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ABSTRACT

This article is concerned with an inverse problem on simultaneously determining some unknown
coefficients and/or an order of derivative in a multidimensional time-fractional evolution equation
either in a Euclidean domain or on a Riemannian manifold. Based on a special choice of the Dirich-
let boundary input, we prove the unique recovery of at most two out of four x-dependent coefficients
(possibly with an extra unknown fractional order) by a single measurement of the partial Neumann
boundary output. Especially, both a vector-valued velocity field of a convection term and a density
can also be uniquely determined. The key ingredient turns out to be the time-analyticity of the de-
composed solution, which enables the construction of Dirichlet-to-Neumann maps in the frequency
domain and thus the application of inverse spectral results.
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1 Introduction

LetT € Ry := (0,00) and « € (0,2). By 95 we denote the a-th order Caputo derivative with respect to ¢ defined by
1 /t feD(s)
ds, a€(0,2)\ {1},
o f(t) = I([a] —a) Jo (t—s)—Lad
1), a=1,

where |-| and [-] denote the floor and the ceiling functions, respectively. Let @ C R (d = 2,3,...) be a bounded
connected domain with a C! boundary 9. Let p € L>®(Q), a € C*(Q), B = (By,...,Ba) € (L*(Q))%,
¢ € L*°(Q) and assume that

p<p<pinQ, a>00nQ, c>0inQ, ()

where p,p € R, are constants. The first object of this paper is the following initial-boundary value problem for a
time-fractional diffusion(-wave) equation with a nonhomogeneous Dirichlet boundary condition

pOfu—div(aVu)+ B-Vu+cu=0 1in(0,T) x Q,
O'u=0(m=0,[a] —1) in {0} x Q, (2)
u=>o on (0,7 x 09.

Meanwhile, we will also consider the same problem as (2) on manifolds. To this end, let (M, g) be a smooth compact
connected Riemannian manifold of dimensions d > 2 with boundary M. Let u € C*°(M) and ¢ € L*°(M) such
that 4 > 0 and ¢ > 0 on M. We introduce the weighted Laplace-Beltrami operator

DNg = M_ldivg 1Vg,

where div, and V, denote divergence and gradient operators on (M, g) respectively. The second object of this paper
is the following initial-boundary value problem on the manifold M

0w —DNgu+cu=0 in (0,7) x M,
O"u=0(m=0,[a] =1) in{0} x M, 3)
u=>o on (0,7) x OM.

This article is concerned with the following inverse problem for (2) and (3).

Problem 1.1. Let u satisfy (2) (or (3)) and Ty, T ous be open subsets of 92 (or 0M). For a suitably chosen Dirichlet
boundary input ® supported on the sub-boundary [0,T] x Ty, determine as many coefficients as possible among the
set (p,a, B, c) (or (¢, u, M)) and/or o from a single measurement of a O, u on the sub-boundary (0,T) X Loy, where
v denotes the outward unit normal vector to 9S) (or OM).

Time-fractional diffusion(-wave) equations of the forms (2) and (3) describe diffusion in different kinds of physical
phenomena. For « # 1, (2) and (3) describe the anomalous diffusion of substances in heterogeneous media, diffusion
in inhomogeneous anisotropic porous media, turbulent plasma, diffusion in a turbulent flow, a percolation model in
porous media, several biological and financial problems (see [9]). For instance, it is known (see [1]) that in several
cases, the classical diffusion-advection equation is not a suitable model for describing field data of diffusion of sub-
stances in the soil. Time-fractional diffusion(-wave) equations can be regarded as an alternative model. Note also that
time-fractional diffusion(-wave) equations are derived from continuous-time random walk (see [38,42]). Due to their
modeling feasibility, time-fractional differential equations have received great attention in the last decades. Without
being exhaustive we refer to [37,39,41,44] for further details. Especially, the well-posedness for problem (2) has been
studied by [28,43] for B = 0 and by [22] for B # 0.

On the other hand, the above inverse problem addressed in the present paper corresponds to the determination of
several coefficients describing the diffusion of some physical quantities. The convection term B is associated with the
velocity field of the moving quantities, while the coefficients (p, a, ¢) can be associated to the density of the medium.
For instance, our inverse problem can be stated as the determination of the velocity field and the density of the medium
in the diffusion process of a contaminant in soil from a single measurement on I'¢.
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In retrospect, many authors considered inverse problems for (2) when o = 1. Without being exhaustive, we can refer
to [7,10,15,16,24]. In particular, we mention the paper [3], where the recovery of the coefficient c has been addressed
from a single boundary measurement. The idea of [3] is to use a suitable input ® that allows to recover the associated
elliptic Dirichlet-to-Neumann map from a single measurement of the solution of the associated parabolic equation on
the lateral boundary (0,7") x 9S2. This idea has been extended by [13] to the recovery of the convection term B in the
case of d = 2. Here the authors applied the results in [12, 14] related to the recovery of a convection term appearing in
a stationary convection diffusion equation from the associated Dirichlet-to-Neumann map.

In contrast to o = 1, inverse problems associated with (2) when o € (0,2) \ {1} have received less attention. For
d = 1, [11] determined uniquely the fractional order v and a coefficient from Dirichlet boundary measurements.
In [18, 43], the authors considered the problem of stably determining a time-dependent coefficient appearing in a
time-fractional diffusion equation. In [32], the authors uniquely determined coefficients by means of the Dirichlet-to-
Neumann map associated with the system applied to Dirichlet boundary conditions taking the form A(¢)®(x), where
A is given suitably. In [26], the authors considered the recovery of a general class of coefficients on a Riemannian
manifold and a Riemannian metric from the partial Dirichlet-to-Neumann map, associated with the fractional diffusion
equation under consideration, taken at one arbitrarily fixed time. In the above work, the authors started by proving
the unique recovery of boundary spectral data associated with the elliptic part of their equations. Then the uniqueness
results were obtained by using inverse spectral results and related inverse problems stated in [7,8,23,31]. For variable
order and distributed order fractional diffusion equations, we refer to the papers [27, 33], where results related to
inverse problems for these equations have been stated. In [29], the authors proved the unique reconstruction of source
terms and the stable recovery of some class of zeroth order time dependent coefficients appearing in fractional diffusion
equations in a cylindrical domain. In a recent paper [21], the recovery of a Riemannian manifold without boundary
was proved from a single internal measurement of the solution of a fractional diffusion equation with a suitable internal
source. Finally, we refer to the review articles [34-36] as summaries on the recent progress of inverse problems for
time-fractional evolution equations. In the one-dimensional case, we mention also the work of [17], where the recovery
of a conductivity coefficient appearing in a parabolic equation from a single measurement at one point was considered.
Here the author connected the inverse problem stated for a parabolic equation with an inverse Sturm-Liouville problem.

The remainder of this paper is organized as follows. In Sect. 2, we recall the necessary ingredients to treat Problem
1.1 and state the main uniqueness results along with some explanations and remarks. As a key to establishing the main
results, in Sect. 3 we prove the time-analyticity of the solutions to the forward problems under consideration. Finally,
proofs of the main results are provided in Sect. 4.

2 Preliminaries and main results

We start with fixing the notations and terminology used in the sequel. Throughout this paper, by N := {1,2,...} we
denote the positive natural numbers. Let H™ (), H™~/2(99Q), W™4(Q), etc.(m € Z, q € [1,00]) denote the usual
Sobolev spaces (see Adams [2]). Given Banach spaces X and Y, by B(X,Y) we denote the family of bounded linear
operators from X to Y. For a connected set O C R or C, we denote by C*(O; X) the family of analytic functions in
O taking values in X.

