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1 Introduction

1.1 Background

Classical ergodic theory deals with statistical properties of dynamical systems given by a point transfor-
mation 7 on a phase space X. The iterates of T are defined by 7° := idy and T" := T o T"~! and the
trajectory of an initial point x € X is {T"x},. The asymptotic behavior of trajectories of typical chaotic
transformations is hard to predict. Hence it is natural to consider the time evolution of an initial distri-
bution, introducing measurable structure in X, instead of looking only at single initial point. Then an
invariant probability measure or a stationary measure (a measure u such that g o T~' = y) for a given
system is very important from the measure-theoretic viewpoint. If one finds an ergodic invariant proba-
bility measure y for T (T'E=E implies u(E) = 0 or u(X \ E) = 0), then the Birkhoff ergodic theorem
is one of the most powerful tools to predict the system in probabilistic manner: for any L'(X, ) function
f, we have

1 n—1

ZfOT”(X)=ffdﬂ
S = X

lim

for u-almost every x € X. This theorem is a version of the law of large number for deterministic dy-
namical systems. In order to relate observation through the reference measure (e.g. Lebesgue measure)
and statistical properties given by an invariant probability measure such as the above Birkhoff ergodic
theorem, an invariant probability measure may be required to be absolutely continuous with respect to
the reference measure. Therefore, necessary and sufficient conditions for the existence of an absolutely
continuous invariant probability measure for a given transformation have been asked for a long time.

The conventional tool to construct an absolutely continuous invariant probability measure is the
Perron—Frobenius operator introduced as follows. Non-singularity of a given transformation 7' with
respect to m (absolute continuity of m o T~! with respect to m) naturally raises the well-defined bounded
linear operator on L'(X, m), say P, called the Perron—Frobenius operator or transfer operator by

fPf-gdm:ff-gonm
X X

for f € L'(X,m) and g € L®(X,m). Then Perron-Frobenius operators belong to the class of Markov
operators and the sequence {P" f}, represents the time evolution of an initial distribution f € L'(X, m).
If the weak limit of {P"f}, exists for some f € LL(X, m), then the limit point is the very density of an
absolutely continuous invariant probability measure. Moreover, lots of statistical properties of dynamical
systems can be analyzed through the asymptotic behavior of their Perron—Frobenius operators.

Let us now turn our attention to random dynamical systems. Random dynamical systems are Markov
processes arising from, for example, a single transformation + “noises” or a randomly selected trans-
formation from some family of transformations. Then under some weak conditions random dynamical
systems possess well-defined Markov operators. For random dynamical systems having the correspond-
ing Markov operators, we can naturally define their absolutely continuous invariant probability measures
as non-negative fixed points of the operators. Thanks to considering Markov operators, we can deal with
not only deterministic dynamical systems but also random dynamical systems.

From a historical point of view, only for invertible transformations, Hajian and Kakutani [?6] in 1964
established the necessary and sufficient conditions for the existence of an equivalent invariant probability
measure as follows, by using Banach limits. The following conditions for an invertible and non-singular
transformation 7" on a probability space (X, %, m) are mutually equivalent to each other:

(1) There exists an equivalent invariant probability measure for T';



(2) m(A) > 0 implies lim inf m(T™"A) > 0;

n—1
1 .
(3) m(A) > 0 implies liminf — Z m(T™A) > 0;
n—oo l:()

n <

n—1

1 .
(4) m(A) > 0 implies lim sup ~ Z m(T™'A) > 0;
0 i=0

(5) There is no set W of positive measure such that {7~ W}; are mutually disjoint for some {n;}; ¢ N.

Then Sucheston [bA] in 1964 gave a proof for the non-invertible case. Furthermore, Ito [B3] in 1964 and
Dean and Sucheston [I5] in 1966 generalized the above equivalent conditions to the Markov operators
case. A set W in the condition (B) is called a weakly wandering set and this concept is unexpected and
surprising. This is because any transformations preserving not probability but o-finite infinite measures
always admit weakly wandering sets, even though almost all initial points will return to near neighbors of
them infinitely many times by the processes of systems. The appearance of weakly wandering sets make
researchers of ergodic theory turn their attention to infinite measure preserving systems.

By virtue of the celebrated results by Thaler [67, 68] in 1980s, lots of simple transformations admit-
ting indifferent fixed points on the unit interval were shown to naturally have o-finite infinite invariant
measures which are absolutely continuous with respect to Lebesgue measure. Furthermore, certain suf-
ficient conditions for the existence of an absolutely continuous o-finite (infinite) invariant measure for a
given transformation and a Markov operator were shown in [3, &5, &6, 58, 89, 7], [/8, [/9]. The main
idea of construction of o-finite invariant measures is that one observes systems by changing coordinate
of time, the method called induced transformations, jump transformations or Young towers. For an er-
godic o-finite infinite measure preserving transformation, it is known that the Birkhoff ergodic theorem
no longer holds. Then several statistical properties and limit theorems instead of the Birkhoff ergodic
theorem were studied, for example see [, 2, B, B, Y, [70] and references therein.

We also mention previous researches of application to concrete random dynamical systems that one
chooses a transformation from some family of transformations (in an independent and identically dis-
tributed way) and the selected transformation applies to the system. The existence of absolutely con-
tinuous invariant probability measures and several statistical properties for random dynamical systems
of which transformations are all uniformly expanding or uniformly expanding on average were stud-
ied for example in [[Z, I'Z, 25, B0, B8, 53]. In those researches, the scheme of the Lasota—Yorke in-
equality or quasi-compactness is relied on to analyze their statistical properties. For random dynamical
systems which admits a common indifferent fixed point (such systems are sometime called weakly or
non-uniformly expanding random maps), the existence of absolutely continuous finite or o-finite infinite
invariant measures and their limit theorems were studied in [R, 9, 00, I, BT, 51, 52]. In those recent
progress of non-uniformly expanding random dynamical systems, they frequently use spectral gap or
quasi-compactness of the induced system (or Young tower) instead of the original system.

1.2 Main results

As we mentioned in the previous subsection, there are a lot of results on the existence of an absolutely
continuous finite or o-finite infinite invariant measure for a given transformation or Markov operator.
However, most of these results concern only with sufficient conditions or only with equivalent measure
(i.e., the reference measure and an invariant measure are required to be mutually absolutely continuous).
Moreover, the relation between the induced transformations and the jump transformations were not well-
understood. Therefore, the purpose of this thesis is the following:



(A) We give equivalent conditions for the existence of an absolutely continuous finite invariant measure
for a Markov operator;

(B) We give equivalent conditions for the existence of an absolutely continuous o-finite invariant mea-
sure for a Markov operator through generalizing the induced transformation and the jump transfor-
mation and clarifying the relations of them;

(C) We construct new examples of random dynamical systems which are essentially different from those
dealt with in previous researches, and show the existence of absolutely continuous o-finite invariant
measures for our examples.

Our investigation into (Al), (B) and (O) are mainly based on our paper [[Z1, [77]

As written in (&) and (B) above, we will consider not only sufficient but also necessary conditions for
the existence of an absolutely continuous finite or o-finite invariant measure for a given Markov operator.
For this reason, we introduce a new requirement for an invariant measure called the maximal support
condition, that is, almost all initial points will concentrate on the support of the invariant measure sooner
or later. In other words, the support of an invariant measure is required to asymptotically spread the whole
state space. We attribute it to the maximal support condition that we can show the equivalence between
the existence of an absolutely continuous finite invariant measure and weak almost periodicity of a given
Markov operator (see Definition BTl and Theorem B).

In order to construct an absolutely continuous o-finite invariant measure for a given Markov oper-
ator related to (B)), we generalize and develop the method of the induced transformation and the jump
transformation to the case of Markov operators, called the induced operator and the the jump operator
(Definition B2 and Definition E4). Here the induced operator was already introduced in [22, 23] but the
jump operator was introduced by the author [[Z1]. Because of introducing the jump operator, we can show
the equivalence of the existence of an absolutely continuous o-finite invariant measure with the maximal
support and weak almost periodicity of the jump operator. Through the existence of an absolutely con-
tinuous o-finite invariant measure with the maximal support, we can relate the induced operator and the
jump operator. See Theorem B0 for precise statements.

Through the investigation into (&) and (B), we can derive the definition of eventual conservativeness
of a system (Definition BE9), weaker property of conservativeness, from considering the maximal support
condition of an invariant measure. Furthermore, our results related to (&) and (B) are interpreted as the
equivalent conditions for the existence of absolutely continuous finite or o-finite invariant measures for
eventually conservative Markov operators.

For our purpose (0), we will consider random dynamical systems which have not only a common
indifferent fixed point but also uniformly contractive branches, called random iterations of intermittent
Markov maps with uniformly contractive part, defined in [[IZ]. Our model is, as long as we know, not
dealt with in the previous researches mentioned in the last paragraph in subsection [Cll. Applying our
result associated with (Al) and (B) to the model, we can show that our random dynamical systems always
admit absolutely continuous o-finite invariant measures (Theorem Bl). Moreover, we can calculate the
exact formula of invariant densities (Corollary B2), so that we succeed in pointing the critical value where
the invariant measure varies finite to infinite. The critical value of our systems are different from that of
deterministic systems as in [67]. See Example B and Example [ in subsection B2

Our results presented in this thesis do neither assume systems to be conservative nor weakly ex-
panding. Therefore, the contents of the thesis would be interpreted as a first step toward understanding
dissipative behavior of random dynamical systems.

1.3 Organization

The organization of this thesis is as follows. In section [, we prepare necessary definitions and notations
which are frequently used through this thesis.



In section B, we will give our first main result related to (&), equivalent conditions for the existence of
absolutely continuous finite invariant measures with the maximal supports for Markov operators relying
on weak almost periodicity of the operators (Theorem B3F). We also consider asymptotically periodic
Markov operators and relate them to weakly almost periodic operators (Proposition B22). Furthermore,
we relate asymptotic periodicity and exactness (Proposition B2) as well as showing the Lasota—Mackey
type equivalence (Proposition B23).

In section B, we will give our second main result related to (B)), equivalent conditions for the existence
of absolutely continuous o-finite invariant measures with the maximal supports for Markov operators
(Theorem ETO). In order to show the theorem, we recall the induced operators (the generalization of the
induced transformations) and define the jump operators (the generalization of the jump transformations).
We also investigate some ergodic property of random iterations of weakly expanding transformations
(Corollary E12).

In section B, motivated by the purpose (0), we introduce random iterations of piecewise linear inter-
mittent Markov maps with uniformly contractive parts and show the existence of absolutely continuous
o-finite invariant measures for them (Theorem B and Corollary B2). We also give several examples of
them which exhibit different behavior from deterministic transformations or random iterations of weakly
expanding transformations.

2 Preliminaries

In this section, we prepare precise definitions and concepts in ergodic theory in order to discuss statistical
properties of dynamical systems or random dynamical systems.

Throughout this thesis, (X, %, m) denotes a probability space as a phase space and L'(X,m) and
L>(X,m) denote (the quotient by equality m-almost everywhere of) the set of all integrable functions
and the set of all essentially bounded functions, respectively. A characteristic function of E € £ is de-
noted by 1g. We remark that if m is o-finite infinite measure then we can always construct a probability
measure mn’ which is equivalent to m by setting

m(E N X,)

"E = 2 %y

i>1

for E € B where {X;}; is a partition of X into finite m-measure sets: X = |J; X; with m(X; N X;) = 0
(i # j) and m(X;) < oo. That is, without loss of generality, we can always assume a reference measure
m is a probability measure. We frequently ignore a set of measure zero and we consider the quotient
spaces L'(X,m) and L*(X, m) so that difference of functions on sets of measure zero is negligible. If two
measurable sets A and B are equivalent up to an m-measure zero set, then we will write A = B (mod m).
For a non-negative measurable function f, we define the support of f by supp f = {x € X : f(x) > 0}.
For an m-absolutely continuous measure v (i.e., for each N € &, m(N) = 0 implies v(N) = 0), we set
supp v = supp dv/dm where dv/dm is the Radon—Nikodym derivative of v with respect to m. Since we do
not introduce any topology in X, the support of function is not necessarily the closure of the set. Further,
as convention, %, denotes the collection of all measurable sets of positive m-measure, Ll+ (X, m) denotes
the set of non-negative functions in L'(X, m) and D(X, m) denotes the set of all density functions, namely,
functions f € L (X, m) such that || f|1(,, = 1.

