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Introduction

In the 1980s, the notion of statistical manifolds has arisen from information geometry.
The statistical manifold is a differential geometrical abstraction of the set of probability
distributions. It is defined as a manifold M equipped with an affine connection ∇ and a
Riemannian metric g. A statistical manifold (M,∇, g) is naturally endowed with another
affine connection called the dual connection denoted by ∇∗. It should be noted that statisti-
cal manifolds are reduced to Riemannian manifold if the attached connection ∇ coincides
with the Levi-Civita connection ∇g of g

In Riemannian geometry, É. Cartan [16] showed that a Riemannian manifold (M, g)
is locally determined by their Riemannian curvature tensor Rg and its behavior under ∇g-
parallel translation. The fact above indicates that the Riemannian curvature tensor has
vital information about the Riemannian manifold. Using the Riemannian curvature tensor,
we can define the Riemannian sectional curvature, one of the most important concepts in
Riemannian geometry.

A natural question arises: what geometric invariants can characterize statistical man-
ifolds? The answer is that a statistical manifold (M,∇, g) is locally determined by its
Riemannian curvature tensor Rg and the difference tensor K = ∇ − ∇g and their behavior
under ∇g-parallel translations (Theorem 2.1.2). Therefore, we see that the Riemannian
curvature tensor and the difference tensor have the information necessary to investigate
local statistical structures. By using the Riemannian curvature tensor and the difference
tensor, we can define the statistical curvature tensor as follow:

S (X,Y)Z =
1
2
{R∇(X,Y)Z + R∇

∗
(X,Y)Z}

= Rg(X,Y)Z + [K,K](X,Y)Z

for any vector fields X,Y,Z, which is introduced by H. Furuhata and I. Hasegawa [21]
and B. Opozda [39]. Although R∇ or R∇

∗
cannot define a sectional curvature, we can

introduce the statistical sectional curvature by using the statistical curvature tensor S on
(M,∇, g). In the geometry of statistical manifolds, the statistical sectional curvature, the
statistical Ricci tensor, and the statistical scalar curvature, each of three defined by using
the statistical curvature tensor S , is the main intrinsic curvature invariants. However, there
has been little study of statistical manifolds from intrinsic geometry’s viewpoint by using
statistical sectional curvature.

On the other hand, information geometry is a method for investigating statistical in-
ference mechanisms, information loss, estimation, and so on, based on the differential
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geometrical studies of the set of probability distributions. In information geometry, a set
of probability distributions is regarded as a submanifold embedded in more general space,
and the shape of the submanifolds is associated with statistical properties ([1], [2], [3]).
Therefore, the study of submanifolds of statistical manifolds stands at the core of the study
of information geometry.

It is a fundamental problem in the submanifold theory to establish some relationships
between intrinsic invariants and extrinsic invariants of a submanifold. The first major
contributor to the subject was L. Euler. For a surface M in the Euclidean space E3, the
Euler inequality

‖Ĥ‖2 ≥ G

is fulfilled, where G is the (intrinsic) Gaussian curvature of M and ‖Ĥ‖2 is the (extrinsic)
squared mean curvature of M. Furthermore, ‖Ĥ‖2 = G at every point x ∈ M if and only if
M is totally umbilical, namely, a part of a plane or a part of a round sphere.

In 1979, P. Wintgen [49] generalized the equation above for any surfaces M in E4, and
it is called the Wintgen inequality.

Whereas, in 1999, B. Y. Chen [18] generalized the Euler inequality and established
a sharp relationship between the Ricci curvature and the squared mean curvature for ar-
bitrary Riemannian submanifold in real space form known as the Chen inequality. Let
(M, g) be an m-dimensional Riemannian submanifold in an (m + p)-dimensional Rieman-
nian manifold of constant Riemannian sectional curvature c. Then, for each unit tangent
vector X ∈ TxM, the relationship

‖Ĥ‖2 ≥ 4
m2 {Ricg(X, X) − (m − 1)c},

holds, where Ricg(X, X) is the Riemannian Ricci curvature for X. It is remarked that the
Riemannian Ricci curvature for X is denoted by Ricg(X, X) =

∑m
i=2Kg(X ∧ ei), where

{X = e1, e2, . . . , em} is an orthonormal frame of M, andKg(X∧ei) the Riemannian sectional
curvature of a plane section spanned by {X, ei}.

Since then, similar problems for different types of submanifolds in various ambient
spaces have been studied, such as complex space forms [33] and Kenmotsu space forms
[6] and so on.

In recent years, this inequality has been extended for statistical submanifolds in sta-
tistical manifolds and intensively studied by many researchers. In 2015, M. E. Aydin
et al. [8] considered statistical submanifolds in statistical manifolds of constant curva-
ture. Moreover, in 2017, they generalized Wintgen inequality for statistical submanifolds
in statistical manifolds of constant curvature [9]. In 2018, H. Aytimur and C. Özgür [12]
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studied the case of statistical submanifolds in statistical manifolds of quasi-constant curva-
ture and yielded similar inequalities. Moreover, A. Mihai and I. Mihai studied of statistical
submanifolds in Hessian manifolds of constant Hessian curvature [34].

However, the problem seems to lie that one has not established inequality in the most
straightforward and unified case. Moreover, it is hard to find researches about the sta-
tistical submanifolds such that the equality holds, although such submanifolds must play
meaningful roles in many ways because they are generalized objects of a plane or a sphere
in each setting.

In this thesis, we present some intrinsic notions by using statistical sectional curva-
ture and investigate their properties. Furthermore, we establish superficial relationships
between the main intrinsic invariants and the main extrinsic invariants of statistical sub-
manifolds in statistical manifolds without additional assumptions for the ambient space.

Chapter 1 prepares some definitions and basic properties and formulas in affine con-
nections, Riemannian metrics, statistical structures, and Hessian structures.

Chapter 2 considers the statistical diffeomorphisms, which preserve statistical struc-
tures between the same dimensional statistical manifolds, based on [41]. We explain that a
statistical structure is locally characterized by its Riemannian curvature tensor and differ-
ence tensor and their behaviors under parallel translation (Theorem 2.1.2, [41]). Besides,
we also show that a Hessian structure is locally determined by its Hessian curvature tensor
and difference tensor and their behaviors under parallel translation (Theorem 2.2.1, [41]).

Chapter 3 deals with the statistical sectional curvature determined from the statistical
curvature tensor field S , the arithmetic mean of curvature tensor fields with respect to
the pair of dual connections. We also define the statistical Ricci tensor and statistical
scalar curvature. We discuss statistical manifolds of constant statistical sectional curvature.
Especially, in Example 3.2.5 ([42]), we construct a statistical manifold (Hm,∇ = ∇g+K, g)
which has constant statistical sectional curvature c = κ(α2 − 1), where κ > 0 and α ∈ R, as
follows:

Hm = {y = (y1, . . . , ym−1, ym) ∈ Rm | ym > 0},

g = (κ)−1(ym)−2
m∑

j=1

(dy j)2,

K(∂i, ∂ j) = δi j(−α(ym)−1∂m + αi∂i),

K(∂i, ∂m) = K(∂m, ∂i) = −α(ym)−1∂i,

K(∂m, ∂m) = −2α(ym)−1∂m,

where ∂i =
∂
∂yi (i = 1, . . . ,m), for α ∈ R, αi ∈ C∞(Hm) and i, j = 1, . . . ,m−1. This example

shows that for any constant c ∈ (−∞,∞), we can construct a statistical manifold of constant
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sectional curvature c on the hyperbolic space (Hm, g). Although the sign of curvature is
one of the most important characteristics in Riemannian geometry, this example implies
that the sign of curvature does not work in the geometry of statistical manifolds.

Furthermore, we introduce statistical solitons, and statistical Einstein manifolds as a
generalization of statistical manifolds of constant statistical sectional curvature, and sta-
tistical Ricci solitons as statistical Einstein manifolds. We give their properties and prove
the following:

Theorem 3.3.10. ([43]) A statistical soliton is a statistical Ricci soliton.

Chapter 4 treats statistical submanifolds in statistical manifolds and gives a general-
ized Euler inequality for a statistical submanifold, obtained in joint research [42] with H.
Furuhata and I. Hasegawa et al. For an m-dimensional statistical submanifold (M,∇, g) in
an (m + p)-dimensional statistical manifold (M̃, ∇̃, g̃), we show the following inequality
holds for any point on (M,∇, g):

‖H‖2 + ‖H∗‖2 ≥ 8
m2

{
2Ricg(X, X) − L(X, X)

−
m∑

j=2

(
2K g̃(X ∧ e j) − K̃(X ∧ e j)

) }
,

where {X = e1, e2, . . . , em} is an orthonormal basis of TxM, and Ricg the Riemannian
Ricci tensor, L the statistical Ricci tensor, K g̃ the Riemannian sectional curvature, K̃ the
statistical sectional curvature, ‖H‖2 and ‖H∗‖2 the squared mean curvature with respect to
∇̃ and ∇̃∗, respectively.

By using the proposition above, we give a generalized Euler inequality as follows:

Theorem 4.2.8. ([42]) For an m-dimensional statistical submanifold (M,∇, g) in an (m +
p)-dimensional statistical manifold (M̃, ∇̃, g̃), we have

‖H‖2 + ‖H∗‖2 ≥ 8
m3

2ρg − ρ − 2
∑

1≤i< j≤m

(2K g̃(ei ∧ e j) − K̃(ei ∧ e j))

 .
The equality holds at x ∈ M if and only if either (i) m ≥ 3 and x is a doubly autoparallel

point or (ii) m = 2 and x is a doubly totally-umbilical point.

This theorem indicates that the equality characterizes doubly autoparallel statistical
submanifolds. In section 4.3, we prove the existence theorem of doubly autoparallel sta-
tistical submanifold (Theorem 4.3.3).
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Chapter 5 considers warped product statistical manifolds. We give a generalized Euler
inequality for the case where the ambient space is the standard warped product statistical
manifold I × f N̄(c) of a line and a statistical manifold of constant statistical sectional
curvature.

Theorem 5.2.4. ([42]) For an m-dimensional statistical submanifold (M,∇, g) in an (m +
p)-dimensional standard warped product statistical manifold I × f N̄(c), we have

‖H‖2 + ‖H∗‖2 ≥ 8
m3

{
2ρg − ρ − 4

∑
1≤i< j≤m

K g̃(ei ∧ e j)

+ m(m − 1)
 c

f 2 −
(

f ′

f

)2
− 2(m − 1)

 c
f 2 −

(
f ′

f

)2

+
f ′′

f

 ‖T‖2}.
The equality holds at x ∈ M if and only if either (i) m ≥ 3 and x is a doubly autoparallel

point or (ii) m = 2 and x is a doubly totally-umbilical point.

Furthermore, we consider a Kenmotsu statistical manifold, which is locally constructed
as the warped product of a line and a Kähler manifold. We introduce the notion of sta-
tistical pseudo-Einstein manifolds and statistical pseudo-Ricci solutions on almost contact
metric manifold by using statistical curvature tensor.

Theorem 5.3.10. ([43]) A Kenmotsu statistical manifold (M,∇, g, ϕ, ξ, η) is statistical pseudo-
Einstein if ξ defines a statistical pseudo-Ricci soliton.

The author would like to express his sincere thanks to Professor Hitoshi Furuhata for
his encouragement and valuable advice.
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Chapter 1

Preliminaries

Let M be an m-dimensional manifold, and all the objects are assumed to be smooth.
Denote by C∞(M) the set of all smooth real-valued functions on M. We denote by Γ(E)
the set of all smooth sections of a vector bundle E → M. For example, Γ(T M(p,q)) means
the set of all the tensor fields on M of type (p, q). Especially, Γ(T M) means the set of all
smooth vector fields on M.

1.1 Affine connections
Definition 1.1.1. An affine connection ∇ on a manifold M is a mapping ∇ : Γ(T M) ×
Γ(T M)→ Γ(T M) satisfying the following conditions:

(1) ∇X1+X2Y = ∇X1Y + ∇X2Y ,
(2) ∇ f XY = f∇XY ,
(3) ∇X(Y1 + Y2) = ∇XY1 + ∇XY2,
(4) ∇X f Y = (X f )Y + f∇XY

for f ∈ C∞(M), X,Y ∈ Γ(T M). ∇XY is called the covariant dericative of Y with respect to
X.

For a tensor field F ∈ Γ(T M(0,p)) or F ∈ Γ(T M(1,p)), we define the covariant derivative
of F with respect to X ∈ Γ(T M) as follow:

(∇XF)(Y1, . . . , Yp) = ∇X(F(Y1, . . . , Yp)) −
p∑

i=1

F(Y1, . . . ,∇XYi, . . . , Yp).

The torsion tensor T∇ ∈ Γ(T M(1,2)) of an affine connection ∇ defined by T∇ = ∇XY −
∇Y X − [X,Y]. The curvature tensor R∇ ∈ Γ(T M(1,3)) of an affine connection ∇ defined by
R∇(X,Y)Z = [∇X,∇Y]Z − ∇[X,Y]Z.
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Definition 1.1.2. If T∇(X,Y) = 0 for any X,Y ∈ Γ(T M), ∇ is said to be torsion-free affine
connection. If T∇(X,Y) = 0 and R∇(X,Y)Z = 0 for any X,Y,Z ∈ Γ(T M), ∇ is said to be
flat affine connection.

Let c : I → M be a smooth curve, and let Y ∈ Γ(c−1T M) be a vector field along c,
that is, Y(t) ∈ Tc(t)M for all t ∈ I. If Y ∈ Γ(c−1T M) satisfies ∇ċY = 0, then Y is called the
∇-parallel vector field along with c, where ċ(t) is the tangent vector field of c.

Let (u1, . . . , um) be a local coordinate system on an open subset U ⊂ M and put

ci(t) := ui(c(t)) (i = 1, . . . ,m),

Y(t) =
m∑

i=1

Y i(t)
(
∂

∂ui

)
c(t)
.

Then ∇ċY = 0 can be rewritten by

dYk(t)
dt
+

m∑
i j=1

Γk
i j(c(t))ċi(t)Y j(t) = 0

for k = 1, . . . ,m. This represents a system of linear first order ODEs. Therefore, for a ∈ I
and y ∈ Tc(a)M, there exists a unique parallel vector field Y along with c such that Y(a) = y.
If b ∈ I then the linear mapping P∇c : Tc(a)M 3 y 7→ Y(b) ∈ Tc(b)M is called ∇-parallel
translation along c from c(a) to c(b).

Given such a parallel translation P∇c and a vector field Y in the neighborhood of the
point p = c(a), we can rewrite the covariant derivative of Y at c(a) in the direction of the
vector x = ċ(a) as

∇xY = lim
t→a

(P∇c|[a,t])
−1(Yc(t)) − Yp

t − a
, (1.1)

where P∇c|[a,t] is ∇-parallel translation along c from c(a) to c(t).
Let (u1, . . . , um) be a local coordinate system on an open subset U ⊂ M. The Christoffel

symbols for the coordinate system are the functions Γk
i j on U such that∇ ∂

∂ui

∂
∂u j =

∑m
k=1 Γ

k
i j

∂
∂uk

for i, j = 1, 2, . . . ,m. It is known that ∇ is flat affine connection if and only if there exists a
local coordinate system (u1, . . . , um) such that ∇ ∂

∂ui

∂
∂u j = 0 around any points p ∈ M. Then

(u1, . . . , um) is said to be affine coordinate system of ∇.

Let (M,∇) be an m-dimensional manifold with a torsion-free affine connection ∇, and
let γ : I → M be a smooth curve with parameter t ∈ I ⊂ R. We denote by Γ(γ−1T M) the
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set of vector fields along γ on M. If the tangent vector fields γ̇ ∈ Γ(γ−1T M) is autoparallel
relative to ∇, that is,

∇γ̇γ̇ = 0 , (1.2)

we say that γ(t) is a ∇-geodesic.
Let (u1, . . . , um) be a local coordinate system on U ⊂ M and write γi(t) := ui(γ(t)) (i =

1, . . . ,m). Then we can rewrite (1.2) as follows:

γ̈k(t) +
m∑

i, j=1

Γk
i j(γ(t))γ̇i(t)γ̇ j(t) = 0

for k = 1, . . . ,m. This constitutes a system of linear second order ODEs. Therefore for
given p ∈ M, v ∈ TpM, there exists a unique geodesic γv with a maximal open interval
Iv ⊂ R with 0 ∈ Iv such that γv(0) = p and γ̇v(0) = v.

If we set for p ∈ M
Dp = {v ∈ TpM ; 1 ∈ Iv} ⊂ TpM ,

then Dp is the star-shaped neighborhood of the origin 0p ∈ TpM. We can then define the
∇-exponential map Exp∇p on Dp as follows:

Definition 1.1.3. We define a mapping Exp∇p : Dp → M by

Exp∇pv = γv(1) (v ∈ Dp) ,

and call it the ∇-exponential map at p.

We then have Exp∇p (tv) = γv(t) for any t ∈ Iv. Now if we identify T0p(TpM) = TpM,
then the differential (Exp∇p )∗0pof Exp∇p at 0p turns out to be the identity map of TpM. Thus,
by the inverse function theorem, there exists a convex open neighborhood Up ⊂ Dp of
0p suth that Exp∇p : Up → U := Exp∇p (Up) is a local diffeomorphism. If we take a basis
{e1, . . . , em} of TpM and consider the correspondence

Exp∇p

( m∑
i=1

uiei

)
7→ (u1, . . . , um)

( m∑
i=1

uiei ∈ Up

)
,

we obtain a local coordinate system around p ∈ U, which we call a ∇-normal coordinate
system.

Let γ(t) a ∇-geodesic on M. A vector field V along γ is said to be a ∇-Jacobi-field
along γ if it satisfies the ∇-Jacobi equation

∇γ̇∇γ̇V + R∇(V, γ̇)γ̇ = 0 . (1.3)
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The ∇-Jacobi equation is a system of linear second order ODEs. Hence if each initial
conditions V(0) and ∇γ̇V(0) are given, there exists a unique vector field V ∈ Γ(γ−1T M)
satisfying (1.3) and the initial conditions on the interval where γ is defined. For p ∈ M, let
γ : [0, l] → M be a ∇-geodesic with γ(0) = p, and take ξ ∈ TpM. If V is a ∇-Jacobi-field
along γ such that V(0) = 0p and (∇γ̇V)(0) = ξ, then regarding tξ as in Ttγ̇(0)(TpM) for each
t ∈ [0, l] we have

V(t) = (Exp∇p )∗tγ̇(0)(tξ) . (1.4)

Therefore, we could say that a ∇-Jacobi-field is nothing but a geometric expression of the
differential of the ∇-exponential map.

Let (M,∇) and (M,∇) be two affine connected manifolds. Then a diffeomorphism
φ : M → M is said to be affine connection preserving if

∇φ∗Xφ∗Y = φ∗∇XY

for X,Y ∈ Γ(T M).

1.2 Riemannian metrics
A metric tensor g on M is a symmetric non-degenerate (0, 2)-tensor field on M. For

all p ∈ M, gp is a positive definite inner product on TpM. A manifold M equipped with a
Riemannian metric g is called a Riemannian manifold.

On a Riemannian manifold (M, g) there exists a unique affine connection ∇ such that
(1) ∇ is torsion-free,
(2) ∇g = 0.

This unique affine connection ∇ is called the Levi-Civita connection of g and we denote
by ∇g. The Levi-Civita connection can be defined by the Koszul formula:

2g(∇g
XY,Z) =X(g(Y,Z)) + Y(g(Z, X)) − Z(g(X,Y))

+ g(Z, [X,Y]) + g(Y, [Z, X]) − g(X, [Y,Z]).

