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1 Introduction

1.1 Background: Classical Mirror Symmetry

Mirror symmetry is some symmetry between Calabi-Yau variety X (A-
model: Kähler structure) and another Calabi-Yau varietyX◦ (B-model: com-
plex structure). Mirror symmetry comes from superstring theory. In super-
string theory, a particle in spacetime M is considered as a string and its tra-
jection is described as a map from Riemann surface Σ to M . By conformal
invariance, M must have 10-dimensions. Then M is considered as a product
of 4-dimensional spacetime M3,1 and (complex) 3-dimensional Kähler mani-
fold K whose Ricci curvature vanishes (namely, Calabi-Yau threefold), and
K is small to have escape ditection in ordinary our observation. This is the
compactification of superstring theory. Moreover, the theory which describes
the motion of a string in Calabi-Yau threefold K is described by N = 2 su-
perconformal field theory (SCFT). N = 2 SCFT suggests the symmetry: for
Calabi-Yau threefold X, we can take another Calabi-Yau threefold X◦ such
that hp,q(X) = h3−p,q(X◦), where hp,q(X) is the Hodge number of X. By
the way, it is convenient to introduce the Hodge diamond of 3-dimensional
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compact Kähler manifold X:

h3,3(X)
h3,2(X) h2,3(X)

h3,1(X) h2,2(X) h1,3(X)
h3,0(X) h2,1(X) h1,2(X) h0,3(X)

h2,0(X) h1,1(X) h0,2(X)
h1,0(X) h0,1(X)

h0,0(X)

Since hp,q(X) = hq,p(X) = h3−p,3−q(X) = h3−q,3−p(X) and h0,0(X) = 1, h1,0(X) =
0, h2,0(X) = 0, h3,0(X) = 1 for Calabi-Yau threefold X, it is sufficient to con-
sider h1,1(X) and h2,1(X). Then the Hodge diamond of X is

1
0 0

0 h1,1(X) 0
1 h2,1(X) h2,1(X) 1

0 h1,1(X) 0
0 0

1

and by using “mirror symmetry” h2,1(X◦) = h1,2(X◦) = h1,1(X), h1,1(X◦) =
h2,2(X◦) = h2,1(X), the Hodge diamond of X◦ is

1
0 0

0 h2,1(X) 0
1 h1,1(X) h1,1(X) 1

0 h2,1(X) 0
0 0

1

Thus, the Hodge diamond of X◦ is a 45◦ line reversal of the Hodge diamond
of X. This is the origin of the word “mirror” of mirror symmetry.

In general, h2,1(X) equals to the dimension of complex moduli space
(moduli space of complex structure) ofX and h1,1(X) equals to the dimension
of Kähler moduli space (moduli space of Kähler structure) of X. By “mirror
symmetry” h1,1(X) = h2,1(X◦), we can give the conjecture about moduli:
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Kähler moduli space of X coincides with complex moduli space of X◦. Then
we can describe the classical mirror symmetry. Now, we consider the case
that X is a quintic threefold V (z51 + z52 + z53 + z54 + z55 − 5ψz1z2z3z4z5) ⊂ P4

with one parameter ψ. Then h1,1(X) = 1, h2,1(X) = 101 and thus Kähler
moduli space of X is described by one parameter t. The mirror X◦ of X is
defined as the quotient space X◦ := V (z51+z

5
2+z

5
3+z

5
4+z

5
5−5ψz1z2z3z4z5)/G

(G ' (Z/5Z)3), where ψ is the parameter (or coordinate) of complex moduli
space ofX◦. Then h2,1(X◦) = 1, h1,1(X◦) = 101, and it is compatible with the
fact that only one parameter ψ appears in X◦. Here, in physics, the quantity
called Yukawa coupling is important. The B-model Yukawa coupling Kψψψ

of X◦ can be computed by using periods which satisfy Picard-Fuchs equation;
as a result, Kψψψ = Cψ2/(1−ψ5), where C is some constant. In contrast, the
direct computation of A-model Yukawa coupling Kttt of X is difficult because
instanton corrections appears in Kttt. But, by Candelas, de la Ossa, Green
and Parkes [2], Kttt is computed by using the moduli conjecture, namely, the
equivalence of Kähler moduli space of X and complex moduli space of X◦;
to compute Kttt, they used the mirror map ψ = ψ(t). A mirror map is the
coordinate transformation between Kähler moduli space of X and complex
moduli space of X◦. The equivalence of two moduli spaces suggests that Kttt

can be computed by using Kψψψ via the mirror map. In [2], Kttt was finally
computed as follows:

Kttt = 5 +
∞∑
d=1

d3Ndq
d = 5 + 2875q + 4876875q2 + · · · , (1)

where q := e2π
√
−1t. This is a surprising result. The number 2875 is nothing

but the number of the degree-1 rational curves in X and 4876875 relates to
the number 609250 of the degree-2 rational curves in X as 4876875 = 23 ·
609250+13 ·2875. In this way, mirror symmetry is useful to the enumeration
of the rational curves on varieties. The number 〈Oh,Oh,Oh〉0,d = d3Nd is
called Gromov-Witten invariant (GW invariant). Mathematically, mirror
symmetry for quintic surfaces was proved by Givental [7], and Lian, Liu and
Yau [12].

In general case, mirror symmetry conjecture is described as follows: There
exists a pair of Calabi-Yau manifolds (X,X◦) such that A-model (Kähler
structure of X) and B-model (complex structure of X◦) are equivalence via the
mirror map. In classical case, A-model Yukawa coupling on X “coincides”
with B-model Yukawa coupling on X◦ via the mirror map. A-model Yukawa
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coupling in general case is

〈ω1, ω2, ω3〉 =
∑

β∈H2(X,Z)

〈ω1, ω2, ω3〉β qβ, (2)

where ω1, ω2, ω3 ∈ H∗(X,Q) and qβ is a formal symbol and 〈ω1, ω2, ω3〉β is
the (three point) Gromov-Witten invariant :

〈ω1, ω2, ω3〉β :=

∫
[M0,3(X,β)]vir

ev∗1(ω1)ev
∗
2(ω2)ev

∗
3(ω3). (3)

Moreover, [M0,3(X, β)]
vir is the virtual fundamental class, and M0,3(X, β)

is the moduli space of 3-pointed genus 0 stable maps in X with homology
class β, and evi : M0,3(X, β) → X (i = 1, 2, 3) is the evaluation map at the
i-th marked point. We can also define the GW invariants as the intersection
number of M0,3(V, β), where V is an ambient space of X (for example, if X
is the quintic threefold in P4, then the ambient space of X is P4). In general,
the direct computation of GW invariants needs the localization technique
that is more complicated. Classical mirror symmetry gives us the easy way
of the computation of GW invariants.

For more detail about mirror symmetry, see [3, 8, 10].

1.2 Motivation: Another Compactification of Moduli
Space

As mentioned above, GW invariants of Calabi-Yau variety X is defined
as the intersection number of M0,3(V, β), where V is an ambient space of X.
M0,3(V, β) is compactification of the moduli space of 3-pointed holomorphic
maps from P1 to V with homology class β ∈ H2(V,Z). But, in this paper,

we treat the another compactification M̃p0,2(V,d) when V is a toric variety
(especially, P1 × P1), which was introduced by Jinzenji [9] (see Section 4).
This is the compactification of the moduli space Mp0,2(V,d) of multi degree-
d quasi maps from P1 with two marked points 0 := [1 : 0],∞ := [0 : 1]
to V which is well-defined at 0,∞. The moduli space of quasi maps is
simpler than the moduli space of stable maps. Indeed, it is expected that
M̃p0,2(V,d) is written as a toric variety. Then we can easily compute Chow

ring of M̃p0,2(V,d). Moreover, as the analysis of gauged linear sigma model

by Morrison and Plesser [14] tell us, we can expect that M̃p0,2(V,d) has more
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information of B-model. For example, for V = PN−1,d = d, the generating
function of intersection numbers

w(Ohα ,Ohβ)0,d :=

∫
M̃p0,2(PN−1,d)

ev∗1(h
α) ∧ ev∗2(h

β) ∧ ctop(Ekd ), (4)

where h is a hypersurface class of PN−1 and evi : M̃p0,2(PN−1, d) → PN−1 (i =
1, 2) is the evaluation map at the i-th marked point and Ekd is the rank

kd+ 1 vector bundle on M̃p0,2(PN−1, d) corresponding to the condition that
the images of quasi maps are contained in the hypersurface V (zk1 + · · · +
zkN) in PN−1, gives the mirror map in the computaions of classical mirror
symmetry of surfaces in PN−1 (see [9]). For the above reasons, we study

about M̃p0,2(V,d) for a toric variety V .

Histrically (about the toric construction of M̃p0,2(V,d)), Jinzenji [9] con-

jectured the existence of the moduli space M̃p0,2(V,d) and explicitly con-

structed the M̃p0,2(V,d) by using the homogeneous coordinates in the case

of V = PN−1,P1 × P1. But concrete toric construction of M̃p0,2(V,d) for
these cases were not given in [9]. In [15], Saito gave the toric construction

of M̃p0,2(N, d) := M̃p0,2(PN−1, d). In [11], Jinzenji and Saito gave the toric

construction of M̃p0,2(P(1, 1, 1, 3), d). In [13], the author gave the toric con-

struction of M̃p0,2(P1 × P1, (d1, d2)).

1.3 Main Results and Outline of This Paper

As mentioned above, in [9], moduli space M̃p0,2(P1×P1, (d1, d2)) is defined
as a quotient space, but its toric construction is not given. As the case of
V = Pn−1,P1 × P1,P(1, 1, 1, 3), we can expect that M̃p0,2(V,d) is written
as a quotient space when V is a toric variety in general. In this paper, we
discuss general theory of pseudo-fan and method of toric construction of a
quotient space by using pseudo-fan. Moreover, as an application of it, we
give the toric construction of M̃p0,2(P1×P1, (d1, d2)) according to [13]. First
similar discussion is expanded in specific cases in [11, 15], and after, in [13],
the author generalized their methods about toric construction by introducing
pseudo-fan.

This paper consists of two parts. The first part is development of general
theory of pseudo-fan and quotient space. In Section 2, we review the basics of
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toric geometry used in this paper. In Section 3, we discuss the toric construc-
tion of quotient space and computing Chow ring. To do toric construction,
in Subsection 3.1, we introduce pseudo-fan and min-value condition (MVC),
and we prove that pseudo-fan satisfying (MVC) is actually complete and
simplicial fan (Lemma 4). In Subsection 3.2, we explain the construction of
pseudo-fan from a quotient space. we also see that (MVC) can be rewritten
as alternative min-value condetion (AMVC) in the case of quotient space
(Theorem 4). (AMVC) is easier than (MVC) because (AMVC) is just min-
value linear system. In Subsection 3.3, we compute the action of pseudo-fan
satisfying (AMVC) and compare it and the action of former quotient space.
In conclusion, it is shown that a quotient space satisfying some conditions
is complete and simplicial toric variety (Theorem 5). It is one of our main
theorem. In Subsection 3.4, we compute Chow ring of quotient space by
using its weight matrix (Theorem 6).

The second part is discussion about M̃p0,2(P1×P1, (d1, d2)). In Subection
4.1, we give the definition of quasi map and its moduli space. In Subsection
4.2, we give the explicit definition of M̃p0,2(P1×P1, (d1, d2)) according to [9].
The remaining subsections in Section 4 are assigned to toric construction of
M̃p0,2(P1 × P1, (d1, d2)) according to the toric construction program that is

discussed in Section 3. More specifically, we give pseudo-fan of M̃p0,2(P1 ×
P1, (d1, d2)) and confirm that it has a vertex matrix and satisfies (AMVC)

(Theorem 7). In conclusion, one of our main theorem (Theorem 8; M̃p0,2(P1×
P1, (d1, d2)) is a complete and simplicial toric variety) is obtained. In Section

5, we compute Chow ring of M̃p0,2(P1 × P1, (d1, d2)) (Theorem 9) and give
two conjectures for its Poincaré polynomials (Conjecture 1 and Conjecture
2).

