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Abstract

Computer graphics has become a popular technique and is widely used in many

applications including video games, virtual reality, and architectural designs. One of

the important goals in these applications is to synthesize realistic images efficiently.

Reflections on reflective surfaces with highly complexity structures, such as sparkles

of the sun dancing on ocean surfaces or glints of street lights catching on wet pave-

ments, are tiny but essential to the realism and quality of the synthetic images. The

reflections visually describe the surfaces’ detail and material to the viewer. However,

these reflections are difficult to render accurately in a limited time. In Chapter 1, I

explain the fundamentals and the relation between computer graphics and complex

surfaces. Then, I discuss our objective and challenge in rendering the complex sur-

faces. Next, I present our approaches and their overall contributions. At the end

of the chapter, I briefly explain my thesis outline and its structure, including each

chapter’s detail.

This study is relying on many rendering and computing architectures. First,

the rasterization-based rendering method excels at interactive rendering. Second,

general-purpose computing on GPU is a high-performance parallel computing method.

Last, the illumination model defines the calculation of interactions between light and

surfaces. In Chapter 2, I explain this background knowledge in detail.

The computer graphics research field has a long history of progressing in both

result quality and process performance. There are also many research focusing on

solving relevant topics to my work. In Chapter 3, I review the history of com-

puter graphics research and the relevant research in multiple categories: reflection

on smooth surfaces, glint and caustic, and anti-aliasing researches. I discuss the

contributions and limitations of each study in detail in this chapter.

Real-time glittery surface rendering is my first approach to solve complex surface
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reflection rendering in real-time. This work focuses on reproducing glint and sparkle

on glittery reflective surfaces in an efficient manner. This work’s main challenge is

the fact that a reflection in each pixel is too complicated to be smoothly approxi-

mated. The proposed method efficiently renders the reflections from glittery surfaces

on a static model and supports multiple light source types. The method stores nu-

merous tiny surface orientations in one variable using slope space categorization and

bit field variables. In Chapter 4, I explain the method in detail, including its result

and limitation.

Real-time spatio-temporal reflection anti-aliasing is my second approach to the

problem. This work aims at creating high-quality reflections of the Sun and Moon

on moving water surfaces. The main challenges are complicated reflections, and its

movement causes unstable reflections. The proposed method solves the problems

by efficiently integrating reflections in-between the rendering frames to stabilize the

result. The technique also approximates the water surfaces, that are too compli-

cated to be rendered, by a smooth function for an efficient reflection computation.

There are also two follow-up methods: adaptive supersampling and micro-reflection

rendering. Adaptive supersampling improves my anti-aliasing method by preserv-

ing the sub-pixel geometric detail removed by the smooth function. Micro-reflection

rendering increases the reflection quality of a simple surface, which the above pro-

cess did not consider yet. In Chapter 5, I explain the primary method and the

follow-up methods in detail. Then, I show its result and discuss its contribution and

limitation.

My proposed methods successfully generate reflections on glittery surfaces and

moving water surfaces in real-time. However, there are some limitations and undis-

covered potential in our techniques. In Chapter 6, I summarize the contributions

and limitations of the proposed methods then explain what I plan to improve in the

future.

Namo Podee iii
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Chapter 1

Introduction

Computer graphics is one of the most critical technologies for humankind. It en-

ables us intuitive communication with a machine, which serves us in numerous ways.

Photorealistic rendering is one of the essential tools in computer graphics. It can

visually express data as a photorealistic image or animation, which is instinctively

understandable by us. The more we understand, the better we can make our deci-

sion based on the data. However, to create a photorealistic result, we need to spend

the machine’s expensive computational cost to simulate countless physics phenom-

ena. We need to calculate how light interacts with surfaces and enters our eyes,

which becomes more costly for more complex light and surface. High computational

cost means less interactivity for the user, which is crucial for real-time application.

However, complex lights and surfaces can significantly increase the fidelity of the

result.

In this research, we study a method that efficiently renders reflections of complex

surfaces. We approach the problem by improving the interactive method’s quality

to reproduce complex surface reflections in real-time.

This chapter will introduce some fundamental terminologies, our objective, chal-

lenge, our approaches, our contribution, and this thesis organization.

1.1 Fundamental Terminology

Before we talk about our study, we need to explain the essential keywords of com-

puter graphics related to our work.

1
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1.1.1 Computer Graphics

Computer graphics is the methodology of creating, manipulating, visualizing, and

analyzing virtual content. It creates interactions with a virtual world, which is data

inside a computer. For simplicity, we divide computer graphics into five major sub-

fields: modeling, animation, rendering, imaging, and system and interface. Firstly,

the modeling subfield studies virtual object creation methods by using user-interface

and mathematical methods. Secondly, the animation subfield explores virtual object

movement by creating a motion from changing a virtual object’s position, rotation,

scale, and distortion according to time parameters. Thirdly, the rendering subfield

studies image synthesis methods. The method creates an image of virtual objects

from geometries, animations, lights, cameras, and other necessary data. Fourthly,

the imaging subfield studies creation and manipulation of digital images. It con-

cerns a method to physically acquire an image and digitally process a 2-dimensional

image. Lastly, the system and interface subfield studies processors, input devices,

and file formats.

Computer graphics plays a vital role in many industries, from movie, game, and

product design to health care. It is needed in many industries because it is a human

tool to create digital products from data. Movie, television, and commercial sector

found their usage in generating virtual objects and blending them with real-life

footage to create a scene that is impossible or difficult to arrange in real life. This

illusion synthesis also became the primary motivation that made many breakthrough

pieces of research in computer graphics. The video game industry had been born

after advancements in computer graphics; the improvement of rendering methods by

a revolutionary graphics processor, which can generate an image of virtual objects

within a fraction of a second, enables the real-time interaction between humans and

machines. In other words, the user can send input and see a result from the machine

immediately. This real-time interaction permits immersive game programs to be

processed on the machine. Product designers used to draw their designs on paper

and then build prototypes to see and examine them. If there are any changes, the

designers have to redo the whole process again, which takes a long time. Computer

graphics helps these designers to be able to create and simultaneously see their

products. The application improves their productivity by significantly reducing their

2 Chapter 1 Namo Podee
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design iteration time. Doctors traditionally analyze CT-scans by reading images of

slices of an object one by one, which is very unintuitive and difficult to understand.

Computer graphics can render images of a 3-dimensional volumetric model of a

scanned object so that doctors be able to freely manipulate the model and even

simulate a surgery within a computer. This method helps the doctors gain more

understanding of inspected data and then treat their patients correctly.

1.1.2 Photorealistic Rendering

Photorealistic rendering is one of the most active research areas within the rendering

sub-field of computer graphics. It studies methods to generate an image of virtual

objects that are as similar as possible to what humans have seen in real-life. Many

industries that need to reproduce real-life aesthetics in a virtual world, such as

using computer-generated imagery in the film industry, must rely on photorealistic

rendering. Figure 1.1 shows an example of photorealistic rendering.

The history of photorealistic rendering starts from scan-line rendering [82] in

1967; the method that can determine any visible surfaces and draw them on a

display monitor. However, it can only produce a simple graphical image. Even

with state-of-the-art techniques based on the scan-line method, there are still many

limitations that prevent its result from reaching the exact copy of the real-life visual

quality. Later in 1982, the ray casting method [60] was introduced. It is a method

that casts rays from a virtual camera and checks intersections between rays and

surfaces. If there is an intersection, then there is a visible surface. This method

cannot produce a photorealistic image, but it became a fundamental of another

technique called a ray tracing method [79]. The ray tracing method uses the ray

casting method to determine visible surfaces. It then casts another set of rays from

the intersected point to light sources to create paths between a virtual camera or eyes

to any light sources. This algorithm imitates real-life light interactions. In real-life,

a light source emits numerous photons from itself. If emitted photons hit a surface,

then it might have reflected and hit another surface. This bouncing happened as

photons travel across many objects and finally enter our eyes, which results in our

visual perception. The algorithm tries to search for these massive photon paths in

a virtual world and create an image just like how we perceive the world with our

Chapter 1 Namo Podee 3
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eyes. It can be called a light transport simulation. It can produce a high-quality

photorealistic image at the expense of computational time since there is an almost

infinite number of photon paths that need to be calculated. The quality of the result

depends on the number of processed paths.

The ray tracing based method is not suitable for any interactive application,

where computational time is limited. On the other hand, a scan-line based method

or a rasterization based method thrives in the field of an interactive application

because of its performance despite the lower quality. Fortunately, various light

transport approximation techniques can improve the realism of the result at the

expense of more computational time. Thus, the photorealistic rendering problem is

a trade-off between the quality of a result and the computational time.

Light transport problems were practically impossible to be solved interactively

because of their complexity. However, the advances made in general-purpose graph-

ics processing units (GPGPU) now mean a massive amount of threads on a GPU

can solve these problems in interactive time.

Figure 1.1: The result of the photorealistic rendering of the virtual classroom. The

classroom model by courtesy of Christophe Seux
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1.1.3 Offline and Real-time Rendering

There are mainly two types of rendering when categorized by its application: offline

rendering and real-time rendering.

Offline rendering is a rendering that stores the rendering result for later usage.

An example of this is a rendering in film, which spends a long computation time to

create animation data as a video file.

Real-time rendering takes an input from the user and show the rendering

result within a few tens of millisecond to keep interactivity between the user and

the application. An example of this would be a video game, where the user pushes

a button and the game has to react to the input and show a result on the screen at

that instant. If the game takes too long to show the result, the user will feel a delay

between the input and the screen; this will cause an unpleasant feeling due to the

interrupted flow of the action and reaction.

The computational time limitation depends on the type of application. Offline

rendering doesn’t need interactivity; thus, it can utilize a ray tracing based method

to spend an expensive computational time to create a high-quality result. The real-

time rendering needs to compute within a fraction of a second, which is what a

rasterization based method excels at interactivity. Its application type can decide

the trade-off between computational time and quality.

1.1.4 Rasterization Based Rendering

Rasterization is a method of converting vector data shape to a series of pixels of

that shape. Rasterization rendering utilizes the conversion to convert 3D polygons

to a series of pixels on the 2D screen. The rasterization method is very efficient.

Thus, it is the most popular choice for any real-time rendering application. We will

explain more in the next chapter.

1.1.5 Local and Global Illumination

Illumination is a result of an interaction between light and surface, which is what

we study in computer graphics. It is usually categorized into two groups due to its

complexity: local illumination and global illumination.

Chapter 1 Namo Podee 5
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Local illumination is a contribution of direct light on a surface. Direct light

comes directly from the light source; it doesn’t hit any other surface, so its property

doesn’t change from its source. This lighting type is easier to compute than indirect

lighting, which requires higher computational cost; thus, both offline and real-time

rendering always uses it.

Global illumination is a contribution of both direct and indirect light on a

surface. Indirect light is a light that hits and bounces off other surfaces before

illuminate on the target surface. Indirect light usually has less contribution than

direct light because of energy absorption by the other surfaces, but it is an essential

factor for the result’s realism. Unfortunately, global illumination or specifically

indirect light has a high computational cost because we need to consider the light

bouncing off the other surfaces, which increases the dimensional of the computation.

Thus it is challenging to use global illumination in real-time rendering without a

heavy approximation or pre-computation techniques.

Figure 1.2 shows examples of local and global illumination effect.

(a) Local illumination A (b) Global illumination A

(c) Local illumination B (d) Global illumination B

Figure 1.2: Comparisons between local and global illumination of Frank Meinl’s

Crytek Sponza scene.
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1.1.6 Normal Distribution Function

Normal distribution function (NDF) is a function that describes the distribution

of orientation of a tiny surface (microfacet) within one area, which usually is an

area of a surface within a pixel. It can also be looked at as a probability function

that defines the probability of each surface orientation within an area. Computer

graphics relies on NDF to define a geometric structure of a surface, which is too tiny

to represent with polygons, then use it to compute the surface illumination.

1.1.7 Complex Surface

We define a complex surface as a surface with an NDF that is difficult to be ap-

proximated by a smooth function. Figure 1.3 shows an example of complex surface

reflection. The NDF is smooth when the material of the surface has some rough-

ness, or the normal variation is uniformly distributed. A smooth function likes the

Gaussian function can easily fit the smooth NDF. However, if the surface has low

roughness and non uniformly distributed NDF, its NDF will have a unique distri-

bution shape. The unique distribution shape is difficult to be approximated by a

smooth function and thus more troublesome to process. The conventional method

encourages the use of a smooth function to approximate the actual NDF because of

its simple computation and noiseless result. Figure 1.4 shows examples of multiple

type of NDF.

1.2 Our Objective and Challenge

Our study aims to reproduce the photorealistic reflection of complex surfaces in real-

time. Reflection of surfaces is one of the most important aspects of photorealistic

rendering. It directly contributes to the realism and quality of the rendering result.

However, the reflection of the complex surface still lacks in real-time rendering ap-

plication. Despite the fact that there are many complex surfaces in our real-world

such as an ocean, metallic flake paint, and street on a rainy day. (See Fig. 1.3)

By accurately reproducing the effect, we can improve the quality and realism of a

real-time rendering, including its application. Our study should enable new kinds

of realistic material to be used in real-time rendering applications.
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Figure 1.3: An example of complex surface reflection. The image contains reflections

of multiple streetlights on water surfaces.