2.1 Statements of the Main results

We first deal with the initial-boundary value problem (2) in a bounded domain Q C R¢. We denote the inner products
of L2(2) and L?(9Q) by (-, -) and (-, - ), respectively, that is,

(s fo) = /Q f@) fo(@) e, fifo € Q) (f fu) = /a R o). i€ 12(09).

For f € L{ (R.), we denote its Laplace transform as

F&) = (L)) = / TS ar.

Recall that, according to [28,43], we can define the weak solutions of (2) in the following way.
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Definition 2.1. Let F € L'(0,T; L*()). We say that the problem

pOfu—div(aVu) +cu=F in(0,T) x Q,
O'u=0(m=0,[a] —1) in {0} x Q, 4)
u=0 on (0,T) x 09

admits a weak solution u if there exists v € L}, .(Ry; L*(Q2)) such that

@) vl(o,ryx0 = wand inf{e > 0] e wv(t, -) € L' (Ry; L*(Q))} =0,
(i) for all € > 0, the Laplace transform v(, ) of v(t, - ) solves
T
—div(aVV(¢, ) + (£%p+)v(§, ) = / e SE(t, - )dt inQ,
0
v, -)=0 on 05

Following [27,28,43], there exists S € L*(0, T; B(L?(2), H())) such that the solution of (4) takes the form

t
u(t, -) = / S(t—s)F(s, -)ds.
0
Therefore, regarding the advection term B - Vu as an additional source term, we define the solution of the problem

pOfu—div(aVu)+ B-Vu+cu=F in(0,T) x Q,
Omu=0(m=0,[a] —1) in {0} x Q,
u=0 on (0,7) x 99

in the mild sense as a solution of the integral equation
t t
u(t, ) = / S(t— 8)F(s, -)ds — / S(t—$)B-Vu(s, -)ds.
0 0

For the unique existence of solutions of (2) in the above sense as well as classical properties of solutions of such
problems, we refer to [22,27,28,43]. In the case o = 1, the solution of (2) corresponds to the classical variational
solution of this parabolic equation lying in H'(0,7; H=(Q)) N L*(0,T; H*()).

Now we turn to the investigation of Problem 1.1. For the choice of open sub-boundaries I';;, and I',,,;¢, we assume that
I1in U I—‘out = 8(2, Fin N I—‘out 7é (Z) (5)

This condition will be relaxed later in the framework of smooth Riemannian manifolds with smooth coefficients.

Next we specify the choice of the Dirichlet input ®, which plays an essential role in the consideration of Problem 1.1.
Let x € C>(99Q) satisfy supp x C I'iy and x = 1 on T}, where I'{ is an open subset of 9 such that I'} UT'o,,y = 92
and I'), N Ty # 0. We fix Ty € (0,7 and choose a strictly increasing sequence {tx}7>, such that ty = 0 and
limy,_ o0t = Tp. Consider a sequence {py}3;2, C [0,400) and a sequence {¢, }ren C C°([0, +00); [0, +00)) of
not identically vanishing functions such that

¢k — {0 on [07t2k72]3 (6)

P On [tzkfl, OO)

We fix also a sequence {by,}2, of R such that

Z kaQkaWZVOO(R_,_) < Q.
k=1
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Finally, we select a sequence {1y, }ren C H®/2(092) such that span{n; } is dense in H*/2(09) and ||np || gr3/2(90) = 1
(k € N). Now we can construct the input ® € C?([0, +00); H*/2(9Q)) as

®(t, ) := x(x) Z bi Vi (8) 1k (). @)
k=1

Note that clearly, we have supp ® C [0, +00) x I'y,. Using this definition of the input ® we can now state our first
two main results in the Euclidean case.

First, we fix o € (0,2), B = 0 and consider the recovery of the coefficients (p, a, ¢). Actually, due to the obstructions
described in Sect. 2.2, we can only consider the recovery of any two among the three coefficients p, a,c. Our first
main result can be stated as follows.

Theorem 2.2. Let o € (0,2) be fixed, T'in, Doy C O satisfy (5) and the triples (p?,a7,¢?) (j = 1,2) fulfill (1).
Suppose that either of the following conditions is satisfied:
() p' = p® and
Va'l =Va?® on Q. (8)
(i) a' = a® and
3C >0, [p'(x) — p*(x)| < Cdist(x,00)?, <€ Q. 9)
(iii) ¢! = c? and (8)—(9) hold true simultaneously.
Let u? (j = 1,2) be the solutions to (2) with ® given by (7), B = 0 and (p,a,c) = (p?,a?, c?). Then the condition
atd,ut = a’o,u® on (0, To) X Tout (10)
implies (p',a*,c') = (p?,a°,¢?).
Second, we focus our attention on the simultaneous recovery of the convection term B, the weight p and the fractional
order o under the assumption that a = 1, ¢ = 0. Our second main result can be stated as follows.
Theorem 2.3. Letd > 3, o € (0,2), p? € L>=(Q) satisfy (1) and B7 € (C*(Q))? with k > 2/3 (j = 1,2). Let
uw (j = 1,2) be the solutions to (2) witha = 1, ¢ = 0, (a, p, B) = (a?, p/, BY) and for ® given by (7) with x = 1.
Then the condition
Aut = o,u% on (0, Tp) x 02
implies (o', p', BY) = (a?, p*, B®).
Now we turn to the simultaneous recovery (modulo suitable invariance) of the manifold (M, g) and the coefficients
(4, ¢) from a single measurement of the solution of (3) on I'yy¢ in some suitable sense.

Similarly to that in the Euclidean case, we select I', C dM and x € C'*°(9.M) such that supp x C I'j and xy = 1 in
I/ . Then we define the Dirichlet input ¥ in (3) exactly the same as (7), where {1 } xen is a sequence of H3/2(dM)
such that span{n;, } is dense in H*2(OM) and ||n|| gs/2opq) = 1 (k € N).

We will state three different extensions of Theorem 2.2, among which the first one can be stated as follows.

Corollary 2.4. Forj = 1,2, let (M7, g7) be two compact and smooth connected Riemannian manifolds of dimensions

d > 2 with the same boundary, and let i/ € C°*°(M7) and ¢/ € C° (M) satisfy i > 0 and ¢? > 0 on MJ. Suppose
Iin =Touw C aMlv gl = 927 Ml = MQ =1, auﬂl = 5uM2 =0on aMl

Denote by u? (j = 1,2) the solutions of (3) with ® given by (7) and (M, g, u,c) = (M3 g, 17, c?). Then the
condition
dput = o,u*  in (0,Ty) X Tout (11)
implies that (MY, g') and (M?, g?) are isometric. Moreover, (11) implies that there exist 1» € C°(M?*; M) and
Kk € C°°(M?) satisfying
k=1, 0,k =0 ondM?> (12)
such that
Wr=r"2utoy, A=¢ 01][}—143&927”1/@71. (13)
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We can also extend our results to the case where the excitation and the measurements are disjoint. To this end, we
need the following definition.
Definition 2.5. Consider the initial-boundary value problem for a hyperbolic equation with Dirichlet data ¥ €
C§°((0,00) x OM)
(02 —DNg+c)u=0 in(0,00) x M,
u=0wu=0 in {0} x M, (14)
u=y on (0,00) x OM,

where Ny = A, g with (. = 1. We say that (14) is exactly controllable from a sub-boundary I' C OM if there exists
T > 0 such that the map

L2((0,T) xT) 3 U — (u(T, -),0u(T, -)) € L*(M) x H}(M)
is surjective.

