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Abstract

Systems composed of locally interacting particles or agents such as birds, fish, and cells

show spontaneous, spatiotemporal, collective behaviors as a whole. Exploration of the

underlying mechanisms and principles of such coordination of agents has been made in

experimental, and theoretical studies. In many systems, it has been proved that the

presence of influential individuals, known as ‘leaders’, are responsible for the collective

motion of agents. These leaders control the movement of the whole community.

In some cases, e.g., fish shoal, MDCK epithelial cells, the relative position of the

agents helps to identify the leader. But in many cases where agents do not move in the

same direction, e.g., Dictyostelium Discoideum, the relative position does not help to

identify leaders. Hence identifying leader agents in a collectively moving community is a

perplexing work.

Since the follower's movement is regulated by the leader agents, hence there is a cor-

relation between the movement of leader and follower agents at a certain time lag. Con-

sequently, cross-correlation has been used in identifying leader and follower agents. But

its performance is questionable in non-linear systems. Transfer entropy, an information-

theoretic measure, is capable of capturing non-linear interaction between agents, hence

it has been used to identify leader agents.

The effectiveness of TE in identifying leader agents has been tested in a Dictyostelium

discoideum colony. It has been found that the result obtained using TE is almost identical

to the expert's result.

The Vicsek model (VM) often studied as a metaphor for collectively moving animals

is employed. A modified version of the VM has helped us to investigate the classification

performance of CC and TE. It has been found that TE outperforms CC. Different model

parameters have been varied to check their effect on classification scores.

An information-theoretic scheme is proposed to estimate the underlying domain of

i
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interactions and the timescale of the interactions for many-particle systems. Based on

ensemble data of trajectories of the model system, it is shown that using the interaction

domain significantly improves the performance of classification of leaders and followers

compared to the approach without utilizing knowledge of the domain. Given an interac-

tion timescale estimated from an ensemble of trajectories, the first derivative of transfer

entropy averaged over the ensemble with respect to the cut-off distance is presented to

serve as an indicator to infer the interaction domain. It is shown transfer entropy is su-

perior to infer the interaction radius compared to cross-correlation, hence resulting in a

higher performance to infer leader-follower relationship. Effects of noise size exerted from

the environment, and the ratio of the numbers of leader and follower on the classification

performance is also discussed.

Later it was found that the ‘minimum derivative’ scheme is dependent on how transfer

entropy can be estimated so that it takes into account enough statistics of interacting

particles, and positions and numbers of the minimum of the derivative of average transfer

entropy along with the cutoff distance λ may also be subject to the extent of external

noise and time length of trajectories. The author has scrutinized how the prediction

performance in capturing the underlying interaction domain depends on the size of noise

and time length of the trajectory data. An alternative scheme has been proposed which is

expected to be stable against noises and time length, that relies on the degree of convexity

at coarse-grained scale in the derivative of average transfer entropy along with the cutoff

distance, and time variance of underlying interaction radius of particles.

Key words: Collective motion, Causality, Leader-follower, Cross-correlation, Transfer

entropy, Vicsek model, Interaction radius, cAMP, PIV.
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Chapter 1

Introduction

Collectively moving animals is one of the most beautiful creations of Nature Mother.

The synchronized movement of bird flocks at dusk or the beauty of schools of fish can

fill our hearts with an abundance of love, joy, and endless happiness again and again.

Collective migration can also be observed at the cellular level, e.g., wound healing, cancer

development, and organogenesis [1,2]. The basic property of collective motion is that the

movement of an individual depends on the movement of its surroundings. Researchers

from different disciplines have been working together to find out how microscopic one to

one interaction between agents regulates the macroscopic group behavior [3].

The general conjecture of collectively moving agents is the presence of influential

individuals, known as ‘leaders’, who control the movement of the whole group [4]. These

special agents employ asymmetric influence on the other group members, known as the

‘followers’.

Figure 1.1: Leadership in wound heal-
ing [5].

Figure 1.2: Leader cells in can-
cer growth [6].

In wound healing procedure, the collective behavior of cells has been observed [5]. It

was found that the wound healing procedure starts with the formation of small ‘mounds’

and one or rarely two ‘leader’ cells positioned at the top of the mound pull neighboring

follower cells forward into the wound. Figure 1.1 is taken from [5]. Also in cancer growth,

1



2 CHAPTER 1. INTRODUCTION

it has been found that some cells are ‘highly protrusive and migratory’ who are referred

to as ‘invasive leader cells’ and these leader cells are readily identified at the front of the

invasive strands [6]. Figure 1.2 is taken from [6].

It was found [7,8] for MDCK epithelial cells that leader cells control the collective

migration of cells from the tip of finger-like structures, and removal of leader cell(s) from

the tip causes interruption of the cell migration. Figures 1.3 and 1.4 are taken from [8].

Figure 1.3: Collective motion of
MDCK epithelial cells in presence
of the leader cells [8].

Figure 1.4: Collective motion of
MDCK epithelial cells after re-
moval of the leader cell [8].

For a fish shoal, it was found that the front fish have a powerful effect on the movement

of that shoal [9]. This leader-follower relationship has also been observed in chacma

baboons [10]. Studies have shown that leadership helps the group to find food, building

a nest at a better place, or survive from a predator [11–13].

Identifying leader and follower particles is a puzzling endeavor. Although the relative

cell position might be an indicator of potential leaders in MDCK epithelial cells, cancer

growth, and fish shoal, what characterizes leaders and followers is an open question in

general, for instance, for Dictyostelium discoideum [15–17] cells where there is no apparent

indication of which cells might have more influence over others (Fig. 1.5, which is taken

from [14]). Various types of empirical data, e.g., the ensemble of trajectories of agents, can

be used to infer the differential influence in interaction and leader-follower relationship.

By definition, leaders are expected to be more persuasive compared to the followers. In

other words, it can be said that leader agents control the movement of the follower agents,

which means that it is the leaders who ‘cause’ the movement of followers. Consequently,

leader and follower agents can be identified by determining the direction of ‘causality’.
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Figure 1.5: Aggregation of D.Discoideum cells [14]

Since followers follow the movement of leaders, hence some correlation should exist

between a physical quantity of a leader and that of a follower. Here the words ‘correla-

tion’ and ‘causation’ can seem misleadingly analogous. Let's first explain the difference

between these two terms. Correlation is a statistical quantity that quantifies the degree

of association between two random variables. There are three types of correlations that

can be identified:

� Positive correlation: A positive correlation is a relationship between two vari-

ables in which both variables move in the same direction, i.e., when one variable

increases as the other variable also increase, or one variable decreases while the

other decreases as well. For example, there is a positive correlation between height

and weight—taller people tend to be heavier, and vice versa.

� Negative correlation: A negative correlation between two variables means that

one variable increases whenever the other decreases. A negative correlation can be

found between illness and vaccination.

� No correlation: No correlation means a change in a variable has no impact on

the other one. For example, there is no relationship between the amount of coffee

drunk and the level of intelligence.

On the other hand, causation indicates that one variable causes another variable to
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occur. Hence subtle differences exist between correlation and causation. Let's consider

the following examples:

Suppose ‘ice cream sales’ and ‘bank robbery’ have a highly positive correlation. It

does not mean that “ice cream encourages people to commit bank robberies”. Then one

may ask what is the source of this correlation. Maybe the 3rd variable, say, “weather”

explains the correlation between them. Both ice cream seals and bank robberies increase

during the summer. Consequently, one may conclude that bank robberies and ice cream

seals are correlated but do not have any causal relationship. Hence, just because two

variables are moving together (highly correlated) does not necessarily mean that one

variable causes the other to occur, which leads to the famous quote “correlation does not

imply causation”.

Consider another example. It has been found that a high correlation exists between

people who ‘smoke’ and people who are infected with ‘cancer’. Further medical data

has confirmed that smokers are much more likely to get mouth and lung cancer than

non-smokers. Consequently, one can say that ‘smoking causes cancer’.

Measuring causality is not a straightforward process. The first quantifiable definition

of causality was propounded by mathematician Wiener [18]. It was proposed that one

variable could be called ‘causal’ to another variable if the information about the first

variable improves the predictability of the second variable [19]. The first variable is known

as the ‘cause’ and the second one is called the ‘effect’. But the practical implementation of

this idea was missing. Later C. Granger [20] proposed a definition that can be applied to

real data. Suppose that X = {..., xt−1, xt, xt+1,...} and Y = {..., yt−1, yt, yt+1, ...} are two

random variables and we are trying to identify if there is a causal relationship between

them. By definition, a causal relationship can be inferred if one variable helps us to

predict the other one. Suppose we are trying to predict xt+1. One can use only the past

terms of X to predict xt+1. Also, past terms of both X and Y can be used to predict

xt+1. If the second prediction is more accurate compared to the first one, then one can

certainly conclude that the past of Y contains information that is useful to predict xt+1

that is not in the past of X. In this case, Y is said to be a G-cause (Granger cause) of X

[19].

When there is a causal relationship between two variables, there must exist a certain

time lag (delay) however small between the cause and the effect [19,21]. One could also
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say the Wiener-Granger framework of prediction based ‘causality’ is equivalent to looking

for dependencies between the variables at a certain time delay [22].

Granger causality is being widely used in different dynamical systems from economics

and finance [23,24], physics [25], bioinformatics [26], social science [27], and many other

fields. Granger’s analysis is based on the linear relationship between the two variables.

But dynamical systems could be highly nonlinear, which calls into question the applica-

tion of Granger analysis in the non-linear systems [28].

To overcome the non-linearity challenge, T. Schreiber [29] proposed a probability

distribution based measure called transfer entropy (TE) which is capable of capturing

the direction of causality in non-linear systems using the Markov property [22]. TE

measures the reduction of uncertainty of a variable. The underlying concept of TE is

that if a random variable Y influences the outcome of another variable X, then the

outcome of the variable X can be predicted more accurately by incorporating the history

of both X and Y compared with that only incorporating X's own history [28].

TE has been applied in many areas of science and engineering, such as neuroscience

[30], complex dynamical systems[31,32], environmental engineering [33], and many other

fields. It has also been used in identifying leader and follower agents. Butail et al. [34]

found by using the zebrafish interaction model that the net transfer entropy is the most

accurate classifier compared to extreme-event synchronization and cross-correlation for

classifying leader-follower relationship. Orange et al. [35] also found that there exists

leader-follower interaction between the front bat and the rear bat based on the transfer

entropy. Using the trajectories of handball players it has been proved that transfer

entropy is capable of capturing the causal relationships between players [36].

In real applications, it is near impossible to know the true identity of the agents a

priori. Hence different simulation models can be used to check the classification perfor-

mance of different methods. To study the collective behavior, a variety of simulation

models have been introduced, such as the Reynolds' flocking model [37,38], the Vicsek

model (VM) [39], and the Couzin model [40,41], etc,. These models are easy to simulate

on computers which have facilitated the analysis of collective behavior [3]. Because of its

minimal character, the VM is one of the widely used models to study various dynamics

of collectively moving self-propelled particles (SPPs) [42–44]. In the VM, the direction

of movement of each particle is determined by the average direction of its neighboring
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particles which are located within a circle of an interaction radius R centered on the

particle. For instance, the Vicsek model (VM) has been studied as the minimalist model

for shedding light on unveiling the mechanisms of collective motion of a group of self-

propelled particles, such as symmetry breaking [45,46], phase transition [39,47,48], and

classification of leader and follower agents in a community [34,49]. In this thesis, a mod-

ified version of the VM has been proposed to check the performance of our classifier in

identifying leader and follower particles and also in identifying interaction radius R from

the motion data of the moving agents.

As stated above, TE has been used in identifying leader and follower agents. But

in these studies, all pairs of agents are taken into account to evaluate transfer entropy

irrespective of the distance between the agents. This thesis demonstrates a protocol to

identify the interaction domain. It has been found that the classification of leader and

follower particles is significantly improved by using the identified interaction domain.

