 <22,

where eg — 0 as R — oo, implies v = 1.
To verify (I2), we use the infrared bounds which are our main theorem.

Theorem 1.2.1 (Infrared bound). For the nearest-neighbor model of ordinary percolation on L9
and of oriented percolation on L4922 x Z , there exist model-dependent constants KP®, K°P ¢ (0, 00)
such that

N KPe N
Gp(k)| < 2 = K™ (k 1.2.2
0] < T p s = KPS (122)
for any p € [1,pE°) and k € T¢, and
K°P

@p(k,2)] < = K]0y (k, eie) (1.2.3)

11— Gk, e"8%)]
for any p € [0,p’), k € T¢ and 2 € C with |2| € [1,m,).

It is not so difficult to see that the infrared bounds (I"22) and (I"23) yield the triangle conditions
(=) for ordinary and oriented percolation, respectively. We follow [@, B, B3].

Lemma 1.2.2. For n € N, 57"(0) < co on L% if d > 2n.

4



Proof. By the square summability of S,, for 4 < 1 and the monotone convergence theorem, the Fourier
transform of Sy is expressed as

(o) = lim 0 im " Ak = ! A%
5i"(0) = S )_Lﬂ Sulk) (2m)d _/ (1—D(k))" @m)¢

To show the integrability of (1 —D(k))™™, it suffices to verify the finiteness around the singular points.
For example, by (ICI3) and its expansion D(k) = 1 — ||k[3/2 + o(||k[3),

/ ddk 1 < / k1
{kerd | Irll,<s } (2 (1 —D(k)" ™~ J{kera | h),<s} @m) ||K]3"

é 1 é
SJ/ - -rdldr:/ rd=1=2n 4y
r n
0 0

for § < 1, where f(z) < g(x) means that there exists a constant C' < oo such that f(z) < Cg(z). In
the last line, we used the change of variables to the polar coordinates. The right-most integral is finite
when d > 2n. Similarly, the integrability around the other singular points is shown. O

Lemma 1.2.3 ([8, Lemma 3.3]). G,(k) > 0 for every p € [0,p.) and k € T¢.

Proof. First, by translation-invariance, we can use any vertex y to rewrite @p(k) as
Gp(k) = Z M TP (0 < ) Zelk Pply+— x+y) [Z etk (== y)]l{y(—)z}:|

Then, by using the identity 1 =3 1{yec(0)}/|C(0)|, where C(o) is the set of vertices connected from
0, we can rewrite the rightmost expression as

o ik-(2—1) _ 1 ik-(2—1)
IE3”[|c<o)| 2 2T e =By gy 2 e
y€eC(o) 2

y,2€C(0)
5| 2 ] =0

Lemma 1.2.4 ([5, Lemma 2.1]). If the infrared bound (I=22) holds, then G32(0) < oo, which implies
the triangle condition (I"2) for ordinary percolation.

zEC(o)
O

Proof. By (I22), Lemma 22, Lebesgue’s dominated convergence theorem and Lemma IT23, we
obtain

d
*3 1 *3 3
Gitle) = Im Gt0) = Iim | Gy(b)* 150
A dk
_ 3
- A‘d Gpc(k;) (27[_)(1
A 3 d?k

:/G
Td

which shows the first half. Simultaneously, the above means that Clpc (k)
by the Riemann-Lebesgure lemma,

A dk
*3 _ 3 —ik-x
Gy (7) /w G (k)" (2m) 2,100 0

pc(k)‘ W < o0,

3 is a L'-function. Therefore,

This completes the proof of the second half. O



Lemma 1.2.5 ([33]). If the infrared bound (I™23) holds, then the triangle condition (IZ21) for
oriented percolation is satisfied.

Proof. Fix € € (0,(d —4)/6). By the Hausdorff-Young inequality and (I"23), there is a constant C.
depending on € such that

>

1+1/€\ ¢/ (1+e)

— ) (1.2.4)

Yy
ddk‘ A » 14 1/(1+€)
<[ o Larlonte i)
ddk (1+e> Vit
- </W o el

d 3(1+€) i

d%k K €

/Td /27T 0 3079 . (1.2.5)
1 —e®D(k)|

In the equality, we used (@, (k, z*) = ¢p(k,2)* for every k € T¢ and z € C, where z* is the complex
conjugate of z. As in the proof of Lemma [Z22, the integrability of the right-most in the above follows
from

// 1 d’, do
{ (koyerest | [kl,<ar, 101<52 } ([|k2 + |9|) 3(14¢) (27)d 27

.y / d’k /52 1 dg
{rert | k<o } T Jo (k)2 4 6)°0F9 27

d?k

sy, 27)

1 d4k /5
< < rd=55¢dr < 0o
~ /kew s, . 2(2+3¢€) (27r)d ~

for 61,02 < 1. Since the upper bound on (IZH) does not depend on p, >°, 32 (Y)op.(y — ) is a

2 / 1
24 3¢ J{ ke | Irllp<on } (1R)3+60)77,

(1 + 1/¢)-summable function over ¢ x Z, . This immediately implies

Z«p Y)pp(y — ) —— 0,

[EHIPYRES

and completes the proof. O

1.3 Preliminary

In this section, we enumerate four lemmas used in the later chapters. Their proof are almost quotations
from the references. Let R .
fU+k)+fU—Fk)

Apf(l) = 5 - f()

for a function f on T? and k,l € T?, which is the notation for a sort of the second derivative in the
Fourier space in a particular direction. Also, let a V b and a A b denote max{a,b} and min{a,b},
respectively. These symbols are often used in the field of probability theory.

The next lemma is crucial for our proofs of Theorem X because they are based on this lemma.
See Section 211 and Section B for more details




Lemma 1.3.1 ([@1, Lemma 5.9]). Fix an interval [p1, p2) C R and a function f: [p1,p2) — R. Suppose
there exist 0 < a < b < oo such that f satisfies the following conditions:

(i) f is continuous on [p1,p2);
(ii) The initial condition f(p;) < a holds;

(iif) Vp € (p1,p2), [f(p) b = f(p) < al.
Then, f(p) < a for all p € [p1,p2).

Proof. We use the method of reductio ad absurdum. Assume that there exists p € [p1, p2) such that
f(p) > a when f satisfies the hypotheses. By the condition [ii], p must be greater than p;. If
a < f(p) < b, then yields a contradiction. Thus, we assume f(p) > b. By the continuity, there
exists ¢ € (p1,p) such that a < f(¢) < b. Since holds, f(g) must be less than or equal to a.
Therefore, we arrive at a contradiction. ]

The next lemma is used to bound function g3 defined in Section P for ordinary percolation
and Section B for oriented percolation (also, g; and go are defined). In particular, we apply a
modified version of this lemma, which is proved in Section B3, to the latter. Using the inequality
sin?a =1 —cos?a < 2(1 — cos @) in (B5H1) instead of (B551M), one can immediately see the proof of
this lemma, hence we omit it.

Lemma 1.3.2 ([41, Lemma 5.7]). Suppose that a(—x) = a(x) for all x € L, and let

Then, for all k,l € T,

o~

A4 < (al(©) - Talk) (A“ EREALD 4y 4 ah@ A+ wAa - 1 (Jal0) - @u))).

The following two lemmas are used to prove the continuities of {g;}3_; in Section E=2 for ordinary
percolation and Section B2 for oriented percolation. In particular, the latter is also used for decom-
position of diagrams, which are sums over products of two-point functions, in Section 24 for ordinary
percolation and in Section B3 for oriented percolation.

Lemma 1.3.3 ([410, Lemma 5.13]). Fix 0 < a < pg < pc. Let {fi(p)}rere be an equicontinuous
family of functions in p € [a,po]. Suppose that supgcra fz(p) < oo for every p € [a,pg]. Then,
suppera fr(p) < oo is continuous in p € [a, po].

Proof. Let f = supy, fx, and let € > 0 be given. Since {f1(p)}rerde is an equicontinuous family, 3§ > 0
such that, Yk € T¢ and Vp1,p2 € [a,po] with [p1 — pa| < 8, |fe(p1) — fu(p2)| < €/2. By the definition
of the supremum, for p € [a, po], we can take I € T? such that 0 < f(p) — fi(p) < €/2. Then, for every
P12 € [a, po] with |py — pa| <6 and f(p1) > f(p2),

Therefore, f is continuous. O



Lemma 1.3.4 ([I5, Lemma 2.13] or [26, Lemma 7.3]). Let J > 1 and t; € Rfor j =1,...,J. Then,
J J

Ogl—costh §JZ(1—costj). (1.3.1)
; =

Proof. First, take the real part of the telescopic identity 1 — exp(i ijl tj) = Z;-le(l — exp(it;))

exp(i Ei;ll th), where the empty sum for j = 1 is regarded as zero. Then, use the inequalities
[sin 377 4] < S | sinty, | sint;||sinty| < (sin®#; +sin®t;,)/2 and sin?¢; < 2(1 — cost;) to obtain

J J J j-1 J j—1
1 — cos < tj) —Z(l—cost Z (1 —cost;) (1—cosZth) —i—Z(sintj)sinZth
j=1 j=1 h=1 j=1 h=1

J=1

™

>0

T I 1sm t; +sm th
e A A Y

j=1h=1 j

Mg

(1 —costy), (1.3.2)
1

which implies (IZ371). O



Chapter 2

Lace-expansion analysis for percolation

2.1 Bootstrapping functions

The proof of Theorem X is straightforward, assuming the following three propositions. To state
those propositions, we first define

a1(p) = p, 92(p) = (1 = D)Gyllos- (2.1.1)

Obviously, what we want to do is to show that gs(p) is bounded uniformly in p € [1,p.). By
Lemma =32, the Fourier transform of the RW Green function Si(k) = (1 — D(k))~! obeys the
inequality

S

#S1(1)]
< O(k,1) = (1 - D(k)) <Sl(l + ) ;“ =R & 1)+ 48,0+ k)81 (1 - k)). (2.1.2)

Finally, we define

(2.1.3)

where the supremum near k = 0 should be interpreted as the supremum over the limit as | k||, — 0.
Now, we state the aforementioned three propositions and show that they indeed imply Theo-
rem X1 for percolation by Lemma =3

Proposition 2.1.1 (Continuity). The functions {g:(p)};_; are continuous in p € [1, p.).

Proposition 2.1.2 (Initial conditions). For percolation on 128 there are model-dependent finite
constants {K;}?_, such that g;(1) < K; for i = 1,2,3.

Proposition 2.1.3 (Bootstrapping argument). For percolation on %29, we fix p € (1, p.) and assume
gi(p) < K;, i = 1,2,3, where {K;}?_, are the same constants as in Proposition ZT2. Then, the
stronger inequalities g;(p) < Kj;, i = 1,2, 3, hold.

In the rest of this chapter, we prove Proposition EZ11 in Section 22 and Proposition T 24213
in Section 8. In particular, Proposition 123 is shown in the following steps:

1. Bound the bootstrapping functions {g;(p, m)}?z1 above by the lace expansion.

2. Bound the lace expansion coefficients ({W;,(,N)}]o\,ozo) above by basic diagrams (B, T, and Vi (k),
i=0,1,2,3).



3. Bound the basic diagrams above by the bootstrapping hypotheses g;(p) < K; for i = 1,2,3 and
the random-walk quantities (261).

4. Verify the stronger inequalities g;(p) < K; holds for i = 1,2,3 by combining the bounds in
Step -8 and substituting specifically numerical values into {K;}3_;.

These steps are explained in Section 278, 24, 28 and 23, respectively.

2.2 Continuity of the bootstrapping functions

In this section, we prove Proposition 2. First, we recall (2210) and (21=3) for the bootstrapping
functions {g;(p)};_,. Obviously, g1(p) = p is continuous. To prove continuity of the other two, we
introduce

G26(p) = (1 = D(k))Gp(k), (2.2.1)
Goa(p) = A’f@zgff; Q) (2.2.2)

and show that they are continuous in p € [1,p.) for every k,I € T¢. However, since

g2(p) = sup |g2.x(p)l, g3(p) = sup |gzr1(p)l, (2.2.3)
keTd k,l€Td

and the supremum of continuous functions is not necessarily continuous, we must be a bit more
cautious here. Lemma I=323 provides a sufficient condition for the supremum to be continuous.

Therefore, in order to prove continuity of {g;(p)}ti=23 in p € [1,p), we want to show that
{92.%(P) kere and {g3x,1(p)}k eTe are equicontinuous families of functions in p € [1,po] for each
po € [1,pc). To prove this, it then suffices to show that the following (i) and (ii) hold.

(i) G2.x(p) and dpga x(p) are finite uniformly in k& € T¢ and p € [1, po].
(ii) g3x.(p) and Opds k. (p) are finite uniformly in k,I € T¢ and p € [1, po].

To prove (i) is not so hard. By 0 < 1 — D(k) < 2, |Gp(k)| < xp and the monotonicity of x, in p,
we obtain |2, (p)| < 2xp, < oo uniformly in k € T¢ and p € [1,pg]. Moreover, by Russo’s formula and
the BK inequality (see, e.g., [I7]), and then using translation-invariance, we obtain

0 < 9pGp(x) < (D= G3)(x), (2.2.4)
hence

1Opdiz i (p)] <2 (D G3?)(x) < 2x5, < o, (2.2.5)

uniformly in k& € T¢ and p € [1,pg], as required.
To prove (ii) needs extra care, especially near k = 0, because of the factor 1 — D(k) in U(k,1).
First, by the telescopic inequality (IZ3), we obtain

A~

Ak (Gp(1)D())|

IN

> (1 —cosk-x)(Gp* D) ()

xT

= . .
< 2(|Akap(0)y+xp(1—p(k))>, (2.2.6)

10



and that
Ay (apép(zmm)y < 3 (1 - cosk - 2)(8,G, # D) (x)

(u:i:u) ALG 201 _ A
=< 2(6xp|AkGp(0)| +4x;(1 — D(k)) ). (2.2.7)

Therefore, to evaluate g3 1 ;(p) and 0,93 1,1 (p), it suffices to evaluate \Akép(0)|.

To evaluate |A;€G’p(0)| by using (I=3), we first rewrite the expression (CI4) for Gp(z). To do
so, we introduce ordering among self-avoiding paths from o to = as follows. For each vertex x, let
B(x) be the set of bonds incident on . Order the elements in B(x) in an arbitrary but fixed manner.
For a pair of bonds bt € B(z), we write b < ¥’ if b is lower than b’ in that ordering. For a pair of
self-avoiding paths w,w’ € Q(x,y), we write w < w’ if at the first time 7 when w becomes incompatible
with ' (therefore bj(w) = b;(w’) for all j < 7) we have b, (w) < br(w’). We say that w is occupied if
all by(w), ..., b (w) are occupied. Let Ey(w) be the event that w € Q(z,y) is the lowest occupied
path from z to y:

E; y(w) = {w is occupied} \ U {w is occupied}. (2.2.8)

w'eQ(z,y)
(w'<w)

Then, we can rewrite the expression (IT4) for Gp(z) as
Gp(x) = D Py(Bou(w)). (2.2.9)
weQ(o,x)
We can bound \Aké’p(())] as
’Ak(?p(O)’ = Z (1 —cosk-x)Gp(x)

||

_Z Z 1—cosZk? i — Wi—1) Pp(Eo,x(W))

T weN(o,x)

||

<Z Z \w|z (1 —cosk - (wi —wi—1)) Pp(Eoz(w))

T weN(o,x)

||
=> (I—cosk-(w=—u) > | Lip)=(wo)}Pp(Eozw)).
u,v,r WEQ(O”’E) 1=1
Let 7 = (wo, - - -, wi) and € = (w;, . . . ,w|,|) and denote their concatenation in that order by no&. Then,

the above inequality is equivalent to

|Aké¥p(0)] < Z (1 —cosk-(v—u)) Z T4y, (m)=(u,0)}

u,V,T neQ(ow)

x> (Il + €N P(Eou(nog)). (2.2.10)
£eQ(v,x)
(no&eQ(o,x))

11



Next, we rewrite P,(E,.(no&)). To do so, we introduce a peculiar cluster of 1 as follows. Given
a vertex y and a bond b € B(y), we define C;(y) to be the set of vertices that are connected from
y via an occupied bond V' € B(y) with ¥ < b; if there are no such occupied bonds, then we define
C<p(y) = {y}. Given a self-avoiding path 7, we let

7]

Can = U Cb; ) (Mj—1)- (2.2.11)
j=1

Notice that the terminal point 7, is not in C<;,. Using this notation and recalling (ZZR), we can
rewrite the event E, ;(no &) for n € Q(o,v) and £ € Q(v,x) with no & € Q(o,z) as

Eou(n0&) = Eoy(n) N {Eyz(€) occurs on L\ C<, ). (2.2.12)

ForaV C L%, we let }P’X be the percolation measure defined by making all bonds b with bN(L*\ V) # @
vacant. Then, we obtain the rewrite

]P)p(Eo,ac (77 ° 5)) = Ep |:]1Eo,v(n) ]P%d\c_w (Ev,z(f))} ) (2213)
hence

]Ak@p(0)| < Z (1 —cosk - (v— u)) Z Loy, () =(u,0)}

u,v, neQ(o,v)

I d
x(|n|Ep Lgyum) D P%\C“(Ev,x(@)}

£eQ(v,x)
(nogeQ(o,z))

[ d
+ Ep ﬂEo,v (m) Z |§| IP% \C (E”vx (5)):| ) : (2214)
N £eQ(v,x)

(noéeQ(o,x))

The contribution from the first expectation is evaluated as follows. First, we note that the sum over

d
¢ can be replaced by the sum over ¢ € Q(v, x) that are restricted in 14\ C<y, or IP’,H; \C= (Ey2(£)) =0
otherwise. Then, the resulting sum equals the restricted two-point function on ]Ld\C<77 and is bounded
by the full two-point function Gp(z — v). Therefore,

d
> l{bm(n>=<u,v)}|n|Ep[llEo,v<m S B (Bu(6)

neQ(o,v) £eQ(v,x)
(no€e(o,x))
< Y Loy m=wonl Po(Eow(n)) Gylz —v). (2.2.15)

neQ(ov)

We apply the same analysis to n = ( o (u,v), where ¢ = (1o, ..., 7),—1), and obtain

(EZT3) < pD(v —u) Gylz —v) Y ([¢[+ 1) Py(Eou(())
CeQ(o,u)

=pD(w—u)Gp(z—0)>_ > Pp(Eou(( 0 ("), (2.2.16)
¥y ('eQ(oy)
¢"eQ(y,u)
(¢'0¢" €0 0,u)

12



where the equality is due to the identity |(|+1 = Zy 1{yecy. Again, by the same analysis as discussed
above, we finally obtain

(21m) < G;Z(u) pD(v —u) Gp(x — v). (2.2.17)

The contribution from the second expectation in (22214) can be evaluated in a similar way, and
the result is

d
> l{bn(77)=(U»v)}Ep[]lEo,u(77) > €1 By 7 (Bow(€))

n€Q(o,v) £eQ(v,x)
(106€Q(0,7))
< Gp(u) pD(v — u) G;Q(x — ). (2.2.18)
Substituting (22217)—(2=218) back into (22214, we obtain
AkGy(0)] < 200 (1 — DS, (22.19)
which implies finiteness of g3 x;(p) and 9pgs k1 (p) uniformly in k,1 € T¢ and p € [1, po], as required.
This completes the proof of Proposition ZZ11.

