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Preface

This volume is intended as the proceedings of Sapporo Symposium on Partial
Differential Equations, held on August 10 through August 12 in 2021 at Faculty

of Science, Hokkaido University.

Sapporo Symposium on PDE has been held annually to present the latest devel-
opments on PDE with a broad spectrum of interests not limited to the methods of
a particular school. Late Professor Taira Shirota started the symposium more
than 40 years ago. Late Professor Koji Kubota and late Professor Rentaro Agemi

made a large contribution to its organization for many years.

We always thank their significant contribution to the progress of the Sapporo

Symposium on PDE.

Finally, it should be mentioned that some contributions in this volume are written

in Japanese, since the symposium is held as a domestic one for preventing from the

spread of COVID-19.
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Boundary regularity of minimizers of double phase
functionals

Atsushi Tachikawa *f

(The 46th Sapporo Symposium on Partial Differential Equations)
August 2021

This talk is concerned with the boundary regularity for minimizers of functionals
of double phase with variable exponents.

Forn, N € Nwithn > 2, N > 1, a domain €2 C R" and a function u :  — RV,
we consider the variational problem for the functional defined by

F(u; K) ::/ F(z,u, Du)dz,
K

where K is a measurable set with K € Qand F : Q x RY x RN — Ris a
Carathéodory function, namely

o F(x,u,&)is measurable in z for every (u, &) € RN x RV,
o F(z,u,&) is continuous in (u, &) for almost every x € .

Moreover, in many cases, we consider the following growth condition : for ¢ >
p>1and A > A > 0 it holds that

NEP < F(,u,€) < A1+ [¢)? forall (z,u,&) € 2 x RN x R™.

When p = ¢, the functional JF is called to be of standard growth or p-growth, and when
q > p, non-standard growth or (p, q)-growth. Non-standard growth functionals are of
great interest to many researchers, since they have been introduced by Marcellini [12].

A very important and interesting class of (p, ¢)-growth functional is introduced by
M.Colombo and G.Mingione [6, 7] (see also [4]). They introduced so-called function-
als of double phase or double phase functionals. A typical model of them is given
by

H(u; K) = / H(z, Du)dz, H(z,&) = [f]" +a(@)[]" (1<p,q), (D
K
where a(x) is a non-negative function defined on (2. Here and in what follows Du =

(Do) 1<a<n1<i<N> Do = 0/0x, and | - | stands for the standard Euclidean norm,
in addition, throughout this paper, we are assuming always that ¢ > p. The integrand

*No affiliation, e-mail:a.tachikawa56 @ gmail.com
This work was partly supported by JSPS KAKENHI Grant Number 20K03707.



H changes the growth order; g-growth on {x € Q ; a(z) > 0}, p-growth on {x €
Q; a(z) =0}.

Before the above mentioned papers by Colombo and Mingione, a different class
of functionals with integrands which change their growth order iso-called p(x)-growth
functionals or functionals with variable exponent is introduced by V.V.Zhikov [27, 28].
A typical example of p(z)-growth functionals is

Doy (i) = [ 1Dl

Zhikov showed higher integrability results for the minimizers of p(z)-growth func-
tionals with continuous p(z). On the other hand, he gave examples showing that
p(x)-growth functional with discontinuous exponent p(x) can have a discontinuous
minimizer.

In [6, 7, 5], other than JH, a double phase functional,

T K) = [ [i(Dw) +alo) (D) do
with the condition

AEP < f1(8) < AJEPP, Mgl < fa(€) < ALY,

and more general one,
Fo(u; K) := / F(z,u, Du)dz,
K
with
A€ +a(z)[€]?) < Fz,u, &) < A€ + a(2)[€]9)

are treated. Besides conditions on the convexity, continuity and sufficient differentia-
bility of f, g and F', for a(-) it is assumed that

a(z) >0 forallz € Q, a(-) € C¥*(Q) for some a € (0, 1]. (2)
In [6], under the assumption
1142 3)
p n

they showed C''7-regularity of local minimizers of F; for the case that N = 1, and
of H for N > 2 respectively. With the methods presented in [6], it is possible to deal
with J7 provided that f; and f> satisfy the following structural conditions

F1(€) = Fi(€]), f2(6) = fa(l€]) for fi, f2:[0,00) = [0, 00). 4)

Remark 1. In general, we call a functional that can be given by
Fon(u; K) = / f(x,u,|Du|)dz, forsome f; QxR" xR,
K

“a functional with Uhlenbeck structure”.



In [7], assuming the boundedness of local minimizers, under the condition that
¢<p+a« 5)

they showed the C%7-, and C''7-regularity for minimizers of F5 and of F; respectively
for the case that N = 1. For vector valued case, N > 2, assuming the strict bound
¢ < p + a and the structural condition (4), they showed C7-regularity for local
minimizers of F;. As mentioned in [7], the limiting case ¢ = p 4+ « can not be treated
in the vector valued case.

In [5], they treat the functional of very general type F5 for the scalar-valued case,
N = 1. Moreover, they succeeded to obtain regularity results also for borderline cases
that p/qg = 1+ (a/n) or ¢ = p + o with boundedness condition on u.

In [4], another type of double phase functional,

Prlog(u; K) == / (|Dul? + a(z)|Dul? log(e + |Dul)) dx,
K

is considered. They showed local Holder continuity of minimizers u assuming that
a(-) is logarithmic continuous. Under the Holder continuity condition on af(-), it is
also shown that Dw is locally Holder continuous.

For the scalar valued case, in [10], a wider class of functionals including p(x)-
growth and double phase cases treated systematically in the setting of Musielak-Orlicz
spaces.

For vector valued cases, as in standard growth problems, it is natural to expect the
partial regularity of minimizers between manifolds. In fact, manifold constrained case
is treated in [8]. They consider the functional of type F5 with the condition

F(z,u,8) = F(z,u,[¢]),

and get partial regularity for minimizers of F5 in the class W11 (Q; SV=1). In this
case, since the target is compact, the maps under consideration are bounded, and there-
fore the condition on the exponents is ¢ < p + «.

Recently, some generalization of double phase functionals are considered. For
example, in [9] regularity results for so-called multi-phase functionals are obtained.
On the other hand, in [20] the double phase functional with variable exponents,

pr(‘),q(‘)(u; K):= / (|Du‘p(x) + a(x”Du’q(a})) dz,
K

is considered and interior C''7-regularity was obtained under the condition

p(-),q(-)eC®, 1< ;I)Eg <1+ g, (8 = min{a, 0}).

Nowadays, there are many articles on nonstandard growth problems, especially
on p(z)-growth and double phase problems. About p(x)-growth problems, see also,
[1,2,3,21,18, 23, 26, 19, 25], and [22] for their applications. For general nonstandard
problems, see Marcellini’s papers [13, 14, 15, 16] etc. About regularity problems of
various class there is a very useful survey paper [17].



As far as the author knows (at the time of preparing this paper), all known regular-
ity results are on the interior regularity. The aim of this paper is to get boundary reg-
ularity results for the minimizers of double phase functional with variable exponents.
We consider the minimizing problem with continuous Dirichlet boundary conditions
on the boundary 0f2 of a bounded domain 2, and therefore, by virtue of maximum
principle due to Leonetti-Siepe [11], the minimizers are bounded. So, the appropriate
condition on exponents should be ¢(x) < p(x) + f, that corresponds to (5) for the
constant exponents case.

When we treat boundary regularity, we need to transform the coordinates in or-
der to flatten the boundary locally, and therefore we should consider the functionals
with coefficient matrices deduced from the transformation. By this reason, in this pa-

per, from the beginning we consider the functionals with (8;; 9% (x)Dyu' Dgu? )1/ 2
Y

in place of |Du|. Namely, writing [€|, := (5ijg°‘f3(3:)§&£é) for ¢ € R™, we treat

the functional defined by

G(u; K) := /K G(z, Du)dz, G(z,€) = [P + a(z)]¢]d"). (6)

Here, we are assuming that g(-) = (¢°°(-))1<a.s<n is symmetric and uniformly con-
tinuous; namely

¢ (x) = ¢P%x) atevery 2 €Q, o,8=1,...,n, 7
¢ ec®®@), a,8=1,...,n. (8)
We assume also that for some constants 0 < \; < Ay, g satisfies

Ml22 < g% () 2025, max [g*P(z)] < Ay, forall (z,z) € QxRN (9)
1<a,B<1

It is clear that the presence of the coefficient matrix g does not cause any difference of
the features of f]{p(,)yq(,) and G under the above conditions.

For further convenience, let us write the modulus of continuity of g by w,, namely
wy is a increasing continuous function with wy(0) = 0 which satisfies

— > ap _ 2B
wy(lz yl)_lgr;{%);mg (z) — 9" (y) (10)

forall z,y € Q.
About variable exponents p(x) and g(x) we consider the following conditions.

(i) For the exponents p(z) and ¢(z) we assume that
p(x),q(z) € C*(Q) for some o € (0,1). (11)
(ii) Putting
B = min{a, o} (12)
We assume that p(x) and g(x) satisfy

1 < po < p(x) < q(z), Sup (¢(x) —p(x)) :== o < B (13)



Let F(u, K) = [ F(x, Du)dx be one of the above functionals. For w : @ —
RV, if F(m Dw) is not integrable on K, we define the value of F(w; K) as +oo

We say “u € I/Vl1 l(Q RN locally minimizes F” or “u is a local minimizer of F”,
F(x,Du) € LL () and

F(u; suppy) < F(u + ¢;suppy) for all ¢ € Wol’l(Q;RN) with suppy € Q.

When 2 is bounded domain and we are considering the Dirichlet boundary condi-
tion
u=~h on 02 (14)
for suitably given h : Q@ — RN, we callu € h + WOI’I(Q; RN) is a minimizer of F
with the boundary condition (14) if

Fu; Q) < Flu+ ¢;Q) forall o € Wy (4 RY), (15)
where
h+ Wyt (G RY) := {w e WHHRYN) s w—h e Wy (9 RY).
In [24], the following results are given.

Theorem 2. Let Q0 C R" be a bounded domain with the boundary 082 of class C1!
Suppose that a(x), p(x) and q(x) satisfy (2), (11), (13), and that g satisfies (8), (9).
Let h be a function in the class Wb*(Q; RN) for some

s > max {sup q(x), n-sup q(x)} .
z€Q 20 p(T)

Then a minimizer u € WHL(Q; RY) of G( - ; Q) with the boundary condition (14) is in
the class C%10 (Q; RN) N CY7 (€ RY) for any

loc
we (0= Taw )

By a part of the proof of the above theorem, we see that a bounded local minimizer
of §(+; Q) is locally Holder continuous. Moreover, when ¢ is Holder continuous, we
can show the Holder continuity of the derivatives of a local minimizer for G(+; ).
More precisely we have the following:

and v € (0,1).

Theorem 3. Let G be as in Theorem 2 and let v € Wt N L= (;RY) be a local
minimizer of G(-;Q). Then u € C7(Q; RN) for any v € (0,1). Moreover, when g is

loc

Holder continuous, we have that Du € C&g(ﬁ; R™Y) for some ¢ € (0,1).
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Center manifold theory in L*-framework for the motions of
camphor boats with delta function

Kota Ikeda*

1 Introduction

Spatiotemporal collective motions in chemical experiments with camphor have been investigated in [8]-[10].
It was shown in [8] and [9] that a unidirectional motion can be observed if we place a camphor boat in an
annular water channel. Camphor boats constitute a system for changing the number of particles with simple
interaction. In this system, we observe at least three different kinds of states. It was reported in [10] that
if the number of camphor boats is small, a homogeneous state appears, that is, they move with a constant
velocity and spatially disperse with the same spacing between the boats. On the other hand, if the number
of boats is larger than some critical value, the velocities of the boats change with temporal oscillation, and
the shock wave appears in the line of the boats, which is called a jammed state. Moreover, there is a mode
in which their high-density groups of the boats are maintained over time like bird flocks and fish schools,
which is called a clustered state in [5].

Various motions exhibited by camphor boats attracts mathematicians and have been studied analytically.
We introduce the following mathematical model proposed in [8] for the self-sustaining motion of a single
camphor boat:

dzxoo dxoo
ou  0*u -y

9 @—au+f($—%o),
where «, 1, and p are positive constants. The first equation is a Newtonian equation of motion for a camphor
boat with the surface tension of water given by ~y(u), which is assumed to be C* and monotonically decreasing
function of w. In this model, a camphor scraping is regarded as a particle, and the position of a camphor
boat is denoted by oo = Teo(t). The surface concentration, denoted by u, of a camphor molecular layer is
assumed to obey the reaction-diffusion equation with the function f(x) defined by

) —P<$<Py

f(@) = {0, otherwise,

which indicates that camphor molecules are supplied only from (—p, p) where a camphor boat contacts the
water surface.

The spontaneous motion of a camphor boat can be characterized by a traveling wave solution in (1.1)
which has a form of (2o (t), u(x,t)) = (—ct, poo(z + ct)), where ¢ > 0 is called a wave speed. As stated in [8],
the function po, = poo(z) € H?(R) exists under a suitable condition. By using this traveling wave solution,
we rewrite (1.1). Let (2o, u) be a solution of (1.1). Put 2o = Zoo + ¢, Yoo = dzoo/dt and z = x + ct. By
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setting u(z,t) = u(z,t) + Poo (2 — 2o (t)), (1.1) is replaced into

dzso
“dt = Yoo, >0,
dYso
gt = e =) +(pso(p) + ulzes +p,8)) = V(Poo(=p) + ul2es = p,1)), >0, (1.2)
Ou_ D 0w b (o n), oo < t>0
5% = 9.2 C@z QU+ Yoo Poo (2 — Zo0),s 00 < z < 00,
because we have 9 p
Zoo
5(]900(2 —Zx)) = _ngo(z — Zoo) = —yoopi,o(z — Zoo)-

We represent the right-hand side of (1.2) by Lo (2e0, Yoos %) for (2e0, Yoo, ) € R? x H2(R).
We make the folloing assumptions on the linearized operator £/_(0) throughout this article:

(A1) The algebraic multiplicity of the zero eigenvalue of £._(0) is 1. Then, the generalized eigenspace
associated to a zero eigenvalue is spanned by ® = (—1,0,0).

(A2) No eigenvalue A of £/_(0) exists in C\X except for A = 0, where X = {A € C | — X g < ReA}U{X €
C | |arg A| < 6} for some A9 > 0 and 6 > 7/2. ReA and arg A denote the real part and argument of a
complex value A, respectively, where arg A is assumed to satisfy —7 < arg A < 7.

Under the assumptions (Al), (A2), it can be shown that the resolvent estimate

IO = £2.0) 7 < o (1.3
holds true uniformly in A € ¥ with A # 0. Thanks to the Riez-Schauder’s theorem (see [7]), a zero
eigenfunction ®* of the adjoint operator (L., (0))* also exists. We can determine ®* uniquely by (®, ®*) =
1. Thus, ®* is expressed as ®* = (—=1,Y™*, ¢*).

Now we consider the collective motion of (N + 1)-camphor boats in a one-dimensional circuit of length
L. For a function ¢ defined on (—o0,o0), ¥ denotes an L-periodic function given by

1 1
?(z) = x(z —nL)p(z —nlL), <n — 2) L<z< (n + 2) L, neZ, (1.4)
where x € C*°(R) is a cut-off function defined by
L
1, |Z| < 17
x(2) = o s B
z| > —.
’ 8
Let p = p(z) € H*(T) be a solution of
p" —cp' —ap+ f(z) =0. (1.5)
Then our system is described by
dZi o
dt = Yi,
dy; N N
o= Y-+ Zop(zz' —zj+p)tulzitpt)| -y Zop(zi —z—p)tulzn—pt) | g
Jj= Jj=
ou  0*u ou al ,
e —@—Ca—au‘f';yip@—zi)
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inze€T=R/LZ for N >0andi=0,...,N, where z; = z(t), y; = vi(t), and u = u(z,t) € H?*(T).

Here, we denote by H?(T) a functional space defined by the closure of C°°(T) in H?(0, L), where C*°(T)

is a set of infinitely differentiable and L-periodic functions. For simplicity, we denote an operator as-

sociated with the right-hand sides of the first, second, and third equations of (1.6) by L(U) : X! =

R2N+2 5 H2(T) — X = R?N+2 x L*(T), where U = (20, v0,- -, 2n,Yyn,u) € Xt and L(U) = (L5(U), L4(U),
S LA (U), LY (U), L*(U)) is explicitly given by

L;(U) = i,
N
LIU) = —plyi — o) +7 Zp (zi =z +p)+ulzi+p) | =7 | D plzi— 2 —p) +ulzi—p) |,
§=0
0%u ou al
L£U) = 92 %5, _au+§yzp (2 —2i)
Let [ be the position of the Oth particle and let us denote the distance between the i-th and the (i +1)-th
particles by h; for i =0,..., N — 1. As we consider a one- d1mens10na1 circuit, hy is defined by the distance

between the N-th and the Oth particles, i.e., hy = L — ZZ 0 ' hy. Thus, we deﬁne a relative position of the
i-th particle by z; = z;(h) = Z;:E hj, Where h = (hg,...,hy—1). We consider Z; = 0. Here, we assume
that there is a sufficient distance from one particle to any other particle. In other words, h; is assumed to
satisfy h; > h* for any ¢ = 0,..., N, where h* > 0 is assumed to be sufficiently large.

In the same way as in (1.1), we can show that there exists a traveling wave solution of (1.6) associated
with a homogeneous state. According to the result obtained in [10], the traveling wave solution is expected
to be unstable for a large number N. To prove the instability of the traveling wave solution, it is necessary
to determine an unstable eigenvalue. However, the linearized eigenvalue problem is too difficult to analyze
theoretically even in the case of N = 1. From this point of view, we must reduce (1.6) and derive a simpler
system. This is the motivation of our study.

Now we formally state our main results. In the statement of our result, we use several notation. Let
A1, A2 be the roots of the canonical equation A2 — cA — a = 0, that is,

1 1
)\1:5(0—\/02+4a) <0, A= §(c+ 2 +4a) > 0,

and the constants M;, Ms defined by
eMP _ g A1p er2p _ g A2p
MVE+da’ Ao/ + da’

where 7 = 7/ (poo(£p)). Owing to the interactions described by (1.6), the positions of the particles will
be varied. Thus, the position [ and the distance h; are regarded as functions of time, denoted by I(¢) and

M, = (yFeMP —yme= 1P My = (yTet2P — ye722P) (1.7)

hi(t), respectively. Consider P(l,h) = vazo(fi + 1)egiy1, where e; is the unit vector in R2V+3 given by

g
e; =(0,...,0,1,0,...,0).
Main results

(1) If L, h* are sufficiently large and the initial value Uy of (1.6) is close to P(lg, ho) for some [y, hg, then
the solution U(z,t) of (1.6) can be approximated by P(l,h) for ¢ > 0, where (I,h) = (I(¢), h(¢)).

(2) The dynamics of (I,h) and hy = hy(t) = L — Z?;Bl h;(t) is approximated by

dl
=Y* M AMhN M —X2ho
7 [ + Mse ),
dh; _ ) Nohs ok,
o = VM (M — M) My (et — e TRl (H)

fori=0,...,N, where h_y = hy and hy41 = ho.
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Roughly speaking, our main results (1), (2) imply that the dynamics of (N 4+ 1)-camphor boats described
in (1.6) can be reduced to a finite dimensional dynamical system (H) under (A1), (A2) if the length of the
circuit is sufficiently large and each particle is sufficiently separated from other particles. The reduction
process from (1.6) to (H) will be shown in the end of Section 3. The precise statement of our main result
will be described in the forthcoming paper. Refer to our previous works [3], [4] for another type of a reduced
system.

When we establish our main result (1), the key factor is the transformation from (1.6) into a system
(3.5), (3.6) of (I,h) and a function W by a homeomorphism map II(h). We construct II(h) in a standard
way [1] (see Section 4). In the construction, we have to pay careful attention to the regularity of several
functions. In a previous work [1], it is easy to study the regularity because the smoothness of functions
is assumed. On the other hand, the lack of regularity of functions contained in (1.6) causes mathematical
difficulties in the analysis. In particular, the adjoint operator of a linearized operator L(h) = £'(P(0,h)),
denoted by L(h)*, contains the Dirac delta functions. In a previous work [2], we have developed a center
manifold approach in (H!)*-framework in order to overcome this mathematical difficulties. In the present
study we establish a center manifold approach in L?-framework after the replacement of the original variable
u(z,t) into u(z,t) + va:o p(z — #(t)). Our aim in this paper is to overcome those difficulties and develop
a new center manifold theory for systems with delta functions. In the analysis it is essential to study the
regularity of eigenfunctions ®f(h) (i = 0,...,N) of L(h)* with respect to h. The eigenfunctions shall be
defined in Section 2

The rest of this paper is organized as follows. In Section 2 we introduce several notation which we use
throughout this manuscript. Also we study spectra and resolvent operators of L(h) and L(h)*. Lemma 1 is
essentially the same as in the previous works [1], [2]. As seen in Proposition 1, the fractional space induced
by L(h) can be embedded into usual functional spaces. Our subsequent discussions will focus entirely on
the differentiabilities of eigenfunctions of L(h) and L(h)* with respect to h (Lemmas 2, 3). In Section 3 we
will explain the reduction process from (1.6) to system (3.5), (3.6) in a formal way. The reduced system (H)
can be derived by the substitution of W = 0 into (3.5) and collecting the lowest-order terms with respect to
h. In the last section we will define II(h) and state the regularity (Lemma 7).

2 Preliminaries

Give h = (BO,...,EN_l) € RN and assume iLj > h* for any j = 0,..., N, where hy = L — Zivzgl h; as
described in Introduction. For p; > 0, we define

H(h,py)={h=(ho,....,hxy_1) €RY | h; <hj <hj+p (j=0,...,N)}.

Throughout this article, h and p; are fixed. We define ¢ = e(h) = eM™n? for h € H(h,p;), where
minh = min{hg,...,hx}. Obviously, € is small if h* is large. Let I be the identity map. The derivative of
W € X with respect to z is denoted by OW/0z = (0,...,0,w’'(z)), where w(z) is the (2N + 3)-th component
of W and w'(z) denotes the derivative of w. Let d,, be the Dirac delta function providing unit mass to the
point zg. The derivative of a function ¢ with respect to h is denoted by d¢/0h. Throughout this paper we
denote general positive constants independent of L, h*, h by C.

Generally, we denote a norm of a Banach space B by | - ||p and a usual Euclidian norm by | -|. For
1<g<ooandk € N, let L4(R), H*(R) and (H'(R))* be a usual Lebesgue space, a Sobolev space on R
and the dual space of H'(R), respectively. Analougously, L4(T), H*(T) and (H'(T))* are defined on T. We
denote () a(gys () p2(r)> and (- -) by usual inner products in L*(R), L*(T), and X, respectively. The
notation (-,-) is also used for the pairing between R*VN*2 x HY(T) and R*V*2 x (H!(T))*. We represent
a usual operator norm simply by || - ||. Finally, we denote a Banach space consisting of Hélder continuous
functions on T with a Hélder exponent x by C*(T), and define C1*(T) = {¢ € C}(T) | ¢’ € C*(T)}.

Next we obtain a resolvent estimate for L(h). To begin with, we give an explicit representation of
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L(h) = (L§(h), Lg(h), ..., L (h), Ly (h), L*(h)) as

LU =y,
LYMU = —py; + 9 | Yooz —z) +u@Ei+p0) | =9 | D iz — ) +u@ —p) |,
J#i i (2.1)
u u  Ou N
L*(h)U = @—ca—au—i—;ym (z — %)

fori=0,...,N and U = (20, ¥0,--.,2N,Yn,u) € X!, where
vE=nF Zp i—ZEp) |, pi=pih)=p(z—%+p), i,j=0,...,N.

Since the proof of the following lemma is the same as in [1], [2], we omit the details.

Lemma 1. Let h € H(fl, p1). Then, there exist positive constants Cq,Cs independent of L,h*,fl,h such
that if h* is sufficiently large, then L(h) satisfies

Gy
Al

uniformly in X € ¥ with Cae'/® < |\ and U € X .

IO = ) < 0T = L) Ul < (14 15 ) 0 (22)

As shown in Lemma, 1, —L(fl) is a sectorial operator, and the real parts of all spectra of —L(fl) + I have
strictly positive values. Then we can define a fractional space by X* = D((—L(h) + I)*) for w € [0,1),
where D((—L(h) 4 I)®) is a domain of (—L(h) + I)*. We denote the norm of X by || - ||,. Hereafter we fix
w € (3/4,1). Then, X“ is imbedded into Sobolev and Hélder spaces as follows. We refer to [6] for the proof
of the following proposition.

Proposition 1. Set w € (3/4,1) and let k be a constant with 0 < k < 2w —3/2. Then, X* is imbedded into
R2NF2 x HY(T) and R*N*2 x CL5(T). More precisely, there is C > 0 independent of L such that

[Ullgen+2xmr(my < ClUlw,  IUllgev+2x oty < Cl|U]w (2.3)
uniformly in L > 1 and U € X¥.

By using the resolvent operator of L(h), a projection map Q(h) can be introduced by the Dunford integral
(see [7]) as
1
h) = Al — L(h))'dA
Q) = 5 [ (1= L) ~an
where ' = {\ € C | |\| = A\s} C X is a positively-oriented circle enclosing A = 0 for A\, € (0, a) sufficiently

small and independent of L, h*,h, h. Lemma 1 implies that T is included in the resolvent set of L(h). Define
E(h) = Q(h)X and E(h)* = Q(h)*X, where Q(h)* is the adjoint operator of Q(h). We see that E(h)
is a (N + 1)-dimensional space spanned by a basis which consists of (generalized) eigenfunctions of L(h)
approximated by ®. We omit the details of the proof because it is almost literally the same as in [1], [2].

Lemma 2. For k =0,...,N, define &, = —eops1 and Oi(h) = Q(h)i)k If h* is sufficiently large, then
{®@4(h)}N_ is a basis of E(h) for h € H(h,p1). Moreover, ®4(h) is twice continuously differentiable with
respect to h and satisfies

A 0Py, 9d,,
nmmw@mps%W,H(W\so,Hw <c
8hm X1 ahmahn R2N+2><H1(’H‘)
02®, 02®,
— " (h{)— ————(h < Clhy — h
Hahmahn( D= annan, B2 RINVIXELT) By = |
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uniformly in 'k =0,...,N, myn =0,...,N —1 and h,hy,hy € H(fl,pl) for some C > 0 independent of

L, h* h.

Thanks to the Riez-Schauder’s theorem (see [7]), L(h)* also has exactly N + 1 eigenvalues close to 0. By
the similar argument of Lemma 2, a basis of E(h)* is given by {®}(h)}._,, defined in the following lemma.
We can verify the differentiability of @Z(h), which is the most important in our analysis. However, we need
a somewhat different approach from the proof of Lemma 2 because delta functions of L(h)* cause the lack
of regularity of é;(h) We will describe the details of the proof of Lemma 3 in the forthcoming paper.

