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1 Introduction

1.1 Background: Classical Mirror Symmetry

Mirror symmetry is some symmetry between Calabi-Yau variety X (A-
model: Kéhler structure) and another Calabi-Yau variety X° (B-model: com-
plex structure). Mirror symmetry comes from superstring theory. In super-
string theory, a particle in spacetime M is considered as a string and its tra-
jection is described as a map from Riemann surface ¥ to M. By conformal
invariance, M must have 10-dimensions. Then M is considered as a product
of 4-dimensional spacetime M*!' and (complex) 3-dimensional Kahler mani-
fold K whose Ricci curvature vanishes (namely, Calabi-Yau threefold), and
K is small to have escape ditection in ordinary our observation. This is the
compactification of superstring theory. Moreover, the theory which describes
the motion of a string in Calabi-Yau threefold K is described by N = 2 su-
perconformal field theory (SCFT). N = 2 SCFT suggests the symmetry: for
Calabi-Yau threefold X, we can take another Calabi-Yau threefold X° such
that hP4(X) = h3P9(X°), where h?4(X) is the Hodge number of X. By
the way, it is convenient to introduce the Hodge diamond of 3-dimensional



compact Kahler manifold X:

h3,3(X)
h3’2(X) h2,3 (X)
h3’1(X) h2’2<X) hl,S(X)
h3’O(X) h2’1(X) hl,Q(X) h0’3(X)
h29(X) hUY(X) ho2(X)
hl’O(X) ho’l(X)
h0,0 (X)

Since h?4(X) = hi?(X) = h* P37 4(X) = B33 P(X) and h*0(X) = 1, h10(X) =
0,h*%(X) = 0,h*°(X) = 1 for Calabi-Yau threefold X, it is sufficient to con-
sider A (X) and h*!(X). Then the Hodge diamond of X is

1
0 0
0 KU (X) 0
1 h21(X) h21(X) 1
0 hU(X) 0
0 0
1

and by using “mirror symmetry” h*»!(X°) = hM?(X°) = hM(X), BV (X°) =
h*2(X°) = h*1(X), the Hodge diamond of X° is

1
0 0
0 h21(X) 0
1 hU(X) hU(X) 1
0 h21(X) 0
0 0
1

Thus, the Hodge diamond of X° is a 45° line reversal of the Hodge diamond
of X. This is the origin of the word “mirror” of mirror symmetry.

In general, h**(X) equals to the dimension of complex moduli space
(moduli space of complex structure) of X and h'!(X) equals to the dimension
of Kéhler moduli space (moduli space of Kéhler structure) of X. By “mirror
symmetry” hM(X) = h>1(X°), we can give the conjecture about moduli:



Kahler moduli space of X coincides with complexr moduli space of X°. Then
we can describe the classical mirror symmetry. Now, we consider the case
that X is a quintic threefold V(2] + 25 + 25 + 2§ + 22 — Bibzy29232425) C P4
with one parameter 1. Then h''(X) = 1,h*1(X) = 101 and thus Kéhler
moduli space of X is described by one parameter t. The mirror X° of X is
defined as the quotient space X° := V(27 + 25+ 25+ 25 + 22 —5vhz129232425) /G
(G ~ (Z/5Z)?), where 1 is the parameter (or coordinate) of complex moduli
space of X°. Then h*!(X°) = 1, h1(X°) = 101, and it is compatible with the
fact that only one parameter 1) appears in X°. Here, in physics, the quantity
called Yukawa coupling is important. The B-model Yukawa coupling Ky
of X° can be computed by using periods which satisty Picard-Fuchs equation;
as a result, Ky = C?/(1—1°), where C'is some constant. In contrast, the
direct computation of A-model Yukawa coupling Ky, of X is difficult because
instanton corrections appears in K. But, by Candelas, de la Ossa, Green
and Parkes [2], Ky, is computed by using the moduli conjecture, namely, the
equivalence of Kahler moduli space of X and complex moduli space of X°;
to compute Ky, they used the mirror map v = (t). A mirror map is the
coordinate transformation between Kahler moduli space of X and complex
moduli space of X°. The equivalence of two moduli spaces suggests that K
can be computed by using Ky, via the mirror map. In [2], Ky was finally
computed as follows:

K =5+ Y d*Nyg" =5+ 2875q + 4876875¢° + - - - , (1)
d=1

where ¢ := ¢V~ This is a surprising result. The number 2875 is nothing
but the number of the degree-1 rational curves in X and 4876875 relates to
the number 609250 of the degree-2 rational curves in X as 4876875 = 23 -
609250 + 13- 2875. In this way, mirror symmetry is useful to the enumeration
of the rational curves on varieties. The number (O, O, On)oa = d*Ny is
called Gromov-Witten invariant (GW invariant). Mathematically, mirror
symmetry for quintic surfaces was proved by Givental [7], and Lian, Liu and
Yau [12].

In general case, mirror symmetry conjecture is described as follows: There
exists a pair of Calabi-Yau manifolds (X, X°) such that A-model (Kdhler
structure of X ) and B-model (complex structure of X°) are equivalence via the
mirror map. In classical case, A-model Yukawa coupling on X “coincides”
with B-model Yukawa coupling on X° via the mirror map. A-model Yukawa
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coupling in general case is

<w1,w2,w3>: Z (wl,w%wg)gqﬁ, (2>
B€H2(X7Z)

where wy,ws, w3 € H*(X,Q) and ¢° is a formal symbol and (wy,ws, ws)s is
the (three point) Gromov-Witten invariant:

(w1, a, ) = / v (wn)evs(wa)evs (ws). 3)
[Mo,3(X,3)]vir

Moreover, [Mg3(X, 8)]'' is the virtual fundamental class, and Mg 3(X, )
is the moduli space of 3-pointed genus 0 stable maps in X with homology
class 3, and ev; : Mo3(X,8) — X (i = 1,2,3) is the evaluation map at the
1-th marked point. We can also define the GW invariants as the intersection
number of Mg 3(V, 3), where V is an ambient space of X (for example, if X
is the quintic threefold in P4, then the ambient space of X is P*). In general,
the direct computation of GW invariants needs the localization technique
that is more complicated. Classical mirror symmetry gives us the easy way
of the computation of GW invariants.
For more detail about mirror symmetry, see [3, 8, 10].

1.2 Motivation: Another Compactification of Moduli
Space

As mentioned above, GW invariants of Calabi-Yau variety X is defined
as the intersection number of Mg 3(V, B), where V is an ambient space of X.
M 3(V, B) is compactification of the moduli space of 3-pointed holomorphic
maps from P! to V' with homology class 3 € Hy(V,Z). But, in this paper,
we treat the another compactification %072(1/, d) when V is a toric variety
(especially, P! x P'), which was introduced by Jinzenji [9] (see Section 4).
This is the compactification of the moduli space Mpg2(V, d) of multi degree-
d quasi maps from P! with two marked points 0 := [1 : 0],00 := [0 : 1]
to V' which is well-defined at 0,00. The moduli space of quasi maps is
simpler than the moduli space of stable maps. Indeed, it is expected that
Mp,5(V,d) is written as a toric variety. Then we can easily compute Chow

ring of Mvpm(\/, d). Moreover, as the analysis of gauged linear sigma model

by Morrison and Plesser [14] tell us, we can expect that mog(\/, d) has more
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information of B-model. For example, for V = PN~ d = d, the generating
function of intersection numbers

evi(h®) Nevy(h7) Aciop(E5),  (4)

w((’)ha, Ohﬁ)Qd = /
MpO,Q(PNil’d)
where h is a hypersurface class of PV~ and ev; : j/[\]/ow(IP’N_l, d) — PN~ (i =
1,2) is the evaluation map at the i-th marked point and £% is the rank
kd + 1 vector bundle on /Z%OQ(PN ~1 d) corresponding to the condition that
the images of quasi maps are contained in the hypersurface V(2§ + -+ +
2%) in PV~ gives the mirror map in the computaions of classical mirror
symmetry of surfaces in PN~1 (see [9]). For the above reasons, we study

about ﬁpovg(‘/, d) for a toric variety V.

Histrically (about the toric construction of ]\A/[};O’Z(V, d)), Jinzenji [9] con-
jectured the existence of the moduli space mw(‘/, d) and explicitly con-
structed the M\EO’Q(V, d) by using the homogeneous coordinates in the case
of V.= PN-1 P! x P!. But concrete toric construction of %072(‘/, d) for
these cases were not given in [9]. In [15], Saito gave the toric construction
of ﬁpw(N, d) = ﬁpo,Q(]P’N_l, d). In [11], Jinzenji and Saito gave the toric
construction of M\E)O’Q(P(l, 1,1,3),d). In [13], the author gave the toric con-
struction of mo’z(ﬂ“ x P, (dy, ds)).

1.3 Main Results and Outline of This Paper

As mentioned above, in [9], moduli space movg(Pl x P, (dy,ds)) is defined
as a quotient space, but its toric construction is not given. As the case of
V =P 1P x PYP(1,1,1,3), we can expect that Mpq,(V,d) is written
as a quotient space when V' is a toric variety in general. In this paper, we
discuss general theory of pseudo-fan and method of toric construction of a
quotient space by using pseudo-fan. Moreover, as an application of it, we
give the toric construction of Mp,o(P* x P*, (dy, d3)) according to [13]. First
similar discussion is expanded in specific cases in [11, 15], and after, in [13],
the author generalized their methods about toric construction by introducing
pseudo-fan.

This paper consists of two parts. The first part is development of general
theory of pseudo-fan and quotient space. In Section 2, we review the basics of



toric geometry used in this paper. In Section 3, we discuss the toric construc-
tion of quotient space and computing Chow ring. To do toric construction,
in Subsection 3.1, we introduce pseudo-fan and min-value condition (MVC),
and we prove that pseudo-fan satisfying (MVC) is actually complete and
simplicial fan (Lemma 4). In Subsection 3.2, we explain the construction of
pseudo-fan from a quotient space. we also see that (MVC) can be rewritten
as alternative min-value condetion (AMVC) in the case of quotient space
(Theorem 4). (AMVC) is easier than (MVC) because (AMVC) is just min-
value linear system. In Subsection 3.3, we compute the action of pseudo-fan
satisfying (AMVC) and compare it and the action of former quotient space.
In conclusion, it is shown that a quotient space satisfying some conditions
is complete and simplicial toric variety (Theorem 5). It is one of our main
theorem. In Subsection 3.4, we compute Chow ring of quotient space by
using its weight matrix (Theorem 6).