2.1 Non-singular transformations, Markov operators, and invariant measures

In this subsection, we recall the definition of non-singularity of transformations with respect to the ref-
erence measure m and then define the Perron—Frobenius operators via non-singularity. This definition
naturally leads to the definition of Markov operators over the probability space. Finally, for non-singular



transformations and Markov operators, we define finite and o--finite infinite, respectively, invariant mea-
sures which are required to be absolutely continuous with respect to the reference measure m.

Let (X, %, m) be a probability space. Then a transformation 7 : X — X is called measurable if
T~'% c 2 and is called non-singular if T is measurable and m(7~'N) = 0 holds for any measurable
set N with m(N) = 0, that is, the pushforward of m, m o T-!is absolutely continuous with respect to m.
For a given non-singular transformation, we can define associated operator called the Perron—Frobenius
operator on L'(X, m).

Definition 2.1. For a non-singular transformation 7" on a probability space (X, %, m) into itself, the
Perron-Frobenius operator corresponding to 7 is the bounded linear operator P over L' (X, m) de-
fined by

fPf~gdm=ff.gonm for f € L'(X,m) and g € L™(X, m)
X X

which is well-defined by the Radon-Nikodym theorem. An alternative form of the Perron—Frobenius
operator is the Radon—-Nikodym derivative
d(msoT™!
py dlmro?)
dm

for f € L'(X, m) where my is the signed measure defined by m(A) = fA fdm. The adjoint operator of P
which is the composition operator of 7 on L*(X, m) is called the Koopman operator and is denoted by
P*.

The following proposition is basic properties of the Perron—-Frobenius operators (see [23, 5%] for
example).

Proposition 2.2. Let P : L'(X,m) — L' (X, m) be the Perron—Frobenius operator associated with some
non-singular transformation T. Then P satisfies the following properties:

(1) Pf=0forany f € L}r(X, nm);
2) J;(Pfdm = fxfdmfor any f € L'(X, m).
Consequently, we have P (D(X, m)) C D(X, m).

Example 1 (The Perron—Frobenius operators for fibered systems). Let (X, T) be a fibered system in the
Schweiger’s sense [58]: there is a partition of X into measurable and countable number of subsets {X} ;s
with J C N such that

T |X/.I Xj ad TX]

is a bijective, bi-measurable (i.e., T |y, is measurable and T I)‘(: is measurable) and forward non-singular
(i.e., mo (T |x,) is absolutely continuous with respect to m) map for each j € J. Then, by using the local
inverse of T,

Vi=T Iy TX; > X;

for j € J, the Perron—Frobenius operator P of T can be expressed as

d(moV))
Pf(x) = —— @ f(Vx)
JZE; dm I
xeTX;

for any integrable or non-negative measurable function f.



A Markov operator, defined below, is a generalization of the Perron—Frobenius operator corresponding
to a non-singular transformation in terms of the properties (ll) and (2) in Proposition EZ2. Note that the
definition of Markov operators does not necessarily require transformations.

Definition 2.3. A linear operator over L'(X, m) is called a Markov operator if it satisfies
(1) Pf > 0forany f € LL(X, m);
) [, Pfdm= [, fdm forany f € L'(X,m).

The adjoint operator of P defined on L™ (X, m) is denoted by P* which satisfies

fPf-gdmsz-P*gdm for f € L'(X,m) and g € L™(X, m).
X X

Remark 1. The domain of Markov operators can be naturally extended to M, (X) the set of all non-
negative measurable functions or MJ (X, m) the set of all non-negative locally integrable functions (see
[22, BA] for more detail).

We give a few examples of Markov operators which correspond some random dynamical systems to
which we can apply our results in this thesis. We will investigate several statistical properties for a spacial
type of the following Example [, in section B and B.

Example 2. Let I ¢ N and 7; be non-singular transformations over a probability space (X, #, m) for
i € I. A special type of random dynamical system, called random iteration of transformations 7; (i € I),
is defined as follows. For an arbitrary probability vector {p;}ic; (i.e., p; > Oforany i € [ and },;¢; pi = 1),
we define the transition probability from m-almost all point x € X into a set E € 4, say P(x, E), by

P(x,E) = Y pilp(Tix).

i€l

Non-singularity of 7; for each i € I implies null-preserving property of the transition probability: if a set
N € A satisfies m(N) = 0 then P(x, N) = 0 for m-almost every x € X. Then we can define the Markov
operator P corresponding to this random iteration by

fPfdm:ff—P(x,E)dm(x)
E X

for f € L'(X, m).

Remark 2. A parameter space of transformations / in Example I can be indeed replaced by uncountable
set such as a closed interval / ¢ R with Lebesgue-absolutely continuous probability measure p on /. Then
the transition probability of the random dynamical system is of the form

P(x, E) = IIE(TiX)dp(i)- ey

Since each transformation 7; is non-singular for i € [, the transition probability is null-preserving and
define the corresponding Markov operator.

Definition 2.4. A random dynamical system of which transition probability is given by (I) is called the
random iteration {7;,dp(i):iec I}.



Example 3. We consider additive noisy type random dynamical systems in the following sense. Let T
be a non-singular transformation on [0, 1] with the Borel o-algebra and Lebesgue measure 1. We further
put a sequence of mutually independent random variables {£,},>0 where &, is a [0, 1]-valued measurable
function over some probability space (Q, %, v) having the same density g € D ([0, 1], 2) (i.e., v({w € Q :
&(w) e A)) = fA gdA). Then we consider the stochastic process defined by

Xni1 (W) = Txp(w) + &u(w)  (mod 1)

for w € Q. If xj has the distribution fy € D ([0, 1], 2) as the initial density, then it was shown in Proposition
2.2 in [B4] that the Markov operator P representing the time evolution of the initial density, namely P
satisfies

v{we Q: x,(w) € A}) = fP"fod/l
A

for A c [0, 1] measurable and n € N, is given by

1
Pﬁu>=1;”ﬁ@{§]ﬂx—Ty+0}u@> @
> i=0

Remark 3. In general, if we have a doubly measurable stochastic kernel K : X x X — R, then we
can define the Markov operator associated with K. More precisely, assume that K satisfies K(x,y) > 0,
m X m-almost everywhere and fx K(x,y)dm(y) = 1 m-almost every x € X. Then the Markov operator is
defined by

Pf(y) = ff(x)K(x,y)dm(x) for f € LI(X, m).
X

Now we give the definition of absolutely continuous invariant measures for Markov operators, the
main concept of this thesis.

Definition 2.5. Let (X, %, m) be a probability space and P be a Markov operator over L' (X, m). A o-
finite measure y is called an absolutely continuous o-finite invariant measure for P if y is
m-absolutely continuous (i.e., m(N) = 0 implies u(N) = 0) and the Radon—-Nikodym derivative of u with
respect to m is a non-negative (non-trivial) fixed point of P, namely,

d d
pdr _ du
dm dm
In particular, if y is a finite measure, then y is called an absolutely continuous finite invariant measure
for P. The function du/dm is called a (0-) finite invariant density of P.

Remark 4. (i) Without loss of generality, an absolutely continuous finite invariant measure is assumed
to be a probability measure by replacing normalized one. By definition of absolutely continuous o-
finite infinite invariant measures for Markov operators, the domain of Markov operators should contain
MJ (X, m). From Remark [, the definition of absolutely continuous o-finite infinite invariant measures
makes sense.

(ii)) When one considers a non-singular transformation 7" then the condition of invariance i.e.,

d d
pdu _ du
dm dm
is equivalentto g o T = pu.
(iii) For a random iteration {7;,dp(7) : i € I} defined in Definition 4, u is an absolutely continuous
o-finite invariant measure if and only if u is absolutely continuous with respect to m and

p= ppoT;".

i€l



2.2 Conservativeness, dissipation and ergodicity

Considering dynamical systems or random dynamical systems, characterization and properties of sets of
recurrent points (and non-recurrent points) are important. If one considers a deterministic system, that
is a non-singular transformation 7', then non-recurrent points are characterized by wandering sets: A set
W is called a wandering set for T if {T7"W},5¢ is mutually disjoint modulo m. This means that any
point in W will never return to W in the future and W is exactly the set of non-recurrent points. In this
subsection, we recall the concept of recurrent property, conservativeness and dissipation for the general
case, namely Markov operators case.

For a given Markov operator, we can always decompose the whole space into two spaces: the conser-
vative part where the recurrent property holds and the dissipative part where almost all points are never
to return. This dichotomy is guaranteed by the Hopf decomposition theorem (see §3.1 in [B7Z]):

Theorem 2.6 (The Hopf decomposition theorem). Let P be a Markov operator over L'(X, m). Then the
set X is uniquely decomposed into two sets € and D up to m-measure zero sets:

@:{xeX:ZPnlx(x)zoo}, D:{xeX:ZP”lX(x)<oo}.

n>0 n>0

Furthermore, the characteristic function 1x in € and © above can be replaced by any strictly positive
L'-function and the sets € and © do not change.

By the Hopf decomposition theorem, we can define conservativeness and dissipation for Markov
operators. In section B, we will give eventual conservativeness for Markov operators (see also Definition
B9).

Definition 2.7. For a Markov operator P, € and D from the Hopf decomposition theorem are called the
conservative part and the dissipative part of P, respectively. In particular, if X = € (mod m)
(resp. X = © (mod m)) then the system (P, m) is called conservative (resp. totally dissipative).

Remark 5. If P is the Perron—Frobenius operator of a non-singular transformation 7', we have

o= Jw

WeWw

the measurable union of wandering sets (‘W is the collection of all measurable wandering sets). Thus € is
the complement of all wandering sets and hence for any set C ¢ €N %, we have CNT™"C # 0 (mod m)
for some n € N.

For systems admitting finite invariant densities, they are always conservative with respect to the in-
variant measure known as the Poincaré recurrence theorem (see for example [B]). Note that the converse
is not always true.

Now we recall the definition of invariant sets and ergodicity for Markov operators (see also [22, B¥]).

Definition 2.8. For a Markov operator P over LY(X, m), the sub-algebra of invariant sets is defined
by Zi(P*) = {A € B : P*15 = 1,4}. Z;(P") is obviously sub-o-algebra of Z. If X;,(P*) is purely atomic,
then each atom of X;(P*) is called an ergodic component. Further a system (P, m) is called ergodic if
%i(P*) ={0,X} (mod m).

Remark 6. If P is the Perron-Frobenius operator corresponding to 7', then invariant sets are nothing but
aset E € % such that T-'E = E (mod m) and ergodicity of (7, m) is equivalent to that for each E with
T~'E = E (mod m) we have m(E) = 0 or m(X \ E) = 0.
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Then we show beneficial theorems under the assumptions of conservativeness and ergodicity for a
given Markov operator. The following well-known Chacon—Ornstein theorem is the generalization of the
Birkhoff ergodic theorem (see Theorem E in Chapter III in [22]).

Theorem 2.9 (The Chacon—Ornstein theorem). Let P be a conservative and ergodic Markov operator
over a probability space (X, %, m). Then we have for any f,g € L'(X,m) with g > 0 almost everywhere,
that

o S0 P ffdm
M 1 o () =
n o P'g fx gdm

for m-almost every x € X. Consequently, if m is an ergodic invariant probability measure for P then we
have

n—1
1 .
lim - Y Pf(x) = f fdm
n—ocon = X

for any f € L'(X,m) and almost every x € X.

The following theorem states the uniqueness of an absolutely continuous o-finite invariant measure
for a conservative and ergodic Markov operator.

Theorem 2.10 (Theorem A in Chapter VI [22]). Let P be a Markov operator over a probability space
(X, B,m). If the system (P,m) is conservative and ergodic, then there can exist at most one absolutely
continuous o -finite invariant measure (up to a multiplicative constant).

Remark 7. The above theorem no longer holds for totally dissipative and ergodic, non-invertible trans-
formations. In fact, Aaronson and Meyerovitch showed in [S] that if T is a non-invertible dissipative and
ergodic o-finite measure preserving transformation on a standard and non-atomic space, then there exist
uncountably many non-propotional absolutely continuous o-finite invariant measures for 7.

2.3 Banach limits

In this subsection, we introduce Banach limits which are generalization of the conventional limit of
sequences of real numbers.