(a) Simple NDF (b) Complex NDF (c) Smooth NDF

Figure 1.4: These images represent the NDF of three surface types. We show NDF

with an image, with the horizon and vertical axis represents the polar and azimuthal

angle of directions, respectively. We plot a higher probability direction with brighter

color and vice versa.
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The challenge of rendering complex surfaces is that we cannot use the conven-

tional method to compute an accurate reflection without losing the detail. The tra-

ditional method efficiently computes a reflection by approximating a surface NDF

as a smooth function, which can be used in multiple ways to find the surface’s

illumination or reflection.

For example, we can find how much energy of a point light is illuminated on a

reflective surface by looking at how much of an area on the surface perfectly reflects

the light into our eye. A ratio of any specific orientation of a surface is defined by

NDF. Thus we can just use its value at that perfect reflected orientation; however, if

we increase the difficulty by considering an area light instead of a point light, which

is not present in reality. The area light has its own surface that emits light energy

onto the surface. We can find its accurate reflection by solving an integral of each

point on the light source’s surface, similar to how we did in the point light case. This

integration can be computationally expensive if it is done naively. However, we can

find this integral more efficiently or analytically if the NDF is a smooth function,

which is convenient to process.

Unfortunately, a complex surface NDF cannot be approximated as a smooth

function because of its sharp and complex feature. These sharp and complex fea-

tures are the source of glints and sparkles that create a beautiful look of complex

surface reflection. Thus we cannot ignore them and forcefully use a smooth function

approximation. The smooth function approximation will remove all of these effects

and details from the surfaces. We can find an accurate reflection by naively solving

the integral, but it is inefficient and too expensive for real-time application. Hence,

we need to come up with a new method that can solve this problem efficiently.

1.3 Our Approaches and Contribution

We approach the problem of complex surface reflection rendering by introducing new

rendering methods based on rasterization rendering. The rasterization rendering

method is very efficient and excels at real-time rendering; however, it can’t reproduce

the reflection of complex surfaces without using expensive computational time by

using a naive integration approach yet.
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Our study expands the possibility of rasterization rendering with three differ-

ent rendering methods: glittery surface rendering, spatio-temporal reflection anti-

aliasing, adaptive supersampling, and micro-specular-highlight rendering. These

methods suit each different scenario, but all of them aim at solving the reflection of

complex surfaces at each level.

Glittery surface rendering is our work in progress study. Glittery surface is

difficult to accurately render due to its complicated structure within each rendering

pixel. Our glittery surface rendering stores multiple orientations of a surface in one

variable and use it to create sparkles and glints on reflection surfaces. The technique

is still not evaluated with any reference result. But the result is interesting and

should be useful for the reader.

Spatio-temporal reflection anti-aliasing improves the quality of reflection

of complex surfaces in motion by considering and integrating reflections in both

temporal and spatial space of the surface. We focus on the reflection of water

surfaces, which are complex surfaces. We compute a contribution of reflection in an

interval time between two rendering frames instead of only the current time to help

improve the quality of the result. We also approximate an NDF of the surface as a

Gaussian function to deal with reflection in spatial space.

Adaptive supersampling solves the problem of our spatio-temporal reflec-

tion anti-aliasing. Our previous method uses the smooth function approximation to

calculate the reflection in spatial space. However, as previously stated, this approx-

imation causes a loss in reflection detail. Adaptive supersampling follows a similar

approach as our previous method; then, it effectively adds all the important reflec-

tion detail afterward. The detail rendering process is naturally expensive. Thus our

method evaluates the importance of each pixel and computes an accurate reflection

adaptively in an efficient parallel process.

Micro-specular-highlight rendering polishes the reflection of simpler sur-

faces, which are ignored in our previous methods. Our previous methods only deal

with reflections in temporal space and highly dense reflections in spatial space. Our

third method focuses on less dense reflection in spatial space and improves its qual-

ity without losing the sharpness like the other conventional methods. Our approach

chooses a normal direction with the brightest reflection within a pixel, unlike the
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traditional method, which uses a normal direction at the center of the pixel. With

the brightest reflection, our method appropriately weights the result according to

the light source visibility. The result shows that our approach improves the quality

and stability of reflections on less dense, complex surfaces.

Our contributions are:

• Introduce glittery surface real-time rendering by using multi-normal-per-pixel

mipmapping.

• Introduce real-time anti-aliasing method for ocean wave reflection by consid-

ering both temporal and spatial reflection space.

• Introduce real-time adaptive supersampling method for ocean wave reflection.

• Introduce real-time micro reflection rendering method by choosing the best

normal vector of the surface of each pixel.

1.4 Organization

Here we explain how our thesis organized:

• In the first chapter, we already introduced our research, basic terminology,

and contributions.

• In the second chapter, we will introduce more practical background knowledge.

• In the third chapter, we will introduce a history of photorealistic rendering

research and focus on research relevant to our study.

• In the fourth and fifth chapter, we will explain our proposed methods in de-

tail. We will talk about the challenge, contributions, methodology, result, and

evaluation.

• In the sixth chapter, we will conclude our whole study with the benefit of our

study and what is next for the study.

• Also, in the appendix, we will show all the experiment data and mathematics

solutions that are too long to be included in its chapter.
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Chapter 2

Background Knowledge

This chapter explains essential knowledge for three of our research topics. We al-

ready describe some basic terminology in the previous chapter, but now we will get

into more practical and relevant issues.

2.1 Rasterization Based Rendering

Our methods use the rasterization based rendering method because we focus on

real-time rendering. The rasterization based rendering method specializes in real-

time rendering because of its high-efficiency algorithm and specialized hardware, a

graphics processing unit.

Rasterization is a method of converting shape data to a raster image. A raster

image is the shape’s information but in the form of a series of pixels suitable for

displaying on a monitor or storing in an image format. We use rasterization in 3D

rendering to convert 3D shape data, usually a triangle, to a pixel data series in

our render target. Rasterization also interpolates the data between vertex points

(corner points) of shape data at each pixel. However, rasterization is just a part of

the graphics pipeline.

2.1.1 Graphics Rendering Pipeline

Graphics rendering pipeline is a conceptual model or a rendering architecture. It

generalizes the architecture, so the implementation and interface between hardware

and software are more straightforward. A graphics processing unit (GPU) or a

12
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graphics card is designed to execute this workflow efficiently.

The pipeline consists of multiple computational stages, but we can simplify them

into three parts: application, geometry, and rasterization.

The application part is your main program, where you process your data, user

input, or user interface. This part also responsible for preparing the data and setting

for rendering on a GPU and sending an execution signal to the GPU. The data is

mainly geometry data, camera data, and lighting data.

The geometry part is executed on a GPU. It transforms geometry and other

necessary data to 2D screen space coordinate before passing them to rasterization.

The transformation code is often called a vertex shader. Vertex is a point data of

geometry. We only transform the vertex of geometry and the vertex data at this

stage, so the computation is not expensive. The execution code of this stage is called

vertex shader.

The rasterization part is also on a GPU. It converts the data from the previous

stage to the series of pixels of the render target. The conversion is finding which

pixels are inside the geometry shape, which usually is a triangle. The conversion

also finds the other data of each pixel by interpolating data at each vertex. After

that, the system computes the color of each pixel by executing the assigned shader

code. The color computation program is often called a pixel shader.

There is one major problem with this system that is related to our research. The

rasterization is simple when a whole pixel is inside or outside of a triangle. But

what if only a part of it is inside. This situation causes an aliasing problem. Figure

2.1 shows an example of graphics rendering pipeline.

Figure 2.1: A simplified flowchart of graphics rendering pipeline.
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2.1.2 Anti-aliasing

Aliasing is a problem when we get a wrong result by under-sampling a signal. In this

case, we only sample once per pixel to see if it is inside, outside, or on the edge of

a shape. There is a rule that governs this decision, which is called the rasterization

rule. But not the less we cannot get a correct answer from just one sample. This

error creates an artifact at the edge of the triangle. Our method in Chapter 5 also

deals with aliasing, but it is a different kind of aliasing. This aliasing here is about

hidden-surface-determination while our aliasing is from the lighting. There are many

methods to solve this problem. We will explain these methods in Chapter 5.

2.2 General-purpose computing on GPU

General-purpose computing on graphics processing units or GPGPU uses a GPU to

compute a general problem instead of computing a graphics pipeline. A GPU is a

specialized circuit for computing and generating an image sent to a display device.

The circuit’s structure is designed for computing an intensive task by using a massive

number of compacted processors to work on the same task but with different data

simultaneously. Fortunately, the image generating task can be divided into multiple

small independent tasks. Thus, the circuit can process them in parallel, which

results in a tremendous efficiency improvement over a traditional processing unit. It

was initially only used for accelerating the scan-line rendering process. However, we

can also use it to process other general tasks, such as ray tracing. With a GPU, we

can process a simple ray tracing program and obtain a result in an interactive time.

Our research heavily relies on GPGPU to precompute a data for our algorithm and

execute our process that is not aligned with the traditional rendering pipeline.

Path tracing and ray tracing generate a photorealistic image by tracing numerous

paths from eyes to light sources. Since these paths are generally independent of

each other, they can be computed separately and simultaneously on each thread

on a GPU, containing many threads. A standard path tracing algorithm is an

exceptionally separable algorithm, and therefore a GPU can immensely improve its

performance. However, there are still some problems regarding the usage of a GPU

in path tracing.
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2.3 Illumination Model

The illumination model or shading model is a computational model of a surface’s

appearance under a light source’s influence. Researchers invented many illumination

models for different applications, but we can categorize them into two groups: pho-

torealistic and non-photorealistic models. The photorealistic model imitates real-life

light physics, while the non-photorealistic model can be anything.

The photorealistic model’s goal is to reproduce the same lighting result as in

real-life. Light energy from a light source can be reflected, absorbed, or transmitted

when it hit any surface. A function defines the behavior, or this interaction is called

the bidirectional surface scattering reflection distribution function (BSSRDF).

BSSRDF describes how much light energy is exited from a surface at one point

when light enters the surface at some point. BSSRDF includes a subsurface scatter-

ing effect, which is a phenomenon of light penetrate a surface from one point and exit

the same surface at a different point. This behavior makes the function complicated;

thus, we need the bidirectional reflection distribution function (BRDF).

BRDF assumes that incoming and outgoing light is at the same point on the

surface. The assumption makes the model simpler to be computed. It ignores

subsurface scattering and transmission, which is also important; however, BRDF is

very simple and efficient; thus, most reflection model use BRDF instead of BSSRDF:

Diffuse reflection is a reflection that uniformly distributed to any direction.

Its real-life phenomenon counterpart is when light enters and surfaces at one point.

The light is reflected around inside the surface and gets absorbed. Then the light

exit out of the surface at the same point. The reflection inside the surface makes

the light possible to travel in any direction when exiting the surface.

Specular reflection is a reflection that non-uniformly distributed to any direc-

tion. Unlike diffuse reflection, specular reflection has a particular direction, usually

around a reflection direction, with high reflection distribution. A smooth mirror is

a perfect example of an object with a perfect specular reflection. Its real-life coun-

terpart is a light that hits a surface, but it doesn’t enter the surface. Instead, the

surface reflects the light to a direction that depends on an incoming direction and

the surface orientation.
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Chapter 3

Related Work

3.1 History of Computer Graphics Rendering Re-

search

We can say that an invention of a display device is the starting point of computer

graphics. The cathode-ray tube (CRT) display is invented by Braun [43] in 1897.

Then the monitor becomes essential equipment for displaying intuitive information

from the military tool. With the knowledge from implementing military equipment,

the first video game, Tennis for Two, was created by Higinbotham and shown in

1958. It uses an oscilloscope to display an interface. Then right after that, in 1959,

TX-2 computer [14] is developed for studying the interactive interface between man

and machine. It has a penlight that you can sketch and store the sketch data for

later use; it can also create a simple geometry from input data. Other important

inventions are the Bezier curve and HMD. Bezier curve is created by Bezier [68] to

design and model an automobile in digital. Sutherland experimented with a head-

mounted display (HMD) [70], which enables a stereoscopic 3D viewing experience.

Around the same time, in 1968, a critical invention for photorealistic rendering

is born; the ray casting algorithm is invented by Appel [3]. We can say that this is

the beginning of photorealistic rendering research.

Later in the early 1970s, there is an advancement in metal-oxide-semiconductor

large-scale integration (MOS LSI) technology, enabling a memory chip to store a

raster image data. A raster-based rendering system will be the fundamental system
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for real-time rendering research.

We will explain the progress of photorealistic rendering and real-time rendering

separately in the next two subsections.

3.1.1 Photorealistic Rendering Research

Ray casting method showed that we could use it to render a simple geometry with

shadow shading, but it still can’t be called a photorealistic result. Whitted [79] was

the first to develop a ray tracing method that uses ray casting to calculate global

illumination lighting. Its product is photorealistic but with a high computational

cost. Cook and Torrance [17, 15] introduced a microfacet reflection model, which is

a physically based model.

Goral et al. [23] took another approach to compute the diffuse global illumination

effect by considering all the surfaces as finite elements. Then the method adds the

light energy radiation on these finite elements. The technique is called radiosity.

Nishita et al. [78], and Wallace et al. [77] also advanced the method further.