Lemma 3. For k=0,...,N, define
O (h) = —eapi1 + Yearpo + 67 (2 — Zn)eanys,  Pi(h) = Q(h) ;i (h).

If h* is sufficiently large, then {®%(h)}N_, is a basis of E(h)*. Moreover, ®(h) is twice continuously
differentiable with respect to h, and there is C' > 0 independent of L, h*, h such that

& = 8&)* 32(i)*
®;(h) — ;(h)||x: < CeY4 || TE(h)|| < 0% _
@ (h) w(h)||x1 < Ce™/7, ‘ahm( "W o<oc, |ahm8hn( ) <c
R2N+2x (H1(T))*
0°%; 02d;
YT — a1 ar < _
|<8hm8hn (h1) = 55— (02), V)| < CIIV[Ju |y = ho|

uniformly in h,;hy hy € H(fl7 p1),n,m=0,....N—1, and V € X% with 3/4 <w < 1.

Set @ (h) = Z;V:o ajkCi);f(h) for constants ajr in j,k = 0,...,N. Since ®}(h) is defined by a linear
combination of {®}(h)}, it is obvious that ®j(h) is included in E(h)*. From the definitions of @y, ®;(h),
we see @Z,CTDZ(h) = d;k, where d;; denotes the Kronecker delta. By choosing appropriate constants,
®;(h), ®;(h) also satisfy the orthogonal condition (®;(h), ®;(h)) = d;x. Then Q(h) is represented by
QMU = Zf\;o (U, ®(h)) ®;(h), and E+(h) = (I — Q(h))X is characterized by

Et(h)={UecX | (U,®}(h))=0 (i=0,...,N)}.

3 Formal derivation of a reduced system

Our goal in this section is to reduce our system (1.6) into a lower-dynamical system (3.5), (3.6) in a formal
way. To begin with, we state the existence and uniqueness of a solution in (1.6). We denote the initial value
of (1.6) at t = 0 by Uy and assume Uy € X% with w € (3/4,1) throughout this section. Then it can be
shown by a standard argument for analytical semigroups that the solution U(z,t) of (1.6) exists uniquely
and globally in time (see [6]). Moreover, it is also continuous in X* and differentiable in X with respect to
t.

In the reductions process, it is important to decompose the system (1.6) into a new system (3.5), (3.6),
We transform the solution U(z,t) to (I(t),h(t), W(z,t)) as

U(z,t) = P(I(t), h(t)) + Z(U(¢)) I (h(t))W (2, 1),

where 2(1) : X — X is a shift operator defined by [E(I)U](z) = U(z — ) and a homeomorphism II(h) will
be defined in Section 4. For simplicity, we may represent (I,h, W) = (I(¢),h(t), W(z,t)). It will be shown
that (I,h, W) yields to (3.5), (3.6). In order to extract a lower-dimensional dynamical system from those
equations, we apply a standard center manifold theorem in [6] by using an evolution operator T'(t,to; h)
generated by an operator

L(h) =T(h) ' L(h)II(h) : X' N E+(h) — E*(h),
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which is Lipschitz continuous with respect to h, that is,
[(L(hy) — L(hy))V|x < Clhy — hs|| V],

uniformly in hy, hy € Ij(fl,pl) and V € X¥ with 3/4 < w < 1. According to Theorem 7.4.2 in [6], the
Lipschitz continuity of L(h) with respect to h contributes to the generation of T'(¢, to; h).

Lemma 4. Give t,,t* with 0 <t, < t* arbitrarily. Let h(t) : [t,,t*] — H(h, p1) be a C function such that
SUPse (s, ¢+) [dh/dt| < Ce for a constant C > 0 independent of L, h*,h,h,t,,t*. Then, for any B2 € (0, Ao),

there are sufficiently large L, h* and a positive constant C' independent of L, h*, fl, h,t,,t* such that

IT(t to; h)V |l < Cmax {1, (¢ — to) ™} e V|x, V€ EX(h),

R (3.1)
IT(t, to; h)V |, < Ce P20V, Ve X¥ N E+(h)

uniformly in t,tog with t, < to <t <t*.

We rewrite (3.6) into an integral form by using the evolution operator and can prove the existence and
uniqueness of a center manifold by applying a contraction mapping theorem. Actually, under a setting in
[2], it is difficult to verify the Lipschitz continuity of the nonlinear terms, and then it seems that we cannot
construct a center manifold by a standard theory. Therefore our approach in this manuscript overcomes the
mathematical difficulties as seen in the previous work.

We formally derive governing equations of [, h, W. Substituting U(z,t) = P(l,h) + Z())II(h)W (z,t) into
the system (1.6), we have

(1]
[1]

ot ol

ou ) opr
dt ch oh dt ot

9 (0,m) - aaZH(h)W) & =) <8P (0,h) + 8H(h)W> b znm 2T
and
£(U) = £(P(1, b) + EOTI(R)W) = Z)L(P(0, h) + TT()IV).

Hence it follows that

(6; CRS H(h)W> ay (gﬁ (0,h) + ;hH(h)W) B nmBT = (P + W), (3.2

Multiplying Q(h) and II(h)~!(I — Q(h)) to (3.2), we decompose it into

Q(h) Kaa]; (0,h) iH(h)W) 2y (gﬁ (0,h) + ainagw) ‘3;‘} — QM)L(P(0,h) + ()W) (3.3)

and

(k) (1 = Q(h) Kaa};m h) - aaﬂ(h)W> it (gi(o h)+ aahn(h)w> Collﬂ + 5 (3.4)

=1(h) ™" (I - Q(h)L(P(0,h) + II()W).

The left-hand side of (3.3) can be represented as a linear combination of dl/dt and dh/dt, that is, there
are (N + 1)-dimensional vectors m; for ¢ = 0,..., N such that the left-hand side of (3.3) can be represented

as
dl dh oP 0 dl OP 0 dh
P (il h) — —TII(h h) + —II(h —,®%(h
- (55 ) = ((Grom = nmw) G (0w + fnmw ) Teim )
for i = 0,..., N, where “” denotes the inner product in RN*1. The vector m; = m;(h, W) are defined in

he H(h,p;) and W € X¥ with 3/4 < w < 1. We define a (N +1) x (N +1) matrix M = M (h, W) such that
the i-th row corresponds to m;_;. It is easy to see that M is close to an (N + 1) x (N + 1) lower triangular
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matrix Mo = (mik )ik, where myy, is defined by my, =1ifi > kand 0if ¢ < k (4,k = 1,..., N+1). This fact
implies that M is invertible. Moreover, M is uniformly bounded and Lipschitz continuous in h € H (fl, 1)
Set H;(h, W) = (L(P(0,h) + II(h)W), ®*(h)) for i = 0,..., N. We see that H;(h, W) is uniformly bounded
and Lipschitz continuous in h € H(h, p;) and W € X* with |W||, < 1. Finally, define H;(h, W) by

(Ho(h,W),...,Hy(h,W)) = M(h, W)™ (Ho(h, W), ..., Hy(h,W)).
Then (I, h) yields to

. - dh

= = Ho(b, W), E:H(h,W)E(ﬁl(h,W),...,fIN(h,W)). (3.5)

Substitution of the equation above into the left-hand side of (3.4) results in

O~ LW + G, W), (3.6)

G(h, W) =T1I(h) " *R(h)(£L(P(0,h) + II(h)W))

opr 0

+II(h)""R(h) [( o (0,h) — an(h)w> Ho(h, W) — (3P )

oy (0.1) + 8hH(h)W) H(h,W)} .

It follows from Lemma 4 that (3.5) and (3.6) exhibit the existence and uniqueness of a solution by a standard
theory. Note that the variable | can be determined by the first differential equation (3.5). Therefore it is
sufficient to consider the dynamics of h and W in the second equation of (3.5) and (3.6). Finally we follow
a standard way as described in [1], [6], and construct of an attractive invariant manifold. As a result, we
reduce the dynamics of h and W.

Finally we derive (H) from (3.5) and (3.6). We expand L(U) with respect to W as

LU) ~ L(P(0,h)) + L(h)II(h)WV.
Due to L(h)*®#(h) € E(h)* and II(h)W € E+(h), we see
(L(h)II(h)W, @ (h)) = (IL(h)W, L(h)" &7 (h)) = 0.

Hence we obtain
Hi(h, W) ~ (L(P(0,h)), ®7 (h)>~
)

We next compute £(P(0,h)) directly and obtain £3(P(0,h)) = £*(P(0,h)) =0,
LY(P( Zp i—Zi+p) | - v p i =2 = p) | = (poo(—p))
Since p satisfies |p(z)| < Ce*l#lin |2| < L/2, we can derive (

4 Homeomorphism

In the formal calculatations in the previous section, it is crucial to prove that that II(h) is differentiable with
respect to h and its derivative is Lipschitz continuous in h € H(h, p;). In this section we define II(h) by the
same way as in [1] and prove the Lipschitz continuity of 0II(h)/dh.

_16_



Giveh e H (fl, p1). According to a usual theory for ordinary differential equations, we verify the existence
and uniqueness of the solution ¥ =Y (r;Y}) in

N
% — Sy ==Y <y 9% (h(r))(h ﬁ)> Op(h(r), 0<r<1,

Y(0;Yp) =Y

due to Lemmas 2, 3, where h(r) = (1 — r)h+rh € H(h, p;) for a parameter r € [0, 1].
Lemma 5. If Yy € EX(h), then Y (r;Yy) € E-(h(r)).
Proof. We easily see

d . dy . d .

= (Y(r; Yo), @1 (h(r))) = { ——(r; Yo), @y (h(r)) ) + ( Y (r;Y0), = (@5 (h(r))) ) =0

dr dr dr
because of the orthogonal conditions for ®;(h), ®;(h). Hence (Y (r;Yy), @5 (h(r))) =0forall k =0,...,N,
that is, Y (r; Yy) € E+(h(r)). O

Using the solution of (4.1), we define II(rg,h) by II(ro,h)Yy = Y (ro; Yy). We also define II(0,h) = I.
Then we have the following lemma.

Lemma 6. Set ro € [0,1] and h € H(h, p). Let (A, B) be one of the pairs of Banach spaces given by
(X,X), (E*(h),E*(h), (X“ X¥), (E*(h)NX¥ E*(h)NX*).
Then (rg,h) : A — B is a homeomorphism.
Set II(h) =1I(1,h). We show the differentiability of II(h).

Lemma 7. Assume w € (3/4,1) and Yy € X“. Then F(h) = II(h)Y} is differentiable with respect to
h € H(h, p1). Moreover, there is a constant C > 0 independent of h* such that

oF oF

aih(hl) - afh(hﬁ

< Clhy — hy|[|Ypl|w

OF
<h)H < CllYollo, H
[, .

uniformly in h;hy, hy € H(h,py) and Yy € X¥.

Proof. Let Y = Y(r;Yy) be a solution of (4.1). We prove that Y is differentiable with respect to h =

(hoy...,hn—1) € H(h,py) for Yy € X¥. We differentiate the both sides of (4.1) by A, for m=0,...,N —1
in a formal way, and then have

dz

dr
Z(0

S(r;h)Z + S1(r;h)Y, 0<r <1,
0,

=

where S1(r;h)Y is defined by

N * *
ey = =32 (0 (g ) () ) ) )

=0

N *
- (v G m - i) ZE )

k=0
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It follows from Lemma 3 that (Y, (9°®; /Oh,,0h,,)(h)) is Lipschitz continuous in h for k =0,...,N, m,n =

0,....,N—1,h e Hh,p;) and any Y € X“. Since the solution Y (r;Yy) € X* in 0 < r < 1 under the
assumption, it is shown that (4.2) has a unique solution by a usual existence theorem in ordinary differential
equations. This fact implies that Y (r; Yy)/Ohym, = Z(r) does exist and is a solution of (4.2). The inequalities
in the statement can be readily obtained by the Lipschitz continuity of the right-hand side with respect to
h. O
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Inverse problems for equations of fluid dynamics by
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Abstract

We consider several types of equations of fluid dynamics and one typical case is an inverse

source problem for the Navier-Stokes equations:

Ow(z,t) — kAv+ (v-V)v + Vp = F(x,t),
divo(z,t) =0 in Q x (0,7).
Here the viscosity x > 0 is assumed to be a constant.
Inverse source problem LetT' C 9Q and ty € (0,T) be given. Then, determine a spatially

varying factor of F(x,t) in some subdomain of 2 by means of data v|py o,y and v(-,to)|q-

On the basis of Carleman estimates by Choulli, Imanuvilov, Puel and Yamamoto [2], we
prove conditional stability for the inveres problem under constraint div F'(x,tp) = 0 in Q. This
constraint is essential for the uniqueness because we do not request any data of the pressure p.

We discuss also other types of equations such as compressible viscosity equation (e.g.,
Imanuvilov and Yamamoto [5]).

For establishing the stability for inverse problems of determining spatially varying coeffi-
cients in partial differential equations, one main methodology is by Carleman estimate which

Bukhgeim and Klibanov [1] established. Then by [1], Imanuvilov and Yamamoto [4] proved
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the global Lipschitz stability for such an inverse problem. Recently in Huang, Imanuvilov and
Yamamoto [3], we modify such conventional arguments and simplify for obtaining the stability
for inverse problems. We apply it to similar inverse problems including the determination of

spatially varying viscosity for several types of equations of fluid dynamics
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A game-theoretic approach to the asymptotic behavior of
solutions to an obstacle problem for the mean curvature flow
equation

Kuniyasu Misu (Hokkaido Univ.)
email: kuniyasu.misu@math.sci.hokudai.ac.jp

1 Introduction

We consider the following obstacle problem for the mean curvature flow equation.

{ V = —k, on 9Dy,

1.1
O_ C Dy, (L)

where {D;}+>¢ is the unknown family of open sets in R?, V is the velocity of dD; in the direction
of its normal vector, & is the curvature of OD;, and O_ is a fixed open set in R?. Our main goal
is to investigate the asymptotic behavior of solutions to (1.1) by the level set equation and its
game-theoretic approximation.

1.1 Level set method

The level set method for surface evolution equations was first rigorously analyzed in [2, 3]. The
basic idea of this method is to represent moving surfaces as level sets of auxiliary functions and
to rewrite surface evolution equations by level set equations, whose unknown functions are the
auxiliary functions. A great advantage is the point that viscosity solutions of level set equations
follow the long time behavior of the moving surfaces even after topological change of surfaces. The
level set method is applied to various surface evolution equations including the mean curvature flow
equation. See also [5] in detail.
As a typical example, we first introduce the level set mean curvature flow equation.

{ ug(z,t) + F(Du(z), D?u(z)) =0 in R™ x (0, 00), 12)

u(z,0) = up(x) in R™,

where u : R™ x [0,00) — R is the unknown function and uy € C(R™) is an initial datum. The
function F' is given by

D
F(Du, D*u) = —|Duldiv (DZ> .
Namely, F' is the level-set mean curvature flow operator defined as
F(p,X)=—Tr ((1 _ pﬁf) X) , peR"\ {0}, X eSS, (1.3)
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where p @ p = (pip;); ;=1 for a vector p = (p1,...,pn) € R and S" is the set of n x n real
symmetric matrices. The initial value problem (1.2) is the level set equation corresponding to the
surface evolution equation

V = —k, on 0D;. (1.4)

Roughly speaking, the following are how to solve surface evolution equations such as (1.4) by
the level set method.

(1) For a given open set Dy, take an initial function wug to satisfy Dy = {z € R"|up(x) > 0}.
(2) Solve the corresponding initial value problem such as (1.2) with ug.
(3) Let Dy = {z € R™|u(z,t) > 0}. Then, {dD,};>0 is the required moving surface.

There are two points we have to prove so that the above procedure works. First, we have to prove
the long time existence and the uniqueness of viscosity solutions to the level set equation. Also,
the uniqueness of moving surface is needed. Namely, we have to prove that if ug and vy satisfy
{z € R"ug(z) > 0} = {z € R"|vg(z) > 0}, then {z € R*u(z,t) > 0} = {z € R"|v(z,t) > 0},
where u and v are respectively viscosity solutions to the level set equation with initial functions wug
and vg. Indeed, these points are proved for various surface evolution equations including the mean
curvature flow equation.

1.2 Obstacle problem

Recently, obstacle problems for the mean curvature flow equation have been considered in [4, 7, 9,
13]. Obstacle problems are problems that have regions called obstacles which the solutions cannot
exceed.

According to [4, 9], the level set method is still valid for (1.1). The corresponding level set
equation is the following.

u(z,t) + F(Du(z), D*u(r)) =0  in R? x (0,00),
u(z,0) = up(z) in R2 (1.5)
U_(x) <wu(z,t) in R? x (0, 00),

where U_ € Lip(R™) is a given obstacle function that satisfies O_ = {z € R?|¥_(z) > 0}. The
comparison principle for (1.5) is guaranteed, for instance, in the following assumption.

For some a € R and R > 0, ug = a in B°(0, R), (1.6)

where we let a < 0 to consider 0 level set of the solution.

1.3 Game interpretation

We employ the theory of viscosity solutions to solve (1.5). A notion of viscosity solutions originated
from the optimal control theory. It is known that the value function of an optimal control problem or
a differential game is characterized as the unique viscosity solution of the corresponding first order
equation. See [1]. In this context, Kohn and Serfaty [10] present a deterministic game whose value
functions u¢ (e > 0) approximate the unique viscosity solution u of the level set mean curvature
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flow equation (1.2). We modify their game so that the limit of the value functions gives a solution
of the following equation, which is more general than (1.5).

ug(x,t) + v|Du(z,t)| + F(Du(x), D*u(z)) = f(x) in R™ x (0, 00),
u(z,0) = up(x) in R™, (1.7)
U_(x) <wu(z,t) < Vi(z) in R™ x (0, 00),

where U, ,U_ € Lip(R™) are given obstacle functions which satisfy ¥_ < ¥, in R". v is a
constant and f is a locally bounded function. The equation (1.7) without obstacle functions is first
introduced in [6]. Also, it is considered in [8].

We use the game-theoretic approximation to study the asymptotic behavior of the solution. The
value functions corresponding to (1.7) are written by three types of cost, running cost, terminal
cost, and stopping cost. The running cost is the cost that is added at each time step of the game
and depends on the current game positions. The terminal cost is the cost that is added when the
game ends at the given terminal time ¢, depending on the last position of the game. Each player
has the right to quit the game before the terminal time ¢. If either of the players enforces this right,
the stopping cost is the entire game cost. An optimal control problems with only terminal cost is
called Mayer problem and one with terminal cost and running cost is called Bolza problem. Also,
one with stopping cost is called optimal stopping time problem.

The running cost and the terminal cost depend on f and wg respectively. Also, the stopping
costs of each player depend on ¥_ and W, respectively. Such an interpretation of parameters of
PDEs is well understood for first order equations; see [1]. See also [12], which deals with the optimal
stopping time problem corresponding to the obstacle problem for the infinity Laplacian equation.

1.4 Literature

We give some other related works on the asymptotic behavior of solutions to obstacle problems for
the mean curvature flow equation. [13] proves the convergence of moving surfaces in a situation
that both initial surface and obstacles are given as periodic graphs. [7] proves the solution u(x,t)
to the problem (1.7) with driving force v < 0 converges as t — oo to the stationary solution. The
paper [7] also gives the result concerning to the shape of the stationary solution. However, it is
limited to the case ug and W are spherical symmetric.

While [4, 9] and this manuscript consider given obstacle problems, they arise from many different
situations. In [6], an obstacle problem naturally appears in the motion of the top and the bottom of
the solution when the source term is a characteristic function though the equation has no obstacle
functions. [11] shows that large exponent limit of power mean curvature flow equation is formulated
by an obstacle problem involving 1-Laplacian.

2 Preliminaries

We denote the upper and lower semicontinous envelope of w by u* and u, respectively.

Definition 2.1 (Viscosity solution). (1) A function w is a viscosity subsolution of (1.7) if it sat-
isfies following conditions.

(a) ¥_(z) <u(z,t) < ¥i(z) for all (z,t) € R™ x (0, 00).
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(b) u*(z,t) < up(x) for all (z,t) € R™ x (0, 00).

(¢) Whenever ¢(z,t) is smooth, u* — ¢ has a local maximum at (zg,t9) € R™ x (0,00) and
u*(xo,t0) — ¥_(x0) > 0, we have

$1 (o, to) + v|DP(x0, to)| + Fu(Dé(xo, to), D*d(z0,t0)) < f*(20).
(2) A function u is a viscosity supersolution of (1.7) if it satisfies following conditions.

(a) ¥_(z) <wuilz,t) < Ui(z) for all (z,t) € R™ x (0, 00).

(b) wx(z,t) > ug(x) for all (x,t) € R™ x (0,00).

(¢c) Whenever ¢(z,t) is smooth, u, — ¢ has a local minimum at (zg,tg) € R™ x (0,00) and
ux(x0,t0) < ¥ (x0), we have

o(x0,t0) + v|Dd(xo,t0)| + F*(Dp(x0, to), D2¢(5U07750)) > fu(®o).

(3) A function w is a viscosity solution of (1.7) if it is a viscosity subsolution and a viscosity
supersolution of (1.7).

Definition 2.2. (1) Let Dy and O_ be bounded open sets in R?. A family of open sets {D;}+>0
is called an open evolution of (1.1) with initial data Dy and obstacle O_ if the following hold.

(a) there exist up € C(R?) and ¥_ € Lip(R?) such that (1.6) holds for some a < 0, Dy =
{x € R?|ug(x) > 0}, and O_ = {x € R?|¥_(z) > 0}.

(b) there exist a viscosity solution u of (1.5) with up and W_ taken above that satisfies
D; = {x € R?|u(x,t) > 0} for t > 0.

(2) Let Ep be a bounded closed set and O_ be a bounded open set in R?. A family of closed
sets {Ey }1>0 is called an closed evolution of (1.1) with initial data Ey and obstacle O_ if the
following hold.

(a) there exist ug € C(R?) and ¥_ € Lip(R?) such that (1.6) holds for some a < 0, Ey =
{x € R%|ug(x) > 0}, and O_ = {z € R?|¥_(z) > 0}.

(b) there exist a viscosity solution u of (1.5) with ug and ¥_ taken above that satisfies
E, = {z € R?|u(z,t) > 0} for t > 0.

Remark 2.3. Open evolutions and closed evolutions of (1.1) uniquely exist since the long time
existence and uniqueness of solutions to (1.5) are obtained from [4, 9].

To state the asymptotic behavior of {D,}+>0 and {E};};>0, we prepare
limy 00Dt := Nrso Upsr Dy, lim, oDy i= Urs Nysr Dy

For a set A, we denote the smallest convex set which contains A by Conv(A).
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3 Results

3.1 Game interpretation and its convergence

We introduce the rule of the game corresponding to (1.7) with ¥ > 0 and n = 2. The game is a
deterministic two-person zero-sum game. For convenience, we name the first player Player I and
the second player Player II. Player I's goal is to maximize the total cost of the game and Player
IT’s goal is to minimize it.

Let z € R2, ¢t > 0, and ¢ > 0 be the initial setting of the game. The game consists of
N = [%] rounds, where [r] stands for the minimum integer that is no less than r. In each round

i(i=1,2,---,N), the following procedures are carried out.

1) Player I decides whether to quit the game.

2) Player II decides whether to quit the game.

(1)

(2)

(3) Player I chooses v; € S*. (S! is the set of unit vectors in R2.)
(4) Player II chooses w; € S! and b; € {41} after Player I’s choice.
(5)

5) Determine the next states as follows.

T = Ti1 + V2ebiv; + velw;, (3.1)

Ci =Ci—1+ 62f(35z'71)-

Here, 2; € R? and ¢; € R respectively denote game position and cost at the end of round 3. The
initial position zy = x and the initial cost ¢yp = 0. For convenience, we often interpret game position
as Player I’s position, and game cost as Player I's score.

If Player I quits the game at round 4, the total cost is given by W_(x;). If Player II quits the
game at round ¢, it is given by ¥, (z;). If both players go throughout N rounds of the game, it
is given by ¢y + ug(zn). The value function u¢(z,t) is defined inductively based on the following
Dynamic Programming Principle and the initial condition.

u(z,t) = max{¥_(z), min{¥, (), sup inf [u(z + v2ebv + vwe?,t — ) + Ef(x)]}}  (3.2)

veSt wes?!
b=+1

for t > 0.

u(z,t) = ug(x) (3.3)

for t <O0.

This u(z,t) stands for the total cost given when Player I starts at  with terminal time ¢ and
both players take optimal choices.

To state the convergence of the value functions, we introduce the following half relaxed limits
of the value functions.

(x,t) = lim  u(y,s) := inf sup{u(y,s) | |z —y| < &, |t — 5| < 5,0 < e < 5},
(y,8)—=(x,t) 6>0
N0
u(x,t):=  lLm  u(y,s) :=supinf{u‘(y,s) | |z —y| <4 |t —s| <,0 <e <}
(y,8) = (x,t) 6>0
eNO
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Theorem 3.1. u and u are respectively viscosity sub- and supersolution of (1.7). Moreover,
u(x,0) = u(x,0) = ug(z) for z € R%

Remark 3.2. If the comparison principle holds for (1.7), then the convergence result implies that
limes o u(z,t) = u(x,t), where u is the unique continuous viscosity solution. Moreover, it is well
known that this convergence is locally uniform one.

Remark 3.3. For the equation (1.7) without obstacles, a game interpretation and its convergence
result are given in [8].

Remark 3.4. The Dynamic Programming Principle corresponding to (1.7) with v < 0 is given by

u(z,t) = max{¥_(x), min{¥, (z), sup bmill[u‘(x + V2ebv + vwe, t — €2) + 2 f(x)]}}.
v,weSt V=

Namely, not Player II but Player I has the right to choose w; € S*.

3.2 Asymptotic behavior of solutions

obstacle O_ obstacle O_
0D 0D
Figure 1: Dq contains Conv(O_) Figure 2: A strategy of Player 1

We consider the asymptotic behavior of solutions to (1.1) by using a game-theoretic approxi-
mation introduced above.

Let us start with a simple situation. If O_ is two separated balls and Dy contains Conv(O_)
such as Figure 1, then it is naturally expected that D; converges to Conv(O_). To prove this,
we show that the value functions of the game uf(x,t) are positive in Conv(O_) and negative in
Com;(O,)c for sufficiently large ¢. To prove the positivity of u€, we construct Player I’s strategies of
the game that attain positive game cost. To prove the negativity, we construct Player II’s strategies
that attain negative game cost.

