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Chapter 1

Introduction

1.1 Background and significance

The wave equation is a typical hyperbolic partial differential equation. We know that
there are various wave phenomena in physics, such as spring, light-wave, water-wave, and
so on. The wave equation often appears in the classical mathematical model to describe
these wave phenomena, involving a wide range of fields, not only electromagnetics, fluid
mechanics but also quantum mechanics and relativity. Therefore, the study of wave equa-
tion has important guiding significance and theoretical value in understanding reality and
academic research. The basic characteristics of the wave equation are finite propagation
velocity and zero curvature in the direction of generatrix. To a certain extent, it also has a
dispersion property similar to the Schrödinger equation and other evolution equations.

The standard form of semilinear wave equation can be written as□u := (∂2t −∆)u = F (t, x, u, ∂u), (t, x) ∈ R+ × Rn,

u(0, x) = f(x), ut(0, x) = g(x).
(1.1)

Here, people usually focus on the local and global well-posedness, regularity, long-time
behavior, and blow-up structure.

Considering (1.1), a typical form of this equation is that F only contain the powers of
u, which means □u = Fp(u), (t, x) ∈ R+ × Rn,

u(0, x) = f(x), ut(0, x) = g(x),
(1.2)

where Fp(u) = |u|p, p > 1, or some other disturbed form. We aim to investigate the
relationship between the nonlinear power p, the smallness of the initial data (ε order), and
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the longest existence time of the solution Tε. This kind of problem is generally called the
Strauss problem, or related problem of Strauss conjecture. For a more specific historical
review and description, please refer to Wang-Yu [31].

The critical exponent of the standard Strauss problem is pS(n) = n+1+
√
n2+10n−7

2n−2
,

which is the positive root of equation

hS(p;n) = 0, hS(p;n) := (n− 1)p2 − (n+ 1)p− 2. (1.3)

Meanwhile, as we said before, denote ε be the order of smallness of initial data, and define
Tε be the longest lifespan of the solution to (1.2). Then, roughly specking, when p >

max(1, pd(n)), where pd(n) := 2
n−1

, we have
Tε = ∞, p > pS;

lnTε ≈ ε−p(p−1), p = pS;

Tε ≈ ε
2p(p−1)
hS(p;n) , p < pS.

In this article, we will discuss several classes of equation or system which related to
the standard Strauss equation (1.2), and study the behavior of their long-time development.
More specifically, we will firstly study a class of Strauss type systems in asymptotically flat
space time (Section 1.2), and compare the result with that in flat space-time. Then, we study
a kind of Strauss type equation with damping and potential (Section 1.3), and research the
influence of damping term and potential term on critical index and existence time. After
that, we study the semilinear equation with mixed force terms, |u|p and |∂tu|q (Section 1.4),
to explore how such nonlinear form affects the evolution of the solution. Finally, we study a
coupling systemwith above two type force terms (Section 1.5), and observe the relationship
between this system and other systems which have only one type of force term.

1.2 Strauss type system on asymptotically flat space-time

With the development of wave equations in flat space-time, more and more attention
has been paid to the study of wave equations on non flat manifolds. As we all know, there
are many difficulties in the study of wave equations on manifolds. For example, in this
situation, the fundamental solution is hard to obtain, the Fourier analysis is not easy to
carry out, and the characteristic surface is not simple conical. These factors make that
many obvious conclusions in flat space-time may not be valid for the general case.
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However, for some special asymptotically flat manifolds, such as locally disturbed
space-time, the region outside the Kerr black hole, and so on, a lot of progress has been
made.

In this paper, we will also study the related Strauss problems on this kind of manifolds.
Specifically, let (M, g) be a (3 + 1)-dimensional asymptotically flat space-time manifold
and □g = ∇µ∇µ be the associated d’Alembertian operator, where M = R+ × R3 or
R+ × (R3\K) with bounded smooth K ⊂ B(0, R0) for some R0 > 0. We will study the
system

□gu1 = Fp1(u2), □gu2 = Fp2(u1),

where the power type nonlinearities Fp ∈ C2 are assumed to satisfy∑
0≤j≤2

|u|j|∂juFp(u)| ≲ |u|p for |u| � 1. (1.4)

Typical examples include Fp(u) = ±|u|p and Fp(u) = ±|u|p−1u (p ≥ 2).
For simplicity of presentation, we set ι ∈ {1, 2}, ι̂ = 3− ι, and rewrite the system as

follows □guι = Fpι(uι̂), (t, x) ∈M,

(uι, ∂tuι)|t=0 = (fι, gι),
ι = 1, 2, (1.5)

with sufficiently nice and small initial data fι, gι.
This problem has been well discussed when (M, g) isMinkowski space-time, see Del

Santo-Georgiev-Mitidieri [8], Agemi-Kurokawa-Takamura [1]. Take σ = σSS(p1, p2),
where

σSS(p, q) := max
{
p+ 2 + q−1

pq − 1
,
q + 2 + p−1

pq − 1

}
− 1. (1.6)

It is well known that in this situation, roughly speaking,

Tε ≈ ε−
1
σ σ > 0,

lnTε ≈ ε−minι pι(p1p2−1) σ = 0, p1 6= p2,

lnTε ≈ ε−pι(pι−1) σ = 0, p1 = p2,

Tε = ∞ σ < 0.

There are also some related discussions of the Strauss problem on asymptotically flat
manifolds. First of all, it is obvious that weighted Strichartz estimate plays an important
role in this kind of problems. Also, the weighted Strichartz estimate is closely related to
the local energy estimate. Among many versions of local energy estimates, a sharp version
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of uniform energy and (micro-localized) local energy estimates was established for wave
operators with small, asymptotically flat metric perturbations, in Metcalfe-Tataru [27].

Based on this research, using trace theorem and some other technical tools, Metcalfe-
Wang [23] obtain the global existence for the Strauss problem in the supercritical case
(p > 1 +

√
2) for a large class of asymptotically flat space-time. Meanwhile, Wang [30]

further combines the local energy estimate with the KSS estimate and the weighted trace
theorem, and obtain the certain lower bound estimates of the lifespan in the subcritical and
critical cases.

After that, Metcalfe-Spencer [26] applied similar discussion into system situation, and
proved the global existence of solution for σ < 0 and pι > 2. It is to be remarked that the
case p1 = 2 and p2 > 3.5was excluded in this paper, for which it is known to be admissible
for global results on Minkowski space-time.

Based on previous work, using trace theorem, KSS estimate, interpolation and other
technical tools, we reach a large class of weighted Strichartz estimate from local energy
estimate. This estimate covers a wide range of indexes and is expected to be applied to
many related problems. In particular, applying this estimate to (1.5), under Hypothesis
(H1) and (H2), we prove that there exists a constant c = c(p1, p2) such that (assuming
p2 ≥ p1)

Tε ≥



cε−
1
σ if σ > 0,

exp(cε−2(p1−1)) if σ = 0, p1 > 2,

exp(cε−2+δ) if σ = 0, p1 = 2,

∞ if σ < 0.

This conclusion covers all the known existence results in general asymptotically flat space-
time. Meanwhile, we complete the result of Metcalfe-Spencer [26] with pι = 2. Specially,
reducing to the single equation situation, our result make some improvements on the re-
quirement and result of Wang’s [30]. At last, comparing with the results on flat space-time,
it can be expected that our results are optimal in all non critical cases.

1.3 Strauss type equation with damping and potential

Next, we consider a class of semilinear wave equations with damping and potential.Pu := ∂2t u+Dr−1∂tu−∆u+ V r−2u = |u|p, t > 0, r := |x|,

u(0, x) = εf(x), ∂tu(0, x) = εg(x), x ∈ Rn.
(1.7)
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Here n ≥ 2, D ≥ 0, V ∈ R, p > 1 and 1 � ε > 0. In recent years, the kind of Strauss
equation with damping and potential has also caused a lot of discussions. However, there is
not much progress on this kind of special wave equation (1.7) with scaling balance damping
and potential. The main difficulty of studying this kind of equation is not only from the
singularity of the equation itself at the origin, but also from that the influence of damping
and potential are same order with the wave operator.

For (1.7) only with the damping term, which means D > 0, V = 0, one related work
comes from Ikeda-Sobajima [16]. Roughly speaking, the authors proved the solution must
blow-up when p ≤ pS(n+D).

Another enlightening result came from Ikehata-Todorova-Yordanov [17]. When V =

0 and the coefficient of damping term is given by (1 + |x|2)−α/2 (0 ≤ α < 1), the critical
exponent becomes pF (n − α). pF (n) = 1 + 2/n stands for the Fujita exponent, which
satisfies

hF (p;n) = 0, hF (p;n) := np− (n+ 2).

The other characteristic of equation (1.7) is inverse square potential V r−2. Such a
potential draws much attention from the viewpoint of mathematical physics. We know
that when V ≥ −(n − 2)2/4, the minimal operator Smin = −∆ + V r−2 with domain
D(Smin) = C∞

0 (Rn \ {0}) admits the Friedrichs extension. On the other hand, Burq-
Planchon-Stalker [3] [4] made some discussion on the linear wave equation with potential.
However, for the Strauss type equation with inverse square potential, there is no general
result so far.

In this article, we give the blow-up result for the general case of (1.7). In order to reach
the blow up results, we introduce the test function method. By using the dual property of
wave equation and the asymptotic behavior of test function, we transform the original equa-
tion into an inequality with only time variables, and then show the blow up of the solution.
When constructing test functions, we introduce a special kind of functions, hypergeomet-
ric functions. From this, we find a family of solutions of dual homogeneous equations
with different asymptotic behaviors. In addition, compared with the previous test function
method, we also introduce an additional time truncation. Such technique makes it easy to
get the optimal results both in subcritical and critical cases. By choosing the suitable test
function, we finally give an upper bound of the lifespan to the solution of (1.7). The result
is as follows, considering

V ≥ −(n− 2)2/4, A := 2 +
√
(n− 2)2 + 4V , 0 ≤ D < A− 1. (1.8)

Then, there exists a constant C = C(p;n,A,D). When (D + 3 − A)(A + n + 2) < 8,
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where pd(A−D) < pF ((n+ A− 2)/2) < pS(n+D) with pd, pF , pS defined above. We
have

Tε ≤


Cε

(p−1)
hF (p;(n+A−2)/2) , p ≤ pd(A−D);

Cε
2p(p−1)

hS(p;n+D) , pd(A−D) < p < pS(n+D);

exp
(
Cε−p(p−1)

)
, p = pS(n+D).

When (D+3−A)(A+n+2) = 8, where pd(A−D) = pF ((n+A−2)/2) = pS(n+D),
we have

Tε ≤

Cε
(p−1)

hF (p;(n+A−2)/2) , p < pF ((n+ A− 2)/2) ;

exp
(
Cε−(p−1)

)
, p = pF ((n+ A− 2)/2) .

When (D+3−A)(A+n+2) > 8, where pd(A−D) > pF ((n+A−2)/2) > pS(n+D),
we have

Tε ≤

Cε
(p−1)

hF (p;(n+A−2)/2) , p < pF ((n+ A− 2)/2) ;

exp
(
Cε−(p−1)

)
, p = pF ((n+ A− 2)/2) .

It can be seen from these result that the blow-up phenomenon of (1.7) in relation both
with the Strauss exponent and the Fujita exponent. This phenomenon is quite novel. It
shows that there are two competing effects in this problem. For convenience, we call them
Strauss effect and Fujita effect respectively.

We also discuss the long time existence of solution to (1.7) with D = 0 under spher-
ical symmetric initial data. In this case, the discussion on the original equation is equiv-
alent to the discussion on a 1 + 1 dimensional equation (Eq. (3.21)), which can be re-
garded as the discussion on the spherical symmetric wave equation with ‘fractional di-
mension’. However, in this framework, most results of wave equation will not be directly
applicable for this problem. Therefore, we reestablish the solution space, fundamental so-
lutions, related estimates and so on. Finally, we give the lower bound of the lifespan.
That is, there exists a constant c = c(p;n,A), when (3 − A)(A + n + 2) < 8, where
pd(A) < pF ((n+ A− 2)/2) < pS(n), we have

Tε ≥



cε
(p−1)

hF (p;(n+A−2)/2) , p < pd(A);

cε
(p−1)

hF (p;(n+A−2)/2) | ln ε|
1

hF (p;(n+A−2)/2) , p = pd(A);

cε
2p(p−1)
hS(p;n) , pd(A) < p < pS(n);

exp
(
cεp(1−p)

)
, p = pS(n);

∞, p > pS(n).
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when (3− A)(A+ n+ 2) = 8, where pd(A) = pF ((n+ A− 2)/2) = pS(n), we have

Tε ≥


cε

(p−1)
hF (p;(n+A−2)/2) , p < pd(A);

exp
(
cε

1−p
2

)
, p = pd(A);

∞, p > pd(A).

when (3− A)(A+ n+ 2) > 8, where pd(A) > pF ((n+ A− 2)/2) > pS(n), we have

Tε ≥


cε

(p−1)
hF (p;(n+A−2)/2) , , p < pF ((n+ A− 2)/2);

exp(cε1−p) , p = pF ((n+ A− 2)/2) ;

∞, p > pF ((n+ A− 2)/2) .

WhenD = 0, comparing the existence result with the blow-up result, except for the critical
case p = Pd(A), the upper bound and the lower bound of the existence time are matched.
This means they are both optimal. Thus, we also believe that the upper bound of the lifespan
we reached is optimal when p 6= pd(A−D) in D > 0.

It is well known that, Fujita exponent was first found in the study of heat equation.
Comparing the results from Ikehata-Todorova-Yordanov’s [17] and that in this article, such
exponent seems to come from the influence of damping. However, when D = 0, which
means there is no damping, our result shows Fujita exponent still effect the long time be-
havior of solution. This may imply a deeper connection between the heat equation and the
wave equation we concerned.

1.4 Equation with mixed power terms

Now we consider the semilinear wave equation with mixed power terms of u and ∂tu.
That is □u = |u|p + |∂tu|q,

u(0, x) = εf(x), ut(0, x) = εg(x),
(1.9)

where p > 1, q > 1, and x ∈ Rn. This equation can be regarded as an additional force
disturbance to Strauss type equation. Noticing that the asymptotic behavior of equation
with u and ∂tu forcing term are different, we expect to study such equation to understand
how two different kinds of force will affect the development of the equation.

In space dimensionn = 2, 3, equation (1.9) has already been studied byHidano-Wang-
Yokoyama [14] and Han-Zhou [12]. Generally speaking, the two kinds of force compete
with each other, and the blow-up result is determined by the stronger one. When the two
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effects are similar, the two effects will promote each other and obtain a new type blow-up
result. As a conclusion, when p, q ≥ 2 and p > pd(n), the optimal result of lifespan was
obtained by the former paper, except a critical case q ≥ p = pS . Where, for the critical
case, now we only know

exp
(
cε−(pS−1)

)
≤ Tε ≤ exp

(
Cε−pS(pS−1)

)
, n = 2, 3.

Here the upper bound came from the discussion similar to that of Strauss problem, which
is considered to be the optimal upper bound of this problem. Also, the lower bound came
fromHidano-Wang-Yokoyama [14]. In this paper, the author used an improvedKlainerman
vector field method to deal with two kinds of force terms simultaneously in the energy
framework, and finally obtained the bound.

Proof in the energy framework is a intuitive method. However, for the Strauss critical
problem, experience tells us that the precision of the lower bound depends on the form of the
main estimate. To be more specific, most obtained lower bound of lifespan of the critical
Strauss problem closely related to the exponent q in Lq

t , the norm of time for the force
term in the key estimates. For example, the obtained bound exp

(
cε−pS(pS−1)

)
which comes

from Lindblad-Sogge [24] coincides with q = pS in estimate (4.3), and the obtained bound
exp
(
cε−(pS−1)2/2

)
which comes from Jiang-Wang-Yu [18] coincides with q = (pS − 1)/2

in estimate (4.4).
In order to get a more precise lower bound, we use different estimate methods for dif-

ferent force terms. We use the estimate which gives the optimal bound of Strauss problem
to deal with the power term of u, use the energy method and Klainerman field method to
deal with the power term of ∂tu, and use trace lemma, Klainerman-Sobolev inequality and
other technical tools to connect them. Finally, when n = 3, we reach the optimal bound
which is the same as the result in Lindblad-Sogge [24]. As for n = 2, the problem becomes
more complicated as the classical wave equation itself.

As far as the authors are aware, even for the problem (1.2) with p = pS(2), the only
available approach to prove the sharp lower bound is given in Zhou [32], which relies
heavily on the fundamental solutions and seems inappropriate for the problems involving
nonlinear term |∂tu|p. Instead, the approach using space-time estimates is more robust for
various nonlinear problems. Here, we adapt these estimates and reach the result which is
the same as that in Jiang-Wang-Yu [18].
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1.5 Strauss-Glassey coupled system

Finally, we discuss the coupled wave system,□u = |v|q, □v = |∂tu|p,

(u, ∂tu)|t=0 = ε
(
f(x), g(x)

)
, (v, ∂tv)|t=0 = ε

(
f̃(x), g̃(x)

)
,

(1.10)

where (t, x) ∈ R+×R3, and ε positive and small enough. Compared with the ‘competition’
of the blow up effect caused by the combined power nonlinear term in the single equation
in previous section, we expect that two kinds of forces term in the coupled system will lead
to the ‘equilibrium’ of the blow up effect. Therefore, study of this type of problem can help
us understand the influence of ∂tu power on the solution of the system.

To analyze this problem, we compare it with the following two related equations.

□u = |v|q, □v = |u|p, x ∈ R3; (1.11)

□u = |∂tv|q, □v = |∂tu|p, x ∈ R3. (1.12)

The critical curve of (1.11) is σSS(p, q) = 0, where σSS defined in (1.6). As for (1.12),
its critical curve is

σGG(p, q) = 0, σGG(p, q) := max
{
q + 1

pq − 1
,
p+ 1

pq − 1

}
− 1. (1.13)

The optimality of the curve is given at least under the spherical symmetric initial data. The
blow-up part can be found in Deng [9], while the existence part under spherical symmet-
ric initial data can be found in Kubo-Kubota-Sunagawa [20]. Interested readers can read
Hidano-Yokoyama [15] for more results on these two system.

For equation (1.10), Hidano-Yokoyama [15] found a curve

(p− 1)(pq − 1) = p+ 2, 1 < q, 1 < p < 3. (1.14)

When (p, q) is below this curve, the solution of (1.10) must blow-up no matter how ε small
is. On the contrary, when (p, q) is above the curve, and satisfied 2 < p < 3, 2 < q, it shows
that there exists global solution for small spherical symmetric initial data.

Comparing the systems (1.10), (1.11) and (1.12), one should expect the critical curve of
the former system will between that of the latter two. However, the curve (1.14) intersect
with one of them (see the following graph, CC ′′ intersects with lB ). This inspire us to
improve the result to q < 2.
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Here lA is the critical curve of (1.11), lB is the critical curve of (1.12), CC ′′ is the
curve (1.14) with q < 2. And we will show that CC ′ is the actual critical curve of (1.10)
for q < 2, which is determined by the following equation

σGS(p, q) = 0, σGS(p, q) :=
p+ 2

pq − 1
− 1

pq
− 1. (1.15)

In the research process, we first study the existence part. Formally, there are some
similarities between equation (1.10) and equation (1.9). However, when q < 2, the low
regularity of the force term makes common tools such as Sobolev embedding no longer
applicable. So the similar methods cannot be used here. However, noted that if we focus
on the radial symmetric wave equation, we know that three-dimensional wave equation
can correspond to a one-dimensional wave equation in this situation. This means that the
regularity of the solution can be raised properly, which makes the estimate possible.

For the three-dimensional homogeneous wave equation, the solution has a decay t−1

near the light cone. In Hidano-Yokoyama [15], the author establishes the weight function
based on this decay, and reach the result for q > 2. However, after further study of the
case of q < 2, we find that the decay of the solution of the equation near the light cone
is different from that of the homogeneous equation, t−1. This is essentially different from
that of q > 2. Therefore, we choose the weight which is suitable for the case of q < 2.
Through the detailed analysis and discussion of the basic solution, we finally get the global
result above the CC ′ curve.

As for the blow up part, the method we used is similar to that in the section of 1.3 for
general dimension n ≥ 3. It is found that this kind of test function method is still suitable
for system case and ∂tu power term. Finally, we give a blow up result in any dimension
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n ≥ 3. In particular, when n = 3, it matches the curve (1.15). This shows that (1.15) is
indeed the critical curve of (1.10) with q < 2.

1.6 Symbols and article structure

We list here some notations which will be used in our article.
First, the Einstein summation convention is used, as well as the convention that Greek

indices µ, ν, · · · range from 0 to n while Latin indices i, j, · · · will run from 1 to n. In this
article, we often refer to some constants that do not depend on ε. When there is no ambi-
guity, we usually use C to refer them uniformly, even though constants may be different
from line to line. We denote x/0 = ∞ for any x > 0 and x/∞ = 0 for any−∞ < x <∞.
For the writing convenience, x ≲ y and y ≳ x mean x ≤ Cy for some C > 0. Similarly,
x ≈ y means that x ≲ y ≲ x. We use Lp

r = Lp((0,∞), rn−1dr) stand for the weight Lp

norm in radial direction. We use the notation: 〈x〉 :=
√

4 + |x|2 ≈ 1 + |x|. Finally, for
the derivative operator ∂ = {∂µ}nµ=0 = (∂t, ∂x), we set ∂≤kf := {∂αf}0≤α≤k, and similar
generalization to other operators and applied to norm space.

In the following chapters, we will use the following structure. In the second to fifth
chapters, we will discuss the related problems raised from Section 1.2 to Section 1.5 re-
spectively. We will give the concrete conclusions we have obtained and detailed proofs.
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Chapter 2

Long time behavior of Strauss type
system in asymptotically flat space-time

2.1 Hypotheses, main conclusions and some notations

In this chapter, we study the equation (1.5) proposed in section 1.2. The results pre-
sented in this chapter was obtained by the author’s joint work [6]. Before giving the main
conclusion, we will give some assumptions used in this chapter. Note that these assump-
tions are naturally satisfied in many common models. For detailed discussion, see, for
example, [30].

Hypothesis 1 (Space-time assumption). We shall assume that g = gµν(t, x) dxµ dxν is
asymptotically flat in the following sense. Assume that g can be decomposed as

g = m+ γ1(t, r) + γ2(t, x), (H1)

where m denotes the Minkowski metric, γ1 is a radial long range perturbation, γ2 is a
short range perturbation. Here γ1, γ2 satisfy∑

k

‖(1 + |x|)|α|+j−1∂αγj
µν‖L∞

t,x(1+|x|∼2k) ≤ Cα,j, j = 1, 2.

The long range perturbation is radial in the sense that when writing out the metric γ1 in
polar coordinates (t, x) = (t, rω) with ω ∈ Sn−1, we have

γ1(t, r) = γ1
tt(t, r) d t2 + 2γ1

tr(t, r) d t d r + γ1
rr(t, r) d r2 + γ1

ωω(t, r) dω2.

Hypothesis 2 (Local energy assumption). We assume that there exists an R1 > R0, such
that for any solution to the linear equation□gu = F , we have the uniform energy estimates
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and weak local energy estimates, which is

‖∂≤ku‖LEg ≲ ‖∂≤1u(0, x)‖Hk
x
+ ‖F‖L1

tH
k
x
, (H2)

for any k ≥ 0, with

‖u‖LEg := ‖∂u‖L∞
t L2

x
+ ‖ψ̄R1∂u‖

l
− 1

2∞ L2
tL

2
x

+ ‖u‖
l
− 3

2∞ L2
tL

2
x

, (2.1)

where ‖f‖ls∞L2
tL

2
x
= supk≥0 ‖2skf‖L2

t,x(1+|x|∼2k), and the smooth truncated function ψ̄R1

equals 0 in r ≤ R1, and equals 1 in r ≥ R1 + 1.

Hypothesis 3 (Static metric hypothesis). We assume that there exists a R2 > R0, such that

g = g00(x) d t2 + gij(x) dxi dxj, |x| > R2. (H3)

Next, we give the main conclusions of this chapter. First of all, we present a kind of
weighted Strichartz estimates for n ≥ 2.

Theorem 2.1. Let n ≥ 2, we set

Aα(T ) :=


(T + 2)−α, α ∈ (0, 1

2
],

ln(T + 2)−
1
2 , α = 0,

1, α < 0,

for T ∈ (0,∞). Then for any δ > 0, 2 ≤ o ≤ q < ∞, α ≤ 1/q and 1/2 − 1/o ≤ s ≤
(n− δ)(1/2− 1/q), we have

‖u‖WSq,o,α,s := Aqα/2(T )
2
q ‖r

n
2
+α− 1

q
−n

o
−sψ̄1u‖Lq

tLo
rL

2
ω
≲ ‖u‖W s∩Xs , (2.2)

HereW s andXs defined by (2.7), which are energy and local energy norm with regularity
index s, and ψ̄1 also defined in the end of this section. Moreover, we have

‖r
n
2
− 1

q
−n

o
−su‖Lq

tLo
rL

2
ω
≲ ‖u‖W s∩Xs , (2.3)

with 2 ≤ o, q ≤ ∞ and 1/2− 1/o < s < n/2− 1/q.

The estimates in Theorem 2.1, together with Lemma 2.11, can deduce a series of im-
portant weighted Strichartz estimates, which, in turn, provide the following desired lower
bound of lifespan to problem (1.5).
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Theorem 2.2. Let n = 3, p1, p2 ≥ 2, and assume (H1) and (H2). Fix δ > 0, set

sι :=
3

2
+ σ − 2(pι + 1)

p1p2 − 1
, (2.4)

where σ := σSS(p1, p2) defined in (1.6). Then, there exists R, c, ε0 > 0 and

T∗(ε) :=



cε−
1
σ if σ > 0,

exp(cε−2(p1−1)) if σ = 0, p1 > 2,

exp(cε−2+δ) if σ = 0, p1 = 2,

∞ if σ < 0.

(2.5)

such that for any (fι, gι) satisfying∑
ι

‖Y ≤2(fι, gι)‖H1
x×L2

x
+ ‖ψ̄RY

≤2gι‖Ḣsι−1
x

= ε ≤ ε0 , (2.6)

with additional condition supp(fι, gι) ⊂ BR when pι̂ = 2, there is a unique solution uι of
equation (1.5) inM ∩ ([0, T∗) × R3), such that ‖ψ̄RZ

≤2uι‖W s∩Xs + ‖Z≤2uι‖LEg ≲ ε. At
last, if (H3) is satisfied, the initial data do not need to be compactly supported.

Remark 2.1. By comparing with the result of Minkowski space, as discussed in Section
1.2, we know that the lower bound in our result is sharp in general for the subcritical and
supercritical cases. But it is still possible to improve it in critical situation.

When Fp1 = Fp2 and (f1, g1) = (f2, g2), we can also deduce the corollary of equation
□gu = Fp(u).

Corollary 2.3. Let n = 3, p ≥ 2 and assume (H1) and (H2). Set

s :=
1

2
− 1

p
,

then, there exists R, c, ε0 > 0 and

T∗(ε) :=


cε−p(p−1)/(1+2p−p2) 2 ≤ p < 1 +

√
2,

exp(cε−2
√
2) p = 1 +

√
2,

∞ p > 1 +
√
2 .

such that for any (f, g) satisfying

‖Y ≤2(f, g)‖H1
x×L2

x
+ ‖ψ̄RY

≤2g‖Ḣs−1
x

= ε ≤ ε0,
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and supp(f, g) ⊂ BR if p = 2, there is a unique solution u of□gu = Fp(u), (t, x) ∈M ,

(u, ∂tu)|t=0 = (f, g) ,

inM ∩ ([0, T∗)× R3), such that ‖ψ̄RZ
≤2u‖W s∩Xs + ‖Z≤2u‖LEg ≲ ε.