This thesis will be structured as follows:

� Chapter 2 will provide some measures that can be used to identify the direction of

causality. Section 2.1 will discuss cross-correlation, which is a method that has been

used to identify the linear relationship between two variables at certain time-lag.

Section 2.2 will provide the information-theoretic measures starting from entropy,

mutual information (MI), time-delayed mutual information (TDMI), and transfer

entropy.

� Chapter 3 will discuss the application of TE in identifying leader cells in a colony

of Dictyostelium Discoideum amoeba.

� Chapter 4 will represent a modified form of the Vicsek model (VM). In this modified

VM, an extra term, in the form of ‘interaction strength’ will be used based on which

leaders and followers will be determined.

� Chapter 5 will show the performance of cross-correlation and transfer entropy in

identifying leader and follower particles. In this chapter, different parameters will

be varied to check the effect of these parameters on the classification score.

� Chapter 6 will be dedicated to determining the interaction domain. It will also

confirm that the classification performance can be improved by utilizing the pairwise
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distance information of two agents. Also, the performance of cross-correlation and

transfer entropy in determining the interaction domain will be examined.

� Chapter 7 will discuss the effect of finite length trajectories and external noise on

the identification of the interaction domain. Also, a different scheme to identify the

interaction domain will be discussed here.

� Chapter 8 will discuss some directions for this research that could be addressed in

the future.
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Chapter 2

Quantifying influence between

particles

Introduction

Identifying leader and follower particles is a puzzling endeavor. Various types of empirical

data, e.g., the ensemble of trajectories of agents, can be used to infer the differential in-

fluence in interaction and leader-follower relationship. By definition, leaders are expected

to be more persuasive compared to the followers. Since followers follow the movement

of leaders, hence some correlation should exist between a same physical quantity of a

leader and a follower with a certain time delay. Different types of correlation, e.g., cross-

correlation [9], extreme-event synchronization [34], can be used to quantify the interaction

between two agents. But in nature, correlations are highly likely to be non-linear. There-

fore the methods based on correlation are too restrictive to investigate highly non-linear

systems [50]. To measure non-linear causal influence among multivariate time series, in-

formation theory (IT) provides a variety of approaches [51]. Some of them are mutual

information [52], time-delayed mutual information [29], transfer entropy [29], causation

entropy [53] etc,. These methods have been used on the time-lapse motion data of moving

individuals to determine the direction of influences. This chapter provides some of the

measures that can be used to infer leader and follower particles.

Consider X = (..., xt−1, xt, xt+1, ...) and Y = (..., yt−1, yt, yt+1, ...) are two Markov

processes with probability mass functions p(xt) = Pr{X = xt} and p(yt) = Pr{Y = yt}

respectively.

9
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2.1 Cross-correlation

Cross-correlation (CC) has successfully been used to identify whether some individuals

have a strong influence on other particles [9,54,55]. CC between two random variables X

and Y as a function of time-delay τ has the following form

CXY (τ) =

∑
t[(xt − x̄)(yt+τ − ȳ)]√∑

t(xt − x̄)2
√∑

t(yt+τ − ȳ)2
, (2.1)

where x̄ and ȳ denote the time averages of {xt} and {yt}, respectively. For instance, if

there exists a positive delay time τ that maximizes the CC CXY (τ), one might interpret

that X has some influence over Y at the level of linearity [9].

CC can, however, take into account the solely linear correlation between the variables

[50]. But in nature correlations are highly likely to be non-linear. As a result, CC is too

restrictive to investigate highly non-linear systems.

2.2 Information theory

Information theory is a branch of mathematical theory within probability and statistics

that can be used to quantify information. This section discusses some of the information-

theoretic measures.

2.2.1 Shannon Entropy

In information theory, the fundamental measure of information is Shannon entropy or

simply entropy. It is defined as the average minimum number of bits needed to encode

a random variable based on the frequency of its value. The entropy of X is defined as

follows [52,56,57]:

H(X) = −
∑
xt

p(xt) log2 p(xt), (2.2)

The unit of entropy depends on the base of the logarithm. In this paper, we use 2 as the

base of logarithm so that entropy is measured in bits. Since 0 ≤ p(xt) ≤ 1, hence it is

clear that H(X) is a non-negative quantity.

Entropy is a measure of average uncertainty in a random variable [52]. Consider the
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following two examples.

Example 2.2.1 Suppose we have six-sided fair dice. Fair dice means that each of the

faces has a probability of 1
6
. Let the random variable X represents the outcome of the toss

of that fair dice. The probability distribution of the random variable X is as follows:

Table 2.1: Distribution of a fair dice

X p(X)

1 1/6
2 1/6
3 1/6
4 1/6
5 1/6
6 1/6

Thus, a fair six-sided dice should have the entropy,

H(X) = −
6∑
i=1

H(X = i) log2 p(X = i),

= −6× 1

6
× log2

1

6
,

= 2.5850 bits,

Example 2.2.2 Let's discuss the entropy of biased dice. A biased dice is a dice where

some numbers are more likely to be rolled than others. In this example, we assume that

the probability of getting an even number in a dice roll is three times higher than an odd

number. Suppose the random variable Y represents the outcome of the toss of that biased

dice whose probability distribution is as follows:

Table 2.2: Distribution of a biased dice

X p(X)

1 1/12
2 1/4
3 1/12
4 1/4
5 1/12
6 1/4
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The entropy of Y is,

H(Y ) = −3× 1

12
× log2

1

12
− 3× 1

6
× log2

1

6
,

= 2.3962 bits,

Since X is the distribution of fair dice, hence it is difficult of predicting the outcome

of this dice compared to the biased dice Y (as an even number is more likely to appear).

In other words, X has more uncertainty compared to Y . As the entropy is the measure

of uncertainty, consequently we have found that H(X) > H(Y ). Thus we can conclude

the followings:

1. A random variable has a maximum entropy when all of its outcomes are of equal

probable.

2. Entropy would be minimum when one value of the random variable is more likely

to happen and others are very rare.

3. In the rest of the cases, entropy would be a positive quantity.

2.2.2 Joint Entropy

The joint entropy of X and Y is denoted by H(X, Y ) and is defined as follows [52,58]:

H(X, Y ) = −
∑
xt

∑
yt

p(xt, yt) log2 p(xt, yt), (2.3)

where p(xt, yt) represents the joint probability. Joint entropy H(X, Y ) represents the

amount of uncertainty contained in the pair of random variables X and Y . From Eq.

(2.3)it is obvious that joint entropy is symmetric i.e., H(X, Y ) = H(Y,X) [59]. It is a non-

negative quantity. If X and Y are statistically independent then p(xt, yt) = p(xt)p(yy).

Then Eq. (2.3) implies that H(X, Y ) = H(X) + H(Y ). In rest of the cases, H(X, Y ) <

H(X) +H(Y ) [52].

Example 2.2.3 Suppose X and Y represent the outcomes of rolling two fair dice. Then

the joint probability distribution has the following form:
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Table 2.3: Joint distribution of two dice

Y
X

1 2 3 4 5 6

1 1/36 1/36 1/36 1/36 1/36 1/36
2 1/36 1/36 1/36 1/36 1/36 1/36
3 1/36 1/36 1/36 1/36 1/36 1/36
4 1/36 1/36 1/36 1/36 1/36 1/36
5 1/36 1/36 1/36 1/36 1/36 1/36
6 1/36 1/36 1/36 1/36 1/36 1/36

The joint entropy of the random variables X and Y is:

H(X, Y ) = −
6∑

xt=1

6∑
yt=1

p(X = xt, Y = yy) log2 p(X = xt, Y = yt),

= −36× 1

36
× log2

1

36
,

= 5.17 bits,

Since both X and Y are fair dice, hence from example (2.2.1) we have H(X) = 2.5850 bits

and H(Y ) = 2.5850 bits. Thus, the sum of their entropies is

H(X) +H(Y ) = 2.5850 + 2.5850,

= 5.17,

= H(X, Y ),

which is reasonable as the two events are independent.

2.2.3 Conditional entropy

The conditional entropy of Y given X has the following form [52,60]:

H(Y |X) = −
∑
xt

p(xt) log2 p(yt|X = xt),

= −
∑
xt

p(xt)
∑
yt

p(yt|xt) log2 p(yt|xt),

= −
∑
xt

∑
yt

p(xt, yt) log2 p(yt|xt), (2.4)
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where p(xt, yt) and p(yt|xt) are the joint probability and conditional probability of Y

given X respectively. Conditional entropy H(Y |X) represents the remaining uncertainty

about Y after knowing X and it is not symmetric i.e., H(Y |X) 6= H(X|Y ).

Relationship between joint entropy and conditional entropy: From Eq. 2.3

we have [52],

H(X, Y ) = −
∑
xt

∑
yt

p(xt, yt) log2 p(xt, yt),

= −
∑
xt

∑
yt

p(xt, yt) log2 p(yt)p(xt|yt),

= −
∑
xt

∑
yt

p(xt, yt) log2 p(yt)−
∑
xt

∑
yt

p(xt, yt) log2 p(xt|yt),

= −
∑
p(yt)

p(yt) log2 p(yt)−
∑
xt

∑
yt

p(xt, yt) log2 p(xt|yt),

= H(Y ) +H(X|Y ),

= H(X) +H(Y |X), (2.5)

If Y is independent of X then p(yt|xt) = p(yt), which yields

H(Y |X) = H(Y ), (2.6)

which means that the knowledge about X does not help to reduce the uncertainty about

Y at all.

Example 2.2.4 Let us consider the following table of height (X) (in cm.) and weight

(Y ) (in kg.) of five (05) students:

Table 2.4: Height and weight table

Height(X) Weight(Y )

152.4 57
167.0 75
154.5 67
177.3 82
169.0 82

From the 1st column of the table (2.4) it is clear that all the values of height (X) are
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unique, whereas in the weight (Y ) column 82 appears twice. Equation (2.2) implies that

H(X) should be greater than H(Y ). After some calculations, we get

H(X) = 2.3219 bits

H(Y ) = 1.9219 bits

H(X, Y ) = 2.3219 bits

From Eq. (2.4) we get H(Y |X) = 0 bits and H(X|Y ) = 0.4 bits. From the table (2.4)

it is obvious that if anyone knows the height (X) of a student, he/she will be able to

determine the weight (Y ) of that student. Hence no uncertainty remains in Y once we

know X, which implies that H(Y |X) = 0. On the other hand, suppose Y = 57 kg,

then certainly one can identify the height (X) of that student which is 152.4 cm. But

if Y = 82 kg, then one cannot determine the height of that student precisely. Because

both two students are having the same weight Y = 82 kg but different height 177.3 cm

and 169.0 cm. Consequently, some uncertainty remains about X once Y is known.

2.2.4 Mutual information

The random variables X and Y might be dependent or independent with respect to each

other. To quantify the degree of dependence one may compute mutual information (MI)

as follows [52,61,62]:

I(X;Y ) =
∑
xt,yt

p(xt, yt) log2

p(xt, yt)

p(xt)p(yt)
, (2.7)

Mutual information represents the amount of information that one variable contains

about the other one. In particular, if I(X;Y ) = 0 then Eq. (2.7) implies that p(xt, yt) =

p(xt)p(yt), which indicated that the random variables X and Y are independent [28].

Easily one can also find that mutual information is symmetric, that is, I(X;Y ) = I(Y ;X)

[63–65]. So it has no directional sense.