The second part is discussion about %072(}?1 x P!, (dy,dy)). In Subection
4.1, we give the definition of quasi map and its moduli space. In Subsection
4.2, we give the explicit definition of Mp, ,(P' x P', (dy, ds)) according to [9).
The remaining subsections in Section 4 are assigned to toric construction of
Mpg (Pt x P!, (dy,dy)) according to the toric construction program that is

discussed in Section 3. More specifically, we give pseudo-fan of mo’z(}?l X
P!, (dy,dy)) and confirm that it has a verter matriz and satisfies (AMVC)

(Theorem 7). In conclusion, one of our main theorem (Theorem 8; Mp , (P x
P!, (dy,dy)) is a complete and simplicial toric variety) is obtained. In Section
5, we compute Chow ring of M/\/117072(IP’1 x P!, (dy,ds)) (Theorem 9) and give
two conjectures for its Poincaré polynomials (Conjecture 1 and Conjecture
2).

1.4 Acknowledgements

The author would like to thank Prof. Jinzenji for suggesting the problems
treated in this paper, his big support and many useful discussions. He is also
grateful to Prof. Ishikawa for his big supports and useful comments for this
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Part 1
General Theory of Pseudo-Fan
and Its Geometry

2 Reviews in Toric Geometry

In this section, we review standard definitions and basic facts in toric
geometry which we will use in this paper. For more details, see [4] or [6].

2.1 Fan and Toric Variety

Let M be a free Abelian group of rank n (i.e., M ~ Z") and N :=
Homy (M, Z)(~ Z") be its dual. We denote M @ R and N ® R by Mg and
Npg, respsctively. Similarly, we denote that Mg := M ® Q and Ng := N ® Q.
Then we have a natural pairing:

(o,0): M x N — 7. (5)

A rational polyhedral cone (hereinafter, reffered to as the cone) is a subset o
of Ny that is written as

o= (V1,...,0)>0 :={\v1 + -+ Ny ‘ Ay, N >0} (6)
for some vy, ...,v; € N. A cone o is called a strongly convex cone if it satisfies
o (—a) = {0}, (7)

A Dimension of a cone o is defined as
dim ¢ := dimg span(o), (8)

where span(c) is a minimal R-linear subspace including the cone 0. A Dual
cone of a cone o is defined by

& :={m € Mg | (m,v) >0 for any v € 0}. 9)
Let 7 be a subset of o. If we can take m € M N & such that

r={vea| (muv) =0} (10)

8



then we call 7 a face of 0. Note that a cone o := (vy,...,v;)>0 generated by
R-linearly independent vectors vy, ..., v; is strongly convex.
Then we give basic properties of cones without proof:

Lemma 1
(i) A face of a cone is also a cone.
(i1) Let o be a cone and T be its face. Then every face of T is a face of o.

(i1i) If o is a cone, then & N M is a finitely generated semigroup (Gordan’s
lemma,).

(w) If p is a cone with dim p = 1, then there exists the unique generator v,
of the semigroup p N N.

From (iv) of above lemma, we identify the 1-dimensional cone p with its
generator v, in this paper. The following lemma is used in Section 3:

Lemma 2 Let {vy,...,v;} be a subset of N and S be a subset of {vy,...,u}.
If vy,... v are linearly independent as vectors of N, then (S)sq is a face
of 0 := (v1,...,v)>0. Moreover, every face of o can be written as 0 = (T)>q
for some T C {vy,...,u}.

Proof. Since o is a face of o and a face of a face is a face, we can assume
that S = {vy,...,v_1}. It is clear that vy, ..., v; are linearly independent as
vectors in Ng. We define two subspaces Vi, Vs of Mg as

Vii={me Mg | (m,v) =+ = (m,u_y) =0}, (11)

Vo :={me Mg | (m,v1) =--- = (m,v) =0}. (12)

Then dimgV; = n—(I—1) and dimgV2 = n—1[. This follows that V; D V5, and
we can take some element mg of V} such that my ¢ V5. By multiplying my
by some integer if necessary, mg can be made into an element of M satisfying
(mo,v;) > 0. Thus the following equality holds:

(S)s0 = {v €| (mo,v) =0}, (13)

and therefore, (S)>¢ is a face of o.
Let 7 be a face of 0. By the definition of a face, 7 is written as 7 = {v €
o | (m,v) = 0} for some m € M N&. Now, we put T := {v; | (m,v;) = 0}

9



and I(T) := {i | (m,v;) = 0}. Let w := Ajvy +... Ny (Ar,..., N > 0) be an
element of 7. Then

l

0= (m,w) =Y N{m,v;) = > Nilm,v,). (14)

i=1 i¢1(T)

Since m belongs to &, pairings (m,v;) (i € {1,...,l}\ I(T)) are positive, and
therefore, A\; (i € {1,...,1} \ I(T")) must be 0; hence
w = Z Aiv; € <T>20 (15)
i€I(T)

and therefore 7 = (T')>o. O

Now, we give the definition of a fan, which is the fundamental material
of the construction of toric varieties:

Definition 1 A set X which consists of strongly convex cones is called a fan
of
(i) ¥ is a finite set.
(i1) for any o € X, every face of o is also cone of .
(i1i) for any o, 7 € ¥, 0 N T is a face of o and 7.
Moreover, the set |X| denotes | J, o, 0 and we define the set

S(k) :={o €L | dimo = k}. (16)

FEspecially, we also denote by 3(1) a set of generators of 1-dimensional cones
m 2.

A fan ¥ defines a toric variety X (X) which is obtained by gluing affine
toric varieties X, := Spec(C[M Na]) (o € ), where C[M N 4] is a C-algebra
generated by x™ (m € M N &) with relations x™! - ™ = x"™ ™2 Then
X0y = Spec(C[M]) is an algebraic torus Ty := N ® C* ~ (C*)". Recall
that the character x™ (m € M) is a rational function on X (X).

At this stage, we introduce a fundamental theorem in toric geometry
which we use in this paper. First, we give the geometrical properties of
X (X) using terminology of cones and fans:

10



Theorem 1 Let X be a fan.

(1) X(X) is simplicial, namely, an orbifold if and only if ¥ is simplicial,
namely, the generators of o are linearly independent as vectors of Ny
for any o € X.

(11) X (X) is complete, namely, compact if and only if ¥ is complete, namely,
|Z| = Ng.

If the generators of 1-dimentional cones of ¥ span g, then the following
sequence of Z—modules is exact:

0 M —*— Divy, (X(2)) — = A, _1(X(D))

0, (17)

where Divr, (X (X)) is the group of Ty-invariant Weil divisors and A4,,_1 (X (X))
is Chow group of X (X). Moreover, p(m) := div(x™), and ¢ (D) is the divisor
class of D. Recall that 1-dimensional cone p of ¥ corresponds to Ty—invariant
divisor D, on X (%) and div(x™) = >_ (m,v,)D,.

As is well known in the case of complex projective space, toric variety
X (X) can be written as a quotient space when the fan X is complete and
simplicial (see [5]). We briefly explain outline of this construction. First, we
define a closed subspace of C*() by

Z(%) = {(%)pez(l) e C*™

pr—OforallUEE}, (18)

pLo
and an abelian group that acts on C*() by
G = G(X) := Homgz (A, 1(X(X)),C). (19)
Then the group action of G is given by
G x C*W 3 (g, (2,),) 7 (9([D,])z,), € . (20)

Under the above preparations, we can state the following theorem that is due
to Cox (see [4, 5]):

Theorem 2 Let X be a fan. If the generators of 1-dimentional cones of X
span N, then X (X) is the geometrical quotient of C*Y) — Z(X) by G if and
only if ¥ is simplicial.

11



In order to describe the closed set Z(X) in a simpler manner, we introduce
primitive collection of X:

Definition 2 ([1]) Let ¥ be a simplicial fan. A subset S of (1) is called a
primitive collection of ¥ if

(i) S does not generate a cone in X.
(ii) every proper subset of S generates a cone in .
Moreover, we denote the set of primitive collections of 3 by PC(X).

If ¥ is simplicial, Z(X) takes the following form using primitive collections
of >:

Lemma 3 ([1]) If X is a simplicial fan, then Z(X) is rewriten as

Z(%) = U {(z,) € C*V | 2, =0 for any p € S}. (21)
SePC(S)

2.2 Chow Ring and Cohomology Ring of Toric Vari-
eties

Let ¥ be an n—dimensional fan. Then ¥ defines a toric variety X (X)
as above. In order to compute Chow ring and cohomology ring (over Q) of
X (%), we define two ideals of polynomial ring Q[z,|p € 3(1)]. The first ideal,
denoted by I(X), is defined as an ideal generated by degree—1 homogeneous
polynomials

> (m,vy) -z, (m € M). (22)

pEX(1)
By taking m as canonical basis ¢; (i = 1,---,n) of M, this ideal is rewritten
as
> vmli=1...np, (23)
peX(1)
where v, = *(vy,,...,v,,). The second ideal, called Stanley—Reisner ideal, is
defined by

SR(Y) := H T,

vpE€S

SePC(E) b, (24)

12



Then Chow ring, cohomology ring, and Betti numbers of complete simplicial
toric variety X (X) can be computed as follows (see [3, 4]):

Theorem 3 Let X be a complete and simplicial fan.
(i)
Ap(X (%)) ~ H(X(%), Q)
~ Qlzolp € E)]/(I(E) + SR(X)). (25)

(i)
baX(2) = Y 0F( Il (oratt), (20)
where by (X (X)) := dim H?**(X (X)), Q) is Betti number of X(X).

(iii)
borir (X(2)) =0 (for all k). (27)

(iv)
bor(X(2)) = ban_on(X (D)) (for all k). (28)

From this theorem, computation of Poincaré polynomial P(t) := S by;t’
of complete simplicial toric variety is replaced with counting the number of
cones in its fan.

3 Pseudo-Fan and Quotient Space

In previous section, we saw that a complete and simplicial toric variety can
be represented using homogeneous coordinates. Thus, conversely, we discuss
the method of finding the fan of quotient spaces in this section. The key of
this method is the notion of pseudo-fan and min-value condition (MVC) (or
alternative min-value condition (AMVC)).