2.3 Derivation of the lace expansion

To prove Proposition ZT2 and 13, we use the lace expansion. It gives a similar recursion equation
for the two-point function G, to that for the RW Green function S, which is

Sp() = b0,z + (PD * Sp) ().

Proposition 2.3.1 ([21]). For any p < p. and N € Z., there are nonnegative functions {my" }_; on
I such that, if we define II," as

N
I (z) = > (=1)"x5" (), (2.3.1)
n=0
then we obtain the recursion equation
Gp(x) = b0 + TV () + ((do, + TGV) 5 pD x Gy ) () + (—1)N+1R§)N+1)(x), (2.3.2)

where the remainder Ry " (z) obeys the bound

0 < RMV(x) < (mf) + Gp) (). (2.3.3)

Assume that lim y_ o W,()N) (x) = 0 for every x € L%, in fact, which holds by the absolute convergence
of the alternative series of {ry"'}%%_, from Lemma 240 below. Then, Ry"(x) — 0 as N — oo for
every = € L%, so that the limit of the series

o0
My(x) = lim T (x) = > ()l (@ (2.3.4)
N=0

is well-defined.
To prove the above proposition, we first introduce some notions and notation.

Definition 2.3.2. Fix a bond configuration and let z,y, u,v € L.

13



(i) Given a bond b, we define C°(z) to be the set of vertices connected to z in the new configuration
obtained by setting b to be vacant.

(ii) We say that a directed bond (u,v) is pivotal for the connection from x to y if 2 +— w occurs in
Clwv}(z) (i.e.,  is connected to u without using {u,v}) and if v <— y occurs in the complement
of C1uv}(z), denoted by C1%*}(z)°. Let piv(z,y) be the set of directed pivotal bonds for the
connection from z to y.

(iii) We say that z is doubly connected to y, denoted by x <= vy, if either x = y or x +— y and
piv(z,y) = 2.

(iv) Given a set of vertices A C I?, we say that = and y are connected in A if either z = y € A or
there is an occupied self-avoiding path from x to y consisting of vertices in A. We write this
event as {x «+— y in A}.

(v) Given a set of vertices A C I, we say that 2 and y are connected through A if either z =y € A
or every occupied self-avoiding path from z to y contains vertices in A. We write this event as

{z A y}.

Sketch proof of Proposition ZZ31. First, we derive the first expansion, i.e., (2232) for N = 0. By
splitting the event {o +— x} into two depending on whether or not there is a pivotal bond for the
connection from o to x, we first obtain

Gp(z) =Pp(0+— x, piv(o,z) = @) + Py(0 «— z, piv(o,z) # ). (2.3.5)
={o<=z}
Let
7 (x) = Pp(o <= z) — 0o 0. (2.3.6)

Then, by definition, the first term in (233) is d, . + 7" (z). To expand the second term in (233),
we use the first pivotal bond b = (b,b) for the connection from o to z, so that 0 <= b in C%(0) and
b +— 2 in C’(0)°. Since those two events are independent of the occupation status of b, we obtain

Py (0 < z, piv(o,z) # @)
= ZIPP (0 <= b in C%0), b occupied, b +— z in éb(o)c>
b

= ZPD(b) E) {]l{m:»g} P, (5 +—— x in @g(o)c)}, (2.3.7)
b

where D(b) is the abbreviation for D(b — b), and the extra indices? represent that C%(o0) is random
against ) but deterministic against IP,. In the last line, we have dropped “in CN(’)’ (0)" by using the fact
that {b +— z in C(0)°} = @ when L{oesb in C4(0)} # L{oe=b}-

Now we introduce schematic drawings, such as

0o,z +7T;f,0>(x) = 0<>x , (223370) = OQI/A—-I . (2.3.8)
X _ -

In the second drawing, the parallel short line segments in the middle represents pD(b), which is
summed over all bonds b and unlabeled. The dashed two-sided arrow represents mutual avoidance

!This rewrite is due to the tower property E[X] = E[E[X | G]], where E[X | G] is the conditional expectation of a
random variable X with respect to a sub-c-algebra G.
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between C?(0) (1n black) and C®(x) (in red). By the inclusion-exclusion relation {b <— z in C’(0)°} =

{b<+— x}\ {b ) x}, we complete the first expansion as

Gp(z) = 0<>9c + an—-x — O@x

=R} ()
= Joz + 1 () + ((60,. + 7)) % pD x G,,) (z) — R (). (2.3.9)
The precise definition of the remainder R}’ (z) is
b c
R (x ZpD D} |10t} Py (b G z)]- (2.3.10)

Next, we expand the remainder Ry’ (z) to derive the second expansion, i.e., (232) for N = 1. To
do so, and to derive the higher-order expansion later, we have to deal with the event {v A x} for
some vertex v and a vertex set A. Let

E(v,x; A) = {v PRELEN z}\ U {v PRELEN b}. (2.3.11)

bepiv(v,x)
Intuitively, if we regard a percolation cluster of v containing = as a string of sausages from v to x,
then E(v,x; A) is considered to be the event that the last sausage is the first one that goes through

A. Then, we can split the event {v A x} into two disjoint events as

{v JRELEN z} =E(v,x; A) U {Elb € piv(v, z) occupied & v PRELEN b}. (2.3.12)
Let o
O (x ZpD E,) [ﬂ{o:@} P, (E(b, x;Cé’(o)))], (2.3.13)
so that we have
R;,”( (1) )+ ZpD bl [l{o@h}
— — (o)
x P (3b2 e piv(by, z) occupied & by 22 @)] (2.3.14)

Notice that the event {3b € piv(v,x) occupied & v PRELEN b} in (22312) can be rewritten by identifying
the first element in {b € piv(v,z) : v PRELEN b} as

{Elb € piv(v, z) occupied & v PRELEN Q}

= U { v,b; A) occurs in éb(v)} N {b occupied} N {5 +— x in éb(v)c} : (2.3.15)

By this rewrite and using the fact that the first and third events on the right-hand side are independent
of the occupation status of b, we obtain (cf., (2237))

R;)l)(x) = 7{'1()1) (.’L‘) -+ Z pD(bl)pD(bQ)Eg |:]]_{o<:>b1} Ellj [EE(H,@,CF (0))
b1,b2

x P2 (E ¢z in % (bl)C)H : (2.3.16)

15



where we have dropped “occurs in C22(b;)” by using the fact that {by +— = in C?2(b1)¢} = @ when
L{E®1,52:Cy* (0)) oceurs in Co2 (1)} 7 LE(by 02621 (0))- By using similar schematic drawings to (2238), the
above identity for R}’ is rewritten as

K7\\\
RI(;)(:L‘): o@m + o@a g, (2.3.17)

where the dashed two-sided arrow represents mutual avoidance between C’2(b;) (in red) and C2*(x)
€12 (b1)
x},

(in blue). By the inclusion-exclusion relation {by +— @ in C2(b1)°} = {by +— .} \ {ba
we arrive at the second expansion

RO(x) = @
+ @% - @ .

=R (z)

=m(z) + (7 *pD * Gp) (x) — RS ().

To show how to derive the higher-order expansion coefficients, we further demonstrate the expan-
sion of the remainder R} (z) by using schematic drawings. Using (22312) and (2313), we can rewrite
Ry (z) as

RY(z) = o r + o@/, ez, (2.3.18)
)

ETFZ(;Q) (z

The precise definition of 75’ (z) is

m? (@) = Y pD(b1)pD(b2) E} [ﬂ{«:bl} E, ﬂE<b1,bg;c~gl<o>>P;(E<b2,x;é?(bm)}]. (2.3.19)
b1,b2

As in the previous stages of the expansion, the dashed two-sided arrow in (PZ3IR8) represents mutual
avoidance between C2*(by) (in blue) and C2*(x) (in green). Then, by the inclusion-exclusion relation
_ O — — C3(by

(55 —— o in C(Ba)} = {B3 —— 2} \ {83 <" 21, we obtain

R;f)(x) = o@x + 0@ .z (2.3.20)

— o -z (2.3.21)
=
= () + () #pD = Gy) () — B (). (2.3.22)



By repeated applications of inclusion-exclusion to the remainders, we can derive the higher-order
expansion coefficients, such as

T (x) = 0@: v (2.3.23)
7r1(94)($) = OWH . T . (2.3.24)

We complete the sketch proof of Proposition 223 O

2.4 Diagrammatic bounds on the expansion coefficients
The bootstrapping functions {g;(p)}?_; are bounded in terms of sums of #y”(0) and |ArAS(0)]. In
this section, we prove bounds on those quantities in terms of basic diagrams L,,, B, T), V;)O, V;,l, V;;Q

and VPS defined as

Ly, = [|(pD)* « Gy|| ., (2.4.1)
By =||(pD)** = G?| ., (2.4.2)
T, = |(pD)** « G3*|| ., (2.4.3)
VO(k) =" (pD * Gy) (z)* (1 = cosk - z), (2.4.4)
Vo (k) =sup ) (pD % Gy) (y) (1 = cosk - y) Gyl —y), (2.4.5)
Yy
Vyi(k) =sup}  (pD + Gy) (y) (1 = cosk - y) (D + Gy) (@ — ), (2.4.6)
Yy
\71,3(145) = sup Z Gp(v1) (pD * Gp)(v2 — v1)(1 — cosk - (va — v1))
oy {v]}?zl
X (pD * Gp)(vs — v2) (pPD * Gp)(vs — v1) (pD x Gp)(vs — v2)
x (pD * Gp)(vs — v4) (pD * Gp)(x — v5)Gp(y + v3 — vs). (2.4.7)

We also define
r=p|D|ly + Ly + By,

B
p="Tp,12r+1Tp) + (r+1p) <1+2P+Tp>-

Lemma 2.4.1 (Diagrammatic bounds on the expansion coefficients). The expansion coefficients
#50(0) = S, 75 (z) and ‘Ak fré")(O)‘ = >, (1 —cosk-z) 7y (x), both nonnegative, obey the fol-
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lowing bounds:

By/2 [n = 0],

2.4.8
(14 Bp/2+T,)rp" 1 [n>1 (248)

A

Avi(0)] <

vy (k). (2.4.9)

(8 + 6B, + 9T,,) T, V;2 (k). (2.4.10)

For m > 1,
A (0)]
2m—1 (o, 170 72 1 By
A~ I B 2
Fmg G0 + Tw) (145 7
+ p2m—? <(2m _1) (7,2‘7270(@ + erVPQ(k:) + erVpl(k) + Tp2‘7p1(k)>
~0 3 Bp ?
Fn- DO+ w) ) (16 T 4n) ) @4

and

Ak; ﬁ1()27n+1)(0)‘
2m (70 2 Bp
< (4m+3)( 20 (rvp (k) + T,V (k)) L+ L+ T,

. B 2
+ 02" ((m+ DV (k) + mV, (k) 1+ 7” + Tp>

~—

+ mp*™m 1 <2 (7“2‘7130(143) + TTprQ(k + TTP‘A/pl(k) + TI?VPl(k))

+rT, VO (k) + Vﬁ(k)) (1 + % + Tp>2 ) : (2.4.12)

The rest of this subsection is devoted to showing the above bounds on #5”(0) and |Ag#y” (0)]
for n = 0 in Section 2, for n = 1 in Section P22, for n = 2 in Section 2473, and for n > 3 in
Section 2224,

2.4.1 Bounds on 7{’(0) and ‘Ak 7?1()())(0)‘
By the Boolean and BK inequalities, we obtain

) (x) = Ppo <= ) — b0z

= p< U {{bl occupied, by +— x} o {bg occupied, by +— x}})

b1, b€ B(0)
(b1<b2)
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< S pDB)Gy(x —B)pD(b)Gyle — Bo)
b1,b2€B(O)
(bl-<b2)

< % (pD * G,) (z)?, (2.4.13)

where we have used the ordering < introduced above (2228). The factor 1/2 in the last line is due to
ignoring the ordering. Then, summing over x yields (228) for n = 0.

The bound (229) on |A,#{ (0)] is also achieved by multiplying both sides of (E4L3) by 1—cos k-
and summing the resulting inequality over x.

2.4.2 Bounds on 7{"(0) and ‘Ak 7?1()”(0)‘

First, we prove (24R) for n = 1 and (2210) by assuming the following diagrammatic bound on
(1)
T (2):

™ ()

< 0 41 0T He + 4\ S S R e T
2 \/ 2 4

+% O.OQ\/ay + O/JQQU +% O@C.l« + o®x, (2.4.14)

where we have used the following two types of line segments:

o

z = Gp(x), or——z = (pD x G)p)(z). (2.4.15)

The unlabeled vertices are summed over I¢. The proof of (ZZ12) is given at the end of Section ZZ2.
In the following, we repeatedly use the trivial inequality

0 Lsto) = Gp()L(aso} < (pD % Gy) (&) = 01— | (2.4.16)

Proof of (Z4=) for n =1 assuming (2Z21d). The bound on 7" (0) is obtained by summing both sides
of (E2T4) over = and repeatedly using translation-invariance. For example,

@C :QO> %<Q <Sgp > >Bp. (2.4.17)

o

——
<T;
The rest of the diagram is bounded above as
sup Y Gp(y)(pD x Gy)(w —y) = sup ((PD % Gp) () + Y Gp(y) Ly} (pD * Gp)(x — y))
Ty * y

= s (00 + ) @) + (6D + G @)

= sup (pD(:c) + pD(y)Gylx — yﬂ{w#y}) + By
Yy
(e2m)
< PPl + Ly + By =, (2.4.18)
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which leads to an upper bounds T),rB,, on (2Z2117). Moreover,

4? T | TI—ey+2
[ Te s Toen(ms ™) >
\_/ \. r zy: 0 JC’Zzl/: 0 Y /
o Y o
——— ——
<Tp <Tp
xr—Zz/
STp<sup > >Tp§Tper.
T,z o
| —
<r (.(Z13))

Applying the same analysis to the other diagrams, we obtain

1 1
H0(0) < (pD = Gi2) (0) + 5 (9D Gi?) (0)By + 1Ty + 3 By (0D Gi?) (0)

2
1 1 1
+ ZBP (pD * GZ2) (0)Bp + §Bper + Tpr + iTper + TprT,

= (pD * G*? 1]51”2 21BPT T2
= (pD = G}7) (0) T ) T T ety
(1) 2

< <1+B2p+Tp> T,

as required.

(2.4.19)

O

Sketch proof of (22-110). The bound on ‘Ak 7?1(,1)(0)‘ is obtained by multiplying 1 — cosk - x to both
sides of (24714) and summing the resulting expression over x. To decompose the diagrams into the
basic diagrams, we also use the telescopic inequality (IZ3), translation-invariance and (22-18). For

example,

Z o X%z (1 —cosk-x)
(u:;:u%z oOy(}-x ((1—cosk~y)+(1—cosk‘-(:U—y)))
,y

(Z1m)
<23 0 >y (l-cosk-y) o >
Y

———
~~ o SBP
V)
+2 o > supz v >z (1—cosk-(z—1y)))
—— Yy
<r ((E213)) -
—00(k)

< 2VY(k)B, + 2rV; (k).

Another example is the following;:

> o@x (1 —cosk-x)

xT

3
((1 —cosk - (xj — a:j_l)),
j=1

20
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where g = 0. The contribution from 1 — cosk - 1 is bounded by

3<s1ipz y<x (1—cosk - y)) <s1;p]Hx ) ‘/(I@QQ(k)Tpr. (2.4.22)

— <0

o

=V2(k) =Tp

The contribution from 1 — cosk - (x3 — x2) obeys the same bound, because

T Y
(2zTm) .
3 o@ (sup ) supz >m (1 —cosk-y) < 3TprVp2(k:). (2.4.23)
x X y 0

O +——

—_——
=T,

The contribution from 1 — cosk - (xo — x1) is bounded by

— 27

X
< 37T,| su g

As a result, (22221) is bounded by 9Tp2Vp2(k). The other terms can be estimated similarly. We
complete the proof of (2211). O

(Ezm) .,
Y (1 —cosk-y) T, < 3T,V, (k)T (2.4.24)

o

Proof of (Z214). First, we recall the definition of 7" (z):

7O (@) =3 pD(b) E} [ﬂ{o(:@ P! (E(B,x;ég(o)))]. (2.4.25)
b

Let 1 <2 y be the event that x is doubly connected to y through A, i.e., there are at least two
occupied paths from x to y and every occupied path from x to y has vertices of A. Then, by definition,
we have

E(v,z; A) C U{{va}o{yéx}} (2.4.26)

Splitting {y A x} into three events depending on where the double connection traverses A, we
obtain

{yéx}C{yszA}U{y@x#yeA}

v U {{szeA}o{zHaf}o{W—m#y}}, (2.4.27)
2(#y)

hence (see Figure ZZ1(a)—(c))

E(v,x;A)C{U(—HL‘eA}UU{{vaeA}o{y(:)x#y}}
~———

(a) i
(b)
UU{{v<—>y}o{y<—>zEA}o{z%—)a:}o{y(—)x#y}}. (2.4.28)
(v#2)

-~

(©)
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(a) (b) (c)
0 U 0 % o %
(d) (e) (f)

Figure 2.1: Schematic drawings for the events in (242R) and (2Z=311). The real and dotted line segments are
on different probability spaces. The arcs having short line segments at one of the two end vertices
represent nonzero connections.

Then, by the BK inequality and the argument around (2213) to derive the factor 1/2, and applying
the trivial inequality (24—18) to the nonzero connections (e.g., Pp(y +— z # y) < (pD * Gp)(z — y)),
we obtain

> pD(v — )P, (E(v, z; A))

1
< 3 1en (0D Gp)(o ~ wy0us 4 4D Gy~ WD * Gyl — 1),

Y,z

+ (pD x Gp)(y — u)(pD x Gp)(z — y)Gp(z — 2)(pD * Gp)(z — y)>, (2.4.29)

and therefore, by using the diagrammatic representations in (Z213),

T (x) < Z]P’p(0<:>u, 0<—>z)< \:p Z7$+% \g}m + }—A‘Dx ) (2.4.30)

U,z
z

— Uu
= "R,

We emphasize that each of the above line segments is a two-point function G, and not a connection
event described in Figure 2.

It remains to investigate Pp(0 <= u, 0 <— z) in (ZZ=30). Splitting the event into three depending
on which vertex on the backbone from o to u a connection to z comes out of, we have (see Figure 2Z1(d)—

()

{o<=u, 0+— z}

Clo=u+— 2z} U{{o=u+#o}o{u+— z}}

(d) (e)
UU{{o<—>u7é0}o{o<—>w}o{w(—)u#w}o{w(—)z}}. (2.4.31)

w

(f)
Then, again, by the BK inequality and the argument around (2Z13) to derive the factor 1/2, and
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U1, U1 w1, 1 w (U17’U1)

(a) (b) () (d)
Ui, U1 (u1,1}1) U1, V1 uhm

Figure 2.2: Schematic drawings for the events in (22=35) (cf., Figure EII). A connection to ze comes out of
the backbone from v; to ug before the last sausage ((a)—(d)) or from the last sausage ((e)—(h)).

applying the trivial inequality (2Z2718) to the nonzero connections, we obtain

u

Py(o <= u, 0+—2) < 0 5u o —|— O\ \4 (2.4.32)

Combining this with (22=30), we obtain the diagrammatic bound (2Z2714), as required. O

2.4.3 Bounds on #{”(0) and

AI()Q)(O)‘

We organize this section in a different way from the previous section for the case of n = 1. We first
explain the diagrammatic bound (22=38) on my’(z) for a fixed z. Then, by using this, we prove the
bounds (Z4R) for n = 2 and (2Z2110) for m = 1.