Relationship between MI and entropy, joint entropy and conditional en-
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tropy: From Eq. (2.7), we have [52]

I(X;Y ) =
∑
xt,yt

p(xt, yt) log2

p(xt, yt)

p(xt)p(yt)
,

=
∑
xt,yt

p(xt, yt) log2

p(xt|yt)p(yt)
p(xt)p(yt)

,

=
∑
xt,yt

p(xt, yt) log2

p(xt|yt)
p(xt)

,

=
∑
xt,yt

p(xt, yt) log2 p(xt|yt)−
∑
xt,yt

p(xt, yt) log2 p(xt),

=
∑
xt,yt

p(xt, yt) log2 p(xt|yt)−
∑
xt

p(xt) log2 p(xt),

= −H(X|Y ) +H(X),

= H(X)−H(X|Y ),

= H(Y )−H(Y |X), (2.8)

Using Eq. (2.5) in Eq. (2.8) we get

I(X;Y ) = H(X)−H(X|Y ),

= H(X) +H(Y )−H(X, Y ), (2.9)

Using Venn diagram Eqs.(2.8) and (2.9) can be represented as follows [52]:

Figure 2.1: Relationship between MI and entropy.



2.2 INFORMATION THEORY 17

2.2.5 Time-delayed mutual information

Since MI is symmetric, so it cannot be used to infer the direction of interaction between

two signals [28]. But to infer causality, the direction of information flow is necessary.

However, to capture the delay of information transfer between the two processes one

can introduce a time-lag parameter τ in any variable to compute MI which is known as

time-delayed mutual information (TDMI). TDMI has the following form [66,67]:

I(X(t);Y (t+ τ)) =
∑
xt,yt+τ

p(xt, yt+τ ) log2

p(xt, yt+τ )

p(xt)p(yt+τ )
, (2.10)

A nonzero amplitude of the mutual information as a function of delay-time τ indicates

the presence of interaction between the processes X and Y . The sign of τ can be used

to deduce the causal direction of influence [28]. If there exists a positive τ for which

TDMI has a peak as a function of τ (Eq. (2.10)), then one can deduce that X shares a

maximum amount of information with the future state of Y . In other words, one can say

that X drives Y . Whereas a negative τ indicates that X shares the maximum amount of

information with the past of Y , hence X is driven by Y [28].

TDMI is capable of capturing both linear and nonlinear correlation between two time-

series and hence can be used as a measure for mutual coupling or information transfer

[68]. However, TDMI fails to consider shared history (also common external driving

effects) between two processes and lead to spurious inferences of directed information

transfer [69]

2.2.6 Transfer entropy

To resolve the above-mentioned problems Schreiber[29] proposed time-delayed mutual

information via conditioning I(X(t);Y (t+τ)|Y (t)), a quantity known as transfer entropy

(TE)

TEX→Y = I(yt+τ ;xt|yt),

=
∑

yt+1,yt,xt

p(yt+1, yt, xt) log2(
p(yt+1|yt, xt)
p(yt+1|yt)

),

= H(yt+1|yt)−H(yt+1|yt, xt), (2.11)
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However, conditioning does not imply purely subtraction, which means that the following

operation may not always be true:

I(X;Y |Z) ≤ I(X;Y )

Rather, conditioning may increase the shared information between two variables. Let us

consider the following example. Suppose X and Y are two mutually independent fair

Bernouli variables, i.e., can take values {0, 1} with probability 1/2. Another random

variable Z is defined as follows:

Z = X ⊕ Y,

where⊕ represents XOR operation. Then the probability distribution would be as follows:

Table 2.5: Probability distribution

X Y Z Pr

0 0 0 1/4
0 1 1 1/4
1 0 1 1/4
1 1 0 1/4

Easily one can find that all these variables are pairwise independent, which produces

zero mutual information as follows:

I(X;Y ) = I(X;Z) = I(Y ;Z) = 0.

But by knowing X (or Y ) certainly, Y (or X) can predict the outcomes of Z, that yields

I(X;Z|Y ) = I(Y ;Z|X) = 1 bit. Similarly, we can find that I(X;Y |Z) = 1 bit. Thus,

even though the variables X and Y do not share any information (mutually independent),

but if we are given Z (condition on Z), they are perfectly correlated.

The idea of TE is that if a process X influences another process Y , then the prediction

of Y becomes easier after knowing the past of both X and Y , compared to only knowing

the past of Y . TE from X to Y is defined as follows [70–72]:

It is a non-negative quantity. If Y is independent of the past of X, that is, in the

absence of causality (X to Y ), Eq. (2.6) is fully satisfied, then TEX→Y = 0. Thus, a

positive value of TEX→Y is the indication of causal influence of X on Y [73,74]. For a

pair of agents X and Y , the net transfer entropy from X to Y , defined as NTEX→Y =
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TEX→Y − TEY→X can be used to infer the direction of causal influence. A positive

NTEX→Y indicates that Y follows X. In that case, we may infer that X is a leader and

Y is a follower.

2.3 Concluding Remarks

To detect causality different types of linear measures have been used. But later, infor-

mation theoretic measures have been found productive as these measures are capable

of capturing non-linear information flow, which enables us to detect the direction of

causality more precisely. In this thesis we compare the performance of both linear (cross-

correlation) and information-theoretic measure (transfer entropy) in identifying leader

and follower particles.
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Chapter 3

Leaders in D. Discoideum Colony

3.1 Introduction

Dictyostelium discoideum is a soil-living amoeba [75,76]. The life cycle of D. Discoideum

has two distinct phases: vegetative phase in which single-cell amoebae feed on bacteria

by phagocytosis and divide by fission every few hours, and a social phase initiated by a

period of starvation, in which the single-cell amoebae aggregate to form a multicellular

structure [77,78].

Figure 3.1: Life cycle of D. Discoideum cells [79].

Since D. Discoideum exhibits both single-cell and multi-cellular characteristics, hence

21
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it can be used as a model for the study of single-cell functions (e.g., cell division, dif-

ferentiation, chemotaxis, and death), as well as multi-cellular activities such as organ

development, etc, [80–82]. Because of its short life cycle, easy to cultivate, and can be

harvested in large amount, D. Discoideum is one of the widely used species [83].

In the social phase, cells release cAMP pulse to communicate with each other. Finally,

these cells aggregate to form a multi-cellular structure. It has been found that some cells

first start to emit rhythmic pulses of cAMP [84]. These cells can be termed as the ‘leader

cells’ as they start the aggregation procedure and the other cells can be termed as the

‘follower cells’. Our main focus is to identify the leader and follower cells based on the

cAMP secretion. We will use an information-theoretic scheme called transfer entropy to

identify leader and follower cells and compare our results with the expert’s results.

*I express my gratitude to Prof. Kazuki Horikawa of Tokushima University for pro-

viding us the imaging data as well as single-cell tracking data.

3.2 cAMP secretion and cell aggregation

During its vegetative stage, the D. Discoideum cells move independently, replicate by

binary fission and extract nutrients from bacteria in the soil [85]. Upon nutrient deple-

tion, starvation induces amoebae to aggregate in a place to form mounds (multi-cellular

stage) that organize into a migrating slug [85]. Figure 3.2 shows the aggregation steps

of D. Discoideum cells at three different periods. This aggregation process raises some

questions:

(A) (B) (C)

Figure 3.2: Aggregation of D. Discoideum cells at three different time periods. (A) Cells
are moving independently. (B) Cells are trying to aggregate in one place. (C) Final
aggregation.

� How do these cells communicate with each other?
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� How do they know when to aggregate?

� How do they know where to aggregate?

(A) (B) (C)

Figure 3.3: cAMP secretion of D. Discoideum cells at three different time periods.
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Figure 3.4: cAMP secretion of D. Discoideum cell

In response to the above questions, scientists have found that the aggregation takes

place employing ‘chemotaxis’ which is the movement of an organism accompanied by the

relay of the chemoattractant [86,87]. The attractant is a chemical called cyclic adenosine

monophosphate (cAMP), which is produced and periodically released by the cells when

the starvation takes place [87]. This cAMP is the primary signaling molecule that drives

the aggregation process. A cell that senses external cAMP moves towards the source

of cAMP and in turn, releases a burst of cAMP. Consequently, local variations in cell

density get amplified which finally results in an aggregation [87]. Figure 3.3 shows the

cAMP wave of a D. Discoideum colony at three different periods. In Fig. 3.3(A) no

cAMP is visible and the cells are moving randomly. Figure 3.3(B) shows that the spiral

wave is forming and Fig. 3.3(C) shows the cAMP during the aggregation.
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Figure 3.5: Firing comparison of two D. Dscoideum cells
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Figure 3.6: Binarization of cAMP concentration.

3.3 Identifying Leaders cells in Dicty colony

3.3.1 Measuring cAMP

The aggregation of D. Discoideum cells begins with the secretion of cAMP.

Our working hypothesis is proposed by the expert that leader cells first release cAMP.

Later followers also emit cAMP and move towards the origin of cAMP secretion i.e., to

leader cells. Hence time-lapse image data can be used for inferring leader and follower

cells. Follower cells get the information of releasing cAMP from the leader cells, which

means that the information of cAMP secretion flows from leader to follower, not from

follower to leader. Consequently, based on the direction of information transfer between

cells, leader and follower cells can be inferred.

Different types of the fluorescent indicator have been developed to measure cAMP

concentration level [88,89]. Figure 3.4 shows the cAMP concentration of a single D. Dis-

coideum cell over a period of time which is obtained by the ‘single-cell tracking’ technique
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and measuring cAMP concentration. A flash-type red fluorescent cAMP indicator called

R-FlincA has been used for this purpose. The images were captured every 90 seconds.

The peaks are associated with the cAMP wave which means that when a cell release

cAMP the intensity of the cells increases. In between two secretions of pulse, there is a

silent region which is represented by the empty region in Fig. 3.4.

3.3.2 Comparison of cAMP secretion between cells

Figure. 3.5 shows the cAMP secretion of two D. Discoideum cells over a period of time.

From the figure it is clear that the cells do not emit cAMP at the same time. Some cells

first start to release cAMP and the others cells try to follow them. In this section our

focus would be to compute TE from one cell to another based on the cAMP concentration

and then classify leader and follower cells based on the TE.
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Figure 3.7: TE between cells.

3.3.3 Transfer entropy to identify leader cells

From Eq. (2.11) it is clear that in order to compute TE from one cell to another, we need

to discretize cAMP pulse data. For simplicity we use simple binarization technique for

discretization. Figure 3.6 shows the binarize representation of Fig. 3.5, where the peaks

in the actual cAMP data have been represented by 1 and the others are by 0.

Here we analyze the binarized cAMP data of 10 single-tracked cells. Figure 3.7 shows

the TE from one cell to another and the numbers 1-10 represent the index of the cells.

In particular, the box whose position is (i, j) represents the TE from the cell i to cell j.
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Figure 3.8: Hierarchical representation of cells. The position of the cells is based on the
influence of the respective cell on other cells.

From the TE chart 3.7, it is clear that cell 1 and cell 2 have higher outward TE (TE

from cell 1 and 2 to others) compared to inward TE (from other cells to cell 1 and 2).

Also, cell 6 has higher outward TE. Based on the TE values we may conclude that cell

1, cell 2, and somehow cell 6 are the possible leader cells.

Figure 3.8 is the hierarchical representation of the cells based on the TE values. Edges

represent the strength of interaction and the arrows are the directions of the interaction.

3.4 Concluding Remarks

In this chapter, the author has analyzed the single-cell tracking cAMP data. The single-

cell tracking data of 10 cells have been analyzed and TE has been used to identify the

leader and follower cells. Based on the TE between cells we find that cell 1 and cell 2 are

the leaders of the colony which matches the classification results obtained by the expert

who generated this data set. But cell 6 also appears to be a leader in our protocol, so it

leaves some ambiguity whether our method is correct or expert. To check the reliability

of the classification process, the well-known Vicsek model has been used (in the later

chapters) where identities of cells (leaders or followers) are known.



Chapter 4

Modified Vicsek Model

4.1 Introduction

In the original VM [39], the influences of all the particles were the same. Since our main

focus is to classify leader and follower particles, hence we let some particles having a

higher influence on other particles in the system. These influential particles are known

as the leader particles and the others are the followers. In the simulation model, the

identity of leader and follower particles are known to us, which enables us to check the

performance of our scheme in identifying leader and follower particles.