Definition 2.11. A Banach limit is a linear functional LIM on £* the set of all bounded sequences of
real numbers such that

(1) for {x,}nen € €=, if x,, > 0 for any n € N, then LIM({x,,},,) > 0;

(2) for any {x,}pen € €%, LIM({x,}1) = LIM({Xy+1},); and

3) for1={1,1,...} e, LIMQ) = 1.

Theorem 2.12 (Theorem (@) and (8) in [b3]). Banach limits exist and any Banach limit LIM satisfies

n—1 n-l1
1 . 1 .
lim (mf = > ,-] < LIM ({x,},) < lim {sup - > x j] for X, € €.

n—oo | >0 n—oo .
FOS 720 %

Moreover, left hand side and right hand side of the above inequality are also Banach limits.
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Since the construction of Banach limits is based on the Hahn—Banach extension theorem, a Banach
limit is not necessarily unique. The following properties on Banach limits are easy to see and we omit
the proof.

Proposition 2.13. Any Banach limit LIM satisfes the following properties:
(1) for any {x,} and {y,} € €= with x,, > y, for all n € N, LIM ({x,},,) = LIM ({y.}»,); and

(2) LIM is continuous.

3 Absolutely continuous finite invariant measures

3.1 Weak almost periodicity and mean ergodicity

We recall important concepts of weak almost periodicity and mean ergodicity of Markov operators in
order to construct an absolutely continuous finite invariant measure for a given Markov operator.

Recall that a set ¥ < L'(X,m) is called weakly precompact if for any subset {f,},»1 € F, there
exists a further subsequence {f,, }x>1 such that a weak limit of f,, exists. Weak precompactness of ¥ C
L'(X, m) is known to be equivalent to (the Dunford—Pettis theorem, see [, 55])

(1) there is M < oo such that [|f]|.1,) < M for any f € F; and

(2) for each & > 0 there exists 6 > 0 such that for any f € 7, we have
m(A) < 6 implies flfl dm < e.
A

The second condition is called uniform integrability of # and is fundamental to estimate the exis-
tence of an absolutely continuous finite invariant measure which will be shown in subsection B32. When
one considers the Perron—Frobenius operator P of some non-singular transformation 7 over L' (X, m) and
F = {P"1x},>1, uniform integrability of ¥ is equivalent to the condition that for any € > 0, there exists
¢ > 0 such that for any n > 1 we have

m(A) <6 implies mo T7"(A) < &, 3)

which is called equi-uniform absolute continuity of {m o T7"}, (see [26, 1Y]).

The definition of weak almost periodicity, which turns out to be necessary and sufficient for the
existence an absolutely continuous finite invariant measure with a certain support condition shown in
subsection B2, is the following.

Definition 3.1. A Markov operator P over L' (X, m) is said to be weakly almost periodic if for any
f € LY(X,m) it holds that {P" f},» is weakly precompact. If {P" f},>; in the above condition is precompact
in strong, then P is called almost periodic.

The following theorem clarifies the meaning of the name “weak almost periodicity.” See Theorem
1.1.4 in [21]] or §2.4 in [B7] for more details.

Theorem 3.2 (The Jacobs—de Leeuw—Glicksberg splitting theorem). Let P be the complexification of a
Markov operator P over C-valued L'-space denoted by L\(X,m). If P is weakly almost periodic then
LY(X, m) can be decomposed into the direct sum L'(X,m) = L',4;(P) @ L' ;(P), where

L',(P) = 5pan{f € L'(X,m) : Pf = Af for some A € C with |1] = 1}
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and

ﬁﬂ(f_’) = {f € Z\I(X, m) W-](ILI?O P f = 0 for some {ny}x C N}.
Moreover, if P is almost periodic then

L' y(P) = {f e L\(X,m) : lim ||P"f||L,(m) = 0}.
Here, “uds” and “fl” stand for unimodular discrete spectrum and flight, respectively.
Definition 3.3. A Markov operator P is called mean ergodic if for any f € L!(X, m) the limit
1 n—1 )
lim - » P'f

n—oo n

i=0
exists in strong.
An immediate consequence of mean ergodicity of P is the existence of a finite invariant density
n—1

1 .
h=lim - » Ply.

n—oo n
i=0

The following theorem owes to Yosida and Kakutani in 1941 (Theorem 1 in [[Z6]) and plays a key role
in showing relations between weak almost periodicity, mean ergodicity and the existence of absolutely
continuous finite invariant measures in the next subsection (see Proposition BIT).

Theorem 3.4 (Mean ergodic theorem). Let P be a Markov operator over L'(X, m). If P is weakly almost
periodic then P is mean ergodic.

3.2 The existence of absolutely continuous finite invariant measures

In this subsection, we consider necessary and sufficient conditions for the existence of fixed points of
Markov operators. Weak almost periodicity of a Markov operator plays an important role in consider-
ing invariant measures. In the latter of this subsection, we consider necessary and sufficient conditions
for the existence of equivalent finite invariant measures for non-singular transformations which are the
generalization of the result of [26] to the case of not necessarily invertible transformations.

The following theorem gives equivalent conditions for the existence of a finite invariant density func-
tion with the maximal support.

Theorem 3.5. Let (X, B, m) be a probability space and P : L'(X,m) — L'(X, m) be a Markov operator.
Then the following statements are equivalent:

(I) There exists an absolutely continuous finite invariant measure u for P such that

lim P 1guppp(x) = 1 for m-almost every x € X; @

(II) P is weakly almost periodic;

(I11) {P"1x}, is weakly precompact;

13



(1V) For any Banach limit LIM, a set function u on (X, %) defined by

u(E) = LIM ({f P"lxdm} ) forEe€ A
E n

is an absolutely continuous finite invariant measure for P satisfying the equation (8).
Before proving this theorem, we give some remark and corollary.

Remark 8. (i) The equation (B) in Theorem B3 () is indeed weaker condition that (P, m) is ergodic. (See
also Remark B.) Thus the condition of maximal support can be regarded as a natural requirement for an
invariant density.

(ii) As long as we can construct an absolutely continuous finite invariant measure via Banach limits
method which is originally due to [26], the resulting measure automatically satisfies the maximal support
condition (@).

By complexification of a Markov operator P and by Theorem B, we obtain the following corollary.

Corollary 3.6. Let (X, #, m) be a probability space and P : L' (X, m) — L' (X, m) be a Markov operator.
If one of the conditions in Theorem B3 holds, then the following assertions are true.

(1) Pon Ij (X, m) is weakly almost periodic;
2) Ij(X, m) is the direct sum of the closed invariant subspaces:
LI(X,m) = L!,4(P) & L! (P)

where ﬁuds(P) is the set of eigenfunctions of unimodular eigenvalue and L 71(P) is the set of flight
functions.

We prepare a sequence of lemmas to prove the above theorem.

Lemma 3.7. If {P"1x}, is weakly precompact then a set function on (X, B) by

u(E) = LIM ({f P”lxdm} ) for E € A.
E n

satisfies countable additivity.

Proof. We have to show countable additivity of g, that is, u (U2, A;)) = Yoy #(A;) for any mutually
disjoint sets {A;};. By assumption of weak precompactness of {P"1x},, equivalently uniform integrability
of {P"1x},, we have that for each € > 0, there is 6 > 0 such that if m(A) < ¢ then fA P*1xdm < &. For
showing countable additivity of u, we prepare the following assertion:

N oo
lim {; fA | P”1de}n = {; fA | P”1de}n (5)

in £~ norm where {A;}; are mutually disjoint measurable sets. Since {A;}; are mutually disjoint and m is a
probability, we can find Ny € N for which m (Usz+1 Ai) < ¢ for N > Ny. Write for N > Ny

sup Z fP”lem :sup{f P"lem} <e
nzl =Nt YA a2 WU

n
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and hence we have the equation (B).
Then, by equality (B), for any mutually disjoint measurable sets {A;};

Al (1

i=1
By Proposition T3, (D) it follows
LIM(Z {f P”lxdm} ]: ZLIM({f P"lxdm} ): Z#(A,-).
i=1 \VAi n i=1 Ai n/ il
Thus u satisfies countable additivity. O

Lemma 3.8. For any locally integrable and non-negative measurable function f, it holds that
P Ly\supp Py < L\supp -
In particular, if h is an absolutely continuous o-finite invariant measure for P then we have
P*lsupph = 1supph~

Proof. We firstly show fs upp P*1x\supp prdm = 0. Note that for any £ > 0, there exists C > 0 such that
m(N¢) < & where Ne = {x € supp f : f(x) < C}. Since lgpp r(x) < f(x)/C for x € supp f \ N¢, we have

f P Lx\supp prdm = f Plgupp rdm
supp f X\supp Pf

= f P(Ine + Toupp p\veddm
X\supp Pf

P
SfPlNCdm+f —fdm
X X\supp Pf Cc

< é&.

Now ¢ is arbitrary small and we get L uop f P*Lx\supp prdm = 0. This implies supp P* 1x\supp py C X \ sUpp f
and by P*1x = 1x we obtain

.
P 1x\supp P < Loupp P Lyyuppry < Lx\supp £
as desired. O

Remark 9. Lemma B® implies that the support of an absolutely continuous o-finite invariant measure
for a Markov operator P spreads under the process by P. In the case when the system is ergodic then an
absolutely continuous o-finite invariant measure y of P always has the maximal support in the sense of
(@) (when one considers a non-singular transformation T it means that | J,-o 7" (supp ) = X (mod m)).

The following Lemma B was obtained in [[3] and it plays an important role in proving weak almost
periodicity of a Markov operator.

Lemma 3.9 (Proposition 3 in [[8]). If there exists an almost everywhere positive fixed point of P in
L'(X, m), then {P"g)}, is weakly precompact for any g € L1(X, m).
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Proof of Theorem B3. ()= (I): Recall that in a probability space, for any f € L' (X, m), {P" f}, is weakly
precompact if and only if {P" f}, is uniformly integrable from subsection Bl (1). Since Markov property
of P leads to fAIP”fIdm < fA P"|fldm for each f € L'(X,m) and A € 28, we are to show that {P"g},, is
uniformly integrable only for g € LL (X, m).

We consider the following measure v and operator P: v(E) = m(E N suppu) for E € % and Pf =
P ( Flsupp ,1). Then P is a Markov operator over L' (supp u, v) and Ph = h where h = du/dm an invariant
density. Hence by Lemma B9 we have that for any g € L! (suppy, v) and & > 0, there exists 6; > 0 for
which v(A) < ¢, implies

sup f P'gdv < &.
A

n>1

By Lemma &R, one can see that supp Pg C suppu (mod m) for any g € L!(X,m). Then for any g €
LL(X, m) and &£ > 0, there exists 6; > 0 such that we have

supr”(glsuppﬂ)dm<s for A € % N supp u with m(A) < 6.
A

n>1

Now we will show sup,,., fA P (glx\supp ,,) dm is dominated by an arbitrary small &€ > 0 to conclude

supfAP”gdm < supf/;P” (glsuppy) dm + supLP" (glx\supp#)dm < 2e

n>1 n>1 n>1

for A € % N suppu small enough in the sense of measure. By assumption that y has the maximal
support in the sense of (B) and by the fact that supp fi C supp f> implies supp Pf; C supp Pf, for
any fi, > € LL(X, m), it holds that for any g € LL(X, m) and £ > 0, there exists Ny € N such that
fX\suppH PNo (glx\suppﬂ) dm < &. Thus, for any g € L1 (X,m) and & > 0, there exists Ny € N and 6; > 0
such that for any A € % N supp u with m(A) < §;, we have

sup LP” (&Lxvsuppu) dm

n>No+1

=sup f prete (8 1X\supp#) dm

n>l JA

<sup j; pP" (PN0 (glx\supp,l) 1supp,,) dm + sup f pP" (PN° (glx\supp/,) lx\supp#)dm

nx1 n>1 JA

<2e.