Remark 2.2. For p ∈ (2, 1 +
√
2], this result removes the technical assumption (H3) for

the corresponding result in [30]. In particular, we have the improved lower bound of the
lifespan

Tε ≥ exp(cε−2
√
2).

for the critical wave equations (with p = 1 +
√
2), posed on Kerr space-times with small

angular momentum a�M .

Remark 2.3. The same results of Theorem 2.2 can be applied for general operators P =

□m + aµν∂µ∂ν + bµ∂µ + c at least for p2 ≥ p1 > 2, where a, b, c have sufficient decay and
regularity. The only difference in the proof is that the admissible range of s in Lemma 2.11
shrinks to s ∈ (−1, 0) if there exists zero order term in P .

At the end of this section, we give some notations used in this chapter.

∂ := {∂µ} = (∂t, ∂x), Ω := {Ωjk = xk∂j − xj∂k},

Y := {∂x,Ω}, Z := {∂,Ω}.

Next, we shall use some auxiliary functions. Let ϕ ∈ C∞
0 (R) with suppϕ ⊂ [1/2, 2],

ϕj(x) = ϕ(|x|/2j) and
∑

j∈Z ϕ
2
j = 1 for any 0 6= x ∈ Rn. Also, we define Sj to be the

corresponding homogeneous Littlewood-Paley projection. We also fix a class of smooth
functions ψR satisfying 0 ≤ ψR ≤ 1 and

ψR(x) :=

1, r ≤ R,

0, r ≥ R + 1,

meanwhile, we denote ψ̄R = 1− ψR.
Then, we denote the shorthand for some norm spaces,

‖f(x)‖l̇sq(A) :=‖2jsϕj(x)f(x)‖lqj∈ZA
,

and lsq(A) is defined similarly with the inhomogeneous dyadic decomposition. We also
denote theW s = W s

2 norm and Xs = Xs
2 norm by

‖f‖W s
p
= ‖2ksSkf‖lpk∈ZL

∞
t L2

x
, ‖f‖Xs

p
= ‖2ksSkf‖lpk∈ZXk

,

‖f‖Xk
= 2

k
2 ‖f‖L2(A≤−k) + sup

j>−k

‖|x|−1/2f‖L2(Aj),
(2.7)
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with Aj = R+ × {|x| ∼ 2j}, A≤−k = ∪j≤−kAj, j, k ∈ Z. Moreover, we usually omit
T > 0 in the norm when it is clear from the context that the norm is taken for t ∈ [0, T ] for
the given T > 0.

2.2 Proof of Theorem 2.1

We begin with a sketch for the proof of Theorem 2.1. First of all, we record a property
of Xs space.

Proposition 2.4 (Lemma 1 of [27]). Let n ≥ 2, we have

‖u‖
l̇
− 1

2∞ L2
tL

2
x

≲ ‖u‖X0 , (2.8)

and when 0 < s < (n− 1)/2 we have

‖r−
1
2
−su‖L2

tL
2
x
≲ ‖u‖Xs . (2.9)

hen, based on the well known KSS type estimates, for α ≤ 1/2 we get

Aα(T )‖〈r〉−
1
2
+α u‖L2

tL
2
x
≲ ‖u‖

L∞
t L2

x∩l
− 1

2∞ L2
t,x

≲ ‖u‖W 0∩X0 . (2.10)

Here the last inequality comes from (2.8) andMinkowski inequality, and the first inequality
follows from the typical KSS type estimate, see, e.g., [18] Appendix 7.2, [25] for its proof.

To prove (2.2), we need the following trace estimates.

Lemma 2.5 (Trace estimates). Let n ≥ 2, for 2 ≤ o ≤ ∞ and 1/2− 1/o ≤ s < n/2, we
have

‖r
n
2
−n

o
−su‖Lo

rL
2
ω
≲


‖u‖

Ḃ
1
2
2,1

o = ∞, s = 1
2
,

‖u‖Ḣs
x

else.

(2.11)

Now, to combine (2.10) with (2.11), we need an interpolation property.

Claim 2.6. Consider s0 6= s1, set s = (1 − θ)s0 + θs1 with θ ∈ (0, 1), for complex
interpolation, we have

W s ∩Xs = [W s0 ∩Xs0 ,W s1 ∩Xs1 ]θ, (2.12)

and for real interpolation, we have

W s
p ∩Xs

p = (W s0
p0

∩Xs0
p0
,W s1

p1
∩Xs1

p1
)θ,p, ∀p, p0, p1 ∈ [1,∞]. (2.13)

Meanwhile, these results are also correct if we consider theW s or Xs norm separately.
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Now, based on (2.11) with L∞
t norm on both sides, and interpolation with (2.10), we

get (2.2). As for (2.3), we need a similar trace estimate in Xs space. Firstly we have a
weighted trace estimate.

Lemma 2.7. Let n ≥ 2, o ∈ [2,∞], α ∈ (1/2− 1/o, 1) and β ∈ (α−n/2, n/2). Then we
have

‖r
n
2
−n

o
−α+βu‖Lo

rL
2
ω
≲ ‖rβDαu‖L2

x
. (2.14)

Then combining Lemma 2.7 with Proposition 2.4 we obtain the trace estimate in Xs

space.

Lemma 2.8. Let n ≥ 2, for 2 ≤ o ≤ ∞ and 1/2− 1/o < s < (n− 1)/2, we have

‖r
n−1
2

−n
o
−su‖L2

tLo
rL

2
ω
≲ ‖u‖Xs . (2.15)

Finally, interpolating (2.11) and (2.15) we get (2.3) which finishes the sketch. In the
following subsections, we give the detailed proof for each part.

2.2.1 Proof of Lemma 2.5

Firstly, when o = ∞, (2.11) is the well known trace estimate, see, e.g., Fang-Wang
[11] and references therein. When o = 2, it is the Hardy’s inequality and so we have‖r n

2
−s0u‖L∞

r L2
ω
≲ ‖u‖Ḃs0

2,1
, s0 ∈ [1/2, n/2) ,

‖r−s1u‖L2
rL

2
ω
≲ ‖u‖Ḣs1

x
, s1 ∈ [0, n/2).

(2.16)

The estimate for s = 1/2−1/o is obtained in [22] Theorem 2.10, see also [14] Propo-
sition 2.2 for an alternative proof based on interpolation and trace estimate. In what follows,
we give a unified proof for the case of o ∈ (2,∞), in spirit of [14].

Let 2 < o < ∞ and 1/2 − 1/o ≤ s < n/2, we set θ = 2/o ∈ (0, 1), s0 =

(n − os + nos)/(no − o + 2) and s1 = (n − no/2 + nos)/(no − o + 2). Then a routine
calculation shows that s0 > s1, s0 ∈ [1/2, n/2), s1 ∈ [0, n/2), and

1− θ

∞
+
θ

2
=

1

o
, (1− θ)s0 + θs1 = s.

With help of these parameters, we shall use the real interpolation with parameters (θ, o) to
give the proof, for which we record the following facts:

• [2, Theorem 3.7.1]: (A0, A1)
′
θ,q = (A′

0, A
′
1)θ,q′ for 1 ≤ q < ∞, A0 ∩ A1 is dense in

A0 and A1;
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• [2, Theorem 5.5.1]: (Lp0
(ρ0 dx)(A), L

p1
(ρ1 dx)(A))θ,p = Lp

(ρ dx)(A) for 1 ≤ p0, p1 < ∞,
1/p = (1− θ)/p0 + θ/p1 and ρ = ρ

p(1−θ)/p0
0 ρ

pθ/p1
1 ;

• [2, Theorem 6.4.5]: (Ḃs0
p,q0
, Ḃs1

p,q1
)θ,q = Ḃs

p,q for s0 6= s1, s = (1 − θ)s0 + θs1 and
1 ≤ p, q0, q1, q ≤ ∞.

More specifically, defining ‖v‖A0 := ‖rs0−n/2v‖L1
rL

2
ω
and ‖v‖A1 := ‖rs1v‖L2

rL
2
ω
, by

(2.16) and the first fact, we conclude

‖u‖(A0,A1)′θ,o′
= ‖u‖(A′

0,A
′
1)θ,o

≲ ‖u‖(Ḃs0
2,1,Ḣ

s1
x )θ,o

.

Now, for the left hand side (LHS), with ρ0 := rs0−n/2+n−1 and ρ1 := r2s1+n−1, we set

ρ := ro
′(n

o
+s−n

2
)+n−1 = ρ

o′(1−θ)
0 ρ

o′θ
2

1 .

then by the second fact with p0 = 1, p1 = 2, p = o′ and A = L2
ω, we have

‖v‖(A0,A1)θ,o′
= ‖r

n
o
+s−n

2 v‖Lo′
r L2

ω
⇒ ‖u‖(A0,A1)′θ,o′

= ‖r
n
2
−n

o
−su‖Lo

rL
2
ω
.

For the right hand side (RHS), noticing that s1 = Ḃs1
2,2, by the third fact we get

‖u‖(Ḃs0
2,1,Ḣ

s1
x )θ,o

= ‖u‖Ḃs
2,o

≲ ‖u‖Ḣs
x

Summing up, we finish the proof.

2.2.2 Proof of Claim 2.6

Similarly to [28], we define the co-retraction and retraction by

Qf =

(
1l=kϕ

(〈
2kx
〉

2j

)
Skf

)
j∈N,k∈Z,l∈Z

,

Q : Xs
p → s

p(k)l
− 1

2

∞(j)L
2
t,x

1
2

1(l) Q : W s
p → s

p(k)L
∞
t L

2
x
0
1(j)

0
1(l),

R(ajkl)j∈N,k∈Z,l∈Z =
∑
k∈Z

Sk

∑
j≥0

ϕ

(〈
2kx
〉

2j

)
ajkk,

R : s
p(k)l

− 1
2

∞(j)L
2
t,x

1
2

1(l) → Xs
p R : s

p(k)L
∞
t L

2
x
0
1(j)

0
1(l) → W s

p ,

then we obtainRQf = f for f ∈ W s
p ∩Xs

p . SetA = l
− 1

2∞ L2
t,x

1
2
1 ∩L∞

t L
2
x
0
1
0
1, it is obvious that

W s
p ∩Xs

p norm is equivalent to s
p(A) norm. By [2, Theorem 5.6.3] and [2, Theorem 5.6.1],

we have

[s02 (A), s12 (A)]θ =
s
2(A), (

s0
p0
(A), s1p1(A))θ,p =

s
p(A), 1 ≤ p0, p1, p ≤ ∞,

provided that s0 6= s1, 0 < θ < 1 and s = (1 − θ)s0 + θs1. This completes the proof, in
view of [2, Theorem 6.4.2].
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2.2.3 Proof of Eq.(2.2)

When q = 2, we have o = 2, s = 0, and then (2.2) follows directly from (2.10). It
remains to consider 2 < q < ∞, for which we set α0 = qα/2, o1 = o(q − 2)/(q − o),
s1 = qs/(q − 2). Similarly to the proof in subsection 2.2.1, we have α0 ≤ 1/2, 2 ≤
o1 ≤ ∞ and 1/2 − 1/o1 ≤ s1 < n/2, by the conditions on q, o, α and s. Moreover, for
θ = 1− 2/q ∈ (0, 1), we have

1− θ

2
+

θ

∞
=

1

q
,

1− θ

2
+

θ

o1
=

1

o
, (1− θ)0 + θs1 = s.

Firstly when q = o and s = 1/2− 1/o, where o1 = ∞ and s1 = 1/2− 1/o1, by (2.10)
and (2.11) we obtain

Aα0(T )‖r−
1
2
+α0ψ̄1u‖L2

tL2
rL

2
ω
≲ ‖u‖W 0∩X0 ,

‖r n−1
2 ψ̄1u‖L∞

t L∞
r L2

ω
≲ ‖u‖

L∞
t Ḃ

1
2
2,1

≲ ‖u‖
W

1
2
1 ∩X

1
2
1

.

Recall the following facts

• [2, Theorem 3.7.1]: (A0, A1)
′
θ,q = (A′

0, A
′
1)θ,q′ for 1 ≤ q < ∞, A0 ∩ A1 is dense in

A0 and A1;

• [29, 1.18.4 eq.(3)]: (Lp0(A0), L
p1(A1))θ,p = Lp((A0, A1)θ,p) for 1 ≤ p0, p1 < ∞,

and 1/p = (1− θ)/p0 + θ/p1;

• [2, Theorem 5.5.1]: (Lp0
(ρ0 dx)(A), L

p1
(ρ1 dx)(A))θ,p = Lp

(ρ dx)(A) for 1 ≤ p0, p1 < ∞,
1/p = (1− θ)/p0 + θ/p1 and ρ = ρ

p(1−θ)/p0
0 ρ

pθ/p1
1 ,

we could use real interpolation with (1− 2/q, q) for LHS to obtain

LHS of (2.2) ≲ ‖u‖
(W 0∩X0,W

1
2
1 ∩X

1
2
1 )θ,q

.

Applying (2.13) for RHS, we conclude

LHS of (2.2) ≲ ‖u‖
W

1
2− 1

q
q ∩X

1
2− 1

q
q

≲ ‖u‖
W

1
2− 1

q
2 ∩X

1
2− 1

q
2

= RHS of (2.2),

where we have used the fact l2 ⊂ lq in the last inequality.
For the remaining case when q > o or s > 1/2−1/o, we have o1 <∞ or 1/2−1/o1 <

s1. By (2.10) and (2.11), we obtainAα0(T )‖r−
1
2
+α0ψ̄1u‖L2

tL2
rL

2
ω
≲ ‖u‖W 0∩X0 ,

‖r
n
2
− n

o1
−s1ψ̄1u‖L∞

t Lo1
r L2

ω
≲ ‖u‖W s1∩Xs1 .

To apply complex interpolation with θ = 1 − 2/q, we use (2.12) for RHS, and record the
following facts for LHS:
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• [2, Corollary 4.5.2]: [A0, A1]
′
θ = [A′

0, A
′
1]θ for A0 ∩A1 is dense in A0 and A1 and at

least one of the spaces A0 and A1 is reflexive;

• [2, Theorem 5.1.2]: [Lp0(A0), L
p1(A1)]θ = Lp([A0, A1]θ) for 1 ≤ p0, p1 < ∞, and

1/p = (1− θ)/p0 + θ/p1;

• [2, Theorem 5.5.3]: [Lp0
(ρ0 dx)(A), L

p1
(ρ1 dx)(A)]θ = Lp

(ρ dx)(A) for 1 ≤ p0, p1 < ∞,
1/p = (1− θ)/p0 + θ/p1 and ρ = ρ

p(1−θ)/p0
0 ρ

pθ/p1
1 .

This gives us (2.2) and completes the proof.

2.2.4 Proof of Lemma 2.7

For given n ≥ 2, o ∈ [2,∞], α ∈ (1/2− 1/o, 1) and β ∈ (α− n/2, n/2), we set

α0 =
αo+ 2

o+ 2
∈ (

1

2
, 1) , α1 =

2αo− o+ 2

o+ 2
∈ (0, 1) ,

β0 =
n

2
− n− α0

n− α
(
n

2
− β) ∈ (−n

2
+ α0,

n

2
) ,

β1 =
n

2
− n− α1

n− α
(
n

2
− β) ∈ (−n

2
+ α1,

n

2
) .

Let θ = 2/o, we have (1 − θ)α0 + θα1 = α, (1 − θ)β0 + θβ1 = β. Recall that by [30,
(4.10)], we have

‖rβDαu‖L2
x
≈ ‖rβ2αkSku‖l2k∈ZL

2
x
≈ ‖2βj+αkϕjSku‖l2j∈Zl

2
k∈ZL

2
x
, (2.17)

for any |β| < n/2. Then by weighted trace estimate of [30, Lemma 4.2] and weighted
Hardy-Littlewood-Sobolev estimates of Stein-Weiss, we obtain‖r n

2
−α0+β0u‖L∞

r L2
ω
≲ ‖rβ0Dα0u‖L2 ≲ ‖2β0j+α0kϕjSku‖l2j∈Zl

2
k∈ZL

2
x
,

‖r−α1+β1u‖L2
rL

2
ω
≲ ‖rβ1Dα1u‖L2 ≲ ‖2β1j+α1kϕjSku‖l2j∈Zl

2
k∈ZL

2
x
,

where D =
√
−∆. Here we should mention that the first inequality was stated for n ≥ 3

and α0 ∈ (1/2, 1] in [30, Lemma 4.2]. However, we observe that the same proof also apply
in the situation of n = 2 and α0 ∈ (1/2, 1).

We remark that we can do complex interpolation for RHS, if we follow a similar proof
as in subsection 2.2.2. For LHS, we record the following facts:

• [2, Corollary 4.5.2]: [A0, A1]
′
θ = [A′

0, A
′
1]θ for A0 ∩A1 is dense in A0 and A1 and at

least one of the spaces A0 and A1 is reflexive;
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• [2, Theorem 5.5.3]: [Lp0
(ρ0 dx)(A), L

p1
(ρ1 dx)(A)]θ = Lp

(ρ dx)(A) for 1 ≤ p0, p1 < ∞,
1/p = (1− θ)/p0 + θ/p1 and ρ = ρ

p(1−θ)/p0
0 ρ

pθ/p1
1 .

Thus, by complex interpolation with θ = 2/o, together with (2.17), we get

‖r
n
2
−n

o
−α+βu‖Lo

rL
2
ω
≲ ‖2βj+αkϕjSku‖l2j∈Zl

2
k∈ZL

2
x
≲ ‖rβDαu‖L2

x
.

This completes the proof.

2.2.5 Proof of Lemma 2.8

We follow the similar proof of [30, Lemma 5.5]. Take δ > 0 and small enough such
that s > 1/2− 1/o+ δ, then we conclude

‖r
n−1
2

−n
o
−su‖L2

tLo
rL

2
ω
≲ ‖r−s− 1

o
+δD

1
2
− 1

o
+δu‖L2

tL
2
x
≲ ‖D

1
2
− 1

o
+δu‖

Xs− 1
2+1

o−δ ≲ ‖u‖Xs ,

where we have used (2.14) in the first inequality and (2.9) in the second inequality.

2.2.6 Proof of (2.3)

The proof of (2.3) is very similar to the proof of (2.2). Let o0 = o1 = o and θ = 2/q,
we set

s0 = s− 2os− o+ 2

2o− 2q + oq − noq
∈ (

1

2
− 1

o0
,
n

2
) ,

s1 = s+
2os− o+ 2

4o− 4q + 2oq − 2noq
(q − 2) ∈ (

1

2
− 1

o1
,
n− 1

2
) ,

such that s0(1− θ) + s1θ = s. By (2.11) and (2.15) we obtain‖r
n
2
− n

o0
−s0u‖L∞

t Lo0
r L2

ω
≲ ‖u‖W s0∩Xs0 ,

‖r
n−1
2

− n
o1

−s1u‖L2
tL

o1
r L2

ω
≲ ‖u‖W s1∩Xs1 .

Using complex interpolation with θ = 2/q, we get (2.3).

2.3 The proof of Theorem 2.2

2.3.1 Preparation

In order to facilitate our later proof, we give some lemmas which will be used in this
section.
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Proposition 2.9 (Lemma 4.3 in [30]). Let n ≥ 2, R ≥ 3 and k = b(n + 2)/2c be the
integral part of (n+ 2)/2. We have

‖rbu‖Lq
rL∞

ω (r≥R+1) ≲ ‖rb−(n−1)/p+(n−1)/qY ≤ku‖Lp
rL2

ω(r≥R) (2.18)

for any b ∈ R, 2 ≤ p ≤ q ≤ ∞. Moreover, for any 2 ≤ p ≤ q ≤ q2 < ∞, b ∈ R, s ∈ Z
with s ≥ n/2− n/q2, we have

‖rbu‖Lq
rL

q2
ω (r≥R+1) ≲ ‖rb−(n−1)/p+(n−1)/qY ≤su‖Lp

rL2
ω(r≥R). (2.19)

Proposition 2.10 (Theorem 5.9 in [30]). Let n ≥ 3, and assume (H1) and (H2). Then we
have

‖Z≤ku‖LEg ≲‖Y ≤ku(0, x)‖H1
x
+ ‖Y ≤k∂tu(0, x)‖L2

x
+ ‖Z≤kF‖L1

tL
2
x
,

for any u satisfies □gu = F and any k ≥ 0.

Lemma 2.11. For n = 3, consider

P = ∂2t −∆+ γµν(t, x)∂µ∂ν + bµ(t, x)∂µ,

with γµν = γνµ ∈ C2, bµ ∈ C1, and

‖γ‖0
1L

∞
t,x

+ ‖(∂γ, b)‖1
1L

∞
t,x

+ ‖(∂2γ, ∂b)‖2
1L

∞
t,x

≤ δ .

Then there exists δ > 0 so that we have

‖∂u‖W s∩Xs ≲ ‖∂u(0)‖Ḣs
x
+ ‖Pu‖(W−s∩X−s)′ , (2.20)

for any |s| < 1.

Proof. This lemma is a simple modification of [27, Theroem 1]. For the convenience of
the reader, we adopt the notation in [27] and give a sketch of the proof. By [27, Eq.(50)]
we have

‖∂u‖L∞
t L2

x∩Xk
≲ ‖∂u(0)‖L2

x
+ ‖P(k)u‖L1

tL
2
x+X′

k
.

Then after summation we obtain

‖∂u‖2W s∩Xs ≲
∑
k

22sk‖∂Sku‖2L∞
t L2

x∩Xk

≲
∑
k

22sk
(
‖Sk∂u(0)‖2L2

x
+ ‖P(k)Sku‖2L1

tL
2
x+X′

k

)
≲‖∂u(0)‖2Hs

x
+ ‖Pu‖2(W−s∩X−s)′ + δ‖∂u‖2Xs ,

which gives us (2.20) provided that δ is small.
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Corollary 2.12. Let n = 3, s > 0 and q, o, α, s satisfy the condition of (2.2). Assume (H1),
then there existsK ≥ R0 such that

‖u‖WSq,o,α,s∩L∞
t Ḣs

x
≲‖f‖Ḣs

x
+ ‖g‖Ḣs−1

x
+ ‖F‖(W 1−s∩X1−s)′ , (2.21)

for any u satisfying□gu = F with initial data (f, g) on {t = 0} and vanishing in the region
{r < K}.

Proof. Based on (H1), we set g̃ = ψK−1m+ψ̄K−1gwithK ≥ R0+1 such that g̃ satisfies the
assumption in Lemma 2.11. Since we are assuming that u vanishes in the region {r < K},
we have □gu = □g̃u. Then, by (2.2) and (2.20), we get

‖u‖WSq,o,α,s∩L∞
t Ḣs

x
≲ ‖u‖W s∩Xs ≲ ‖∇u‖W s−1∩Xs−1 ≲ ‖f‖Ḣs

x
+‖g‖Ḣs−1

x
+‖F‖(W 1−s∩X1−s)′ ,

where we have assumed s > 0 so that |s− 1| < 1 to apply (2.20).

2.3.2 Proof of Theorem 2.2 with p1 > 2

Now we begin the proof of Theorem 2.2. To close the estimates we define WSι =

WSqι,oι,αι,sι and W̃Sι = WSq̃ι,õι,α̃ι,sι with sι defined in (2.4) and

qι :=2pι̂, oι :=2pι̂ − p1, αι :=
σ(pι̂ − 1)

pι̂
,

q̃ι :=pι̂, õι :=pι̂, α̃ι :=sι −
3

2
+

3

pι̂
.

(2.22)

Then we define

‖u‖Um
ι
=‖ψ̄RZ

≤mu‖WSι∩W̃Sι
+ ‖Z≤mu‖LEg , (2.23)

‖F‖V m
ι

=‖ψ̄pι
R r

3−sι− 3pι
oι̂ Z≤mF‖

L2
tL

oι̂
pι
r L2

ω

+ ‖Z≤mF‖L1
tL

2
x
. (2.24)

Here we mention that sι > 0 as p1 > 2, the indices defined in (2.22) satisfy α̃ι < 0 and
the condition of (2.2). Moreover, the indices q = 2, o = (oι̂/pι)

′, s = 1 − sι satisfy the
condition of (2.3), and

3− sι −
3pι
oι̂

= pι(
3

2
+ αι̂ −

1

qι̂
− 3

oι̂
− sι̂). (2.25)

Next, we present the linear estimates, which will be proved in subsection 2.3.3.

Lemma 2.13. For 2 < p1 ≤ p2, assume (H1) and (H2), there exists R > 0 big enough
such that for anym ≥ 0

‖uι‖Um
ι
≲‖Y ≤mfι‖H1

x
+ ‖Y ≤mgι‖L2

x
+ ‖ψ̄RY

≤mgι‖Ḣsι−1
x

+ ‖ψ̄RZ
≤m−1Fι(0, x)‖Ḣsι−1

x
+ ‖Fι‖V m

ι
,

(2.26)
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where uι is the solution of

□guι = Fι, uι(0, x) = fι(x), ∂tuι(0, x) = gι(x).

On the other hand, we have the following nonlinear estimates, to be proved in subsec-
tion 2.3.4.

Lemma 2.14. For 2 < p1 ≤ p2, we have

‖Fι(uι̂)‖V 2
ι
≲Aqι̂αι̂/2(T )

− 2pι
qι̂ ‖uι̂‖pιU2

ι̂
, (2.27)

‖Fι(uι̂)− Fι(vι̂)‖V 0
ι
≲Aqι̂αι̂/2(T )

− 2pι
qι̂ ‖(uι̂, vι̂)‖pι−1

U2
ι̂

‖uι̂ − vι̂‖U0
ι̂
. (2.28)

Equipped with Lemma 2.13 and Lemma 2.14, it is a standard procedure to prove
Theorem 2.2 with p1, p2 > 2. Let Tε be given in (2.5) and c, ε small enough such that
Aqι̂αι̂/2(Tε)

−2pι/qι̂εpι−1 � 1, we could iterate in Xk := {(u1, u2) : maxι ‖uι‖Uk
ι
≤ ε},

with the time interval [0, Tε]. By (2.26), (2.27) and (2.28), we know that the sequence is
well defined in X2 and contractive in X0. Then we obtain the fixed point (u1, u2) ∈ X2

solving (1.5). Again, by (2.26) and (2.28), we know the solution is unique, which finishes
the proof.

2.3.3 Proof of Lemma 2.13

Without loss of generality we omit the index ι. For theWS and W̃S norm defined in
(2.23), set R ≥ K big enough such that w := ψ̄RZ

≤mu satisfies Corollary 2.12, we obtain

‖w‖WS∩W̃S ≲ ‖∂w(0, x)‖Ḣs−1
x

+ ‖□gw‖(W 1−s∩X1−s)′ .

Similar to the proof of [30, Lemma 5.6.] we have

□gw = [□g, ψ̄R]Z
≤mu+ ψ̄R[□g, Z

≤m]u+ ψ̄RZ
≤mF. (2.29)

Now, we can control each term in□gw separately. For the first term in (2.29), with the help
of the duality of (2.9), we see

‖[□g, ψ̄R]Z
≤mu‖(W 1−s∩X1−s)′ ≲‖χr∈[R,R+1]O(∂≤m+1u)‖(W 1−s∩X1−s)′

≲‖r
3
2
−sχr∈[R,R+1]O(∂≤m+1u)‖L2

tL
2
x

≲‖∂≤m+1u‖L2
tL

2
x(r∈[R,R+1]).