In this manuscript, we only give a brief explanation of Player I's strategies. Notice that for
(1.5), the game costs we have to consider are just the terminal cost and the stopping cost of Player
I. Thus, the victory conditions of Player I are to quit the game in O_ or to reach Dy at the terminal
time t. It is the easiest situation for Player I when the initial position y € O_, because all he has
to do is to quit the game at the first round. In the case of Figure 1, for x € Conv(0O_) \ O_, we
can take z,w € O_ such that x € [, ,,, where [, ,, means the line segment with end points z and
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w. If the initial position y is near z, it suffices for Player I to keep taking v parallel to [, ,, until he
reaches the domains near z or w, because he can stay near [, ,, all the time by doing this. (Figure
2)

Considering additional game strategies, we obtain the convergence result for more general case
as follows.

Definition 3.5. Let O_ and Dy be sets in R™ that satisfy O_ C Dy. Let & be the family of
connected components of O_. We say that connected components A € & and B € O are directly
connected through Dy if I, , C Dy for some x € A and y € B. We say that connected components
A and B are connected through Dy if there is such a sequence {O;}¥ ) C € that Og = A, Ox = B,
and O; and O;41 (¢ =0,1,--- N — 1) are directly connected through Dy.

0Dy

Figure 3: Dy and O_ that satisfy the assumptions of Theorem 3.6

Theorem 3.6. Let Dy and O_ be open sets in R? that satisfy O_ C Dy. Let Eg = Dy. Assume
that any two connected components of O_ are connected through Dy. (See Figure 8.) Let {D;}¢>0
and {E;}1>0 be respectively the open evolution of (1.1) with Dy and O_ and the closed evolution of

(1.1) with Ey and O_. Then,
Conv(0O_) C lim, , Dy C lim;_,o. Dy C Conv(O_)

and
Conv(0_) C lim,_, . F; C limy_,0o F; C Conv(0_).
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Figure 4: Dy and O_ that do not satisfy the assumptions of Theorem 3.6

Remark 3.7. The assumptions of Theorem 3.6 are technical, because we expect that the same
conclusion holds for cases such as Figure 4. However, the condition that there is a connected
component O of Dy that satisfies O_ C O is crucial. Otherwise, for example, when O_ =
B((3,0),1) U B((-3,0),1) and Dy = B((3,0),2) U B((—3,0),2), the same conclusion does not
hold.

4 Future works

There remains many unanswered questions.
e For cases such as Figure 4, does the same conclusion as Theorem 3.6 hold?
e How about double obstacles case?
e How about higher dimensional case?

e How about the case obstacles move?
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Mathematical reformulation of the Kolmogorov-Richardson
energy cascade in terms of vortex stretching

Tsuyoshi Yoneda!
Graduate School of Mathematical Sciences, University of Tokyo

In this study, we investigate the energy cascade picture [9, 2] in turbulence of an incom-
pressible fluid with uniform density and kinematic viscosity v under periodic boundary
conditions in three orthogonal directions. When Re is sufficiently high, turbulence is com-
posed of vortices with various length scales. We emphasize that these vortices are coherent
in time and space. More precisely, the band-pass filter (i.e. the Littlewood-Paley decompo-
sition) of the Fourier components of the vorticity reveals a clear hierarchical structures of
coherent tubular vortices (see Fig. 2 in Ref. [4]). Tubular vortices at a given length (i.e. a
given thickness) are stretched and amplified in straining motions around (pairs of) larger
tubular vortices. Here, it is important that this generation process of smaller vortices by
larger ones occurs locally in scale. In other words, this sustaining process of turbulence is
consistent with the classical Kolmogorov theory (i.e. the Kolmogorov-Richardson energy
cascade [2]).

The main purpose of the present study is to mathematically describe the feature of
solutions of the Navier-Stokes equation on the basis of these physical pictures of turbulence.
More concretely, with the aid of the DNS of turbulence in a periodic cube (the details of
which are given in Sec. 1), we propose a mathematical description of the energy cascading
process in developed turbulence (Sec. 2). Then, we derive the Kolmogorov —5/3 power
law of the energy spectrum by employing this energy cascade picture, without directly
using the Kolmogorov hypotheses.

1 Numerical simulations

In this section, we summarize the numerical method, and we briefly explain the results of
our DNS (for the detail, see [10]).

1.1 Numerical method

We numerically integrate the Navier-Stokes equation in T? := (R/277Z)3:

ou+u-Vu+ Vp=vAu+ f,

V-u=0, (1)
u(t=0) =wug
with the external force,
f = (—=sinzcosy,+ cosxsiny,0). (2)

Here, u : [0,00) x T® — R3 and p : [0, 00) x T® — R denote the velocity and pressure of the
fluid, respectively. We use the standard Fourier spectral method. Here, we numerically
integrate, by the fourth order Runge-Kutta-Gill scheme, the vorticity equation in terms
of the Fourier component w(K) of vorticity, which is defined by

w(x) = Z @(K)eiK'”C with (Fu)(K) =u(K) := (271r)3 /11‘3 u(z:)e_iK'x dr. (3)
KeZ3

!This is a joint work with Susumu Goto (Osaka Univ.) and Tomonori Tsuruhashi (Univ. of Tokyo).
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Note that we need to integrate only two components of W(K) because of the solenoidal
condition K -& = 0. For numerical efficiency, we use the fast Fourier transform to evaluate
the nonlinear term in the vorticity equation in the real space. Here, we remove the aliasing
errors by the phase shift method.

1.2 Energy transfer due to vortex stretching (four wavenumber ranges)

There are four distinct wavenumber ranges (or equivalently, scale ranges) in each of which
the energy transfer due to vortex stretching exhibits different characteristics. To show
this, we define the energy transfer due to vortex stretching by

T(K,K') = % /T W(K) - Vu(K') oK) dr (4)
where
w(K) = F! [X[K/ﬂ,x/im ]—"[w]} (5)
and
u(K) := Fl [X[K/\/i,\/iK) ]:[u]} . (6)

We plotted T'(K, K',t) in turbulence at R ~ 280 (Run 2-1K) in Figure 1 in [10].

For a low wavenumber range (K € [0.0020n!,0.00871n1]), where the effect of the
external force is dominant. It is clear in the figure that the Fourier modes at K acquire
energy from smaller wavenumber modes (K’ < K) and transfer the energy to larger
wavenumber modes (K < K').

Secondly, we look at the inertial range. The figure shows the energy transfer in the
wavenumber range K € [0.0105971,0.026n!]. The figure also shows that the energy
transfers from lower (K’ < K) to higher K/ > K wavenumber modes. In contrast to
the lower wavenumber range, the contribution from about the half (more precisely, K’ =
0.58 K') wavenumber modes (i.e. 1.7 times larger scales) transfer the energy to K than the
forcing modes. This is also consistent with the observation in the same figure that the
energy at the wavenumber K transfers most to a higher wavenumber mode at K’ = 1.7K
(i.e. 0.58 times smaller scales). It is further important to observe that all the curves
for different K collapse almost perfectly. This means that the energy transfer due to
vortex stretching occurs in a self-similar manner, and that the energy is conserved by
this cascading process. In other words, the viscous effect is negligible in this wavenumber
range (i.e. the inertial range). We may verify the self-similarity (see Figure 2 in [10]),
where we show K] .. /K and K/, /K as functions of K. Here, K}, and K/ . denote the

max 1in min
wavenumbers which attain the maximum and minimum of the energy transfer:

Kl . (K,t):=argmaxT(K,K',t) and K}, (K,t):=argminT(K,K',t). (7)
K’ K’
We can see in Figure 2 in [10] that K, ~ K and K], ~ K in the wavenumber range

K €[0.01p71,0.04n71].

Thirdly, we look at the dissipation range. The figure shows the energy transfer in a
higher wavenumber range: K € [0.031n~1,0.16n~!]. The behaviors of the energy transfer
are qualitatively different from those in the inertial range. (i) There is no collapse of
the curves because the amount of energy transfer decreases with wavenumber, since the
energy is dissipated due to viscosity. (ii) the valleys of the energy transfer located always
at K' = 1.7K, whereas the wavenumber K’ giving the maximum behaves in a non-trivial
manner (see Figure 2 in [10]). This implies the disruption of the self-similarity, which is
also reasonable because of the viscous effects.

Fourthly, we look at the far dissipation range. The figure shows the energy transfer
in K € [0.19971,0.33n71]. The behaviors of the energy transfer in this high wavenumber
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range is further different from others. Though the Fourier modes acquire the energy form
larger scales, almost no energy transfers to higher wavenumbers.

Thus, the energy transfer behaves differently in the four wavenumber ranges. In sum-
mary, we can describe the scale-local energy transfer once we define it by using the en-
strophy production rate as in (4).

2 Reformulation of the Kolmogorov-Richardson energy cas-
cade

In this section, with the aid of the DNS result in Sec. 1, we describe the Kolmogorov-
Richardson energy cascade in terms of vortex stretching. In what follows, we employ R?
which is as an approximation domain of T3. Also we simply write [ f:= [z, f(z)dz. Let
u be a smooth solution to the 3D-Navier-Stokes equation (1) (but replace T? to R?), and
w be the corresponding vorticity. Let

C'Z)K(u :L') = ‘Fg_l[XAK (5)(:}(@{)](.7]),
where (coarse-graining in an annulus, Littlewood-Paley decomposition)

A = {€ € R : K/va < [¢] < aK}

and o > 1 is a prescribed constant expressing the ratio of adjacent scales (see Definition
1). In what follows we take wavenumber K from o”. Also, in the following arguments, we
assume that the spatially integrated value of any quantity is independent of time because
the size of the domain is much larger than the correlation length (the integral length) of

the flow, that is,

d
$||®K(t)||%2 =0 forany K and t>0. (8)

Our specific purpose is to approximate the following vortex stretching term:

/(w V)u- @

Note that w = Y pcz@i and u = > ztUr. First, we propose a new hypothesis.
For the original version of Kolmogorov hypothesis, see [6], for a recasted version, see [3,
Section 6].

Outline of our hypothesis. The crucial point of our hypothesis is that there exists
a universal vortex stretching/compressing mechanism, independent of the energy input
rate € (which will appear later). More precisely, a pair of tubular vortices vajJ( are
stretching several tubular vortices in the adjacent smaller scale, or, several tubular vortices
are compressing a pair of tubular vortices in the adjacent larger scale. Also, supports of
these tubular vortices (with compact supports) are disjoint. We conjecture that such
vortex stretching/compressing in adjacent two scales are the dominant event, so, in our
cascade picture, we exclude multiscale events. Note that, due to the uncertainty principle
for the Fourier transform, we expect that the three-wave interaction of this adjacent scale
event is rather nonlocal (c.f. [8]).

A pair of tubular vortices. Let V[N/j,K € O°(R?) represents a pair of “normalized”
tubular vortices, where j and K are important indexes, will be explained later. Then
W; k(x) is defined by

Wik (@) = F [xFIW;x]] (@),
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where x is a characteristic function such that

1

0 otherwise.

Note that supp F[W; k] C A1 and W g is decaying (not compactly supported) in the
physical space, due to the uncertainty principle. We assume that

/ Wk (z)|2dx =~
RS

for some prescribed (non-dimensional) constant « which is independent of all parameters.
For the sake of simplicity, here, we assume W; i ~ W ic. This means, the corresponding
error term is negligible (for the precise treatment of the error term, see [10]).

Decomposition of vorticity field. In the inertial range, we employ the following hy-
pothesis. For any fixed ¢, assume that wg is mainly expressed by {W; k};x, and is
independent of v, as follows:

cKP

wr(t,x) = gK T N "Wk (Ka) | (9)
j=1

where ¢, g, H,D € R>g. Rigorously, there must exist a small perturbation (in order to
recover divergence-free) depending on v, but we neglect it. H and D express the Holder
exponent and the fractal dimension respectively. Rigorously, we need to require cK” to
be integer. In this case we slightly approximate c and D. This D is ideally determined by
physical experiments, in particular, determined by o and |Q;fK|, which will appear later.

The external force. For fixed ¢ > 0, we assume that, for any energy input rate e and
wavenumber Ky, we can construct an external force f such that supp f C Ak, and

1 _
KJ%/<V><f>Kf-w:e,

where w is a solution to the Navier-Stokes (vorticity) equation.

Hierarchy of tubular vortices. Let Ky = aTlK and let us assume that a pair of tubu-
lar vortices Wy i, stretch (through Biot-Savart law) W; x (j €7Q¥, € {1,2,--- ,cKP})
and assume disjoEtness Q}r KN Q? x =0 (J#J"). In the forcing scale, the external force
V x f stretches Wk, (j e Qj{{f C{1,2, -+ ,c(Ks)P}). We give the precise definition of
“stretching” later (see Definition 3). Let

D
cK+

Of = 9l
J=1

If WJ, i, does not stretch anything, then we regard Q}r x as an empty set. To the con-
trary, assume that, for any j € (Q%)C ={1,2,--- ,cKP}\ QF, Wj,K is compressed by
ng k. (j € Q;K C N) through Biot-Savart law. We also give the precise definition of
“compressing” later (see Definition 4). Note that [Q}| + |(Q5)¢] = KP.

Definition 1. (Clarification of the fractal dimention D.) In this new hypothesis, we
crucially assume « and ]QjK](: € | = ]Q}'{F |) are non-dimensional prescribed constants
(ideally determined by physical experiments), that is, independent of K and j. Rigorously

_34_



this |Q;FK| is integer for each time ¢, but here we are implicitly spatially averaging it, to be
a positive real number. We conjecture that this \Q;rK| is determined by an unstable mode
(which is independent of any type of disturbance) induced by the elliptical instability (see
Subsection 2.2 in [5], see also [7]). More precisely, the elliptical instability originates from
the parametric excitation of Kelvin modes in the vortex cores in each tubular vortices
{W; k}jKk. Then we can define the fractal dimension D from |Q;rK| and « as follows:

log €] ! KP
= — 2% i other words, |QF.|="~=a""
log o~ | 3K | D
Assume compatibility condition on the number of tubular vortices between adjacent
scales:

|(Q)°]

j,K_‘ = ‘Q;r(_ : (10)

Let 74 (K) and 7_(K) be ratios of the number of tubular vortices, being stretched and
being compressed, respectively:

2% ()|
KD KD

Due to the self-similarity, we reasonably assume 74 are independent of K.

+(K) = and 7_(K):=

Lemma 2. We have

In particular, 7+ are independent of €.

Vortex stretching/compressing relation vs spatial and statistical independence.
By the definition of “spatial and statistical independence” (see [10]), we see that

/(w~V)u-wK E/(WK'V)UK+ -wK+/(wK~V)uK_ CWK.

Normalization of vortex stretching/compressing.
Let wi (z) := wg (z)/(gK ~H*1) and let wi(x) := wi-(K~'z). Then we see that

/(wK Vg, -0k + /(wK V)ug_ - Wi
g1 (1 [ (e D, i + a7 [ i )i
P =3 (@HH / Wi - V)ugE, - wif +afH / W3-V - ul wK>

where (let VU x := V(VA™L x W, ))

/(w}}* VIug, - wiE=>_ > / ik VUsk, - Wik,

J ]EQ,

Jei i v = XY [ DU Wi

JEQF)e €95

Let S+ and Py be the strain and rotation tensors of Vu*K*i respectively. Then we can
rewrite the following vortex stretching/compressing terms:

/ (Wi - VYuls,) - wif = / (@i)T (Pa + Si) - it = / (@i2)TSs - Wi,
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where (w3¥)T is the row vector of wi*. By the direct calculation, the rotation tensor part
disappears. Let Sk, be the rate-of-strain tensor of V(VA™! x W k. ).

Definition of vortex stretching/compressing and approximate parameters
e The vortex stretching case:

In this case, a pair of “normalized” tubular vortices W] K (et I, i) are stretched by
S, s,k and align with the eigenvector of S, 7,k of the first positive eigenvalue. We now give
the definition of “vortex stretching” as below.
Definition 3. (Vortex stretching.) For x € supp ij K, there are eigenvalues \;(z) and
eigenvectors ¢;(z) (i = 1,2,3) of §J7K+ (x) such that A (x) > 0, [A1(x)] > [Aa2(x)]| > [A3(x)],
le1(2)] = lez(x)| = les(x)| = 1 and

WNG,K("E)
(Wi i ()]

for x € supp vaj7 K-

(] (.1‘) . =1 in other WOl"dS, (WjVK)TE;J’KJr . WjJ( = )\1Wj7[{ . /W\//vj,[(

From the above observation, we significantly assume the following;:
/ KSJK+'WJK—A+/W]K Wi k.

for j € Q}} and some approximate parameter Ay > 0 independent of e.

e The vortex compressing case:

In this case, a pair of tubular vortices Wj, k are compressed by §j/7 k. (J € Qj_,K), and

align (but opposite direction) with the eigenvector of the rate-of-strain tensor §j/7 x_ of
the first positive eigenvalue. Now we give the definition of “vortex compressing” as below.

Definition 4. (Vortex compressing.) For = € supp V[N/j, K, there are eigenvalues \;(x) and
eigenvectors ¢;(z) (i = 1,2,3) of Sy x_(2) (j' € Q) such that Ai(z) > 0, [Ai(z)] >
Az ()] = |>\3(f€)\7 lex(z)| = e2(z)| = |es(x)| = 1 and
)
)

W;k(x)

e1(x) = —1 in other words, (ijK)T Z gng_ -ijK = _Ale,K . WN/j,K

|WJ K(x | 7€
for x € supp W]K
From the above observation, we significantly assume the following;:
/ Whe > Syx. Wik ~—A- / Wik - Wik
JEQ ke
for j € (Q})C and some approximate parameter A_ > 0 independent of e.
By applying the above approximations, we can derive Kolmogorov’s —5/3 law.

Theorem 5. Assume (8) and approximations described above. Taking v — 0, then we
have Kolmogorov’s —5/3 law:

Epp(K) = K| |22 ~ eye?/AK 3K ~56-D) (11)
for K > Kj.
Proof.  See [10] (also, see Sec. 2 in [1] for the definition of the Littlewood-Paley spectra).
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3 Conclusion

With the aid of DNS of forced turbulence in a periodic domain, we derived Kolmogorov’s
—5/3 power law of the energy spectrum of statistically stationary turbulence. We empha-
size that our derivation does not require Kolmogorov’s hypotheses, but instead it requires
a universal mechanism of the vortex stretching and compressing. Though the present
study lacks the discussion on the origin of this universality, the recent study by McKeown
et al. [7] may provide with it; they investigated how the elliptical instability led to the
persistence of the turbulent energy cascade through the local interactions of vortices over
a hierarchy of scales.
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Mathematical modeling for grain boundary motion with dynamic lattice
misorientations and triple junction drag
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RREEZS D =00, TV 3Hs L RE05 £0)(s,1) = x0) + s(a(r) — x0)) ¥ FrF B &
o) = - (a'(AU“)a(r»m(z) - x| = o @Pala) - xV), j =123,

(10) a(t) — xU)
”Ejmm X0’

PO NS. ZOHEMDHREAIC K0 E X SHERAIE TV OEYINE, RIEFZPEE) 2 559 5

2.1. EUIME. ZOHITIX, ROKRMFAHEYINEZ R, wﬁa\ﬁ&ﬁwﬁwﬁfﬁfi

(10) DR FEDFIER LS. LD L, a N=HETH DI 2RI =OI2IE, a x(/) 75)
SESNBEZAIEONMIZHZZ LY, a DAIE] ﬂ’a“é%%ﬂﬂﬂ%ﬁ%fzba D%k
BEZTUTDIREE BKL.

3 () — (@)
X X .
(11) > oy b =123,
j=1, i#j
ZORE A DB L, fla) =Y, la-xD| (a € RY) IFR/MEZ RS, FB/IMEZERT 5 55

a=apy IIHE—D2TH Y, apr Cit@x(’) EHEFEL LKL,

3
V f(arr) = Z el

~l |apy - xO|

NG

B AT

ER S iz xW, L xM e R2ZIZHUT, fla) := 3N, la - xD| (a € R?) ODBR/MEZERT
% Fermat-Torricelli /L& W5 [1].

FiaES o 1% C? #k T,
(1) (EfEM) EEH C, >0 BFHELTOIeRIZHNLTo®) = Cy;
(2) (MME) 0 e RIZX LT 00’(9) > 0;
(3) d’(0) =0 & 6 =0 IX[FMH
EIRETS. ZOREDEH LT, o0 ld0=0 TR/NL DI LIZERT 5.
Fermat-Torricelli DT IZ a BH DR, FD a F=FHHE 5. TDIZ &I1Z&L D, Fermat-
Torricelli il Z R & A2 TCTTC, IRODEFEHAEH 25 5.
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EIE 6 (HFE/EEH [8, Theorem 4.1, Theorem 6.3]). x, x@, x® e R2, gy € R?, « (J) e R
X (11) &

1 .
(12) lap — apr| < _|aFT—x(])|

BAETETE. ZDEE (10) IZ#HEME «Y0) = a D a(0) = ay % 5 Z 7= 9131k R R D B
JEAF RIS — D FEET 5.

SFHHD T A T 7L, (10) 20 HRERCEES 2T

o= {(a(j),a) e C([0,T)) : sup |V (@) < C, sup |a(t) — apr| < c}
0<t<T 0<t<T
L CHINEARERERT 5 Z & ThH B, —EMIX Lipschitz HiiME & Gronwall RE R & 5. FHH
IZ[8] # A k.

22. BBOME. ZOHiTIE, BOEBRIEIZIOVWTHRRS, 9, BHO HELS T R2ILVF—TH
BB EoN5.

R 7 (T %)L X — 4K [8, Proposition 5.1]). (@Y,a) # 0 <t <T ED (10) DR T3, ZD&
,0<t<TITHLT, (9275%20 VASS

d ENE

E(1) +

(T) dt = E(0).

2
E(T)

1 [|d
d‘r+—/ ?
nJo

RIZ o DMMEZHWT, ffnaa#‘%ﬁh V)| FE G T A AV 12554 2 B fil L F % R
N5.

En A 8 (A& T ALIZ R % B KA JE (8, Proposition 5.3]). (¢Y,a) Z 0<t < T ED (10) D
ﬁﬁpé:@‘%. ZDLE 0<t<TIZXHUT, IRHEKD AL D:

3 3 P 3 |
(13) Z laP(@))? + 2)/2/ (U'(Aa(j)(‘l')ﬂa(‘l') _ x(j)|) Ao (1) dT = Z |01(()])|2.
j=1 j=179 =1

SRR, (10) D —RIZT oV 2D T,j = L,2,3 1220 THIZE 52, A = U~ — o) (27375

LT
3
2 = (Z |C¥(J)2) _y Z ( (A D) a - x| = o (AaD)|a - x<f>|) o)
j=1
3 .
= yz (0- (AaW)|a - x(1)|) (@YD — o)
j=1
3
_ 72 (a (AaP)|a - x(1>|) Ao
j=1
135, W4 TSI 224D, (13) 2155,
ER9. o DIMEDRE 607'(0) > 0 2 JH\W 5 &
3 3
(14) Z ()] < Z g’

WESND. Thbb, %%%%ﬁh@ﬁ#b@&ﬁﬁ# Bonsd.
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fE A8 AL D T B B B & FIRR IS, SR T A2 AV 1203 B | R fER PR S
BFohd. AL [8] 2 A K.

ErRE 10 (55 8 T AL 120 9 % B KA R HE [8, Proposition 5.4]). (@Y,a) Z 0 <t < T LD (10)
DL T35, ZOLE,0<t <TIZRUT, IRAEKD LD

3 3 t 3
prm@f+@§l/awWMumaﬂ—ﬂmNmmmh:E}wme-
= =170 j=1

RIZZFERUIDWT DR 2Rd. ZTD7=dIZ

3
. ‘ 1 )
(15) G = inf{z la —x(f)| :j=1L,23MFEL T |a - apr| > ElaFT —x(f)l}
=1
& B, apr PVHEGEE f(a) = Z?=1 ) —a| (a eR?) DER/MEZEERT 2505

3
0< Z lagr — x| = flapr) < C,
=

L%, TOEMC EHVS &, ZHEHi a DEBEHIINESND.
S 11 (ZFHOH S [7, Lemma 4.11). FIHHE (oY), ag) 1%
3 . .
(16) E(0) = ) o(AVa0)lag x| < o(0)C,
j=1

BHAETETE. (Va2 0<t<T EDQ0)DfRE TS, ZDLE 0<r<T & j=1231IZ
KU T, IR D LD

1 .
la(t) - ar| < 3larr —xV).

AR, WHETHRT. 0<y <T & j=1L23BFEEL T la(t) - apr| > lapr — x| 2 AT &
T5. 9252, 000=0THR/NIREZL, (15, MET(ZFLF—HH) L0

3 3
. 1 ) . 1
G < 1) = x| < —— AW — x| = —FE©
z_émm>x|_g@zf< ao)lag — x| = —=E(0)

LD (16) IZFET S.
ER12. (16) 2IkET H &

3 3
_ 1 . .

E lag — x| < — E o(AVag)ag — x| < C,

= o (0) =

Y55, |ag - apr| < tlapr — x| BTRTD j = L,2,3 IZDWTHD LD, it T, KlHF
FTfROAFAEDIE (12) I BBIIZ ATz SN 5.
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2.3. BEAEAR & REFREZE). 58 A2 & SFE w3 2 RBREHMIEIC & 0, RO KIS(FEAE
BERTIEMTES.

EIR 13 (I KIR# [7, Theorem 4.1]). x, @, x®) e R2, ag e R, o) € R? 1Z (11) & (12), (16)
EAETET D, ZOLE (10) SHZME aV0) = off),a(0) = ay % 5 2 7= 9] W B F
KIS —DIFES 5.

Iz, ZFE S a LEEEET A oY) OERFZE 2 FANS . o) 1213 F S

d
(17) E(a<1>(r) + 2?0 +a®@) =0
DD DDT, fEEE T HMNZEZDEHEHL L < AbbE s L
NOBNCENG
V(1) — e = il +a§ " % , o™

YRBZEPHRITES. 20 E AV, = 0700, ZFAUL, xV) 55 %E £ % Fermat-Torricelli
RUIZIRT 5. $70b b,

a(t) — agr, I — 00

L2 eNFRTES. ZOFRIZ=ZEHRDOMIPRED apr (I E SIZIEL W, $T742D5,
IRDIFLZENEN GO ND.

EIE 14 ([7, Theorem 5.1]). IEE® & > 0 BWFEL T, B L, 23 | |a(]) — Qoo| + |@ag — apr| < €725
X, IEER C3, A > 0 BIFELEL T, fIGd 5 (10) D Kk (a<f> a) TR RER>01IZ LT

(18) Z () - a| + |a(t) - arr| < Cze™

B AT T.