1.4 Acknowledgements

The author would like to thank Prof. Jinzenji for suggesting the problems
treated in this paper, his big support and many useful discussions. He is also
grateful to Prof. Ishikawa for his big supports and useful comments for this
paper.
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Part I

General Theory of Pseudo-Fan
and Its Geometry

2 Reviews in Toric Geometry

In this section, we review standard definitions and basic facts in toric
geometry which we will use in this paper. For more details, see [4] or [6].

2.1 Fan and Toric Variety

Let M be a free Abelian group of rank n (i.e., M ' Zn) and N :=
HomZ(M,Z)(' Zn) be its dual. We denote M ⊗ R and N ⊗ R by MR and
NR, respsctively. Similarly, we denote that MQ :=M ⊗Q and NQ := N ⊗Q.
Then we have a natural pairing:

〈•, •〉 :M ×N −→ Z. (5)

A rational polyhedral cone (hereinafter, reffered to as the cone) is a subset σ
of NR that is written as

σ = 〈v1, . . . , vl〉≥0 := {λ1v1 + · · ·+ λlvl
∣∣ λ1, . . . , λl ≥ 0} (6)

for some v1, . . . , vl ∈ N . A cone σ is called a strongly convex cone if it satisfies

σ ∩ (−σ) = {0}. (7)

A Dimension of a cone σ is defined as

dim σ := dimR span(σ), (8)

where span(σ) is a minimal R–linear subspace including the cone σ. A Dual
cone of a cone σ is defined by

σ̌ := {m ∈MR
∣∣ 〈m, v〉 ≥ 0 for any v ∈ σ}. (9)

Let τ be a subset of σ. If we can take m ∈M ∩ σ̌ such that

τ = {v ∈ σ
∣∣ 〈m, v〉 = 0}, (10)
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then we call τ a face of σ. Note that a cone σ := 〈v1, . . . , vl〉≥0 generated by
R–linearly independent vectors v1, . . . , vl is strongly convex.

Then we give basic properties of cones without proof:

Lemma 1

(i) A face of a cone is also a cone.

(ii) Let σ be a cone and τ be its face. Then every face of τ is a face of σ.

(iii) If σ is a cone, then σ̌ ∩M is a finitely generated semigroup (Gordan’s
lemma).

(iv) If ρ is a cone with dim ρ = 1, then there exists the unique generator vρ
of the semigroup ρ ∩N .

From (iv) of above lemma, we identify the 1–dimensional cone ρ with its
generator vρ in this paper. The following lemma is used in Section 3:

Lemma 2 Let {v1, . . . , vl} be a subset of N and S be a subset of {v1, . . . , vl}.
If v1, . . . , vl are linearly independent as vectors of NR, then 〈S〉≥0 is a face
of σ := 〈v1, . . . , vl〉≥0. Moreover, every face of σ can be written as σ = 〈T 〉≥0

for some T ⊂ {v1, . . . , vl}.

Proof. Since σ is a face of σ and a face of a face is a face, we can assume
that S = {v1, . . . , vl−1}. It is clear that v1, . . . , vl are linearly independent as
vectors in NQ. We define two subspaces V1, V2 of MQ as

V1 := {m ∈MQ
∣∣ 〈m, v1〉 = · · · = 〈m, vl−1〉 = 0}, (11)

V2 := {m ∈MQ
∣∣ 〈m, v1〉 = · · · = 〈m, vl〉 = 0}. (12)

Then dimQV1 = n−(l−1) and dimQV2 = n−l. This follows that V1 ) V2 and
we can take some element m0 of V1 such that m0 /∈ V2. By multiplying m0

by some integer if necessary, m0 can be made into an element ofM satisfying
〈m0, vl〉 > 0. Thus the following equality holds:

〈S〉≥0 = {v ∈ σ
∣∣ 〈m0, v〉 = 0}, (13)

and therefore, 〈S〉≥0 is a face of σ.
Let τ be a face of σ. By the definition of a face, τ is written as τ = {v ∈

σ
∣∣ 〈m, v〉 = 0} for some m ∈ M ∩ σ̌. Now, we put T := {vi

∣∣ 〈m, vi〉 = 0}
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and I(T ) := {i
∣∣ 〈m, vi〉 = 0}. Let w := λ1v1 + . . . λlvl (λ1, . . . , λl ≥ 0) be an

element of τ . Then

0 = 〈m,w〉 =
l∑

i=1

λi〈m, vi〉 =
∑
i/∈I(T )

λi〈m, vi〉. (14)

Since m belongs to σ̌, pairings 〈m, vi〉 (i ∈ {1, . . . , l}\I(T )) are positive, and
therefore, λi (i ∈ {1, . . . , l} \ I(T )) must be 0; hence

w =
∑
i∈I(T )

λivi ∈ 〈T 〉≥0 (15)

and therefore τ = 〈T 〉≥0. □

Now, we give the definition of a fan, which is the fundamental material
of the construction of toric varieties:

Definition 1 A set Σ which consists of strongly convex cones is called a fan
if

(i) Σ is a finite set.

(ii) for any σ ∈ Σ, every face of σ is also cone of Σ.

(iii) for any σ, τ ∈ Σ, σ ∩ τ is a face of σ and τ .

Moreover, the set |Σ| denotes
⋃
σ∈Σ σ and we define the set

Σ(k) := {σ ∈ Σ
∣∣ dim σ = k}. (16)

Especially, we also denote by Σ(1) a set of generators of 1-dimensional cones
in Σ.

A fan Σ defines a toric variety X(Σ) which is obtained by gluing affine
toric varieties Xσ := Spec(C[M ∩ σ̌]) (σ ∈ Σ), where C[M ∩ σ̌] is a C-algebra
generated by χm (m ∈ M ∩ σ̌) with relations χm1 · χm2 = χm1+m2 . Then
X{0} = Spec(C[M ]) is an algebraic torus TN := N ⊗ C× ' (C×)n. Recall
that the character χm (m ∈M) is a rational function on X(Σ).

At this stage, we introduce a fundamental theorem in toric geometry
which we use in this paper. First, we give the geometrical properties of
X(Σ) using terminology of cones and fans:
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Theorem 1 Let Σ be a fan.

(i) X(Σ) is simplicial, namely, an orbifold if and only if Σ is simplicial,
namely, the generators of σ are linearly independent as vectors of NR
for any σ ∈ Σ.

(ii) X(Σ) is complete, namely, compact if and only if Σ is complete, namely,
|Σ| = NR.

If the generators of 1–dimentional cones of Σ span NR, then the following
sequence of Z–modules is exact:

0 //M
φ // DivTN (X(Σ))

ψ // An−1(X(Σ)) // 0, (17)

where DivTN (X(Σ)) is the group of TN -invariant Weil divisors andAn−1(X(Σ))
is Chow group of X(Σ). Moreover, φ(m) := div(χm), and ψ(D) is the divisor
class ofD. Recall that 1–dimensional cone ρ of Σ corresponds to TN–invariant
divisor Dρ on X(Σ) and div(χm) =

∑
ρ〈m, vρ〉Dρ.

As is well known in the case of complex projective space, toric variety
X(Σ) can be written as a quotient space when the fan Σ is complete and
simplicial (see [5]). We briefly explain outline of this construction. First, we
define a closed subspace of CΣ(1) by

Z(Σ) :=

{
(xρ)ρ∈Σ(1) ∈ CΣ(1)

∣∣∣∣∣ ∏
ρ ̸⊂σ

xρ = 0 for all σ ∈ Σ

}
, (18)

and an abelian group that acts on CΣ(1) by

G = G(Σ) := HomZ(An−1(X(Σ)),C×). (19)

Then the group action of G is given by

G× CΣ(1) 3 (g, (xρ)ρ) 7−→ (g([Dρ])xρ)ρ ∈ CΣ(1). (20)

Under the above preparations, we can state the following theorem that is due
to Cox (see [4, 5]):

Theorem 2 Let Σ be a fan. If the generators of 1–dimentional cones of Σ
span NR, then X(Σ) is the geometrical quotient of CΣ(1) −Z(Σ) by G if and
only if Σ is simplicial.
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In order to describe the closed set Z(Σ) in a simpler manner, we introduce
primitive collection of Σ:

Definition 2 ([1]) Let Σ be a simplicial fan. A subset S of Σ(1) is called a
primitive collection of Σ if

(i) S does not generate a cone in Σ.

(ii) every proper subset of S generates a cone in Σ.

Moreover, we denote the set of primitive collections of Σ by PC(Σ).

If Σ is simplicial, Z(Σ) takes the following form using primitive collections
of Σ:

Lemma 3 ([1]) If Σ is a simplicial fan, then Z(Σ) is rewriten as

Z(Σ) =
⋃

S∈PC(Σ)

{(xρ) ∈ CΣ(1)
∣∣ xρ = 0 for any ρ ∈ S}. (21)

2.2 Chow Ring and Cohomology Ring of Toric Vari-
eties

Let Σ be an n–dimensional fan. Then Σ defines a toric variety X(Σ)
as above. In order to compute Chow ring and cohomology ring (over Q) of
X(Σ), we define two ideals of polynomial ring Q[xρ|ρ ∈ Σ(1)]. The first ideal,
denoted by I(Σ), is defined as an ideal generated by degree–1 homogeneous
polynomials ∑

ρ∈Σ(1)

〈m, vρ〉 · xρ (m ∈M). (22)

By taking m as canonical basis ei (i = 1, · · · , n) ofM , this ideal is rewritten
as  ∑

ρ∈Σ(1)

viρxρ

∣∣∣∣∣i = 1, . . . , n

 , (23)

where vρ =
t(v1ρ, . . . , vnρ). The second ideal, called Stanley–Reisner ideal, is

defined by

SR(Σ) :=

∏
vρ∈S

xρ

∣∣∣∣∣S ∈ PC(Σ)

 . (24)
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Then Chow ring, cohomology ring, and Betti numbers of complete simplicial
toric variety X(Σ) can be computed as follows (see [3, 4]):

Theorem 3 Let Σ be a complete and simplicial fan.

(i)

A∗
Q(X(Σ)) ' H∗(X(Σ),Q)

' Q[xρ|ρ ∈ Σ(1)]/(I(Σ) + SR(Σ)). (25)

(ii)

b2k(X(Σ)) =
n∑
i=k

(−1)i−k
(
i

k

)
|Σ(n− i)| (for all k), (26)

where b2k(X(Σ)) := dimH2k(X(Σ),Q) is Betti number of X(Σ).

(iii)
b2k+1(X(Σ)) = 0 (for all k). (27)

(iv)
b2k(X(Σ)) = b2n−2k(X(Σ)) (for all k). (28)

From this theorem, computation of Poincaré polynomial P (t) :=
∑2n

i=0 b2it
i

of complete simplicial toric variety is replaced with counting the number of
cones in its fan.

3 Pseudo-Fan and Quotient Space

In previous section, we saw that a complete and simplicial toric variety can
be represented using homogeneous coordinates. Thus, conversely, we discuss
the method of finding the fan of quotient spaces in this section. The key of
this method is the notion of pseudo-fan and min-value condition (MVC) (or
alternative min-value condition (AMVC)).