Proposition 1.2.1. Let (M, g) be a Riemannian manifold and c : [a, b] → M a smooth
curve with parameter t ∈ [a, b] ⊂ R. Then the ∇g-parallel translation P∇

g

c : Tc(a)M →
Tc(b)M is a linear isometry.

Definition 1.2.2. (1) For a Riemannian manifold (M, g), we take p ∈ M and a plane
Π = u ∧ v spanned by orthonormal vectors u, v ∈ TpM. Then the following form

Kg(Π) =
g(R∇

g
(u, v)v, u)

g(u, u)g(v, v) − g(u, v)2
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is called the Riemannian sectional curvature of (M, g) for Π.
(2) Let (M, g) be a Riemannian manifold and k ∈ R. (M, g) is said to be of constant

Riemannian sectional curvature k at p ∈ M if Kg(Π) = k for any plane Π ⊂ TpM.

A Riemannian manifold (M, g) is of constant Riemannian sectional curvature k if and
only if R∇

g
satisfies

R∇
g
(X,Y)Z = k{g(Y,Z)X − g(X,Z)Y}

for X,Y,Z ∈ Γ(T M).

Let (M, g) and (M, g) be two Riemannian manifolds and let φ : M → M be a smooth
map. A mapping φ is said to be a local isometry if for each p ∈ M the differential (φ∗)p

is a linear isometry relative to gp, gφ(p), that is, gp(u, v) = gφ(p)((φ∗)p(u), (φ∗)p(v)) for any
u, v ∈ TpM. If furthermore φ is a diffeomorphism of M onto M, we say that φ is an
isometry, and then we see

g(X,Y) = g(φ∗X, φ∗Y)

for every X,Y ∈ Γ(T M). In a local isometry case, it is to be noted that each point p ∈ M
has a neighborhood U such that φ|U is an isometry of U onto a neighborhood of φ(p) ∈ M
because of the inverse function theorem.

Notice that an isometry φ : (M, g)→ (M, g) has the following properties:
(1) φ∗(∇g

XY) = ∇g
φ∗X
φ∗Y for all X,Y ∈ Γ(T M).

(2) Let Pc be the ∇g-parallel translation from Tc(a)M to Tc(b)M along a smooth curve
c : [a, b] → M, and let Pφ◦c be the ∇g-parallel translation from Tφ◦c(a)M to Tφ◦c(b)M along
φ ◦ c in M. Then (φ∗)c(b) ◦ Pc = Pφ◦c ◦ (φ∗)c(a).

(3) If γ is a ∇g-geodesic in M, then φ ◦ γ is a ∇g-geodesic in M.
(4) Let Expp be the ∇g-exponential map at p ∈ M and Expφ(p) the ∇g-exponential

map at φ(p) ∈ M. Then φ ◦Expp = Expφ(p) ◦ (φ∗)p, whenever the left-hand-side is defined.
(5) Since φ preserves both brackets and covariant derivatives, φ preserves Rieman-

nian curvature tensors: φ∗(Rg(X,Y)Z) = Rg(φ∗X, φ∗Y)φ∗Z.
We see that a local isometry is uniquely determined by its differential map at a single

point from the following proposition:

Proposition 1.2.3. Let (M, g) and (M, g) be Riemannian manifolds, and φ, ψ : M → M be
local isometries. If there is a point p ∈ M such that (φ∗)p = (ψ∗)p, then φ = ψ.

Proof. Set A = {q ∈ M | (φ∗)q = (ψ∗)q}. By continuity, A is closed in M, and A is nonempty
because A contains p. Thus it suffices to show that A is open. We assert that if q ∈ A then
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any ∇g-normal neighborhood U of q is contained in A. If q′ ∈ U there exists a vector
v ∈ TqM such that γv(1) = Expq(v) = q′. Hence

φ(q′) = φ(γv(1))

= ((Expφ(q) ◦ (φ∗)q ◦ (Expq)−1))(Expq(v))

= Expφ(q)((φ∗)q(v))

= γ(φ∗)q(v)(1)

= γ(ψ∗)q(v)(1)

= ψ(γv(1))
= ψ(q′) .

Thus φ = ψ on U. □

Definition 1.2.4. An almost complex structure on a manifold M is a tensor J ∈ Γ(T M(1,1))
such that

J2 = −I,

where I denotes the identity transformation. A manifold M with an almost complex struc-
ture J is called an almost complex manifold.

Every almost complex manifold is of even dimension and oriented.
In general, given an almost complex manifold (M, J), we define the Nijenhuis tensor

N ∈ Γ(T M(1,2)) by

N(X,Y) = [JX, JY] − [X,Y] − J[X, JY] − J[JX,Y]

for X,Y ∈ Γ(T M). If N(X,Y) = 0 for all X,Y ∈ Γ(T M), then J is called a complex
structure and (M, J) is called a complex manifold.

Definition 1.2.5. Let (M, J) be an almost complex manifold (respectively, a complex man-
ifold). A Hermitian metric on (M, J) is a Riemannian metric g such that

g(JX, JY) = g(X,Y)

for any X,Y ∈ Γ(T M). An almost complex manifold with Hermitian metric (M, g, J) is
called an almost Hermitian manifold (respectively, a Hermitian manifold).
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On an almost Hermitian manifold (M, g, J), we have

g(JX,Y) = g(J2X, JY) = −g(X, JY)

for any X,Y ∈ Γ(T M).
For an almost Hermitian manifold (M, g, J), the fundamental differential form (or

Kähler form) Ω ∈ Γ(T M(0,2)) is defined by

Ω(X,Y) = g(X, JY)

for any X,Y ∈ Γ(T M).

Definition 1.2.6. If a Hermitian manifold (M, g, J) with ∇gJ = 0 (or dΩ = 0) is called a
Kähler manifold and the metric g is called a Kähler metric.

Next, let M be an odd-dimensional manifold.

Definition 1.2.7. Let ϕ ∈ Γ(T M(1,1)), ξ ∈ Γ(T M), and η ∈ Γ(T ∗M), respectively. If ϕ, ξ
and η satisfy the following condition:

ϕ2X = −X + η(X)ξ,
ϕξ = 0,
η(ϕX) = 0,
η(ξ) = 1

for any X ∈ Γ(T M), then (M, ϕ, ξ, η) is called an almost contact manifold and (ϕ, ξ, η) is
called an almost contact structure on M.

Definition 1.2.8. Let (M, ϕ, ξ, η) be an almost contact manifold. If a Riemannian metric g
on M satisfies

g(ϕX, ϕY) = g(X,Y) − η(X)η(Y),
η(X) = g(X, ξ)

for any X,Y ∈ Γ(T M), then (M, g, ϕ, ξ, η) is called an almost contact metric manifold and
(g, ϕ, ξ, η) is called an almost contact metric structure on M.

1.3 Statistical structures and Hessian structures
Let (M, g) be a Riemannian manifold, and ∇ an affine connection on M. Then we

introduce the dual connection as follow.

13



Definition 1.3.1. We define the dual connection ∇∗ of ∇ with respect to g by

Xg(Y,Z) = g(∇XY,Z) + g(Y,∇∗XZ) (1.5)

for X,Y,Z ∈ Γ(T M). Then ∇ and ∇∗ are called mutually dual connections with respect to
g.

From the definition of the dual connection, we see that (∇∗)∗ = ∇ holds. For any

connection ∇, ∇̂ = 1
2

(∇ + ∇∗) satisfies ∇̂g = 0.

Proposition 1.3.2. If any two of the following conditions imply the others.
(1) ∇ is torsion-free.
(2) ∇∗is torsion-free.
(3) ∇g ∈ Γ(T M(0,3)) is totally symmetric, that is, the Codazzi equation ∇Xg(Y,Z) =

∇Yg(X,Z) holds for X,Y,Z ∈ Γ(T M).

(4) ∇̂ = 1
2

(∇ + ∇∗) is the Levi-Civita connection of g, that is, ∇̂ = ∇g.

The (0, 3)-tensor field C = ∇g is called the cubic form on M.

Hereafter, we consider the case where affine connections are torsion-free. Let us give
the definition of statistical manifolds as follows.

Definition 1.3.3. Let M be a manifold endowed with a torsion-free connection ∇ and a
Riemannian metric g. We say that (M,∇, g) is a statistical manifold if the (0, 3)-tensor
field C = ∇g is totally symmetric. The pair (∇, g) is said to be the statistical structure on
M.

The notion of statistical manifold was introduced by S. L. Lauritzen [32]. Originally,
the triplet (M, g,C) is called a statistical manifold, where (M, g) is a Riemannian manifold
and C is a totally symmetric (0, 3)-tensor field on M.

Proposition 1.3.4. Let (M, g) be a Riemannian manifold, C a totally symmetric (0, 3)-
tensor field on M. Set ∇ and ∇∗ by

g(∇XY,Z) = g(∇g
XY,Z) − 1

2
C(X,Y,Z),

g(∇∗XY,Z) = g(∇g
XY,Z) +

1
2

C(X,Y,Z)

for X,Y,Z ∈ Γ(T M). Then ∇ and ∇∗ are torsion-free mutually dual affine connections.
Moreover ∇g and ∇∗g are symmetric (0, 3)-tensor fields.
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The proposition above implies that a statistical manifold (M,∇, g) can be defined by
(M, g,C). Hence these definitions are essentially equivalent.

For a given statistical structure (∇, g) on M, denote by ∇∗ the dual connection of ∇
with respect to g. If (∇, g) is a statistical structure, so is (∇∗, g), and we call (∇∗, g) the dual
statistical structure on M. Furthermore, for a statistical structure (∇, g), the Levi-Civita

connection of g is characterized by ∇g =
1
2

(∇ + ∇∗).
We remark that a statistical manifold with C = 0 is a Riemannian manifold with ∇g.

In this sense, the notion of statistical manifolds can be viewed as a generalization of the
notion of Riemannian manifolds.

For a statistical manifold (M,∇, g), we can define a one-parameter family of torsion-
free affine connections {∇(α)}α∈R by

∇(α) =
1 + α

2
∇ + 1 − α

2
∇∗

with ∇(0) = ∇g, ∇(1) = ∇, and ∇(−1) = ∇∗. It is seen that ∇(α) and ∇(−α) are mutually dual
with respect to g. The α-connection ∇(α) is written as follows:

g(∇(α)
X Y,Z) = g(∇g

XY,Z) − α
2

C(X,Y,Z)

for X,Y,Z ∈ Γ(T M).

Let (X,A) be a measurable space. Suppose that S is a parametric model on X, that is,
S is a set of probability distribution on (X,A) parametrized by ξ = (ξ1, . . . , ξm) ∈ Ξ ⊂ Rm:

S =
{

p(x; ξ)
∣∣∣∣∣ ∫
X

p(x; ξ)dx = 1, p(x; ξ) > 0, ξ ∈ Ξ
}
,

where Ξ ⊂ Rm is open, and the mapping ξ 7→ p(x; ξ) is one-to-one and smooth. We
assume that integral and differential operators commutative. Then S is regarded as an m-
dimensional manifold with a local coordinate system (ξ1, . . . , ξm). We define a symmetric
matrix [gF

i j]i, j=1,...,m by

gF
i j(ξ) = gF(∂i, ∂ j)

= Ep[(∂ilξ)(∂ jlξ)]

=

∫
X

(
∂

∂ξi log p(x; ξ)
) (

∂

∂ξ j log p(x; ξ)
)

p(x; ξ)dx
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for i, j = 1, 2, . . . ,m, where ∂i =
∂
∂ξi , lξ = log p(x; ξ) and Ep[∗] denotes the expectation

with respect to the distribution p(x; ξ). In addition, we assume that the integral operator
with respect to x and the differential operator with respect to ξ is commutative, gF

i j(ξ) can
be also written as

gF
i j(ξ) = −Ep[∂i∂ jlθ]. (1.6)

If [gF
i j]i, j=1,...,m is positive definite, it determines a Riemannian metric on S. We then call gF

the Fisher metric on S.
Then, the Levi-Civita connection ∇(0) for gF are expressed as

Γ
(0)
i j,k(ξ) = Ep[(∂i∂ jlξ)(∂klξ)] +

1
2

Ep[(∂ilξ)(∂ jlξ)(∂klξ)],

Γ
(0)
i j,k = gF(∇(0)

∂i
∂ j, ∂k) = gF

( m∑
l=1

Γ
(α)l
i j ∂l, ∂k

)
,

where Ep[(∂ilξ)(∂ jlξ)(∂klξ)], which is a totally symmetric (0, 3)-tensor, is called the Amari-
Chentov cubic form on S and denoted by CAC(∂i, ∂ j, ∂k), for i, j, k = 1, . . . ,m.

By using gF and CAC, for an arbitrary constant α ∈ R, we can define a torsion-free
affine connection ∇(α) by

g(∇(α)
∂i
∂ j, ∂k) = g(∇(0)

∂i
∂ j, ∂k) −

α

2
CAC(∂i, ∂ j, ∂k),

Γ
(α)
i j,k(ξ) = Ep[(∂i∂ jlξ)(∂klξ)] +

1 − α
2

Ep[(∂ilξ)(∂ jlξ)(∂klξ)].

Then (∇(α), gF) is a statistical structure on a parameter space Ξ. Therefore S is regarded as
a statistical manifold (Ξ,∇(α), gF).

Example 1.3.5. ([3], [45]) (1) The family of 1-dimensional normal distributions SN(µ,σ2)

is a 2-dimensional statistical model:

X = R, Ξ = {(µ, σ) | (µ, σ) ∈ R × R+},

S N(µ,σ2) =

{
p(x; µ, σ) =

1
√

2πσ
exp

[
− (x − µ)2

2σ2

] ∣∣∣∣∣∣ (µ, σ) ∈ Ξ
}
.

Then SN(µ,σ2) with the Fisher metric gF is of constant Riemannian sectional curvature −1
2

,

thus SN(µ,σ2) can be regarded as the Poincaré half plane model of hyperbolic plane (H2, g).
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(2) The family of Multivariate normal distributionsSN(µ,Σ) is an
(
n + n(n+1)

2

)
-dimensional

statistical model:

X = Rn, Ξ = {(µ,Σ) | (µ,Σ) ∈ Rn × Rn×n,Σ : positive definite},

S N(µ,Σ) =

{
p(x; µ,Σ) =

1
(2π)n/2(detΣ)1/2 exp

[
−1

2
(x − µ)tΣ−1(x − µ)

] ∣∣∣∣∣∣ (µ,Σ) ∈ Ξ
}
.

Let we consider the case where Σ = σ2En, that is,

S N(µ,σ2En) =

 p(x; µ,Σ) =
1

(2π)n/2σn

n∏
i=1

exp
[
− (xi − µi)2

2σ2

] ∣∣∣∣∣∣∣ (µ, σ) ∈ Rn × R+
 ,

where En is the identity matrix of size n. This statistical model S N(µ,σ2En) with the Fisher

metric gF is of constant Riemannian sectional curvature −n
2

. Therefore S N(µ,σ2En) can be

regarded as the upper half space model of hyperbolic space (Hn+1, g).
(3) The family of discrete positive probability distributions Sn for the sample space

X = {0, 1, . . . , n} is an n-dimensional statistical model:

X = {0, 1, . . . , n},

∆n =

ξ = (ξ0, . . . , ξn)

∣∣∣∣∣∣ ξi > 0,
n∑

i=1

ξi < 1, ξ0 = 1 −
n∑

i=1

ξi

 ⊂ (R+)n+1,

Sn =

 p(x; ξ) =
n∑

i=0

ξiδi(x)

∣∣∣∣∣∣∣ ξ ∈ ∆n

 .
The family of multinomial distributions can be regarded as a family of discrete positive
probability distributions:

Mult({x0, x1, . . . , xn}; {p0, p1, . . . , pn},M) = Prob(X0 = x0, . . . , Xn = xn)

=
M!

x0! · · · xn!

n∏
i=0

pxi
i ,

where
∑n

k=0 xk = M, pi > 0 for i = 0, 1, . . . , n and
∑n

i=0 pi = 1. Then ∆n with the Fisher

metric gF is of constant Riemannian sectional curvature
1
4

. Thus the family of discrete
positive probability distributions Sn is isometric to the first domain in a sphere.

It is well-known that many important statistical models, for instance, (multivariate)
normal distributions, multinomial distributions, Poisson distributions, and so on, are ex-
ponential families.
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Definition 1.3.6. Let (X,A) be a measurable space. A family of probability distributions
E = {p(x; θ) | θ ∈ Θ} on X is said to be an exponential family if there exist functions
C, F1, . . . , Fm on X, and a function ψ on Θ ⊂ Rm, such that

p(x; θ) = exp

C(x) +
m∑

j=1

θ jF j(x) − ψ(θ)

 (θ = (θ1, . . . , θm)).

Then we say that (θ1, . . . , θm) are its natural or canonical parameters.

Example 1.3.7. The family of 1-dimensional normal distributions

SN(µ,σ2) =

{
p(x; µ, σ) =

1
√

2πσ
exp

[
− (x − µ)2

2σ2

] ∣∣∣∣∣∣ (µ, σ) ∈ R × R+
}
.

is an exponential family. Indeed, taking a variable transformation defined by

θ1 :=
µ

σ2 , θ2 :=
1

2σ2 ,

and put

F1(x) := x, F2(x) := −x2, ψ(θ) :=
(θ1)2

4θ2 +
1
2

log
(
π

θ2

)
,

we obtain

p(x; θ) = exp[θ1F1(x) + θ2F2(x) − ψ(θ)],

θ ∈ Θ := {(θ1, θ2) ∈ R2 | θ2 > 0}.

Therefore the family of 1-dimensional normal distributions is an exponential family.

Definition 1.3.8. For a statistical structure (∇, g), we define the difference tensor field
K = K(∇,g) ∈ Γ(T M(1,2)) as

KXY = ∇XY − ∇g
XY

for any X,Y ∈ Γ(T M). We often denote KXY by K(X,Y) as well.

The difference tensor K satisfies K = ∇g − ∇∗ = 1
2

(∇ − ∇∗). We remark that if K = 0
then a statistical structure (∇, g) coincides with Riemannian structure. We can relate K to
the cubic form C = ∇g as C(X,Y,Z) = −2g(K(X,Y),Z). The following property holds.
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Lemma 1.3.9. For a statistical structure (∇, g), the difference tensor K ∈ Γ(T M(1,2)) sat-
isfies

KXY = KY X, g(KXY,Z) = g(Y,KXZ). (1.7)

Conversely, for a Riemannian metric g if K ∈ Γ(T M(1,2)) satisfies (1.7), the pair (∇ =
∇g + K, g) is a statistical structure.

For a statistical manifold (M,∇, g), we can consider the curvature tensor field R∇, R∇
g
,

and R∇
∗
. We denote R∇ by R, R∇

g
by Rg, and R∇

∗
by R∗ for short. The following formulas

are obtained by direct calculation.

Proposition 1.3.10. For a statistical manifold (M,∇, g), the following formulas hold for
X,Y,Z,W ∈ Γ(T M):

(1) R(X,Y)Z = Rg(X,Y)Z + (∇g
XK)(Y,Z) − (∇g

Y K)(X,Z) + [KX,KY]Z,
(2) R∗(X,Y)Z = Rg(X,Y)Z − (∇g

XK)(Y,Z) + (∇g
Y K)(X,Z) + [KX,KY]Z,

(3) Rg(X,Y)Z = R(X,Y)Z − (∇XK)(Y,Z) + (∇Y K)(X,Z) + [KX,KY]Z,

(4) (∇XK)(Y,Z) − (∇Y K)(X,Z) = 2[KX,KY]Z +
1
2
{R(X,Y)Z − R∗(X,Y)Z},

(5) g(R(X,Y)Z,W) = −g(Z,R∗(X,Y)W).