Cook et al. [16] improved ray tracing by distributing ray to create a motion blur,

depth of field, and glossy reflection effect. Then Kajiya and James [35] introduced

one of the most important equations, the rendering equation, which became a basis

for all photorealistic rendering. They also invented path tracing, which solves the

rendering equation with ray tracing by using Monte Carlo integration. Path tracing

enabled a wide range range of light physical phenomena to be realized in computer

graphics. However, the computational cost is still too high to create a noiseless result

until Veach [74] and Lafortune [40] described bidirectional path tracing. Veach also

introduced multiple importance sampling and metropolis light transport. These

techniques significantly improve the photorealistic rendering’s quality and perfor-

mance, but it isn’t interactive yet. Wald et al. [76] shows that it is possible by using

acceleration structure for ray-triangle intersection testing.

3.1.2 Real-time Rendering Research

Since the MOS LSI chip’s improvement, the rasterization-based method is the pri-

mary tool in real-time rendering because of its efficiency. But before heading into
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that, Catmull [13] invented texture mapping, which is crucial for both offline and

real-time rendering.

One of the essential topics for rendering was hidden surface determination. We

have to efficiently find which surface is in front of the other surface to render them

correctly. There are many methods proposed, but one that became a standard is Z-

buffering by Strasser [69]. The process stores each pixel’s minimum depth, which will

be compared and updated when rendering to ensure that only the closest surfaces

are present. Next, there is an improvement in how we shade a surface. The surface

can show a gradient of reflection, instead of a flat look with Gouraud shading [24]

and Blinn-Phong shading [9]. Bump mapping [10] and normal mapping [50] also

increase the detail of the surface by perturbing the direction of each point on the

surface.

In 1980, NEC 7220, which is one of the first GPU chips, was released. The

chip provides high-performance rendering features, which started to revolution real-

time rendering technology. Around the early 1990s, the interactive rendering API

OpenGL and DirectX is developed. Still, the cause of the adoption of these two is

the first home video card; a GPU called GeForce 256, which Nvidia released in 1999.

With the advancement of real-time rendering API, which creates a programmable

shader, general-purpose computing on GPU (GPGPU) is found. It is a way to

utilize a GPU to solve a general computational problem other than the rasterization

rendering. GPGPU will later help real-time rendering by making ray tracing or path

tracing become possible in real-time.

There is much research for each lighting phenomena effect in rasterization based

real-time rendering. Shadow calculation can be done by planar [8], curve [48, 52, 58],

volume [27], or mapping [80]. Shadow mapping became a fundamental technique of

today’s real-time shadow rendering. Global illumination is also possible in real-time

with an exchange of a loss in quality or an animation. An example of the real-time

global illumination method is light mapping [1, 51], screen space ambient occlusion

(SSAO) [5], screen space subsurface scattering (SSSS) [33, 32], screen space reflection

(SSR) [73], and voxel cone tracing [18].

In 2013, Karis [38] introduces a method to approximate the physically based

shading in real-time. The technique enables a consistent, realistic, and intuitive
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parameter material that can be rendered in real-time.

In 2018, Nvidia released GeForce RTX, a GPU series that included a ray tracing

specialized circuit. The GPU reinvigorates real-time ray tracing research, which

hopes to replace the current rasterization based rendering.

3.1.3 Efficient Path Tracing

In recent date, path tracing’s performance has been significantly improving due to

parallel implementation and other sampling techniques. It is getting close to real-

time rendering, thus we should also investigate the research in this are as well.

Parallel Path Tracing

The Russian roulette technique is usually used in path tracing [36][40] to probabilis-

tically terminate the path tracing process. In path tracing, paths between eyes and

light sources are searched by casting rays from either eyes or light sources and check-

ing their intersections to surfaces. If the casted rays hit any surfaces, reflected rays

are cast and tested for further intersections. This whole process continues until they

connect the eyes to any light sources and the eyes-light paths are used to calculate

energies from light sources to the eyes, or pixels in the result. The problem is an

unpredictability of the path tracing process since the number of reflections cannot

be predetermined before a ray hits a light source. Some paths might start on a

surface that is obscured from any light sources thus these paths would require more

iterations than paths that start in a surface in front directly of a light source. The

Russian roulette technique was introduced to terminate paths that are too difficult

to be calculated without affecting the correctness of the process by randomizing

path termination trigger, which becomes easier to be triggered as the path bounded

from any surface. However, if we use this algorithm on multiple threads, it causes

an unbalanced workload due to the unpredictable termination of the algorithm on

each thread. The terminated threads become idle threads and do nothing, which

reduces the performance of the whole process. Novák et al. [55] proposed a path

regeneration method to solve this problem. This method regenerates paths from

their originating pixel for each terminated path. In another word, any threads that

are terminated by the Russian roulette before the whole process ends instead of be-
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coming idle threads, the algorithm assigns new jobs to them. These new jobs are to

trace the same pixels that they were tracing before. Because of this, the terminated

threads can continue to work and be able to produce more than one sample for each

thread in each iteration. Unfortunately, due to the architecture of a GPU, if there

are any threads that are processing on a different procedure, such as the regenera-

tion procedure, the other threads must wait for the branched threads to finish their

procedure. This waiting becomes an obstacle to archive a full performance parallel

path tracing. Since then, Wald [75] presented an active thread compaction method

to speed up the path tracing process on a GPU. The method creates a list of paths

that is tracing or to-be-traced. Then, each thread of a GPU traces just one bound

of a path in the list or terminates it. After that, stream compaction [7], which is

an algorithm that can remove elements from a list in parallel, is used to remove ter-

minated paths from the path list and let the threads efficiently process these paths.

Antwerpen [2] proposed an even more efficient method by combining active thread

compaction and path regeneration techniques, which improves the SIMD efficiency

of path tracing.

Adaptive Sampling and Reconstruction

Monte Carlo path tracing suffers from noise due to variance. One of the solutions

to reduce the noise is denoising by filtering, which is an active research field [88].

Rousselle et al. presented a denoising method that applies multiple filters to a noisy

result then chooses one, which minimizes the mean square error, of the filters for

each pixel [62] (Figure 3.1a). They made further improvements by using non-local

mean filtering [61], which is a filter that processes on a patch of an image, not a pixel

(Figure 3.1b), and using feature information, such as normal direction, texture, and

depth, to filter the input to produce multiple candidates [63]. The method then uses

SURE error estimation to compute the weight of each candidate and combine them

together to create the result (Figure 3.1c). Gastal et al. [21] presented a real-time

high dimensional filtering technique by computing multiple manifolds, which is able

to adapt to the high and low frequency of any input, of the result and denoising

the input with the convolution of these manifolds (Figure 3.1d). Mehta et al. [49]

also proposed an image-space filtering method for interreflections interactively by
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analyzing signals in the Fourier domain and using an axis-aligned filter for denoising.

While our method builds on these methods, we focus on the implementation of an

efficient adaptive sampling technique on a GPU.

(a)
(b)

(c)

(d)

Figure 3.1: Progression of adaptive sampling and reconstruction research.

3.2 Relevant Research on Complex Surface Re-

flection

There are three main works related to our research: reflection rendering, glint and

caustic rendering, screen space anti-aliasing, and geometric analytic anti-aliasing.
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3.2.1 Reflection Rendering

One of the most popular methods for rendering reflections in real-time is image-

based rendering. A method proposed in [12] renders realistic reflection images at an

interactive speed by precomputing radiance maps that store the convolution of an

environment map and a BRDF to efficiently compute the outgoing intensity of light

for an arbitrary surface orientation and viewing direction (Figure 3.2a). Since this

method cannot change either surface materials or lighting conditions at run time,

Karis [38] introduces a split-sum approach that approximately computes the product

of the environment map and the BRDF efficiently (Figure 3.2b). More recent work

achieves real-time shading due to a polygonal light source [28] (Figure 3.2c) or a

spherical light source [19]. However, none of these methods pay any attention to

temporal aliasing.

(a)

(b)

(c)

Figure 3.2: A part of reflection rendering research progression.
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3.2.2 Glint and Caustic Rendering

Glint and caustic is one kind of reflections but it is closely related to our work thus

we separated it from the typical reflection rendering. We categorized it into two

groups: procedural generation and multi-sampling.

(a) (b)

(c)
(d)

Figure 3.3: A part of glint and caustic rendering research progression.

Procedural generation creates a surface model, which can simplify the com-

putation. Jakob et al. [31] proposed a stochastic model of randomized metallic

flakes, which was used to evaluate a surface in each pixel to render glints (Figure

3.3a). However, the evaluation is still too expensive to be done in real-time. Zirr

and Kaplanyan [87] proposed a procedural model of micro-detail that produced a

glittery effect. The procedural model is consistent due to stable multi-scale noise

generation, and runs in real-time. However, both methods support only limited

types of surface models.

Multi-sampling uses multiple samples to obtain the accurate result efficiently.

Some methods for temporal anti-aliasing [85] reuse the previous frame’s samples

to increase the efficiency. It can sample difficult reflection to reproduce glints and

caustics but the information of a sample in the current frame might not be in the
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predicted location or not available at all in the previous frame. This causes the

method to fall back to fewer samples, increasing the aliasing. Yan et al. [84, 83]

introduce a technique that accurately renders glints by sampling a whole normal

map within a pixel footprint with a computationally efficient strategy (Figure 3.3b).

Zeltner et al. [86] sample light paths related to caustics and glints efficiently by

using manifold walking, which helps light paths to converge to important light paths

(Figure 3.3c). Loubet et al. [45] importance-sample caustic and glint light paths

by approximating normal variation as a linear interpolation between three normal

vectors at vertices of a triangle (Figure 3.3d). This work uses an assumption similar

to our work, which will be explained later. All the methods in this group except

for the temporal anti-aliasing are computationally too expensive to be computed in

real-time.

3.2.3 Screen Space Anti-aliasing

Fast approximate anti-aliasing (FXAA) [44] is one of the most popular screen space

anti-aliasing methods. It simply detects jagged edges in an image and smoothes

them (Figure 3.4a). It is fast but it blurs some details in the final image. Screen

space temporal anti-aliasing has also been studied for a long time. One of the

first methods is by Korein and Badler [39]. It determines the area of pixels that a

moving object covers and then performs filtering on that area. This method works

for a simple moving object. A method by Shinya [66] uses a velocity field to track

surfaces moving on a screen. Then the method reconstructs an anti-aliased result

by blending pixels with the same surface position in multiple-frames. This method

can be called a temporal reprojection method. The temporal reprojection method

has a wide variety of applications [85, 53, 64] , but there are three main problems.

First, it cannot deal with any surface that is hidden in previous frames. Second,

it has parameters that needed to be adjusted carefully. Third, it cannot track the

movement of the reflection direction, which is our main objective. Another useful

method is screen space NDF filtering [37, 72]. The method approximates surfaces’

NDF as a Gaussian distribution function by using neighbor pixels’ normal vectors

and uses the NDF to compute the light contribution (Figure 3.4b). However, the

approximation’s accuracy is limited. The results are blurry reflections from using
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the over-filtered smooth function NDF.

(a)
(b)

(c)

Figure 3.4: A part of screen space anti-aliasing research progression.

We can also use adaptive method to increase an efficiency. Adaptive anti-aliasing

or supersampling is mainly about multi-sampling each pixel according to some eval-

uation. Lau and Rynson [41] introduce adaptive supersampling to remove hidden

surfaces at the edge of geometry. Jin et al. [34] evaluate pixels in both image

and object space then multi-sample them with ray tracing accordingly. Barringer

et al. [4] render a scene first on a GPU and then evaluate and sample each pixel

if needed with a CPU. Hollander et al. [29] apply adaptive supersampling in de-

ferred rendering by using a supersampling g-buffer to help evaluate and shade each

pixel appropriately. Lee et al. [42] introduce tile-based adaptive supersampling

and undersampling ray tracing. Marrs et al. [46] remove artifacts from temporal
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anti-aliasing [66, 71] by evaluating artifact pixels and multi-sample them with ray

tracing (Figure 3.4c). These methods usually need a small number of additional

samples (e.g. less than 16) per pixel. However, for rendering water surfaces, espe-

cially surfaces in a distance, the pixels can contain highly detailed geometries and

more samples are usually required.

3.2.4 Analytic Anti-aliasing

Our method is categorized in this group. The methods in this group analyze the

cause of the aliasing and find a mathematical solution for each target aliasing situ-

ation. A clamping method [54] removes aliasing on a textured surface by using the

Nyquist theorem [65], which we will use in our method. The method proposed in

[25] analyzes the movement of a polygon in image space and generates a space-time

representation of the object for spatial and temporal anti-aliasing. EWA volume

splatting [89] is an anti-aliasing method for volume rendering. It uses the ellipti-

cal Gaussian function as a reconstruction kernel for the volume to avoid aliasing.