For the second term in (2.29), we have [30, eq.(5.25)]

ψ̄R[□g, Z
≤m]u = ∂x(β1ψ̄R∂Z

≤m−1u) + β2ψ̄R∂Z
≤m−1u+ β1ψ̄RZ

≤m−1F, (2.30)
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with [30, eq.(5.24)]

‖β1‖l11L∞
t L∞

x
+ ‖|∂β1|+ |β2|‖l21L∞

t L∞
x
≲ 1.

Since we always have 0 < s < 1, with the help of the duality of (2.8), the first term in
(2.30) with (W 1−s ∩X1−s)′ norm can be controlled by

‖∂x(β1ψ̄R∂Z
≤m−1u)‖(X0)′∩(X1)′

≲‖∂x(β1ψ̄R∂Z
≤m−1u)‖

l
1
2
1 L2

tL
2
x

+ ‖β1ψ̄R∂Z
≤m−1u‖

l
1
2
1 L2

tL
2
x

≲‖ψ̄R∂Z
≤mu‖

l
− 1

2∞ L2
tL

2
x

+ ‖∂≤mu‖L2
tL

2
x(r∈[R,R+1]).

With the help of the duality of (2.9), the second term in (2.30) with (W 1−s ∩X1−s)′ norm
can be controlled by

‖β2ψ̄R∂Z
≤m−1u‖

l
3
2−s

2 L2
tL

2
x

≲ ‖ψ̄R∂Z
≤m−1u‖

l
− 1

2∞ L2
tL

2
x

.

By duality of (2.3) andMinkowski inequality, the third term in (2.30) together with the last
term in (2.29) with (W 1−s ∩X1−s)′ norm can be controlled by

‖(ψ̄R − ψ̄p
R)(β1Z

≤m−1F + Z≤mF )‖l1−s
2 L1

tL
2
x

+ ‖r3−s− 3p
o ψ̄p

R(β1Z
≤m−1F + Z≤mF )‖

L2
tL

o
p
r L2

ω

≲‖∂≤mF‖L1
tL

2
x(r∈[R,R+1]) + ‖r3−s− 3p

o ψ̄p
RZ

≤mF‖
L2
tL

o
p
r L2

ω

.

In summary, recall the definition of ‖ · ‖LEg in (2.1), we conclude

‖u‖Um ≲‖∂≤1Z≤mu(0, x)‖Ḣs−1
x

+ ‖Z≤mu‖LEg + ‖F‖V m .

Then we get Lemma 2.13 from Proposition 2.10 and a direct calculation as [30].

2.3.4 Proof of Lemma 2.14

Here, we only give the proof of (2.27) and omit the similar proof of (2.28). Noticing
that

|Z≤2Fι(uι̂)| ≲ |uι̂|pι−1|Z≤2uι̂|+ |uι̂|pι−2|Zuι̂|2 ≡ Iι + IIι,

which will be handled separately.
To control the first semi-norm in (2.24), we apply Sobolev’s inequality on sphere to

get

‖Z≤2Fι(uι̂)‖L2
ω

≲ ‖uι̂‖pι−1
L∞
ω

‖Z≤2uι̂‖L2
ω
+ ‖uι̂‖pι−2

L∞
ω

‖Z≤1uι̂‖2L4
ω

≲ ‖Z≤2uι̂‖pιL2
ω
.
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By (2.25), (2.2) and Hölder’s inequality, we see that

‖ψ̄pι
R r

3−sι− 3pι
oι̂ Z≤2Fι(uι̂)‖

L2
tL

oι̂
pι
r L2

ω

≲‖ψ̄Rr
3−sι−

3pι
oι̂

pι Z≤2uι̂‖pιL2pι
t Loι̂

r L2
ω

=‖ψ̄Rr
3
2
+αι̂− 1

qι̂
− 3

oι̂
−sι̂Z≤2uι̂‖pιLqι̂

t Loι̂
r L2

ω

≲Aqι̂αι̂/2(T )
− 2pι

qι̂ ‖uι̂‖pιU2
ι̂
.

To control the second semi-norm in (2.24), we begin by dealing with Iι. For the part
r ≥ R + 2, we observe that

‖Iι‖L1
tL2

rL
2
ω(r≥R+2) ≲‖r

1
pι(pι−1)uι̂‖pι−1

Lpι
t L

2pι(pι−1)
(pι−2)

r L∞
ω (r≥R+2)

‖r−
1
pι ψ̄RZ

≤2uι̂‖Lpι
t Lpι

r L2
ω

≲‖r−
1
pι ψ̄RZ

≤2uι̂‖pιLpι
t Lpι

r L2
ω
= ‖ψ̄RZ

≤2uι̂‖pι
W̃S ι̂

≲ ‖uι̂‖pιU2
ι̂
,

where we have applied (2.18) in the second inequality. Meanwhile, for the spatial compact
region r ≤ R + 2, by Sobolev embedding Ḣ2

x ∩ Ḣ1
x ⊂ L∞

x , we see

‖Iι‖L1
tL

2
x(r≤R+2) ≲‖uι̂‖pι−1

(L2
t∩L∞

t )L∞
x (r≤R+2)

‖∂≤2uι̂‖L2
tL

2
x(r≤R+2)

≲‖∂≤2uι̂‖pιLEg
≲ ‖uι̂‖pιU2

ι̂
.

The treatment of IIι is similar. For the spatial compact region, we obtain

‖IIι‖L1
tL

2
x(r≤R+2) ≲‖uι̂‖pι−2

L∞
t L∞

x (r≤R+2)‖∂uι̂‖
2
L2
tL

4
x(r≤R+2)

≲‖∂≤2uι̂‖pιLEg
≲ ‖uι̂‖pιU2

ι̂
,

by Ḣ2
x ∩ Ḣ1

x ⊂ L∞
x and H1

x ⊂ L4
x. For the remaining region r ≥ R + 2, we deal with two

cases separately: pι ≤ 4 and pι > 4. At first, when pι ≤ 4, with the help of (2.18) and
(2.19), we have

‖IIι‖L1
tL2

rL
2
ω(r≥R+2) ≲‖r

1
pι uι̂‖pι−2

Lpι
t L∞

r L∞
ω (r≥R+2)

‖r
1
pι

− 1
2Zuι̂‖2Lpι

t L4
rL

4
ω(r≥R+2)

≲‖r−
1
pι ψ̄RZ

≤2uι̂‖pιLpι
t Lpι

r L2
ω
= ‖ψ̄RZ

≤2uι̂‖pι
W̃S ι̂

≲ ‖uι̂‖pιU2
ι̂
.

When pι > 4, by (2.18), we get

‖IIι‖L1
tL2

rL
2
ω(r≥R+2) ≲‖r

2
pι(pι−2)uι̂‖pι−2

Lpι
t L

2pι(pι−2)
pι−4

r L∞
ω (r≥R+2)

‖r−
1
pιZuι̂‖2Lpι

t Lpι
r Lpι

ω (r≥R+2)

≲‖r−
1
pι ψ̄RZ

≤2uι̂‖pιLpι
t Lpι

r L2
ω
= ‖ψ̄RZ

≤2uι̂‖pι
W̃S ι̂

≲ ‖uι̂‖pιU2
ι̂
.

In summary, we finish the proof of (2.27), as we have Aqι̂αι̂/2(T ) ≤ 1 by definition.
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2.3.5 Proof of Theorem 2.2 with p1 = 2

Firstly we consider the case p2 > p1 = 2. The main difference here is that, s2 defined
in (2.4) is zero but Corollary 2.12 requires sι > 0.

To overcome the difficulty, we follow the idea of [23]. The key observation is that,
although the homogeneous estimate is hard to prove or even fail to hold, we could still
prove the inhomogeneous estimate in (2.21) with s = 0. Actually, by (2.20) with s = 0, if
v has vanishing initial data at t = T , we obtain, for t ∈ [0, T ],

‖v‖W 1∩X1 ≲ ‖□g̃v‖(W 0∩X0)′ ,

where g̃ is the same as that in the proof of Corollary 2.12. Then, by duality for the wave
operator □g̃, we still have the desired inhomogeneous estimate

‖u‖W 0∩X0 ≲ ‖□g̃u‖(W 1∩X1)′ = ‖□gu‖(W 1∩X1)′ ,

provided that u has vanishing initial data at t = 0 and vanishes in a region {r < R + 1}
with R � 1.

Therefore, we require supp(f2, g2) ⊂ BR to ensure that ψ̄RZ
≤2u2 has zero initial data.

Another difference in p1 = 2 is that in this situation, q = 2, s = 1 no longer satisfy
the condition of (2.3), so we modify the definition of qι in (2.22) to qι := (2 − δ)pι̂ and
correspondingly modify (2.24) to

‖F‖V m
ι

=‖ψ̄pι
R r

7
2
− 1

2−δ
−sι− 3pι

oι̂ Z≤mF‖
L2−δ
t L

oι̂
pι
r L2

ω

+ ‖Z≤mF‖L1
tL

2
x
.

Then q = (2− δ)′, s = 1 satisfy the condition of (2.3), and we obtain

7

2
− 1

2− δ
− sι −

3pι
oι̂

= pι(
3

2
+ αι̂ −

1

qι̂
− 3

oι̂
− sι̂).

The rest of the proof is almost the same, and we leave the details for the interested reader.
As for the second case p1 = p2 = 2, we shall require supp(fj, gj) ⊂ BR, and then the

proof is similar.
Finally, if we additionally assume (H3), we could recover the homogeneous estimate

in (2.21) with s = 0, as in [30, eq. (6.13)]. With the help of this observation, we could
prove the same result, without the compact requirement.
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Chapter 3

Long time behavior of Strauss type
equation with damping and potential

3.1 Main results

In this chapter, we study the long-time existence of solution of the equation (1.7) pro-
posed in section 1.3 under condition (1.8). Firstly, we give the blow up results of the solu-
tion, which obtained by the author’s joint work [7]. For this purpose, we establish the space
of the solution for blow up problem.

Definition 3.1. Assume that (1.8) is satisfied and supp(f, g) ⊂ B(0, 1) where B(x, r)

stands for the ball centered at x with radials r. For f ∈ H1(Rn), g ∈ L2(Rn), we call u a
well-posed solution of (1.7) in [0, T ]× Rn if

u ∈ C1([0, T ];L2(Rn)) ∩ C([0, T ];H1(Rn)),

|u|p ∈ L1(0, T ;H−1(Rn)), suppu ⊂ B(0, 1 + t),

when n ≥ 3, u should satisfy the integral equation∫
Rn

ε
(
g +Dr−1f

)
Φ(0) dx+

∫ T

0

∫
Rn

|u|pΦ dx d t

=

∫ T

0

∫
Rn

(
∇u · ∇Φ + V r−2uΦ

)
dx d t−

∫ T

0

∫
Rn

(
∂tu+Dr−1u

)
∂tΦ dx d t

for any Φ ∈ ∩1
k=0C

k
0 ((−∞, T );H1−k(Rn)), when n = 2, u should satisfy above equation

for Φ with additional requirement r−1−δΦ ∈ L2(R2)(δ > 0).

For convenience, we define ρ = A−n
2

in this chapter, then we have the result
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Theorem 3.1. If there exists some u which is the solution in the sense of Definition 3.1
with maximum lifespan Tε,A,B(n, p) and the initial data (f, g) satisfies

g(x) +Dr−1f(x) ≥ 0, (3.1)

but not vanish, then there exist some constantC. When (D+3−A)(A+n+2) < 8, where
pd(A−D) < pF ((n+ A− 2)/2) < pS(n+D), we have

Tε ≤


Cε

(p−1)
hF (p;(n+A−2)/2) , p ≤ pd(A−D)

Cε
2p(p−1)

hS(p;n+D) , pd(A−D) < p < pS(n+D);

exp
(
Cε−p(p−1)

)
, p = pS(n+D).

(3.2)

When (D+3−A)(A+n+2) = 8, where pd(A−D) = pF ((n+A− 2)/2) = pS(n+D),
we have

Tε ≤

Cε
(p−1)

hF (p;(n+A−2)/2) , p < pF ((n+ A− 2)/2) ;

exp
(
Cε−(p−1)

)
, p = pF ((n+ A− 2)/2) .

(3.3)

When (D+3−A)(A+n+2) > 8, where pd(A−D) > pF ((n+A− 2)/2) > pS(n+D),
we have

Tε ≤

Cε
(p−1)

hF (p;(n+A−2)/2) , p < pF ((n+ A− 2)/2) ;

exp
(
Cε−(p−1)

)
, p = pF ((n+ A− 2)/2) .

(3.4)

Remark 3.1. When D = 0, we do not need the requirement n+ρ
n+ρ−1

< p because no
singularity comes from the damping.

Next, we consider the long time existence for the equation with D = 0. Here we
assume the initial data is spherical symmetric, and rewrite the equation as∂2tU −∆U + V r−2U = |U |p, r = |x|, x ∈ Rn;

U(0, x) = εU0(r), Ut(0, x) = εU1(r);
(3.5)

with p > 1, n ≥ 2, 0 < ε � 1 and V ≥ −(n − 2)2/4 is a constant. When we discuss the
existence of solutions, we use the solution space

Definition 3.2. We call U is a weak solution of (3.5) in [0, T ]× Rn if U satisfies∫ T

0

∫
Rn

|U |pΦ dx d t =
∫ T

0

∫
Rn

U

(
∂2t −∆+

V

r2

)
Φ dx d t

− ε

∫
Rn

(U1Φ(0, x)− U0∂tΦ(0, x)) dx,
(3.6)

for any Φ(t, x) ∈ r
A−n

2 C∞
0 ((−∞, T )× Rn).
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The rationality of such definition will be discussed in Section 3.4. For the simplicity of
presentation, we adopt some notations pS = pS(n), pF = pF ((n+A− 2)/2), pd = pd(A),
and

pt :=
n+ A

n− 1
, pconf :=

n+ 3

n− 1
, pm :=

n+ 1

n− 1
, pM :=

 n+1
n−A

n > A

∞ n ≤ A
.

Theorem 3.2. When 2 ≤ n, 2 ≤ A ≤ 3 and pm < p < pM . Assume the initial data
satisfies

‖r
n−A+2

2 U ′
0(r)‖L∞

r
+ ‖r

n−A
2 U0(r)‖L∞

r
+ ‖r

n−A+2
2 U1(r)‖L∞

r
<∞, (3.7)

and supported in [0, 1). Then there exists an ε0 > 0, such that when ε < ε0, there exists a
constant c = c(p;n,A). So that, there is a weak solution U of (3.5) on [0, T∗)× Rn with

r
A−n

2 U ∈ L∞
loc;t,x([0, T∗)× Rn).

Where, (3− A)(A+ n+ 2) < 8, where pd < pF < pS , we have

T∗ =



cε
(p−1)

hF (p;(n+A−2)/2) , p < pd;

cε
(p−1)

hF (p;(n+A−2)/2) | ln ε|
1

hF (p;(n+A−2)/2) , p = pd;

cε
2p(p−1)
hS(p;n) , pd < p < pS;

exp
(
cεp(1−p)

)
, p = pS;

∞, p > pS.

(3.8)

When (3− A)(A+ n+ 2) = 8, where pd = pF = pS , we have

T∗ =


cε

(p−1)
hF (p;(n+A−2)/2) , p < pd;

exp
(
cε

1−p
2

)
, p = pd;

∞, p > pd.

(3.9)

When (3− A)(A+ n+ 2) > 8, where pd > pF > pS , we have

T∗ =


cε

(p−1)
hF (p;(n+A−2)/2) , p < pF ;

exp(cε1−p) , p = pF ;

∞, p > pF .

(3.10)
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Theorem 3.3. When 2 ≤ n, 3 ≤ A and 1 < p. Assume 1 < p ≤ pm, the initial data
(U0, U1) satisfies

‖r
n−1
2 U0(r)‖Lp

r
+ ‖r

n+1
2 U1(r)‖Lp

r
<∞, (3.11)

and supported in [0, 1). Then there exists an ε0 > 0, such that when ε < ε0, (3.5) has a
weak solution U in [0, T∗]× Rn verifying

‖(1 + t)
(n−1)p−n−1

2p r
n+1
2p U‖L∞

t Lp
r([0,T∗]×Rn) <∞,

with T∗ defined in (3.8).
Assume pm ≤ p < pS and the initial data satisfies (3.11). Then there exists an ε0 > 0,

such that when ε < ε0, (3.5) has a weak solution in [0, T∗]× Rn verifying

‖t
(n−1)p−n−1

2p r
n+1
2p U‖L∞

t Lp
r([0,T∗]×Rn) <∞,

with T∗ defined in (3.8).
Assume p = pS , if (3.11) hold for p = pS and some p > pS . Then there exists an

ε0 > 0, such that when ε < ε0, (3.5) has a weak solution U in [0, T∗]× Rn verifying

‖t
(n−1)pS−n−1

2pS r
n+1
2pS U‖L∞

t L
pS
r ([0,T∗]×Rn) <∞,

with T∗ defined in (3.8).
Assume p > pS and the initial data satisfies

‖r
n−1
2 U0(r)‖Lq

r
+ ‖r

n+1
2 U1(r)‖Lq

r
<∞, q :=

2(p− 1)

(n+ 1)− (n− 1)p
.

Then there exists an ε0 > 0, such that when ε < ε0, (3.5) has a weak solution U inR+×Rn

verifying
‖r

n+1
2p U‖Lpq

t Lp
r(R+×Rn) + ‖r

n−1
2 U‖L∞

t Lq
r(R+×Rn) <∞.

3.2 Special solutions of the conjugate equation deduced by
(1.7)

In this section, firstly we will construct a family of special solutions to

P ∗Ψ = ∂2tΨ−Dr−1∂tΨ−∆Ψ+ V r−2Ψ = 0, (3.12)

here P ∗ is the time-space conjugate operator of P . Then, we will discuss the properties of
such Ψ, and use them as the test functions in the next section.

The basic idea is to reshape (3.12) and seek solutions only depend on t and r. We
consider Ψ = rρΦ, then we have
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Lemma 3.4. AssumeΨ is spherically symmetric. Then P ∗Ψ(t, x) = 0 if and only ifΦ(t, x)
satisfy the equation

∂2tΦ−Dr−1∂tΦ− ∂2rΦ− (n− 1 + 2ρ)r−1∂rΦ = 0, t > 0, r > 0. (3.13)

Proof. We only need to replace Ψ(t, x) by rρΦ(t, x) and multiply r−ρ on both sides. For
the last two terms in P ∗Φ, we have

r−ρ∂r(r
ρΦ) = ρr−1Φ + ∂rΦ,

r−ρ∂2r (r
ρΦ) = ρ(ρ− 1)r−2Φ + 2ρr−1∂rΦ + ∂2rΦ,

r−ρ(−∆+ V r−2)Ψ = −r−ρ(∂2r + (n− 1)r−1∂r − V r−2)(rρΦ)

= −
(
∂2r + (n− 1 + 2ρ)r−1∂r

)
Φ,

where we used the relation between ρ, n, V in the last equality. Adding the first two terms,
we finish the proof.

Now, we seek a family of homogeneous solutions of (3.13) with the form

Φβ(t, x;λ) = (t+ r + λ)−βϕ

(
2r

t+ r + λ

)
, β ∈ R, λ ≥ 0.

Lemma 3.5. Let Φβ be the one defined above. Then Φβ satisfies (3.13) in Qλ := {(t, x) :
t+ λ > |x|} if and only if

0 = z(1− z)ϕ′′(z) + (γ − (α + β + 1)z)ϕ′(z)− αβϕ(z), z ∈ (0, 1) (3.14)

with the notation
α =

n+D − 1 + 2ρ

2
, γ = n− 1 + 2ρ, (3.15)

which will be used through the paper.

Proof. This lemma is verified by some calculations and similar to the proof in [16], but for
the reader’s convenience, we show the details. It is obvious that we only need to prove the
case λ = 0. Setting z = 2r(t+ r)−1, we have

∂tz = −2r(t+ r)−2, ∂rz = 2(t+ r)−1 − 2r(t+ r)−2 = 2t(t+ r)−2,

then we get

∂tΦβ =− β(t+ r)−β−1ϕ− 2r(t+ r)−β−2ϕ′,

∂2tΦβ =β(β + 1)(t+ r)−β−2ϕ+ 4(β + 1)rϕ′(t+ r)−β−3 + 4r2(t+ r)−β−4ϕ′′,

∂rΦβ =− β(t+ r)−β−1ϕ+ 2t(t+ r)−β−2ϕ′,

∂2rΦβ =β(β + 1)(t+ r)−β−2ϕ− 4(β + 1)tϕ′(t+ r)−β−3 + 4t2(t+ r)−β−4ϕ′′.
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Then

0 =
(
∂2t −Dr−1∂t − ∂2r − (n− 1 + 2ρ)r−1∂r

)
Φβ

=4(r − t)(t+ r)−β−3ϕ′′ + (2Dr − 2(n− 1 + 2ρ)t+ 4(β + 1)r)r−1(t+ r)−β−2ϕ′

+ (Dβ + (n− 1 + 2ρ)β)r−1(t+ r)−β−1ϕ.

We multiply above equation with (t+ r)β+2 in both sides, using the fact tr−1 = 2z−1 − 1

and we get

0 =4
1− tr−1

1 + tr−1
ϕ′′ + (2D − 2(n− 1 + 2ρ)tr−1 + 4(β + 1))ϕ′

+ (Dβ + (n− 1 + 2ρ)β)
(
tr−1 + 1

)
ϕ

=4(z − 1)ϕ′′ +
(
2D + 2(n− 1 + 2ρ)− 4(n− 1 + 2ρ)z−1 + 4(β + 1)

)
ϕ′

+ (Dβ + (n− 1 + 2ρ)β)
(
2z−1

)
ϕ

=− 4z−1

(
z(1− z)ϕ′′ +

(
n− 1 + 2ρ−

(
n+D − 1 + 2ρ

2
+ β + 1

)
z

)
ϕ′

− Dβ + (n− 1 + 2ρ)β

2
ϕ

)
=− 4z−1(z(1− z)ϕ′′(z) + (γ − (α + β + 1)z)ϕ′(z)− αβϕ(z)) ,

which finishes the proof.

Noticing (3.13) is a hypergeometric function. Its solution is called hypergeometric
function. Then we have

Corollary 3.6. When D < n− 1 + 2ρ, the equation (3.14) has a special solution

ϕ(z) = F (α, β, γ; z) ,

where F (α, β, γ; z) is the hypergeometric function given by

F (α, β, γ; z) =
Γ(γ)

Γ(α)Γ(γ − α)

∫ 1

0

sα−1(1− s)γ−α−1(1− zs)−β d t

for γ > α > 0.

Formore properties of hypergeometric differential equations and hypergeometric func-
tions, we refer the readers to, e.g., [21]. Now, we are going to discuss some properties of
such Ψβ = rρΦβ .

Lemma 3.7. For any β ∈ R and (t, x) ∈ Qλ with Qλ defined in Lemma 3.5, we have

∂tΨβ(t, x;λ) = −βΨβ+1(t, x;λ). (3.16)
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Moreover, for every (t, x) ∈ Qλ, we have

Ψβ(t, x;λ) ≈ rρ(λ+ t)−β ·


1, β < γ − α,

1− ln
(
1− r

λ+t

)
, β = γ − α,(

1− r
λ+t

)γ−α−β
, β > γ − α.

(3.17)

Proof. This lemma is similar to [16, Lemma 3.2] but we give the details here. Firstly for
(3.16), with z = 2r

t+r+λ
we have

∂tΨβ(t, x;λ) = rρ(t+ r + λ)−β−1(−β − z∂z)F (α, β, γ; z) ,

Ψβ+1(t, x) = rρ(t+ r + λ)−β−1F (α, β + 1, γ; z) .

Using the properties

∂zF (α, β, γ; z) =
αβ

γ
F (α + 1, β + 1, γ + 1; z) ,

αz

γ
F (α + 1, β + 1, γ + 1; z) = F (α, β + 1, γ; z)− F (α, β, γ; z)

of hypergeometric functions, see e.g. [21, Section 9.2], we get (3.16) for any n ≥ 1. For
(3.17), we only need to estimate F (α, β, γ; z) here. Firstly we notice that 1− z ≈ 1− r

λ+t

by its expression. Also, by the expression of F , it is obvious that F ≥ C > 0 for some C
when 0 < z < 1. When 0 < z ≤ 1/2, for 0 < s < 1 we have (1 − zs)−β ≈ 1 so we get
the result. As for z > 1/2, we have

F (α, β, γ; z) ≈
∫ 1

0

tα−1(1− t)γ−α−1(1− zt)−β d t

=

∫ 1

1/2

tα−1(1− t)γ−α−1(1− zt)−β d t+O(1)

≈
∫ 1

1/2

(1− t)γ−α−1(1− zt)−β d t+O(1).

Using the change of variable t = 1− (1− z)s, we continue the calculation and get

F (α, β, γ; z) ≈ (1− z)γ−α−β

∫ (1−z)−1/2

0

sγ−α−1(1 + zs)−β d s+O(1)

≈ (1− z)γ−α−β

∫ (1−z)−1/2

1

sγ−α−β−1 d s+O(1).

By a fundamental calculation of this integral with different β, we finish our proof of (3.17).
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3.3 Proof of the blow-up phenomenon

In this section we useΨβ defined in the last section to consider the upper bound of the
lifespan of solutions to (1.7) and its dependence of ε under the condition (1.8).

3.3.1 Preliminaries for showing blowup phenomenon

To begin with, we introduce a cut-off function η(t) ∈ C∞
0 ((−∞, 1)) satisfies

η(t) =

1, 0 ≤ s ≤ 1
2
,

non-increasing, 1
2
< s < 1

,

and ηT (t) := η(t/T ) with arbitrary T > 0.
Now, we want to multiply a test function to both sides of equation (1.7) and use inte-

gration by parts. But, instead of multiplying some ψ satisfies P ∗ψ = 0 as many proofs do,
we further multiply ηT (t)2p

′ on both sides, then we will get that

Lemma 3.8. Let u be a solution of (1.7) in the sense of Definition 3.1 with maximum
lifespan Tε, then for any 1 ≤ T < Tε, we have

εCf,g(λ, β1) +

∫ T

0

Gβ1(t;T ) d t ≲
(∫ T

T/2

Gβ(t;T ) d t
) 1

p

S(T ; β1, β), (3.18)

for any β, β1 ∈ R and λ > 1,where

Cf,g(λ, β) :=

∫
Rn

(
g(x) +Dr−1f(x)

)
Ψβ(0, x;λ)− f(x)∂tΨβ(0, x;λ) dx,

Gβ(t;T ) :=

∫
Rn

|u|pη2p
′

T Ψβ dx,

S(T ; β1, β) :=T
−2

(∫ T

T/2

∫
B(0,1+t)

Ψp′

β1
Ψ

− p′
p

β dx d t
) 1

p′

+ T−1

(∫ T

T/2

∫
B(0,1+t)

r−p′Ψp′

β1
Ψ

− p′
p

β dx d t
) 1

p′

+ T−1

(∫ T

T/2

∫
B(0,1+t)

|∂tΨβ1|
p′ Ψ

− p′
p

β dx d t
) 1

p′

.