Fore >0, g € L1+(X,m) and Ny € N as above, we can find 6, > 0 such that for any n € {1,..., Ny — 1}
and A € % N supp u with m(A) < , we have fA P"gdm < &. Then, for any & > 0 and g € L! (X, m), there
exists § = min{dy, d,} > 0 such that for each A € Z N supp u with m(A) < § we have

sup f P'gdm < e.
A

n>1

On the other hand, by Lemma B8 and assumption (@), {P*" 1 x\supp}» is decreasing to 0 monotonically
and from the Lebesgue convergence theorem, it holds that for any g € L'(X, m),

lim f P'gdm = f g lim P 1x\quppudm = 0.
n=00 Jx\suppu x n—oe
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This shows that for any g € L! (X, m) and & > 0, there exists § > 0 such that for each A € N (X \ supp u)
with m(A) < 6 we have

supr”gdm <e.
A

n>1

Therefore, P is weakly almost periodic.
()= (IM): Define a linear functional on L™ (X, m) by

u(g) = LIM ({f P*”gdm} )
X n

and set p(A) = u(1,) for A € ZAB. Then the assumption of weak precompactness of {P" 1}, implies that u
is an absolutely continuous probability measure on (X, %) by Lemma B7 and for g € L*(X, m) we have

u(g) = f gdu.
X

Indeed, for a function g = ;51 @;14, for some ¢; € R and (mutually disjoint) A; € %, we have

u(g) = LIM [{ fx P (Z “il‘“‘] dm}]

= Za,- LIM ({ fx P*"(lA,.)dm}n)
= Z @A)

by uniform integrability of {P"1x},. Simple function approximation shows the equality holds for any
g € L*(X, m). Applying this to P*1,4 € L*(X, m) for any A € %, we obtain

fP*lAdu = LIM({f P*"(P*IA)dm} ):LIM({[ P*”lAdm} ): f Ladu
X X n X n X
du B d_/J
LP(aTm)dm_Ldmdm'

Therefore y is an absolutely continuous finite invariant measure for P.
The rest is to show lim,,_, fs P"1xdm = 1. To show this we prepare the following inequality:

or

Upp {

f P'l1xdm < f P"™"1ydm forneN.
supp supp

This inequality is true from Lemma B8 and fx P (P* 1suppy — Lsuppp)dm = 0. Therefore, the Banach limit

of { fq wpps P'1 de} coincides with the conventional limit and we have
; n

lim P'lxdm =1

1= Jupp u

by p(supp ) = 1 and the definition of p. O
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If one considers the Perron—Frobenius operator corresponding to a non-singular transformation 7', the
following corollary of Theorem B3 is immediately obtained since weak precompactness of {P"1x}, is
equivalent to equi-uniform absolute continuity of {m o T}, with respect to m in the sense of (3).

Corollary 3.10. Let (X, B, m) be a probability measure space and T : X — X be a non-singular trans-
formation. Then the following are equivalent:

(I) There exists an absolutely continuous finite invariant measure u with respect to m such that

|77 (suppp) = X (mod m); ©6)
n=0

(II) {m o T™"},en is equi-uniformly absolutely continuous with respect to m;
(I11) For any Banach limit LIM, a set function
HWE)=LIM({moT7(E)},) forE€%A
is an absolutely continuous finite invariant measure for T satisfying the equation (B).
Remark 10. Let us look at the following condition:
(IT") There exists ¢ > 0, and @ € (0, 1) such that m(A) < § implies m(T™"A) < a forany n > 1.

If we replace the condition () in Corollary B—T0 by the above weaker condition (IIJ), we may not obtain
an absolutely continuous finite invariant measure with the maximal support in the sense of (H). We
recall that Straube showed in [bZ] that the condition (IT) is equivalent to the existence of an absolutely
continuous finite invariant measure (which does not necessarily have the maximal support).

Theorem B4 from section Bl gives a sufficient condition for all Banach limits to coincide with Césaro
average. Moreover, it plays a key role in establishing the following result.

Proposition 3.11. Let (X, 2, m) be a probability space and P be a Markov operator over L' (X, m). Then
each of the following conditions is equivalent to the existence of an absolutely continuous finite invariant
measure for P with the maximal support (&) (and hence all of the conditions in Theorem B3 hold):

(V) P is mean ergodic;

(VI) For any A € A, the following limit exists:

n—1
1 .
lim — fP’l dm.
n—oo n IZ(; A X

Remark 11. As arelated result to Proposition BT, equivalent conditions for Perron—Frobenius operators
being weakly almost periodic were given in [20]. It reads that the following are equivalent for the Perron—
Frobenius operator P:

(1) P is weakly almost periodic;
(2) P is mean ergodic;
(3) There exists fo € D(X, m) such that for any f € D(X, m) we have limsup,_, IP"f — follLigm) < 2.

Further, in [B3], Ito showed the equivalence of mean ergodicity of a Markov operator P and weak pre-
compactness of {% Z;':_OI Pi1 x} . Therefore, our result is the extension of their result.
n
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Proof of Proposition B11. By Theorem B4 (the Kakutani—Yosida mean ergodic theorem), we only show
the implications of conditions in Theorem B3 and Proposition BTl (M)= (M) and (MI)=(I).
(M)=(M): Suppose mean ergodicity of P. Then it follows that for any A € %,

n—1 N-1
1 . 1 .
lim - > Pf—— fP’fdmsf
fA”—"X’”; N; A A

-0

1n—1 1N—1
lim - Y Pf—— ) Pfld

as N — oo and hence the condition (1) is valid.
(MI)=(M): From the assumption, we can set, for each E € 4,

n—1
1 .
w(E) = lim —ZfP’lem
n—oo n IZO E

and the Vitali-Hahn—Saks theorem guarantees that u is an absolutely continuous probability measure with
respect to m. It is also easy to see that u is invariant under P. Further, the fact that P*" 14, is monotonic
increasing by Lemma B8 implies that

u(suppp) = lim P'l1xdm
n—=0 Jouoo
and yu has the maximal support. The proof is completed. O

In particular, if P is the Perron—Frobenius operator corresponding to a non-singular transformation
T : X — X, the following corollary is valid.

Corollary 3.12. The equivalent condition for all of the conditions in Corollary 10 is that for any A € 2B,
the following limit exists:

n—1
lim = Y moT7(A).
n—oo
i=0
In the rest of this subsection, we consider necessary and sufficient conditions for the existence of an
equivalent finite invariant measure for a non-singular transformation on a probability space. First of all,
we prepare the definition to state Theorem BT4.

Definition 3.13. Let (X, %, m) be a probability space and T be a measurable transformation. A set W € A
is called a weakly wandering set for 7 (with a weakly wandering sequence {n;};) if there exists
{n;}2, € N such that T™"WNT™W = @ (mod m), for any i, j € N with i # j.

Measures on (X, B), {vihnew and p, are called uniformly equivalent if {v,}, is equi-uniformly
absolutely continuous with respect to u and, at the same time, it holds that for any € > 0, there exists
6 > 0 such that inf,;5; v,(A) < ¢ implies p(A) < .

In [[Y] and [26], for an invertible transformation, one can see an equivalent condition for the existence
of an equivalent finite invariant measure (Il) as the conditions (M) in the next Theorem BT4. Further, they
proved the equivalence of () and equi-uniform absolute continuity of {moT"},cz with respect to m instead
of () for invertible case. We extend their results to not necessarily invertible cases.

Theorem 3.14. Let (X, B, m) be a probability space and T : X — X be non-singular with respect to m.
Then the following are equivalent:

(I) There exists an equivalent T-invariant probability measure y with respect to m;
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(II) {m o T™"},en and m are uniformly equivalent,
(I11) For any Banach limit LIM, a set function
WE)=LIM({moT7(E)},) forE€%A
is an equivalent T -invariant probability measure with respect to m;

(IV) Let A,B € A such that there exist {A;}iey and {B;}ien partitions of A and B, and exist {n;}ien
satisfying T™"A; = B; foranyi e N. IfA D B and m(A) > 0, then m(A \ B) = 0.

Remark 12. For an invertible transformation 7', two measurable sets A and B such that there are {n;};,
partitions {A;}; and {B;}; with T" A; = B; (mod m) for each i are called Hopf equivalent. The condition
that if A and B are Hopf equivalent and A > B then m(A \ B) = 0 is called Hopf incompressible and
is originally from [Z8]. Thus the condition (IM) in the above Theorem B4 can be considered as the
definition of Hopf incompressible for the non-invertible case. Now let us recall the definition of Type III
for non-singular transformations. A transformation is said to be of Type III if there is no equivalent
o-finite invariant measure (recall that a transformation is said to be of Type II; or Type II, ifit admits
an equivalent finite or o-finite infinite invariant measure, respectively). Then Theorem B4 states that
a non-singular transformation is of Type II; if and only if X itself cannot be Hopf equivalent with any
proper subset of X. However it is known that for an ergodic invertible Type III transformation, any two
positive measure sets are Hopf equivalent (see [[73]). We will investigate non-invertible generalization of
classical results in [[Z3] as a future work.

To prove Theorem BT4, we prepare the following two lemmas.

Lemma 3.15. Assume that there exists an equivalent T-invariant probability measure y with respect to
m. Then {m o T™}, is equi-uniformly absolutely continuous with respect to m.

Proof. We suppose that {m o T™"}, is not equi-uniformly absolutely continuous with respect to m, i.e.,
there exists £y > 0, {n;}; € N and {A;}; C % such that m(A;) < 1/2F and mo T~ (Ay) > & for any k € N.
We set By = (Jio, Ai. Then we have

lim m(By) = 0, (7)
m(T™By) > ey (fork € N). (8)

By the equation () and absolute continuity of ¢ with respect to m, we have that for any & > 0 there exists
0 =0d(e) > 0and Ny = Ny(6(e)) € N, such that for any k > Ny we have m(B;) < ¢ so that u(By) < €. Since
p is T-invariant, for any & > 0 there exists Ny € N such that for each k > Ny it holds u(7"*By) < €. By
absolute continuity of m with respect to u, the above assertion (77" By) < & contradicts to the inequality
®). ]

The following result was proven in [B6] for not necessarily invertible case.

Lemma 3.16 (Theorem 1 in [66]). There exists an equivalent finite invariant measure if and only if there
is no weakly wandering set with positive m-measure.

Proof of Theorem BI4. ()= (II): From Lemma B74, we only have to show that the condition of uniform
equivalent of {m o T™"}, and m implies u(E) = LIM ({m o T™"(E)},) satisfies absolute continuity of m
with respect to u. We suppose not i.e., there exists A € % such that u(A) = 0 and m(A) = ¢ for some
¢ > 0. By the property of Banach limits (see Theorem Z-12),

1 n—1+j
’}Lr?o(zgg; Z moT (A)] =0.
=]
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Thus, for any € > 0 fixed, there exists Ny € N such that for any n > Ny we have
n—1+j

inf — Z mo T™(A) < &.
i=j

>0 n

It follows that for this & there exists jo > 0 such that

n=1+jo A o n—1+j A
- Zﬂ, moT7(A)—e <inf ; mo T7(A).
Thus we can find ng € {jo, jo + 1,..., jo + n — 1} such that
mo T ™(A) < 2e. )]

On the other hand, by the assumption (), for ¢ > 0, there exists ¢ > 0, such that if inf,5; mo T™"(A) < &
then m(A) < c holds. We set € = §/2. Then from the inequality (H), we have that m(A) < c¢ and this
contradicts our assumption. Therefore, the condition () holds.

(II)=(W): It is obvious.

(I)=(II): From Lemma B3, we only have to show that if there exists an equivalent T-invariant
probability measure u then for any € > 0 there exists ¢ > 0 such that inf,>; v(A) < ¢ implies u(A) < e.
We assume not, i.e., there exists £y > 0 and {A;}; € Z such that inf,s; moT"(Ay) < 1/2% and m(Ay) > &
for k > 1. Then there exists £y > 0, {Ag}x € % and {n}; such that m o T (A;) < 1/25°1 and m(A,) >
for k € N. We set By = [J2, A; and

I}im moT™(By) =0 (10)
m(By) > gy (for each k € N). (11

By the equation () and absolute continuity of u with respect to m, for any € > 0 there exists 6 > 0
and Ny € N such that for each k > Ny we have m(T "% By) < ¢ so that u(T7%By) < e. Since m is also
absolutely continuous with respect to u for €y > 0 we can find 69 > 0 such that u(By) < o implies
m(By) < &. This contradicts to the inequality () and the condition () holds.

(I)=(M): Assume that there exists such A and B satisfying that | J;2, T7%A; = U2, B; (disj.) for
some {n;};. Then, by assumption of the existence of finite invariant measure y,

HAN\B) =p (O Ai\ 0 T"iAi] = i (u(A) = (T Ap) = 0.
Pri e i=1

Absolute continuity of m with respect to u implies m(A \ B) = 0.