Now we start investigating 7y’ (x) for a fixed 2, which is defined as
7@ (x) = 3 pD(by)pD(b) ES [n{o;}bl} B} [V et (o) P (B (ba 5 CP? (bl)))H . (2433)
b1,b2

First, by using (22729)—(22=30), we obtain

() < Z pD(b1) Y By (Lo Py (B (b1 u2iCl (o) 0 {Br = 2})] x “R..  (2434)

U2,22

Next, we have to deal with the event E(v1,ug; A) N{vy +— 29} for a given set A. By (2428), we
first obtain the relation

E(v1,ug; A) N {v1 +— 22} C U {{vl «—yto{y PEECIN UQ}} N{v +— 22}. (2.4.35)

Next, we split the event into two depending on which vertex on the backbone from v; to us a connection
to z9 comes out of: either before or from the last sausage. Then, we split each of the two into four
events depending on where the double connection from y to ug traverses A. The resulting eight events
are depicted in Figure 22. Finally, by the BK inequality and the argument around (22713) to derive
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the factor 1/2, and applying the trivial inequality (2Z27186) to the nonzero connections, we obtain
S pD(b)E [1{“:@ P, (E(a, ug; G (0)) N {By +— ZQ})}
by

<D Pplo=u1, 0+ 1) X LMZ, (2.4.36)

Uu1,21

where (in some of the following diagrams, we use the identity (pD * G))(z) = (G, * pD)(z))

Ui 1 z2 1U1|}—-—022 U1I>TZ2
U1 z2 __
21 M’LLQ - 521#2 + 3 é{ +

2 NS
- z1 ° U2
z U2

u2

1
uy s zZ2 (2| zZ2
21
ui s, 22 U1 1 22
% + . (2.4.37)
U2 21 U2

Finally, by using (22232, we arrive at

mP(@) < > LY x UM2 x 2Ra, (2.4.38)

Uu1,u2,21,22
which consists of 72 (= 3 x 8 x 3) terms. O

Sketch proof of (Z4=R) for n = 2. The bound on 7} (0) is obtained by summing both sides of (ZZ=3R)
over x and repeatedly using translation-invariance. For example, the combination of the third diagrams
in (22732), (22437) and (2430) is bounded as

2 2 ﬁ S ZQ }

T U1,U2,21,22

gq S ,D/ (2.4.39)
] R

Also, the middle diagram is bounded as

x| v Y+ z
supz I < sup l sup Z
) -—\A’r VWE oy Wiy
v—z
< supz _l i sup > . (2.4.40)
o@r Y wN
——
<Tp <Tp <r (.-(eZ13))
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Therefore, (2239) is bounded above by T,T2rT,,.
Another example is the combination of the third diagram in (22=32), the last diagram in (Z2-37)
and the third diagram in (22230), which is bounded as

.zl LD

T U1,Uu2,21,22

zZ1 u2
x| y+z
< 4 supz J\’ . (2.4.41)
\\5 “E Yy o — 5//
—— ——
<Tp <Tp
Since
T | Y+ z T u v Y+ z
sup Z < sup T sup sup , (2.4.42)
“% uwy o —Y Toge—I WU oy R T R [—
u v - .
=T, <r (.(zZT8))
and
" _ *2 /
= (pD* G*)(y — u) Gp(u' — )
u Y
(IZ%EH) *2 / *2 *3 /
< (pD xG°) (v —u) + ((pD)* « G, ) (' — ), (2.4.43)
<r ((Z13)) <Tp

we can bound (E2221) above by T,T,,(r + Tp,)rT).
Applying the same analysis to the other diagrams, we obtain

B 1 1
7,7 (0) < <1 + ?p + Tp> (Tp + 5Tpo +T2 47+ 5er + Tpr + Ty, + Tp(r + Tp)>

~~

=p

B
X r<1 + 71” + T,,), (2.4.44)
as required. O

Sketch proof of (22_11) for m = 1. The bound on )Ak #2(0)
to both sides of (Z2=38) and summing the resulting expression over x. During the course, we split

1 — cosk - z by using the telescopic inequality (I=3). For example, the combination of the third
diagrams in (224=32), (22=31) and (22=30) is bounded by

is obtained by multiplying 1 —cosk -

Y1 Y2 ] Y3

LA L D e e

21,22 21 22

J=1
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where yy = o, while the combination of the third diagram in (22=32), the last diagram in (2Z2=37) and
the third diagram in (22=30) is bounded by

Y2 Y3 Ya

5% 4 J y:,J>y5 jim—cosk-(yj—yj_l)). (2.4.46)

9173/2793»1/471157 z:
22

Also, for the other 70 combinations of diagrams in (22=37), (22=37) and (22=30), the number of
intervals y; — yj—1 is at most 5. We use this fact to uniformly bound the multiplicative constant in
the telescopic inequality (I=30) by 5.

Now it remains to bound each combination in terms of basic diagrams. For example, the contri-
bution from 1 — cosk - (y3 — y2) in (ZZ2H) is bounded as

\/{ }) v (1 —cosk- (ys — y2))
y1,y2,y37y4,
Y1 Y2 e— Y3
< 4 sup }—l sup Z (1 —cosk - (y3 — y2)) D (2.4.47)
Y2,22,
o
<T

v Y3 22 I—e Y3 +v

<T, <73 <V2(k)
while the contribution from 1 — cosk - y; in (2228) is bounded as

Y1

vy 2
Z O‘Q [ };D% (1 —cosk-y1)
Z1 ¢ Z21
zZ1 z2

Y1,Y2,Y3,Y4,Y5,

21,22
\ Y1 e Y2
< supz 0 (1 —cosk-y1) sup J sup . (2.4.48)
v Y1 y1t+v Y2212 L YAV —sw 0
=V} (k) =T, <O+, =

The other combinations can be bounded similarly. We note that each bound uses one of the
diagrams V,)(k), V,}(k) and V;?(k) (V;}(k) is used only in the bounds on |AgaSY| for n > 3). Which
one is used depends on which pair of two-point functions is multiplied by 1 — cosk - (y; — yj—1):

(pD * Gp)(y; — yj—1)%, (PD * Gp)(y; — Yj—1)Gp(y; — yj—1 —v) for some v, or (pD * Gyp)(y; — yj—1)(pD *
Gp)(yj; — yj—1 — v) for some v, respec‘mvely We complete the sketch proof of (2271T) for m=1 03

2.4.4 Bounds on #*¥(0) and ‘Ak 7?};"23)(0)‘

Recall the definition of 7y" () for n > 3:

7 ( Z HPD

L bn =1

o=t} Egla [HE(bl,bz;égl (o))"
% Byt (VG0 oo P (B (a2 o, (n) ) | ” (2.4.49)
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Using (24729) first (cf., (22230) and (22=34)), then using (Z2=38) for n — 1 times, and finally using
(22732), we obtain the fixed-z bound (cf., (22=38))

u u z Un— z u
() < Y LY X MM X e X UM X YR, (2.4.50)
ULyeesUn,y
Zlse-9Zn

Sketch proof of (Z4R) for n > 3. We can follow the same line of the proof of (Z4R) for n = 2. The

only difference is the size of middle section (cf., (22720) and (2222)), and it gives rise to the factor
n—1

P O

Sketch proof of (2Z1M) for m > 2 and (Z412). As is done in the proof of (ZZZ—11) for m = 1 in
Section 223, we uniformly bound the multiplicative constant in the telescopic inequality (I=3) by
the maximum number of intervals, which is 2n + 1 for \Ak 707 (0)|. The remaining task is almost the
same as the previous case, except for the following two:

(i) Use the telescopic inequality (IZ3) along the upper sequence of line segments for even n (see
(24435)—(2448)) or along the lower sequence for odd n (see below).

(ii) Use the basic diagram ‘71,3(14:) to bound certain diagrams to which 1 — cosk - (- --) is assigned in
a peculiar way.

For example, the contribution to \Akﬁ]<93> (0)| from the combination of the third diagrams in (22=32),
(22=37) and (22230) is bounded as

Y2 Y3

/v\ Y3 I»—%
7 o ‘/{ I
6
X Z (1 —cosk-(z; —zj—1)), (2.4.51)
7=1

where zy = 0. Then, the contribution to the sum from 1 — cosk - (z3 — z2) is bounded by

Y11 z4+u
4 sup Z I (1 —cosk- (23 — 22)) sup b’ . (24.52)
\\. Y1,21,U 22,23,24 21 ._\&_“ 24 L /

o z2 z3 N’
N—— <T2
<Tp :V;’(k) <Tp

The other combinations can be bounded similarly, and we refrain from showing tedious computa-
tions. O

2.5 Diagrammatic bounds on the bootstrapping functions

Let
oo o0
Heven _ Z A; 7 Hodd Z AI() m+1) (2.5‘1)
m=0 m=0
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Suppose that p = T,,(2r + T,) + (r + 1) (1 + B, /2 +T,,) < 1. Then, by Lemma P2, we obtain

B, (14 B,/2+T,)*rp

0 < ﬂeven O < _ 2' '2
< I(0) < -~ + 1= , (2.5.2)
~ven (1+ B,/2+ T,)*r
0 < Iy (0) < lp_ 2 p (2.5.3)
|AkHeven 3 V]
sup —————— e , (2.5.4)
k 1- ;0 - D 00
where
| B, 10rp B, 212(5 4 12p%) + 3T,rp* (3 + p)
B, 5Tpp B, 20(5+ 3p%) + T, (r + T,) (5 + 12p?)
o :<1+2+Tp>(1_p2)2+(1+2+Tp 1 7 ,  (25.6)
B 5T,p B 2p(5 + 3p2) + Tpr(5 + 12p2)
even _ [ 1 it T p 1 -p T p 2.5.7
(+2+p>(1—p2)2+<+2+p> (1-p?)? ’ (25.7)
B 230%(3 + p)
even __ 1 77’ T 2 .
= (1445 250 o
and
|AkH°dd 3 w J
su o : 2.5.9
T R | 659
where
3 3 B 147 p?
Spodd:1+2(BP+T)+zBp(Bp+2r)+3TpT+ <1+2p+Tp>(1_p2)2
B, rp(2r + Tp,) (7 + p?)
1 T 2.5.1
<+2+ ) (VS (2.5.10)
B 2p(p 4 2Tyr + 2T2)(7 + p?)
odd _ (14 2P | p p 2.5.11
1 <+2+p> (1 p2)3 ’ (2.5.11)
B, 14T, p?
5% = T,(8 + 6B, + 9T,) + ( 1 Ty )"
i) p(8+ 6B + p>+(+2+ )(1_/)2)2
B, 2 (14 + 3p%) + 2T,rp(7 + p*)
+ <1 +5 T,,) 02 , (2.5.12)
B 2p(7+p?)
odd _ (14 2P 4 p ) 2.5.1
v = (10 n ) AT e

These bounds imply the next lemma in which we obtain upper bounds on the bootstrapping functions
{gi(p)}3_;. In the following, we assume that

o0 _ 7.‘.(n>
> #5(0) +sgpz 1AD(/§§)) <1 (2.5.14)

n=0

Then, (2232) is well-defined.
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Lemma 2.5.1. Suppose p < 1 and that L, By, T}, ||1A/pj/(1 — D)|lss, 7 = 0,1,2,3, are so small that
the inequality (22514) holds. Then, we have

1+ B,/2+T,)%\ !
gl(p)§<1_( 1p/ 2 : ) ’ (2.5.15)
—P
-1
B 14+ B./2 4 T)2r\ 13 VJ
90 = 1<1p( A r> Z i H ) (2.5.16)
’ 1_P =0 1-Dllw
B 14+ B,/2+T,)%\ ! 3
93(p)§max{92(p)<1_2p_( 117/ p) > ’1}
P
2(14 B,/2+T))? 3 el >
><p2<1+Bp+ ( 1p/p ») T+2Z(¢;ven+¢;dd) 1_pDH ) ' (2.5.17)
Jj=0 o]

Proof. The bound on g1 (p) is easy; since x; = Gp(0) = (14 11,(0))/(1 — p(1 +T1,(0))) by (Z=32) and
11,(0) = H°V°“(0) HOdd(O), we obtain

91(p) = (2.5.18)

11 1 = (1_ (1+Bp/2+Tp)2r>1
1+ 15,000 Xp — 1—1I3%(0) 1—p? '
Next, we bound g¢2(p). By (2332),

. 1411, (k)
G = B (1 + )

Since —AgIL,(0) = [ALIIy(0)| — [AxII5(0)] and 1+ IT,(k) > 1 — I (0) — [13%¢(0) (> 0 as long as
the inequality (2514) ho lds), we obtain

1 IAkﬁ;ﬁd(O)!>1

g2(p) < sup (1 - - - -
1~ Tlgen(0) — Mlgea(0) 1 — D(k)

k

—1 3
<(1- 17&7(1+Bp/2+Tp)27’ odd
- 2 1—p jO

) (2.5.19)

Finally, we bound g¢3(p). Notice that, by (2232), we obtain




hgnee Ak(é ()pD(1)) = AgAy(l). Then, by Lemma 32 with a,(z) = (pD * (8, + I1,))(x), since
= g2(p)/(1 — D(k)), we obtain

93(p)
1= D(k) [(Si(l+k) + Sl — k) 92(p) 2| Agap(1)
= B ) ( 2 Si0) <1 ~Tigen(0) — flger 0)> — D(k)
. . p) ~Afay|(0) ~Arfa,[(0)

+ 48, (1 + k)8 (1 — k) (1 ) 0 ) B0 1B )

=) 9 (p) ’ rAkapa)\ —Axfay](0) )
< max { - ﬂ;ve“(o) - f[;ve"(())’ 1} max { s’?}) 1_71)(1/&), <Sllip L D(k) ) } (2.5.21)
Here,
[Agay (1) P

~

|
1-D(k) 1-D(k)

Z(l —cosk - )e*(D(z) + (I, * D)(w))‘

T

<o T D) + S ) D - ) )

— 1 - D(k) vy 1= D(k)
( N Z — Cos k: x (T (y) + 115 (y)) D(x — y)>’ (2.5.22)

which is larger than 1, since p > 1. By the telescopic inequality (IZ3), the sum over z,y is bounded
as

§ L ORI even ) 4 1154 () Dz — )

vy 1—D(k)
< QZ (1 —cosk - yl)(iTpD(l(j) + 1153 (y)) ZI:D(“T )
+2Z (ILv" (y) + I (y)) Zx: (1 _COSki(jczg(Z)))D(x_y)
<2( mf ;;Zz;)' 52 S+ 20+ ). (2.5.23)
As a result,
‘ﬁaﬁig sPp <1 +2(115(0) + 11;(0)) + 2 ( |A1k?;1;m(]l(;)))’ + %'{%12;) )) . (2.5.24)

It is not difficult to check if —Ak@(o)/(l — D(k)), which is nonnegative, obeys the same bound.
Therefore, we obtain

93(p) < max {gQ(p)<1 _ % 1+ BT/E:TP)%)l, 1}3

~ -

Vi 2
”H ) : (2.5.25)
1-Dlls

as required. ]

3
2 p p even odd

=0

30



2.6 Bounds on diagrams in terms of random-walk quantities

In this subsection, we evaluate the diagrams for p € [1,p.). First, we evaluate the diagrams for
p € (1, pc) under the bootstrapping assumptions. We define the RW quantities: the RW loop ¢1, the
RW bubble €5 and the RW triangle 3, as

‘ 00 1 b =1],
e =(D?%S7)(0) =) Do) x{ (2n—-1) [j=2], (2.6.1)
n=1 (2n—1)n [j=3].

Lemma 2.6.1. Let d > 7 and p € (1,p.) and suppose that ¢;(p) < K;, i = 1,2, 3, for some constants
{K;}3_,. Then, we have

L, < K} Kqey, (2.6.2)
B, < KiKjes, (2.6.3)
T, < K{K3es, (2.6.4)
70
P = < K%Kszl + 5K12K2K3€3, (265)
1-Dlls
V! 5K?
1 _pﬁ ) < K+ 271 + 5K} Koyey + 6K K269 + 20K 2Ky Kses, (2.6.6)
V2 _ K}
Pl < op + KPKser + 2K Kjes + 10K Ky Kses, (2.6.7)
1-Dll 2
f/3
n pD < 5KPK4K3(1 4 3e1 + 269 + £3)e3. (2.6.8)
- 0

Proof. By using the assumptions g¢;(p) < K; for i = 1,2,3,

R R d?k D(k)?  d%
L<2/Dk2Gk < KiK. . 2.6.9
p =P T ( ) | p( )‘ (27T)d = 1882 Td 1 —D(k) (27T)d ( )
=£1
Similarly,
B, < K}K3ey, T, < K¥Kjes. (2.6.10)
To prove (Z63), we first use the trivial inequality G, < d,. + pD * G, to obtain
/ O(k) 1 — cos k T
—— < Z pD(z) (pD * Gp)(x)
D(k xr~o
1—cos k X .
+ Z 2 T ((pD)*? % Gyp) (z) (pD * Gp) (). (2.6.11)
By symmetry, the first term is bounded by
_ b _ 2
p sup(pD * Gp)(x) = 2 Z(pD * Gp) () = Lp < KiKae. (2.6.12)
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For the second term, we use the Fourier representation to obtain

2 (pD + Gy)(@)(1 = coss - )
2 (D)7 + Gy)(w) - PE)

d . A
- /]I‘d (;rid (pD(1)*Gy(D) Ar(pD(l

AU . oA
< K?KoK. — - D()? — 2.6.1
< KEKKs | 5D (26.13)

A

Recall the definition (Z=2) of U(k,1), in which we have three terms: 2511 +k)S1(1), 351(1 — k)S1(1)
and 45, (I 4+ k)51 (I — k). By inversion, we have, e.g.,

AU )
/jl‘d WD(Z) S1(D)S1(1+ k)S1(1 — k)

(2m)
—(D*2+8, ) (z+)
< (D*2 % 813 (0) = e3. (2.6.14)

d .
=Y Si@siwet e [ DS e
Td
x,y

It is not difficult to check if the other combinations obey the same bound. This completes the proof
of (ZB3).

