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Chapter 1

Introduction

1.1 Background and significance

The wave equation is a typical hyperbolic partial differential equation. We know that
there are various wave phenomena in physics, such as spring, light-wave, water-wave, and
so on. The wave equation often appears in the classical mathematical model to describe
these wave phenomena, involving a wide range of fields, not only electromagnetics, fluid
mechanics but also quantum mechanics and relativity. Therefore, the study of wave equa-
tion has important guiding significance and theoretical value in understanding reality and
academic research. The basic characteristics of the wave equation are finite propagation
velocity and zero curvature in the direction of generatrix. To a certain extent, it also has a
dispersion property similar to the Schrodinger equation and other evolution equations.

The standard form of semilinear wave equation can be written as

Ou = (0} — A)u = F(t,z,u,0u), (t,r)€ R, xR",
u(O,x) :f<l’>, ut(ovx) :g(x)'

(1.1)

Here, people usually focus on the local and global well-posedness, regularity, long-time
behavior, and blow-up structure.
Considering (1.1), a typical form of this equation is that F’ only contain the powers of
u, which means
Ou = Fy(u), (t,z) e Ry xR™,

U(O,I) = f(:E), ut(O’x) = g(I),

where F,(u) = |uP, p > 1, or some other disturbed form. We aim to investigate the

(1.2)

relationship between the nonlinear power p, the smallness of the initial data (¢ order), and



the longest existence time of the solution 7. This kind of problem is generally called the
Strauss problem, or related problem of Strauss conjecture. For a more specific historical

review and description, please refer to Wang-Yu [31].

n+1+vn2+10n-7

The critical exponent of the standard Strauss problem is ps(n) = s ,

which is the positive root of equation

hs(p;n) =0, hs(p;n) = (n — 1)p* — (n+1)p — 2. (1.3)

Meanwhile, as we said before, denote < be the order of smallness of initial data, and define
T. be the longest lifespan of the solution to (1.2). Then, roughly specking, when p >

max (1, pa(n)), where py(n) := -2, we have

T, = o0, P > ps;

In TE ~ g—p(p—l), b =DPs;
2p(p—1)

T, = ghstm) p <Ds.

In this article, we will discuss several classes of equation or system which related to
the standard Strauss equation (1.2), and study the behavior of their long-time development.
More specifically, we will firstly study a class of Strauss type systems in asymptotically flat
space time (Section 1.2), and compare the result with that in flat space-time. Then, we study
a kind of Strauss type equation with damping and potential (Section 1.3), and research the
influence of damping term and potential term on critical index and existence time. After
that, we study the semilinear equation with mixed force terms, |u|P and |0;u|? (Section 1.4),
to explore how such nonlinear form affects the evolution of the solution. Finally, we study a
coupling system with above two type force terms (Section 1.5), and observe the relationship

between this system and other systems which have only one type of force term.

1.2 Strauss type system on asymptotically flat space-time

With the development of wave equations in flat space-time, more and more attention
has been paid to the study of wave equations on non flat manifolds. As we all know, there
are many difficulties in the study of wave equations on manifolds. For example, in this
situation, the fundamental solution is hard to obtain, the Fourier analysis is not easy to
carry out, and the characteristic surface is not simple conical. These factors make that

many obvious conclusions in flat space-time may not be valid for the general case.



However, for some special asymptotically flat manifolds, such as locally disturbed
space-time, the region outside the Kerr black hole, and so on, a lot of progress has been
made.

In this paper, we will also study the related Strauss problems on this kind of manifolds.
Specifically, let (M, g) be a (3 + 1)-dimensional asymptotically flat space-time manifold
and O, = V*V, be the associated d’Alembertian operator, where M = R* x R? or
RT x (R*\K) with bounded smooth X C B(0, Ry) for some Ry > 0. We will study the
system

Ogur = Fp, (u2), Ogua = Fy, (u1),

where the power type nonlinearities F,, € C? are assumed to satisfy
> (uP 03 F,(u)] S Jul? for Ju| < 1. (1.4)
0<j<2

Typical examples include F),(u) = +|ulP and F,(u) = +|ulP~ u (p > 2).
For simplicity of presentation, we set ¢ € {1,2}, i = 3 — ¢, and rewrite the system as

follows
Dgub = FPL(UZ)v (t,l‘) € M7

(uu atuL)‘tz() = (fL7 gL>7

with sufficiently nice and small initial data f,, g,.

t=1,2, (1.5)

This problem has been well discussed when (M, g) is Minkowski space-time, see Del
Santo-Georgiev-Mitidieri [8], Agemi-Kurokawa-Takamura [1]. Take 0 = ogs(p1, p2),

where

24 gl g+ 24p!
pretq gtotp }—1. (1.6)

pg—1 " pg—1
It is well known that in this situation, roughly speaking,

oss(p,q) = maX{

( 1
T. ~ec = o> 0,

InT. ~ g~ minpe2=1) 5 = () p; % p,,

InT. ~ g1 o=0,p1 = p,

kTi_::oo o < 0.

There are also some related discussions of the Strauss problem on asymptotically flat
manifolds. First of all, it is obvious that weighted Strichartz estimate plays an important
role in this kind of problems. Also, the weighted Strichartz estimate is closely related to

the local energy estimate. Among many versions of local energy estimates, a sharp version



of uniform energy and (micro-localized) local energy estimates was established for wave
operators with small, asymptotically flat metric perturbations, in Metcalfe-Tataru [27].

Based on this research, using trace theorem and some other technical tools, Metcalfe-
Wang [23] obtain the global existence for the Strauss problem in the supercritical case
(p > 1+ +/2) for a large class of asymptotically flat space-time. Meanwhile, Wang [30]
further combines the local energy estimate with the KSS estimate and the weighted trace
theorem, and obtain the certain lower bound estimates of the lifespan in the subcritical and
critical cases.

After that, Metcalfe-Spencer [26] applied similar discussion into system situation, and
proved the global existence of solution for ¢ < 0 and p, > 2. It is to be remarked that the
case p; = 2 and p, > 3.5 was excluded in this paper, for which it is known to be admissible
for global results on Minkowski space-time.

Based on previous work, using trace theorem, KSS estimate, interpolation and other
technical tools, we reach a large class of weighted Strichartz estimate from local energy
estimate. This estimate covers a wide range of indexes and is expected to be applied to
many related problems. In particular, applying this estimate to (1.5), under Hypothesis

(H1) and (H2), we prove that there exists a constant ¢ = ¢(py, p2) such that (assuming

P2 > D1)
( 1

cE o ifoc >0,
exp(ce 21~y if g = 0,p; > 2,
exp(ce~#9) ifo=0,p =2,

00 ifo < 0.

\

This conclusion covers all the known existence results in general asymptotically flat space-
time. Meanwhile, we complete the result of Metcalfe-Spencer [26] with p, = 2. Specially,
reducing to the single equation situation, our result make some improvements on the re-
quirement and result of Wang’s [30]. At last, comparing with the results on flat space-time,

it can be expected that our results are optimal in all non critical cases.
1.3 Strauss type equation with damping and potential

Next, we consider a class of semilinear wave equations with damping and potential.

Pu:= 0+ Dr 1o — Au+ Vr—2u = |ulP, t>0,r:=|z|,
u(0,2) = ef(s), Ou(0,2) = cgla), =€ R

(1.7)



Heren > 2, D >0,V € R,p > 1land 1 > ¢ > 0. In recent years, the kind of Strauss
equation with damping and potential has also caused a lot of discussions. However, there is
not much progress on this kind of special wave equation (1.7) with scaling balance damping
and potential. The main difficulty of studying this kind of equation is not only from the
singularity of the equation itself at the origin, but also from that the influence of damping
and potential are same order with the wave operator.

For (1.7) only with the damping term, which means D > 0, V' = 0, one related work
comes from Ikeda-Sobajima [16]. Roughly speaking, the authors proved the solution must
blow-up when p < pg(n + D).

Another enlightening result came from Ikehata-Todorova-Yordanov [17]. When V' =
0 and the coefficient of damping term is given by (1 + |z|?)%/2 (0 < a < 1), the critical
exponent becomes pr(n — ). prp(n) = 1+ 2/n stands for the Fujita exponent, which
satisfies

hr(p;n) =0, hr(p;n) :=np — (n + 2).

The other characteristic of equation (1.7) is inverse square potential V=2, Such a
potential draws much attention from the viewpoint of mathematical physics. We know
that when V' > —(n — 2)?/4, the minimal operator Sy, = —A + Vr~2 with domain
D(Smin) = C§°(R™ \ {0}) admits the Friedrichs extension. On the other hand, Burg-
Planchon-Stalker [3] [4] made some discussion on the linear wave equation with potential.
However, for the Strauss type equation with inverse square potential, there is no general
result so far.

In this article, we give the blow-up result for the general case of (1.7). In order to reach
the blow up results, we introduce the test function method. By using the dual property of
wave equation and the asymptotic behavior of test function, we transform the original equa-
tion into an inequality with only time variables, and then show the blow up of the solution.
When constructing test functions, we introduce a special kind of functions, hypergeomet-
ric functions. From this, we find a family of solutions of dual homogeneous equations
with different asymptotic behaviors. In addition, compared with the previous test function
method, we also introduce an additional time truncation. Such technique makes it easy to
get the optimal results both in subcritical and critical cases. By choosing the suitable test
function, we finally give an upper bound of the lifespan to the solution of (1.7). The result

is as follows, considering
V>—(n—2)7%/4, A=2+/(n—22+4V, 0<D<A-1 (1.8)
Then, there exists a constant C' = C(p;n, A, D). When (D +3 — A)(A+n+2) < 8§,

7



where py(A — D) < pp((n+ A —2)/2) < ps(n + D) with pg, pp, ps defined above. We
have o
CghF(;D;(TIL)ﬁ-A—?)/Q)’ P < pd(A — D)’
2p(p—1)
T. < § CehstrntDy, pa(A = D) <p <ps(n+ D);
exp(Cefp(pfl)) , p=ps(n+ D).
When (D+3—A)(A+n+2) = 8, where ps(A— D) = pr((n+A—2)/2) = ps(n+ D),

we have

(p—1
CeFA, p < pp((n+ A —2)/2):;
exp(Ce~ V) p=pp((n+A—2)/2).
When (D +3—A)(A+n+2) > 8, where ps(A— D) > pr((n+A—2)/2) > ps(n+ D),

we have

T. <

CTFRtTAT, p < pp((n+ A - 2)/2);
exp((]e_(p_l)) , p=pr((n+A-2)/2).

It can be seen from these result that the blow-up phenomenon of (1.7) in relation both
with the Strauss exponent and the Fujita exponent. This phenomenon is quite novel. It
shows that there are two competing effects in this problem. For convenience, we call them
Strauss effect and Fujita effect respectively.

We also discuss the long time existence of solution to (1.7) with D = 0 under spher-
ical symmetric initial data. In this case, the discussion on the original equation is equiv-
alent to the discussion on a 1 + 1 dimensional equation (Eq. (3.21)), which can be re-
garded as the discussion on the spherical symmetric wave equation with ‘fractional di-
mension’. However, in this framework, most results of wave equation will not be directly
applicable for this problem. Therefore, we reestablish the solution space, fundamental so-
lutions, related estimates and so on. Finally, we give the lower bound of the lifespan.
That is, there exists a constant ¢ = ¢(p;n, A), when (3 — A)(A +n + 2) < 8, where
pa(A) < pr((n+A—2)/2) < ps(n), we have

( (p—1)

cehrw(nta-2/2) p < pa(A);

(p—1) 1
ce hrpi(ntA=2)/2) | ln5| FE(nHA=2)/)  p = pd(A);

2p(p—1)

T. > { cehsm pa(A) < p < ps(n);
exp(csp(l’p)) , p = ps(n);
00, p > ps(n).

\



when (3 — A)(A +n+ 2) = 8, where pg(A) = pr((n+ A —2)/2) = pg(n), we have

(p—1)

cTFERETS | < py(A):
1. > exp(cg%> , p = pa(A);
00, p > pa(A).

when (3 — A)(A+n +2) > 8, where pg(A) > pr((n+ A —2)/2) > ps(n), we have

(p—1

)
ceTFEn A p < pp((n+ A — 2)/2);
Ts Z exp(cglfp) , p:pF((n+A— 2)/2);
00, p>pr((n+A-2)/2).

When D = 0, comparing the existence result with the blow-up result, except for the critical
case p = P;(A), the upper bound and the lower bound of the existence time are matched.
This means they are both optimal. Thus, we also believe that the upper bound of the lifespan
we reached is optimal when p # py(A — D) in D > 0.

It is well known that, Fujita exponent was first found in the study of heat equation.
Comparing the results from Ikehata-Todorova-Yordanov’s [17] and that in this article, such
exponent seems to come from the influence of damping. However, when D = 0, which
means there is no damping, our result shows Fujita exponent still effect the long time be-
havior of solution. This may imply a deeper connection between the heat equation and the

wave equation we concerned.

1.4 Equation with mixed power terms

Now we consider the semilinear wave equation with mixed power terms of v and J;u.
That is
Ou = |ul? + |Oyul,
w(0,2) = (), w(0,2) = 2g(x),

where p > 1, ¢ > 1, and x+ € R". This equation can be regarded as an additional force

(1.9)

disturbance to Strauss type equation. Noticing that the asymptotic behavior of equation
with u and O;u forcing term are different, we expect to study such equation to understand
how two different kinds of force will affect the development of the equation.

In space dimensionn = 2, 3, equation (1.9) has already been studied by Hidano-Wang-
Yokoyama [14] and Han-Zhou [12]. Generally speaking, the two kinds of force compete

with each other, and the blow-up result is determined by the stronger one. When the two

9



effects are similar, the two effects will promote each other and obtain a new type blow-up
result. As a conclusion, when p,¢ > 2 and p > py(n), the optimal result of lifespan was
obtained by the former paper, except a critical case ¢ > p = pgs. Where, for the critical

case, now we only know
exp(ce”Ps7V) < T, <exp(Ce 5P~V 'n =2,3.

Here the upper bound came from the discussion similar to that of Strauss problem, which
is considered to be the optimal upper bound of this problem. Also, the lower bound came
from Hidano-Wang-Yokoyama [14]. In this paper, the author used an improved Klainerman
vector field method to deal with two kinds of force terms simultaneously in the energy
framework, and finally obtained the bound.

Proof in the energy framework is a intuitive method. However, for the Strauss critical
problem, experience tells us that the precision of the lower bound depends on the form of the
main estimate. To be more specific, most obtained lower bound of lifespan of the critical
Strauss problem closely related to the exponent ¢ in L}, the norm of time for the force
term in the key estimates. For example, the obtained bound exp(ce 5(Ps~1) which comes
from Lindblad-Sogge [24] coincides with ¢ = pg in estimate (4.3), and the obtained bound
exp (ce’(ps’1)2/2> which comes from Jiang-Wang-Yu [18] coincides with ¢ = (pg — 1)/2
in estimate (4.4).

In order to get a more precise lower bound, we use different estimate methods for dif-
ferent force terms. We use the estimate which gives the optimal bound of Strauss problem
to deal with the power term of u, use the energy method and Klainerman field method to
deal with the power term of 0,u, and use trace lemma, Klainerman-Sobolev inequality and
other technical tools to connect them. Finally, when n = 3, we reach the optimal bound
which is the same as the result in Lindblad-Sogge [24]. As for n = 2, the problem becomes
more complicated as the classical wave equation itself.

As far as the authors are aware, even for the problem (1.2) with p = pg(2), the only
available approach to prove the sharp lower bound is given in Zhou [32], which relies
heavily on the fundamental solutions and seems inappropriate for the problems involving
nonlinear term |0, u|P. Instead, the approach using space-time estimates is more robust for
various nonlinear problems. Here, we adapt these estimates and reach the result which is

the same as that in Jiang-Wang-Yu [18].

10



1.5 Strauss-Glassey coupled system
Finally, we discuss the coupled wave system,

Ou = |v|9, Cv = |Opul?,

i (1.10)
(u> atu)|t=0 = e(f(x),g(x)), (07 atv)’t=0 = E(f(x)>§(x))’

where (¢, 7) € R, xR?, and ¢ positive and small enough. Compared with the ‘competition’
of the blow up effect caused by the combined power nonlinear term in the single equation
in previous section, we expect that two kinds of forces term in the coupled system will lead
to the ‘equilibrium’ of the blow up effect. Therefore, study of this type of problem can help
us understand the influence of 0;u power on the solution of the system.

To analyze this problem, we compare it with the following two related equations.

Ou = |v|4, Cv = |ul?, r € R (1.11)
Ou = |0w|?, Ov=|0ufP, &R (1.12)

The critical curve of (1.11) is o55(p, ¢) = 0, where ogs defined in (1.6). As for (1.12),

its critical curve is

¢+l p+1}—1. (1.13)

oca(p,q) =0, oca(p,q) = max{pq “1pg—1
The optimality of the curve is given at least under the spherical symmetric initial data. The
blow-up part can be found in Deng [9], while the existence part under spherical symmet-
ric initial data can be found in Kubo-Kubota-Sunagawa [20]. Interested readers can read
Hidano-Yokoyama [15] for more results on these two system.

For equation (1.10), Hidano-Yokoyama [15] found a curve
(p—1)(pg—1) =p+2, 1 <gq, 1<p<3. (1.14)

When (p, ¢) is below this curve, the solution of (1.10) must blow-up no matter how ¢ small
is. On the contrary, when (p, q) is above the curve, and satisfied 2 < p < 3, 2 < ¢, it shows
that there exists global solution for small spherical symmetric initial data.

Comparing the systems (1.10), (1.11) and (1.12), one should expect the critical curve of
the former system will between that of the latter two. However, the curve (1.14) intersect
with one of them (see the following graph, C'C"” intersects with [z ). This inspire us to

improve the result to ¢ < 2.

11



Lat {|v]f, [ul?}
I : {|0w]9, | OpulP}
le s {[vl?, [0l }

(1,1) p

Here 4 is the critical curve of (1.11), Iz is the critical curve of (1.12), C'C” is the
curve (1.14) with ¢ < 2. And we will show that C'C" is the actual critical curve of (1.10)
for ¢ < 2, which is determined by the following equation

2 1
_pte 2 (1.15)
pg—1 pgq

In the research process, we first study the existence part. Formally, there are some

oas(p,q) =0, oas(p,q) :

similarities between equation (1.10) and equation (1.9). However, when ¢ < 2, the low
regularity of the force term makes common tools such as Sobolev embedding no longer
applicable. So the similar methods cannot be used here. However, noted that if we focus
on the radial symmetric wave equation, we know that three-dimensional wave equation
can correspond to a one-dimensional wave equation in this situation. This means that the
regularity of the solution can be raised properly, which makes the estimate possible.

For the three-dimensional homogeneous wave equation, the solution has a decay ¢!
near the light cone. In Hidano-Yokoyama [15], the author establishes the weight function
based on this decay, and reach the result for ¢ > 2. However, after further study of the
case of ¢ < 2, we find that the decay of the solution of the equation near the light cone
is different from that of the homogeneous equation, t~!. This is essentially different from
that of ¢ > 2. Therefore, we choose the weight which is suitable for the case of ¢ < 2.
Through the detailed analysis and discussion of the basic solution, we finally get the global
result above the C'C” curve.

As for the blow up part, the method we used is similar to that in the section of 1.3 for
general dimension n > 3. It is found that this kind of test function method is still suitable

for system case and 0;u power term. Finally, we give a blow up result in any dimension

12



n > 3. In particular, when n = 3, it matches the curve (1.15). This shows that (1.15) is
indeed the critical curve of (1.10) with ¢ < 2.

1.6 Symbols and article structure

We list here some notations which will be used in our article.

First, the Einstein summation convention is used, as well as the convention that Greek
indices p, v, - - - range from 0 to n while Latin indices ¢, 7, - - - will run from 1 to n. In this
article, we often refer to some constants that do not depend on . When there is no ambi-
guity, we usually use C' to refer them uniformly, even though constants may be different
from line to line. We denote x/0 = oo for any = > 0 and x /oo = 0 for any —oo < = < 0.
For the writing convenience, z < y and y = « mean z < C'y for some C' > 0. Similarly,
r ~ ymeansthatr Sy < 2. Weuse L2 = LP((0,00), 7" 'dr) stand for the weight L?
norm in radial direction. We use the notation: (z) := \/m ~ 1 + |z|. Finally, for
the derivative operator 0 = {0, }},_ = (0, 9,), we set O=Ff := {0° f }o<a<k, and similar
generalization to other operators and applied to norm space.