(M)=(): From Lemma B—TH, we have to show the condition (M) implies that there is no weakly
wandering set with positive measure. We suppose there exists a weakly wandering set W with a weakly
wandering sequence {n;}; with n; = 0 with m(W) > 0. We set A; = T™"W, B; = T7"' W, A = U2, A;
(disj.), and B = |J, B; (disj.). Clearly it holds that 7=+ =A; = B; fori > 1 and A D B. By assumption
(4), we have that m(A \ B) = 0. This contradicts to m(A \ B) = m(T""W) = m(W) > 0. O

3.3 Asymptotic periodicity of Markov operators

In this subsection, we study constrictive Markov operators, which always have invariant densities (see
Proposition B8 and Remark 3 below for the invariant density). Many important examples of Perron—
Frobenius operators or Markov operators are constrictive. Otherwise, jump operators for Markov opera-
tors with respect to suitable sweep-out sets are constrictive. We refer to [BY, B0, &7, 43, 44, 56, 57] for
interesting properties of asymptotic behavior of constrictive Markov operators.
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Definition 3.17. Let (X, %, m) be a probability space and P be a Markov operator over L!(X,m). A set
F < L'(X, m) is called a constrictor (or an attractor) for P if for any 4 € D(X, m),

lim inf ||P"h — =0.
nl_)H.}o}IEIT” Fleigmy

and P is called constrictive (resp. weakly constrictive) if there exists a compact (resp. weakly
compact) constrictor ¥ < L!'(X, m) for P.

A Markov operator P is called smoothing if there exists § > 0 such that for any A € & withm(A) < §
and f € D(X, m) it holds

limsupr”fdm< 1.
A

n—oo

The next result is well-known spectral decomposition theorem for constrictive Markov operators and
given in [BY, 40, &4].

Proposition 3.18 (The spectral decomposition theorem). Let (X, B, m) be a probability space. Suppose
that P : L'(X,m) — L'(X,m) is a weakly constrictive or smoothing Markov operator. Then there exist
r € N, two sequences of non-negative functions g; € D(X,m) and k; € L (X,m) fori =1,2,...,r, and an
operator Q : L'(X,m) — L'(X, m) such that for any f € L'(X,m), Pf is written in the form

Pf=) A+ Of where A(f)= | f-kidm.
i=1 X

The functions g; and operator Q have the following properties:
(1) Functions g; have disjoint supports (i.e., supp g; N supp g; = 0 for all i # j);
(2) There exists a permutation a on {1, ...,r} such that Pg; = go fori=1,...,r;
) IP"Ofllimy = 0 asn — oo forany f € L'(X, m).

The property of P in Proposition BTR is called asymptotically periodic.

Remark 13. A constrictive Markov operator P always admits a finite invariant density of the form

1 r
h:;;gl

The following result gives the converse of Proposition BIX.

Proposition 3.19. Let (X, %, m) be a probability space and P : L'(X,m) — L'(X,m) be a Markov
operator. Then the following are equivalent:

(I) P is weakly constrictive;
(II) P is asymptotically periodic, namely the assertion of proposition B8 holds;
(I1I) P is constrictive;

(IV) P is smoothing.
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Proof. ()= (), (M)=(I): It follows from Proposition BTH.
()= (I): We show that there exists a compact constrictor for P if the spectral decomposition theorem
holds. We will show that the subset of L' (X, m),

P
F = {ngi . lai] < max kj“Lm(m) fori=1,--- ,r}

1<j<r
i=1 7

is a compact constrictor for P where {g;}!_, and {k;};_, are given as in Proposition BT8. First of all, we
show that for any & € D(X, m), P"h approaches to ¥ asymptotically. Indeed, by assumption (), for each
h € D(X, m),

Plp=y ( fx h- kidm) 8ary + P"Oh
i=1

and Ux h- kidm| < 1hkill 1wy < 11Kl (my hold. Thus it follows from

Z( f h-k,»dm) Sur €F
X

i=1

that

+ [P Q|11 gy

: n+lyp :
}Q;HP h f||Ll < inf von

(m) — feF

Z( fx h~kidm) gy — f
1

i=

= ”Pth”Ll(m) -0 asn— oco.

Next we show that the set ¥ is compact. For each sequence {f;}, in 7, f, can be written in the form

h=X agn)gi where |af”)| < max; ”kj”L""(m) fori =1,...,r. Then there exists {n;}; such that
a = lim a™
k—o0

fori=1,...,r and the function f* = 3/, a’g; satisfies f* = limy_,o f3, € F.

()= (IIM): We assume that there exists a compact constrictor . We first show Fp = F N D(X, m) is
also a compact constrictor. ¥ is a closed subset of a compact set and hence compact. Since an element
of a constrictor belongs to the closure of {P"h}, for some A € D(X,m) and D(X,m) is closed, Fp the
restriction of the constrictor # on D(X, m) is also a constrictor. Then the rest is to show P is smoothing.
Since Fp is compact, 6 := inf ez, m(supp f)/2 > 0. Hence, d = SUP ¢ gz nia)<s fA fdm < 1 holds for any
f € Fp. Therefore, for any A € # with m(A) < 6, it holds that for any 4 € D(X,m) and f € Fp,

fP"hdm < ffdm + 1P "h = fllpim)
A A
<d+ HPnh - f”Ll(m)
and lim sup,,_,, fA P"hdm < 1. That is, P is smoothing. =

We recall the definition of mixing and exactness for Markov operators.

Definition 3.20. A Markov operator P is called mixing if for any f € L'(X, m) with fx fdm = 0, it holds
that

lim | P'f-gdm=0 foranyge L7(X,m)

—00
n X

and is called exact if for any f € LY(X, m) with fx hdm = 0, it holds that

Tim 12" fllzs gy = O-
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The following theorem gives a simple sufficient condition for a Markov operator to be constrictive via
exactness (which is the generalization of Example 1.3.10 in [21]). Inoue and Ishitani in [37] also showed
a similar result only for the Perron—Frobenius operators. We also refer to [B9] as a related result. From
the following result, in case of an invertible non-singular transformation, the Perron—Frobenius operator
cannot be constrictive.

Proposition 3.21. Let (X, %, m) be a probability space and P : L'(X,m) — L'(X,m) be a Markov
operator. If there exists k € N such that P* has an invariant density and exact, then P is constrictive.
Conversely, if P is constrictive then P admits an invariant density and there exists k € N such that P |]§uppgi
isexactfori=1,...,r.

Proof. Assume there is /iy € D such that PXhg = hg and P* is exact. Then h = % Zf;ol P'hy is an invariant
density for P and we will show P is smoothing which is equivalent to constrictive according to Proposition
BT19. For each f € D(X,m),A € #8and N € N,

sup f P fdm = sup { f P fdm, f P fdm, f Pkl fdm}
n>kN JA >N A A A
< sup {||ka £l + [ B P =+ [ hdm} .
>N A A

since {n : n > kN} ={kl+j:j=0,...,k—1, I > N}. Note that ||Pk”+jf—h”Ll(m) — Qasn — o
for j =0,...,k—1since P/f — h = P/(f — h) is zero-average and P¥ is exact. This implies the above
supremum is bounded above by 1 for A small enough (with respect to m) and P is smoothing.

Next, conversely, we suppose P is constrictive. We only have to show P |§uppgi is exact for some k,
(i =1,...,r). It follows from asymptotic periodicity of P and Pg; = gu that, for any f € D(X,m)
supported on suppg;, Aq;)(f) = 1 and A;(f) = O for each j # a(i). Now let k be the smallest number with
Ptg; =g foralli=1,...,r. Then we have P*f = P*"!(g, + Qf) = gi + P! Qf and

lim [|P*" f = gil|,, < lim [P~ OF|], ) = O-

N0 ”L‘(m) ~ aooo

k

This means P [g,..

is exact and completes the proof. O

Remark 14. From the above Proposition BZZIl, we can say the difference between the decomposition of
a constrictive Markov operator and that of a quasi-compact operator. Recall that quasi-compact bounded
linear operators on complex Banach spaces (see definition in [[[f, [8]) also admit the decomposition as in
Proposition BTH. Hence it seems that the spectral decomposition for constrictive Markov operators is just
“real” version of the decomposition for quasi-compact operators on complex Banach spaces. However
we remark the decomposition of a constrictive Markov operator and that of a quasi-constrictive operator
are essentially different. Namely, the decay of {P"Qf}, in Proposition B-TH is not always exponentially
fast although the decay for a quasi-constrictive operator is always exponentially fast. Indeed, for an
intermittent map 7 : [0, 1] — [0, 1]

x+2%x1%  x€[0,1/2)
Tx =
2x—1 x€[1/2,1]

with 0 < @ < 1, because T admits a Lebesgue-absolutely continuous finite invariant measure for which
T is exact (see [b7, BR]), the corresponding Perron—Frobenius operator is constrictive by Proposition
BZ1. But the decay of correlation for this 7 is not exponential as the speed of convergence of the
iterated Perron—Frobenius operator is not exponentially fast (see [41, A5, &7]) whereas the decay for
quasi-compact operators is always exponentially fast.
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The next result gives a relation between Theorem B3 (weak almost periodicity) and Proposition B8
(the spectral decomposition theorem).

Proposition 3.22. Let (X, %, m) be a probability space and P : L'(X,m) — L'(X,m) be a weakly con-
strictive Markov operator. Then P is almost periodic so that each condition of Theorem B3 is valid.

Proof. We will show that {P" f}, is precompact for any fixed f € L'(X,m). By Proposition BIS, for
f e L'X,m), P*'f = 2y Ai(f)8ay + P"Qf and note that ") = ifori = 1,---,r since a is
permutation. Then it holds that for any {ni}; C N there exists {k;}; C N such that ny;, = Ny + m;r! for
some Np € N and {m;}; C N. Since

P f = photmric] (Z Ai(f)gaq) + Qf)
i=1

= > A(Hgai + P OF
i=1

and the operator Q satisfies that lim, e [|P"Qfl 1) = 0, we have

PUf = ) 4w
i=1

strongly as j — oo. Therefore, P is almost periodic. O

The following proposition shows that in the class of constrictive Markov operator, mixing property is
equivalent to exactness. The following proposition was shown in [E2] under the assumption that Ply =
1x. We prove the following assertion without this assumption.

Proposition 3.23. Let (X, 2, m) be a probability space and P : L'(X,m) — L' (X, m) be a constrictive
Markov operator. Then the following are equivalent:

(I) P is exact,
(II) P is mixing;
(I1I) r =1 in representation of Proposition B_I8.

Proof. (I)=(I): It is obvious.
()= (I): We assume that r > 1 and h = % >.i_, & is fixed point of P. Set f = g; and A; = supp g,

then
anflAldm=fga”(l)1Aldm
X '
1 @m=1
1o @) # 1.
Hence,

fP”flA]dm—f hdm‘
X Ay

'1 -, hdm' @' (1) =1)
UAI hdm‘ @' (1) £ 1)

f(P”f - h)lAldm'
X

>0
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and this contradicts to mixing property of P since fx( f = fo)dm = 0.

(OI)=(M): Assume that » = 1 i.e., for each f € L' (X, m), Pf = A(f)hy + Qf. Since A(f) = 1 for
each f € D(X,m), fokodm = 1. Hence, taking f = 14/m(A) for any A € A with m(A) > 0, we have
ko(x) = 1x(x) almost every x € X. Therefore, for any f € L'(X,m) with fx fdm = 0, it holds that
A(f +ho) = [ (f + ho)kodm = 1 and

1P" fllpimy = IP"(f + g0) = &ollLiomy
= ||ACf + g0)g0 + P71 O + £0) = 80|10y
= [P (f + 80l

-0

asn — oo, [m]

We recall the Jacobs—de Leeuw—Glicksberg splitting theorem and we consider the converse of Propo-
sition B, A Markov operator P is called quasi-constrictive if the closed subspace

Xo(P) = {f € L'CCm) s Tim 1P fls, = O}

has finite codimension. It is easy to verify that a constrictive Markov operator is also quasi-constrictive.
We remark relation between constrictive operators and weakly almost periodic operators. It is known
that (see [21]]) if a quasi-constrictive Markov operator is weakly almost periodic, it is constrictive. For
our future work, we ask further equivalent conditions for a Markov operator being constrictive by using
Theorem B3 and Corollary B6.