We refer to [4] for geometrical conditions that guarantee the exact controllability of (14). We can now state the
following two results with data on disjoint sets.

Corollary 2.6. Let (M7, g7) (j = 1,2) be two compact and smooth connected Riemannian manifolds of dimensions
d > 2 with the same boundary. Denote by v’ (j = 1,2) the solutions of (3) with ® given by (7), (M, g) = (M7, g7)
(j=1,2)and p = 1, ¢ = 0 on M. In addition, we assume that (14), with (M, g) = (M7, g7) (j = 1,2), is exactly
controllable from T} and Ty, N Loy = 0. Then (11) implies that (M*, g') and (M?, g?) are isometric.

Corollary 2.7. Let (M, g) be a compact and smooth connected Riemannian manifold of dimensions d > 2. Let p = 1
on Mand ¢ € C®(M) (j = 1,2) be non-negative. We assume that (14) is exactly controllable from !, and T o,y is
2

strictly convex, Ty, N Ty = 0. Then (11) implies that there exists a neighborhood U of T gy in M such that c=¢
inU.

2.2 Obstructions to the simultaneous recovery of three coefficients

In our main results, we consider only the simultaneous recovery of two coefficients appearing in problem (2), addi-
tionally with the order o in Theorem 2.3. This limitation of our results is due to some natural obstructions against the
simultaneous recovery of some third coefficient appearing in (2). For instance, fix a € (0,2), pt, ¢! € L>°(Q) satis-
fying (1) and B! € (C*(Q)). Then, let 1 € W2°°(Q) be a not identically vanishing real-valued function satisfying
the following conditions

Ploa = duloa =0, LAY —|Vy|* = B' -V > ¢, (15)

and let (p?, B2, ¢?) be given by
p’=p', B =B'1+2Vy, =AY — |V —B' V4l (16)

Note that in particular condition (15) implies that p?, ¢ € L°°(Q) satisfy (1). In view of (15), for the solution u’
(j = 1,2) of (2) with any suitable Dirichlet data ® and (p, B, a,c) = (p’, B’,1,¢?), one can verify that the identity

i (t,x) = e?@ul(t,x), (t,x) € (0,T) xQ
holds true. Then, applying again (15), we deduce that
oul(t,x) = O,u*(t,x), (t,x) € (0,T) x 99

but B* # B? since Vi) # 0. Therefore, for a = 1, the boundary measurement of Theorem 2.3 is invariant by the
gauge transformation
(panc) — (po + 2V1/)7A¢ - |V7/’\2 -B- V¢+C)

parameterized by a function 1) € W?2:°°(Q) satisfying (15) with ¢! = c. Note that when ¢! = ¢2, conditions (15)-(16)
imply that ) € W?2:°°(Q) solves the boundary value problem

~Ap+B? V=0 inQQ,
=0 on 05}
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with B3 = B! + V¢ € (W1>°(Q))%. Then the uniqueness of this boundary value problem (see e.g. [19, Theorem
8.3]) implies that 1 = 0. Therefore, the obstruction given by the gauge invariance (16) does not hold when ¢! = ¢2.

This explains why it is possible to prove the simultaneous recovery of (p, B) as stated in Theorem 2.3.

The second example of the obstruction in the simultaneous recovery of three coefficients that we can mention is given
by the simultaneous recovery of the set of coefficients (p, a, ¢) when B = 0. Namely, fix a € (0,2) and let (p', a', ")
be defined in a similar way to that in Theorem 2.2. For any positive function x € C%(Q) \ {1} satisfying

Kloo =1, Oykloa =0, —r'div(a'Vk)> —c, (17)

we assume that p?, a2, ¢? are given by

Pt =r%pl, a?=kr%', 2 =K - kdiv(e'Vk).
Then, for the solution u? (j = 1,2) of (2) with (p, B, a,c) = (p’,0,a’,¢?), one can verify that u! = xu?. Since
Kk # 1, this means that
a'(x)0,ut(t, ) = a®(x)0,u*(t,x), (t,z) € (0,T) x 9N

but (pt, al,ct) # (p?,a?, c?). Therefore, the boundary measurements are invariant under the gauge transformation
(p,a,c) — (k*p, K%a, ck® — kdiv(aVk))

parameterized by a positive function k € C>°(Q) satisfying (17) with ¢! = c. Again, this gauge invariance fails as
long as one of the three coefficients p, a, c is fixed. This explains why the recovery of two out of the three coefficients
p, a, ¢ is the best result that one can expect for this problem.

2.3 Comments about our results

To the best of our knowledge, Theorems 2.2 and 2.3 are the first results on the recovery of coefficients appearing
in a fractional diffusion-wave equation in a general bounded domain Q C R? with d > 2 from a single boundary
measurement. For existing literature using other types of observation data with spatial dimensions d > 2, we refer
to [26,27,32] for an infinite number of boundary measurements, [21] for interior excitation and observation, and [29]
for a single measurement in a cylindrical domain. In particular, Theorem 2.3 seems to be the first result of unique
recovery of a convection term appearing in a fractional diffusion-wave equation.

Our approach is based on a special choice (7) of the boundary input ® inspired by [3, 13] and suitable time-analyticity
properties of the solutions to (2) and (3). More precisely, the key ingredient in our approach comes from the results in
Propositions 3.1 and 3.2 that, for k¥ € N and ¢, € (0, (t2x —t2rx—1)/2), the restriction of the solutions of (18) and (20)
stated later to (tox_1 + €, 00) are analytic in time as functions taking values in H?7(2) for some v € (3/4,1]. In
the case of interior excitation and observation considered by [21], one can deduce these results by applying properties
of time-analyticity of solutions to fractional diffusion equations with time independent coefficients and source terms
compactly supported in time. Similar results can be deduced in the case & = 1 and non-homogeneous boundary
condition by using a classical lifting argument. However, for o # 1, due to the presence of the nonlocal operator 9y,
this approach becomes more difficult. Instead, we use a new representation of the solution to (18) which, combined
with some decay properties of the Mittag-Leffler functions, allows us to prove an analytic extension in time of the
solution to (18) into a conical neighborhood of (tox—1 + €k, 00). For (20), we employ Proposition 3.1 to build a
sequence of analytic functions on a conical neighborhood of (ta_1 + €k, 00) taking values in H27((2), and then
show its convergence to an extension of the solution to (20). Once these results are proved, we complete the proof
of Theorems 2.2 and 2.3 by transforming our inverse problem into an inverse boundary value problem stated for a
family of elliptic equations. Our approach not only simplifies and extends the result of [3, 13] to fractional diffusion-
wave equations, but also improves the result in [3] even for o = 1 since Theorem 2.2 is stated with partial boundary
measurements and for more general type of coefficients.

In contrast to [3,13], the result of Theorem 2.2 is not based on recovering the coefficients appearing in elliptic equations
from the associated Dirichlet-to-Neumann map. Instead, we prove Theorem 2.2 by applying some inverse spectral
results of [8]. Namely, in a similar way to [26], we prove the recovery of the boundary spectral data associated with
the elliptic operator appearing in (2). This approach allows us to consider a general class of coefficients as well as the
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sub-boundaries I'j,, 'y, subjected only to the conditions (5). In the framework of a smooth Riemannian manifold
and smooth coefficients, we even prove in Corollary 2.4 that the condition on I';;, and I'y,+ can be reduced to another
type of condition I';;, = T’y for the recovery of coefficients as well as the Riemannian manifold up to an isometry.
Indeed, similarly to [26, Sect. 5, pp. 1165-1166], we prove Corollary 2.4 by applying [23] based on the boundary
control method where the condition I'{, U T, = M is not required. In Corollaries 2.6 and 2.7, we further consider
the recovery of a manifold and some local recovery of coefficients when 'y, NIy = (). The results of Corollaries 2.4,
2.6 and 2.7 are based on the strategy of Theorem 2.2, combined with the results of [23,25,31] based on the boundary
control method initiated by the works [5, 6].