In the following chapters, we will use the following structure. In the second to fifth
chapters, we will discuss the related problems raised from Section 1.2 to Section 1.5 re-

spectively. We will give the concrete conclusions we have obtained and detailed proofs.
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Chapter 2

Long time behavior of Strauss type

system in asymptotically flat space-time

2.1 Hypotheses, main conclusions and some notations

In this chapter, we study the equation (1.5) proposed in section 1.2. The results pre-
sented in this chapter was obtained by the author’s joint work [6]. Before giving the main
conclusion, we will give some assumptions used in this chapter. Note that these assump-
tions are naturally satisfied in many common models. For detailed discussion, see, for

example, [30].

Hypothesis 1 (Space-time assumption). We shall assume that g = g, (t,z)dz*da” is

asymptotically flat in the following sense. Assume that g can be decomposed as
g=m+~'(t,r) + ¥t 2), (H1)

where m denotes the Minkowski metric, v* is a radial long range perturbation, ¥* is a

short range perturbation. Here v, v* satisfy
D A+ &)Y, e (1 4afe2r) < Cagr 5= 1,2,
k

The long range perturbation is radial in the sense that when writing out the metric v in

polar coordinates (t,r) = (t,rw) withw € S™ !, we have
YUt 1) = Yt r) At + 29, (¢, r) dt dr + (8 r) dr? 4, (8 7) dw?.

Hypothesis 2 (Local energy assumption). We assume that there exists an Ry > Ry, such

that for any solution to the linear equation Ugu = F, we have the uniform energy estimates
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and weak local energy estimates, which is

1= ull i, S 0% (0, 2) || gy + |1 Fll Ltz (H2)

forany k > 0, with
ol = 10z + Il ol g N
where || fllis 1202 = Supsg ||2Skf||L?I(1+|x‘N2k), and the smooth truncated function g,

equals O inr < Ry, and equals 1 inr > Ry + 1.
Hypothesis 3 (Static metric hypothesis). We assume that there exists a Ry > Ry, such that
g = goo(x)dtz—l—gzj(x)dxzdxj, |$| > RQ. (H3)

Next, we give the main conclusions of this chapter. First of all, we present a kind of

weighted Strichartz estimates for n > 2.
Theorem 2.1. Let n > 2, we set
(T+2)  «ae(0,3],

Ao(T) =< In(T +2)"2, a=0,

1, a < 0,

for T € (0,00). Thenforanyé > 0,2 <0< qg<oo a<1/qgand1/2—1/o < s <
(n—19)(1/2 —1/q), we have

20 mga 1lom_ oo
el Wy o = Agaya(T) e [P gl pagra S Iluflwsnxe, (2.2)

Here W* and X°* defined by (2.7), which are energy and local energy norm with regularity

index s, and 1, also defined in the end of this section. Moreover, we have

r2ma Tl pagers S luflwenxe, (2.3)
with2 < o0,q <ooand1/2—1/o<s<n/2—1/q.

The estimates in Theorem 2.1, together with Lemma 2.11, can deduce a series of im-
portant weighted Strichartz estimates, which, in turn, provide the following desired lower

bound of lifespan to problem (1.5).

15



Theorem 2.2. Letn = 3, p1,ps > 2, and assume (HI1) and (H2). Fix § > 0, set

3 2(p, +1
SL::——I—U——(p+ ),
2 pip2 — 1

where 0 := 0g5(p1, p2) defined in (1.6). Then, there exists R, ¢,y > 0 and

( 1

ce" @ if 0>0,
) exp(ce ) if 0 =0,p1 > 2,
exp(ce~2+0) if 0=0,p =2,

[ 00 if o <O.

such that for any (f,, g.) satisfying

Z ||YS2(fugb)HH%><L% + ||1ZRYS29L|

-1 =& < €,

(2.4)

(2.5)

(2.6)

with additional condition supp(f.,g,) C Br when p; = 2, there is a unique solution u, of
equation (1.5) in M 1 ([0, T,) x R®), such that |[YrZ=*w, ||\ wsrxs + | Z25%w]|| 15, S €. At

last, if (H3) is satisfied, the initial data do not need to be compactly supported.

Remark 2.1. By comparing with the result of Minkowski space, as discussed in Section

1.2, we know that the lower bound in our result is sharp in general for the subcritical and

supercritical cases. But it is still possible to improve it in critical situation.

When F,,, = F},, and (fi1, 1) = (f2, g2), we can also deduce the corollary of equation

Ogu = F,(u).

Corollary 2.3. Letn = 3, p > 2 and assume (HI) and (H2). Set

N | =
= | =

then, there exists R, c,ey > 0 and

cePe—1)/(1+20-9%) 9 < p < 14+ /2,
T.(e) := exp(ca_z‘/i) p=1++2,
o0 p>1++2.

such that for any (f, g) satisfying

1Y =*(f, 9) |l mixrz + [[¥RY =29

oY — e < g,
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and supp(f,g) C Bg if p = 2, there is a unique solution u of
Ogu = F,(u), (t,z) € M,
(U, atu)h:o = (fa g) )
in M N ([0, T,) x R?), such that ||y g Z=*u||wsnxs + || 2% 15, S €.
Remark 2.2. Forp € (2,1 + /2], this result removes the technical assumption (H3) for

the corresponding result in [30]. In particular, we have the improved lower bound of the

lifespan

T. > exp(ce_Q‘/i).

for the critical wave equations (with p = 1 + \/2), posed on Kerr space-times with small

angular momentum a < M.

Remark 2.3. The same results of Theorem 2.2 can be applied for general operators P =
Um + a"0,0, + V"0, + c at least for p, > p1 > 2, where a, b, c have sufficient decay and
regularity. The only difference in the proof'is that the admissible range of s in Lemma 2.11

shrinks to s € (—1,0) if there exists zero order term in P.

At the end of this section, we give some notations used in this chapter.

(9 = {8#} = ((9t,8m), Q= {ij = xkﬁj — xjﬁk},
Y = {0,,Q}, 7 :={0,0}.
Next, we shall use some auxiliary functions. Let ¢ € C§°(R) with supp ¢ C [1/2,2],
¢i(x) = o(|z|/27) and 3, ., ¢7 = 1 forany 0 # = € R". Also, we define S; to be the
corresponding homogeneous Littlewood-Paley projection. We also fix a class of smooth

functions ¢ satisfying 0 < ¢yg < 1 and

1, r<R,
Yr(x) =
0, > R+1,

meanwhile, we denote ¢z = 1 — .

Then, we denote the shorthand for some norm spaces,

1f @)l 2y =127 05(2) f (@) llaa_ya
and [3(A) is defined similarly with the inhomogeneous dyadic decomposition. We also
denote the W*® = W3 norm and X* = X3 norm by

11l = 112 Sef Il

keZ

X5 = ||2k85kf”zp

LEeL2 ||f| nezXk?

, . 2.7)
171lx = 221 llz2a< + sup fla] Y2 Fllzzcaps
7>
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with 4; = Ry x {|z| ~ 27}, A, = Uj<_A;, j,k € Z. Moreover, we usually omit
T > 0 in the norm when it is clear from the context that the norm is taken for ¢ € [0, T'] for

the given 7" > 0.

2.2 Proof of Theorem 2.1

We begin with a sketch for the proof of Theorem 2.1. First of all, we record a property
of X* space.

Proposition 2.4 (Lemma 1 of [27]). Let n > 2, we have
ull =y, S llullxo, (2.8)
and when 0 < s < (n — 1)/2 we have

Xs- (2.9)

1
I ull 22 S lul
hen, based on the well known KSS type estimates, for « < 1/2 we get

Aa( D))" ull 2z < lul S llullwonxo. (2.10)

Lg° Lgmlj L7,
Here the last inequality comes from (2.8) and Minkowski inequality, and the first inequality

follows from the typical KSS type estimate, see, e.g., [18] Appendix 7.2, [25] for its proof.

To prove (2.2), we need the following trace estimates.

Lemma 2.5 (Trace estimates). Letn > 2, for2 <o <ocand1/2—1/0 < s <n/2, we

have

. el
I35l s S %

1 (2.11)
g €lse.

[l
Now, to combine (2.10) with (2.11), we need an interpolation property.

Claim 2.6. Consider sy # s1, set s = (1 — 0)sg + 0s; with 6 € (0, 1), for complex

interpolation, we have
Wen X% =W N X% WsnN X%, (2.12)
and for real interpolation, we have

WynXy=Wp NX0, Wt N X7 o, VP, po,p1 € [1,00]. (2.13)

Po?

Meanwhile, these results are also correct if we consider the W* or X*® norm separately.
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Now, based on (2.11) with L{® norm on both sides, and interpolation with (2.10), we
get (2.2). As for (2.3), we need a similar trace estimate in X° space. Firstly we have a

weighted trace estimate.

Lemma 2.7. Letn > 2,0 € [2,00], a € (1/2—1/0,1)and § € (« —n/2,n/2). Then we
have

n_mn
o

|rz~ *O‘J“ﬁuH[;ng < ||7‘6DC“UHL%. (2.14)

Then combining Lemma 2.7 with Proposition 2.4 we obtain the trace estimate in X*

space.

Lemma 2.8. Letn > 2, for2<o<ooand1/2—1/0o < s < (n—1)/2, we have

n=1l_mn_g

=" ull 2 pore < llullxe. (2.15)

Finally, interpolating (2.11) and (2.15) we get (2.3) which finishes the sketch. In the

following subsections, we give the detailed proof for each part.

2.2.1 Proof of Lemma 2.5

Firstly, when o = oo, (2.11) is the well known trace estimate, see, e.g., Fang-Wang

[11] and references therein. When o = 2, it is the Hardy’s inequality and so we have

72 =0ul| oo 2 S [lul By S0 € [1/2,1/2),

Lo S1 € [0,%/2)

(2.16)

[~ ull g2z, < llul

The estimate for s = 1/2 — 1/o is obtained in [22] Theorem 2.10, see also [14] Propo-
sition 2.2 for an alternative proof based on interpolation and trace estimate. In what follows,
we give a unified proof for the case of 0 € (2, 00), in spirit of [14].

Let2 < 0o < coand 1/2 —1/o < s < n/2,wesetf = 2/o € (0,1), sg =
(n —o0s +mnos)/(no— o+ 2) and s; = (n — no/2 4+ nos)/(no — o + 2). Then a routine
calculation shows that sy > s1, 5o € [1/2,n/2), s; € [0,n/2), and

1-6 6 1
?+§:5, (1 —10)sg+0s; =s.

With help of these parameters, we shall use the real interpolation with parameters (¢, 0) to

give the proof, for which we record the following facts:

* [2, Theorem 3.7.1]: (Ao, A1)y, = (Af, Al)a,y for 1 < ¢ < oo, Ag N Ay is dense in
Agpand Ay
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* [2, Theorem 5.5.1]: (Lppoodz)(A) L?;ldx)(/l))a,p = prdm)(A) for 1 < pg,p1 < o0,

0
1/p=(1—0)/po+6/pand p = gh* =P 01,

* [2, Theorem 6.4.5]: (B B3 )y, = B;q for sg # s1, s = (1 — 0)so + 0s; and

P,q0’ T p,q1
1 §p7q07Q17q S 0.

More specifically, defining [[v]|4, := |[r*~"/?v||z172 and ||[v]|a, = [|r**v| 212, by
(2.16) and the first fact, we conclude
lullao.ary, , = llulliag.ane, S lullsgo iy,

Now, for the left hand side (LHS), with py := r®~"/2*"=1 and p, := r251+7~1 we set

/
0
o (Z4+s—2)+n—1 o'(1-0) %
0 T572 =g .

pi=r P

then by the second fact withpy = 1,p1 =2, p=0"and A = Li, we have

lollao,arpy = 72" 20l 2 = Hlullcag,ary, , = 17275 " ullcorz

For the right hand side (RHS), noticing that s; = B§12, by the third fact we get

[l 0, 21y, = llls, S
2,0

Summing up, we finish the proof.

2.2.2 Proof of Claim 2.6

Similarly to [28], we define the co-retraction and retraction by

_ (2 $>
Qf 1o Sif )
jENkEZ,leT

1

. s S 2 3 s oo 720
Q: X, — ()loomLtwla) Q: Wy = s L Liigna,
2k g
R(aju) jenpezier = ZS Z¢<< >> Ajkks
keZ >0

.8 3 3 s ] oo 7120 s

R: p(k)lw%j)L 12() — X, R Ly Ly 1(1 - W,
then we obtain RQf = f for f € Wy NX;. Set A = I fof N L L2YY, it is obvious that
W3 10 X norm is equivalent to ; (A) norm. By [2, Theorem 5.6.3] and [2, Theorem 5.6.1],

we have

'(A),2" (Ao = 5(A), Go(A), 51 (A))ep = 5(A), 1 <po,p1,p <0,

po 'p1
provided that sy # s1,0 < 6 < 1and s = (1 — 0)sg + 6s;. This completes the proof, in
view of [2, Theorem 6.4.2].
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2.2.3 Proof of Eq.(2.2)

When ¢ = 2, we have 0o = 2, s = 0, and then (2.2) follows directly from (2.10). It
remains to consider 2 < ¢ < oo, for which we set ay = qa /2, 01 = o(q—2)/(q — o),
s1 = qs/(q— 2). Similarly to the proof in subsection 2.2.1, we have oy < 1/2, 2 <
01 < ocoand 1/2 — 1/0; < 51 < n/2, by the conditions on ¢, o, a and s. Moreover, for
0=1-2/q€(0,1),wehave

1-6 6 1 1-6 6 1
T—l—g:g, T+o_1:5’ (1—-0)0+0s; =s.

Firstly when g = oand s = 1/2 —1/0, where 0; = coand s; = 1/2—1/04, by (2.10)

and (2.11) we obtain

L
Ao (T)[[r=2 %0l 2272 S [luflwonxo,

S ||UHW1%QX1;

HTnT_l?ZlUHLgocgoLg N ”uHLtooBél
Recall the following facts
* [2, Theorem 3.7.1]: (A, Al)’qu = (A}, A)e,y for 1 < g < oo, Ag N A; is dense in

Apand Ay

* [29, 1.18.4 eq.(3)]: (LP°(Ao), L7 (A1))ap = LP((Ao, A1)eyp) for 1 < po, p1 < 00,
and 1/p = (1 —0)/po + 0/p1;

* [2, Theorem 5.5.1]: (L?godx)(A),Lf(’;ldx)(A))gm = prdx)(A) for 1 < po,p1 < o0,

1/p=(1-6)/po+6/p1and p = pg(l—e)/Pop:;ﬁ/pl’
we could use real interpolation with (1 — 2/¢, ¢) for LHS to obtain

LHS of (2.2) < ||ull I T
(WOHXO,W12 QX]? )97[1

Applying (2.13) for RHS, we conclude

b-3 3-1 }
q q
Wy NXyq W,

LHS of (2.2) < ||ul| — RHS of (2.2),

where we have used the fact /2 C 7 in the last inequality.
For the remaining case when ¢ > oors > 1/2—1/o,wehave o; < ccorl/2—1/0; <
s1. By (2.10) and (2.11), we obtain

Ao (D)2 Grull 221z S Nullwonxeo,
n_n __ —
[ 81¢1UHL§OL$1L3 S lullwsrnxes:

To apply complex interpolation with § = 1 — 2/q, we use (2.12) for RHS, and record the
following facts for LHS:
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* [2, Corollary 4.5.2]: [Ag, A1]; = [Af, Al]e for Ag N A, is dense in Ay and A, and at

least one of the spaces Ay and A; is reflexive;
* [2, Theorem 5.1.2]: [LP°(Ay), LP*(A1)]g = LP([Ao, A1]g) for 1 < po,p1 < oo, and
1/p=(1—0)/po+0/py;

- [2, Theorem 5.5.3]: [L . (A), L ..

1/p=(1—0)/po+0/p and p = ph!= "/ 00

(Ao = L

(pdw)(A) for 1 < po,p1 < o0,

This gives us (2.2) and completes the proof.

2.2.4 Proof of Lemma 2.7

For givenn > 2,0 € [2,00], v € (1/2—1/0,1) and § € (o« — n/2,n/2), we set

ao + 2 1 20— 0+ 2
- S, =202 e 0,1),
w="T5 Gl @ 0+ 2 (0,1)
_n_mman g nw
bo=5-m=a G- A elg+ag)
n o n—aoa,n n n
=g e g ey ey,

Let 0 = 2/0, we have (1 — 0)ag + 0oy = «a, (1 — 0)5y + 65, = (. Recall that by [30,
(4.10)], we have

Ir” Dl iz ~ [|r72*" Sulli_ 2 ~ 1277 ¢ Syulliz_ 2 _ 12, (2.17)

JEL kEZ
for any |#| < n/2. Then by weighted trace estimate of [30, Lemma 4.2] and weighted
Hardy-Littlewood-Sobolev estimates of Stein-Weiss, we obtain

L2,

Ir3=o0tfou) gz < [P Dooul|pe S 125500k, Spulle_p

Jreroral

22 S ||/”‘/81Da1u||L2 < ||251J+a1k¢jSkU||l 241 keZ )

where D = +/—A. Here we should mention that the first inequality was stated for n > 3
and ap € (1/2, 1] in [30, Lemma 4.2]. However, we observe that the same proof also apply
in the situation of n = 2 and o € (1/2,1).

We remark that we can do complex interpolation for RHS, if we follow a similar proof

as in subsection 2.2.2. For LHS, we record the following facts:

* [2, Corollary 4.5.2]: [Ag, A1), = [A}, Al]p for Ag N A is dense in Ay and A, and at

least one of the spaces Ay and A; is reflexive;
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* [2, Theorem 5.5.3]: [L{} 4,)(A), L}, 4y (A)lo = L4,y (A) for 1 < po,p1 < o0,

Lfp=(1=6)/po+0/pyand p = g~ 07
Thus, by complex interpolation with § = 2 /0, together with (2.17), we get

7557 Pl gen, S 1127 Seullis ez S lIr°Dullrs

This completes the proof.

2.2.5 Proof of Lemma 2.8

We follow the similar proof of [30, Lemma 5.5]. Take 6 > 0 and small enough such
that s > 1/2 — 1/0 + 6, then we conclude

n—=1_mn

755 p2pgry, S 7o Do | s S || DY)

wobitos S llullxes,

where we have used (2.14) in the first inequality and (2.9) in the second inequality.

2.2.6 Proof of (2.3)

The proof of (2.3) is very similar to the proof of (2.2). Let oy = 0 = oand § = 2/q,

we set
208 —o0+2 6(1 1 n)
So =S — PR YA
0 20 — 2q + oq — noq 2 o0y 2
208 — o+ 2 1 1 n—1
= -2 S a )
o1 S+40—4q+20q—2n0q(q ) (2 0, 2 )

such that so(1 — 6) + 510 = s. By (2.11) and (2.15) we obtain

n_mn __
72720 " ]| pe g0 p S llwllwrsonxso,

anl oy 51 <
I ! UHLfcﬁng S lullwsinxe: -

Using complex interpolation with 6 = 2/q, we get (2.3).

2.3 The proof of Theorem 2.2

2.3.1 Preparation

In order to facilitate our later proof, we give some lemmas which will be used in this

section.
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Proposition 2.9 (Lemma 4.3 in [30]). Letn > 2, R > 3and k = |(n + 2)/2] be the
integral part of (n + 2)/2. We have

Ir*ull o oy S P POy SRy o o gy (2.18)

foranyb e R, 2 < p < q < o0 Moreover, forany2 < p<q< g <oo,beR seZ
with s > n/2 — n/q,, we have

HrbUHLzLE,? (r>R+1) S ||Tbi(nil)/pﬂnfl)/qYSsU”Lng(rzR) . (2.19)

Proposition 2.10 (Theorem 5.9 in [30]). Let n > 3, and assume (H1) and (H2). Then we
have

125" ul| s, SIY=F0(0, @) [y + 1Y ="0u(0, 2) || 2 + 125" F| 112,
Sor any u satisfies Uyu = F and any k > 0.