4.2 The Modified Vicsek Model

To scrutinize how our scheme works in estimating the interaction domain and leader-

follower relationship from an ensemble of trajectories of many-particle systems, we employ

a model similar to the original VM [39] (Fig. 4.1). Consider a two-dimensional square

box of length L with periodic boundary conditions and N particles which are randomly

distributed and oriented at the initial state.

The position of particle i (i = 1, 2, ..., N) at time t + 1 is denoted by ~rt+1
i and is

updated at each time step ∆t as:

~rt+1
i = ~rti + ~vti∆t, (4.1)

where ~rti is the position of particle i at time t, and ~vti is its velocity. For the sake

27
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Figure 4.1: A Vicsek model with different weights between particles. The thick and
thin ovals denote leader and followers, respectively, and the dotted circles represent the
interaction domain for each particle. Only when the particles are within the interaction
radius R, the interactions among the particles are set.
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of simplicity, we assume that each particle moves with a constant speed v0 so that its

velocity is characterized by its orientation angle θi(t). This orientation angle is updated

at each time step using the following equation:

θi(t+ 1) = 〈θ(t− κ+ 1)〉R,w ,~rti + ∆θi, (4.2)

where 〈θ(t − κ + 1)〉R,w ,~rti is the weighted orientation averaged over other particles

which are located within a circle of radius R at time (t− κ+ 1) centered on the position

~rti of particle i at time t:

arctan

[[
wii sin θi(t) +

′∑
j

wij sin θj(t− κ+ 1)

]/
[
wii cos θi(t) +

′∑
j

wij cos θj(t− κ+ 1)

]]
,

where
∑′ takes over all j satisfying | ~rti − ~rt−κ+1

j |≤ R excluding particle i itself (for

the derivation see Appendix A). The variable κ represents the time delay in interactions

between particles. In nature, birds, fishes, cells, and so forth interact with each other in

some finite time different from the timescale of the movement, e.g., interactions between

Dictyostelium discoideum cells are mediated by cAMP in which the timescale of diffusion

of the chemicals determines the time lag κ [15]. cAMP requires some finite time to reach

other cells from the cell that emits the cAMP, and during this time lag, the cells change

their positions.

In Eq. (4.2), w is a matrix whose element wij corresponds to the interaction strength

that particle i exhibits on its neighboring particle j. The matrix w is introduced to

emulate asymmetric interactions between particles. If particle i is a leader and j is a

follower, then wij > wji. We set the values of leaders’ and followers’ interaction strengths

to 1.05 and 1.00, respectively (i.e., wLL = 1, wLF = 1.05 and wF∗ = 1 (∗ means either

leader (L) or follower (F))). Note that, if all wij’s are unity and κ is equal to 1, this

model coincides with the original VM. ∆θi is a random number uniformly distributed in

the range [−η0/2, η0/2], where η0 may correspond to a temperature-like parameter [39].
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Figure 4.2: Snapshots of some moving particles at different times. The red arrow repre-
sents a ‘leader’ and the blue arrows are the ‘followers’.

4.3 Concluding Remarks

The Vicsek model displays a transition to collective motion, where all particles have same

interaction strength. But in our model (Eq.4.2), the interaction strength of all particles

are not the same. Higher interaction strength has been used to some particles (we call

it the leaders) compared to the other particles (known as followers), which enables us to

study classification ability of some of the measures. As the motion of the cells depend on

its neighboring, so there should be some transfer of information between particles. Based

on the amount of transferred information, the identity of the particles can be inferred.



Chapter 5

Identifying influential particles

5.1 Introduction

This chapter describes the procedure that we use to identify leader and follower particles.

We use the motion data of the particles (obtained from chapter 4) to classify the particles.

Our main focus is to check the performance of transfer entropy. We also compare its

performance with the linear measure cross-correlation.

At the beginning we define a classifier. Based on the classifier we compute true-

positives and false-positives for each threshold values. Later, an receiver-operating char-

acteristic (ROC) curve is drawn whose X-axis is the false-positives and Y-axis is the

true-negatives. Finally, thew area under ROC curve (AUC) is obtained which quantifies

the performance of classification.

5.2 Classifier

For inferring leader and follower particles we first define classifier. Based on this classifier

we identify the leader and follower particles. For particle i, the classifier χ has the

following form:

χi =
1

N − 1

∑
j(6=i)

(Ii→j − Ij→i),

where Ii→j represents the influence that the particle i exhibits on particle j and N is the

total number of particles in the system. Here I can be measured using different measures

discussed in Chapter 2.
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5.2.1 Identification

The value of χ is then used to identify leader and follower particles. First a threshold ε is

selected. A particle for which classifier χi is higher than the threshold ε, we identify the

particle i as a leader, otherwise a follower. Then this classification result is compared to

the ground truth to obtain the how many particles have been identified correctly.

5.2.2 ROC curve and AUC

To show the classification performance of a classifier receiver-operating characteristic

(ROC) curve is used [90,91]. An receiver operating characteristic (ROC) curve is a graph

that shows the performance of a classifier at all classification threshold ε. It is a 2-

dimensional plot whose x-axis represents false positive rate (FPR) and y-axis stands for

true-positive rate (TPR) [92,93].

TPR =
TP

(TP + FN)
,

FPR =
FP

(FP + TN)
,
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Figure 5.1: ROC curve. As the blue curve lies above all the curves, hence the classifier
corresponds to the blue curve produces better classification score.

A good classifier has few false positives and a large number of true positives for a

range of thresholds. Hence the top left corner of the ROC box is the point where TPR=

1.0 and FPR=0.0. This represents a perfect test. The closer the ROC curve gets to the

top left corner, the better the test is overall. The closer the curve comes to the center

diagonal line (y = x line), the worse the test.
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As we know, the closer the ROC curve reaches to the top left corner, the better

the test. The closer a curve lies to the top left corner, the greater the area underneath

it. Consequently, a larger area under the ROC curve implies a better test [94,95]. To

quantify the accuracy of the classifier's performance and to compare the performance of

different classifiers, area under ROC curve (AUC) has been used [94]. An AUC score of

1.0 means that that classifier accurately predicts the identities of the particles whereas a

value of 0.5 means that the classifier has no class separation capacity whatsoever [96,97].

5.3 Some model parameters

To compare with TE, we also employ cross-correlation (CC) to elucidate between time

series of the physical quantity associated with the particles’ motion. We examine the

performance of our scheme mainly for a 10-particle system of the modified VM in which

one serves as a leader and the other nine particles as followers. For the computation of

CC we use the values of θ explicitly in Eq. (2.1). For TE, a probability distribution of

discrete events is required, and in order to discretize θ we divide the orientation space

[0 : 2π] into n different discrete domains that are represented by unique symbols. Over

time, each particle changes its orientation, which may result in a new symbol on its time

series. We varied n from 2, 4, 6, 8, 10, and 12 and found that except n = 2 and 4 which

are too small to capture the interaction domain and leader-follower identities, similar

classification results are obtained for n = 6− 12, therefore we chose n = 6 hereinafter.

We set the box size to L=10 a.u. with v0 being 0.3 a.u., which means that each particle

moves 3/100 of the box’s length in a one-time step. It was found that in the range of

0.05 ≤ v0 ≤ 0.9 the classification of leader and follower particles are not affected by v0 in

our simulation running over a long enough number of time steps to yield convergence of

TE and CC. At each noise level η0, all analyses were performed with 1000 realizations.

For each realization, the values of ~rti and θti at t = 0 are chosen randomly in Eq. (4.1)

and propagated for 100,000 time steps. The value of θi depends on the reference axis to

which the angle is evaluated. It was confirmed with 100,000-time steps that the value of

TE for n = 6 is the same within ±6 × 10−4/bits, irrespective of the choice of reference

axis in our model simulation.
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5.4 Results and discussion

In this section, we vary some parameters in the VM to check how these parameters affect

the identification of leader and follower particles.

5.4.1 Interaction time-scale and delay-time
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Figure 5.2: Average TE landscape for different interaction timescale κ and delay time τ
at noise level (A) η0 = 0.1π, (B) η0 = 1.2π, and (C) η0 = 1.8π. Note that each color
grade has different scale.

Figure (5.2) shows the average TE landscape as a function of interaction timescale

κ (intrinsic to the system) and delay time τ (to compute TE) at (A) η0 = 0.1π, (B)

η0 = 1.2π, and (C) η0 = 1.8π. The average TE, averaged over all pairs of particles, has a

peak when interaction timescale κ in Eq. (4.2) and delay time τ in Eqs. (2.11) and (2.1)

are the same. This suggests that the maximum information flow between particles can

be obtained if the appropriate delay time τ is used while computing TE. Hence a delay

time τ that makes the average TE maximized with respect to τ can be used to infer the

actual interaction timescale between particles. Note at the low noise level in the average

TE landscape that periodicity is perceived in τ , as shown in Fig. 5.2 (A), especially at

κ = 1 − 4. This is due to the fact that a particle i at time t can interact with another

particle j at time (t+ κ) directly. But particle i can interact indirectly with the particle

j (through a third particle, say k) at time (t + 2κ). As a result the influence of particle

i on particle j can be observed at t = κ, t = 2κ, t = 3κ, and so on. Since the average

TE exhibits a peak when τ is equal to the delay in the interaction between particle i

and particle j, consequently TE peaks at τ = κ, τ = 2κ, τ = 3κ, and so on. As the
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interaction timescale κ increases, say more than 4, or as the noise level increases, such

periodicity becomes smeared out due to thermal fluctuation. In the following analysis,

we set κ = 1 and τ = 1 unless stated otherwise.

5.4.2 Distributions of classifiers

Figure 5.3 shows the distribution of the classifier χ using TE, χTE, at three different

noise levels. As an overall trend, the classifier χ(i) when i is a leader is greater than

that when i is a follower over different noise levels. At low noise (η0 = 0.1π) and very

high noise (1.8π), the distributions of χ for leaders and followers significantly overlap

each other, which makes classification difficult. However, the distributions are well-

separated and classifying leader or follower is much easier from the orientation dynamics

at moderate noise level (η0 = 1.2π). At very low noise levels, the amount of TE depends

Figure 5.3: Distributions of the classifiers (A)χTE(/bits), (B) χCC(/bits) from the leader
to the others, and that from a follower to the others at different noise levels η0, (1) 0.1π,
(2) 1.2π, and (3) 1.8π, respectively.

heavily on initial configurations {~r0i }. Namely, the probability of encountering within the

interaction domain largely depends on {~r0i } at very low noise and, moreover, follower and

leader particles are promptly aligned to the same orientation as soon as they encounter

one another. This results in the same symbols in their time series perpetually, making

p(yt+1|yt, xt) quickly converged, while its values are largely dependent on {~r0i }. Due to
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this {~r0i } dependence, distributions of the classifier χTE have larger variances at very

low noise (Fig. 5.3 A(1)), making it difficult to distinguish followers and leaders. As the

noise increases, p(yt+1|yt, xt) becomes less dependent on the {~r0i } and the two distributions

start to deviate from each other (Fig. 5.3 A(2)). However, at very high noise, the two

distributions become indistinguishable with much smaller variances (Fig. 5.3 A(3)).

On the other hand, at a very low level of noise, the motion of both leader and follower

has a strong correlation, irrespective of whether two particles interact or not. Hence the

distribution of the classifier χCC has lower variance at very low noise (Fig. 5.3 B(1)).

As the noise increases, the motion of the follower becomes more dependent on the leader

that produces higher CC from leader to follower compared to that from follower to leader.

Hence two distributions start to drift from each other (Fig. 5.3 B(2)). But at a very high

noise level, the distributions have higher variance which makes the classification very

difficult (Fig. 5.3 B(3)).