FERH I AR (10) DAL OALIEFHZOE A A RITT 2 Z 212 & 5. (10) D (@Y, apr)
H D ORI E L

1 2 2 1
doy G+ (53 16T 163
— ===y OBsar, Bo=| b3 I+ B,
—16] —16%) 182+ 1Y)
daL by b
— =-no(0 )Z( ( ® . a; =: —no(0)Lqay,
b(])l b(])l |b((>{,)|
3 bf){,) B
= b9

Y75, 1270, bY) = apr —xD THY, @ ERZ MLVOF VY ABTH S, L, FEEETH 5
WU T, B I ZFIEEMETH O, BIELTWS, Thbb0EAEHEZF DI L ICHEETS.
COEAEEIZFEBEE (AN ICEEZ2BDTH Y, oD 1I2x LT

(@), (1), P (1)) = @eo(1,1,1) € (KerBoo)* = (1,1, 1))*

WD LD, o T, (1) 1= aV(1) — @ B L o (1) IS T BIRBIMEEFD Z LB TE
T,(18) 2185 Z LM TE 5. FHlllL [7] 2 A L.
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3. IEBAEN CERETFAAE

AFICIE, MR SEMEFHMEDOBGRE T T e LIRS, EERRT, X T, =
{(ru(x,1)):0<x <1} & u(x,t) TTIITRRINT VWD LTS, fiRNATARIVF—E %

E := / o(Aa(t))dH' = o(Aa(t))|T]|
I;

TEDD. T AR T2 L T, RRKEIREEZ w5 &

a (Aq) | —= O<x<1,t>0
——— = po(Aa) | —]| . x <1, X
(19) v1+ |”x|2 VI+ |ux|2 X
@, = —yoa(a)|Ty], t>0

RBHMRRAERAPBONS. ZOMFRARERNEZMTT 22 L2k 0, KRR R OEE)IZ B 1
% {3 & SIS T A2 DBIRZ IR B,
PR, MRS o 1X cH T,
(1) (EfEMW) EEHC, >0 BFHELTIeRIZNLTo6) = Cy;
(2) ("ME) 0 e R IZH LT 607(6) > 0;
(3) o’(#) =0 & 6 =0 |X[FfH

ZIRET S,

3.1, BEIME. (19) OAIHIE- & 5 SRR N 4 5 TRPEIC DWW TR R 5.

EIE 15 ([15, Theorem 4.5)). FIHAME uy % FEIHARRSM% 27297 [0,1) LD Lipschitz BI%, Aoy € R
BEEBETSH. T5L,e>020<B<1ITHRUT, FIHZRME (u(-,0), Aa(0)) = (up, Aag) % A7z
T (19) D—EfE (u,Aa) € (C([0,1) X [0,00)) N CHA([0,1) X (&,00))) x (C([0,00)) N CHl(g, 00)) H3TF
£3 5.

REHHD /i 8HE, u Z[EE U2 H s ARADMZ (Aa), B EEFI

LV
N “”m)x

203 B e EREEAM 2 KR U, W) 2B oA AT MEIIRE IR TH S,
ZDEBFMIZBWT, i u OLEFMliZE Ze2HL 5. o =1 DL E, BAHEE
¥ % i\ 7~ Huisken D BEFHAEARDBH SN TE D, I AR S AR FH 2E Z 2N TE
% [3,4,5,6,10]. (19) IZHGEUKFET 2 EE D T 1 2RO/, @E D% A M & B TIXEFMED
REZEL ZENRTERN. I T,

(20) (X,1) := ! ex (—&) 0<t<ty, XeR?
P e — 2o W -0 o ’
L. =L,
(21) X(t) = ,u/ o(Aa(r))dt
0
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FEE 16, BRERD 1 > 0 1ITHKFT 28GEA
(22) %(x, 1) = kK'()Au(x,r), xeR% t>0,
EERDL. BREM s =k(t) 2EZ DL

%(x, s) = Au(x,s) x e€R% s> 0.

LB D5, (22) DIEARMIL

L (_|x|2) ~ 1 o (_ |x|2 )
sy P\ a5 | T nk(o)@2 TP\ k()
THEZONS. Q) EHWEDR k=S BV LIZL5.
(20) TEHEIND p Ik
%(x, 1) = puo(Aa(t))Au(x,f), xeR> >0,

DIRTLBRAREEW L 2> TVWB I LILERTS. 20 p ZHWTIROBFMEARZG7-. &
2R AR B 7212505 2 T 5.

G AT RE AR BAEK £ = f(x,y,1) 1 [0,1] X R X [0,00) — R 7% admissible T % & 1%, [LED
yeR&Et>0IZXUT, £f0,y,1) = f(Ly,1) & £:(0,y,1) = fi(L,y,t) BSED DT 2 %W S . (19)

. L _ | 3 N B T A — Uy
O 128 LT, n D) %7571, D EHEOERMERANZ N L, k= ( )
275701, DR L 45,

EI 17 ([15, Theorem 3.1]). (u,Aa) % (19) DL T5. ZOL E TED Xg € R? & 1) > 0,
admissible 72 BIE £ : [0,1] X R x [0,00) —» R IZX L T

3 & /F fpo(balt) dH'
- /r (fs = uer(Aa(t)Ar, f + uer(Aa()c(D - n))po-(dalt)) dH!

Dp-n

fp(Aa); dH!

2
— puo(Aa(r)) ( fp (-K+ ) O'(Aoz(t))) dH" -
I;

YT I;
MO 0. 272 U, p = prxosy W (20) THX SNFI55 [ E B TH .

(23) T, 1SS B BGPE AR &\ 5. (23) OF05 2 H L 58 3 IS IEZ 2 5, 8 1 HAIELE
THd I eI, foo(Aa(t) DT ORFFZBIZET 2 -FAERR O NS, TD L FIT,
p P Q0) THAONEBAMEBMTHDZ N6, t -1y & L7zE E1T, f(Xo,to)o(Aal(ty)) D
RO NS,

v =1 +u2 1% admissible 7B L 72 5720, EEL 17T f=0v & BIFIE

oy o /F opo(ha() < /F (0= () + pr(Aa(1)K(D0 - m)peBa)

PRoND. v I U TERERIZED
2

U3
EIBNS,(24) Tt >ty LT B, XBPESND. GEBHDOFEMIX [15] 2 A L.

vy — poAr,v + uo(Dv - k) = —povk® = 2uo
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EIE 18 ([15, Theorem 4.2]). (u,Aa) % (19) DEL L, v = V1+u2 £BL. TDL X, EED
O<xo<1&ity>0IZXUTIRAKD D!

—O-(Ag(o)) sup vz(x, 0).

1 O<x<1

U(x(),l‘())S
3.2. REFEIZEH). mEIZ (19) O KIBIIZT T 2 ERFEZBENIZOWTR RS, SEWEAsIRIZE D,
FIEAME ug X +2IZ\E SN TH D EIREL T X\,

EIE 19 ([15, Theorem 5.11). #IHME uo % A IBE RS2 A 729 [0, 1) D Lipschitz B4, Aap € R
EEBET S, (u,Aa) ZRIHASM: (u(-,0), Aa(0)) = (ug, Aag) & A7=F (19) DRI E 5. 2D
&, HDLER uew BFEL T, [lueo — ullezqoy & 0 ICHRBUHE T 5. T 512, iR « £ [0,1) E
—BRIZ O ANBEEET 5.

EH 19 2T 5720102, (19) 12X T 6 T 3 )L F — =il 2 & < .
#pid 20 ([15, Proposition 5.2]). (u,Aa) % (19) DffE L T 5 & &, XA D AL D:

(25) —IFrl + po(Aa(n) | K =0,
T

- S = Uy 81;3 N .
772U, k (m)xﬂift@ﬂjﬂ Thd

Z DFHiNE, AREXOEH HiE»S BIHIZE S NS, GEIHIX [15] 2 A L. (25) ZMji4 ¢+ TS
U T, thRD - FDIECHENEZF XX, (M%%v}mz).

% 21 ([15, Corollary 5.2]). (u,Aa) % (19) DfEL T2 &, 1t > 01ZxF LT, |T;| < [To| AKX D 32D,
(25) DHIRDORFEBE D VBERERD I N OIRDPFONS.
5 22 ([15, Corollary 5.3]). (w,Ae) % (19) DL 5. ZDLE, HH {1} MFFEL T,

Zj — 0 753‘9
k(x,tj)) =0, j— o
PIEEAETRTD x € (0,1) IZDWTHKD LD,

X 55 BRI O D012, BT 2V F —FliZ2 H\\ 5. (b, Aa) H (19) D d HifE
E%Lia

_ uo(Aa)
t — 1+ |ux|2 XX+
ERBDT, x IZOWTHA T
uo(Aa) 2uo(Aa) )
T T P T @ P2
= uo(Aa) _ 6uo(Aa) et 2uo(Aa) 5 uo(Aa) e
P R T e U T e O T e (R D R
uo(Aa) 8uo(Aa) 12uo(Aa) , 6uo(Aa) )
Uxxxt = muxxxxx - m”x”xx”xxxx - m xxUxxx — m XUy iy
AQBuo(Aa) , » 8uoc(Aa) 4 48uc(Aa) 5 4
(U T2 o T o a2 T (g Py
N ETSY A
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fpd 23 ([15, Proposition 5.6]). (u,Ac) % (19) DHHLfEE T 5. ZD& &, IEEH Cy > 0 BFELE
LT

1 1
(27) / |luy(x, )2 dx < e / |ugw(x)|? dx
0 0
At > 020U TR D LD,
EEBR. 27) DEMZ t IZOWTHA LT, 26) ZFH\W5 &

d 1 1
G [ P ax =2 [ uou e ds
0 0
1 1
A A
:2/ Muxu”xdx—4/ Laz)zuiuixdx
0 1+|”x| 0 (1+|ux|)

L%, MAREIITED

1 1 1
A A A
/ %umxm dx = —/ %b&x dx + 2/ %uiufm dx
0 Uy 0 Uy 0 Uy

i
d [! 2 ! po(Aa)
. X B = _2 .
wlmumm Amemw
&85, o OIEMEN, M 18 & Poincaré AEXNZMAGLESD L, € Cs > 0 BFEL T

1 A 1
/ &al)z”?cdeZCS/ |ux(t, x)|* dx,
0 0
& T 5. Gronwall DARERIZE D 27) 2155.

el 23 L FEIRRDAERZ Uy, o IR UTHERNT A2 Z LT u X k DIRBIREZ1G25 Z LN T
& 5. FEZ [15, Section 5] & & k.

S Xk

[1] V.Boltyanski, H. Martini, and V. Soltan, Geometric methods and optimization problems, Combinatorial Optimization,
vol. 4, Kluwer Academic Publishers, Dordrecht, 1999.

[2] C. M. Dafermos, Maximal dissipation in equations of evolution, J. Differential Equations 252 (2012), no. 1, 567-587.

[3] K. Ecker, Regularity theory for mean curvature flow, Progress in Nonlinear Differential Equations and their Appli-
cations, 57, Birkhduser Boston, Inc., Boston, MA, 2004.

[4] K. Ecker and G. Huisken, Interior curvature estimates for hypersurfaces of prescribed mean curvature, Ann. Inst. H.
Poincaré Anal. Non Linéaire 6 (1989), no. 4, 251-260.

, Mean curvature evolution of entire graphs, Ann. of Math. (2) 130 (1989), 453-471.

, Interior estimates for hypersurfaces moving by mean curvature, Invent. Math. 105 (1991), no. 3, 547-569.

(5]
(6]
[71 Y. Epshteyn, C. Liu, and M. Mizuno, Large time asymptotic behavior of grain boundaries motion with dynamic
lattice misorientations and with triple junctions drag, accepted to Communications in Mathematical Sciences.
[8] —, Motion of Grain Boundaries with Dynamic Lattice Misorientations and with Triple Junctions Drag, SIAM
J. Math. Anal. 53 (2021), no. 3, 3072-3097.
[9] C. Herring, Surface tension as a motivation for sintering, Fundamental Contributions to the Continuum Theory of
Evolving Phase Interfaces in Solids, Springer, 1999, pp. 33-69.
[10] G. Huisken, Asymptotic behavior for singularities of the mean curvature flow, J. Differential Geom. 31 (1990), no. 1,
285-299.
[11] L. Kim and Y. Tonegawa, On the mean curvature flow of grain boundaries, Ann. Inst. Fourier (Grenoble) 67 (2017),
no. 1, 43-142.
[12] A. Magni, C. Mantegazza, and M. Novaga, Motion by curvature of planar networks, II, Ann. Sc. Norm. Super. Pisa
Cl. Sci. (5) 15 (2016), 117-144.

_49_



[13] C. Mantegazza, M. Novaga, and A. Pluda, Lectures on curvature flow of networks, Contemporary research in elliptic
PDEs and related topics, Springer INdAAM Ser., vol. 33, Springer, Cham, 2019, pp. 369-417.

[14] C. Mantegazza, M. Novaga, and V. M. Tortorelli, Motion by curvature of planar networks, Ann. Sc. Norm. Super.
Pisa CI. Sci. (5) 3 (2004), no. 2, 235-324.

[15] M. Mizuno and K. Takasao, A curve shortening equation with time-dependent mobility related to grain boundary
motions, accepted to Interfaces and Free Boundaries.

[16] W. W. Mullins, Two-dimensional motion of idealized grain boundaries, Journal of Applied Physics 27 (1956), no. 8§,
900-904.

[17] , Theory of thermal grooving, Journal of Applied Physics 28 (1957), no. 3, 333-339.

[18] L. Onsager, Reciprocal relations in irreversible processes. I., Phys. Rev. 37 (1931), 405-426.

Email address: mizuno.masashi@nihon-u.ac. jp

_50_



Optimal control for shape memory alloys

of the one-dimensional Frémond model

NORIAKI YAMAZAKI
Department of Mathematics, Faculty of Engineering, Kanagawa University
3-27-1 Rokkakubashi, Kanagawa-ku, Yokohama, 221-8686, Japan
E-mail: noriaki@kanagawa-u.ac.jp

This is a joint work with Pierluigi Colli (Universita degli Studi di Pavia, Italy),
M. Hassan Farshbaf-Shaker (Weierstrass Institute for Applied Analysis and
Stochastics, Germany), and Ken Shirakawa (Chiba University, Japan).

1 Introduction

We consider optimal control problems for a simplified version of the mathematical model
proposed by Michel Frémond to describe the thermomechanical evolution of a shape mem-
ory alloy.

Shape memory materials are very important and interesting ones. Indeed, at a fixed
temperature, materials are deformed by traction, for instance. However, some materials
totally recover their original shape just by thermal means. This is the so-called shape
memory effect. The phenomenon of shape memory can be interpreted as the effect of a
structural austenite-martensite phase transition (cf. [2,12]).

Michel Frémond [13] originally introduced the three-dimensional model by taking the
absolute temperature 6, the displacement u of the body, and the volumetric proportions
of austenite and martensite as state variables. For simplicity, we assume that only two
martensitic variants are present beside one austenite and indicate the respective propor-
tions as (1, (2, and [y, respectively. Moreover, we assume that the phases possibly
coexist at each point of the body, that no overlapping between different phases can occur,
and that no void appears in the mixture. Then, the phase proportions are regarded as
thermodynamic quantities and are constrained to fulfill the obvious relation:

0< 81, Ba, Ba<1, pr+ B2+ fa=1 (1.1)

For the detailed presentation of the Frémond model, we refer to [9], where the related
mathematical problem has been shown to be well-posed.

In this paper, we consider the one-dimensional setting of shape memory material (e.g.,
a metallic wire) that occupies the region €2 := (0,1). In order to eliminate 54 in (1.1), we
use the new variables y; and y», defined by:

X1 = B1 + B, Xz = B1 — Ba. (1.2)
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Then, we investigate the following simplified Frémond system of a shape memory alloy:

(LOQ - Lle)t - hexz = aOf(tv .Z') in Q = (O>T) X Qa (13)

X1 X1 l(ec _ 9) '
Ho <X2>t — (Xz)m +0Ik(x1,x2) 3 (—ﬁalg(t)a(e) . 6@(9)%) inQ, (14
— ht,(t,0) + k(0(t,0) — axyo(t)) = hba(t, 1) + k(0(t, 1) —azmi(t)) =0, t € (0,T), (
(

1.5)
(Xi)x(tvo) = (Xi)x(tv 1) =0, te (OaT)7 1=1,2, 1'6)
0(0,2) =6p(x), xi(0,2) =xio(x), 2€Q, i=12 (1.7)

Note that the initial boundary value problem (SMA):={(1.3), (1.4), (1.5), (1.6), (1.7)}
is based on energy balance and phase dynamics, while the (longitudinal) displacement w,
which plays the major role in the momentum balance, does not appear explicitly in (SMA).
Indeed, the momentum balance equation in the quasi-stationary form reads o, = 0, where
the stress o is related to the strain u,, the temperature #, and the phase proportions by
the following constitutive relation:

0 = Uy + Ba(0)xe.

Since the boundary conditions u(¢,0) = 0 (one end of the wire fixed) and o(1,t) =
Bayg(t) (external traction prescribed) are usually considered, we observe that in the one-
dimensional case, ¢ and u can be completely determined in terms of data and other
unknowns (see especially the papers [5, 10] dealing with the one dimensional problem).
That is the reason why in the dynamics of x;, ¢ = 1,2, written above, one finds the
complicate expression —fa;g(t)a(6) + Ba(0)?y, instead of —a(f)u,. Here, note that, in
our system, Lo, L1, h, k, po p1, [, 5, and 8¢ are positive coefficients with proper physical
meaning; in particular, §¢ represents a critical temperature. In addition, ag, a, as, and
ag are fixed real numbers. Furthermore, f : () — R stands for a known source term, while
g, Y0, 11 are given functions defined on the finite time interval [0, T]. The nonlinearity «
acting on temperature values is a smooth nonnegative decreasing function, vanishing on
the interval [#°%, +00) for a certain fixed temperature (the so-called Curie point) <% > 6°.
Actually, among the properties of «, in our analysis we just use the fact that o € W2*(R).

Note from (1.1) (cf. (1.2)) that the Frémond model (SMA) has a non-smooth con-
straint O in (1.4), representing the subdifferential of the indicator function /i of the
plane triangle K:

K:={(n)eR; 0<e<1, |nf <€}, (1.8)

The set K is convex, and contains the admissible phase proportions. We also notice that

07 if (X17X2) € Ka
oo, otherwise.

Ik (X1, x2) = { (1.9)

An updated and detailed presentation of the Frémond model and related system of
equations and conditions, applying to the multidimensional case as well, is provided in [3,4]
and [14, Chapter 13]. We also point out [3,4] for existence and uniqueness results in the
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three-dimensional situation: here, the various nonlinear terms arising in the derivation of
the model are taken into account. For a list of related references as well as for a survey of
previous mathematical work, we address the reader to [6, 10]. The large time behavior of
solutions is investigated in [8, 10, 11] in connection with the convergence to steady-state
solutions, global attractors, and so on. However, the study of the optimal control problem
for the Frémond model has not been reported to date, up to our knowledge. The reason
for that is, in our opinion, due to the difficulties created by the presence of the plane
triangle set K.
Recently, in [7] we deal with the followig optimal control problem (OP) of (SMA):

Problem (OP): Find a quadruplet of control functions (f*, g*, v, 7i) € UM such that

J(f*,g*,%‘,’yf) = inf J(f79770771)7
(f.9.70,71)eUM

where (f*, g%,7¢,77) is called an optimal control for (OP); here, putting
U:=L*0,T; L*(Q) x H'(0,T) x H'(0,T) x H*(0,T),

UM is the control space specified by

(1.10)

|9|H1 0,T < M,
U%r—{ (f,9,70,m) €U O

|7i|H1(O,T) < Ma L= 07]-
for some fixed positive number M, and J(f,g,70,71) is the cost functional defined by

Co

T c T
J@gm%>:5/Nw Oyt + 5 [ 100 =000 Bt

—/ (X2 — X2.d) )’LQ(Q
+—[awmmw+—/ 2)g()|dt

+—/ a3lyo(t |dt+—/ a3|71 )|2dt,

where (f, 9,7, 71) € UM denotes the generic control and the triplet of functions (6, x1, x2)
yields the unique solution to the state problem (SMA) with the source term (f, g,v0,71)-
We also point out that the given constants cg, c1, co, mg, m1, mo, ms are nonnegative, and
04 € L*(0,T; L*(Q)), x1.4 € L*(0,T; L*(Q)), x2.4 € L*(0,T; L*(2)) represent the known
desired target profiles.

Note that if the constant ag is equal to 0, then (OP) is a boundary control problem.
Similarly, if a; = as = a3 = 0, then (OP) reduces to a distributed control problem with
the heat source as control. In addition, we remark that 7y (resp. ;) denotes the outside
temperature control function at © = 0 (resp. = = 1).

There is a vast amount of literature on optimal control problems for variational in-
equalities, phase transitions problems, and so on. However, to the best of our knowledge,

(1.11)
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no result is available for the optimal control analyisis of problems like (SMA ), probably be-
cause of the triangular shape of K and the non-smooth nonlinearity of the two-components
constraints Ik (x1,x2) in (1.4). In [7], an effective approximating approach to the op-
timal controls of our control problem (OP) was presented. Therefore, in this paper, we

briefly mention the existence of an optimal control for (OP), approximation procedures
for (SMA) and (OP), and so on.

1.1 Notations and basic assumptions

We first state the notations that are used throughout this paper.

For any reflexive Banach space B, we denote by | - |p the norm of B, and denote by
B’ the dual space of B. Additionally, we denote by (-, ) p the duality pairing between
B’ and B. Furthermore, for a positive integer m € N, we use the product space B™:

m-factors

Bm::ﬁB:BxBQ---xB

i=1

with the norm: .

|z|gm = Z |zilp for z = (21,29, ,2m) € B™.
i=1

In particular, we put H := L?(Q) with the usual real Hilbert structure, and denote

by (-, )y the inner product in H, for simplicity. In addition, let V' be the Sobolev space
H'(Q) with the inner product and norm:

(z,w)y = (24, Wz ) g + % (2(0)w(0) + z()w(1)) for any z,w €V,

and

2 1/2
ety = {lah 5 (2O +1:OP) ) forany s € v

which are equivalent to the standard inner product and norm of H'().
Next, we give some assumptions on data. Throughout this paper, we assume the
following conditions (A1)-(A4):

(A1) T>0,Lp>0,Ly >0,h>0,k>0,00>0,>0,1>0,8>0,6°>0, cog >0,
c1>0,c0>0,mg>0,my >0, mg >0, mg>0,and M > 0 are fixed constants.
In addition, ag, a1, as, as are fixed real numbers.

(A2) o € W2(R).
(A3) 0y € V, and Xi,0 € V (Z = 1,2) with (XLO,XQ’O) € K, a.e. in €.

(A4) 0, € L*(0,T; H), x1.4 € L*(0,T; H), x2.4 € L*(0,T; H) are the given desired target
profiles.
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2 Main results

We begin by defining the notion of solutions to (SMA). To this end, given v; € H'(0,T),
i = 1,2, we define v by putting (cf. [11, (2.4)]):

hazyi(t) + (h + k)asyo(?)
T . (L) e@. (2.1)

(t0) = () — a(0)a +

It is easy to check that v € W12(0,T; H?*(2)) solves the boundary value problem

{ Yealt, ) = 0 for any () € Q.

he(6,0) + R(1(6,0) — ai0(8)) = ha(t 1) + k(3(8 1) — agm(0)) = 0, t€ (0.7). =)

Definition 2.1. Lety € V and x,0 € V (i = 1,2). Then, a triplet of functions (0, x1, X2)

is called a solution to (SMA), or (SMA;6y, X1.0. X2.0, [+ 9,70, 71) when the data are specified,
on [0, T, if the following conditions are satisfied:

(S1) 6 € W 2(0,T; H) N L=(0,T; V).
(S2) y; € WH2(0,T; H)N L®(0,T;V), i = 1,2.

(S3) Forallz€V and a.a. t € (0,T),
(Lobe(t) = La(x1)e(t), 2)m + h(0(t) = (1), 2)v = (a0 f(t), 2) -
(S4) There is a pair of functions (&1,&) € (L*(0,T; H))? such that

(?) € 0lk(x1,x2), a.e inQ
2

and

=1(0° = 0(t), 21)y + (—Barg()a(0(t) + Ba(O(t))*x2(t), 22)
for any (z1,22) € V. xV and a.a. t € (0,T).

(S5) 6(0) =6y in H, and x;(0) = xi0 in H, i =1,2.

Here, we recall the known result of the existence-uniqueness and boundedness of so-
lutions to (SMA).
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Proposition 2.1 (c¢f. [11, Theorems 2.1 and 2.2]). Suppose that assumptions (A1), (A2),
and (A3) hold. Let f € L*(0,T;H), g € H'(0,T), v € H'(0,T), and v, € H*(0,T).
Then, there is a unique solution (0, x1,x2) to (SMA;0q, x1.0, X2.0, [, 9,70,71) on [0,T] in
the sense of Definition 2.1. In addition, there is a positive constant Ny, independent of
£y 9, 7%, M, 6o, X1,0, and X2, such that the following estimate holds:

sup (000 + 3 s WO+ [ 100+ 3 [ ool

t€[0,T] i—1 t€[0.7]

(2.3)
< MQ%@+MW@+MM@+@mmW+@mmW

+a3’f|%2(0,T;H) + aﬂgﬁ?(o,T) + a’gh/oﬁil(o,T) + a§|’71@11(0,T) + 1)
We now state the first main result of this paper, which is concerned with the existence
of an optimal control for (OP).

Theorem 2.1. Suppose that assumptions (A1), (A2), (A3), and (A4) hold. Then, the
problem (OP) has at least one optimal control (f*, g*, Vi, vi) € UM, namely,

J(f*ag*>7§7fyf) = Hlf ‘](fagaﬁ)/()?ﬁh)-

(f.9:70,m)€UM

Note that it is very difficult to show the necessary conditions for (OP) directly, because
of the constraint 0l (x1, x2) in (1.4). Therefore, by investigating approximating problems
for (SMA) and (OP), we show a limiting optimality system for (OP). To this end, we
consider the following smooth function K< on R? for each ¢ € (0, 1]:

(A5) For each ¢ € (0,1], the function K¢ is convex and non-negative on R? such that
K* € C*(R?), 9;0,K¢ € W'>(R?) (4,5 = 1,2),

K¢ = {(21,22) e R? ; [?8(21,2:2) = O} D K,
~ 1
10,0, K¢ (21, 22)| < = for any i,j = 1,2, and any (21, 2) € R?, (2.4)
€
and
K® converges to Ix on R? in the sense of Mosco [15] as ¢ — 0,

where df? (21, 22) is the partial derivative of K %(21, 22) with respect to the variable
z;i (i = 1,2), namely, 0; := 0/0z;.