Lemma 2.11. For n = 3, consider

P =0 — A+~"(t,2)9,0, + V'(t,2)0,,

with Y = y"* € C?%, b* € CY, and

H’YH?L;; + (9, b)H}L;’fE + ||(82’V,8b)|]%m <.

Then there exists 6 > 0 so that we have

10ullwsnxs S [|0u(0)]

s T 1 Pullgv-snx-sy, (2.20)
Sorany |s| < 1.

Proof. This lemma is a simple modification of [27, Theroem 1]. For the convenience of

the reader, we adopt the notation in [27] and give a sketch of the proof. By [27, Eq.(50)]
we have

10ul|ree2nx, S 10u(0)[ 22 + [ Piwyullpirz 4 x; -

Then after summation we obtain

0wl S 2% |0SkullZee 2,
k

S22 (ISk0u(0)32 + 1 Py Skl 13-, )
k

Slou(0)]

%{; + ||PUH%W—SQX—S)’ + 6| 0ul[%,

which gives us (2.20) provided that ¢ is small.
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Corollary 2.12. Letn = 3, s > 0 and q, o, o, s satisfy the condition of (2.2). Assume (H1),
then there exists K > Ry such that

[ellwsy o anneers SIUF Ny + 19l z-s + [ Fllvi-snxi-ey (2.21)

Sor any u satisfying Ogu = F with initial data (f, g) on {t = 0} and vanishing in the region
{r < K}

Proof. Based on (H1), wesetg = ¢x_1m+1x_ g with K > Ry+1 such that g satisfies the
assumption in Lemma 2.11. Since we are assuming that v vanishes in the region {r < K},
we have Lyu = Ugu. Then, by (2.2) and (2.20), we get

lellwisy sz ry S Nullwenxs S NVUllws-ioxs— S Fllas 19l g2 HIElwr-snxi-oy

where we have assumed s > 0 so that |s — 1| < 1 to apply (2.20). O

2.3.2 Proof of Theorem 2.2 with p; > 2

Now we begin the proof of Theorem 2.2. To close the estimates we define WS, =
WS4, 00005, a0d WS, = WS; 5, 4.5, with s, defined in (2.4) and

o(p; —1
q. :=2p;, o, =2;—p1, «Q ;:%,
i i ) 3 3 (2.22)
q. =D, 0, ‘=Di, Q, =S, — -+ —.
2
Then we define
[ullom =10rZ="ull s, nivs, + 125"l s, (2.23)
R —s,— 3 m m
|l =057t Z5MF|| o 4 | 257 F |y (2.24)
LICP L2 b

Here we mention that s, > 0 as p; > 2, the indices defined in (2.22) satisfy &, < 0 and
the condition of (2.2). Moreover, the indices ¢ = 2, 0 = (0;/p,)’, s = 1 — s, satisfy the
condition of (2.3), and

3p, 3 1 3

3—SL— 0 :pL<§+a[—§—O—Z—S[). (225)

Next, we present the linear estimates, which will be proved in subsection 2.3.3.

Lemma 2.13. For 2 < p; < py, assume (HI) and (H2), there exists R > 0 big enough
such that for any m > 0

o SIYE"fllmy + 1Y ="l 2 + [0RY="g.]

+ [[0rZ=""1F,(0, 2))|

HoeL

(2.26)

et + HFL

m
v,
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where u, is the solution of

Ogu, = F,, u,(0,2) = f,(x), O, (0,2) = g,(x).

On the other hand, we have the following nonlinear estimates, to be proved in subsec-
tion 2.3.4.

Lemma 2.14. For 2 < p; < po, we have
1, () lve SAga;2(T) % [lually; (2.27)

U2’
_2p
[ Fo(wz) = Fu(vi)|[ve SAgua;2(T)

(UZ, U[) IIZQ_IHUZ — UZHU?' (228)

Equipped with Lemma 2.13 and Lemma 2.14, it is a standard procedure to prove
Theorem 2.2 with p;,po > 2. Let 7. be given in (2.5) and c, ¢ small enough such that
Agrarj2(T) 727/ 5P =1 < 1, we could iterate in X, := {(u1,u2) : max, |||+ < €},
with the time interval [0, 7:]. By (2.26), (2.27) and (2.28), we know that the sequence is
well defined in X, and contractive in Xy. Then we obtain the fixed point (uy,us) € Xo
solving (1.5). Again, by (2.26) and (2.28), we know the solution is unique, which finishes
the proof.

2.3.3 Proof of Lemma 2.13

Without loss of generality we omit the index ¢. For the WS and WS norm defined in
(2.23), set R > K big enough such that w := 1z Z=™u satisfies Corollary 2.12, we obtain

[wllysams S [0w(0,2)] gz + [Bgwlli-snxi-sy-

Similar to the proof of [30, Lemma 5.6.] we have
Oew = [Og, Y] Z"u + g0y, Z5"|u + 1 Z="F. (2.29)

Now, we can control each term in Lyw separately. For the first term in (2.29), with the help
of the duality of (2.9), we see

H[Dg,QZR]ZSmUH(Wlfszlfs)/ §||XTE[R7R+1]O(aSm+1u)||(W1*50X1—s)/
3_s m
Slirz Xre[R,RJrl]O(ag +1U)HL§L%
5||a§m+1u”L§L§(re[R,R+1})~

For the second term in (2.29), we have [30, eq.(5.25)]
OR[Og, Z5"u = 0p(B1rOZ="""u) + o p0Z="""u + f1pp Z="'F,  (2.30)
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with [30, eq.(5.24)]

181111 oo o + [11081] + | Balllizroeree S 1-

Since we always have 0 < s < 1, with the help of the duality of (2.8), the first term in
(2.30) with (W'=¢ N X17%)" norm can be controlled by

10:(B19ROZ="""u) || (xoyn(xty
SN0:(B1prOZ="" ) | + |B1ROZE" |

1 1
I LPL: P L{L:

SIYrROZ="ul| -

loo% L2L2
With the help of the duality of (2.9), the second term in (2.30) with (W1~% N X'=%)" norm

can be controlled by

+ ||8§mUHL3Lg(re[R,R+1]y

/ <m-—1 ) n <m-—1
120R0Z=" "l g S 16ROZ ]y

ik L2r2’
By duality of (2.3) and Minkowski inequality, the third term in (2.30) together with the last
term in (2.29) with (W1~* N X'=%)" norm can be controlled by

(R = ) (B1Z=" ' F + Z="F) |l -epy 12
3p — _ m
+ PP TR (B 2= T F + ZETF)|

o
L2LP L2

e -
SIO="Fl 2 rerropsny + 1177757 ¢%ZSmF||L2£%L2‘
=T w

In summary, recall the definition of || - ||z, in (2.1), we conclude
lullgm SN0=Z="u(0, )| 71 + 125wl 1y + | Fllve.

Then we get Lemma 2.13 from Proposition 2.10 and a direct calculation as [30].

2.3.4 Proof of Lemma 2.14

Here, we only give the proof of (2.27) and omit the similar proof of (2.28). Noticing
that
| Z=2F, ()| S Jwi

PN Z20) + [P 2w = 1, + 1,

which will be handled separately.
To control the first semi-norm in (2.24), we apply Sobolev’s inequality on sphere to

get

1Z=2F (ue) 22

[[ui T 125 w2

12522

T 12520y + s

AN A
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By (2.25), (2.2) and Holder s inequality, we see that

— 3 -~ 3— sbft—’
Q™™o Z22 R (u)|| o Slbmr 25
L2k 2

LL2

n 24 - - —S <2
=|lpprz" e 2= “llzqwiiLi

To control the second semi-norm in (2.24), we begin by dealing with /,. For the part
r > R + 2, we observe that

1 _ -L 7
Ll 2z s meey SIPPeT el oy I Z= il cpens
LPeL, 7= poo(r>R42)
_1 -
Sl v rZ=u; Trcps = 1R Z= s ;L/ S Ml U2

where we have applied (2.18) in the second inequality. Meanwhile, for the spatial compact
region r < R + 2, by Sobolev embedding H? N H! ¢ L, we see

D 1 SQ R
LzﬂL‘”)LOO(r<R+2)Ha ULHL,%Lg(rgRH)

<Ha<2ub| LLE ~ Hubl

11, HL1L2 r<R+2) Sllue

The treatment of /1, is similar. For the spatial compact region, we obtain

—2 2
LooLoo (r<R+2) ||8UJZ || L%Lg(T‘SR+2)

SNO= il < Mlusllf;

111, ||L1L2 (r<R+2) <||UL

by H2N H! ¢ L and H' C L*. For the remaining region r > R + 2, we deal with two
cases separately: p, < 4 and p, > 4. At first, when p, < 4, with the help of (2.18) and
(2.19), we have

—2
o0 (r>R+2) Hrm ZU[ ”%’“ﬁ‘%“ (r>R+2)

111, HL1£2L2 (r>R+2) <H“’L u; |7

e Y E AP A
When p, > 4, by (2.18), we get
T3y ., ([P 2 -+ 2
I\l L2 222 (r2 Rep2y Sllree®= UzHL;%zmp(Lp_L—m LOO(T>R+2)HT P 2| ppe 1 (v Rt
U BnZ gy = [RZ =2l S s

In summary, we finish the proof of (2.27), as we have A,.,,/2(7") < 1 by definition.
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2.3.5 Proof of Theorem 2.2 with p; = 2

Firstly we consider the case p, > p; = 2. The main difference here is that, s, defined
in (2.4) is zero but Corollary 2.12 requires s, > 0.

To overcome the difficulty, we follow the idea of [23]. The key observation is that,
although the homogeneous estimate is hard to prove or even fail to hold, we could still
prove the inhomogeneous estimate in (2.21) with s = 0. Actually, by (2.20) with s = 0, if

v has vanishing initial data at ¢ = 7", we obtain, for ¢ € [0, 7,

[vllwinxt S 100 [l wonxoy,

where g is the same as that in the proof of Corollary 2.12. Then, by duality for the wave

operator [z, we still have the desired inhomogeneous estimate

ullwonxo S ||DQUH(W10X1)/ = ||Dgu||(wlmxl)/ )

provided that u has vanishing initial data at ¢ = 0 and vanishes in a region {r < R + 1}
with R > 1.
Therefore, we require supp( fa, g2) C Bg to ensure that ¢ Z<?u, has zero initial data.
Another difference in p; = 2 is that in this situation, ¢ = 2, s = 1 no longer satisfy
the condition of (2.3), so we modify the definition of ¢, in (2.22) to ¢, := (2 — §)p; and
correspondingly modify (2.24) to

7

TP s s R < <
vm =|[gr 2 e Z mFHLf*%T%Lg + 1 Z="Fllpapz -

I

Then ¢ = (2 — §)’, s = 1 satisfy the condition of (2.3), and we obtain

2 2—0 ‘ O; _pLQ ‘ q; O; .

The rest of the proof is almost the same, and we leave the details for the interested reader.
As for the second case p; = po = 2, we shall require supp(f;, g;) C Bg, and then the
proof is similar.
Finally, if we additionally assume (H3), we could recover the homogeneous estimate
in (2.21) with s = 0, as in [30, eq. (6.13)]. With the help of this observation, we could

prove the same result, without the compact requirement.
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Chapter 3

Long time behavior of Strauss type

equation with damping and potential

3.1 Main results

In this chapter, we study the long-time existence of solution of the equation (1.7) pro-
posed in section 1.3 under condition (1.8). Firstly, we give the blow up results of the solu-
tion, which obtained by the author’s joint work [7]. For this purpose, we establish the space

of the solution for blow up problem.

Definition 3.1. Assume that (1.8) is satisfied and supp(f,g) C B(0,1) where B(z,)
stands for the ball centered at x with radials r. For f € H'(R"), g € L*(R™), we call u a
well-posed solution of (1.7) in [0, T] x R"™ if

u e C([0,T]; L*(R™) N C((0, T); H'(R™)),
lulP € L*(0,T; H-Y(R™)), suppu C B(0,1+1),

when n > 3, u should satisfy the integral equation
T
/ e(g+Dr'f) (I>(0)dx+/ |ulP®dadt
n 0 R”
T T
:/ (Vu-VCD+VT_2u(I))dxdt—/ / (8tu—|—Dr_1u) 0yddrdt
0 R™ 0 n

Jorany ® € N}_,C¥((—o0,T); HF(R™)), when n = 2, u should satisfy above equation
for ® with additional requirement r—*=°® ¢ L*(R?)(§ > 0).

For convenience, we define p = % in this chapter, then we have the result
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Theorem 3.1. If there exists some u which is the solution in the sense of Definition 3.1

with maximum lifespan T. 4 g(n, p) and the initial data (f, g) satisfies
g(z) + Dr'f(z) 20, (3.1)

but not vanish, then there exist some constant C. When (D +3— A)(A+n+2) < 8, where
pa(A—D) <pr((n+A—2)/2) < ps(n+ D), we have

(p—1)
CghF(P?(n+A*2>/2)’ p < pd<A — D)
2p(p—1)

T. < { Cehsn+Dy pa(A— D) < p < ps(n+ D), (3.2)
exp(Cg_p(p_l)) , p — ps(n —|— D)

When (D +3— A)(A+n+2) =8, where ps(A— D) =pp((n+A—2)/2) = ps(n+ D),
we have

(p—1)
Cefrmmiaarm | p < pp((n+ A—2)/2);
T < p < pr(( )/2) (3.3)

exp(Ce= V) p=pp((n+A—2)/2).
When (D+3— A)(A+n+2) > 8 where ps(A— D) > pp((n+A—2)/2) > ps(n+ D),
we have o

Celr@ia=r, p < pp((n+ A —2)/2);

T. < 3.4
exp(Ce V)| p=pr((n+4-2)/2).
Remark 3.1. When D = 0, we do not need the requirement % < p because no

singularity comes from the damping.

Next, we consider the long time existence for the equation with D = (0. Here we

assume the initial data is spherical symmetric, and rewrite the equation as

OPU — AU+ Vr2U = |UP, r=lz|, z € R™
U(0,x) =eUy(r), U 0,z)=cU(r);

(3.5)

withp > 1,n>20<e < landV > —(n — 2)?/4 is a constant. When we discuss the

existence of solutions, we use the solution space

Definition 3.2. We call U is a weak solution of (3.5) in [0, T| x R"™ if U satisfies
T T V
/ |U|p<I>d:vdt:/ / U(af—A+—2>q>dxdt
0 JR" 0 JRr " (3.6)
— 6/ (U12(0,2) — Upd:®(0,z)) dx,
forany ®(t,x) € r 7" C°((—00, T) x R™).
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The rationality of such definition will be discussed in Section 3.4. For the simplicity of
presentation, we adopt some notations ps = ps(n), pr = pr((n+ A —2)/2), pa = pa(A),

and

n+A n+3 n+1 L on>A
Pt = ) Pconf ‘= 17 : 17 : .
n—= n—= 00 n<A

n—1

Theorem 3.2. When2 < n, 2 < A < 3 and p,, < p < py. Assume the initial data

satisfies

n—A+2

I 20 e + I Vo)l + I F 50 e < 00, BD)

and supported in [0, 1). Then there exists an £y > 0, such that when ¢ < £, there exists a

constant ¢ = c(p;n, A). So that, there is a weak solution U of (3.5) on [0, T,) x R" with
P € LS, ,(10,T2) x R™).
Where, (3 — A)(A +n+ 2) < 8, where py < pr < ps, we have

( (p—1)
ce hr(pi(ntA=2)/2) , p < Pd;

(p—1) 1
ce hr(pi(n+A-2)/2) | 1n5| hp(p;(ntA=2)/2) , D= Dd;

2p(p—1)
L= § cemstvm, Pa <P < Dps; (-8)
exp(ce!IP)) | P =Ds;
o0, P > ps-

\

When (3 — A)(A+n+2) = 8 where p; = pr = ps, we have

(p—1)
cehrpi(ntA=2)/2) = 1 < pg;
T = exp (C€%> . P=Da; (3.9)
0, D > Pa-

When (3 — A)(A+n+2) > 8 where pg > pr > pg, we have

=)
ce " FEnFA=D/D - p < pp;
T, = eXp(CSl_p)a D = Pr; (310)
00, p > pr.
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Theorem 3.3. When 2 < n, 3 < Aand 1 < p. Assume 1 < p < p,,, the initial data
(Uo, Un) satisfies

n—1 n+1

[l Uo(r)l[zp + [l Un(r)llp < oo, (.1

and supported in [0,1). Then there exists an g > 0, such that when ¢ < eq, (3.5) has a
weak solution U in [0, T,] x R" verifying

(n=1)p—n—1 n41

||(1 + t) » TWUHL?L?([O,T*MRVL) < o0,

with T, defined in (3.8).
Assume p,, < p < pg and the initial data satisfies (3.11). Then there exists an €y > 0,
such that when € < g, (3.5) has a weak solution in [0, T,] x R" verifying

(n=p—n—1 n41
[t r= UHL;”L?([O,T*]XR”) < 00,

with T, defined in (3.8).
Assume p = pg, if (3.11) hold for p = ps and some p > ps. Then there exists an
g0 > 0, such that when ¢ < e, (3.5) has a weak solution U in [0, T,] x R" verifying

(n—l)pg—n—1 p4q1
2 2
|t Ps TS U||L;’°Lfs([0,T*}><IR") < o0,

with T, defined in (3.8).
Assume p > pg and the initial data satisfies

n1 a1 _ 2(p—1)
|2 Uo(r)|[ g + llr 2 Us(r) |l < oo, q-= m+1)—(n—1)p

Then there exists an €y > 0, such that when € < ¢, (3.5) has a weak solution U in R, x R"

verifying

nil n-1
Ir20 Ullprape e, xrny + 1772 Ull Lo Lam, xmmy < 00

3.2 Special solutions of the conjugate equation deduced by
(1.7)

In this section, firstly we will construct a family of special solutions to
P*U =020 — Dr 'o,0 — AV + V20 = 0, (3.12)

here P* is the time-space conjugate operator of P. Then, we will discuss the properties of
such U, and use them as the test functions in the next section.
The basic idea is to reshape (3.12) and seek solutions only depend on ¢ and . We

consider ¥ = r?®, then we have
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Lemma 3.4. Assume U is spherically symmetric. Then P*V(t,x) = 0ifand only if ®(t, )
satisfy the equation

O*® — Dr'9,® — 0?0 — (n—14+2p)r 19, =0, t>0, r>0. (3.13)

Proof. We only need to replace ¥(¢, z) by "®(¢, x) and multiply »~* on both sides. For
the last two terms in P*®, we have
70, (r°®) = pr'® + 0,9,
r PO (r*®) = p(p — 1)r2® + 2pr~10,® + 02,
PP (~A+Vr U = P07+ (n— 1)r 10, — Vr ) (r*®)
=—(+(n—1+2p)r7'0,) @,
where we used the relation between p, n, V' in the last equality. Adding the first two terms,

we finish the proof. O

Now, we seek a family of homogeneous solutions of (3.13) with the form

2r

), BeRN>0.

Lemma 3.5. Let O4 be the one defined above. Then O satisfies (3.13) in Qy := {(t,z) :
t+ X > |z|} if and only if

0=2(1-2)¢"(z) + (v — (a+ B+ 1)2)¢'(2) — afé(z), =z€(0,1) (3.14)

with the notation
- n+D-1+2p

2 )
which will be used through the paper.

(0%

vy=n—1+42p, (3.15)

Proof. This lemma is verified by some calculations and similar to the proof in [16], but for
the reader’s convenience, we show the details. It is obvious that we only need to prove the

case A = 0. Setting z = 2r(t +r)~!, we have
Oz =—=2r(t+7r)"2 Ouz=20+7r)"=2r(t+r) 2 =2t{t+7r)?
then we get

05 = — Bt + 7)1 —2r(t + 1),
0} s =B(B+ 1)t +7) 20+ 48+ Dre/(t+7) 7% + 4r*(t + 1) 19",
0, @5 =— Bt +r)" o+ 2 +r) 2,
OO =B(B+1)(t+7)P 20 — 4B+ D)t/ (t + )72 1 dt?(t + 1) P4
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Then

0=(0} — Dr~'0,— 0} — (n—1+42p)r—'9,) ¥4
=4(r —t)(t+7)P3¢" + (2Dr — 2(n — 1+ 2p)t + 4(B + 1)r)r 1t +r) P3¢
+ (DB + (n—1+2p)B)r H(t+ 7).