Before the discussion, we treat a simpler example, projective space P2.
We define a fan ΣP2 as

ΣP2 := {0} ∪ {〈u1〉≥0, 〈u2〉≥0, 〈u3〉≥0} ∪ {〈u1, u2〉≥0, 〈u1, u3〉≥0, 〈u2, u3〉≥0},
(29)
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where u1 := t(1, 0), u2 := t(0, 1), u3 := t(−1,−1). This is clearly complete
and simplicial. Moreover, it has the only primitive collection {u1, u2, u3}.
Thus we can apply the Theorem 2 and firstly obtain

Z(ΣP2) = {(0, 0, 0)}. (30)

To check the action of G = G(ΣP2), we must find the relation among [D1],
[D2], and [D3], where Di is the divisor corresponding to ui, and calculate
Chow group of X(ΣP2). For m = (m1,m2) ∈ Z2('M), the map φ in (17) is

φ(m) = div(χm) = m1D1 +m2D2 + (−m1 −m2)D3, (31)

where Di is the corresponding divisor to ui. Therefore, a divisor D = n1D1+
n2D2+n3D3 (n1, n2, n3 ∈ Z) is an element of the image of φ if and only if n1+
n2+n3 = 0, and [D3] generates Chow group A1(X(ΣP2)) since [div(χ(1,0))] =
[D1] − [D3] = 0 and [div(χ(0,1))] = [D2] − [D3] = 0. Thus A1(X(ΣP2)) ' Z,
and by (20), G = HomZ(A1(X(ΣP2)),C×) acts on C3 − Z(X(ΣP2)) = C3 −
{(0, 0, 0)} as

G× (C3 − {(0, 0, 0)}) 3 (g, (z1, z2, z3))

7−→ (λz1, λz2, λz3) ∈ C3 − {(0, 0, 0)}, (32)

where λ := g([D1]) = g([D2]) = g([D3]). Because we can identify G with C×

by the following correspondence:

G C×

g g([D3])

gλ λ,

∈ ∈

(33)

where gλ([D3]) := λ, the action of G is equivalent to the ordinary action in
P2, and therefore, X(ΣP2) ' P2 by using Theorem 2. Note that 1 · u1 +
1 · u2 + 1 · u3 = 0 and the action (32) can be written as (g, (z1, z2, z3)) 7→
(λ1z1, λ

1z2, λ
1z3); that is, coefficients (1, 1, 1) of the relation u1+u2+u3 = 0

corresponds to the powers (1, 1, 1) of C× action (namely, λ) in (32).
Conversely, we can predict the fan of P2 from its quotient form. As a

quotient space, P2 is defined as

P2 := (C3 − {(0, 0, 0)})/C×, (34)
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where the group C× acts as

C× × (C3 − {(0, 0, 0)}) 3 (λ, (z1, z2, z3))

7−→ (λz1, λz2, λz3) ∈ C3 − {(0, 0, 0)}. (35)

Then, using 1 × 3 matrix WP2 = (wij) := (1 1 1) (weight matrix ), we can
interpret this action as

C× × (C3 − {(0, 0, 0)}) 3 (λ, (z1, z2, z3))

7−→ (λw11z1, λ
w12z2, λ

w13z3) ∈ C3 − {(0, 0, 0)}. (36)

From the calculation of the action in Theorem 2 (see above calculation),
we notice that we should solve the following Z-linear equation to find 1–
dimensional cones of the fan of P2:

WP2 · x = 0. (37)

The solutions of this equation are x1 =
t(−1, 1, 0),x2 =

t(−1, 0, 1). We define
the 2× 3 matrix VP2 (vertex matrix ) as

VP2 = (v1, v2, v3) :=

(
tx1
tx2

)
=

(
1 0 −1
0 1 −1

)
. (38)

Then v1 = u1, v2 = u2, v3 = u3, and from the numerator of P2 in (34), we can
easily predict the set of primitive collection of P2 as {v1, v2, v3}. Therefore
we should define the fan Σ′

P2 of P2 as follows:

Σ′
P2 := {〈S〉≥0

∣∣ S ⊂ {v1, v2, v3}, and {v1, v2, v3} is not contained in S }.
(39)

Then Σ′
P2 = ΣP2 , and of course, Σ′

P2 is a complete and simplicial fan which
has the only primitive collection {u1, u2, u3}.

In the case of general weight matrix, it is expected that obtained vertex
matrix as above is more complicated than the case of P2 and it is difficult
to check that obtained “fan” as above is really complete and simplicial fan.
To deal with this problem, we will introduce the notion of pseudo-fan and
min–value condition in next subsection.
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3.1 Pseudo-Fan and Min–Value Condition

Definition 3 Let V be a finite subset of N ' Zd and P1, . . . , Pl be non-empty
subsets of V . Moreover, we put Π := {P1, . . . , Pl} and

Σ = Σ(V,Π) := {〈S〉≥0

∣∣ S ⊂ V , and P1, . . . , Pl are not contained in S }.
(40)

Then we call a triplet (Σ, V,Π) d–dimensional pseudo-fan if it satisfies the
following conditions:

(i) P1, . . . , Pl span V i.e.,

P1 ∪ · · · ∪ Pl = V. (41)

(ii) If i 6= j, then Pi 6⊂ Pj.

Now, we introduce the condition (MVC) that provides a basis for our
discussion. (MVC) gives sufficient condition for a pseudo-fan to be a complete
and simplical fan.

Definition 4 Let (Σ, V,Π) be a d–dimensional pseudo-fan. Then we say
that (Σ, V,Π) satisfies Min–Value Condition (MVC) if for any β ∈ Rd, there
exists the unique α = (αi) ∈ Rr (r := |V |) such that

(i)

β =
r∑
i=1

αivi, (42)

where V = {v1, . . . , vr}.

(ii)
min{αi | vi ∈ P} = 0 (for any P ∈ Π). (43)

Lemma 4 Let (Σ, V,Π) be a d–dimensional pseudo-fan satisfying (MVC).
Then Σ is a d–dimentional complete and simplicial fan with PC(Σ) = Π.

Proof. Let σ := 〈u1, . . . , ul〉≥0 (u1, . . . , ul ∈ V ) be any element of Σ. If
u1, . . . , ul are linearly dependent over R, there exists α1, . . . , αl ∈ R such
that α1u1 + · · ·+ αlul = 0 and (α1, . . . , αl) 6= (0, . . . , 0). Now we can assume
that α1, . . . , αp ≥ 0, αp+1, . . . , αl < 0 (1 ≤ p ≤ l). Since every P ∈ Π is not
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contained in {u1, . . . , ul} (see (40)), we can take some element v of V such
that v /∈ {u1, . . . , ul} and v ∈ P for each P ∈ Π. Then both representations

α1u1 + · · ·+ αpup +
∑

v∈V \{u1,...,up}

0 · v

= (−αp+1)up+1 + · · ·+ (−αl)ul +
∑

v∈V \{up+1,...,ul}

0 · v (44)

satisfy (i), (ii) of (MVC). This follows that (α1, . . . , αl) = (0, . . . , 0) by
uniqueness of α, which contradicts our assumption, and therefore u1, . . . , ul
are linearly independent. In particular, every cone in Σ is strongly convex.

Let σ := 〈S〉≥0, τ := 〈T 〉≥0 (S, T ⊂ V ) be any elements of Σ. Then we
put S ∩ T = {u1, . . . , ul}, S \ T = {w1, . . . , wp}, and T \ S = {w′

1, . . . , w
′
q}.

It is clear that 〈S ∩ T 〉≥0 ⊂ σ ∩ τ . Conversely, if u ∈ σ ∩ τ , we can write

u =
l∑

i=1

αiui +

p∑
j=1

γjwj +
∑
v∈S

0 · v =
l∑

i=1

α′
iui +

q∑
k=1

γ′kw
′
k +

∑
v∈T

0 · v (45)

for some constants αi, α
′
i, γj, γ

′
k ≥ 0. Since these representations satisfy (i),

(ii) of (MVC), one can see that αi = α′
i and γj, γ

′
k = 0 as above. Thus σ ∩ τ

coincides with 〈S ∩ T 〉≥0 and Σ satisfies (iii) of Definition 1 by Lemma 2.
The condition (i) of Definition 1 is obvious by (40). Also, Σ satisfies (ii) of
Definition 1. Indeed, for every subset S ′ of S, S ′ 6⊃ P for any P ∈ Π since
S 6⊃ P for any P ∈ Π, and this means that 〈S ′〉≥0 ∈ Σ. From Lemma 2,
every face of σ = 〈S〉≥0 is written as the form 〈S ′〉≥0 for some subset S ′ of
S, and therefore we have confirmed (ii) of Definition 1. From the above, Σ
is a simplicial fan.

Next, we prove the completeness of Σ. Let β be any element of NR ' Rd.
By (i), (ii) of (MVC), it can uniquely be written as β =

∑l
i=1 αivi with

min{αi | vi ∈ P} = 0 for any P ∈ Π. To prove β ∈ |Σ|, we define two
sets S+ := {i | αi > 0}, S0 := {i | αi = 0}. It is clear that S+ ∩ S0 = ∅.
Also, we can easily see that S+ ∪ S0 = V by (i) in Definition 3. Since
there exists vi ∈ P such that i ∈ S0 for each P ∈ Π, every P ∈ Π is not
contained in the set S := {vi | i ∈ S+} and this follows that 〈S〉≥0 ∈ Σ. Then
β =

∑
i∈S+ αivi ∈ 〈S〉≥0 and hence, β ∈ |Σ|. This means that Σ is complete.

Finally, we prove thet PC(Σ) coincides with Π. By (40), every member P
of Π does not generate a cone in Σ. But by (ii) in Definition 3, every proper
subset of P generates a cone in Σ. Hence every member of Π is a primitive
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collection of Σ i.e., Π ⊂ PC(Σ). Next, let S be in PC(Σ). Here, suppose
that any member of Π is not contained in S. Then S generates a cone in
Σ by (40), which contradicts that S is a primitive collection of Σ. Thus we
can take a set P ∈ Π such that P is a subset of S. Here, if P is a proper
subset of S, then P generates a cone in Σ since S is a primitive collection of
Σ (see Definition 2). However, P is a primitive collection of Σ since we have
already shown Π ⊂ PC(Σ). Thus S must be equal to P i.e., S ∈ Π, and this
means that PC(Σ) ⊂ Π. □

Example. Σ′
P2 gives a 2–dimensional pseudo-fan (Σ′

P2 , {v1, v2, v3}, {{v1, v2, v3}})
(see (39)) and it satisfies (MVC). Indeed, for arbitrary β = t(β1, β2) ∈ R2,
the (i) of (MVC) is

β = α1v1 + α2v2 + α3v3

⇐⇒
(
β1
β2

)
=

(
α1 − α3

α2 − α3

)

⇐⇒

α1

α2

α3

 =

t+ β1
t+ β2
t

 , (46)

where t := α3. Then (ii) of (MVC) is a single equation for t:

min{t, t+ β1, t+ β2} = 0. (47)

Since min{t, t+ β1, t+ β2} = t−max{0,−β1,−β2}, The unique solution isα1

α2

α3

 =

β1 +max{0,−β1,−β2}
β2 +max{0,−β1,−β2}

max{0,−β1,−β2}

 =

max{β1, 0, β1 − β2}
max{β2, β2 − β1, 0}
max{0,−β1,−β2}

 . (48)

Thus (Σ′
P2 , {v1, v2, v3}, {{v1, v2, v3}}) satisfies (MVC). This result is not con-

tradict to the fact that P2 ' X(Σ′
P2) is complete and simplicial.

3.2 Weight Matrix of Quorient Space and Alternative
Min-Value Condition

Let Y be a quotient space:

Y := (Cr − Z)/(C×)m (m < r), (49)
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where Z is axial, namely, a closed subspace of Cr with the following form:

Z =
l⋃

j=1

{(xi) ∈ Cr|xi = 0 for any i ∈ Sj}, (50)

where S1, . . . , Sl are a subset of {1, . . . , r} with S1∪ · · · ∪Sl = {1, . . . , r} and
Sj1 6⊂ Sj2 for any j1, j2 ∈ {1, . . . , r} such that j1 6= j2. Moreover, m actions
of C× are given by

C× × (Cr − Z) 3 (λj, (z1, . . . , zr))

7−→ (λwi1
i z1, . . . , λ

wir
i zr) ∈ Cr − Z (i = 1, . . . ,m), (51)

where wij ∈ Z. Then we call m×r integer matrix WY := (wij) weight matrix
of Y . In this paper, we assume that there exists v1, . . . , vr ∈ Zr−m such that
a following sequence is exact:

0 // Zn
tVY // Zr WY // Zm // 0, (52)

where n := r −m and VY := (v1, . . . , vr) is the n × r matrix. We call this
vertex matrix of Y . Then we can construct a pseudo-fan from Y ; we define
two sets VerY and ΠY as

VerY := {v1, . . . , vr} (53)

ΠY := {{vi|i ∈ Sk}|k = 1, . . . , l}. (54)

Then (Σ(VerY ,ΠY ),VerY ,ΠY ) is an n-dimensional pseudo-fan. It is hard to
show that (Σ(VerY ,ΠY ),VerY ,ΠY ) satisfies the condition (MVC) in general,
but we can rewrite (MVC) by using weight matrix WY and it is more simple
than (MVC):

Theorem 4 If (Σ(VerY ,ΠY ),VerY ,ΠY ) satisfies the following condition Al-
ternative Min-Value Condition (AMVC):

(AMVC) For any y = (yj) ∈ Rr, there exists the unique x = (xi) ∈ Rm

such that

min

{
−yj +

m∑
i=1

wijxi

∣∣∣∣∣ j ∈ Sk

}
= 0 (k = 1, . . . , l), (55)
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then (Σ(VerY ,ΠY ),VerY ,ΠY ) satisfies (MVC) and therefore Σ(VerY ,ΠY ) is
an n-dimensional complete and simplicial fan with PC(Σ(VerY ,ΠY )) = ΠY .