Proof. To begin with, for any given β1 ∈ R, we want to choose η2p
′

T Ψβ1 to be the test
function. Noticing that η2p

′

T ∈ C∞
0 ((−∞, T )) and suppx u ⊂ B(0, 1 + t), we only need to

show that Ψβ1 belongs to Ck(R;H1−k(B(0, 1 + t)) for k = 0, 1 for n ≥ 3.
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By (3.17) with λ > 1, we get that

Ψβ1 ≲ Ctr
ρ,

in B(0, 1 + t) with some constant Ct depending on t. Since 2ρ + n − 1 > 1, its easy to
see that ‖Ψβ1‖L2

x(B(0,t+1)) is bounded by some constant depending on t. The same estimate
also holds for ‖∂tΨβ1‖L2

x(B(0,t+1)) because of (3.16). As for the space derivatives, sinceΨβ1

is spherically symmetric, we only need to consider ∂rΨβ1 . However, the worst singularity
will be rρ−1 with 2(ρ − 1) + n − 1 > −1. So we also have that ‖∂rΨβ1‖L2

x(B(0,t+1)) is
bounded by some constant depending on t. Hence, we have shown that Ψβ1 belongs to the
function space for test functions. When n = 2, the procedure is similar so we omit it.

Using Definition 3.1 and making the integration by parts again, we find that∫
Rn

ε(g +Dr−1f)η2p
′

T (0)Ψβ1(0) dx+
∫ T

0

∫
Rn

|u|pη2p
′

T Ψβ1 dx d t

=

∫ T

0

∫
Rn

(
∇u · ∇

(
η2p

′

T Φβ1

)
+ V r−2u η2p

′

T Φβ1

)
dx d t

−
∫ T

0

∫
Rn

(
∂tu+Dr−1u

)
∂t

(
η2p

′

T Φβ1

)
dx d t

=

∫ T

0

∫
Rn

uP ∗
(
η2p

′

T Ψβ1

)
dx d t−

∫
Rn

u ∂t

(
η2p

′

T Ψβ1

)
dx
∣∣∣∣T
t=0

.

Noticing that ηT (T ) = ∂tηT (T ) = ∂tηT (0) = 0 and ηT (0) = 1, we can simplify the above
identity as

εCf,g(λ, β1) +

∫ T

0

Gβ1(t;T ) d t =
∫ T

0

∫
Rn

uP ∗
(
η2p

′

T Ψβ1

)
dx d t.

Since P ∗Ψβ1 = 0 and ηT only depends on t, we have∫ T

0

∫
Rn

uP ∗
(
η2p

′

T Ψβ1

)
dx d t =

∫ T

0

∫
Rn

uΨβ1∂
2
t

(
η2p

′

T

)
dx d t

−
∫ T

0

∫
Rn

uΨβ1Dr
−1∂t

(
η2p

′

T

)
dx d t

+

∫ T

0

∫
Rn

2u∂tΨβ1∂t

(
η2p

′

T

)
dx d t.

For the first part, noticing that 2p′−2 = 2p′

p
, suppu(t, ·) ⊂ B(0, t+1) and for every k ≥ 1,

η
(k)
T (t)

∣∣∣
0≤t≤T/2

= 0 and
∣∣∣η(k)T (t)

∣∣∣
0≤t≤T

≲ Ck with some constant Ck, we use the chain rule
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and get that∣∣∣∣∫ T

0

∫
Rn

uΨβ1∂
2
t

(
η2p

′

T

)
dx d t

∣∣∣∣
≲T−2

∫ T

T/2

∫
B(0,t+1)

∣∣∣uΨβ1η
′′
Tη

2p′−1
T

∣∣∣+ ∣∣∣uΨβ1η
′2η2p

′−2
T

∣∣∣ dx d t
≲T−2

(∫ T

T/2

∫
B(0,t+1)

|u|pΨβη
2p′

T dx d t
) 1

p
(∫ T

T/2

∫
B(0,t+1)

Ψp′

β1
Ψ

− p′
p

β dx d t
) 1

p′

.

Estimates for the rest two parts go similarly, so we omit them and finish the proof.

To use the inequality above, we need to askCf,g(λ, β) > 0 for some λ, for this purpose
we give the following lemma.

Lemma 3.9. For any given β, if f ∈ H1(Rn), g ∈ L2(Rn) with compact support and

g(x) +Dr−1f(x) ≥ 0,

but not vanishes, then there exists a λβ > 1 such that for any λ > λβ , Cf,g(λ, β) > 0.

Proof. Based on Lemma 3.7, when λ > 1, t = 0 and r < 1, we have

Ψβ(0, x;λ) ≈ rρλ−β, ∂tΨβ(0, x;λ) ≲ rρλ−β−1.

Noticing that rρ−1 ∈ L2
loc(Rn), so all integrates appeared in Cf,g(λ, β) is finite. Then, this

lemma is just an obvious conclusion.

Next, we want to use Lemma 3.8 to estimate
∫
Gβ(t;T ) d t for some β. So we need

to estimate the S(T ; β1, β).
Here we mention that when we want to estimate the relation between

∫ T

T/2
Gβ(t;T ) d t

and the initial data, we should let S(T ; β1, β) be small. And when we want to estimate the
relation between

∫ T

T/2
Gβ(t;T ) d t and

∫ T

0
Gβ(t;T ) d t, we should choose β1 = β. Now we

give the following lemma.

Lemma 3.10. Assume T ≥ 1, λ > 1, p > n+ρ
n+ρ−1

and β < γ − α. When β1 = 0, we have
that

S(T ; 0, β) ≲ T
ρ+n+1

p′ −2+β
p .

When β1 > γ − α− 1
p
, we have that

S(T ; β1, β) ≲ T
ρ+n
p′ −n−A+2ρ+1

2
+β

p .
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When β1 = β 6= 0, we have that

S(T ; β, β) ≲T
ρ+n
p′ −β−2+β

pS0(T )
1
p′ ,

S0(T ) :=

T, β < γ − α− 1
p
,

T ln(T + 1), β = γ − α− 1
p
,

Proof. We begin with the β1 = 0 situation, for the first term in S(T ; 0, β), when β < γ−α
we calculate ∫

B(0,t+1)

Ψp′

0 Ψ
− p′

p

β dx ≲
∫
B(0,t+1)

rρ(t+ λ)
(−β)

(
− p′

p

)
dx

≲(t+ 1)β
p′
p

∫ t+1

0

rρ+n−1 d r

≈(t+ 1)ρ+n+β p′
p .

Then we have that

T−2

(∫ T

T/2

∫
B(0,t+1)

Ψp′

0 Ψ
− p′

p

β dx d t
) 1

p′

≲T−2

(∫ T

T/2

(t+ 1)ρ+n+β p′
p d t

) 1
p′

≲T
ρ+n+1

p′ −2+β
p .

Although the estimate for the second term goes similarly, wemention that we need to require
p > n+ρ

n+ρ−1
such that there is no singularity in the r-integral. As for the third term, it vanishes

since ∂tΨ0 = 0 by (3.16). Now we finish the proof for this situation β1 = 0.
When we consider β1 > γ − α − 1

p
, the estimate for the first two terms is almost the

same as before. As for the third term, we use Lemma 3.7 and calculate∫
B(0,t+1)

|∂tΨβ1|
p′ Ψ

− p′
p

β dx

≲
∫
B(0,t+1)

rρ(t+ λ)(−β1−1)p′−(−β) p
′
p

(
1− r

λ+ t

)(γ−α−β1−1)p′

dx

≲(t+ 1)ρ+n−1+(−β1−1)p′+β p′
p

∫ t+1

0

(
1− r

λ+ t

)(γ−α−β1−1)p′

d r.

Based on the assumption on β1, we have∫ t+1

0

(
1− r

λ+ t

)(γ−α−β1−1)p′

d r ≲ (t+ 1)−(γ−α−β1−1)p′ .

Here we mention that α = n+D−1+2ρ
2

, γ = n − 1 + 2ρ, then we get the result by a simple
calculation.
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Next, we consider β1 = β 6= 0, similarly to the above, we only consider the third term.
Here when β < γ − α− 1, we have∫ t+1

0

1 d r ≲ (t+ 1) ≡ S0(t+ 1).

When β = γ − α− 1, we have∫ t+1

0

(
1− ln

(
1− r

t+ λ

))p′

d r ≲ (t+ 1) ≡ S0(t+ 1).

When γ − α− 1 < β < γ − α− 1
p
, we have∫ t+1

0

(
1− r

λ+ t

)(γ−α−β−1)p′

d r ≲ (t+ 1) ≡ S0(t+ 1).

When β = γ − α− 1
p
, we have∫ t+1

0

(
1− r

λ+ t

)(γ−α−β−1)p′

d r ≲ (t+ 1) ln(t+ 2) ≡ S0(t+ 1).

Then we get the results same as before.

To use (3.8), we still need to show the relation between
∫ T

T/2
Gβ(t;T ) d t and

∫ T

0
Gβ(t;T ) d t.

SinceGβ(t, T ) ≥ 0, we obviously have the former less than or equal to the latter. Also, we
can transform the relationship between the two into the relationship between an auxiliary
function and its differential, by introducing the auxiliary function.

Lemma 3.11. or any given β ∈ R, if we define

Hβ(t) :=

∫ T

0

∫ t

t/2

Gβ(s; t) d s
d t
t
,

then
TH ′

β(T ) =

∫ T

T/2

Gβ(t;T ) d t, Hβ(t) ≤
∫ T

0

Gβ(t;T ) d t.

Proof. The first equality is obvious, so we only focus on the inequality. Here we exchange
the order of integration, then

Hβ(T ) =

∫ T

0

∫ min{2s,T}

s

1

t
Gβ(s; t) d t d s

≤
∫ T

0

∫ 2s

s

1

t
Gβ(s;T ) d t d s ≤

∫ T

0

Gβ(s;T ) d s.

This finishes the proof.
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3.3.2 Proof of Theorem 3.1

Based on (3.18) and Lemma 3.10, we find that the different choices of β1 lead to
different kind of lower bounds of

∫ T

T/2
Gβ(t;T ) d t. To start with, we fix β < γ − α− 1

p
.

Firstly we choose β1 > γ − α − 1
p
and show the blow-up result corresponding to the

Strauss exponent. Using Lemma 3.8, Lemma 3.9 and Lemma 3.10, under their condition
we have

ε ≲T
ρ+n
p′ −n−A+2ρ+1

2
+β

p

(∫ T

T/2

Gβ(t;T ) d t
) 1

p

,

∫ T

0

Gβ(t;T ) d t ≲T
ρ+n+1

p′ −β−2+β
p

(∫ T

T/2

Gβ(t;T ) d t
) 1

p

,

respectively. Mixing them and we get that

εpT n+ρ−n+A−1
2

p−β ≲
∫ T

T/2

Gβ(t;T ) d t ≲ T n+ρ−1− 2
p−1

−β, (3.19)

which means

T ≲ ε
2p(p−1)

hS(n+D,p)

for any p < pS(n + A). Because this relation must be satisfied for any 1 ≤ T < Tε, we
finish the proof of pd < p < pS case in (3.2).

Then, we choose β1 = 0 and show the blow-up result corresponding to the Fujita
exponent. Using these lemma again, under their condition we have

ε ≲T
ρ+n+1

p′ −2+β
p

(∫ T

T/2

Gβ(t;T ) d t
) 1

p

,

∫ T

0

Gβ(t;T ) d t ≲T
ρ+n+1

p′ −β−2+β
p

(∫ T

T/2

Gβ(t;T ) d t
) 1

p

respectively. Mixing them and we get that

εpT (n+ρ−1)(1−p)+2−β ≲
∫ T

T/2

Gβ(t;T ) d t ≲ T n+ρ−1− 2
p−1

−β,

which means
T ≲ ε

p−1
hF (n−1+ρ,p)

for any p < pF (n − 1 + ρ). Similarly to the above we finish the proof of p < pF , p ≤ pd

case of (3.2), (3.3), (3.4).
Next, we are going to consider the ‘critical’ situation. As before, we begin with the

estimate related to Strauss exponent. When p = pS(n+ A), we have

n+ ρ− n+ A− 1

2
p = n+ ρ− 1− 2

p− 1
= γ − α− 1

p
.
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Then from (3.19) we can only get that

εpT γ−α− 1
p
−β ≲

∫ T

T/2

Gβ(t;T ) d t ≲ T γ−α− 1
p
−β. (3.20)

This suggests us to choose β = γ − α − 1
p
and treat the integral of Gβ(t, T ) more

precisely. Using Lemma 3.10 again and under above condition we get

ε ≲
(∫ T

T/2

Gβ(t;T ) d t
) 1

p

,

∫ T

0

Gβ(t;T ) d t ≲
(∫ T

T/2

Gβ(t;T ) d t
) 1

p

ln(T + 1)
1
p′ .

Here we use Hβ defined in Lemma 3.11 and we get that for any T ≥ 2

εp ≲ TH ′
β(T ), Hβ(T )

p ln(T )1−p ≲ TH ′
β(T ).

We introduce s = ln(T ) and I(s) = H(T ) where H ′(T ) = T−1I ′(s), then above ODI
system equivalents to

εp ≲ I ′(s), I(s)ps1−p ≲ I ′(s).

This is a classical ODI system which must blow-up in finite time, using the scaling method
we know that I(s) must blow up before Cε−p(p−1) with some constant C, by the relation
between s and T we finish the proof of p = pS case of (3.2).

For the p = pF (n− 1 + ρ) situation, similarly we have

(n+ ρ− 1)(1− p) + 2 = n+ ρ− 1− 2

p− 1
= 0.

Since γ − α > 0, we choose β = 0 and get

ε ≲
(∫ T

T/2

Gβ(t;T ) d t
) 1

p

,

∫ T

0

Gβ(t;T ) d t ≲
(∫ T

T/2

Gβ(t;T ) d t
) 1

p

.

Similar as before, with s = ln(T ) and I(s) = H(T ) we get

εp ≲ I ′(s), I(s)p ≲ I ′(s).

Using scaling method again we know that I(s) must blow up before Cε−(p−1) with some
constant C, by the relation between s and T we finish the proof for p = pF case of (3.3)
and (3.4).
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3.4 The definition and properties of the solution of equa-
tion (3.5)

In this section, wewill transform (3.5) to an equivalent equation (3.21), and explain the
rationality of Definition 3.2. Then we will give the homogeneous solution of this equation,
and analyze the properties of the solution.

3.4.1 The definition of weak solution

Here we notice that the initial data of (3.5) are spherically symmetric. This suggests
the solution U is also spherically symmetric. If we set u(t, r) := r

n−A
2 U(t, x), a formally

calculation shows u satisfied the equation∂2t u−∆Au = r
(A−n)p+n−A

2 |u|p, r ∈ R+,

u(0, x) = εr
n−A

2 U0(r), ut(0, x) = εr
n−A

2 U1(r),
(3.21)

where ∆A := ∂2r + (A− 1)r−1∂r. We pause here and consider its linear form equation∂2t u−∆Au = F (t, r), r ∈ R+

u(0, r) = f(r), ut(0, r) = g(r),
(3.22)

with f , g, F good enough. When A ∈ Z+, (3.22) can be considered as an A-dimensional
spherically symmetric wave equation, where u(t, r) is a classical solution in [0, T ] if u(t, r)
satisfies (3.22) and u(t, |x|) ∈ C2([0, T ] × RA). Thus, for general situation, we should
define u is a classical solution of (3.22) in [0, T ] if u ∈ C2([0, T ]×R+), ∂ru(t, 0) = 0 and
u satisfies (3.22) point wise.

Here we give a quick proof to show that such classical solution is unique. When
f, g, F = 0, multiplying rA−1ut to both sides of (3.22) and integrate them in Ω := {(t, r) :
0 < t < T, 0 < r < R + T − t}, we see

0 =
1

2

∫ R

0

rA−1
(
u2t + u2r

)
d r
∣∣∣∣
t=T

+
1

2
√
2

∫
t+r=T+R
0<t<T

rA−1(ut − ur)
2 dσt,r,

which gives the uniqueness. After the discussion of the classical solution, we naturally
define u is the weak solution of (3.22) if u satisfies∫ T

0

∫ ∞

0

FϕrA−1 d r d t =
∫ T

0

∫ ∞

0

u
(
∂2t −∆A

)
ϕrA−1 d r d t

−
∫ ∞

0

(gϕ(0, r)− f∂tϕ(0, r))r
A−1 d r,

(3.23)
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for any ϕ(t, r) ∈ C∞
0 ((−∞, T )× R) with ∂1+2k

r ϕ(t, 0) = 0 where k ∈ N. Also, set
u = r

n−A
2 U , ϕ = r

n−A
2 Φ, f = εr

n−A
2 U0, g = εr

n−A
2 U1 and F = r

(A−n)p+n−A
2 |u|p.

It is obvious that u satisfies (3.23) is equivalent to that U satisfies (3.6) with Φ(t, x) ∈
r

A−n
2 C∞

0 ((−∞, T )× Rn), which lead to the definition of weak solution to (3.5).

3.4.2 The formula of classical solution

In this section we are going to give the formula of solution to (3.22). We will show
that

Lemma 3.12. We denote ug, uf and uF be the classical solution of (3.22) with only g 6= 0,
f 6= 0 and F 6= 0 separately. Then, the classical solution of (3.22) is u = uf + ug + uF

with

ug =r
1−A
2

∫ t+r

0

ρ
A−1
2 g(ρ)IA(µ) d ρ, µ =

r2 + ρ2 − t2

2rρ
,

uf =r
1−A
2 ∂t

∫ t+r

0

ρ
A−1
2 g(ρ)IA(µ) d ρ, µ =

r2 + ρ2 − t2

2rρ
,

uF =r
1−A
2

∫ t

0

∫ t−s+r

0

ρ
A−1
2 F (s, ρ)IA(µ) d ρ d s, µ =

r2 + ρ2 − (t− s)2

2rρ
,

IA(µ) :=
2

1−A
2

Γ
(
A−1
2

) ∫ 1

−1

X
1−A
2

+ (λ− µ)
√
1− λ2

A−3
dλ.

Remark 3.2. Considering µ = r2+ρ2−t2

2rρ
. When r ≥ t, we have

µ|0<ρ<r−t > µ|ρ=r−t = 1 > µ|r−t<ρ<t+r < µ|ρ=t+r = 1 < µ|t+r<ρ,

and when r ≤ t, we have

µ|0<ρ<t−r < µ|ρ=t−r = −1 < µ|t−r<ρ<t+r < µ|ρ=t+r = 1 < µ|t+r<ρ.

To show Lemma 3.12, we need to explore some properties of IA(µ).

Lemma 3.13. For A > 1 and IA(µ) defined in Lemma 3.12, we have

IA(1−) =
1

2
, IA(µ) = 0 for µ > 1. (3.24)

Moreover, for A 6∈ 1+ 2Z+ with some positive constants C0 and C1 depend on A, we have

|∂mµ IA(µ)| ≲(1− µ)
1−A
2

−m, µ ≤ −2,m = 0, 1; (3.25)

IA(µ) =C0 ln
3

|1 + µ|
+O(1), − 2 < µ < 1; (3.26)

∂µIA(µ) =C1(1 + µ)−1 +O

(
ln

3

|1 + µ|

)
, − 2 < µ < 1. (3.27)
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On the other hand, for A ∈ 1 + 2Z+, we have

IA(µ) =0, µ < −1; (3.28)

|∂mµ IA(µ)| ≲1, − 1 < µ < 1, m = 0, 1. (3.29)

3.4.3 Proof of Lemma 3.12

Here we only show the proof of u = ug with f = F = 0, the other formulas can be
demonstrated by a direct calculation and Duhamel’s principle.

Before the proof, we more give a classical expressions of ug constructed in Lemma
3.12. Substituting IA(µ) into ug, noticingX α

+ is an α-degree homogeneous distribution, we
find

ug =
1

Γ
(
A−1
2

) ∫ ∞

0

∫ 1

−1

g(ρ)X
1−A
2

+

(
t2 − r2 − ρ2 + 2rρλ

)
ρA−1

√
1− λ2

A−3
dλ d ρ.

When A = 1 + 2k + 2θ with k ∈ N and θ ∈ (0, 1). Changing the variable

ρ =

√
r2 + ρ̃2 − 2rρ̃λ̃ λ =

r − ρ̃λ̃√
r2 + ρ̃2 − 2rρ̃λ̃

,

we calculate

ug =
1

Γ(k + θ)

∫ ∞

0

∫ 1

−1

g

(√
r2 + ρ̃2 − 2rρ̃λ̃

)
X−k−θ

+

(
t2 − ρ̃2

)
ρ̃A−1

√
1− λ̃2

A−3

d λ̃ d ρ̃

=
1

Γ(k + θ)

(
∂t
2t

)k ∫ ∞

0

∫ 1

−1

g
(√

r2 + ρ2 − 2rρλ
)

X−θ
+

(
t2 − ρ2

)
ρA−1

√
1− λ2

A−3
dλ d ρ.

Set ρ = tσ, considering the support of X−θ
+ we finally reach

ug =
1

Γ(k + θ) Γ(1− θ)

(
∂t
2t

)k

t1+2k

∫ 1

0

∫ 1

−1

g
(√

r2 + t2σ2 − 2rtσλ
)

(1− σ2)θ
σA−1

√
1− λ2

A−3
dλ dσ.

Now we begin the proof. Here we only need to deal with the caseA 6∈ Z+. Firstly, us-
ing the expression we just obtained, we can easily find u ∈ C2(R2

+)while g ∈ C∞
0 ((0,∞)).

We can also calculate that

∂ru =
1

Γ(k + θ) Γ(1− θ)

(
∂t
2t

)k

t1+2k

∫ 1

0

∫ 1

−1

r − tσλ√
r2 + t2σ2 − 2rtσλ

g′
(√

r2 + t2σ2 − 2rtσλ
)

(1− σ2)θ

σA−1
√
1− λ2

A−3
dλ dσ.
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Let r = 0, since the integrand is an odd function of λ, such u satisfies the boundary re-
quirement.

To check the initial conditions we temporarily use the original expression. Using
Lemma 3.13 we know IA(µ) = 0 when µ > 1, which happens when ρ < r − t < 0.
Then for any r > t > 0 we have

u(t, r) =r
1−A
2

∫ t+r

r−t

ρ
A−1
2 g(ρ)IA(µ) d ρ

ut(t, r) =r
1−A
2

(
(t+ r)

A−1
2 g(t+ r) + (r − t)

A−1
2 g(r − t)

)
IA(1−)

+ r
1−A
2

∫ t+r

r−t

ρ
A−1
2 g(ρ)

−t
rρ
I ′A(µ) d ρ.

Set t = 0 and using Lemma 3.13 again we find u(0, r) = 0 and ut(0, r) = g(r).
Finally, we check u satisfies the inner equation. By a calculation trick

∂2t

(
∂t
t

)k

t1+2k =

(
∂t
t

)k+1

t2k+2∂t,

we calculate that

∂2t u =
2

Γ(k + θ) Γ(1− θ)

(
∂t
2t

)k+1 (
t2k+2w1

)
,

w1 :=

∫ 1

0

∫ 1

−1

tσ2 − rσλ√
r2 + t2σ2 − 2rtσλ

g′
(√

r2 + t2σ2 − 2rtσλ
)

(1− σ2)θ
σA−1

√
1− λ2

A−3
dλ dσ.

A similar process as deducing the classical expression of u also shows

u =
1

Γ(k + θ) Γ(2− θ)

(
∂t
2t

)k+1 (
t2k+2w̃2

)
,

w̃2 :=t

∫ 1

0

∫ 1

−1

g
(√

r2 + t2σ2 − 2rtσλ
)

(1− σ2)θ−1
σA−1

√
1− λ2

A−3
dλ dσ.

Then, we see

∂rw̃2 =t

∫ 1

0

∫ 1

−1

r − tσλ√
r2 + t2σ2 − 2rtσλ

g′
(√

r2 + t2σ2 − 2rtσλ
)

(1− σ2)θ−1
σA−1

√
1− λ2

A−3
dλ dσ

=−
∫ 1

0

∫ 1

−1

∂λg
(√

r2 + t2σ2 − 2rtσλ
)

(1− σ2)θ−1
σA−2

√
1− λ2

A−1
dλ dσ

−
∫ 1

0

∫ 1

−1

λ
∂σg
(√

r2 + t2σ2 − 2rtσλ
)

(1− σ2)θ−1
σA−1

√
1− λ2

A−3
dλ dσ.

Using integration by parts, we get

∂rw̃2 =− 2(1− θ)

∫ 1

0

∫ 1

−1

λ
g
(√

r2 + t2σ2 − 2rtσλ
)

(1− σ2)θ
σA

√
1− λ2

A−3
dλ dσ.
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Thus we have

∂ru =
2

Γ(k + θ) Γ(1− θ)

(
∂t
2t

)k+1 (
t2k+2w2

)
w2 :=−

∫ 1

0

∫ 1

−1

λ
g
(√

r2 + t2σ2 − 2rtσλ
)

(1− σ2)θ
σA

√
1− λ2

A−3
dλ dσ.

Taking the derivation again, we also have

∂2ru =
2

Γ(k + θ) Γ(1− θ)

(
∂t
2t

)k+1 (
t2k+2w3

)
w3 :=

∫ 1

0

∫ 1

−1

tσ2λ2 − rσλ√
r2 + t2σ2 − 2rtσλ

g′
(√

r2 + t2σ2 − 2rtσλ
)

(1− σ2)θ
σA−1

√
1− λ2

A−3
dλ dσ.

Mixing ∂2t u, ∂2ru and ∂ru together, we finally calculate

(∂2t − ∂2r − (A− 1)r−1∂r)u

=
2r−1

Γ(k + θ) Γ(1− θ)

(
∂t
2t

)k+1 (
t2k+2(rw1 − rw3 − (A− 1)w2)

)
where

rw1 − rw3 =−
∫ 1

0

∫ 1

−1

∂λg
(√

r2 + t2σ2 − 2rtσλ
)

(1− σ2)θ
σA

√
1− λ2

A−1
dλ dσ

=(A− 1)w2.

This finishes the proof.

3.4.4 Proof of Lemma 3.13

We begin with the second half of (3.24), it is obviously since X
1−A
2

+ (λ− µ) = 0 for
λ ∈ [−1, 1] and µ > 1. As for other results, we need to divide A into two cases.

Firstly, we consider the caseA = 1+2k+2θ with k ∈ N and 0 < θ < 1. By definition
we see when µ ≤ −2 and λ ∈ [−1, 1], we have

∂mµ X
1−A
2

+ (λ− µ) ≈ (1− µ)
1−A
2

−m,

which gives (3.25). When −1 < µ < 1, IA has the formula

IA(µ) =
2−k−θ

Γ(k + θ)

∫ 1

−1

∂kλX−θ
+ (λ− µ) (1− λ2)k+θ−1 dλ

=
2−k−θ

Γ(k + θ)

∫ 1

−1

X−θ
+ (λ− µ) (−∂λ)k(1− λ2)k+θ−1 dλ

=
2−k−θ

Γ(k + θ) Γ(1− θ)

∫ 1

µ

(λ− µ)−θ

k/2∑
j=0

Cj,k,θλ
k−2j(1− λ2)j+θ−1 dλ
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with some constants Cj,k,θ. Let µ close to 1, we have

lim
µ→1−

∫ 1

µ

(λ− µ)−θλk−2j(1− λ2)j+θ−1 dλ

=2j+θ−1 lim
µ→1−

∫ 1

µ

(λ− µ)−θ(1− λ)j+θ−1 dλ.

Set λ = (1− µ)σ + µ, it goes to

2j+θ−1 lim
µ→1−

(1− µ)j
∫ 1

0

σ−θ(1− σ)j+θ−1 dσ.

This means we only need to consider j = 0, where

C0,k,θ =

1, k = 0;

2k(k + θ − 1)(k + θ − 2) · · · θ, k > 0.