Definition 1.3.11. Let (M,∇, g) be a statistical manifold and k ∈ R. (M,∇, g) is said to be
of constant curvature k if

R(X,Y)Z = k{g(Y,Z)X − g(X,Z)Y}

for X,Y,Z ∈ Γ(T M).

Proposition 1.3.12. If (M,∇, g) is of constant curvature k ∈ R then (M,∇∗, g) is also of
constant curvature k ∈ R.

Let we consider an exponential family

E =
p(x; θ) = exp

C(x) +
m∑

j=1

θ jF j(x) − ψ(θ)


∣∣∣∣∣∣∣ θ ∈ Θ


on X, where Θ ⊂ Rm. Then we have

∂

∂θi log p(x; θ) =
∂

∂θi

C(x) +
m∑

j=1

θ jF j(x) − ψ(θ)


= Fi(x) − ∂

∂θiψ(θ),
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thus

∂2 log p
∂θi∂θ j (x; θ) = − ∂2ψ

∂θi∂θ j (θ). (1.8)

From (1.6), the Fisher metric gF = [gF
i j]i, j=1,...,m and the α-connection ∇(α) on E are given

by

gF
i j = ∂i∂ jψ, Γ(α)k

i j =
1 − α

2
∂sgF

i j(g
F)ks (i, j, k = 1, ...,m)

where Γ(α)k
i j is the Christoffel symbol with respect to ∇(α) and ∂i =

∂
∂θi . Therefore, we

obtain

R∇
(α)

(∂i, ∂ j)∂k =
(1 − α)(1 + α)

4

(
∂ jgF

ks∂i(gF)st − ∂igF
ks∂ j(gF)st

)
∂t

for i, j, k, s, t = 1, ...,m. From the relation above, it follows that the exponential family E
has flat affine connections ∇(±1).

Here we concentrate on statistical manifolds with flat affine connection. Let (M,∇, g)
be a statistical manifold with flat connection ∇. From Proposition 1.3.10, we find ∇∗ is
also flat. Therefore, such a statistical manifold (M,∇, g) is called a dually flat manifold.

For an m-dimensional dually flat manifold (M,∇, g), there exists a ∇-affine coordinate
system (θ1, . . . , θm). In addition, there also exists a ∇∗-affine coordinate system (η1, . . . , ηm)
such that

g
(
∂

∂θi ,
∂

∂η j

)
= δ

j
i

for i, j = 1, . . . ,m. Then there exist functions ψ and ϕ on M such that

∂ψ

∂θi = ηi,
∂ϕ

∂η j
= θ j, ψ(p) + ϕ(p) −

m∑
i=1

θi(p)ηi(p) = 0,

where p ∈ M. Furthermore, g is expressed by Hessian of a functions ψ and ϕ as follow:

[gi j]i, j=1,...,m =

[
∂2ψ

∂θi∂θ j

]
i, j=1,...,m

, [gi j]i, j=1,...,m =

[
∂2ϕ

∂ηi∂η j

]
i, j=1,...,m

,

where [gi j]i, j=1,...,m is the inverse matrix of [gi j]i, j=1,...,m, that is, ψ and ϕ are potential func-
tions of g.
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Definition 1.3.13. A statistical manifold (M,∇, g) is called a Hessian manifold if ∇ is flat.
Then (∇, g) is said to be a Hessian structure on M.

For an exponential family E = {p(x; θ) | θ ∈ Θ} on X, from (1.8), we have

Γ
(1)
i j,k = Ep

[
(∂i∂ jlθ)(∂klθ)

]
= 0.

This means that ∇(1) is a flat connection and (θ1, . . . , θm) is a ∇(1)-affine coordinate system.
Moreover, ψ is the potential function of g, that is, [gi j]i, j=1,...,m =

[
∂2ψ

∂θi∂θ j

]
i, j=1,...,m

. Therefore,

(∇(1), g = ∇(1)dψ) is a Hessian structure on a parameter space Θ.

Definition 1.3.14. Let (X,A) be a measurable space. A family of probability distribution
M = {p(x; θ) | θ ∈ Θ} onX is called a mixture family if there exist functions C, F1, . . . , Fm

on X such that

p(x; θ) = C(x) +
m∑

i=1

θiFi(x),

where Θ ⊂ Rm. Then (θ1, . . . , θm) is called its mixture parameters.

A mixture family is given by the mixture of m+1 probability distributions {p0, p1, . . . , pm}
on X as follow:

p(x; θ) =
m∑

i=1

θi pi(x) +

1 − m∑
i=1

θi

 p0(x)

= p0(x) +
m∑

i=1

θi{pi(x) − p0(x)},

where (θ1, . . . , θm) are subject to 0 < θi < 1 and
∑m

i=1 θ
i < 1.

For a mixture familyM = {p(x; θ) | θ ∈ Θ} on X we get

∂ log p
∂θi (x; θ) =

Fi(x)
p(x; θ)

,
∂2 log p
∂θi∂θ j (x; θ) = −

Fi(x)F j(x)
p(x + θ)2 .

Thus we find

∂2 log p
∂θi∂θ j (x; θ) = −∂ log p

∂θi (x; θ)
∂ log p
∂θ j (x; θ).

Therefore we have

Γ
(−1)
i j,k = Ep

[
(∂i∂ jlθ)(∂klθ)

]
+ Ep

[
(∂ilθ)(∂ jlθ)(∂klθ)

]
= 0

It means that ∇(−1) is a flat connection and (θ1, . . . , θm) is a ∇(−1)-affine coordinate system.
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Example 1.3.15. The family of discrete positive probability distributions Sn on finite set
X = {0, 1 . . . , n} can be expressed as a mixture family.

Next we define the Hessian curvature tensor Q ∈ Γ(T M(1,3)) on a Hessian manifold
(M,∇, g) as follows:

Definition 1.3.16. ([45]) (1) For a Hessian structure (∇, g), we define the Hessian curva-
ture tensor Q ∈ Γ(T M(1,3)) by

Q(X,Y)Z := −(∇XK)(Y,Z) = −(∇K)(Y,Z; X)

for X,Y,Z ∈ Γ(T M).
(2) A Hessian manifold (M,∇, g) is said to be of constant Hessian sectional curvature
c ∈ R if

Q(X,Y)Z = −c
2
{g(X,Y)Z + g(X,Z)Y}

holds for X,Y,Z ∈ Γ(T M).

The Hessian curvature tensor Q plays a similar role to that of the Riemannian curva-
ture tensor for a Kählerian metric. In fact, we can construct a Kählerian metric gT M on
the tangent bundle T M over a Hessian manifold (M,∇, g) by the diagonal lifting (or the
Sasakian lifting), and (T M, gT M) is of constant holomorphic sectional curvature −c if and
only if (M,∇, g) is of constant Hessian sectional curvature c.

From the following proposition, it can be seen that the Hessian curvature tensor Q
carries more detailed information than the Riemannian curvature Rg.

Proposition 1.3.17. ([45]) Let (M,∇, g) be a Hessian manifold, and Rg the Riemannian
curvature tensor for g. Then the following holds:

Rg(X,Y)Z = −1
2
{Q(X,Y)Z − Q(Y, X)Z} .

If furthermore (M,∇, g) be of constant Hessian curvature c, then (M,∇, g) has a Rieman-
nian structure of constant Riemannian curvature −c

4
.

Example 1.3.18. ([45]) (1) The family of 1-dimensional normal distributions SN(µ,σ2),
namely, (H2,∇(−1), gF) is a Hessian manifold of constant Hessian sectional curvature 2.

(2) The subfamily of Multivariate normal distributionsSN(µ,σ2En), that is, (Hn+1,∇(−1), gF)
is a constant Hessian sectional curvature 2

n .
(3) The family of discrete positive probability distributionSn on finite setX = {0, 1 . . . , n},

that is, (∆n,∇(1), gF) has constant Hessian sectional curvature −1.
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Chapter 2

Statistical Deffeomorphisms

2.1 Statistical diffeomorphisms on statistical manifolds
This section devotes statistical diffeomorphisms.

In Riemannian geometry, isometry, a metric preserving diffeomorphism between Rie-
mannian manifolds, plays important roles. Correspondingly, in the geometry of statistical
manifolds, it is meaningful that we consider statistical structure preserving diffeomor-
phisms.

Definition 2.1.1. Let (M,∇, g) and (M,∇, g) be two statistical manifolds. A diffeomor-
phism φ : M → M is called a statistical diffeomorphism if

φ∗(∇XY) = ∇φ∗Xφ∗Y , g(X,Y) = g(φ∗X, φ∗Y)

for any vector fields X, Y ∈ Γ(T M). Then (M,∇, g) and (M,∇, g) are said to be statistical
diffeomorphic.

Next, we state the setting of our theorems.
Let (M,∇, g) and (M,∇, g) be two statistical manifolds of the same dimension, and

p ∈ M, p ∈ M. Let also a linear isometry Φ : TpM → TpM be given. In addition, choose
a convex open subset Up ⊂ TpM which determines normal coordinate neighborhoods
U := Expp(Up) and U := Expp(Φ(Up)) with respect to ∇g and ∇g around p and p,
respectively.

Then we can define a diffeomorphism φ : U → U by

φ := Expp ◦ Φ ◦ (Expp)−1 . (2.1)
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Given a ∇g-geodesic γ in U emanating from p, γ := φ ◦ γ is a geodesic relative to ∇g

in U emanating from p. Denoting by q and q := φ(q) endpoints of γ and γ, respectively.
Then we define a linear isometry Φγ : TqM → TqM by

Φγ := Pγ ◦ Φ ◦ (Pγ)−1 , (2.2)

where Pγ : TpM → TqM and Pγ : TpM → TqM are parallel displacements relative to ∇g

and ∇g along γ and γ, respectively. It is remarked that they are linear isometries.
Let us consider statistical diffeomorphisms under the setting above. Hereafter, we

denote by Rg and Rg Riemannian curvature tensor fields, K and K difference tensor fields
on (M,∇, g) and (M,∇, g), respectively. Our basics is the following theorem:

Theorem 2.1.2. Let (M,∇, g) and (M,∇, g) be two statistical manifolds of the same di-
mension, and p ∈ M and p ∈ M. Let Φ : TpM → TpM be a linear isometry. Set φ and Φγ
as (2.1), (2.2). If for any ∇g-geodesic γ in U starting at p we have

Φγ(Rg(u, v)w) = Rg(Φγ(u),Φγ(v))Φγ(w) , (2.3)

Φγ(K(u, v)) = K(Φγ(u),Φγ(v)) (2.4)

for any u, v,w ∈ TqM, then φ is a statistical diffeomorphism from U onto U.

Conversely, it is easy to see that a statistical diffeomorphism holds (2.3) and (2.4).
Thus, we can say that this theorem gives us necessary and sufficient conditions for φ
defined by (2.1) to be a statistical diffeomorphism.

In order to prove Theorem 2.1.2 we prepare the following lemma:

Lemma 2.1.3. Let (M,∇) and (M,∇) be two manifolds of the same dimension endowed
with torsion-free affine connection, and p ∈ M and p ∈ M. Let Φ : TpM → TpM be
a linear map. Set φ and Φγ as (2.1), (2.2) relative to ∇ and ∇. Suppose that for any
∇-geodesic γ in U starting at p we have

Φγ(R(u, v)w) = R(Φγ(u),Φγ(v))Φγ(w)

for any u, v,w ∈ TqM, where R and R are curvature tensor fields, respectively. Then φ∗
coincides with Φγ at the endpoint of each γ.

Proof. Take any q ∈ U, v ∈ TqM, and let γq : [0, l] → U be a ∇-geodesic such that
γq(0) = p, γq(l) = q. If l = 0, for any v ∈ TpM,

(φ∗)p(v) = (Exp∇p ◦ Φ ◦ (Exp∇p )−1)∗p(v)

= (Exp∇p ◦ Φ)∗0p(Exp∇p )−1
∗p (v)

= (Exp∇p )∗0p(Φ∗)0p(v)

= Φ(v) ,

24



we obtain (φ∗)p = Φ. Thus, we assume l > 0 hereafter. Bearing in mind that

(Exp∇p )∗lγ̇(0) : Tlγ̇(0)(TpM) � TpM → TqM

is a linear isomorphism, for any v ∈ TqM we choose a ∇-Jacobi field V along γ such that

V(0) = 0p , (∇γ̇V)(0) =
1
l
(Exp∇p )∗lγ̇

−1
(v) .

By using the formula (1.4), we obtain

V(l) = (Exp∇p )∗lγ̇(0)

(
l · 1

l
· ((Exp∇p )∗lγ̇(0))−1(v)

)
= v .

Next we consider a ∇-Jacobi field along γq := φ ◦ γq. For each t ∈ [0, l] we define

V(t) := Φγq |[0,t](V(t)) = (P∇γq |[0,t]
◦ Φ ◦ (P∇γq |[0,t])

−1)(V(t)) , (2.5)

where P∇γq |[0,t] : TpM → Tγq(t)M and P∇
γq |[0,t]

: TpM → Tγq(t)M are the parallel displacements

relative to ∇ and ∇ along with γq and γq, respectively. From property of parallel displace-
ment, we see V is vector field along γq. Moreover it satisfies the ∇-Jacobi equation by
assumption (2.1.3). Indeed,

∇γ̇q
∇γ̇q

V(t) = −R∇(V(t), γ̇q(t))γ̇q(t)

= −Φγq |[0,t](R
∇(V(t), γ̇q(t))γ̇q(t))

= −Φγq |[0,t](−∇γ̇q∇γ̇qV(t))
= Φγq |[0,t](∇γ̇q∇γ̇qV(t)) .

Thus V is a ∇g-Jacobi field along γq. From (2.5), we get

V(0) = 0p , (∇γ̇q
V)(0) = Φ((∇γ̇qV)(0)) .

Applying the formula (1.4) to both V and V , we obtain for each t ∈ [0, l]

V(t) = (Exp∇p )∗tγ̇q(0)(t(∇γ̇qV)(0)) ,

and

V(t) = (Exp∇p )∗tγ̇q(0)(t(∇γ̇q
V)(0))

= (Exp∇p )∗tγ̇q(0)Φ((t(∇γ̇qV)(0))

= ((Exp∇p )∗tγ̇q(0) ◦ Φ ◦ ((Exp∇p )∗tγ̇q(0))−1)(V(t))

= (φq)∗γq(t)(V(t)) .

25



Hence (2.5) implies
Φγq |[0,t](V(t)) = (φq)∗γq(t)(V(t)) .

In particular, by setting t = l, we get Φγq(v) = (φ∗)q(v). Since v ∈ TqM is a arbitrarily
vector, we conclude Φγq = (φ∗)q for any q ∈ U. □

From this Lemma 2.1.3, we notice the following. In Riemannian case, Lemma 2.1.3
says as follows: If for any ∇g-geodesic γ in U starting at p we have

Φγ(Rg(u, v)w) = Rg(Φγ(u),Φγ(v))Φγ(w)

for any u, v,w ∈ TqM, then φ∗ coincides with Φγ at the endpoint of each γ.

Proof of Theorem 2.1.2. By using Lemma 2.1.3, φ∗ coincides with Φγ at the endpoint of
each γ. Thus we obtain

g(X,Y) = g(φ∗X, φ∗Y)

for any X,Y ∈ Γ(TU), and then we get ∇g
φ∗Xφ∗Y = φ∗(∇g

XY). By assumption (2.4), we
have

(φ∗)q(K(u, v)) = K((φ∗)q(u), (φ∗)q(v))

for any u, v ∈ TqM. We now take X,Y ∈ Γ(TU) such that Xq = u,Yq = v, then at q ∈ U

φ∗(∇XY − ∇g
XY) = ∇φ∗Xφ∗Y − ∇

g
φ∗X
φ∗Y ,

thus
∇φ∗Xφ∗Y = φ∗(∇XY) .

Since q ∈ U is a arbitrarily point, we conclude ∇φ∗Xφ∗Y = φ∗(∇XY). We have thus proved
the theorem. □

We notice that φ := Expp ◦ Φ ◦ (Expp)−1 is a unique statistical diffeomorphism from
Proposition 1.2.3. If deference tensor fields K and K are vanish, Theorem 2.1.2 coincides
with the Cartan-Ambrose-Hicks theorem:

Theorem 2.1.4. ([16]) Let (M, g) and (M, g) be two Riemannian manifolds of the same
dimension, and p ∈ M and p ∈ M. Let Φ : TpM → TpM be a linear isometry. Set φ and
Φγ as (2.1), (2.2). Suppose that for any ∇g-geodesic γ starting at p we have

Φγ(Rg(u, v)w) = Rg(Φγ(u),Φγ(v))Φγ(w)

for any u, v,w ∈ TqM, where Rg and Rg are their Riemannian curvature tensor fields,
respectively. Then φ is a local isometry around p and p.
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In a sense, this theorem means a Riemannian curvature tensor field locally determines
a Riemannian metric is a crucial fact implying that space of constant Riemannian curvature
is rich in isometries.

By using Lemma 1.3.10, we obtain the following corollary from Theorem 2.1.2.

Corollary 2.1.5. Let (M,∇, g) and (M,∇, g) be two statistical manifolds of the same di-
mension, and p ∈ M and p ∈ M. Let Φ : TpM → TpM be a linear isometry. Set φ and Φγ
as (2.1), (2.2). If for any ∇g-geodesic γ in U starting at p we have

Φγ(R(u, v)w) = R(Φγ(u),Φγ(v))Φγ(w) , (2.6)

Φγ(K(u),K(v)) = K(Φγ(u),Φγ(v)) , (2.7)

Φγ(∇K)(v,w; u) = (∇K)(Φγ(v),Φγ(w);Φγ(u)) (2.8)

for all u, v,w ∈ TqM, then φ is a statistical diffeomorphism from U onto U.

Proof. By using Lemma 1.3.10 and assumption (2.6), (2.7), (2.8), we obtain

Φγ(Rg(x, y)z) =Φγ(R(x, y)z) − Φγ(∇K)(y, z; x) + Φγ(∇K)(x, z; y)
+ Φγ(K(x,K(y, z))) − Φγ(K(y,K(x, z)))

=R(Φγ(x),Φγ(y))Φγ(z)

− (∇K)(Φγ(y),Φγ(z);Φγ(x)) + (∇K)(Φγ(x),Φγ(z);Φγ(y))
+ K(Φγ(x),K(Φγ(y),Φγ(z))) − K(Φγ(y),K(Φγ(x),Φγ(z)))

=Rg(Φγ(x),Φγ(y))Φγ(z).