The efficiency of χ to classify the leader-follower relationship is estimated as follows:

by choosing a threshold γ along the χ axis (e.g., Fig. 5.3), the particle whose χ(i) is larger

(smaller) than the threshold γ is classified as leader (follower), and the classification is

compared to the ground truth (defined by different wij) to obtain the true-positive rate

(TPR) and the false-positive rate (FPR) for the γ. We then plot TPR versus FPR at

different γ’s to obtain a receiver-operating characteristic (ROC) curve [34]. We use the

area under the ROC curve (AUC) score for the quantification of the performance of χ.

Here an AUC score of 1.0 (0.5) means that the classifier accurately predicts the identities

of particles (predicts them as randomly as a coin toss).

5.4.3 AUC for different interaction strength of leader

Figure (5.4) represents the effect of interaction strength of leader on followers wFL (from

now on we will use w to represent wFL) in identifying leader and follower particles as

a function of noise (η0). Figure (5.4)(A) shows the performance of TE whereas Fig.

(5.4)(B) is for CC. As an over all trend, TE outperforms CC in identifying leader and

follower. But at very high noise level the performance of CC is slightly better than TE.

Both TE and CC perform better at mid level of noise. At both very low and very high

level of noise, it is very difficult to distinguish leader and follower particles. At very

low noise, the amount of transferred information between leader and follower is very low



5.4 RESULTS AND DISCUSSION 37

0
.0

0
.5

 

1
.5

 

2
.0

 
Noise

0.4

0.5

0.6

0.7

0.8

0.9

1

A
U

C

(A)

w=1.00

w=1.01

w=1.05

w=1.5

w=5.0

0
.0

0
.5

 

1
.5

 

2
.0

 

Noise

(B)

w=1.00

w=1.01

w=1.05

w=1.5

w=5.0

Figure 5.4: (A) AUC using TE. (B) AUC using CC. As an overall trend both TE and
CC perform better at moderate noise levels in identifying leader and follower particles
and TE outperforms CC.

and because of that insufficient information transfer, classification is very hard. Here we

varied w.

In our model, leader is based on the interaction strength w = wFL and the interaction

strength of followers wFL and wFF is set equal to 1. Hence w = 1 means that there is no

leader in the system. Since there is no leader in the system and our classifier looks for

leader, hence its performance is very poor which results in AUC value close to 0.5. As

w increases, leader particle becomes more influential. Consequently the performance of

both classifiers improve which results in higher AUC values.

5.4.4 Classification score for different system size

Figure (5.5) represents the classification results for the different number of birds at dif-

ferent noise levels keeping box size L fixed, which means that density increases as the

number of birds increases. In Fig. 5.5(A) we use TE and in Fig. 5.5(B) CC has been

used. In both the figures, the general propensity is that as the number of birds increases

classification score decreases. Because of the information flow between two followers and

also the indirect information flow from a follower to another follower through the leader,

the influence of a leader on particular follower decreases. Since CC cannot capture non-
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linear relationship, hence the performance of CC is very poor for the higher number of

birds.
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Figure 5.5: Classification score of different system size at different noise levels using (A)
TE, (B) CC keeping fixed box size. Classification is random at both low and high level
of noise. In general AUC decreases with number of birds.

Figure (5.6) represents the classification results for a different number of birds at

different noise levels keeping density fixed, which means that L increases as the number

of birds increases. Similar to Fig. (5.5), the classification score decreases as the number

of birds increases. When the density of particles is much higher, there is more chance of

indirect interaction between leader and followers. A dissimilarity between Fig. (5.5) and

Fig. (5.6) can be observed at a higher level of noise. At the high level of noise, AUC

is independent of the number of birds for the fixed box system whereas AUC decreases

gradually for the fixed density system.
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Figure 5.6: Classification score of different system size keeping density fixed. (A) Classi-
fication performance of TE. (B) Classification performance of CC. AUC decreases with
number of birds.
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5.4.5 Effect of data length on classification score

Now let us check the effect of interaction time (data length) and some other physical

quantities on the classification performance. Figure 5.7 shows the AUC landscape as a

function of data length and leaders' interaction strength (wLF ). It has been found that the

AUC score increases with T . For shorter T , due to insufficient sampling in characterizing

leader-follower interaction relationship, the distributions of χTE from leader to the others

and from follower to the others have higher variance as shown in Fig. 5.8. As the data

length increases, particles get more time to interact with each other which results in

higher information flow between particles. As a result classification score also increases.
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Figure 5.7: AUC for different data length and interaction strength w. (A) Using TE. (B)
Using CC. These figures are for noise level η0 = 1.2π. It has been found that as the data
length and interaction strength w increase, classification score also increases.

Figure 5.9 shows the AUC landscape for different data length and interaction radius R.

Interaction radius represents the maximum distance up to which a particle can interact

with another particle. Hence smaller interaction radius R of a particle means that the

particle has a smaller area of influence. Consequently, the particle shares information

only with the particles which are within that small region around it. So it cannot share

information with the particles which are outside the region. As the interaction radius R

increases, the area of influence also increases. At the same time, information flow also

increases. Hence classification score increases as the interaction radius R increases.
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Figure 5.8: Distributions of the classifiers χTE from the follower to the others, and those
from a follower to the others for R = 3, η0 = 1.2π, and (a)T = 100, 000 arb. units, (b)
T = 50, 000, (c)T =25,000, and (d) T = 12, 000.

5.5 Concluding Remarks

In this chapter, we varied different physical quantities from the modified VM and exam-

ined the effect of these parameters on the classification score. We use two measures in

the form of TE and CC to identify leader and follower particles. It has been found that

because of the initial position dependency, the classification score is very low at a very

low noise level. At a moderate level of noise, classification is relatively easier. But at

the very high level of noise, it is very difficult to identify leader and follower particles.

We also found that as the number of particles increases classification becomes difficult

because of the indirect interaction (through another particle) between particles. Also, the

classification score increases as the value of interaction strength w of the leader increases.

Data length also plays a vital role in the classification score. AUC value increases along

with the data length and interaction radius R.
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Figure 5.9: AUC for different data length and interaction radius R. (A) Using TE. (B)
Using CC. It has been found that as the data length and interaction radius R increase,
classification score also increases.
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Chapter 6

Identification of Interaction radius

6.1 Introduction

Systems composed of locally interacting particles or agents such as birds, fish, and cells

show spontaneous, spatiotemporal, collective behaviors as a whole [98–100]. Exploration

of the underlying mechanisms and principles of such coordination of agents has been

made in experimental [7,8,101], and theoretical [34,102–104] studies.

Interactions among agents are an important feature of spatiotemporal coordination

of the agents. In most cases two agents cannot communicate over infinite distance, and

thus it is natural to suppose the interactions are inherently local. Indirect influence,

however, can permeate globally even when individual interactions are local [105–107].

The cascading of local influence to a global level is highly dependent on the radius of

interaction between individual pairs of agents. Thus the interaction radius is an important

quantity in the field of collective behavior analysis as it defines the interaction network

between agents [108]. In the VM, the direction of movement of each particle is determined

by the average direction of its neighboring particles which are located within a circle of an

interaction radius R centered on the particle. The interaction radius R plays a vital role

for the synchronization of the particles. It was found that the smallest interaction radius

for synchronization of the ensemble is
√

log(m)/πm, where m represents the population

size of the VM [109]. Depending on the law of interaction in a general system, the distance

at which influence is most likely to occur is critical for understanding the outcome of the

system.

Inferring differential influence in interactions and leader-follower relationships from

43
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Figure 6.1: Schematic diagram of cutoff distance.

empirical data such as an ensemble of trajectories of particles is thus an intriguing subject.

Various measures such as cross-correlation and extreme-event synchronization [4], as well

as information-theoretic measures, such as time-delayed mutual information [28,110,111],

transfer entropy [29,112,113], and causation entropy [53,114] have been used on time-lapse

motion data to quantify the direction of influence between pairs of particles.

In this chapter we present an information-theoretic scheme to estimate the underlying

interaction domain or distance between composite particles from an ensemble of trajec-

tories in many particle systems. In collective behavior analysis, transfer entropy (TE)

was used to study predator-prey interactions [115] and leader-follower identification in

both simulation data [4,34] and experimental data [35]. We show for a modified VM that

the classification of leaders and followers is significantly improved by using the identified

optimal interaction domain compared to the case in which transfer entropy is computed

over all pairs irrespective of distance.
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6.2 Cutoff distance

Knowledge of the interaction domain greatly improves the classification of leaders and

followers[116,117]. In practice, however, one does not know the interaction domain for a

group of animals, cells, or birds a priori. To deduce it from an ensemble of trajectories, the

‘cutoff distance variable’ λ was introduced [117]. In this problem setting, the interaction

domain is considered as a circle of radius R, which is unknown, however, in general the

same technique can be applied to infer an interaction domain of any shape. Then for

the estimation of TE, the cutoff distance λ is defined as a distance up to which the

interactions between particles are taken into consideration [Fig. 6.1]. In other words,

for the estimation of TE from the ‘symbolic time series’ of a particle to another, the

probability distributions are estimated only at the time instance t when the distance

between those two particles is less than the cutoff distance λ. For a fixed cutoff distance

λ, TE from a particle X to another particle Y has the following form:

TEX→Y (λ) =
∑

yt+τ ,yt,xt

p(yt+τ , yt, xt|d ≤ λ)×

log2(
p(yt+τ |yt, xt, d ≤ λ)

p(yt+τ |yt, d ≤ λ)
)

(6.1)

where xt, yt, and d = |~rtX−~rtY | represent the orientation of the particles X and Y at time

t, and the distance between the particles X and Y at time t, respectively.

Finally the value of λ is varied and TE between particles is computed as a function

of λ. Whenever there is no mention of a cutoff distance λ, it means that the distance

information between particles is not considered which is the conventional way of TE

computation [35].

In a group of particles, the motion of a particle is influenced by other particles lying

within its interaction domain. When two particles enter into their interaction domain,

they share or transfer information, resulting in some change in their movements. Such in-

formation flow should decrease as the distance between the two becomes greater than the

interaction domain, and goes to zero at the limit of the distance goes to infinity because of

loss of interactions. For the transfer entropy (Eq. 6.1) where all pairs satisfying d ≤ λ are

taken into account, when the cutoff distance λ exceeds the underlying interaction domain
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R, TEX→Y (λ) should decrease because it takes into account not only interacting pairs

of particles but also non-interacting, independently-moving pairs, which should “dilute”

the information flow among interacting pairs in the system. The magnitude of negative

gradient of the transfer entropy with respect to λ after exceeding R is expected not to be

a constant along λ but the magnitude becomes get smaller as λ gets larger. When the

two particles are within interaction domain, more or less their motility is influenced to

each other so that the transfer entropy is expected to have some finite value with some

fluctuation for λ ≤ R.

6.3 Effect of cutoff distance and interaction radius in

classification score

Figures 6.2 (A) and 6.2 (B) show the AUC landscape as a function of noise levels and

cutoff distance for TE for interaction radius R = 2 and R = 4, respectively. Figures

6.2 (C) and 6.2 (D) represent the same landscape but for CC. One can see that χTE

outperforms χCC and many AUC scores are found to be close to unity for χTE while the

maximum value of χCC is only 0.817. As shown in Fig. 6.2 (A) and 6.2 (B), both at

very low noise and at very high noise, the AUC score of χ gets smaller. One striking

consequence is the existence of maximum peak near the cutoff distances λ = 2 and λ = 4

in the AUC landscape of both χTE and χCC (note that the actual interaction radius R

used for the trajectory calculations in Figs. 6.2 (A) and 6.2 (C) is 2, whereas in Figs. 6.2

(B) and 6.2 (D) it is 4. When λ < R, it implies that, even though two particles interact,

useful information is not taken into account for computing the classifier χ, making AUC

lower. Conversely, when λ > R, it implies that unnecessary information concerning non-

interacting particles is taken into account, yielding lower AUC than the maximum. This

demonstration manifests that the best classification occurs when cutoff distance λ and

the underlying interaction radius R are the same.
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Figure 6.2: (A) and (B) AUC landscape of the classifier χTE at different noise levels and
cutoff distance λ. (C) and (D) AUC landscape of the classifier χCC at the same noise
levels used in the above two figures. At very short λ there exist situations where two
particles rarely enter each other's interaction domains, and to avoid the unclassified cases
λ < 0.25 a.u. are excluded. Also at very low η0 there were cases where the symbols of
a particle seldom change in time, which makes CC undefined, and, hence, η0 < 0.1π are
excluded. The actual interaction radius R used for ensemble of trajectories in (A) and
(C) is 2 a.u., and 4 a.u. in (B) and (D).