Adding together, we give the first half of (3.24) in this case by calculating

lim
µ→1−

IA(µ) =
1

2Γ(θ) Γ(1− θ)

∫ 1

0

σ−θ(1− σ)θ−1 dσ =
1

2
.

Then we let µ close to −1, without lose of generality we assume µ < −1/2, then∫ 1

µ

(λ− µ)−θλk−2j(1− λ2)j+θ−1 dλ

=

∫ 0

µ

(λ− µ)−θλk−2j(1− λ2)j+θ−1 dλ+

∫ 1

0

(λ− µ)−θλk−2j(1− λ2)j+θ−1 dλ.

The estimate of second integral is trivially. For the first integral we introduce the change
of variable λ = σ(1 + µ)− 1. Then the integral equals to

(1 + µ)j
∫ (1+µ)−1

1

(σ − 1)−θσj+θ−1f(σ(1 + µ)) dσ

=(1 + µ)j
∫ (1+µ)−1

2

σj−1 dσ + (1 + µ)j
∫ 2

1

(σ − 1)−θσj+θ−1 dσ

+ (1 + µ)j
∫ (1+µ)−1

2

(
(σ − 1)−θ − σ−θ

)
σj+θ−1 dσ

+ (1 + µ)j
∫ (1+µ)−1

1

(σ − 1)−θσj+θ−1(f(σ(1 + µ))− f(0)) dσ,

where
f(s) := (s− 1)k−2j (2− s)j+θ−1 , ‖f ′(s)‖L∞

s (0,1) <∞.
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Adding together, we find∫ 1

µ

(λ− µ)−θλk−2j(1− λ2)j+θ−1 dλ =Cj(1 + µ)j
∫ (1+µ)−1

2

σj−1 dσ +O(1)

=C ′
j ln

3

1 + µ
+O(1),

which gives (3.26) for −1 < µ. Using the same decomposition, for the derivation we
similarly find

∂µ

∫ 1

µ

(λ− µ)−θλk−2j(1− λ2)j+θ−1 dλ = C ′′
j (1 + µ)−1 +O

(
ln

3

1 + µ

)
,

which gives (3.27) for −1 < µ.
To get another part of (3.26), we only need to control IA(µ)−IA(−2−µ) for−3/2 <

µ < −1. Here, for −2 ≤ µ < −1, IA has the formula

IA(µ) =
2−k−θ

Γ(k + θ) Γ(1− θ)

∫ 1

−1

(λ− µ)−θ

k/2∑
j=0

Cj,k,θλ
k−2j(1− λ2)j+θ−1 dλ.

Thus, to show (3.26), we only need to estimate∫ 1

−1

(λ− µ)−θλk−2j(1− λ2)j+θ−1 dλ−
∫ 1

−µ−2

(λ+ µ+ 2)−θλk−2j(1− λ2)j+θ−1 dλ

=

∫ −µ−2

−1

(λ− µ)−θλk−2j(1− λ2)j+θ−1 dλ

+

∫ 0

−µ−2

(
(λ− µ)−θ − (λ+ µ+ 2)−θ

)
λk−2j(1− λ2)j+θ−1 dλ

+

∫ 1

0

(
(λ− µ)−θ − (λ+ µ+ 2)−θ

)
λk−2j(1− λ2)j+θ−1 dλ

≡J1 + J2 + J3.

For J1, we change the variable λ = −σ(1 + µ) + µ, then we have

J1 =(−1− µ)j
∫ 2

1

σ−θ(σ − 1)j+θ−1(−σ(1 + µ) + µ)k−2j (1− µ+ σ(1 + µ))j+θ−1 dσ

|J1| ≲(−1− µ)j
∫ 2

1

(σ − 1)j+θ−1 dσ ≲ 1.

For J2, we also set λ = −σ(1 + µ) + µ, then we have

J2 =(−1− µ)j
∫ 1

−1−µ
+1

2

(
σ−θ − (σ − 2)−θ

)
(σ − 1)j+θ−1(−σ(1 + µ) + µ)k−2j

(1− µ+ σ(1 + µ))j+θ−1 dσ

|J2| ≲(−1− µ)j
∫ 1

−1−µ
+1

3

(σ − 2)−θ−1(σ − 1)j+θ−1 dσ + 1 ≲ 1.
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Finally, the estimate of J3 is trivially, adding together we finish (3.26). Using the same
method and estimating ∂µJ1, ∂µJ2, ∂µJ3, we also get (3.27).

Next, we consider the case A = 1 + 2k with k ∈ Z+. In this case we have

suppX
1−A
2

+ (x) = supp δ(k−1)(x) = {0},

which gives (3.28). On the other hand, when −1 < µ < 1, we have

IA(µ) =
2−k

Γ(k)

∫ 1

−1

∂k−1
λ δ(λ− µ) (1− λ2)k−1 dλ

=
2−k

Γ(k)

∫ 1

−1

δ(λ− µ) (−∂λ)k−1(1− λ2)k−1 dλ

=
2−k

Γ(k)

(k−1)/2∑
j=0

C ′
j,kµ

k−1−2j(1− µ2)j.

This gives (3.29). Here we also find C ′
0,k = 2k−1(k − 1)!, which implies the first half of

(3.24) in this case. Now we finish the proof.

3.4.5 Additional discussion of weak solutions

In light of the frame we took is slightly different from the normal one, we will discuss
a bit more of the weak solution. We will show that when

rA−1f ∈ L1
loc;r, r

A−1g ∈ L1
loc;r, r

A−1F ∈ L1
loc;t,r, r

A−1u ∈ L1
loc;t,r (3.30)

with u calculated by Lemma 3.12, u satisfies (3.23).
To show this result, we divide u to ug, uf and uF . We begin with ug part, noticing

IA(µ) = 0 while µ > 1, in this case we have∫ T

0

∫ ∞

0

u
(
∂2t −∆A

)
ϕrA−1 d r d t

=

∫ T

0

∫ ∞

0

∫ ∞

0

r
A−1
2 ρ

A−1
2 g(ρ)IA

(
r2 + ρ2 − t2

2rρ

)(
∂2t −∆A

)
ϕ(t, r) d ρ d r d t.

Set t = T − s, swap r and ρ then exchange the order of integration, it goes to∫ ∞

0

∫ T

0

∫ ∞

0

r
A−1
2 ρ

A−1
2 g(r)IA

(
r2 + ρ2 − (T − s)2

2rρ

)(
∂2s −∆A

)
ϕ(T − s, ρ) d ρ d s d r.

Here ϕ(T − s, ρ) has zero initial data at s = 0 and regular enough, by expression of uF
deduced in Lemma 3.12, we know

r
1−A
2

∫ T

0

∫ ∞

0

ρ
A−1
2 IA

(
r2 + ρ2 − (T − s)2

2rρ

)(
∂2s −∆A

)
ϕ(T − s, ρ) d ρ d s

=ϕ(T − s, r)|s=T = ϕ(0, r).
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This gives (3.23) with f = F = 0. The proof of uf and uF parts is much similar, we leave
them to the reader.

3.5 Long time existence for A ∈ [2, 3]

In this section, we will consider the case A ∈ [2, 3], and show the proof of Theorem
3.2. Without lose of generality we assume n 6= A, otherwise V = 0 then (3.5) reduced to
the basic Strauss type wave equation.

By the discussion in last section, we begin to study the equation (3.21) and (3.22).

3.5.1 Estimate for homogeneous solution

In this subsection, we will give an estimate of the homogeneous solution to (3.22).

Lemma 3.14. Assume supp(f, g) ⊂ [0, 1). We have

|uf + ug| ≲〈t+ r〉
1−A
2 〈t− r〉

1−A
2
(
‖ρg(ρ)‖L∞

ρ
+ ‖f(ρ)‖L∞

ρ
+ ‖ρf ′(ρ)‖L∞

ρ

)
.

Here and through the paper, we use 〈a〉 stands for
√
|a|2 + 4.

Proof of Lemma 3.14. Here we define

Ω0 := {ρ : 0 < ρ < t− r}, Ω1 := {ρ : |t− r| < ρ < min(1, t+ r)}.

Firstly we consider ug with A ∈ [2, 3). For ug, by Lemma 3.12 we have

ug(t, r) =r
1−A
2

(∫
Ω0

+

∫
Ω1

)
IA(µ)ρ

A−1
2 g(ρ) d ρ ≡ J0 + J1.

Part 1: t+ r ≤ 4.
In this part, we have 〈t+ r〉 ≈ 〈t− r〉 ≈ 1 and r ≲ 1. In the region of Ω0 where

µ < −1, by (3.25) and (3.26) we see

|IA(µ)| ≲(−1− µ)
1−A
2 =

(
2rρ

(t+ r + ρ)(t− r − ρ)

)A−1
2

≲ r
A−1
2 (t− r − ρ)

1−A
2 .

Then we have

|J0| ≲
∫ t−r

0

(t− r − ρ)
1−A
2 ρ

A−3
2 ρ|g(ρ)| d ρ

≲‖ρg(ρ)‖L∞ ≲ 〈t+ r〉
1−A
2 〈t− r〉

1−A
2 ‖ρg(ρ)‖L∞ .
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In the region of Ω1 where µ > −1, noting A < 3, we know that

ln
3

|1 + µ|
≲ |1 + µ|

A−3
2 , −2 < µ < 1.

Then, by (3.26) we see

|IA(µ)| ≲ (1 + µ)
A−3
2 =

(
2rρ

(t+ r + ρ)(r + ρ− t)

) 3−A
2

≲ ρ
3−A
2 (r + ρ− t)

A−3
2 .

Thus we get

|J1| ≲r
1−A
2

∫ t+r

t−r

(r + ρ− t)
A−3
2 ρ|g(ρ)| d ρ

≲‖ρg(ρ)‖L∞ ≲ 〈t+ r〉
1−A
2 〈t− r〉

1−A
2

∥∥∥ρA−1
2 g(ρ)

∥∥∥
L∞

.

Part 2: t+ r ≥ 4, −1 ≤ t− r ≤ 2.
In this part, we have 〈t− r〉 ≈ 1 and r ≈ 〈t+ r〉. In the region of Ω0 where µ < −1,

we have

|IA(µ)| ≲(−1− µ)
1−A
2 =

(
2rρ

(t+ r + ρ)(t− r − ρ)

)A−1
2

≲ ρ
A−1
2 (t− r − ρ)

1−A
2 .

Then we get

|J0| ≲〈t+ r〉
1−A
2

∫ t−r

0

(t− r − ρ)
1−A
2 ρA−2ρ|g(ρ)| d ρ

≲〈t+ r〉
1−A
2 (t− r)

A−1
2 ‖ρg(ρ)‖L∞ ≲ 〈t+ r〉

1−A
2 〈t− r〉

1−A
2 ‖ρg(ρ)‖L∞ .

In the region of Ω1 where µ > −1, we also have

|IA(µ)| ≲ (1 + µ)
A−3
2 =

(
2rρ

(t+ r + ρ)(r + ρ− t)

) 3−A
2

≲ ρ
3−A
2 (r + ρ− t)

A−3
2 .

Then we see

|J1| ≲〈t+ r〉
1−A
2

∫ 2

t−r

(r + ρ− t)
A−3
2 ρ|g(ρ)| d ρ

≲〈t+ r〉
1−A
2 (r + 2− t)

A−1
2 ‖ρg(ρ)‖L∞ ≲ 〈t+ r〉

1−A
2 〈t− r〉

1−A
2 ‖ρg(ρ)‖L∞ .

Part 3: t+ r ≥ 4, t− r ≥ 2.
In this part, we have t + r ≳ 〈t+ r〉 and t − r − 1 ≳ 〈t− r〉. Here we only need to

consider Ω0 where µ < −1, again we see

|IA(µ)| ≲(−1− µ)
1−A
2 =

(
2rρ

(t+ r + ρ)(t− r − ρ)

)A−1
2

≲rA−1
2 ρ

A−1
2 〈t+ r〉

1−A
2 〈t− r〉

1−A
2 .
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Then we have
|ug| ≲〈t+ r〉

1−A
2 〈t− r〉

1−A
2

∫ 1

0

ρA−1|g(ρ)| d ρ

≲〈t+ r〉
1−A
2 〈t− r〉

1−A
2 ‖ρg(ρ)‖L∞ .

Mixing together, we finish this part.
Next we consider uf , for simplicity we denote ug=ϕ stands for ug with g = ϕ. By

Lemma 3.12 and the classical expression we showed in 3.4.3, we know

uf =∂t(ug=f )

=
1

Γ
(
A−1
2

)
Γ
(
3−A
2

)∂t(t∫ 1

0

∫ 1

−1

f
(√

r2 + t2σ2 − 2rtσλ
)

(1− σ2)
A−1
2

σA−1
√
1− λ2

A−3
dλ dσ

)

≲t
∫ 1

0

∫ 1

−1

|tσ2 − rσλ|√
r2 + t2σ2 − 2rtσλ

∣∣f ′(√r2 + t2σ2 − 2rtσλ
)∣∣

(1− σ2)
A−1
2

σA−1
√
1− λ2

A−3
dλ dσ

+

∫ 1

0

∫ 1

−1

∣∣f(√r2 + t2σ2 − 2rtσλ
)∣∣

(1− σ2)
A−1
2

σA−1
√
1− λ2

A−3
dλ dσ

≡H1 +H2.

Since A ∈ [2, 3), we can easily found that H2 ≲ ‖f‖L∞ . Meanwhile, we find that

H2 =t
−1ug=|f | ≲ t−1〈t+ r〉

1−A
2 〈t− r〉

1−A
2 ‖f(ρ)‖L∞

ρ
.

Dividing t greater or smaller than 1, we finish the estimate of H2. Next we consider H1,
noticing that when λ ∈ [−1, 1], we have(

tσ2 − rσλ√
r2 + t2σ2 − 2rtσλ

)2

=
r2σ2λ2 + t2σ4 − 2rtσ3λ

r2 + t2σ2 − 2rtσλ
≤ σ2 ≤ 1.

Then we calculate

H1 ≤ ug=|f ′| ≲ 〈t+ r〉
1−A
2 〈t− r〉

1−A
2 ‖ρf ′(ρ)‖L∞

ρ
.

Adding together and we finish this part.
When A = 3, the estimate for ug is similarly. We only need to mention that in this

case we have (3.28) and (3.29) instead of (3.25) and (3.26). As for uf , we easily calculate

uf =
(t+ r)f(t+ r)− (t− r)f(|t− r|)

2r

with supp uf ⊂ {(t, r) : |t− r| ≤ 1}. When r ≤ t ≤ 2, by mean value theorem we see

|uf | =
∣∣∣∣(t+ r)f(t+ r)− (t− r)f(t− r)

2r

∣∣∣∣ ≤ ‖∂ρ(ρf(ρ))‖L∞
ρ
.
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When t ≤ r ≤ 3, we see

|uf | ≤ |f(t+ r)|+ |f(r − t)| ≲ ‖f(ρ)‖L∞
ρ
.

Finally when 2r ≥ t ≥ 2, we see

|uf | ≤
|(t+ r)f(t+ r)|+

∣∣|t− r|f(|t− r|)
∣∣

2t
≲ ‖ρf(ρ)‖L∞

ρ
≤ ‖f(ρ)‖L∞

ρ
.

Mixing together, we finish the proof.

3.5.2 Estimate for non-homogeneous solution

In this subsection, we will omit the initial data and give the estimate of solution to
the nonlinear equation (3.21). For simplicity, we shift the time variable and consider the
equation (∂2t − ∂2r − (A− 1)r−1∂r) v(t, r) = r

(A−n)p+n−A
2 |u|p

v(3, r) = 0, vt(3, r) = 0.
(3.31)

Lemma 3.15. Defining Ω := {(t, r) ∈ [3,∞) × R+ : t > r + 2} and Λt,r := {(s, ρ) ∈
Ω : s + ρ < t + r, s − ρ < t − r}. We will show that, if v solves the equation (3.31) with
suppu ⊂ Ω, then for any (t, r) ∈ Ω and k = 1, 2, 3 we have

〈t+ r〉
A−1
2 |v| ≲ Nk(t− r)‖ωku‖pL∞

s,ρ(Λt,r)
. (3.32)

Here
ωk(t, r) :=〈t+ r〉

A−1
2 βk(t− r), k = 1, 2, 3;

βk(t, r) :=


〈t− r〉

A−1
2 , k = 1, for pm < p < pM ,

〈t− r〉
(n−1)p−n−1

2 , k = 2, for pm < p < pt,

〈t− r〉
A−1
2 ln−1〈t− r〉 , k = 3, for p = pt > pd;
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N1(t− r) :=



〈t− r〉
1−A
2 , p > max(pd, pt) or p = pd > pt or pF < p < pd,

〈t− r〉
1−A
2 ln〈t− r〉 , p = pt > pd or p = pF < pd,

〈t− r〉
(−n+1)p+n+1

2 , pt > p > pd,

〈t− r〉
(−n−A+2)p+n+3

2 , p < min(pd, pF ),

〈t− r〉
(−n−A+2)p+n+3

2 ln〈t− r〉 , p = pd < pt,

〈t− r〉
1−A
2 ln2〈t− r〉 , p = pd = pt;

N2(t− r) :=


〈t− r〉

(−n+1)p+n+1
2 pS < p < pt,

〈t− r〉
(−n+1)p+n+1

2 ln〈t− r〉 p = pS < pt,

〈t− r〉
(−n+1)p2+2p+n+3

2 pm < p < min(pS, pt);

N3(t− r) :=〈t− r〉
1−A
2 ln〈t− r〉 , p = pt > pd.

Remark 3.3. Here we remark that for any A ∈ [2, 3], a quick calculation shows
pd < pF < pS < pt, n < A2−A+2

3−A
;

pd = pF = pS = pt, n = A2−A+2
3−A

;

pd > pF > pS > pt, n > A2−A+2
3−A

.

Proof of Lemma 3.15. Using Lemma 3.12, we find

v = r
1−A
2

∫
Λ

IA(µ)ρ
(A−n)p+n−1

2 |u|p d ρ d s,

with µ := r2+ρ2−(t−s)2

2rρ
. To reach (3.32), we calculate

|〈t+ r〉
A−1
2 v| ≤r

1−A
2 〈t+ r〉

A−1
2 ‖ωku‖pL∞

s,ρ(Λ)

∫
Λ

|IA(µ)|ρ
(A−n)p+n−1

2 ω−p
k d ρ d s.

Thus, we only need to show that

Jij;k := r
1−A
2 〈t+ r〉

A−1
2

∫
Λij

|IA(µ)|ρ
(A−n)p+n−1

2 ω−p
k d ρ d s ≲ Nk(t− r)
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for i = 1, 2, 3, j = 1, 2 with

Λ11 :={(s, ρ) ∈ Λ : s+ ρ ∈ (t− r, t+ r), ρ ≤ s/2};

Λ12 :={(s, ρ) ∈ Λ : s+ ρ ∈ (t− r, t+ r), ρ ≥ s/2};

Λ21 :={(s, ρ) ∈ Λ : s+ ρ ∈
(
t− r

2
, t− r

)
, ρ ≤ s/2};

Λ22 :={(s, ρ) ∈ Λ : s+ ρ ∈
(
t− r

2
, t− r

)
, ρ ≥ s/2};

Λ31 :={(s, ρ) ∈ Λ : s+ ρ ∈
(
3,
t− r

2

)
, ρ ≤ s/2};

Λ32 :={(s, ρ) ∈ Λ : s+ ρ ∈
(
3,
t− r

2

)
, ρ ≥ s/2}.

We will firstly consider A ∈ [2, 3), and estimate each part separately.
Part 1: r ≤ t/2.

In this part we have t− r ≈ t+ r. In the region of Λ11 we have

s− ρ ≈ s+ ρ, (3.33)

using (3.26) we also have

|IA(µ)| ≲(1 + µ)
A−3
2 =

(
2rρ

(r + ρ+ t− s)(r + ρ− t+ s)

) 3−A
2

≲
(

ρ

r + ρ− t+ s

) 3−A
2

.

(3.34)
Noticing that p satisfies p < pM , then

J11 ≲r
1−A
2 〈t− r〉

A−1
2

∫
Λ11

ρ
(−n+A)p+n−A+2

2 〈s+ ρ〉−
A−1
2

p β−p(s+ ρ)(r + ρ− t+ s)
A−3
2 d ρ d s

≲r 1−A
2 〈t− r〉

(−A+1)p+A−1
2 β−p(t− r)

∫ t+r

t−r

∫ t−r

(t−r)/3

(ξ − η)
(−n+A)p+n−A+2

2 (ξ − (t− r))
A−3
2 d η d ξ

≲r 1−A
2 〈t− r〉

(−n+1)p+n+3
2 β−p(t− r)

∫ t+r

t−r

(ξ − (t− r))
A−3
2 d ξ

≲〈t− r〉
(−n+1)p+n+3

2 β−p(t− r)

In the region of Λ12 we have
ρ ≈ s+ ρ (3.35)

and (3.34). Then

J12 ≲r
1−A
2 〈t− r〉

A−1
2

∫
Ω2

〈s+ ρ〉
(−n+1)p+n−A+2

2 β−p(s− ρ)(r + ρ− t+ s)
A−3
2 d ρ d s

≲r 1−A
2 〈t− r〉

(−n+1)p+n+1
2

∫ t+r

t−r

(ξ − (t− r))
A−3
2 d ξ

∫ (t+r)/3

2

β−p(η) d η

≲〈t− r〉
(−n+1)p+n+1

2

∫ t−r

2

β−p(η) d η
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In the region of Λ21 we have (3.33), using (3.25) and (3.26) we also have

|IA(µ)| ≲(−1− µ)
1−A
2 =

(
2rρ

(t+ r − s+ ρ)(t− r − s− ρ)

)A−1
2

≲
(

r

t− r − s− ρ

)A−1
2

.

(3.36)
Noticing p < PM , we calculate

J21 ≲〈t− r〉
A−1
2

∫
Λ21

ρ
(A−n)p+n−1

2 〈s+ ρ〉
(−A+1)p

2 β−p(s+ ρ)(t− r − s− ρ)
1−A
2 d ρ d s

≲〈t− r〉
(−A+1)p+A−1

2 β−p(t− r)

∫ t−r

(t−r)/2

∫ ξ

ξ/3

(ξ − η)
(A−n)p+n−1

2 (t− r − ξ)
1−A
2 d η d ξ

≲〈t− r〉
(−n+1)p+n+A

2 β−p(t− r)

∫ t−r

(t−r)/2

(t− r − ξ)
1−A
2 d ξ

≲〈t− r〉
(−n+1)p+n+3

2 β−p(t− r).

In the region of Λ22 we have (3.35) and (3.36), then

J22 ≲〈t− r〉
A−1
2

∫
Λ22

〈s+ ρ〉
(−n+1)p+n−1

2 β−p(s− ρ)(t− r − s− ρ)
1−A
2 d ρ d s

≲〈t− r〉
(−n+1)p+n+A−2

2

∫ t−r

(t−r)/2

(t− r − ξ)
1−A
2 d ξ

∫ (t−r)/3

2

β−p(η) d η

≲〈t− r〉
(−n+1)p+n+1

2

∫ (t−r)/3

2

β−p(η) d η

In the region of Λ31, again we have (3.33) and

|IA(µ)| ≲(−1− µ)
1−A
2 =

(
2rρ

(t+ r − s+ ρ)(t− r − s− ρ)

)A−1
2

≲
(

rρ

(t− r)2

)A−1
2

.

(3.37)
Since p < pM , we see

J31 ≲〈t− r〉
A−1
2

∫
Λ31

ρ
(−n+A)p+n+A−2

2 〈s+ ρ〉
(−A+1)p

2 β−p(s+ ρ)(t− r)−A+1 d ρ d s

≲〈t− r〉
1−A
2

∫ (t−r)/2

3

∫ ξ

ξ/3

(ξ − η)
(−n+A)p+n+A−2

2 〈ξ〉
(−A+1)p

2 β−p(ξ) d η d ξ

≲〈t− r〉
1−A
2

∫ (t−r)/2

3

〈ξ〉
(−n+1)p+n+A

2 β−p(ξ) d ξ

In the region of Λ32 we have (3.35) and (3.37), then

J32 ≲〈t− r〉
A−1
2

∫
Λ32

〈s+ ρ〉
(−n+1)p+n+A−2

2 β−p(s− ρ)(t− r)−A+1 d ρ d s

≲〈t− r〉
1−A
2

∫ (t−r)/2

3

∫ ξ/3

2

〈ξ〉
(−n+1)p+n+A−2

2 β−p(η) d η d ξ
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Part 2: r ≥ t/2.
In this part we have r ≈ t+ r. In the region of Λ11, we have (3.33) and (3.34). Using

p < pM we deduce

J ′
11 ≲

∫
Λ11

ρ
(−n+A)p+n−A+2

2 〈s+ ρ〉
(−A+1)p

2 β−p(s+ ρ)(r + ρ− t+ s)
A−3
2 d ρ d s

≲〈t− r〉
(−A+1)p

2 β−p(t− r)

∫ 3(t−r)

t−r

∫ t−r

(t−r)/3

(ξ − η)
(−n+A)p+n−A+2

2 (ξ − (t− r))
A−3
2 d η d ξ

≲〈t− r〉
(−n+1)p+n−A+4

2 β−p(t− r)

∫ 3(t−r)

t−r

(ξ − (t− r))
A−3
2 d ξ

≲〈t− r〉
(−n+1)p+n+3

2 β−p(t− r)

In the region of Λ12, we have (3.35) and (3.34). Using p > pm we find

J ′
12 ≲

∫
Λ12

〈s+ ρ〉
(−n+1)p+n−A+2

2 β−p(s− ρ)(r + ρ− t+ s)
A−3
2 d ρ d s

≤
∫ t+r

t−r

〈ξ〉
(−n+1)p+n−A+2

2 (ξ − (t− r))
A−3
2 d ξ

∫ t−r

2

β−p(η) d η

≲
(
〈t− r〉

(−n+1)p+n+1
2 +

∫ t+r

3(t−r)

〈ξ〉
(−n+1)p+n−1

2 d ξ
)∫ t−r

2

β−p(η) d η

≲〈t− r〉
(−n+1)p+n+1

2

∫ t−r

2

β−p(η) d η

In the region of Λ21, we have (3.33) and

|IA(µ)| ≲(−1− µ)
1−A
2 =

(
2rρ

(t+ r − s+ ρ)(t− r − s− ρ)

)A−1
2

≲
(

ρ

t− r − s− ρ

)A−1
2

.

(3.38)
By p < pM we see

J ′
21 ≲

∫
Λ21

ρ
(−n+A)p+n+A−2

2 〈s+ ρ〉
(−A+1)p

2 β−p(s+ ρ)(t− r − s− ρ)
1−A
2 d ρ d s

≤〈t− r〉
(−A+1)p

2 β−p(t− r)

∫ t−r

(t−r)/2

∫ ξ

ξ/3

(ξ − η)
(−n+A)p+n+A−2

2 (t− r − ξ)
1−A
2 d η d ξ

≲〈t− r〉
(−n+1)p+n+A

2 β−p(t− r)

∫ t−r

(t−r)/2

(t− r − ξ)
1−A
2 d ξ

≲〈t− r〉
(−n+1)p+n+3

2 β−p(t− r).
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In the region of Λ22, we have (3.35) and (3.38), then

J ′
22 ≲

∫
Λ22

〈s+ ρ〉
(−n+1)p+n+A−2

2 β−p(s− ρ)(t− r − s− ρ)
1−A
2 d ρ d s

≤〈t− r〉
(−n+1)p+n+A−2

2

∫ t−r

(t−r)/2

(t− r − ξ)
1−A
2 d ξ

∫ (t−r)/3

2

β−p(η) d η

≲〈t− r〉
(−n+1)p+n+1

2

∫ (t−r)/3

2

β−p(η) d η.