Proof. First, we prove the existence of α = (αj) satisfying (i), (ii) of (MVC).
From the exact sequence (52), the map VY : Zr → Zn is surjective and
VY

tWY = t(WY
tVY ) = O. Then for any β ∈ Rn and x = (xi) ∈ Rm, there

exists y = (yj) ∈ Rr such that

β = VY · (−y + tWY · x)

=
r∑
j=1

(
−yj +

m∑
i=1

wijxi

)
vj. (56)

Hence we should put

αj = −yj +
m∑
i=1

wijxi (j = 1, . . . , r). (57)

Moreover, by the condition (AMVC), one can find x satisfying the following
equality:

min{αj | j ∈ Sk} = min

{
−yj +

m∑
i=1

wijxi

∣∣∣∣∣ j ∈ Sk

}
= 0 (58)

for k = 1, . . . , l. Thus α satisfying (i), (ii) of (MVC) exists. Next, we prove
the uniqueness of α in (MVC). We assume that β ∈ Rn can be written as

β =
r∑
j=1

αjvj =
r∑
j=1

γjvj (59)

such that

min{αj | j ∈ Sk} = min{γj | j ∈ Sk} = 0 (k = 1, . . . , l) (60)

for some α = (αj), γ = (γj) ∈ Rr. By acting HomZ(•,R) to (52), we obtain
the following exact sequence:

0 // Rm
tWY // Rr VY // Rn // 0 . (61)
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Since VY (α− γ) =
∑r

j=1(αj − γj)vj = β − β = 0, there exists x = (xi) ∈ Rm

such that α− γ = tWY · x, i.e.,

αj = −(−γj) +
m∑
i=1

wijxi (j = 1, . . . , r) (62)

by the above exact sequence (61). Then

min

{
−(−γj) +

m∑
i=1

wijxi | j ∈ Sk

}
= min{αj | j ∈ Sk} = 0 (63)

by (60) and (62). On the other hand,

min

{
−(−γj) +

m∑
i=1

wij · 0 | j ∈ Sk

}
= min{γj | j ∈ Sk} = 0. (64)

Hence x must be 0 by uniqueness of x in (AMVC), and therefore, α = γ by
(62). □

Example. In this example, we show that (Σ′
P2 , {v1, v2, v3}, {{v1, v2, v3}})

satisfies (AMVC). Since the weight matrix of P2 is WP2 = (1 1 1), (AMVC)
is a single equation for x1 = x:

min{−y1 + x,−y2 + x,−y3 + x} = 0, (65)

and this is easily solved as x = max{y1, y2, y3}. Thus (Σ′
P2 , {v1, v2, v3}, {{v1, v2, v3}})

satisfies (AMVC) and therefore Σ′
P2 is a complete and simplicial fan. From

the above two examples, we have confirmed that (AMVC) is more simple
than (MVC) in the case of P2.

3.3 Quotient Construction of X(Σ(VerY ,ΠY ))

In this subsection, we fix the notations in previous subsection and assume
that (Σ(VerY ,ΠY ),VerY ,ΠY ) satisfies (AMVC). This means that Σ(VerY ,ΠY )
is a complete and simplicial fan with PC(Σ(VerY ,ΠY )) = ΠY by Theorem 4.
The exact sequence (17) in the case of ΣY := Σ(VerY ,ΠY ) is

0 //M
φ // DivTN (X(ΣY ))

ψ // An−1(X(ΣY )) // 0.

(66)
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From the exact sequence (52), we can take the Z–basis β1, . . . , βm ∈ Zr

satisfying WY βi = e
(m)
i (i = 1, . . . ,m), where e

(l)
i is an i–th canonical base

of Zl. Let Ei := ψ(β̃i) be a divisor class, where β̃i is a TN–invariant divisor
corresponding to βi ∈ Zr (remark that DivTN (X(ΣY )) ' ZX(ΣY )(1) = ZVerY '
Zr). Then

WY e
(r)
j =

m∑
i=1

wije
(m)
i

=
m∑
i=1

wijWY βi

= WY

(
m∑
i=1

wijβi

)
(67)

(recall that wij is the (i, j)–component of weight matrix WY ) and therefore

e
(r)
j −

∑m
i=1wijβi ∈ KerWY . Since e

(r)
j corresponds to the divisor Dj cor-

responding to vj ∈ VerY , e
(r)
j −

∑m
i=1wijβi corresponds to Di −

∑m
i=1wijβ̃i,

and it belongs to Kerψ since tVY essential equals to φ as a map by these
definitions and Im tVY = KerWY , Imφ = Kerψ. This means that [Dj] =∑m

i=1wijEi. Moreover, E1, . . . , Em are Z–basis of An−1(X(ΣY )). Indeed, it is
clear that E1, . . . , Em generate An−1(X(ΣY )), and if

∑m
i=1 ciEi = 0 for some

c1, . . . , cm ∈ Z, then

ψ

(
m∑
i=1

ciβ̃i

)
=

m∑
i=1

ciEi = 0, (68)

and therefore
∑m

i=1 ciβi ∈ KerWY . By WY βi = e
(m)
i , this means that∑m

i=1 cie
(m)
i = 0. Thus c1, . . . , cm must be equal to 0. From the above,

we obtain the following two lemmas:

Lemma 5
An−1(X(ΣY )) ' Zm. (69)

In particular, the group G = HomZ(An−1(X(ΣY )),C×) is isomorphic to
(C×)m.

Lemma 6 We can choose Z–bases E1, . . . , Em of An−1(X(ΣY )) such that

[Dj] =
m∑
i=1

wijEi (j = 1, . . . , r). (70)
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Next, we confirm the action of G = HomZ(An−1(X(ΣY )),C×). From (20),
G acts on Cr as follows:

G× Cr 3 (g, (xj)j) 7−→ (g([Dj])xj)j ∈ Cr. (71)

From Lemma 6, we obtain

g([Dj]) = g

(
m∑
i=1

wijEi

)

=
m∏
i=1

g(Ei)
wij , (72)

and since G is identified with (C×)m (Lemma 5), we obtain the one of our
main theorem by Lemma 3, Theorem 2 and Theorem 4:

Theorem 5
X(ΣY ) ' Y, (73)

and Y is an n(= r −m)–dimensional complete and simplicial toric variety.
In topological terminology, Y is a compact orbifold.

Summarize the above results, in order to prove that quotient space Y =
(Cr−Z)/(C×)m (m < r) is a complete and simplicial toric variety, we should
confirm the following conditions:

1. Z is axial (see (50)).

2. The m actions of C× in Y is given by weight matrix WY (see (51)) and
WY has the vertex matrix VY ; that is, there exists the n × r integer
matrix VY such that the following sequence is exact:

0 // Zn
tVY // Zr WY // Zm // 0,

where n := r −m.

3. Pseudo-fan (Σ(VerY ,ΠY ),VerY ,ΠY ) from Y (see Definition 3 and (53),
(54)) satisfies (AMVC): For any y = (yj) ∈ Rr, there exists the unique
x = (xi) ∈ Rm such that

min

{
−yj +

m∑
i=1

wijxi

∣∣∣∣∣ j ∈ Sk

}
= 0 (k = 1, . . . , l).
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3.4 Chow Ring of Quotient Space

In this subsection, we compute Chow ring and of quotient space Y =
X(ΣY ) treated in Subsection 3.2 and 3.3, namely, X(ΣY ) is obtained from
the pseudo-fan (Σ(VerY ,ΠY ),VerY ,ΠY ) satisfying (AMVC).

Theorem 6

A∗
Q(X(ΣY )) ' H∗(X(ΣY ),Q)

' Q[h1, . . . , hm]

/〈∏
j∈Sk

(w1jh1 + · · ·+ wmjhm)

∣∣∣∣k = 1, . . . , l

〉
.

(74)

Proof. First, we prove that Q[x1, . . . , xr]/I(ΣY ) ' Q[h1, . . . , hm] with iden-
tification

xi “ = ”
m∑
k=1

wkihk. (75)

for i = 1, . . . , r. We define a Q-algebra homomorphism θ from Q[x1, . . . , xr]
to Q[h1, . . . , hm] as

xi 7−→
m∑
k=1

wkihk. (76)

By exact sequence (52), VY
tWY = O, and θ induces a Q-algebra homomor-

phism θ from Q[x1, . . . , xr]/I(ΣY ) to Q[h1, . . . , hm]. By acting HomZ(•,Q)
to (52), we can obtain the following exact sequence

0 // Qm
tWY // Qr VY // Qn // 0, (77)

and it is also exact as a sequence of Q-modules. Since this sequence splits
(i.e., Qr ' Qm⊕Qn), we can take two matrices A = (aki) ∈M(m, r;Q), B =
(bij) ∈M(r, n;Q) satisfying

tWYA+BVY = Ir, (78)

AtWY = Im, (79)

and
VYB = In. (80)
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By using matrixA, we can define aQ-algebra homomorphism τ fromQ[h1, . . . , hm]
to Q[x1, . . . , xr]/I(ΣY ) as

hk 7−→

[
r∑
i=1

akixi

]
. (81)

By (78) and definition of the ideal I(Σ), we can compute τ ◦θ([xi]) as follows:

τ ◦ θ([xi]) =
m∑
k=1

wki

r∑
l=1

akl[xl]

=
r∑
l=1

(tWYA)il[xl]

=
r∑
l=1

(Ir −BVY )il[xl]

= [xi]−
n∑
j=1

bij

[
r∑
l=1

vjlxl

]
= [xi], (82)

where vij and (C)ij are the (i, j)–component of VY and C, respectively. Sim-
ilarly, we can also show that θ ◦ τ(hk) = hk by using (79). Therefore, θ is
an isomorphism. By the identification (75) and definition of Stanley–Reisner
ideal (see (24)), we have proved our goal (74). □

Example. Since the weight matrix of P2 is (1 1 1) and PC(ΣP2) = {{u1, u2, u3}},
Chow ring (or cohomology ring) of P2 is

A∗
Q(P2) = H∗(P2,Q) = Q[h]/(h3). (83)
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Part II

Toric Construction of Moduli
Space M̃p0,2(P1 × P1, (d1, d2)) and
Its Chow Ring

4 Moduli Space of Quasi Maps from P1 with

Two Marked Points to P1 × P1

In this section, we give definition and toric construction of moduli space
M̃p0,2(P1×P1, (d1, d2)). Definition of M̃p0,2(P1×P1, (d1, d2)) is due to Jinzenji

[9], and toric construction of M̃p0,2(P1 × P1, (d1, d2)) is done according to
previous discussion.