As a direct consequence of this, we obtain (2.3). The given assumption (2.7) coincides
with (2.3), thus completing the proof by virtue of Theorem 2.1.2. □

In Theorem 2.1.2, we assume

Pγ(Rg(u, v)w) = Rg(Pγ(u), Pγ(v))Pγ(z) ,

Pγ(K(u, v)) = K(Pγ(u), Pγ(v))

for any ∇g-geodesics γ starting at p. When we consider the behavior of the Riemannian
curvature field Rg and the difference tensor field K of a statistical manifold (M,∇, g), the
simplest case is given by Rg = 0 and K = 0, where M is locally isometric to a Euclidean
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space. The next simplest case is ∇gRg = 0 and ∇gK = 0, that is, Rg and K are both parallel
relative to ∇g. These conditions are equivalent to the following:

Pc(Rg(u, v)w) = Rg(Pc(u), Pc(v))Pc(z) ,

Pc(K(u, v)) = K(Pc(u), Pc(v))

for all piecewise smooth curves c in M. These conditions are extension of assumptions
of Theorem 2.1.2. We remark that ∇gRg = 0 is known to be equivalent to the condition
that (M, g) is Riemannian locally symmetric space. For example, a Riemannian manifold
of constant Riemnannian curvature is a Riemannnian locally symmetric space. From the
discussion above, we consider the following corollary:

Corollary 2.1.6. In addition to the assumption of Theorem 2.1.2, we suppose ∇gRg = 0,
∇gK = 0, ∇gRg = 0 and ∇g K = 0. If Φ holds

Φ(Rg(u, v)w) = Rg(Φ(u),Φ(v))Φ(w) , (2.9)

Φ(K(u, v)) = K(Φ(u),Φ(v)) (2.10)

for any u, v,w ∈ TpM, then φ is a statistical diffeomorphism.

Proof. Since ∇gRg = 0, ∇gK = 0, for any ∇g-geodesic γ in U emanating from p we get

Pg
γ(R

g(u, v)w) = Rg(Pg
γ(u), Pg

γ(v))Pg
γ(w) ,

Pg
γ(K(u, v)) = K(Pg

γ(u), Pg
γ(v))

for any u, v,w ∈ TqM, where q is the endpoint of γ. Similarly, from ∇gRg = 0, ∇g K = 0,
we obtain

Pg
γ
(Rg(u, v)w) = Rg(Pg

γ
(u), Pg

γ
(v))Pg

γ
(w) ,

Pg
γ
(K(u, v)) = K(Pg

γ
(u), Pg

γ
(v))

for any u, v,w ∈ TqM, where γ := φ ◦ γ is the ∇g-geodesic from p to q := φ(q). Therefore,
from assumptions (2.9) and (2.10), we obtain (2.3), (2.4). By using Theorem 2.1.2 we can
conclude that φ is a statistical diffeomorphism. □

In general, φ : M → M is said to be a local diffeomorphism if for each p ∈ M there
exists a neighborhood U such that φ|U : U → φ(U) is a diffeomorphism. Furthermore, φ is
a statistical structure preserving, we say that φ is a local statistical diffeomorphism. When
K and K are both vanish, φ is a local isometry.
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Proposition 2.1.7. Let (M,∇, g) and (M,∇, g) be two statistical manifolds, and φ : M →
M a local isometry. For any p ∈ M, if (φ∗)p holds

(φ∗)p(K(u, v)) = K((φ∗)p(u), (φ∗)p(v)) (2.11)

for any u, v ∈ TpM, then φ is a local statistical diffeomorphism.

Proof. Since φ is a local isometry, for any p ∈ M we obtain

(φ∗)p(Rg(u, v)w) = Rg((φ∗)p(u), (φ∗)p(v))(φ∗)p(w)

for any u, v,w ∈ TpM. Take a ∇g-normal neighborhood U ⊂ M around p such that
U := φ(U) ⊂ M is a ∇g-normal neighborhood around φ(p). In addition, for any q ∈ U
we take a ∇g-geodesic γ from p to q. Let Pγ be the ∇g-parallel translation from p to q
along γ, and Pφ◦γ be the ∇g-parallel translation from φ(p) to φ(q) along φ ◦ γ in U. Since
(φ∗)q ◦ Pγ = Pφ◦γ ◦ (φ∗)p, we see that Φγ = (φ∗)q. Thus we obtain

Φγ(Rg(u, v)w) = Rg(Φγ(u),Φγ(v))Φγ(w)

for any u, v,w ∈ TqM. In addition by using assumption (2.11), we have

Φγ(K(u, v)) = K(Φγ(u),Φγ(v)) .

By virtue of Theorem 2.1.2, we can conclude φ is a local statistical diffeomorphism. □

2.2 Statistical diffeomorphisms on Hessian manifolds
In the preceding section, we thought of the local existence of statistical diffeomor-

phism between statistical manifolds and showed Theorem 2.1.2. This section treats Hes-
sian manifolds, which are the important subclass of statistical manifolds, and considers
the local existence of statistical diffeomorphism between Hessian manifolds. We denote
by Q and Q Hessian curvature tensor fields on M and M, respectively.

Theorem 2.2.1. Let (M,∇, g) and (M,∇, g) be two Hessian manifolds of the same dimen-
sion, and p ∈ M and p ∈ M. Let Φ : TpM → TpM be a linear isometry. Set φ and Φγ as
(2.1), (2.2). If for any ∇g-geodesic γ in U starting at p we have

Φγ(K(u, v)) = K(Φγ(u),Φγ(v)) ,

Φγ(Q(u, v)w) = Q(Φγ(u),Φγ(v))Φγ(w)

for all u, v,w ∈ TqM, then φ is a statistical diffeomorphism from U onto U.
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Proof. By Definition 1.3.13, we see R and R vanish. Since Q(X,Y)Z = −(∇K)(Y,Z; X),
we obtain Theorem 2.2.1 from Corollary 2.1.5. □

Next we consider the case where Hessian manifolds are of constant Hessian sectional
curvature.

Corollary 2.2.2. Let (M,∇, g) and (M,∇, g) be two Hessian manifolds of the same dimen-
sion and of constant Hessian sectional curvature c ∈ R. Now let p ∈ M and p ∈ M be
two any fixed points, and φ an isometry between their neighborhoods U and U such that
φ(p) = p. If for any q ∈ U we have

(φ∗)q(K(u, v)) = K((φ∗)q(u), (φ∗)q(v))

for all u, v ∈ TqM, then φ is a statistical diffeomorphism.

Proof. From Proposition 1.3.17, both (M,∇, g) and (M,∇, g) are of constant Riemannian
curvature −c/4 ∈ R. Now it is to be noted that a Riemannian manifold of constant Rie-
mannian curvature is a Riemannian locally symmetric space, that is, ∇gRg = 0. Hence,
by using Theorem 2.1.4, we see that for any points p ∈ M and p ∈ M there exists an
isometry φ between their neighborhoods. By virtue of Proposition 2.1.7, we arrive at the
conclusion. □

Example 2.2.3. We define ((R+)m,∇, g) by

(R+)m := {y = (y1, . . . , ym) ∈ Rm | y1 > 0, . . . , ym > 0} ,

∇ ∂

∂yi

∂

∂y j := − 1
y j δi j

∂

∂y j ,

g := gE |(R+)m =

m∑
i=1

(dyi)2 ,

where gE =
∑n

i, j=1 δi jdyidy j. Then ((R+)m,∇, g) is a Hessian manifold of constant Hessian
sectional curvature 0. The triplet (Rm,D, g̃ = Dd(

∑m
i=1 e2xi

/4)) is also a Hessian manifold
of constant Hessian sectional curvature 0, where D is the standard connection. We define
φ : (R+)m → Rm by

φ(y1, . . . , ym) := (log y1, . . . , log ym) ,

then φ is a statistical diffeomorphism.
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Let us recall that the subfamily of the multivariate normal distributions SN(µ,σ2En) can
be regarded as the upper half model of hyperbolic space (Hn+1, g). Especially, in the case
when n = 1, this is the family of 1-dimensional normal distribution SN(µ,σ2), which can be
regarded as the Poincaré half plane model of hyperbolic plane (H2, g).

The following theorem states the statistical diffeomorphisms on the family of normal
distributions.

Theorem 2.2.4. Let (Hm,∇(−1), g) is a Hessian manifold of constant Hessian sectional
curvature, which defined as

Hm = {y = (y1, . . . , ym−1, ym) ∈ Rm | ym > 0},

g = (κ)−1(ym)−2
m∑

j=1

(dy j)2.

and

∇(−1)
∂i∂ j = 2(ym)−2δi j∂m,

∇(−1)
∂i∂m = ∇(−1)

∂m∂i = 0,

∇(−1)
∂m∂m = (ym)−1∂m,

where ∂i =
∂
∂yi for i, j = 1, . . . ,m − 1.

Then a diffeomorphism φ : (Hm,∇(−1), g) → (Hm,∇(−1), g) is a statistical diffeomor-
phism if and only if

φ(y) = (c
m−1∑
j=1

a1
jy

j + b1, . . . , c
m−1∑
j=1

am−1
j y j + bm−1, cym) , (2.12)

where A = [ai
j]i, j=1,...,m−1 ∈ O(m − 1), b ∈ Rm−1, c > 0.

Proof. When φ be a statistical diffeomorphism, the following hold:

∇(−1)
φ∗∂s

φ∗∂t − φ∗(∇(−1)
∂s

∂t) = 0 , (2.13)

∇g
φ∗∂s

φ∗∂t − φ∗(∇g
∂s
∂t) = 0 , (2.14)

where s, t = 1, . . . ,m. We note that the Levi-Civita connection of g is given by

∇g
∂i∂ j = (ym)−1δi j∂m,

∇g
∂i∂m = ∇g

∂m∂i = −(ym)−1∂i,

∇g
∂m∂m = −(ym)−1∂m,
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where i, j = 1, . . . ,m− 1. Now we write φ(y) = (φ1(y), . . . , φm(y)) for y ∈ Hm. From (2.13)
and (2.14) with direct calculation, we obtain

∂2φk

∂yi∂y j (y) = 0 , (2.15)

∂2φm

∂ym∂ym (y) = 0 , (2.16)

∂φm

∂ym (y) =
1
ymφ

m(y) , (2.17)

m−1∑
l=1

∂φl

∂yi (y)
∂φl

∂y j (y) =
1

(ym)2 (φm)2δi j , (2.18)

where i, j, k = 1, . . . ,m − 1. Indeed, (2.15) and (2.16) are obtained from (2.13) or (2.14).
On the other hand, (2.17) and (2.18) are yielded by combining (2.13) with (2.14).

From (2.15) we see φk(y) is a linear function, that is,

φk(y) =
m−1∑
i=1

dk
i yi + bk,

where dk
i , b

k ∈ R (k = 1, . . . ,m − 1). By using both (2.16) and (2.17), we get

φm(y) = cym,

where c > 0. Moreover, from (2.18), we obtain

m−1∑
l=1

al
ia

l
j = δi j , (2.19)

where al
i := dl

i/c. Expression (2.19) can be restated that A = [ai
j]i. j=1,...,m−1 ∈ O(m − 1).

For the above reasons, we reach (2.12). Conversely, we set φ as (2.12), we see that φ is a
statistical diffeomorphism by computation. □

In particular, when n = 2, we have

φ(y1, y2) = (±cy1 + b, cy2) , (2.20)

where b, c ∈ R, c > 0. Therefore, we see that a statistical diffeomorphism on statistical
models of one-dimensional normal distributions is given in (2.20).

It is known that the routes of ∇g-geodesics in H2 are the constant speed parametriza-
tions of all vertical lines y1 constant (for a while, we name them L-type ∇g-geodesics) and
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all semicircles with centers on the y1-axis (C-type ∇g-geodesics), and L-type ∇g-geodesics
and C-type ∇g-geodesics can translate each other by isometric transformations. However,
in the case of statistical diffeomorphisms, L-type ∇g-geodesics and C-type ∇g-geodesics
cannot translate each other.
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Chapter 3

Statistical sectional curvature

3.1 Statistical sectional curvature
The curvature tensor field for ∇ is defined as

R∇(X,Y)Z = ∇X∇YZ − ∇Y∇XZ − ∇[X,Y]Z

for X,Y,Z ∈ Γ(T M). We denote R∇ by R, R∇
∗

by R∗, and R∇
g

by Rg for short.

Definition 3.1.1. For a statistical structure (∇, g) on M, we define

S (X,Y)Z =
1
2
{R(X,Y)Z + R∗(X,Y)Z}

for X,Y,Z ∈ Γ(T M), and call S ∈ Γ(T M(1,3)) the statistical curvature tensor field of (∇, g).

Theorem 2.1.2 indicates that the statistical curvature tensor field is a suitable curvature
tensor field for statistical manifolds because the statistical curvature tensor field can be
rewritten using the Riemannian curvature tensor field Rg and the difference tensor field K
as follows:

Proposition 3.1.2. The following holds:

S (X,Y)Z = Rg(X,Y)Z + [K,K](X,Y)Z

for X,Y,Z ∈ Γ(T M), where [K,K] is defined by

[K,K](X,Y)Z = [KX,KY]Z = KX(KYZ) − KY(KXZ).
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Remark 3.1.3. If a statistical manifold (M,∇, g) with K = 0, that is, (M,∇, g) is a Rie-
mannian manifold, the statistical curvature tensor field S coincides with the Riemannian
curvature tensor Rg. Thus, the statistical curvature tensor field is a generalization of the
Riemannian curvature tensor field for statistical manifolds.

The statistical curvature tensor satisfies the following formulas:

Proposition 3.1.4. For a statistical manifold (M,∇, g), the following formulas hold for
X,Y,Z,W ∈ Γ(T M):

(1) g(S (X,Y)Z,W) = −g(S (Y, X)Z,W),
(2) g(S (X,Y)Z,W) = −g(S (X,Y)W,Z),
(3) S (X,Y)Z + S (Y,Z)X + S (Z, X)Y = 0,
(4) g(S (X,Y)Z,W) = g(S (Z,W)X,Y).

Then, the sectional curvature by using the statistical sectional curvature tensor field
can be defined as follows:

Definition 3.1.5. Let (M,∇, g) be a statistical manifold. For x ∈ M and a 2-dimensional
plane sectionΠ = u∧v spanned by u, v ∈ TxM, we define the statistical sectional curvature
of (M,∇, g) for u ∧ v by

K(u ∧ v) =
g(S (u, v)v, u)

g(u, u)g(v, v) − g(u, v)2 .

Remark 3.1.6. If ∇ is the Levi-Civita connection for g, the definition of the statistical
sectional curvature K coincides with the Riemannian sectional curvature Kg. Thus, the
statistical sectional curvature is a generalization of the Riemannian sectional curvature for
statistical manifolds.

The Ricci curvature tensor with respect to ∇, denoted by Ric∇ is defined by

Ric∇(Y,Z) = tr{X 7→ R∇(X,Y)Z}.

We denote Ric∇ by Ric, Ric∇
∗

by Ric∗ and Ric∇
g

by Ricg respectively, for short.
For a statistical manifold (M,∇, g), we can also define the Ricci curvature tensor rela-

tive to the statistical curvature tensor field S as follows.

Definition 3.1.7. Let (M,∇, g) be an m-dimensional statistical manifold and S ∈ Γ(T M(1,3))
the statistical curvature tensor field.

35



(1) The statistical Ricci curvature tensor, denoted by L, is defined as

L(Y,Z) = tr{X 7→ S (X,Y)Z}.

(2) The statistical scalar curvature, denoted by ρ(∇,g), is defined as

ρ(∇,g) = trgL =
m∑

i=1

L(ei, ei),

where {e1, . . . , em} is an orthonormal basis of TxM with respect to g for x ∈ M.

Remark 3.1.8. (1) For a statistical manifold (M,∇, g), it is easy to see that ρ(∇,g) = ρ∇ =
ρ∇
∗
, where

ρ∇ = trgRic, ρ∇
∗
= trgRic∗.

We denote ρ(∇,g) by ρ for short. We remark that, in general, ρ , ρg, where

ρg = trgRicg.

(2) The scalar curvatures can be rewritten by using the sectional curvatures as follows:

ρ =

m∑
i, j=1

g(S (ei, e j)e j, ei) = 2
∑

1≤i< j≤m

K(ei ∧ e j),

ρg =

m∑
i, j=1

g(Rg(ei, e j)e j, ei) = 2
∑

1≤i< j≤m

Kg(ei ∧ e j).

3.2 Constant statistical sectional curvature
In this section, we consider statistical manifolds of constant statistical sectional curva-

ture.

Definition 3.2.1. A statistical manifold (M,∇, g) is said to be of constant statistical sec-
tional curvature k ∈ R if the statistical sectional curvatureK(Π) is k for any plane sections
Π ⊂ TxM at each x ∈ M.

Proposition 3.2.2. A statistical manifold is of constant statistical sectional curvature k ∈
R if and only if

S (X,Y)Z = k{g(Y,Z)X − g(X,Z)Y}

for X,Y,Z ∈ Γ(T M).
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From Proposition 1.3.12, we find that if a statistical manifold (M,∇, g) is of constant
curvature k ∈ Rwith respect to ∇, then it is of constant statistical sectional curvature k ∈ R.
Therefore, statistical manifolds of constant statistical sectional curvature are more general
geometric objects than statistical manifolds of constant curvature.

Example 3.2.3. Let (Rm, gE) be an m-dimensional Euclidean space. Denote ∂i =
∂
∂xi for

short. We define K ∈ Γ(TRm(1,2)) by

K(∂m, ∂m) = λ∂m,

K(∂i, ∂ j) = 0 ((i, j) , (m,m)),

where λ is a non-vanishing function on Rm. Then, the triplet (Rm,∇ = ∇gE +K, gE) is a sta-
tistical manifold of constant statistical sectional curvature 0, but not of constant curvature.

Example 3.2.4. The triplet ((R+)m,∇ = ∇g0
+ K, g0) defined by

(R+)m = {x = (x1, . . . , xm) ∈ Rm | xi > 0, i = 1, . . . ,m},

g0 =

m∑
i=1

(dxi)2 = gE|(R+)m ,

K(∂i, ∂ j) = −δi j(x j)−1∂ j (i, j = 1, . . . ,m)

is a statistical manifold of constant curvature 0, that is, a Hessian manifold.

The following statistical manifold is an geometric generalization of the statistical man-
ifold with respect to α-connection on the hyperbolic space (Hm,∇(α), g).

Example 3.2.5. Let (Hm, g) be the hyperbolic space of constant curvature −κ (κ > 0)
defined by

Hm = {y = (y1, . . . , ym−1, ym) ∈ Rm | ym > 0},

g = (κ)−1(ym)−2
m∑

j=1

(dy j)2.

We denote ∂i =
∂
∂yi (i = 1, . . . ,m). Define K ∈ Γ(THm(1,2)) by

K(∂i, ∂ j) = δi j(−α(ym)−1∂m + αi∂i),

K(∂i, ∂m) = K(∂m, ∂i) = −α(ym)−1∂i,

K(∂m, ∂m) = −2α(ym)−1∂m
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for α ∈ R, αi ∈ C∞(Hm) and i, j = 1, . . . ,m − 1. Then, (Hm,∇ = ∇g + K, g) is a statistical
manifold of constant statistical sectional curvature κ(α2 − 1).

This can be seen in the following way. By the definition of the difference tensor K, we
obtain

[K,K](X,Y)Z = κα2{g(Y,Z)X − g(X,Z)Y}

for any X,Y,Z ∈ Γ(THm). Thus it follows that

S (X,Y)Z =Rg(X,Y)Z + [K,K](X,Y)Z

= κ(α2 − 1){g(Y,Z)X − g(X,Z)Y}

or any X,Y,Z ∈ Γ(THm). We remark that if there exists i ∈ {1, . . . ,m − 1} such that αi , 0,
(Hm,∇ = ∇g + K, g) is non-constant curvature with respect to ∇ for any α ∈ R.

However if αi = 0 for all i = 1, . . . ,m−1, then ∇ coincides with the α-connection ∇(α),
and (Hm,∇, g) is of constant curvature κ(α2 − 1) with respect to ∇(α). In particular, in the
case when α = −1 and αi = 0, (Hm,∇(−1), g) is a Hessian manifold of constant Hessian
sectional curvature.