In the region of Λ31, we have

|IA(µ)| ≲(−1− µ)
1−A
2 =

(
2rρ

(t+ r − s+ ρ)(t− r − s− ρ)

)A−1
2

≲
(

ρ

t− r

)A−1
2

.

(3.39)
and (3.33). Since p < pM , we have

J ′
31 ≲

∫
Λ31

ρ
(−n+A)p+n+A−2

2 〈s+ ρ〉
(−A+1)p

2 β−p(s+ ρ)(t− r)
1−A
2 d ρ d s

≲〈t− r〉
1−A
2

∫ (t−r)/2

3

∫ ξ

ξ/3

(ξ − η)
(−n+A)p+n+A−2

2 〈ξ〉
(−A+1)p

2 β−p(ξ) d η d ξ

≲〈t− r〉
1−A
2

∫ (t−r)/2

3

〈ξ〉
(−n+1)p+n+A

2 β−p(ξ) d ξ.

In the region of Λ32, we have (3.35) and (3.39), then

J ′
32 ≲

∫
Λ32

〈s+ ρ〉
(−n+1)p+n+A−2

2 β−p(s− ρ)(t− r)
1−A
2 d ρ d s

≲〈t− r〉
1−A
2

∫ (t−r)/2

3

∫ ξ/3

2

〈ξ〉
(−n+1)p+n+A−2

2 β−p(η) d η d ξ.

We will focus on the estimate of J32, the other terms can be estimate in a same discus-
sion. Now, for J32;1 with pm < p < pM , we have

J32;1 ≲ 〈t− r〉
1−A
2

∫ (t−r)/2

3

∫ ξ/3

2

〈ξ〉
(−n+1)p+n+A−2

2 〈η〉−
A−1
2

p d η d ξ.

When p > pd, we have

J32;1 ≲ 〈t− r〉
1−A
2

∫ (t−r)/2

3

〈ξ〉
(−n+1)p+n+A−2

2 d ξ ≲ N1(t− r).

When p = pd, we have

J32;1 ≲ 〈t− r〉
1−A
2

∫ (t−r)/2

3

〈ξ〉
(−n+1)p+n+A−2

2 ln ξ d ξ ≲ N1(t− r).
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When p < pd, we have

J32;1 ≲ 〈t− r〉
1−A
2

∫ (t−r)/2

3

〈ξ〉
(−n−A+2)p+n+A

2 d ξ ≲ N1(t− r).

This leads to the result of (3.32) with k = 1. For J32;2 with pm < p < pt, we have

J32;2 ≲〈t− r〉
1−A
2

∫ (t−r)/2

3

〈ξ〉
(−n+1)p+n+A−2

2 d ξ
∫ (t−r)/6

2

〈η〉
(−n+1)p2+(n+1)p

2 d η

≲〈t− r〉
(−n+1)p+n+1

2

∫ (t−r)/6

2

〈η〉
(−n+1)p2+(n+1)p

2 d η ≲ N2(t− r).

This finish the case k = 2. Finally for J32;3 with p = pt > pd, we have

J32;3 ≲〈t− r〉
1−A
2

∫ (t−r)/2

3

∫ ξ/3

2

〈ξ〉−1 〈η〉
(−A+1)p

2 lnp η d η d ξ

≲〈t− r〉
1−A
2

∫ (t−r)/2

3

〈ξ〉−1 d ξ ≲ 〈t− r〉
1−A
2 ln〈t− r〉 ≲ N3(t− r).

Now we finish the proof for A ∈ [2, 3). The case A = 3 is much simpler, using (3.28)
we only need to consider Λ11 and Λ12. By (3.29) and a similar process we get the desired
estimate.

3.5.3 Long time existence

In this subsection, we will construct a Cauchy sequence to approach the desired solu-
tion. We set u−1 = 0 and uj+1 be the solution of the equation∂2t uj+1 −∆Auj+1 = r

(A−n)p+n−A
2 |uj|p, r ∈ R+,

uj+1(0, x) = εr
n−A

2 U0(r), ∂tuj+1(0, x) = εr
n−A

2 U1(r).
(3.40)

By Lemma 3.14 and Lemma 3.15, we see

〈t+ r〉
A−1
2 |uj+1| ≤εC0〈t− r〉

1−A
2 Ψ+ C0Nk(t− r)‖ωkuj‖pL∞

s,ρ(Λt,r)
,

Ψ :=‖r
n−A+2

2 U ′
0(r)‖L∞

r
+ ‖r

n−A
2 U0(r)‖L∞

r
+ ‖r

n−A+2
2 U1(r)‖L∞

r
,

with k = 1, 2, 3 and C0 great enough. Here

Λt,r :={(s, ρ) ∈ Ω : s+ ρ < t+ r, s− ρ < t− r} ,

Ω :=
{
(t, r) ∈ R2

+ : t > r − 1
}
.

Meanwhile, noticing that for any p > 1, we have

||a|p − |b|p| ≲ |a− b|max(|a|, |b|)p−1.
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A little modification of the process in last subsection also shows

〈t+ r〉
A−1
2 |uj+1 − uj|

≤C1Nk(t− r)‖ωk(uj − uj−1)‖L∞
s,ρ(Λt,r) max

l∈{j,j−1}
‖ωkul‖p−1

L∞
s,ρ(Λt,r)

,

For C1 ≥ C0 great enough. Now, we are prepared to give the proof of Theorem 3.2.
Part 1: max(pt, pF ) < p.

In this part, we choose k = 1. For (t, r) ∈ Ω we find

ω1|uj+1| ≤εC1Ψ+ C1‖ω1uj‖pL∞
s,ρ(Λt,r)

,

ω1|uj+1 − uj| ≤C1‖ω1(uj − uj−1) ‖L∞
s,ρ(Λt,r) max

l∈{j,j−1}
‖ω1ul‖p−1

L∞
s,ρ(Λt,r)

.

Taking the L∞
t,r(Ω) norm on both sides and we get

‖ω1uj+1‖L∞
t,r(Ω) ≤εC1Ψ+ C1‖ω1uj‖pL∞

t,r(Ω),

‖ω1(uj+1 − uj)‖L∞
t,r(Ω) ≤C1‖ω1(uj − uj−1) ‖L∞

t,r(Ω) max
l∈{j,j−1}

‖ω1ul‖p−1
L∞
t,r(Ω).

For any ε > 0 satisfies (2εC1Ψ)p < εΨ. We find

‖ω1uj‖L∞
t,r(Ω) ≤ 2εC1Ψ

holds for any j since u−1 = 0. Meanwhile it also gives us

‖ω1(uj+1 − uj)‖L∞
t,r(Ω) ≤C1(2εC1Ψ)p−1 ‖ω1(uj − uj−1) ‖L∞

t,r(Ω)

≤1

2
‖ω1(uj − uj−1) ‖L∞

t,r(Ω).

This means {uj} is a Cauchy sequence in its space. Set the limitation as u, its easy to check
u and F = r

(A−n)p+n−A
2 |u|p satisfied (3.30). Thus we get the desired weak solution.

Part 2: pS < pt = p.
In this part we take k = 3, for (t, r) ∈ Ω we find

ω3|uj+1| ≤εC1 ln−1〈t− r〉Ψ+ C1‖ω3uj‖pL∞
s,ρ(Λt,r)

,

ω3|uj+1 − uj| ≤C1‖ω3(uj − uj−1) ‖L∞
s,ρ(Λt,r) max

l∈{j,j−1}
‖ω3ul‖p−1

L∞
s,ρ(Λt,r)

.

Noticing 〈t− r〉 ≥ 2, by a similarly process as above we get the desired solution.
Part 3: pS < p < pt.

In this part we take k = 2, for (t, r) ∈ Ω we find

ω2|uj+1| ≤εC1〈t− r〉
(n−1)p−n−A

2 Ψ+ C1‖ω2uj‖pL∞
s,ρ(Λt,r)

,

ω2|uj+1 − uj| ≤C1‖ω2(uj − uj−1) ‖L∞
s,ρ(Λt,r) max

l∈{j,j−1}
‖ω2ul‖p−1

L∞
s,ρ(Λt,r)

.
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Since p < pt, we have (n−1)p−n−A
2

≤ 0, by a similarly process again we get the desired
solution
Part 4: p < min(pd, pF ).

In this case, we choose T∗ = T∗(ε) satisfies εp−1T
(−n−A+2)p+n+A+2

2
∗ = a with a fixed

later. Here we define Ω∗ := Ω ∩ {t : t < T∗} and choose k = 1, then for (t, r) ∈ Ω∗ we
find

ω1|uj+1| ≤εC1Ψ+ C1〈t− r〉
(−n−A+2)p+n+A+2

2 ‖ω1uj‖pL∞
s,ρ(Λt,r)

,

ω1|uj+1 − uj| ≤C1〈t− r〉
(−n−A+2)p+n+A+2

2 ‖ω1(uj − uj−1) ‖L∞
s,ρ(Λt,r)

· max
l∈{j,j−1}

‖ω1ul‖p−1
L∞
s,ρ(Λt,r)

.

Taking the L∞
t,r(Ω∗) norm on both sides, when T∗ ≥ 3 we get

‖ω1uj+1‖L∞
t,r(Ω∗)

≤εC2Ψ+ C2T
(−n−A+2)p+n+A+2

2
∗ ‖ω1uj‖pL∞

t,r(Ω∗)
,

‖ω1(uj+1 − uj)‖L∞
t,r(Ω∗)

≤C2T
(−n−A+2)p+n+A+2

2
∗ ‖ω1(uj − uj−1) ‖L∞

t,r(Ω∗)

· max
l∈{j,j−1}

‖ω1ul‖p−1
L∞
t,r(Ω∗)

,

with someC2 great enough. Considering ε such thatT∗(ε) ≥ 3 and defining a = (2C2)
−pΨ1−p.

We find
‖ω1uj‖L∞

t,r(Ω∗)
≤2εC2Ψ,

‖ω1(uj+1 − uj)‖L∞
t,r(Ω∗)

≤1

2
‖ω1(uj − uj−1) ‖L∞

t,r(Ω∗)

holds for any j. Then we get the desired solution.
Part 5: p = pF < pd.

In this case, we choose T∗ satisfies εp−1 lnT∗ = a with a fixed later, Ω∗ as above and
k = 1, for (t, r) ∈ Ω∗ we find

ω1|uj+1| ≤εC1Ψ+ C1 ln〈t− r〉 ‖ω1uj‖pL∞
s,ρ(Λt,r)

,

ω1|uj+1 − uj| ≤C1 ln〈t− r〉 ‖ω1(uj − uj−1) ‖L∞
s,ρ(Λt,r) max

l∈{j,j−1}
‖ω1ul‖p−1

L∞
s,ρ(Λt,r)

.

Similar as above, taking ε such that T∗(ε) ≥ 3, defining a := (2C2)
−pΨ1−p and C2 great

enough, we get the Cauchy sequence {uj} and the desired solution.
Part 6: p = pd < pF .

In this case, we choose T∗ satisfies

εp−1T
(−n−A+2)p+n+A+2

2
∗ lnT∗ = a (3.41)
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and Ω∗ same as above. Taking k = 1, for (t, r) ∈ Ω∗ we find

ω1|uj+1| ≤εC1Ψ+ C1〈t− r〉
(−n−A+2)p+n+A+2

2 ln〈t− r〉 ‖ω1uj‖pL∞
s,ρ(Λt,r)

,

ω1|uj+1 − uj| ≤C1〈t− r〉
(−n−A+2)p+n+A+2

2 ln〈t− r〉 ‖ω1(uj − uj−1) ‖L∞
s,ρ(Λt,r)

· max
l∈{j,j−1}

‖ω1ul‖p−1
L∞
s,ρ(Λt,r)

.

Choosing ε such that T∗(ε) ≥ 3, a = (2C2)
−pΨ1−p andC2 great enough, we get the Cauchy

sequence {uj} and the desired solution. To finish Theorem 3.2 of this part, we introduce
the following claim and postpone the proof to the end of this section.

Claim 3.16. Assume T∗ satisfies εp−1T
−hF (p)

2
∗ lnT∗ = a with some constant a, then there

exists two constant c1, c2 such that c1ε
2(p−1)
hF (p) ln(ε)

2
hF (p) ≤ T∗ ≤ c2ε

2(p−1)
hF (p) ln(ε)

2
hF (p) for ε

small enough.

Part 7: p = pd = pF .
In this case, we choose T∗ satisfies εp−1 ln2 T∗ = a and Ω∗ same as above. Taking

k = 1, for (t, r) ∈ Ω∗ we find

ω1|uj+1| ≤εC1Ψ+ C1 ln2〈t− r〉 ‖ω1uj‖pL∞
s,ρ(Λt,r)

,

ω1|uj+1 − uj| ≤C1 ln2〈t− r〉 ‖ω1(uj − uj−1) ‖L∞
s,ρ(Λt,r)

· max
l∈{j,j−1}

‖ω1ul‖p−1
L∞
s,ρ(Λt,r)

.

Choosing ε such that T∗(ε) ≥ 3, a = (2C2)
−pΨ1−p andC2 great enough, we get the Cauchy

sequence {uj} and finish the proof.
Part 8: pd < p < pS .

In this case, we choose T∗ satisfies εp(p−1)T
(−n+1)p2+(n+1)p+2

2
∗ = a with a fixed later and

Ω∗ as above. Moreover, we separate the region Ω∗ to

Ω∗1 :=Ω∗ ∩ {(t, r) : 〈t− r〉 ≤ (bε)
2(p−1)

(n−1)p−n−A},

Ω∗2 :=Ω∗ ∩ {(t, r) : 〈t− r〉 ≥ (bε)
2(p−1)

(n−1)p−n−A}

with b fixed later. Firstly we take k = 1, for (t, r) ∈ Ω∗1 we find

ω1|uj+1| ≤εC1Ψ+ C1〈t− r〉
(−n+1)p+n+A

2 ‖ω1uj‖pL∞
s,ρ(Λt,r)

,

ω1|uj+1 − uj| ≤C1〈t− r〉
(−n+1)p+n+A

2 ‖ω1(uj − uj−1) ‖L∞
s,ρ(Λt,r)

· max
l∈{j,j−1}

‖ω1ul‖p−1
L∞
s,ρ(Λt,r)

.
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Taking the L∞
t,r(Ω∗1) norm on both sides we get

‖ω1uj+1‖L∞
t,r(Ω∗1)

≤εC1Ψ+ C1(bε)
1−p‖ω1uj‖pL∞

t,r(Ω∗1)
,

‖ω1(uj+1 − uj)‖L∞
t,r(Ω∗1)

≤C1(bε)
1−p‖ω1(uj − uj−1) ‖L∞

t,r(Ω∗1)

· max
l∈{j,j−1}

‖ω1ul‖p−1
L∞
t,r(Ω∗1)

.

Choosing b such that (2C1)
pb1−pΨp−1 = 1, we find

‖ω1uj‖L∞
t,r(Ω∗1)

≤2εC1Ψ,

‖ω1(uj+1 − uj)‖L∞
t,r(Ω∗1)

≤1

2
‖ω1(uj − uj−1) ‖L∞

t,r(Ω∗1)

(3.42)

holds for any j. On the other hand, for (t, r) ∈ Ω∗2, we separateΛt,r intoΛt,r,1 := Λt,r∩Ω∗1

and Λt,r,2 := Λt,r ∩ Ω∗2. Taking k = 1 in the former region and k = 2 in the latter region,
a simple modification shows for (t, r) ∈ Ω∗2,

ω2|uj+1| ≤εC1〈t− r〉
(n−1)p−n−A

2 Ψ+ C1‖ω1uj‖pL∞
s,ρ(Λt,r,1)

+ C1〈t− r〉
(−n+1)p2+(n+1)p+2

2 ‖ω2uj‖pL∞
s,ρ(Λt,r,2)

ω2|uj+1 − uj| ≤C1‖ω1(uj − uj−1) ‖L∞
s,ρ(Λt,r,1) max

l∈{j,j−1}
‖ω1ul‖p−1

L∞
s,ρ(Λt,r,1)

+ C1〈t− r〉
(−n+1)p2+(n+1)p+2

2 ‖ω2(uj − uj−1)‖L∞
s,ρ(Λt,r,2)

· max
l∈{j,j−1}

‖ω2ul‖p−1
L∞
s,ρ(Λt,r,2)

Taking the L∞
t,r(Ω∗2) norm on both sides, when T∗ ≥ 3 we get

‖ω2uj+1‖L∞
t,r(Ω∗2)

≤C2(εΨ)p + C2T
(−n+1)p2+(n+1)p+2

2
∗ ‖ω2uj‖pL∞

t,r(Ω∗2)
,

‖ω2(uj+1 − uj)‖L∞
t,r(Ω∗2)

≤C2(εΨ)p−1‖ω1(uj − uj−1) ‖L∞
t,r(Ω∗1)

+ C2T
(−n+1)p2+(n+1)p+2

2
∗ ‖ω2(uj − uj−1)‖L∞

t,r(Ω∗2)

· max
l∈{j,j−1}

‖ω2ul‖p−1
L∞
t,r(Ω∗2)

,

with some C2 great enough. Choosing ε such that T∗(ε) ≥ 3 and a = (2C2)
−pΨp(1−p), we

find
‖ω2uj+1‖L∞

t,r(Ω∗2)
≤2C2(εΨ)p,

‖ω2(uj+1 − uj)‖L∞
t,r(Ω∗2)

≤C2(εΨ)p−1‖ω1(uj − uj−1) ‖L∞
t,r(Ω∗1)

+
1

2
‖ω2(uj − uj−1)‖L∞

t,r(Ω∗2),
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holds for any j. Adding (3.42), we find {uj} is a Cauchy sequence in its space, then we get
the desired solution.
Part 9: pd < p = pS .

In this part, we choose T∗ satisfies εp(p−1) lnT∗ = a and Ω∗1, Ω∗2 as above with a, b
fixed latter. Similarly, for (t, r) ∈ Ω∗1 we find

ω1|uj+1| ≤εC1Ψ+ C1〈t− r〉
(−n+1)p+n+A

2 ‖ω1uj‖pL∞
s,ρ(Λt,r)

,

ω1|uj+1 − uj| ≤C1〈t− r〉
(−n+1)p+n+A

2 ‖ω1(uj − uj−1) ‖L∞
s,ρ(Λt,r)

· max
l∈{j,j−1}

‖ω1ul‖p−1
L∞
s,ρ(Λt,r)

.

For (t, r) ∈ Ω∗2 we find

ω2|uj+1| ≤εC1〈t− r〉
(n−1)p−n−A

2 Ψ+ C1‖ω1uj‖pL∞
s,ρ(Λt,r,1)

+ C1〈t− r〉
(−n+1)p2+(n+1)p+2

2 ‖ω2uj‖pL∞
s,ρ(Λt,r,2)

ω2|uj+1 − uj| ≤C1‖ω1(uj − uj−1) ‖L∞
s,ρ(Λt,r,1) max

l∈{j,j−1}
‖ω1ul‖p−1

L∞
s,ρ(Λt,r,1)

+ C1 ln〈t− r〉 ‖ω2(uj − uj−1)‖L∞
s,ρ(Λt,r,2)

· max
l∈{j,j−1}

‖ω2ul‖p−1
L∞
s,ρ(Λt,r,2)

.

Taking b satisfies (2C1)
pb1−pΨp−1 = 1, choosing ε such thatT∗(ε) ≥ 3, a = (2C2)

−pΨp(1−p)

and C2 great enough, we get the Cauchy sequence {uj} and the desired solution.
Before the end of this section, we show the proof of Claim 3.16. Following (3.41), we

can easily found

ε
2(p−1)
hF (p)

−δ ≲ T∗ ≲ ε
2(p−1)
hF (p)

for any 0 < δ � 1 and ε small enough. This suggests us to define

S(ε) := ε
− 2(p−1)

hF (p) T∗, ε−δ ≲ S ≲ 1.

Then, (3.41) goes to

a = S
−hF (p)

2 ln
(
ε

2(p−1)
hF (p) S

)
≈ S

−hF (p)

2 ln(ε) ,

and then

S ≈ ln
2

hF (p) (ε), T∗ ≈ ε
2(p−1)
hF (p) ln

2
hF (p) (ε),

which finishes the proof.

66



3.6 Long time existence for A ∈ [3,∞)

In this section, we will consider the case A ∈ [3,∞), and show the proof of Theorem
3.3. Again, we only need to consider the equation (3.21).

3.6.1 Estimate for linear solution

In this subsection, we will construct some prior estimates of the solution to the linear
equation (3.22). Firstly we give the following argument.

Lemma 3.17. Let u be the solution of (3.22). We have∥∥∥rA−1
2 u
∥∥∥
L∞
t Lq

r

≲‖r
A+1
2 g‖Lq

r
+ ‖r

A−1
2 f‖Lq

r
+ ‖r

A+1
2 F‖Lq

tL
1
r
. (3.43)

for any 1 < q <∞, and∥∥∥rA−1
2

−αu
∥∥∥
Lσ
t L

p
r

≲‖r
A+1
2 g‖Lq

r
+ ‖r

A−1
2 f‖Lq

r
+ ‖r

A+1
2 F‖Lq

tL
1
r
, (3.44)

provided that
1 <

q

p
<
σ

p
<∞, αp = 1− p

q
+
p

σ
. (3.45)

We also have a modification result.

Lemma 3.18. Let u be the solution of (3.22). If 1 < p ≤ (n+ 1)/(n− 1), then

(T + 1)
(n−1)p−n−1

2p

∥∥∥r (−n+A)p+n+1
2p u(T, ·)

∥∥∥
Lp
r(r<T+1)

≲‖r
A+1
2 g‖Lp

r
+ ‖r

A−1
2 f‖Lp

r
+ ‖r

A+1
2 F‖Lp

tL
1
r(t<T ).

(3.46)

Also, if (n+ 1)/(n− 1) ≤ p ≤ pS , then

T
(n−1)p−n−1

2p

∥∥∥r (−n+A)p+n+1
2p u(T, ·)

∥∥∥
Lp
r

≲‖r
A+1
2

+ 1
p g‖L∞

r
+ ‖r

A−1
2

+ 1
pf‖L∞

r
+ T

1
p‖r

A+1
2 F‖L∞

t L1
r(T/4<t<T )

+ ‖r
A+1
2 g‖Lp

r
+ ‖r

A−1
2 f‖Lp

r
+ ‖r

A+1
2 F‖Lp

tL
1
r(t<T/4)

(3.47)

Proof of Lemma 3.17. When A ∈ Z+, this result is exactly the same with the Theorem 4.7
of [24] since we can take κ arbitrary close to 2. So we only deal with the non-integer case.
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By Lemma 3.12 and Lemma 3.13, for µ = r2+ρ2−t2

2rρ
and δ > 0 arbitrary small we have

r
A−1
2 |ug| ≲

∫ t+r

|r−t|
(1 + µ)−δρ

A−1
2 |g(ρ)| d ρ

+

∫
0≤ρ≤t−r

(1− µ)
1−A
2

+δ|1 + µ|−δρ
A−1
2 |g(ρ)| d ρ

≲
∫ t+r

|r−t|
(1 + µ)−δρ−1|ρ

A+1
2 g(ρ)| d ρ

+

∫
0≤ρ≤t−r

(1− µ)−1|1 + µ|−δρ−1|ρ
A+1
2 g(ρ)| d ρ.

(3.48)

Using Proposition 2.7 and Proposition 4.4 in [24], we get (3.43) for u = ug. Through a
simple calculation, we also find

r
A−1
2 uf =

1

2
h(t+ r)−

∫ t+r

0

t

rρ
I ′A(µ)h(ρ) d ρ, h(ρ) := r

A−1
2 f(ρ).

Using Lemma 3.13 again and noticing A > 3, for δ > 0 arbitrary small we have

r
A−1
2 |uf | ≲

1

2
|h(t+ r)|+

∫ t+r

|t−r|

t

rρ
|1 + µ|−δ|h(ρ)| d ρ

+

∫
0≤ρ≤t−r

t

rρ
(1− µ)−1|1 + µ|−δ|h(ρ)| d ρ

+

∣∣∣∣∫ t+r

0

t

rρ
(1 + µ)−1h(ρ) d ρ

∣∣∣∣+ ∫
0≤ρ≤t−r

t

rρ
|1− µ|−1|h(ρ)| d ρ

≡K1 +K2 +K3 +K4 +K5.

(3.49)

Here we easily find that

‖K1‖L∞
t Lq

r
≲ ‖h‖Lq

r
, ‖r−αK1‖Lσ

t L
p
r
≲ ‖h‖Lq

r
.

Where the later one is the consequence ofHardy-Littlewood inequality provided that (3.45).
Meanwhile, adopting Proposition 2.5 in [24] to deal withK2, and adopting Proposition

4.4 in [24] for K3 andK5, we find both of them have the same control asK1.
As for K4, noticing

t

rρ
(1 + µ)−1 =

1

r + ρ− t
− 1

t+ r + ρ
,

we can separate theK4 to

K4 ≲
∣∣∣∣∫ ∞

0

1

ρ+ r − t
h(ρ) d ρ

∣∣∣∣+ ∫ ∞

t+r

1

ρ+ r − t
|h(ρ)| d ρ

+
1

t+ r

∫ t+r

0

|h(ρ)| d ρ

≡K4,1(t− r) +K4,2(t, r) +K4,3(t+ r).

68



BecauseHilbert-transform is bounded inLq space for 1 < q <∞, addingHardy-Littlewood
inequality we get the control of K4,1(t − r). Also, using the boundedness of Hardy-
Littlewood maximal function in Lq space, adding Hardy-Littlewood inequality again we
get a same estimate ofK4,3(t+ r).

Finally, forK4,2(t, r), we have

K4,2(t, r) =

∫ ∞

r

1

ρ+ r
|h(ρ+ t)| d ρ ≤

∫ ∞

r

ρ−1|h(ρ+ t)| d ρ.

Then, using Hardy’s inequality we find

‖K4,2‖L∞
t Lq

r
≲ ‖h‖Lq

r
.

On the other hand, for any G(t, r) with ‖G‖
Lσ′
t Lp′

r
≤ 1 we see∫ ∞

0

∫ ∞

0

r−αK4,2(t, r)G(t, r) d r d t

=

∫ ∞

0

∫ ∞

t

∫ ρ−t

0

r−α

ρ+ r − t
|h(ρ)|G(t, r) d r d ρ d t

≲
∫ ∞

0

∫ ∞

t

|h(ρ)|
∥∥∥∥ r−α

ρ+ r − t

∥∥∥∥
Lp
r(0,ρ−t)

‖G‖
Lp′
r
d ρ d t

≈
∫ ∞

0

∫ ∞

t

|h(ρ)||ρ− t|−α−1+ 1
p‖G‖

Lp′
r
d ρ d t

≲
∥∥∥∥∫ ∞

t

|h(ρ)||ρ− t|−α−1+ 1
p d ρ

∥∥∥∥
Lσ
t

≲‖h‖Lq
r
,

where in the last step we use the Hardy-Littlewood inequality. Now, we find

‖r−αK4,2‖Lσ
t L

p
r
≤ sup

∥G∥
Lσ′
t L

p′
r
≤1

〈
r−αK4,2, G

〉
≲ ‖h‖Lq

r
.

Adding all together, we get (3.43) for u = uf . Finally, under µ = r2+ρ2−(t−s)2

2rρ
we have

r
A−1
2 uF =

∫ t

0

∫ r+t−s

0

IA(µ)ρ
A−1
2 F (s, ρ) d ρ d s.