Before the discussion, we treat a simpler example, projective space P2.
We define a fan Yp2 as

Ypz = {0} U {(u1)>0, (u2)>0, (us) >0} U {(u1, ua) >0, (U1, us) 0, (s, uz)>o},
(29)

13



where u; = *(1,0),us := *(0,1),u3 := *(—1,—1). This is clearly complete
and simplicial. Moreover, it has the only primitive collection {uq,us, us}.
Thus we can apply the Theorem 2 and firstly obtain

Z(ZIPQ) = {(07070)} <3O>

To check the action of G = G(3p2), we must find the relation among [D;],
[Ds], and [Ds], where D; is the divisor corresponding to wu;, and calculate
Chow group of X (Xp2). For m = (my,ms) € Z*(~ M), the map ¢ in (17) is

e(m) = div(x™) = m1 Dy + maoDs + (—my — my) D3, (31)

where D; is the corresponding divisor to u;. Therefore, a divisor D = n; D, +
ngDo+n3Ds (ny,ne, ng € Z) is an element of the image of ¢ if and only if n; +
ny+nz = 0, and [D;] generates Chow group A; (X (Xp2)) since [div(y1?)] =
[D1] — [D3] = 0 and [div(x(®V)] = [Dy] — [Ds] = 0. Thus A;(X (X)) ~ Z,
and by (20), G = Homgz(A;(X (Xp2)),C*) acts on C* — Z(X(3p2)) = C> —
{(0,0,0)} as

G X (C3 - {<0’070)}) = (gv (ZhZ??Z?)))
— ()\Zl, )\227 )\23) S C?® — {(O, 0,0)}, (32)

where \ := ¢g([D1]) = g([D2]) = g([Ds]). Because we can identify G with C*
by the following correspondence:

G C*
W W

33
g + 9([Ds) (33)
gx < A,

where g)([Ds]) := A, the action of G is equivalent to the ordinary action in
P2, and therefore, X (Xp2) ~ P? by using Theorem 2. Note that 1 -u; +
1-ug+1-u3 =0 and the action (32) can be written as (g, (21, 22, 23)) —
(A'z1, Alzo, Al23); that is, coefficients (1,1,1) of the relation u; + us + uz = 0
corresponds to the powers (1,1,1) of C* action (namely, A) in (32).

Conversely, we can predict the fan of P? from its quotient form. As a
quotient space, P? is defined as

P? .= (C* - {(0,0,0)})/C*, (34)

14



where the group C* acts as

C* x (C* = {(0,0,0)}) 3 (A, (21, 22, 23))
— (21, Azg, Az3) € C* — {(0,0,0)}. (35)

Then, using 1 x 3 matrix W2 = (w;;) := (1 1 1) (weight matriz), we can
interpret this action as

C* x (C*—={(0,0,0)}) > (\, (21, 22, 23))
— (A2, A2 29, A8 235) € C* — {(0,0,0)}. (36)

From the calculation of the action in Theorem 2 (see above calculation),
we notice that we should solve the following Z-linear equation to find 1-
dimensional cones of the fan of P?:

W[pﬁ -x=0. (37)

The solutions of this equation are x; = *(—1,1,0),x, = *(—1,0,1). We define
the 2 x 3 matrix Vg2 (vertex matriz) as

t 1 0 —1
V2 = (v, 09, v3) := (;2) = (0 1 _1> ) (38)

Then vy = w1, vy = Uy, v3 = uz, and from the numerator of P? in (34), we can
easily predict the set of primitive collection of P? as {vy, vy, v3}. Therefore
we should define the fan ¥, of P2 as follows:

Spe i={(S)50 | S C {v1,v2,v3}, and {v1, v3,v3} is not contained in S }.
(39)
Then X5, = Yp2, and of course, ¥p, is a complete and simplicial fan which
has the only primitive collection {u, us, us}.

In the case of general weight matrix, it is expected that obtained vertex
matrix as above is more complicated than the case of P? and it is difficult
to check that obtained “fan” as above is really complete and simplicial fan.
To deal with this problem, we will introduce the notion of pseudo-fan and
min—value condition in next subsection.
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3.1 Pseudo-Fan and Min—Value Condition

Definition 3 Let V be a finite subset of N ~ Z% and P, . . ., P, be non-empty
subsets of V.. Moreover, we put Il := {Py,..., P} and

Y =XV, 1) := {(S)>0 ‘ SCV,and Py,..., P are not contained in S }.
(40)
Then we call a triplet (3, V,II) d—dimensional pseudo-fan if it satisfies the
following conditions:

(i) Pi,...,P span'V i.e.,

PU---UFR=V. (41)

(ii) If i # j, then P; ¢ P;.

Now, we introduce the condition (MVC) that provides a basis for our
discussion. (MVC) gives sufficient condition for a pseudo-fan to be a complete
and simplical fan.

Definition 4 Let (X, V1) be a d-dimensional pseudo-fan. Then we say
that (3, V, 1) satisfies Min—Value Condition (MVC) if for any 3 € R%, there
ezists the unique o = (o) € R™ (r:=|V|) such that

) T
6 = Z ;U4 (42)
i=1
where V= {vy,...,v,.}.

(i1)
min{w; | v; € P} =0 (for any P € II). (43)

Lemma 4 Let (X, V,II) be a d-dimensional pseudo-fan satisfying (MVC).
Then ¥ is a d—-dimentional complete and simplicial fan with PC(X) = IL.

Proof. Let 0 := (uy,...,u)>0 (u1,...,u; € V) be any element of 3. If

Uy, ...,u; are linearly dependent over R, there exists aq,...,q; € R such
that aju; +---+oquy = 0 and (aq, ..., ) # (0,...,0). Now we can assume
that ay,...,0p >0, apy1,...,0; <0 (1 < p <I). Since every P € II is not
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contained in {uy,...,u} (see (40)), we can take some element v of V' such
that v ¢ {uy,...,w} and v € P for each P € II. Then both representations

auy + -+ apup + Z 0-v

= ()t + o (madu+ Y 0-u (44)

vEV\{up41,..u}

satisfy (i), (ii) of (MVC). This follows that («y,...,a;) = (0,...,0) by
uniqueness of «, which contradicts our assumption, and therefore uq, ...,y
are linearly independent. In particular, every cone in 3 is strongly convex.

Let 0 := (S)>0, 7 := (T)>0 (5,7 C V) be any elements of ¥. Then we
put SNT = {uy,...,w}, S\T = {wy,...,wy}, and T\ S = {wy,...,w,}.
It is clear that (SN T)>g C o N 7. Conversely, if u € o N 7, we can write

l p l q
u:Zaiuﬁ—Z'ijj+20-v:Za§ui~l—Z”y}€w§c+ZO-v (45)
i=1 =1 1 k=1

veES i= veT

for some constants «;,a,v;,7;, > 0. Since these representations satisfy (i),
(ii) of (MVC), one can see that o; = o} and 75,7, = 0 as above. Thus o N7
coincides with (S N T)>o and ¥ satisfies (iii) of Definition 1 by Lemma 2.
The condition (i) of Definition 1 is obvious by (40). Also, ¥ satisfies (ii) of
Definition 1. Indeed, for every subset S’ of S, S’ 2 P for any P € II since
S 2 P for any P € II, and this means that (S')>o € ¥. From Lemma 2,
every face of o = (5)>¢ is written as the form (S’)>o for some subset S’ of
S, and therefore we have confirmed (ii) of Definition 1. From the above, X
is a simplicial fan.

Next, we prove the completeness of ¥. Let 3 be any element of Ng ~ R¢.
By (i), (ii) of (MVC), it can uniquely be written as § = >.'_, ayv; with
min{«; | v; € P} = 0 for any P € II. To prove g € |X|, we define two
sets ST = {i | oy > 0}, S®:= {i | ; = 0}. It is clear that ST NS = (.
Also, we can easily see that ST U S® = V by (i) in Definition 3. Since
there exists v; € P such that ¢ € S for each P € II, every P € II is not
contained in the set S := {v; | i € ST} and this follows that (S)>o € 3. Then
B =73 ics+ @ € (S)>0 and hence, # € |X|. This means that ¥ is complete.

Finally, we prove thet PC(X) coincides with II. By (40), every member P
of IT does not generate a cone in ¥. But by (ii) in Definition 3, every proper
subset of P generates a cone in Y. Hence every member of II is a primitive
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collection of ¥ i.e., I € PC(X). Next, let S be in PC(X). Here, suppose
that any member of II is not contained in S. Then S generates a cone in
¥ by (40), which contradicts that .S is a primitive collection of ¥. Thus we
can take a set P € II such that P is a subset of S. Here, if P is a proper
subset of S, then P generates a cone in X since S is a primitive collection of
¥ (see Definition 2). However, P is a primitive collection of ¥ since we have
already shown II C PC(X). Thus S must be equal to P i.e., S € II, and this
means that PC(X) C II. O

Example. ¥, gives a 2-dimensional pseudo-fan (X5, {v1, vo, vs}, {{v1, v2, v3}})
(see (39)) and it satisfies (MVC). Indeed, for arbitrary 8 = (3, B2) € R?,
the (i) of (MVC) is

5 = 1V + Uy + 3V3

B _ [Ga1 — Q3
= (2)-(220)

o t+ B
||l =[t+5], (46)
Q3 t

where t := 3. Then (ii) of (MVC) is a single equation for ¢:
min{t,t + B1,t + 2} = 0. (47)
Since min{t,t + 51,t + 52} =t — max{0, — 31, — 2}, The unique solution is

o Bi + max{0, =B, =B} max{f1,0, 51 — B2}
ay | = | Bo+max{0,—p1, =2} | = | max{Ss, B> — f1,0} | . (48)
Qs max{0, —f1, — a2} max{0, —f1, =32}

Thus (Xp2, {v1, v2, v3}, {{v1, v2,v3}}) satisties (MVC). This result is not con-
tradict to the fact that P? ~ X (X},) is complete and simplicial.