We are inspired by this work and borrow the idea of its Gaussian kernel’s affine

mapping. Our method also builds on LEAN mapping [56] that approximates the

distribution of surface normal vectors with a Gaussian function to eliminate aliasing

that comes from using a bump map (Figure 3.5a). LEADR mapping [20] is another

method that extends LEAN mapping to cover physically based rendering. Becker

and Max [6] combine three rendering algorithms, which are BRDF, bump mapping,

and displacement mapping, and transition between them in an aliasing-optimal way

(Figure 3.5b). Bruneton et al. [11] also use these rendering algorithms as three

levels of details to eliminate aliasing on a dynamic water surface in real-time (Fig-

ure 3.5c). Han et al. [26] uses spherical harmonics for low-frequency data and a

spherical von MisesFisher distributions for high-frequency data (Figure 3.5d). Wu

el at. [81] accurately render anti-aliased materials across multiple levels of details

by generating an SVBRDF from a displacement map and a BRDF. The method

considers occlusion, shadow-masking, and interreflection effects of the displacement

map as well. However, these methods do not take into account the temporal alias-

ing, which we address in this paper. Feline mapping [47] also helps us improve the

efficiency and quality of our work. It is a texture filtering method that approximates
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an anisotropic filter by the sum of multiple isotropic filters.

Less related to our work is Monte Carlo distributed ray tracing [16], which com-

bines spatial and temporal aliasing by tracing many rays from random points in

the finite pixel area, and at random times in the frame interval. It produces noisy

images unless very many rays are used, but modern noise removal algorithms can

decrease this noise fairly effectively.

(a)

(b)

(c)
(d)

Figure 3.5: A part of analytic anti-aliasing research progression.
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Chapter 4

Real-time Glittery Surface

Rendering

In addition to our main methods, we also experiment with glittery surface rendering

method. This part of the research is still in the progress but our result shows a

potential and should be useful for the reader.

Glittery surfaces have attractive visual appearances; we see many small bright

spots on the surfaces but the bright spots suddenly disappear when the view and/or

light directions change. This phenomenon happens because the surfaces have a

complex microfacet structure. Many tiny facets are aligned in different directions

at each spot on the surface, and each of these facets can reflect a specular light

individually. If the microfacets reflectance is high enough, each of the facets could

reflect light and create a strong glint by itself. There are many glittery surfaces in

the real-world such as snow, metallic paint, and glitter for cosmetics. If we could

reproduce this appearance with computer graphics, we can raise the quality and the

fidelity of synthetic images and fill the gap between computer graphics and reality.

However, it is difficult to reproduce the glitter effect with the traditional rendering

method.

Recently, several methods have been proposed for rendering the glitter effect [87,

31, 84, 83, 86]. Although these methods succeeded in rendering the glitter effect

realistically, one problem with these methods is the expensive computational cost.

None of these are efficient enough to be executed in real-time. Our work aims to

address this problem by sacrificing the least amount of quality while capturing the
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effect of glittering in real-time. Our method can reproduce a sparkling effect from

glittery surfaces in interactive applications.

4.1 Proposed Method

To render the glitter effect, we need to efficiently represent the structure of glittery

surfaces that consist of many microfacets. A straightforward solution is to use a very

high-resolution normal map to store each microfacet’s normal vectors individually.

However, this requires expensive storage costs. Instead, we propose a new data

structure called a flake map that can store multiple normal vectors for each texel.

4.1.1 Flake Maps

Let us consider a binary bit string with length N that is stored in each texel of

the flake map (typically, N = 32). We then subdivide a hemisphere uniformly into

N bins as shown in Fig. 4.1 and each bit in the bit string corresponds to one of

the bins of the subdivided hemisphere. For each bin, a vector pointing toward the

center of the bin is assigned. When the bit is one, we assume a microfacet with the

normal vector of the corresponding bin. We can therefore store N normal vectors

at the maximum for each texel.

Figure 4.1: Left and center figures show front and back of the hemisphere, which

is divided into evenly 16 spaces. Right figure is an example of 16 bit field that

represent 4 vectors, which are pointed to 13, 14, 15 and 16 labeled spaces, we store

these vector bit field as 0000000000001111.
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4.1.2 Construction of Flake Maps

A flake map is constructed from a normal map that stores a single normal vector

for each texel. Similar to the mipmap data structure, we generate multiple flake

maps at different levels of detail. The finest level of the flake map is generated by

quantizing the original normal map; that is, the normal vector in the normal map is

quantized to the closest vector among N vectors of the bins described in the previous

section. The corresponding bit is set to one. Higher levels of the flake maps are

constructed by combining four pixels of lower levels by simply applying bitwise OR

operation. Figure 4.2 shows the flake maps generation process . With this method,

we can generate a flakes map with the mipmap structure that could describe the

surfaces’ structure at different levels of detail. Then we map this flakes map onto

our polygonal model in the same way as texturing the model.

Figure 4.2: Flakes map generated by using a normal map as a reference. Flakes

map mip level 0 is generated directly from normal map data then generate higher

mip level data from the current level.

4.1.3 Rendering

For the rendering part, our current implementation supports directional and envi-

ronment map light sources. Due to the efficiency of our flakes map, we can naively

do the rendering as follows. We calculate lighting from a directional light or an
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environment map light with every normal vector in the pixel and then average them

for each pixel. However, since we uniformly divided hemisphere space into a small

number of spaces, each labeled space from the flake map covers a huge area. If we

use just one normal vector to represent each divided space, it will make the lighting

look unnatural because many flakes will share the same normal vector, and lighting

will focus on that point instead. We solved this problem by randomly jittering a

normal vector, which we got from the flakes map in each pixel. We use a UV value

on the surface as a seed number to randomize an offset vector to the labeled space-

centered normal vectors, making the normal vector jittered inside its own labeled

hemisphere space. This jittering makes the lighting spread around the designated

space instead of focusing on the center of each labeled space, as shown in Fig. 4.3.

Figure 4.3: These two scenes have the same directional light and the same four flakes

in each pixel. The left image is without any jittering; the left ball focuses all of its

four normals onto the center of 4 labeled spaces, which result in 4 strong specular

lights. The right image is rendered with a random offset; it distributed four normal

vectors in each labeled space, create the glittery and uniformly lighting.

4.2 Results

We use N = 32 bits for the flake map. Then we generate flakes map by three

methods:
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• Choose four normal vectors on the top of the hemisphere, which give the flakes

map a natural uniformed glittery look.

• Choose four normal vectors on the top of the hemisphere and randomly add

another one of the normal vectors to inject some sparkling.

• Choose a normal vector for each pixel from a reference normal map.

With these three types of flakes map, we can acquire many distinctive results and

make it close to our ideal result. Then we render these flakes map on a high-heel

model, which we used its flakes map UV values as our seed value for randomizing

jittering offsets.

We experiment with our method by generating flake maps from normal maps

and randomly generate normal vectors. The result is rendered under a directional

light and an environment light with above 100 FPS under our standard spec PC

(Intel Core i5 CPU 760 @ 2.80Ghz, NVIDIA GeForce GTX 460). Figure 4.4 and

4.5 show the results from different flakes maps.

Figure 4.4: The result image of our glittery rendering method. The high heel is

rendered in real-time with randomly generated flakes map. The result show glittery

lighting on its body as it is being shined by a directional light and a light from

environment map.

4.3 Discussion

Our method can generate a look of glittery surface in real-time. Our approach

could also change the appearance of the glitter according to the input normal map.

However, we don’t have a reference result to compare to yet; thus, we cannot measure

our method’s effectiveness.
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Figure 4.5: Rendered images from different flakes maps: A use 4 vectors on the top

of hemisphere flakes map, B use A flakes map with one more random vector, C is

generated from a metallic flakes normal map, D is generated from an isotropic noise

normal map.

Another problem is that our vector bit field cannot store a sharp structure due

to its limited number of labeled vectors, 32 in our case; however, it is enough to

capture the sparkling effect from normal objects as we wanted.

This work is still in progress. Next, we want to create a reference image by

rendering a high-resolution normal map to evaluate our result and find a more

efficient method for rendering the effect rather than our naive approach, which

calculates lighting on every flake.
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Chapter 5

Real-time Spatio-temporal

Reflection Anti-aliasing

Ocean simulation and rendering have been studied in the computer graphics field for

40 years. That research can simulate an ocean under various weather conditions [22],

and interacting with solid objects in three dimensions in real-time [30]. However,

many problems in real-time ocean rendering remain. One of the issues is aliasing

and flickering in rendering reflections on the water surface.

The ocean surface is highly dynamic. It moves rapidly, and thus, its shading

changes rapidly as well. Usually, this does not pose any problems if the shading is

smooth. However, for a surface that has a strong highlight or bright reflection mov-

ing rapidly, it causes inaccurate and unnatural flickering. In traditional rendering

algorithms, each frame is rendered independently at discrete time steps, resulting

in serious temporal aliasing artifacts. Please see Fig. 5.1 for an illustration of the

problem. This paper focuses on this problem, assuming the light source is a sphere

such as the full moon or the sun.

Removing aliasing in real-time is an active research area, and many methods

have been proposed [44, 39, 54, 20, 11]. They can improve the fidelity and efficiency

of the rendering method. However, their focus is on spatial anti-aliasing, and most

of them do not address the temporal aliasing problem, particularly the one observed

in rendering a reflected image of a light source on a wavy water surface.

In this paper, we present a method that can remove the spatial and temporal

aliasing simultaneously, assuming that the water wave is represented as a sum of sine
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waves and the light source is a sphere. The basic idea is to compute the intersection

of the light source with a plane formed by two reflection vectors for neighboring

frames. This provides us with a fraction of time when the light source is visible

on the water surface. We combine this idea with a traditional spatial anti-aliasing

method.

Our main contributions are:

• We propose a method that analytically integrates a light reflection on a summed

sine wave surface over a time period.

• We propose a method that approximates a reflection direction distribution and

then analytically integrates a light reflection on a summed sine wave surface

over the reflection distribution and a time period.

• We give an accuracy improvement for the Feline method of [47].

Figure 5.1: The problem in rendering a reflection on dynamic surfaces. Typically a

single reflection ray (solid black) is generated for each frame, but it often misses the

light source, which causes temporal aliasing. We address this problem by using the

ray (dashed black) shot in the previous frame. The light source is sampled by using

multiple interpolated rays (red) between them to reduce the temporal aliasing.
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5.1 Proposed Method

Our goal is to compute the contribution of a spherical light source over the period

of time between frames. As we mentioned earlier, we assume that the water wave is

represented as a sum of sine waves with different frequencies and directions. For each

pixel, our method first decomposes the water wave into two spatial frequency bands:

low and high-frequency bands, namely temporal-aliasing waves and spatio-temporal-

aliasing waves, respectively. The high-spatial-frequency component causes spatial

aliasing due to under-sampling and may also cause temporal aliasing due to its

movement. We develop two methods, temporal-aliasing wave rendering and spatio-

temporal-aliasing wave rendering, for these two frequency bands, respectively, and

make a smooth transition between them. The fundamental idea of both methods is

the same for each sine wave, but in the second method, the spherical light source

is blurred to account for the effects of the BRDF caused by the aliasing waves. We

are also using a height field of the wave as a displacement map of our water surface

geometry. Figure 5.2 shows the outline of our method.

5.1.1 Spatial-aliasing detection

We use the clamping anti-aliasing method [54] to decompose the water wave into

the spatio-temporal-aliasing and temporal-aliasing waves. According to the Nyquist

theorem in sampling theory, to avoid aliasing, the spatial sampling frequency must be

higher than twice the highest frequency of the water wave. In our case, this means

that the pixel resolution should be twice finer than the wavelength of the water

wave projected onto the screen. That is, when a wave is projected onto the screen,

the wave must cover at least two pixels within one wavelength. This maximum

frequency of the projected wave is called the Nyquist limit. If a wave does not meet

this criterion, then it will cause aliasing. The maximum frequency, or the minimum

wavelength, happens when the wave is aligned horizontally or vertically to our screen

space, as can be seen in Fig. 5.3. Thus, our Nyquist limit is 1
2
, which is the spatial

frequency of a wave with a wavelength equal to the size of two pixels.

For each pixel, we calculate the projected wavelength of each sine wave on

the screen. Each of the sine waves is then classified per pixel as either temporal-
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Figure 5.2: The outline of our methodology.

aliasing (called simply “non-aliasing” below) or spatio-temporal-aliasing (called sim-

ply “aliasing” below) according to the Nyquist frequency, which detects spatial alias-

ing. A pixel that only contains non-aliasing waves and a pixel that contains aliasing

waves will be then processed by two different rendering methods, which produce

slightly different results.

A sudden transition between the two types of waves will create arcs of sudden ap-

pearance changes on the boundary between pixels with and without aliasing waves.

To prevent this, we use soft classification to blend the results between both methods

smoothly. Section 5.1.6 will explain the method in detail.
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Figure 5.3: The projected wave is aligned to a 2x2 screen. If any wave in any

projected direction has higher spatial frequency or lower wavelength than this wave

then it will cause aliasing.

5.1.2 Temporal-aliasing wave rendering

For a pixel that only contains non-aliasing waves, we sample a single point on the

water surface corresponding to the pixel center and compute the contribution of the

reflected light over the time interval between the current and the previous frames.

We assume that the spherical light source is distant from the sample point so that

it subtends the same solid angle for every sample point and is represented by a

disk facing toward the sample point. This disk is the projection of the light sphere

onto a light plane perpendicular to the line from the sample point to the center of

the light sphere. Two reflection vectors are computed by using the normal vectors

at the previous and the current frames. We then calculate the intersection points

between the light disk and a plane formed by the two reflection vectors, as shown in

Fig. 5.4. The light disk contribution between two reflection vectors can be calculated

as follows. First, we calculate two intersection points pc and pp between the two

reflection vectors and the plane. Next, we calculate the overlapping line segment

between pcpp and the light disk. Then the arc is subtended by pcpp (the whole arc),

and that subtended by the overlapping line segment (the light arc) is calculated.