We multiply above equation with (¢ + r)?*2 in both sides, using the fact tr 1 = 2271 — 1
and we get

1—tr1
0=4— "+ (2D —2(n — 1+ 2p)tr ' +4 1))
o (2D = 2(n =1+ 2p)tr +4(5 +1)9

+(DB+(n—1+2p)B) (tr " +1) ¢

=4(z—1)¢" + (2D +2(n —1+2p) —4(n—1+2p)z " +4(B+ 1)) ¢/
+(DB+(n—1+2p)B) (227") ¢

:—42_1(2(1—z)gz5"+ <n—1+2p— (n+D;1+2p+6+1> z) ¢
DB+ (n— 1+2p)ﬁ¢>

2
= =427 (2(1 = 2)¢"(2) + (v = (@ + B+ 1)2)¢'(2) — aBo(2)),

which finishes the proof. [

Noticing (3.13) is a hypergeometric function. Its solution is called hypergeometric
function. Then we have

Corollary 3.6. When D < n — 1+ 2p, the equation (3.14) has a special solution

¢(2) = F(a, B,7;2),

where F'(a, B,7; 2) is the hypergeometric function given by

Fla, B,7:2) = %/{) s*7H1 —8)77 N1 — zs) P dit

for~vy > a > 0.

For more properties of hypergeometric differential equations and hypergeometric func-

tions, we refer the readers to, e.g., [21]. Now, we are going to discuss some properties of
such \I/ﬁ = ’I“pCI)ﬁ.

Lemma 3.7. Forany 3 € R and (t,x) € Q, with Q) defined in Lemma 3.5, we have

OWa(t, w3 \) = —BUau(t, 23 N). (3.16)
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Moreover, for every (t,z) € Q,, we have

17 ﬁ < v Q,
Us(t,z;\) =’ A +1)77- 1 -In(1-15), B=7—-a, (3.17)
r —a—pf
(1 — )\—_H)’Y s B >y — Q.

Proof. This lemma is similar to [16, Lemma 3.2] but we give the details here. Firstly for

: _ 2r
(3.16), with z = ;=" we have

Ot 3 A) = rP(t+ 7+ A) P (=B — 20.)F (o, B,7: 2)
Vs (t,x) =1P(t+r+ A)’ﬂ’lF(a, B+1,7;2).

Using the properties

0.F (o, B,; 2) Za—fF(aJrLﬁJrl,wrl;Z),

az
TF(a+1,ﬁ+1,v+1;Z) =F(a,8+1,72) — F(a, 5,7; 2)

of hypergeometric functions, see e.g. [21, Section 9.2], we get (3.16) for any n > 1. For
(3.17), we only need to estimate F'(«v, 3, 7; z) here. Firstly we notice that 1 — z &~ 1 — e
by its expression. Also, by the expression of F, it is obvious that /' > C' > 0 for some C'
when 0 < 2z < 1. When 0 < z < 1/2, for 0 < s < 1 we have (1 — zs)™? ~ 1 so we get

the result. As for z > 1/2, we have

1
Fla, 8,7:2) = / =) (1 — 2t) P dt
0
1
:/ L1 — 111 — )Pt 4 O(1)
1/2

~ /1 (1=t (1 —2t) P dt + O(1).
1/2

Using the change of variable t = 1 — (1 — 2)s, we continue the calculation and get
(1-2)71/2

Fla,B,7;2) = (1 —z)7"° /O ST 1+ 28) P ds + O(1)

(1-2)"1/2
~(1-— 2)7_0‘_6/ 77 P d s 4 O(1).
1

By a fundamental calculation of this integral with different 3, we finish our proof of (3.17).
O
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3.3 Proof of the blow-up phenomenon
In this section we use ¥z defined in the last section to consider the upper bound of the

lifespan of solutions to (1.7) and its dependence of £ under the condition (1.8).

3.3.1 Preliminaries for showing blowup phenomenon

To begin with, we introduce a cut-off function 7(t) € C§°((—o0, 1)) satisfies

1, 0

IN
IA

— e

n(t) = ’

non-increasing, <s<

1
2
and nr(t) := n(t/T) with arbitrary 7" > 0.

Now, we want to multiply a test function to both sides of equation (1.7) and use inte-

gration by parts. But, instead of multiplying some v satisfies P*1) = 0 as many proofs do,
we further multiply 77 (¢)%" on both sides, then we will get that

Lemma 3.8. Let u be a solution of (1.7) in the sense of Definition 3.1 with maximum

lifespan T, then for any 1 < T < T, we have

T T %
cCryi+ [ Gatnacs ([ Gena) swae. 619

T/2

forany B, 5, € Rand \ > 1,where

Crg(A,5) ;:/ (9(x) + Dr=" f(2)) ©p(0, 23 0) — f(2)0¥s(0,25\) d,

R

Gp(t;T) ::/ |u|pn:2pp/\115dx,
R

1

T o o
S(T; By, B) -=T7* (/ / AN dxdt)
T/2 JB(0,141)
T Y
+T_1(/ / r—P \Ifgl\lfﬁ P d:):dt)
T/2 JB(0,1+1)
T s ﬁ
+T‘1(/ / |0, W, |7 W, 7 dxdt) .
T/2 J B(0,1+t)

Proof. To begin with, for any given ; € R, we want to choose n%p ,\1151 to be the test

1
Y

function. Noticing that 77" "€ C°((—o0,T)) and supp, u C B(0,1 -+ t), we only need to
show that W, belongs to C*(R; H'~*(B(0,1 + t)) for k = 0,1 for n > 3.
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By (3.17) with A > 1, we get that

\1151 < CtTp,

~Y

in B(0,1 + t) with some constant C; depending on . Since 2p + n — 1 > 1, its easy to
see that | Ws, || 12(B(0,1+1)) is bounded by some constant depending on ¢. The same estimate
also holds for [|0,Wg, || 12 (B(0,++1)) because of (3.16). As for the space derivatives, since Wg,
is spherically symmetric, we only need to consider 0, Vg, . However, the worst singularity
will be r#~! with 2(p — 1) + n — 1 > —1. So we also have that [0, Uz, || 12(p(0.++1)) 18
bounded by some constant depending on ¢. Hence, we have shown that W, belongs to the
function space for test functions. When n = 2, the procedure is similar so we omit it.

Using Definition 3.1 and making the integration by parts again, we find that
/ T /
[ eto+ D 0ws ) da o+ [ [ i ws dode
Rn 0 n
T / /
= / (Vu-V(n%p @51> + Vi 2un? <I>51> dzdt
0 n

T /
— / (Opu+ Dr—tu) 0, (77%” @51> dzxdt

0o Jre
T / / T
:/ / uP*<n§p\1f51)dxdt—/ uat<n;p\pgl)dx
O n n

t=0

Noticing that nr(T') = Onr(T) = dmr(0) = 0 and n7(0) = 1, we can simplify the above

identity as

T T
gcf,g(A,ﬁ1)+/ Ggl(t;T)dt:/ / uP*(n%p/\Ilﬁl)dxdt.
0 0 n

Since P*Ws, = 0 and 1y only depends on ¢, we have

/OT /n ubP* <77%p,‘1151> dxdt :/OT /n U‘I’,Blaf(ﬁ%p/> dedt
—/OT/nquﬁlDT_lﬁt@%p,)dxdt
T
+/ / 2u8t\11518t<77,_2pp/> dxdt.
0 Jre

For the first part, noticing that 2p’ —2 = 2%, supp u(t,-) C B(0,t+1) and forevery k > 1,

o) — 0and ¥ (1)

< C}, with some constant C, we use the chain rule
0<t<T/2

0<t<T
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and get that

T
//U\P518t2<77%p>dxdt’
0 n

T
s

T/2 J B(0,t+1)

r ” o i v
§T2(/ / |ulPWgn* dxdt) (/ / \I/gl\lfﬁpdxdt> )

T/2 JB(0,t+1) T/2 JB(0,t+1)

Estimates for the rest two parts go similarly, so we omit them and finish the proof. [

2 2p'—2

i 2p'—1 + ‘U\I/Bﬂ? 2

wW g, 17707 drdt

To use the inequality above, we need to ask Cy 4 (A, 5) > 0 for some A, for this purpose

we give the following lemma.

Lemma 3.9. For any given 3, if f € H'(R"), g € L*(R") with compact support and
g(z) + Dr ' f(z) = 0,
but not vanishes, then there exists a A3 > 1 such that for any X > \g, C4(\, 5) > 0.

Proof. Based on Lemma 3.7, when A > 1,¢t = 0 and r < 1, we have
Us(0,2;0) = P78, 050, 2;0) S rPATPL

Noticing that r*~! € L? (R™), so all integrates appeared in C 4(\, 3) is finite. Then, this

loc

lemma is just an obvious conclusion. ]

Next, we want to use Lemma 3.8 to estimate | G(¢;T) d¢ for some 3. So we need
to estimate the S(77; f1, 5).

Here we mention that when we want to estimate the relation between f;ﬂ G(t;T)dt
and the initial data, we should let S(7’; 51, ) be small. And when we want to estimate the
relation between f:f/z Gp(t; T)dt andfOT G(t;T) dt, we should choose 3 = . Now we

give the following lemma.

Lemma 3.10. Assume T > 1, A > 1, p > 22 and B < v — . When 31 = 0, we have

n+p—1
that

ptn+l 72+§

S(T50,8) ST ¥

When 1 > ~v — a — %, we have that

ptn__n—A+2p+1 +ﬁ
2 P

S<T76176) ST ¢’
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When 3, = B # 0, we have that

1
7

ptn_ g o, B
S(T;8,8) ST P25 Sy (T) 7

1

T, <y —a— <,
So(T) = 5 7 P

_ 1
T +1), B=7v—a—1,

Proof. We begin with the ; = 0 situation, for the first term in S(77; 0, 5), when § < v —«

we calculate

P v
/ W, da 5/ ot + NP0 do
B(0,t+1) B(0,t+1)
G
<(t+ 1),3p/ Pl g
0
~(t + 1)p+n+ﬁ%'

Then we have that

1
7

T p, P
T2 (/ / T, dxdt)
T/2 JB(0,t+1)

Although the estimate for the second term goes similarly, we mention that we need to require

1
7

T , >
<72 (/ (t + 1)+ +o% dt)

T/2
ptntl o, B
p’ 2+p

<T

P> nfprf 7 such that there is no singularity in the r-integral. As for the third term, it vanishes
since 0; ¥y = 0 by (3.16). Now we finish the proof for this situation 5, = 0.

When we consider 51 > v — o — }D, the estimate for the first two terms is almost the
same as before. As for the third term, we use Lemma 3.7 and calculate

/

,  _p
/ \8t\11g1]p \IJB Pdx
B(0,t+1)

, o r (y—a=p1—1)p
5/ rP(t + /\)(—61—1)27 -(=AE (1 _ ) dz
B(0,t+1)

t
o [t r (y—a=p1=1)p’
S(t 4 1)P+”—1+(—51—1)P +ﬂp/ (1 o ) dr.
0

Based on the assumption on 31, we have

t+1 , (yv—a=p1—-1)p )
/ (1 ) dr < (t+1)" 0=y,
0

Nt

n+D—142p
2

Here we mention that o = ,7 =n — 1+ 2p, then we get the result by a simple

calculation.
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Next, we consider 1 = 8 # 0, similarly to the above, we only consider the third term.

Here when 8 < v — a — 1, we have
t+1
/ Idr S(t+1)=So(t+1).
0

When = v — a — 1, we have

/0t+1 (1 _ln<1 — t—iA))p/dr S(t+1)=S(t+1).

Wheny —a —1< 3 <y —a~— -, wehave

t+1 r (y—a—p-1)p'
1— dr < (t+1)=Sp(t+1).
[ (-5) PS (D) =S+ 1)

Whenﬁzv—a—é,wehave

t+1 r (y—a—B-1)
1— dr < (t+1)In(t+2) = Sp(t + 1).
[ (-55) P I+ 2) = S0+ 1)

Then we get the results same as before. ]

To use (3.8), we still need to show the relation between f;ﬂ Gs(t; T)dtand fOT Gs(t; T)dt.
Since G3(t,T") > 0, we obviously have the former less than or equal to the latter. Also, we
can transform the relationship between the two into the relationship between an auxiliary

function and its differential, by introducing the auxiliary function.

Lemma 3.11. or any given [ € R, if we define
T
dt
:/ / Gp(s;t)ds
0 Jt/2
T

TH%(T) :/ Gg(t;T)dt, Hﬂ(t) S /OT Gﬁ(t;T)dt.

T/2

then

Proof. The first equality is obvious, so we only focus on the inequality. Here we exchange

the order of integration, then

min{2s, T}
/ / —Gg s;t)dtds
°1
_/ ~Gls T)dtds</ Gols:T)ds.
0 s
This finishes the proof. O
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3.3.2 Proof of Theorem 3.1

Based on (3.18) and Lemma 3.10, we find that the different choices of [3; lead to
different kind of lower bounds of fTT/2 G(t; T) dt. To start with, we fix § <y —a — ]%.
Firstly we choose 1 > v — a — 110 and show the blow-up result corresponding to the

Strauss exponent. Using Lemma 3.8, Lemma 3.9 and Lemma 3.10, under their condition

1
T »
+n _n—A+42p+1 B P
e <T'V T +</ Gﬁ(t;T)dt) ,

T/2

we have

T T >
| Gatw1)at 5Tﬁ+’°’+l_ﬂ_2+5< Gﬁ<t;T>dt) ,
0

T/2
respectively. Mixing them and we get that
nt+A—1 T 1 2
o A §/ Ge(t; T)dt ST~ = (3.19)
T/2

which means

< 2p(p—1)
ho(n+D,
T < ghs+Dp)

for any p < pg(n + A). Because this relation must be satisfied forany 1 < 7' < T, we
finish the proof of p; < p < pg case in (3.2).
Then, we choose ; = 0 and show the blow-up result corresponding to the Fujita

exponent. Using these lemma again, under their condition we have

r ;
65T0+,,/+1_2+5</ Gg(t;T)dt> ,

T/2

T ptn+l 72+ﬁ T %
/Gﬁ(t;T)dth A (/ Gg(t;T)dt)
0

T/2

respectively. Mixing them and we get that
gp(ntp=1)(1-p)+2-5 < ! Gs(t; T)dt < T’””*‘ﬁ_ﬂ,
T/2
which means
T S cTrm

for any p < pr(n — 1+ p). Similarly to the above we finish the proof of p < pp, p < pg
case of (3.2), (3.3), (3.4).

Next, we are going to consider the ‘critical’ situation. As before, we begin with the
estimate related to Strauss exponent. When p = pg(n + A), we have
n+A—-1 2 1

p=n+p—-1——=y—a——.
p

n—+p— 5 P
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Then from (3.19) we can only get that
—a—1-p T —a—1-p
Py §/ Ge(t;T)dt ST 77, (3.20)
T/2

This suggests us to choose § = v — a — % and treat the integral of G3(¢,7") more

precisely. Using Lemma 3.10 again and under above condition we get

r :
85( Gg(t,T)dt> s

T/2

/OTGB(t;T)dt 5(/T Gﬂ(t;T)dt>;ll’l(T—|— b

T/2
Here we use H 3 defined in Lemma 3.11 and we get that for any 7" > 2
e? STHY(T),  Hg(T)PIn(T)"" < THY(T).

We introduce s = In(T') and I(s) = H(T) where H'(T) = T'I'(s), then above ODI
system equivalents to
el < I'(s), I(s)Ps' P < I'(s).

This is a classical ODI system which must blow-up in finite time, using the scaling method
we know that /(s) must blow up before Ce?~1 with some constant C, by the relation
between s and 7" we finish the proof of p = pg case of (3.2).
For the p = pr(n — 1 + p) situation, similarly we have
(n+p—1)(1—p)+2:n+p—1—1%:0.

Since v — a > 0, we choose 8 = 0 and get

r ;

55(/ G/g(t;T)dt) ,
T/2

T T -

/ Got:T) dt 5( Gﬂ(t;ﬂdt) |

0 T/2
Similar as before, with s = In(T") and I(s) = H(T') we get
S I(s),  1(s)" S I'(s).

Using scaling method again we know that /(s) must blow up before Ce~*~1) with some
constant C', by the relation between s and 7" we finish the proof for p = pp case of (3.3)
and (3.4).
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3.4 The definition and properties of the solution of equa-

tion (3.5)

In this section, we will transform (3.5) to an equivalent equation (3.21), and explain the
rationality of Definition 3.2. Then we will give the homogeneous solution of this equation,

and analyze the properties of the solution.

3.4.1 The definition of weak solution

Here we notice that the initial data of (3.5) are spherically symmetric. This suggests
the solution U is also spherically symmetric. If we set u(t,r) := r'U (t,x), a formally
calculation shows w satisfied the equation

(A—n)p+n—A
Pu—Aqu=r 2

w(0,x) = er"= Up(r), w(0,2) =er"= Uy(r),

ulP, relRy,
o i (3.21)

where Ay := 0? + (A — 1)r~10,. We pause here and consider its linear form equation
Pu—Aqu=F(t,r), reRy
w(0,7) = f(r), w(0,r)=g(r),

with f, g, F good enough. When A € Z™, (3.22) can be considered as an A-dimensional

(3.22)

spherically symmetric wave equation, where u(t, r) is a classical solution in [0, T'] if u(¢, r)
satisfies (3.22) and u(t, |z|) € C%([0,T] x R*). Thus, for general situation, we should
define u is a classical solution of (3.22) in [0, T] if u € C?([0,T] x Ry), d,u(t,0) = 0 and
u satisfies (3.22) point wise.

Here we give a quick proof to show that such classical solution is unique. When
f,g, F = 0, multiplying r4~1u, to both sides of (3.22) and integrate them in Q := {(¢,7) :
0<t<T,0<r<R+T—t}, wesee

R
1
0=- TA_l u2—|—u2 dr + — / TA_lU—UerUm
2/0 ( ! T) t=T 2\/§ ( ' ) "

t+r=T+R
o<t<T

which gives the uniqueness. After the discussion of the classical solution, we naturally

define u is the weak solution of (3.22) if u satisfies

T 0 T 0o
/ / F(brAldrdt—/ / u(0f — Ag) ¢r*tdrdt
o Jo 0 Jo (3.23)

- / (96(0,7) — F,8(0, 1)) dr,

0
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for any ¢(t,7) € C°((—o00,T) x R) with 9172*¢(¢,0) = 0 where k € N. Also, set
u = rFU, o = r'st o, f=e"TUy,qg=crTU and F = r(A7n>§+n7A|u]p.
It is obvious that u satisfies (3.23) is equivalent to that U satisfies (3.6) with ®(¢,z) €
riTt C°((—o0,T) x R™), which lead to the definition of weak solution to (3.5).

3.4.2 The formula of classical solution

In this section we are going to give the formula of solution to (3.22). We will show
that

Lemma 3.12. We denote u,, uy and up be the classical solution of (3.22) with only g # 0,
f # 0and F # 0 separately. Then, the classical solution of (3.22) is u = uy + uy + up
with

1-A

e YT 2+ p? — 2
uy =12 / p T g(p)alpw)dp, p=———
0

2rp

B at/ P o) dp, p=TP T
0 2rp

B t pt—str 2 2 _ (t — 5)2
“:/ / o5 (s p)La() dpds, p=" 1P U=
o Jo 2rp

)

Y

1—A
273 Loi-a A-3
Ta(p) ::W 1X+2 A=p)vV1I=X2 dA
) J-

724 p2 42

- . When r > t, we have
Tp

Remark 3.2. Considering |1 =

,U|O<p<r—t > ,u|p:r—t:1 > H’|r—t<p<t+r < ,u‘p:t-i-?“:]- < ,U|t+r<p7

and when r < t, we have

Plocpct—r < plp=t—r = =1 < plicrcpctrr < pilp=trr =1 < pligr<p.
To show Lemma 3.12, we need to explore some properties of 74 (u).