Now, for each ¢ € (0,1], we present the following approximating state system for
(SMA), denoted by (SMA)=:

Problem (SMA)-.
(LoB” — Lix1): — hOs, = aof(t,z) in Q = (0,T) x £, (2.5)
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I (i;)t — (i;)m +VEE (X5 \G) = (—ﬂalg(t)g(();s;f}ja(gs)zxg) in @, (2.6)
—hOL(t,0) + Ek(6°(t,0) —axyo(t)) = ho(t, 1)+ k(6°(t, 1) —azyi(t)) =0, t € (0,1), (2.7)
(Xi)=(t,0) = (X{)=(t,1) =0, € (0,T), i =1,2, (2.8)

6°(0,2) = Op(x), x;(0,2) = xi0(z), €, i=12. (2.9)

In the rest, we denote (SMA)® by (SMA;0y, x1.0, X2.0, f+ 9,70, 71)° when the data of the
initial value 6, x1,0, X2,0 and the control functions f, g, 7,71 are specified. Note that for

cach ¢ € (0,1], the constraint 91 (1, x2) as in (1.4) is approximated by VA=(x5, x5)(=

OK (x5, x5))- In a similar way to Proposition 2.1, we immediately get the solvability of
the approximating state problem (SMA)® (¢ € (0,1]).

Next, for each ¢ € (0,1] and § > 0, we present an approximating optimal control
problem for (OP), denoted by (OP)3, as follows:

Problem (OP)$. Find an optimal control (f*¢, g, 5%, v1°) € UM, namely,

(5950 = b J5(f, 9,70 7)),
(f’9770771)€uad

where J5(f, 9,7, 71) is the cost functional defined by

C T C T
i) =5 [ 10 =000k + S [ 10 -k
C
5 106G = xea) ()5t

50’
+—/owmw+—/%m|w

+—/%M|ﬁ+—/%m H|2dt

Q/KffXMWWAKggMWt

#5 [ 0= 0P 5 [ on=anrar

(2.10)

Here, (f,9,7%,v1) € UM is the control and the triplet of functions (6, x5, x5) is the
unique solution to the state problem (SMA;6y, x1.0, X2.0, f:9,7%,71)°. Moreover, as in
(1.11), 64 € L*(0,T;H), x14 € L*(0,T;H), x24 € L*(0,T; H) are the given desired
target profiles, while (f*, g%, 75, v;) € UM is any fixed optimal control for (OP) obtained
in Theorem 2.1.

We now state the second main result of this paper, which is concerned with the
existence of an optimal control for (OP)5 for each € € (0,1] and § > 0.

Theorem 2.2. Suppose that assumptions (A1)—(Ab5) hold. Let e € (0,1], 6 > 0, and let
(f*, 057, 7%) € UM be a chosen optimal control for (OP) given by Theorem 2.1. Then, the
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approzimating problem (OP)s has at least one optimal control (f*¢, g%, vy, 7°°) € UM,
namely,

Js(f, 0" n) = inf  J5(f,9.7,m).
(f.9.70,m1)€UM

The following third main result of the paper is concerned with the relationship between
(OP) and (OP);.

Theorem 2.3. Suppose that all the assumptions of Theorem 2.2 hold. Then, the following
two statements hold.

(I) Let 6 =0, e € (0,1], and let (f*5, %%, 75, 71°) € UM be an optimal control for the
approzimating problem (OP)3. In addition, let (6%°,x1%, x3°) be the unique solution
to the state problem (SMA;0y, x1.0, X2.0, /%, 65,71 ") on [0, T]. Then, there ex-
ist a subsequence {€, tnen C {€}ec(0,1), @ quadruplet of functions (f**, g™, v5*, 1) €
UM and the unique solution (0**, x1*, x5%) to (SMA;00, X1.0, X2.0, /%, 0, 75", 75F) on
[0, T] such that (f**,g**,v¢*, V1) is an optimal control for (OP), e, — 0, and

oo — f** weakly in L*(0,T; H), (2.11)

g — g™ weakly in H'(0,T), and in L*(0,T), (2.12)

N — A weakly in HY(0,T), and in L*(0,T), (i =0,1), (2.13)
(075 X7 T = (07307 ") in (C((0,T); H))® (2.14)

as n — Q.

(I1) Let § > 0, € € (0,1], and let (f*<, 9", 75, 7°) € UM be an optimal control for
the approzimating problem (OP)5. Let (f*,g%,75,7;) € UM be an optimal control
for (OP) obtained in Theorem 2.1. In addition, let (6%° x7°, x5°) and (6%, x5, x3)
be the unique solution to the state problem (SMA;0o, x1.0, X2.0, /% 0™, 7017 )°
and (SMA;00, x1.0, x2.0. /5, 9%, 75.77) on [0,T], respectively. Then, there exist a
subsequence {€, fnen C {€}ec(0,1) such that e, — 0,

o = in LA0,T; H), (

g — g* weakly in H'(0,T), and in L*(0,T), (2.16
YT — v weakly in HY(0,T), and in L*(0,T), (i =0,1), (
(0" X7 xE™) = (07, X3 x5) in (C((0,T]; H))? (

as n — Q.

Note that we can show the Gateaux differentiability of the cost functional J5(-,-,-, ),
since the approximate state system (SMA)® has the smooth constraint VlA(E(-,-) (cf.
(2.6)). Thus, we can show the optimality condition for (OP)s.

However, in general, it is difficult to show the necessary condition of the optimal
control for (OP), since the subdifferential 0/ (-, -) in (1.4) is not smooth. Thus, by using
the approximating problems (OP)j, more precisely, through the limiting observation of
(OP)5 as ¢ — 0, we can prove the following final main result of this paper, which is
concerned with the necessary condition of the optimal control for (OP).
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Theorem 2.4. Suppose that all the assumptions of Theorem 2.2 hold. Let the quadruplet
(f*,9%7,7%) € UM be any optimal control for (OP) obtained in Theorem 2.1. Let
(0%, X7, x5) be the unique solution to the state problem (SMA;0y, x1.0, X2.0, [ 9%, 75, 77) on
[0,T]. In addition, let us set:

W:={¢Ce H(Q); ¢(0,7) =0, a.a. v €}
Then, there are the functions
p e WH0,T; H)yNL®(0,T;V), ¢ € L*0,T;V)NL*0,T;H) (i=1,2),
and the elements ¢; € W' (i = 1,2) satisfying the following:
—Lopt = hpew + lgy + Barg™ (1) (07) g2 — 280/ (07) (67 x5 (1) g2

— 00(9* — ed) m Q, (219)
— hpa(t,0) + kp(t,0) = Apa(t, 1) + kp(t,1) = 0, t € (0,T), (2.20)
/ (01 (1), Go(8)) st + / (Lape(8), () st + / (2 (02) (1), Co () mlt
0 0, 0 (2.21)
ot O = &1 /0 (C(0) = xealt), C(E)adt for all ¢ € W,
/0 (Mo%(t)aCt(t))Hdt‘f'/o (11(q2)2(t), G () mdt + (s2, Qwrw
- / (Bal6" (1)a 1), C(8)) el (2.22)
= [ 30 = el Ot for all € W
p(T,z) =0, x€q. (2.23)
In addition, (p,q1,q2) satisfies the following inequality:
/0 aol(aomof” + p)(), (F — 17)(6)) it
+ / ar(amag(t) — (Ba (6°(), g2(t)) ) (5 — g7 (B)dt
(2.24)

+/0 az(asmag(t) + kp(t, 0)) (o — 7o) (t)dt

n /O as(asmai (t) + kp(t, 1)) (1 — 7) (t)dt

207 V(f;§;70771)€u%'

Remark 2.1. The identities (2.21) and (2.22) can be regarded as some variational forms
of
—o(qr)e + Lipe = pa(@1)za + 1 = c1(X1 — X1.0);
and
—i0(q2)e — p1(q2)ax + 2 — Ba(0%)q2 = c2(X5 — X2.4)
in the distribution sense, respectively.
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3 Key ideas of analysis

In this section, we give the key to proving Theorems 2.1-2.4.
Note that (SMA) can be reformulated to the following system of abstract evolution
equations:

Ly

0,(t) — L_O(X1> () + 004 (0(t)) > L—Of(t) in H forte (0,7), (3.1)

2 0a ()0 + 00(a () xel0) + Gl (a0 xal0) 3 0.0) i HxH (5
for t € (0,7),

6(0) =6y in H, and (x1(0), x2(0)) = (x1.0, X2,0) in H x H. (3.3)

Here, 0! (+) is the subdifferential of a time-dependent convex function ¢'(-) on H for each
t € [0, 7], defined by

h

p— 2 1
A(z) = { 2L — |z =i, it zeV,

0, otherwise,

(3.4)

where 7 is the function defined in (2.1). In addition, 0u(-,-) is the subdifferential of a
convex function v on H x H, defined by:

V(2 2) = 2N E /| 2i)e(2)|?dx + —/ Ix(z1(x), 29(x))de, if z; € Vii=1,2,
) T 0
00, 0therw1se

Furthermore, Gj, (-, -) is a time-dependent operator on H x H for each 6 € C([0,T7; H)
and t € [0, 7], defined by

G (21,72) =~ (=U0° = 0(0) Bang(Da0(1) = BlO)*2) o

for any (z1,22) € H x H.

Then, we can prove Proposition 2.1. Indeed, we can show the existence of a solution to
(3.1)—(3.3), hence (SMA), by applying the abstract theory of nonlinear evolution equa-
tions and by employing the fixed point argument for continuous operators in compact
convex sets (e.g., Schauder’s fixed point theorem). In addition, by the standard mono-
tone arguments as in [11, Theorem 2.1], we can show the uniqueness of solutions to
(SMA). Moreover, multiplying (1.3) by (1/L1)(6(t) — v(t)) and 6;(t) — v(¢), multiplying
(1.4) by (g1 /o) (xa (), x2(t)) and (1/1)((x1)e(t), (x2):(t)), using Young’s inequality, and
integrating in time, we can get the a priori estimate (2.3).

Furthermore, we can prove Theorem 2.1 by applying the abstract convergence the-
orem of nonlinear evolution equations (cf. [1]) and by taking a minimizing sequence

{(fns gn, 70,n,71,n)}neN cuM . such that

lim J(fnagn770,n7’}/1,n> = inf ‘](fagafy()?’yl)'
n—0o0 (f79770771)€ua],\§
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For the detailed proof, we refer to [7, Theorem 2.1].

By a similar argument to (SMA), we can construct the unique solution (6%, x5, x5)
o (SMA)® on [0,7]. Indeed, the approximating problem (SMA)® is reformulated to the
following system of abstract evolution equations (cf. (3.1)—(3.3)):

oe (1) — i—;(ﬁ)t@) FORE(®) 3 121(1) i H fort € (0.7) (3.6)

L0, 50) + 00 (G0, 5(0) + Gl (G0 X300 = (0.0) i B x H (5
for t € (0,7),

6°(0) = 0y in H, and (x3(0),x5(0)) = (x1,0, X2,0) in H x H, (3.8)

where '(+) and Gf_)( -, -) are same ones defined by (3.4) and (3.5), respectively. In addition,
for each ¢ € (0, 1], ¥° is a proper, lLs.c., and convex function on H x H, defined by:

1
e 2i)e(z)|*dx + — Kfz 2o(x))dx, ifz €V, i=1,2,
77Z} (21,22) = 2,&0 Z/l | Lo ( 1( ) 2( ))

0, 0therw1se

where K¢(-,-) is the function in the assumption (A5).

Therefore, by the slight modification of the proof of Proposition 2.1 (cf. [11, Theo-
rems 2.1 and 2.2]), we can show that (SMA)® has a unique (6%, x5, x3). For the detailed
arguments, we refer to [11, Theorems 2.1 and 2.2]. Moreover, by a similar arguments to
Theorem 2.1, we can prove Theorem 2.2.

Furthermore, we observe from assumption (A5) that

1 — 1 on H x H in the sense of Mosco [15] as e — 0.

Therefore, applying the abstract convergence theorem of evolution equations (cf. [1]),
we conclude that the solution to (SMA)® converges to one to (SMA) on [0,7] in some
appropriate sense, as € — 0. Taking account of this fact, we can prove Theorems 2.3.

Finally, note that we can show the optimality condition for the approximating problem
(OP)5, since the cost functional J§ admits the Gateaux derivative at any (f, g,70,71) € U.
Thus, through the limiting observation of approximating problems (OP)5 as ¢ — 0, we
can prove Theorem 2.4 concerning the necessary condition of the optimal control for (OP).
For the detailed proof, we refer to [7, Theorem 2.5].
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1 Introduction

In this article, we present a new type of approximation of solutions to hyperbolic free
boundary problems with the desirable feature of energy preservation, which is important
in both mathematical analysis and numerical implementation of such problems.

Hyperbolic free boundary problems appear as model equations of phenomena involv-
ing interaction of lower dimensional objects with obstacles, where oscillations due to
inertia are not negligible. Examples of such phenomena include bouncing of shells such
as balls [9], peeling of membranes such as adhesive tapes from a surface [19], droplets or
bubbles moving on obstacles [13], or paper feeding rollers in printers [2].

As a motivation, let us derive a governing equation for a simplified model of removing
adhesive tape from solid surface. For simplicity, assume that a tape is uniformly glued to
a horizontal solid surface region Q2 C R?, and that its boundary is lifted with a prescribed
velocity. Further assume that the tension 7 of the tape is constant throughout the evolution,
that the adhesion force has a potential —« and that the shape of the tape can be represented
by the graph of a scalar function u(z, ). Then the energy of the system where the tape is
partially detached from the surface can be written as

/Q {T (W_ 1) Xus0 — (1 — Xu>0)} dz,

where the first term expresses the elastic extension energy of the tape in the detached
region {u > 0} = {x € Q; wu(t,z) > 0} with its characteristic function x,, and the
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second term is the adhesion energy proportional to the area fQ(l — Xu>0) dx of the region
where the tape is attached to the surface.

Approximating /1 + |Vu|?> — 1 &~ $|Vu|? for small contact angles 6 and omitting a
constant term —c /()| yields the energy functional

Iu] Z/Q(%IVUIQJrano) dz. (1)

The stationary minimization problem for this functional was first studied by Alt and Caf-
farelli in [3] and later in [4, 16, 17, 18]. In [3] it was shown that a minimizer of (1) exists
in{u € L..(Q); Vu € L*(Q),u = uy on 9} and satisfies

Au=0 in{u> 0}, IVul* =2a/7  on 0{u > 0},

while Aw is a Radon measure supported on the free boundary 0{u > 0} and absolutely
continuous with respect to the (d — 1)-dimensional Hausdorff measure. Regularity of the
free boundary is also discussed.

A corresponding parabolic evolution problem was subsequently investigated in [7].
Here, we are interested in the hyperbolic version which can be formulated by considering
stationary points of the action integral corresponding to potential energy (1), namely,

T
Ju:// =(ug) Xus0 — =|Vul” — ax, dx dt.
[] 0 Q(2< t) >0 2| ‘ >0>

The characteristic function in the kinetic energy term models zero reflection constant. A
stationary point of this action, if it exists, is expected to satisfy the wave equation in the
detached region {u > 0}, while this region is going to change in time and, therefore,
free boundary will be present. The second order derivatives of the solution will then be
measures supported in the free boundary, making the analysis of the hyperbolic prob-
lem challenging. Moreover, in view of further applications, such as sliding droplets, one
would like to impose global constraints on the motion, e.g., the condition of volume be-
ing constant in time, naturally leading to taking a variational approach to the problem.
This article summarizes the progress, though yet small one, that has been made in this
direction.

2 Definition of solution

We discuss possible notions of solutions. To make formulas shorter, we first divide J by
7/2, set Q* = 2a/7 and scale time, so that the action functional can be written as

T
T = / / (2xan0 — [Vl? = QPxuso) da dt. )
0 Q

We start with formally calculating the first variation of J. Assuming that it is possible to
take test functions ¢ supported in {u > 0}, we find

T
/ / (Vu -V —upy) dedt =0 Vo e Cg°(2 x (0,7) N {u > 0}),
0 QN{u>0}
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which means that any stationary point u satisfies the wave equation uy; — Au = 0 in
{u > 0}. In addition, u must be nonnegative, and thus equal to zero outside of {u > 0},
as immediately follows from the maximum principle for the Laplacian. On the other hand,
computing the inner variation ./ (u o 7, ")|c=g = 0, where the map 7, : Q x (0,T) —
Q x (0,7) is defined by 7.(z,t) := (x,t) + en(z,t) withn € C°(Q x (0,T); R? x R)
and ¢ sufficiently small, we arrive at the condition |Vu|* — u? = Q? on d{u > 0} [20].
Hence, we have derived the formulation

{utt—Au =0 in Qx(0,7)N{u> 0},

IVul? —u? =Q* on Qx(0,7)Nd{u>0}. )

This together with appropriate initial and boundary conditions and regularity assumptions
on the solution can be considered as the definition of a strong solution. In [20] it is also
formally shown that the above conditions can be expressed by a single equation with a
positive Radon measure term:

Q2
VIVul? + u?

It was proved in [10] that if d = 1 and certain natural regularity and compatibility condi-
tions are satisfied, then the formulation (3) admits a unique solution v € C*(Q2 x (0,7) N
{u > 0}) whose free boundary is a C'*-curve in space-time. This supports the correctness
of the formulation (3).

However, since it is hard to expect that strong solutions can be obtained in more gen-
eral settings, we would like to derive a suitable weak formulation. Unfortunately, this is
difficult when the singular term %y, is present, and therefore we consider its regular-
ization in the same manner as employed in the study of free boundary problems of elliptic
type. In particular, we let 3. be a smooth function satisfying

AL 0{u > 0}.

XasoUt — Au = —

=0 s <0, C
Be(s) 4 €[0,2/e] 0<s<e and |Bl(s)| < = forsome C > 1
=0 e < s, <
with / Be(s)ds = 1. We then have B.( / Be(s) ds — Xu>o pointwise as € — 0,

yielding a smooth approximation of (. Replacing the term %Y, in (2) by the term
%235(16) then leads to the regularized action

/ /<ut><u>0 |Vu|2——B( )> dx dt, 4)

and the corresponding strong formulation

XusoUtt — Au = _7&(“)

Assuming the existence of a solution u° to this problem equipped with initial and bound-
ary conditions, and its convergence in a suitable topology to a function v, a formal calcu-
lation (see, e.g., [20]) shows that the limit function satisfies the free boundary condition
|Vo]? —v2 = Q% on 9{v > 0}. In this sense, (4) is a good approximation of the nons-
mooth problem (2).

We can now define weak solutions.
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Definition 2.1. A weak solution is defined as a function v € H'((0,7); L*(Q)) N
L>((0,T); H}(Q)) satisfying the following equality for all test functions ¢ € C§°(€ x
0, 7)N{u>0}):

/ /( upr + Vu - Vgé—l—Q—zﬁe( )qb) dxdt—/vogb(x,O)dxzo.
Q

Moreover, we require that u = 0 is satisfied outside of {u > 0}, and that v fulfills the
initial condition u(0, z) = uo(x) and boundary condition in the sense of traces.

On the other hand, authors of [5] define weak solution in the following way:

Definition 2.2. A weak solution of type II is defined as a functionu € L*°(0,T; H(Q))N
Whee(0,T; L3(2)) with u(t, z) > 0fora.e. (t,x) € (0,T)x €, such that there exist weak
left and right derivatives u;" on [0, 7] and such that for all ¢ € W (0,7T; L*(Q2)) N
LY0,T; H(Q)) with ¢ > 0, spt ¢ C [0,T'), we have

Q2
/ / ( wde + Vu-Vo+ S fulu >¢) da dt — / vod(,0) dz > 0,
9]

and initial conditions are satisfied in weak sense.

One observes that Definition 2.2 introduces a weaker notion of solution than Definition
2.1 in the sense that it only requires the subsolution property on the whole of (0, 7') X 2. In
fact, the relation between the definitions and the uniqueness of their respective solutions
are still open. Nevertheless, existence of solutions of both types was obtained using the
same method of approximations through semi-discretization in time. Before explaining
this method, we give a brief account of obtained results. As mentioned above, existence
of unique strong solution in one dimension was proved in [10] and the result was extended
in [14, 15] to global and periodic solutions. A method for approximation of solutions in
arbitrary dimension was devised in [22] and further developed in [11, 24] and in [23, 8]
also applied to a problem with volume constraint. This series of studies succeeded in
constructing a reasonable approximation for a weak solution in the sense of Definition
2.1 but the weak solution itself was obtained again only in the one-dimensional case.
On the other hand, the papers [5, 6] take the strategy of Definition 2.2 and generalize
the semidiscretization method to nonlocal problems (with fractional Laplacian) and to
semilinear problems in a vector-valued setting, obtaining weak solutions of type II in
arbitrary dimension.

3 Discrete Morse flow method

3.1 Simple example: the wave equation

We first explain the idea of the construction of weak solution on an example of an initial-
boundary value problem for the linear wave equation:

(tvx) = Au(t,x) inQr = (07T) x €, (5
(t,z) = 0 on (0,7") x 09,

Ut
u
u(0,2) = wup(z) in €,
u(0,2) = wvo(x) in 2,
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where vy € H} () and vy € H}(Q).
We fix a natural number N > 0 that determines the time step h = T'/N and set
u_1(x) = uo(x) — hvg(x). Function ug corresponds to the approximate solution at time

level t = 0, while function u_; is the approximate solution at time level £ = —h. We
define the approximate solution u,, on a further time levels t = nh forn = 1,2,..., N,
to be the minimizer of the following functional in Hj(12):
U — 2Up 1 + Up_o|? 1 / )
Jplu] = d - Vu|*dz. 6
o = [ e v+ [Vl da ©

We observe that the second term of the functional is lower-semicontinuous with re-
spect to the weak convergence in H'({2) and the first term is continuous in L*(Q2). The
existence of minimizers then follows immediately from the fact that the functionals are
bounded from below for each n = 1,2,..., N. This is a crucial advantage over the con-
tinuous version of this functional, the Lagrangian.

As the next step, we define the approximate solutions @ and u" through an interpola-
tion of the minimizers {u, }2__, in time. The interpolation is given by

u'(t,z) = un(z),

WMt x) = wun(anh{tun_l@), @

fort € (n—1)h,nh],n=0,...,N.
Since u,, is a minimizer of .J,,, the first variation of .J,, at u,, vanishes. Thus, for any
© € Hy(Q) we have

d n— 2Un_1 + Up_
0:—Jn[un+5¢]|€0:/u “h21+“ 2g0dx+/VunV<pdx. (8)
Q Q

de

Using the definition of %" and " in (7), this can be rewritten as

h(E) _ ot —
/Q [Ut (t) Zt (¢ h)(p i Vﬂh(t)Vap} dr =0  forae. t€(0,T) Ve Hy(Q).

We note that the above relation holds also when multiplied by any function ¢ € C([0, 7).
Hence, integrating over the time interval (0, 7") and using a standard density argument, we
arrive at

T h _ b+ _
/O/Q[ut(ﬂ Zt(’f h)go+VuhV90]dmdt:0 Vo € L*(0,T; Hy (). (9)

Now, we would like to take the time step h to zero. To be able to do so, uniform
estimate on the approximate solutions is needed.

Lemma 3.1. For h < 1, the following energy estimate holds:
oy (B)llz2@) + VA" (@) lr2@) < Cp - forae. t € (0,T), (10)

where constant C'; depends on H'-norms of the initial data but is independent of h.

_6’7_



We omit the details of the proof which simply sets ¢ := u,,—u,,_1 in (8) and obtains the
desired estimate by summing over n and applying Young’s inequality. Basic calculations
lead also to the following estimates:

||ﬂh(t) — uh<t)HL2(Q) S h”uil(t)ng(Q) forae. t € (O,T),
||uh||2L2(QT) < HﬂhH%%QT) + 5”“0“%2(9)7

B h
IVu"(|720m < IVE" 1220, + §HVUOH%2(Q)‘

These estimates together with standard compactness arguments yield a common subse-
quence of {u"} and " and a function v € H'(Qr) such that

T strongly in L*(Qr),
Vﬂh — Yu Weakly in (LQ(QT))d7
ut weakly in L*(Qr).

Now, we can pass to limit in (9) as h — 0+ to obtain

T
/ /(—utapt + VuV)dedt — / vop(0,z)de =0 Ve e C5°([0,T) x Q). (11)
0 Jo 0

As the space of functions from H'(Q7) with zero trace on ({0} x Q) U ([0, 7] x 99Q) is
a closed linear subspace of H'(Qr) and, therefore, weakly closed by Mazur’s theorem,
we conclude that u satisfies initial and boundary conditions in the sense of traces (since u
also belongs to C([0, T']; L*(12)), the initial condition is satisfied even in the strong sense).
To summarize, we have proved through the discrete Morse flow approximations that
there exists a weak solution u € H'(Q7) to problem (5) in the sense of Definition 2.1.

3.2 Application to constrained free boundary problem

Next, we apply the method described above to a nontrivial volume-constrained free bound-
ary problem asking for stationary points of the functional

T
J:[u] = / / (4 xus0 — |Vu|* = Be(v)) dz dt (12)
o Jo

in the space

K:{UEH&(Q); uZO,/udx:V}

Q
under given initial conditions ug, vg.
We present only an outline of the main steps and refer to [21] for details.

1. Formulation of approximate discrete problem. Set h = T/N, define u_; as
above and foreachn = 1,2,..., N, find a minimizer u,, of the functional

— AUy y + 2y 1
Jn[u]:/“ U1 4 2U 2uxu>0d:lr+§/|Vu|2dx+/BE(u)dx (13)
Q Q Q

2h?

in the function set

Ky = {U € Hy(Q); /

UXyu>0 dT = V}.
Q
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2. Existence of minimizers. For given u,_1,u, s € Ky, there exists a nonnegative
minimizer u,, of the functional J,, in K. This follows from boundedness from
below and lower semicontinuity of .J,.

3. Energy estimate. There is a constant C'p independent of n and h, so that minimiz-

ers u,, satisfy

HMHLQQ + [V} < Ck. (14)
(

This is derived by passing to the limit as # — 0+ in
1
0< E(J"[(l — O)uy, + Oup_q] — Jn[un]),
summing over n and applying discrete Gronwall’s lemma.

4. Subsolution property. Any nonnegative minimizer u of .J,, satisfies the following
inequality for arbitrary nonnegative function ¢ € C§°(€2):

U — 2Up_1 + Uy
/ { h; 2 Xus0l + VuVE + /Ba(u)C} dx (15)
Q
U — 2un—1 + Up—2 2
_ <0
(/Q{ 2 u+ |Vul —i—ﬂs(u)u} dx) (/ gdx) <0
This is proved by considering J,,[1)s] — J,[u] > 0 for s = “=%x,, _sc0 (here I

is chosen so that the volume constraint is satisfied), performlng several technical
estimates and finally taking 6 — 0+.