Next, we prove (226-7) before showing (2260). First, by the trivial inequality G, < 6,.. + pD * G,
we obtain

(72
Yy
((pD)™?  Gp)(y) (A —cosk-y) oy
+ sup g L B (pD % Gp)(x — ). (2.6.15)

Since ||pD * Gplleo < p/2¢ + Ly, the first term is bounded by Ki(K1/2? + K?Kse;). For the second
term, we use the telescopic inequality (IZ370) to obtain

2% pD(2)(pD * Gy)(y — 2)
Y,z

Dk <(1 —cosk-z)+ (1 —cosk- (y— z)))(pD * Gp)(z —y)

< 22 pD(Z)(l —cosk - Z) ((pD)*Q % G;Q)(x o Z)

B z 1_ﬁ(k)
(pD * Gp)(y')(1 — cosk - /) 2 V(e — o
+2) D) ((pD)*? % Gp) (z — o), (2.6.16)

where we have used the replacement 3 = 3 — z. Since ((pD)*? x G;’;Q)(m — z) < By, which is due to
the Schwarz inequality, the first term is bounded by 2pB, < 2K3$K2e5. On the other hand, by the
Fourier representation, the second term is bounded by (cf., (22613)—(25614d))

a1 A (pD DG, (D)
Z/Td (

iy b PG

R
< 2K12K2K3/ d ldM
1a (2m)41 — D(k)

D(1)251(1) < 10K K, K3e3. (2.6.17)



This completes the proof of (262).

Similarly, by using the trivial inequality G, < 6,. + pD * G}, and the telescopic inequality (I=31),
we have

Vi (k) pD(y)(1 — cosk - y)
——— < su = Gp xr —
1—D(k) xpzy: 1—D(k) T(IG%
D(y)(1 — cosk - y) 2
+ 2sup b = (pD*Gp )z —y)
R s
(pD * Gp)(y)(1 — cosk - y)
+ 2sup - (pD * Gp)(xz —y) . (2.6.18)
s Zy: 1— D(k)

=|IV2/(1-D)lloo

By [|Gplloo <1+ p/2¢+ L, <1+ K1/2¢ + K?Kye1 and using (Z5622), we obtain (ZG8).
It remains to show the bound (Z638) of order 3. This is an improvement from a naive bound of

order €3, and is a result of repeated applications of the Hoélder and Schwarz inequalities, as explained
now. First, we recall the definition of V;3(k):

A

Vf’(k) = sup Z Gp(v1) (pD * Gp)(v2 — v1)(1 — cosk - (va — v1))

Y {Uj}?:1
X (pD *x Gp)(v3 = v2) (pD * Gp)(va — v1) (pD * Gp)(v4 — v3)
X (pD % Gp)(vs — va) (pD * Gp)(z — v5) Gp(y + v3 — vs). (2.6.19)

By using the Fourier representation and then the assumptions g;(p) < K; for j = 1,2,3, the above
sum over {v; }?:1 is bounded above as

/1

J

3
ddl A A — — —

ook Gp() (= Ak(pD % Gyl12)) )pD + Gy lls) pD + Gyl — 1)
=1

X pﬁp(lg - lg)pmp(ll — l3)plﬂﬁp(l1) ép(l3) o—ili-atilsy

x | D(l3 — 1) Gp(ls — 1) | [ D (L = 13)Gp (1 — 13)| [D(12) (1) |G (l3)]
3 4d
d l S A A A A A
< KGR [ T (5100 00.12) D[40 DO = IS (1~ 1)
j=1
x |D(I3 = 12)|S1(Is — 12) [ D(ly — 13)[S1.(I — I3) | D(11)|S1 (1) Sy (Is), (2.6.20)

where we have used the abbreviation [ = [[[ (Td)3 and the fact that S; > 0.

To investigate the above integral, we introduce the notation, such as 5’1_2 = Sl(ll — ) and
So+ = Si(la + k) (n.b. the new subscripts are not the values of p). By repeated applications of the
Holder and Schwarz inequalities and periodicity, the contribution from, e.g., S24S2— in U(k,l2) is
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bounded as

3
A0 o
/ (QW)Jd S1 85485 |D3|S3|D1-2]S1-2|D3—2|S3-2 |D1-3|S1-3 | D1]S1 S3
j=1
3 1/3
A4 /. 4 N . N 3
(505105
3 2/3
AU /i a ae A ao A A . \3/2
x </H (QW)]d <‘D1‘S%’D3’S32,52— ’D1—2’S1—2> )
j=1

dy d4s A . adly, . A 1/3
= 5'3 — 2 1 Da_ 353 / D. 353
< /]Td (27r)d 2+ /]I‘d (27T)d ’ 3 2| 3-2 T (27T)d | 1 3| 1-3

=V <es 323
Ay - 5 dl3 |~ 5 Ay 372 2 w32\
D 3/2 3/ D 3/2 3/ / D+ 3/2 /
X(Au%w‘”‘%Tu%w’“‘%fu%ws-'lﬂ o

SVI/QE;)/Q ("."Schwarz)

2/3 4 - 3/283 3
<v D
- 83(/@ (27T)d‘ 1 Sl)

4/3
AU g as) A4y a5\
< —2/3 1D2 3 / 1 a3
=V %<<Am%w1& e @)
< vyes. (2.6.21)

By the identity S1 = 6,. + D * S1, we further obtain

ddl

. (27T)d§1(l)3 =14 31 + 269 + 3. (2.6.22)
T

v —
The contributions from the other terms in U (k,l2) obey the same bound. This completes the proof of

(26R), hence the proof of Lemma PTG O

Next, we evaluate the diagrams at p = 1 by using the trivial inequality Gi(x) < Si(z). Here, we
do not need the bootstrapping assumptions.

Lemma 2.6.2. Let d > 7 and p = 1. Then, we have

L1 S €1, (2623)
B1 S €9, (2624)
Ty <eg, (2.6.25)
VO
LIl <ep+ Bes, (2.6.26)
1—Dll
v 5
— <1+ o+ 5e1 + 6e2 + 20e3, (2.6.27)
1—Dllo 2
e 1
T _ D N < 5d + &1 4 2e9 + 10e3, (2.6.28)
v >
= < 5(1+ 3ey + 269 + 53)63. (2.6.29)
1—Dlls
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Proof. We only need to use the trivial inequality G (z) < S1(x), € LY, to obtain that, for d > 2 (as
mentioned earlier, S1(k) = (1 — D(k))~! is well-defined in a proper limit when d > 2),

D(k)?  d%
T4 1 — D(k) (2m)

Ly < | D*? % S1loe = = (D*? % 81)(0) = ¢1. (2.6.30)

Similarly, we can show the other inequalities. For example (cf., (226110)—(2613)),

1-D(k) ~ % 1-D(k)
+%:(D*2*S N )(D*Sl)l(x_)%(—k)cosk )
Since
Ac(DOSD)| = [Ak($10) = 1)] = [AeS1(D] < U(k.0), (2.6.32)

the integral in (2631) is bounded by 5e3 (cf., (22614)). To avoid redundancy, we refrain from showing
the other inequalities. This completes the proof of Lemma P26 2. ]

2.7 Numerically computing the random-walk quantities
As we mentioned in Section I, we estimate the RW quantities (261) by Stirling’s formula. For

example, if we split the sum into two at n = N, then the RW bubble €2 in dimensions d > 4 can be
estimated as

N
(==2) o0 —d/2
0<ey—» (2n—1)D**"(0) < 27 %2 /N =42 qp = %N(HV?. (2.7.1)
n=1

If we choose d =5 and N = 100 and use a calculator to evaluate the sum over n < IN, then we obtain
€9 < 0.178465. Table 2711 summarizes the bounds on those RW quantities in different dimensions by
choosing N = 500 (so that, by (IT2), we can show that the RW triangle e3 for d = 7 takes a value
around the indicated number within 1079).

Table 2.1: Upper bounds on the RW loop, bubble and triangle for 3 < d < 9.

d=3 d=14 d=5 d=6 d=17 d=28 d=9
e1 | 0.393216 0.118637 0.046826 0.020461 0.009406 0.004451 0.002144
€9 | 00 00 0.178332 0.044004 0.015302 0.006156 0.002678
€3 | 00 00 00 00 0.052689 0.012354 0.004148

2.8 Completing the bootstrapping arguments

In this subsection, we complete the proof of Propositions Z12-2173.
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Proof of Proposition ZZ13. Since ¢1, €2 and €3 are finite for d > 7 (see Table P71 in Section 1) and
decreasing in d (because D*?"(0) = (( 7?)2_2”)‘1 on I# is decreasing in d), we have, by Lemma ZG2,

0.0326 [d = 7],
r=|D|lo+Li+B1 <2 %+e1+e2<40.0146 [d=8], (2.8.1)
0.0068 [d > 9],
and
By
p=T12r+T1)+ (r+Th) (1 +5 +T1>
0.0967 [d = 7],
< eg(2rteg)+ () (142 +es) <2 0.0279 [d=3) (2.8.2)
0.0111 [d > 9].
In addition, by (Z552)—(2513) and Lemma P62, we have
- . _A,20(0) 2.7700 [d =17,
S #00) +sup Y = < £0.3623 [d = 8], (2.8.3)
= — 1 D(k)
n= n 0.1124 [d > 9],

which implies that the inequality (2514) holds for all d > 8 (but not for d = 7). Then, by Lemma P75,

we obtain

1 2 2p\ 7! 1.0154 [d =38
g(1) < (1— (L+ 22/ *;53) r> < d=8], (2.8.4)
1—p 1.0070 [d > 9],
s » _
€9 (1+62/2+E3)2T> 1 ad Vlj
nN<|1-(1-=2- odd ) _—1

gQU_( < 2 1—p ;% 1-Dllw

1.1049 [d=38

< ; b (2.8.5)
1.0272 [d > 9],
3 1 2 2p\ 73
g3(1) < [the bounds in (IZ:B:E)} x(1-2 - (1+ea/24ey)r
2 1—0p
3 > 2
2(1 +e9/2 +3)%r il v >
X [1+e9+ +2 even 450 1
(142 22 I i
42433 [d=8
< ; ) (2.8.6)
1.6673 [d > 9].

Proposition 2172 for percolation holds as long as Ky > 1.0154, K5 > 1.1049, K3 > 4.2433 for d = 8,
and K7 > 1.0070, Ko > 1.0272, K3 > 1.6673 for d > 9. O

Proof of Proposition Z1-3. Let
Ky, =1.01, Ky =1.09, K3 =270, (2.8.7)
so that Proposition 212 holds for d > 9. Then, by Table 271l and Lemma P64, we obtain

r< K127 4 K2 Kyey + KiK3ey < 0.0077, (2.8.8)
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and

K2K?
p < KiKjes (2r + KiK3es) + (r + KiKjes) <1 N bl K%K5’53>
< 0.0134. (2.8.9)
In addition, by (ZZ22)—(2Z2213) and Lemma PG, we have
9] o) A
—Apis”(0)

A (0) +sup Y ——— -2 <0.2151, 2.8.10
HZ%M) k;)1_n<k>— (2.8.10)

which implies that the inequality (22514) holds. Then, similarly to (2284)—(2280), we obtain

1+ K2K2e9/2 4+ K2K3e3)2r\ "
a1 (p) < <1—( A 2512/ J; iKzes) r) < 1.0080 < K1, (2.8.11)
—p
-1 3 N -1
o< [1- <1 _ K{Kjes (1+ K{K3ep/2+ K%K353)2r> Z o %4 i H
2 1—p = 1-Dlls
< 1.0810 < Ko, (2.8.12)
K2K3 1+ K2K2e0/2 + K2K3e3)?r\ >
g3(p) < (1.081)3 (1= 52 (1+ KiK3e9/2 + KiKjes)™r K?
2 1—p
2(1+ K2K3e0/2 + K2K3e3)%r <~ o . oans|l Vi 2
><<1+K12K2252+ L 21—p 12 +2Z(g0j + ¢3'9) 1—pD
J=0 >
< 2.6606 < Ks. (2.8.13)
This completes the proof of Proposition Z1=3 for percolation. 0

2.9 Further discussion

We have been able to prove convergence of the lace expansion for percolation on 1429 in full detail.
As compared to the NoBLE analysis on Z 1! [i4, [5], the current analysis is much simpler, shorter
and more transparent. This is due to the simple structure of the BCC lattice L¢ and the choice of the
bootstrapping functions {g:(p)}3_;.

To go down to the desired 7 dimensions, we must improve our analysis in various aspects. Some
improvement ideas are summarized as follows.

1. The largest contribution comes from \Akﬁéo)(0)| and \Akﬁﬁ)(O)L and their common leading term
is proportional to the diagram function f/po(k). To improve its bound, we may introduce extra
diagrams, such as B, = |(pD)** * G2 lloo and T = |(pD)** * G52 loos or even longer diagrams,
such as Ty = ||(pD)**" * G533 lso- Although its RW counterpart (D*?" x S{%)(0) is decreasing in
n, the bound on TIS”) may attain the minimum at some n, € N, due to the exponentially growing
factor p?®. So far, we have not investigated a result of using 7, ,§"*>, since introducing such new
diagrams increases the number of terms to deal with, which may cause extra complication.

2. We used the Schwarz inequality to bound ||V /(1 — D)|le, j = 0,1,2,3, in Lemmas 22602632,
As a result, the relatively large factor 5 appeared (see, e.g., (Z617)). It would be of great help
if we could do away with the Schwarz inequality to achieve a better bound than Lemma 0[=372.
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3. We ignored the contributions from f[;ve“(()) and |Akﬁz‘?e” (0)| in (E218)—(251M@). If we include
their effect into computation, then g;(p) could be much closer to 1 (cf. (EZ518)) and g2(p)
could be even smaller than 1 (cf. (2Z519)), and as a result, we could achieve convergence of the
lace expansion on L1927, However, to make use of those even terms, we must also control lower
bounds on g1 (p) and g2(p), and to do so, we need nontrivial lower bounds on the lace-expansion
coefficients. Achieving this goal without causing too much complication would be a challenging
task.

4. Tnstead of estimating G, (k) by Si(k) = (1 — D(k))~" uniformly in k € T?, which may not be
efficient in the ultraviolet regime, we may split the estimate of G,(z) between for large x and for
small z. For small z, estimating Gp(z) by Si(z) is expected to be a bit too crude. Therefore,
estimating the lace-expansion coefficients in the ultraviolet regime by naively using the BK
inequality would be too primitive. Here, we may need incorporate the ultraviolet regularization
of [d] or large-field analysis in the rigorous renormalization group for spin systems.
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Chapter 3

Lace-expansion analysis for oriented
percolation

3.1 Bootstrapping functions

We start to prove Theorem =211 for oriented percolation from this section. By Lemma 0371, it suffices
for us to verify the following three propositions, of which in particular we use the lace expansion in
the third one. Let

Uu(k,1) = (1 - D(k)) (‘Su(l +F)| ;r 18,(1 — k)|

$,0)
+ (1 - D(21)) ‘S“M(Z)HS’M(Z + k)HS”M(l - k)‘) (3.1.1)

for k,1 € T¢ and p € C with |u| € [0, 1], and let

pp(2) = (1= @p(0,[2)) 7 el e

for p € [0,pc) and z € C with |z| € [1,m,,). We define the bootstrapping functions {g;(p, m)}?_; as

g1(p,m) =p(mV 1), (3.1.2)

ook, z
g2(p,m) = sup 2ok, 2] (3.1.3)
keTd, S, () (k)]
z€C: |z|e{1,m}

Ap(Gy(1, 2) @ (1
g3(p,m) = sup | Ak (3ol 2) 2 (

kleT?, Uv,u;,(z) (ka l)
z€C: |z|le{1,m}

N
~—
~—

(3.1.4)

In (B12), the supremum near k = 0 should be interpreted as the supremum over the limit as ||k||, — 0.
The following propositions are sufficient conditions of Lemma IZ3. Thus, if Proposition BT 1H3T=3
hold, then it is true that there exist K; such that g;(p, m) < K; for each i = 1,2, 3. In particular, the
bound on g3(p, m) and Lemma B3 below immediately imply Theorem 21 for oriented percolation.

Proposition 3.1.1 (Continuity). The functions {g;(p,m)};_; are continuous in m € [1,m,,) for every
p € [0,pc), and the functions {g;(p,1)}3_; are continuous in p € [0, pc).

Proposition 3.1.2 (Initial conditions). There are model-dependent finite constants {K;}3_; such
that ¢;(0,1) < K; for i = 1,2, 3.
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Proposition 3.1.3 (Bootstrapping argument). For nearest-neighbor oriented percolation on L9 x
Z, we fix both p € (0,p.) and z € C with |z| € (1,m;) and assume g;(p, m) < K;, i = 1,2,3, where
{K;}3_, are the same constants as in Proposition BI=2. Then, the stronger inequalities g;(p, m) < Kj,
i =1,2,3, hold.

In the rest of this chapter, we prove Proposition B in Section B2 and Proposition BEI—2-B13
in Section BR. In particular, Proposition B1=3 is shown in the following steps:

1. Bound the bootstrapping functions {g;(p, m)};_; above by the lace expansion.

2. Bound the lace expansion coefficients ({WI()N)}%ZO) above by basic diagrams (B;(;f\ﬁf ), Té;}{f ) and

Vi) (k)).

3. Bound the basic diagrams above by the bootstrapping hypotheses g;(p,m) < K; for i = 1,2,3
and the random-walk quantities (B8G0).

4. Verify the stronger inequalities g;(p,m) < K; holds for ¢ = 1,2,3 by combining the bounds in
Step -8 and substituting specifically numerical values into {K;}3_;.

These steps are explained in Section B3, B2, BH and B3, respectively.

3.2 Continuity of the bootstrapping functions

Let

5, (k, me'? - Ar(§ 1, me?) @, (1, me?
Gy me®) oy — e me?) ey 1 me))

gQ,k,@(p7 m) = ~
S, ety (k) 0. ety (1)

Y

and fix p € [0,p.) and m € [1,myp) arbitrarily. To show that {g; }le are continuous, we use
Lemma =33, whose sufficieint conditions follow from

(i) go,k,0(p,m), OmG2,ke(p,m) and Opgo ke(p,1) are bounded uniformly in k € T 0T, pe [0, p]
and m € [1,m],

(ii) g3k10(,m), Omgs k1.60(p,m) and 0pg3 11.6(p, 1) are bounded uniformly in k € T4, 0 €T, pe |0,
and m € [1,m)].

For example, for any p € [0,p] and € > 0, suppose that there exists a constant C' < oo such that

|0mG2.k,0(p,m)| < C (independent of k, 6, p and m). Then,

m//
|G2,5.0(p, ") — Gogo(p,m")| = / OmGoo(p,m)dm| < Clm” —m'| < e
m/

for every m’, m” € [1,m] satisfying |m' — m"| < e/C, which means that { g2 1 ¢(p,m) }, , is an equicon-
tinuous family. { g3 k16(p,m) },,, is also similar.

Lemma 3.2.1. For every (z,t) € L? x Z,

(t+ Dpp(x,t) < @32 (a,t),
top(z,t) < (gp % 957) (1)
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Proof. By the Boolean inequality and the Markov property,

(t+ Dp(a,t) =D By | | {(0,0) = (y,8) = (x,0) }
s=0

yelLd

< 3B ((0,0) = (3, 8) = (1))
(y5)
= > Py((0,0) = (4, 9))Pp((y,5) = (2,1))
)
= <p;2(a:, t).
Similarly, noticing ¢ = Zizo 1¢s>1} and the trivial inequality

©p(®) Lz} < (gp % 9p)(T), (3.2.1)
we obtain the second inequality. O

Lemma 3.2.2. For every p € [0,p.), m € [1,m,) and k € T¢,

% = up<mei9><k>\ < p(0,m), (3.2.2)

1 Uy meoy (k1) o
151 S P (L (1= DED)Z(0.m), (323
Argp(0,m)] < 2m(1 = D(k))2p(0,m)°. (3.2.4)

Proof. By the inequality —1 < ﬁ(k:) < 1, the lower bound in (B=22) is clear. By the definition of
i0
pp(me'?),

1
|1~ py(me®) D(k)]
1

< ~
1= (1= @p(0,m))| D()|
1
ST (1= g0, m) )
= ¢p(0,m).