Let us remark that we allow some freedom in the choice of several parameters appearing in the input ® taking the form
(7). Namely, the values {py, } 32, can be arbitrary chosen in [0, +00) and the sequence {¢y, }ren C C*°(R4; [0, +00))
are only subjected to (6) and a not identically vanishing condition. This allows to extend the class of input under
consideration in [3, 13] which might be useful in the context of some experiments.

Next, we observe that the results of Theorem 2.2 and Corollaries 2.4, 2.6 and 2.7 are similar to that in [26] with
different type of measurements. More precisely, [26] used an infinite number of measurements, whereas in Theorem
2.2 and Corollaries 2.4, 2.6 and 2.7 we state our results with a single measurement. However, the measurements in [26]
are taken at one fix time, while the measurements in Theorem 2.2 and Corollaries 2.4, 2.6 and 2.7 are taken in a time
interval (0,7}). In such a sense, Theorem 2.2 and Corollaries 2.4, 2.6 and 2.7 can be regarded as a supplementation
to that in [26] because the amounts of data information are essentially the same.

Finally, let us remark that by applying [12, 14], without any difficulty we can extend Theorem 2.3 to the case d = 2.
However, since the result in that case will require a different definition of the input ®, we do not consider it in the
present paper.

3 Time-analyticity of solutions

In this section, we investigate the analyticity of the solutions to (2) and (3) in time. Without loss of generality, we only

deal with the Euclidean case (2) and basically assume (1) for the coefficients (p, a, ¢). To this end, for any k£ € N we

fix e € (0, (o —tar—1)/2) and define a conical domain Dy, g := {tox_1 +er +7e | B € (—0,0)} C C with some
111

¢ € (0,7min(; — 5, 5)). For better understanding of the readers, we illustrate a typical choice of Dy, 4 together with

the graph of v (t) in Figure 1.

2 ; Vi (t)
i
0 : t=Rez

tog—o togp_1 )

Im z

Figure 1: An illustration of the conical domain Dy, . and the function 1)y, (t).

Due to the technical difference, we first treat the non-advection case B = 0 of (2) in Sect. 3.1, and then proceed to
the general situation in Sect. 3.2.

3.1 Thecaseof B=0

Let k£ € N. We consider the initial-boundary value problem
pOfu, —div(aVug) +curp, =0 inRy x Q,
Ofur, =0 (m=0,[a] —1) in {0} x £, (18)
U = b X Vi Nk onR, x 9.
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Then we state the following intermediate result.

Proposition 3.1. The solution of (18) restricted to (tar—1 + €k, 00) X § can be extended uniquely to a function
up € Cl(Dk’g ; Hz(Q)) n Cw(Dk,g; HQ(Q))

Proof. We denote by A the operator defined by

Af = —div(an)—i—cf7 feDA)
p
with its domain D(A) = {f € HZ(Q) | div(aVf) € L?(Q)} acting on L?(Q; pdx). It is well known that such
an operator is self-adjoint with a spectrum consisting of the non-decreasing sequence of strictly positive eigenvalues
{A¢}een and an associated orthonormal basis of eigenfunctions {¢y }sen. Then, fixing £ > 1, taking the scalar product
of (18) with ¢, and integrating by parts, we deduce that uy ¢(t) := (ug (¢, - ), ppe) solves the fractional ordinary
differential equation

O up,o(t) + Aoup o (t) = —br Vi (t) (X ks a Oppe), t >0,
O uke(0) =0 (m =0, [a] —1).

It follows that .
uk,o(t) = —br (X Mk, aauw>/ (t =) ' Eqa(=Ae(t — 5)*)¢i(s) ds.
0

Using the fact that ¢, (0) = 0, integrating by parts and applying [43, Lemma 3.2] yield

) = X0 Oer) (—mt) [ st ds) |

Setting

= (\ni.ad,
alt, ) = b ()Y X0,
(=1

) — S M ' — — )M (s) ds
ot )= b 3 DO ([ ot )05 ) o

fort > 0, we see u, = v +wg. Therefore, it suffices to prove that the restrictions of v, wy, to (tax—1 +€x, 00) X Q can
be extended to the functions vy, wy, € C(Dy g ; H*(Q)) N C¥(Dy.0; H(S2)). For vy, we claim that vy, = by, 1y, Gy,
where GGy, solves

—div(aVGE) +¢Gr =0 inQ,
Gr =Xk on O9.

To see this, it is enough to take the scalar product of G, with ¢, and integrate by parts to find

M(Gr, ppe) = (G, —div(aVe) + coy)
= — (XK, aOuppr) + (=div(aVGy) + c Gy, p0)
= — (XM, a0ppr).

Thus, using the fact that 2 is a C*! domain and 7, € H?/?(9Q), we deduce Gy, € H*(Q) and |Gy 20y <
Cl|nk |l r3/2(o0) (see e.g. [20, Theorem 2.2.2.3]). Moreover, from the definition of ¢y, we deduce that

v = br pr Gi in [tog—_1,00) x Q.

This clearly proves that the restriction of vy to (tax—1 + €g,00) X  can be extended uniquely to v}, €
CH(Dyp; H*()) N C¥(Dyp; H*(Q)).

Now let us consider wy. Note first that thanks to [41, Theorem 1.6] as well as the facts that ¢;, = 0 on (t2x—1, 00) and

>

{=1

2

,a 0y
X 29020) | 6112, 0 < oo, (19)

Ae
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we have wy, € C([0,00); L?(£2)) and
o s aBupr) ([ .
wy(t, ) = b’“ZT Eo1(—Me(t —8)*),(s)ds ) s, t € (tag—1,00).
=1 0

For any ¢ > 1, we introduce

b , ay tag—1 ,
he(z) := W/o Eai(=Ae(z = 5))r(s) ds,

N 2 € Dyg.

wen(2) =Y ha(2)er,

£=1
Let z, € Dy ¢ and K be a compact neighborhood of z, with respect to the topology induced by Dy, ¢ . It is clear that
Re(z — 8) > tog—1 + e — tor—1 =€, 2 € K, s € [0,ta_1).

Thus, for all s € [0, ta5—1], the function z — (z—s)* is holomorphic in K and we deduce that wy, y is a holomorphic
function in K taking values in D(.A). On the other hand, we have

—(z—s)ec{re?|r>el, Be(rn—ab,n+ab)}, z€K, sc|0,to 1)

and f € (0, 7 — 75*). Therefore, applying [41, Theorem 1.6], we deduce that

tok—1 ! (9,, Ctor_ o
|hg(Z)‘ < |<X77k7aauﬂﬁf>|/ O|¢k(5)| ds < ‘<X77k7a @€>| 2k 1||77[}k||W1 (R)
Ar 0 L+ |z — s]® Ae(1+e¢N)

<A (X aBuipr)|, 2z €K, €21,

where CY, is a constant independent of z and ¢. Thus, applying (19) yields

sup Y [Ache(2)P < Cp >
ZeK@:l

(=1

2

0
<X77k7a uw> < 0.