3.2 Weight Matrix of Quorient Space and Alternative
Min-Value Condition

Let Y be a quotient space:
Y= (C = 2)/(C)" (m <), (49)
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where Z is axial, namely, a closed subspace of C" with the following form:

I
Z = U{(z,) € C"|z; =0 for any i € S;}, (50)

Jj=1

where Sy, ...,S; are a subset of {1,...,r} with S1U---US; = {1,...,r} and
Sj, ¢ S, for any ji,jo € {1,...,r} such that j; # jo. Moreover, m actions
of C* are given by

CX X (CT_Z) > (>\j,(21,---,2r))
— (A;U“Zla e 7A;UiTZT‘) € CT - Z (Z = 17 e ’m)7 (51>

where w;; € Z. Then we call m x r integer matrix Wy := (w;;) weight matriz
of Y. In this paper, we assume that there exists vy,...,v, € Z"~™ such that
a following sequence is exact:

Wy Wy

0 z z"

zm 0, (52)

where n := r —m and Vy := (vy,...,v,) is the n X r matrix. We call this
vertex matriz of Y. Then we can construct a pseudo-fan from Y'; we define
two sets Very and Ily as

Very := {vy,...,v,.} (53)

My == {{vili € S}k =1,...,1}. (54)

Then (X(Very, Ily), Very, Ily) is an n-dimensional pseudo-fan. It is hard to
show that (3X(Very, Ily ), Very, Ily) satisfies the condition (MVC) in general,
but we can rewrite (MVC) by using weight matrix Wy and it is more simple

than (MVC):

Theorem 4 If (3X(Very,Ily), Very, Ily) satisfies the following condition Al-
ternative Min-Value Condition (AMVC):

(AMVC) For any y = (y;) € R", there exists the unique x = (x;) € R™
such that

min {—yj + Z Wi T4

i=1

jE&}zo(k:L”wm (55)
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then (X(Very, Ily), Very, Ily) satisfies (MVC) and therefore 3(Very,Ily) is
an n-dimensional complete and simplicial fan with PC(X(Very, Ily)) = Ily.

Proof. First, we prove the existence of a = («;) satisfying (i), (ii) of (MVC).
From the exact sequence (52), the map Vy : Z" — Z" is surjective and
VWi'Wy =t (Wy'Vy) = O. Then for any € R" and z = (z;) € R™, there
exists y = (y;) € R” such that

ﬁ:Vy‘(—y—i-tWy'x)

T

= Z <_yj + Z wzj.ﬂjz) Vy. (56>

7j=1
Hence we should put
ay =~y + Y wyr (j=1,...,7). (57)
i=1

Moreover, by the condition (AMVC), one can find z satisfying the following
equality:

min{«; | j € Sk} = min {—yj + Zwijxi je Sk} =0 (58)

=1

for k =1,...,1. Thus « satisfying (i), (ii) of (MVC) exists. Next, we prove
the uniqueness of a in (MVC). We assume that § € R™ can be written as

6= au; = v (59)
s =1

such that
min{a; | j € Sp} =min{y; | j € Sk} =0 (k=1,...,]) (60)

for some o = (),7 = (7;) € R". By acting Homy(e,R) to (52), we obtain
the following exact sequence:

Wy Vy

0 R™ R" R" 0. (61)
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Since Vy (a —7) = > (@ —v;)v; = B — B =0, there exists x = (v;) € R™
such that o — v =Wy -z, i.e.,

aj=—(=) + Y wym (G=1,....7) (62)

=1

by the above exact sequence (61). Then

min {—(—fyj) + Zwijxi | j € Sk} =min{a; | j € Sk} =0 (63)

i=1

by (60) and (62). On the other hand,

min {_(_’Yj) + Zwij 0]j€ Sk} =min{vy; | j € Sp} =0. (64)
i=1
Hence z must be 0 by uniqueness of x in (AMVC), and therefore, a = v by
(62). O

Example. In this example, we show that (3p., {vi,ve, vs}, {{v1,v2,v3}})
satisfies (AMVC). Since the weight matrix of P? is Wp2 = (1 1 1), (AMVC)
is a single equation for x; = x:

min{_yl + T, —Y2 + T, —Ys3 + fL’} = 07 (65>

and this is easily solved as x = max{y1, y2, y3}. Thus (3., {v1, v2, v}, {{v1, v2,v3}})
satisfies (AMVC) and therefore Xf, is a complete and simplicial fan. From

the above two examples, we have confirmed that (AMVC) is more simple

than (MVC) in the case of P2.

3.3 Quotient Construction of X (3 (Very,Ily))

In this subsection, we fix the notations in previous subsection and assume
that (X(Very, Ily ), Very, Ily) satisfies (AMVC). This means that ¥(Very, I1y)
is a complete and simplicial fan with PC(¥X(Very, Ily)) = IIy by Theorem 4.
The exact sequence (17) in the case of ¥y := X(Very, Ily) is

0 M —~%— Divy, (X(Zy)) Ap_1(X(By)) ——0.

(66)
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From the exact sequence (52), we can take the Z-basis f1,...,0, € Z"

(m) (@

satisfying Wy 3; = ¢, (i = 1,...,m), where e;’ is an i~th canonical base

of Z'. Let E; := ¢(B;) be a divisor class, where f3; is a Ty—invariant divisor
corresponding to 3; € Z" (remark that Divy, (X (3y)) o~ ZXGY)1) = zVery ~
Z"). Then

Wyey) = Z wijez(»m)
i=1
= Z wijWYﬁi
i=1

(recall that w;; is the (4, j)-component of weight matrix Wy ) and therefore
egr) — Z:il w;;B; € Ker Wy. Since ey) corresponds to the divisor D; cor-
responding to v; € Very, ey) — > w;;f; corresponds to D; — > ", wij@,
and it belongs to Ker) since V4 essential equals to ¢ as a map by these
definitions and Im*Vy = Ker Wy, Im = Kert. This means that [D,] =
S, wijE;. Moreover, Ey, . .., E,, are Z-basis of A,_1(X(Zy)). Indeed, it is
clear that Ei, ..., E,, generate A,_;(X(Zy)), and if }°" | ¢;E; = 0 for some
Cly..,Cm € Z, then

(G <i Csz> = i k=0, (68)
i=1 i=1

and therefore Zzl c¢ifi € KerWy. By Wyp;, = egm), this means that
S c;e™ = 0. Thus c1,...,Ccn must be equal to 0. From the above,

i

we obtain the following two lemmas:

Lemma 5
A1 (X (Zy)) = 2™ (69)

In particular, the group G = Homg(A,—1(X(3y)),C*) is isomorphic to
(€.
Lemma 6 We can choose Z—bases Ey, ..., E, of An_1(X(Zy)) such that

[D;] = ZwijEi (G=1,...,7). (70)
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Next, we confirm the action of G = Homy(A,—1(X(Xy)), C*). From (20),
G acts on C" as follows:

G x C" 3 (g, (x5);) — (9([D;])z;); € C". (71)

g <Z wijEz’>
i—1

~ Lo, (72)

From Lemma 6, we obtain

9([Dj1)

and since G is identified with (C*)™ (Lemma 5), we obtain the one of our
main theorem by Lemma 3, Theorem 2 and Theorem 4:

Theorem 5
X(Xy) >, (73)

and Y is an n(=r — m)—dimensional complete and simplicial toric variety.
In topological terminology, Y is a compact orbifold.

Summarize the above results, in order to prove that quotient space Y =
(C"—=2Z)/(C*)™ (m < r) is a complete and simplicial toric variety, we should
confirm the following conditions:

1. Z is axial (see (50)).

2. The m actions of C* in Y is given by weight matrix Wy (see (51)) and
Wy has the vertex matrix Vy-; that is, there exists the n X r integer
matrix Vy such that the following sequence is exact:

tVy Wy

0 7" /e zm 0,

where n :=r —m.

3. Pseudo-fan (3(Very,Ily), Very, Ily) from Y (see Definition 3 and (53),
(54)) satisfies (AMVC): For any y = (y;) € R", there exists the unique
x = (x;) € R™ such that

min {—yj + Z Wi T4

=1

jesk}zo (k=1,...,0).
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3.4 Chow Ring of Quotient Space

In this subsection, we compute Chow ring and of quotient space ¥ =
X (Xy) treated in Subsection 3.2 and 3.3, namely, X (Xy) is obtained from
the pseudo-fan (X(Very,Ily), Very, Ily) satistying (AMVC).

Theorem 6

Ay(X(Sy)) = H*(X(Sy),Q)

:Q[hl,...,hm]/<H(w1jh1 + ot Winghin)

JESK

k:l,...,z>.

(74)

Proof. First, we prove that Q[xy, ..., z,|/1(Zy) ~ Qlhq, ..., hy] with iden-
tification

=S wh (75)
k=1

fori=1,...,r. We define a Q-algebra homomorphism 6 from Q|xzy, ..., z,]|
to Qlhy, ..., hp| as
k=1

By exact sequence (52), Vy''Wy = O, and 6 induces a Q-algebra homomor-
phism 6§ from Q[z1,...,x,.]/I(Zy) to Q[hy,...,h,|. By acting Homg(e, Q)
to (52), we can obtain the following exact sequence

Wy Vy

0 Q™ Q"

Q" 0, (77)

and it is also exact as a sequence of Q-modules. Since this sequence splits
(i.e., Q" ~ Qm&Q"), we can take two matrices A = (a;) € M(m,r;Q), B =
(bij) € M(r,n; Q) satisfying

tWyA+BVy :]7’7 (78)
AWy = 1, (79)

and
Vo B =1,. (80)
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By using matrix A, we can define a Q-algebra homomorphism 7 from Q|h1, . . ., Ay,
to Q[xla s 7xr]/[(EY) as

=1

By (78) and definition of the ideal I(X), we can compute 700([z;]) as follows:

r

70 0([x;]) = Z Wy Z ay|z)]

k=1 =1

= (‘WyA)ulw]
=1

= Z([r — BVy)ulz]
=1

= [zi] =) by [ Uﬂxl]
j=1 1

=

= [:L’l], (82)

where v;; and (C');; are the (7, j)-component of V3 and C, respectively. Sim-
ilarly, we can also show that 6 o 7(hy) = hy by using (79). Therefore, 6 is
an isomorphism. By the identification (75) and definition of Stanley—Reisner
ideal (see (24)), we have proved our goal (74). O

Example. Since the weight matrix of P? is (11 1) and PC(Zp2) = {{uy, u2, uz}},
Chow ring (or cohomology ring) of P? is

Ay(P?) = H*(P*,Q) = Q[h]/(h%). (83)
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Part 11

Toric Qgpstruction of Moduli
Space Mp072<IP)1 x P (dq,dy)) and
Its Chow Ring

4 Moduli Space of Quasi Maps from P' with
Two Marked Points to P' x P!

___In this section, we give definition and toric construction of moduli space
Mpgo(P' <P, (dy,dy)). Definition of Mpy,(P'xP!, (dy,dy)) is due to Jinzenji
9], and toric construction of Mpg (P x P', (dy, dy)) is done according to
previous discussion.