6.4 Comparison between cutoff and without cutoff

schemes

Figure 6.3 compares the classification performance of cutoff, and without-cutoff tech-

niques in identifying leader and follower particles based on the AUC values. Here TE is

computed using two different λ values. First, we set λ = R (denoted as cutoff distance

scheme) and then λ = 5
√

2 (denoted as without-cutoff). The cutoff technique clearly

possess higher AUC scores compared to the without-cutoff technique for both TE and

CC. It manifests that the cutoff distance scheme outperforms the conventional scheme

without cutoff distance used in previous studies [4,34]. It was found that the classification

performance is optimized in the AUC landscape once the underlying interaction radius R



48 CHAPTER 6. IDENTIFICATION OF INTERACTION RADIUS

1
.0

1
.5

2
.0

2
.5

3
.0

3
.5

4
.0

4
.5

5
.0

Interaction Radius R

0.1 

0.3 

0.5 

0.7 

0.9 

1.1 

1.3 

1.5 

1.7 

1.9 

0
(A)

1
.0

1
.5

2
.0

2
.5

3
.0

3
.5

4
.0

4
.5

5
.0

Interaction Radius R

(B)

1
.0

1
.5

2
.0

2
.5

3
.0

3
.5

4
.0

4
.5

5
.0

Interaction Radius R

(C)

1
.0

1
.5

2
.0

2
.5

3
.0

3
.5

4
.0

4
.5

5
.0

Interaction Radius R

(D)

0.5

0.6

0.7

0.8

0.9

1

Figure 6.3: AUC landscapes as a function of noise levels η0 and the interaction radius R
obtained by our cutoff distance scheme compared to those by the conventional scheme
without cutoff distance. (A) The classifier χTE with cutoff distance (λ = R), (B) χTE

without cutoff distance (λ = 5
√

2), (C) χCC with the cutoff distance, and (D) χCC without
the cutoff distance. Since λ = 5

√
2 corresponds to the without-cutoff distance scheme,

and the AUC values with and without cutoff distance schemes converge to the same
values as λ approaches to 5

√
2.

is identified. The AUC estimate, however, requires the knowledge of ground truth and,

in real applications, one cannot know the ground truth a priori.

6.5 Interaction radius identification

6.5.1 A simple binary model

We now derive a simplest analytic model to manifest the relationship between the in-

teraction domain R and transfer entropy TEX→Y (λ) as follows: Consider an agent X

represented as a binary random process, i.e. Xt = 0 with probability 1
2

and Xt = 1

with probability 1
2

(similar to “fair coin toss”), whose value influences to another agent’s

future value Yt+1 depending on an auxiliary variable Zt. Zt is a continuous, uniformly

distributed variable on the interval [0, L], and Yt+1 = Xt whenever Zt ≤ R, otherwise

Yt+1 is a binary random process as X, where Y (0) = 0. Namely, R(≤ L) serves a similar

function as the interaction radius in the VM model, and Z does as the distance between

a pair of particles. In a more extreme sense of the VM, Yt+1 depends deterministically on

Xt whenever Zt below R and Yt+1 is completely random otherwise. Therefore intuitively,

the function TEX→Y (λ) should have a similar shape to that of the VM for the binary

system, especially near the value λ = R. The benefit of the binary system is that we can

compute TEX→Y (λ) analytically.
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To analytically derive TEX→Y (λ) for the binary system described above we must

compute Eq. 6.1 for the binary system. Using the chain rule for conditional probability

and replacing xt, yt, and d by Xt, Yt, and Zt, respectively, from our binary system, Eq. 6.1

can be written as

TEX→Y(λ) =
∑
Yt+1

∑
Xt

∑
Yt

P (Yt+1, Yt, Xt|Zt ≤ λ)×

log2

P (Yt+1, Yt, Xt|Zt ≤ λ)P (Yt|Zt ≤ λ)

P (Yt+1, Yt|Zt ≤ λ)P (Yt, Xt|Zt ≤ λ)
. (6.2)

P (Yt|Zt ≤ λ) = P (Yt) = 1
2

since Yt ⊥ Zt (where A ⊥ B denotes A and B are inde-

pendent), and P (Yt) = 1
2

by definition. Since Xt ⊥ Yt and Yt ⊥ Yt+1, P (Yt, Xt|Zt ≤

λ) = P (Yt, Xt) = P (Yt, Yt+1|Zt ≤ λ) = P (Yt, Yt+1) = 1
4
. P (Yt+1, Yt, Xt|Zt ≤ λ) =

P (Yt+1, Xt|Zt ≤ λ)P (Yt) = 1
2
P (Yt+1, Xt|Zt ≤ λ) since Yt ⊥ (Yt+1, Xt, Zt) and P (Yt) = 1

2
.

Thus, λ dependency of TEX→Y(λ) arises from P (Yt+1, Xt|Zt ≤ λ). Now we first compute

a general form of P (Yt+1, Xt) which holds irrespective of λ and then re-write it in terms

of λ shortly thereafter. Here P (Yt+1, Xt) can be written as

P (Yt+1, Xt) = P (Yt+1, Xt, Zt ≤ R) + P (Yt+1, Xt, Zt > R),

and by chain rule of probability distributions,

P (Yt+1, Xt) =
1

2
[P (Yt+1|Xt, Zt ≤ R)P (Zt ≤ R)+

P (Yt+1|Xt, Zt > R)P (Zt > R)],

since Xt ⊥ Zt and P (Xt) = 1/2. When λ ≤ R, Yt+1 = Xt by the model setting so

that TEX→Y (λ) is always unity. Thus in the following we focus on the case of λ > R.

P (Yt+1, Xt|Zt ≤ λ) can be written as

P (Yt+1, Xt|Zt ≤ λ) =
1

2
[P (Yt+1|Xt, Zt ≤ R,Zt ≤ λ)×

P (Zt ≤ R|Zt ≤ λ)+

P (Yt+1|Xt, Zt > R,Zt ≤ λ)×

P (Zt > R|Zt ≤ λ)].
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Here the first and second terms in the right hand side of above equation, respectively,

correspond to the case of the “distance” Zt being within the interaction “radius” R (Zt ≤

R) and that of Zt being larger than R where there exists no interaction (R < Zt ≤ λ).

P (Zt ≤ R|Zt ≤ λ) and P (Zt > R|Zt ≤ λ) are equal to R
λ

and 1 − R
λ

, respectively, since

we have chosen a uniform distribution of Zt. In the first term of the interaction regime,

P (Yt+1|Xt, Zt ≤ R,Zt ≤ λ) is divided into two cases, one case where Yt+1, Xt are the

same and another case where Yt+1, Xt are different. In the case that they are the same,

P (Yt+1|Xt, Zt ≤ R,Zt ≤ λ) = P (Yt+1|Xt, Zt ≤ R) = 1, and in the case where Yt+1, Xt are

different, P (Yt+1|Xt, Zt ≤ R,Zt ≤ λ) = 0 by definition of the model. In the second term

of the no-interaction regime, P (Yt+1|Xt, Zt > R,Zt ≤ λ) = P (Yt+1) = 1
2

since Yt+1 ⊥ Xt

for Zt > R.

The above equation implies, in the computation of P (Yt+1, Xt|Zt ≤ λ), that the

contribution of independently-moving pairs of Yt+1 and Xt that do not “interact” to each

other becomes dominated, as λ gets larger than the interaction domain R.

Finally, in order to compute TEX→Y (λ), we plug in all the values back into Eq. 6.2

and obtain the equation for TE as follows:

TEX→Y (λ) =
λ+R

2λ
log2

λ+R

λ
+
λ−R

2λ
log2

λ−R
λ

(6.3)

whenever λ > R. When λ ≤ R, TEX→Y (λ) is equal to 1 since the dynamics for Yt+1

Zt ≤ R is always deterministically dependent on Xt.

The function is then differentiated with respect to λ to obtain dTE
dλ

. The derivative

dTEX→Y
dλ

when λ > R is given by

dTEX→Y

dλ
=

R

2λ2
log2

λ− R

λ+ R
. (6.4)

Eq. 6.3 suggests that, as the cutoff distance λ increases longer than the underlying interac-

tion domain, TEX→Y (λ) monotonically decreases (i.e., downward-convex) and converges

to some nonzero finite value when the space size L is finite (because λ ≤ L) otherwise

zero. This further implies that conventional computation procedure of transfer entropy

taking into account all pairs of agents, including non-interacting pairs, should “dilute”

the contribution of interacting pairs in the system, which can yield some misleading

interpretation for the relationship among the agents.
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Figure 6.4: TEX→Y (λ) and dTEX→Y
dλ

of the simplest binary model with L = 2, R = 1.

The values of TEX→Y (λ) and dTEX→Y
dλ

for the parameters R = 1 and L = 2R are

shown in Fig. 6.4. The function TEX→Y (λ) has a clear visible kink at λ = R, which

is made more apparent by looking at the derivative function dTEX→Y (λ)
dλ

of the inset in

Fig. 6.4. By computing TEX→Y (λ) from trajectory data and adequately detecting this

kink, one may readily infer the interaction domain without any prior knowledge about

the system, as we will demonstrate in the following section.

6.5.2 Identification of interaction domain from trajectories

How can one infer the underlying interaction domain or radius solely from ensembles

of trajectories? Figure 6.5(A) exemplifies how the TE averaged over the ensemble of

trajectories (denoted by 〈TE〉λ) behaves with respect to cutoff distance λ at η0 = 1.20π for

different R, associated with their derivatives in Fig. 6.5(B). The corresponding averaged

CCs (〈CC〉λ) and their derivatives are also shown in Fig. 6.5(C) and (D). The value of

〈CC〉λ as a function of λ is found to be almost flat up to λ ' R and then it decreases

gradually beyond the underlying interaction radius R. While 〈TE〉λ drops for a region

of very short cutoff distance λ < 1, 〈TE〉λ is almost flat up to the interaction distance

R, and then 〈TE〉λ again decreases when λ > R. One can see the local minimum in

the derivative (i.e., inflection point in 〈TE〉λ and 〈CC〉λ) located near the underlying
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interaction radius R.
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Figure 6.5: Dependence of averaged TE and CC over the ensembles on cutoff distance λ
for different interaction radius R at noise level η0 = 1.2π. (A) the averaged TE 〈TE〉λ,
(B) the derivatives of 〈TE〉λ with respect to λ, (C) the averaged CC 〈CC〉λ, (D) the
derivatives of 〈CC〉λ with respect to λ.

Based on this observation, we propose a simple scheme to infer the underlying inter-

action distance from ensembles of trajectories without referring to the ground truth: the

interaction distance is defined as that where the local minimum of the derivatives exists

along the cutoff distance λ:

R̂ ≡ argmin
λ

d〈XX〉λ
dλ

where XX is either TE or CC and d2〈XX〉λ
dλ2

= 0.

Figure 6.6 shows the performance of TE and CC in identifying the interaction domain.