A

This proves that wy, x converges to the function
o0
Wi (2) = he(2) e
(=1

uniformly with respect to z € K as a function taking values in D(A). Since 2, is arbitrarily chosen in Dy g, we
deduce that Wy € C1(Dy;D(A)) N C¥(Dy9; D(A)). On the other hand, since Q is C1'1, by the regularity of
the operator A (see [20, Theorem 2.2.2.3]), we deduce that D(.A) is embedded continuously into H?(Q2) and wy, €
CY(Dy.p; H*(Q)) N C*(Dy.9; H*(2)). Combining this with the fact that

wk(t) = {ij(t)a te (t2k—1 + &‘k,OO),

we deduce that U, = Uy + Wy, € C1(Dy; H*(Q)) N C¥(Dy9; H*(2)) is the unique holomorphic extension of uy,
restricted to (tog—1 + €k, 00). O

3.2 Thecaseof B # 0

In this subsection, we restrict a = 1, ¢ = 0 in (2) and assume (p, B) € (L>°(Q))%*+! with p satisfying (1). Parallel to
the previous subsection, for k¥ € N we consider the initial-boundary value problem

pOfv, — Av, = —B - Vu, inRy x
Of'vr, =0(m=0,[a] —1) in{0} x Q, (20)
Vg = b X Yk Mk onR, x 9.

10
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Regarding the advection term as a new source, we see that (20) admits a unique solution v, € C1([0, 00); H*?(Q))
(s € (3/4,1)) taking the form of

ot -) +Z/ Y B~ et — $))(B - Vo (s, - ), 0e) ds e,

where uy, is the solution of (18). Moreover, for all 7" > 0, one can prove the following estimate

vk (t, a2z < Cllnkllgsrzoa)y, 0<t<T.

We will show that the restriction of v, to (t2x—1 + €k, 00) X  admits a holomorphic extension as a function taking
its value in H?7(Q).

Proposition 3.2. Let s € (3/4,1). Then the solution of (20) restricted to (tag—1 + €k, 00) X € can be extended to
U € C1(Dy,o: H*(Q)) N C(Dy,0; H(2)).

Proof. Let us fix vg = 0and, forn € Nand z € Dy, ¢, define
vp(z, +) = uk(z, ) + k(2 -)

z—lokp—1—€k
+y < / (T Baa(=2eC*) (B - Vo7 (z = ¢, ) 00) dc> e, 1)
=1

0

where

top—1t+ek
[ - 0 B onle = OB Ve, ) dc) o

0

gk(’z: ) = Z <

=1

We divide the proof into three steps. We start by proving that v} € C*(Dy g ; H*Y(2)) N C*(Dy,9; H*Y()) for all

n € N. Since we have uy, € C1(Dy.g; H*Y(2)) N C¥(Dy 9; H*Y(2)) in view of Proposition 3.1, it suffices to show

that g, € C*(Dy9; H*(2)) N C¥(Dy 93 H*(£2)). Once this is proved, we can complete the proof by showing that
{v} }nen converges uniformly to Uy, on any compact subset of Dy, g, which coincides with vy, in (tox—1 + €k, 00).

Step 1 We prove that g, € C*(Dyg; H*(2)) N C¥(Dg,0; H*Y(2)). For this purpose, we fix § € (0, tox—1 + €x)
and consider

oo

top—1+er—0
Teo(z, )= (/O (2= Q) ' Baa(=Xi(z = O))(B - Vur(C, ), #r) dC) @o, 2€Dyy.

{=1

Repeating the arguments used in the proof of Proposition 3.1, one can verify that g5 € C'(Dyg; H?7(Q)) N
C*(Dy. ; H*(9Q)). Moreover, for any compact set K C Dy, g , applying [41, Theorem 1.6], we obtain

1@k = Uk.0) (2, a2 @) < CllUk — k) (25 - )lDear
tog—1+ek 1 L
< Cllvgllzeso,7; 851 () / ¢o=m=1q¢
top—1+eR—0
<C {(t2k71 +ee) ) — (tapor +ex — 5)a(1_7)} , Z€K,
where C' > 0 is a constant independent of z. This proves that Jj s converges to g, uniformly for z € K in H*7(Q)

as 0 — 0. From this result and the fact that v;, € C'([0,00); H*(£2)), we deduce that g, € C*(Dy 95 H*'(2)) N
Cw(Dkﬂg; HQ’Y(Q))

Step 2 We show by induction that v} € C*(Dy, ¢ ; H?7(2)) N C*(Dy0; H*(Q)) forall n € N.

It is clear that this property is true for n = 0. Now suppose that for some n € N, there holds vi € CY(Dyo; H*'(Q))N
C%(Dy9; H*(Q)) for j = 0,...,n — 1. Consider v} defined on z € Dy, ¢ by (21) and

oo

z—lokp—1—€k
() =Y ( / O B a(-AC®) (B Vi = — €, ), 00) dc) o

{=1

11
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According to the above discussion, one can complete the proof by showing that w € C'(Dy,g;H*'(Q)) N
C*(Dy. 9; H*(Q)). To this end, let us consider

z—tlok—1—€k
ry(z) = /O B a (=€) (B- Vo (2= ¢, ), pe)d¢, LEN.

Since vyt € C'(Dy.g; H?Y(Q)), one can easily verify that ) € C''(Dy. ). Moreover, for any z € Dy g and 7 € C
such that |7| is sufficiently small, we have

1z 47) = 12(2)

=:1+1I,
-
where
1 [T —tee—1—¢k L 1
i f C Baa(-AG™) (B Vo (5 =G, )ope) A€
1 z—tog—1—€k L L
= (B (-G (B Vo™ (2 = €, ),0) €

z+T—tok—1—¢€k n—1 _ D, .
w- | : (B (M) (B.v(”k Grr=¢)-u" (¢ )>,w)d<-

T

Fix § € (0,Rez —top_1 — ). Since vp ' € C¥(Dy, 9; H*7(R2)), one can find a neighborhood O of [3, 2 — top—1 —
ex] U6, 2 + 7 — tap—1 — €] such that

¢ O Baa (M) (B - Vo (2= C, ), 00) € C¥(O5C).
Therefore, we have
/5+ (" Boa(=AC®) (B - VUi (2 = ( +), 0) dC
~ /5 ¢ Baa(=AC®) (B Vo™ (z = ¢, +) ) A
_ /ZZ+T_tM1_€k ¢ Baa (=€) (B~ Vop~H(z = ¢, +), ¢) dC.

—tok—1—€k

Using the fact that v’ ' € CY(Dy. ¢ ; H*7()), we can let § — 0 and deduce

1 2+T—tog—1—¢€k
r=1 / O B (~AC®) (B V(= — ¢, ), o0 dC. 22)

T —tok—1—¢€k

Combining this with the fact that v} "' € C*(Dy. 4 ; H*¥(12)), we deduce that

im I = 22" E, o(=A2%) (B . szfl(tzkfl + €k, -), W) .

7—0

In the same way, for § > 0 small enough, using the fact that v}’ ' € C%(Dy g; H?7(92)), we have

UZ_l(Z+T_C7 ')_UI?_l(Z—Cv )) ’906) d<

T

Zz+T—tok—1—€k

lim C By a(—AeC%) (B -V (

T—0 5

z—tlok—1—¢€k
- /5 N B a(—A\eC®) (B - V0,00 (2 — ¢, ), 00) dC.