4.1 Definition of Mpg(P' x P!, (dy,dy))

Firstly, we give the definition of moduli space of quasi maps from P! with
two marked points to P! x P1. A quasi map p of bidegree (dy, dy) (dy,dy > 0)
from P! to P! x P! is given by

d1 d2
p(ls: t]) = ([Z aisitdl_i] , [Z bjsjtdQ_j]>
i=0 =0
dy dq da da
- ([Z 05 Zt] | lz TR b;sjtde |
1=0 =0 7=0 j=0

(84)

where a; := (a7,a;) € C* and b; = (b?,b;) € C* If two polynomials

S st and S alsith (or 2?2:0 b)s7t=~7 and 2?2:0 bis’t77) are
divisible by some common polynomial with degree > 0, p has non-defined
points which are the zero loci of the common polynomial. Then, in physics,
it is called a freckled instanton. In this paper, we fix the two marked points
0:=[1:0]and oo := [0 : 1] of P* and we only consider the quasi maps that are

well-defined at marked points 0 and oo. This means that ag, aq,, bo, b, # 0
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in (84). To define the moduli space Mpg(P' x P, (dy,d)) of quasi maps
from P! with two marked points to P* x P!, we identify two quasi maps under
the automorphisms of P! which fixes 0 and oo i.e. [s:t] — [s: ut] (u € C*).
Then Mpgo(Pt x P, (dy,dy)) is defined by

MpO,Q(Pl X Pl, (d1, dQ))
={(ao,...,aq4,,bo,...,bg,) | ag,aq,,bo,ba, #0}/(C*)* (85)

where three C* actions are given by

(ao, ..., Qq,, bo, RN bdQ) — (ulao, sy 1Qyqy, bo, R ,bdQ), (86)

(ao, N P b(), ey bd2) — (ao, ce ,adl,mbo, . ,Mde2)7 (87)

(0,0, NN D) bo, c. ,bdQ) — (ag,uéal, c. ,ugladl, bo,uébl, ce ,/,LngdQ), (88)
where i1, po, i3 € C*. The first and second actions come from the C* action
of first and second factors of target space P! x P! of quasi maps, respec-
tively, and the third action comes from the automorphisms of source space

P! fixing two marked points 0 and co. The point [ay, ..., a4, b, .., bg,] €
Mpo2(Pt x P! (dy,ds)) corresponds to bidegree-(dy, ds) quasi map p([s :

t]) = <[Zf;0 aisitdl_i] : [Zjio bjsjtd‘*’_jD. By definition of Mpga(P! x
]P)l, (dl, d2>>, it is clear that Mp0’2<P1 X Pl, (dl, dg)) >~ Mpoz([[pl X Pl, (dg, dl))
After this, we assume that d; > ds in this section.

4.2 Compactification of Mpgo(P! x P!, (dy,ds))

To give compactification mo’z(Pl XL (dy,ds)) of Mpgyo(P' <P, (dy, da)),
we must determine its weight matrix Wig, a,)- Wiay ) s ((di+1)(da+1)+1) x

((dy+3)(d2+3) —6) integer matrix. Compactification Mpg ,(P' xP*, (dy, d3))
is given as follows:

Definition 5
Mpoo(P' x P, (dy, dy))

L — —~— d1+3)(d2+3)—6
._{(ao,...,adl,bo,...,bdZ,uo,ul,...,udl,l,udl)E(C(l )(d2+3) ‘

2 —~— d do+1
ag,...,aq,b, ..., b5, € Clug,ug, € C? uy,...,uy, 1 € C27,
a'07a’d17b07 bdz 7£ 07

(@i, ugio) - Ugidy)) 70 (1 <i < dy — 1),
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(bj,U(oJ) e u(dl,j)) 7é 0 (]- < ] < d2 - 1)7
(u(’ilﬂé)’ u(j1,j2)) # (07 O)
if0<1i41 <71 <dy and 0 < jo <ig < dy

}/ (), (59)
where a; = (a},a7) (i = 0,...,dy), b; = (bj,05) (j = 0,...,da), wg =
%0,1)7”(0,2)7 U 7u(0,d2))7 u; = (u(i,0)7u(i,1)7 U 7u(i,d2)) (Z = 17 2a 7d1 ]-)7
Ug, = (U(d1,0)>u(d1,1)> T ,U(dl,dgq))-

Let us write

(1701,$27 cee ,w(d1+3)(d2+3)—6) = (a07 Qg bg, . by, Ug, U1, . . . y Udy —1, "Td/l)
(90)
Then ((dy 4+ 1)(d2 4+ 1) 4 1) torus actions are given by
(.’,Ul, s 7x(d1+3)(d2+3)—6)
(di+1)(d2+1)+1 (di+1)(d2+1)+1
N H AL H AL 6 |
j=1 j=1
(91)
where wy; jy s the (i, j)—component of W4, 4,)-
According to [9], W4, 4,) is determined by following steps:
1. Give the labeling of column and row of W4, 4,) as follows:
Widsda)
at a® bV Uy wu e ug 1 Ug,
2
w
S
- - @)
Ja,—1
fdl

where we label rows and columns of these matrices by using the follow-
ing column and row vectors:
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column vectors used for labeling row vectors of Wy, 4,) :
_t
Z = (ZOa Rlye-- 7Zd1)7

w = t(w07w1a o 7wd2)7
fi= t(f(z',l),f(m)» cos fuan) (=12, dy),

row vectors used for labeling column vectors of Wy, 4,) :

al = (aé,a’i, . ,afh) (1=1,2),
bi:( E)’ il?"" 22) (i:172)7
Uy = (u(0,1)7u(0,2)7 T 7u(0,d2))7

U; = (U(Z‘70),U(Z‘,1), e 7u(i,d2)) (Z = 1, 2, Ce 7d1 — 1),
Ug, = (U(d1,0)7 U(dy,1)y - - - ;U(dl,d2—1))-

Before proceeding, we introduce the following two sets which will be
used in after subsections:

R'OW(dla d?) = {207 ceey Ry WO ey Wiy, f(1,1)7 ceey f(d1,d2)}7

and

COI(dl, dQ) = {(10, Ce adl,bo, e 7bd27u(0,1); Ce U(O,d2)7 U,(Lo), e

e U(Ldg)y e U(dy0)5 - - > U(dyda—1) )
where a; := (aj,a?),b; == (bj,b5) (1 =0,...,d1,j =0,...,dy). More-
over, we denote the canonical Z-bases €;, €4, 114, and €4, 4-dy4+2+(i—1)do+j
of ZIBT AT by e, e, . and €f..p» Tespsctively. In the rest of
this paper, we fix the numbers n,r as n := 2d; + 2dy + 1 and r :=
|E(d1,d2)(1)| = (d1+3)(d2+3)—6 Then m:=Tr—nm= (dl—l—l)(dg—l—l)—l—l
We remark that we have taken the order of columns of W4, 4,y in (92)
that differs from (89) for convenience sake.
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2. a' and b'-th columns of W, 4, is given as follows:

W(dhdz)
at a? bt b2 uy Ugy -1 Ug,

z ‘[d1+1 Id1+1 O O

w O O Tist1 Layi

fi O O O O
= fo O O O O

fai—1 O O O O

fa, O O O O

(93)

where O is zero matrix and Iy (IV € N) is identity matrix of size N.

. U0 —th column vector (5 = 1,...,dy — 1) is given as follows: w;_,
component is —1, w; component is 1, f; component is 1, f 1)
component is —1, and the other components are 0.

. Uu(0)-th column vector (i = 1,...,d; — 1) is given as follows: z;_4
component is —1, z; component is 1, f(; 1) component is 1, f(;11,1) com-
ponent is —1, and the other components are 0.

. Ud,,j)—th column vector (j = 1,...,dy — 1) is given as follows: w;
component is 1, w;;; component is —1, f(4, ;) component is —1, f(q, j+1)
component is 1, and the other components are 0.

. U(;,dp)~th column vector (i = 1,...,d; — 1) is given as follows: z; com-
ponent is 1, z;41 component is —1, f(;4,) component is —1, f(y1d,)
component is 1, and the other components are 0.

. UG5 ~th column vector (7 = 1,...,dy — 1,7 = 1,...,dy, — 1) is given
as follows: f(; ;) component is —1, f(;41 component is 1, f(; j+1) com-
ponent is 1, f41,41) component is —1, and the other components are
0.

. U(0,dy)—th column vector is given as follows: z; component is —1, wg, 1
component is —1, f(1,4,) component is 1, and the other components are

0.
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9. U4, 0)-th column vector is given as follows: z4,_; component is —1, w;
component is —1, f(q,,1) component is 1, and the other components are
0.

As a result, Wg, 4, is given by

W(d17d2)
at a? bt VYoo Uy up Uz v Ugyo Ugo1 Ug,
z I Iy O O Uy K K Ky o Kg-1 Ug
w O O Id2+1 Id2+1 Lo O O O O Ld1
fi O O O o J, J, O 0) O O
= f2 O O O O O Jd Ju e O O O )
fa,-1 O 0] 0] O o O O --- Jy Iy )
fm Vo o o o o O O - O J
(94)
where other matrices are defined as follows:
0
—1
Uy := O 0 S M(d1 + 1,d2;Z>, (95)
0
0
Un:=1 o | () e M(dy +1,dy:7), (96)
—1
0
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32

0 0
0 0
-1 0
| 1] O |1 e eMd+l,dr1:2), (i=1,...,di-1),
—1
0 0
0 0
(97)
—1 0
1 -1 O 0
1 -1 0
Loy = S M(dg + 1,d2;Z), (98)
O 1 =110
1 | -1
0O 0 0 0 0
0 0 0 0 O
—1] 1
0 |—-1 1 O
Ld1 = c M(dg + 1,d2;Z), (99)
0 -1 1
0 O -1 1
0 -1
1
-1 1 O
~ -1 1
Ty = € M(dy, do; 7)), (100)
0 |
-1 1



(101)

€ M(dy,dy; Z),

(102)

€ M(dy,dy + 1;Z),

(103)

€ M(dsy, dy + 1; 7).