Example 4 (Example B, Revised). We revisit additive noisy type random dynamical systems considered
in Example B. According to Theorem 2.8 in [34], the Markov operator P corresponding to this random
dynamical system given by the equation (I) is constrictive, for any non-singular transformation 7" on the
unit and any distribution of noise g. Namely, P is asymptotically periodic and in particular weakly almost
periodic by Proposition BZA. Thus, we conclude that this random dynamical system always admits an
absolutely continuous finite invariant measure with the maximal condition in the sense of ().

4 Absolutely continuous o-finite invariant measures

In this section, we consider o-finite invariant densities for Markov operators. We use the induced operator
and the jump operator for a Markov operator which are the generalization of the induced transformation
and the jump transformation respectively. The induced operator and its use for finding a o-finite invariant
measure were suggested first by Halmos in 1947 ([27]) and matured by Foguel in 1969 ([22]). The
method of the jump transformation was given in [58] or [67]. In this section, we generalize the jump
transformation to the jump operator for a Markov operator. We use these methods for giving equivalent
conditions for the existence of a o-finite invariant density for an eventually conservative Markov operator
with nice support condition.

Recall that MY denotes (the quotient space of) the set of all non-negative measurable functions f
over (X, %, m) such that the measure m; defined by m/(A) = fA fdm for A € £ is o-finite. Then a
Markov operator on L!(X,m) can be naturally extended to the positive linear operator on the space M7
as in Remark [. Therefore, we can consider a fixed point of a Markov operator in M as the density of a
o-finite (infinite) invariant measure.
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4.1 Induced operators and jump operators
First of all, we recall the definition of induced transformations.

Definition 4.1. Let 7 be a non-singular transformation on a probability space (X, %, m). Assume that
there exists a set E € Z of positive measure such that | .o 7"E = X (mod m). Thenthehitting time
(orthe first return timeifx € E)of A € A, ¢, is defined m-almost everywhere by ¢g(x) = min{n €
N : T"x € E} and we define the induced transformation on E, Tz : X — E, by Tex = T#Wyx
(which is defined m-almost everywhere).

Remark 15. The conventional definition of the induced transformation is given by T¢ |gz: E — E. But for
our purpose of having the maximal support property of the invariant density, the induced transformation
should be defined almost everywhere.

The generalization of the induced transformation for a point transformation given in [22, D3] is the
following.

Definition 4.2. Let (X, %, m) be a probability space and P : L'(X,m) — L'(X, m) be a Markov operator.
We define the induced operator (by P) on E € & by

Pi = (gP) ) (IxneP)',
n=0

or the adjoint operator of Pg by
Py = Z(P*IX\E)n(P*IE)
n=0

where I is the restriction operator on E: Igf = 1gf for any measurable function f.
Next, we recall the definition of jump transformations given in [58, K7].

Definition 4.3. Let T be a non-singular transformation on a probability space (X, %, m). Assume that
there exists a set £ € Z# of positive measure such that | J,.o7"E = X (mod m). Then the first
entry time e is defined m-almost everywhere by e(x) = min{n > 0 : T"x € E} and we define the
jump transformation with respect to E, T* : X — X, by T*x = T°®“*!x (which is defined m-almost
everywhere).

Now we define the generalization of the jump transformation as follows.

Definition 4.4. Let (X, %, m) be a probability space and P : L'(X,m) — L'(X, m) be a Markov operator.
We define the jump operator (by P with respect to E € %) by

P=Pg = (PIp) ) (Plxz)',
n=0

or the adjoint operator of Fby
P =Py = ) (IneP")(IeP).
n=0

Proposition 4.5. Let P be the Perron—Frobenius operator corresponding to a non-singular transfor-
mation T on a probability space (X, %, m). Then the Perron—Frobenius operator corresponding to the
induced transformation Tg is the induced operator Pg.
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Proof. Note that T E'A = U, ({xe X pp(x) =n}NT™"A) (mod m) and the Perron—Frobenius opera-
tor P corresponding to T satisfies for any A € % and f € L'(X, m),

Z f fdm.
xeXipp(x)=n} " T"A

n=1 {

fPEfdm = fdm =
A T;'A

Since

T-'E n=1

. — = n_l
{xeX:pp=n}= TanmﬂT*i(X\E) (n=2),
i=1

it holds that
f Ppfdm = f fdm+ ) f fdm.
A T-'(ANE) =2 Y TMANE)NN] TT(X\E)
One can see that forn > 2,

T’"(AﬁE)ﬁﬁ;’;ll T-(X\E) T*””(AnE)nﬂ;’;f T-H(X\E)

== f (Ix\eP)" fdm
T-1(ANE)

f IEP(IX\EP)nilfdm
A

and
f Pgfdm = f IPfdm + Z f IgP(1x\ P! fdm
A A = Ja
-y f (IeP)Ix\e P fdm.
n=0 YA
This equality and the monotone convergence theorem imply our assertion. O

By the same way of proving the above proposition, we have the following proposition about the
relation of the jump operator and the jump transformation.

Proposition 4.6. Let P be the Perron—Frobenius operator corresponding to a non-singular transforma-
tion T on a probability space (X, %, m). Then the Perron—Frobenius operator corresponding to the jump
transformation T* with respect to E is the jump operator with respect to E.

Even if we do not have any non-singular transformation, under proper assumptions, we may still
obtain a well-defined induced operator or jump operator as a Markov operator on L' (X, m). The following
lemma is given in [22] (Lemma B in Chapter VI) only for the induced operator but obviously we have the
same statement for the jump operator and we omit the proof.

Lemma 4.7. Let (X, %, m) be a probability space and P : L'(X,m) — Ll(X’,\m) be a Markov operator.
For E € 2B, if lim,,(P*Ix\g)"'1x = 0, then Pg the induced operator and Pg the jump operator with
respect to E are well-defined Markov operators on L' (X, m).
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From the above lemma, we naturally give the following definition of sweep-out sets. See [hl] for
more precise properties of sweep-out sets.

Definition 4.8. A set E € # is called a (P-)sweep-out set (with respect to m) if Pp1x(x) = 1 for
m-almost every x € X or equivalently, Pr and Py are well-defined Markov operators on L' (X, m).

Remark 16. (i) A set E being a sweep-out set means that almost all points will visit £ sooner or later
under the process P. It is obvious that E is a sweep-out set if and only if it holds

}LYEIO(P*IX\E)"IX =0
or equivalently
r}i_)rg(IX\EP*)an =0.
(ii) By the consequence of Proposition 3.5 in [b1]], if the system (P, m) is conservative and ergodic,
then any set of positive measure is a sweep-out set.

Now, recall the Hopf decomposition theorem (Theorem [Zf) and the definition of the conservative
part € and the dissipative part © (Definition ZZ7) for a given Markov operator over a probability space.
One can see other characterization of the conservative part and the dissipative part in [22, B7], that is, for
any g € LT (X, m), we have

Z P"g=0 or oo
n=0

on € and there exists gp € LY (X, m) such that supp g» = D and

Further it holds that P*1¢ > 1¢ and P*1p < lp. Therefore, we have the following decomposition of X
(mod m):

X= {x € X : lim P"1g(x) > 0} U {x € X : lim P"1s(x) = 0}.
n—oo n—oo
Then we are in a position to give a new definition of eventual conservativeness for a system, which makes
the definition of conservativeness and dissipation slightly finer.

Definition 4.9. For a Markov operator P over L' (X, m), we call the system (P, m) eventually conservative
if lim, e P 1¢(x) = 1 m-almost every x € X.

Remark 17. It is obvious by the definition that if a system is ergodic and not totally dissipative, then the
system is eventually conservative.
4.2 The existence of absolutely continuous o-finite invariant measures

Now, we establish our main result in this thesis on the existence of a o-finite invariant density for a
Markov operator.

Theorem 4.10. Let (X, B, m) be a probability space and P : L'(X,m) — L' (X, m) be a Markov operator.
Then the following are equivalent:
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(I) There exists a o-finite invariant density h € M for P and there exists a sweep-out set E C
supp h N € such that [, hdm < o;

(II) There exists a sweep-out set E € 2 such that Pg the induced operator on E admits a finite invariant
density hy € L} (X, m) whose support supp hy is a sweep-out set;

(I11) There exists a sweep-out set E € % such that Pr admits a finite invariant density hy € LL(X, m)
with supp hy = E;

(IV) There exists a sweep-out set E € P such that P the Jjump operator with respect to E is weakly
almost periodic.

Before proving Theorem BET0, we give some remarks and immediate corollary.

Remark 18. (i) We can apply Theorem B to the condition (IM) in Theorem B0 via the jump operator.
Further, if E = X in the condition (IM), then P is weakly almost periodic and # is a finite invariant density
for P in the condition (). Hence Theorem B3 is a special case of Theorem ETU with A = supp / in the
condition (ll).

(ii) The condition () implies that the system is eventually conservative. Indeed © ¢ X \ A and we
have

lim P 15(x) < lim (P*Ix )" 1x(x) = 0.

n—oo

Further, from Lemma B8, the condition () implies that lim, . P**1x\quppr = O holds so that P has a
o-finite invariant density in M with the maximal support.

In particular, if we consider the Perron—Frobenius operator corresponding to a non-singular transfor-
mation then the following corollary is valid.

Corollary 4.11. Let (X, ,m) be a probability space and T : X — X be a non-singular transformation.
Then the following are equivalent:

(I) There exist an absolutely continuous o-finite T-invariant measure u and A C suppu N € with
HA) < oo andJ,»; TT"A = X (mod m);

(II) There exists a set E € A such that Tg the induced transformation on E admits an absolutely
continuous finite Tg-invariant measure ug which is equivalent to m |g;

(II1) There exists a set E € 9B such that T* the jump transformation with respect to E admits an abso-
lutely continuous finite T*-invariant measure v such that | J,5o(T*)™ (suppv) = X (mod m).

Remark 19. If one would like to use the usual definition of the induced transformation T¢ |g, one has an
equivalent condition for Corollary ETT as

(II’) There exists an equivalent finite invariant measure for the induced system (E, Z N E,m |g, Tk |g)
for some E € Z with ,50 T™"E = X (mod m).

To prove Theorem BTTl, we prepare a sequence of lemmas.
Lemma 4.12. If there exists h* € L1(X,m) a fixed point of P, then supp h* C C.

Proof. The conservative part € is characterized as € = {x €X: Yo Plulx) = 00} where u is an arbitrary
strictly positive L'-function. Taking u = h* + Ix\supp - and for any A C supp h* of positive m-measure, it

holds that
f P'udm = f (A" + P"Lyyauppre ) dm 2 f hdm >0
A A A
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for each n > 0. Hence, ', , P"u(x) = co for m-almost every x € A and A c €. This implies supph* c €
(mod m). 0

The following key lemma for the Theorem BE-TU was proven in [22] with the assumption that the whole
space is equal to the conservative part € modulo m and a Markov operator is ergodic. We replace this
assumption by weaker one but the proof is essentially same as in [2Z] and we omit it.

Lemma 4.13. Assume that there exists h* € L} (X, m) such that Pch* = h* for Pg the induced operator
for some sweep-out set E. Then there exists h € MT such that Ph = h given by

h= Z(IX\EP)"h*. (12)
n=0

We also have the following formula of the invariant density via the jump operator. The proof is almost
same as Lemma E-T3 and omitted.

Lemma 4.14. Assume that there exists h* € L} such that Ph* = I* for P the jump operator for some
sweep-out set E. Then there exists h € MZ such that Ph = h given by

h= Z(PIX\E)”h*. (13)
n=0

Proof of Theorem BI0. (I)=(I): Suppose (I) holds and let E C supp be the set as in the condition
(). Since lim, .« ||(P*Ix\£)"1 X” . 0, Pg is a Markov operator. Then we show that Pg has a finite

invariant density 41z € L1(X, m) with the maximal support. Write for any B € % with fB hdm < oo,

n=0

oo

( f I(PIx\g)"hdm — f IE(PIX\E)"“hdm)
0 B

n=

flEhdm - 11m IE(PIX\E)”hdm
B

fhlEdm—hmfhlx\E(P IX\E)n 1P lEdem
B

= fhlEdm
B

since fBlE(PIX\E)”hdm < fE hdm < oo and lim,_.(P*Ix\g)"1x = 0. Therefore, we have Pg(hlg) = hlg
and the support of this invariant density for Pg equals to E.

