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The angular momentum of an electron is characterized well by pseudospin with J = 3
2 in the presence of strong

spin-orbit interactions. We study theoretically the Josephson effect of superconductors in which two such J = 3
2

electrons form a Cooper pair. Within even-parity symmetry class, pseudospin-quintet pairing states with J = 2
can exist as well as pseudospin-singlet states with J = 0. We focus especially on the Josephson selection rule
among these even-parity superconductors. We find that the selection rule between quintet states is more severe
than that between spin-triplet states formed by two S = 1

2 electrons. The effects of a pseudospin-active interface
on the selection rule are discussed as well as those of odd-frequency Cooper pairs generated by pseudospin-
dependent band structures.

DOI: 10.1103/PhysRevB.103.184516

I. INTRODUCTION

Spin-orbit interaction is a source of exotic electronic
states realized in topological semimetals, topological insu-
lators, and topological superconductors [1–7]. Recently, the
ternary half-Heusler compounds presented another platform
for systematically studying the coexistence of strong spin-
orbit interaction and superconductivity [8–11]. As a result of
the strong coupling between spin S = 1

2 and orbital angular
momentum L = 1, the total angular momentum of an elec-
tron can be J = L + S = 3

2 . Recent studies have suggested
a possibility of superconductivity due to Cooper pairing be-
tween two electrons with pseudospin of J = 3

2 [12–15]. In
the case of a Cooper pair consisting of two spin S = 1

2 elec-
trons, it is widely accepted that spin-singlet and spin-triplet
are possible pairing states for even- and odd-parity symmetry
classes, respectively. The pairing states of two J = 3

2 elec-
trons have richer variety [16–19]. Namely, in addition to a
pseudospin-singlet state with J = 0, pseudospin-quintet states
with J = 2 are possible for the even-parity class. For the odd-
parity class, pseudospin-septet states with J = 3 are possible
as well as pseudospin-triplet states with J = 1. Such high
angular-momentum pairing states would feature supercon-
ducting phenomena of a J = 3

2 superconductor. At present,
however, only little has been known about the physics of
superconductors with J = 3

2 electrons [20,21]. In this paper,
we discuss a low-energy transport property unique to J = 3

2 -
electron superconductors.

The Josephson effect is a fundamental property of all
superconducting junctions consisting of more than one
superconductor [22]. When an insulator separates two su-
perconductors, the dissipationless electric current I flows in
the presence of the phase difference ϕ across the junction.
The internal structure of Cooper pairs can be studied via
the Josephson current because it depends sensitively on the

pairing symmetries of the two superconductors. Just below the
superconducting transition temperature Tc, the current-phase
(I-ϕ) relationship (CPR) can be described by

I = I1 sin ϕ − I2 sin 2ϕ, (1)

in all Josephson junctions consisting of time-reversal symme-
try respecting materials. The lowest-order term I1 disappears
when the Cooper pairing states in the two superconductors
are orthogonal to each other. In a case of two spin-triplet
superconductors of S = 1

2 electrons, for instance, I1 ∝ dL · dR

represents a selection rule for spin-triplet states, where d j with
j = L (R) is a d-vector in the left (right) superconductor. The
second term I2, on the other hand, is nonzero for most of the
Josephson junctions.

In this paper, we will make clear the selection rules among
even-parity J = 3

2 superconducting states. We theoretically
calculate the Josephson current between two superconductors,
where two J = 3

2 electrons form an even-parity Cooper pair in
each superconductor. The Josephson current is calculated in
terms of the anomalous Green’s functions obtained by solv-
ing the Gor’kov equation [23]. The pairing state on the left
(right) superconductor is represented by a vector η j in five-
dimensional pseudospin space with j = L (R). We find that
the relation I1 ∝ ηL · ηR represents a more severe selection
rule of the Josephson effect in J = 3

2 -electron superconduc-
tors than that in S = 1

2 -electron superconductors. We also
discuss how a magnetically active junction interface relaxes
the severe selection rule and how subdominant pairing corre-
lations generated by pseudospin-dependent dispersion affect
the Josephson current.

This paper is organized as follows. In Sec. II, we describe
a time-reversal superconducting state belonging to the even-
parity symmetry class for a Cooper pair formed by two J = 3

2
electrons. We formulate the Josephson current by using a
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tunneling Hamiltonian between two superconductors. In
Sec. III, the Josephson selection rule among J = 3

2 supercon-
ducting states is studied. In Sec. IV, we discuss odd-frequency
pairs in anisotropic band structure and the following subdom-
inant pairing correlations. The conclusion is given in Sec. V.
Throughout this paper, we use units of kB = c = h̄ = 1, where
kB is the Boltzmann constant and c is the speed of light.