Lemma 3.13. For A > 1 and 14(1) defined in Lemma 3.12, we have

1
IA(1-) = 2 Ia(p) =0 for p> 1. (3.24)
Moreover, for A & 1+ 27 with some positive constants Cy and Cy depend on A, we have
O La(p)| S(1—p) =, p<—2,m=0,1; (3.25)
1 =Cyln + O(1), —2<pu<l; 3.26
ap) 0 1+ 4] (1) H ( )
3



On the other hand, for A € 1 + 277, we have

L) =0, p<—1; (3.28)
03 La(p)] <1, —1l<pu<l, m=0,L1 (3.29)

3.4.3 Proof of Lemma 3.12

Here we only show the proof of u = u, with f = I’ = 0, the other formulas can be
demonstrated by a direct calculation and Duhamel’s principle.

Before the proof, we more give a classical expressions of u, constructed in Lemma
3.12. Substituting /4 (u) into u,, noticing X' is an a-degree homogeneous distribution, we
find

1 _
A / / —r2—p2+2rp)\) pA’I\/l—)@A 3d)\dp.

When A = 1 + 2k + 20 with k € Nand 0 € (0, 1). Changing the variable

r—,ﬁS\
\/7"24—52—27’,55\

p:\/r2+,52—27“55\ A=

we calculate

1 [e'e) 1 »
— 24 52— 2rp)
s r<k+e>/o /_ﬂw e ”)>

XTEO( = ) gV~ e dA\dp

“wra(a) [ [ ()

X012 — ) pA VI — A2 dadp.

Set p = to, considering the support of x| ~% we finally reach

B 1 o, 42k / / g(Vr? + 1202 — 2rto\) A1 SA-3
uQ_F(k—{—Q)F( ( ) 1= o) V1—\ dAdo.

Now we begin the proof. Here we only need to deal with the case A ¢ Z*. Firstly, us-

ing the expression we just obtained, we can easily find u € C*(R%) while g € C5°((0, 00)).

We can also calculate that

opu = 1 ( t) 1+2k/ / r—to g'(\/r2 + 1202 — 2rto\)
b TE+O)T( - 1 V2 + 1202 = 2rto) (1—02)°

W1 " dxdo.
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Let » = 0, since the integrand is an odd function of A, such w satisfies the boundary re-
quirement.

To check the initial conditions we temporarily use the original expression. Using
Lemma 3.13 we know 74(x) = 0 when p > 1, which happens when p < r — ¢ < 0.
Then for any » > ¢ > 0 we have

t+r
u(t,r) ZTI_Z’A/ P glp)La(u)dp
ug(t,r) —r 2 <(t + 7“) ) g(t +7)+ (r— t) 7 g(r - t)) IA(1-)

1o t+r A1
+ 72 / p2 g(p)—fA(u)dp-
r—t Tp

Set t = 0 and using Lemma 3.13 again we find «(0,7) = 0 and u(0,7) = g(r).

Finally, we check u satisfies the inner equation. By a calculation trick
k k+1
t t t )
O

92 k+1 i
2 3 2%k+2
O = e 0 T = 0) (215) ()

to? —ro\ g (Vrr+t202 = 2rtoX) , | A-3
wy = o V1 =X “d)do.
' / /1 V12 + 1202 — 2rto ) (1 —02)?

we calculate that

A similar process as deducing the classical expression of u also shows

1 at k+1
2k+2 ~
Tk 0)T(2 9)<2t) (@)
2 t2 2 _9rto )\ _
s _t/ / g(vr + oF — 2rto)) AT -2 P drdo.

)01

Then, we see

vt — "(Vr? + 202 — 2rto — A
zbg—t// r—to g (Vr* + % TJ)UA_l T 4 de

V12 + 1202 — 2rto\ (1 —o2)0-1
/ / g \/7‘2—1—25202_27‘150)\) A72\/1—7/\2A_1d)\da
(1—02)—1
- 241202 — 2rto -
// Gog (V17 4 P07~ i) ot 3 g adon
(1—02)—1

Using integration by parts, we get

T 1267 — Orlon )
0,10 21— 6 // g(Vr? + 2o rt0d) 4T drdo.

(1 —02)?
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Thus we have

2 at FH 2k+2
o= ) ()

24 202 — 2rto -
// \/r+ o ra) A —1—)\2A3d)\da.

(1 —02)?

Taking the derivation again, we also have

O =T 9)2r(1 ~ ) <at>k+l (£ )

/ / - 2t02)\2 —rox ¢ (V241202 = 2rto)) AT g d o,
—1 T

+ t202% — 2rto\ (1 —02)?

Mixing 9?u, 0%u and J,u together, we finally calculate

0 — 0> — (A—1)r 1o, )u
t T

2r—1 O s 2k 42
T s) (e - e)

where

0 24 202 — 2rto\ -
rw; — rws = // Ag \/T i TU)UA\M—A?AId)\dg

(1 —02)?
—1 'U}Q

This finishes the proof.

3.4.4 Proof of Lemma 3.13

We begin with the second half of (3.24), it is obviously since X = (A —p) = 0 for
A € [—1,1] and & > 1. As for other results, we need to divide A into two cases.
Firstly, we consider the case A = 14-2k+26 withk € Nand 0 < 6 < 1. By definition
we see when 1 < —2 and \ € [—1, 1], we have
T (=) (1-p) T,

which gives (3.25). When —1 < p < 1, I 4 has the formula

2 b 2\k+6—1
L( — ) (1= A2)F0=1d )
Al k+9./ ORX (= 1) (1 - X?)
92— k—6
) / X0 = ) (00)F(1 = AB)FFLd A
9- k—0 k/2
k—2j 2\j+60—-1
~F RO _0)/ )70 Chre N1 = A2
2] j=0
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with some constants C} ;. 9. Let 1 close to 1, we have
1

lim [ (A —p) ONH (= N2 )

p—1— u
1
=207 im [ (A — )01 = N

1
# "

Set A = (1 — p)o + p, it goes to

1
20T0=1 lim (1 — u)j/ o (1 —0o)* 1 do.
0

pn—1—

This means we only need to consider ;7 = 0, where

1, k=0;

Corp =
Wk 40— 1)(k+6—2)---0, k>0.

Adding together, we give the first half of (3.24) in this case by calculating
lim 741 b [0y o=
1m = o — 0 g = —.

o= A ORI - 0) J, 2

Then we let i close to —1, without lose of generality we assume p < —1/2, then

1
/ ()\ — M)*e)\k*%(l _ )\2)j+9—1 d\
o
0 1
:/ ()\ — /L)*GAkf%(l _ )\2)j+91d)\+/ ()\ _ ,u)fe/\k72j(1 _ )\2)j+971d>\.
a 0

The estimate of second integral is trivially. For the first integral we introduce the change

of variable A = o (1 + p) — 1. Then the integral equals to
o)t ‘
Ay [ (=) o1+ ) do
1
GO (2 .
—(1—|—u)”/ o/~ tdo + (1+u)9/ (0 — 1) dg
2 1
)Tt ,
+ (14 p)’ / (c—=1)"=0"" 0" " do
2

(I+p) 1
+a+uV[ (0 — 1)1 (f(o(1 + ) — £(0)) do,

where
f(s) = (s =12 (2— s, 1f'(8) || zge 0,1y < 00
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Adding together, we find

1 . . A
/ (N — ) ONH (1 = XYL\ =C5(1 + ) / ol do +0(1)
1% 2
=C"1 1
C’ln T + O(1),

which gives (3.26) for —1 < pu. Using the same decomposition, for the derivation we

similarly find

1
8#/ (A — ) TONF20 (1 = NBIFO-T g\ = Cj’-'(l + )+ O(ln ] i > ,
Iz M

which gives (3.27) for —1 < p.
To get another part of (3.26), we only need to control [, (u) — [4(—2—p) for —3/2 <
i < —1. Here, for —2 < yy < —1, 14 has the formula

27k79 1 k/2
I = A—p)7? g NETEI(1 = \2)IH0 g )

Thus, to show (3.26), we only need to estimate
1

1
/ ()\ _ ’u)—é))\k—Qj(l _ /\2)j+9—1 d) _/ ()\ + 1+ 2)—0/\k—2j(1 _ >\2)j+9_1d>\

1 —pu—2

:/ (A= ) PN (1 = N2 d

1

- /0 (A=) = A+ p+2)" ) N5 (1 — N2 d A

—p—2
1
+ / (A=) = A+ p+2)" ) NH (1 — N2 d A
0
EJl + JQ + Jg.

For J;, we change the variable A = —o (1 + 1) + p, then we have

D=L [ e =1 a1 )+ 7 (= ek o1 ) o

2
] S(-1— py / (0 - 1" 'do < 1.
1

For Jo, we also set A = —o (1 + u) + u, then we have

4 711—u+1 ) X )
Jo =(—=1— p)’ /2 (07 = (0 =2)") (0 = 1)/ N (—o (1 + p) + )%

(1—p+o(l+p)y " do

|Jo] <(—1 —M)J’/ (0 —2)" o -1 do+1< 1.
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Finally, the estimate of .J3 is trivially, adding together we finish (3.26). Using the same
method and estimating 0,,.J1, 0,J2, 0,J3, we also get (3.27).

Next, we consider the case A = 1 + 2k with k € Z™. In this case we have
supp X, 7 (z) = supp 6*~V(z) = {0},

which gives (3.28). On the other hand, when —1 < i < 1, we have

T =gy [ 50— (1= a3

27kt -1 1NEk—1
ZF(k)/15(A—u)(—8A)k (1- A2F1dA

2 e (k=1)/2
Z C" k—1— 2] M2)j'

This gives (3.29). Here we also find Cf , = 2*~!(k — 1)!, which implies the first half of
(3.24) in this case. Now we finish the proof.

3.4.5 Additional discussion of weak solutions

In light of the frame we took is slightly different from the normal one, we will discuss

a bit more of the weak solution. We will show that when
A1 1 A-1 1 A1 A 1
AN € Loy 7719 € Ly, 747 F € Liggy e, 770 € Ly, (3.30)

with u calculated by Lemma 3.12, u satisfies (3.23).
To show this result, we divide u to u,4, uy and up. We begin with u, part, noticing

I4(p) = 0 while 1 > 1, in this case we have

// 82 ¢7‘A1drdt
/// )14%) (02 — A4) @(t,r)d pdrdt.

Sett =T — s, swap r and p then exchange the order of integration, it goes to
(T —
/ / / rAzlpAzlg )IA(T i 5 ( o) )(GE—AA)gb(T—S,p)dpdsdr.
rp
Here ¢(T — s, p) has zero initial data at s = 0 and regular enough, by expression of up

deduced in Lemma 3.12, we know

T [e's) 2 2 _ e)\2
r"‘/ / pA;IJA<T i i) )(882—AA)¢(T—S,p)dpds
0 0

2rp
=o(T —s,7)| ,_r = ¢(0,7).
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This gives (3.23) with f = F' = 0. The proof of u; and up parts is much similar, we leave

them to the reader.

3.5 Long time existence for A € [2 3]

In this section, we will consider the case A € [2, 3], and show the proof of Theorem
3.2. Without lose of generality we assume n # A, otherwise V' = 0 then (3.5) reduced to
the basic Strauss type wave equation.

By the discussion in last section, we begin to study the equation (3.21) and (3.22).

3.5.1 Estimate for homogeneous solution

In this subsection, we will give an estimate of the homogeneous solution to (3.22).
Lemma 3.14. Assume supp(f,g) C [0,1). We have
< 1-4 1-A ,
ug +ug| SE+7)7 (E=1) 2 (lpg(P)ll + £ (Pl + lof (0l ) -
Here and through the paper, we use (a) stands for \/|a|? + 4.
Proof of Lemma 3.14. Here we define
Qo:={p:0<p<t—r}, Q={p:|t—r|<p<min(l,t+7)}.

Firstly we consider u, with A € [2, 3). For u,, by Lemma 3.12 we have

ug(t,r) =r'" (/ +/ ) La(u)p" = g(p)dp = Jo + J1.
Qo Q1

Partl: ¢t +r < 4.
In this part, we have (t +r) ~ (t —r) ~ 1 and r < 1. In the region of {2y where
i < —1,by (3.25) and (3.26) we see

2rp
t+r+p)(t—r—p)

La()] (-1 — )7 = ( (

Then we have

1-A A

t—r
|Jo|s/ (t—r—p)'F )" plglp)] d p
0

1-A 1-A

Slleg(o)lpee S E+7) 2 (E=1) 7 [lpg(p)l o -
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In the region of 2; where 1 > —1, noting A < 3, we know that

ln—,§|1+u|%, —2<pu<l.
|1+ pf
Then, by (3.26) we see
5 3-A
A3 rp 2 3-4 A=3
I < (1+ PR <pz (r+p—1t)z
Ll S 00 = (g ) ST

Thus we get

1A t+r
] <r'e / (r+p— 1) plg(p)| dp
t

T
1-A

Sleg()lle S (417 (=17 ||o* 90|

Part2:t+r >4, -1 <t—r <2.
In this part, we have (t — r) ~ 1 and r ~ (t + r). In the region of Qy where u < —1,

we have
) o
1-A rp A1 1-A
I <(—1-— 2 = < 2 (t—1r — 2,
[La ()] <( ) ((Hr+p)(t_r_p)) Spr(t—r—p)
Then we get

t—r
1-4 1-4 4
S5 [ =0 o ool do
1-A " A1 1-A
SU+r) T (=) T pg(p)ll e S+ (E=1) 7 [lpg(p)]] e
In the region of €2; where ;1 > —1, we also have

3-4
2rp ) L <) rap—1)

t+r+p)(r+p—t)

ummsu+mﬁz((

Then we see
2
1-4
T it r) / (r 4 p— )" plglp)] d p
t—r

ST (2= 0" gl S )T (=T [lpg(o)l e

Part3: t+r >4, t —r > 2.
In this part, we have t +r = (t +r)and t —r — 1 = (¢t — r). Here we only need to
consider €y where ;1 < —1, again we see

1-4 2rp =N
[Lalw)| S(=1—p)7= = ((t+r+p)(f—7"—ﬂ))

1-A

S )T -0
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Then we have

g <SGt + 1) 7 (= )T / o g()|dp

0
S(t4n) T (=7 [log(p)l -
Mixing together, we finish this part.
Next we consider uy, for simplicity we denote u,4—, stands for u, with ¢ = ¢. By

Lemma 3.12 and the classical expression we showed in 3.4.3, we know

ug =0y (ug—g )

f \/r2+t202—2rt0)\) A A-3
= y / / e 'W1-X2" "d)do
F( 1—0‘2) 2

<t/ / X 2|tc7 —ro)| ’ (\/T2+t202_2#0/\>|0A*1\/1—7)\2A_3d>\d0
1 T

+ t202 — 2rto (1— 02)%

1
/ / |f \/r2+t20-2_?rto-)\)|O-A71\/1_7)\2A_3d)\do'

(1—-0%)2

EHl + HQ.
Since A € [2,3), we can easily found that Hy < || f|| L. Meanwhile, we find that
- 1-A
Hy =t ugop SENE+1) 7 (E—1) 7 [0l

Dividing t greater or smaller than 1, we finish the estimate of H,. Next we consider H,

noticing that when A € [—1, 1], we have

to? —rol 220202 4 204 — 2rtod N co?et
— g .
V2 4 t202 — 2rto ) r2 +t202 — 2rtcN T T

Then we calculate

Hy < gy S (647 6= 1) o ()

Adding together and we finish this part.
When A = 3, the estimate for v, is similarly. We only need to mention that in this
case we have (3.28) and (3.29) instead of (3.25) and (3.26). As for uy, we easily calculate

@E+r)fl+r)—(@E—r)f(t—r|)
2r

Ur =
with suppuy C {(¢,7) : |t —r| < 1}. Whenr < ¢ < 2, by mean value theorem we see

jugl = [ CEED 2 CZDICZDN 0, 001 5
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When t < r < 3, we see

lug| < [fE+)]+[fr =D S f ()2
Finally when 2r >t > 2, we see

t+7r)f(t+r t—r|f(jt—r
< WD ZATUEZD] s < )5

Mixing together, we finish the proof. ]

3.5.2 Estimate for non-homogeneous solution

In this subsection, we will omit the initial data and give the estimate of solution to
the nonlinear equation (3.21). For simplicity, we shift the time variable and consider the
equation

(A=n)ptn—A

(02— 0> — (A—1)r 1o, )v(t,r) =r > |ulP
v(3,1) =0, v (3,7) =0.

(3.31)

Lemma 3.15. Defining Q := {(t,r) € [3,00) X Ry : t > r+ 2} and Ay, :== {(s,p) €
Q:s+p<t+r,s—p<t—r} Wewil show that, if v solves the equation (3.31) with
suppu C €, then for any (t,r) € Qand k = 1,2, 3 we have

A1
(t+ry 2 |Ju] S Ni(t— r)||wku\|p§?p(/\t’r). (3.32)
Here s
wr(t,r) =t +r) 2 Bt —r), k=1,2,3;
<t—’f’>%, k::17forpm<p<p]V[7
(n—1)p—n—1
Brt,r) =< (t—r) = k=2, for pm <p <pi,

A—1

t—r)y = Int—r), k=3, forp=p > ps
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1—A
{t—mr)y2, p > max(pg, p) or p = pa > pror pr < p < Dy,
1—A
(t—r) 2 In{t—r), p="pi > paorp=pp < pa,
<t > (—n+1)2p+n+1
-T ) Dt > D > Dd;
Ni(t —r) = (=n—A+2)p+n+3 )
{t —r) 2 , p < min(pg, pr),
(=n—A+2)p+n+3
(t—r) 2 In{t —r), p=pa<np,
1-4
((t—7)7 In*(t—7), P =pa="ps;
( (—n+1)p+n+1
{t—r)y 2 ps <p <pr,
(—n+1)p+n+1
No(t —7) =14 (t—r) 2 In{t —r) p=nps<p,
(=n+1)p%+2p4+n+3 .
(t—7) 2 pm < p < min(ps, py);

No(t — 1) i=(t — 1) 2 In{t — 1),

D =Pt > Pa-

Remark 3.3. Here we remark that for any A € [2, 3], a quick calculation shows

Pd < pr < ps < Pt
Pd = PF = Ps = D,

DPd > PF > DPs > Pt

A2—A+2.
3—A

A2—A42.
3—A

A2—A42
3—A

n <

n =

n >

Proof of Lemma 3.15. Using Lemma 3.12, we find

v = r% / [A(#)p(A*")PJr"*l
A

r2+p?—(t—s)

with p = 5

A;

(7)o <P T+ 1) wrule
S,p

Thus, we only need to show that

[ La(m)]p

ij

1-A A—1
Jij;k =71 2 <t + T) 2 /
A
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= |uffdpds,

*. To reach (3.32), we calculate

(A—n)p+n—1

w,"dpds.

(A—n)p+n—1

> w,Pdpds S Ni(t—r)



fort =1,2,3,7 = 1,2 with

A ={(s,p) eN:s+pe(t—rt+r),p<s/2};

(
A :={(s,p) EN:s+pe(t—rt+7),p>s/2}

Ao :={(s,p) €A:s+pe (tT t—r) p < 5/2};
=)

t—

Mgy :={(s,p) EA:s+p€ P> 8/2);

[\]

(5
Az :={(s,p) €A:s+pe ( Lo >,p§s/g};
Agz :={(s,p) € A s—l—,OE(

3, T) p>s/2}.

We will firstly consider A € [2, 3), and estimate each part separately.
Part1: r <t/2.