5. L*-boundedness. If ug,vy € H'(2) N L>°() then minimizers fulfil the bound
|t || oo () £ M < o0, where M depends on h.
The property is proven by a standard elliptic technique of [12] but we have to con-
sider a test function belonging to Ky, i.e.,

 u—=0u—k)*
Ya(u) = Jo(u—0(u—k))da’

where (u — k)T = max{u — &, 0}.

0 — 0+,

6. Holder continuity. For any compact subset Q CC Q, there exists a positive con-
stant « (depending on h) with 0 < a < 1, such that minimizers u,, belong to
C(Q).

This is achieved by showing that minimizer belongs to the space By(€2, M, ~,d)
introduced by de Giorgi, which by the results in [12] implies the desired regularity.

7. Euler-Lagrange equation. By use of the above continuity result, we can choose
the support of test functions in the set {u,, > 0}. Then the first variation formula of
JInlu] is

n 2 n— n—
/Q (u uh21 +u 2¢+ Vu, Vo + ﬁe(un)qﬁ) dr = /Q)\ngf)dx
Vo € CP(QN{u, > 0}),
/ Vu,Vodr =0 Vo € Cgo(Q N {u, < 0}°).
Q

_69_



8.

10.

Here,

1 n — 2Up_ e
)\n = V/Q <u uhzl o 2un+ ‘vun’2+ﬂs(un)un> dx

is the Lagrange multiplier coming from the volume constraint. From the second
identity, we can conclude that u,, = 0 outside the set {u,, > 0}.

Approximate weak solution. The interpolated functions u" satisfy

/T/ (U?(t) _Z?(t_h)ﬁb‘Fvuthb—i-ﬁg(uh)gb) o /T/ S deds,
h Ja A

Yo € C([0,T) x QN {u" > 0}), (16)
u"=0 in Qr\ {u" >0},

and the initial conditions u"(0) = ug, u"(—h) = ug — hwp.

. Convergent subsequence. Rewritten in terms of 4" and ", the energy estimate

(14) becomes
This allows for extracting a convergent subsequence in certain topology.

Existence of weak solution in one dimension. We call v € H'(0,T; L*(Q2)) N
L>(0,T; H} () a weak solution if u(0, z) = ug(z) in Q and u satisfies

T
/ / (—urdr + VuVo + B.(u)p) dx dt — / v (0, ) dx (18)
o Jo

Q

1 (7 .
= /0 /Q (—up(u®); + |Vu*® + B (u)ud) dzdt — v /Q uouo®(0) da

Vo € C°([0,T) x QN {u > 0}),
u = 0 outside {u > 0}, (19)

where ®(t) = [, ¢(t, z) da.

Unfortunately, the bound (17) is not sufficient to pass to the limit ~ — 0 in (16)
since supp ¢ C {u > 0} does not imply supp ¢ C {u” > 0} for small h. However,
this property can be proved if dim({2) = 1 by extracting a uniformly convergent
subsequence based on Arzela-Ascoli theorem. This makes the limit 4 — 0 possible
and leads to a weak solution in accordance with the above definition.

On the other hand, note that to obtain a weak solution in the sense of Definition 2.2
is possible independently of spatial dimension of the problem because the energy
estimate (17) in principle contains necessary information to take h — 0 in the
approximate subsolution inequality (15).
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4 Energy preserving approximations

Energy estimates (10) and (17) enabled us to extract a convergent subsequence, leading to
a reasonable candidate for solution. On the other hand, these estimates are unsatisfactory
in the sense that when no dissipative terms are present, the solution should conserve its
energy, hence an “energy equality” is expected to hold. This is essential in two ways.
First, numerical solutions obtained via discrete Morse flow approximation excessively
dissipate energy, which is undesirable in applications. Second, if energy preservation is
known, one might be able to make progress in theoretical analysis of the free boundary
problems in terms of existence and uniqueness of energy-preserving solutions.

We have addressed this problem in [1] for a free boundary problem but here we explain
the main idea on the simple example of linear wave equation. The key point is to modify
the discrete functional as follows:

— 2Up— e 1
JSN[U] ::/ ’U Unp 12+ Unp, 2| dl“f’_/ |vu+vun_2‘2 de (20)

As in the standard discrete Morse flow, we can prove that minimizers exist and satisfy

— 2Up— _ _
/un U, 1+un 2¢+v<un+un 2)V¢d,f:0
Q

h? 2
for any ¢ € H}(Q). This is the weak form of the discretized modified wave equation

U — 2Up—1 + Up_2 U+ Up_2
— A2
e ()
which is why we call the functional (20) ”of Crank-Nicolson type”. This functional en-
joyes the following energy conservation property.

Theorem 4.1. The following quantity is independent of £ > 1:

U — Up—1||?
h

Proof. Forn =2, ..., k, since

5|

1 2 2
L@ + §<HvukHL2(Q) + IVur-1ll72(q))-

o d on
0= 7 I g 4 O(uy—o — uy)]

)
0=0

after calculation, we have

o (Un,1 - un72)2 - (un - Un,1)2 1 2 1 2
o_/ﬂ[ : + 5|Vl = 5[V ]dg;.

2

Summing over n = 2, ..., k, we arrive at

1 1 1 1 1 1

/ [ﬁ(ul_u0>2_ﬁ<uk_uk*1)2+§|V“0’2+§|VU1‘2—§|Vuk71|2—§|vuk|2} dr =0,
Q

which means

El - /
Q

1 1
- / [_2(1”“ - uk*1>2 + §|Vuk71‘2 + §Wu’“|2] dx = E},
Q

1 1 1
(= o) + 5 |Vuol + 5|V da

>

completing the proof.
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The quantity F;, corresponds the time-discretized variant of the energy / (ut2 + ]Vu|2) dx

Q
and hence the modified scheme preserves energy at the discrete level. This was essentially
employed in a practical application to printers [2]. However, exploiting this useful prop-
erty theoretically remains as our next research goal.

Acknowledgement. This report is based on the joint work with S. Omata (Kanazawa
University), E. Ginder (Meiji University), Y. Akagawa (National Institute of Technology,
Gifu College), S. Koide (Kanazawa University) and others.
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A free boundary problem of reaction diffusion equation
with a multi-stable type nonlinearity in high space
dimensions
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City, Kanagawa, 259-1293, Japan (Email: hmatsu@kanagawa-u.ac.jp)

This talk is based on joint works [14, 15] with Dr.Yuki Kaneko(Japan Women’s Uni-
versity) and Professor Yoshio Yamada(Waseda University). In this talk we consider the
following free boundary problem of a reaction diffusion equation:

up = Au+ f(u), t>0, 0<r<h(t),
ur(t,0) = u(t, h(t)) =0, t >0, 1)
W(t) = —pun (L, h(t)), t>0,

h’<0) = h’O? U(O,T) - UO(T)J 0 S r S h07

where r = |z| for v € RV N > 1, r = h(t) denotes a free boundary and is to be determined
together with w(t,7), Au = u,. + %ur, u and hg are given positive constants. Nonlinearity
f is a C*' function satisfying

f(0)=0, f(K)=0and f(u) <0 foru>K (2)
for some positive number K > 0. For any given hg > 0, uy belongs to 5 (hg), where
H(ho) := {¢ € C*([0, ho) : ¢'(0) = ¢(hg) =0, ¢(r) > 0in [0, ho)}.

For any given hy > 0 and ug € 2 (hy) we call a pair (u(t,r), h(t)) is a classical solution
of (1) on the time interval [0,T] if h € C*([0,T]), u € C**(D7) and (u, h) satisfies all the
identities in (1) pointwisely, where

Dr = {(t,r) : t € (0,T),r € [0, h(t)]}.

The existence, uniqueness and some properties of solutions were obtained by [3] and [7]
and are summarized in the following theorem.

Theorem 1 ([7]). Suppose that f satisfies (2) and let hg > 0 and uy € F(hy). Then for
any a € (0,1), problem (1) admits a unique solution (u,h) = (u(t,r),h(t)) defined for all
t > 0 satisfying

ue O Q) N CHER(Q), he O ([0,00)),

where Q = {(t,r) : t € (0,00),7 € [0,h(t)]}. Moreover (u,h) satisfies the following proper-
ties:
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(i) There exist positive constants Cy and Cy, which depend only on the initial data, such that

0<u(t,r) <Cp and 0<h(t) <uCy forall t>0 and r € [0,h(t))

(ii) wu,(t,7) <0 for allt >0 and r € [ho, h(t)].

Theorem 2 ([7]). Let (u(t,r),h(t)) be any solution to (1) and let hy = limy o h(t)
(0,00]. Fither hoo < 00 and limy o [[u(t, )| oo (o.n@w)) = 0; 0r hoo = 00 and limy oo u(t, )
v(r) locally uniformly for r € [0,00) holds, where v(r) satisfies

I m

~—

N -1
v”—i—Tv/—l—f(v) =0 for >0, /(0)=0 (3

and either v is a constant function or v'(r) <0 for r > hy; in the former case, the constant
is necessarily a nonnegative zero of f.

This problem was introduced first by Du and Lin [5], when N =1 and f(u) = u(a — bu)
(a, b > 0), as a population model which describes the spreading of a new or invasive species.
They showed that, as ¢ — oo, either spreading (h(t) — oo, u(t, -) — a/b locally uniformly
in [0,00)) or vanishing (h(t) — he < 00, [|u(t, -)|lcorw) — 0) occurs. This result is
called the spreading-vanishing dichotomy. Since their work, this result have been extended
by lots of researches (see for example [6, 10, 12, 17]). For N > 2, Du and Guo [3] considered
logistic type nonlinearity, Du, Lou and Zhou [7] studied (1) with quite general nonlinearities,
in particular, monostable and bistable nonlinearities. See [11] for more studies of (1) with
N >2

In this talk, we consider f satisfying the following conditions:

(F1) f € C([0,00)), f(0) = f(u) = f(uz) = f(u5) = 0 with 0 < uj < uj <wug, f'(0) >0,
f(uf) <0and f'(u3) < 0;

(F2) f(u) > 0foru € (0,u})U(us,ul), f(u) <0 foru e (uj,us)U(ul, oco) and /u3 f(u)du >
0; "

(F3) f(u)/(u — uy) is non-increasing for u € (Ua,u3), where Uy € (uj,u3) is a uniquely

u2
determined number by f(u)du = 0;
1

u

(F4) limf(u)/(u —uy)™ € (0,00] for some k € (0,00) if N = 2, and kK = N/(N — 2) if
N2

The nonlinearity which satisfies (F1)—(F4) is one of positive bistable nonlinearity. The typical
example of f satisfying (F1) and (F2) is given by

Fu) = ku (1_9) o

q 1+ u?
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with positive parameters k and ¢ being in certain parameter range. For N > 2 we impose
additional condition (F3) and (F4) (see the paragraph followed by Theorem A).

When N =1 and f satisfies (F1), (F2) and f’(u3) > 0, Kawai and Yamada [18] proved
that asymptotic behaviors of solutions are classified into four cases, in particular, they discov-
ered multiple spreading phenomenon corresponding to stable equilibrium points of f. Here
we remark that f|q,) is a monostable nonlinearity while f|,: ;) is a bistable nonlinearity.

First result of this talk is about classification of the asymptotic behavior of solutions.

Theorem A. Suppose that f satisfies (F1)—(F4). Let (u(t,r),h(t)) be any solution to (1).
Then exactly one of the following four cases occurs:

(i) Vanishing : lim;_,o h(t) < \/A1/f(0) and limy_,o |[u(t, - )||cqone)) = 0, where Ay is

the first eigenvalue to the following eigenvalue problem with usual Laplacian A:

—Ap=MXp in By(0):={z e RV : |z] < 1},
=0 on 0B4(0),

where B,(0) = {z € R" : |z| < p} and B,(0) denotes the boundary of B,(0);

(ii) Small spreading : lim; ., h(t) = 0o and limy_, u(t, - ) = uj uniformly on [0, R] for
any R > 0;

(iii) Big spreading: lim; ,o h(t) < co and limy_,o u(t, - ) = uf uniformly on [0, R] for any
R >0,

(iv) Transition : lim; ,o A(t) = 00 and limy_,o u(t, - ) = Vaec uniformly on [0, R] for any
R >0, where Viee = Viee() 18 a unique positive decreasing function satisfying

N -1
V'+ ——V+f(V)=0 in (0,00), V'(0)=0 and lim V(r)=uj.
T r—00
Moreover, if (uy,hy) is the solution to (1) for ug = o¢ with o > 0 and any fired ¢ €
H (hy), then there exist two threshold numbers of and o such that (u,, h,) satisfies the
following: For o € (04,00) the big spreading occurs, for o € (of,03) the small spreading
occurs, for o = o the transition occurs and for o € [0, 07| the vanishing occurs.

To classify the asymptotic behavior of solutions to (1) it is important to investigate
corresponding stationary problem. When N = 1 we can use a phase plane analysis to study
the stationary problem. However when N > 2 we can not use this method. Conditions (F3)
and (F4) are used to guarantee the uniqueness of the ground state solution Ve (see [19, 20]).
We also note that f'(u}) > 0 implies (F4).

We next give a result about the spreading speed of the free boundary, when the small
spreading, big spreading or the transition occurs. To investigate the spreading speed of the
free boundary, we have to consider the following semi-wave problem:

QZZ_CqZ+f(Q) :0, Q(Z) >0 for z>0.
(SWP)u* { q(o) — O’ quz<0> = C7 11}1’1] q(z) — u*’
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where u* € R is a positive and stable equilibrium of f. Since f|o.;) is a monostable non-
linearity, it follows from [6, Proposition 1.9] that (SWP),s admits a unique solution pair
(cs,qs) for any p > 0. Moreover, cg = cg(p) is monotone increasing in g, lim, o cs(p) = 0
and lim,, o cs(it) = ¢5 holds, where ¢§ is the minimal speed of traveling waves determined
by flio.u3)-

The solvability of (SWP),;: is delicate and it was shown in [18] that one of the following
two cases holds true:

(Case A) For every u > 0, there exists a unique solution pair (c,q) = (cg, qs) to (SWP),:.

(Case B) There exists a positive number p* such that (SWP),: admits a unique solution
(¢,q) = (cB,gn) for p € (0, u*) and no solution for every p € [u*, 00).

It was also shown in [18] that if (cp, gp) exists, then ¢s < c¢g holds. To study when Case B
occurs for (SWP),:, we recall results for the following traveling wave problem:

Q.. —¢cQ.+ f(Q)=0 for —o0<z< o0,
(TWP)uo1 ) lim Q(:) = u., Q(0) = (. +u')/2, lim Q(z) =,

where u,, u* € {0,u}, ui} with u, < u*.
Since f |[O,u’ﬂ is monostable and f [utug) 18 bistable, classical works of Aronson and Wein-
berger [1, 2] tell us

e there exists a unique positive number ¢ such that (TWP)[O,UE«] has a unique solution
if and only if ¢ > cg

e there exists a unique positive number ¢}’ such that (TWP),: ;) has a unique solution

if and only if ¢ = 8.

We denote by (¢}, QF) the unique solution pair to (TWP )z -

1
By the phase plane analysis of Kawai and Yamada [18], one can obtain a necessary and

sufficient condition for Case B by using above positive numbers c¢5 and cb.

Proposition 3. Case B occurs if and only if ¢ < ¢§. Moreover threshold number u* in

Case B is uniquely determined by cs(p*) = ¢ and it holds that
cs(u) > ¢f for p>p’, (4)
where cg(j) is the speed of semi-wave qs and determined by (SWP)y:.

Next theorem is about asymptotic speed of h(t) for the solutions which satisfies lim;_,, h(t) =
00.

Theorem B. Suppose that f satisfies (F1)—(F4) and let (u,h) be the solution.
(i) If the small spreading occurs for (u,h), then
h(t)

lim —= = cg,
y s

where cg is the number determined by unique solution pair to (SWP)u;.
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(ii) If the transition occurs for (u,h),

(iii) If the big spreading occurs for (u,h), then the following properties holds true :
In Case A,

and in Case B,

lim h(t) _J s when p < u*,
cs  when p > p*,

where cp is the number determined by unique solution pair to (SWP),: and p* is the
number given in Case B(or Proposition 3).

Finally I will consider asymptotic profile of u(¢, - ) on [0, h(t)] and sharp estimates of h(t)
as t — oo for small and big spreading solutions For the case N = 1, the asymptotic profiles of
such spreading solutions have been established in [10, 16, 13]. However, as far as I know, for
the case N > 1, the asymptotic profile of spreading solution was studied only in the work of
Du, Matsuzawa and Zhou [11] where problem (1) with a monostable, bistable or combustion
type nonlinearity was considered. Moreover, in [11], a striking difference between the case
N =1 and the case N > 1 was shown; in particular, in the case N > 1 a logarithmic term
appears in a sharp estimate of h(t) and u converges to the semi-wave with a logarithmic
shifting for spreading solutions (u, h) as t — oo. Such a logarithmic shifting was discovered
by Uchiyama [21] in the corresponding Cauchy problem.

Once the solvability of (SWP),: and (SWP),: has been established, one can follow the
arguments in [11] to obtain the following result.

Proposition 4. Suppose that f satisfies (F1)—(F4). The following properties hold true:

(i) If (u,h) is any small spreading solution, then there ezists Rs € R such that

lim [h(t) — {cst — (N — 1)cs < logt}] = Rs, Jim h'(t) = cs (5)

t—o00

and

lim  sup Ju(t,r) = gs(h(t) —r)| =0,

t=00 1.c(0,h(1)]

where (cg, qs) is the unique solution pair to (SWP)u{ and cs . = cs (1) is given by

1 Cg -t
CS x = CS =—<1+ = .
S, S, (1) Cs { 12 fo q’s(z)QeCSzdz}
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(ii) Suppose that (SWP)u§ has a unique solution pair (cg,qs). If (u,h) is any big spreading
solution, then there exists Rg € R such that

lim [A(t) — {cgt — (N — 1)cp.logt}] = R, lim A'(t) =cp (6)
t—o00 t—o00
and

lim sup |u(t,r) —gu(h(t) —r)| = 0.
£=00 ref0,h(1)]

where cp .« = cp.(1) s given by

1 CB -1
e =) = AU e |

Proposition 4 tells us when (SWP),+ has the solution pair, asymptotic profiles of small
spreading solutions and big spreading solutions are described by using the corresponding
semi-waves. Moreover when N > 1, sharp estimates of h(t) in (5) and (6) contain a loga-
rithmic term. The appearance of such a logarithmic term is called logarithmic shifting.

For the case where (SWP),: does not have solution, the profile of u for which the big
spreading occurs has been unclear. If N = 1 we proved in [13] that the big spreading solution
approaches a so-called propagating terrace connecting 0 and u3.

The third main theorem is about purpose of the a sharp estimate of h(t) and a sharp
asymptotic profile of u over the interval [0, h(t)] for a big spreading solution (u,h) when
(SWP)u;; has no solution. However, it is necessary to determine the exact coefficients of all
logarithmic shiftings which appear in the propagating terrace. In fact we intend to show
that u approaches a propagating terrace which consists of a semi-wave and a traveling wave
with logarithmic shifts by determining all the coefficients of the logarithmic shiftings.

Theorem C. Assume that f satisfies Case B in addition to (F1)—(F4). Let p satisfy (4)
and let (u, h) be any big spreading solution of (1). Then there exists Rs € R such that

lim [A(t) — {cst — (N — 1)cs . logt}] = Rs, lim A'(t) = cs. (7)
t—o00 t—o00
Moreover, there exists Rg € R and L, > max{(N — 1)cs., (N — 1)/cB} such that for any
L>1L,
lim sup u(t,r) = gs(h(t) — )| =0 (8)

t—=00 ¢ [est—Llogt,h(t)]

and

lim sup
t—00 r€[0,cst—L log t]

N -1
u(t,r) — QF (cllgt— ?logthRB —r)’ = 0. 9)

Here (cg, qs) is the unique solution pair to (SWP)W Csx = Cs(p) is given by

1 Cg !
Cs x = CS x =—x<1 + 50
S, S, (#) cs { 112 fo q/S(Z>26—csde}

and (¢}, QF) is the unique solution pair to (TWP) 1.
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This theorem means that if (4) holds and (u, h) is any big spreading solution, then u
converges to the propagating terrace connecting 0 and wj which consists of semi-wave g¢g
with speed cg and traveling wave QF with speed ¢ and accompanies logarithmic shiftings
in both waves. We call the solution (u,h) to (1) which satisfies (7), (8) and (9), a radial
terrace solution to a general free boundary problem given later in (10)(See Du and Matano
[8] where the notion of a radial terrace solution is introduced for the Cauchy problem).
Moreover we should remark that the radial terrace solution in this theorem has two kinds of
logarithmic shiftings. In fact, the logarithmic term in (8) with (7) coincides with the one for
free boundary problem (see [11]) and the logarithmic shifting in (9) is the same as the one
which appears in the Cauchy problem (see [21]).

Here we should remark that problem (1) is a radially symmetric setting of the following
general free boundary problem:

N
V=Y Upa, + f0), t>0, 3 €Q(),

i=1 (10)
v=0, v, =p|Vul}, t>0, zeTl(t),
v(0, z) = vo(x), x € Q,

where Q(t) C R” is bounded by the free boundary I'(t)(= 9Q(t)) with Q(0) = Q, which is
a bounded domain with smooth boundary 0€y. The relation between (1) and (10) is given
by vo(z) = uo(|z]), v(t,z) = u(t,|z|) with Q) = {x € RY : |z| < h(t)}. Du and Guo
[4] defined a weak solution to (10) and proved that (10) has a unique weak solution v(¢, x)
defined for all ¢t > 0.

Du, Matano and Wang [9] obtained the regularity of the free boundary I'(t) and the
following general result concerning asymptotic behavior of ().

Theorem 5 ([9, Theorem 1.2]). Q(t) is expanding in the sense that Qo C Qt) C Q(s) if
0 <t<s. Moreover, Qu = Uio€(t) is either the entire space RY, or it is a bounded set.
Furthermore, when Qu = RN, for any large t, T'(t) is a smooth closed hypersurface in RY,
and there ezists a continuous function M (t) such that

0 {0 - 2 <o < )}

and when Qo is bounded, limy_,q [|v(t, - )||L@u)) = 0, where dy = diam(£).

Theorem 5 suggests that problem (10) can be reduced to a simpler situation, that is,
radially symmetric setting. In fact, Du, Lou and Zhou [7] showed that, for the case where f
is monostable or bistable nonlinearity, if spreading happens, then M (¢) in Theorem 5 can be
estimated by using h(t) determined by (1) with a suitable initial data in the following form:

|IM(t) — h(t)| < C for all large t > 0

for some constant C' > 0. In this sense, to obtain sharper estimates of h(t) than those in
Theorem B for spreading solutions is indispensable for the better understanding of large-
time behaviors of solutions to (10). Problem (10) with a positive bistable nonlinearity will
be discussed elsewhere.
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Abstract

Besides the Euler flow, there is another mathematical model that describes
2D incompressible and inviscid fluid flows, called the point vortex dynamics,
which is derived formally from the Euler flow. Since the point vortex dynam-
ics is a finite-dimensional Hamiltonian system, it is mathematically easier to
handle this than the Euler flow. For this reason, the point vortex dynam-
ics is of importance in applications, since it is utilized as simple models for
fluid phenomena with localized vortex structures. In the meantime, since the
point vortex dynamics is derived formally from the Euler flow, it still remains
open whether the insight gained by using the point vortex dynamics is also
applicable to the Euler flow as well. Therefore, in order to solve this problem,
we need to establish a space of solutions to the Euler equation that contains
the pair of the fluid velocity and the pressure for the point vortex dynamics.
However, since the vorticity of the point vortex dynamics is given by a linear
combination of delta functions, due to the singularity of the vorticity and the
nonlinearity of the Euler equation, the problem of mathematical justification
is considered to be a difficult one in the analysis of the 2D Euler equation. Al-
though there have been many studies to date on the indirect characterization
of the point vortex dynamics by approximate sequences of weak solutions to
the Euler equation, the problem remains open in terms of constructing a space
of solutions that directly includes the point vortex dynamics. In this talk, we
solve the problem in a geometric way, rather than in an analytic way.

1 Introduction

The motion of incompressible and inviscid fluids in the Euclidean plane is
governed by the Euler equation,

Ovr + (v - Vg = —grad p,, dive, =0, (1)

The fluid velocity field v; € X(R?) and the scalar pressure p; € C(R?) are the
unknowns and a solution of the Euler equation (1) is called an Euler flow.
Applying the curl operator to the Euler equation, we obtain the following
equation for the vorticity w; = curlvy = 02 — dqv}.

Oy + (’Ut . V)wt =0,
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which is called the vorticity equation. Since the fluid velocity is divergence

free, the velocity becomes a Hamiltonian vector field, i.e., v; = — Jgrad ¢y =
(O2tpy, —01;) for a Hamiltonian ¢ € C(R?), where J is the symplectic
matrix. The vorticity of the Hamiltonian vector field vy = — Jgrady, =

(O21)y, —O11y) satisfies the Poisson equation:
wr = —curl Jgrad ¥y = — Ay
Solving the Poisson equation, we obtain the Biot-Savart law:
vy = — Jgrad(Gp,wy),

where Gz is the Green function for the Laplacian —/\. The vorticity equation
is now written only in terms of the vorticity:

Owwr + (— Jgrad(Gu,wy) - V)w, = 0, (2)

Applying the divergence operator to the Euler equation, the pressure is also
determined by the Poisson equation:

—Apy = div(ve- V)oy.

Hence, the fluid velocity v; and pressure p; are explicitly presented by the
vorticity:

vy = —Jgrad(Gg,wy), pr = (Gp,div(Tgrad(Gp,ws) - V) Tgrad(Gr,wy)).
(3)

As a result, solving the vorticity equation (2), we obtain an Euler flow (v, py)
that is defined by (3).

Note that the formulae (3) still make sense in the sense of distributions.
Let us consider the case where the vorticity {2, is given by a linear combination
of delta functions centered at g, (t) over real coefficients €y = 25:1 Lndg, 1)-
Replacing wy by € in the equation (3), we formally obtain a velocity field
Vi € X(R2\ {gn(t)}_,) and a pressure II; € C(R?\ {g.(t)}\_,). However,
since the pair (V;,II;) is not of well-known class L2 (R?) of weak solutions [4],
it is no longer an Euler flow in a regular sense, which implies that we can not
determine the evolution of the vorticity. Instead, Helmholtz proposed that

gn(t) be determined by the following ordinary differential equation [8].

Gn, = lim [— Jgrad(Gp, ) + Terad(Gh, Fn5qn(t)>(q)] (4)

q—qn

N
= — Jerad Z FmGH(%u Qm) = 'Un(Qn)‘
=

The equation (4) is called the point vortex equation, and its solution is
called the point vortex dynamics. By substituting w; for €; in the sense
of distributions in (3), the velocity V; € X*°(R?\ {g,(¢)}) and the pressure
II; € C*®(R?\ {g.(t)}) for the point vortex dynamics are formally derived.