II. A COOPER PAIR CONSISTING OF TWO
J = 3

2 ELECTRONS

A. BdG Hamiltonian

Let us consider a superconductor in which two J = 3
2 elec-

trons form a Cooper pair belonging to even-parity symmetry.
Its Hamiltonian of the normal state is given by

HN =
∑

k

�
†
k HN (k)�k, (2)

�k = [ck,3/2, ck,1/2, ck,−1/2, ck,−3/2]T , (3)

where ck, jz is the annihilation operator of an electron with mo-
mentum k and the z-component of angular momentum being
jz. The Hamiltonian with spin-orbit coupling is described as

HN (k) = a1k2 + 2a2

∑
i

k2
i J2

i + a3

∑
i �= j

kik jJiJj − μ, (4)

with i = 1–3 [12,24]. Some material parameters have been
reported for YPtBi [11,25]. Even though a half-Heusler
semimetal does not possess inversion symmetry, the even-
parity model is justified because the spin-orbit coupling is a
more crucial factor to determine its band structure [14]. The
three matrices describing angular momentum J = 3

2 are given
by

J1 = 1

2

⎛
⎜⎜⎜⎝

0
√

3 0 0√
3 0 2 0

0 2 0
√

3

0 0
√

3 0

⎞
⎟⎟⎟⎠,

J2 = i

2

⎛
⎜⎜⎜⎝

0 −√
3 0 0√

3 0 −2 0

0 2 0 −√
3

0 0
√

3 0

⎞
⎟⎟⎟⎠,

J3 = 1

2

⎛
⎜⎜⎝

3 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −3

⎞
⎟⎟⎠. (5)

The pseudospin part of a pairing state is described by γ

matrices [26],

γ 0 = 14×4, γ 1 = (J1 J2 + J2 J1)/
√

3,

γ 2 = (J2 J3 + J3 J2)/
√

3, γ 3 = (J1 J3 + J3 J1)/
√

3,

γ 4 = (
J2

1 − J2
2

)
/
√

3, γ 5 = (
2J2

3 − J2
1 − J2

2

)
/3. (6)

The five matrices γ ν for ν = 1–5 anticommute to one another
as γ μγ ν + γ νγ μ = 2γ 0δμν . The pseudospin matrices can be
expressed in terms of γ j ,

J1 = −i

2
(
√

3γ 2 γ 5 + γ 1 γ 3 + γ 2 γ 4), (7)

J2 = i

2
(
√

3γ 3 γ 5 + γ 1 γ 2 − γ 3 γ 4), (8)

J3 = i

2
(γ 2 γ 3 + 2 γ 1 γ 4). (9)

The Hamiltonian in Eq. (4) can be transformed into

HN (k) = ε0(k) +
5∑

ν=1

εν (k)γ ν − μ = Ek, (10)

with coefficients

ε0(k) = |k|2
2m0

, ε j=1−3(k) = |k|2
2m1

e j=1−3(k̂),

ε j=4,5(k) = |k|2
2m2

e j=4,5(k̂),

m0 = 1

2

(
a1 + 5

4
a2

)−1

, m1 = 1

a3
, m2 = 1

2a2
.

(11)

The functions are defined as

e1(k̂) =
√

3k̂xk̂y, e2(k̂) =
√

3k̂yk̂z,

e3(k̂) =
√

3k̂zk̂x, e4(k̂) =
√

3

2

(
k̂2

x − k̂2
y

)
,

e5(k̂) = 1

2

(
2k̂2

z − k̂2
x − k̂2

y

)
, (12)

where k̂i = ki/|k|, and eν (k̂) is normalized, i.e.,
∑5

ν=1 e2
ν (k̂) =

1. It is guaranteed by a condition |m0| �
√

6 |m1| that two
bands curve upward and the other two bands curve downward
[14]. A quadratic touching at the � point in the band structure
corresponds to four degrees of freedom of a quasiparticle.
Time-reversal symmetry (TRS) of HN is represented by

T HN (−k)T −1 = HN (k), (13)

T = UTK, UT = γ 1γ 2, (14)

where K means the complex conjugation. Under the time-
reversal operation, γ ν and Ji show the relation

T γ ν T −1 = −UT (γ ν )∗ UT = γ ν, ν = 0−5, (15)

T Ji T −1 = −UT (Ji )
∗ UT = −Ji, i = 1−3, (16)

therefore γ ν remains unchanged, whereas Ji changes its sign.
A pair potential in even-parity symmetry is classified into

two symmetry classes in terms of its pseudospin configu-
ration: pseudospin-singlet and pseudospin-quintet. Also, the
symmetry class is divided into the corresponding representa-
tion of crystal symmetry of the superconductor. We list the
pair potentials in a cubic symmetric superconductor with on-
site (s-wave) symmetry in Table I.

In this paper, we focus on a superconductor preserving
TRS and inversion symmetry. The pair potential of such a

184516-2
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TABLE I. Classification of on-site (s-wave) symmetric Cooper
pairs in a J = 3

2 superconductor with Oh symmetry, corresponding
to the representation to which they belong [26,27]. The Cooper pair
is in a pseudospin-singlet (J = 0) or -quintet (J = 2) state.

J Representation Pair potential

Singlet A1g 14×4

Quintet T2g {γ 1, γ 2, γ 3}
Eg {γ 4, γ 5}

superconductor has the form [26]

	(k) = ηk,0UT + ηk · γUT . (17)

The first term refers to the pair potential of pseudospin-singlet
states and the second term refers to that of pseudospin-quintet
states. The amplitudes ηk,0 and ηk are even in momentum and
real in the presence of TRS. It is easy to confirm that Eq. (17)
preserves time-reversal symmetry,

T 	(k) T −1 = 	(k), (18)

due to Eq. (15). Because electrons obey the Fermi-Dirac
statistics, the pair potential must be antisymmetric under the
permutation of two electrons forming a Cooper pair,

	T(−k) = −	(k), (19)

where the permutation of pseudospin is carried out by taking
the transpose of the matrix (T). The pair potentials under
consideration are even-parity [i.e., 	(k) = 	(−k)] and odd-
pseudospin symmetry. Therefore, the relation

	T(k) = −	(k) (20)

is satisfied because of (γ ν )T = (γ ν )∗ and Eq. (15). We will
use an expression D defined by 	(k) = DkUT for simplicity.