The light source’s fractional contribution between the successive frames is obtained

by the ratio of the angle of the light arc to that of the whole arc, as shown in Fig. 5.4.
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Figure 5.4: Our method uses a simple geometric analysis to find the contribution of

light between the current reflection and the previous reflection.

5.1.3 Spatio-temporal-aliasing wave rendering

For a pixel that contains any aliasing waves, a single sample point per pixel is not

sufficient. We have to compute the average intensity of the reflected light over the

pixel area, taking into account the distribution of the surface normals. A straightfor-

ward solution is to generate multiple rays for each pixel as in [16], which significantly

increases the computation time. Instead, we borrow the idea of the LEAN mapping

technique [56] for efficient computation, which approximates the distribution as a

Gaussian distribution. However, this approximation removes details from the sur-

face and blurs the reflection result, which makes its temporal reflection changes less

noticeable. Thus, our method assumes that aliasing waves are unchanging in time,

and only non-aliasing waves contribute temporal changes to its pixel’s reflection re-

sult. In a pixel that contains both types of waves, we need to solve spatial aliasing

from aliasing waves and temporal aliasing from non-aliasing waves. To eliminate

spatial aliasing, our method approximates an aliasing wave as a distribution func-

tion of its surface normal. This distribution itself doesn’t change in time, but it

is being moved by non-aliasing waves, which is according to our assumption. Our

method then removes temporal aliasing by computing the time integration reflec-
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tion of the distribution and the light source. Figure 5.5 shows the outline of our

spatio-temporal-aliasing wave rendering method.

Figure 5.5: The outline of our spatio temporal waves rendering method.

We first calculate the normal distribution function (NDF) of the aliasing waves.

The NDF is defined as a distribution of normal vector on a horizontal xz plane,

assuming the y axis points in the upward direction (see Fig. 5.6). We call this the

NDF plane. The NDF for the sum of the sine waves is obtained by accumulating

the NDF for each sine wave. So, let us consider the NDF for the following single

sine wave:

y(x, z, t) = A sin(ax+ bz + ct), (5.1)

where A is an amplitude and t is time. The wave vector (a, b) determines the

wavelength and direction of the wave, and c together with the wave vector determines

the velocity. We approximate the NDF by a two-dimensional elliptical Gaussian

function of a point n on the NDF plane:

GΣ,nc(n) =
1

2π|Σ| 12
e−

1
2

(n−nc)tΣ−1(n−nc), (5.2)

where nc is the point corresponding to the normal vector without aliasing waves (i.e.,

the low frequency components) and is the center of the Gaussian on the NDF plane.
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Figure 5.6: Our NDF is a normal distribution function of spatial aliasing waves.

Our RDF is a reflection distribution function of the NDF. It is defined on a light

plane perpendicular to the direction to the center of the light source.

Σ is the covariance matrix of the elliptical Gaussian and can be expressed differently

by our two approximation methods: uniform method and per-pixel method.

Our uniform method assumes that each aliasing wave has its whole wave cycle

inside each pixel, thus its Σ can be expressed by:

Σ = lim
T→∞

1

T

∫ T0 ( ∂y
∂x

)2dt
∫ T

0
∂y
∂x

∂y
∂z
dt∫ T

0
∂y
∂x

∂y
∂z
dt

∫ T
0

(∂y
∂z

)2dt


=

A2a2

2
A2ab

2

A2ab
2

A2b2

2

 =

 σ2
x σxσz

σxσz σ2
z

 ,
(5.3)

where σx = Aa/
√

2 and σz = Ab/
√

2, and the temporal average over t is the same

as the spatial average over x and z because of the form of Eq. (5.1).

Our per-pixel method finds the beginning and ending of the sine wave within the

pixel, where Σ can be defined more accurately at the cost of increased computation.
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The covariance matrix Σ can be instead expressed by:

Σ =

M.xx−B.x ∗B.x M.xz −B.x ∗B.z

M.xz −B.x ∗B.z M.zz −B.z ∗B.z

 , (5.4)

B = (B.x,B.z) =
1

p2 − p1

(∫ p2

p1

∂y

∂x
dp,

∫ p2

p1

∂y

∂z
dp
)
, (5.5)

M = (M.xx,M.xz,M.zz)

=
1

p2 − p1

(∫ p2

p1

(
∂y

∂x
)2dp,

∫ p2

p1

∂y

∂x

∂y

∂z
dp,

∫ p2

p1

(
∂y

∂z
)2dp

)
, (5.6)

p(x, z) = ax+ bz, (5.7)

where p1 and p2 are the beginning and the ending of the wave within the pixel

respectively. However, p1 and p2 of each wave within the pixel are varying depend

on a position. To simplify the problem, we only consider the position at the pixel

center. Eq. (5.5) and (5.6) can be solved analytically, however we omit the detail

here due to its length. Appendix A.1 shows the solution to the equations and

explains how we find p1 and p2 in more detail. The NDF for the sum of the waves

is approximated as the sum of the NDFs for each of them.

The NDF computed above is then transformed into the reflection space to obtain

the reflection distribution function (RDF), which represents the distribution of the

reflection directions. The RDF is defined on a light plane perpendicular to the unit

direction vector to the center of the light source and is located at the endpoint of this

unit vector, as shown in Fig. 5.6. We explain the derivation of our transformation

function below (see also Fig. 5.7).

Let us consider a function Φ that maps point n on the NDF plane to point r on

the light plane, i.e., r = Φ(n). Φ(n) can be derived from geometrical analysis of

Fig. 5.7, as follows:

Φ(n) =
r(n)

r(n) · L
, (5.8)

r(n) = 2(n(n) · v)n(n)− v, (5.9)

n(n) =
n

|n|
, (5.10)
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Figure 5.7: Transformation from NDF to RDF.

where v is the eye direction and L is the light direction. As you can see in Eq. (5.8)

through Eq. (5.10), Φ is a complicated nonlinear function, so we employ a first order

approximation. Let nc be the center of the NDF, rc = r(nc) be the center of the

RDF, and gn = n− nc, so that n = nc + gn. Then the approximation is:

Φ(n) ≈ Φ(nc) + Jcgn = rc + Jcgn, (5.11)

Jc =
∂ϕ

∂gn
(0), (5.12)

ϕ(gn) = gr = r− rc = r(gn + nc)− (2(nc · v)nc − v), (5.13)

where Jc is a Jacobian matrix of ϕ(gn) computed at gn = 0. ϕ(gn) is a function

that maps point gn on the NDF plane to point gr = r−rc on the light plane. Then,

Φ−1 is approximately expressed by:

Φ−1(r) ≈ nc + J−1
c gr. (5.14)

With this linear approximation, the RDF can also be expressed by another elliptical

Gaussian function with covariance matrix Σr. That is, the RDF is expressed by:

RDF (r) = NDF (Φ−1(r))

≈ 1

|J−1
c |
GΣr,rc(r) (5.15)

Σr = JcΣJ
t
c (5.16)

Note that rc is the center of the above Gaussian function on the light plane. The

accuracy of our RDF approximation is shown later in Appendix A.2.
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We can now compute the intensity of the reflected light using the convolution

between the RDF and the light disk. The light disk here is the projection of the

spherical light source onto the light plane. However, to remove the temporal aliasing,

we need to compute the average intensity over the time interval between the frames.

That is, the intensity I is expressed by:

I =
Ll
T

∫ t

t−T

∫
r∈D

RDF (r, t∗)drdt∗ (5.17)

where Ll is the radiance of the light source and T is the time interval between the

frames. D represents the circular region within the light disk. Note that we include

the time parameter t∗ for RDF to explicitly indicate that it is time-varying.

The above equation is too expensive to compute in real-time. We, therefore,

precompute the integral under some simplifying assumptions. We assume that the

path of the reflection direction on the light plane during the frame is a straight

line segment. The accuracy of this approximation can be improved by dividing the

frame time into subintervals, each with its straight segment. Also we approximate

the elliptical Gaussian RDF by a circular Gaussian, with variance σ2
r = σsσt, where

σs and σt are the eigenvalues of the covariance matrix Σr in Eq. (5.15). Later

we will approximate the elliptical Gaussian more accurately as a weighted sum of

circular Gaussians. Finally, we assume that the temporal changes in the Jacobian Jc

and covariance matrix Σr are small. So Jc and Σr are also assumed to be constant

between the neighboring frames. We only consider the change in the primary normal

direction nc (and therefore the primary reflection direction rc, i.e., the center of the

Gaussian RDF).

5.1.4 Circular Gaussian approximation

For the circular Gaussian, we need to precompute Eq. (5.17), which is an integral,

over the reflection vector segment for the frame time of the RDF convolved with

the light disk. Because this convolution is circularly symmetric, the integral can be

precomputed using three parameters: the closest distance of the line containing the

segment to the center of the convolution, the start position of the segment on that

line, and the end position. (See Fig. 5.8.) Considering also the variance σ2
r for the

RDF, this gives four parameters.
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Figure 5.8: Precomputation for the line integral, which is an integral of a convolution

of the light disk and the circular Gaussian that is moving on the line segment.

Fortunately, we can reduce these to three parameters. The straight segment

integration can be separated into four cases: a segment that starts and ends at

the outside but cuts through the convolution, a segment that starts at the outside

but ends inside the convolution, which, by reflection symmetry across the V axis in

Fig. 5.8, also included the segment which starts inside and ends outside, a segment

that starts and ends inside the convolution, and a segment that starts and ends

outside the convolution without cutting through it, which has integral zero. The first

case has one parameter, which is the closest distance of the segment to the center of

the convolution. The second case has two parameters, which are the closest distance

of the segment to the center of the convolution and the end position of the segment.

The third case has the three parameters we mentioned earlier. However, we can

calculate the third case integral by first finding the integral over a segment that

starts from an infinite distance and goes to the end position while passing through

the start position of the integral segment. Then, we subtract another integral on

the same line that starts from an infinite distance and goes to the start position of
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the segment. In other words, an integral of the third case can be calculated from

the difference of two second case integrals. Thus, we only need to precompute for

the first and the second case, and the first one is a special case of the second case.

The second case needs two parameters, which are the closest distance and the end

position of the segment. Thus, including the variance too, we can store the line

integral into a 3D texture, as described below.

Let us consider local coordinates UV on the light plane with its origin at the

center of the light disk (see Fig. 5.8). Because of circular symmetry, we can assume

that the line segment for the line integral is parallel to the U axis and intersects the

V axis at V = v, shown as the thick black line segment in the figure. The center of

the circular Gaussian RDF moves along the integral line. Our method precomputes

the following table for various variances.

S(u, v, σr) =

∫ u

−R
F (u′, v, σr)du

′, (−R < u, v < R), (5.18)

where F (u, v, σr) corresponds to the inner integral of Eq. (5.17), i.e., the convolution

of the light disk with the circular Gaussian whose center is at (u, v). R is a large

value chosen such that F (R, 0, σr) is sufficiently small. With this table, the intensity

expressed by Eq. (5.17) is obtained by:

I = S(u1, v, σr)− S(u0, v, σr), (5.19)

where (u0, v) and (u1, v) correspond to the two primary reflection directions at the

previous and the current frames, exchanged if necessary to make u1 ≥ u0. Our

method stores S in a 3D texture on the GPU. The precomputation only considers

a constant light disk radius, but we can linearly transform the light disk radius and

the RDF variance together. Thus, we can transform various input parameters to fit

our precomputed data before using it. Our method supports changing both light

and wave parameters in real-time.

5.1.5 Elliptical Gaussian approximation

We needed to approximate an elliptical Gaussian RDF as a circular Gaussian to

keep the precomputed table to 3 dimensions, which has hardware support on a GPU.

However, this approximation loses its accuracy when an RDF has a very elongated
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distribution in one of its axes, which happens when the viewing direction is close

to the horizon. So we approximate an elliptical Gaussian RDF more closely with a

method similar to Feline mapping [47], which uses multiple circular Gaussian kernels

to approximate a single elliptical Gaussian kernel. However, we improve on [47] by

non-linearly optimizing the circular Gaussian kernel weights, center positions, and

variances so that their combination matches as close as possible to the RDF, which

is an elliptical Gaussian kernel. Figure 5.9 illustrates the idea. The details of this

fit are given in the appendix A.3, and produce curve fits for the circular Gaussian

parameters.

Figure 5.9: We further approximate our RDF, which is defined as an elliptical

Gaussian distribution, as a combination of multiple weighted circular Gaussian dis-

tributions. In this example, we approximate RDF as 3-weighted circular Gaussian

distributions.

When we are rendering the scene, after we obtain the RDF, we scale the whole

RDF so that its minor axis variance is equal to 1. Then we find the optimal circular

Gaussian kernel parameters by inserting the scaled major axis variance of the RDF

into each curve fitted equation of each parameter as a function of the major axis

variance. Next, we scale the optimal parameters back to the original scale at the

beginning. Then we find the line segment of each circular Gaussian kernel by offset-

ting the segment from the original segment with a vector from the center of the RDF
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Figure 5.10: A, B, and C circular Gaussian kernels are used to approximate the RDF.