In the above, we denoted the set of p x ¢ integer matrices by M (p, q;Z).

Example.

—~
<t
(@]
—
S~—
—
— —
_ o O _ i
—
o OO —H O
OO —H O O
OO O H O
OO —H O O
o —H O OO
— O O O O
S —H O OO
— O O O O
N~

Wi

(105)

-1
1
0
0

0

1
-1

100100O0O0O0O0 O

—1

01 0010O0O0O0O0
0010O01O0O0OO0OO0O O

—1
0

0

—1
0

0000O0OO0O1O0T1SPO

0000O0OO0OO0OT1QO0T1

1

000O0O0OO0O0OO0OTO 0O
000O0O0OO0OO0OO0OOTO0O O

1

Wiz
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Following lemma is used in Subsection 4.4. We can easily prove it by
definitions of wight matrix W{g, 4,) of Mpy (P! x P!, (dy, dp)):

Lemma 7

(i)

d2
> W, =€, +2e —esy, (i=1,.di — 1), (106)
j=0
(ii)
d1
Zwuw) = —Cw;_, + 20w, —€u;, (J=1,...,d2—1), (107)
=0

(iii)
U(p,q) - fa,+1) o j:l,...,dl,jzo,...,dQ_l )

p=0 q=j+1 Fes.)
(108)
(iv)
ijiiw _(e ) s=1,....d,t=1...,ds,
oo | T\ f g \i=0,di =L =1 dy)

p=i+1 q=0 Feon
(109)

where Wy, .\ is the u j~th columun vector of W4, a,) and (X>f(s,t> is the
fs,p)—component of a vector

X = (Tags s Tag s Ty - s Tungys Tfy s+ s Tfiragys e - o s Tfay 1y -+ 0 Tf(dr ) )-
(110)

4.3 Toric Construction of mO’Q(Pl x P, (dy,ds))

In order to give toric construction of X4, 4,) := %0,2(]}”1 x P, (dy,ds)),
first, we must check that X, 4,) has vertex matrix.
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Lemma 8 There exists an integer matriz Vig, 4,y such that the following
sequence

0 7n "Vidy .do) 7T Widy,dg)

7m 0 (1 11)
18 exact.

Proof. We define the n x r matrix V4, 4,) as follows:

V(dlvdz)
al a® bt b2 U Uy Uy v Ugy—g Ugy—1
z I —1ga @) @) O @) o - @) O
w O O Id2+1 —[d2+1 O O O tee O O
=a,| 0 4 o o 0o & & - am ao
G O Ga O Gb —1d2 €1 €1 s €1 €1
Ga, \ O 0 O Ay, IE IR JER ... IR IR
(112)

where new row labelings G4, , G4,, G are given as follows:

d d d
Ga, =g\, g5 . g\,

) y Jdy—1
d d d
Gd2 = t(Q% 2)795 2)7 cee ag((12231)7
G ="(9),

and e; and e] are first canonical bases of Z%*! and Z%, respectivery. More-
over,

1 -2 1
N 1 -2 1 0
Ay = 1 -2 1 e M(N—1,N+1.7),
1 -2 1
(113)
Gyi=(1 —10---0) € M(1,dy + 1; Z), (114)
Gyi=(—=110---0) € M(1,dy + 1, Z), (115)
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—1% = (=1 —1---—1) € M(1,d»; Z),

00 ...0
00 ...0
=11 ... 1 |<g™ €Md —1,dy+1;2)
00 ...0
00 ...0
1 0
0 o
I, = | e M(d —1,d52),
0 1 o
1]0
01 0

LR ._
IER =

)
-
—_
e}

@)
—_
e}

l'dL2 = :
of 0

0

o
—_
-
(@]

EM(dg—l,d2+1,Z),

€ M(dy— 1,dy; 7).

1

(i=1,...

(116)

(117)

(118)

(119)

(120)

Note that the center of —;1\]/\/ is nothing but Cartan matrix Ay_;. Then we
can easily see that the sequence (111) is exact by elementary row operation

for W4, 4,) as an integer matrix. [J
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Example.

10 -1 0000 0 0 0
01 0 —100 0 0 0 0

Van=[00 0 0 10 -1 0 0 0 (121)
00 0 0 01 0 -1 0 0
00 1 -100 -1 1 —11
100 -1 0 0000 0 0 000
0100 -1 0000 0 0 000
0010 0 1000 0 0 000

Vey=[000 0 0 0 10 -1 0 0 000 | (122
000 0 0 001 0 —1 0 000
000 1 —2 1 00 0 0 0 110
000 1 -1 0 00 -1 1 —1101

Next, we define the

pseudo-fan corresponding to moduli space X4, 4,)-

Definition 6 Let v, vy, v5 be members of Col(dy,dy). Then we define P, and

Qv1,vs) GS

Q(V17V2)
{Va1, Va2, V) }
{Ub} » Ub2s ,Uu(i,j)}

0

({vag vz} (v =ao)
{vay sva3 } (v = aa)
- {Ub(l)vvbg} (v = bo) (123)
{Ubbzﬂz;g?} (v = bay)
L0 (otherwise),
(r1,12) = (as,upy) (i=1...,di —1,j=0...,d3))
((n1,12) = (b]7u z])) (J=1...,d2—1,i=0...,dy))
((v1,12) = (ugy )(0<z<k<d1,0<l<j<d2))
(otherwise),

(124)

where v, (v € Col(dy,ds)) is the v—th column vector of Vi, 4,) in the proof
of Lemma 8 (see (112)). Moreover, we define three sets

Ver(dl ,d2) ;=

VerX(deQ) = {v, | v € Col(dy, d>)}, (125)
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H(dl,d2) = HX(dl,dQ)

= ({B|v € Col(di,da)} U{Q,m) V1,2 € Col(dr, d2)}) \ {0},
(126)

and
Z(dlde) = E(Ver(dhdﬁ, H(dl,dg))- (127)

Then the one of our main results in this paper can be stated as follows:
Theorem 7 Psuedo-fan (34, ), Vel ao)s Hdy da)) 0f X(a1,d0) Satisfies (AMVC).

We will prove this theorem in next subsection. By Theorem 4 and The-
orem 5, the following main theorem is obtained:

Theorem 8 X4, 4,) = m072(P1 x P! (dy,dy)) is a complete and simplicial
toric variety.

4.4 Proof of Theorem 7

We denote the set ({0,...,d;} x{0,...,da}) \ {(0,0),(dy,d>)}, namely,
the set of indices of u; j) by I and define

Jin =k 1) €{0,...,di} x{0,...,do} | k=i+1,...,d,1=0,...,5—1},

(128)
Jop = A D) €{0,...,di} x{0,...;do} |k =0,...,i=1,1=75+1,...,ds},
(129)
and
J(i,j) = J(—ii_:j) U J(:’J) (130)
for (i,5) € I.

Before solving the system (55) in the case of X4, 4,), we prove the follow-
ing key lemma. It is very simple:

Lemma 9 Let a,by,..., b, be real numbers. Then min{a,b;} = 0 for all
i=1,...,m if and only if min{a,by +--- + by} =0 and by, ..., by, > 0.

Proof. In the case of a = 0, it is obvious. Hence we assume that a # 0.
If min{a,b;} = 0 for all i = 1,...,m, then a > 0 and by,...,b,, = 0 i.e,
by +---+b, = 0. Conversely, if min{a, by +---+b,} =0and by,...,b, >0,
then a > 0 by our assumption and b, + --- + b,, = 0. Since by, ...,b,, are
non-negative, by ..., b, must be equal to 0. [
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Now, we solve the system (55) using this lemma and Lemma 7. In the

case of P,,, P, ay» Foos Bo,, , the corresponding min-value equations are

min{_ya(l) + Ty, _yag + xzo} =0 (Pa0>
Inin{_ya}il + :L‘Zd17 _yagl + xzdl} =0 (Padl)

. (131)
mln{_yb(l) + Loy Y2 + xwo} =0 (Pbo)
min{—y% + Ty, —Yp2 Twy, } =0 (Pyy,),
and we can solve these equations as follows:
Lzg = nlaX{?/aé? ya%}
Ty = max{ya;1>ya31} (132)
Lwy = maX{ybév ybg}
Lwg, = max{yb}iQ ) yb§2 }
By (106) (in Lemma 7), Lemma 9, and the equalities
min{a, b, c} = min{min{a, b}, c}, (133)
min{—a + z, —b + x} = x — max{a, b}, (134)

foreachi =1,...,d;—1, equations corresponding t0 Q (4, u, ) (1 =0, ..., d2)
are combined into the following conditions consisting of one min—value equa-
tion and dy + 1 inequalities:

I —Ya, ziv  Y@,0) 7 " T Y@ — Az 2 zi T Lz :O,
{mln{ yl+xl y( 70) y( 7d2) xl 1 + xz 'rz+l} (135>

_y(lvj) _I_ ZMEROW(dl,dz) w(“vu(i,j))xu 2 O (-7 = 07 tee ’d2)'

Note here that we use the abbreviation: y j) = Yu ) Ya;, = max{ya%, yazg}.
Since the inequalities in the second line of (135) appear later again (see (137)
and the second line of (140) and (141)), it is enough to consider the following
system consisting of d; — 1 min—value equations given in the first lines of
(135), namely,

min{ —¥a, + T2, —Y1.0) = — Y(l,do) — Tz + 202 — T2} =0
min{_yCLQ + x227 _y(Q,O) - y(2,d2) - le + 2xZQ - 'TZS} - 0
min{_yadl—l + xzd1—17 _y(dl—LO) - y(dl—l,dz) - Izdl_z + szdl_l - xzdl} == 07

(136)
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where we recall that z,, = max{y,1, .2} and =, = nrlaux{yail1 : y“il}‘ How-

ever, it is already shown by Saito [15] that this system has unique solution of
Ty, - - -, Tz, for fixed y’s by using the theory of piecewise linear maps. Thus
we can find unique solution of @y, , . .., Ty, _, from the system corresponding
to Q(iju(”) (j=1,...,dy—1,i=0,...,d;). Now, we denote these solutions

by a7, w;» and deﬁne y (i) ((i,7) € I) as
dy
Yii) =Yg — Z (zprui )T Zw<wq )T, ((473) € 1) (137)
p=0

The second line of (135) gives

d2
S Yy <0 (i=1,...,d 1), (138)
j=0

Inequalities corresponding t0 Q(b;,u, ;) (j=1,...,de—1,i=0,...,d;) also
gives

1
Zyzid)go (jzla---,dg—l). (139)

We see later that these inequalities are necessary for solvability of the system
(55).