The BdG Hamiltonian is expressed in terms of the normal
Hamiltonian HN and the pair potential 	(k) as

ȞBdG(k) =
[

HN (k) 	(k)
−	∗(−k) −H∗

N (−k)

]
, (21)

which preserves particle-hole symmetry,

CȞBdG(−k)C−1 = −ȞBdG(k), C = τ1K, (22)

where τi for i = 1–3 is the Pauli matrix in the particle-hole
space. The Gor’kov equation becomes

(iωn − ȞBdG(k))

[
G(k, iωn) F (k, iωn)
F (k, iωn) G(k, iωn)

]
= 1̌8×8, (23)

where the Matsubara Green’s functions are defined by

G(k, iωn) = −
∫ 1/T

0
dτ 〈Tτ ck,s(τ )c†

k,s′ 〉 eiωnτ , (24)

F (k, iωn) = −
∫ 1/T

0
dτ 〈Tτ ck,s(τ )ck,s′ 〉 eiωnτ . (25)

Each Green’s function is a 4 × 4 matrix. The relations

G(k, iωn) = − G∗(−k, iωn), (26)

F (k, iωn) = − F ∗(−k, iωn), (27)

FIG. 1. A schematic view of a SIS Josephson junction of two
J = 3

2 superconductors and an insulator. The figure shows a junction
consisting of a pseudospin-singlet and a pseudospin-quintet super-
conductor, for instance. The insulating barrier is localized at x = 0.

can be derived due to the particle-hole symmetry of the BdG
Hamiltonian. The solution of the BdG equation is given by[

G(k, iωn) F (k, iωn)
F (k, iωn) G(k, iωn)

]

=
[

1 0
0 −UT

][
iωn − Ek −Dk

−Dk iωn + Ek

]−1[1 0
0 UT

]
. (28)

The anomalous Green’s functions are calculated as

F (k, iωn) = F(k, iωn)UT , (29)

F (k, iωn) = − UT F(k,−iωn), (30)

F(k, iωn) = {−Dk + (iωn + Ek)D−1
k (iωn − Ek)

}−1
. (31)

In particular, when the dispersion relation is independent of
the pseudospin, i.e., Ek = ε0(k)γ 0, Eq. (31) is simplified to

F(k, iωn) = − Dk∑
ν=0−5 |ην |2 + ω2

n + ξ 2
k

, (32)

ξk = ε0(k) − μ, (33)

for both pseudospin-singlet or pseudospin-quintet states.

B. Current formula

We discuss the Josephson effect in a superconduc-
tor/insulator/superconductor (SIS) junction consisting of two
J = 3

2 superconductors. The Josephson current flows in the
x direction and the interface is located at x = 0 as shown in
Fig. 1. The Hamiltonian of the SIS junction consists of three
components,

H = HL + HR + HT , (34)

HT =
∑
β,γ

(tγ βc†
γ cβ + tβγ c†

βcγ ), (35)

where HL (HR) is the BdG Hamiltonian in Eq. (21) of the left
(right) superconductor. HT is a tunneling Hamiltonian, which
refers to the interaction between two superconductors, where
β = {p, s}(γ = {k, s′}) is a combined index for an electron in
the left (right) superconductor. To satisfy the hermiticity of the
Hamiltonian, t∗

βγ = tγ β is required.
The electric Josephson current through the junction is de-

rived within the linear-response theory with respect to HT

184516-3
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[23]. The result is expressed as

I = 2e Im T
∑
ωn

∑
k,p

′

× Tr
[
t∗
−p,−k F R(k, iωn) tk,p F L(p, iωn)

]
, (36)

where T refers to the temperature, Tr means the summation
over the pseudospin space, F L (R) is the anomalous Green’s
function of the left (right) superconductor, and tk,p represents
the tunnel element, {tk,p}s,s′ = tβγ . The wave number k is
decomposed into a component in the x direction kx and those
parallel to the interface k‖. The summation

∑′
k is carried out

over k for kx > 0. We assume that the tunnel elements are
independent of the wave numbers as

tk,p = T+ δk̂,p̂, T± = t0 ±
3∑

i=1

tiJi, (37)

where δk̂,p̂ implies the presence of the translation symmetry
in the direction parallel to the interface. The tunnel event
happens between two states on the Fermi surface: one is a
state at kF p̂ in the left superconductor and the other is a state
at kF k̂ in the right superconductor. The coefficients ti are real
numbers for i = 0–3. The element t0 denotes the tunnel am-
plitude preserving pseudospin, whereas ti for i = 1–3 refer to
a Zeeman field that couples the angular momentum of an elec-
tron. The coefficients ti for i = 0–3 are material-dependent
and their amplitudes do not affect the selection rule, which
only concerns the existence of finite current. The complex
conjugation of the hopping element is represented by

t∗
−k,−p = −UT T+ UT δk̂,p̂ = T− δk̂,p̂, (38)

due to Eqs. (15) and (16). When the superconducting phase
is ϕL (ϕR) on the left (right) superconductor, the Josephson
current in Eq. (36) is calculated as