Each circular Gaussian kernel has its own integral segment, which can be calculated

by offsetting the original integral segment with the vector from the center of the

RDF to the circular Gaussian kernel.

to the center of each circular Gaussian kernel. Figure 5.10 shows an example of the

line segment offsetting for the three circular Gaussian kernels case. Finally, we use

our circular approximation method to find the result with the adjusted segment for

each circular Gaussian kernel and combine them according to the unscaled optimal

weight parameters.

However, there is a limitation to this method. An elliptical Gaussian kernel with

a more elongated shape will require more circular Gaussian kernels, which increases

computational time. To have stable performance, we decide to use a fixed number

of circular Gaussian kernels. (Nine in our implementation.) Then if the elongation

is more than a threshold, we use our fallback method instead. The elongation is a

ratio between a major and a minor axis standard deviation of an elliptical Gaussian

kernel. The threshold we used is a minor axis standard deviation, which is not yet

scaled, multiplied by a fixed number of circular Gaussian kernels.
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Our fallback method is computing a convolution of the RDF and the light source

with the Riemann sum method. We ignore the temporal integration in our fallback

method because the reflection from a high variance RDF is blurry, which is less

likely to be improved by the temporal integration.

5.1.6 Aliasing wave transition

Our method treats non-aliasing waves and aliasing waves differently. The non-

aliasing waves are used to determine temporal changes of the surface, while the

aliasing waves are approximated by a Gaussian RDF. However, this approximation,

which is in our spatio-temporal-aliasing wave rendering method, introduces a visual

artifact to our result. This classification causes a different rendering result between

two types of waves when we use the Nyquist limit to classify the type of each

wave within each pixel. This classification switch is too sudden. Any wave with a

projected frequency lower than the Nyquist limit is considered a non-aliasing wave,

while the same wave in a neighbor pixel might have projected frequency equal or

slightly above the Nyquist limit and be suddenly considered an aliasing wave. The

difference between the two pixels will be apparent as seen in Fig. 5.11b.

To prevent this, instead of using the Nyquist limit, we use soft classification

to smoothly transform non-aliasing waves to aliasing waves. We create a transition

region, which determines a fractional aliasing value α between 0 to 1. The transition

region is in frequency space and stationed before reaching the Nyquist limit. Any

wave within the region is considered to contain both aliased and non-aliased waves

with weights of α and 1−α respectively. If the transition region has a width of δ in

frequency space and the Nyquist limit is fn, the transition region will start at fn− δ

and end at fn. A wave with a frequency of f within the region will have an aliasing

value α given by

α =


0 f < fn − δ

(f − (fn − δ))/δ fn − δ ≤ f ≤ fn

1 fn < f

(5.20)

For α between 0 and 1, we transform the sine wave into two waves, an aliased

wave with amplitude weighted by α, and a non-aliased wave weighted by 1 − α.

Chapter 5 Namo Podee 49



A Study on Efficient Rendering of Reflections on Complex Surfaces

We do this for every sine wave and combine the waves of the same type. If there

aren’t any aliased waves, the combined non-aliased waves will be rendered with

our temporal-aliasing wave rendering method. However, if there are aliased waves,

the combined aliased waves will be represented as an NDF, and the combined non-

aliased waves will determine a reflection path in our spatio-temporal-aliasing wave

rendering method. Figure 5.11 shows the result of our transition.

(a) Reference (b) No transition (c) with transition

Figure 5.11: Comparison with/without transition regions.

5.2 Implementation

We implemented our method with OpenGL. The size of the transition region between

the aliasing and non-aliasing waves can be adjusted to achieve a smooth transition

between them. Our temporal-aliasing rendering method is faster than our spatio-

temporal-aliasing wave rendering method. So we need to adjust the transition region

to use the temporal-aliasing wave rendering method as much as possible. We exper-

imentally determine the transition region to start at 0.2 cycles per pixel and finish

at 0.5 cycles per pixel.

In our implementation of spatio-temporal-antialiasing, the size of the precom-

puted 3D texture for the circular Gaussian approximation is 512x512x64; the dimen-

sions correspond to the closest distance, line segment endpoint, and variance of the

circular Gaussian kernel, respectively. For the elliptical Gaussian approximation,

we use 1, 3, 5, or 9 circular Gaussian kernels. However, we cannot use this 3D tex-
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ture when there are no non-aliased waves that vary in time because we cannot find

the point integral of a still reflection vector with our method (there is no reflection

path). So we need to precompute another 2D texture that just stores a convolution

result of a circular Gaussian kernel and a light disk with a resolution of 512x64; each

dimension corresponds to the distance between the center of the light disk and the

kernel, and variance of the circular Gaussian kernel, respectively.

(a) Simple wave. (b) Smooth detail wave.

(c) Medium detail wave. (d) High detail wave.

Figure 5.12: The preview of our four experiment scenes.

5.3 Results

We investigated the abilities of our method by using four scenes with a simple

wave, a smooth detail wave, a medium detail wave, and a high detail wave (see

Fig. 5.12). For each of the scenes, we created multiple images with six different

rendering methods: the method without any anti-aliasing techniques, a spatial-

only 32 multisample anti-aliasing (32x MSAA) method, LEAN mapping method,

our method with uniform NDF, our method with per-pixel NDF, and a reference

image. We generate a 4K normal map from sine wave data for LEAN mapping

for each frame. Our method uses nine circular Gaussian kernels for the temporal-

aliasing-wave rendering method. The reference image was created offline by simply
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generating a supersampled image with 2x2, 4x4, or 8x8 times higher resolution and

then downsampling it. We also included temporal integration in the offline rendering

by generating 4 or 8 supersampled images between the neighboring frames. Glare

and tone mapping post-processing were applied to all these images to show the

sun’s high brightness reflection. The rendering times are shown in the captions

of the figures, while our precomputation time is 4.24 ms. The rendering times

are measured on a PC with Intel Core i9-9900KF @3.6Ghz, Memory 16 GB, and

NVIDIA TITAN RTX, 24 GB.

Figure 5.13 shows the comparison using the simple wave consisting of five sine

waves with similar directions. This scene shows a simple and predictable reflection

movement. Our method produces almost the same result as the reference image for

the regions near the camera. In the far region, our elliptical Gaussian approximation

removes the spatial aliasing. However, the other two methods produce severer spatial

aliasing in both the near and the far regions.

Figures 5.14 and 5.15 use the smooth and the medium detail waves, respectively.

These waves consist of 64 and 48 sine waves, respectively. These waves exhibit

sparse reflections that are difficult for the previous methods to capture. Our method

successfully renders an accurate image.

Figure 5.16 shows images rendered with the high detail wave consisting of 32

sine waves with a shorter wavelength. Again, our method can render the accurate

reflection image near the camera, and the spatial aliasing is removed in the far

region. The other two methods suffer from severe aliasing.

Table 5.1 and Fig. 5.18 show that our method produces results that are closer

to the references than the others.

In addition to the RMSE error data, we also conduct a small survey with 22

respondents to perceptually evaluate the results. First, we show the result of MSAA

method, LEAN mapping method, and our method with per-pixel NDF of each

scene without showing their method name to the respondents. Second, we ask

two questions: ‘Which result has the most natural reflection?’ and ‘Which result

has the highest resolution reflection?’. Third, we show the result of the reference

method, MSAA method, LEAN mapping method, and our method with per-pixel

NDF of each scene, but this time we tell the respondents which one is the reference

52 Chapter 5 Namo Podee



A Study on Efficient Rendering of Reflections on Complex Surfaces

result. Last, we ask ‘Which result is the most similar to the reference result’. We

didn’t include the method without any anti-aliasing techniques and our method with

uniform NDF. Both have a similar result but respectively worse than MSAA method

and our method with per-pixel NDF.

Fig. 5.19 shows the result of our survey.

Scenes

Method Simple Smooth Medium High

No AA 0.0797 0.0299 0.0315 0.0778

32x MSAA 0.0795 0.0287 0.0282 0.0676

LEAN 0.0675 0.0329 0.0298 0.0633

Our (uniform) 0.0384 0.0200 0.0278 0.0611

Our (per-pixel) 0.0384 0.0192 0.0229 0.0610

Table 5.1: RMSE of the result of each method when compared to the references.

5.4 Discussion

Our method particularly improves the rendering of the reflection near the camera,

as shown in the examples in the previous section. However, the images of the

reflection in the regions far from the camera are blurred due to our elliptical Gaussian

approximation. This problem is reduced by using per-pixel NDF at the cost of more

computational time. Per-pixel NDF doesn’t reduce the error as much as we expected,

but it produces a sharp reflection result, which is visually similar to the reference.

Our elliptical Gaussian approximation increases the accuracy of the elongated

reflection shape as we increase the number of circular Gaussian kernels. According to

our experiments, three circular Gaussian kernels are enough, as shown in Fig. 5.17

but increasing the number of kernels can improve the quality of reflection at the

horizon with little increased computational efforts. In Fig. 5.17, we also include an

accurate convolution result of the Gaussian-approximated RDF with a light source,

which is computed by using the Riemann sum method, for easier comparison.

This paper does not consider the effects of occlusion (from the viewpoint) or

shadowing (from the light source) of one wave by another. Smith [67] developed
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(a) Ref. (10 ms) (b) No AA (1.31 ms) (c) MSAA (1.55 ms)

(d) LEAN (3.65 ms) (e) Our (uniform)

(2.24 ms)

(f) Our (per-pixel)

(3.68 ms)

Figure 5.13: Here is the reflection result from the simple wave scene. The reference

uses 8 spatial samples and 4 temporal samples.
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(a) Ref. (84 ms) (b) No AA (2.1 ms)

(c) MSAA (3.7 ms) (d) LEAN (9 ms)

(e) Our (uniform)

(4.5 ms)

(f) Our (per-pixel)

(12.7 ms)

Figure 5.14: Here is the reflection result from the smooth detail wave scene. The

reference uses 4 spatial samples and 8 temporal samples.
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(a) Ref. (124 ms) (b) No AA (1.9 ms) (c) MSAA (3.4 ms)

(d) LEAN (7.9 ms) (e) Our (uniform)

(4.5 ms)

(f) Our (per-pixel)

(10 ms)

Figure 5.15: Here is the reflection result from the medium detail wave scene. The

reference uses 8 spatial samples and 8 temporal samples.
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(a) Ref. (118 ms) (b) No AA (1.9 ms)

(c) MSAA (3.1 ms) (d) LEAN (6.7 ms)

(e) Our (uniform) (5.3 ms) (f) Our (per-pixel) (12.1 ms)

Figure 5.16: Here is the reflection result from the high detail wave scene. The

reference uses 8 spatial samples and 8 temporal samples.
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(a) Ref. (124 ms) (b) Single (3.3 ms) (c) Three (3.3 ms)

(d) Nine (3.4 ms) (e) Feline (3.6 ms) (f) Conv. (3.4 ms)

Figure 5.17: Here is the comparison of our approximation with different numbers

of circular Gaussian kernels (without a fallback method), the Feline method, and

the convolution. The reference uses 8 spatial samples. The RMSE of (b) to (f) are

0.0209, 0.0195, 0.0181, 0.0191, and 0.0183 respectively. (d) has the best performance

for capturing and ability to compute time integral but (f) is better at capturing the

reflection near the horizon. Thus, our method uses both (d) and (f).
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Figure 5.18: A bar chart of RMSE comparison data.
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Figure 5.19: A bar chart of our survey data.
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equations for these, which were correctly normalized by Ross [59], under the as-

sumption that the waves were random and that the normals were uncorrelated with

the wave height. These ideas were applied to rendering sea waves by Bruneton and

Neyret [11], and to general surfaces by Dupuy et al. [20], enhancing LEAN mapping

to “LEADR” mapping. They could be combined with our temporal anti-aliasing.

However, when summing only a few sine waves, the heights and normals are, in fact,

correlated. Becker and Max [6] handled visibility in the mesoscale where normal per-

turbation replaces displacement mapping by precomputing a redistributed normal

map which accounted for occlusion but not shadowing, and this method can apply

to any height field. However, it requires the precomputation of the visibility from

any viewing angle, which can not currently be done in real-time for a time-varying

height field.

Our survey also shows that our method has the most natural, the highest res-

olution, and the most similar result to the reference in three scenes except for the

simple scene. Turn out the result of our method in this scene is the worst to most

respondents. Our approach does well in most areas except for the reflection near

the horizon, which attracts respondents’ attention due to its high detail. In this

area, our method clamps some directional waves separately and essentially changes

their overall directional because the simple scene only contains a small number of

directional waves. Unlike LEAN mapping method, which over blurring the reflection

but equally clamps all the waves together. MSAA method does well in the survey

of this scene because its reflection with aliasing looks very similar to the detailed

reflection of the reference.
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5.5 Real-time Adaptive Supersampling

Our real-time spatio-temporal reflection anti-aliasing removes aliasing from water

surfaces by using geometric simplification. But it also erase a detail from the surface,

which causes over-blurring reflections in a result. Thus, we extended our method to

solve this problem of our previous method.

We propose a method that utilizes both supersampling and geometric simplifi-

cation to have a spatio-temporal anti-aliasing solution for rendering water surfaces

comprised of sine waves. Our method is cost-effective yet provides detail and an

accurate result.