The point vortex dynamics is easier to deal with mathematically than the
Euler flow, since it is a finite-dimensional dynamical system. For this reason,
it is utilized as simple models for fluid phenomena with localized vortex struc-
tures [8]. Meanwhile, since point vortex dynamics is derived formally from
the Euler flow, it still remains open whether the insight obtained by using
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point vortex dynamics is also applicable to the Euler flow. Thus, it is of sig-
nificance for applications to establish a solution space for the Euler equation
that contains the pair (V;,II;) of the fluid velocity and the pressure for the
point vortex dynamics. For the pair (V;,1I;) to be an Euler flow, the time
evolution of the vorticity €2; is to satisfy the vorticity equation. However,
due to the singularity of €); and the nonlinearity of the vorticity equation,
the problem of mathematical justification is considered to be a difficult one
in the analysis of the 2D Euler equation [4, 5, 6]. Although there have been
many studies to date on the indirect characterization of point vortex dynamics
by approximate sequences of weak solutions to the Euler equation, the prob-
lem remains open in terms of constructing a space of solutions that directly
includes point vortex dynamics.

Point vortex dynamics is generalized to the case where point vortices are
affected by a background field. The point vortex dynamics is sometimes con-
sidered in the presence of the velocity field X; € X"(R?) of an Euler flow, in
which the evolution of ¢,(t) is governed by the following equation.

Qn(t) = ﬁXXt(Qn(t)) +Bw'vn(Qn(t))a n = 17N

for a given parameter (Bx, f) € R%. The velocity field X; is called the back-
ground field. An experimental study confirm the importance of background
fields in two-dimensional turbulence [10]. In the same way as in the absence
of a background field, a velocity field V; € X(R? \ {g,(t)}?_,) and a pressure
I, € C(R?\ {g,(t)}}_,) are defined:

N

Vi(q) = Xi(q) — Jerad Y TnGul(q au(t), Pr=(Gu,div(Vi- V)Vi).

n=1
Even if the regularity of the background field is simply of class C", it remains
open whether the pair is a weak solution of the Euler equation as it is open
in the case with no background field.

The purpose of this paper is to justify the point vortex dynamics in the
background field as an Euler flow. The problem is originated in the analysis
of the 2D Euler equation, but it is solved by a geometric method in this paper.
We will provide a weak formulation of the Euler equation in the space of de
Rham currents, and show that the point vortex dynamics in the background
field is a current-valued solution of the Euler equation. The de Rham current is
a continuous linear functional defined on the space of differential forms, which
is used mainly in geometric analysis and geometric measure theory. Roughly
speaking, currents are locally differential forms over distribution coefficients,
which are characterized as a weak extension of differential forms. We then
rewrite the notions involved in the analysis of the Euler equation, such as the
divergence operator and the curl operator, in terms of differential forms.

The weak formulation obtained in this procedure is applicable not only to
the plane but also to curved surfaces in general. Taking into account that
point vortex dynamics in a rotational field on a sphere has been adopted as a
mathematical model of geophysical fluids to investigate the effect of Coriolis
force on non-viscous fluid motion [7], It is of significance for applications to
justify the point vortex dynamics in the background field as an Euler flow for
curved surfaces. For the generalization to curved surfaces, however, we refer
to the original paper [9]. In this paper, we focus on the planar case in order
to provide the essence of what is discussed to the reader who is not familiar
with the notions of differential geometry. Therefore, we note that the main
results presented in this paper hold true for general curved surfaces as well.
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This paper is organized in the following sections. In section 2, weak for-
mulations by currents of the notions involved in the analysis of the Euler
equation are presented. Since the weak formulations by currents are obtained
as weak extensions of differential forms, these notions are rewritten in terms
of differential forms in Section 2.1, and then their weak formulations by cur-
rents are carried out in Section 2.2. In Section 3, current-valued solutions
of the Euler equation and its regular-singular decomposition are formulated.
The main result is stated in Section 4, and its applications are discussed in
Section 5.

2 Weak Formulation of Vector Calculus

2.1 Reformulations in Differential Forms

Let X"(R?) be the space of all vector fields on R? of class C" and Qpr} (R?)

be the space of all p-forms on R? of class C". We denote QZ[’OO] (R2) briéﬂy by
QOP(R?). Let DP(R?) be the space of all smooth p-forms with compact support.

The curl operator curl : X = (X!, X?) € X"(R?) - curl X € C"}(R?)
and the divergence operator div : X = (X! X?) € X"(R?) — divX €

C"~1(R?) are defined as follows:
curl X = 91 X% — 9o X!, divX =9 X! + X2

A vector field X € X"(R?) is said to be incompressible (or divergence free) if
div X = 0. Given X € X"(R?), we call the function w = curl X the vorticity.
A vector field X = (X!, X?) € X"(R?) is called a gradient vector field if there
exists a function ¢ € C"1(R?) such that X = grad ¢ = (019, 020). A vector
field X = (X!, X?) € X"(R?) is called a Hamiltonian vector field if there exists
a function ¢ € C™1(R?) such that X = — Jgrad¢ = (9o, —01¢). where J

is the matrix defined by
0 -1
7-( 3)

The function v is then called the Hamiltonian or the stream function. Since
every incompressible vector field X € X"(R?) is a Hamiltonian vector field
X = — Jgrad vy, the vorticity w = curl X and the stream function 1 satisfy

w = curl(— Jgrad ¢) = —Aq.
Accordingly, we obtain the Biot-Savart law:
X = —Jgrad(Gp,w),

where (G, w) is the convolution of the Green’s function G € C®(R? x R?\
A) and the vorticity w.

An isomorphism between vector fields and differential 1 forms plays an
essential role in rewriting those facts on vector calculus in terms of differential
forms, and is called the musical isomorphism. Note that every vector field
X € X"(R?) is conventionally written as X = T(X!, X?), and identified with
a vector-valued function. In the theory of manifolds, it is rewritten as X =
X101 + X20; by using an orthogonal basis (91, d2) of the tangent space of R2.
Here, the orthogonal basis is identified with the partial derivative. In contrast,
differential 1-form « is written as by using an orthogonal basis (d z!,d 2?) of
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the cotangent space of R?. Let us remember that the cotangent space is
defined as the dual vector space of the tangent space and dz’ is the dual
basis of 0;. The dual basis is now identified with the line element. As a
result, by replacing the basis d; with the basis d ', we obtain a 1 form X’ =
Xldal + X2da? € Q[lr](RQ). The operator b : X € ¥"(R?) — X € Q[lr} (R?%)
is called the flat operator, and the corresponding 1 form is called the velocity
form. Conversely, for each 1-form o = a;da! + azda? € Q[lﬂ (R?), a vector

field is defined by oy = a101+a20; € X"(R?). The operator f : o € Q[lr]( %)=
ap € X7 (R?) is called the sharp operator, and the corresponding vector field
is called the dual vector field. These two operators are isomorphisms between
the space of vector fields X"(R?) and the space of 1-forms Q[lr] (R?), which
together are called musical isomorphisms. The inner product («, ) of 1 forms
a=odzt +apdz?, g = prdat + Boda? € Q[IT](R2) is defined by (a, 8) =
a1 1 + a2 fBa.

The differential operators used in this paper consist of two basic operators:
the (exterior) differential operator d and the Hodge-* operator. For each p-

form a € Ql[jﬂ (R%)(p = 0,1,2), the differential operator d : a € Q][’r] (R?) —

da e Qﬁf_ll} (R?) and the Hodge-* operator * : o € QI[’T} (R?) — xa € Q?TTP(RQ)
are defined by
O1a dz! + 020y d.%’2, ifa=a9€ Q[[)r](R2)’
da = (O1ag — 82al)dx1 Adz?, ifa=aydal + asdax? e Q%T}(Rz),
0, if&:alzdfﬂl/\dlb2 EQ[QT](RQ),
(aod,Il/\d$2, if @ =ayg EQ?T](RQ),
s = { —asdal + oy da?, ifoa:ald:cl—i—agdeEQ[lT](RQ),
a2, ifa:alzd:zl/\d:z2 S Q[QT](]RQ).

Moreover, by using the differential operator and the Hodge-* operator, the
codifferential operator § = «d * : Q7 (R2) — QP! (R2) and the Hodge Lapla-

[r] [r—1]
clan A =0d+dd: er] (R?) — er—z] (R2) are defined.

Using the above notion of differential forms, the curl operator and the
divergence operator are thus rewritten as

curl X = xd X°, divX =46X°

since
#d X" = «d(X'dz! + X2da?) = (0, X% — %X ) da! Ada?
= 01 X% — 0, X",
60X’ = wdx(X'da! + X2da?) =« d(—X2da! + X da?)
= %O X' + BXH)da' Ada? =0 X + 9 X2
Similarly, since
d¢ =01pda! + dhoda?, xdy = —pdat + 81y da’,
we obtain
grad¢ = (d¢);, Jgrady = (xdy)y.
The Euler equation is now presented as follows:

O’ + (xdv’) x0* +d|v°)?/2 = —dp. (5)
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It is easy to see that the equation (5) is equivalent to the Euler equation since

o’ = Ot dxt + O dz?,
(xd0”) % 0” = (02010 + 020" ) d 2t + (01810 — v'dw!) d2?,
d[v]?/2 = ('Ot + 0?0102 dat + (v' Ot + v?Ov?) d 2?,
dp =dipdat + depd .

Although the equation (5) is introduced heuristically in this paper, the deriva-
tion of the equation (5) from the Euler equation is based on an idea in differen-
tial geometry, the symmetric-antisymmetric decomposition of the Levi-Civita
connection [9]. It is still open whether a similar presentation can be obtained
for the three-dimensional Euler equation.

2.2 Weak Formulation by Currents

We begin with a brief review of the basics of currents. For details, we refer
the reader to [1]. A p-current is defined as a continuous linear functional
over R on D?7P(R?). Let T[¢] denote the coupling of the p-current 7' and
¢ € D*P(R?). The elements of DP(R?) are often called test forms. The
space of all p-currents on R? is denoted by D,(R?). In the same manner
as distributions, calculations on currents are defined via calculations on test
forms. The differential operator d : T € D,(R?) — dT € D;H(]Rz) for
currents is defined as d T'[¢] = (—1)P*1T[d ¢], and the Hodge-* operator * :
T € D}(R?) — «T € D},(R?) is defined as *T[¢] = (—1)P*~P)T[x¢]. As for the
codifferential operator and the Hodge Laplacian for currents, it is immediately
obtained from the composition of the differential operator and the Hodge-x
operator.

For instance, the space D()(RQ) corresponds to the space of distributions
on R%. In particular, for p € R?, we define the delta current, say 6, € Dj(R?),
by dp[¢] = *¢(p). This is the counterpart of the delta function in the theory
of distributions. For each p-form o € QI[)T ] (R?), it is naturally identified with

a p-current when we define a functional I(a) on D*7P(R?) as

rlol= [ ane,

Since the topology of the space of currents is weak-* topology, the inclusion
map I : Qﬁ ] (R?) — D,(R?) is now an embedding map. Therefore, currents
are characterized as a weak extension of differential forms.

Let us formulate a notion of currents corresponding to singular integral op-
erators. We first establish the space of all singular integral kernels. Namely, we
call a p-form on a nonempty open subset U C R? local p-form. Let Qﬁ”]loc(RQ)

(R2), the
topology of QI[)T]IOC(RZ) can be defined. For each local p-form « € Qz[)r}loc (R?),
there exists a maximal open subset U such that a € QZ{T ](U). Then, the closed

denote the space of all local p-form. In the same manner as Lfoc

subset S"(a) = R?\ U is called the singular support of a. We next define
a singular integral operator as an integral operator whose integral kernel is
local p-form. A p-current T € D]’D(Rz) is said to be of class C7, if there exists
a local p-form ap € Qﬁ}loc(RQ) such that for every ¢ € D?>7P(R?\ S"(ar)),
T[p] = I(ar)][p]. Let D;,T(RQ) denote the space of all p-currents of class C”.
For each T € D} (R?), the subset S"(T) = S"(ar) and the local p-form ar
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is called the singular support of T" and the density of T. Owing to the fun-
damental lemma of calculus of variation, the density is uniquely determined.
Thus, the map K : T' € Dy (R?) — K(T) = ar € QZ[’T]IOC(RQ) is well-defined
and called the derivative. Obviously, the restriction K| o, (B2) is the identity

map on Q’[; ] (R?). For example, for each p € R?, the delta current d,, is of class
C* since 8, = I(0) in R?\ {p}. We thus obtain S®(d,) = {p} and K(Jy) = 0.
We define the principal value p.v.: T € QF |~ (R?) — p.v.T € D,(R?) by

[r)loc

p.v.T[¢] = lim TN
=0 JRA\B(S(T)
for each ¢ € D?7P(R?) if the limit exists. The domain of p.v., say Dom(p.v.),
is defined by the space of p-currents in which the limit exists for every ¢ €
D27P(R?). Let us introduce the operator £ by £ =dp.v.: T € QZ[?T]IOC(R2) —
LT €D, +1(R?), which is called the localizing operator. For each ¢ € DPT(R?),
we have

£T[¢] =dpv.T[¢] = (—=1)P L p.v. T[d ¢].

The domain of £, Dom(£), is the space of p-currents 7" in which p.v.T'[d ¢]
is well-defined for every ¢ € D'7P(R?). If T € Dom(£) satisfies dT' = 0 in
R?\ S(T), then we obtain

£T[¢] = (=P lim TAd¢=—lim T A ¢,
<0 JR2\B(S(T)) 0.JoB.(S(1)
since (—=1)P" 1T Ad¢p = —d(T A ¢) +dT A ¢. Hence, £T is determined by
the asymptotic behavior of T' near the singular support S(7'). The name of
localizing operator is named after this property.

In light of the above basics for currents, let us apply it to a weak for-
mulation of vector analysis in terms of currents. What remains to be done
is basically to replace the part of the velocity form with a 1-current. The
divergence of a 1 current o € D} (R?) is defined by da € D)(IR?), based on the
presentation of the divergence operator by the velocity form: divX = §X°.
But for the curl operator curl X = xd X”, the principal value is used so
that the vorticity can be calculated from the density of the current. Namely,
the vorticity of a local 1 form a € Dom(£) is defined by * £a € Dj(R?).
Let us remember that Q[lr} (R?) is identified with X"(R?) by the sharp op-
erator § : a € Q[IT](]RQ) — ay € X"(R?), satisfying a[X] = g(ay, X) for all
X € X"(R?). As 1-form generates, every C" 1-current T generates a vec-
tor field allowing singularities in S(T'). For each T € D} (R?), we define
T; € X"(R*\ S"(T)) by Ty = K(T);. As an example, for each 1) € D (R?),
we define Jgrady € X" H(R?\ S™"1(dv)) by Jgrady = K(xd1);. The
vector field Jgrady stands for the Hamiltonian vector field induced from the
Hamiltonian v with singularities in S(¢). We will use this notion when we
take a vector field generated by point vortices. In what follows, for a given
T € Dy (R?), we abbreviate S"(T) to S(T'). All currents are of class C™ and
the singular support consists of a finite set of points in this paper.

3 Current-Valued Solutions of the Euler
Equation

In Section 2.1, we saw that the equation (5) is an equivalent presentation to the
Euler equation. Before we replace differential forms in (5) with currents, we
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need to deal with the nonlinear term carefully in order to avoid multiplication
of currents. Let us recall multiplication of local p-forms is still valid and a
local p-form is converted to a current by taking the principle value. Hence,
‘;’he Euler equation is reformulated for oy € DY (R?) and p; € Q?T]IOC(RQ) as
ollows.

Orpv. K(og) + pv {K(xday) K (xay) + d |K (ag)?/2} = —pv.dp;,  (6)

in D} (R?), if each of terms is contained in Dom(p.v.). When we focus on
evolution of vorticity, the vorticity equation is useful rather than the Euler
equation. Let us remember that the vorticity equation is obtained by applying
the curl operator curl = xd to the Euler equation. Based on this, applying the
differential operator d to (6), we obtain the vorticity equation corresponding
to (6) if each density in (6) is contained in Dom(d p.v.) = Dom(£).
Definition 3.1. A pair of time-dependent currents (ay, p) € DiF (R?) XQ?T}IOC(Rz)
1s called a weak Euler flow, if the following conditions are satisfied:

1. K(ay) € Dom(£) and K(*doy) K (*ay) + d | K (ay)|?/2 € Dom(£);

2. dps € Dom(L);

3. O LK (o) +L{K(xday))K(xay) + d|K(cy)|?/2} = — £dpy  in Dy(R?);

4. 6ay = 0 in D}(R?);

In particular, we call the third condition the weak Euler equation and oy the
velocity current.

Let us decompose a weak Euler flow into a regular part and a singular
part, assuming that the regular part is given by a classical solution of the
Euler equation. Let us fix a weak Euler flow (ay,p;) € DY (R?) x QY (R?)

[r]loc
and a classical Euler flow (X;, P;) € X"(R?) x C"(R?):
X+ (xd X))« XP +d|XP2/2=—dP,.

Unless otherwise stated, the subscript ¢ is omitted hereafter. Writing u =
a— X’ € Dy (R?), w=x+du € DJ(R?) and wy = *d X°, we obtain
HLK(a)— 8 L£X" =08, LK (u)
LK(xda)K(x0) — Lwx * X* = £ K(w + wx) K (x(u+ X)) — Lwx * X°
= £{(wx + K (@)K (+u) + K (w) * X},
LA|K())? — £d|X)? = £d(X° + K(u), X" + K(u)) — £d |X°)?
= £d(2X’ + K (u), K (u)).

Hence, the weak Euler equation (Definition 3.1-3) is reduced to

Oy £ K (u)+&{(wx+K (W) K (+u)+ K (w)* X +d(2X°+ K (v), K (u))/2} = — £d(p—P).
(7)
We examine closely the role of each term in the equation (7). When the
relative vorticity w is given by a linear combination of delta currents, for
instance, a straightforward calculation of currents shows that

{(wx + K () K (+u) + K (w) * X'} = 0

is actually valid [9]. Furthermore, if the pressure term vanishes under some
assumptions, the equation (7) can be written only in terms of the velocity
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current. Based on this, we introduce a model for the pressure that L£p is
killed out with a linear combination of singular terms £dg(X?, K(u)) and
£d|K (u)?/2, that is,

p= P+ (26x — (X’ K(u) + (26 — D|K (u)/2

for some (By,B,) € R?. This mathematical model can be interpreted that
the singular behavior of the pressure is balanced with the interaction energy
density g(X°, K(u)) and the kinetic energy density |K (u)[?/2 with a growth
rate (fBx,fy). Summarizing the above, we propose the following regular-
singular decomposition of a weak Euler-Arnold flow.

Definition 3.2. A weak Euler flow (o, pt) € DY (R?) x Q?T]IOC(RQ) is said to
be C" decomposable (r > 1), if there exists a classical Euler flow (X, P;) €

X7 (R?) x C"(R?) and (Bx,B.) € R? such that for each time t,
pe = Pi+ (28x — 1)(X7, K (ur)) + (280 — DK (u)[*/2,

where uy = ap — Xy. Then we call Xy a background field of oy, us a relative
velocity current and (Bx,Bw) a growth rate of p;.

Let us note that the C" decomposability of the weak Euler flow guarantees
the existence of the decomposition but there is no mention of the uniqueness
of the decomposition. Hence, when we study a C" decomposable weak Euler
flow (ag,pr) € DY (R?) x Q?T]loc(Rz), we need to fix a classical Euler flow
(Xy, P) € X"(R?) x C"(R?) and a parameter (Bx,[,) € R? such that the
velocity field X; is a background field of oy and the parameter (8x,f,) is a
growth rate of p;. If a weak Euler-Arnold flow (ay,p:) is C" decomposable

(r > 1), the equation (7) is written without the pressure term as follows.

9y & K (u)+L{(wx+K (w)) K (+u)+ K (w)* X +d(2Bx X"+ B, K (u), K (u))} = 0.

4 Main Results

Let us fix N,r € Z>1, (T)Y_; € (R\ {0})" and a C” one-parameter family
®:te0,T] - @ € Diff"(Qn) in what follows, where

Qn = R\ {(gn)iZ1 € ®R)N[ 30,5, 45 = g5

Let us denote by (g, (t))N_; = ®;((¢,(0))_,) an orbit of ®. In what follows,
we focus on a time-dependent O-current ) " I'ndg, (1) € D} (R?) and call it

a singular vorticity of point vortices placed on {gn(t)}_,. Let us recall the

n=1-*
vector field v, € X°°(R?\ {gm }mzn) that is defined by
N
vn(qn) = — Jgrad,, Z LG (Gns @m)-
m#n

and the point vortex equation in the background field

Gn(t) = Bx Xi(gn(t)) + Buvn(an(t)), n=1,...N, (8)

where (Bx,,) € R? is a given parameter and X; is the fluid velocity of a
given Euler flow. First, we show that if the singular part of the vorticity
of the C"-decomposable weak Euler flow is given by the singular vorticity of
point vortices, then ¢, (t) is a solution of the point vortex equation in the
background field (8).
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Theorem 4.1. Let (ay, pr) € DY (R?) x Q?T]IOC(R2) be a C"-decomposable weak
Euler flow (r > 1). Fiz a background field X; of oy, a growth rate (Bx,fw)
of pr. Suppose the relative vorticity w; is a singular vorticity of point vortices
placed on {q,()}_,. Then, g,(t)(n = 1,...,N) is a solution of the point
vortex equation in the background field (8).

Conversely, if g, (t) is a solution of the point vortex equation in a back-
ground field (8), then there exists a C"-decomposable weak Euler flow such
that the singular part of the vorticity is given by a linear combination of delta
currents centered at gy, ().

Theorem 4.2. Fiz a classical Euler flow (X;, P;) € X"(R?) x C"(R?) and
(Bx,B.) € R%2. Let wy € D)(R?) be a singular vorticity of point vortices
placed on {g,(t)}_,. Define a time-dependent current u; € DP°(R?) by uy =
— % d(Gg,w). Suppose qn(t)(n =1,...,N) is a solution of the point vortex
equation in the background field Xy (8). Then, the following pair of time-
dependent currents oy and py defines a C"-decomposable weak Euler flow.

o = X! + uy € DY (R?),
pe = P4 (28x — 1)(X7, K (up)) + (280 — 1| K (ur)|?/2 € Q1. (R).

[r]loc

We refer the reader to the paper [9] for the proof of the theorem.

5 Applications

First, Theorem 4.2 shows that the point vortex dynamics in the background
field justified as a C"-decomposable weak FEuler flow although it is a mathe-
matical model derived formally from the Euler flow. Next, from Theorem 4.1,
we deduce that the parameter (Sx, () is not only a dynamical parameter in
the point vortex equation in the background field, but also a physical param-
eter in terms of the growth rate of pressure. With these perspectives in mind,
we revisit the following examples of point vortex dynamics in the background
field.

Two identical point vortices in a linear shear Two identical point
vortices in a linear shear is used as a model of the vortex merger in [10].
The vortex merger is characterized as a fundamental process of the inverse
cascade in 2D turbulence. In the process, vortices with similarly small scales
are affected by the shear flow induced from the surrounding vortices. As a
result, small vortices combine to form a vortex with large scale. As a simple
model for the vortex merger, two identical point vortices in a linear shear is
adopted. To use the notations of this paper, let us set N =2, 'y =Ty =~
and the linear shear X = (cy,0) where y = (z — z)/2i. Based on [10], the
evolution equation of two identical point vortices in a linear shear placed on

{gn (1)} s given by
dn(t) = X(qn) + vn(gn)- (9)

Since the equation (9) is a Hamiltonian system, plotting the Hamiltonian con-
tours, we see that the topology of the contours changes around the threshold
p = c€3 /v where & € R is the initial distance between two point vortices. Ob-
viously, for the case where p = 0, there is no background field and two point
vortices moves in a circle without changing the distance. When p < 0, two
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point vortices are in periodic motion and the distance between them becomes
shorter, which implies the vortex merger occurs. Otherwise, the distance is
longer. This qualitative understanding is confirmed to be consistent with ex-
perimental studies in [10]. In other words, it is pointed out that the sign of y,
especially the orientation of the background field, determines the occurrence
of vortex merger.

As an application of Theorem 4.1, let us take a C°°-decomposable weak
Euler flow (a4, pt) such that the background field is the linear shear X and the
growth rate is (Bx, f) € R? and the relative vorticity is a singular vorticity
of point vortices placed on {g,(t)}2_; with 'y = T's =+. From Theorem 4.1,
we can deduce that g, (t) satisfies the point vortex equation in the background
field (8). Then, we can easily see that g, (t) comes from a Hamiltonian system
and the Hamiltonian contours are the same as those given in [10] by changing
parameters from ¢ to ¢fSx and from « to v5,. In the similar manner, instead
of u, we obtain the threshold p' = ¢ ng /7Bw- Moreover, the same criterion is
valid, that is, the vortex merger occurs if ¢/ < 0. Note that Theorem 4.1 tells
us that the parameter (Sx, ) is not just a dynamical parameter contained
in the point vortex equation, but also a physical parameter derived from the
pressure of the Euler flow. From this point of view, we conclude that besides
the orientation of the background field, the sign of the growth rate of the
pressure determines the occurrence of vortex merger.

N-point vortices on a surface in an irrotational flow. In the
second case, let us take a C°°-decomposable weak Euler flow (ay,p;) such
that the background field is an irrotational field X € X°°(R?) and the relative
vorticity is a singular vorticity of point vortices placed on {g,(t)})_;. The
irrotational field is the fluid velocity of a steady Euler-Arnold flow (X, P) €
X®(R?) x C°(R?) and the pressure P € C*®(R?) satisfies the Bernoulli law:
P = —|X|?/2. Let us fix the growth rate (8x, 8,) € R? and the parameter
(T)N_, € (R\ {0})". For simplicity, we ignore the interaction between the
background field and point vortices, that is, we assume Sx = 0. Then owing
to Theorem 4.1, ¢,(t) and p; satisfy

{QTL = Bwvn(Qn)v

(10)
pr = —loul® + Buu.

Let us focus on two cases B, = 0 and 1. In the case 3, = 0, it follows from
dn(t) = 0 that each of point vortices does not move. Hence, we deduce that
(i, py) is a steady solution. Moreover, the pressure satisfies a generalization of
the Bernoulli law p = —|a|?/2 to the case with non-moving point vortices. On
the other hand, for 5, = 1 we obtain the conventional point vortex equation
and the pressure satisfies a modified Bernoulli law p = —|a|?/2 + [ul?. As a
corollary, the Bernoulli law is generalized to the case where the presence of
moving or non-moving point vortices is taken into account as follows.