Denote c = κ(α2 − 1) and Hm(c) = (Hm,∇, g) for short. This example shows that for
any constant c ∈ (−∞,∞), we can construct a statistical manifold of constant sectional
curvature c on the hyperbolic space (Hm, g). It is interpreted from this example that the
sign of curvature does not work in the geometry of statistical manifolds, though it is one
of the most essential characteristics in Riemannian geometry.

3.3 Statistical Einstein manifolds and statistical Ricci soli-
tons

In this section, we will introduce statistical Einstein manifolds and statistical Ricci
solitons for statistical manifolds as statistical counterparts of Einstein manifolds and Ricci
solitons in Riemannian geometry.

Definition 3.3.1. Let (M,∇, g) be a statistical manifold, L the statistical Ricci tensor.
(1) For a unit vector field X ∈ Γ(T M), L(X, X) is called the statistical Ricci curvature

of X.
(2) A statistical manifold (M,∇, g) is said to be statistical Einstein manifold if the

statistical Ricci curvature L(X, X) is constant for any unit vector field X ∈ Γ(T M).
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Remark 3.3.2. (1) For an m-dimensional statistical manifold (M,∇, g), denote K(Π) the
statistical sectional curvature of a plane sectionΠ. Choose an orthonormal frame {e1, . . . , em}
of T M such that e1 = X. Then the statistical Ricci curvature of X can be written as

L(X, X) =
m∑

i=2

K(X ∧ ei). (3.1)

(2) If ∇ is the Levi-Civita connection for g, the definition of the statistical Einstein
manifold coincides with the one for the Einstein manifold in Riemannian geometry.

Proposition 3.3.3. For a statistical manifold (M,∇, g), the statistical Ricci tensor L ∈
Γ(T M(0,2)) is symmetric, that is, we have

L(Y,Z) = L(Z,Y)

for all X,Y ∈ Γ(T M).

Proof. By definition and Proposition 3.1.4, we have

L(Y,Z) = tr {X 7→ S (X,Y)Z}
= trg{(X,W) 7→ g(S (X,Y)Z,W)}
= trg{(X,W) 7→ g(S (Z,W)X,Y)}
= trg{(X,W) 7→ −g(S (W,Z)X,Y)}
= trg{(X,W) 7→ g(S (W,Z)Y, X)}
= tr {W 7→ S (W,Z)Y}
= L(Z,Y).

□

Remark 3.3.4. (1) Let (M,∇) be an m-dimensional manifold with an affine connection.
We say that ∇ is locally equiaffine if around each point x ∈ M there is a parallel volume
element, that is, a non-vanishing m-form ω such that ∇ω = 0. It is well-known that a
(∇, ω) is local equiaffine structure on M if and only if the Ricci tensor field with respect to
∇ is symmetric (See [36]).

(2) A statistical manifold (M,∇, g) has an equiaffine structure with respect to ∇ if
and only if (M,∇, g) has an equiaffine structure with respect to ∇∗. In other words, for
a statistical manifold (M,∇, g), Ric is symmetric if and only if Ric∗ is symmetric (See
[15]). If we do not consider volume elements on M, a statistical manifold (M,∇, g) with
symmetric Ricci tensor with respect to ∇ (equivalently, or ∇∗) is called Ricci-symmetric
statistical manifold (See [44]).

By considering the statistical Ricci tensor L, we can investigate a broader class includ-
ing locally equiaffine or Ricci-symmetric statistical manifolds.
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Proposition 3.3.5. Let (M,∇, g) be an m-dimensional statistical manifold, L the statistical
Ricci tensor, and ρ the statistical scalar curvature. If (M,∇, g) is a statistical Einstein
manifold, then L is of the form

L = λg,

where λ = ρ

m is constant.

Proof. If the statistical Ricci tensor L satisfies L = λg for some λ ∈ R, we have

L(X, X) = λ

for any unit vector field X ∈ Γ(T M). Thus, (M,∇, g) is a statistical Einstein manifold.
Conversely, we assume that (M,∇, g) is a statistical Einstein manifold, that is, there

exists a constant λ such that L(X, X) = λ holds for any unit vector X ∈ Γ(T M). Then, for
any non-vanishing vector field Y ∈ Γ(T M), we get

L(Y,Y) = ‖Y‖2L
(

Y
‖Y‖ ,

Y
‖Y‖

)
= λ‖Y‖2,

where ‖Y‖2 = g(Y,Y). The equation above holds for Y = 0, thus it holds for any Y ∈
Γ(T M). From Proposition 3.3.3, for any Y,Z ∈ Γ(T M) we obtain

λ‖Y + Z‖2 = L(Y + Z,Y + Z)
= L(Y,Y) + 2L(Y,Z) + L(Z,Z)

= λ‖Y‖2 + 2L(Y,Z) + λ‖Z‖2

Thus we get

L(Y,Z) =
λ

2
(‖Y + Z‖2 − ‖Y‖2 − ‖Z‖2)

= λg(Y,Z).

Moreover, we find

ρ =

m∑
i=1

L(ei, ei) = mλ,

where the set {e1, . . . , em} is the orthonormal frame with respect to g on T M. Thus we get
λ = ρ

m . □
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Proposition 3.3.6. If a statistical manifold (M,∇, g) is of constant statistical sectional
curvature, then (M,∇, g) is a statistical Einstein manifold.

Proof. Assume M is m-dimensional manifold and choose an orthonormal normal frame
{e1, · · · , em} of T M such that e1 = X. A statistical manifold (M,∇, g) is of constant statis-
tical sectional curvature k, we have

K(X ∧ ei) = k

for any i = 2, · · · ,m. Thus, for any unit vector field X ∈ Γ(T M), the following holds:

L(X, X) =
m∑

i=2

K(X ∧ ei) = (m − 1)k.

Since (m − 1)k is constant, (M,∇, g) is a statistical Einstein manifold. □

Next, we will introduce the notion of statistical Ricci solitons for a natural generaliza-
tion of statistical Einstein manifolds.

Definition 3.3.7. Let (M,∇, g) be a statistical manifold. A smooth vector field V ∈ Γ(T M)
is said to define a statistical Ricci soliton if it satisfies the following equation:

L +
1
2
LVg = λg,

where LVg is the Lie-derivative of the Riemannian metric g with respect to V , L is the
statistical Ricci tensor, and λ is a constant. We call the vector field V the potential vector
field of the statistical Ricci soliton. We denote a statistical manifold with such a vector
field by (M,∇, g,V) and call it a statistical Ricci soliton.

Remark 3.3.8. (1) A statistical Ricci soliton (M,∇, g,V) with λ is called shirinking,
steady, or expanding according to λ > 0, λ = 0 or λ < 0, respectively.

(2) A statistical Ricci soliton with V = 0 or Killing vector field is a statistical Einstein
manifold. In this sense, a statistical Ricci soliton is regarded as a natural generalization of
a statistical Einstein manifold.

(3) If ∇ is the Levi-Civita connection for g, the definition of the statistical Ricci soliton
coincides with that of the Ricci soliton

Ricg +
1
2
LVg = λg,

where Ricg is the Ricci tensor associated to g.
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Another generalization of the Ricci soliton for a statistical manifold by A. N. Siddiqui
et al. [44] is statistical soliton on a Ricci-symmetric statistical manifold as follows:

A smooth vector field V on a statistical manifold (M,∇, g) is said to define a statistical
soliton if ∇ is Ricci-symmetric and if

∇V + Q = λI, (3.2)
∇∗V + Q∗ = λI (3.3)

hold, where g(Q(X),Y) = Ric(X,Y), g(Q∗(X),Y) = Ric∗(X,Y), I denotes the identity
endomorphism.

Lemma 3.3.9. Let (M,∇, g,V) be a statistical soliton. We have

g(∇XV,Y) = g(X,∇YV),
g(∇∗XV,Y) = g(X,∇∗YV),
(LVg)(X,Y) = g(∇XV,Y) + g(X,∇∗YV) = g(∇∗XV,Y) + g(X,∇YV)

for any X,Y ∈ Γ(T M).

Proof. From (3.2), we obtain

g(∇XV,Y) = λg(X,Y) − g(Q(X),Y)
= λg(X,Y) − g(X,Q(Y))
= g(X,∇YV)

for all X,Y ∈ Γ(T M). Similarly, by using (3.3), we get

g(∇∗XV,Y) = g(X,∇∗YV)

for all X,Y ∈ Γ(T M).
From the definition of the Lie derivative of a tensor field, we have

(LVg)(X,Y) = Vg(X,Y) − g([V, X],Y) − g(X, [V,Y])
= g(∇V X,Y) + g(X,∇∗VY) − g(∇V X − ∇XV,Y) − g(X,∇∗VY − ∇∗YV)
= g(∇XV,Y) + g(X,∇∗YV)
= g(∇∗XV,Y) + g(X,∇YV)

for any X,Y ∈ Γ(T M). Obviously, since g is symmetric, we also get

(LVg)(X,Y) = g(∇∗XV,Y) + g(X,∇YV)

for any X,Y ∈ Γ(T M). □
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Theorem 3.3.10. A statistical soliton is a statistical Ricci soliton.

Proof. Let (M,∇, g,V) be a statistical soliton with λ. From (3.2) and (3.3), we have

Ric(X,Y) + g(∇XV,Y) = λg(X,Y),
Ric∗(X,Y) + g(∇∗XV,Y) = λg(X,Y)

for any X,Y ∈ Γ(T M). By using Lemma 3.3.9, we see that

λg(X,Y) =
1
2
{Ric(X,Y) + Ric∗(X,Y)} + 1

2
{
g(∇XV,Y) + g(∇∗XV,Y)

}
= L(X,Y) +

1
2

{
g(∇XV,Y) + g(X,∇∗YV)

}
= L(X,Y) +

1
2

(LVg)(X,Y)

holds for any X,Y ∈ Γ(T M), that is, (M,∇, g,V) is a statistical Ricci soliton.
□

Example 3.3.11. Let (Hm,∇, g) be the upper half space of constant statistical sectional
curvature c = κ(α2 − 1) with parameters {κ, α, α1, . . . , αm−1} as in Example 3.2.5. Then
(Hm,∇, g) is statistical Einstein manifold. Indeed,

L(X, X) = (m − 1)c

holds for any unit vector field X ∈ Γ(T M). Moreover, for any Killing vector filed V ,
(Hm,∇, g,V) is a statistical Ricci soliton. We find the following:

(1) If α = ±1 then (Hm,∇, g,V) is a steady statistical Ricci soliton.
(2) If |α| > 1 then (Hm,∇, g,V) is a shrinking statistical Ricci soliton.
(3) If |α| < 1 then (Hm,∇, g,V) is a expanding statistical Ricci soliton.

We remark that if there exists i ∈ {1, . . . ,m − 1} such that αi , 0, (Hm,∇, g) does not
have any statistical soliton. However, if αi = 0 for all i = 1, . . . ,m − 1, then (Hm,∇, g,V)
is a statistical soliton.
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Chapter 4

Statistical submanifolds and geometric
inequalities

4.1 Statistical submanifolds
From the viewpoint of information geometry, characteristics of statistical estimators

are determined entirely by shapes of corresponding submaifolds in a set of probability
distributions ([3]). Therefore, the study of submanifolds in a statistical manifold is a great
interest in information geometry. In this section, we will review the basic notion of statis-
tical submanifolds in statistical manifolds.

Let (M̃, ∇̃, g̃) be an (m+p)-dimensional statistical manifold. Let M be an m-dimensional
submanifold of M̃ and g the induced metric on M. We often denote g̃ and g by 〈 , 〉 if there
is no danger of confusion.

Lemma 4.1.1. We define an affine connection ∇ on M by

∇XY = (∇̃XY)>,

where ( )> denotes the orthogonal projection of the tangent space of M with respect to
g̃, that is, 〈∇XY,Z〉 = 〈∇̃XY,Z〉 for X,Y,Z ∈ Γ(T M). Then (M,∇, g) becomes a statistical
manifold, and this (∇, g) is called the induced statistical structure on M

.

Definition 4.1.2. We say that (M,∇, g) is a statistical submanifold in (M̃, ∇̃, g̃) if (∇, g) is
the induced statistical structure on M.
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Let T⊥M be the normal bundle of M in M̃ with respect to g̃. We define the second
fundamental form of M for ∇̃ by

h(X,Y) = (∇̃XY)⊥

for X,Y ∈ Γ(T M) where ( )⊥ denotes the orthogonal projection of ( ) on the normal space
of M with respect to g̃. Since ∇̃ is of torsion free, h ∈ Γ(T⊥M ⊗ T M(0,2)) is symmetric.

We define the shape operator A and the normal connection D for ∇̃, respectively, by

AξX = −(∇̃Xξ)>, DXξ = (∇̃Xξ)⊥

for ξ ∈ Γ(T⊥M) and X ∈ Γ(T M). In the same fashion, we define these objects for the dual
connection ∇̃∗ and the Levi-Civita connection ∇g̃. Summing up, we obtain the following
formulas.

Proposition 4.1.3. Let (M,∇, g) be a statistical submanifold in (M̃, ∇̃, g̃).
(1) The Gauss and Weingarten formulas are written by ∇̃XY = ∇XY + h(X,Y),

∇̃Xξ = −AξX + DXξ, ∇̃∗XY = ∇∗XY + h∗(X,Y),
∇̃∗Xξ = −A∗ξX + D∗Xξ, ∇g̃

XY = ∇g
XY + ĥ(X,Y),

∇g̃
Xξ = −ÂξX + D̂Xξ

for X,Y ∈ Γ(T M) and ξ ∈ Γ(T⊥M).
(2) The following hold for X,Y,Z ∈ Γ(T M) and ξ, η ∈ Γ(T⊥M):

X〈Y,Z〉 = 〈∇XY,Z〉 + 〈Y,∇∗XZ〉,
〈h(X,Y), ξ〉 = 〈A∗ξX,Y〉, 〈h∗(X,Y), ξ〉 = 〈AξX,Y〉,
X〈ξ, η〉 = 〈DXξ, η〉 + 〈ξ,D∗Xη〉.

Let {e1, . . . , em} be an orthonormal frame on T M and {ξ1, . . . , ξp} an orthonormal frame
on T⊥M. Then we call {e1, . . . , em, ξ1, . . . , ξp} an adapted orthonormal frame of M in M̃.
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Definition 4.1.4. The mean curvature vector fields of M in M̃ are defined by

H =
1
m

trgh =
1
m

m∑
i=1

hii =
1
m

p∑
β=1

 m∑
i=1

hβii

 ξβ,
H∗ =

1
m

trgh∗ =
1
m

m∑
i=1

h∗ii =
1
m

p∑
β=1

 m∑
i=1

h∗βii

 ξβ,
Ĥ =

1
m

trĝh =
1
m

m∑
i=1

ĥii =
1
m

p∑
β=1

 m∑
i=1

ĥβii

 ξβ,
where

hi j = h(ei, e j), hβi j = 〈h(ei, e j), ξβ〉,
h∗i j = h∗(ei, e j), h∗βi j = 〈h∗(ei, e j), ξβ〉,
ĥi j = ĥ(ei, e j), ĥβi j = 〈̂h(ei, e j), ξβ〉

for 1 ≤ i, j ≤ m and 1 ≤ β ≤ p.

Definition 4.1.5. (1) A statistical submanifold M is said to be totally-umbilical with re-
spect to ∇̃ if h = H ⊗ g. Further, M is said to be doubly totally-umbilical if h = H ⊗ g and
h∗ = H∗ ⊗ g hold.

(2) A statistical submanifold M is said to be autoparallel with respect to ∇̃ if h vanishes
identically. Moreover, M is said to be doubly autoparallel if h = 0 and h∗ = 0.

Remark 4.1.6. (1) A doubly autoparallel statistical submanifold is obviously doubly totally-
umbilical, so the class of doubly autoparallel statistical submanifolds is subclass of that of
doubly totally-umbilical.

(2) A submanifold M ⊂ (M̃, ∇̃) is said to be totally geodesic with respect to ∇̃ if every
geodesic curves with respect to ∇ that is tangent to TxM lies in M. When ∇̃ is torsion-free,
M is totally geodesic with respect to ∇̃ if and only if M is autoparallel with respect to
∇̃. Thus, a doubly autoparallel statistical submanifold M is also said to be doubly totally
geodesic.

(3) We remark that the following hold:

ĥ =
1
2

(h + h∗), (4.1)

Ĥ =
1
2

(H + H∗). (4.2)

Thus, we see that if M is doubly autoparallel (resp. doubly totally-umbilical) then M is
autoparallel (resp. totally-umbilical) with respect to ∇g̃.
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We denote

‖H‖2 = 〈H,H〉, ‖h‖2 =
m∑

i, j=1

〈hi j, hi j〉,

〈h, h∗〉 =
m∑

i, j=1

〈hi j, h∗i j〉.

We denote R∇̃ by R̃, R∇̃
∗

by R̃∗, R∇
g̃

by Rg̃, RD by R⊥ and RD∗ by R⊥
∗
, respectively.

Moreover, we define S̃ and S ⊥ by

S̃ =
1
2

(
R̃ + R̃∗

)
, S ⊥ =

1
2

(
R⊥ + R⊥

∗)
.

Proposition 4.1.7. Let (M,∇, g) be a statistical submanifold in (M̃, ∇̃, g̃). The following
equations of Gauss, Codazzi and Ricci hold for X,Y,Z ∈ Γ(T M) and ξ ∈ Γ(T⊥M):

(R̃(X,Y)Z)> = R(X,Y)Z − Ah(Y,Z)X + Ah(X,Z)Y,

(R̃(X,Y)Z)⊥ = (∇Xh)(Y,Z) − (∇Yh)(X,Z),

(R̃(X,Y)ξ)> = (∇Y A)ξX − (∇XA)ξY,

(R̃(X,Y)ξ)⊥ = R⊥(X,Y)ξ − h(X, AξY) + h(Y, AξX),

where

(∇Xh)(Y,Z) = DXh(Y,Z) − h(∇XY,Z) − h(Y,∇XZ),

(∇XA)ξY = ∇X(AξY) − ADXξY − Aξ∇XY.

In the same setting, we have equations of Gauss, Codazzi and Ricci for R̃∗ and Rg̃ as well.

Proposition 4.1.8. For a statistical submanifold (M,∇, g) in (M̃, ∇̃, g̃), we obtain

2(S̃ (X,Y)Z)> = 2S (X,Y)Z − Ah(Y,Z)X + Ah(X,Z)Y − A∗h∗(Y,Z)X + A∗h∗(X,Z)Y,

2(S̃ (X,Y)Z)⊥ = (∇Xh)(Y,Z) − (∇Yh)(X,Z) + (∇∗Xh∗)(Y,Z) − (∇∗Yh∗)(X,Z),

2(S̃ (X,Y)ξ)> = (∇Y A)ξX − (∇XA)ξY + (∇∗Y A∗)ξX − (∇∗XA∗)ξY,

2(S̃ (X,Y)ξ)⊥ = 2S ⊥(X,Y)ξ − h(X, AξY) + h(Y, AξX) − h∗(X, A∗ξY) + h∗(Y, A∗ξX)

for X,Y,Z ∈ Γ(T M), ξ ∈ Γ(T⊥M), where S and S̃ are statistical curvature tensor for (∇, g)
and (∇̃, g̃), respectively.
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Remark 4.1.9. We can rewrite the Gauss equation for statistical curvature as follows:

2〈S̃ (X,Y)Z,W〉 = 2〈S (X,Y)Z,W〉
− 〈h(Y,Z), h∗(X,W)〉 + 〈h(X,Z), h∗(Y,W)〉
− 〈h∗(Y,Z), h(X,W)〉 + 〈h∗(X,Z), h(Y,W)〉.