In this part we have t — r ~ t + r. In the region of A;; we have

s—prs+p, (3.33)
using (3.26) we also have
2 s s
A-3 rp P
s o ) st
Ealwl SU A+ 1) Caprt—srtp—tts)) ~\ixp—tts
(3.34)

Noticing that p satisfies p < p,s, then

T ST <t—7°>A;1/ P T s ) TR BT (s p)(rHp—t )T dpds
A1

1—A (=A4+1)p+A-1 _ ttr t=r (—n+A)p+n—A+2 A-3
s30T e [ e T ) anae
t—r t—r)/3

(—n+D)p+n+3 b A-3
ST -0 T g [ (e - )
t—r
(=n+1)p+n
(- T g
In the region of A5 we have
pRS+p (3.35)

and (3.34). Then

A— (=n+1)pt+n—A+2

o S =) T [ (s ) T T g s = )k p—t4+5) T dpds
nt1)ptntl t+ t+r
<r2<t—r>”5”/ e-0-mTae [T gy
<t—7’ (- n+1>p+n+1/ g

H
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In the region of Ay; we have (3.33), using (3.25) and (3.26) we also have

A—1 A—1

14 2rp 2 r 2
[La(w)] S(=1—p) 2 _((t+r_3+p)(t—r—s—p)> 5(t—r—s—p) '
(3.36)

Noticing p < P, we calculate

(A—n)p+n—1 (=A+1)p

lef,(t—?")Azl/ p 2 (s+p) 2 ﬂfp(s—i-p)(t—?‘—s—p)%dpds
A21

(=A+1)p+A-1 (A—n)p+n—1
2

t—r 13 A
<(t 1) -p<t—r>/ (€ - )" o) 5 dnde
t—r)/2 JE/3

(—n+DptntA t=r 1-4
5<t—r>56—P<t—r>/( g
t—r)/2
(—n+1)p+n+3

<{t—r) 2 BP(t—r).
In the region of Ay we have (3.35) and (3.36), then

A=l (=n+Lptn-1 1-A
Jog S(t—1) 2 / (s + p) 2 B P(s—p)t—r—s—p) % dpds
A2g

(=n+D)p+n+A-2 t=r 1-A (t—=1)/3 _
<(t— ) /( (t—r—£)2d€/2 5P (n)dn

t—r)/2
(t—r)/3
(—n+1)p+n+1 _
Ste-n) T [T sy
2

In the region of A3;, again we have (3.33) and

A-1 A-1
1a 2rp 2 e\ ?
La(w)| S(=1— )= = < ) :
[Za ()] <( 2 ((t+r—s+p)(f—r—5—p)> N((t—r)2
(3.37)
Since p < pys, we see
-1 n p+n 2 (=A+D)p _
J31 N<t—7‘>A2 / %Qﬁ-@ = BP(s+p)(t—r) T dpds
Asz1

(t—r)/2 ( n+Am+n+A 2 (ZA+Dp
<t —r) / /5 ” (€)= pr(eydnde
3

(t=r) n+1)ptntA
se-n's [ R e ST,

In the region of A3, we have (3.35) and (3.37), then

A1 (cntlpinta—2 B
Ji it —7) / (s 4 p) T opo g — )M dpd s
As2
1oa [EE/2 088 Cniipiniacs
§<t—r>2/ / (&) S gop () dpde
3 2
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Part2: r > t/2.
In this part we have r ~ t + r. In the region of Ay;, we have (3.33) and (3.34). Using
p < pyp we deduce

“n e (=A+1)
JhS/ P T s ) T B (s p)(r+p—t+s) T dpds
A1

(—A+1)p 3(t—r)  pt—r (=n+A)p+n—A42 A3
S N A S el GCRIR ITT
t— t—r)/3

3(t—r)

Sit—n) " g [T - 0o ag

T

(=n+1)p+n+3

S{E—r)y 2 pR(E =)
In the region of A5, we have (3.35) and (3.34). Using p > p,, we find

(—n+1)p+n—A+2

J{2§/ (s+p) = B Ps—pr +p—t—|—s) z dpds
A12

S/tt—:r<f>< (Cntlptn-A+? (€~ (t—1)) A3 df/ g

(—n+1)p+n+1 t+r (—n+1)p+n 1
s(@—r>ﬂz~+/( © )/ﬁ g
3(t—r)

<t_r —n+1)p+n+l/ ﬁ

In the region of Ay, we have (3.33) and

14 2rp E p N
Lal)l (=1 = n) _((t+r—s+p)(t—r—s—p)> f“(t—r—s—,o)
(3.38)

By p < pa we see

—n n — (—A+1) _
Tus [P ) S pr i - - s )T dpds
A2y

(“A+1)p b= ¢ (CntA)pintA—2 1A
< [ [ e aa
(-2 Je/a

(=n+D)ptn+A t=r -
5@—r>55wu—m)[ g
t—r)/2
(—n+1)p+n+3

<{t—r) 2 BP(t—r).
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In the region of Ay, we have (3.35) and (3.38), then

(—n+1)p+n+A—2
2

1-A
Jézf,/ (s+p) BP(s—p)(t—r—5—p)2 dpds
Aa2

<(p — ) S /

(t—r)/2

t—r

A (t—r)/3
<t—r—5>2d5/2 B (n)dn

t—r)/3

—n+1)p+n+1 (
U s / B7(n)dn.
2

In the region of A3y, we have

Ll S-1-0'% = | 2rp ) =)

t+r—s+p(t—r—s—p)

and (3.33). Since p < pys, we have

(=A+1)p

S / PR VS o) — ) T dpd s
A3z

1-A (t_T)/2 3 (—n+A)p+n+A—-2 (=A+1)p
<(t—r)'e / /g/g(g—mQ (€)= gor(g)dnde
L D)2

<) / T g ac

In the region of A3y, we have (3.35) and (3.39), then

(—n+1)p+n+A—2 1—

(ontlptntA=-2 1-A
e R RV R TIE
Asz

1oa U2 083 A
5<t—r>2/3 / (&) S gy dnde,

We will focus on the estimate of J39, the other terms can be estimate in a same discus-

sion. Now, for Js9.; with p,,, < p < pps, we have

1ma /288 Cnipintae Ay
Jaa S it-n)T [ [T gy e
3 2

When p > py, we have
1-A (t—r)/Z (—n+1)p+n+A—2
haa £ 6-n'T [ @S ag g -,
3
When p = p,, we have

1a [E=T)/2 (—n+D)ptntA—2
Jaoa St —1) 2 / (&) 2 In&d§ S Ny(t—r).
3
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When p < py, we have
1z (/2 Cnasoipinia
Jsog S {t—7) 2 / (€ 2 de < Ny(t—r).
3

This leads to the result of (3.32) with & = 1. For Js2.2 with p,,, < p < p;, we have

(t—r)/2 _ _ (t—r)/6 _ 2

1-A (=n+1)ptn+A—2 (=n+1)p“+(n+1)p

T S(t— 1) / (&) =% d&/ () S g

3 2

_ (t—r)/6

(—n+1)p+n+1 (—n+1) (n+1)

Ste =) T [T T g s gt - ),
2

This finish the case k = 2. Finally for J52.3 with p = p; > pg, we have

(t—r) 6/3
J323 t—T’ / /

(t—r)/
<t—r>2/3 O e < =) T Il — 1) < Ny(t — 1),

ndnd§

Now we finish the proof for A € [2,3). The case A = 3 is much simpler, using (3.28)
we only need to consider Ay; and Aj5. By (3.29) and a similar process we get the desired

estimate. O]

3.5.3 Long time existence
In this subsection, we will construct a Cauchy sequence to approach the desired solu-
tion. We set u_; = 0 and u;,, be the solution of the equation

8t2uj+1 — AAUJ'+1 = 7’(A_n)++n_l4|uj|p7 re R—H (3 40)
uj41(0,2) = ET%UO(T), Ou;+1(0,x) = 57’%&(7“).

By Lemma 3.14 and Lemma 3.15, we see

(t + 7“) |uj+1| <eCy(t — T> R + CoNg(t — 7")||wk,u]||Loo (Aer)?

n—A+2 n—A+42

U= U)o + 7" Uo(r) | ee + 12 U2 () g,
with £ = 1,2, 3 and C| great enough. Here

e ={(s,p) €Q:s+p<t+r,s—p<t—r},
Q:={(t,r) eRL :t>r—1}.

Meanwhile, noticing that for any p > 1, we have
llal” = [bI"| < la — bl max(|al, [b])"~"
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A little modification of the process in last subsection also shows

A1
(E+7) 7 Jujen — uy

—1
<CyNg(t = r)lJwr(uy — wj-1)llrge, (ar0) max loontllTe a, )

For C; > (|, great enough. Now, we are prepared to give the proof of Theorem 3.2.
Part1: max(p;, pr) < p.
In this part, we choose £ = 1. For (¢,7) € € we find

wiluj1| <eCLU + Cullwry;lTe (4,0

-1
w1 — uj| <Crflwi(u; — ujo1) (e a,,)  Max ||W1Ul||§ggp(/\m)-

Taking the L{5.(€2) norm on both sides and we get
lorujgall e @) SEC1Y + Chllwrulfee ()

1
loor (w1 = )l oo (@) <Crllwn(y = w) [ligs. ) max loral|750 (-

For any € > 0 satisfies (2eC, V)P < eU. We find
”wlujHLtof’T(Q) S 2501\11
holds for any j since u_; = 0. Meanwhile it also gives us
—1
lor (w1 = )l e () SC1(2eCLO)" flwn (v = wjn) gz
<5llwi(u; —uj-1) Iz @)

This means {u; } is a Cauchy sequence in its space. Set the limitation as w, its easy to check

wand F = 5" |y satisfied (3.30). Thus we get the desired weak solution.
Part2: ps < p; = p.

In this part we take k = 3, for (¢,7) € Q we find

w3|uj+1| S&Cl h’l_l<t — 7’> U+ CIHW?’UJ'HZS?/)(At,r)’

—1
walujir — uj| <Crllws(u; —vj1) llogs, ) max lwsullze s, -

1e{ji—1}
Noticing (t — r) > 2, by a similarly process as above we get the desired solution.
Part3: ps < p < ps.
In this part we take k = 2, for (¢,7) € 2 we find

(n=1)p—n—-A
w2|uj+1| <eCh <t - 7’> 2 v+ Cll|w2uj||i§,°p(Atm)7

-1
walujrr — ;| <Ctllwa(uy — ;1) | L, (Ag,)  INAX ||W2Ul||§g?p(,\m)-
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(n—1)p—n—A

Since p < p;, we have 5

< 0, by a similarly process again we get the desired
solution

Part4: p < min(py, pr).

. . (—n—A4+2)p+n+A+2
In this case, we choose T, = T.(e) satisfies e? 1T, 2
later. Here we define Q. := QN {t : ¢t < T,} and choose k = 1, then for (¢,r) € Q, we

find

= a with a fixed

(—n—A+4+2)p+n+A+2

Wil | <eCLW + Cy{t — 1) 2 ooy usllZee (s,
(=n—=A+42)p+nt+A+2
wilujpr — u;| <Ci{t — ) 2 [Jwi (s = wj1) | £gs,(ar)
p—1
lé?jl:?)—(l} ||WIUZ| L5 (At,r)”
Taking the Lf‘;(Q*) norm on both sides, when T, > 3 we get
(cn—A+2)ptntAa+2
leujJrlHL??r(Q*) <eCr¥ + G ’ leujHi?f’r(Q*)’
(w1 = )l oo (0. SCTx ’ lor ey = wj-1) llzzs 00

p—1
ety el

with some C;, great enough. Considering ¢ such that 7, (¢) > 3 and defining a = (2C5) PW¥! 2.

We find
leujHL?ﬁl(Q*) §2602\I/,

1
loor (w1 = )l oo 0y <5ty = i) g @)
holds for any j. Then we get the desired solution.
PartS: p = pr < py.

In this case, we choose 7 satisfies e?~! In T, = a with a fixed later, 2, as above and
k =1, for (t,r) € €, we find

wi|tjp1| <eCi¥ + Cy In(t —r) ||w1uj||ig?p(/\m),

wilujir — uj| CLIn(t = 7) flwi(u; — wj-1) |2, (a,.,) max : lorull7z s,

Similar as above, taking ¢ such that 7, (¢) > 3, defining a := (2C5) PW¥!~? and C, great
enough, we get the Cauchy sequence {u; } and the desired solution.
Part6: p = p,; < pp.

In this case, we choose T, satisfies

(—n—A+2)p+n+A+2

P~ 1T, 2 InT, = a (3.41)
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and €, same as above. Taking k = 1, for (¢,7) € Q. we find

(—n—A+2)p+n+A+2
2

wi|tjp1| <eCLV 4+ Cy(t — 1) In{(t —r) leujHig?p(Am),

(—n—A+2)p+n+A+2
wi|wjpr — uj| <Ot —1) 2 In{t —7) |lw (u; —uj1) |

Lg,op(Atﬁ')

. p—1
le?;{?i{l} HW1UI HLS?p(At,T).

Choosing ¢ such that T, (¢) > 3, a = (2C,)PW¥'~P and C, great enough, we get the Cauchy
sequence {u;} and the desired solution. To finish Theorem 3.2 of this part, we introduce
the following claim and postpone the proof to the end of this section.

Claim 3.16. Assume T, satisfies 5”_1T*%(p) InT, = a with some constant a, then there
exists two constant ¢y, ¢y such that 015% ln(@)ﬁ <T, < 0252;11;7??1)) ln(@)ﬁ for e

small enough.

Part7: p = pg = pp.
In this case, we choose 7, satisfies e»~ ! In?7T, = a and Q. same as above. Taking
k=1, for (t,r) € €, we find

wi || <eCLU + Cy In*{t — 1) leujHﬁg?p(At,T),

wilujrr — uj] <Oy In*(t —7) flwr (uj — wj) [ 22 (ar)

p—1
lelgjl’?i{l} HWlUl ”Lg?p(At,r) .

Choosing ¢ such that 7}, (¢) > 3, a = (2C5) PW¥'~? and C, great enough, we get the Cauchy
sequence {u;} and finish the proof.
Part8: p; < p < ps.

(7n+1)p2+(n+1)p+2
2

In this case, we choose 7., satisfies ePP~ 1T, = ¢ with a fixed later and

(), as above. Moreover, we separate the region €, to

2(p—1)

Qo =0 NA(t,7) : ({t —r) < (bg)T—Dr—n=-a},

2(p—1)

Qo =, N {(t,7r) : {t —7) > (be) D4}

with b fixed later. Firstly we take k = 1, for (¢,r) € Q,; we find

(=n+l)p+n+A P
wlluj+1| §€C1‘I/ + Cl <t — ’r‘> 2 ”wlujHL;’.?p(At,r)’
(—n+1)p+n+A
wilujr1 — uj| <Ci{t —r) 2 [l (ws = wj—1) lzge (ar0)

p-1
Lelioiny HMUZHL??/J(A“)'
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Taking the Lg5.(€2.1) norm on both sides we get

lrtjiall s 0.0y SEC1Y + Calbe) P llort [z .,

||w1(Uj+1 - uj)”L;’";(QH) §C1(b5)1—p||w1(uj — uj_1) ||Lt°j’,.(ﬂ*1)

. max ||culul||’2;,1(Q )-
1€{jj—1} gt

Choosing b such that (2C})Pb'PUP~1 = 1, we find

leujHLtoo,«(Q*l) §2601\I/
’ (3.42)
o (w1 = wj)ll oo o) S5 lwn (s = wi) [ligs 0.

holds for any j. On the other hand, for (¢,7) € .., we separate A, into Ay .1 == Ay, Ny
and Ay, 2 := Ay, N Q. Taking £ = 1 in the former region and £ = 2 in the latter region,

a simple modification shows for (¢, ) € (.o,

(nfl)

w2|Uj+1| §€Ol<t—T> \IJ—FOlelUJHLOO (Atrl)
(cnt1)p? 4 (nt1)pt2
+ Oyt =) 2 ||W2Uj||zioo (Atra)
waltjyr — uj| <Cyljwr(u; —uj-y) | L5 () DAX ||w1Uz||Loo (Avrt)
(=n+1)p?+(n+1)p+2
+ Ci(t —1) 2 |wa(u; — wj—1)l|£ee (A2

.ler{nax HC«)QU[HLOO (Arr2)

Taking the L7 (€2.2) norm on both sides, when T, > 3 we get

(=n+1)p?+(nt1)p+2
w2t 1l e (@) <Ca(eW)? + CoT ’ w2t 72< (0.0

[Jwa (w1 — uj)HLg,OT(Q@ <Co(eW)PHlwr (u; — uj-1) 25 (92.1)

(=t D)p?+(nt1)p+2

+ Co T 2 |wa(u; — wj—1)[[r5s (0.0)

max ||w2ul||Loo

le{jj—1} (Qs2)?

with some C5 great enough. Choosing ¢ such that 7,,(¢) > 3 and a = (2C5)PUP1-P) we

find
HCL)2U]‘+1 || Lto,or(Q*Q) §202 (5\:[])1’7

lwa(ujr = )l e ) SC2(eW) lwr (5 = wjma) sz @)

+ §||W2(Uj — tj-1)|| 22 (9.2)
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holds for any j. Adding (3.42), we find {u; } is a Cauchy sequence in its space, then we get
the desired solution.
Part9: p;, < p = ps.

In this part, we choose 7T, satisfies PP~V nT, = a and ., Q.- as above with a, b

fixed latter. Similarly, for (¢,7) € Q.; we find

(=n+Dptn+A

wlluj+1| SECl\I/ + Cl <t - 7’> 2 |]w1uj|]§;._?p(Aw),

(—n+1)p+n+A
wiluji —uj| KC{t —r) 2 lJeor (uj — wj1) |

Lg,op(Atﬁ")

. p—1
le?;'l,?)fl} HWlUl HLg?p(At,r) .

For (t,r) € Q.o we find

(nfl
walujpr| <eCi(t — 1) ‘1’+01||W1Uy||Loo (Aert)

(=n+1)p% +(n+1)p+2

+ Ci(t — 1) 2 lov2usl7ec (4,00

—1
W |Ujt1 — Uj| SClel(uj — uj—l) | L, (At,r1) max ||W1Ul||i§?p(/\t’r’l)

le{jj—1
+ CrIn(t —7) [Jwa(u; — uj-1)

Lg?p(Atﬁ'Q)

- max ||w2ul||7£;1(A .
le{jj—1} Sp(Aer2)

Taking b satisfies (20} )?b'PWP~! = 1, choosing € such that T}, (¢) > 3,a = (2C,) Pwri-»)
and (', great enough, we get the Cauchy sequence {u,} and the desired solution.

Before the end of this section, we show the proof of Claim 3.16. Following (3.41), we
can easily found

2(p—1) 2(p—1)

chr® < T, < chr(®
for any 0 < 6 < 1 and ¢ small enough. This suggests us to define

2(p—1)

S(e) :=¢ "r® T, <8<

Then, (3.41) goes to

hp(p) 2(p—1) —hp(p)
a=29 ln< hp () S) ~S 2 In(e),

and then

2 2(p—1) 2
S =~ Intr® (E), T, ~ chtr® Inhr® (5)7

which finishes the proof.
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3.6 Long time existence for A € [3, 00)

In this section, we will consider the case A € [3, 00), and show the proof of Theorem

3.3. Again, we only need to consider the equation (3.21).

3.6.1 Estimate for linear solution

In this subsection, we will construct some prior estimates of the solution to the linear

equation (3.22). Firstly we give the following argument.

Lemma 3.17. Let u be the solution of (3.22). We have

A+1

S F gllpe + 177 Fllg + 1775 Fllposs.

A—1
Tz u
L LY

forany 1 < q < oo, and

‘ riE oy 5“7’%9 Le T+ ||7"%f Lyt Hr%FHLqu’
LgL£ E r t—r
provided that
1<g<g<00, ap:1_2+2
p p ¢ 7

We also have a modification result.

Lemma 3.18. Let u be the solution of (3.22). If 1 <p < (n+1)/(n — 1), then

(n=1)p—n-—1 (=n+A)ptn+t1

T+ 1 2p r 2p u(T, - ’

( ) ( ) LY (r<T+1)
A+l A-1 A+l

Slrz glle + ez flle + |lr 2 FHL{'L},(KT)-

Also, if (n+1)/(n—1) < p < pg, then

(n—1)p—n—1
2p

. (—n+AQ)pp+n+l u(T7 )

L
A+l 1 A—1 1 1
ST gl + 77T T e + TollrF Flle parjaceen)

A+1

A1 Aol A1
+lr 2 gl +lr2 fllee + Ir 2 Fllerigerya

(3.43)

(3.44)

(3.45)

(3.46)

(3.47)

Proof of Lemma 3.17. When A € Z™, this result is exactly the same with the Theorem 4.7

of [24] since we can take « arbitrary close to 2. So we only deal with the non-integer case.
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By Lemma 3.12 and Lemma 3.13, for u = ig% and 0 > 0 arbitrary small we have

A1 t+r oA
rz IugIS/ (1+p)p"2 |g(p)|dp

r—t|

1-4 s A1
+ / (L—p) = 1+ pul "2 |g(p)|dp

0<p<t—r

t+r
5 _ A+1
S/ (L+p) 0 p 2 g(p)dp

r—t|

(3.48)

A

— _5 — A+l
s [ el o)l
0<p<t—r
Using Proposition 2.7 and Proposition 4.4 in [24], we get (3.43) for v = u,. Through a

simple calculation, we also find
t+T t A1

P g = bt 1) - / I dp. ()= ()

Using Lemma 3.13 again and noticing A > 3, for 6 > 0 arbitrary small we have

A1 1 t+r t B
PPl Sl 0+ [ el G dp
[t—r| TP
t _ _
+ / = ) dp

0<p<t—r (3.49)

t+'f’t t
—(1+p) " th(p dp‘—l— / —|1 = p|"HR(p)|dp
| Saem ) 1= h(e)

_|_

0<p<t—r
=K+ Ky + K3+ Ky + K.
Here we easily find that
[Kullpgers S MAllce, e Kallggre < Al g
Where the later one is the consequence of Hardy-Littlewood inequality provided that (3.45).
Meanwhile, adopting Proposition 2.5 in [24] to deal with K5, and adopting Proposition

4.4 in [24] for K3 and K5, we find both of them have the same control as K.
As for K4, noticing

t 1 1
—(1+p)" =
rp

r+p—t t+r+p

we can separate the K to

o 1 o 1
—h(p)d —|—/ —1h d
[+ [ anas

1 t+r
/ h(p)ldp
0

+t+r
EK471(15 — 7“) -+ K472(t, 7”) -+ K4’3(t —+ T').