Next, we find the solution z, ) ==z, . (p,q) € {1,...,di}x{1,...,d2}).
Let (i,7) be fixed element of I. As above, from (109) (m Lemma 7) and
Lemma 9, equations corresponding to Qu, , ug.) (k1) € J(;j)) are com-
bined into

. 1
{mln {_yEiJ) + Z Zq 1 W(fp,9)0i,5)) (02 Z:D i+1 ZZ; 0 ylpq + x(Hl’j)} =0,

d
(140)
and the ones corresponding t0 Q(u, ;¢ ) (k1) € J; ;) are combined into

{min {_yéi’j) - Z Z‘I 1 W( f(ww“(i,j))x( Z Zq J+1 y + T 7].H)} 0,

d
yzkvl) + Zplzl Zq:1 (f(p’q)7u(k’l>)x(p7q) Z 0 (fOl" a].l (k, l) S J(ZJ))’ (141>
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where we put z(,q) == 0 ((p,q) & {1,....di} x {1,....do}) and y,, :== 0
((s,t) ¢ I). Since

—1 ((p,q) = (s,1), (s + Lt +1))
Wiipguen) = 1 ((2q) = (s +1,1), (s, + 1)) (142)
0 (otherwise)

forp=1,...,d1,g = 1...,dy and (s,t) € I, (140) and (141) are further
combined into

min{—yy, g) — Tag) T Ty T Tgr1) — T+,

(d 1) (i—1,d2) .
AT = AR+ w ) + e} =0,

—y(w) Tty T Togr,) + Thiv1) — Trt1i+1) = 0 (for all (k,1) € J(i’j)),

(143)
where we introduce the following notation:
s t
A(S,t) = Zk:p Zl:q yEp7q) (p S S’ q S t) (144)
(P-9) 0 (otherwise).

Since the Lh.s. of the inequalities in the second line of (140) or (141) corre-
sponding to Q(u(l D) also appear in the min—value equations in the first
line of (140) or (141) corresponding to another Qu, ;) u(.,)): We can omit the
second lines of (140) and (141). Therefore, the following system of min—value
equations is equivalent to equations corresponding t0 Qu(, uq.) (k1) €
J(i,j)) in (55) about X(dl,d2)3
min{—y(ij) = L) + Tty T T ~ T,
di,j—1) i—1,d2) .o
- AEH AEO y+12) + Ty + Taent =0 ((6,7) € I). (145)

By (134), the above system is further rewritten as

di,j—1 i—1,d2) ..
T(i41,) (g1 = max{y(; ;) H2G) T 1,54+1), Aﬁiif,m@A 03+1§ }((,5) €1).

Lemma 10 The unique solution of (146) is given by

T = max{ ALY ALY (pg) € {1, di} x {1, dy}). (147)
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Remark. The index (i, j) is used in u(; ;) and (p,q) is used in f(, 4. Index
(i,7) of x(; j) in (143), (145) and (146) comes from the index of u; ;) via (142).

Proof. First we check that (147) satisfies the equation (146). Now, we
assume that ¢ # 0,d; and j # 0,dy in (146). We remark that

max{a, b} + max{c, d} = max{a + max{c,d}, b+ max{c,d}}
= max{max{a + ¢,a + d}, max{b + ¢,b+ d}}

=max{a+c,a+d,b+c,b+d}. (148)
Then we get
di,j—1) zd di, (i—1,d
T(ia1g) + Tgen = max{AT VALY 4 max{ AL ALLE)Y
(d1,j—1) (d , (d1,j—1) i 1 dz)
- HlaX{A z—t—fO + A(z B)] ’A(zifO +A 0]-4—12 ’
(i,d2) dl,] (i,d2) i—1,d2)
AL +AGY AGE + A4 ) (149)

By (138) and (139), the inequality

do d1
(ld) (d1,5) (d1,5—-1) (i—1,d2) / /
A ) )+ A(ZB A(zil 0 T Ao, ]+12) + Z Y T Z Y,
7=0 =0
dy,j—1) i—1,d
< AN+ ALY, (150)

holds. Therefore, we have

(d1,5—1) d (d 1) i—1,d2) (4,d: i—1,d2)
x(i+1,j)+$(i,j+1) - maX{A zifO Agz B)])’ A zifO AEO j+12) ’A 2)+AEO7J+12) }
(151)
On the other hand, the r.h.s. of (146) can be computed as follows:

di,j—1 i—1,d2)
maX{yEi,j) + T T T(it1,541); Agzif 0)) + AEO,)+1§ }

= max{y(; ;) + max{AEfB’)] 2 A - 1 N 4 max{AB) 0 Ald)

(i+1,0)? =(0,5+1)
Ao + 80550

o (d1,5—-1) (d1,j (d1,j—1) (i,d2)
- max{y(ivj) + max{A(.lo)] +A lerfo A(z B)] + A(0 ]2+1)

(i—1,d2) (d1,7) (i—1,d2) (3,d2) (d1,5—1) i—1,d2)
A +Azi1jo)’A( ? +A032+1} A(lifo) + A ,J+1§}

_ (d1,j—1) (ci, ) (d J—1) Zd
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(i—1,d2) (d1,5) / i— 1d2 (4,d2) (d1,j—1) (i—1,d2)
Vg + Doy ™ + DT iy + Doy ™ + A(o,a+1>7A<z'+1,o> + A0 )

_ (d1,5) (d1,j—1) (dl,j—l) (Z 1,d2)
- maX{A(z o) T Ai10) 7A(z‘+170> Aoj41) T Z Yii )

(i-1,d ) d J-1) zd ) (i—1,d2) (d1,j—1) (i—1,d2)
A(O7j-§—1§ zj—fO + Z y 2 +A 0]+12) ’ A(zj—fo + A(O,J—H2 }
. (da, (d1,5—-1) i,d2) i—1,d2) (d1,5—-1) i—1,d2)
o HlaX{A(zBJ +A zi—f() ) A( 2 +A 0j+12 A(zj—lj 0) + A(0 j+12) (152>

Hence z(,q) = max{A(zl’g 2 A(g q)l’ 2} satisfy the system (146) in the case

of i # 0,dy and j # 0, d,. Thecasesi:()or%—dlor]—Oorj—d2are
similar to above but more simple. Thus we have proved existence of solution
of the system (146). On the other hand, uniqueness of the solution is obvious.
Indeed, (1,4, is uniquely determined by the equation for (i,7) = (0,ds):

dy,da—1
T(1,dy) = HlaX{ZJEO,dg)? A51}0)2 )} (15?))

Then x(; 4,—1) and z(2 4,) are uniquely determined by the equations
dy,da—2 .
T1ds1) = max{yo.g, 1) + T, Al 0} ((1,5) = (0,da = 1)), (154)
and
= ’ A=Y (4, 5) = (1,d 155
T(2d) = MAX{Y(1,4) + T1aa), Do)} ((0,5) = (L d2)). (155)
Therefore, x(2 4,1y is uniquely determined by the equation for (4, j) = (1, ds—
1):
T(2,dy-1) TP (1,dy) = MAX{Y(1 gy 1) TP (1,do—1) HE(2ds), AglddQ 2) Agg 32 }. (156)

By repeating it, the remaining x(, s are inductively determined by remain-
ing equations in (146). O

In this way, we have constructed unique solution of the system (55) about
X(ay,az) for arbitrary y = (y,)pevery, 4, € R”, and therefore have completed
the proof of Theorem 7.

5 Chow Ring of Mp,(P'xP', (d, ds)) and Com-
putation of Its Poincaré Polynomial

In this section, we give Chow ring and compute Poincaré polynomial of
X(dy,do) = Mpyo(P' x P!, (dy,dp)) using Theorem 6 and Theorem 3.
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5.1 Chow Ring of Mpy,(P' x P!, (d;,ds))
By Theorem 6, we can compute Chow ring of X4, 4,):

Theorem 9

A(a(X(dhdz)) = H*(X(dhdz)? @)

UjES

S e H(dl,d2)>-
(157)
Example. ((dy,ds) = (1,1))

AL(X 1) = Qlha, ..., hs)/(h3, k3, b3, h, (—ha — hg + hs)(—hy — ha + (h5)>)
158

Example. ((dy,ds) = (2,1))

Aa(X(2,1)> :@[hlv SR 7h7]/<h%a hg: hi? hga h%(_hl + ho + he — h7)>
h3(hy — hs — he + hy), (—hg — hg + hg)(—hy + hy + he — hy),
(—hg — hy + hg)(he — hs — hg + h7),
(ha — hs — hg + h7)(—hg — hs + h7)) (159)

5.2 Poincaré Polynomial of %072(191 x P, (dy, d))

Next, we compute Poincaré Polynomial P4, 4,)(t) of X4, 4,) in the case
of (dy,dy) = (1,1),(2,1) by using Theorem 3 and give some conjecture for
general (dy,dy). As mentioned above, computation of Poincaré polynomial
of complete simplicial toric variety is replaced with counting the number of
cones in its fan. More specifically, we must count the number of cones in
Y(dyd)(k) for k = 0,...,n. But actually, thanks to the facts (iii) and (iv)
in Theorem 3, we only have to count it for k = 0,...,(n —1)/2 = d; + ds.
Moreover, |¥q4,.4,)(k)| equals to the number

[{S | S C Ver, ay), |S| = k, and all P € Il(4, 4, are not contained in S}|
(160)
by definition of ¥4, 4,y (see (40) and (127)). Under the above preparations,
we compute Py 1)(t) and P 1y(t):

44



(i) ((dy,ds) = (1,1)) Since |E(171)(0)| =1, |E(171)(1)| = 10, |Z(171)(2)| = 40,
Betti numbers are

bo(X(1,1)) = bio(X1,1)) = ’2(11 0)] =1,

ba(X(11)) = 0s(X1)) = [Ea,n ()] = 5[X@1)(0)] =5,

ba(X 1)) = bs(X(1,1))