Moreover, it is easy to see the following:

ρ =

m∑
i, j=1

〈S̃ (ei, e j)e j, ei〉 + m2〈H,H∗〉 −
m∑

i, j=1

〈h(ei, e j), h∗(ei, e j)〉

= 2
∑

1≤i< j≤m

K̃(ei ∧ e j) + m2〈H,H∗〉 −
m∑

i, j=1

〈h(ei, e j), h∗(ei, e j)〉, (4.3)

where K̃ is the statistical sectional curvature of (M̃, ∇̃, g̃).

4.2 Doubly autoparallel and geometric inequalities
Doubly autoparallel statistical submanifolds play important roles, because projections

with respect to ∇(α) on a doubly autoparallel statistical submanifold are uniquely determine
for all α ∈ R ([37], [38]). Thus, the discussion turns into the characterization of doubly
autoparallel statistical submanifolds in this section.

The notion of doubly autoparallel (or doubly totally-umbilical) statistical submanifolds
is the generalization of the notion of planes (or sphere) in E3, because a doubly autopar-
allel (or doubly totally-umbilical) statistical submanifold M in the Euclidean space E3 is
nothing but a part of a planar surface (or sphere).

In classical result, it is known that (a part of) a plane or sphere in the Euclidean spaces
E3 = (R3, 〈 , 〉) is characterized by the equality case of the Euler inequality as follow:

Theorem 4.2.1. (The Euler inequality) Surfaces M in the Euclidean spaces E3 = (R3, 〈 , 〉)
satisfy

‖Ĥ‖2 ≥ G

for any point, where G is the Gaussian curvature of M and ‖Ĥ‖2 is the squared mean
curvature of M. Furthermore, ‖Ĥ‖2 = G holds everywhere on M if and only if M is totally
umbilical, that is, M is (a part of) a plane or sphere in E3.
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We note that G = 1
2ρ
〈 , 〉, where ρ〈 , 〉 is the scaler curvature on M, thus we can represent

the Euler inequality as follow:

‖Ĥ‖2 ≥ 1
2
ρ〈 , 〉. (4.4)

We will generalize the inequality above (4.4) for statistical submanifolds and charac-
terize doubly autoparallel statistical submanifolds.

Let (M,∇, g) be an m-dimensional statistical submanifold in an (m + p)-dimensional
statistical manifold (M̃, ∇̃, g̃). Let {e1, . . . , em, ξ1, . . . , ξp} be an adapted orthonormal frame
of M in M̃. We obtain the following.

Lemma 4.2.2.

ρ = 2ρg + 2
∑

1≤i< j≤m

(
K̃(ei ∧ e j) − 2K g̃(ei ∧ e j)

)
(4.5)

− m2

2

(
‖H‖2 + ‖H∗‖2

)
+

1
2

(
‖h‖2 + ‖h∗‖2

)
.

Proof. Using (4.1) and (4.2), we obtain

〈h, h∗〉 = 2‖̂h‖2 − 1
2

(
‖h‖2 + ‖h∗‖2

)
(4.6)

and
〈H,H∗〉 = 2‖Ĥ‖2 − 1

2

(
‖H‖2 + ‖H∗‖2

)
. (4.7)

Substituting (4.6) and (4.7) in (4.3), we obtain the conclusion. □

Next, let X be a unit tangent vector of M at x ∈ M. We now use an adapted orthonormal
frame {e1, . . . , em, ξ1, . . . , ξp} of M in M̃ such that e1 = X at x ∈ M. Then the following is
a fundamental inequality (cf., [18]).

Lemma 4.2.3. We have

‖h‖2 ≥ m2

2
‖H‖2 + 2

∑
2≤i< j≤m

(
‖hi j‖2 − 〈hii, h j j〉

)
.

The equality holds if and only if 2h11 = mH and h1 j = 0 hold at x ∈ M for j = 2, . . . ,m.
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Proof.

‖h‖2 =
p∑
β=1

m∑
i, j=1

(hβi j)
2

=
1
2

p∑
β=1

{
(hβ11 + (hβ22 + · · · + hβmm))2

+ (hβ11 − (hβ22 + · · · + hβmm))2}
+ 2

p∑
β=1

 m∑
j=2

(hβ1 j)
2 +

∑
2≤i< j≤m

((hβi j)
2 − hβiih

β
j j)


≥ 1

2

p∑
β=1

(hβ11 + hβ22 + · · · + hβmm)2 (4.8)

+ 2
p∑
β=1

∑
2≤i< j≤m

((hβi j)
2 − hβiih

β
j j)

=
m2

2
‖H‖2 + 2

∑
2≤i< j≤m

{‖hi j‖2 − 〈hii, h j j〉}.

From (4.8) we see that the equality case holds if and only if

h11 = h22 + · · · + hmm and h1 j = 0

for j = 2, . . . ,m. □

Proposition 4.2.4. For an m-dimensional statistical submanifold (M,∇, g) in an (m + p)-
dimensional statistical manifold (M̃, ∇̃, g̃), we have

‖H‖2 + ‖H∗‖2 ≥ 8
m2

{
2Ricg(X, X) − L(X, X)

−
m∑

j=2

(
2K g̃(X ∧ e j) − K̃(X ∧ e j)

) }
,

where {X = e1, e2, . . . , em} is an orthonormal basis of TxM.
The equality holds at x ∈ M if and only if 2h11 = mH, 2h∗11 = mH∗ and h1 j = 0, h∗1 j = 0

hold at x ∈ M for j = 2, . . . ,m.
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Proof. By Lemma 4.2.3 for h and h∗, it follows that

‖h‖2 + ‖h∗‖2 ≥ m2

2

(
‖H‖2 + ‖H∗‖2

)
+ 2

p∑
β=1

∑
2≤i< j≤m

{(
(hβi j)

2 − hβiih
β
j j

)
+

(
(h∗βi j )2 − h∗βii h∗βj j

)}
=

m2

2

(
‖H‖2 + ‖H∗‖2

)
+ 2

p∑
β=1

∑
2≤i< j≤m

{
(hβi j + h∗βi j )2 − (hβii + h∗βii )(hβj j + h∗βj j )

+ (hβiih
∗β
j j − hβi jh

∗β
i j ) + (h∗βii hβj j − hβi jh

∗β
i j )

}
=

m2

2
(‖H‖2 + ‖H∗‖2)

+ 8
∑

2≤i< j≤m

{‖̂hi j‖2 − 〈̂hii, ĥ j j〉} − 4
∑

2≤i< j≤m

{〈hi j, h∗i j〉 − 〈hii, h∗j j〉}

=
m2

2
(‖H‖2 + ‖H∗‖2) (4.9)

− 8
∑

2≤i< j≤m

{〈Rg(ei, e j)e j, ei〉 − 〈Rg̃(ei, e j)e j, ei〉}

+ 4
∑

2≤i< j≤m

{〈S (ei, e j)e j, ei〉 − 〈S̃ (ei, e j)e j, ei〉}.

Substituting (4.9) into (4.5), we obtain

ρ ≥ 2ρg + 2
∑

1≤i< j≤m

(
K̃(ei ∧ e j) − 2K g̃(ei ∧ e j)

)
− m2

4

(
‖H‖2 + ‖H∗‖2

)
− 4

∑
2≤i< j≤m

(
〈Rg(ei, e j)e j, ei〉 − 〈Rg̃(ei, e j)e j, ei〉

)
+ 2

∑
2≤i< j≤m

(
〈S (ei, e j)e j, ei〉 − 〈S̃ (ei, e j)e j, ei〉

)
.
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Thus, we get

‖H‖2 + ‖H∗‖2 ≥ 4
m2

{
2ρg − ρ + 2

∑
1≤i< j≤m

(
K̃(ei ∧ e j) − 2K g̃(ei ∧ e j)

)
− 4

∑
2≤i< j≤m

(
〈Rg(ei, e j)e j, ei〉 − 〈Rg̃(ei, e j)e j, ei〉

)
+ 2

∑
2≤i< j≤m

(
〈S (ei, e j)e j, ei〉 − 〈S̃ (ei, e j)e j, ei〉

) }
=

8
m2

{
2Ricg(X, X) − L(X, X)

− 2
m∑

j=2

K g̃(X ∧ e j) +
m∑

j=2

K̃(X ∧ e j)
}
.

The equality condition follows from the one in Lemma 4.2.3 for h and h∗. □

Proposition 4.2.5. Let M̃(c) = (M̃, ∇̃, g̃) be an (m + p)-dimensional statistical manifold
of constant statistical sectional curvature c. For an m-dimensional statistical submanifold
(M,∇, g) in M̃(c), we have

‖H‖2 + ‖H∗‖2 ≥ 8
m2

{
2Ricg(X, X) − L(X, X)

−2
m∑

j=2

K g̃(X ∧ e j) + (m − 1)c
}
,

where {X = e1, e2, . . . , em} is an orthonormal basis of TxM.
The equality holds at x ∈ M if and only if 2h11 = mH, 2h∗11 = mH∗ and h1 j = 0, h∗1 j = 0

hold at x ∈ M for j = 2, . . . ,m.

Proof. Since M̃(c) is of constant statistical sectional curvature c, we obtain

m∑
j=2

K̃(X ∧ e j) =
m∑

j=2

〈S̃ (X, e j)e j, X〉

=

m∑
j=2

c
(
〈e j, e j〉〈X, X〉 − 〈X, e j〉〈e j, X〉

)
= (m − 1)c.

Therefore, from Proposition 4.2.4, we can reach the conclusion. □
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Remark 4.2.6. In the case where (M̃, ∇̃, g̃) is of constant curvature c, a similar inequality
is obtained in [8].

Corollary 4.2.7. Let (M̃, ∇̃, g̃) be an (m + p)-dimensional Hessian manifold of constant
Hessian curvature k. For an m-dimensional statistical submanifold (M,∇, g) in (M̃, ∇̃, g̃),
we have

‖H‖2 + ‖H∗‖2 ≥ 8
m2

(
2Ricg(X, X) − L(X, X) +

(m − 1)k
2

)
,

for a unit tangent vector X ∈ TxM.
The equality holds at x ∈ M if and only if 2h11 = mH, 2h∗11 = mH∗ and h1 j = 0, h∗1 j = 0

hold at x ∈ M for j = 2, . . . ,m, where {X = e1, e2, . . . , em} is an orthonormal basis of TxM.

A similar inequality is obtained in [34].

Proof. We remark that a Hessian manifold (M̃, ∇̃, g̃) of constant Hessian curvature k is a
statistical manifold of constant curvature 0 such that g̃ is of constant sectional curvature
−k/4.

Thus, we have

m∑
j=2

K g̃(X ∧ e j) =
m∑

j=2

〈Rg̃(X, e j)e j, X〉

= −
m∑

j=2

k
4

(
〈e j, e j〉〈X, X〉 − 〈X, e j〉〈e j, X〉

)
= − (m − 1)k

4
.

By using Proposition 4.2.4, we get the conclusion. □

Theorem 4.2.8. For an m-dimensional statistical submanifold (M,∇, g) in an (m + p)-
dimensional statistical manifold (M̃, ∇̃, g̃), we have

‖H‖2 + ‖H∗‖2 ≥ 8
m3

2ρg − ρ − 2
∑

1≤i< j≤m

(2K g̃(ei ∧ e j) − K̃(ei ∧ e j))

 . (4.10)

The equality holds at x ∈ M if and only if either (i) m ≥ 3 and x is a doubly autoparallel
point or (ii) m = 2 and x is a doubly totally-umbilical point.
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Proof. Consider the case where Proposition 4.2.4 holds for all unit tangent vectors at x ∈
M, we obtain

m(‖H‖2 + ‖H∗‖2) ≥ 8
m2

2ρg − ρ − 2
∑

1≤i< j≤m

(2K g̃(ei ∧ e j) − K̃(ei ∧ e j))

 .
If the equality of (4.10) holds, then the equality case of Proposition 4.2.4 holds for all

unit tangent vectors at x ∈ M. Thus, we have

hi j = 0, i , j, (4.11)
h∗i j = 0, i , j, (4.12)

2hii = h11 + · · · + hmm, i = 1, . . . ,m, (4.13)
2h∗ii = h∗11 + · · · + h∗mm, i = 1, . . . ,m. (4.14)

In the case of m ≥ 3, conditions (4.11)-(4.14) imply that h = h∗ = 0. It is easy to show
that h = H ⊗ g, h∗ = H∗ ⊗ g if m = 2. □

Corollary 4.2.9. Let (M,∇, g) be an m-dimensional statistical submanifold in an (m+ p)-
dimensional statistical manifold (M̃, ∇̃, g̃).

(1) If (M̃, ∇̃, g̃) is of constant statistical sectional curvature c, then

‖H‖2 + ‖H∗‖2 ≥ 8
m3

2ρg − ρ − 4
∑

1≤i< j≤m

K g̃(ei ∧ e j) + m(m − 1)c

 .
(2) If (M̃, ∇̃, g̃) is a Hessian manifold of constant Hessian curvature k, then we have

‖H‖2 + ‖H∗‖2 ≥ 8
m3

(
2ρg − ρ + m(m − 1)k

2

)
.

(3) Each equality holds at x ∈ M if and only if either (i) m ≥ 3 and x is a doubly
autoparallel point or (ii) m = 2 and x is a doubly totally-umbilical point.

Example 4.2.10. (1) Let (R3,∇, gE) be a 3-dimensional statistical manifold as in Example
3.2.3. A surface M in (R3,∇, gE) is doubly totally-umbilical if and only if there exists ci ∈
R such that M is a part of {x3 = c3} or a plane containing {(x1, x2, x3) = (c1, c2, x3) | x3 ∈ R}.
Such an M satisfies the equality condition of Theorem 4.2.8.

(2) Let ((R+)3,∇, g0) be as in Example 3.2.4. A surface M in ((R+)3,∇, g0) is doubly
totally-umbilical if and only if either (i) M is a part of {x1 = c1}, {x2 = c2}, {x3 = c3} for
some c j ∈ R+, (ii) M is a part of a plane containing the x j-axis, or (iii) M is a part of a
sphere {(x1)2+(x2)2+(x3)2 = r2} for some r > 0. Such an M satisfies the equality condition
of Theorem 4.2.8.
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4.3 Existence of doubly autoparallel submanifolds
In this section, we are interested in the existence of doubly autoparallel statistical sub-

manifolds. The existence theorem of autoparallel submanifolds in a Riemannian manifold
is due to É. Cartan and R. Hermann (See [16], [25]). The following theorem is obtained
by N. J. Hicks (See [26], [40]).

Theorem 4.3.1. Let (M̃, ∇̃) be a manifold with a torsion-free connection. Choose p ∈ M̃,
V ⊂ TpM̃ a subspace, Ũp ⊂ TpM̃ a convex open subset which determines normal coordi-
nate neighborhoods Ũ = Expp(Ũp) with respect to ∇̃ around p, and let M = Expp(Ũp∩V)
with induced connection ∇ from (M̃, ∇̃). Denote γv the ∇̃-geodesic through p whose tan-
gent vector at p is v, where Expp(v) = γv(1). Let Pγv be the ∇̃-parallel translating along
γv from p to γv(1). (M,∇) is an autoparallel submanifold with respect to ∇̃ if and only if

R̃(Pγv(v), Pγv(x))Pγv(y) ∈ Pγv(V).

holds for any v, x, y ∈ Ũp ∩ V.
Note that then Pγv(V) coincides with Tγv(1)M.

For generalization of the above theorem to statistical manifolds, we prepare the fol-
lowing lemma:

Lemma 4.3.2. Let (M,∇, g) be a statistical submanifold in (M̃, ∇̃, g̃), and ∇̃(α) the α-
connection on (M̃, ∇̃, g̃). Then, the following properties are equivalent:

(1) A statistical submanifold M is doubly autoparallel.
(2) For α1, α2 ∈ R (α1 , α2), a statistical submanifold M is autoparallel with respect

to ∇̃(α1) and ∇̃(α2).
(3) For any α ∈ R, a statistical submanifold M is autoparallel with respect to ∇̃(α).

Proof. If (M,∇, g) is a doubly autoparallel statistical submanifold in (M̃, ∇̃, g̃), then ∇̃XY ,
∇̃∗XY ∈ Γ(T M) for all X,Y ∈ Γ(T M). Since ∇̃(α) is defined as

∇̃(α)
X Y =

1 + α
2
∇̃XY +

1 − α
2
∇̃∗XY (X,Y ∈ Γ(T M̃)),

it is easy to see that M is autoparallel with respect to α ∈ R for any α ∈ R if M is doubly
autoparallel. Conversely, if M is autoparallel with respect to ∇̃(α) for any α ∈ R, then it is
obviously that (1) and (2) hold. Moreover, if M is autoparallel with respect to ∇̃(α1) and
∇̃(α2) (α1, α2 ∈ R α1 , α2), we get

∇̃(α1)
X Y =

1 + α1

2
∇̃(1)

X Y +
1 − α1

2
∇̃(−1)

X Y, (4.15)

∇̃(α2)
X Y =

1 + α2

2
∇̃(1)

X Y +
1 − α2

2
∇̃(−1)

X Y (4.16)
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for any X,Y ∈ Γ(T M̃). Hence we find if M is autoparallel with respect to ∇̃(α1) and ∇̃(α2)

(α1, α2 ∈ R α1 , α2), M is doubly autoparallel. Thus we see the equivalence of (1), (2)
and (3). □

Theorem 4.3.3. Let (M̃, ∇̃, g̃) be a statistical manifold. Take p ∈ M̃, V ⊂ TpM̃ a subspace,
Ũp ⊂ TpM̃ a convex open subset which determines normal coordinate neighborhoods
Ũ = Expp(Ũp) with respect to ∇g̃ around p, and let M = Expp(Ũp ∩ V) with induced
statistical structure (∇, g) from (M̃, ∇̃, g̃). Denote γv the ∇g̃-geodesic through p whose
tangent vector at p is v, where Expp(v) = γv(1). Let Pγv be the ∇g̃-parallel translating
along γv from p to γv(1). M is a doubly autoparallel statistical submanifold if and only if

Rg̃(Pγv(v), Pγv(x))Pγv(y) ∈ Pγv(V), (4.17)

K̃(Pγv(x), Pγv(y)) ∈ Pγv(V) (4.18)

holds for any v, x, y ∈ Ũp ∩ V, where K̃ is the difference tensor field on (M̃, ∇̃, g̃).

Proof. If M is a doubly autoparallel, its construction implies Pγv(V) = Tγv(1)M for every
v ∈ Ũp ∩ V . Therefore, M satisfies (4.17) and (4.18).

From Theorem 4.3.1 and (4.17), M is an autoparallel submanifold with respect to ∇g̃.
Furthermore, we get Pγv(V) coincides with Tγv(1)M, so the set of all Pγv(V) coincides with
T M. By assumption (4.18), we see that K̃(X,Y) ∈ Γ(T M) for all X,Y ∈ Γ(T M). Thus, we
have

K(X,Y) = K̃(X,Y)

for all X,Y ∈ Γ(T M), where K is the difference tensor field on (M,∇, g). Since M is an
autoparallel submanifold with respect to ∇g̃, we obtain

∇XY = ∇̃XY

for all X,Y ∈ Γ(T M). Therefore (M,∇, g) is autoparallel with respect to ∇̃ = ∇̃(1). By
using lemma 4.3.2, we can conclude M is doubly autoparallel. □

56



Chapter 5

Warped product statistical manifolds

5.1 Standard warped product statistical manifolds
This section treats standard warped product statistical manifolds. Warped product

manifolds are one of the most meaningful generalizations of Riemannian product man-
ifolds. The notion of the warped product manifolds is introduced in [14] for constructing
a larger class of manifolds of negative Riemannian curvature.