4.1 Definition of Mp0,2(P1 × P1, (d1, d2))

Firstly, we give the definition of moduli space of quasi maps from P1 with
two marked points to P1×P1. A quasi map p of bidegree (d1, d2) (d1, d2 > 0)
from P1 to P1 × P1 is given by

p([s : t]) =

([
d1∑
i=0

ais
itd1−i

]
,

[
d2∑
j=0

bjs
jtd2−j

])

:=

([
d1∑
i=0

a0i s
itd1−i :

d1∑
i=0

a1i s
itd1−i

]
,

[
d2∑
j=0

b0js
jtd2−j :

d2∑
j=0

b1js
jtd2−j

])
,

(84)

where ai := (a0i , a
1
i ) ∈ C2 and bj := (b0j , b

1
j) ∈ C2. If two polynomials∑d1

i=0 a
0
i s
itd1−i and

∑d1
i=0 a

1
i s
itd1−i (or

∑d2
j=0 b

0
js
jtd2−j and

∑d2
j=0 b

1
js
jtd2−j) are

divisible by some common polynomial with degree > 0, p has non-defined
points which are the zero loci of the common polynomial. Then, in physics,
it is called a freckled instanton. In this paper, we fix the two marked points
0 := [1 : 0] and∞ := [0 : 1] of P1 and we only consider the quasi maps that are
well-defined at marked points 0 and ∞. This means that a0,ad1 , b0, bd2 6= 0
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in (84). To define the moduli space Mp0,2(P1 × P1, (d1, d2)) of quasi maps
from P1 with two marked points to P1×P1, we identify two quasi maps under
the automorphisms of P1 which fixes 0 and ∞ i.e. [s : t] 7→ [s : µt] (µ ∈ C×).
Then Mp0,2(P1 × P1, (d1, d2)) is defined by

Mp0,2(P1 × P1, (d1, d2))

:= {(a0, . . . ,ad1 , b0, . . . , bd2) | a0,ad1 , b0, bd2 6= 0}/(C×)3, (85)

where three C× actions are given by

(a0, . . . ,ad1 , b0, . . . , bd2) 7→ (µ1a0, . . . , µ1ad1 , b0, . . . , bd2), (86)

(a0, . . . ,ad1 , b0, . . . , bd2) 7→ (a0, . . . ,ad1 , µ2b0, . . . , µ2bd2), (87)

(a0, . . . ,ad1 , b0, . . . , bd2) 7→ (a0, µ
1
3a1, . . . , µ

d1
3 ad1 , b0, µ

1
3b1, . . . , µ

d2
3 bd2), (88)

where µ1, µ2, µ3 ∈ C×. The first and second actions come from the C× action
of first and second factors of target space P1 × P1 of quasi maps, respec-
tively, and the third action comes from the automorphisms of source space
P1 fixing two marked points 0 and ∞. The point [a0, . . . ,ad1 , b0, . . . , bd2 ] ∈
Mp0,2(P1 × P1, (d1, d2)) corresponds to bidegree-(d1, d2) quasi map p([s :

t]) =
([∑d1

i=0 ais
itd1−i

]
,
[∑d2

j=0 bjs
jtd2−j

])
. By definition of Mp0,2(P1 ×

P1, (d1, d2)), it is clear thatMp0,2(P1×P1, (d1, d2)) 'Mp0,2(P1×P1, (d2, d1)).
After this, we assume that d1 ≥ d2 in this section.

4.2 Compactification of Mp0,2(P1 × P1, (d1, d2))

To give compactification M̃p0,2(P1×P1, (d1, d2)) ofMp0,2(P1×P1, (d1, d2)),
we must determine its weight matrixW(d1,d2). W(d1,d2) is ((d1+1)(d2+1)+1)×
((d1+3)(d2+3)−6) integer matrix. Compactification M̃p0,2(P1×P1, (d1, d2))
is given as follows:

Definition 5

M̃p0,2(P1 × P1, (d1, d2))

:= {(a0, . . . ,ad1 , b0, . . . , bd2 , ũ0,u1, . . . ,ud1−1, ũd1) ∈ C(d1+3)(d2+3)−6
∣∣

a0, . . . ,ad1 , b0, . . . , bd2 ∈ C2, ũ0, ũd1 ∈ Cd2 ,u1, . . . ,ud1−1 ∈ Cd2+1,

a0,ad1 , b0, bd2 6= 0,

(ai, u(i,0) · · · · · u(i,d2)) 6= 0 (1 ≤ i ≤ d1 − 1),
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(bj, u(0,j) · · · · · u(d1,j)) 6= 0 (1 ≤ j ≤ d2 − 1),

(u(i1,i2), u(j1,j2)) 6= (0, 0)

if 0 ≤ i1 < j1 ≤ d1 and 0 ≤ j2 < i2 ≤ d2

}/(C×)(d1+1)(d2+1)+1, (89)

where ai = (a1i , a
2
i ) (i = 0, . . . , d1), bj = (b1j , b

2
j) (j = 0, . . . , d2), ũ0 =

(u(0,1), u(0,2), · · · , u(0,d2)), ui = (u(i,0), u(i,1), · · · , u(i,d2)) (i = 1, 2, · · · , d1 − 1),
ũd1 = (u(d1,0), u(d1,1), · · · , u(d1,d2−1)).
Let us write

(x1, x2, . . . , x(d1+3)(d2+3)−6) = (a0, . . . ,ad1 , b0, . . . , bd2 , ũ0,u1, . . . ,ud1−1, ũd1).
(90)

Then ((d1 + 1)(d2 + 1) + 1) torus actions are given by

(x1, . . . , x(d1+3)(d2+3)−6)

→

(d1+1)(d2+1)+1∏
j=1

λ
w(j,1)

j x1, . . . ,

(d1+1)(d2+1)+1∏
j=1

λ
w(j,(d1+3)(d2+3)−6)

j x(d1+3)(d2+3)−6

 ,

(91)

where w(i,j) is the (i, j)–component of W(d1,d2).

According to [9], W(d1,d2) is determined by following steps:

1. Give the labeling of column and row of W(d1,d2) as follows:

W(d1,d2)

=



a1 a2 b1 b2 ũ0 u1 · · · ud1−1 ũd1

z · · ·
w · · ·
f1 · · ·
f2 · · ·
...

...
...

...
...

...
...

...
...

fd1−1 · · ·
fd1 · · ·


, (92)

where we label rows and columns of these matrices by using the follow-
ing column and row vectors:
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column vectors used for labeling row vectors of W(d1,d2) :

z = t(z0, z1, . . . , zd1),

w = t(w0, w1, . . . , wd2),

fi =
t(f(i,1), f(i,2), . . . , f(i,d2)) (i = 1, 2, . . . , d1),

row vectors used for labeling column vectors of W(d1,d2) :

ai = (ai0, a
i
1, . . . , a

i
d1
) (i = 1, 2),

bi = (bi0, b
i
1, . . . , b

i
d2
) (i = 1, 2),

ũ0 = (u(0,1), u(0,2), · · · , u(0,d2)),

ui = (u(i,0), u(i,1), . . . , u(i,d2)) (i = 1, 2, . . . , d1 − 1),

ũd1 = (u(d1,0), u(d1,1), . . . , u(d1,d2−1)).

Before proceeding, we introduce the following two sets which will be
used in after subsections:

Row(d1, d2) := {z0, . . . , zd1 , w0, . . . , wd2 , f(1,1), . . . , f(d1,d2)},

and

Col(d1, d2) := {a0, . . . ad1 , b0, . . . , bd2 , u(0,1), . . . u(0,d2), u(1,0), . . .
. . . , u(1,d2), . . . , u(d1,0), . . . , u(d1,d2−1)},

where ai := (a1i , a
2
i ), bj := (b1j , b

2
j) (i = 0, . . . , d1, j = 0, . . . , d2). More-

over, we denote the canonical Z–bases ei, ed1+1+j, and ed1+d2+2+(i−1)d2+j

of Z(d1+1)(d2+1)+1 by ezi , ewj
, and ef(i,j) , respsctively. In the rest of

this paper, we fix the numbers n, r as n := 2d1 + 2d2 + 1 and r :=
|Σ(d1,d2)(1)| = (d1+3)(d2+3)−6. Thenm := r−n = (d1+1)(d2+1)+1.
We remark that we have taken the order of columns of W(d1,d2) in (92)
that differs from (89) for convenience sake.
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2. ai and bi-th columns of W(d1,d2) is given as follows:

W(d1,d2)

=



a1 a2 b1 b2 ũ0 u1 · · · ud1−1 ũd1

z Id1+1 Id1+1 O O · · ·
w O O Id2+1 Id2+1 · · ·
f1 O O O O · · ·
f2 O O O O · · ·
...

...
...

...
...

...
...

...
...

fd1−1 O O O O · · ·
fd1 O O O O · · ·


,

(93)

where O is zero matrix and IN (N ∈ N) is identity matrix of size N .

3. u(0,j)–th column vector (j = 1, . . . , d2 − 1) is given as follows: wj−1

component is −1, wj component is 1, f(1,j) component is 1, f(1,j+1)

component is −1, and the other components are 0.

4. u(i,0)–th column vector (i = 1, . . . , d1 − 1) is given as follows: zi−1

component is −1, zi component is 1, f(i,1) component is 1, f(i+1,1) com-
ponent is −1, and the other components are 0.

5. u(d1,j)–th column vector (j = 1, . . . , d2 − 1) is given as follows: wj
component is 1, wj+1 component is −1, f(d1,j) component is −1, f(d1,j+1)

component is 1, and the other components are 0.

6. u(i,d2)–th column vector (i = 1, . . . , d1 − 1) is given as follows: zi com-
ponent is 1, zi+1 component is −1, f(i,d2) component is −1, f(i+1,d2)

component is 1, and the other components are 0.

7. u(i,j)–th column vector (i = 1, . . . , d1 − 1, j = 1, . . . , d2 − 1) is given
as follows: f(i,j) component is −1, f(i+1,j) component is 1, f(i,j+1) com-
ponent is 1, f(i+1,j+1) component is −1, and the other components are
0.

8. u(0,d2)–th column vector is given as follows: z1 component is −1, wd2−1

component is −1, f(1,d2) component is 1, and the other components are
0.
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9. u(d1,0)–th column vector is given as follows: zd1−1 component is −1, w1

component is −1, f(d1,1) component is 1, and the other components are
0.

As a result, W(d1,d2) is given by

W(d1,d2)

=



a1 a2 b1 b2 ũ0 u1 u2 · · · ud1−2 ud1−1 ũd1

z Id1+1 Id1+1 O O U0 K1 K2 · · · Kd1−2 Kd1−1 Ud1
w O O Id2+1 Id2+1 L0 O O · · · O O Ld1

f1 O O O O J̃d Ju O · · · O O O

f2 O O O O O Jd Ju · · · O O O
...

...
...

...
...

...
...

...
. . .

...
...

...

fd1−1 O O O O O O O · · · Jd Ju O

fd1 O O O O O O O · · · O Jd J̃u


,

(94)

where other matrices are defined as follows:

U0 :=


0
−1

0 0
...
0

 ∈M(d1 + 1, d2;Z), (95)

Ud1 :=


0
...

0 0
−1
0

 ∈M(d1 + 1, d2;Z), (96)
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Ki :=



0 0


...
...

0 0
−1 0

1 0 1 < zi
0 −1
0 0
...

...
0 0

∈M(d1+1, d2+1;Z), (i = 1, . . . , d1−1),

(97)

L0 :=



−1 0

1 −1 0 0
1 −1 0

. . .
...

0 1 −1 0
1 −1

0 0 0 . . . 0 0 0


∈M(d2 + 1, d2;Z), (98)

Ld1 :=



0 0 0 . . . 0 0 0
−1 1

0 −1 1 0
...

. . .

0 −1 1

0 0 −1 1
0 −1


∈M(d2 + 1, d2;Z), (99)

J̃d :=



1

−1 1 0
−1 1

. . .

0 1
−1 1


∈M(d2, d2;Z), (100)
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J̃u :=



1 −1

1 −1 0
1

. . .

0 1 −1
1


∈M(d2, d2;Z), (101)

Jd :=



−1 1

−1 1 0
−1

. . .

0 1
−1 1


∈M(d2, d2 + 1;Z), (102)

Ju :=



1 −1

1 −1 0
1

. . .

0 −1
1 −1


∈M(d2, d2 + 1;Z). (103)

In the above, we denoted the set of p× q integer matrices by M(p, q;Z).

Example.