= !Z 1 1)( )’ - 4’Z 1,1) ( )’ + 10‘2 1,1)(0)‘ = 10,

bi (X)) = bs(Xa) = bs(Xa)) = br(X1,1)) = bo(X(1,1)) = 0. (161)

Therefore, Poincaré polynomial of X, ) is given by
Puay(t) = 145t + 10t* + 10£° + 5¢° 4 ¢1°
= (1 +¢%)°. (162)

(ii) ((d,da) = (2{)) Since [Ben(0)] = 1 [Een@)] = 14,[Ze1(2)] =

84, [3(2,1)(3)| = 280, Betti numbers are
bo(X21)) = b1a(X2) = [ (0)| =1,
ba(X(2,1)) = b12(X2) = [ ()| = 7[Xe1)(0)] =7,
bi(X(2,1)) = bio(X2,1)

= [Zen @) = 6[Een ()] + 21|51 (0)] = 21,
be(X(2,1)) = bs(X(2,1))
= [Zen3)] = 5[X@1(2)] + 15[Z@,1(1)] — 35[X,1)(0)] = 35,
bi(Xen) =03(Xey) = =bi(Xey) = bhis3(Xey) =0.  (163)
Therefore, Poincaré polynomial of X (5 ) is computed as
Poay(t) = 14 7t + 21¢* + 35t° 4 35¢° + 21¢'0 + 7" + ¢
=(1+)" (164)
Remark. From the above results, we are tempted to expect that Py, 1)(t) =
(14 ¢%)21+3 but it is not true. Indeed, from |Xy, 1)(0)] = 1, S,y (1)| =
4dy + 6, |Sa,,1)(2)] = (15d7 + 43dy +22)/2, ..., lower cases of Betti numbers
of X(q,,1) are given by
bo( X, 1)) (= bagy+6(X(a,1))) = 1,
ba(X(a,,1)) (= bagy+4(X(a,,1))) = 2dy + 3,

3d? + 13d; + 4

(165)
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Hence, Poincaré polynomial P, 1)(t) of X4, 1) is given by

32 +13d + 4
Pray(t) =1+ (2d + 3)2 4 =20 2

N 3d? + 13d; + 4 aair2
2

+ (2d; + 3)tth Tt 4 4 FE (166)

However, it is not equal to the following:

(14122473 =1 4 (2dy + 3)t* + (dy + 1)(2d; + 3)t*

4+ .4 (dl + 1)(2d1 + 3)t4d1+2 + (2d1 + 3)t4d1+4 + t4d1+6.
(167)

By using computer, we can compute the Poincaré polynomials in higher
bidegrees as follows:

Pooy(t) = (1 +¢2)°(1 + 5% + 7t* + 5t° +1%)

=1+ 10¢* + 42¢* + 100t° + 151¢% + 151¢'° + 100t

+ 4261 + 10410 + ¢1%, (168)
Pay(t) = 1+ )1+ +tH(1+ 382 + %)

=1+ 9% + 35¢* + 7915 + 116¢% + 116¢1° 4 79¢'% + 35¢1

+ Ot - ¢18) (169)
Poy(t) = (1 +¢7)°(1 + 8> + 19t* + 26t° + 19¢° + 810 + ¢2)

=1+ 13t% + 69" + 211¢° + 424¢% + 594¢'° + 594¢12

+ 424" + 211419 + 69¢'® + 13¢%0 4 22, (170)
Pgy(t) = (1+¢%)°(1 + 12¢% + 43¢" + 88t° + 109¢° + 88¢'°

+ 4312 + 12¢M + ¢19)

=14+ 17t 4+ 113¢* + 433t° 4 1104¢® 4 2004¢'° + 2680¢*2

+ 2680t + 2004410 4 11044 + 433t%° + 1131%% + 17+

+ %9, (171)
Puy(t) = (1 + )21+ 2 +t1*(1 + 46 + 1)

=1+ 11¢* + 52t% + 146t° + 277¢% + 37710 4 377"

+ 277 + 14610 + 52" + 116% + %2, (172)
Puay(t) = (1 +¢)°(1+ 2+t (1 + 10> + 26¢*

+ 37t% 4 26t° + 1010 + ¢'2)
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=1+ 16t% + 102t* + 378t° + 939t + 1674 + 2218¢"

+ 2218t + 1674t'° + 939" 4 37820 + 102t* + 161>

+ %9, (173)
Pugy(t) = (1+¢3)°(1 + 16¢% + 77t* 4 210t° + 366¢° + 440¢'°

+ 366t + 210" + 77t + 16¢'° 4 %)

= 1+ 21t% + 167t* 4 7655 + 2351¢% + 5221410 4 8727t

+ 11227t 4 112276 4 8727t 4 5221420 4+ 2351122

+ 765t + 167t% + 2178 4 %0, (174)
Pug(t) = (1+3)°(1 + 21¢ + 132t* + 462t° + 1053® + 1692t

+ 1973t 4 1692t + 1053¢16 + 462¢'8 + 132¢%° + 21¢*2

+ t24)

= 14 26t% + 247t* + 1342t 4 4898¢% + 13003¢1°

+ 26264t 4 41449t™ 4 51890t + 51890t'® + 41449+

+ 2626417 4 13003t** + 48980 + 1342t 4 247t%°

+ 26132 4 134, (175)

We remark that P(dl,dg)(t) = P(dg,d1)<t) since X(dl,dQ) >~ X(dz,dl)- From the
above, we can give the first conjecture:

Conjecture 1 The Poincaré polynomial P, a,)(t) of moduli space ]\f\4;)072(IP’1 X
P!, (dy,dy)) is divisible by polynomial (14 t*)° and if dy — dy > 1, Pa, a)(t)
is divisible by (1 + % 4 ¢*)—d2=1,

Hence, we set
Didrda) () = Playap) () (1 +13) 72 (1 4 2  ¢4)htdetl, (176)

At least, pq,,4,)(t) is a polynomial in the case of 1 < d; < 4,1 <dy <4. To
find the relations among P4, 4,)(t)’s, we fix the second indice dy (1 < dy < 3)
and compute the differences

1
5((d3,d2)(t) = p(d1+1,d2)<t) - p(dludQ)(t> (177)

for dy = 1,2, 3:
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(de =1)

1
5((1,)1)(t) =17
1
5((2,)1)(t) =17
1
5((3,)1)(t) =t?
(d2 = 2)
5&)2) (t) = 2t* + 5t* + 7% + 55 + 2¢1°,
5((;)2) (t) = 2t* + 6t* + 9t° + 65 + 2¢1°,
Oy (1) = 2% + THh + 1145 4+ 7% 4 241,
(d2 = 3)
01 (£) = 312 + 15t + 40t° + 68¢° + 8141

+ 68" 4+ 40t 4 15¢1° + 3t'%,
(t) = 3t + 18t* + 53t° 4 95¢° + 115¢'°
+ 95¢"2 + 53¢ + 18t + 3¢'%,
8laky (1) = 312 + 21¢* + 67t + 126t° + 155¢1°
+ 126t + 67" + 21#10 4 3¢5,

W
0(2.3)

Furthermore, we consider differences

(2) — s (1)

Ot ) (1) 7= 00g; 4y (£) = 04 4y (),
and ®3) (2) (2)
3 2 2

Oy ) (£) = 5(d17d2)(t) — Oy ) (0)-

Then we can compute as

(dy =2)

t4(1 + )2,
tH(1 + 7).

2)
01,2 (t)

2)
d(a/9)(t)
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(179)
(180)

(181)
(182)
(183)

(184)

(185)

(186)

(187)

(188)

(189)
(190)



(dy = 3)

Oty () = 3" + 1310 + 2745 + 34¢1° 4+ 27¢12 4+ 13¢M 4+ 3¢, (191)
Ol () = 3" + 1415 4+ 3115 + 40¢'° + 31¢12 4 14¢M 4+ 3¢ (192)
Oy () = (14 £2)". (193)
(194)
Note that
1
5((43,(12)(’5) = P(di+1,d2) (1) — P(ay dz) (1), (195)
5((237,12)(75) = P(dr+2.d2) (1) = 2D(ds+1.d2) (8) + Py, (1), (196)
0} ) () = Plarssan) (£) — 3P +2.4) (1) + 3P,y () — Par.any (1), (197)

Thus, we can give the second conjecture:
Conjecture 2 The polynomial pi, 4,)(t) satisfies the folowing relation:
da d
—1 d2—k 2 Pk+dy.d t) = t2d2 1 +t2 2(d2_1). 198
k (k+d1,d2)
k=0

In particular, for dy =1,

Py () =1+ dit? + ¢ (199)
Payy(t) = (L+2)°(L+ 82 + 112 (1 4 dyt* + ). (200)
If we assume these conjectures and that Py 1)(t), P22)(),... are already

obtained, we can compute Poincaré polynomials P, 4,)(t) (or p(a, dz)(t)) for
all (dy, ds) by following algorithm:

1. From Conjecture 2, we can determine the polynomials py1y(t) (I =
1,2,...). Indeed, (198) for dy = 1 is

pa+iy(t) —pany(t) =t (1=1,2,...), (201)

and since p(1,1)(t) is already obatined, p(,1)(t), p3,1)(t), ... are induc-
tively determined by (201).

2. Since P12)(t) = Po1y(t), pa,2)(t) can be determined by (176).

49



3. The equality (198) for dy = 2 is

Par2.2)(t) = 2pai12)(t) + pag(t) = 1 (1 +°)° (1=1,2,...). (202)

Since we already computed p(12)(t) in previous step and p2y(f) was
already obtained by our assumptions, pso)(t), p2)(t),... are induc-
tively determined by (202).

4. Since P(l’g)(t) = P(g’l) (t) and P(gg,)(t) = P(372)(t), p(l,g) (t) and p(273)<t)
can be determined by (176).

5. Repeat the above processes. Then we can obtain p(a, 4,)(t) (and Pg, a,)(1))
for all (dy,ds).

From the above, we must expect the explicit form of piq)(t) for all d.
Thus, The first our future goal about studying Poincaré polynomials of
X(d,.45) 18 to give the conjecture such that determines p(qq)(t) for all d.
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