K, <
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Because Hilbert-transform is bounded in L? space for 1 < ¢ < oo, adding Hardy-Littlewood
inequality we get the control of K4,(t — r). Also, using the boundedness of Hardy-
Littlewood maximal function in L? space, adding Hardy-Littlewood inequality again we
get a same estimate of K 5(t + 7).

Finally, for K, 5(t,r), we have
[oe) 1 (oo} _
Kialt,r) = / L et ldp< / o Uh(p+1)|dp.
s p+ r T
Then, using Hardy s inequality we find

HK4,2||L§°L$ S ||h||L$'

On the other hand, for any G(¢, ) with |G| » < 1 we see

L' L2

// Kot F) Gt r) dr d it
:/ / /ptp_i_+a|h(p)|G(t,r)drdpdt
<[ ol =] e

LY (0,p—t)

~ [ [ oo - 6 dpat
| @l =t a
t

SlAl e,

<

~Y ‘

Ly

where in the last step we use the Hardy-Littlewood inequality. Now, we find

||T_OCK472||L?L1$ S Sup <r_aK4,27G> 5 ||h||Lg

IGN o , p <1
Adding all together, we get (3.43) for u = uy. Finally, under p = W we have
r+t—s
Pzt UF—/ / a5 F(s,p)dpds.
Using Lemma 3.13 and noticing A > 3, for § > 0 arbitrary small we have
r+t—s
Al g [ 0w e G plaps
|r— t+s\
(3.50)

// WL+ o Gs ) dpd s

0<s<t
0<p<t—s—7r

with G (s, p) == p T F (s, p). Because 0 is arbitrary, using Proposition 4.5 in [24], we get
(3.43) for u = up. Adding together, we finish the proof. U
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Proof of Lemma 3.18. The proof of Lemma 3.18 is most the same with the proof of The-
orem 6.4 in [24] so we skip it. The only difference is that we don’t need to deal with the
spherical variable and we can choose ¢ in (3.48), (3.49), (3.50) arbitrary small, which both

better than the original one. [

3.6.2 Long time existence for 1 < p < pe,, s

In this subsection, we will give the proof of Theorem 3.3. The main process of proof
is most the same as that of [24]. So we only prove global existence in pg < p < Peons and
long time existence in p,, < p < pg to show such processes fit our frame.

Similar to the last section, we will construct a Cauchy sequence to approach the weak
solution. We set u_; = 0 and u; be the solution of the equation (3.40).

We are going to use the (3.44), where we set

B 2(p—1) > a_(—n+A)p+n+1
=3 — (-1 — P - % '

Here p < peons 50 0 < ¢ < oo and p > pg so ¢ > p. Then, we conclude

(—n+A)p+n+1

—n+A)p+n+l
T 2p Uj+1

(
<eCo¥ + Collr — 2 |uj|p||L‘gL,1,

LYLE
—n+A)p+n+l

(
SgCO\I/+CO|’T 2 uj“iqug

n+1

L ::‘ T’TUl

n—1
o+ I Dol

for some C great enough. Then, for any ¢ satisfies (2eCyV)? < eV we find

(—n+A)p+n+1
HT 2p U

S 2500\11
L7LY

holds for any 5 > 0. By this result and (3.44) we also find

(7n+/;)p+n+1
HT ’ U1 = ) LgLY
(=n+A)ptn+t1
<Collr— 2 (Jug[” = w1 ") [ Laps
(=n+A)p+n+1 (=n+A)p+n+1 .
<Ci|r » (Uj - Uj—l) HquLI; kef{rjlf}’fl} | » UkH]qung

(—n+A)p+n+1

<C1(2eCrUP T lr 2 (uy — wjea) || opsy

with some C} > () great enough. Now, for any 0 < ¢ with 01(2501\11)1”_1 = 1/2, we

find {u;} is a Cauchy sequence in its space. Set the limitation as u, using (3.43) we can
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also find HT%UHL;’OLg < 2eCy W with some Cy. To check it is the weak solution of (3.21)
indeed, we need to show (3.30). For any compact set ; x K, C R, x R", we find

Hr(fn+A)2p+n+A71’u‘p SC(Kt) r(—n+x42)pp+n+1u p TA;()‘
L}, (KixKy) LyLY L (Ky)
<(2eCoV)PC(Ky, K,) < 00
A— A—1 A—1
I 1“HL%,T(KMKI) SO || u’Lt‘”Lz ne LY (Ky)

<(2:Co0)C(Ky, K,) < 00.

This finish the proof.
Next we consider (n 4+ 1)/(n — 1) < p < pg. Set

(n—1)p—n—1

A(T) =T =

, (—n+/‘;)pp+n+1 uj (T’ ) ‘

using (3.47) we see

(—n+A)p+n+1

1
Aj(T) <eCo¥ + CoTr |7 2 | |P[| Loo L1(7/a<t<T)

(—n+A)p+n+1

+Collr =2 uylPlprae<rya
(crtptnts
<eCol + CyT» ||t Aj(t )”poo (T/4<t<T)
M
+ Co” j(t)Hp

LP? (t<T/4)
for some | great enough and

7L+1

U=l

U | e + Ir"z T pU0||L<>°+||7“ 5 U1||LP+||7“ 2 UOHLp

While supy.rop, A;j(T) < 2eCo ¥ holds for some j and 7. defined in (3.8) with ¢ fixed
later, we find

(—=n+1)p?+(n+1)p+2
sup Aj+1 (T) §€CO‘II + Cl (2600\11)pT »

0<T<T,

—hg(p;n)

<eCyV + ey (QOO\I’)IJC 2p

—hg(pin)

with some C. Choosing ¢ small enough such that C; (2C,¥)Pc < (V¥ and noticing

A_4(T) = 0, we find such dominate holds for any j. A similar process also shows

1
sup B 1(T) <5 sup By(T),

0<T<T 0<T<T
(n—1)p—n-—1 (=n+A)p+n+1
By(T) =5 [T g — ) (1),
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Now we check (3.30). For any compact set K; x K, C R, x R", we find

(7n+A)p+n+A_1 D (n—=1)p—n—1 (—n+A)p+n+1 p
r 2 |ul <||tT 2@ r 2 u
LL, (KixKy) LLE
(=n+Dp+n+l A-3
t 2 ro2
L1Lg®
<(2:CUYPO(K,, K,) < o0,
A—1 < t(nfl)pfnfl (—n+A)p+n+1
2p 2p
I UHL;T(KthZ) = r | P
t r
(=n+1)p+n+1 (n+A—2)p—n—1
Ht v " 2P !
Lizy

<(2eCLU)PC(Ky, K,) < 0.

This finish the proof.
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Chapter 4

Long time existence of wave equation

with mixed power terms

4.1 Main results and notations

In this chapter, we study the long time existence of equation (1.9) proposed in 1.4.
The results presented in this chapter was obtained by the author’s joint work [5]. First of

all, we give our main conclusion, when the dimension n = 3, we have

Theorem 4.1. Letn = 3, p = ps(3) = 1 + /2 and ¢ > p. Suppose that the data (f, g)
satisfy

A=) 07 Flluge + [1(2)” 07 gl e < 0. (4.1)
then there exists an €o(\, q) > 0 and a constant ¢ > 0, such that for any € € (0,¢¢), (1.9)
has a unique solution uw € C°([0,T.] ; H3(R®)) N C*([0,T.] ; H*(R?)) where

1. := exp(cg’pS(pS’l)) .

Remark 4.1. 4s we discussed in Section 1.4, this bound matches the upper bound, so it is

optimal.
Turning to the 2 dimensional case, we have

Theorem 4.2. Assume p = ps(2) = (3+V/17)/2 and q > p. Considering (1.9) with data
(f,g) satisfying (4.1), we have a similar existence result with small data, as in Theorem

4.1, with T, reqlaced by
T. = exp(cs_(p5_1)2/2> .

Remark 4.2. This result improve the result exp(cef(psfl)) which is proposed in [14].
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We also introduce some notations we will use in this chapter. We will use some kinds
of special vector fields. There are spatial rotation: Q;, = 2*9; — 279},, Lorentz boost:
Qo = Oy, + %0, and scaling: Ly = t0; + x'0;. Set ' = {0, Qu, Lo} be the well-known

Klainerman vector fields. For such vector fields, we have
[a;u Fa] f = 05a65f7 [Faa F,B] f = Cgﬁrafa (4 2)
ToOf=Ca0f (@8=01,(n*+3n+2)/2) |

where [X, Y] denotes the commutator XY — Y X. And all coefficients are belong to C;°.

4.2 The proof of Theorem 4.1 and Theorem 4.2

4.2.1 Preliminaries
We firstly list some lemmas to be used later.
Lemma 4.3 (Local existence). When n < 3. For the equation
0?u — Au = F(u,du),
u(0,2) = f(x),u(0,x) = g(x).

If (f,g) € H® x H? F € C? and F(0,0) = 0 then there is a T > 0, depending on the

norm of the data, so that this Cauchy problem has a unique solution satisfying
10=%u(t, )|z < oo, 0<t<T.
Also, if T, is the supremum over all such times T, then either T, = oo or
|0=3u| & LLA(0 <t < T.).
Proof. The result is classical, for a proof, see, e.g., Chapter 12 of [10]. O
Lemma 4.4 (Theorem 6.4 of [24]). When n = 3, suppose u solves the linear equation
Ou(t,z) = F(t,x),
u(0,z) = f(x), w(0,z) = g()
in [0,T,) x R3. Then there exists a constant C, such that VT < T,
TYPS (T, | o SC(H?‘lfz/psaﬁlf\lﬁgngm + PSS 2
+ ||7“2_2/p59||££SLZ/2 + ||r2+1/psg||£$OL?/2 (4.3)
+ 1l ps ey vy + TSN F HLgoc;Li/2<T/4<t<T>)'
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Lemma 4.5 (Theorem 1.4 of [18]). When n = 2, suppose u solves the linear equation
Ou(t, z) = F(t,x),
u(0,2) = f(x),u(0, ) = g(x)

in[0,T.)xR2 Letp, =252 s, =1—1/p,b> -+ L Xb= Fsetdby fse-1+0b(§ >
’ p 2 Ps w w

Pxps
0), where

H={ueH :|(1- Aw)b/Qu‘

e <0oh, Ay= ) QL

1<i<j<n

Then there exists a constant C', such thatV'T < T,
lullzrs cps 2y < Cn@+TNYCP (£ 9l + | Fllpgrrz). (4
Lemma 4.6 (Energy inequality). For any n, suppose u solves the linear equation
Ou(t, x) = F(t,x),
u(0,2) = f(x),u(0,x) = g(x).
We have, VT > 0
10u(T )|z < [[0w(0, )|z + [ Fllzi 2 <)
Since the property of commutator (4.2), we also have for any k € Z+
1O0=" (T, )|z < Ci(1OT=*u(0, ) r2 + IT="Fll i r20<m)) -

Lemma 4.7 (Klainerman-Sobolev inequalities). Let v € C(R'™™) vanish when |z| is

large, 1 < g < ocoandk > n/p, thenif t > 0
(t+ )" (=) P ()] < CIT<Fo(t, )| e (4.5)
Otherwiseif 1 <p <qg<ooandk >n/p—n/q, then
OO ot ) < CIT=Fo(t, ez (4.6)

Proof. The inequality (4.5) is the well-known Klainerman-Sobolev inequality, which is
proved in [19]. Heuristically, the inequality (4.6) can be viewed as a consequence of (4.5).
We refer [13, (3.9)] for a complete proof. [
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Lemma 4.8 (Sobolev embedding). Let x € R", and 1 < p < q < 00, then

1f @)z < CIO=* (@)l e (4.7)

where k > n/p —n/qif q < oo, ork > n/pif ¢ = co. When it comes to S™ ', with
1<p<q< o0, then
1f@)llzs < CIQ=FF (@)l e, (4.8)

wherek > (n—1)/p—(n—1)/qif g < o00,ork > (n—1)/p—(n—1)/qif g = . For
mixed-norm, we have

1F (@)l cazs < ClO=*f (@) 2z (4.9)

where2 < p<q<4andk >n/i.

Proof. Here inequality (4.7) is known as Sobolev embedding, and inequality (4.8) just the
same inequality on sphere. Finally the inequality (4.9) is a simple Corollary of lemma 3.2

in [28] and normal Sobolev embedding in a small ball contains origin point. [

Claim 4.9. We claim that there exists a constant Cy depends on \,n but not on € if ¢ is

small enough, then all of the initial norms we will use can be bounded by Cic .

The proof of Claim 4.9 need some delicate calculation, so we will postpone it to the

end of this section. For now, we are ready to prove the Theorem 4.1 and Theorem 4.2.

4.2.2 Proof of Theorem 4.1(n=3)

By Lemma 4.3, we only need to prove that if 7. < 7., then [|0=3ul| oo 12 pcrn) < M <
oo, which gives the contradiction.
Firstly, we want to prove that for some suitable C'y/, ¢, ¢ to be fixed later, if 0 < T' <
T. < T. then
A(T) = (1) D=, ) sy < e,
B(T) = |0r=2u(T, )| 12 < Cure.
With the help of Claim 4.9, we choose C)y; satisfying that A(0), B(0) < C)yse/4. Take
X ={T € [0,T;) : A(t),B(t) < Cye,Vt € [0,T]}. We want to prove X = [0,7%).
Consequently, it would suffice to show that, if 7" is as above, then equation (4.10) implies
that A(T'), B(T') < Cye/2. Because of Lemma 4.3, we assume 7' > 1 without loss of

(4.10)

generality.
Part 1: Estimate of A(¢).
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By Lemma 4.4, we obtain

A(T) < Cye/Ad+ C||T=?|ul?s

HLfS LLLY? (1<T/4)

+ CHFS2’au|qHLfS[L}Li/2(t<T/4)

(4.11)
+ CTl/p5||I‘§2|u\pS}

L LLLY/ (T /a<t<T)

+ CTYPS|0=210ul | e 1372 gy -

First we consider the spatial norm part of |u| terms, by Holder s inequality and Lemma

4.8, we see
||F§2|u|ps}|£}.Lf/2 < CH|FS2U||“|}75—1HL}LE’/Q + C’H]F51u|2|u|”5_2“£%L3/2
< P g g 252 + I N2,
< O|[0=*ul s 1

<o am)”
< CCheps (t)71/Ps

Then, we consider the spatial norm part of |Jul| terms, by Holder s inequality and

Lemma 4.7, Lemma 4.8, we have

IT=210ul] 1y 372 < CIP=20ul|Ou| | 1y 52 + C||IT=10ul|Oul 2|, 572
< C||0=20u| oy 10ull g2 10Ul + ClT= 00| o o 10u]1 82
< C’HFQ(‘?uHig [E

? (™)

< CCYe1 ()9,

< C||r=20u|

Back to equation (4.11), assume ¢y < 1/C),. Since ¢ > ps =1+ V2,0 < e < e,

we conclude

T/4 1/ps
A(T) < Cye/d+ CClePs | 1+ (/ O dt)
0

T/4 1/pS
+ CC}{/[EQ <T>psfq + (/ <t>*ps(q72) dt)
0
< Cwe(1/4+ CCE ers Y (In(T +2)) /75 + COY 1)
< Cne(1/3+ CCh~1clrs 4 0Ok tebs ™).

Part2: Estimate of B(t).
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For this part, by the Lemma 4.6, we know that

B(T) < Cye/4 + C||0=?|ul?s +CHP§2|au|qHL%L%( (4.12)

HL}L%(KT) t<T) "

For the |u| term, by Hélder s inequality and Lemma 4.7, we have

|T=<2urs

_ 2 _
< O|I0=%ul| s lullz™ + CT="ul, Nulls”

< C||r=u||72s ((t>*2<1/p5*1/a>@rl> 4 <t>*2(1/105*1/4)'2*2(1/105)(105*2))

Iz

< C|[0=2ulls (6
<o am)” o™
< OCRsers () Ps |

where a = (ps — 1)/(1/2 — 1/pg).
For the |Ou| term, by Holder s inequality and Lemma 4.7 again, we know

[e=2ioul],, < C|[T=20u],, |9ull 3 + C|[T=0ul;, |9ulf;?
< C||r=20ul|’ < (1212 <t>72(1/271/4)2,2(1/2)(H))
— L%
< CC% 1ty 9.
Back to (4.12), we obtain
B(T) < Cune(1/4+ CCRlers ™ 4 CCY'e1™) < Cue(1/4 + COR1ehs ™)

Part3: The boundness of A(t), B(t).
We choose € and the constant ¢ in 7. small enough, such that A(T'), B(T) < Cye/2,

which completes the proof.

4.2.3 Proof of Theorem 4.2(n=2)

Similar to last subsection, we need to prove that for some suitable C';, ¢, ¢ to be fixed
hereafter, if 0 <T < T, < T . then

A(T) = HFS2UHL?WS£;£SLZ(7§<T) S CMgl/PS’
B(T) = [|or=>u(T, 2 < Clys,
where p, = (ps — 1)/2 as in Lemma 4.5. By Claim 4.9, we fix C); such that B(0)

<
Cyre/4. We need to show that equation (4.13) implies A(T') < Cye'/Ps /2 and B(T) <
Ce/2 for above T and 7.
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Part 1: Estimate of A(t).
By Lemma 4.5, and T < T, we get

A(T) < cCpe/4MPs + 6051/p5_1||F§2|u|Ps

‘ } LP*L112 (t<T)

(4.14)
+ cCa”pS*l||F§2\5U\qHLfm;Lg(t<T) :
For the second term, similar to n = 3, we have
[T=2ul? || e 2 p, < Ol Wl 7| e + ClIT= 0l ul™s 72| 1

< CHF<2 HL”*”SL”SLZ
< CChTe,

and

L <c(||rs
< clr=oul, loulz
< CC%et ()2

s +[T=10u]| 3 0 ) 100152

Since ¢ > ps, (1 — ps/2)p. = =1, T < 1., we get

T 1/p«
A(T) < cCpe/Ps 4 cCCPst/Ps=1H 4 (00 l/Ps—1ta (/ <t>(1_Q/2)p* dt)
0

< cOpe'/Ps 4 cCCPs el /Ps =141 4 cC O, eV/Ps =144 (In(T + 2))V/P-
< Cpet’Ps(c+ cCCPs ™.

Part2: Estimate of B(t).
In this part, by applying the energy inequality, we obtain

B(T) < Cye/4+ C||0=?|ufPs| +C|T=*0ul| 1 5

L1L2(t<T) 2(t<T) "

For the second term, by Holder s inequality, Lemma 4.7 and Lemma 4.8, we have

||F§2|u\p5 — ||F§2\u\ps

HL,}L%LEJ

-2
< Oz (

lzzz

<1yl1?
]

t)(—l/ps)(Ps—Q) ’

Li

< o|llir=

u L’;S H

L}

< C|lr=

t>pS*4 ‘

Ly
<2 ps—4
< = HLP ews grs pa || (07| s

< CCPsers,
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and the same for the last term
[T, < CYT=0u] |9l + Cr=0ulf, oult
< CHFS2auHQL2 ((t>_(1/2)(q_1) n <t>—(1/2—1/4)2_(1/2)(q_2))
< chqwgq<t>(1—q)/2 _

By the definition of 7 and &,, we know

B(T) < Cuye(1/4+ CCRers™ + CCY e < Oue(1/4+ CCRiels ™).