Corollary 5.1 (Generalized Bernoulli law with non-moving point vortices).
If a C*°-decomposable weak Euler flow (cy,pt) on a surface satisfies that the
background field of oy is an irrotational field X € X°°(R?) and that the pres-
sure is given by p; = —|ou|?/2 and that the relative vorticity is a singular
vorticity of point vortices, then (ay,pi) is a steady solution of the weak Euler
equations.

Corollary 5.2 (Modified Bernoulli law with moving point vortices). If a C°-
decomposable weak Euler flow (ay, py) on a surface satisfies that the background
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field of ay is an irrotational field and that py = —|ay|?/2 + |ug|?> and that the
relative vorticity is a singular vorticity of point vortices placed on {gn(t)}\_;,

then for everyn € {1,..., N}, qn(t) is a solution of the point vortex equation:

dn (t) = 'Un(Qn(t))-

Let us finally discuss the role of the growth rate [, in the motion of point
vortices and the pressure given in (10). Denoting @, (¢) by the solution of
Qn = vu(Qy), the solution g, (t) in (10) can be written as ¢,(t) = Qn(But).
Letting 8, — 0, we see that g, moves quite slowly on the orbit of @,. In
this sense, 5, stands for the flexibility of the motion of point vortices besides
the growth rate of the pressure relative to the kinetic energy density. We
notice that as 8, — 0 the pressure p; converges to —|ay|?/2 in Q?T}IOC(RZ),
which is consistent with the generalized steady Bernoulli law. From this we
can observe that point vortices are frozen if the pressure p; is sufficiently
close to the generalized Bernoulli law. As a consequence, we conclude that
B, describes the the flexibility of the motion of point vortices and the growth
rate of the pressure and that point vortices are slower to move as the pressure
is sufficiently close to the generalized Bernoulli law.
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TRAVELING WAVE DYNAMICS FOR CONSTRAINED
ALLEN-CAHN EQUATIONS

GORO AKAGI (TOHOKU UNIVERSITY)

ABSTRACT. This talk is concerned with a joint work with C. Kuehn
(TU Miinchen) and K.-I. Nakamura (Kanazawa University) in [2], where
traveling wave dynamics for a one-dimensional fully nonlinear Allen-
Cahn type equation involving the positive-part function is considered.

This talk is based on a joint work [2] with C. Kuehn (TU Miinchen) and
K.-I. Nakamura (Kanazawa University). We consider the Cauchy problem
for a one-dimensional fully nonlinear Allen-Cahn type equation involving
the positive-part function,

(1) Ou = (2u — f(u))Jr in R x (0,+00), wul=0=1up in R,
where (-); = max{-,0} > 0 and f is a function in R satisfying

f((li) = f(aO) =0, f/(ai) >0,
f>0 in (a—,ap), f<0 in (ap,a+)

(2)

for some —oo0 < a_ < ap < at < +oo0 and
(3) FEC)R), fz0, f=-A

for some primitive function f of f and a constant A\ > 0. We restrict
ourselves to traveling wave solutions for (1), that is,

(4) u(z,t) = ¢(x — zg — ct)
with xg € R, a velocity constant ¢ and a monotone profile function ¢. Trav-

eling wave dynamics has been a topic of great interest in the field of reaction-
diffusion equations such as the Allen-Cahn equation,

(5) Ou— Pu+ f(u) =0 in R x R,.
Substituting (4) to the equation above, one can derive
(6) —¢"+ f(¢) =c¢’ nR,

which is often called a profile equation. In the celebrated papers [5] and [7],
traveling waves were studied for the so-called Fisher-KPP equation whose
reaction term is classified as a mono-stable reaction, and then, a bi-stable
reaction such as (5) was also studied in [6]. Thereafter there have been
made many contributions devoted to this field. In particular, existence,
uniqueness (up to translation) as well as exponential stability of traveling
wave solutions are proved for bi-stable reactions in [4]. The existence and
uniqueness are proved through the use of phase-plane analysis, and the proof
of the exponential stability relies on a classical parabolic regularity theory,

2010 Mathematics Subject Classification. Primary: 35C07; Secondary: 35R35, 47J35.
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a sub- and supersolution method and the theory of Dynamical Systems
(e.g., w-limit set and linearization technique). In [3], the stability result is
extended to nonlocal reaction-diffusion equations by developing a sub- and
supersolution method and by excluding the other ingredients of the proof
in [4].

In order to construct a traveling wave solution for (1), one may simply
substitute u(x,t) = ¢(x — ct) to (1), and then, the profile equation reads,

(7) —c¢' = (¢ — £(¢)), R,

which is still severely nonlinear. Hence we shall introduce the following
auxiliary obstacle problem as an alternative profile equation:

(8) —c¢' — ¢+ 0Ijq 100)(¢) + f(¢) 20 In R

for any @ € (a—,ap). Here 0l ) denotes the subdifferential operator
(with domain D(01[4, 4o0)) = [, +00)) defined by

{0} if s > «,
(9) al[a,Jroo)(S) =4 (00,0 ifs=aq,
0 if s <a

of the indicator function /|, ;) supported over |a, +00), that is,

I[a,-i—oo) (5) = {

We further impose the asymptotic conditions,

0 if s > a,
+00  otherwise.

(10) Jm g€ =a, lm 6 =ar. ¢>0 R
and
(11) Jim /() =0,

on the profile ¢. Indeed, due to (2), all u = a € (a_,ap) are constant
steady-states of (1), even though they are not critical points of the free
energy. Hence we shall construct an entire solution (of the form (4)), which
is a heteroclinic orbit connecting u(-,t) = o € (a—,ap) at t = —oo and
u(-,t) = ay at t = 400.

Our result reads,

Theorem 1 (Existence of traveling wave solutions [2]). Assume that (2)
with f € C1(R) holds. Let a be a constant satisfying

(12) a € (a_,ap), /a+ f(z)dz < 0.

Then the strongly irreversible Allen-Cahn equation (1) admits a traveling
wave solution u(x,t) = ¢(x—ct) for some ¢ € R. More precisely, there exists
¢ such that (7) possesses a solution ¢ satisfying (10) and (11). Moreover,
the following conditions hold true:

(i) ¢ € W2®(R), ¢/ € L*(R), ¢ solves (8) in R,
(i) a<dp<ar and 0< ¢ <Cp in R, —Cy < ¢ <0,
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(iii) if ¢(s) > « at s € R, then ¢'(s) >0

for some constants C1,Cs > 0 depending only on o and f. Furthermore,
there exists sy € R such that

(13) d(s) =a on (—o0,s:, @(s)>a in (s« +00).

In particular, ¢ € C?((s«,+00)), ¢ > 0 in (s4, +00) and ¢ solves (6) in
(S*,—i-OO).

We here emphasize that the constrained Allen-Cahn equation (1) admits a
one-parameter family of degenerate traveling wave solutions (even identified
when coinciding up to translation), although the traveling wave solution for
the classical one (5) can be uniquely (up to translation) determined (under
(2)) and it is strictly monotone. Furthermore, the velocity of traveling waves

for (1) can be negative, even though the potential f is balanced, i.e., f(ay) =
f(a_), under which the velocity of the traveling wave for (5) must be zero.

Remark 2. (i) As for the case o = a_, any solution ¢ of (8) with
a = a_ solves (6) in R, i.e., it is also the traveling wave (profile) for
(5). Then ¢ is strictly monotone.
(ii) We emphasize that ¢ ¢ C?(R) under the assumption (12). Indeed,
one can observe that ¢ loses C? regularity at s, as follows:

lim ¢”(s) =0 and lim ¢"(s) = f(a) > 0.
$,\Sx S\ySx
On the other hand, ¢ is smooth elsewhere.

We further observe that

Proposition 3 (Unique determination of velocity and profile [2]). For each
a satisfying the assumptions of Theorem 1,

(i) the velocity ¢, is uniquely determined;
(ii) the profile function ¢ is uniquely (up to translation) determined.

Moreover, ¢, is strictly decreasing in o € (a—,ap), and furthermore, the
map & — (Co, Qo) 18 continuous from (a—,ap) to R x C(R).

In what follows, we denote by ¢, and ¢, the velocity and unique profile
function for each «, and moreover, we translate the profile function ¢, so
that s, = 0 in (13), that is,

(14) o =« in (—00,0] and ¢, > a in (0,400),

by translation.

Let us next discuss traveling wave dynamics of more general solutions
to (1). To this end, combining local-energy methods with a gradient flow
theory, we first exhibit well-posedness for (1) in a certain setting suitable
for considering traveling wave solutions.

Theorem 4 (Existence of L solutions [2]). Assume (3) with f(0) = 0.
LetT > 0 and assume that

(15) ug € HE (R) N L>®(R)
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and there exist constants v+ € R such that

(16) 7- < inf ug(z) < supug(z) <4 and £ f(ys) 2 0.
z€ Tz€R

2

ioe solution u = u(x,t) on [0,T].

Then (1) admits a unique bounded L

The next theorem will guarantee C'* regularity both in space and time of
u(z,t) on R x Ry, and this fact will enable us to determine the singularity
of u(z,t) at the free boundary point

(17) r(t) :=sup{r € R: u(z,t) = « for all x < r},

provided that 7(0) is finite. More precisely, u(z,t) loses C? regularity at
x = r(t) in a similar fashion to traveling waves, i.e.,

lim  Q%u(z,t) =0 and  lim &%u(x,t) = f(a) >0,
z—r(t)—0 z—7r(t)+0

for any ¢t > 0.
Theorem 5 (C! regularity [2]). Assume (3) with f(0) =0, (15) and (16).

Then (1) admits a unique bounded L% -solution u = u(z,t) and satisfies
u e Wh(0,T; L*(-R,R)) nW42(0,T; H'(-R, R)),
Vtow € L®(0, T H' (R, R)), Vtdju € L*(0,T;L*(—R, R))
for any T >0 and R > 0. In particular, u belongs to C*(R x (0, +0c0)).
Now, we are ready to discuss stability of traveling wave solutions con-
structed in Theorem 1. We shall discuss sufficient conditions for initial data

to prove the convergence of L _ solutions for (1) to traveling waves and their
convergence rates. We first observe that

Proposition 6 (Instability of traveling waves in L>(R) [2]). For each a €

(a—,ag), the traveling wave solution ¢o(x—cot) of (1) is unstable in L>°(R).

This proposition suggests that one needs to impose a more restrictive
assumption on initial data than the classical Allen-Cahn (see [4, 3]) to prove
convergence. Here we assume instead of (12) that

(18) a € (a_,ap), /a+ f(z)dz <0;

and moreover, let us introduce the following assumptions for initial data wug:

(H): it holds that

«

ug € HE .(R), ll{giguo(x) > ay,

(19) a— < inf up(x) < supup(x) < ay,
z€R rER
and furthermore, there exists & € R such that
(20) up(x) =« for all z < &;.

Our main result is then stated as follows:
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Theorem 7 (Exponential convergence to degenerate traveling waves [2]).
In addition to (2), (3) and (18), assume that (H), and f'(a)) > 0 hold. Let
u=u(z,t) be an L% solution to (1) in R x Ry. Then there exist constants

K,k >0 and zg € R such that
|u(-,t) = Pal(- — cat — x0)|| oo (r) < Ke ™™ forall t>0.

Moreover, let r(t) be defined by (17). Then r(t) — cot converges to xo at the
rate ofO(ef%t) as t — +o0.

In the theorem stated above, the condition f/(«) > 0 is assumed in addi-
tion to (18). Under (2), one can always ensure that

A:={a e (a_,a0): f'(a) >0} #0D.

Indeed, by f’(a—) > 0 along with the continuity of f’, the set A involves
any « > a_ close enough to a_.
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Necessary and sufficient condition for global existence
of L? solutions for 1D periodic NLS

with non-gauge invariant quadratic nonlinearity

Jie s MIRE

1 BE
ARHETE, RO ISR AT IR 1 B FERREL Schrddinger /5755 0§ RO IS I K I TR 2 4

(1)

i0u+ Au = |u?, t€(0,T), z€T,
u(0,x) = ¢(z), z e T.

RESOREITH D, T > 0, A= 02, T = R/217 & F 5. AMEOEMIE, (1) ® L2(T) 12/ BB Kk
RIS 2 ¢ € L2(T) OBEANGME 52 2HTH 5.

(1) DFREDXHE) % 2 512563 > T, BRSO H il Schrodinger J5F2 2 0 4] HAE R O iR O 248 1%,
R D HMH Schrodinger AR DOHIERIEO MR OEEE) & 1352 2 HITFEET 5. R LD HMH Schrodinger £
FEROML, LED t > 0125 U TRl

€728l Lo @) < (4rt) = /221D ||| e (R) (2)

2729 (FAIE 5] 2BM1). HLU, p>2THY p' I& p ® Holder A& E L Uiz, (2) IZEEAMD BIKE
EHVWTRTHENTES. (2) 12&0, R EDOHAMH Schrodinger SRR DRI, R AR ICER U CHIHHREZ] &
FRLZAFMMEATE2EN DN D, BT, (2) 1T & DUHIREZNT AT 2 R RO FHIi 2 W5 HT, (1) D
R AR E R E O R R SR c E 2 HIT K <HonTWwWD. — /T, FAMBREM TR 52 HH
Schrodinger HFER DMK U T, (2) OBAFHIRIEZKAL L 2. B2, f e LA(T) 2EED p > 2124
LT, f ¢ LP(T) & B kicA. IRz 6 — e—idf 23 g,

Sl[lp] 9llzaery < V21| 9llL2(ry = V27| fl L2 (T)
q€ell,2

THHM,
o =r¢ (LT

p>2

THEH 5, (2) DRICIHEZERICE U THIEMED R SRMEARER T 0 5 L I3RS 2. o> T, Loo(T) 12 Mgl
X7\ Sobolev 20 H* (s < 1/2) 1845 (1) OISIRATAROHIC I, (2) & 1X5% 2 FEMABE L 1
%. Bourgain[1] 1& (¢,2) € T x T 2/ ) % EHH Schrodinger 73722 D i 23 FAHfi X

€2 6ll L rxry < V2]l L2 (m) 3)
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BT HER Uz, (3) RISHAIMRIC NS 25 TH 545, (3) 124 D (1) 13 L2(T) 12 f T RERIR AR I
YThLENREING. (3) XK

|eitA Z <Z¢ k + g —2ik€t>ez’kx—ik2t (4)

kEZ ™ (LEL

¥ Plancherel DEH A SH65. T 2T ¢(k) 1E ¢ DJEAWEL k1283 3 Fourier fRE L L7z,

B 1.1, Al (3) WS Z 8T, &0 - BROBERMOIMMIEIZI UTE L2(T) 12/ 2 IR & s b
WREND, BERICIE, TR 1UE3IUTThhEL . —AT, (3) DAELE LO(T) (£ ET 5 Hiddisk
. E 7z, (3) BEBRGTITRWVWTIRBLLARW. 2D/ n > 218U T, (1) 2 T TEELGES, (1) 2
L2(T) 2T R ATE S I ERATH 5.

(1) DRI AT AEVEIZ BN T, FERIH D JEEENED &, BEMBRBRP S FEX 5 XA TE . Kfrifsiz
I 9 B /I, (1) 2 — AL U 7 W1 fE R E

iOwu+ Au=|ulP, te€(0,7), xzeT" (5)
u(0,2) = ¢(z), x e T
EFEZD. HU, n > 1IFEBET, p> 1IFERETS. T 4] &, ¢ € LY(T") M54
Im [ ¢(z)dx <0 (6)

TTL
BT 5L, (5) KB AR SR AEAE L WA R L7z, (5) IR BRI A SR & 1, u e
LP(0, 00; LP(T™)) 2%, {EED T > 0 2 ¢ € C([0,T] x T*) N C=((0,T) x T") T (T, ) = 0 & 7 % BRI
Bz LT, 38R

/0 /n u(t, x) (=0 (t, @) + Ay(t, x))dx dt

—i / 3(2)0(0, 2)dx + / t / lult, )P (t, o) da dt (7)

Mz HE R D, B, (7) BEALURWE S iR D5 2 Bt Z & T, IR 99 /% D JEAF1E % GE
U7z, ZOFERIGHABRBEEE & IEh 2 FiET, FPBERSLMICRIT 5 Schrodinger ARERIZHE S 3, |ul?
Z IR & B LRI A K VW O NS NN FIETH 5. KT, IKE (6) IXIE AL O JEEfE M1
S U 7ZAKETH 0, idBREAEIEZ W2 ETIIBEDIE TH 5. #EH &/NE [2] 1%, RBBEEE2 A TH
H R HW R ROERICEE U, IKE (6) IR U 7. BARINIZIX, ¢ € LY(T") H35%4:

Im [ ¢(z)dx <0 or Re [ ¢(x)dx#0 (8)

T™ ™

7= 7 51, C1((0,00); L*(T™)) N C([0,00); (H? N L?P)(T")) ®7ET (5) % L*(T") OEETH=3 %
DIFFAEL R VWHZ R U7z, KISEBFIE LW EZ /5 R, e dRE (8) D FTIIEREEH o TRea >0

H»>
m(a ¢($)d$> <0
Tn

BT H OOPFIET BHIEET 5. (5) B u € C1((0,00); L2) N C([0,00); HE N L) 2 ET 5L 5.

B M(t) = Im(a / ) u(t,x)da:)

zziz,
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YEIFIE, (5) & D P

%M(t) > C(Rea)M(t)?

BEES AN B, T DT, u € C([0,00); HY) ERBHIFIET 2. OB, KE (8) DFTIE, Mh
S AR AT & 72 W ASHED Fourier-0 € — R H L7384 A AOHATR 2 FAMKS . Hiz,
(8) 1 [ d(x)da (T8 LT, MROMHIABTARE S 7B ETRMERZME L 2> TV 5, BIRIE, ERE o 2
FUT, DMEE o(z) = ipo THR 5. 2O, (5) DI

__1
ik e )P it po >0,
u(t,z) =<0 if po=0, (9)
o — L _ . 1
—i(lpo| 77T = S5) TP i o <0, ¢ < (p— 1)|po| T

THZOND. pg > 0 DR, ¢ 135M (8) 2R LRVDT, (8) 2 MIMIMEANMG 72 X WG &K, —MIZHRRIK
R DFENEE S NRVED (9) 507 5. — /T, (8) Ziifi7z S W WHIHME T B AR KIS I IE R X
NRWGERDH Y, (8) 13 (5) DRFFEIKIKATIRENED & DREH 755k £ 1378 o TV,

Z ZTAIFZETIE, (1) ORISR E L2(T) OFMATHE U7z, 2 2 CffnY L2(T) ORI TR A
it & 1, 748 C([0, 00); L2(T)) N C((0, 00); H2(T)) 7T, H2(T) OFEKT (1) 253 HE 5. 2
DIRFED N, IRDKEE 755 % 1372

EH 1.1 (BF-Georgiev, preprint). (1) Of#EA L?(T) OER TR AIBNTH 2 H L IFATE po 12L& > T
HIMEDY ¢ = ipg THALSNDHIFZFEMETH 2.

R 11D, (1) O L(T) OFEKTOREMIE (9) 12X >THEZ SN 3 SEACES NG, FH 1113,
INETOWIE R, ORI OIRE) D8 % Nk 5 FIZ & o T, KR 7R R RIS ik D St % 5
ZTW5. FEBE, TN FE TORBRBEBIER M RO Tk, JEIIHO EEME 2 ARERIZH NS 2, iR
DIRF DB & T 2 HIINHETH > 7-. —TIAWFETIE, Bourgain O FEIZHNEZ HH Schrodinger 75
MADHETHRL, HOHBEMEIZRY 2 LIS ORE 2 3 L 7-. Z Oz & 0, RGO MEEFE-IZ
& o T, EDPRIRE T X X BMOIFE R ZIE R 2 FF S 2 0HEA I U 72, K2, Bourgain DIz & - T
PIWMERE (1) © L2(T) HRERE R AT I, #i/NGEAROBHRIC K > THRERI N2 Fin o, DR TR
BERED LA(T) / VA ERELITERT 2H3 005,

RDETIE, (1) OILIGES & FEILIGERA D 43 D F5 ik & SRR IR B IH D S BRI FEA (2 sh W TR 5. 28 3
ETIE, EH 1.1 DiFEE 52 5.

2 FEHOIEADESE
ZOETI, (1) DI & IHBBAD R E R B,
¢ L2(T) LU, u % (1) ® L2(T) e T 5. Ik 12 LT, up: [0,T) — C %
u(t) — Z m (t)eikrc—ith

keZ

LRBBRIZED D, AT, ehr IR G E Rk RS B M Schrodinger ARADMETH S, u(t) € L2(T)
IR U T, {ug(t) brez &
ug(t) = a(t, k)e™t
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ko T—RNEEZ2FIERT L. ZONMEBERA (4) 12 &b, FEFREIH [u? £ A Schrodinger Hf%E
DIz E > THfREINS. 4, (1) Ol % HH Schrodinger HFERDIRIZ & - THME L, BB ICHREE I
B 2 H T, (1) IRMEBRIR G H ) R R

%uk(t) = —1 ZEEZ muk+g(t)€72ikﬁ, t>0, ke, (10)
up(0) = b(k), keZ

CESHmAOND. ZOWMAIEARE, YIHMEDOE (8) D N THIZAIR T 5. (1) OMmidzRD L, Wil
DETIZERT S &,

%Re /n u(t,z)dxr =0
PERD ¢ > 01T UTHRZS 5. FEBUEBIE 1 %

u(t) = fi/ u(t, x)dx
IZ & o TREDNIE, (10) 1F

Gh(t) = —p(t)? = Xpz0 lue(t)?, ‘ t>0,
drun(t) = —pu(thuk(t) — i 3,0 we(Byurpe(t)e™ >, >0, k€ Z\{0}, (11)
p(0) = —ig(0),
uy(0) = o(k), k € Z\{0}
LERE NG, WRUGTEN RS HERR (11) 2 Mgk 5 %1z,
=) uk(t))?
k#£0
LiES. (11) OB RS, v I3BIG%R
Lo(t) = ~2p(t)(t) + 2R(0) (12)
Zwi7-d. HU,
t) = Im( >N uk(t)ue(t)ue+k(t)e—2i’€ft> (13)

k=0 ££0
U7 DL, no = p(0), vy =v(0) £ T5. 20 R % (11) OB L IFY, Z DMD IR % FEILIE T &
ERZ LIZF 5. (1) OMOEENE (11) OFEHEEHIC & > TEBMIIE I NS, STEEE R 2 BAEL R
g R DFHM % RS 5.
Je g AR R OB, SRZNZRWTIERT 2 L IER S R WFICERT 5. RUIROEKT, o L2(T)
VLI o> T RIFHIEIETNS.

- 2.1. T 00,10 >020U, p& {uptrez € C([0,T);02) % (11) DR LT 5.

f 0
tel(% T) H( ) >

ERETD. ZOLE, 2DODEEH A L BOWFEL, ROt (0,T) LT, 7

m
<
=

< A(u(tw(t) + v (1) + povo + 1)

+ B/t (M(T)V?’/Q(T) + V2(T)) dr

0

MWRALT 5.
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R OO ETAIZEE W CTRED 247 208,

ti .
/ g (T)we (7)ot k (T)€_2lkZTdT
0

. t . t
[ D vy —2iklr ¢ d (———= —2iklr
= %l {Uk(T)W(T)UHk(T)e 2kt L Y] ) e <Uk(7)ue(7)ue+k(7))€ 2k dr

D BOIROAIZBE L k2 ( OBREVPBON, ME 2.1 PREINE. HE2.1 &0, v IZETIIRD
SeBRANFEAT 2 /55 .
F 2.2, M 2.1 DIEDT, po & v BRSNS WIERA 51, FF

§:= inf —2A(u(t)v(t 3/2 3/2
tel[I(},T)[VO (u(t)w(t) + v(t)*? + povo + v5'7)] > 0

MWIALT 5.

ROFET, LGk 2 DOl 2 HWTER 1.1 277,

3 FEHEDH

MG ¢ € L2(T) » { (8) %7 T8 EL, LB HIKIRINICIFIE L 28\, R 72, I ¢ DAHIEE D
EBTH DA, (9) OBV THS. 65T, Red(0) =0 TIme(0) = po > 0 THEHAEEREIF L.
T = T(¢) % L2(T) ftif# u DIFAERKIEL & T 5. up, p ZHIEORIZED 2 &, (11) 25 Ty € (0,T] HTFE
L,

Jim () =0
LB, AT, KD 22055 EL 5h—HMHILT 5.

BE-1 Tho=T=00TdY,limy -, v(t)=0 %5, HH, X L*(T) OEKRCTRB KRN TH 5.
B-2 Ty <T THY, liminf, »p, v(t) > 0 &7 5. O, RIZEEL t € (To, T) IRV TERA: (8) &S
% DT, ffid L2(T) ORETRBEREIIIER X o,

LR, B&-2 DANEALT 5 HEFHETRT
BA-1 BT 2 LT 5. 2O, limy e (u(t), () = (0,0) THEH S, MR K> HE< o & 1o
1357 2.2 MEAI RTINS WE DX L TRV, foT, MB 21 LR 22 &0, v ZXOBICFHTi S 5.

v(t) =vo+ /0 —u(T)v(T) + 2R(T)dT

>§—2 / t (T (1) + Bu(r)v(r)3/? + Bu(r)?dr. (14)
(14) % R E v BT U 722l to’é“éz‘%c:, LRI
[0,T0) >t = s = po — pu(t) € [0, o)
E#xD.V(s)=v(t) &35 &, FHili (14) 12 & b,

s — o)V (o) + Blug — o)V (0)32 4+ BV (5)2
Vigza-z [ om0t Bl WO BVGY,,

- / (o = 0 V<U)U + 3BV (0)do (15)
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1

(10 = V() < 3 (10 - 02+ V(o)

LEREEINZFE M. liminf, o v(t) = liminf, ,, V(s) Z3HEi3 2 212, g € C([0, po)) N CH((0, o))
%,
(=9 sBue—s)
M) = WG — 9
tﬁ(. Z 2T W i3 Lambert ® W BIBT W(s)eW () = s L2 BEBMTH Y, CL 1L 0 & po iC&->TEZE
RARERERET D, g lTHEMAIAER
(ko — 5)g(s)

@ < _o_\Ho = 5)95)

T VR )
% se(0,p) ICHUTHRETS. HIZ, g(0) <6 THY, liminf, ~,, g(s) >0 TH 5. > T, MHAFEN
X9 B HERHE A S

—3Bg(s)

liminf v(t) = liminf V(s) > liminf g(s) > 0

t,To 5./ 1o s,/ o

2R5. 0, BAR-1 AR T D & UREICFET L. 6> T, MIHME ¢ BWEBTHR L, Fff (8) 2 L
WA, R L2 ORI TR A TR <, ARIZTERT 5.
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