The inequality (B223) immediately follows from (8711) and (B=22).

To prove (BZ4), we introduce an ordering among paths from o to & € L¢ x Z, as follows. Let
B((z,t)) = {((x,t), (y,t + 1)) € (LI xZ)? | 2 —y € N for (x,t) € L4 x Z,, which is the
set of directed bonds whose bottoms are (z,t). We can order the elements in %((x,t)) because it
is a finite set. For a pair of bonds b; and bs, we write by < by if by is smaller than by in that
ordering. Fix x,y € L x Z,, we also write 3 <&@ for two paths d)’(l), & e W (x,y) if we have
b (W) < by(&?) at time ¢ such that by(&™M) = by(3?)) for every s < t and by(@Y) # by(&?),
where b;(&) = (wj-1,w;) denotes the jth bond along the path & = (wo, w1, ..,w|,|). Let Egy(d)
be the event that & is the lowest occupied path from x to y:

Ey4(&) = { & is occupied } \ U { &' is occupied } .

GeW (,y)
(&' <I)
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Then, we can rewrite the expression for ¢, (x) as
op(@) =P, |J {@isoccupied} | = > Pp(Eoq(&)).
eV (o,x)

By the telescopic inequality (IZ3), we obtain

(0, m)‘ =3 el )(1 - cosk - z)m’
(2.0

<> > P @))m™ @) r (= >§_jl<1—cosk-<ws—ws_1>)

T GeW(ox)

— Z mT®) - 1 —cosk - (v— u)) Z 1{b.(@)=(u0)}Pp(Eo,2(&))

u,v,x s=1 Ge¥ (o,x)

where recall the notation = (z,7(x)) € L¢xZy, and we write & as ((w, 0), (w1,1), ..., (Wr(z), (X))

Next, we decompose & into the first part C from o to v, (u,v) and the last part E from v to x, written
as W = C (u,v) o E By this decomposition, the above inequality is bounded above as

’Akgﬁp(o,m)‘ < Z m” )(1 = cosk - (v—u))

u,v,xr

X Z P, (Eou(f) N{ (u,v) is occupied } N Evm(é))

Co(u, v)oEGW(o x)
SZm )(1 = cosk - (v—u))
X Z Py(Eo (E))QP("’ - u) Z Pp(Ev,w(g))
ée (o) g (v,z)
= Z (1 —cosk - (v— u))mT(“)mmT(w)_T(”)
% (r(w) + 1+ () — 7(0) @p()ay (v — w)py( — v). (3.2.5)

By Lemma B2,

p (O,m)‘ < ) (1-cosk - (v—u))m Wmm @)

u,v,T

X (05 (w)gp(v — wpp(x — v) + p(w)gy(v — u) i} (@ — v))
= 2(qp(0,m) — Gp(k,m))$p(0,m)?
= 2pm(1 — D(k))¢p(0, m)>.

This completes the proof of (B=24).
Using the above lemmas, we now prove [1) and [ii] in the beginning of this section.

Proof of [7}. Clearly, goxg(p,m) is bounded uniformly in k € T¢ and § € T by (B22) and the
pp(k,me?)| < 4,(0,m). Note that ¢,(0,m) < oo for p € [0, ] and m € [1,70).
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Next, we show that 0,92 1,0(p, m) is uniformly bounded. By the chain rule for derivatives,

0Gako(psm) _ 9pp(k,me?) 1 @y(k,me?) 98, (k) Opp(me’)
om om Sﬂp (meif) (k) Sﬂp (meif) (k)Q Op p=pp(mei?) om
~ i6
_ a%(g me?) 1 (3.2.6)
m S, (mcie)(k‘)
Gp(k,me?) . s e’ 99,(0,m)
. - D(K)S,, (meioy (k) - — : 3.2.7
Syp(meit) (K)? )iy men B 6 )~ o (3.27)

By Lemma B2,

0pp(k, me R R R
‘p‘ Z ep(@, t)m < Z QP*SOp a, t)m'" b= ap(0, 1)80p(0am)2 =pg0p(0,m)2
(z,t) (z,t)

(3.2.8)
for every k € T and 6 € T. Applying the triangle inequality, the above inequality and (B222) to
(8=21), we arrive in

agZ,k,@(pam) <
om -

which is finite for p € [0,p] and m € [1,m].

Finally, we show that 0,§2 1 0(p, m) is uniformly bounded. As with the derivative with respect to
m’

@p(0,m)(26p(0,m) + 1),

OG2.k0(p: 1) _ 0Py (ke 1  @p(k,e?) 08 (k) App(e?)
op I S, @oy(k) S, @oy(k)? O = (69) op
— a@ﬁ(k7eia) 1 _ e D(k’) (k ) @P(Ov 1) . (329)
Op S, (ao)(k) ¢p(0,1)2  Op

By Russo’s formula [36]" (piv(z,y) and C®(x) are defined in Definition B32),

}agop (k, " ‘ Z Z q1(b (b € piv((0,0), (x,t)))eik'mewt

(z,8) b

SZqu pr({o%Q}ﬂ{B%:cinéb(o)c})
<ZZq1 cppm—g)

= q1(07 1)9017(07 1) = Xp

for every k € T? and 6 € T, where g,(b) is the abbreviation for g,(b — b). Therefore, the absolute
value of (B229) is bounded above as

’ agQ,k,@(p7 1) '

Op < Xp(QXp + 1)7

which is finite for p € [0,p] and m € [1,m]. O

Tt is more useful for readers to see [4, (3.10)] rather than [36] due to our notation of the occupation probability.
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Proof of [(#). First, we show the boundedness of gs 1 ;¢(p, m). By the telescopic inequality (I=37T),

((j (1, me! )gbp(l,mew))‘
Z (gp * op)(x,t)(1 — cosk - a:)mt

<2 Z ap(y, s)ep(r —y,t — ) ((1 —cosk-y)+ (1 —cosk - (z — y)))msm’tfS (3.2.10)

A

< pm((1 — D(k))@p(0,m) + (Aksﬁp(O,m)

), (3.2.11)

which is finite for p € [0,p] and m € [1,m] due to (8224). By (B=23), we conclude that g 0(p, m) is
bounded.

Next, we show that 0,93 x,.6(p, m) is bounded. By the chain rule for derivatives,

033 k,1,0(p, m) 1 (8qp(l me?) o 0. 0pp(1,mel?)
2 = = Ay - @p(l,me"”) + gp(l,me"”) - ———=
om U, (meity (K1) om om
N I~ : 1 oU (k1) gy (mel?)
= Ay (@p(1, me'”) @y (1, me’) ) = . s
< ) Uﬂp(mew)(k’ l)2 n n=pp(mei?) om
1 " . )
= N (Gp(1, %)y (1, me?)
Uiy (meiy (K, 1) ( )
+ ! Ay (qp(l me' )&Pp(({l) me )>
U,y (meioy (ks 1) m
_ Gskreem) 00k, 1) e’ 0¢p(0,m) (3.2.12)
= - 5 : 2.
Uup(meie)(k7 ) o yi=pp (mei®) QDP(O,m) om

By (B23) and (B=211), the first term in (B=212) is trivial. In the second term in (8212), we use an
upper bound

A (ay(t.me f””m))]

om
qu Yy, 8)(t — s)pp(z —y,t — s)(1 — cosk - z)m" ™!
(,t)
(y,s)
<2 Z ap(y, s)(t — s)pp(x —y,t — s)<(1 —cosk-y)+ (1 —cosk- (z — y)))mtfl
(2.t)
(y,9)
( Aka (0,1) Z top(z,t)  mh+G,(0,1) Z top(z,t)(1 —cosk - x)mt> .
(m,t) " (z,t)

(QP*‘P;2)(5’7775)

~ . .0, 0P, (1, me'?
Ak<p(l,me9)¢p(am ))‘

< 2( Ardp(0,1)G,(0,m)@,(0,m)>
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+ 330, 1) (250, m)* Ay (0,m) — 24,(0,m) 2, (0, m) B2y 0, m)))

= 4p2m(2(1 — D(K))@p(0,m)% + 3¢,(0, m))Akcﬁp(O, m)‘)

which is finite for p € [0,p] and m € [1,7] due to (B224). Noticing that |d|f(z)|/dz| < |df(z)/dz]
holds? for every z € C and function f: C — C, and combining the bounds (B=211), (8=22), (B=23)
and (B=23R), the third term in (B=212) is bounded. Therefore, the absolute value of (B2212) is finite
for p € [0,p] and m € [1,m].

By the almost identical calculation for 0,73 k.1,0(p, m), we can show that 9,73 1.6(p, m) is bounded
straightforwardly. We omit its proof. O

3.3 Derivation of the lace expansion

In the literature, there are three different ways to derive the lace expansion for oriented percolation.
The first is based on an algebraic approach using the Markov property [33], the second is to use
inclusion-exclusion relations and nested expectations [21], the third is to use inclusion-exclusion rela-
tions and the Markov property [87]. In this thesis, we use the third approach and its representations
of {WI()N)}%:O'

The lace expansion gives a similar recursion equation for the two-point function ¢, to that for the
random-walk two-point function @), which is

Qp(T) = b0z + (gp x Qp)(x)

for & = (2,t) € L x Z, where 64 = 0,200 (cf., the recursion equation for the random-walk Green
function S,).

Proposition 3.3.1 ([33]). For any p < p. and N € Z,, there exist model-dependent nonnegative

functions {W,(Jn) N_, on L4 x Z, such that, if we define HI(,N) as
N
V() = Y (—1)"my" (@),
n=0
we obtain the recursion equation
o) = b+ T @)+ (B0 +1109) w g 2) () + (-1 RV ), (3.3.1)
where the remainder R,(JNH)(:B) obeys the bound

0 < RND(z) < (W}DN) X g0p>(a:).

Assume that limpy_, 7T}(7N) (x) = 0 for every € LY x Z,, in fact, which holds by the absolute

convergence of the alternative series of {7r1(,N)}]°\,°:1 from Lemma B2 below. Then, R,(,N)(ac) — 0 as

N — oo for every « € L? x Z,, so that the limit of the series

I, (x) = ]\}EnOOHéN)(w): > ()Nl () (3.3.2)
N=0
df ()] _|d S oL (4@ . df(2) df (2)
WL | VT T = | (A2 s+ s 2| <[44




is well-defined.
To define the lace expansion coefficients {W;(aN)}?Vo:m we introduce some notions and notation. Here,
b and b denote the bottom and top of a bond b, respectively, that is b = (b, b).

Definition 3.3.2. Fix a bond configuration and let ,y,u,v € L¢ x Z_..

(i) Given a bond b, we define C?(z) to be the set of vertices connected to @ in the new configuration
obtained by setting b to be vacant.

(ii) We say that a bond (u,v) is pivotal for & — y if & — u occurs in C(*?) (z) (i.e., T is connected
to u without using (u,v)) and if v — y occurs in the complement of C() (), denoted by
C(wY)(x)°. Let piv(x,y) be the set of pivotal bonds for the connection from x to y.

(iii) We say that x is doubly connected to y, denoted by x = y, if either x = y or * — y and
piv(z,y) = .

Sketch proof of Proposition B=31. First, we derive the first expansion, i.e., (832331) for N = 0. By
splitting the event {0 — « } into two depending on whether or not there is a pivotal bond for the
connection from o to x, we obtain

op(x) =Pp(0 — x, piv(o,z) = @) + Py(0 — x, piv(o,x) # ).

={o=z}

Let
70(z) =Py(0 = x) — do.

Then, by definition, the first term in (B33) is do 4 + W,(jo)(:c). To expand the second term in (833), we
use the first pivotal bond b = (b, b) for 0 — x, so that

Py(o — x, piv(o,x) # @)
= Z]P’p (o = b, b occupied, b — = ¢ éb(o))
b

= pr(o:, b ¢éb(o)).
b

In the last line, we introduce the abbrevia:cion for the event {7 —b, b 0~Ccupied, b—---}. By
the inclusion-exclusion relation {b— = ¢ C%(0)} = {b—x} \ {b— x € C%(0)} and the Markov
property, we complete the first expansion as

op(x) = 5o,m+7r1(?0)(:v)+zpp({o:> b—x}) —Z]P’p<{ o=b—xzcCo) })
b b

=R (z)

= b+ 7 (@) + (G0 +70) % ap % 0y ) (@) — RV (@), (3.3.3)

Next, we expand the remainder Ry’ (z) to derive the second expansion, i.e., (8331) for N = 1. To
do so, and to derive the higher-order expansion later, we have to deal with the event {b — x € A}
for some bond b, some vertex x and a vertex set A. Let

EbzA)={b-zcA}\ |J {dea}.

b’ epiv(b,x)
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Intuitively, if we regard a percolation cluster of b containing x as a string of sausages from b to x,
then E(b,x; A) is considered to be the event that the last sausage is the first one that goes through
A. Then, we can split the event { b — & € A} into two disjoint events as

{boazcA}=Ebz AU J{{bozcA}n{becA}n{b cpiv(ba) }}
>

~ s U {Bos a0 (8 e @)} (634
;

Let

(@) = pr<{ 0=b}n E(b,w;éb(o))>,

b

so that we have

RY(@) = (0 (@) + 3 By({ 0= b1 } N E(br, by A) 0 { by = @ ¢ C(B1) }).
b1,b2

By the inclusion-exclusion relation {by — ¢ C%(by)} = {by — x } \ {bs — = € C?2(b;) } and the
Markov property, we arrive at the second expansion
B (@) = @) + (n) % gy * ) ()

- Z}P’p<{o:>ﬁ}ﬂ}3(b1,@;A)ﬂ{b2 — x € C%2(by) })
b1,bs

=R (z)

By repeated applications of inclusion-exclusion and the Markov property to the remainders, we
can derive the higher-order expansion coefficients. For N € Z, let

N

Eég)(:c) = { o = ﬁ } N m E(bi,bi+1;ébi(bi,1)),
i=1
where by = (by1,...,by) is an ordered set of bonds on L? x Z,, by = o0 and by,; = x. Then, the

higher-order expansion coefficient is defined as
=(N
(@) = BB (@),
by

and the higher-order remainder term is defined as

RN @) = 3 BB )0 { b w @ e O m) )
bn+1

We complete the sketch proof of Proposition B=3. O

3.4 Diagrammatic bounds on the expansion coefficients
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3.4.1 Overview

We state upper bounds on the Fourier-Laplace transform of the sum (83322) of the alternative series

(

of the lace expansion coefficients in terms of basic diagrams. Let gopm) (z,t) = mlp,(x,t). Recall the
notation & = (z,7(x)) € L¢ x Z,. We define basic diagrams as, for A\, p € N, m > 0 and k € T,

BYY —supZ(qp *%) )(m”q;”*@,ﬁ’”))(y—w),
—sup2<qp *<pp> )(mpq;p*¢§m))(y—w),

VMO (k) = supz (qp * sop) (y)(1 = cosk - y) (mpq;p *cpf,m))(y — ).

As in Section 4, we represent the transition probability ¢, by a pair of either parallel lines or a line
and a dot, and we represent the two-point function ¢, by a line segment. For example,

S
i)
—
8
SN—
|
Qe—e8y
—
S
no
>*
©
S
—
—
=
Qel—=o8

>
Bi(”m) o Sli,p /\// ’ Tlg,m) = sup - o ) p(,m ) - SUP /

~ Zr xr
o o

where the unlabeled vertices (short lines and dots) are summed over L¢x Z, . The segments emphasized
by the braces mean weighted two-point functions or weighted space-time transition probabilities: ¢,
or g, multiplied by m’s or 1 — cosk - e. Time increases from the beginning point to the ending
point of a line. Moreover, we divide II,(z) into two parts: TLY"(x) = >y, 7T,(,2N) (x) and Hgdd (x) =
771(,1) (x) —W]E,O) (®)+> noq 7715,2N+1) (z). Although the latter contains the zeroth lace expansion coefficient,
we name it “odd” for convenience.

Lemma 3.4.1. Let ¢ = 551)55 )\/5§ )5(2) \/55 )5§ )\/5§1)5; )\/(sgl))?’\/(egl)) Suppose that 2T1§1 D <1,
Then, the alternative series (82372) absolutely converges, and we obtain

12" (0,m) < O(e),

115940, m) < 23;?2>+0( e),

1
> (Hgve“(x, t) + 1194z, t))mtt <3 (Bff,ﬁ) + TZE?;,?)) + O(e),
(z:t)

S (I (e, t) + LY a,0))m'(1 = cosk - 2)
(z,t)

1 ) 3y A

< SV (k) + 2037 (0) B2 + 0(e) (1 - D) ).

\)

This lemma is a brief version of Lemma B2 in order to simplify the presentation. The proof is
based on the diagrammatic representations of {WI()N)}?VOZO, which is bounded above in terms of sums
over products of two-point functions, and the method in 9, 39], which is splitting events of percolation
connections into some events whether each line collapses or not. In particular, the coefficient 1/2 of
each leading term results from [27]. The bounds in Lemma 8271 suffices for us to prove g;(p, m) < K;
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for i = 1,2,3 because O(¢) is less than the leading terms. The definition of € results from isolating the
leading terms, which contain at least four g,’s. Specifically, ¢ = (’)(10*3) on L%, while upper bounds

on both B(2 2) and T,Sm) and VZ',(2 2)(k) in Lemma BTG are (’)(10*2) and (’)(10*1), respectively. In
the next subbectlon we show the exact expression of the upper bounds in Lemma B=Z.

3.4.2 Precise expressions

In this subsection, we prove Lemma BZ1. First, we bound the lace expansion coeflicients {WIE,N) ()} ¥—o

by diagrams.