Our main contributions are:

• A sine waves clamping method that removes waves causing aliasing and ap-

proximates their reflection contribution.

• A method that evaluates the reflection detail of each pixel.

• A method that computes parallel super sampling of each pixel proportionally

to its evaluated detail.

• A demonstration that by combining our methods, we can render detailed anti-

aliased reflections on water surfaces in real-time.

5.5.1 Proposed Method

Our main objective is to render the reflection of disk light sources on a water sur-

face comprised of sine waves, without aliasing and without losing any details. An

overview of our method will be explained first then we will go into the detail in each

section.

Our method can be separated into two parts: an approximate reflection rendering

and a detail reflection rendering. As shown in Fig. 5.20, our method starts with the

approximated reflection rendering, which shares a lot of similarities to our previous

work [57], to create a reflection result without aliasing and detail. Then, the detail

reflection rendering evaluates the detail potential of each pixel of the approximated

result. After that, it computes the multi-sampling of each pixel according to its
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Figure 5.20: The overview of our method.

evaluation. In the end, the multi-sampling result is combined and composed with

the approximated result to create a final result.

Approximate reflection rendering

In our method, the water surface is represented by a combination of sine waves with

different frequencies and amplitudes. We want to remove spatial-aliasing by remov-

ing every sine wave that causes spatial-aliasing from the water surface geometry, and

then compensating for its removal by adding its contribution to the LEAN mapping

reflection rendering.

First, we utilize the clamping method [54] to identify which sine waves will cause

spatial-aliasing on each pixel. To explain further, each sine wave in a pixel will
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be projected to the screen space, then any sine wave whose projected frequency is

larger than the Nyquist frequency is considered to be a spatial-aliasing wave. Every

spatial-aliasing wave will be removed from the geometric calculation of the water

surface.

Second, the clamped geometry will be rendered by our temporal ray tracing to

remove any temporal-aliasing that it might have. Temporal ray tracing is done by

calculating the time-integrated light contribution between the current frame and

the previous frame. This can be done easily in our disk light source scenario. Our

method calculates the intersection points between the plane of the disk light source

and the reflected rays for both the current and the previous frames. Then we cal-

culate the overlapped length between the disk light source and the line segment

between the two intersection points. The time-integrated light contribution is cal-

culated by the ratio of the length of the overlapped line segment to that of the line

segment between the two intersection points.

Third, we have to compensate for the removed sine waves for any pixels where

the sine waves causing spatial-aliasing. We combine the removed sine waves and ap-

proximate the normal distribution function (NDF) for those waves with a Gaussian

distribution using the LEAN mapping method [56]. Then we transform the NDF to

the reflection distribution function (RDF) by using the Gaussian kernel transforma-

tion technique in EWA volume splatting [89]. Then the light contribution can be

calculated from a convolution of the RDF and the disk light source. We calculate

this convolution by using numerical integration on a GPU.

Lastly, we can combine the result of temporal ray tracing and RDF-disk-light

convolution to have a final approximated result. However, the result of the two

methods is too different. Combining them directly will lead to a non-smooth result.

Thus, we transition the wave clamping by gradually reducing the amplitude of each

wave when its projected frequency gets close to the Nyquist frequency. With this

method, we can blend the result between the two methods very smoothly.

Detail reflection rendering

The approximated result that we created earlier doesn’t contain enough details in

the reflection because the spatial-aliasing waves are approximated with a Gaussian
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distribution NDF, which is not accurate enough. An accurate result can be obtained

by supersampling each pixel. However, water surfaces are very complicated, and

some pixels might need even more than 1000 samples, which is impossible in real

time for all pixels with a traditional method. Our method tackles this problem by

efficiently scheduling a million GPU threads to help compute a few pixels that make

a difference in the detail of the overall reflection result.

First, our method evaluates the importance value of each pixel by using its

pixel value from the approximated result. In this current stage, we simply put the

approximated result into a Gaussian function, so that a pixel on the edge of the

light source reflection area is considered more important, and any pixel that is not

in that reflection at all is ignored. This can be described as:

vi = gρ(Ra(i)− c), (5.21)

where vi is the importance value of i-th pixel, gρ is a 1D Gaussian function with

variance of ρ2, Ra(i) is the approximated result of pixel i, and c is a center of the

Gaussian function. We adjust both ρ and c manually for each scene. Any pixel that

has an importance value above a threshold will generate a sampling task, which

contains its pixel position, sampling position, and the importance value. Every

sampling task will be added to a sampling task list.

Second, our method calculates a prefix sum of the importance value of all tasks

in the sampling task list. This can be done in parallel on a GPU as well.

Third, our method dispatches a fixed number of GPU threads to work on sam-

pling tasks. Our objective is to assign a task to a group of threads whose size is

as proportional as possible to the task’s importance value. This can be done by

associating each GPU thread id to each task’s prefix sum value of importance value.

Each thread first calculates the following searching value:

sk = k
N∑
j=0

vj, (5.22)

where k is a GPU thread id, N is the size of the sampling tasks, vj is the importance

value of j-th task. Then we use a binary search to find a task that has the maximum

prefix sum value that is still lower or equal to its sk value. Now each GPU thread

knows which task to execute.
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Fourth, each GPU thread computes its task by randomly sampling the position

within the task’s pixel then using our temporal ray tracing to shade that ray.

Fifth, the result from each GPU thread is atomically collected into the detail

result.

Last, the detail result is blended with the approximated result by using a weight-

ing value for the detail result. We can calculate the weight a of i-th pixel of the

detail result from the ratio of a size of threads that working on this pixel and the

sample size needed to satisfy the Nyquist limit, which is:

ai = clamp(M ∗ vi∑N
j=0 vj

∗ fnyquist
max(fk)

, 0, 1), (5.23)

where M is a total thread size, vi is the importance value of i-th pixel, fk is a

projected frequency of k-th sine wave, and fnyquist is the Nyquist frequency. The

blended result R of i-th pixel will be:

Ri = (1− ai) ∗Ra,i + ai ∗Rd,i, (5.24)

where Ra,i is the result of the approximate reflection rendering, and Rd,i is that of

the detail reflection rendering.

5.5.2 Results

We implemented our method using OpenGL, and our method runs entirely on a

GPU. We currently experiment with just one scene, which is a sunset scene, with

parameters: c = 0.1, ρ = 0.04. Figure 5.21 shows the comparison result between the

reference image, the result without anti-aliasing, the result with 32x MSAA, and

the result with our method. The reference image is calculated by the tiling 128x

supersampling method. 5.2 shows the computation time comparison of the men-

tioned methods. Figure 5.22 shows the internal result of our method. Figures 5.22a

and 5.22b show the result from the approximate and the detail reflection rendering

method respectively. Figure 5.22c shows the importance value of each pixel.

Our method can achieve a similar result and detail to the reference image while

being in real-time, unlike the 128x supersampling method.

The rendering times are measured on a laptop with an Intel Core i7 @ 2.50Ghz,

Memory 16 GB, and an NVIDIA GeForce GTX 860M.
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Table 5.2: The computational time comparison.

Rendering Method Rendering Time

Reference 8326 ms

No AA 3 ms

32x MSAA 10 ms

Our Method 15 ms

(a) Reference image (b) Without AA (c) 32x MSAA (d) Our method

Figure 5.21: The comparison result from the sunset scene.

5.5.3 Discussion

We have presented a real-time rendering method for moving water surfaces with a

highly detailed reflection of a disk light source. However, many problems remain,

namely: pixel importance value evaluation, limited geometry, and light source sup-

port. In our current progress, our method parameters need to be adjusted manually

for each scene to achieve the best result. Also, our method only supports sine waves

for the water surface geometry and disk light source for a light source type. These

problems make our method still impractical for many real applications.

We are working on fixing these problems and making our research useful in
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(a) Approximate result (b) Detail result (c) Importance value

Figure 5.22: The internal result of our method.

rendering beautiful reflections on a water surface in real-time.
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5.6 Real-time Micro-specular-highlight Rendering

We introduced another method to compute a better quality of a reflection that

close to a camera. We didn’t consider a pixel footprint of a simple reflection near

a camera; thus, it lacked some quality. This method uses four-pixel corners to

determine a quadrilateral pixel footprint. Then the method finds a sharp reflection

result from the footprint. The method supports geometric shapes with and without

a normal map.

A specular highlight or a specular reflection shows an interaction between a sur-

face and a light source, which renders a characteristic of the material of the surface.

Thus, specular highlights are crucial for the quality of a rendering result. However,

the conventional method still has trouble with rendering small or complicated sharp

specular highlights in real-time.

A small specular highlight is created by a small light source and a mirror-like

surface. The problem arises when the highlight itself is too tiny to be captured

consistently. The conventional rasterization method usually samples once per pixel

at the center, and if the highlight is smaller than the pixel, then the process cannot

consistently find the highlight. This inconsistency creates an aliasing in the final

result.

We can increase the number of samples per pixel to remove the aliasing, but

it is computationally expensive; it requires a large number of samples, particularly

for mirror-like surfaces. Another solution is to find the contribution from the whole

surface within the pixel by approximating the surface’s normal variation as a normal

distribution function, which is usually represented by a smooth function. However,

this approach usually results in a blurred highlight; it cannot render the distinct

appearance of the surface with a sharp specular highlight.

The use of normal mapping and deferred shading also escalates the problem.

Normal mapping adds more detail and complexity to the surface, while deferred

shading expands the number of possible light sources, which potentially introduces

more aliasing.

We propose a method that analytically chooses a reflection vector that produces

the most intense reflection within a pixel for each light source. Then our method

weights the result with the ratio of the light source size within the pixel reflection
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space. Our method produces in real-time a consistent specular reflection without

aliasing.

Our main contributions are:

• An approximation of a reflection vector variation within a pixel as a linear

combination of four reflection vectors at the four corners of the pixel.

• An analytical method for finding the reflection vector producing the strongest

reflected intensity within a pixel.

• A weighting of the lighting of the strongest reflection vector.

5.6.1 Proposed Method

Our main objective is to render a highlight of a light source that is smaller than a

pixel by considering the whole perfect specular surface within a pixel to capture the

small highlight. We will introduce a brief overview of our method first, then move

on to the detail of each component of the method.

The basic idea is to find the sample position that produces the brightest highlight

instead of the center within a pixel to compute the intensity. Then we multiply the

intensity with the weight representing a fraction of the light source area computed

with the pixel reflection space. These two components are called reflection vector

selection and result weighting. Figure 5.23 shows the algorithm of our method.

Reflection Vector Selection

A fraction of the surface within a pixel is, in general, a curved surface patch. Our

method first samples reflection vectors at the corners of the pixel, as shown in

Fig. 5.24. We assume that a reflection vector within the pixel can be represented as

a linear combination of these four vectors. Let us consider a light plane defined as

a plane located at p+ l with a normal vector of l, where p is the surface center, and

l is the unit vector toward the light direction. Then, we compute a quadrilateral by

projecting the four reflection vectors onto the light plane as shown in Fig. 5.25. Note

that we assume the refection vectors originate from the center of the surface. This

quadrilateral defines the reflection space, that is, any reflection vectors within the
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Figure 5.23: An overview of our method.

pixel are projected within this quadrilateral. We assume a reflection vector within

a pixel is obtained by bilinear interpolation of the four vectors.

We then compute the most intense reflection vector by finding the point inside

the reflection space closest to the center of the projected light source with this simple

assumption.

The closest point is analytically determined by using geometric analysis given

the shape of the light source. Currently, our implementation supports only a disk

light source. The closest point to the disk light source can be solved by checking the

projected position of the center of the light source. If the center is in the reflection

space, the closest point is the center. Otherwise, the closest point is the point on

the reflection space edge with the closest distance to the center.

Then we use the direction from the surface center to the closest point as the

most intense reflection vector to compute the lighting. The result is the brightest

highlight of any point within the pixel.
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Figure 5.24: A curved surface patch inside a pixel and four samples of reflection

vectors at the corners.

Figure 5.25: Definitions of the light plane and the reflection space.
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Result Weighting

To compute the correct reflection intensity for a pixel, we need to compute an integral

of the reflected intensity over a surface within the pixel. However, our method has

only a single sample of the brightest reflection. We approximate the intensity with

the product of the brightest reflection with the fraction of the projected area of

the light source within the reflection space. This approximation is valid when the

surface exhibits mirror-like reflections and is illuminated by a uniformly bright light

source.

We can calculate the fraction of the surface area in the reflection space on the

light plane due to our assumption that the reflection of the surface is bilinearly

interpolated and an additional assumption that the Jacobian determinant of the

bilinear mapping is constant (which is not always the case). Then area on the pixel

is proportional to the area on the reflection space. So we only need to find the area

of the intersection between the projected light source and the reflection space and

the area of the reflection space. Both areas are solved by using geometric analysis

on the 2D light plane.

However, the intersection calculation might be too expensive computationally.

Hence we further approximate the areas of the projected light source and/or the

shape of the reflection space. We are currently using two approximation types: we

approximate the projected light source by a circle and the reflection space with a

quad.

5.6.2 Results

We implemented our method using OpenGL on a laptop with an Intel Core i7 @

2.50Ghz, 16 GB Memory, and an NVIDIA GeForce GTX 860M. We experiment

with a disk light source in two scenes: ocean and ring. Ocean scene uses height map

to tessellate ocean surface geometry and normal map to calculate lighting. Rings

scene only has geometry without any normal map.