Definition 5.1.1. Let (B, gB) and (F, gF) be Riemannian manifolds and f ∈ C∞(B,R+).
The warped product manifold B × f F is the product manifold B × F endowed with the
following Riemannian metric:

g = π∗B(gB) + ( f ◦ πB)2π∗F(gF),

where πB : B × F → B and πF : B × F → F are projections.

Theorem 5.1.2. ([14]) Let M = B× f F be a warped product manifold. Denote by cF is the
Riemannian sectional curvature of F. Then the warped product M = B × f F has constant
Riemannian sectional curvature c < 0 if the following conditions holds:

(1) dim B = 1 or B is of negative Riemannian curvature c < 0;
(2) f is strictly convex;
(3) dim F = 1 or cF < 0 if f has a minimum, or cF ≤ 0 if f does not have a minimum.

We remark that warped product manifolds can, of course, have positive curvature.

Based on the theorem above, we consider warped product manifolds M = B × f F
with dim B = 1. It is significant to investigate this class because it is related to Sasakian
manifolds and Kenmotsu manifolds. We treat Kenmotsu manifolds in section 5.3.
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In [47], L. Todjihounde introduced a dualistic structure on warped product manifolds.

Let B = (I,∇I , (dt)2) and F = (N̄, ∇̄, ḡ) be statistical manifolds, where I is an open
interval in R, N̄ an (m + p − 1)-dimensional manifold, and f : I → R+ a smooth positive
function on I.

We put M̃ = I × f N̄. Let L(I) and L(N̄) be the set of all horizontal and vertical lifts on
I and N̄, respectively.

Denote by ∂0 =
∂
∂t for t ∈ I the unit tangent vector field of I. From (1.5), it is easy to

see that

∇I
∂0
∂0 = ν(t)∂0, ∇I∗

∂0
∂0 = −ν(t)∂0,

where ν ∈ C∞(I).

Definition 5.1.3. For two statistical manifolds (I,∇I , (dt)2) and (N̄, ∇̄ = ∇ḡ + K̄, ḡ) and
f ∈ C∞(I,R+), we define (M̃, ∇̃ = ∇g̃ + K̃, g̃) by

M̃ = I × N̄,

g̃ = 〈 , 〉 = (dt)2 + f 2ḡ,

K̃(∂0, ∂0) = ν(t)∂0,

K̃(∂0, X̄) = K̃(X̄, ∂0) = 0,

K̃(X̄, Ȳ) = K̄(X̄, Ȳ)

for X̄, Ȳ ∈ L(N̄). Then (M̃, ∇̃, g̃) is a statistical manifold. We call it the standard warped
product statistical manifold of (I,∇I , (dt)2) and (N̄, ∇̄, ḡ) with warping function f ∈ C∞(I,R+),
and denote it by (M̃, ∇̃, g̃) = I × f (N̄, ∇̄, ḡ).

See [23] and [47] for a general definition for warped product. We denote f ′ =
d f
dt

,

f ′′ =
d2 f
dt2 and define

X̄ = X̃ − 〈X̃, ∂0〉∂0 ∈ L(N̄)

for X̃ ∈ Γ(T M̃).

Proposition 5.1.4. Let (M̃, ∇̃, g̃) = I × f (N̄, ∇̄, ḡ) be a statistical warped product man-
ifold. We denote by S̄ and S̃ the statistical curvature tensor fields of (∇̄, ḡ) and (∇̃, g̃),
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respectively. Then we have the following formula:

S̃ (X̃, Ỹ)Z̃ = S̄ (X̄, Ȳ)Z̄ −
(

f ′

f

)2

{〈Ỹ , Z̃〉X̃ − 〈X̃, Z̃〉Ỹ} (5.1)

+

( f ′

f

)2

− f ′′

f

 {〈Ỹ , Z̃〉〈X̃, ∂0〉∂0 − 〈X̃, Z̃〉〈Ỹ , ∂0〉∂0

+ 〈Ỹ , ∂0〉〈Z̃, ∂0〉X̃ − 〈X̃, ∂0〉〈Z̃, ∂0〉Ỹ
}

for X̃, Ỹ , Z̃ ∈ Γ(T M̃).

Proof. From Definition 5.1.3, it is easy to see that the following hold for X̄, Ȳ , Z̄ ∈ L(N̄):

∇̃∂0∂0 = ν(t)∂0,

∇̃∂0 X̄ = ∇̃X̄∂0 =
f ′

f
X̄,

∇̃X̄Ȳ = ∇̄X̄Ȳ − f ′

f
g̃(X̄, Ȳ)∂0,

and

∇̃∗∂0
∂0 = −ν(t)∂0,

∇̃∗∂0
X̄ = ∇̃∗X̄∂0 =

f ′

f
X̄,

∇̃∗X̄Ȳ = ∇̄∗X̄Ȳ − f ′

f
g̃(X̄, Ȳ)∂0,

where ν ∈ C∞. Thus, we get

R̃(∂0, ∂0)∂0 = 0,

R̃(X̄, ∂0)∂0 =
ν f ′ − f ′′

f
X̄,

R̃(X̄, Ȳ)∂0 = 0,

R̃(∂0, ∂0)X̄ = 0,

R̃(∂0, X̄)Ȳ = −ν f ′ + f ′′

f
〈X̄, Ȳ〉∂0,

R̃(X̄, Ȳ)Z̄ = R̄(X̄, Ȳ)Z̄ −
(

f ′

f

)2

{〈Ȳ , Z̄〉X̄ − 〈X̄, Z̄〉Ȳ},
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and

R̃∗(∂0, ∂0)∂0 = 0,

R̃∗(X̄, ∂0)∂0 = −
ν f ′ + f ′′

f
X̄,

R̃∗(X̄, Ȳ)∂0 = 0,

R̃∗(∂0, ∂0)X̄ = 0,

R̃∗(∂0, X̄)Ȳ =
λ f ′ − f ′′

f
〈X̄, Ȳ〉∂0,

R̃∗(X̄, Ȳ)Z̄ = R∗(X̄, Ȳ)Z̄ −
(

f ′

f

)2

{〈Ȳ , Z̄〉X̄ − 〈X̄, Z̄〉Ȳ}.

From these equations, we directly obtain

S̃ (∂0, ∂0)∂0 = 0,

S̃ (X̄, ∂0)∂0 = −
f ′′

f
X̄,

S̃ (X̄, Ȳ)∂0 = 0,

S̃ (∂0, ∂0)X̄ = 0,

S̃ (∂0, X̄)Ȳ = − f ′′

f
〈X̄, Ȳ〉∂0,

S̃ (X̄, Ȳ)Z̄ = S̄ (X̄, Ȳ)Z̄ −
(

f ′

f

)2

{〈Ȳ , Z̄〉X̄ − 〈X̄, Z̄〉Ȳ}.

Therefore, we get (5.1). □

Theorem 5.1.5. Let N̄(c) = (N̄, ∇̄, ḡ) be an (m + p − 1)-dimensional statistical manifold
of constant statistical sectional curvature c. Let (M̃, ∇̃, g̃) = I × f N̄(c) be an (m + p)-
dimensional standard warped product statistical manifold. Then we have

S̃ (X̃, Ỹ)Z̃ =
 c

f 2 −
(

f ′

f

)2 {〈Ỹ , Z̃〉X̃ − 〈X̃, Z̃〉Ỹ}
−

 c
f 2 −

(
f ′

f

)2

+
f ′′

f

 {〈Ỹ , Z̃〉〈X̃, ∂0〉∂0 − 〈X̃, Z̃〉〈Ỹ , ∂0〉∂0

+ 〈Ỹ , ∂0〉〈Z̃, ∂0〉X̃ − 〈X̃, ∂0〉〈Z̃, ∂0〉Ỹ
}

for X̃, Ỹ , Z̃ ∈ Γ(T M̃).
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From the theorem above, we find we can construct warped product statistical manifolds
of constant statistical sectional curvature as follows:

Theorem 5.1.6. Let (M̃, ∇̃, g̃) = I × f N̄(c) be a standard warped product statistical mani-
fold and λ ∈ R non-zero constant.

(1) If c = 0 and f (t) = exp (
√
|k|t) for non-positive constant k on I = R, then (M̃, ∇̃, g̃)

is of constant statistical sectional curvature k.
(2) If c < 0 and f (t) = cosh (

√
|k|t) on I = R, then (M̃, ∇̃, g̃) is of constant statistical

sectional curvature c.
(3) If c > 0 and λ > 0 and f (t) = cos (

√
ct) on I = (− π

2λ ,
π

2λ ), then (M̃, ∇̃, g̃) is of
constant statistical sectional curvature c.

(4) If c > 0 and f (t) =
√

ct on I = R+, then (M̃, ∇̃, g̃) is of constant statistical sectional
curvature 0.

Proof. (1) If f = exp(λt) on I = R, then we have

c
f 2 −

(
f ′

f

)2

=
c
f 2 − λ

2,

c
f 2 −

(
f ′

f

)2

+
f ′′

f
=

c
f 2 .

Hence, if c = 0 and λ =
√
|k| for non-positive constant k , then (∇̃, g̃) is of constant

statistical sectional curvature k.
(2) If f (t) = cosh (λt) on I = R, then we have

c
f 2 −

(
f ′

f

)2

=
1
f 2

(
c + λ2

)
− λ2,

c
f 2 −

(
f ′

f

)2

+
f ′′

f
=

1
f 2

(
c + λ2

)
.

Thus, if c < 0 and λ =
√
|c|, then (∇̃, g̃) is of constant statistical sectional curvature c.

(3) If λ > 0 and f (t) = cos (λt) on I = (− π
2λ ,

π
2λ ), then we have

c
f 2 −

(
f ′

f

)2

=
1
f 2

(
c − λ2

)
+ λ2,

c
f 2 −

(
f ′

f

)2

+
f ′′

f
=

1
f 2

(
c − λ2

)
.

Hence, if c > 0 and λ =
√

c, then (∇̃, g̃) is of constant statistical sectional curvature c.
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(4) If λ > 0 and f (t) = λt on I = R+, then we have

c
f 2 −

(
f ′

f

)2

=
1
t2

( c
λ2 − 1

)
,

c
f 2 −

(
f ′

f

)2

+
f ′′

f
=

1
t2

( c
λ2 − 1

)
.

Thus, if c > 0 and λ =
√

c, then it follow that S̃ ≡ 0. □

5.2 Statistical submanifolds in warped product statistical
manifolds

This section treats statistical submanifolds in standard warped product statistical man-
ifolds and discusses geometric inequalities characterizing doubly autoparallel.

Let N̄(c) = (N̄, ∇̄, ḡ) be an (m + p − 1)-dimensional statistical manifold of constant
statistical sectional curvature c, and (M̃, ∇̃, g̃) = I× f N̄(c) the (m+ p)-dimensional standard
warped product statistical manifold of (I,∇I , (dt)2) and N̄(c) with warping function f . Let
(M,∇, g) be an m-dimensional statistical submanifold in I × f N̄(c).

Definition 5.2.1. For a submanifold M in I × f N̄(c), we denote by T ∈ Γ(T M) the tangent
part of ∂0 ∈ L(I), which is given by

T =
m∑

i=1

〈∂0, ei〉ei,

where {e1, . . . , em} be an orthonormal tangent frame of M in M̃.

Proposition 5.2.2. Let (M,∇, g) be an m-dimensional statistical submanifold in I × f N̄(c).
Then the scalar curvature ρ of M satisfies

ρ ≥ m(m − 1)
 c

f 2 −
(

f ′

f

)2
−2(m − 1)

 c
f 2 −

(
f ′

f

)2

+
f ′′

f

 ‖T‖2
+m2〈H,H∗〉 − ‖h‖‖h∗‖.

The equality holds at x ∈ M if and only if h = 0 or h∗ = 0 or there exists a positive
constant µ such that h∗ = µh.
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Proof. From Proposition 5.1.5 and (4.3), we obtain

ρ = m(m − 1)
 c

f 2 −
(

f ′

f

)2
−2(m − 1)

 c
f 2 −

(
f ′

f

)2

+
f ′′

f

 ‖T‖2
+m2〈H,H∗〉 −

m∑
i, j=1

〈hi j, h∗i j〉.

By using the Cauchy-Schwarz inequality, we get

ρ ≥ m(m − 1)
 c

f 2 −
(

f ′

f

)2
−2(m − 1)

 c
f 2 −

(
f ′

f

)2

+
f ′′

f

 ‖T‖2
+m2〈H,H∗〉 − ‖h‖‖h∗‖,

where the equality holds for h = 0 or h∗ = 0 or h = µh∗ (µ ∈ R+). □

Proposition 5.2.3. For an m-dimensional statistical submanifold (M,∇, g) in I × f N̄(c), it
follows that

‖H‖2 + ‖H∗‖2 ≥ 8
m2

{
2Ricg(X, X) − L(X, X) − 2

m∑
j=2

K g̃(X ∧ e j)

+ (m − 1)
 c

f 2 −
(

f ′

f

)2
−

 c
f 2 −

(
f ′

f

)2

+
f ′′

f

 (‖T‖2 + (m − 2)〈X,T 〉2
) }

for a unit tangent vector X ∈ TxM.
The equality holds at x ∈ M if and only if 2h11 = mH, 2h∗11 = mH∗ and h1 j = 0, h∗1 j = 0

hold at x ∈ M for j = 2, . . . ,m, where {X = e1, e2, . . . , em} is an orthonormal basis of TxM.
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Proof. From Proposition 5.1.5, we obtain

m∑
j=2

K̃(X ∧ e j) =
m∑

j=1

〈S̃ (X, e j)e j, X〉

=(m − 1)
 c

f 2 −
(

f ′

f

)2
−

 c
f 2 −

(
f ′

f

)2

+
f ′′

f

 (‖T‖2 − (m − 2)〈X,T 〉2
)
.

From Proposition 4.2.4, we reach the conclusion. □

Theorem 5.2.4. For an m-dimensional statistical submanifold (M,∇, g) in an (m + p)-
dimensional standard warped product statistical manifold I × f N̄(c), we have

‖H‖2 + ‖H∗‖2 ≥ 8
m3

{
2ρg − ρ − 4

∑
1≤i< j≤m

K g̃(ei ∧ e j)

+ m(m − 1)
 c

f 2 −
(

f ′

f

)2
− 2(m − 1)

 c
f 2 −

(
f ′

f

)2

+
f ′′

f

 ‖T‖2}.
The equality holds at x ∈ M if and only if either (i) m ≥ 3 and x is a doubly autoparallel

point or (ii) m = 2 and x is a doubly totally-umbilical point.

Proof. Since N̄(c) is of constant statistical sectional curvature c, we have

2
∑

1≤i< j≤m

K̃(ei ∧ e j) =
m∑

j=1

〈S̃ (ei, e j)e j, ei〉 (5.2)

= m(m − 1)
 c

f
−

(
f ′

f

)2
− 2(m − 1)

 c
f 2 −

(
f ′

f

)2

+
f ′′

f

 ‖T‖2.
Thus, by substituting (5.2) to Theorem 4.2.8, we obtain the inequality.

As in the proof of Theorem 4.2.8, if the equality case of Proposition 5.2.3 holds iden-
tically for all unit tangent vectors at x ∈ M, then we have h = h∗ = 0 if m ≥ 3. It is easy to
see that h = g ⊗ H, h∗ = g ⊗ H∗ if m = 2. □
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Example 5.2.5. We consider a standard warped product statistical manifold

(M̃, ∇̃, g̃) = R ×cosh(λt) H
m+p−1(c), m ≥ 2 and p ≥ 1,

where λ is constant and Hm+p−1(c) is in Example 3.2.5 of parameters κ, α, α1, . . . , αm+p−2

with c = κ(α2 − 1), which is written as

M̃ = {(t, y1, . . . , ym+p−1) ∈ Rm+p | ym+p−1 > 0}

by using the global coordinates. We denote ∂0 =
∂
∂t and ∂i =

∂
∂yi for i = 1, . . . ,m + p − 1.

If λ = 0, the above ambient space is a product statistical manifold. If λ =
√
κ, then

(M̃, g̃) is actually the hyperbolic space of constant sectional curvature −κ. Furthermore, by
Theorem 5.1.6, if λ =

√
κ and α = 0, then (M̃, ∇̃, g̃) is Hm+p(−κ) constructed in Example

3.2.5 with α = 0.

(1) For constants (k1, . . . , kp) ∈ Rp−1 × R+, we consider

M = {(x1, . . . , xm, k1, . . . , kp) ∈ M̃ | (x1, . . . , xm) ∈ Rm}.

Then, M satisfies the equality condition of Proposition 5.2.2 at each point if and only if
|α| ≤ 1. On the other hand, M dose not satisfy the equality condition of Theorem 5.2.4. In
fact, we obtain

h(e1, ei) = h∗(e1, ei) = 0 (i = 1, . . . ,m),

h(ei, e j) = δi j(1 + α)κ
1
2 cosh−1(λt)ξp (i, j = 2, . . . ,m),

h∗(ei, e j) = δi j(1 − α)κ
1
2 cosh−1(λt)ξp (i, j = 2, . . . ,m),

where {e1, . . . , em, ξ1, . . . , ξp} is an adapted orthonormal frame given by

e1 = ∂0,

ei = κ
1
2 kp cosh−1(λt)∂i−1 (i = 2, . . . ,m),

ξβ = κ
1
2 kp cosh−1(λt)∂m+β−1 (β = 1, . . . , p).

(2) For constants (k1, . . . , kp) ∈ Rp, the submanifold

M = {(x1, . . . , xm−1, k1, . . . , kp, xm) ∈ M̃ |
(x1, . . . , xm) ∈ Rm−1 × R+}
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is doubly autoparallel. This means that M satisfies the equality conditions of Proposition
5.2.2 and Theorem 5.2.4.

(3) For constants (k1, . . . , kp) ∈ Rp, the submanifold

M = {(k1, . . . , kp, x1, . . . , xm) ∈ M̃ | (x1, . . . , xm) ∈ Rm−1 × R+}

is doubly totally-umbilical. Then, M satisfies the equality condition of Proposition 5.2.2
at each point. Furthermore, M satisfies the equality condition of Theorem 5.2.4 at each
point if and only if either (i) m ≥ 3 and λk1 = 0 or (ii) m = 2. In fact, we obtain

h(ei, e j) = h∗(ei, e j) = −δi jλ tanh(λk1)ξ1 (i, j = 1, . . . ,m),

where {e1, . . . , em, ξ1, . . . , ξp} is an adapted orthonormal frame given by

ei = κ
1
2 xm cosh−1(λk1)∂i+p−1 (i = 1, . . . ,m),

ξ1 = ∂0,

ξβ = κ
1
2 xm cosh−1(λk1)∂β−1 (β = 2, . . . , p).