Using Lemma 3.13 and noticing A > 3, for δ > 0 arbitrary small we have

r
A−1
2 |uF | ≲

∫ t

0

∫ r+t−s

|r−t+s|
(1 + µ)−δρ−1|G(s, ρ)| d ρ d s

+

∫∫
0≤s≤t

0≤ρ≤t−s−r

(1− µ)−1|1 + µ|−δρ−1|G(s, ρ)| d ρ d s
(3.50)

with G(s, ρ) := ρ
A+1
2 F (s, ρ). Because δ is arbitrary, using Proposition 4.5 in [24], we get

(3.43) for u = uF . Adding together, we finish the proof.
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Proof of Lemma 3.18. The proof of Lemma 3.18 is most the same with the proof of The-
orem 6.4 in [24] so we skip it. The only difference is that we don’t need to deal with the
spherical variable and we can choose δ in (3.48), (3.49), (3.50) arbitrary small, which both
better than the original one.

3.6.2 Long time existence for 1 < p < pconf

In this subsection, we will give the proof of Theorem 3.3. The main process of proof
is most the same as that of [24]. So we only prove global existence in pS < p < pconf and
long time existence in pm ≤ p < pS to show such processes fit our frame.

Similar to the last section, we will construct a Cauchy sequence to approach the weak
solution. We set u−1 = 0 and uj+1 be the solution of the equation (3.40).

We are going to use the (3.44), where we set

q =
2(p− 1)

(n+ 3)− (n− 1)p
, σ = pq, α =

(−n+ A)p+ n+ 1

2p
.

Here p < pconf so 0 < q <∞ and p > pS so q > p. Then, we conclude∥∥∥r (−n+A)p+n+1
2p uj+1

∥∥∥
Lσ
t L

p
r

≤εC0Ψ+ C0‖r
(−n+A)p+n+1

2 |uj|p‖Lq
tL

1
r

≤εC0Ψ+ C0‖r
(−n+A)p+n+1

2p uj‖pLpq
t Lp

r

Ψ :=
∥∥∥r n+1

2 U1

∥∥∥
Lq
r

+ ‖r
n−1
2 U0‖Lq

r

for some C0 great enough. Then, for any ε satisfies (2εC0Ψ)p < εΨ we find∥∥∥r (−n+A)p+n+1
2p uj

∥∥∥
Lσ
t L

p
r

≤ 2εC0Ψ

holds for any j ≥ 0. By this result and (3.44) we also find∥∥∥r (−n+A)p+n+1
2p (uj+1 − uj)

∥∥∥
Lσ
t L

p
r

≤C0‖r
(−n+A)p+n+1

2 (|uj|p − |uj−1|p) ‖Lq
tL

1
r

≤C1‖r
(−n+A)p+n+1

2p (uj − uj−1)‖Lpq
t Lp

r
max

k∈{j,j−1}
‖r

(−n+A)p+n+1
2p uk‖p−1

Lpq
t Lp

r

≤C1(2εC1Ψ)p−1‖r
(−n+A)p+n+1

2p (uj − uj−1)‖Lpq
t Lp

r

with some C1 ≥ C0 great enough. Now, for any 0 < ε with C1(2εC1Ψ)p−1 = 1/2, we
find {uj} is a Cauchy sequence in its space. Set the limitation as u, using (3.43) we can
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also find ‖rA−1
2 u‖L∞

t Lq
r
≤ 2εC2Ψ with some C2. To check it is the weak solution of (3.21)

indeed, we need to show (3.30). For any compact setKt ×Kx ⊂ R+ × Rn, we find∥∥∥r (−n+A)p+n+A
2

−1|u|p
∥∥∥
L1
t,r(Kt×Kx)

≤C(Kt)
∥∥∥r (−n+A)p+n+1

2p u
∥∥∥p
Lσ
t L

p
r

∥∥∥rA−3
2

∥∥∥
L∞
r (Kx)

≤(2εC0Ψ)pC(Kt, Kx) <∞

‖rA−1u‖L1
t,r(Kt×Kx) ≤C(Kt)

∥∥∥rA−1
2 u
∥∥∥
L∞
t Lq

r

∥∥∥rA−1
2

∥∥∥
Lq′
r (Kx)

≤(2εC2Ψ)C(Kt, Kx) <∞.

This finish the proof.
Next we consider (n+ 1)/(n− 1) ≤ p < pS . Set

Aj(T ) := T
(n−1)p−n−1

2p

∥∥∥r (−n+A)p+n+1
2p uj(T, ·)

∥∥∥
Lp
r

,

using (3.47) we see

Aj+1(T ) ≤εC0Ψ+ C0T
1
p‖r

(−n+A)p+n+1
2 |uj|p‖L∞

t L1
r(T/4<t<T )

+ C0‖r
(−n+A)p+n+1

2 |uj|p‖Lp
tL

1
r(t<T/4)

≤εC0Ψ+ C0T
1
p‖t

(−n+1)p+n+1
2p Aj(t)‖pL∞

t (T/4<t<T )

+ C0‖t
(−n+1)p+n+1

2p Aj(t)‖p
Lp2

t (t<T/4)

for some C0 great enough and

Ψ := ‖r
n+1
2

+ 1
pU1‖L∞

r
+ ‖r

n−1
2

+ 1
pU0‖L∞

r
+ ‖r

u+1
2 U1‖Lp

r
+ ‖r

n−1
2 U0‖Lp

r
.

While sup0≤T≤T∗ Aj(T ) ≤ 2εC0Ψ holds for some j and T∗ defined in (3.8) with c fixed
later, we find

sup
0≤T≤T∗

Aj+1(T ) ≤εC0Ψ+ C1(2εC0Ψ)pT
(−n+1)p2+(n+1)p+2

2p
∗

≤εC0Ψ+ εC1(2C0Ψ)pc
−hS(p;n)

2p

with someC1. Choosing c small enough such thatC1(2C0Ψ)pc
−hS(p;n)

2p ≤ C0Ψ and noticing
A−1(T ) ≡ 0, we find such dominate holds for any j. A similar process also shows

sup
0≤T≤T∗

Bj+1(T ) ≤
1

2
sup

0≤T≤T∗

Bj(T ),

Bj(T ) :=T
(n−1)p−n−1

2p

∥∥∥r (−n+A)p+n+1
2p (uj − uj−1) (T, ·)

∥∥∥
Lp
r

.
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Now we check (3.30). For any compact setKt ×Kx ⊂ R+ × Rn, we find∥∥∥r (−n+A)p+n+A
2

−1|u|p
∥∥∥
L1
t,r(Kt×Kx)

≤
∥∥∥t (n−1)p−n−1

2p r
(−n+A)p+n+1

2p u
∥∥∥p
L∞
t Lp

r∥∥∥t (−n+1)p+n+1
2 r

A−3
2

∥∥∥
L1
tL

∞
r

≤(2εC1Ψ)pC(Kt, Kx) <∞,

‖rA−1u‖L1
t,r(Kt×Kx) ≤

∥∥∥t (n−1)p−n−1
2p r

(−n+A)p+n+1
2p u

∥∥∥
L∞
t Lp

r∥∥∥t (−n+1)p+n+1
2p r

(n+A−2)p−n−1
2p

∥∥∥
L1
tL

p′
r

≤(2εC1Ψ)pC(Kt, Kx) <∞.

This finish the proof.
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Chapter 4

Long time existence of wave equation
with mixed power terms

4.1 Main results and notations

In this chapter, we study the long time existence of equation (1.9) proposed in 1.4.
The results presented in this chapter was obtained by the author’s joint work [5]. First of
all, we give our main conclusion, when the dimension n = 3, we have

Theorem 4.1. Let n = 3, p = pS(3) = 1 +
√
2 and q ≥ p. Suppose that the data (f, g)

satisfy
Λ := ‖〈x〉5 ∂≤3

x f‖L∞
x
+ ‖〈x〉5 ∂≤2

x g‖L∞
x
<∞. (4.1)

then there exists an ε0(Λ, q) > 0 and a constant c > 0, such that for any ε ∈ (0, ε0), (1.9)
has a unique solution u ∈ C0

([
0, T̄ε

]
;H3(R3)

)
∩ C1

([
0, T̄ε

]
;H2(R3)

)
where

T̄ε := exp
(
cε−pS(pS−1)

)
.

Remark 4.1. As we discussed in Section 1.4, this bound matches the upper bound, so it is
optimal.

Turning to the 2 dimensional case, we have

Theorem 4.2. Assume p = pS(2) = (3 +
√
17)/2 and q ≥ p. Considering (1.9) with data

(f, g) satisfying (4.1), we have a similar existence result with small data, as in Theorem
4.1, with T̄ε reqlaced by

T̃ε := exp
(
cε−(pS−1)2/2

)
.

Remark 4.2. This result improve the result exp
(
cε−(pS−1)

)
which is proposed in [14].
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We also introduce some notations we will use in this chapter. We will use some kinds
of special vector fields. There are spatial rotation: Ωjk = xk∂j − xj∂k, Lorentz boost:
Ω0k = t∂k + xk∂t and scaling: L0 = t∂t + xi∂i. Set Γ = {∂µ,Ωµν , L0} be the well-known
Klainerman vector fields. For such vector fields, we have

[∂µ,Γα] f = Cβ
µα∂βf, [Γα,Γβ] f = Cσ

αβΓσf,

[Γα,□] f = Cα □f,
(
α, β = 0, 1, · · · , (n2 + 3n+ 2)/2

) (4.2)

where [X,Y ] denotes the commutator XY − Y X. And all coefficients are belong to C∞
b .

4.2 The proof of Theorem 4.1 and Theorem 4.2

4.2.1 Preliminaries

We firstly list some lemmas to be used later.

Lemma 4.3 (Local existence). When n ≤ 3. For the equation∂2t u−∆u = F (u, ∂u),

u(0, x) = f(x), ut(0, x) = g(x).

If (f, g) ∈ H3 × H2, F ∈ C2 and F (0, 0) = 0 then there is a T > 0, depending on the
norm of the data, so that this Cauchy problem has a unique solution satisfying

‖∂≤3u(t, ·)‖L2
x
<∞, 0 ≤ t ≤ T.

Also, if T∗ is the supremum over all such times T, then either T∗ = ∞ or

|∂≤3u| 6∈ L∞
t L

2
x(0 ≤ t < T∗).

Proof. The result is classical, for a proof, see, e.g., Chapter 12 of [10].

Lemma 4.4 (Theorem 6.4 of [24]). When n = 3, suppose u solves the linear equation□u(t, x) = F (t, x),

u(0, x) = f(x), ut(0, x) = g(x)

in [0, T∗)× R3. Then there exists a constant C, such that ∀T < T∗

T 1/p2S‖u(T, ·)‖LpS
r L3

ω
≤C
(
‖r1−2/pS∂≤1

ω f‖LpS
r L

3/2
ω

+ ‖r1+1/pS∂≤1
ω f‖L∞

r L
3/2
ω

+ ‖r2−2/pSg‖LpS
r L

3/2
ω

+ ‖r2+1/pSg‖L∞
r L

3/2
ω

+ ‖F‖
L
pS
t L1

rL
3/2
ω (t<T/4)

+ T 1/pS‖F‖
L∞
t L1

rL
3/2
ω (T/4<t<T )

)
.

(4.3)
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Lemma 4.5 (Theorem 1.4 of [18]). When n = 2, suppose u solves the linear equation□u(t, x) = F (t, x),

u(0, x) = f(x), ut(0, x) = g(x)

in [0, T∗)×R2. Let p∗ = pS−1
2

, sc = 1−1/p, b > 1
p∗pS

+ 1
pS
,Xb ≡ Hsc+δ,b

ω ×Hsc−1+δ,b
ω (δ >

0), where

Hs,b
ω = {u ∈ Hs :

∥∥(1−∆ω)
b/2u

∥∥
Hs <∞}, ∆ω =

∑
1≤i<j≤n

Ω2
ij.

Then there exists a constant C, such that ∀T < T∗

‖u‖Lp∗pS
t LpS

r L2
ω(t<T ) ≤ C(ln(2 + T ))1/(p∗pS)

(
‖(f, g)‖Xb + ‖F‖Lp∗

t L1
rL

2
ω

)
. (4.4)

Lemma 4.6 (Energy inequality). For any n, suppose u solves the linear equation□u(t, x) = F (t, x),

u(0, x) = f(x), ut(0, x) = g(x).

We have, ∀T > 0

‖∂u(T, ·)‖L2
x
≤ ‖∂u(0, ·)‖L2

x
+ ‖F‖L1

tL
2
x(t<T )

Since the property of commutator (4.2), we also have for any k ∈ Z+

‖∂Γ≤ku(T, ·)‖L2
x
≤ Ck

(
‖∂Γ≤ku(0, ·)‖L2

x
+ ‖Γ≤kF‖L1

tL
2
x(t<T )

)
.

Lemma 4.7 (Klainerman-Sobolev inequalities). Let v ∈ C∞(R1+n) vanish when |x| is
large, 1 ≤ q <∞ and k > n/p, then if t > 0

〈t+ r〉(n−1)/p 〈t− r〉1/p |v(t, x)| ≤ C‖Γ≤kv(t, ·)‖Lp
x
. (4.5)

Otherwise if 1 ≤ p < q <∞ and k ≥ n/p− n/q, then

〈t〉(n−1)(1/p−1/q) ‖v(t, ·)‖Lq
x
≤ C‖Γ≤kv(t, ·)‖Lp

x
. (4.6)

Proof. The inequality (4.5) is the well-known Klainerman-Sobolev inequality, which is
proved in [19]. Heuristically, the inequality (4.6) can be viewed as a consequence of (4.5).
We refer [13, (3.9)] for a complete proof.
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Lemma 4.8 (Sobolev embedding). Let x ∈ Rn, and 1 ≤ p < q ≤ ∞, then

‖f(x)‖Lq
x
≤ C‖∂≤kf(x)‖Lp

x
, (4.7)

where k ≥ n/p − n/q if q < ∞, or k > n/p if q = ∞. When it comes to Sn−1, with
1 ≤ p < q ≤ ∞, then

‖f(ω)‖Lq
ω
≤ C‖Ω≤kf(ω)‖Lq

ω
, (4.8)

where k ≥ (n− 1)/p− (n− 1)/q if q <∞, or k > (n− 1)/p− (n− 1)/q if q = ∞. For
mixed-norm, we have

‖f(x)‖Lq
rL4

ω
≤ C‖∂≤kf(x)‖Lp

rL2
ω
, (4.9)

where 2 ≤ p ≤ q ≤ 4 and k ≥ n/4.

Proof. Here inequality (4.7) is known as Sobolev embedding, and inequality (4.8) just the
same inequality on sphere. Finally the inequality (4.9) is a simple Corollary of lemma 3.2
in [28] and normal Sobolev embedding in a small ball contains origin point.

Claim 4.9. We claim that there exists a constant C0 depends on Λ, n but not on ε if ε is
small enough, then all of the initial norms we will use can be bounded by C0ε .

The proof of Claim 4.9 need some delicate calculation, so we will postpone it to the
end of this section. For now, we are ready to prove the Theorem 4.1 and Theorem 4.2.

4.2.2 Proof of Theorem 4.1(n=3)

By Lemma 4.3, we only need to prove that if Tε ≤ T̄ε, then ‖∂≤3u‖L∞
t L2

x(t<Tε) ≤M <

∞, which gives the contradiction.
Firstly, we want to prove that for some suitable CM , c, ε0 to be fixed later, if 0 ≤ T <

Tε ≤ T̄ε then
A(T ) = 〈T 〉1/p

2
S ‖Γ≤2u(T, ·)‖LpS

r L3
ω

≤ CMε,

B(T ) = ‖∂Γ≤2u(T, ·)‖L2
x

≤ CMε.
(4.10)

With the help of Claim 4.9, we choose CM satisfying thatA(0), B(0) ≤ CMε/4. Take
X = {T ∈ [0, Tε) : A(t), B(t) ≤ CMε, ∀ t ∈ [0, T ]}. We want to prove X = [0, Tε).

Consequently, it would suffice to show that, if T is as above, then equation (4.10) implies
that A(T ), B(T ) ≤ CMε/2. Because of Lemma 4.3, we assume T > 1 without loss of
generality.
Part 1: Estimate of A(t).
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By Lemma 4.4, we obtain

A(T ) ≤ CMε/4 + C
∥∥Γ≤2|u|pS

∥∥
L
pS
t L1

rL
3/2
ω (t<T/4)

+ C
∥∥Γ≤2|∂u|q

∥∥
L
pS
t L1

rL
3/2
ω (t<T/4)

+ CT 1/pS
∥∥Γ≤2|u|pS

∥∥
L∞
t L1

rL
3/2
ω (T/4<t<T )

+ CT 1/pS
∥∥Γ≤2|∂u|q

∥∥
L∞
t L1

rL
3/2
ω (T/4<t<T )

.

(4.11)

First we consider the spatial norm part of |u| terms, byHölder’s inequality and Lemma
4.8, we see∥∥Γ≤2|u|pS

∥∥
L1
rL

3/2
ω

≤ C
∥∥|Γ≤2u||u|pS−1

∥∥
L1
rL

3/2
ω

+ C
∥∥|Γ≤1u|2|u|pS−2

∥∥
L1
rL

3/2
ω

≤ C
∥∥Γ≤2u

∥∥
LpS
r L3

ω
‖u‖pS−1

LpS
r L3

√
2

ω

+ C
∥∥Γ≤1u

∥∥2
LpS
r L3

ω
‖u‖pS−2

LpS
r L∞

ω

≤ C
∥∥Γ≤2u

∥∥pS
LpS
r L3

ω

≤ C
(
〈t〉−1/p2S A(t)

)pS
≤ CCpS

M εpS〈t〉−1/pS .

Then, we consider the spatial norm part of |∂u| terms, by Hölder’s inequality and
Lemma 4.7, Lemma 4.8, we have∥∥Γ≤2|∂u|q

∥∥
L1
rL

3/2
ω

≤ C
∥∥|Γ≤2∂u||∂u|q−1

∥∥
L1
rL

3/2
ω

+ C
∥∥|Γ≤1∂u|2|∂u|q−2

∥∥
L1
rL

3/2
ω

≤ C
∥∥Γ≤2∂u

∥∥
L2
rL

2
ω
‖∂u‖L2

rL
6
ω
‖∂u‖q−2

L∞
r L∞

ω
+ C

∥∥Γ≤1∂u
∥∥2
L2
rL

3
ω
‖∂u‖q−2

L∞
r L∞

ω

≤ C
∥∥Γ≤2∂u

∥∥2
L2
x
‖∂u‖q−2

L∞
x

≤ C
∥∥Γ≤2∂u

∥∥q
L2
x

(
〈t〉−1)q−2

≤ CCq
Mε

q〈t〉2−q .

Back to equation (4.11), assume ε0 < 1/CM . Since q ≥ pS = 1 +
√
2, 0 < ε < ε0,

we conclude

A(T ) ≤ CMε/4 + CCpS
M εpS

1 +

(∫ T/4

0

〈t〉−1 d t

)1/pS


+ CCq
Mε

q

〈T 〉pS−q +

(∫ T/4

0

〈t〉−pS(q−2) d t

)1/pS


≤ CMε
(
1/4 + CCpS−1

M εpS−1(ln(T + 2)) 1/pS + CCq−1
M εq−1

)
≤ CMε

(
1/3 + CCpS−1

M c1/pS + CCpS−1
M εpS−1

0

)
.

Part 2: Estimate of B(t).
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For this part, by the Lemma 4.6, we know that

B(T ) ≤ CMε/4 + C
∥∥Γ≤2|u|pS

∥∥
L1
tL

2
x(t<T )

+ C
∥∥Γ≤2|∂u|q

∥∥
L1
tL

2
x(t<T )

. (4.12)

For the |u| term, by Hölder’s inequality and Lemma 4.7, we have∥∥Γ≤2|u|pS
∥∥
L2
x
≤ C

∥∥Γ≤2u
∥∥
L
pS
x

‖u‖pS−1
La
x

+ C
∥∥Γ≤1u

∥∥2
L4
x
‖u‖pS−2

L∞
x

≤ C
∥∥Γ≤2u

∥∥pS
L
pS
x

(
〈t〉−2(1/pS−1/a)(pS−1) + 〈t〉−2(1/pS−1/4)·2−2(1/pS)(pS−2)

)
≤ C

∥∥Γ≤2u
∥∥pS
L
pS
x

〈t〉−1

≤ C
(
〈t〉−1/p2S A(t)

)pS
〈t〉−1

≤ CCpS
M εpS〈t〉1−pS ,

where a = (pS − 1)/(1/2− 1/pS).
For the |∂u| term, by Hölder’s inequality and Lemma 4.7 again, we know∥∥Γ≤2|∂u|q

∥∥
L2
x
≤ C

∥∥Γ≤2∂u
∥∥
L2
x
‖∂u‖q−1

L∞
x

+ C
∥∥Γ≤1∂u

∥∥2
L4
x
‖∂u‖q−2

L∞
x

≤ C
∥∥Γ≤2∂u

∥∥q
L2
x

(
〈t〉−2(1/2)(q−1) + 〈t〉−2(1/2−1/4)2−2(1/2)(q−2)

)
≤ CCq

Mε
q〈t〉1−q .

Back to (4.12), we obtain

B(T ) ≤ CMε
(
1/4 + CCpS−1

M εpS−1 + CCq−1
M εq−1

)
≤ CMε

(
1/4 + CCpS−1

M εpS−1
0

)
.

Part 3: The boundness of A(t), B(t).
We choose ε0 and the constant c in T̄ε small enough, such thatA(T ), B(T ) ≤ CMε/2,

which completes the proof.

4.2.3 Proof of Theorem 4.2(n=2)

Similar to last subsection, we need to prove that for some suitableCM , c, ε0 to be fixed
hereafter, if 0 ≤ T < Tε ≤ T̃ε then

A(T ) = ‖Γ≤2u‖Lp∗pS
t LpS

r L2
ω(t<T ) ≤ CMε

1/pS ,

B(T ) = ‖∂Γ≤2u(T, ·)‖L2
x

≤ CMε,
(4.13)

where p∗ = (pS − 1)/2 as in Lemma 4.5. By Claim 4.9, we fix CM such that B(0) ≤
CMε/4. We need to show that equation (4.13) implies A(T ) ≤ CMε

1/pS/2 and B(T ) ≤
CMε/2 for above T and Tε.
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Part 1: Estimate of A(t).
By Lemma 4.5, and T < T̃ε, we get

A(T ) ≤ cCMε/4
1/pS + cCε1/pS−1

∥∥Γ≤2|u|pS
∥∥
Lp∗
t L1

rL
2
ω(t<T )

+ cCε1/pS−1
∥∥Γ≤2|∂u|q

∥∥
Lp∗
t L1

rL
2
ω(t<T )

.
(4.14)

For the second term, similar to n = 3, we have∥∥Γ≤2|u|pS
∥∥
Lp∗
t L1

rL
2
ω
≤ C

∥∥|Γ≤2u||u|pS−1
∥∥
Lp∗
t L1

rL
2
ω
+ C

∥∥|Γ≤1u|2|u|pS−2
∥∥
Lp∗
t L1

rL
2
ω

≤ C
∥∥Γ≤2u

∥∥pS
L
p∗pS
t LpS

r L2
ω

≤ CCpS
M ε,

and ∥∥Γ≤2|∂u|q
∥∥
L1
rL

2
ω
≤ C

(∥∥Γ≤2∂u
∥∥
L2
rL

2
ω
‖∂u‖L2

rL
∞
ω
+
∥∥Γ≤1∂u

∥∥2
L2
rL

4
ω

)
‖∂u‖q−2

L∞
r L∞

ω

≤ C
∥∥Γ≤2∂u

∥∥2
L2
x
‖∂u‖q−2

L∞
x

≤ CCq
Mε

q〈t〉1−q/2 .

Since q ≥ pS, (1− pS/2)p∗ = −1, T < T̃ε, we get

A(T ) ≤ cCMε
1/pS + cCCpS

M ε1/pS−1+1 + cCCq
Mε

1/pS−1+q

(∫ T

0

〈t〉(1−q/2)p∗ d t
)1/p∗

≤ cCMε
1/pS + cCCpS

M ε1/pS−1+1 + cCCq
Mε

1/pS−1+q(ln(T + 2))1/p∗

≤ CMε
1/pS(c+ cCCpS−1

M ).

Part 2: Estimate of B(t).
In this part, by applying the energy inequality, we obtain

B(T ) ≤ CMε/4 + C
∥∥Γ≤2|u|pS

∥∥
L1
tL

2
x(t<T )

+ C
∥∥Γ≤2|∂u|q

∥∥
L1
tL

2
x(t<T )

.

For the second term, by Hölder’s inequality, Lemma 4.7 and Lemma 4.8, we have∥∥Γ≤2|u|pS
∥∥
L1
tL

2
x
=
∥∥Γ≤2|u|pS

∥∥
L1
tL2

rL
2
ω

≤ C
∥∥∥‖u‖pS−2

L∞
r L∞

ω

(∥∥Γ≤2u
∥∥
LpS
r L2

ω
‖u‖LpS+1

r L∞
ω
+
∥∥Γ≤1u

∥∥2
L4
rL

4
ω

)∥∥∥
L1
t

≤ C
∥∥∥∥∥Γ≤1u

∥∥pS−2

L
pS
x

∥∥Γ≤2u
∥∥2
LpS
r L2

ω
〈t〉(−1/pS)(pS−2)

∥∥∥
L1
t

≤ C
∥∥∥∥∥Γ≤2u

∥∥pS
LpS
r L2

ω
〈t〉pS−4

∥∥∥
L1
t

≤ C
∥∥Γ≤2u

∥∥pS
L
p∗pS
t LpS

r L2
ω

∥∥〈t〉pS−4
∥∥
L
1+pS
t

≤ CCpS
M εpS ,
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and the same for the last term∥∥Γ≤2|∂u|q
∥∥
L2
x
≤ C

∥∥Γ≤2∂u
∥∥
L2
x
‖∂u‖q−1

L∞
x

+ C
∥∥Γ≤1∂u

∥∥2
L4
x
‖∂u‖q−2

L∞
x

≤ C
∥∥Γ≤2∂u

∥∥q
L2
x

(
〈t〉−(1/2)(q−1) + 〈t〉−(1/2−1/4)2−(1/2)(q−2)

)
≤ CCq

Mε
q〈t〉(1−q)/2 .

By the definition of T̃ and ε0, we know

B(T ) ≤ CMε
(
1/4 + CCpS

M εpS−1 + CCq−1
M εq−1

)
≤ CMε

(
1/4 + CCpS

M εpS−1
0

)
.

Part 3: The boundness of A(t), B(t).
Now, by choosing ε0 and the constant c (in T̃ε) small enough, we conclude A(T ) ≤

CMε
1/pS/2 and B(T ) ≤ CMε/2, which completes the proof.

4.2.4 Proof of Claim 4.9

Before the discussion, set h =
{
∂≤1
x f, g

}
, by equation (1.9) we see∣∣{∂≤3

x u, ∂≤2
x ∂tu

}∣∣
t=0

≤ Cε
∣∣∂≤2

x h
∣∣ ,∣∣∂≤1

x ∂2t u
∣∣
t=0

=
∣∣∂≤1

x (|∂u|q + |u|pS +∆u)
∣∣
t=0

≤ Cε
∣∣{∂≤1

x h|h|q−1, |h|pS , ∂≤2
x h
}∣∣ ,∣∣∂3t u∣∣t=0

≤ C
∣∣{∂∂tu|∂u|q−1 , ∂tu|u|pS−1, ∂t∆u

}∣∣
t=0

≤ C
∣∣{(|∂u|q + |u|pS +∆u) |∂u|q−1, ∂x∂tu|∂u|q−1 , ∂tu|u|pS−1, ∂t∆u

}∣∣
≤ Cε

∣∣{|h|2q−1, |h|pS+q−1, ∂≤1
x h|h|q−1, |h|pS , ∂≤2

x h
}∣∣ .