Lemma 3.4.2. For x € LY x Z, and N > 2,

<1 ﬁ (b xg, +3x%+2x\/;>+<i>’ —
<3 :
w§2)(m)<(%l/ +2x%+‘\/\>+</>’
Oa: i a: ) (3.4.2)

A A A A

s
7 %
\/

- Yo
N -
M (@) < > 26u1,00y,.0 X Oys0 X u
{y 3 {uidY, ,
(Vi: 7(y)>7(ui-1)) ‘o
u
2 y_2 U;Q Yy /2 \yz
2, \
1 2 E 3.4.3
+ UI]v]yl +§5y170 X ul@ + w v v ( 4. )
o ‘o o
ui+1 Ui+1
Y; , Y, ‘€
g1 S A
X + X .
=2 JI\I u; UNW
Y; Y; N

Proof of (B2) in Lemma BZ-3. This proof is inspired by [27, Section 3.1]. First, we rewrite the
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event in W;(;O) (x). Recall the ordering < for %#(0) introduced in the proof of (83224). By symmetry,

70 (x) =Py(0 = &) — Soe

]pp< | {{{o—>a:}o{b—>:1:}}ﬂ{Vb’<b,b’74>ac}})

be X (o)

]p,,( | {{{o—m}o{b—m}}m{vy>b,b’74>x}})

be (o)

- Z( ({{ooalo{boa}}n{w <bb sa))
bEﬂ(o

p({{o—>m}o{b—>m}}ﬂ{Vb’>—b,b’7ﬁ>ar:})). (3.4.4)

(1)

Next, we rewrite the event in 7, ’(x). By the definition, we can easily see that
E(b,x;(fb(y)>C{y—>sc}o{b—>cc}. (3.4.5)
By splitting the event { 0 = b} into two events based on whether b equals o or not,
(@ ZIP’ ({o:>b}ﬂE(ba:Cb( )))
- Z ( (b, z;C%(0 )+Z]P’ <{o:>b7éo}ﬂE(b ;%0 )))

be A (o)
- ¥ <Pp({o—>m}o{b—>az}) —Pp<{{o—>m}o{b—>w}}\E(b,m;é"(o)))>
beH(o)
+ Z]P’p<{ o=b#oln E(b,m;c”b(o))). (3.4.6)
b

Since, clearly, both
{Vb’%b,b’ﬁm}u{ﬂb”<b,b”—>m} and {Vb’>b,b’ﬁm}l_l{Elb”>b,b”—>ac}
are the whole events,

Pp({o—>m}o{b—>az})
—]P’p({{o—>a:}o{b—>a:}}ﬂ{{Vb’<b,b’ﬁaz}ﬂ{Vb”>b,b"ﬁw}})
=0

+P({{o—atof{boa}}n{{w <bb sz}n{IW ~bb —z}})
+P({{oma}o{boa}}n{{W =bb Aatn{I <bb —>a}})
+P,({{o—z}o{boa}}n{{IW <bbd »z}n{W ~bb —a}})

=P, ({{o—=ax}o{boa}}n{W <bb A}
+P,({{o—sax}to{boa}}n{VW -bb Az}
+Py({{o—=x}o{boa}}n{{IW <bb —z}N{W -bb —x}}). (3.4.7)
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Substituting (82=7) into (B2) and subtracting (B2), we obtain

7MW (x) — 7l (z) = Py(0 = x # o)
(a)
+ > B({{o=sato{boz}In{{IW <bbt sz }n{W ~bb >z}})
be (o)

(b)
_ Z Pp({{o—> z}lo{b—x}} \E(b,:c;éb(o))>

be# (o)

©
+ ZIPP({ 0=b#0}NE(b2:C0). (348)

b

(d)

Finally, we lead (BZR) to the upper bound (BZ). In the following, we repeatedly use the trivial
inequality (8221) and the fact that, if there are two disjoint connections, then their lengths are at least

two for the oriented percolation. By the Boolean and BK [[@] inequalities, (a) in (BZR) is bounded
above as

P,(0 = = # o)

— [p)p( U U {{ b1 is occupied & b} — x } o { by is occupied & by — @ }}>
b1,b2€%(0) by c A (b1),
(b1=<b2) gy e@(r?)

>, Y ap(b)gp(b))pp(@ — b)) - 4p(b2)gy(Bh)pp(w — b))
b1,b2€%(0) b €B(b1),
(b1<b2) b} 4(by)

IN

IN

1
S (0% ) (@)?,

which corresponds to the 1st term in (8271). The factor 1/2 in the last line is due to ignoring the
ordering. To bound (b) in (BZR), we note that, for b € #(0),

{o=z}o{boa}}n{{3W <bb x}n{3W" ~bb >x}}

C U U{{b%y%m} (b sx}o{b >y}l

b'.b'eB(o) Y

By the Boolean and BK inequalities, we have

Yo P({{o—ato{boa}}n{{IW <bb sz}n{W ~bb —x}})
beH(o)

<Z 02 % 0p) ()2 (2 * 0p) (@) 0p(@ — ),
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which corresponds to 2nd term in (B2). To bound (c) in (BZ3), we note that, for b € (o),
{{o—)x}o{b—)w}}\E(b,w;éb(o))
C UU{{{0—>y—>m}o{b—>b’—>m}o{y—>g’}}

Yy v

|_|{{o—>b’—>az}0{b—>y—>Q/}O{y—>$}}}
=Ullomaofotljo{b=b —a})

I_IU{{O—>Q'—>:B}o{b—>b’—>:c}}
I_IU U {o—wy—z}o{bob sx}lo{y—b}}
b y#ob’

uU{{o—>b’—>w}o{b—>Q’}o{Q’—>w}}

b/

I_IUU{{o—>b’—>a:}o{b—>y—>g'}o{y—>:1:}}. (3.4.9)

b y#b

By the Boolean and BK inequalities, we have

3 Pp<{{o—>x}o{b—>w}}\E(b,w;éb(o)))

beA(o)
< Z a5 % op) (@) (g7 * op) (1) (qp * pp) (T — )
+Z @ * op) (W) (@)% * ¢p) (x — u)?

+Z @57 % o) (W) (g * 2p) () (g * 0p) (1 — Y) (gp * @p) (& — u) (g37 * p) (T — Y)
+Z (652 % 2p) (W2 (32 % 9p) (0 — 0)?
+ Z @57 * 0p) (W) (@ * 0p) (W) (ap * 0p) (w — Y) (47 * ©p) (T — Y) (gp * p) (T — w).

Each term in the above upper bound corresponds to a contribution of 3rd term, a contribution of 4th
term, 5th term, a contribution of 4th term and 6th term in (8Z), respectively. To bound (d) in
(B2R), we apply (B23) and split the below event into two events based on where the branching point
is assigned:
{o=uto}n{o—z}c{{o=u#0}o{o—z}}
U U {{o—ulo{osy—ulo{y—x}} (34.10)
y#o
(r(y)<7(u))

Then, we obtain

Z}P’p({o:Q;&O}OE(bw;éb(O)))
b
TSR (o=broln{{osalo(bal))
b
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Z ({{o=b#o0}n{o—z}}lo{b-x})

Z( ({o=b#o0}o{o—z}lo{b—oz})

b

t 2 Bllooble  {ooy bl o{yﬂ}o{b%})) (3.4.11)
—_———
(T(;ﬁéf@) ={o—y=b}{o—y—bty}

Applying the BK [7] inequality and the same method for (a) to the right-most in the above, and
paying attention to the disjointness of the connections, we arrive in

ZP,,({ o=b+#0}NE®b, w;éb(o))>
b

[u—

< IS () W)y ) ) (5 ) (@)
+ Z (q;2*‘Pp)( ) ( ;2 * op) (T — u)?
+ Z 657 * op) (w) (ap * ) () (@p * 0p) (w0 — y) (gp * p) ( — u) (g7 * @p) (& — y).

Each term in the above upper bound corresponds to a contribution of 3rd term, of 4th term and
of 5th term in (BZ), respectively. Combining the upper bounds on (a)—(d) completes the proof of
(B2T). O

Proof of (8222) in Lemma B-Z-3. It is not hard to prove the upper bound by using (8Z=3), (B219)
and (B212), so that we omit it. O

Proof of (8B233) in Lemma B-Z-3. By the definition,
Eb,u;Cv)n{b—z}C U {{{b—>u}o{v—>y—>u}o{y—>w}}

(r(®)<r () <r(u))
U{{b—>y—>u}o{v—>u}o{y—>az}}}. (3.4.12)

Paying attention to the disjointness of connections and the magnitude relationship between times, we
obtain

400 = Sa(r0) - Tl o0 s w)
by

) . o
Z]P’p<EI§]]\\:_22)(bN_1) N E(by_1,by;C®%1(by_2)) N {by_1 > x}o{by = a })

Z Z <IP> (E(N 2)(11, N-1)N{by_2 = Yy })

UN-1,UN YNSUN-1,UN
(T(un-1)<T(yN)<T(un))

x Pp({ (un—1,v8-1) 2 un Yo {yy »uy }o{yy wx}o{(uy,vn) > x})

+Pp <El§»]]\\:__22)(uN_1) N { by_os = uy })

EN*Z

X Pp({ (un—1,98-1) > yy 2 un }o{yy = x }o{ (un,vy) —>$}))
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<Y Y (R(E e (B )

N7
br YNHSUN -1, UN
N=2 (r(un—1)<T(yn)<T(unN))

X (gp * pp)(UN — un-1)
+P, (Eg;:z) (un—1) N{by-2 = uy }) (gp * 2p) (YN — uN_1)>

X p(un — Yn)(gp * op) (T — Yn)(gp * Pp) (T — un)

EE(vauN§m7m)/2

(B212)

< ) ) <Pp(E~éN—3)(uN_2)ﬂ{bN_3_>yN_l})
YN—_1 YN UN -2, UN—1,UN N-3

ON=3 (i 7 (wi1)<r () <7 (1))

X (gp * pp)(UN—-1 — UN-_2)
+ Py (B un-2) 0 { ba—s = un-1 }) (g * ) (Y1 - UN2))
X (ep(un—1 = yn_1)(@p * ) (Yn — Yn—1)(gp * @p) (un — uy_1)

+ op(un—1 —yn_1)(gp * ep) (un — Yn_1)(gp * ©p)(Yy — un-1))

EE(nypuN—l;yN,UN)

1_
x i:'(yN7uN;m7w)'

By applying (82712) to the above repeatedly,

Mz) <Y 3 (Pp({oéul}ﬂ{(ul,'m)—>u2}o{o—>y2})

{yi}fizv{ui}ﬁil
(Vi T(ui—1)<7(y;)<7(u;))

+Py({o=w }N{(w,v1) > ys}ofo—rur}))
N-1 1
X ]__[2 E’(ij uj; yj+17uj+1) EE(Z/N, UN; T, T).
]:
Finally, using the Boolean and BK [] inequality, and applying a similar method to (821), we arrive
in (B233). O

Multiplying the diagrammatic bounds in Lemma 822 by the factors m?, ¢t or 1 — cosk - x, and
taking the sum of them, we obtain the following bounds.

Lemma 3.4.3. Let N be some integer numbers grater than or equal to 3. When we multiply the
upper bounds in Lemma BZ2 by m!,

#9(0,m) — #{V(0, m)’ < 23;2,? +BA B0 + ;Bff 2 B{LY)
L (B %)) + spenTeD (3.4.13)
A2 (0,m) < BEABYLD +2(BE2) + 2BENTEY
+ 23,5, BT + BT DT (3.4.14)
23; 2 pLARD | pRUTLITED,
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N-1
#M(0,m) < (B},}# + Lpeapas) | T(U)B(lvl)) (2T]§},;})) . (3.4.15)

p 9Pl Tpm pm p,m
When we multiply the upper bounds in Lemma 822 by m! and ¢,

1 22
3 ]wzgm(x, t) — 7 (x, 1) ’mtt <3 (BED +122) + B (B2 + 162
(z.)

" 231(7721,2) (231(7717,3) n Té}ﬁ?) (3.4.16)

2,2 2,2 2,2
+ 6B (B;7m> e
Z 7T](,2) (z,t)m't < Bgf) <QBI()71£) + Té}ﬁ))
(z:t)

+ABED (BED + 10 4 2(mIEDTE + BLDTED + TEITEY)

)) i 3<mT]§71T;L2)TI§72172) T+ BAATER) 4 Tﬁ@ﬁ)),

(3.4.17)
4+ Lpe (33(1’3)T(1’2) + 2T<1,;§>T]§}T;?>) + (3T]§}T;?>T2§}7;3>T]§3;}> + B(1’2)T(1’1)T[§3’,}))

p?m p’m p7 p?m p7m

(2,2) 1,3) (2,1 1,3) (2,1 2,1)(1,1) (2,1
+ 5B (2BIITED + 2L D) 4 3GV TLDTED

k) )
p7m p?m )

1 2
SCBED B + BEITED) +2(T43))

1 2 N-2
+ (N —2) (T,E}T;P + S BEITLS (75 ) (210)

4 (TIS}T;}) + EB(Z’Z)T(LB‘) i (T(ln’zl)>2> (2T(1’1))N_1

2 p,m p,m D, p,m

N—

(3.4.18)

When we multiply the upper bounds in Lemma 822 by m! and 1 — cosk - x,

Z W]go)(x,t) - 7r1(91)($,t)’mt(1 —cosk-x)

o1 Vo (k)) (3.4.19)

(3.4.20)

+ B2 <Vp(,§;})(k)T(1’2) + TGOV (1)
(

+3(VE DT + TG
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# M (0,m) — 7 (k, m)

p,m —p,m

% ~ N-1
D <<V%’%”<k> + S BEDTD W)+ DT W) (21
+2(N —2) <T< D4 B(z 2)p(L3) | (T<1 1)>2>V(1’1)(k) (2T<1,;3>)N‘2 (3.4.21)
2 N-2
L1 1,1 (1,1
+2<T< Dy 23}(}275) TS 4 (T( )) ><2T1§,m)) Vpgm)(k))_

Sketch proof. We only deal with three examples of the bounds on the sum of a diagram multiplied by
the factors m!, t or 1 — cosk - x because one can easily calculate the other bounds on the analogy of
such examples. The following proof is almost identical to the proof of [19, Lemma 5.3].

First, we consider the bounds (B213)—(8213). By the translation-invariance, for example,

X
zw: <%\/mf<w) > <ﬁ - )—r(y)

o

Y
<> | sup ) /f\,.y mT@ =T Y w\7
w Y r w Yy 6
Yy

sup 3 /w\/y (@) -r(y) 2\7
Y T oo y o

- <Sup Z qp * op) (®)(qp * pp) (T y)mT(m)_T(y)>

x (Z (a2 % 032) (1) (a7 * ) <y>m7<y>>

Y
< B Tl

)

which corresponds to the last term in the right hand side in (82713). In the second equality, we used

the translation invariance.
Next, we consider the bounds (8Z218H)-(B2IR). Note that, by Lemma B2 and the equality
ap(y,s) = 0 for any (y,s) € L? x Z with s # 1,

(qp* pp)(x, 1)t < (‘Ip * 50;2) (z,1),
(q;;2 * op) (2, 1)t < (q]’;2 * 90;2) (z,t) + (gp* go;?) (x,1).

By using the above inequalities, for example,

A Ay
Z@mﬂm = > yl\lmT(m) ((T(m) — T(w)) + (T(w) — T(y)) + y)

T



xr €T X

S A AN BN
<> Zﬁ3+y{\!3+yl\ls+yﬁs
7 LY

o o o

<37 2)T;§,Lm1)T1§,2'r’r}) + BWL2)(A,1)p(2,1)

p’m p7m pim ’

which corresponds to the 5th term in the right hand side in (BZ17).
Finally, we consider (BZ19)—(8Z21). By the telescopic inequality (I=3), for example,

N
N

(z,1)
Z ; m'(1 — cosk - x)
(z,t)

0,0)

(

o ot !
/\ th ’I‘m’l‘ sms

(w,r) z oo
E i’(wvr)
<3 E o) X ((1 —cosk - (z — w))

e v(w) + (1= cosk(w—y)) + (1— cosk-3))
/ /) /,r/) /.

<a(FR WD + TR WTDTD + T TSI,
which corresponds to the last term in the right hand side in (BZ—20). O
Taking the sum of the bounds in Lemma BZ=3 over N € Z, immediately implies the next lemma.

Lemma 3.4.4 (Precise version of Lemma BZ). For p < p., m < m,;, and k € T,

‘reven ~ (2
1 (0,m) < #(0,m)

(1,1)
+(BWD 4 13(2,2)3(1,3) + 711 g(1,1) (2Tpm’) (3.4.22)
p,m 2 p,1 p,m p,m p,m (1 1) 27
1- (2Tpm’1 )
15290, m) < |70 (0,m) = #(0,m)|
(1,1))2 3.4.23
(g 4 Lpeagas  rangan) _CTem’) (34.23)
p,m 2 p,l p,m p,m p,m (1 1) 27
1- (2Tp,ﬁl )
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3 (H;;ven(x, £) + 199z, t))mtt
(e

< 3 (|0 1)~ 70 1) + 72w, 1)

(L)
2\ (2Tp.")
+ (Télrh) (2B(2 2B + Bé?ﬁ)Té%)H?(Té,%)) >1_2T(11) (3.4.24)
(1 1)
- (T(l D+ 2B]§2nf)T]§1n§) - >
2Tpm
1 1)
1,1 2,2 1,3
+<( >+23< T 4 (1, ) 11)

> (e t) + 13 e t))mtu — cosk- )
(2.t)

< Z‘ (z,t) — 7, (D (2, 1) ‘m (1 —cosk-z)+ (AéQ)(O,m)— Al(f)(k:,m))
(z,t)

i) (2 - 3TLY)
(1213’
ST (1 - 735)
(1— 2150y’
Ty (2= 8T35))
(1 - 21)’

1 - 8(
(1,1) (2,2)17(1,3) (1,1)yr(1,1)
(000 + S BEDVG W) + 2100501 3425

>

2
2,2)p(1,3 1,1 1,1
w215+ SBERTED + (130) ) 70

47T,

2\
+ 2<Tp(} D 4 QBI%,%)TS”;Q’) + (Tg},y) )Vé};})(k)

3.5 Diagrammatic bounds on the bootstrapping functions

In this section, using the lace expansion, we show upper bounds on {g;(p, m)}g’:1 in terms of the lace
expansion coefficients. Assume the absolute convergence of (823=2), which is proved in Section B=S.
Then, taking the Fourier-Laplace transform of both sides in (B23) implies that

1+ T, (, 2)

1— Gp(k, 2) (1 +T0y(k, 2)) (8:5.1)

Sap(k? Z) -

An upper bound for g;(p,m). Note that $,(0,m) = > (Joz + ¥p(x)L{zzo})m™® > 1 since
m > 1. This inequality and (BZ5) yield

1+ 11,(0 1
+ p(A’m) = pm:Ai—gbp(O,m)_l.
1 —pm(1 +1L,(0,m)) 14 11,(0,m)

‘ﬁp(ov m) =

Recall Il (z) = 17" (x) — Hgdd (z), hence we obtain

1 1

gilp,m) < —— = < —— : (3.5.2)
1 4 TIgven (0, m) — Hgdd (0,m) — 1-— Hgdd (0,m)
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An upper bound for gs(p,m). As preliminaries, we prove one proposition and two lemmas in
the following. The next one plays the most important role. Notice that {k € T¢| D(k) >0} =
[—7/2,7/2]% on L.

Proposition 3.5.1. On the BCC lattice L%, it suffices to attend only the range [—7/2, 7/2]% in order
to calculate the supremum in g(p, m) with respect to k:

Dok, bn(k
g2(p’m) — sup |‘Pp( Z)| — sup |A(10P( ,Z)| .
ketd, 1S (B) kefon/zas2t, 19,0 (k)]
z€C: |z|e{1,m} 2€C: |zle{1,m}
Proof. We notice that
&k, rel?
g2(p,m) = sup 12olk )|
keTd, ’Sup(reie)(k)‘
re{lm},
0T
5 (k 0 ~ k:, 0
= ( sup M) \Y ( sup M). (3.5.3)
ke[—m/2.m/2% |91, (reioy (K] keTd\ = /2,72 %, 1Sy, (rei0) (K)]|
re{l,m}, re{l,m},
0eT 0eT

Given some k = (ki,...,kg) € T%\ [—7/2,7/2]¢, there exists k = (ki,...,kq) € [-7/2,7/2]% such
that, for j =1,...,d,

kj [=m/2 < kj <m/2],

ki = T —k; /2 < k;j <,

—m—k; [-m<k;<-—-m/2].
The second and third lines are the reflection across the hyperplanes k; = 7/2 and k; = —7/2,
respectively. As we show in the following, it is possible to replace k in the second factor in (BX53) to
k.