W(1,1) =


1 0 1 0 0 0 0 0 0 −1
0 1 0 1 0 0 0 0 −1 0
0 0 0 0 1 0 1 0 −1 0
0 0 0 0 0 1 0 1 0 −1
0 0 0 0 0 0 0 0 1 1

 , (104)

W(2,1) =



1 0 0 1 0 0 0 0 0 0 0 −1 0 0
0 1 0 0 1 0 0 0 0 0 −1 1 1 −1
0 0 1 0 0 1 0 0 0 0 0 0 −1 0
0 0 0 0 0 0 1 0 1 0 −1 0 0 0
0 0 0 0 0 0 0 1 0 1 0 0 0 −1
0 0 0 0 0 0 0 0 0 0 1 1 −1 0
0 0 0 0 0 0 0 0 0 0 0 −1 1 1


. (105)
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Following lemma is used in Subsection 4.4. We can easily prove it by
definitions of wight matrix W(d1,d2) of M̃p0,2(P1 × P1, (d1, d2)):

Lemma 7

(i)
d2∑
j=0

wu(i,j) = −ezi−1
+ 2ezi − ezi+1

(i = 1, . . . , d1 − 1), (106)

(ii)
d1∑
i=0

wu(i,j) = −ewj−1
+ 2ewj

− ewj+1
(j = 1, . . . , d2 − 1), (107)

(iii) (
i−1∑
p=0

d2∑
q=j+1

wu(p,q)

)
f(s,t)

=
(
ef(i,j+1)

)
f(s,t)

(
s = 1, . . . , d1, t = 1 . . . , d2,

i = 1, . . . , d1, j = 0, . . . , d2 − 1

)
,

(108)

(iv) (
d1∑

p=i+1

j−1∑
q=0

wu(p,q)

)
f(s,t)

=
(
ef(i+1,j)

)
f(s,t)

(
s = 1, . . . , d1, t = 1 . . . , d2,

i = 0, . . . , d1 − 1, j = 1, . . . , d2

)
,

(109)

where wu(i,j) is the u(i,j)–th columun vector of W(d1,d2) and (x)f(s,t) is the
f(s,t)–component of a vector

x = (xz0 , . . . , xzd1 , xw0 . . . , xwd2
, xf(1,1) , . . . , xf(1,d2) , . . . , xf(d1,1) , . . . , xf(d1,d2)).

(110)

4.3 Toric Construction of M̃p0,2(P1 × P1, (d1, d2))

In order to give toric construction of X(d1,d2) := M̃p0,2(P1 × P1, (d1, d2)),
first, we must check that X(d1,d2) has vertex matrix.
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Lemma 8 There exists an integer matrix V(d1,d2) such that the following
sequence

0 // Zn
tV(d1,d2) // Zr

W(d1,d2) // Zm // 0 (111)

is exact.

Proof. We define the n× r matrix V(d1,d2) as follows:

V(d1,d2)

:=



a1 a2 b1 b2 ũ0 u1 u2 · · · ud1−2 ud1−1 ũd1

z Id1+1 −Id1+1 O O O O O · · · O O O

w O O Id2+1 −Id2+1 O O O · · · O O O

Gd1 O Ãd1 O O O ẽ1 ẽ2 · · · ẽd1−2 ẽd1−1 O

G O Ga O Gb −1d2 e1 e1 · · · e1 e1 e−1

Gd2 O O O Ãd2 IRd2 ILRd2 ILRd2 · · · ILRd2 ILRd2 ILd2

,
(112)

where new row labelings Gd1 , Gd2 , G are given as follows:

Gd1 =
t(g

(d1)
1 , g

(d1)
2 , . . . , g

(d1)
d1−1),

Gd2 =
t(g

(d2)
1 , g

(d2)
2 , . . . , g

(d2)
d2−1),

G = t(g),

and e1 and e
−
1 are first canonical bases of Zd2+1 and Zd2 , respectivery. More-

over,

ÃN :=


1 −2 1

1 −2 1 0
1 −2 1

0 . . .

1 −2 1

 ∈M(N − 1, N + 1;Z),

(113)
Ga := (1 − 1 0 · · · 0) ∈M(1, d1 + 1;Z), (114)

Gb := (−1 1 0 · · · 0) ∈M(1, d2 + 1;Z), (115)
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−1d2 := (−1 − 1 · · · − 1) ∈M(1, d2;Z), (116)

ẽi :=



0 0 . . . 0


...
...

...
0 0 . . . 0

1 1 . . . 1 < g
(d1)
i

0 0 . . . 0
...

...
...

0 0 . . . 0

∈M(d1 − 1, d2 + 1;Z) (i = 1, . . . , d1),

(117)

IRd2 :=



1 0

1 0 0
. . .

...

0 1 0
1 0

 ∈M(d2 − 1, d2;Z), (118)

ILRd2 :=



0 1 0

0 1 0 0
...

. . .
...

0 0 1 0
0 1 0

 ∈M(d2 − 1, d2 + 1;Z), (119)

ILd2 :=



0 1

0 1 0
...

. . .

0 0 1
0 1

 ∈M(d2 − 1, d2;Z). (120)

Note that the center of −ÃN is nothing but Cartan matrix AN−1. Then we
can easily see that the sequence (111) is exact by elementary row operation
for W(d1,d2) as an integer matrix. □
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Example.

V(1,1) =


1 0 −1 0 0 0 0 0 0 0
0 1 0 −1 0 0 0 0 0 0
0 0 0 0 1 0 −1 0 0 0
0 0 0 0 0 1 0 −1 0 0
0 0 1 −1 0 0 −1 1 −1 1

 (121)

V(2,1) =



1 0 0 −1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 −1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 −1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 −1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 −1 0 0 0 0
0 0 0 1 −2 1 0 0 0 0 0 1 1 0
0 0 0 1 −1 0 0 0 −1 1 −1 1 0 1


(122)

Next, we define the pseudo-fan corresponding to moduli space X(d1,d2).

Definition 6 Let ν, ν1, ν2 be members of Col(d1, d2). Then we define Pν and
Q(ν1,ν2) as

Pν :=



{va10 , va20} (ν = a0)

{va1d1 , va2d1} (ν = ad1)

{vb10 , vb20} (ν = b0)

{vb1d2 , vb2d2} (ν = bd2)

∅ (otherwise),

(123)

Q(ν1,ν2)

:=


{va1i , va2i , vu(i,j)} ((ν1, ν2) = (ai, u(i,j)) (i = 1 . . . , d1 − 1, j = 0 . . . , d2))

{vb1j , vb2j , vu(i,j)} ((ν1, ν2) = (bj, u(i,j)) (j = 1 . . . , d2 − 1, i = 0 . . . , d1))

{vu(i,j) , vu(k,l)} ((ν1, ν2) = (u(i,j), u(k,l)) (0 ≤ i < k ≤ d1, 0 ≤ l < j ≤ d2))

∅ (otherwise),

(124)

where vν (ν ∈ Col(d1, d2)) is the ν–th column vector of V(d1,d2) in the proof
of Lemma 8 (see (112)). Moreover, we define three sets

Ver(d1,d2); = VerX(d1,d2)
= {vν | ν ∈ Col(d1, d2)}, (125)
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Π(d1,d2) := ΠX(d1,d2)

=
(
{Pν |ν ∈ Col(d1, d2)} ∪ {Q(ν1,ν2)|ν1, ν2 ∈ Col(d1, d2)}

)
\ {∅},

(126)

and
Σ(d1,d2) := Σ(Ver(d1,d2),Π(d1,d2)). (127)

Then the one of our main results in this paper can be stated as follows:

Theorem 7 Psuedo-fan (Σ(d1,d2),Ver(d1,d2),Π(d1,d2)) of X(d1,d2) satisfies (AMVC).

We will prove this theorem in next subsection. By Theorem 4 and The-
orem 5, the following main theorem is obtained:

Theorem 8 X(d1,d2) = M̃p0,2(P1 × P1, (d1, d2)) is a complete and simplicial
toric variety.

4.4 Proof of Theorem 7

We denote the set ({0, . . . , d1} × {0, . . . , d2}) \ {(0, 0), (d1, d2)}, namely,
the set of indices of u(i,j) by I and define

J+
(i,j) := {(k, l) ∈ {0, . . . , d1}×{0, . . . , d2}

∣∣ k = i+1, . . . , d1, l = 0, . . . , j−1},
(128)

J−
(i,j) := {(k, l) ∈ {0, . . . , d1}×{0, . . . , d2}

∣∣ k = 0, . . . , i−1, l = j+1, . . . , d2},
(129)

and
J(i,j) := J+

(i,j) ∪ J
−
(i,j) (130)

for (i, j) ∈ I.
Before solving the system (55) in the case of X(d1,d2), we prove the follow-

ing key lemma. It is very simple:

Lemma 9 Let a, b1, . . . , bm be real numbers. Then min{a, bi} = 0 for all
i = 1, . . . ,m if and only if min{a, b1 + · · ·+ bm} = 0 and b1, . . . , bm ≥ 0.

Proof. In the case of a = 0, it is obvious. Hence we assume that a 6= 0.
If min{a, bi} = 0 for all i = 1, . . . ,m, then a > 0 and b1, . . . , bm = 0 i.e.,
b1+ · · ·+ bm = 0. Conversely, if min{a, b1+ · · ·+ bm} = 0 and b1, . . . , bm ≥ 0,
then a > 0 by our assumption and b1 + · · · + bm = 0. Since b1, . . . , bm are
non-negative, b1 . . . , bm must be equal to 0. □
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Now, we solve the system (55) using this lemma and Lemma 7. In the
case of Pa0 , Pad1 , Pb0 , Pbd2 , the corresponding min–value equations are

min{−ya10 + xz0 ,−ya20 + xz0} = 0 (Pa0)

min{−ya1d1 + xzd1 ,−ya2d1 + xzd1} = 0 (Pad1 )

min{−yb10 + xw0 ,−yb20 + xw0} = 0 (Pb0)

min{−yb1d2 + xwd2
,−yb2d2 + xwd2

} = 0 (Pbd2 ),

(131)

and we can solve these equations as follows:
xz0 = max{ya10 , ya20}
xzd1 = max{ya1d1 , ya2d1}
xw0 = max{yb10 , yb20}
xwd2

= max{yb1d2 , yb2d2}.

(132)

By (106) (in Lemma 7), Lemma 9, and the equalities

min{a, b, c} = min{min{a, b}, c}, (133)

min{−a+ x,−b+ x} = x−max{a, b}, (134)

for each i = 1, . . . , d1−1, equations corresponding to Q(ai,u(i,j)) (j = 0, . . . , d2)
are combined into the following conditions consisting of one min–value equa-
tion and d2 + 1 inequalities:{

min{−yai + xzi ,−y(i,0) − · · · − y(i,d2) − xzi−1
+ 2xzi − xzi+1

} = 0,

−y(i,j) +
∑

µ∈Row(d1,d2)
w(µ,u(i,j))xµ ≥ 0 (j = 0, . . . , d2).

(135)

Note here that we use the abbreviation: y(i,j) := yu(i,j) , yai := max{ya1i , ya2i }.
Since the inequalities in the second line of (135) appear later again (see (137)
and the second line of (140) and (141)), it is enough to consider the following
system consisting of d1 − 1 min–value equations given in the first lines of
(135), namely,
min{−ya1 + xz1 ,−y(1,0) − · · · − y(1,d2) − xz0 + 2xz1 − xz2} = 0

min{−ya2 + xz2 ,−y(2,0) − · · · − y(2,d2) − xz1 + 2xz2 − xz3} = 0

· · ·
min{−yad1−1

+ xzd1−1
,−y(d1−1,0) − · · · − y(d1−1,d2) − xzd1−2

+ 2xzd1−1
− xzd1} = 0,

(136)
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where we recall that xz0 = max{ya10 , ya20} and xzd1 = max{ya1d1 , ya2d1}. How-

ever, it is already shown by Saito [15] that this system has unique solution of
xz0 , . . . , xzd1 for fixed y’s by using the theory of piecewise linear maps. Thus
we can find unique solution of xw1 , . . . , xwd2−1

from the system corresponding
to Q(bj ,u(i,j)) (j = 1, . . . , d2−1, i = 0, . . . , d1). Now, we denote these solutions
by x′zi , x

′
wj
, and define y′(i,j) ((i, j) ∈ I) as

y′(i,j) := y(i,j) −
d1∑
p=0

w(zp,u(i,j))x
′
zp −

d2∑
q=0

w(wq ,u(i,j))x
′
wq

((i, j) ∈ I). (137)

The second line of (135) gives

d2∑
j=0

y′(i,j) ≤ 0 (i = 1, . . . , d1 − 1). (138)

Inequalities corresponding to Q(bj ,u(i,j)) (j = 1, . . . , d2 − 1, i = 0, . . . , d1) also
gives

d1∑
i=0

y′(i,j) ≤ 0 (j = 1, . . . , d2 − 1). (139)

We see later that these inequalities are necessary for solvability of the system
(55).