Combining this with the fact that v;' ' € CY(Dy. ¢ ; H*7()) and letting § — 0, we obtain

T—0

z—togp—1—€k
lim 11 = / T B 0 (—AC®) (B VO0P " (2 — G, ), 00) dC
0

12
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Combining this with (22), we deduce that ry} € C'(Dy, ) N C* (D, ; C). In addition, for any m1,mo € N satisfying
my < my and a compact subset K of Dy, g, applying [41, Theorem 1.6], we obtain

mo 2 mao 2
PIEACI <O Y i@
{=my H27(Q) l=my D(AY)
2 ! ?
< C sup Z (B -V l(z, ), 00 (/ s"‘(l_"”_lds>
z€K, L=m 0
n— 2
< C sup Z ‘ vvk 1 Z, ')7@€> ’
ZeKlZ mi

where
Ky:={2—(|z€K, (€]0,z—tag—1 — €k}

is a compact subset of Dy . Combining this with the fact that v} ~' € CY(Dy.; H?>'()), we deduce that the
series Yo, 77 (2)¢, converges uniformly with respect to z € K to w} as functions taking values in H?7(€2). This
proves that w} € CY(Dyg; H*'(Q)) N C*(Dy0; H*(Q)) and by the same way that v7 € C(Dy 95 H*(Q)) N
C%(Dy. 9; H*(9)). By induction, it follows that this property holds true for all n € N.

Step 3 Now we complete the proof by showing that the sequence {v} },,ciy converges uniformly on any compact set

K C Digtoty € C*(Dyp; HQV(Q)) N C¥(Dy ; H*()), which coincides with vy, restricted to (tag—1 + £k, 00).
To see this, let us first remark that v}’ can be rewritten as

UZ(Z7 ) = ﬂk('zv ) “Fﬁk(% )
+ Z </z (Z - C)ailEoz,a(fAE(z - C)a) (B ' va_l(é'a ! )790Z) dC) ©e, S m
=1 \’?

2k—1+€k
Therefore, combining [41, Theorem 1.6] with the Lebesgue dominate convergence theorem, we see that

(WPt —o)(z, -) = / (z— () ! <Z Eoo(~Me(z =) (B-V (v} =027 (€, ), 00) w) dg.
tor—1+tek /=1

Using this identity, we can obtain the following estimate of ||fu,?'|r1 — v}||p(a~y by an inductive argument.

Lemma 3.3. For any n € N and any compact subset K of Dy, g, we have

C"||B||?Lx(m)d|z —top_1 — &g

Ilan(l —~v) +1) ’

H(’UIT:le - ’UI?;) %5 ')HHM(Q) < Ck z e K. (23)

For the sake of consistency, we provide the proof of Lemma 3.3 after finishing the proof of Proposition 3.2. In
view of Lemma 3.3, it follows that the sequence {v}'}22 converges uniformly on any compact set K C Dy g to
Uk € CY(Dyg; H*(Q)) N C¥(Dy.p; H*7(2)). Moreover, in light of (21), we have

Uk(z, ) = uk(2, -) + gk (2 +Z (/t . (2 = O Baa(=Ae(z = O)*)(B - VUi (C, -)w)dC) P

for z € Dy, g . In particular, we find

Ok(t, -) = uk(t, ) +uk(t, ) + Z (/t . (t = 8)* Eaa(=Ae(t = 5)*)(B - Vi(s, ), ¢r) d3> Pu

fort > tor—1 + €. Combining this with the fact that

vg(t, - ) = ug(t, ')+gk(t")+i<

{=1

/t (t = $)° Baa(~Melt — $)°)(B - Voi(s, ), 1) ds> o

2k—11+€k

13
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fort > to5_1 + € and a solution of the integral equation

w(t’ ) = Uk ( + yk + Z </t N (t - S)Q_lEa,a(_)\l(t - S)a)(B ’ vw(sa ')a@l) dS) Pe

for t > tor_1 + €k is unique, which can be deduced from arguments similar to [18, Proposition 1], we conclude that
Uk(t, ) =vx(t, ), t>tog_1+er.
This completes the proof of Proposition 3.2. O

Now we provide the proof of Lemma 3.3.

Proof of Lemma 3.3. Let z € Dy . Using the fact that z — top_1 — € = |2 — top—1 — €kl e = rpe? with
B e (—6,0), we find

[ (o™ = v}) (2, ')HD(Aw)
z 00 1/2
< / |2 = ¢l (ZA§”|EQ,Q<—Az(z—<>") (B-V (vp — v 1) (¢, -m)f) di¢]
tap—1+ek =1

Tk
< C/ (rg — 7))t
0

- 1/2
X <Z )\?Fy |Ea7a(f)\z(7’k — T)aeiaﬁ) (B -V (UZ' — Uk ) (tgk 1+Er + Te ) (pz)|2> dr.
=1

Therefore, applying [41, Theorem 1.6], we get

n+1 n Tk (rk? — T)a(l—’y)—l
=8 My S Bl [ iy

|| (vp = vp™") (tak—1 + e + TP HHZ“V(Q) dr
lz—tan—1—ckl (|2 — tog—1 — €| — 7)2(1=N-1
< CIIBII(Loc(m)d/ I'(a(l-7))
||  —vp ) (tor— 1 tep+TelP Hsz(Q) dr

for z € Dy, 9. Using this estimate and applying some arguments similarly to the proof of [18, Proposition 1], we can
prove by iteration that

|[z—tok—1—ek] (|]z —t _ _ F\na(l-y)—-1
n+1 n n 2k—1 Ekl T)
v, (2, 1) —vp(z, - C"™||B||7; /
o e ) = 0 e ey < CIB e o | e
x ||(v — vR) (tan— 1 +ep+7e? ||H2w @ dr
|z—togp—1—€k] (|Z — top —c | _ T)na(l—'y)—l
< B - / -1 — &k
|| H(L (2))¢ 0 F(na(l _ 7))
x || (@ + ) (tor— L +ep+7e” HH% (o 47
Combining this last estimate with the fact that ., g € C*(Dg g ; H*?(Q)), we deduce (23). O

4 Proofs of the main results

Proof of Theorem 2.2. We divide the proof into four steps.

14
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Step 1 We start by proving that (10) implies
a'o,up = a*0,ui onRy x Tou, k €N, (24)

where u], (j = 1,2, k € N) is the solution of (18) with (p,a,c) = (p/,a?,¢/) and j = 1,2. We will prove (24) by
induction. For k& = 1, using the properties of the sequence {11, } rcn, we observe that

=0 in(0,t2), Vi > 2.
Therefore, we have u]1 = u; in (0,t2) x © (j = 1,2), and the condition (10) implies
a'dpul = a?d,u?  on (0,t5) X Doyt (25)

On the other hand, from Proposition 3.1 we know that ul € C¥((ty + e1,00); H2()), j = 1,2. Thus, it follows
from the trace theorem that t — d,ui (¢, - )|r.,. € C¥((t1 + €1,00); L?(Tout)) for j = 1,2, and the condition (25)
implies (24) for k£ = 1. Now assume that for some ¢ € N, the condition (24) is fulfilled for all k = 1,2, ..., ¢. Since

wk} =0 in (07t2l+2)7 Vk26+27

we know that
£+1 ] '
Zufc = in (O,tgprg) x €.
k=1
Therefore, (10) implies
41 £+1

1 1 2 2 .
Z [¢ 6,,uk. = Z a 8yuk m (O7 t2[+2) X Fout-
k=1 k=1
Then, by the induction assumption, we deduce that
ala,,u%+1 = a23,,u§+1 in (0,%2¢4+2) X Tout.

Applying again Proposition 3.1, we deduce that ¢ — 8,,ui+1(t, NMrow € C¥((tae41 + €0,00); L2(Tout)) for j =
1,2, and we conclude (24) for kK = ¢ 4 1. This proves that (24) holds for all k£ € N.