Fix k € T¢\ [-7/2,7/2]%, r € {1,m} and 6 € T. Note that kj = k; for j = 1,...,d when

—n/2 < kj < m/2. Since ¢,(x,t) is an even function with respect to «,

.  x~d .
Golle.re?) = 3 gyl el s o7 o
(z,t)
_ Z (Pp(l', t)rtefiff-xeﬂi Z?:I 1{k;#k;} sen(k;)z; elft

= Z ‘Pp(—ar,t)rteikx(—l) o Lk £k} sen(k 3)2; oift

- Z (pp(x’t)rteikx( 1)23 1 1 {k;#k;} sgn(k 3)25 g0t

where sgn: R — { —1,0,+41 } denotes the sign function. We divide into two cases that Z?:l Lk, #k;}
is either even or odd.
On the one hand, suppose that Zd 1 L{k,;#k;} is even. Since all coordinates of some = € L¢ are

either even or odd, Z] 1 L{k;#k;}y sgu(kj)x; is even. It is easy to see that

k‘ re Z@p z, t 1kac 16’t ¢ (]';, 10)‘
(z,0)
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On the other hand, suppose that Z;l:l 1{k;#k;} is odd. Let Ld = {z € L¢ |V, x; is even},
Le = {z € L?|Vj, x; is odd }, Zey be the set of non-negative even numbers and Z,; be the set of
positive odd numbers. Note that ¢, (z,t) = P,((0,0) — (2,t)) = 0 when (x,t) # (LI X Zey )U(LIX Zoy)
due to the definition of the nearest-neighbor oriented percolation. Then, We rewrite ¢, (k, reie) as

@p(k,rel?) = Z gop(a;,t)rteik“ei@t— Z (pp(:c,t)rteii“’xeiet. (3.5.4)
x€lLd, zcld,
tE€EZe tE€EZo+
Let = —0 + msgn(f), which means the reflection of across points /2 and —7/2 in one dimension.

This definition is different from that of k because even # € [—n/2,7/2] is reflected. By using 6,
ei@t _ e—iétewisgn(ﬁ)t _ (—l)te_iét. (3.5‘5)
Substituting (8253) into (B554), we obtain

Gollr®) = ™ T4 3 g (o, e
zeld, zeld,
t€2e+ t€Zoy

_ (pp(.%', t>7ﬂteik-xe—i0t _ Sﬁp(iﬁ re—ié)_
(z,t)
As for 0, —0 takes a value in T. It is possible to replace —6 in gép(l;:, re”%) to 6 since it is the dummy
variable of the supremimum in (B53).
The above discussions also hold for Sup(mig)(k') because Qi(z,t) satisfies the same properties
“Q1(x,t) is an even function with respect to 27 and “Qq(z,t) = D*(z)1{tez,} = 0 when (x,t) #
(LE X Zot) U (L2 X Zoy )" as 4p(k, rel?). Therefore,

bk, rel? by (e, rel?
g2(p,m) = ( sup M) V < sup M)
ke[-m/2,7/2)%, |Sup(rei9)(k)| ke[-m/2,7/2)%, |Sup(rei9)(k)|

re{lm}, re{lm},
9cT 0eT
This completes the proof of Proposition B2l O

Lemma 3.5.2. For every k € T satisfying D(k) >0, 7 € [0,1] and 0 € T,

[N 1 ~
‘1 —releD(k)‘ > (W +1 —D(k:)).
2\ m

Proof. Let € = D(k) and

2
fr(&,6) = 4‘1 —reiagr — (E‘ +1 —£>

2 0> 2
= (4% — 1)&* + =£|0] + 26 — 8récos O+ 3 — <2 + ]0|> .
7r LCR

(a) (b)

fr(&,0) is an even function with respect to 6. It suffices to show that f,.(£,60) > 0 for £ € [0,1] and
0 € [0,7]. Clearly, the part (b) in f,(£,6) is monotonically decreasing with respect to # and non-
negative. On the other hand, since the cosine function is monotonically decreasing for such 6, the
part (a) in f.(§,0) is monotonically increasing with respect to (£, 6). It takes the minimum value 0 at
(&,0) = (0,0). This completes the proof of Lemma B52. O

60



The next lemma is almost identical to Lemma B2, but the ranges of k are different from each
other.

Lemma 3.5.3. For every k € T¢ and p € C satisfying |p| < 1,

‘1 - e“”g“f)(k)‘ < 2‘1 - Mf)(k:)‘. (3.5.6)

Proof. Let r = |pu| € [0,1] and 6 = arg p € T. We show that
0~ 2 0 A 2
f(o) = 4’1 —re' D(k)) — ‘1 —€ D(k)‘
=3+ (4% - 1)15(]{)2 —2(4r —1)D(k) cos 0
> 0.

By the symmetry of the cosine function, we restrict the range of 6 to [0, 7]. Since

>0 [r>1/4 and D(k)>0],
s Bk sing d =0 [P<1/4 and D(k) > 0],
f18) = 204r = 1)D{k)sinf <0 [r>1/4 and D(k) < 0],
>0 [r<1/4 and D(k) < 0],

f(0) is monotonic with respect to 6 whenever r and k are fixed. Thus, f(f) takes the minimum
value at § =0, m/2 or 7. When 6 = 0 or 7, we need to show 3 + (42% — 1)y? + 2(4z — 1)y > 0 for all
(z,y) € [0,1]x[~1,1]. When § = /2, we need to show 3+ (4% — 1)y? > 0 for all (z,y) € [0,1]x[-1,1].
We omit proofs of these inequalities because it is not hard to see them by standard calculus of
derivatives. Therefore, f(6) > 0. O

Now, we start to show an upper bound on g2(p, m). Applying the same method as [26, Lemma 8.11],

we rewrite @, as

Pp(k,2) _ 14+ T0(k,2) Pp(k, 2)
Sup(z)(k) 1 +Hp(07‘z‘) 1+Hp(07’2’)
< (11,00, 21) (1 = € D(k)) + k. 2) (I (k. 2) = 11,0, ]2])) ).
where § = argz. By Proposition B2, the triangle inequality and the bootstrapping hypotheses
gz(pv ) < Kz for i = 1727
1+ [TL,(k K2S, (k) [+ -
ga(p,m) < su ( LR D] | KB ) (Hp(OaZD‘l_eleD(k)‘
ke[-Z,2]4, 1+ 1,(0,]z]) 1+ 1,(0, [2])
z€C: |zle{1,m}
+ pl21 [D(R)] (11,00, 12]) = T1,(0, 2)] + [{T,(0, 2) — TT, (k. z)}))) (3.5.7)
<1

)l

Ky

< sup
kel-3.51%
2€C: |zle{1,m}

1+ ]ﬂp(k:,z N
1 + ﬂp(()? |ZD

1+ 11,(0, |2))

+ K, Z(‘ ) (2, 1) —wlgl)(x,t)‘+ iﬂéN)(ZL',t)>‘Z| .

N=0
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By Lemma B52-853 and the inequality |1 — e = 2[sin(6¢/2)| < ¢6],

1+ |11 k,z K N
pmpm) < suwp ( ok, 2)| | Ko (2Hp<o,|z|>
v \ T4, ) 1+ 10,0, ]2)

272
z€C: |z|e{1,m}

+2k Z()Wzgo)(x?t) - 771(;1)(1’715)’ + i WéN)(x,t)) 2]t - to| +1— cosk - x))
(1) =

710+ 1 — D(k)

14+ |IL,(k K .
— ( Lk K (gnp<o,|z|>
ke[-2,7 d 1+ Hp(ov |Z’) 1+ HP(O> |Z|)
z€C: |z\€{1m}

2K1 (

i+ 1= B " 2 () =m0+ Z” o)) Il

+ Z (‘W]go)(x,t) - Wél)(x,t)‘ + i ﬂ]gN)(m,t)> 2)"(1 — cosk - x))))
(1) N=0

By the inequality (a1¢ + b))/ (a2¢ + batp) < (a1 V b1)/(az A be) for some aq,b1,a2,b2, ¢, € R, we
arrive in

1 41187 (0, m) + 11594(0, m) K,

ga(p,m) < — + <2ﬂgven(o, m)
1 —TI544(0, m) 1 —TI544(0,m)

+ 2K, <7r Z (Hgven (z,t) + Hgdd(fn, t))mtt>
(z,t)

v (Z (H;ven(x, £) + 199z, t))th>> . (3.5.8)

— 1 - D(k)

An upper bound for g3(p,m). We use a modified version of [d1, Lemma 5.7]. Let

N 1
Al =17 ap(l,2) (1 +T0,(l,2))  1—al(lz)’
a(@,t) = qp(z, 1) + (gp * p) (2, 1),
a“®(l, k; z) = Z a(z,t) cos(l - z) cos(k - )2,
(@)
a0 (1 ks 2) = Z a(z,t)sin(l - z) sin(k - z)2".
(=)

Then,

Ar(dpL, 2)25(1,2)) | =

~ 1 . .
Ak(l — Qp(l,z)(l + ﬁp(l,z)) ; 1> ‘ - AkA(l’Z)‘

_AQ+ R, 2)| +|AQ—k, 2)]
- 2

A

A, 2)1a,2) - 61, ks 2)]

+ ‘A(z, z)HA(z Yk, z)HA(z — &, 2)|[a (1 ks 2)
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By the triangle inequality and arithmetic of the trigonometric functions, combining

al,2) — a1k 2)| < 3 Jale, ]2 (1 — cosk - 2)
(z,t)

and
&Sin(l,k;z)‘2 < Z la(z,t)||z|" sin?1 - x) (Z a(x,t)ztsiHQk-x) (3.5.9)
(z,t) (z,t)
=1 a(x,t)ztlsz> (Z la(z, £)]|2[*(1 cos2k-x)) (3.5.10)
(z,t) (z,t)
<> a(m,t)zt(lcos(Ql-:r))) (Z la(z, t)||2]" (1 cosk-x))
(,t) (z,t)
leads to
A o~ —~ All+k, 2)| + |A(1 = k,2)| | »
AcA(,2)| < (Jal(0. |2 - Jal(k. |2)) ( Utk AR 4,

+ ‘A(z, Z)HA(Z tE, z)HA(z —k, z)‘ (m(o, 12]) — [al(2, |z|)>> (3.5.11)

(cf., Lemma [372). By the telescopic inequality (I=3),

[al (0, 2]) — [al(k, 12) = 3 lap (e ) + (g # TL) ()] |21 (1 — cosk - )
(z,t)
< 3 gl D)l - cosk - @)
(z,t)

303wy )@ =yt = s)l|z] (1= cosk- (y+ (&~ 1)) )
(z,t) (,9)

<2(1—cosk-y)+2(1—cos k-(x—y))

1L, (0, |2]) — [T, (. !z\))

< plzl(1 = D(k)) (1+2|npr<o,|zr> T

< Ki(1— D(k)) (1 + 2012770, |2]) + 211994(0, |2])

2

Ym0, ) — T3k 2]) ) TIR(0, [2]) — IR0k, f2) |
1— D(k) 1 — D(k)

Substituting this bound into (8Z51), and applying the same method as the proof of Lemma 22571, we
obtain

3
g3(p,m) < (1\/ ~ gz(p,m)A dd ) K}
1 —1Igven(0,m) — 1I544(0,m)

X (1 n 2(ﬁgven(0, m) + 11599(0, m))

(TI5ven (0, m) + 11999(0,m)) — (TISYe" (o, m) + 1199 (e, m))

+2 -
1— D(e)

2
) . (3.5.12)
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3.6 Diagrammatic bounds in terms of random-walk quantities

In this section, we bound the basic diagrams BZ(,)},’L) ), T;S g ) and Vp( g )(k:) above and prove Proposi-
tion BI=3. We define the random-walk quantities as

(V) ZD*Qn( ) x {1 g z ;}’ (3.6.1)

n=v

forveZs.

Lemma 3.6.1. For p,p € N, p € [0,p.) and m € [1,m),

B < KM R3] (3.6.2)
TOW < V2K TP K320, (3.6.3)
5(2,1)
v,
K2 D K3K (2) p,m/\ _ =1 ,
fo 1Dl + K K2\ g1 + D A=p=1]
< o (3.6.4)
1—D . A ()\ - 1) Kl)\‘f‘PK%EgL()\‘f’P—l)/QJ)

. A>20rp2>2].
AR R K (V2 4 4) e O

Proof of (B52) and (8BB:3) in Lemma BB1. We first show (BB2). By the inverse Fourier-Laplace
transform and the bootstrapping hypotheses,
= sup

d . .
/ O / 00 e )3, 0 YmP i (k) (ks me )
(z,t) ’]Td
</ d%k /de
= Jpa 2m) Jp 2w
d
o p/ dk:
'ﬂ*d

d
< ke [ L /

Applying Schwarz’s inequality and the residue theorem to the integral with respect to 6, we obtain

N i A —ion [P 4 —i
(k:e ‘ ‘gop(k:,ee)‘m”‘qp(k,e 9)‘ &p(k, me 9)‘

A )\-i-p

2y (I, )| |2 (ks me ™)

>\+p ~
Spup(ei9) (k)

5 ‘

(1

Ak |~ Mo/ [ d| A Y2/ rae) . 2\ 1/2
B < jrdte 2 / D / — ; / — I
pm — 1 2 (27‘(‘) (k")‘ T 2T up(e9)(k>) T 2m tp(me ‘9)(1{")‘
1/2 1/2
Al | A A
—K{\J”’KQ/ Ak o[ L L
(2m)? 1 — pp(1)2D(k)? 1 — pp(m)2D(k)?
A e
< KM / A%k DRPVEL_ ponsp o e
1a (2m)% 1 — D(k)?

In the equality in the above, we have regarded an mtegral (2m)~ f f(exp(if)) dO for some function
f as the line integral over the unit circle on C: (27i)~ f{ZH =1} f( )/z dz. In the last line, we have

used p,(m) < 1 for every m > 0, and the trivial inequality D(k)** < lA?(k:)QL#J, which is led to by
D(k) <1 for all k € T?.
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Similarly,

) s [ 5 [ %apw,ew)*@p(k,ew)?mpqp(k,e—i%pw,me—i%
/W o [ et e[ fouth ) me it et me )
Sy ool o

< K7PKG / & / D Hp Aup<eie>(’f)(2 gﬂp(me,w)(;{)‘

>

d
< KRS | é ?d
Td T

d
Sy e
T

(k)‘)Hrp (/Tgi Aup(eie)(k)‘4) 1/2 </T;179r gﬂp(meie)(k)‘2> 1/2
ﬁ(k)\””< 1+ 1y (1) D)’ )” 2( | )” :
(1= pp(1)2D(k)2)° 1 — pip(m)2D(k)?

di.  D(k)2L52
e [ 2 DY
rd (27) (1- D(k)?)

2

> dk 4 Mo
. Ap 73 2(nt|282]) _ Ap -3 _(L(A+p)/2])
= V2KMPKS §_ (n+1)/w (27r)dD(l<:) (+1%3°)) = V2K NP K3el .

This completes the proof of (B63). O

To prove (BGA4), we need the next lemma.

Lemma 3.6.2. For every k € T¢ and p € C satisfying |p| < 1,
~D(2k) < 2(1 - f)(k)Q). (3.6.5)

Proof. Note that

2(1-D(k)?) = (1= DEK)) =1 -2 ﬁ cos” k; + f[ cos(2k;)

j=1 j=1
d d
= 1—2H0082kj+H (2coszl<:j - 1)
j=1 J=1

on L. Let hg(&y,...,6) =12 H?Zl &+ H;lzl (265 — 1). It suffices to show that hq(&1,...,&4) >0

for every (&1,...,&4) € [0,1]%. To do so, we use the method of induction.
When d = 1, hi(§1) = 0 for every &. Next, we assume that hg(&1,...,&47) > 0 holds in some
dimension d. Fix ; for each j = 1,...,d. Then, hqy1(&1,...,8q+1) is regarded as a linear function

with respect to {441 and hence takes the minimum value at either the boundary point 0 or 1. When

€as1 =0, clearly,
d

hd+1(£17 v 7£d70) =1- H (253 - ]-) > 0.
j=1
When £441 = 1, by the induction hypothesis,

d d
hav1 (6, o) =1-2]] g+ [ 2g -1 >0
=1 j=1
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Therefore, hy(&1,...,&4) > 0 holds in every dimensions d. O

Proof of (864) in Lemma BHD when A > 2 and p > 2. Recall the notation & = (z,7(x)) € LY¢x Z,.
By the telescopic inequality (I=30),

) = sup 32 (5 ) (a) 1 —cosk ) (m? x ) (=)

= sup > (H ap(Y; — Yi_1) )(qup)(yx—w_l)

Yis-oYn \i=1

X (1 — cos <k . z)\: (y; — yj1)>) (mpq;p * @ém)> (Yr — )

J=1

< Asupz Z (H (Y — Yiq )(Qp*Sop)(yA —Yr_1)

i#]
X ap(y; — yj_1>(1 —cos (k- (35— yj1)) ) (mPa” (™ ) (yy — @)

+ )\Slip Z (ap * ©p) (Y — yA71)<1 — €08 (k “(yx — yA—l)))
Y1

(H WY — Yia > (mpq;p * 901(,"”) (y) — @)

= sup Z qp(J_l)(yj—l)QP(yj - yj_l) (1 — cos (k . (yj _ yj—l)))

Yi—1Y5:Yx
X (q;“‘j) * 90p> (yr—y;) (m”q*” * o™ )) (y)— )

+Asup Y PV (yy)
Ty

X (gp* ©p)(Yr — Yr—1) (1 — CO8 (k? “(yx — ?/A—1))> (mpq;p * Soém)) (yy — =)
where y, = o. By the inverse Fourier-Laplace transform,

.
Vil (k)

ol 2

/Td ddl/ ((jp(l’eie)@p(l’eie))’mp‘qp(l7e—19)’l7
<AA-D(1-D )\+pK2/ ddl/

A

A—1 .
’ Op(l, mefle)’

p(le)

)\IA

le Happle ‘m”‘q 10)’

'9

@p(L me—i@)’

>\+p—1 N
Sup(e) (1)

Sup(me‘”’)(l)’

SE(L(/\-:;—U/Z’J)

+)\K)\+p IK Kg/ ddl / )\er*l

In the second inequality, we have used

U, w0y (k. 1) H% (e ,9)(l)’ (3.6.6)

D) = z)(1 —cosk - x)ell®| < ZD(J,’)(l —cosk-z)=1—D(k).