(4) For constants (k1, . . . , kp) ∈ Rp−1 × R+ (p ≥ 2), the submanifold

M = {(k1, x1, . . . , xm, k2, . . . , kp) ∈ M̃ | (x1, . . . , xm) ∈ Rm}

is doubly totally-umbilical. Then, M satisfies the equality condition of Proposition 5.2.2
at each point if and only if either (i) λk1 = 0 and |α| ≤ 1 or (ii) λk1 , 0 and α = 0.
Furthermore, M satisfies the equality condition of Theorem 5.2.4 at each point if and only
if m = 2. Actually, we obtain

h(ei, e j) = δi j{(1 + α)κ
1
2 cosh−1(λk1)ξp − λ tanh(λk1)ξ1},

h∗(ei, e j) = δi j{(1 − α)κ
1
2 cosh−1(λk1)ξp − λ tanh(λk1)ξ1}

for i, j = 1, . . . ,m, where {e1, . . . , em, ξ1, . . . , ξp} is an adapted orthonormal frame given by

ei = κ
1
2 kp cosh−1(λk1)∂i (i = 1, . . . ,m),

ξ1 = ∂0,

ξβ = κ
1
2 kp cosh−1(λk1)∂m+β−1 (β = 2, . . . , p).
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(5) For constants (k1, . . . , kp−1) ∈ Rp−1, we consider

M = {(x1, x1, x2, . . . , xm−1, k1, . . . , kp−1, xm) ∈ M̃ |
(x1, . . . , xm) ∈ Rm−1 × R+}.

Then, M satisfies the equality condition of Proposition 5.2.2 at each point if and only if
either (i) λ = 0, ν = α1 and |α| ≤ 1 or (ii) λ , 0, ν = α1 and α = 0. Nevertheless, M does
not satisfy the equality condition of Theorem 5.2.4. In fact, we have

h(e1, e1) = q−1r−
1
2 {α1 − ν + λ(1 + q) tanh(λt)}ξ1,

h∗(e1, e1) = q−1r−
1
2 {−α1 + ν + λ(1 + q) tanh(λt)}ξ1,

h(e1, em) = −q−
1
2 r−

1
2 κ

1
2 cosh−1(λt)(1 − α)ξ1,

h∗(e1, em) = −q−
1
2 r−

1
2 κ

1
2 cosh−1(λt)(1 + α)ξ1,

h(ei, ei) = h∗(ei, ei) = r−
1
2λ tanh(λt)ξ1 (i = 2, . . . ,m),

h(ei, e j) = h∗(ei, e j) = 0 ((i, j) = otherwise),

where

q = 1 + κ−1(xm)−2 cosh2(λt),

r = 1 + κ(xm)2 cosh−2(λt)

and {e1, . . . , em, ξ1, . . . , ξp} is an adapted orthonormal frame given by

e1 = q−
1
2 (∂0 + ∂1),

ei = κ
1
2 xm cosh−1(λt)∂i (i = 2, . . . ,m − 1),

em = κ
1
2 xm cosh−1(λt)∂m+p−1,

ξ1 = r−
1
2 (−∂0 + κ(xm)2 cosh−2(λt)∂1),

ξβ = κ
1
2 xm cosh−1(λt)∂m+β−2 (β = 2, . . . , p).
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5.3 Statistical pseudo-Ricci solitons on Kenmotsu statisti-
cal manifolds

Regarding notions of hyperbolic space and warped product, the Kenmotsu manifold is
one of the most important objects because a typical example of a Kenmotsu manifold is
an odd-dimensional hyperbolic space, and a Kenmotsu manifold is locally constructed as
the warped product manifold of a line and a Kähler manifold.

Let us recall that an almost contact metric manifold (M, g, ϕ, ξ, η) satisfies

ϕ2X = −X + η(X)ξ,
ϕξ = 0,
η(ϕX) = 0,
η(ξ) = 1,
g(ϕX, ϕY) = g(X,Y) − η(X)η(Y),
η(X) = g(X, ξ)

for any X,Y ∈ Γ(T M) as in Definition 1.2.8.

Definition 5.3.1. ([27]) An almost contact metric manifold (M, g, ϕ, ξ, η) is said to be
Kenmotsu manifold if the following conditions

(∇g
Xϕ)Y = −η(Y)ϕX + g(ϕX,Y)ξ,

∇g
Xξ = X − η(X)ξ (5.3)

hold for any X,Y ∈ Γ(T M).

Proposition 5.3.2. ([27]) Let (N̄, ḡ, J) be a Kähler manifold and λ a non-zero constant. Let
f (t) = λ exp(t) be a function on a line R. Then the warped product manifold M̃ = R × f N̄
has a Kenmotus structure (̃g, ϕ, ξ, η) as follow:

g̃ = (dt)2 + λ2 exp (2t)ḡ,
ϕX̄ = JX̄, ϕξ = 0,

ξ =
∂

∂t
, η(X̃) = g(X̃, ξ)

for any X̄ ∈ Γ(T N̄), X̃ ∈ Γ(T M̃).
Conversely, for any point x in a Kenmotsu manifold (M̃, g̃, ϕ, ξ, η), some neighborhood

Ux of x ∈ M̃ is identified with a warped product manifold (−ε, ε) × f N̄ such that (−ε, ε) is
an open interval, f (t) = λ exp(t) and N̄ is a Kähler manifold.
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The notion of Kenmotsu statistical manifolds is the statistical counterpart of a Ken-
motsu manifold and defined as follow:

Definition 5.3.3. ([23]) Let (M, g, ϕ, ξ, η) be a Kenmotsu manifold and (∇ = ∇g + K, g) a
statistical structure on M. If (∇, g, ϕ, ξ, η) satisfies the following condition

K(X, ϕY) = −ϕK(X,Y) (5.4)

for any X,Y ∈ Γ(T M), then (M,∇, g, ϕ, ξ, η) is said to be a Kenmotsu statistical manifold
and (∇, g, ϕ, ξ, η) is called a Kenmotsu statistical structure on M.

We remark that (∇, g, ϕ, ξ, η) a Kenmotsu statistical structure on M, so is (∇∗, g, ϕ, ξ, η).

Theorem 5.3.4. ([23]) Let (M,∇ = ∇g + K, g) be a statistical manifold, and (g, ϕ, ξ, η) an
almost contact metric structure on M. (∇, g, ϕ, ξ, η) is a Kenmotsu statistical structure on
M if and only if

∇X(ϕY) − ϕ∇∗XY = −η(Y)ϕX + g(ϕX,Y), (5.5)
∇Xξ = X − {η(X) − µ(X)}ξ (5.6)

for any X,Y ∈ Γ(T M), where µ(X) = −η(∇∗Xξ) = η(∇Xξ) = η(K(ξ, ξ))η(X).

The following proposition indicates that a Kenmotsu statistical manifold is constructed
as the warped product of a line and a holomorphic statistical manifold, where a holomor-
phic statistical manifold is defined as follow:

Let (M, g, J) be a Kähler manifold. A triplet (∇ = ∇g +K, g, J) is called a holomorphic
statistical structure on M if (∇, g) is a statistical structure on M, and K and J satisfy

K(X, JY) = −JK(X,Y)

for any X,Y ∈ Γ(T M). Then (M,∇, g, J) is called a holomorphic statistical manifold.

Proposition 5.3.5. ([23]) Let (N̄, ∇̄ = ∇ḡ + K̄, ḡ, J) be a holomorphic statistical manifold,
and (M̃ = R × N̄, g̃, ϕ, ξ) the Kenmotsu manifold as in Proposition 5.3.2. For any ν ∈
C∞(M̃), define K̃ ∈ Γ(T M̃(1,2)) by

K̃(ξ, ξ) = νξ, (5.7)

K̃(ξ,V) = K̃(U, ξ),

K̃(U,V) = K̄(U,V)

for any U,V ∈ Γ(T N̄). Then (∇̃ = ∇g̃ + K̃, g̃, ϕ, ξ, η) is a Kenmotsu statistical structure on
M̃.
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It is a remark that the warped product statistical manifold above is more general than
the standard warped product statistical manifold as in Definition 5.1.3 since ν is a smooth
function on M̃ as (5.7).

Let (M̃, ∇̃, g̃, ϕ, ξ, η) be a Kenmotsu statistical manifold constructed as the warped
product of a line and a holomorphic statistical manifold (N̄, ∇̄ = ∇ḡ + K̄, ḡ) as in Proposi-
tion 5.3.5. Then the following relations hold for any X̄, Ȳ , Z̄ ∈ Γ(T N̄) (See [23]):

S̃ (X̄, Ȳ)Z̄ = S̄ (X̄, Ȳ)Z̄ − g̃(Ȳ , Z̄)X̄ + g̃(X̄, Z̄)Ȳ ,

S̃ (X̄, Ȳ)ξ = 0,

S̃ (X̄, ξ)ξ = −X̄,

where S̃ denote the statistical curvature tensor field for (∇̃, g̃) on M̃, and S̄ the one for
(∇̄, ḡ) on N̄. Furthermore, if a Kenmotsu statistical manifold is of constant ϕ statistical
sectional curvature c, that is,

S̃ (X̃, Ỹ)Z̃ =
c − 3

4

{
g̃(Ȳ , Z̄)X̄ − g̃(X̄, Z̄)Ȳ

}
+

c + 1
4

{
g̃(ϕỸ , Z̃)ϕX̃ − g̃(ϕX̃, Z̃)ϕỸ − 2g̃(ϕX̃, Ỹ)ϕZ̃

− g̃(Ỹ , ξ)̃g(Z̃, ξ)X + g̃(X̃, ξ)̃g(Z̃, ξ)Y

+ g̃(Ỹ , ξ)̃g(Z̃, X̃)ξ + g̃(X̃, ξ)̃g(Z̃, Ỹ)ξ
}

for any X̃, Ỹ , Z̃ ∈ Γ(T M̃), then c = −1, and (N̄, ∇̄, ḡ, J) is of constant holomorphic sectional
curvature 0.

In the submanifold theory, it is known that any real hypersurface in a non-flat com-
plex space form is not Einstein (See [29]). Furthermore, a real hypersurface in a non-flat
complex space form does not admit a Ricci soliton whose potential vector field is the char-
acteristic vector field (See [19]). Accordingly, the notion of pseudo-Einstein and that of
pseudo-Ricci solitons are necessary on almost contact metric manifolds.

Let us recall that an almost contact metric g satisfies

g(ϕX, ϕY) = g(X,Y) + η(X)η(Y)

for any X,Y ∈ Γ(T M). S. Tanno [46] introduced the notion of pseudo-Einstein on almost
contact metric manifolds (M, g, ϕ, ξ, η). If the following equation

Ricg = λg + ωη ⊗ η
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holds, where Ricg is the Ricci tensor associated to g, and λ and ω are constants, then
(M, g, ϕ, ξ, η) is called a pseudo-Einstein manifold. If ω = 0 in the equation above, it is an
Einstein manifold.

Moreover, as a generalization of Ricci solitons, the notion of pseudo-Ricci solitons
was introduced by J. T. Cho and M. Kimura [19]. A smooth vector field V is said to define
a pseudo-Ricci soliton on almost contact metric manifold (M, g, ϕ, ξ, η) if it satisfies the
following equation

Ricg +
1
2
LVg = λg + ωη ⊗ η,

where LVg is the Lie-derivative of the Riemannian metric g with respect to V , Ricg is the
Ricci tensor associated to g, and λ and ω are constants. We call the vector field V the
potential vector field of the pseudo-Ricci soliton.

For an almost contact metric manifold with a statistical structure, we introduce the
statistical pseudo-Einstein manifold as follow:

Definition 5.3.6. Let (M,∇, g, ϕ, ξ, η) be an almost contact metric manifold with a statis-
tical structure. If the statistical Ricci tensor satisfies

L = λg + ωη ⊗ η,

where λ and ω are constants, then (M,∇, g, ϕ, ξ, η) is called a statistical pseudo-Einstein
manifold.

Remark 5.3.7. (1) We notice that if ω = 0 in the equation above, (M,∇, g, ϕ, ξ, η) is an
statistical Einstein manifold.

(2) If a statistical structure (∇, g) is trivial, that is, ∇ = ∇g, then a statistical pseudo-
Einstein manifold is a pseudo-Einstein manifold.

Correspondingly, we introduce statistical pseudo-Ricci solitons as a natural general-
ization of statistical pseudo-Einstein manifolds.

Definition 5.3.8. Let (M,∇, g, ϕ, ξ, η) be an almost contact metric manifold with a sta-
tistical structure. A vector field V is said to define a statistical pseudo-Ricci soliton on
(M,∇, g, ϕ, ξ, η) if it satisfies the following equation:

L +
1
2
LVg = λg + ωη ⊗ η,

where λ and ω are constants. We call V the potential vector filed of the statistical pseudo-
Ricci soliton.
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Remark 5.3.9. We remark that ω = 0, then V defines a statistical Ricci soliton. A statisti-
cal pseudo-Einstein manifold is considered as a statistical pseudo-Ricci soliton with zero
or Killing vector field V .

Theorem 5.3.10. A Kenmotsu statistical manifold (M,∇, g, ϕ, ξ, η) is statistical pseudo-
Einstein if ξ defines a statistical pseudo-Ricci soliton.

Proof. For any X ∈ Γ(T M), we get

∇Xξ = X − {η(X) − µ(X)}ξ,
∇∗Xξ = X − {η(X) + µ(X)}ξ.

Thus, we get

(Lξg)(X,Y) = g(∇Xξ, Y) + g(X,∇∗Yξ)
= g(X − {η(X) − µ(X)}ξ, Y) + g(X,Y − {η(Y) + µ(Y)}ξ)
= 2g(X,Y) − 2η(X)η(Y)

for any X,Y ∈ Γ(T M). Therefore, if (M,∇, g, ϕ, ξ, η) is a statistical pseudo-Ricci soliton,
then we have

L(X,Y) = −(λ − 1)g(X,Y) + (ω + 1)η(X)η(Y), (5.8)

which implies that (M,∇, g, ϕ, ξ, η) is a statistical pseudo-Einstein manifold. □

Example 5.3.11. We set

M = {(t, x1, . . . , xm, xm+1, . . . , x2m) ∈ R2m+1},

where (t, x1, . . . , xm, xm+1, . . . , x2m) are the standard coordinates in R2m+1. Then we take the
vector fields {e0 = ξ, e1, . . . , em, em+1, . . . , e2m} as

e0 = ξ =
∂

∂t
, ei = exp (−t)

∂

∂xi (i = 1, . . . , 2m).

The Riemannian metric g is given by

g(ei, e j) = δi j (i, j = 0, 1, . . . , 2m),

that is, {e0 = ξ, e1, . . . , em, em+1, . . . , e2m} is an orthonormal frame on M with respect to g.
Then, let η be the 1-form defined by

η(X) = g(X, ξ)
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for any X ∈ Γ(T M).
Let ϕ be the (1, 1)-tensor field on M defined by

ϕ(e0) = ϕ(ξ) = 0, ϕ(ei) = ei+m, ϕ(em+i) = −ei

for i = 1, . . . ,m.
For any X,Y ∈ Γ(T M) and constant ν ∈ C∞(M), we set the difference tensor field K by

K(X,Y) = νη(X)η(Y)ξ.

Then, (M,∇ = ∇g + K, g, ϕ, ξ, η) is a (2m + 1)-dimensional Kenmotsu statistical man-
ifold. Moreover, it is a statistical Einstein manifold. Indeed, it is of constant ϕ-sectional
statistical sectional curvature −1 and

L(X,Y) = −2mg(X,Y)

holds for all X,Y ∈ Γ(T M). Obviously, it admits an expanding statistical Ricci soliton.

We generalize Definitions 5.3.6 and 5.3.8 for a statistical submanifold in a Kenmotsu
statistical manifold, even if it does not admit an almost metric structure.

Definition 5.3.12. (1) Let (M,∇, g) be a statistical submanifold in a Kenmotsu statistical
manifold (M̃, ∇̃, g̃, ϕ, ξ, η). M is called a statistical pseudo-Einetein submanifold if the
statistical Ricci tensor L is of the form

L = λg + ωη ⊗ η,

where λ and ω are constants.
(2) Let (M,∇, g) be a statistical submanifold of a Kenmotsu statistical manifold (M̃, ∇̃, g̃,

ϕ, ξ, η). A vector field V on M is said to define a statistical pseudo-Ricci soliton on M in
M̃ if it satisfies

L +
1
2
LVg = λg + ωη ⊗ η,

for constants λ and ω.

Theorem 5.3.13. Let (M,∇, g) be a statistical submanifold of a Kenmotsu statistical mani-
fold (M̃, ∇̃, g̃, ϕ, ξ, η). Suppose that ξ is tangent to M and defines a statistical pseudo-Ricci
soliton on M in M̃. Then M is a statistical pseudo-Einstein submanifold.
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Proof. For any X ∈ Γ(T M),

∇̃Xξ = ∇Xξ + h(X, ξ)

holds. On the other hand, we have

∇̃Xξ = X − {η(X) − µ(X)}ξ

for any X,Y ∈ Γ(T M). Therefore we get

∇Xξ = X − {η(X) − µ(X)}ξ.

In the same way, we obtain

∇∗Xξ = X − {η(X) + µ(X)}ξ.

Thus, we get

(Lξg)(X,Y) = g(∇Xξ, Y) + g(X,∇∗Yξ)
= g(X − {η(X) − µ(X)}ξ, Y) + g(X,Y − {η(Y) + µ(Y)}ξ)
= 2g(X,Y) − 2η(X)η(Y)

for any X,Y ∈ Γ(T M). Therefore, if (M,∇, g, ξ) is a statistical pseudo-Ricci soliton, then
we have

L(X,Y) = −(λ − 1)g(X,Y) + (ω + 1)η(X)η(Y), (5.9)

which implies that (M,∇, g) is a statistical pseudo-Einstein submanifold. □

Corollary 5.3.14. Let (M̃, ∇̃, g̃, ϕ, ξ, η) be a Kenmotsu statistical manifold such that ξ is
the potential vector filed of statistical pseudo-Ricci soliton, and (M,∇, g) be a statistical
submanifold admitting a statistical pseudo-Ricci soliton of ξ with ω = −1. Then (M,∇, g)
is a statistical Einstein manifold.

Proof. From (5.9), it is easy to see that

L(X,Y) = −(λ − 1)g(X,Y),

for any X,Y ∈ Γ(T M). Thus, (M,∇, g) is a statistical Einstein manifold. □
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Corollary 5.3.15. Let (M̃, ∇̃, g̃, ϕ, ξ) be a Kenmotsu statistical manifold such that ξ is the
potential vector filed of statistical Ricci soliton, and (M,∇, g) be a statistical submanifold
admitting a statistical Ricci soliton of ξ. Then (M,∇, g) is a statistical pseudo-Einstein
manifold.

Proof. From (5.9), it is easy to see that

L(X,Y) = −(λ − 1)g(X,Y) + η(X)η(Y), ,

for any X,Y ∈ Γ(T M). Thus, (M,∇, g) is a statistical pseudo-Einstein manifold. □

Remark 5.3.16. For constants (k1, . . . , k2m−n+1) ∈ R2m−n+1 (n < 2m + 1), we consider

M = {(x1, . . . , xn, k1, . . . , k2m−n+1) ∈ M̃ | (x1, . . . , xn) ∈ Rn},

where (M̃, ∇̃, g̃, ϕ, ξ, η) be a (2m + 1)-dimensional Kenmotsu statistical manifold as in Ex-
ample 5.3.11. In the setting above, if ξ = ∂

∂x1 satisfies

L(X,Y) + (Lξg)(X,Y) = λg(X,Y) + ωη(X)η(Y)

for any X,Y ∈ Γ(T M), then M is a statistical pseudo-Einstein manifold.
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