()= (I): It is obvious.

(0)=(m): Assume that Pg the induced operator is a Markov operator for some E € % and Pg has an
invariant density 4" with lim, e (P*Ix\supp#)"1x = 0. From the equation (I2) in Lemma ET3, P has a
o-finite invariant density 7 € MJ. Set A = supp 4*. Then A C supp 2N € (see the conservative part of the
induced operator for [A1]) and it follows from A C E that

f hdm = f Phdm = f PZ(IX\EP)”h*dm
A A Y —
< f IEPZ(IX\EP)”h*dmz f h*dm
X = X

< 00,
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()= (IM): We recall that the condition

(IV’) For P, there exists /1, € L (X, m) such that Phy = hy and lim,_c P™1 X\supph (¥) = O for m-almost
every x € X.

is one of the equivalent condition for the condition (M) by Theorem B3 and so we prove the implication
(IOm) to (0V1). We note that by definition of the induced operator and the jump operator it holds PP = PPg.
Then if Pghy = hgy for some hy € L}r(X, m) we have also F(Pho) = Phy. Now we assume supp hg = E as
in the condition () and write

F* 1X\suppPho = Z(IX\EP*)nIEP*lX\suppPhO < Z(IX\EP*)nlElX\suppho =0
n=0 n=0

by using Lemma B=. This means weak almost periodicity of P. _
(M)=(): Since P is weakly almost periodic, there exists h; € L}r (X, m) a finite invariant density of P
such that lim,, .o P**1x\supps, = 0. Put

h= " (Plyg)"h
n=0

and this is a o-finite invariant density for P in M as in Lemma BET4 and the above proof of the
implication (I)=(I). Hence the rest of the proof is to show E N supph is a sweep-out set, namely,

Pz‘nsupphlx = lx. Proposition 2.2 in [1] implies that

. 5« no ok
Pzﬁsupphlxz (P IX\(Eﬂsupph)) PIEﬂsuppth

(o) k (o)
(Z (P*IX\E)[ P*IEO(X\supph)] Z(P*IX\E)IP*IE(Isuppth)
=0 =0

DM IMe 1M

% k *
(PEIX\supph) PEIsupphIX-

=~
Il
(=]

The last term equals to 1y if and only if lim,, e (P Ix\supp )" 1x = 0. From weak almost periodicity of 75,
PP* = PLP*, and P*1x\quppi < 1x\suppn» We have

”(PZIX\supp h)nH Ix

< ”(PZ)n P*l)(\supph”Lm(m) < ||P*ﬁ*n1X\supph1

L*>(m) L>(m)

as n — oo. Therefore, E N supp & is a sweep-out set and the proof is completed. O

Remark 20. By the proof of implication (Il) to (), we can also add the following equivalent condition
to Theorem ET0:

(I’) There exist h € M{ a o-finite invariant density for P and A C supp/ a sweep-out set such that
[, hdm < .
A

This means that for a o-finite invariant density A, if there exists a sweep-out set of finite measure with
respect to this invariant density contained in supp &, then the system (P, m) is eventually conservative.

Hence it holds
fhdm:fh~P*”1®dm—>0
D X

asn — oo and supp s ¢ € (mod m). That is, the existence of a sweep-out set of finite measure contained
in the support of a o-finite invariant density is necessary for the system being eventually conservative.
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4.3 Ergodic structure of random iterations of weakly expanding transformations

In this subsection we investigate some ergodic properties of Markov operators through the induced oper-
ators or the jump operators. As an application, we show some ergodic property for random iterations of
non-uniformly expanding maps. For uniformly expanding maps on average, Pelikan studied the number
of ergodic components in [53]. We also refer to [24, 48] for ergodic properties of random dynamics.

The following proposition reveals the relation between the sub-o-algebras of invariant sets for a
Markov operator and its induced operator or jump operator. For deterministic case (i.e., for a non-singular
transformation), the following results were already known in [B, 5¥].

Proposition 4.15. For a Markov operator P over L'(X, m), let Py and FE be the induced operator and
the jump operator with respect to some sweep-out set E € .. Then the following relations on X; the
sub-o-algebras of invariant sets defined in Definition 8 are true:

Z(P") cZi(Pg) (modm) and X;(P")C E,-(F}}) (mod m).

Consequently, if Pg or FE is ergodic with respect to m then (P, m) is ergodic.

Proof. Let f € L*(X,m) such that P*f = f. Write P*Igf = f — P*Ix\gf and

Ppf = Z (P Iyg)"' P'Ipf = Z (P Ixnge)' (f = P'Ixef) = f

n>0 n>0

since lim,,o(P*Ix\g)" f = 0. To show F*E f = fforany f = P*f is almost same way as above and we
omit it. O

From now on, we focus on random iterations of maps on the unit interval X = [0, 1] which satisfy
expanding property on average except finitely many indifferent fixed points in the following sense.

Definition 4.16. A random iteration {7;,dp(i) : i € I} is said to satisfy expanding property on
average except finitely many indifferent fixed points if

(1) each T; is a piecewise C'!-invertible, namely, there exist at most countable partitions into subintervals
{Xpitnsuchthat T; |x, 0 X,; —» TX,,;isaC ! and invertible map and

(2) there are finitely many common fixed points xi, ..., xy for all T; with |T7 (x,,)l = 1 such that
su f ! dp(i) <1 (14)
e— l
woxw J T ?

(whenever derivative can be defined) where U = UnN=1 U, for U, any small open neighborhood of x,,.
Note that x; does not necessarily belong to X, ;.

Remark 21. (i) We recall that the definition of expanding property on average. Under the setting of ()
in Definition ETA, a random iteration {7, dp(i) : i € I} is said to satisfy expanding property on average
if there is no common indifferent fixed point in Definition BE-I8 and the inequality (I4d) holds where the
supremum is taken over X the whole space. For a random iteration satisfying expanding property on
average, the existence of an absolutely continuous finite invariant measure and many statistical properties
were well-studied (see [, [, 24, 25, 53, BU]).

(ii) We also remark that for a random iteration which satisfies expanding property on average except an
indifferent fixed point, sufficient conditions for the existence of an absolutely continuous o-finite invariant
measure and further statistical properties were studied. For example, we refer to [9, [0, [T, BT, 51, 52].
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Figure 1: A graph of T; for some i € I in Definition ETH

For a random iteration satisfying expanding property on average except indifferent fixed points in the
sense of (), we can show that the sub-c-algebra of ergodic components is purely atomic and has only
finitely many atoms under certain assumptions.

Using Proposition BETY, we give sufficient conditions for that random iterations of maps satisfying
expanding property on average except indifferent fixed points have at most finitely many ergodic compo-
nents. The existence of an absolutely continuous o-finite invariant measure for the setting in the following
Corollary was already shown in [31] via the induced system. However, in the following Corollary, the
alternative proof by the jump operator will be shown.

Corollary 4.17. Let (I, %, p) be a probability space and {T;,dp(i) : i € I} be a random iteration of
non-singular transformations on [0, 1] with Lebesgue measure A, which are piecewise C' with (possibly
countable) partition {X,, ;}, for each i € 1. Suppose that

() {T;,dp(i) : i € I} satisfies expanding property on average except finitely many indifferent fixed points
X1s.ees XN5

(i) The average reciprocal of derivative is of bounded variation: there exists a constant M > 0 such
that for each i € I, \/ 9 17 8 < M holds where

) .
1 € t(X,..0),
gi(x) = {171 x € Uy int(Xo1)
0 x e X\ U, int(X,,);
1il ere exist open neighborhoods of x1, ..., xn, {Un}n, suchthat T; | ju,=T; | yu, forany i, j€ I;
(iii) Th. ) ighborhood {U,} hthat Ti | yu,=T; lyu, ,j €l

(iv) E = [0,11\ U, U, is a P-sweep-out set with respect to A where P is the Markov operator corre-
sponding to the random iteration {T;,dp(i) : i € I}.

Then P admits an absolutely continuous o-finite invariant measure and has at most finitely many ergodic
components.

Proof. For a Markov operator P corresponding to the random iteration {7}, dp(i) : i € I}, we firstly show
that the jump operator Pg with respect to E corresponds to the random iteration {7, dp(i) : i € I} where
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T; denotes the jump transformation with respect to E. Indeed, by using the Perron—Frobenius operator
P; corresponding to T;, for each f € L'(X, m),

Paf() = Pl Y, (Pl £ = [ Pile Y (Phe) fdp) = [ Porodpto

n>0 n>0

where P; is the Perron—Frobenius operator associated to the jump transformation 7. The last equality
follows from 7; | ju,= T | yu, for i, j € I. Note that {T},dp(i) : i € I} satisfies expanding on average:

1
sup f—dp(i) <1
xe[0,11 J1 Tl.*’(x)l

It also follows from expanding property of {7} : i € I} on |J, U, and the assumption (i) that the average
reciprocal of derivative of the jump system is of bounded variation. Thus, the result of [B0] and Ionescu-
Tulcea and Marinescu theorem (see also [[Z, B31]) implies that Py is quasi-compact or asymptotically
periodic. Hence the jump operator Pr admits an absolutely continuous finite invariant measure and the
original operator P has an absolutely continuous o-finite invariant measure by Theorem BET0. Also, this
implies Zi(ﬁz) consists of only finitely many atoms and the proof is completed by Proposition B15. O

Example 5. Let I be a closed interval and @ > 0. Define {T; : i € I} on the unit interval (cf. LSV map
defined in [A5]) given by

x+2%x"  xe[0,1/2]
]}X =
Ji x € (1/2,1]

where f; : (1/2,1] = £((1/2,1])is a C'-invertible map with |f’| > 1 uniformly and f’ is monotone. Then,
from Corollary BE-T2 for any probability measure p on I, the random iteration {7}, dp(i) : i € I} admits an
absolutely continuous o-finite invariant measure and has at most finitely many ergodic components with
respect to Lebesgue measure on [0, 1].

S Random iterations of weakly expanding maps with uniformly con-
tractive parts

In this section, apart from the last subsection B3, we focus on random iterations which do not satisfy
expanding property on average except indifferent fixed points. Namely, in this section we deal with ran-
dom iterations which admit both the common indifferent fixed point and uniformly contractive part. We
will define our model of random iterations which do not satisfy expanding property on average except an
indifferent fixed point in the sense of (I4) and study its absolutely continuous o-finite invariant measure.
We will show the existence of an absolutely continuous o-finite invariant measure for our model and give
the criterion of the invariant measure to be a finite or infinite measure. Throughout this section the phase
space is X = [0, 1], A is the o-algebra of Borel sets and A is Lebesgue measure.

5.1 The definition of the model

We give the concrete definition of our model in this subsection. Set arbitrary & > 0. We define the parti-
tion of X = [0, 1] into 2, = {Xn = ((n + 1) Ve, n‘l/"]}n>1. Then we have A(X},)/A(X,+1) monotonically
decrease to 1 as n — oo where A is Lebesgue measure on X. Let I be a countable set or a closed interval in
R and for each i € I, J; be a (non-empty) subset of N. We consider a family of transformations {7 : i € I}
on X (see Figure O below for an example) which are piecewise monotone and piecewise linear on the
partition 2, satisfying

35



(a-1) Foreachie€l, T;lx,: X, = X,-1, for any n > 2, monotonically increasing given by

(I’l _ 1)—1/& _ n—l/oz (I’l + 1)—l/a(n _ 1)—I/a _ n—2/a
Tilx, () = — X - —
nle —(n+ 1)~V nle — (n+ 1)V

bl

namely, all 7; are identical on X \ X;;

(@-2) T; Ix,: X1 = Ukes, Xk, monotonically increasing and surjective which is piecewise linear in the
sense

T’ | _ Zkej,- /l(Xk)
D)

whenever the derivative can be defined, for each i € I.

We call a family of transformations {7; : i € I} with the above conditions (B=1l) and (B=2) piecewise
linear intermittent Markov maps (with the index {J;}ic/).

1

5% Xi

0 - 4t 3w oo 1

Figure 2: A graph of T; for some i € I of piecewise linear intermittent Markov maps

Then, for a given Borel probability measure p on I, we consider arandom iteration of piecewise
linear intermittent Markov maps with uniformly contractive part such that

(b-1) {T; : i € I} is piecewise linear intermittent Markov maps and

(b-2) on X), the random iteration {T;, dp(i) : i € I} is uniformly contractive on average:

1 . AXy) .
—d = | ——————d 1.
fl 7] P07 ) e a0

By definition, random iterations of piecewise linear intermittent Markov maps with uniformly con-
tractive part do not satisfy expanding on average in the sense (I4).