Our scheme based on transfer entropy infers the underlying interaction distance satisfac-

torily at different noise levels ranging from 0.1π to 2π while as noise gets smaller, e.g.,

η0 = 0.1π, cross correlation (CC) cannot estimate the underlying correct R at shorter

R (≤ 2.0). At low noise, the 〈CC〉λ vs λ curve has a local minimum at high λ where the

d〈CC〉λ
dλ

drops below the local minimum near λ = R.
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Figure 6.6: Estimation of interaction radius at (A) η0 = 0.1π, (B) η0 = 1.2π, and (C)
η0 = 1.8π based on 〈TE〉λ and 〈CC〉λ.
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Figure 6.7: Estimation of interaction radius at η0 = 1.2π for R = 3 and τobs = 2 using
(A) TE, and (B) CC. It was found that the minimum of d〈TE〉λ

dλ
occurs at λ = 3.02, but

the minimum of d〈CC〉λ
dλ

was found at λ = 3.62.
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Figure 6.8: Estimation of interaction radius at η0 = 1.2π for R = 3 and τobs = 4 using
(A) TE, and (B) CC. It was found that the minimum of d〈TE〉λ

dλ
occurs at λ = 3.02, but

the minimum of d〈CC〉λ
dλ

was found at λ = 3.97.
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Even while the AUC scores are manifestly smaller in CC than those in transfer entropy

(TE), CC can also estimate the interaction radius, as TE does, except for short R when

the timescale of the system dynamics in Eq. 4.2 (i.e., 1 arb. unit), and the “observation”

timescale, say, τobs, are the same. In practice, the timescale of measurement does not

necessarily coincide with the timescale of the system. Consider the case where one can

only sample the data once every τobs time steps. In that case, the relationship between the

system dynamics at the current time t and that at the next available time step t + τobs

is more nonlinear. For example, R̂ estimated by TE and CC at η0 = 1.2π with the

underlying actual interaction radius R = 3.0 for the observation timescale τobs = 1 − 4

with the total time length being 100 000 are as follows: R̂TE = 3.02 and R̂CC = 3.02 with

τ0 = 1 as shown in Fig. 6.6, but R̂TE = 3.02 and R̂CC = 3.62 with τobs = 2 [Fig.6.7 ], and

R̂TE = 3.02 and R̂CC = 3.97 with τobs = 4 [Fig. 6.8]. At the noise level gets much larger,

e.g., 1.8π, it was found that both CC and TE could not assign the interaction radius

due to high noise when τobs > 1. This implies that TE is superior to CC in predicting

leader-follower relationship (Fig 6.3) and in inferring the underlying interaction domain

and when the noise level gets much larger, both TE and CC fail to capture the underlying

interaction distance for the case of the observation time τobs > 1.

6.6 Identification of interaction radius for different

interaction time-scale and delay-time
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Figure 6.9: Relative error in identification of interaction radius for different κ and τ .
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Figure 6.9 demonstrates the relative error (∆R) landscape, in identifying interaction

radius, as a function of interaction timescale κ and delay time τ using TE values at the

noise level η0 = 1.2π and the interaction radius R = 3. Relative error (∆R) is defined by

∆R = |R−R̂|
R

. It is clear that the relative error is minimum when the interaction timescale

κ and the delay time τ are the same (see the diagonal elements). ∆R tends to get larger

while κ > τ more than κ < τ (c.f. off diagonal elements). It is natural because κ > τ

implies that the observation τ is shorter than the underlying timescale κ intrinsic to the

system at which particles interact with others.

6.7 Concluding Remarks

In this chapter we present a protocol to identify the interaction radius. For that purpose

we used TE and CC, and found that TE outperforms CC. But at very high level of

noise and shorter R, TE fails to identify the interaction but CC could estimate them

very crudely. We found that our protocol is independent of leader and follower ratio and

can be used even if no leader exists in the system (see Appendix B). Even for a large

number of particles, our method is applicable (see Appendix C). We also found that by

incorporating the identified actual interaction radius, the classification performance can

be improved significantly.
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Chapter 7

Effects of finite length trajectories

and external noise on inferring

interaction domain

7.1 Introduction

The scheme discussed in the previous chapter in inferring interaction domain is dependent

on how the transfer entropy can be estimated so that it takes into account enough statis-

tics of interacting particles, and positions and numbers of the minimum of the derivative

of average transfer entropy along the cutoff distance λ may also be subject to the extent

of external noise and time length of trajectories. How the prediction performance in

capturing the underlying interaction domain depends on the size of noise and time length

of the trajectory data have been discussed in this chapter. An alternative scheme has

been proposed which is expected to be stable against noises and time length, that relies

on the degree of convexity at coarse-grained scale in the derivative of average transfer

entropy along with the cutoff distance, and time variance of underlying interaction radius

of particles.

57
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Figure 7.1: AUC landscape with respect to number of particles and cutoff distance.
Actual interaction radius R used for the trajectory calculation is 3.0 and the noise is
η0 = π

2
. (a) Fixed box size. The highest AUC scores and their locations are: 0.999 at

λ = 3.0 arb. units (N = 2), 0.987 at λ = 3.0 (N = 4), 0.963 at λ = 3.0 (N = 6), 0.935
at λ = 3.0 (N = 8), 0.915 at λ = 3.0 (N = 10), 0.890 at λ = 3.0 (N = 12), and 0.867 at
λ = 3.0 (N = 15). (b) Fixed density. The highest AUC scores and their locations are:
0.999 at λ = 3.0 (N = 2), 0.987 at λ = 3.0 (N = 4), 0.959 at λ = 3.0 (N = 6), 0.937 at
λ = 3.0 (N = 8), 0.910 at λ = 3.0 (N = 10), 0.880 at λ = 3.0 (N = 12), and 0.877 at
λ = 3.0 (N = 15).

7.2 Convexity score scheme in identifying interac-

tion domain

Figure 7.1 represents the AUC landscape as a function of the number of particles N

and cutoff distance λ. Figure 7.1(a) corresponds to a fixed box size (i.e. density is

changing with N), whereas Fig. 7.1(b) represents the systems having same density (i.e.

L is changing with N). The actual interaction radius used to simulate the trajectories

of the particles was R = 3 and the noise was set to η0 = π
2
. Although at each N

the maximum AUCs are located at the underlying interaction radius R = 3.0, and the

maximum AUC score is higher than the conventional no-cutoff scheme corresponding

to R = 5
√

2, the maximum AUC decreases as the number of particles increases due to

the increase of indirect interactions between particles. Similar behaviors are observed at

different interaction radius R and noise levels (not shown here).

The scheme proposed in Chapter 6 [ [117]] to infer the underlying interaction distance

from ensembles of trajectories, based on the existence of a significant decrease in averaged

transfer entropy when cutoff distance λ exceeds the underlying interaction radius. The

interaction distance is inferred as that where the minimum of the derivatives exists along
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Figure 7.2: Derivative of average TE for different time length along with local minima
and identified interaction radius based on global minimum scheme at (a) η0 = 0.2π,
(b) η0 = 1.2π and (c) η0 = 1.8π. The actual interaction radius R used for ensemble
of trajectories is 3. Circles represent all local minima and filled-circles represent the
identified interaction radius at each time length T .
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Figure 7.3: Derivative of average TE for different time lengths along with the identified
interaction radius based on convexity score scheme at (a) η0 = 0.2π, (b) η0 = 1.2π and
(c) η0 = 1.8π for {M} = {M |2 ≤M ≤ 30} and δ = 1× 10−4.
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the cutoff distance λ:

R̂ ≡ argminλ
d〈TE〉λ
dλ

,

under the condition of d2〈TE〉λ
dλ2

= 0. In practice, the length of trajectories may not be long

enough and shorter length tends to result in a fluctuation in the course of TE along the

cutoff distance λ, resulting in apparent minima.

Figure 7.2 shows the derivative of average TE as a function of cutoff distance λ,

denoted by d〈TE〉λ
dλ

for interaction radius R = 3 at (a) η0 = 0.2π, (b) η0 = 1.2π, and (c)

η0 = 1.8π for different T . Here circles represent all local minima and the filled-circles

represent the global minimum identified as the interaction radius. In Figs. 7.2(b) and

7.2(c) for relatively short T = 25, 000 or less, d〈TE〉λ
dλ

as a function of λ has the global

minimum at low λ. The locations of these global minima for short time length change

with T and they vanish when T is longer, and the longer T = 50, 000 − 100, 000 both

result in a close value of the underlying interaction radius R = 3. This implies that to

look for global minimum of derivative of transfer entropy may not necessarily result in

an approximation of the true interaction radius especially for some short T at high noise

levels.

In this chapter, a new scheme has been discussed which is expected to be robust

against fluctuations of average transfer entropies along the cutoff distance by introducing

a measure to quantify the degree of strong convexity at coarse-grained level, and time

variance of underlying interaction radius of particles as follows.

Note in the insets of Fig. 7.2 that the shape of d〈TE〉λ
dλ

as a function of λ is (strongly)

convex near the actual interaction radius irrespective of time length T . This indicates

that the derivative of transfer entropy as a function of cutoff distance can shed light on

the underlying spatial scale of interactions among particles. However, it is not trivial to

devise a scheme to automatically infer the interaction radius. Since d〈TE〉λ
dλ

as a function

of λ is convex near the interaction radius, a measure of convexity of d〈TE〉λ
dλ

is versatile

in determining the interaction radius. In general, due to noise, d〈TE〉λ
dλ

can be fluctuated,

producing apparent convex patterns locally. Thus in defining the convexity score, it is

necessary to capture the non-local feature of d〈TE〉λ
dλ

rather than the local feature that

may be subject to noise(s). We define the convexity score κ(λi) of a function f(λ) at

a point λi as κ(λi) = 1
M

∑M
m=1 σi(m) where σi(m) = +1 if f(λi−m) − f(λi) > δ and

f(λi+m) − f(λi) > δ and σi(m) = −1 if f(λi) − f(λi−m) > δ and f(λi) − f(λi+m) > δ,
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otherwise σi(m) = 0. Here δ is a non-negative small number and M is the number of

neighboring points used to determine the convexity score, and −1 ≤ κ(λi) ≤ 1. Here the

function f(λ) represents the derivative of average TE, d〈TE〉λ
dλ

.

Thus, around a point λi where d〈TE〉λ
dλ

is convex at some coarse-grained level κ(i) is

close to unity. Hence the point λi around which κ(λi) is the maximum is considered to

be an indicator of the interaction radius above which average transfer entropy between

particles significantly decreases.

How to choose the optimal M and δ? We define the estimated interaction radius R̂

as R̂ ≡ argmaxλκ(M ;T ), where T represents the time length. Then the cost function is

defined as C(M) ≡
∑

T

∑
T ′ |R̂(M ;T )−R̂(M ;T ′)| by assuming that the interaction radius

is independent of time, i.e., time-invariant, and there exists (approximately) sufficient

statistics for each time length in elucidating the interaction events. The parameter M

is determined so that M = argminM∈{M}C(M). Here the sets of M to be searched

for finding optimal M , {M}, are those users need to input a priori. Note that for

some time length T , R̂(M ;T ) could not be chosen uniquely due to the degeneracy of

κ(M ;T ), and for such cases we set the cost C(M) to infinity. In cases where the curves

do not have any convex parts, we also cannot assign a unique R̂(M ;T ). We also varied

δ = 0, 1× 10−8, 1× 10−6, 1× 10−4 (arb. units) and found that within this range of δ has

no significant effect on the estimation of interaction radius.

Figures 7.4 and 7.5 show the relative errors (∆R) in identifying the underlying in-

teraction domain using the global minimum of the derivative of transfer entropy and

convexity score scheme, respectively, as a function of time length and interaction radius

at three different noise levels. Here relative error (∆R) is defined as ∆R = |R−R̂|
R

, where

R̂ is the identified interaction radius using either of the two schemes.