I = 2e Im
∑
k,p

′
eiϕ T

∑
ωn

× Tr
[
T′ FR(k,−iωn) T+ FL(p, iωn)

]
δk̂,p̂, (39)

T′ = UT T−U −1
T = t0 + t1J1 − t2J2 + t3J3. (40)

We will calculate the lowest-order term of Josephson current
between two J = 3

2 superconductors by using Eq. (39) in
Sec. III.

III. JOSEPHSON EFFECT

The Josephson effect is sensitive to relative structures of
pair potentials in two superconductors. In S = 1

2 supercon-
ductors, the Josephson current by the lowest-order coupling
vanishes between a spin-singlet and a spin-triplet supercon-
ductor, which is the part of the selection rule due to the spin
structures of Cooper pairs. In this section, we discuss the
selection rule of the Josephson current between two J = 3

2
superconductors. We first consider s-wave superconductors
with simple band structure as Ek = ε0(k) − μ. Namely, the
dispersion is isotropic in the momentum space and is inde-
pendent of pseudospin. We also assume that the tunneling
Hamiltonian is independent of pseudospin for a while, i.e.,
T± = t0γ 0.

A. Two pseudospin-singlet states

When both superconductors of a Josephson junction are
in a pseudospin-singlet state, the Josephson current should
be represented by the Ambegaokar-Baratoff formula [28]. We
will confirm this feature at the beginning of this section. The
s-wave pair potentials are given by

DL
p = 	L, DR

k = 	R (41)

for the left and right superconductor, respectively. The Joseph-
son current in Eq. (39) becomes

ISS = 8e t2
0 sin ϕ T

∑
ωn

K (iωn), (42)

while the summation over momentum is carried out as fol-
lows:

K (iωn) =
∑

p

′ 	L

(	L )2 + ω2
n + ξ 2

p

×
∑

k

′ 	R

(	R)2 + ω2
n + ξ 2

k

δk̂,p̂, (43)

=
〈∫

dξk N0

(	L )2 + ω2
n + ξ 2

k

∫
dξk N0

(	R)2 + ω2
n + ξ 2

k

×	L	R

〉
k̂
, (44)

= πN0√
ω2

n + (	L )2

πN0√
ω2

n + (	R)2
× 	L	R. (45)

The summation over the momentum is decomposed into two
parts. One part is the summation over its amplitude |k|, which
can be replaced by the integration over ξk. The density of
states at the Fermi level is denoted by N0. The details of the
integral are summarized in Appendix. A. The other part is
summation over the direction of k on the Fermi surface for
kx > 0. It is calculated as the average over the Fermi surface,

〈X 〉k̂ = 1

π

∫ π

0
dθ sin2 θ

∫ π/2

−π/2
dφ cos φ X (k̂), (46)

where kx = kF sin θ cos φ > 0, ky = kF sin θ sin φ, and kz =
kF cos θ . The Fermi momentum is obtained from ε0(kF ) −
μ = 0. Finally, the Josephson current is calculated as

ISS = I0 sin ϕ, (47)

I0 = π

eRN
T
∑
ωn

(
	L√

ω2
n + (	L )2

)(
	R√

ω2
n + (	R)2

)
, (48)

R−1
N = 4 × 2πe2(N0t0)2, (49)

where RN is the normal resistance of the junction. As the most
simple case, we assume that the amplitudes of the two pair
potentials are identical to each other, 	L = 	R = 	. Then the
Josephson current results in

ISS = π	

2eRN
tanh

(
	

2T

)
sin ϕ. (50)

The expression of the current is identical to the Ambegaokar-
Baratoff formula [28].

184516-4
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B. Singlet-quintet states

Secondly, we discuss a junction where a pseudospin-
singlet s-wave superconductor is on the left side and a
pseudospin-quintet superconductor is on the right side. The
pair potentials are given by

DL
p = 	L, DR

k = 	Rq · γ . (51)

The vector q is normalized vectors in five-dimensional pseu-
dospin space, i.e.,

∑
ν=1−5 |qν |2 = 1. When the tunneling

elements are independent of pseudospin T± = t0γ 0, the low-
est order of the Josephson current vanishes by the selection
rule due to the pseudospin configuration of Cooper pairs.
Pseudospin of a Cooper pair is J = 0 in a singlet supercon-
ductor, whereas it is J = 2 in a quintet superconductor. To
make the Josephson current finite, an electron must change
its angular momentum while tunneling the insulating barrier
because of the difference in the angular momentum, δJ = 2.