A A ’
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The second term in the right most in (86G8) contains two types of integrals:

/Td i | 3217

A /\+p 1

A >\+p—1 N

(e (1 £ k)( ’ﬁup(em)(n

Mp(me—ie)(l)’, (3.6.7)

[, 5212

The integral (B67) is bounded above as, by Schwarz’s inequality,

@ < [ ool ( [ if\ﬁup@w)(lik)f)lm

2m)d
. 4\ 1/4 4o - 4\ 174
S (619)(”‘ > </T % Sup(me*ie)(l)‘ >

de
8 </ 2m
by 1 v
o <1—up(1)215(li/<)2>

B0y (L + B[Sy (1 = 1| |80y ()

:/ d4

Ta (27)

< Lt (12D (0 )”4< 1t py(m)2D(1? )”4
(1= m(12DW2)°)  \ (1= pyp(m)2D(0)2)°

d Ap—1)/2\ /2 /o 3(A+p—1)/2\ 1/2
cvs [ A <|D<z>l\) ) <1D<Z>| ) |

A

e (2m)4 (I + k)2 (1- D(l)2)3

By Holder’s inequality and Schwarz’s inequality again,

air pott M adr |
(o) = ﬁ(/w 2™ (1 - D1 £ k)2)? /w (2m)® (

b
1
1/4

<f(z nt) gl )

4
ra (27)7

\

D@yt

d4] Ap—1 3/4
( n+1 (2 )dﬁ(1)2("+L§J)>
Y
Al p o 2epet R
— f (2 7 D JZD*% i(1£k)- (52 o )
™
00 1/4
. 3/4
— f(z +1 ZD*2L>\+/J 1J($)D*2n($)eilk'x> (69()\+p71)/2j)) /
< \[g p=1)/2)

The integral (BB3R) is bounded above as, by Schwarz’s inequality,

 e—l/ [ dO) - Vs qe
D(l)‘ </ =I5, (elg)(z+k)‘ > (/Tzw

. 4 1/4
ey (L~ k;)( >
. 4 1/4 do | ~ 4 1/4 ~
up(ei")(l)‘ ) </T27T Sup(me*ie)(l)‘ ) (1 —D(QZ))
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-/ dl ﬁ(z)]“"*( 1 pp(12D( + )? >/< 1 pp(12D( — )2 )”4
ra (2m)¢ (1 - (12D +0)2)° ) \ (1= pp(1)2D (1 — k)2)°

. 1/4 A 1/4
x <( 1+ up(1)2D(l)2)3) (( - Mp(m)Z?(l)Q)?)) (1 - D(21)

1= up(1)2D(1)? 1— p1p(m)2D(1)?
2/ 441 ( |D(l)‘3(>\+P1)/2>1/4< ’D(l)‘3()\+p1)/2)1/4
= Jpa (2m) (1-D(+ k)2)3 (1-D( - k)2)3

Ay k=172 1/2
X<W> (1 - D(21)).

By Lemma B632,

(GER) <4/ d?l <‘f)(l)’3@+p1)/2 >1/4< |b(l)‘3()\+p1)/2>1/4 (W)”é
~ e M\ -Du+ k)’ \(1-Du-k2)° 1 - D(1)?

By Holder’s inequality and Schwarz’s inequality again,

(A+p—1)/2

at_ b)) 1p@ N an M
Gom) <4 </w 2m)4 (1 — D(I +k)2) (1 — Dl — k)?) /Ed (2m)% (1 - D1y2)?
a1 N e et Y
= </w (2m)® (1 - D+ k)2)2> </1rd 2m)*(1-Da - k)2)2>

at |p*
" </'JI‘ (2m)? (1 - D(z>2)2>

< 4ol +e-1/2)

(360) and the upper bounds on (B67) and (BGR) imply (B64) when A > 2 and p > 2. O

Proof of (8184) in Lemma BB when A =1 and p = 1. By the trivial inequality (8=21), note that
0p(x) = G0z + 0p(®) L{ora} < Joz + (g * pp)(x) for every & € L¢ x Z,. Then, we obtain

Vi (k) = sup Z (4 * ) (W) (1 = cos k- ) (magy * o™ ) (y — )
< sup Z ap(y)(1 —cosk - y)may(y — x)
—‘rSl;qup y)(1— cosk~y)(m2q;2*<p}(, )>(y —x)
+supz qp *gop )(1 —cosk-y) (mqp*goém))(y—w)
< K? ||D||Oo( — D(k)) + Kr LY (1 — D(k)) + V2V (k, m).
This completes the proof of (864) when A =1 and p = 1. O
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3.7 Numerically computing the random-walk quantities

In this section, we show the expressions of the upper bounds on (BBd) to compute their numerical
values. We use Stirling’s formula due to the property (II) of the BCC lattice, which helps us to
obtain high precise estimates. Now, fix a sufficiently large number N. For v € N|

— Z D*Qn(o)
y;N—l fe’e) 1
*2n
< D D™+ Y )2
n=v n=v+N
N-1 1
< *2(n+v)
_,;)D (O)+7rd/2(1/—|—N)d/2
N—-1 1
< D*Q(n+y)
_nZ:O (0)+7rd/2(1/—|—N)d/2+

Moreover,

W) _

O
Mg

n=v

v+N-—-1

< Z (n —v+1)D**"(o

n=v

2

< (’I’L+1) D*2(n+l/)( )+

[ B
+ / s ds —
/2 +N

3
Il
o

N-1

<> (n+1) D) () 4

n=0

_l’_

2
/2 (d — 4)

(n — v+ 1) D**"(0)

2
7d/2 (d — 2)

)+ Z (n—v+1)

n=v+N

1

v—1
/2

T/2(y + N)d/2-1

/ s Y245
v+N

1

(v + N>(4—d)/2 _

T2y + N)d=2)/2

2(vr—1)
/2 (d — 2)

L[ _ap
+7Td/2/,,+NS ds

(v + N)E=D/2,

(7T’rl)d/2

(v+ N)2=9/2

When N = 500, we obtain numerical values in Table BTl by directly computing these expressions.

Table 3.1: Numerical values of random walk quantities on the BCC lattice.

R

2)

)

2)

d €1 €5 €y
3 [3.932160 x 10~ ! | 2.682160 x 10! 00 00
4 11.186367 x 107" | 5.613669 x 1072 00 00
5 | 4.682556 x 1072 | 1.557556 x 1072 | 1.125787 x 10! | 6.575313 x 1072
6 | 2.046078 x 1072 | 4.835778 x 1073 | 3.223235 x 1072 | 1.177158 x 1072
7 1 9.405986 x 1073 | 1.593486 x 1073 | 1.235360 x 1072 | 2.947612 x 1073
8 | 4.450665 x 1073 | 5.444148 x 10~ | 5.302886 x 1072 | 8.522211 x 10~*
9 | 2.143604 x 1073 | 1.904782 x 10~* | 2.410377 x 1073 | 2.667729 x 10~*
10 | 1.044317 x 1073 | 6.775369 x 107° | 1.132063 x 1073 | 8.774675 x 107°
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3.8 Completing the bootstrapping arguments
In this section, we set
d =9.0000, K; =1.0020, K, =1.0500, K3 = 1.2500. (3.8.1)

Proof of Proposition ©13. Clearly, g1(0,1) = 0. By the definitions, @o(k,2) = 3>, 1 (dowdos +
Po((0,0) = (1) # (0,0))e* 75 = 1, ug(2) = (1 — Go(0, #1))el*"=* = 0 and hence Sy (o)(k) = 1.
These lead to g2(0,1) =1 and ¢3(0,1) = 0. Therefore, the initial conditions hold for (B=X). O

Proof of Proposition B1-3. From Lemma BB and Table B, the basic diagrams are bounded above
as

B{% < 211688 x 107%,

B{%2 < 2.37279 x 107%,

T2 < 4.40247 x 107,
T4 <3.96190 x 1072,

)

(2,2)
M < 3.92276 x 1072
1—D(k)

The 4th inequality in the above implies the sufficient condition of Lemma BZ™. In addition, from
Lemma B2,

1127 (0,1m) < 1.00000 x 1072,

11949(0,m) < 1.15844 x 107,

> (Hffe“(w?t) + Iz, t))mtt < 4.00000 x 1074,
)

1 cosk-
> (Tgren(, 6) + T, 1) ! =22 < 210000 x 1072,
1 - D(k)

(z,t)

which imply the absolute convergence of the alternative series (83332). Then, by (852), (835) and
(82212), we obtain

g1(p,m) < 1.0002 < Kj,
92(p,m) < 1.0445 < Ko,
g3(p,m) < 1.2433 < K3.

This completes the proof of Proposition BT13. O

3.9 Further discussion

We have been able to prove convergence of the lace expansion for oriented percolation on L42? x 7
in full detail. As compared to the analysis on Z4>* x Z, as Nguyen and Yang [33], the current
analysis identifies an upper bound 9 on the critical dimension d.. To begin with, since [33] contains
a wrong calculation as we describe in Item below, their bound corresponding to (B753) is failed
for any dimensions even if d is sufficiently large. To solve the problem, it suffices to prove only
Proposition 85, Lemma B52 and the numerical values in Table B on Z¢, whose proofs depend on
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the structure of the BCC lattice L?. Although proving Proposition B30 on Z% is not succeeded, the
others are completed. Appendix A deals with them.

To go down to the desired spatial 5 dimensions, we must improve our analysis in various aspects.
Some of the ideas are summarized as follows.

(1)

In Lemma B, we paid attention to the coefficient 1/2 of the diagram containing four ¢,’s. If one
isolates the diagrams containing six ¢,’s and specify their coefficients, then one can obtain better

upper bounds than those in this thesis. The upper bounds on B,(,,)}’/LD ) and T,g,)};{” ) in Lemma BB
may be helpful for the improvement. However, although their random-walk counterparts, such
as )., (qp *gop )(x)(gp” * pp)(x), are decreasing in A and p, the bound on T;S ) may attain the
minimum at some M, p« € N, due to the exponentially growing factor (p(m Vv 1))*?. That is
why we did not use T,E’\*’p *) in the thesis.

Notice that, if we do not use Proposition B2 and naively apply the triangle inequality as in
(B17),

1150, [2]) = Ty (k, 2)| _ [T, (0, [2]) — T (0, 2)[ + [,(0, 2) — Tk, 2)|
I1—e?D(k)| \1 —e?D(Fk)|

(3.9.1)

appears in an upper bound on gs(p,m), but this bound becomes infinite for some situations.
When ﬁ(k) = —1 and 0 = &7, its denominator equals 0 even though its numerator is non-zero.
Thanks to Proposition B2, we can avoid this problem. Although one may consider to use the
left hand side in (BX) without using the triangle inequality, the way does not work currently
because we do not have any nice methods to decompose diagrams with complex numbers. Recall
the decomposition in the proof of Lemma BZ=3 in which we use Lemma =34

Incidentally, Nguyen and Yang wrote “...1— e”f)(k) is bounded below by a positive constant
for { (k,t) € [—-m,7]* x [-m, 7] : |(k,t)| > e} ...” below [33, (13)]. However, it is impossible for
the nearest-neighbor model because it can occur that ﬁ(k) = —1 when k; = +£7 for some
i =1,...,d. That is a reason why we need Proposition B33. The spread-out model does not
cause such problem due to 1+ Dy (k) > 0 with L > 1 in [83, Proof of Lemma 10], where Dy, is
the random-walk transition probability for the spread-out model. This inequality implies that
|1 —e?D(k)| > const.(||k|,L?+62), hence the naive bound (BT) works for sufficiently large L.
If we consider the oriented percolation whose staying probability is positive (considered in, e.g.,
[TR]), then the naive bound also works for such “nearest-neighbor” model because, in this case,
D turns to the lazy random-walk transition probability Di,,,. By taking the staying probability
as a sufficiently large value, 1+ Dj,,y (k) > 0 holds. In this thesis, we would like to prove (E5R)
for the so-called nearest-neighbor model, and it is the technical reason at all to use the lazy
random walk, so that we did not use it.

The proof of Proposition B depends on the structure of the BCC lattice L. It suffices for L%
to attend only the range of k to [—7/2,7/ Q]d due to reflections in perpendicular hyperplanes to
the axes, whereas we need extra efforts to prove the same claim for Z¢ due to lack of symmetry.
The shape of the domain of k such that D(k) > 0 for Z4, that is { k € T¢ | d~! Z?:l cosk; >0}

is not as simple as { k € T? | H;l:l cosk; > 0} for LY.

To obtain the upper bound on Vp( 2 (k) in Lemma B5, we used Lemma BG2. Its proof depends
on the structure of ¢ as well as Proposition BZ5, but it is not hard to prove this on Z? similarly.
See Appendix @A for the details. Thanks to this lemma, we could show the finiteness of ‘A/p(j‘ﬁp )(k)
for d > 4, cf., 83, Remark 5] in which they proved the finiteness of the similar quantity for only
d>8.
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If one do not use the Laplace transform, then our result may be improved. We could not avoid
using bad triangle inequality estimates due to complex numbers, e.g., not splitting contributions
of II;Y*" and Hgdd in the second half in Lemma BZ™. In this end, we may apply the inductive
approach to the lace expansion [28, 29] for the spread-out model if we can extend it to the
nearest-neighbor model.

It is considered that not to use the infrared bound (I"23) and to directly prove the triangle
condition (I"Z0) yield some improvement. The range T? of k in the infrared bound may be too
strong because its approximation becomes bad out of the neighborhood of (0,...,0) € T¢. This
approach may be also effective to prove the mean-field behavior on Z¢ because (BX) appears
in the calculations to derive the infrared bound.
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Appendix A

Topics on the simple cubic lattice

In this Appendix, we show a progress to prove Theorem ™21 for oriented percolation on Z x Z. Only
Proposition B35, Lemma BTG and the numerical values in Table Bl depend on the structure of the
BCC lattice. Although we do not have any proof of Proposition B3 on Z?, the others are shown in
the following.

A.1 Proof of Lemma

Note that
A R d 2 1 d
2(1 - D(k)2> - (1 - D(Qk)) -1-5 ;cos ki) o+ ;Cos(%‘])
d 9 d 2
:chos2k:j——2 Zcosk]
d = d =

on Z4. Let hq(&1,..., &) = 2471 Y0, €2 —2d72(Y0, €)% 1t suffices to show that ha(&1,. .., &) > 0

for every (&1,...,&4) € [—1, 1]d. Notice that the definition of hy and the range of &;’s are different
from those in the proof of (863) for LY. To do so, we use the method of induction.

When d = 1, hi(&) = 0 for every & . Next, we assume that hg(&1,...,&;) > 0 holds in some
dimension d. Fix §; for each j =1,...,d. By the induction hypothesis,

d
2 1
hat1(&r, -5 at1) = i1 Gty 8- m§§+1
j=1
2 (<& (Y
T8 ) |2

2

d d
2
> e [ 24| Y& [t [ D4
d(d+1) =1 j=1
2 <\
> ———— |1 — D & | =20
a1 (24

Therefore, hq(&1,...,£4) > 0 holds in every dimensions d.
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A.2 Numerically computing the random-walk quantities

We rewrite EEV) for i,v € Z4 as, by the inverse Fourier transform,

w [ d%  DE?* [ d% (1—(1— (k)%))”
‘ _/( )( D(k))‘ /(27T) (1- 2)’

/ddk ;k))'z<y'>(_( wr)
()
()

j=

w
+
R
,_.
N
S, )
\/
ks.
[oB
QU
\_/w
ISH
/N
—~
-
S~—
N
~——
1

dk
ddk:
2m1-b

(A.2.1)

where, if m < n, then (") =0and >/*, f(i)=0,VYf: Z—R.
In the first term in (A=), we need to calculate only two types of integrals: i — j = 1,2. When
i _.] = 17

/ddk 1 _/ddk 1 _1/ddk< Lo 1 )
@2mi1—-Dk)?2 ) @mi(1-Dk)(1+Dk) 2J Cri\1-Dk) 1+ Dk)/

Similarly, when i — j = 2,

/ddk; 1 _1/ddk< 1 P R S 1 )
M) (1 - Dky2)? 4 @\ (1-Dw)® 1-D(k) 1+Dk) (1+Dk)*)

By these expressions, it suffices for us to estimate the integrals of (1 4+ D(k))™ for each A € N. In
fact, we can rewrite them as following: in general,

/ dek e ik B d)\/ d%k e kT

d ~ AT d A
)% (1 D) B (1 (1 cosy)
by the identity A= = I s Lexp(—As)ds/ (A — 1)\,

A d oo
_ di / d®k / ds S)\—lefik-xfs Z?Zl(licos kj)
()‘ - 1)‘ [—m,7]¢ (27T)d

A
:()\Cil/ ds s* 1H/ dk] 7ik]~xjfs(1icoskj)7

since the cosine is an even function,

d>\ > — d dk; —5 cos
—()\_1)‘/ ds s* 1H/ 27:6 (1£eosks) cos(kj|z;])
+JO j=17"T
d/\ e d
- /0 ds s [ eI, (), (A.2.2)
! i



where I}, |(s) is the modified Bessel function of the first kind. In particular, since I;,(—s) = (—1)"1,(s)
for each n € Z, we obtain

dk 1 B &0 s d
/ @m)i1—Dk)? d/o ds (¢7*1o(s))

d% 1 A2 [ L g d [ . J
/(27T)d (1_15(]{:)2)2 :5 0 dSS(e IO(S)) +2/0 ds (e I()(S)) .

In the second term in (A=ZT), we use the 1/d expansions in [25, Appendix A.2].
D(k) =d™! Z?Zl cosk; on Z% and

” — 1N 2
/ cos”@d@z(nl)x{ T
- n!l 0

for n € Z4. Applying the multinomial expansion and the above formula, we arrive in, for A € N|

and

Note that

[n is even],

[n is odd]

2
dk . 1 [ dk [
——D(k)* = —+ / — k;

/ ani” ™" = & | Gy ;COS 7

1 2\ (j, — D!
= o\ . . —F—1 i, is even
d?* Z (]17 .. 7]d) H b }

. gl
J1yJd €L v=1
(J1t-+ia=2X)

o A=1],
3 3
_ ) P =2
15 45 40
GdP ~Rat oy T

\ - - -

where (jh?-)-\,jd) = (2M)!/(71!- - - ja!) is a multinomial coefficient.

Finally, applying some numerical integration method and a numerical estimation of the Bessel
function to (A=23), we obtain numerical values in Table AL

Table A.1: Numerical values of random walk quantities on the simple cubic lattice.

d 651) 652) sgl) 5&2)

3 | 5.163861 x 10T [ 3.497194 x 1071 00 00

4 12394672 x 1071 | 1.144672 x 107! 00 00

5 | 1.563082 x 107! | 5.630813 x 1072 | 3.893167 x 10~ | 2.330086 x 107!

6 | 1.169634 x 107! | 3.363004 x 102 | 1.985923 x 10! | 8.162887 x 102
713 | 7.027418 x 10~* | 1.479460 x 1076 | 7.042265 x 10~* | 1.484673 x 1076
714 | 7.017555 x 1074 | 1.475313 x 1076 | 7.032360 x 10~* | 1.480504 x 1076
715 | 7.007719 x 10~4 | 1.471183 x 1076 | 7.022483 x 10~* | 1.476352 x 1076
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