We compare our method against the reference method, the conventional method,

LEAN mapping, NDF filtering, and our method with LEAN mapping. The reference

method is the tiling 64x supersampling method, which separates a target result into

multiple tiles and renders each of them sequentially. The conventional method is
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the rendering with a single reflection sample per pixel. LEAN mapping is used in

the ocean scene, while NDF filtering is used in the rings scene. We also combine our

method and LEAN mapping in the ocean scene to minimize the error.

Figs. 5.26 and 5.27 shows the comparison in the ocean and the rings scene re-

spectively. Table 5.3 shows the root mean square error (RMSE) of every experiment

methods in each scene.

Scenes

Method Ocean Rings

Conventional 0.0365 0.0294

LEAN Mapping 0.0338 -

NDF Filtering - 0.0365

Our 0.0344 0.0306

Our and LEAN 0.0316 -

Table 5.3: RMSE of the result of each method when compared to the references.

The ocean scene shows that our method excels when the reflections are close

to the camera due to its low normal map resolution, while LEAN mapping failed

to process because there are no variance data at the base level of the LEAN map.

The normal map has a higher resolution when being far from the camera and causes

our method to miscalculate the reflection. The cause is that we only use the pixel

corner reflections to approximate the reflection space. But when the normal map

texel is smaller than the pixel, the reflection vectors inside the pixel are no longer

interpolated by the pixel corner reflections. To solve this problem, we use the LEAN

mapping method when the normal map texel is smaller than the pixel. This combi-

nation method shows an improvement over the other methods.

The rings scene shows that our method can capture more reflection than the

conventional method while retaining the sharp feature of the reflection similar to

the reference method.
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(a) Reference image (1083 ms) (b) Conventional (22 ms)

(c) LEAN mapping (24 ms) (d) Our method (24 ms)

(e) Our method with

LEAN mapping (25 ms)

Figure 5.26: The comparison result in the ocean scene.
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(a) Reference image (118 ms) (b) Conventional (31 ms)

(c) LEAN mapping (34 ms) (d) Our method (34 ms)

Figure 5.27: The comparison result in the rings scene.

5.6.3 Discussion

Our method and our combination with LEAN mapping show an improvement in

both the quality and stability of specular highlights over the other methods. LEAN

mapping and NDF filtering overly blur the reflection. However, our method fails

to capture the reflection at far distances because there is high normal variation

within a pixel, so our curved surface approximation with four reflection vectors is

not accurate enough.

Our method can consistently capture a small sharp highlight on a detailed re-

flective surface without aliasing. However, it doesn’t work well when there is a lot

of detail inside one pixel. But we combine our method with LEAN mapping to

relieve the problem. However, we still need to conduct experiments with different

light sources and surface types. We also need to compare our method with the other

state-of-the-art techniques, which are temporal anti-aliasing, LEADR mapping, and

frequency domain normal mapping.
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Conclusion and Future Work

6.1 Conclusion

Our study tackles the problem of complex surface reflection rendering in real-time

by improving the quality of rasterization based method. We proposed multiple

methods that improve upon each other and suit for reflections in different scenarios.

There are three main methods and one work in progress method: glittery surface

rendering, spatio-temporal reflection anti-aliasing, adaptive supersampling reflection

rendering, and micro-specular-highlight rendering respectively. Glittery surface ren-

dering method is an work in progress method because we didn’t fully evaluate the

effectiveness of the method yet.

Glittery surface rendering creates sparkles look of glittery surface. Our

method stores each orientation of normal map texel or microfacet in a bit field

of one variable, which we called a flake data. Thus, we could efficient query a multi-

ple normal direction of each pixel by precomputing a flake map that contains flake

data of a surface with mipmapping. Our method can render a glittery surface in

real-time and its appearance can be controlled with a simple normal map. However,

we didn’t evaluate our method with a reference image to clearly numerically shows

its effectiveness yet.

Spatio-temporal reflection anti-aliasing computes an integral of reflection

in both temporal and spatial space to create aliasing free reflection on a moving

water surface. Our method is efficient and effective as an anti-aliasing solution as

we expected. The method analytically solves the aliasing problem and thus it does
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not have limitations like the temporal reprojection method [53, 64] that suffers from

hidden-surface and reflection tracking problem. Our real-time method’s limitation

is that our method cannot replicate the small detail of the distant reflection. This

is because we approximate the NDF and the RDF as a Gaussian distribution. The

problem become more apparent when we use a uniform NDF, which calculate a

single average NDF for the entire ocean wave. The problem is reduced when we

uses per-pixel NDF.

Adaptive supersampling reflection rendering renders a reflection with tra-

ditional result, then evaluate the reflection result on each pixel. The evaluation put

high priority to the pixels at the edge of reflection, which have high potential to

contain high detail reflections. Then our method adaptively supersampling these

pixels according to its potential in an efficient parallel computation. Our method

show a significantly improvement over our previous method. The method can solve

the blur reflection due to wave clamping or spatial anti-aliasing in our main method

in real-time. However, the method has multiple manual parameters, which need to

be adjusted for each scene.

Micro-specular-highlight rendering samples normal directions at the pixel

corners to create a normal direction space of each pixel. The method then choose

the brightest normal direction from the space and use it to calculate reflection that

was difficult to find with a naive reflection rendering method. Our method create

more stable and cleaner reflections than the traditional approach, while using low

computational time. The method can capture sharp reflections on the low-resolution

surfaces. But our method failed on the high-resolution surfaces because our assump-

tion failed when the normal direction data are smaller than a pixel. We cannot use

normal directions at each pixel corner to create an accurate normal space anymore.

All of our methods help improve the traditional rendering method to get closer to

the accurate rendering of complex surfaces in real-time. Unfortunately, the quality

of these result are not high enough as we expected yet, thus we will continue our

work toward the goal.
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6.2 Future Work

We scheduled our future work to continue to tackle the complex surface reflection

rendering problem in each of our approaches.

Glittery surface rendering still lack the mean to evaluate its effectiveness

and has a lot of room to improve its efficiency. We plan to create a reference image

by using supersampling method and improve its rendering time by compute lighting

only on some important flake directions instead of every flakes like in the current

implementation.

Spatio-temporal reflection anti-aliasing can also be significantly improved.

We plan to experiment and extend its capability as follows: multiple frame temporal

anti-aliasing, efficient multiple light sources, and other types of light sources and

waves will be considered. Multiple frame temporal anti-aliasing will simulate the

effect of longer persistence of vision in a low light situation and help capture more

reflection. Our method can efficiently process multiple light sources by only choosing

and processing a small number of light sources that are important to each pixel

instead of computing every light source. Other types of waves and light sources are

needed to broaden the applicable scenes of our method.

Adaptive supersampling reflection rendering is relying on Gaussian func-

tion to determine the sampling density of each pixel. We can further improve its

efficiency by using the information from the previous frames to determine the sam-

pling density of each pixel. If the sampling result in the previous frame makes a

large difference then we can guess that the pixel at the same location should have

the sampling density relative to the previous difference. This method also remove

the filter parameters, which we currently manually adjusted, as well.

Micro-specular-highlight rendering can use a better approximation by trans-

forming the light polygon to the screen and compute the light contribution instead of

projecting the light polygon to the light plane. Projecting to the light plane assume

that the surface reflections are bilinearly interpolated uniformly in the reflection

space on the light plane. The assumption is a large source of error of our current

methodology. We also plan to include other type of materials and light sources to

create a higher quality result.

There are still many topics that we can do to extend our current method capa-

78 Chapter 6 Namo Podee



A Study on Efficient Rendering of Reflections on Complex Surfaces

bility and quality. We will continue to study about the complex surfaces rendering

to realize the goal of an accurate rendering of complex surfaces in real-time.

Chapter 6 Namo Podee 79



Bibliography

[1] Michael Abrash. “Quake’s lighting model: Surface caching”. In: Graphic pro-

gramming black book (2000).

[2] Dietger van Antwerpen. “Improving SIMD Efficiency for Parallel Monte Carlo

Light Transport on the GPU”. In: Proceedings of the ACM SIGGRAPH Sym-

posium on High Performance Graphics. HPG ’11. Vancouver, British Columbia,

Canada: ACM, 2011, pp. 41–50. isbn: 978-1-4503-0896-0. doi: 10.1145/2018323.

2018330. url: http://doi.acm.org/10.1145/2018323.2018330.

[3] Arthur Appel. “Some Techniques for Shading Machine Renderings of Solids”.

In: Proceedings of the April 30–May 2, 1968, Spring Joint Computer Confer-

ence. AFIPS ’68 (Spring). Atlantic City, New Jersey: Association for Comput-

ing Machinery, 1968, pp. 37–45. isbn: 9781450378970. doi: 10.1145/1468075.

1468082. url: https://doi.org/10.1145/1468075.1468082.

[4] Rasmus Barringer and Tomas Akenine-Möller. “A4: Asynchronous Adaptive
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Appendix A

Real-time Spatio-temporal

Reflection Anti-aliasing

A.1 Per-pixel NDF

To find p1 and p2 of each wave within the pixel, we project pixel square onto the

wave plane, then find intersections of a line, which is at the center of the projected

square with a direction of each wave direction, and the boundary of the projected

square. p(x, z) at the two intersections are p1 and p2 of the wave. Fig. A.1 illustrates

our method.

Figure A.1: Wave beginning and wave ending in the image is spatial position of p1

and p2 respectively.
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The solution of Eq. (5.5) and (5.6) is as follows:

B = (B.x,B.z) = (a, b)K, (A.1)

M = (M.xx,M.xz,M.zz) = (a2, ab, b2)J, (A.2)

K =
A(sin(2(p2 + ct))− sin(2(p1 + ct))

p2 − p1

, (A.3)

J =
A2(sin(2(p2 + ct))− sin(2(p1 + ct)) + 2(p2 − p1)

4(p2 − p1)
, (A.4)

A.2 RDF approximation accuracy

We assume that the transformation from the NDF to RDF is linear, which is not true

and causes an error. We analyze this error by comparing our approximate RDF with

the accurate RDF computed by sampling NDF. Fig. A.2 shows the relative error

between them. For each combination of X and Z variances of the NDF, we average

the error in multiple view directions, while aligning the view direction to the middle

of X and Y axis. The relative error becomes larger when the X variance is low and

Z variance is high. The error also increases when both variances increase.

Figure A.2: The relative error of NDF to RDF transformation. Height and color

shows the relative error while the other axis represent NDF variance in X and Z

axis. Color from blue to green to yellow represents the relative error from low to

high.
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A.3 Elliptical Gaussian approximation

As in Fig. 5.9, we place one circular kernel at the center of the elliptical Gaussian

kernel while the rests are placed in pairs along the major axis symmetrically. Thus

the number of circular Gaussian kernels is 2N + 1, where N is an integer. Then we

have 3N + 2 parameters: weight wa and variance σ2
a of the center kernel, N weights

wi and variances σ2
i of the symmetrical kernel pairs, and the distances di from the

center to each symmetrical kernel pair.

Unlike [47], which used somewhat arbitrary simple formulas, we determine the

parameters by minimizing the integral of the squared difference between the elliptical

Gaussian kernel and our approximate multiple circular Gaussian kernels. Without

loss of generality, we assume that the elliptical Gaussian’s minor and major axes are

on the X- an Y-axis, respectively. Then the error function ε is:

ε =

∫ ∫ (
GΣ(σx,σy),(0,0)(x, y)− C(x, y)

)2

dxdy, (A.5)

C(x, y) = waGΣ(σa,σa),(0,0)(x, y)

+
N∑
i=1

(
wi(GΣ(σi,σi),(0,di)(x, y) + GΣ(σi,σi),(0,−di)(x, y))

)
, (A.6)

Σ(σx, σy) =

σ2
x 0

0 σ2
y

 , (A.7)

where G is a 2D Gaussian distribution function as in Eq. (5.2).

We can determine the optimal parameters by fixing σx to 1 since all the other

parameters can be scaled with σx. We first used Mathematica to obtain an analytic

formula for the double integral in Eq. (A.5) as a function of σy and the 3N + 2

parameters, for each of N = 1, 2, and 4. Here is an example for N = 1, with three

circular Gaussian kernels:
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ε =

w2
a

σ2
a

+ 8waw1e

−
d21

2(σ2a+σ21)
σ2
a+σ2

1
− 4wa√

(σ2
a+1)(σ2

a+σ2
y)

4π

+

2b2

e− d21
σ21 +1


σ2
1

− 8w1e

−
d21

2(σ21+σ2y)√
(σ2

1+1)(σ2
1+σ2

y)
+ 1

σy

4π
(A.8)

We have similar but more complex formulas for five and nine circular Gaussian

kernels. Fig. A.3 shows the error of an optimization.

y

Figure A.3: The error ε (Eq. A.5) for three circular Gaussian kernels. The horizontal

axis is the major axis standard deviation σy.

Next, we sample σy at a regular interval and compute the optimal parameters

for each of the sampled values. We use Mathematica’s NMinimize function for this

optimization. The parameters for an arbitrary value of σy are obtained by inter-

polation. We used the curve fitting function of Mathematica for this interpolation.

The results of the curve fitting are given in Table 1, 2, and 3 in the ESM.
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