We switch on a weak Zeeman field to make the inter-
face magnetically active. Then the tunnel elements become
pseudospin-dependent and can have finite ti(
 t0) for i = 1–3
in Eq. (37). The Josephson current is calculated as

ISQ = 2
√

3t1t3q3 + √
3
(
t2
1 + t2

2

)
q4 − (

t2
1 − t2

2 − 2t2
3

)
q5

2t2
0

× I0 sin ϕ. (52)

Although the lowest-order current can have a finite value be-
cause of the Zeeman field, the contributions of ν = 1, 2 terms
vanish. As far as we know, the current-phase relationship is
sinusoidal even if a Zeeman field breaks time-reversal symme-
try. The results in Eq. (52) imply a possibility of π -junction
caused by a magnetically active interface. Also, we find the
second-order terms in the coefficient ti of the Josephson cur-
rent as a feature of J = 3

2 superconductors. The second order
implies that a magnetic field affects a Cooper pair twice during
the tunneling. The reason can be explained by considering two
facts: (i) the difference in angular momentum of Cooper pairs
is δJ = 2, and (ii) Ji matrices in the tunneling Hamiltonian
can change the angular momentum only by δJ = 1 for each
operation. Therefore, a Zeeman field affects a Cooper pair
twice during the tunneling to compensate for the difference
in the angular momenta of Cooper pairs. In contrast, the
Josephson current between an S = 1

2 spin-singlet and -triplet
superconductor is calculated as I ∝ d · UM , where UM is the
magnetic scattering potential (Appendix B). Thus the current
is written in the first-order terms in the coefficients of the
spin-dependent tunneling Hamiltonian. This implies that a
single operation of a Zeeman field can couple the Cooper pairs
with the difference of the angular momentum, δS = 1.

C. Two pseudospin-quintet states

In this subsection, we discuss the Josephson effect in a
junction consisting of two superconductors in pseudospin-
quintet states. First, we consider a junction of two s-wave
pseudospin-quintet superconductors described by

DL
p = 	LqL · γ, DR

k = 	RqR · γ . (53)

The anomalous Green’s function can be calculated as Eq. (32).
By substituting the anomalous Green’s function in Eq. (32)

into Eq. (39), the Josephson current is calculated as

IQQ = I0 sin ϕ(qR · qL ). (54)

The result indicates that the Josephson current is given by
the scalar product of two vectors, IQQ ∝ qL · qR, which de-
scribes the selection rule due to the pseudospin configuration
of Cooper pairs. It is easy to confirm that Josephson current
cannot flow between two superconductors with Cooper pairs
corresponding to different representations in Table I. This
selection rule is similar to that in two spin-triplet supercon-
ductors of S = 1

2 electrons,

ITT = I1
〈dL · dR〉k̂

dl dr
sin ϕ, (55)

dl (r) =
√

〈{dL (R)(k̂)}2〉k̂, (56)

where d is the d-vector in three-dimensional spin space of
the spin-triplet Cooper pair with pair potential 	(k̂) = id(k̂) ·
σσ2. By comparing Eqs. (54) and (55), we conclude that the
selection rule for quintet states is more severe than that for
triplet states. This is because two vectors can be orthogonal to
each other more easily in higher dimension.

Additionally, we study a case with two J = 3
2 superconduc-

tors in which pair potentials are anisotropic in the momentum
space. With the general even-parity pair potential

DL
p = ηL

p · γ, DR
k = ηR

k · γ, (57)

the Josephson current is calculated as

IQQ = I1

〈
ηR

k · ηL
k

〉
k̂

ηRηL
sin ϕ, (58)

I1 = π

eRN
T
∑
ωn

ηR√
ω2

n + (ηR)2

ηR√
ω2

n + (ηR)2
, (59)

ηL(R) =
√〈(

η
L(R)
k

)2〉
k̂. (60)

The average of 〈ηR
k · ηL

k 〉k̂ on the Fermi surface leads to an
additional selection rule for the pair potentials depending on
momenta. For example, in a case of ηL

k ∝ e1(k̂) and ηR
k ∝

e2(k̂), the Josephson current vanishes irrespective of relative
pseudospin configurations of Cooper pairs in the two super-
conductors because of the selection rule in momentum space,
〈e1(k̂)e2(k̂)〉k̂ = 0.

In this section, we have assumed that electronic structures
are independent of pseudospin, i.e., Ek = ε0(k) − μ. The ef-
fects of a pseudospin-dependent electronic structures on the
selection rule will be clarified in the next section.

IV. ANISOTROPIC DISPERSION AND
ODD-FREQUENCY PAIR

In this section, we show that anisotropic dispersion de-
pending on pseudospin generates an odd-frequency Cooper
pair, and we discuss how it affects the Josephson current.
For simplicity, we consider a simple superconductor in which
there is one pseudospin-dependent term, and the dispersion
and the pair potential are described by

Ek = ε0(k) + ελ(k) γ λ − μ, Dk = ηk γ ν. (61)
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When λ = ν, Ek and Dk commute to each other. Then the sym-
metry of the pair potential and that of the anomalous Green’s
function are the same because F(k, iωn) in Eq. (31) satisfies
F ∝ γ ν near the Fermi surface. In this case, the selection rule
in Eq. (58) remains valid. In other words, the selection rule
should be modified when Ek and Dk do not commute in each
superconductor, i.e., λ �= ν. The anomalous Green’s function
is calculated as

Fνλ(k, iωn) = F(0)
ν (k, iωn) + δFνλ(k, iωn), (62)

F(0)
ν (k, iωn) = − 1

ξ 2
k + ω2

n + η2
k

ηkγ
ν, (63)