Step 2 For j = 1,2 and ¢ > 0, consider the boundary value problem

h e H32(09). (26)

—div(a?VUI(€)) + (£p7 + ) U () =0 inQ,
Ui(€)=xh on 0%,

We associate this problem with the Dirichlet-to-Neumann map
NE):hr AU, J=126>0.
In this step, we show that (10) implies
AN =A%), 7=1,2,¢>0 @7
For j = 1,2, define the operator A7 by
—div(a/ Vw) + dw
i

with the domain D(A7) = {w € H}(Q) | div(a/ Vw) € L*(2)} acting on L?(€2; p dz). Then we associate these
operators with the eigensystems {(\, ;) }¢en. Similarly to the proof of Proposition 3.1, for all k € N, uj,, where u;,
(j = 1,2, k € N) is the solution of (18) with (p,a,c) = (p/,a?,¢?), can be decomposed into u], = v}, + w] with
vl = —by 1y G, where G, and w), solve

Alw = , w e DA

~div (VG + Gl =0 inQ,
Gi = —X Nk on Of)

15
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and
Pl ofw] — div (aiji) + dwl = b (00h)GL inRy x Q,
Owl =0 (m=0,[a] —1) in {0} x €,

w) =0 on Ry x 99,
respectively. For v € (3/4, 1), using [41, Theorem 1.6], we deduce that

leoh (¢ Mgy < Cllwd(t, logasy

<Oy /Ot (3) (¢t = 9 Ba (-~ 9)7) a2 0(s) s
=1

<0, </ot(t _ 5)2 0= T g0, (s)] ds>2 i ‘ (Gi,pﬂp@) r
(=1

< Cullellivzo ) 107 = @ 1GLI 2 )-

2
(6Lrel)

2

This proves that .
t— e Sl (t, ) € LYRy; HY(Q)), €>0,

and we deduce that _
t—s el (t, ) € L'(Ry; HY(Q)), €>0.

Using the continuity of H*(Q) 3 w — dw|r,,, € L*(Tout), we deduce that

t— e St ul(t, ) € LYRy; L (Tow)), €>0, k€N,
Therefore, applying the Laplace transform £ in time on both sides of (24), we obtain

AN E)br (Lyw) (€)me = A*(€)br (Lyow) (E)mr, >0, k € N.

Applying the fact that ¢, > 0, Z 0, we deduce that (L;)(§) > 0 for all £ > 0. Then, using the fact by, > 0 and the
linearity of A7 (&) (j = 1,2), we get

A (&h = A%(&)h, € >0, Vh € span{ni }ren.
Finally, the density of span{n;,} in H>/2(9Q) implies (27).

Step 3 In this step, by {)\{c}keN and mfc € N we denote the strictly increasing sequence of the eigenvalues of A’ and

) : _ J -
the multiplicity of A, respectively. For each eigenvalue )7, we introduce a family { 4,05C Z}ZZI of eigenfunctions of A7,
ie.,

Ao =XNphp L=1,...,mi,

which forms an orthonormal basis in L2(£); p/ dz) of the eigenspace of A’ associated with )\i. We fix also

m
O (@, @) == al (w)a’ (') Y Oup], (x)Diph (@), x,@' €09, k€N,
(=1

In this step, we show that (10) implies

AL = A2, keN,
O)(z,2') = Ok(x, '), x€Tou, ® €T}

m?

28
k e N. (28)

Taking the scalar product of wi, , with U7 (€) solving (26), one can verify that

4 sk Xh,al 0y 4 ) Pl
U"(f):—z < Y] > :

k=1

16
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Therefore, differentiating with respect to & on both side yields

. = it (xh ], ) el
DU (€) = a1y WAL
k=1

(&> +M)?
On the other hand, using the fact that
m? ; j 2
i 2= <X h,a’0, ¢ €> j 2
; : = U7 (122007 dz) < 0
pusst £+ N,

we deduce that the sequence
j , : .
>0 ZT:’H <X h, a]8v¢?c,z> @i,e

D

=1 (62 + M)

converges in the sense of D(A’). Using the continuous embedding of D(A’) into H2({)) and the continuity of
H?(Q) 5w+ dpwlr,,, € L*(Tout), we deduce that

out

4 , D B (Xh,a10u},, ) Dl s
00U )y, = DO (O), =™ Y CESYE
k=1 k

I‘out . (29)

On the other hand, in view of (27), we have
a9, UM )| = a* U Q). . €>0, he HY?(09).
Differentiating the above identity with respect to £ and applying (29), we deduce

my mi
o Yo <X h,alaywi7£> alﬁugp}M - o Yok <X h,a28,,<pi,€> a28,,<pﬁ7e
EESYE L EESHE

k=1

— (30)

k=1

for h € H3/?(99Q) and ¢ > 0. Using this identity, we will complete the proof of (28) by applying some arguments
borrowed from [26, Theorem 2.2]. Consider D := C\ {—X], | j = 1,2, k € N} which is clearly connected. In a
similar way to [26, Lemma 4.1] (see also the estimate of [26, Lemma 2.3]), for any compact subset K contained in D,
we can prove that the series

i fan (—)?c( K ml)X(wT)h(iﬂ/)dU(w') _ i Z;ﬁi <X h, aja,ﬁp-i,4> aja,,(pi’e
(z4+ X,)? EESYE

k=1 k=1
converges uniformly with respect to z € K as a function taking values in L?(I'oy ). Thus, since K is arbitrarily chosen
in D, the function 4
S Y P EEANCATICHTIED
k=1 (2 4+ Xp)?
is holomorphic in z € D as a function taking values in L?(T',,). Combining this with (30), we obtain

N oq Ok, ) x () h(x')do (x) [ Joo Oi(z, ') x(z')h(z')do(x')
) =

(24 \))2 (24 \))2

>, z€D,ae x €y

k=1 k=1

‘ 31
by the unique continuation principle for analytic functions. Fixing A} := min; y)e{1,2} xn A7, multiplying both sides
of (31) by (z + A\})? and letting 2 to —\}, we get

A =N =2 /{m O1(z, 2" )x(z' )h(z')do(z') = /aQ O3 (x, x')x(x')h(x)do(x'), ae. = € oy
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By induction on k € N, we obtain
A= A2, / O} (z, 2" ) x(x')h(z')do(x') = / O (z,z')x(z)h(x)do(z), ae. x € Tou
a0 a0

for any h € H3/2(9€) and any k € N. Since here h € H?/2(9Q) is arbitrary chosen and x = 1 on I}, we deduce
(28) from this last identity.
Step 4 We will complete the proof Theorem 2.2 in this step. For this purpose, we will use some arguments of [7,
Theorem 1.1]. We use again the notations in Step 3. We recall that in the last step we have proved A}, = A\? = )\, for
all £ € N. Now our goal is to show that, for j = 1,2 and k € N, there exists a family {(ﬁfc E}anl of eigenfunctions of
A’ forming an orthonormal basis of ker(\,, — A7) in L2(€2; p/ dz) such that

mj, =ms, ala,,@}c,e = a28u<ﬁi7e ondQ, keN £=1,...,mj. (32)
To this end, using the fact that I'), N Toye # 0 and I, U Ty = 99, we start by recalling an algebraic result in [7]

which takes the following form in our context.

Lemma4.1. Let My, Ms €N, f € C(0Q),£=1,...,M; and go € C(OQ), £ =1,..., Ms. Assume that
M Ms
Z fi(w)fé(w/) = ng(w)gl(wl)v S Foutv m/ € F;na (33)
=1 =1

and that the restrictions { fo|r ar,.. Yooy and {ge|rr ar.., }o are linearly independent respectively. Then there holds
My = My and there exists an My x My orthogonal matrix O such that

(fl,...,fMl)T(IlZ):O(gl,...,g]\41)T($), :1:68(2,

where (-)T stands for the transpose.