5.2 The existence and estimation of o-finite invariant densities

In this subsection, we show the existence of an absolutely continuous o-finite invariant measure for any
random iteration of piecewise linear intermittent Markov maps with uniformly contractive part defined in
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the last subsection. For weakly expanding case in the sense of (I4), sufficient conditions for the existence
of an absolutely continuous o-finite invariant measure was already shown in [31] via the inducing scheme.
The main result in this section is as follows.

Theorem 5.1. Any random iteration {T;,dp(i) : i € I} of piecewise linear intermittent Markov maps
with uniformly contractive part, which satisfies (b=1) and (b=2), admits an absolutely continuous o-finite
invariant measure.

Proof. We first note that the jump operator with respect to X; represents the random iteration of {7, dp(i) :
i € I} where each T7 is the jump transformation of 7; with respect to X;. This follows from exactly same
manner as in the proof of Corollary E-T7A. By the properties (B=1l) and (B=2) for each T;, we have

_ X AX)

T :[0,1] - UXk satisfying T} |, 2K

keld;

Using ¢£,i) i Ujes, Xj = X, the inverse branch of T} [x, for i € I, the Perron-Frobenius operator F,
corresponding to the jump transformation T with respect to X is given by

ey [ /l(Xn)

P; = 0 y) 227 15

f(x) 21 £(#0x) oA (15)
x€Ujes; Xj

Next we show that the Markov operator Fxl corresponding to the random iteration {7, dp(i) : i € I}
obtained above is weakly almost periodic. By using the formula of (I3), we have

/l(X ) . 1U/‘EJ-X/ .
Py, 1 —f X e dp() = | ———=dpr()
e ; DS e AX) 2 jes; AX;) 1 Djes; AX)) P

and

— AX;)
Py, x, = > Pily, = Zier A%,

= s Ay ek

Hence, by commuting FXI with integral in Bochner integral (for Bochner integration theory, see [[/5] for
instance), we have

1 —
1 :f—P 1y, xdp()
X 1 2jes, AX)) X1 e X,0P

1 Y e, AX)) |
) ' 1 dp(k)|d
fI‘ZjeJi AX)) ( 1 Yies, AX) Uses, Xs p(k)|dp(i)

1
= | =————1y_, x.dpk)
fz Yooy Ay e X P
=Fx11x

and {F}l 1 X}n is weakly precompact in L'(X, 2). This implies the existence of an absolutely continuous
o-finite invariant measure for P from Theorem E-T0 and completes the proof. O

For a random iteration of piecewise linear intermittent Markov maps with uniformly contractive part,
we can calculate explicit formula of the invariant density.
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Corollary 5.2. For any random iteration of piecewise linear intermittent Markov maps with uniformly
contractive part {T;,dp(i) : i € I}, the invariant density du/dA is given by the following formula:

d/l f 1 /1(Xj) | .
A 1 ZjEJ; /l(Xj) g(; ; /l(Xj—n) Xjn p(l) ( )
j>n

Consequently, u(X) < oo if and only if

fZ — )ZZ/I(X)dp(l)<oo
Jje

n>0 jeJ;
j>n
Proof. By the proof of Theorem B, hy = fl m 1y, x;,dp() is an invariant density for FX] . For the
original Markov operator P, an invariant density is given by & = },50(PIx\x,)"ho according to Theorem
ET10. Therefore, for an absolutely continuous o-finite invariant measure u of {T;,dp(i) : i € I}, we have

Z(P )’ | 5 e T v 00>

Write foreachie€ I andn > 0
(Phox)" 10,0, x, = D (Pl 1,
JjeJi
B Z AX) AXj-1) /I(Xj—nﬂ)l
= ‘e Xion
GAX) AXj2) AX)
j>n

-y AX)
AXj- n) Ko

Jjedi
j>n

Thus, we have the formula of the invariant density (I8). O

Remark 22. For the case of nonlinear random maps like LSV map or Manneville-Pomeau map with
uniformly contractive part, we also may be able to show the existence of absolutely continuous o-finite
invariant measures and to estimate the invariant densities if the branches on X is linear in the sense (a-2).
Otherwise, it would be possible to estimate the invariant density under certain distortion property on X;.
That will be studied in the other paper.

In the rest of this subsection, we give several examples of random iterations of piecewise linear
intermittent Markov maps with uniformly contractive part.

The first example is a random iteration of piecewise linear intermittent Markov maps with “thin
branches” which return to the indifferent fixed point. The absolutely continuous o-finite invariant mea-
sure of the following example varies at @ = 1 from finite to infinite, which is same as the deterministic
case [B].

Example 6. Leta > 0,1 = {1,2}and J; = {(10i))n : n > 1} fori € I. Set p; = p (and p, = 1 — p). (See
Figure O below for the corresponding map.) Then the random iteration of piecewise linear intermittent
Markov maps with uniformly contractive part {T;; p; : i € I} admits an absolutely continuous o-finite
invariant measure y by Theorem Bl Corollary B2 tells us that

ux =" ZM S 2 20

i=1,2 n>0 jeJ;
Jj>n
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Fori = 1, we have

| 1
ZZA(XJ‘) =Z Z ((10k)1/a T (10k + 1)”6*)

n>0 jeJ; n>0 k>1
j>n 10k>n
1 1
10 ( B )
1/a e
ékgl (10 (10k + 1)1/

since A(X;) = j~'® — (j+ 1)7"/®. For enough large n, the last summation in the above equality is of order
(n+ 1)"Y, This is also the case for i = 2 for sufficient large n. Therefore, we conclude p(X) < oo if and
only if @ < 1 same as deterministic transformation case.

3-lla

4-Va

X3 X | .. X,
0 g4-lla 3=lVa  p-lla 1

Figure 3: A graph of T in Example B

The following example is a random iteration which always admits an absolutely continuous finite
invariant measure for any « of the order of tangency at the indifferent fixed point, because all points will
never return to a neighborhood of the indifferent fixed point.

Example 7. Let @ > 0, I = N and J; satisfy that | J,¢; J; is a finite set. Then, from Corollary B2, for any
probability vector {p;}ic;, the random iteration of {7T;; p; : i € I} admits an absolutely continuous finite
invariant measure. Further, the invariant density for this random iteration is bounded above even around
the point 0.

The following example also admits an absolutely continuous finite invariant measure, although many
points of positive measure will return to an enough small neighborhood of the indifferent fixed point with
positive probability.

Example 8. Leta > 0,/ =Nand J; = {2,3,...,i + 1} for i € I. See Figure B for the maps {7T; : i € I}.
If we put p; = 1/2/ for i € I, then the random iteration {T}, p; : i € I} admits an absolutely continuous
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o-finite invariant measure y by Theorem B and

uX) = AX))
Z Z;egz ..... w1} /1(X ) ;/E ;Hl] !
>k
- AX) + AX;)
n 1 J J
: /l(X ) (je{2§+l} ; k<;+l

1 n
2_{ n+l /l(X ) [Z (k+ l)l/w - (n + l)l/a]}

since A(X;) = jY* = (j + 1)"Y/%. Therefore, since }};_,(k + 1)1/ is at most of order n, we can see
U(X) < oo for any @ > 0. That is, the invariant measure y is always finite.

3-lla

4-Va

X;| X, X,
0 g-lla 3=la  p-lla 1

Figure 4: A graph of transformations in Example B and B (infinitely many branches on X correspond to
T; Ix,, i € I, respectively)

We modify Example B and we show that the modified random dynamics admit both finite and o-finite
infinite invariant measure depending on the parameter a. The critical point of @ is quite different from the
deterministic case.

Example 9. Let @ > 0 and k > 2 a natural number. Set / = N and p; = 1/2". Then we put J; =
{2,3,...,25+D) " Ag the same way in Example B, we have the invariant measure for this random iteration
u(X) is of order ¥, 25"1=1/9) /21 for @ # 1. For a = 1, one can see that u(X) is finite. Thus, we conclude
that u is an absolutely continuous finite invariant measure if and only if @ < k/(k — 1).

In the last two examples, most of points will rarely return to the indifferent fixed point O so that the
absolutely continuous invariant measures hard to become infinite measures. Then, conversely, we will
see that the following example makes absolutely continuous invariant measures tend to become infinite
measures.

Example 10. Leta > 0,/ = Nand k(i + 1) > k(i) > 2 foreachi € I. Wenow set J; = {j € N : j > k(i)}.
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Then for any probability vector {p;};e;, the invariant measure y for this random iteration forms

u(X) = Z Zjej X 5 D)) = Z o ).

n>0 jeJ; n>0 jeJ;
>n j>n
Here write
k(i)—1 o0
_1
ZZ&(X,»): Z Z /l(X)+ Z Z/I(X)—k(z) k(i) + Z na
n>0 jeJ; n=0 je{k(i),... n=k(i) j>n n=k(i)
j>n
and we have

u(x) = Z pik(i) + Z d Zk(,f(i ”

If @ > 1 then the right hand side of the above equality diverges and if @ < 1 then we have that u(X) is of
order ), pik(i). Therefore, we conclude that u is finite if and only if @ < 1 and }}; p;k(i) < co. Thus,
for example, if p; = 6/(>7°) and k(i) = 2 + [i”] for some y > 0, then y is finite if and only if @ < 1 and
O<y<l.

3-lla

4~V

. Xz%

0 4V 3-Va gl 1

Figure 5: A graph of transformations in Example [0 (infinitely many branches on X; correspond to 77 |x,,
i € I, respectively)

Remark 23. For random iterations of non-uniformly expanding maps as Example B and [, the critical
value of @ where the invariant measure varies from finite to infinite can be different from deterministic
case ([A7]). Similar example which is expanding on average except an indifferent fixed point can be seen
in Example 6.2 of [31].

5.3 Concluding remarks

In this subsection, we will give some remarks on our results presented in this thesis and raise some future
direction.
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First of all, we give a remark on Theorem Bl and its applications Examples B-I0. Non-uniformly
expanding random maps (intermittent random systems as in [31, 51]) and contractive random maps (dis-
sipative random systems as in [, [[4]) were recently studied separately. However, for random iterations
which have both non-uniformly expanding part and uniformly contractive branches like our model, sta-
tistical properties including the existence of absolutely continuous o-finite invariant measures are still not
known. Therefore, our result could be interpreted as the first step toward the direction of non-uniformly
expanding random maps with uniformly contractive part.

Secondly, we give a comment on dissipative systems comparing Theorem B and Theorem ETQ.
As mentioned in Remark I, a non-eventually conservative system (i.e., the dissipative part remains
asymptotically of positive measure) has no sweep-out set of finite measure with respect to a o-finite
invariant measure. On non-eventually conservative systems, we may not hope that the method of the
induced operator or the jump operator still works. Therefore, we will have to construct new method
to get o-finite (infinite!) invariant measures for dissipative systems. We may head for the direction of
dissipative systems based on [3].

Finally, we mention the difference between annealed type random dynamical systems and quenched
type random dynamical systems, and comment our future works. All random dynamical systems dealt
with in this thesis are so called annealed type random dynamical systems but typical random dynamical
systems in ergodic theory are of the skew-product form as follows. Let (X, %, m) and (Q,.#,P) be
probability spaces, interpreted as a phase space and a parameter space respectively. Leto : Q — Q a
P-preserving transformation and 7, : X — X a non-singular transformation for each w € Q. Then a
random dynamical system (in the sense of skew-product transformation) ® : X X Q — X x Q is defined
by

O(x, w) = (Tyx, ow).

Although we can deal with numerous transformations {T,, : w € Q} through this type of random dy-
namical systems, ® is a somewhat “deterministic”” over X X Q whenever we observe this system via the
reference measure m X P. However, recent progress in the theory of random dynamical system make it
possible to handle the statistical properties of “fiber-wise” or “sample-wise” random dynamical system
Tonw) © -+ 0 Ty © T, for P-almost every w € Q. Such systems in view of fiber-wise observation are
called guenched type random dynamical systems. We refer to [[4, IT]. For the direction of quenched type
random dynamical systems, we recently introduced Markov operator cocycles and obtained some results
on their mixing properties in [50].
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