δFνλ(k, iωn) = −2iωn
ελ(k)(

ξ 2
k + ω2

n + η2
k

)2 ηkγ
νγ λ. (64)

The details of the derivation are shown in Appendix C. Here
we assumed |ελ| 
 |ε0| for simplicity. This assumption does
not change the symmetry of the correlations. The extra term
δFνλ describes an unusual Cooper pairing correlation belong-
ing to odd-frequency symmetry. Since both ελ(k) and ηk are
even-parity functions, δFνλ(k, iωn) = δFνλ(k, iωn)UT is also
an even-parity function. The product γ νγ λUT suggests that
δFνλ is symmetric under the permutation of two pseudospins.
To meet the requirement of the Fermi-Dirac statistics of elec-
trons, δFνλ must be odd under the permutation of imaginary
times. As a result, δFνλ is confined to be an odd function of
the Matsubara frequency [29].

Mathematically speaking, the kinetic Hamiltonian depend-
ing on pseudospin, V = ελ(k)γ λ in Eq. (61), generates an
odd-frequency pairing correlation because it does not com-
mute to the pair potential. The existence of an odd-frequency
pair in a uniform superconductor was pointed out in a multi-
band superconductor, where the band hybridization generates
an odd-frequency Cooper pair [30]. It has also been well
established that such an odd-frequency pair is paramagnetic
[31–33]. A usual (even-frequency) Cooper pair is diamagnetic
and excludes magnetic fields. Therefore, a superconductor can
maintain its macroscopic phase being uniform in real space
and can decrease the condensation energy. A paramagnetic
Cooper pair, on the other hand, is unstable thermodynamically
because it causes spatial variations in the superconducting
phase [33–35]. As a consequence, the appearance of odd-
frequency pairing correlations decreases the superconducting
transition temperature Tc [31,36]. Ramires and Sigrist [37]
showed that a perturbation V in the Hamiltonian decreases the
transition temperature of a superconducting order parameter
	 when

V (k) 	(k) − 	(k)V ∗(−k) �= 0. (65)

It is easy to confirm that Eq. (65) corresponds to the condition
for the appearance of an odd-frequency pair, λ �= ν.

A. Two identical superconductors

We first consider a junction that consists of two identical
superconductors described by Eq. (61) and a barrier with
tunnel elements tk,p = t0γ 0δk̂,p̂. By substituting the Green’s
function in Eq. (62) into Eq. (39), the Josephson current is

calculated as

I = 2e t2
0 sin ϕ T

∑
ωn

∑
k,p

′
Tr
[
FR(0)

ν (k,−iωn) FL(0)
ν (p, iωn)

+ δFR
νλ(k,−iωn) δFL

νλ(p, iωn)
]
, (66)

= I0 sin ϕ

(
1 − 〈ελ(k)〉k̂

8η2

)
. (67)

The details of the derivation are shown in Appendix C. The
first term of Eqs. (66) and (67) has been already explained
in Sec. III C and it dominates the Josephson current. An in-
duced odd-frequency pair carries the Josephson current at the
second term in Eqs. (66) and (67). The contribution of an odd-
frequency pair is negative, which is derived from the order of
pseudospin matrices in the second term as Tr[γ ν γ λ γ ν γ λ] =
−4. Namely, the coupling between the induced odd-frequency
pairing correlations stabilizes the π -state rather than the
0-state because an odd-frequency pair favors the phase differ-
ence across the junction due to its paramagnetic property [38].
When the amplitude of odd-frequency correlation in Eq. (64)
exceeds that of the even-frequency component in Eq. (63), the
junction may undergo the transition to the π -state. However,
such a superconducting state is impossible because an odd-
frequency Cooper pair is thermodynamically unstable.

B. Two different superconductors

As shown in Eq. (67), the junction we consider should
always be the 0-state because the even-frequency pairing cor-
relations dominate the Josephson current. Simultaneously, it
proposes a possibility of a π -junction in the system consisting
of time-reversal symmetric components only, if the dominant
term could be deleted. In such a context, we consider a Joseph-
son junction where the more severe pseudospin selection rule
is applied. We choose its left superconductor described by
Eq. (61) and the right superconductor described by

Ek = ε0 + εν (k)γ ν − μ, Dk = ηR
k γ λ. (68)

The anomalous Green’s function of the right superconductor
is described by

Fλν (k, iωn) = F(0)
λ (k, iωn) + δFλν (k, iωn). (69)

The Josephson current in this junction is calculated as

I = 2e t2
0 sin ϕ T

∑
ωn

∑
k,p

′
Tr
[
FL(0)

ν (p, iωn) FR(0)
λ (k,−iωn)

+ δFL
νλ(p, iωn) δFR

λν (k,−iωn)
]
, (70)

= π

eRN
〈ελ(k) εν (k)ηR

k ηL
k 〉k̂ sin ϕ

× T
∑
ωn

ω2
n{

ω2
n + (ηR)2

}3/2{
ω2

n + (ηL )2
}3/2 . (71)

The positive sign of the trace is derived from the order of
pseudospin matrices as Tr[γ ν γ λ γ λ γ ν] = 4. The first term in
Eq. (70) vanishes due to the pseudospin selection rule as ex-
pected. The second term is carried by induced odd-frequency
and its sign is determined by the momentum dependence of
the pair potentials. However, it is calculated as positive or zero
if the momentum dependence is s-wave or d-wave symmetric.
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Unfortunately, we cannot draw any physical picture of why an
odd-frequency pair stabilizes the 0-state. Even so, the result of
the 0-junction is reasonable from a phenomenological point of
view. Because all the parts of the Josephson junction preserve
time-reversal symmetry, as we have discussed at the begin-
ning of this subsection, the superconducting phase should be
uniform at the ground state of such a junction.