We refer to [7, Lemma 2.3] and Step 4 in the proof of [46, Theorem 3.7] for the proof of this lemma. Now we fix
k € N and set

Mlzmllg7 M2:mi7 f@zalauwllg,éu Ele"uMh ge:(fa,/(pi}b £:17"'7M2

in the context of Lemma 4.1. According to [20, Lemma 2.4.2.2], since ‘Pi, , solves the boundary value problem
~div (#996) + (= Mp?) ¢, =0 in, PR
i
¢ =0 on 0f),

we deduce that cpi’g € C'(Q). Therefore, the functions fy, £ = 1,...,M; and gy, £ = 1,..., My lie in C(09).
Moreover, according to (28), condition (33) is fulfilled. In addition, as a consequence of unique continuation results
for elliptic equations (see e.g. [7, Lemma 2.1]), we deduce that { f[‘l“;nﬂl“o“t}é\ill and {g, pi/nmpm}ﬁ"‘l are linearly

independent respectively. Therefore, Lemma 4.1 implies that m} = m} and there exists an m x m} orthogonal
matrix Oy, such that

T T
(alaugallc,la cee 7alau<p]£’mi) (w) = Ok (a28u¢z,17 R Cﬁau@imi) (33), x € 00.

Therefore, fixing @,1674 = @ivz, ¢=1,...,m} and

T T
~2 ~2 _ 2 2
(ka’,l"'"@k,mi) - Ok (@k,17"'a¢k7mi> )

we deduce that, for j = 1,2, {&fc e};njl is a family of eigenfunctions of .47 forming an orthonormal basis of ker(\; —
A7) in L?(Q; p? dz) such that (32) is fulfilled. This proves that (32) holds true for any k € N.

In order to complete the proof of Theorem 2.2, we recall the following inverse spectral result which follows from [8,
Corollaries 1.5-1.7].
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Lemma 4.2. Under the conditions of Theorem 2.2, assume that either of the three assumptions (i), (ii) or (iii) holds.
Then (28) and (32) imply (p*,at,c') = (p?, a2, c?).

Applying this result, we can complete the proof of Theorem 2.2. O

Proof of Theorem 2.3. Repeating the arguments used in the proof of Theorem 2.2 and utilizing Proposition 3.2, we
deduce

dyvi = 0,v2 onRy x9N, k €N, (34)
where vi (j = 1,2, k € N) solves (20) with (a, p, B) = (o, p?, B7) (j = 1,2). For j = 1,2 and ¢ > 0, consider the
boundary value problem

{(—Mfa”'pf)vj(s)wj~VVJ’(£>=0 Qg

Vi(e) = ¢ on 9,

According to [19, Theorem 8.3], this problem admits a unique solution V7 (¢) € H?(f)) and we can associate this
problem with the Dirichlet-to-Neumann map

NI(&): ¢ — V()] 7=1,2,>0.
In a manner similar to the proof of Theorem 2.2, we can prove that (34) implies
NHE =N*(E), €¢>0. (35)

Using the elliptic regularity of the operator —A + B - V, one can verify the continuity of [0,00) 3 & — N7 (¢) €
B(H3/2(0Q), H'/2(09)) (j = 1,2). Therefore, making £ — 0 in condition (35), we obtain

8,V (0)] 5 = V(0) (36)

|8 |BQ

for V7(0) € H?() solving

{‘—/AV(O) + B -VV(0)=0 inQ, o€ HY2(00).

0)=2¢ on 012,

Combining (36) with [40, Theorem 1.1] and using the density of H3/2(99) in H'/2(9%2), we deduce that B' = B,

Now choosing ¢ = 1 and applying [40, Proposition 2.1] (see also [30, 45] for equivalent results stated for magnetic
Schrédinger operators), we deduce that p* = p?. Finally, choosing & = e and applying [40, Proposition 2.1], we get
prexp(al) = p? exp(a?) = pl exp(a?), indicating exp(a') = exp(a?) and thus o' = 2. This completes the proof
of Theorem 2.3. O

Proof of Corollary 2.4. For j = 1,2, we define the operator A7 as
D(Aj):HQ(Mj)ﬂH&(Mj), Aj = 7Agj’ﬂj +Cj

Here we consider the weighted measure p/ dVy;, where dV; is the Riemannian volume measure associated with
(M7 g7). Parallel to Step 3 in the proof of Theorem 2.2, we denote the eigensystem of Al (j = 1,2) by

{()\k, {cpk é}p 1)}k€N, where {\] '} is strictly increasing and mk is the multiplicity of )\j Similarly, {go?%e |1 <
¢ < mj, k € N} forms an orthonormal basis in L?(M/) associated with \J.. Fixing

63 (x,x") Z@,,gok o ,,gp',i’e(a:'), x,x’ € oM, keN

and repeating the arguments used in Step 3 of the proof of Theorem 2.2, we can prove that (11) implies the condition
(28), especially, \j, = A2 = )\, for all k¥ € N. Then, applying the arguments used in Step 4 of the proof of Theorem
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2.2, we deduce that, for j = 1, 2, there exists a family {G{C Z}an“l of eigenfunctions of A7 forming an orthonormal
basis of ker(\r, — A7) in L?(; p? dz) such that

my, = mj, aua,lﬁe:ayaiﬁzonrom keEN, £=1,...,m}. 37)

Here we apply again Lemma 4.1 with 02 replaced by I'oyy = I, U Iy in its statement. Thus, in a way similar
to [26, Sect. 5, pp. 1165-1166], we apply results in [23] to verify that (28) and (37) imply that (M1, g') and
(M2, g?) are isometric and conditions (12)—(13) are fulfilled. This completes the proof of Corollary 2.4. O

Proof of Corollary 2.6. Using the notation of the proof of Corollary 2.4 with A7 := —A; acting on L?(M7) and
D(AY) := H}(MI)NH?(M7), we can prove again that (11) implies (28). For j = 1, 2, consider the initial-boundary
value problem

(0} = Agi)u? =0 in (0,00) x M7,

uw = 0 =0 in {0} x M7,

u =@ on (0, 00) x OM?

and the associated hyperbolic partial Dirichlet-to-Neumann map

N2 C®(Ry X Th) 2 ® s 0|

Repeating arguments used in [26, Theorem 5.3], we can show that (28) implies N' = N2. Thus, it follows from [31,
Theorem 1] that (M1, g') and (M?2, g?) are isometric. This completes the proof of Corollary 2.6.

Proof of Corollary 2.7. Using the notation of the proof of Corollary 2.4 with A7 := —A, — ¢/ acting on L*(M7) and
D(A’) := H(MI)NH?(M?7), we can prove again that (11) implies (28). For j = 1,2, consider the initial-boundary
value problem

(0} —Dgi +¢)ud =0 in (0,00) x M7,

ul = Opu! =0 in {0} x M7,

w = on (0,00) x OMI

and the associated hyperbolic partial Dirichlet-to-Neumann map

NIC®Ry xT)) 3> ®+— 3,,uj}(o7oo)xrout .
Similarly to the proof of Corollary 2.6, we deduce from (28) that A/ L — N2, Thus, it follows from [25, Theorem
1] that there exists a neighborhood U of I'yy; in M such that ¢! = ¢? in U. This completes the proof of Corollary
2.17. O
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