SetM = Λ + Λq + ΛpS + Λ2q−1 + ΛpS+q−1, we want to show that all of the initial norms
can be controlled by CεM, where C does not depend on ε andM.

We begin with A(0) = ‖Γ≤2u(0, ·)‖LpS
r L3

ω
(n = 3), here we get

‖Γ≤2u(0, ·)‖LpS
r L3

ω
≤ C‖Γ≤3u(0, ·)‖LpS

x

≤ C
∥∥〈x〉5 ∂≤3u(0, ·)

∥∥
L∞
x

∥∥〈x〉−2
∥∥
L
pS
x

≤ CεM.

Similarly, for B(0) = ‖∂Γ≤2u(0, ·)‖L2
x
(n = 2, 3), we have

‖∂Γ≤2u(0, ·)‖L2
x
≤ C

∥∥〈x〉5 ∂≤3u(0, ·)
∥∥
L∞
x

∥∥〈x〉−3
∥∥
L2
x
≤ CεM.
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For ‖r1−2/pS∂≤1
ω Γ≤2u(0, ·)‖LpS

r L
3/2
ω

(n = 3) which comes from right hand side (RHS)
of equation (4.3), we see

‖r1−2/pS∂≤1
ω Γ≤2u(0, ·)‖LpS

r L
3/2
ω

≤ C‖〈x〉4−2/pS ∂≤3f‖LpS
x

≤ C
∥∥〈x〉5 ∂≤3u(0, ·)

∥∥
L∞
x

∥∥∥〈x〉−1−2/pS
∥∥∥
L
pS
x

≤ CεM.

The other three terms from equation (4.3) can be controlled by similar arguments. At
last, for the term

∥∥Γ≤2(u, ∂tu)(0, ·)
∥∥
Xb (n = 2) which comes from equation (4.4), we have∥∥Γ≤2(u, ∂tu)(0, ·)
∥∥
Xb ≤

∥∥Γ≤2(u, ∂tu)(0, ·)
∥∥
(H1,L2)

.

Through the previous discussion, we finish the proof of the Claim 4.9.
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Chapter 5

Long time behavior of coupled
Strauss-Glassey system

5.1 Main result

In this section, we consider the equation (1.10) which is proposed in 1.5. Where, the
existence result presented in this chapter was obtained by the author’s joint work [5]. We
will discuss its long time existence in n = 3, q < 2, and the blow-up in n ≥ 3. In this
chapter we set

σ = σ(p, q) :=
p+ 2

pq − 1
− 1

pq
− n− 1

2
.

Theorem 5.1. When n = 3, σ < 0, q < 2 and 2 < p < 3, assume f, f̃ ∈ C2(R3),
g, g̃ ∈ C1(R3) are spherical symmetric and supported inB1(0). Then there exists a positive
number ε0 such that for 0 < ε < ε0, there exists a global solution (u, v) of (1.10) that
satisfying

u, v, ∂tu ∈ C(R+ × R3).

For the blow-up result, we consider equation (1.10) in n ≥ 3 dimensions.

Theorem 5.2. Consider n ≥ 3, assume f = f̃ = g = 0, supp g̃ ⊂ B(0, 1) nonnegative
and not vanishes. Then, when σ > 0, for any ε > 0, there exists no weak solution (u, v) of
(1.10) which satisfies supp(u, v) ⊂ B(0, t+ 1) and ∂tu, v ∈ L∞

loc(R+ × Rn).

Remark 5.1. Comparing Theorem 5.1 and Theorem 5.2, we find that the curve deduced
by (1.15) is the critical curve for q < 2 indeed.
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5.2 Proof of Theorem 5.1

Before the proof, we consider a simple coordinate transform with (u, ut)|t=2 = (f, g),
(v, vt)|t=2 = (f̃ , g̃). Due to the property of symmetry, (u, v) solve the equivalent 1-D
integral equations in t ≥ 2

u(t, r) = εuo(t, r) + L|v|q(t, r),

v(t, r) = εvo(t, r) + L|∂tu|p(t, r),

where

uo(t+ 2, r) =
1

2r

(
(r + t)f(r + t) + (r − t)f(r − t) +

∫ r+t

r−t

ρg(ρ) d ρ
)
,

vo(t+ 2, r) =
1

2r

(
(r + t)f̃(r + t) + (r − t)f̃(r − t) +

∫ r+t

r−t

ρg̃(ρ) d ρ
)
,

LF (t, r) =
1

2r

∫ t

0

∫ r+t−s

r−t+s

ρF (s, ρ) d ρ d s.

for t ≥ 0. Here for convenience we consider u|t<2 = v|t<2 = 0.

Here we denote f(|x|) = f(−|x|) = f(x) and the rest is similar. Then the lower limits
of the integrals (to ρ) may be replaced by |r − t| or |r − (t− s)| because of the symmetric
assumption. To control the iteration procedure, we need to estimate some derivatives. With
the notation w = ∂tu, we find that

w(t, r) = ε∂tuo(t, r) + r−1K+|v|q(t, r), (5.1)

v(t, r) = εvo(t, r) + L|w|p(t, r), (5.2)

∂r{rv(t, r)} = ε∂r
(
rvo(t, r)

)
+K−|w|p(t, r), (5.3)

where

K±F (t, r) =
1

2

∫ t

0

(r + t− s)F (s, r + t− s)± (r − t+ s)F (s, r − t+ s) d s.

To control the norm of (w, v), we set

‖(w, v)‖ = ‖ω1w‖L∞
t,r

+ ‖ω2v‖L∞
t,r

+ ‖ω3r∂rv‖L∞
t,r
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where weight functions ω1, ω2, ω3 are defined by

ω1(t, r) =

〈r〉 〈t− r〉µ/p+q−2 (r < t/2),

〈t− r〉µ/p 〈t+ r〉q−1 (r ≥ t/2);

ω2(t, r) =

〈r〉p−2 〈t+ r〉3−p+µ/pq (r < t/2),

〈t− r〉µ/pq 〈t+ r〉 (r ≥ t/2);

ω3(t, r) = 〈t− r〉µ+pq−2p

for t ≥ 0 and r ≥ 0, with a fixed µ < 1 which satisfies

− µ− pq + 2p ≤ p− 3− µ/pq. (5.4)

Now we consider the system of integral equations (5.1)-(5.3) in the closed subset of
complete metric space

Xε =
{
(w, v) : w, v, r∂rv ∈ C

(
[2,∞)× R

)
, ‖(w, v)‖ ≤ C1ε,

supp(w, v) ⊂ {t− r ≥ 1, t ≥ 2}
}
,

where C1 will be determined later.

Lemma 5.3. Suppose that (1.15) is satisfied, (w, v) ∈ Xε. Then we have

‖ω2L|w|p‖L∞
t,r

≤ C‖ω1w‖pL∞
t,r
, (5.5)

‖ω1r
−1K+|v|q‖L∞

t,r
≤ C‖ω2v‖qL∞

t,r
+ C‖ω2v‖q−1

L∞
t,r
‖ω3r∂rv‖L∞

t,r
, (5.6)

‖ω3K−|w|p‖L∞
t,r

≤ C‖ω1w‖pL∞
t,r
. (5.7)

Lemma 5.4. Suppose that (1.15) is satisfied, (w, v), (w̄, v̄) ∈ Xε. Set

ω̃1 =

r〈t− r〉µ/p+q−2 (r < t/2),

〈t− r〉µ/p 〈t+ r〉q−1 (r ≥ t/2);

ω̃2 =

rp−2〈t+ r〉3−p+µ/pq (r < t/2),

〈t− r〉µ/pq 〈t+ r〉 (r ≥ t/2).

Then we have

‖ω̃2L(|w|p − |w̄|p) ‖L∞
t,r

≤ C‖ω̃1(w, w̄)‖p−1
L∞
t,r
‖ω̃1(w − w̄)‖L∞

t,r
, (5.8)

‖ω̃1r
−1K+(|v|q − |v̄|q) ‖L∞

t,r
≤ C‖ω̃2(v, v̄)‖q−1

L∞
t,r
‖ω̃2(v − v̄)‖L∞

t,r
. (5.9)
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Here, we apply the fixed point theorem with mapping

P : (w, v) 7→ (Pw, Pv) := (ε∂tuo + r−1K+|v|q, εvo + L|w|p).

Firstly we check that P is well defined in Xε → Xε. By expression (5.1)-(5.3), it is
obvious that supp(Pw, Pv) ⊂ {t − r ≥ 1, t ≥ 2} and Pw, Pv, r∂rPv ∈ C(R+ × R). To
estimate ‖(Pw, Pv)‖, we begin with

‖ω1Pw‖L∞
t,r

≤ ε‖ω1∂tuo‖L∞
t,r

+ ‖ω1r
−1K+|v|q‖L∞

t,r
.

Since f ∈ C2, g ∈ C1, and suppuo ⊂ {(t, r) : 3 ≥ t − r ≥ 1} where ω1 ≲ 〈t〉 , we
see

‖ω1∂tuo‖L∞
t,r

≤ Cf,g.

Moreover, by (5.6), and (w, v) ∈ Xε, we conclude

‖ω1Pw‖L∞
t,r

≤ Cf,gε+ Cεq.

The estimates for the remaining terms are similar, noticing r∂rPv = ∂r(rPv) − Pv

and ω3 ≲ ω2, by (5.5) and (5.7) we finally have

‖(w, v)‖ ≤ Cf,g,f̃ ,g̃ε+ Cεp + Cεq ≤ C1ε

for C1 ≥ 2Cf,g,f̃ ,g̃ and ε small enough.
Similarly, by (5.8) and (5.9) we have P is contraction in a weaker sense. However it is

enough to obtain the fixed point (u, v) which solves (5.1)-(5.3). So we complete the proof.

5.2.1 Proof of (5.5) and (5.8)

First we prove (5.5). Let r > 0. ConsideringD = {(s, ρ) : t− r ≤ s+ ρ ≤ t+ r, 1 ≤
s − ρ ≤ t − r} is the influence domain of (t, r) intersect with {(s, ρ) : s − ρ ≥ 1}. Set
D1 = D ∩ {(s, ρ) : ρ < s/2}, D2 = D ∩ {(s, ρ) : ρ ≥ s/2}, then we find

|ω2L|w|p| ≤ ω2
C

r

∫
D

ρω−p
1 (s, ρ)‖ω1w‖pL∞

t,r
d ρ d s

= Cω2‖ω1w‖pL∞
t,r

1

r

(∫
D1

+

∫
D2

)
ρω−p

1 (s, ρ) d ρ d s.
(5.10)

Part 1: (s, ρ) ∈ D1.

85



Here 〈s〉 ≈ 〈s− ρ〉 ≈ 〈s+ ρ〉 , take τ = s+ ρ, σ = s− ρ, by (5.4) we obtain
1

r

∫
D1

ρω−p
1 (s, ρ) d ρ d s =

1

r

∫
D1

ρ 〈ρ〉−p 〈s− ρ〉−µ−pq+2p d ρ d s

≤ C

r

∫ t+r

t−r

∫ t−r

(t−r)/3

〈τ − σ〉1−p 〈τ〉−µ−pq+2p dσ d τ

≤ C

r

∫ t+r

t−r

〈τ − t+ r〉2−p 〈τ〉p−3−µ/pq d τ.

(5.11)

Part 1.1: r < t/2.
Here t− r ≈ t ≈ t+ r, we conclude

RHS of (5.11) ≤ C〈t+ r〉p−3−µ/pq r−1
(
(r + 1)3−p − 13−p

)
≤ C〈t+ r〉p−3−µ/pq 〈r〉2−p

= Cω−1
2 .

(5.12)

Part 1.2: r ≥ t/2.
Here r ≈ t ≈ t+ r, similarly we have

RHS of (5.11) ≤ C〈t〉−1

(
〈t− r〉p−3−µ/pq

∫ 2(t−r)

t−r

〈τ − t+ r〉2−p d τ

+

∫ t+r

2(t−r)

〈τ〉−1−µ/pq d τ
)

≤ C〈t〉−1 〈t− r〉−µ/pq

≤ Cω−1
2 .

(5.13)

Part 2: (s, ρ) ∈ D2.
Here 〈ρ〉 ≈ 〈s〉 ≈ 〈s+ ρ〉 , take τ = s+ ρ, σ = s− ρ, then we conclude

1

r

∫
D2

ρω−p
1 (s, ρ) d ρ d s =

1

r

∫
D2

ρ 〈s− ρ〉−µ 〈s+ ρ〉−p(q−1) d ρ d s

≤ C

r

∫ t+r

t−r

〈τ〉1−p(q−1) d τ
∫ t−r

1

〈σ〉−µ dσ.
(5.14)

Part 2.1: r < t/2.
Here we have

RHS of (5.14) ≤ C〈t− r〉1−p(q−1) 〈t− r〉1−µ ≤ Cω−1
2 . (5.15)

Part 2.2: r ≥ t/2.
Here we have

RHS of (5.14) ≤ C〈t〉−1 〈t− r〉2−p(q−1) 〈t− r〉1−µ ≤ Cω−1
2 . (5.16)

Thus (5.10)-(5.16) give |ω2L|w|p| ≤ C‖ω1w‖pL∞
t,r
which completes the proof of (5.5).

The proof of (5.8) is similar, since that
∣∣|a|q − |b|q

∣∣ ≲ (|a|q−1 + |b|q−1) |a− b| for q > 1.

86



5.2.2 Proof of (5.6) and (5.9)

For (5.6), we divide the proof into two main cases: r ≥ 1/4 and r < 1/4.

Part 1: r ≥ 1/4.
For this situation, we see r ≈ 〈r〉 . Similar to the proof of (5.5) we have

∣∣ω1r
−1K+|v|q

∣∣ ≤ ‖ω2v‖qL∞
t,r
ω1r

−1

∫ t

0

(r + t− s)

ω2(s, r + t− s)q
+

|r − t+ s|
ω2(s, |r − t+ s|)q

d s

≡ ‖ω2v‖qL∞
t,r
ω1r

−1

∫ t

0

I + II d s
(5.17)

Part 1.1: r < t/2. Estimates about I .
In this part, we obtain ω1r

−1 ≈ 〈t− r〉µ/p+q−2 .

Part 1.1.1: 0 ≤ s < 2(r + t)/3.
This means r + t− s > s/2, then we conclude∫ 2(t+r)/3

0

I d s =
∫ 2(t+r)/3

0

(r + t− s)〈2s− r − t〉−µ/p 〈r + t〉−q d s

≤ C〈t+ r〉1−q

∫ 2(t+r)/3

0

〈2s− r − t〉−µ/p d s

≤ C〈t− r〉2−q−µ/p

≤ Crω−1
1 .

(5.18)

Part 1.1.2: 2(r + t)/3 ≤ s ≤ t.
This means r + t− s ≤ s/2, then similarly we have∫ t

2(t+r)/3

I d s =
∫ t

2(t+r)/3

(r + t− s)〈r + t− s〉−q(p−2) 〈r + t〉−3q+pq−µ/p d s

≤ C〈t+ r〉2−q(p−2) 〈r + t〉−3q+pq−µ/p

≤ Crω−1
1 .

(5.19)

Part 1.2: r ≥ t/2. Estimates about I .
Here we always have r + t− s ≥ s/2. Then it is similar to (5.18).

Part 1.3: r ≥ t/2. Estimates about II .
Part 1.3.1: 0 ≤ s < t− r.

Here |r − t+ s| = t− s− r. It is similar to (5.18)-(5.19).
Part 1.3.2: t− r ≤ s < 2(t− r).
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Here r − t+ s < s/2, then we have∫ 2(t−r)

t−r

II d s =
∫ 2(t−r)

t−r

(r − t+ s)〈r − t+ s〉−q(p−2) 〈r − t+ 2s〉−3q+pq−µ/p d s

≤ C〈t− r〉2−q(p−2) 〈t− r〉−3q+pq−µ/p

≤ Crω−1
1 .

(5.20)

Part 1.3.3: 2(t− r) ≤ s < t.
Here r − t+ s ≥ s/2, then we also have∫ t

2(t−r)

II d s =
∫ t

2(t−r)

(r − t+ s)〈t− r〉−µ/p 〈r − t+ 2s〉−q d s

≤ C〈t− r〉−µ/p

∫ t

2(t−r)

〈r − t+ 2s〉1−q d s

≤ C〈t− r〉−µ/p 〈t+ r〉2−q

≤ Crω−1
1 .

(5.21)

Part 1.4: r < t/2. Estimates about II .
Part 1.4.1: 0 ≤ s < t− r.

It is similar to (5.18)-(5.19).
Part 1.4.2: t− r ≤ s ≤ t.

Here we have∫ t

t−r

II d s =
∫ t

t−r

(r − t+ s)〈r − t+ s〉−q(p−2) 〈r − t+ 2s〉−3q+pq−µ/p d s

≤ C〈r〉2−q(p−2) 〈t+ r〉−3q+pq−µ/p

≤ Crω−1
1 .

(5.22)

Part 2: r < 1/4.
In this part 〈r〉 ≈ 1. For the convenience of proof, we set r+ = r+t−s, r− = r−t+s.

Then we get

|ω1r
−1K+|v|q| ≤ Cω1r

−1

∫ t

0

∣∣∣r+|v|q(s, r+) + r−|v|q(s, |r−|)
∣∣∣ d s (5.23)

where ∣∣∣r+|v|q(s, r+) + r−|v|q(s, |r−|)
∣∣∣ ≤∣∣∣r+|v|q(s, r+) + r−|v|q(s, r+)

∣∣∣
+
∣∣∣r−|v|q(s, r+)− r−|v|q(s, |r−|)

∣∣∣
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then

RHS of (5.23) ≤ Cω1

(∫ t

0

|v|q(s, r+) d s+ r−1

∫ t

0

|r−|
∣∣∣|v|q(s, r+)− |v|q(s, |r−|)

∣∣∣ d s)
≡ Cω1I + Cω1II.

Part 2.1: Estimates about I .
It is similar to (5.18)-(5.19).

Part 2.2: Estimates about II .
For this part, we should consider ∂rv. Since r+ − |r−| ≤ 2r, we obtain

r−1
∣∣∣|v|q(s, r+)− |v|q(s, |r−|)

∣∣∣ ≤ C|∂rv(s, r∗)||v|q−1(s, r∗)

for |r−| < r∗(s) < r+. Then we have

II ≤ C

∫ t

0

|r−||∂rv(s, r∗)||v|q−1(s, r∗) d s

≤ C‖ω2v‖q−1
L∞
t,r
‖ω3r∂rv‖L∞

t,r

∫ t

0

(
ω
−(q−1)
2 ω−1

3

)
(s, r∗) d s

≡ C‖ω2v‖q−1
L∞
t,r
‖ω3r∂rv‖L∞

t,r

∫ t

0

III d s

Here we notice 〈t〉 ≲ 〈|r−|+ s+ r〉 ≲ 〈r∗ + s〉 .
Part 2.2.1: r∗ < s/2.

Here 〈s± r∗〉 ≳ 〈r∗〉 ≳ 〈t− s〉 , by (5.4), we see

ω1

∫
2r∗<s<t

III d s ≤ C

∫
2r∗<s<t

〈r∗〉(1−q)(p−2)

× 〈s− r∗〉(1/p−1)(µ+pq−2p)+(1−q)(3−p+µ/pq) d s

≤ C

∫
2r∗<s<t

〈r∗〉−1−µ−pq+2p+µ/pq d s

≤ C

∫
2r∗<s<t

〈t− s〉p−4 d s

≤ C.

Part 2.2.2: r∗ ≥ s/2.
Here 〈s+ r∗〉 ≳ 〈s− r∗〉 ≳ 〈2s− t〉 , similarly we have

ω1

∫
s<2r∗∧t

III d s ≤ C

∫
s<2r∗∧t

〈2s− t〉p−4 d s ≤ C.

In summary, we complete the proof. To verify (5.9), without distinguishing whether r >
1/4 or not we have a proof just like (5.10)-(5.22).

89



5.2.3 Proof of (5.7)

We follow the same process as before

|ω3K−|w|p| ≤ ‖ω1v‖pL∞
t,r
ω3

∫ t

0

r + t− s

ω1(s, r + t− s)p
+

|r − t+ s|
ω1(s, |r − t+ s|)p

d s.

Both part in the integration is similar to the last proof. Here we only show the proof
of r ≥ t/2, (t− r) ≤ s for |r − t+ s| part.
Part 1: t− r ≤ s < 2(t− r).

Here r − t+ s < s/2, then we see∫ 2(t−r)

t−r

r − t+ s

ω1(s, r − t+ s)p
d s =

∫ 2(t−r)

t−r

(r − t+ s)〈r − t+ s〉−p 〈r − t+ 2s〉−µ−pq+2p d s

≤ C〈t− r〉−µ−pq+2p

≤ Cω−1
3 .

Part 2: 2(t− r) ≤ s ≤ t.
Here r − t+ s ≥ s/2, then we know∫ t

2(t−r)

r − t+ s

ω1(s, r − t+ s)p
d s =

∫ t

2(t−r)

(r − t+ s)〈t− r〉−µ 〈r − t+ 2s〉−pq+p d s

≤ C〈t− r〉−µ

∫ t

2(t−r)

〈r − t+ 2s〉1−pq+p d s

≤ C〈t− r〉−µ 〈t− r〉2−pq+p

≤ Cω−1
3 ,

which complete the proof.

5.3 Proof of Theorem 5.2

In this theorem we consider the coupled system□u = |v|q, □v = |∂tu|p,

(u, ∂tu)|t=0 = ε
(
0, 0
)
, (v, ∂tv)|t=0 = ε

(
0, g̃(x)

)
,

(5.24)

where (t, x) ∈ R+ × Rn.
We adopt the ηT defined in Section 3.3.1. We also define

Ψβ(t, x;λ) := (t+ r + λ)−βF

(
n− 1

2
, β, n− 1;

2r

t+ r + λ

)
,
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with β fixed later and F be the hypergeometric function. From the previous discussion, we
know that for such Ψβ we have Lemma 3.7, and □Ψβ = 0 in the region Qλ := {(t, x) :

t+ λ > |x|}.
Now, choose a � 1, and β, β1, β̃, β̃1 fixed later. We multiply ∂t(−ηaTΨβ1) on both

sides of □u = |v|q. Noticing ηT (T ) = ∂tηT (T ) = ∂tηT (0) = 0 and ηT (0) = 1, we have∫ T

0

∫
Rn

|v|q∂t(−ηaTΨβ1) dx d t =
∫ T

0

∫
Rn

∂tu□(ηaTΨβ1) dx d t.

Next, we multiply ηaTΨβ̃1
on both sides of □v = |∂tu|q, similarly we have∫

Rn

εg̃Ψβ̃1
(0) dx+

∫ T

0

∫
Rn

|∂tu|pηaTΨβ̃1
dx d t

=

∫ T

0

∫
Rn

v□
(
ηaTΨβ̃1

)
dx d t.

Similar to the previous proof, using chain law andHölder inequality, noticing ∂t(−ηaT ) ≥
0, we have

β1

∫ T

0

G̃β1+1(t;T ) d t ≲
(∫ T

T/2

Gβ(t;T ) d t
) 1

p

S(T ; β1, β, p) , (5.25)

ε

∫
Rn

g̃Ψβ̃(0) dx+
∫ T

0

Gβ̃1
(t;T ) d t ≲

(∫ T

T/2

G̃β̃(t;T ) d t
) 1

q

S
(
T ; β̃1, β̃, q

)
. (5.26)

Since there is no damping term, we find

Gβ(t, T ) :=

∫
Rn

|∂tu|pηaTΨβ dx, G̃β(t, T ) :=

∫
Rn

|v|qηaTΨβ dx,

S(T ; β1, β, p) :=T
−2

(∫ T

T/2

∫
B(0,1+t)

Ψp′

β1
Ψ

− p′
p

β dx d t
) 1

p′

+ T−1

(∫ T

T/2

∫
B(0,1+t)

|∂tΨβ1|
p′ Ψ

− p′
p

β dx d t
) 1

p′

.

SetXβ(T ) :=
∫ T

0
Gβ(t;T ) d t, X̃β(T ) :=

∫ T

0
G̃β(t;T ) d t, we hope to construct the rela-

tionship between them and give the blow up result. Before that, similar to Lemma 3.10, we
first give the some estimates of S(T ; β1, β, p).

Lemma 5.5. Considering n ≥ 3, assume T ≥ 2, λ > 1, we have

S(T ; β1, β, p) ≲

T
n+1
2p′ −1

, β > n−1
2
, β1 � n−1

2
;

T
n+1
p′ −β1−2+β

p , β1 <
n−1
2

− 1
p

Proof. The proof of this lemma is almost same with Lemma 3.7, we take the second term
of S(T ; β1, β, p) under β < n−1

2
, n−1

2
− 1 < β1 <

n−1
2

− 1
p
as an example. Here, using

Lemma 3.7 we get

|∂tΨβ1| ≈ (λ+ t)−β1−1

(
1− r

t+ λ

)n−1
2

−β1−1

, Ψβ ≈ (λ+ t)−β.
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Noticing (n−1
2

− β1 − 1)p′ > −1, we find∫
B(0,1+t)

|∂tΨβ1|
p′ Ψ

− p′
p

β dx ≲(t+ 1)n−1+(−β1−1)p′−(−β) p
′
p

∫ t+1

0

(
1− r

t+ λ

)(n−1
2

−β1−1)p′

d r

≲(t+ 1)n+(−β1−1)p′+β p′
p .

Substituted it to the second term of S(T ; β1, β, p), we finally have

T−1

(∫ T

T/2

∫
B(0,1+t)

|∂tΨβ1|
p′ Ψ

− p′
p

β dx d t
) 1

p′

≲ T
n+1
p′ −β1−2+β

p ,

which is the result of this lemma.

Now, we began to prove the blow-up. Fix β < n−1
2

− 1
min(p,q) and β̃ <

n−1
2

+ 1
p′
. First

we consider the initial data part, take β̃1 � n−1
2
. Using Lemma 5.5, by (5.26) we find

ε ≲ X̃
1
q

β̃
T

n−1
2

−n+1
2q

Then, take β1 = β̃ − 1 and β̃1 = β. For S(T ; β1, β, p) and S(T ; β̃1, β̃, q) we use Lemma
5.5 separately. By (5.25) and (5.26) we have

X̃β̃ ≲X
1
p

β T
n+1
p′ −β̃−1+β

p , Xβ ≲ X̃
1
q

β̃
T

n+1
q′ −β−2+ β̃

q .

Combining these equation, we have

εX̃
p

pq−1

β̃
X

1
pq−1

β̃
≲
(
X̃

1
q

β T
n−1
2

−n+1
2q

)(
X

1
p

β T
n+1
p′ −β̃−1+β

p

) p
pq−1

(
X̃

1
q

β̃
T

n+1
q′ −β−2+ β̃

q

) 1
pq−1

⇔ ε ≲T−σ+
(n−1)/2+1/p′−β̃

q .

Then, when σ > 0, we can take β̃ < (n− 1)/2 + 1/p′ such that −σ + (n−1)/2+1/p′−β̃
q

< 0,
which means T can not be infinity. Now we finish the proof.
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