V. CONCLUSION

In this paper, we discussed the Josephson effect of a super-
conductor in which an electron with angular momentum J =
3
2 characterizes the electronic structures near the Fermi level
as a result of strong spin-orbit interactions. We assume that
a J = 3

2 superconductor preserves time-reversal and inver-
sion symmetries simultaneously. In the presence of inversion
symmetry, J = 0 pseudospin-singlet and J = 2 pseudospin-
quintet states are possible. The latter is described by the
combination of five even-parity orbital functions and five
pseudospin tensors. The Josephson current within the tunnel
Hamiltonian description is calculated in terms of the anoma-
lous Green’s functions on either side of a junction. We found
that the Josephson selection rule for quintet states is stricter
than that for well-established S = 1 spin-triplet states. A
magnetically active junction interface enables the Josephson
coupling between a pseudospin-singlet J = 0 superconductor
and a pseudospin-quintet J = 2 superconductor. We also dis-
cussed a Josephson current carried by odd-frequency pairing
correlations which are generated by the complex commutation
relations among pseudospin tensors. We find that the odd-
frequency pairing correlation favors the π -state as long as it is
a subdominant pairing correlation in a superconductor.

In a J = 3
2 superconductor, in addition to pseudospin quin-

tet states, pseudospin-septet states with angular momentum
J = 3 can exist where a Cooper pair belongs to odd-parity
symmetry. The physics of such a high angular momentum
pair and specification of the pair potential are issues that will
be addressed in the future. The physics of topological surface
states could be another open issue.
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APPENDIX A: TABLE FOR INTEGRALS, SUMMATIONS,
AND CONSTANTS

Here we summarize formulas of integral and summation
over the Matsubara frequency, used in this paper,∫ ∞

−∞

dx

x2 + a2
= π

a
,

∫ ∞

−∞

dx

(x2 + a2)2
= π

2a3
, (A1)

FIG. 2. A schematic view of a Josephson junction consisting of
a spin-triplet and singlet superconductor and an insulator [39]. The
insulating barrier is localized at z = 0. For simplicity, the x-direction
is set to be parallel to the d-vector of the spin-triplet state.

T
∑
ωn

1

ω2
n + a2

= 1

2a
tanh

(
a

2T

)
, (A2)

T
∑
ωn

ω2
n

(ω2
n + a2)3

= 1

16a3

[
tanh

(
a

2T

)
− a

2T
cosh−2

(
a

2T

)

+ 2

(
a

2T

)2 tanh
(

a
2T

)
cosh2

(
a

2T

)], (A3)

≈ 1

16a3
tanh

(
a

2T

)
. (A4)

The last equation is approximated in case T 
 a. The average
of functions in Eq. (12) over the Fermi surface gives constants,〈

e2
1(k̂)

〉
k̂ = 3

10
,

〈
e2

2(k̂)
〉
k̂ = 1

8
,

〈
e2

3(k̂)
〉
k̂ = 1

4
,

〈
e2

4(k̂)
〉
k̂ = 7

32
,

〈
e2

5(k̂)
〉
k̂ = 5

32
, (A5)〈

e1(k̂) eλ �=1(k̂)
〉
k̂ = 〈

e2(k̂) eλ �=2(k̂)
〉
k̂ = 〈

e3(k̂) eλ �=3(k̂)
〉
k̂ = 0,

〈
e4(k̂) e5(k̂)

〉
k̂ =

√
3

32
. (A6)

APPENDIX B: THE JOSEPHSON EFFECT IN A
SPIN-SINGLET/SPIN-TRIPLET JUNCTION

We summarize the selection rule of the Josephson current
between two S = 1

2 superconductors: one is in a spin-singlet
state and the other is in a spin-triplet state on the basis of
Ref. [39]. This gives a fine reference to study the selection
rule of two J = 3

2 superconductors. The Josephson junc-
tion consists of spin-triplet (singlet) superconductors on the
left (right) side and a magnetically active insulator at z = 0
(Fig. 2). The pair potentials are given by 	L(k) = idk · σ̂σ̂2
and 	R(k) = i	s,kσ̂2e−iφ , respectively. σ̂i is the Pauli matri-
ces in spin space and dk is the d-vector of the spin-triplet
state. For the barrier potential, V̂ (r) = (U0σ̂0 + UM · σ̂)δ(z) is
given, where U0 is the charge scattering potential and UM =
UM (cos αêx + sin αêy) is the magnetic scattering potential. α
is the angle between the d-vector and the magnetization M in
the insulator. Using the tunneling perturbation theory, Brydon
et al. calculated the Josephson current I and showed

I ∝ cos α cos φ. (B1)