Next, we find the solution x(p,q) := xf(p,q) ((p, q) ∈ {1, . . . , d1}×{1, . . . , d2}).
Let (i, j) be fixed element of I. As above, from (109) (in Lemma 7) and
Lemma 9, equations corresponding to Q(u(i,j),u(k,l)) ((k, l) ∈ J+

(i,j)) are com-
bined into{
min

{
−y′(i,j) +

∑d1
p=1

∑d2
q=1w(f(p,q),u(i,j))x(p,q),−

∑d1
p=i+1

∑j−1
q=0 y

′
(p,q) + x(i+1,j)

}
= 0,

−y′(k,l) +
∑d1

p=1

∑d2
q=1w(f(p,q),u(k,l))x(p,q) ≥ 0 (for all (k, l) ∈ J+

(i,j)),

(140)
and the ones corresponding to Q(u(i,j),u(k,l)) ((k, l) ∈ J−

(i,j)) are combined into{
min

{
−y′(i,j) +

∑d1
p=1

∑d2
q=1w(f(p,q),u(i,j))x(p,q),−

∑i−1
p=0

∑d1
q=j+1 y

′
(p,q) + x(i,j+1)

}
= 0,

−y′(k,l) +
∑d1

p=1

∑d2
q=1w(f(p,q),u(k,l))x(p,q) ≥ 0 (for all (k, l) ∈ J−

(i,j)),

(141)
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where we put x(p,q) := 0 ((p, q) /∈ {1, . . . , d1} × {1, . . . , d2}) and y′(s,t) := 0

((s, t) /∈ I). Since

w(f(p,q),u(s,t)) =


−1 ((p, q) = (s, t), (s+ 1, t+ 1))

1 ((p, q) = (s+ 1, t), (s, t+ 1))

0 (otherwise)

(142)

for p = 1, . . . , d1,q = 1 . . . , d2 and (s, t) ∈ I, (140) and (141) are further
combined into
min{−y′(i,j) − x(i,j) + x(i+1,j) + x(i,j+1) − x(i+1,j+1),

−∆
(d1,j−1)
(i+1,0) −∆

(i−1,d2)
(0,j+1) + x(i+1,j) + x(i,j+1)} = 0,

−y′(k,l) − x(k,l) + x(k+1,l) + x(k,l+1) − x(k+1,l+1) ≥ 0 (for all (k, l) ∈ J(i,j)),

(143)
where we introduce the following notation:

∆
(s,t)
(p,q) :=

{∑s
k=p

∑t
l=q y

′
(p,q) (p ≤ s, q ≤ t)

0 (otherwise).
(144)

Since the l.h.s. of the inequalities in the second line of (140) or (141) corre-
sponding to Q(u(i,j),u(k,l)) also appear in the min–value equations in the first
line of (140) or (141) corresponding to another Q(u(i,j),u(k,l)), we can omit the
second lines of (140) and (141). Therefore, the following system of min–value
equations is equivalent to equations corresponding to Q(u(i,j),u(k,l)) ((k, l) ∈
J(i,j)) in (55) about X(d1,d2):

min{−y′(i,j) − x(i,j) + x(i+1,j) + x(i,j+1) − x(i+1,j+1),

−∆
(d1,j−1)
(i+1,0) −∆

(i−1,d2)
(0,j+1) + x(i+1,j) + x(i,j+1)} = 0 ((i, j) ∈ I). (145)

By (134), the above system is further rewritten as

x(i+1,j)+x(i,j+1) = max{y′(i,j)+x(i,j)+x(i+1,j+1),∆
(d1,j−1)
(i+1,0) +∆

(i−1,d2)
(0,j+1) } ((i, j) ∈ I).

(146)

Lemma 10 The unique solution of (146) is given by

x(p,q) = max{∆(d1,q−1)
(p,0) ,∆

(p−1,d2)
(0,q) } ((p, q) ∈ {1, . . . , d1} × {1, . . . , d2}). (147)
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Remark. The index (i, j) is used in u(i,j) and (p, q) is used in f(p,q). Index
(i, j) of x(i,j) in (143), (145) and (146) comes from the index of u(i,j) via (142).

Proof. First we check that (147) satisfies the equation (146). Now, we
assume that i 6= 0, d1 and j 6= 0, d2 in (146). We remark that

max{a, b}+max{c, d} = max{a+max{c, d}, b+max{c, d}}
= max{max{a+ c, a+ d},max{b+ c, b+ d}}
= max{a+ c, a+ d, b+ c, b+ d}. (148)

Then we get

x(i+1,j) + x(i,j+1) = max{∆(d1,j−1)
(i+1,0) ,∆

(i,d2)
(0,j) }+max{∆(d1,j)

(i,0) ,∆
(i−1,d2)
(0,j+1) }

= max{∆(d1,j−1)
(i+1,0) +∆

(d1,j)
(i,0) ,∆

(d1,j−1)
(i+1,0) +∆

(i−1,d2)
(0,j+1) ,

∆
(i,d2)
(0,j) +∆

(d1,j)
(i,0) ,∆

(i,d2)
(0,j) +∆

(i−1,d2)
(0,j+1) }. (149)

By (138) and (139), the inequality

∆
(i,d2)
(0,j) +∆

(d1,j)
(i,0) = ∆

(d1,j−1)
(i+1,0) +∆

(i−1,d2)
(0,j+1) +

d2∑
j=0

y′(i,j) +

d1∑
i=0

y′(i,j)

≤ ∆
(d1,j−1)
(i+1,0) +∆

(i−1,d2)
(0,j+1) , (150)

holds. Therefore, we have

x(i+1,j)+x(i,j+1) = max{∆(d1,j−1)
(i+1,0) +∆

(d1,j)
(i,0) ,∆

(d1,j−1)
(i+1,0) +∆

(i−1,d2)
(0,j+1) ,∆

(i,d2)
(0,j) +∆

(i−1,d2)
(0,j+1) }.
(151)

On the other hand, the r.h.s. of (146) can be computed as follows:

max{y′(i,j) + x(i,j) + x(i+1,j+1),∆
(d1,j−1)
(i+1,0) +∆

(i−1,d2)
(0,j+1) }

= max
{
y′(i,j) +max{∆(d1,j−1)

(i,0) ,∆
(i−1,d2)
(0,j) }+max{∆(d1,j)

(i+1,0),∆
(i,d2)
(0,j+1)},

∆
(d1,j−1)
(i+1,0) +∆

(i−1,d2)
(0,j+1)

}
= max

{
y′(i,j) +max{∆(d1,j−1)

(i,0) +∆
(d1,j)
(i+1,0),∆

(d1,j−1)
(i,0) +∆

(i,d2)
(0,j+1),

∆
(i−1,d2)
(0,j) +∆

(d1,j)
(i+1,0),∆

(i−1,d2)
(0,j) +∆

(i,d2)
(0,j+1)},∆

(d1,j−1)
(i+1,0) +∆

(i−1,d2)
(0,j+1)

}
= max

{
y′(i,j) +∆

(d1,j−1)
(i,0) +∆

(d1,j)
(i+1,0), y

′
(i,j) +∆

(d1,j−1)
(i,0) +∆

(i,d2)
(0,j+1),
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y′(i,j) +∆
(i−1,d2)
(0,j) +∆

(d1,j)
(i+1,0), y

′
(i,j) +∆

(i−1,d2)
(0,j) +∆

(i,d2)
(0,j+1),∆

(d1,j−1)
(i+1,0) +∆

(i−1,d2)
(0,j+1)

}
= max

{
∆

(d1,j)
(i,0) +∆

(d1,j−1)
(i+1,0) ,∆

(d1,j−1)
(i+1,0) +∆

(i−1,d2)
(0,j+1) +

d2∑
j=0

y′(i,j),

∆
(i−1,d2)
(0,j+1) +∆

(d1,j−1)
(i+1,0) +

d1∑
i=0

y′(i,j),∆
(i,d2)
(0,j) +∆

(i−1,d2)
(0,j+1) ,∆

(d1,j−1)
(i+1,0) +∆

(i−1,d2)
(0,j+1)

}
= max

{
∆

(d1,j)
(i,0) +∆

(d1,j−1)
(i+1,0) ,∆

(i,d2)
(0,j) +∆

(i−1,d2)
(0,j+1) ,∆

(d1,j−1)
(i+1,0) +∆

(i−1,d2)
(0,j+1)

}
. (152)

Hence x(p,q) = max{∆(d1,q−1)
(p,0) ,∆

(p−1,d2)
(0,q) } satisfy the system (146) in the case

of i 6= 0, d1 and j 6= 0, d2. The cases i = 0 or i = d1 or j = 0 or j = d2 are
similar to above but more simple. Thus we have proved existence of solution
of the system (146). On the other hand, uniqueness of the solution is obvious.
Indeed, x(1,d2) is uniquely determined by the equation for (i, j) = (0, d2):

x(1,d2) = max{y′(0,d2),∆
(d1,d2−1)
(1,0) } (153)

Then x(1,d2−1) and x(2,d2) are uniquely determined by the equations

x(1,d2−1) = max{y′(0,d2−1) + x(1,d2),∆
(d1,d2−2)
(1,0) } ((i, j) = (0, d2 − 1)), (154)

and

x(2,d2) = max{y′(1,d2) + x(1,d2),∆
(d1,d2−1)
(2,0) } ((i, j) = (1, d2)). (155)

Therefore, x(2,d2−1) is uniquely determined by the equation for (i, j) = (1, d2−
1):

x(2,d2−1)+x(1,d2) = max{y′(1,d2−1)+x(1,d2−1)+x(2,d2),∆
(d1,d2−2)
(2,0) +∆

(0,d2)
(0,d2)

}. (156)
By repeating it, the remaining x(p,q)’s are inductively determined by remain-
ing equations in (146). □

In this way, we have constructed unique solution of the system (55) about
X(d1,d2) for arbitrary y = (yρ)ρ∈Ver(d1,d2) ∈ Rr, and therefore have completed
the proof of Theorem 7.

5 Chow Ring of M̃p0,2(P1×P1, (d1, d2)) and Com-

putation of Its Poincaré Polynomial

In this section, we give Chow ring and compute Poincaré polynomial of
X(d1,d2) = M̃p0,2(P1 × P1, (d1, d2)) using Theorem 6 and Theorem 3.
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5.1 Chow Ring of M̃p0,2(P1 × P1, (d1, d2))

By Theorem 6, we can compute Chow ring of X(d1,d2):

Theorem 9

A∗
Q(X(d1,d2)) ' H∗(X(d1,d2),Q)

' Q[h1, . . . , hm]

/〈∏
vj∈S

(w(1,j)h1 + · · ·+ w(m,j)hm)

∣∣∣∣S ∈ Π(d1,d2)

〉
.