For the global minimum (of TE derivative) scheme [Fig. 7.4], there exists a clear

trend such that the larger the noise level the larger the relative error, and as the time

length T decreases, the relative errors are more pronounced for relatively large noise levels

η0 = 1.2π − 1.8π. Because of the appearance of a minimum at low cutoff distance for

short T that ceases to exist for longer T in Figs. 7.2(b) and 7.2(c), the global minimum

scheme apparently possesses higher relative error for short T [Figs. 7.4 (b) and 7.4 (c)].

Figure 7.5 shows the relative error in identifying the interaction radius at different

noise levels using convexity score scheme. Although global minimum scheme possesses



62
CHAPTER 7. EFFECTS OF FINITE LENGTH TRAJECTORIES AND EXTERNAL NOISE ON INFERRING

INTERACTION DOMAIN

Figure 7.4: Relative error R̂ in identifying underlying interaction domain using global
minimum scheme at (a) η0 = 0.2π, (b) η0 = 1.2π, and (c) η0 = 1.8π.

Figure 7.5: Relative error R̂ in identifying underlying interaction domain using convexity
score scheme with δ = 1 × 10−4 and {M} = {M |2 ≤ M ≤ 30} at (a) η0 = 0.2π, (b)
η0 = 1.2π, and (c) η0 = 1.8π. Cross-marked boxes ‘NaN’ mean that the no point was
detected having non-zero convexity score κ.
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high relative error at moderate noise when data length is short [Fig. 7.4(b)] but the

convexity score scheme identifies the interaction radius satisfactorily [Fig. 7.5(b)] for

T ≥ 12, 000. But for short T , e.g., T ≤ 6000, the convexity score scheme fails to identify

the interaction radius for R ≥ 3. Like the global minimum scheme, the convexity score

scheme possesses high relative error ∆R when noise level is very high [Fig. 7.5(c)] and

T is short (T ≤ 12, 000). But when T is large (T ≥ 25,000), the convexity score scheme

can identify the interaction radius competently [Fig. 7.5(c)] even at high noise levels.

7.3 Conclusions

In this chapter, we examined the performance of two heuristic schemes using the deriva-

tive of transfer entropy with respect to cutoff distance λ, d〈TE〉λ
dλ

: global minimum and

convexity score scheme for determining the interaction radius by using the modified VM.

The striking feature -based on which we proposed the two schemes- is that d〈TE〉λ
dλ

exhibits

a kink near the actual interaction radius. A method that is capable of determining the

exact location of that kink can be used in inferring interaction radius.

For short time length (at the moderate and high level of noise) for the modified VM,

the derivative of average TE exhibits a minimum at low cutoff distances that produce

a relatively high error for the global minimum scheme. Moreover, in real experiments

it is not necessarily possible to get sufficiently long trajectories with small noises, and

the global minimum scheme may yield some non-negligible error especially for short

trajectories with noise. Here an alternative scheme is presented, based on the property

of convexity of d〈TE〉λ
dλ

at the coarse-grained level and the assumption of time-invariance

of the underlying interaction domain. For the modified VM, the scheme could capture

the underlying interaction radius at the low and moderate levels of noise especially for

relatively short time length, ca. T=12,000-25,000 for which the global minimum scheme

possesses high relative error (at moderate noise level). These two heuristic schemes are

a compliment to each other and, as for appropriate usages, one should first visualize

transfer entropy as a function of cutoff distance λ with its derivatives with respect to

cutoff distance to confirm the existence of abrupt changes along with the cutoff distance.

Significant changes in the derivative of TE with respect to cutoff distance were also

observed for classical trajectories of particles interacting via Lennard-Jones potential
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(not shown), and the existence of some significant change along cutoff distance around

the typical length scale of interactions may be ubiquitous.



Chapter 8

Conclusions and Outlook

Our proposed scheme has demonstrated to predict which particles are more influential

than the others, defined by weights wij, which corresponds to structural leadership [118].

In conceptual development on leader-follower relationship, there may exist the other types

that are free from difference in the strength of fundamental interactions w [118]. In this

study, interactions between particles are not necessarily pairwise via interaction circles

of radius R, but they depend solely on the physical distance between them. Interactions

among particles (such as cells) can be mediated via, e.g., chemical signal, and the size

of interaction domain may not be necessarily invariant in time. For example, during

the self- organization of an aggregation stream, Dictyostelium cells show highly hetero-

geneous communication signaling, i.e., some leader-like cells emit an earlier and stronger

chemotactic signal to attract other follower-like cells. It is interesting to look into the

problem in the aggregate of live cells on how they share the individual roles in terms

of cell motility. These are some of the forthcoming subjects to be addressed along this

study.

We examined the performance of two heuristic schemes using the derivative of transfer

entropy with respect to cutoff distance λ, d〈TE〉λ
dλ

: global minimum and convexity score

scheme for determining the interaction radius by using the modified VM. The striking

feature -based on which we proposed the two schemes- is that d〈TE〉λ
dλ

exhibits a kink near

the actual interaction radius. A method that is capable of determining the exact location

of that kink can be used in inferring interaction radius.

For short time length (at the moderate and high level of noise) for the modified VM,

the derivative of average TE exhibits a minimum at low cutoff distances that produce

65
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a relatively high error for the global minimum scheme. Moreover, in real experiments

it is not necessarily possible to get sufficiently long trajectories with small noises, and

the global minimum scheme may yield some non-negligible error especially for short

trajectories with noise. An alternative scheme was also presented, based on the property

of convexity of d〈TE〉λ
dλ

at the coarse-grained level and the assumption of time-invariance

of the underlying interaction domain. For the modified VM, the scheme could capture

the underlying interaction radius at the low and moderate levels of noise especially for

relatively short time length, ca. T=12,000-25,000 for which global minimum scheme

possesses high relative error (at moderate noise level). These two heuristic schemes

are compliment to each other and, as for appropriate usages, one should first visualize

transfer entropy as a function of cutoff distance λ with its derivatives with respect to cutoff

distance to confirm the existence of abrupt changes along the cutoff distance. Significant

changes in the derivative of TE with respect to cutoff distance were also observed for

classical trajectories of particles interacting via Lennard-Jones potential (not shown),

and the existence of some significant change along cutoff distance around the typical

length scale of interactions may be ubiquitous.

In systems with many variables, identifying causal relationships is a daunting task. An

important aspect of systems that should be exploited, however, is that particular variable

may be only influencing another particular variable at certain time instances. We have

shown that filtering out those time instances where influence does not occur greatly

improves the identification of causal relationships. In the Vicsek model, for example, two

agents may only interact when their distance is less than a certain threshold. To pose

this as a question, we wonder at which value of interaction radius R does the motion of

one agent influence the motion of another? More generally, we ponder the question: at

which levels of variable X does variable Y influence variable Z? In future work, we will

demonstrate the applicability of this method by applying it to data sets stemming from

different fields.
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Appendix A

A.1 Equation

The velocity of particle i at time t+ 1 is determined by the weighted average velocity of

its neighboring particles as follows:

~vt+1
i =

1∑
j:|~rti−~r

t−κ+1
j |≤R wij

∑
j:|~rti−~r

t−κ+1
j |≤R

[
wii~v

t
i + wij~v

t−κ+1
j

]
. (A.1)

After splitting the velocity vector in (Eq. A.1) into its X and Y components we have:

~vt+1
xi =

1∑
j:|~rti−~r

t−κ+1
j |≤R wij

∑
j:|~rti−~r

t−κ+1
j |≤R

[
wiiv

t
xi + wijv

t−κ+1
xj

]
,

=
1∑

j:|~rti−~r
t−κ+1
j |≤R wij

∑
j:|~rti−~r

t−κ+1
j |≤R

[
wiiv0 cos θti + wijv0 cos θt−κ+1

j

]
, (A.2)

and

~vt+1
yi =

1∑
j:|~rti−~rjt−κ+1|≤R wij

∑
j:|~rti−~r

t−κ+1
j |≤R

[
wiiv

t
yi + wijv

t−κ+1
yj

]
,

=
1∑

j:|~rti−~rjt−κ+1|≤R wij

∑
j:|~rti−~r

t−κ+1
j |≤R

[
wiiv0 sin θti + wijv0 sin θt−κ+1

j

]
. (A.3)
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The ratio of the velocity components is then used to obtain the direction of motion:

tan θt+1
i =

vt+1
yi

vt+1
xi

,

=

1∑
j:|~rt

i
−~rt−κ+1
j

|≤R wij

∑
j:|~rti−~r

t−κ+1
j |≤R

[
wiiv0 sin θti + wijv0 sin θt−κ+1

j

]
1∑

j:|~rt
i
−~rt−κ+1
j

|≤R wij

∑
j:|~rti−~r

t−κ+1
j |≤R

[
wiiv0 cos θti + wijv0 cos θt−κ+1

j

] ,

=

∑
j:|~rti−~r

t−κ+1
j |≤R

[
wii sin θ

t
i + wij sin θt−κ+1

j

]
∑

j:|~rti−~r
t−κ+1
j |≤R

[
wii cos θti + wij cos θt−κ+1

j

] . (A.4)

Thus,

θt+1
i = tan−1


∑

j:|~rti−~r
t−κ+1
j |≤R

[
wii sin θ

t
i + wij sin θt−κ+1

j

]
∑

j:|~rti−~r
t−κ+1
j |≤R

[
wii cos θti + wij cos θt−κ+1

j

]
 ,

≡ 〈θ(t− κ+ 1)〉R,w ,~rti .

A.2 Application to 50 particles system
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Figure A.1: The derivative of 〈TE〉λ with respect to λ. Inset: 〈TE〉λ. In this figure the
number of particles is N = 50, interaction radius R = 3 and noise η0 = 1.2π. It indicates
that minimum of the derivative approach can be used to identify interaction radius for
larger number of particles.
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A.3 Leader-follower ratio
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Figure A.2: (A) The derivative of 〈TE〉λ with respect to λ for different leader-follower
ratio. Inset: 〈TE〉λ. (B) The derivative of 〈CC〉λ with respect to λ for different leader-
follower ratio. Inset: 〈CC〉λ. The actual interaction radius used for these figures is 3
and noise η0 = 1.2π. It can be seen that leader-follower ratio does not affect the average
information flow, hence the estimation of the interaction radius.

A.4 Estimated interaction radius at R = 2.0

Figure (A.3) shows the derivative of average TE for different time lengths along with the

identified interaction radius based on convexity score scheme at different noise levels. It

has been found that at low and moderate noise levels the convexity score scheme identifies

the interaction radius satisfactorily [Figs. A.3(a) and A.3(b)]. But at very high level of

noise (η0 ≈ 1.8π) this scheme performs satisfactorily for longer T but possesses higher

relative error for shorter T [Fig. A.3(c)].

A.5 Convexity score

According to the definition, convexity score κ is maximum at the point for which the

d〈TE〉λ
dλ

is strongly convex, and κ is minimum where the curve is concave. Figure (A.4)

shows the convexity score for moderate noise level (η0 = 1.2π) at different interaction

radii R. For R = 2.0 [Fig. A.4(a)] unique maximum convexity scores have been identified

for each T (T = 6, 000 − 100, 000). Hence the convexity score scheme identifies the

interaction radius correctly. For R = 3.0 and R = 4.0, no unique λ was identified for
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Figure A.3: Derivative of average TE for different time lengths along with the identified
interaction radius based on convexity score scheme at (a) η0 = 0.2π, (b) η0 = 1.2, π and
(c) η0 = 1.8π for R = 2.0, δ = 1× 10−4 and {M} = {M |2 ≤M ≤ 30}.

T = 6, 000 [Figs. A.4(b) and A.4 (c)]. However, the convexity score scheme can identify

the interaction radius perfectly for longer T (T = 12, 000− 100, 000).
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Figure A.4: Convexity score κ at (a) R = 2.0, (b) R = 3.0, and (c) R = 4.0 at η0 = 1.2π.
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