The lowest-order term is proportional to cos φ because the
magnetic field breaks time-reversal symmetry. From cos α =
(UM · d )/(|UM ||d|), we find that the current is proportional to
the scalar product of d-vector and UM .
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APPENDIX C: ODD-FREQUENCY PAIRING

Here we first derive the anomalous Green’s function in a superconductors in the presence of pseudospin-dependent dispersion.
Then we show the derivation of the Josephson current. When a superconductor is described by Eq. (61), its anomalous Green’s
function is calculated as

Fνλ(k, iωn) = [−ηkγ
ν + (iωn + ξk + ελ(k) γ λ)(ηkγ

ν )−1(iωn − ξk − ελ(k) γ λ)]−1,

= −
[{

η2
k + ω2

n + ξ 2
k − ε2

λ(k)

ηk
γ 0 − 2iωn

ελ(k)

ηk
γ λ

}
γ ν

]−1

,

≈ − ηk

η2
k + ω2

n + ξ 2
k

γ ν − 2iωn
ελ(k)ηk(

η2
k + ω2

n + ξ 2
k

)2 γ νγ λ. (C1)

At the last line, we assumed |ελ(k)| 
 |ε0(k)| for λ = 1–5. The second term refers to an odd-frequency pairing.
We construct a Josephson junction with the left superconductor described by Eq. (61) and the right superconductor described

by

Ek = ε0(k) + ερ (k) γ ρ − μ, Dk = ηk γ κ, (C2)

with ρ �= κ . When an insulator is magnetically inactive, i.e., T = t0γ 0, the Josephson current becomes

I = 2e t2
0 sin ϕ T

∑
k,p

′
Tr
[
F0

ν (k,−iωn) F0
ν (p, iωn) + δFνλ(k,−iωn) δFνλ(p, iωn)

]
δk̂,p̂ (C3)

= 8e t2
0 sin ϕ T

∑
ωn

⎡
⎣∑

k,p

′ 1(
ηR

k

)2 + ω2
n + ξ 2

k

1(
ηL

p

)2 + ω2
n + ξ 2

p

ηR
k ηL

pδνκδk̂,p̂

− 4ω2
n

∑
k,p

′ εR
ρ (k){(

ηR
k

)2 + ω2
n + ξ 2

k

}2

εL
λ (p){(

ηL
p

)2 + ω2
n + ξ 2

p

}2 ηR
k ηL

p (δλρδνκ − δλκδνρ )δk̂,p̂

⎤
⎦. (C4)

As shown in the equation, there are two cases in which finite Josephson current is allowed: ν = κ , or λ = κ and ν = ρ

simultaneously. The condition ν = κ corresponds to the selection rule I ∝ qL · qR.
For the case ν = κ , the Josephson current is calculated as

I = 8e t2
0 sin ϕ T

∑
ωn

⎡
⎣∑

k,p

′ 1(
ηR

k

)2 + ω2
n + ξ 2

k

1(
ηL

p

)2 + ω2
n + ξ 2

p

ηR
k ηL

pδk̂,p̂

− 4ω2
n

∑
k,p

′ εR
ρ (k){(

ηR
k

)2 + ω2
n + ξ 2

k

}2

εL
λ (p){(

ηL
p

)2 + ω2
n + ξ 2

p

}2 ηR
k ηL

pδλρδk̂,p̂

⎤
⎦ (C5)

= π

eRN
sin ϕ T

∑
ωn

[
1√

(ηR)2 + ω2
n

1√
(ηL )2 + ω2

n

〈
ηR

k ηL
p

〉
k̂

−ω2
n

1{
(ηR)2 + ω2

n

}3/2

1{
(ηL )2 + ω2

n

}3/2

〈
εR
ρ (k)εL

λ (p)ηR
k ηL

p

〉
k̂δλρ

]
. (C6)

If we assume ηR = ηL = 	, the Josephson current is simplified as

I = π	

2eRN
tanh

(
	

2T

)[〈
ηR

k ηL
k

〉
k̂

	2
−
〈
εR
ρ (k)εL

λ (p)ηR
k ηL

p

〉
k̂

8	4
δλρ

]
sin ϕ. (C7)

The first term is equivalent to the Josephson current without the pseudospin-dependent dispersion, Eq. (58). The second term
represents the Josephson current carried by induced odd-frequency pairs in the two superconductors. It is finite for λ = ρ, where
symmetries of both superconductors are identical. Its negative sign is derived from Tr[γ νγ λγ νγ λ] = −4.
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For λ = κ and ν = ρ, the Josephson junction consists of two superconductors described by Eq. (61) for the left and Eq. (68)
for the right side. The Josephson current is calculated as

I = π

eRN
sin ϕ T

∑
ωn

[
ω2

n

1{
(ηR)2 + ω2

n

}3/2

1{
(ηL )2 + ω2

n

}3/2

〈
εR
ρ (k)εL

λ (p)ηR
k ηL

p

〉
k̂

]
(C8)

= π	

2eRN
tanh

(
	

2T

)〈
εR
ρ (k)εL

λ (p)ηR
k ηL

p

〉
k̂

8	4
sin ϕ. (C9)

For the last line, we assumed ηR = ηL = 	. The positive sign is from Tr[γ ν γ λ γ λ γ ν] = 4.
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