(157)

Example. ((d1, d2) = (1, 1))

A∗
Q(X(1,1)) ' Q[h1, . . . , h5]/〈h21, h22, h23, h24, (−h2 − h3 + h5)(−h1 − h4 + h5)〉

(158)

Example. ((d1, d2) = (2, 1))

A∗
Q(X(2,1)) 'Q[h1, . . . , h7]/〈h21, h23, h24, h25, h22(−h1 + h2 + h6 − h7),

h22(h2 − h3 − h6 + h7), (−h2 − h4 + h6)(−h1 + h2 + h6 − h7),

(−h2 − h4 + h6)(h2 − h3 − h6 + h7),

(h2 − h3 − h6 + h7)(−h2 − h5 + h7)〉 (159)

5.2 Poincaré Polynomial of M̃p0,2(P1 × P1, (d1, d2))

Next, we compute Poincaré Polynomial P(d1,d2)(t) of X(d1,d2) in the case
of (d1, d2) = (1, 1), (2, 1) by using Theorem 3 and give some conjecture for
general (d1, d2). As mentioned above, computation of Poincaré polynomial
of complete simplicial toric variety is replaced with counting the number of
cones in its fan. More specifically, we must count the number of cones in
Σ(d1,d2)(k) for k = 0, . . . , n. But actually, thanks to the facts (iii) and (iv)
in Theorem 3, we only have to count it for k = 0, . . . , (n − 1)/2 = d1 + d2.
Moreover, |Σ(d1,d2)(k)| equals to the number∣∣{S ∣∣ S ⊂ Ver(d1,d2), |S| = k, and all P ∈ Π(d1,d2) are not contained in S}

∣∣
(160)

by definition of Σ(d1,d2) (see (40) and (127)). Under the above preparations,
we compute P(1,1)(t) and P(2,1)(t):
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(i) ((d1, d2) = (1, 1)) Since |Σ(1,1)(0)| = 1, |Σ(1,1)(1)| = 10, |Σ(1,1)(2)| = 40,
Betti numbers are

b0(X(1,1)) = b10(X(1,1)) = |Σ(1,1)(0)| = 1,

b2(X(1,1)) = b8(X(1,1)) = |Σ(1,1)(1)| − 5|Σ(1,1)(0)| = 5,

b4(X(1,1)) = b6(X(1,1))

= |Σ(1,1)(2)| − 4|Σ(1,1)(1)|+ 10|Σ(1,1)(0)| = 10,

b1(X(1,1)) = b3(X(1,1)) = b5(X(1,1)) = b7(X(1,1)) = b9(X(1,1)) = 0. (161)

Therefore, Poincaré polynomial of X(1,1) is given by

P(1,1)(t) = 1 + 5t2 + 10t4 + 10t6 + 5t8 + t10

= (1 + t2)5. (162)

(ii) ((d1, d2) = (2, 1)) Since |Σ(2,1)(0)| = 1, |Σ(2,1)(1)| = 14, |Σ(2,1)(2)| =
84, |Σ(2,1)(3)| = 280, Betti numbers are

b0(X(2,1)) = b14(X(2,1)) = |Σ(2,1)(0)| = 1,

b2(X(2,1)) = b12(X(2,1)) = |Σ(2,1)(1)| − 7|Σ(2,1)(0)| = 7,

b4(X(2,1)) = b10(X(2,1))

= |Σ(2,1)(2)| − 6|Σ(2,1)(1)|+ 21|Σ(2,1)(0)| = 21,

b6(X(2,1)) = b8(X(2,1))

= |Σ(2,1)(3)| − 5|Σ(2,1)(2)|+ 15|Σ(2,1)(1)| − 35|Σ(2,1)(0)| = 35,

b1(X(2,1)) = b3(X(2,1)) = · · · = b11(X(2,1)) = b13(X(2,1)) = 0. (163)

Therefore, Poincaré polynomial of X(2,1) is computed as

P(2,1)(t) = 1 + 7t2 + 21t4 + 35t6 + 35t8 + 21t10 + 7t12 + t14

= (1 + t2)7. (164)

Remark. From the above results, we are tempted to expect that P(d1,1)(t) =
(1 + t2)2d1+3, but it is not true. Indeed, from |Σ(d1,1)(0)| = 1, |Σ(d1,1)(1)| =
4d1 + 6, |Σ(d1,1)(2)| = (15d21 + 43d1 + 22)/2, . . . , lower cases of Betti numbers
of X(d1,1) are given by

b0(X(d1,1))(= b4d1+6(X(d1,1))) = 1,

b2(X(d1,1))(= b4d1+4(X(d1,1))) = 2d1 + 3,

b4(X(d1,1))(= b4d1+2(X(d1,1))) =
3d21 + 13d1 + 4

2
,

. . . (165)
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Hence, Poincaré polynomial P(d1,1)(t) of X(d1,1) is given by

P(d1,1)(t) =1 + (2d1 + 3)t2 +
3d21 + 13d1 + 4

2
t4

+ · · ·+ 3d21 + 13d1 + 4

2
t4d1+2 + (2d1 + 3)t4d1+4 + t4d1+6. (166)

However, it is not equal to the following:

(1 + t2)2d1+3 =1 + (2d1 + 3)t2 + (d1 + 1)(2d1 + 3)t4

+ · · ·+ (d1 + 1)(2d1 + 3)t4d1+2 + (2d1 + 3)t4d1+4 + t4d1+6.
(167)

By using computer, we can compute the Poincaré polynomials in higher
bidegrees as follows:

P(2,2)(t) = (1 + t2)5(1 + 5t2 + 7t4 + 5t6 + t8)

= 1 + 10t2 + 42t4 + 100t6 + 151t8 + 151t10 + 100t12

+ 42t14 + 10t16 + t18, (168)

P(3,1)(t) = (1 + t2)5(1 + t2 + t4)(1 + 3t2 + t4)

= 1 + 9t2 + 35t4 + 79t6 + 116t8 + 116t10 + 79t12 + 35t14

+ 9t16 + t18, (169)

P(3,2)(t) = (1 + t2)5(1 + 8t2 + 19t4 + 26t6 + 19t8 + 8t10 + t12)

= 1 + 13t2 + 69t4 + 211t6 + 424t8 + 594t10 + 594t12

+ 424t14 + 211t16 + 69t18 + 13t20 + t22, (170)

P(3,3)(t) = (1 + t2)5(1 + 12t2 + 43t4 + 88t6 + 109t8 + 88t10

+ 43t12 + 12t14 + t16)

= 1 + 17t2 + 113t4 + 433t6 + 1104t8 + 2004t10 + 2680t12

+ 2680t14 + 2004t16 + 1104t18 + 433t20 + 113t22 + 17t24

+ t26, (171)

P(4,1)(t) = (1 + t2)5(1 + t2 + t4)2(1 + 4t2 + t4)

= 1 + 11t2 + 52t2 + 146t6 + 277t8 + 377t10 + 377t12

+ 277t14 + 146t16 + 52t18 + 11t20 + t22, (172)

P(4,2)(t) = (1 + t2)5(1 + t2 + t4)(1 + 10t2 + 26t4

+ 37t6 + 26t8 + 10t10 + t12)
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= 1 + 16t2 + 102t4 + 378t6 + 939t8 + 1674t10 + 2218t12

+ 2218t14 + 1674t16 + 939t18 + 378t20 + 102t22 + 16t24

+ t26, (173)

P(4,3)(t) = (1 + t2)5(1 + 16t2 + 77t4 + 210t6 + 366t8 + 440t10

+ 366t12 + 210t14 + 77t16 + 16t18 + t20)

= 1 + 21t2 + 167t4 + 765t6 + 2351t8 + 5221t10 + 8727t12

+ 11227t14 + 11227t16 + 8727t18 + 5221t20 + 2351t22

+ 765t24 + 167t26 + 21t28 + t30, (174)

P(4,4)(t) = (1 + t2)5(1 + 21t2 + 132t4 + 462t6 + 1053t8 + 1692t10

+ 1973t12 + 1692t14 + 1053t16 + 462t18 + 132t20 + 21t22

+ t24)

= 1 + 26t2 + 247t4 + 1342t6 + 4898t8 + 13003t10

+ 26264t12 + 41449t14 + 51890t16 + 51890t18 + 41449t20

+ 26264t22 + 13003t24 + 4898t26 + 1342t28 + 247t30

+ 26t32 + t34. (175)

We remark that P(d1,d2)(t) = P(d2,d1)(t) since X(d1,d2) ' X(d2,d1). From the
above, we can give the first conjecture:

Conjecture 1 The Poincaré polynomial P(d1,d2)(t) of moduli space M̃p0,2(P1×
P1, (d1, d2)) is divisible by polynomial (1 + t2)5 and if d1 − d2 > 1, P(d1,d2)(t)
is divisible by (1 + t2 + t4)d1−d2−1.

Hence, we set

p(d1,d2)(t) := P(d1,d2)(t)(1 + t2)−5(1 + t2 + t4)−d1+d2+1. (176)

At least, p(d1,d2)(t) is a polynomial in the case of 1 ≤ d1 ≤ 4, 1 ≤ d2 ≤ 4. To
find the relations among P(d1,d2)(t)’s, we fix the second indice d2 (1 ≤ d2 ≤ 3)
and compute the differences

δ
(1)
(d1,d2)

(t) := p(d1+1,d2)(t)− p(d1,d2)(t) (177)

for d1 = 1, 2, 3:
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(d2 = 1)

δ
(1)
(1,1)(t) = t2, (178)

δ
(1)
(2,1)(t) = t2, (179)

δ
(1)
(3,1)(t) = t2. (180)

(d2 = 2)

δ
(1)
(1,2)(t) = 2t2 + 5t4 + 7t6 + 5t8 + 2t10, (181)

δ
(1)
(2,2)(t) = 2t2 + 6t4 + 9t6 + 6t8 + 2t10, (182)

δ
(1)
(3,2)(t) = 2t2 + 7t4 + 11t6 + 7t8 + 2t10. (183)

(d2 = 3)

δ
(1)
(1,3)(t) = 3t2 + 15t4 + 40t6 + 68t8 + 81t10

+ 68t12 + 40t14 + 15t16 + 3t18, (184)

δ
(1)
(2,3)(t) = 3t2 + 18t4 + 53t6 + 95t8 + 115t10

+ 95t12 + 53t14 + 18t16 + 3t18, (185)

δ
(1)
(3,3)(t) = 3t2 + 21t4 + 67t6 + 126t8 + 155t10

+ 126t12 + 67t14 + 21t16 + 3t18. (186)

Furthermore, we consider differences

δ
(2)
(d1,d2)

(t) := δ
(1)
(d1,d2)

(t)− δ
(1)
(d1,d2)

(t), (187)

and
δ
(3)
(d1,d2)

(t) := δ
(2)
(d1,d2)

(t)− δ
(2)
(d1,d2)

(t). (188)

Then we can compute as

(d2 = 2)

δ
(2)
(1,2)(t) = t4(1 + t2)2, (189)

δ
(2)
(2,2)(t) = t4(1 + t2)2. (190)
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(d2 = 3)

δ
(2)
(1,3)(t) = 3t4 + 13t6 + 27t8 + 34t10 + 27t12 + 13t14 + 3t16, (191)

δ
(2)
(2,3)(t) = 3t4 + 14t6 + 31t8 + 40t10 + 31t12 + 14t14 + 3t16, (192)

δ
(3)
(1,3)(t) = t6(1 + t2)4. (193)

(194)

Note that
δ
(1)
(d1,d2)

(t) = p(d1+1,d2)(t)− p(d1,d2)(t), (195)

δ
(2)
(d1,d2)

(t) = p(d1+2,d2)(t)− 2p(d1+1,d2)(t) + p(d1,d2)(t), (196)

δ
(3)
(d1,d2)

(t) = p(d1+3,d2)(t)− 3p(d1+2,d2)(t) + 3p(d1+1,d2)(t)− p(d1,d2)(t). (197)

Thus, we can give the second conjecture:

Conjecture 2 The polynomial p(d1,d2)(t) satisfies the folowing relation:

d2∑
k=0

(−1)d2−k
(
d2
k

)
p(k+d1,d2)(t) = t2d2(1 + t2)2(d2−1). (198)

In particular, for d2 = 1,

p(d1,1)(t) = 1 + d1t
2 + t4; (199)

P(d1,1)(t) = (1 + t2)5(1 + t2 + t4)d1−2(1 + d1t
2 + t4). (200)

If we assume these conjectures and that P(1,1)(t), P(2,2)(t), . . . are already
obtained, we can compute Poincaré polynomials P(d1,d2)(t) (or p(d1,d2)(t)) for
all (d1, d2) by following algorithm:

1. From Conjecture 2, we can determine the polynomials p(l,1)(t) (l =
1, 2, . . . ). Indeed, (198) for d2 = 1 is

p(l+1,1)(t)− p(l,1)(t) = t2 (l = 1, 2, . . . ), (201)

and since p(1,1)(t) is already obatined, p(2,1)(t), p(3,1)(t), . . . are induc-
tively determined by (201).

2. Since P(1,2)(t) = P(2,1)(t), p(1,2)(t) can be determined by (176).
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3. The equality (198) for d2 = 2 is

p(l+2,2)(t)− 2p(l+1,2)(t) + p(l,2)(t) = t4(1 + t2)2 (l = 1, 2, . . . ). (202)

Since we already computed p(1,2)(t) in previous step and p(2,2)(t) was
already obtained by our assumptions, p(3,2)(t), p(4,2)(t), . . . are induc-
tively determined by (202).

4. Since P(1,3)(t) = P(3,1)(t) and P(2,3)(t) = P(3,2)(t), p(1,3)(t) and p(2,3)(t)
can be determined by (176).

5. Repeat the above processes. Then we can obtain p(d1,d2)(t) (and P(d1,d2)(t))
for all (d1, d2).

From the above, we must expect the explicit form of p(d,d)(t) for all d.
Thus, The first our future goal about studying Poincaré polynomials of
X(d1,d2) is to give the conjecture such that determines p(d,d)(t) for all d.
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