Part3: The boundness of A(t), B(t).

Now, by choosing ¢, and the constant ¢ (in 7.) small enough, we conclude A(T) <

Cyre'/?s /2 and B(T) < Cye/2, which completes the proof.

4.2.4 Proof of Claim 4.9

Before the discussion, set h = {8;1 fs g}, by equation (1.9) we see
{053, 0520} | _, < C=[0=2h|,

051 0¢ul,_y = |05 ((0ul" + fup® + Auw),_,
< Cel {05 hlhl™ |nfs, 0520} |

|0Ful,_, < C’H@@tu\@u\q*l ,OpululPs ™ Oy Au},_,
< C{(|0u]" + [ul"s + Au) [0ul™", 8,00u|0u|"" , Bulu|’s ™", 8;Au}]
< Ce|{[nfet, [pfPs=1 0 hl| T, [hIPS, 057 R}
Set M = A + A9 + APs + A%a—1 + APsta—1 we want to show that all of the initial norms
can be controlled by C'e M, where C' does not depend on € and M.
We begin with A(0) = [[T=?u(0,)|| zs 13 (n = 3), here we get
IT=2u(0, )| 25 15 < CIT=*u(0, )] 25
< O 0= u(0, )| e 142) ] s
< CeM.
Similarly, for B(0) = ||0T'=*u(0, )| 12 (n = 2, 3), we have

107=2u(0, )|z < C|[(x)* 9=*u(0, )|

L ‘<$>73||L:% < CeM.
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For [|r1=2/Ps 95 T<%u(0, -)|| s ;3/2(n = 3) which comes from right hand side (RHS)
of equation (4.3), we see
P =225 95 T=20(0, )| s g2 < Ol () 727 9% £ 125

< @) 0 u(0. )| e [ ) 712

P
Lys

< (CeM.

The other three terms from equation (4.3) can be controlled by similar arguments. At

last, for the term ||T<?(u, d,u)(0, ) be (n = 2) which comes from equation (4.4), we have
1752 (s 0u) (0, )| o < [T (s B) (0, 1 12 -

Through the previous discussion, we finish the proof of the Claim 4.9.

81



Chapter 5

Long time behavior of coupled

Strauss-Glassey system

5.1 Main result

In this section, we consider the equation (1.10) which is proposed in 1.5. Where, the
existence result presented in this chapter was obtained by the author’s joint work [5]. We
will discuss its long time existence in n = 3, ¢ < 2, and the blow-up in n > 3. In this

chapter we set

B _ pt+2 1 n—1
o =0a(p,q) i1 w2
Theorem 5.1. Whenn = 3,0 < 0, ¢ < 2and2 < p < 3, assume f,f € C?(R3),
9,9 € CY(R3) are spherical symmetric and supported in By(0). Then there exists a positive
number £ such that for 0 < ¢ < eq, there exists a global solution (u,v) of (1.10) that
satisfying
u, v, 0u € C(RT x R?).

For the blow-up result, we consider equation (1.10) in n > 3 dimensions.

Theorem 5.2. Consider n > 3, assume f = f = g = 0, supp§ C B(0, 1) nonnegative
and not vanishes. Then, when o > 0, for any € > 0, there exists no weak solution (u,v) of

(1.10) which satisfies supp(u,v) C B(0,t + 1) and Oyu,v € LS (R x R™).

loc

Remark 5.1. Comparing Theorem 5.1 and Theorem 5.2, we find that the curve deduced
by (1.15) is the critical curve for q < 2 indeed.
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5.2 Proof of Theorem 5.1

Before the proof, we consider a simple coordinate transform with (u, u;)|i=2 = (f, 9),
(v,v)i=2 = (f,§). Due to the property of symmetry, (u,v) solve the equivalent 1-D

integral equations in ¢ > 2

u(t,r) = euo(t,r) + Llv|i(t,r),
v(t,r) = ev,(t,r) + L|Owul|P(t,r),

where

Uo(t+2,7’)=%((T—Ft)f(r—i-t)jL(r—t r—t+/ )

r

Vo(t +2,7) = 21 (( +0)f(r+t)+(r—1t)f r—t+/r+t >

r+t—s
F(t,r) / / F(s,p)dpds.
2T r—t+s

for t > 0. Here for convenience we consider u|;<o = v|;<2 = 0.

Here we denote f(|z|) = f(—|z|) = f(z) and the rest is similar. Then the lower limits
of the integrals (to p) may be replaced by |r — t| or |r — (¢ — s)| because of the symmetric
assumption. To control the iteration procedure, we need to estimate some derivatives. With

the notation w = d,u, we find that

w(t,r) = edyuy(t,r) +r K, |v]%(t,7), (5.1)
v(t,r) = ev,(t,r) + LlwlP(t,T), (5.2)
O {rv(t,r)} = €0, (rvo(t, T)) + K_|w|P(t,r), (5.3)

where
1 t
K. F(t,r) = 5/ (r+t—s)F(s,r+t—s)£(r—t+s)F(s,r—t+s)ds.
0
To control the norm of (w, v), we set

[(w, )| = llorwllzgs, + llwavllogs, + llwsrdrl g,
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where weight functions wy, ws, w3 are defined by

nftr) = (r) (¢ —ryPr2 (< t)2),
’ (=) ()T (> t)2);
(rYP 72 e+ ) TP (< 1)2),
(t — )P0 (¢ 4 1) (r >t/2);

wilt,7) = (¢ — )

wo(t,r) =

fort > 0 and r > 0, with a fixed i < 1 which satisfies

—pu—pg+2p<p—3-—p/pg. (5.4)

Now we consider the system of integral equations (5.1)-(5.3) in the closed subset of

complete metric space
X, = {(w,v) cw, v, 70,0 € C([2,00) x R), [|(w,v)|| < Che,
supp(w,v) C {t —r > 1,t > 2}},
where C'; will be determined later.

Lemma 5.3. Suppose that (1.15) is satisfied, (w,v) € X.. Then we have

lwa Llw?| e, < Cllanw]|fe , (5.5)
lonr ™ Kol 1e, < Cllwzolfee + Cllwavlfze lwardroll g, (5.6)
lws K_|w]|[Lee. < Cllanwl|7ee - (5.7

Lemma 5.4. Suppose that (1.15) is satisfied, (w,v), (w,v) € X.. Set

. r(t — )P (r < t/2),
w1 =
(=P ()T (> t/2);
) rP=2(t 4 )PP (< 1 /9),
Wy =
t—rP ey (r>1t)2).
Then we have
[@2 L(Jw[? = [0[") || e, < C||@1(w,w)l|’£§fillw1(w — )| 52, (5.8)
[0 K (o] = [0]7) [| e, < Cla(, @)II%}HWU — )|z (5.9)
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Here, we apply the fixed point theorem with mapping
P : (w,v) — (Pw, Pv) := (0, + r 'K, |v]% ev, + L|w|?).

Firstly we check that P is well defined in X. — X.. By expression (5.1)-(5.3), it is
obvious that supp(Pw, Pv) C {t —r > 1,t > 2} and Pw, Pv,r9,Pv € C(R* x R). To

estimate || (Pw, Pv)||, we begin with
lwr Pwl| zge. < ellwndpol| e, + llonr ™ Ky o] s -

Since f € C? g € C', and suppu, C {(t,r) : 3 >t —r > 1} where w; < (), we

~

S€C

w10kt Lge. < Clrg.

Moreover, by (5.6), and (w,v) € X, we conclude
|wiPwl|pge < Cyge + Ce.

The estimates for the remaining terms are similar, noticing 0, Pv = 0,(rPv) — Pv
and w3 < wo, by (5.5) and (5.7) we finally have

w,v)|| < i€+ Ce" +0e” < (e
Syt CeP+Ce<C

for C1 > 2C , ;- and £ small enough.
Similarly, by (5.8) and (5.9) we have P is contraction in a weaker sense. However it is

enough to obtain the fixed point (u, v) which solves (5.1)-(5.3). So we complete the proof.

5.2.1 Proof of (5.5) and (5.8)

First we prove (5.5). Let r > 0. Considering D = {(s,p) :t —7r <s+p<t+r,1<
s — p < t — r} is the influence domain of (¢, r) intersect with {(s,p) : s —p > 1}. Set
Dy =Dn{(s,p): p<s/2}, Do =DnA{(s,p):p>s/2}, then we find

C .
aLlul] <t [ pui”(s,pllernlly dpds
) ,

(5.10)

1 _

IszllwleIi;o:(/ +/ )pwlp(s,p)dpds-
T \JDy Do

Part1: (s,p) € D;.
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Here (s) ~ (s — p) ~ (s + p) , take T = s + p, 0 = s — p, by (5.4) we obtain

1 _ 1 _ o
—/ pwlp(s,p)dpdsz—/ plp) " (s —p) T dpds
r Dy T Dy
(O 1-p —p—pg+2p
<< (r— )P (1) dodr  (5.11)
T Jt—r J@-r)/3
t+r
gg/ <T—t+r>2_p<7)p_3_“/pqd7'.
r t—r

Part1.1: r < t/2.
Heret — r =~ t =~ t + r, we conclude
RHS of (5.11) < C(t + )P /P01 ((p 4 1)37P — 1377)
< Ot 4 7y 3 71Pa (py2p (5.12)
=Cuw; .
Part1.2: r > t/2.

Here r ~ t =~ t + r, similarly we have
2(t—r)

RHS of (5.11) < C(t)~! ((t - r>P3“/m/ (r—t+r)>Pdr

-

t+r
[ )
i (t_r)< ) (5.13)
< C’(t>_1 (t _ r>—u/pq

nggl.

Part2: (s,p) € Ds.

Here (p) =~ (s) =~ (s + p) , take 7 = s + p, 0 = s — p, then we conclude
1 _ 1 _ (g
—/ pw (s, p)dpds = —/ pls—p) " (s+p) " Vdpds
T JD, T JD,
C t+r t—r (514)
< —/ <T>1p(q1)d7'/ (o) "do.
T Jt—r 1
Part2.1: r < t/2.
Here we have
RHS of (5.14) < C(t — ) P00 (1 — )17 < Cuoy . (5.15)
Part2.2: r > t/2.
Here we have
RHS of (5.14) < C{)™" (t — r)* PO (g — )71 < Cuoy L. (5.16)

Thus (5.10)-(5.16) give |wy L|w?| < C’lewHﬁ?o which completes the proof of (5.5).
The proof of (5.8) is similar, since that ||a|? — [b]7] < (Ja|?"" + [b]7") |a — b| for ¢ > 1.
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5.2.2 Proof of (5.6) and (5.9)

For (5.6), we divide the proof into two main cases: > 1/4 and r < 1/4.
Partl: r > 1/4.

For this situation, we see r ~ (r) . Similar to the proof of (5.5) we have

ds

_ (r+t—-s) r—t+s
wir K fol?| < HWZUH%gf;WlT / | |
(5.17)

o was,r+t—s)9  was,|r—1t+s|)e

= ||w2v|]thwrw17’ 1/ I+1Ids
: 0

Part1.1: » < t/2. Estimates about /.
In this part, we obtain w7~ & (t —r
Part1.1.1: 0 < s < 2(r +1)/3.

This means 7 + ¢t — s > s/2, then we conclude

>u/p+qf2 '

2(t4r)/3 2(t+1)/3
/ Ids:/ (r+t—s)2s—r—t) """ (r+t)""ds
0 0

(t+r)/3
< O<t+r>1‘q/ (25 —r — 1) "Pds (5.18)
0
< C(t . r>2*qfu/p
< Crw; .

Part1.1.2: 2(r +t)/3 < s < t.

This means » + ¢t — s < s/2, then similarly we have

t t
/ Ids:/ (r+t—s)(r+t—s) P2 (p 4 gy 30tPamnlr g g
2(t+r)/3 2(t+r)/3

< C(t+ )22 (p g )y TRatpamele

< Crw; .

(5.19)

Part1.2: r > t/2. Estimates about /.

Here we always have r + ¢t — s > s/2. Then it is similar to (5.18).
Part1.3: r > t/2. Estimates about /1.
Part13.1: 0 < s <t —r.

Here [r — t + s| = ¢ — s — r. It is similar to (5.18)-(5.19).
Part1.3.2: t —r < s <2(t—r).
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Here r —t + s < s/2, then we have

2(t—r) 2(t—r)
[ mas= [T g0 gy
t t

-r -r

<Ot — r>2fq(pf2) (t — T>f3q+pq7u/p (5.20)
< Crw; .

Part1.3.3: 2(t —r) < s < t.

Here r — t + s > s/2, then we also have

¢ t
/ [Ids:/ (r—t+s){t —r) P (r—t+2s)%ds
2(t—r) 2(t—r)

t
S C<t — 7">_#/p /Q(t_r) <T —t+ 23>1_q ds (521)
< Clt—r) M7 (4 )
< Crw; .

Part1.4: r < t/2. Estimates about /1.
Part14.1: 0 <s<t—r.

It is similar to (5.18)-(5.19).
Part142: ¢t —r < s <t.

Here we have

t t
[ rras= [ ot 2
t—r t—r
< C«<r>2*q(p72) (t + r>73q+pq7u/p (5.22)

< Crwyt.

Part2: r < 1/4.
In this part (r) ~ 1. For the convenience of proof, we set r™ = r+t—s, 7~ = r—t+s.

Then we get
t
|w1r_1K+|v|q|§C’w1T_1/ )r+|v!q(s,r+)+r‘|v|"(s, Ir‘l)(ds (5.23)
0

where
ol (s, 1) ol (o, )| <[l (s 1) 4 oG, )

+

Pl (s, ) = el (s, )|
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then

t t
RHS of (5.23) < Cu, (/ yv|q(s,r+)ds+r-1/ |l ) = JolGs, |r‘|)‘ds>
0 0
= Cwil + Cuwqll.
Part2.1: Estimates about /.
It is similar to (5.18)-(5.19).

Part2.2: Estimates about /.

For this part, we should consider 0,v. Since r* — |r~| < 2r, we obtain

r ol (s, ) = Jul(s, [rm D] < Clowu(s, r) o] (s, 77)

for |[r~| < r*(s) < r*. Then we have
t
I1 < C’/ lr~ || v (s, r)||v]? (s, r*) d s
0
1 ! 1)
< Cflwpo]|? |w3r67«v||L;or/ (67" (5,7°) s
’ 0
t
EC|]wQU||qL§01Hw3rarv||L§or/ [ITds
T ’ 0

Here we notice (t) S {(|r |+ s+7r) S (r* +s).
Part2.2.1: r* < s/2.
Here (s +7%) 2 (r*) 2 (t — 5) , by (5.4), we see

w1/ II1ds<C <T*>(1—Q)(p—2)
2r*<s<t Ut gt
X (s — r*)(1/P*1)(u+pq72p)+(1—q)(37p+ﬂ/pq) d

—1—p—pg+2
< C/ <7,*> H—pg+ p+u/pqu
2r*<s<t

C/ (t—s)P*ds
2r*<s<t
C.

S

IN

IN

Part2.2.2: r* > s/2.
Here (s +1*) 2 (s — r*) 2 (2s — t) , similarly we have

wl/ ]IIdSSC/ (2s —t)"ds < C.
s<2r* Nt s<2r* At

In summary, we complete the proof. To verify (5.9), without distinguishing whether r >
1/4 or not we have a proof just like (5.10)-(5.22).
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5.2.3 Proof of (5.7)

We follow the same process as before

r+t—s | —t + s
s.
s,mHt—35)P  wis,|r—t+s|)P

t
p p
o[ < ool | —

Both part in the integration is similar to the last proof. Here we only show the proof
ofr >t/2,(t —r) < sfor|r —t+ s| part.
Partl: t —r < s <2(t—r).

Here r —t + s < s/2, then we see

2(t—r) r—t4+s 2(t—r)
ds = —t —t —p ) —p—pgq+2p d
/t o5 — 115y s /t (r + s)(r +s) P {(r + 2s) S

-r -r

< C’(t . r>—u—pq+2p
< ngl.

Part2: 2(t —r) < s <t
Here r — t + s > s/2, then we know

t ¢ t
/ rotEs d3:/ (r—t+s){t—r)"{r—t4+2s)P""Pds
2 2

(t—r) W1<8, r—t+ S)p (t—r)
t

SC’(t—r)_“/ (r—t+2s) P75
2(t—r)

<C{t—r)y " {t— 7“>27pq+p
< Cuwy™,

which complete the proof.

5.3 Proof of Theorem 5.2

In this theorem we consider the coupled system
Ou = |vl, Ov = |0sul?,
(u, Opu)|i—o = £(0,0), (v, 0)|1=0 = £(0, g(z)),

where (t,x) € Ry x R™.
We adopt the 1y defined in Section 3.3.1. We also define

(5.24)

—1 2r
Uu(t.z\) = (t AR 2 PR
R R e e e |
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with (3 fixed later and F' be the hypergeometric function. From the previous discussion, we
know that for such ¥z we have Lemma 3.7, and OWU; = 0 in the region Q) = {(¢, ) :
t+ > |z|}.

Now, choose @ > 1, and f3, 31, 3, (1 fixed later. We multiply O0y(—n$ W 3,) on both
sides of Ou = |v|4. Noticing nr(T') = Onr(T) = Omr(0) = 0 and n7(0) = 1, we have

T T
/ |v|70,(—n7¥s,)dadt :/ Ou(n7 Vs, )dxdt.
0 R 0 Rn

Next, we multiply 77.W 5 on both sides of v = [9;u|?, similarly we have

T
/5@1’51(0)dx+/ / |OvulPnz Vs dxdt
Rn n
//UD np¥ dwdt

Similar to the previous proof, using chain law and Hélder inequality, noticing 0;(—n%) >
0, we have

T

, .
5 [ émﬂ(t;T)dts( Gﬂu;T)dt) S(TipBip), (525

T/2
1

5/n§\113(0)dm~|—/0TG51(t;T)dt5(/T éB(t;T)dt>qs<T;Bl,B,q). (5.26)

T/2

Since there is no damping term, we find

Golt, T) ::/ OuPraUsdz,  GoltT) ::/ 0|0, d

S(T; By, B,p) : (// v Pdazdt) +T" (// AT ”dxdt) |
T/2 J B(0,1+t) T/2 J B(0,1+t)

SetX3(T) = fo Gs(t;T)dt, Xs(T) = fo G(t; T)dt, we hope to construct the rela-
tionship between them and give the blow up result. Before that, similar to Lemma 3.10, we

first give the some estimates of S(77; 51, 3, p).

Lemma 5.5. Considering n > 3, assumel' > 2, A > 1, we have

n+1

T2 6 > anl’ Bl > anl,
TnT-tl_/Bl—Q-‘rg 5

)

S(Taﬁl>ﬁ>p) S

—1 1
< =2 _ 2
1 D) P

Proof. The proof of this lemma is almost same with Lemma 3.7, we take the second term
of S(T; 81, 8,p) under 3 < 254, 24 — 1 < ) < 254 — 21? as an example. Here, using

Lemma 3.7 we get

r
t+ A

S=p1-1
|at%1m<x+t>ﬁ“(1— ) L Uya (At
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Noticing (%51 — 3, — 1)p’ > —1, we find

s , [t o\ By
/ 0,05, " %"dx5<t+1>"‘1“‘61‘”p’(‘m"/ (1‘ ) @
B(0,1+t) 0 t+ A\
<(t+ 1)n+(—51—1)29'+5%.

Substituted it to the second term of S(T'; 1, 8, p), we finally have

1
3 ! / _L/ ? . ;
1 (/ / 0T, [P 0,7 dxdt) < st
T/2 JB(0,1+t) 1

which is the result of this lemma. O]

Now, we began to prove the blow-up. Fix § < 251 — min(lp -y and B<nlyg z%‘ First

we consider the initial data part, take 3, > ”T_l Using Lemma 5.5, by (5.26) we find

n—1 n+1

e< XIT 2 %

Then, take 8; = 3 — 1 and 3, = 3. For S(T; 1, 8,p) and S(T} B1, B, q) we use Lemma
5.5 separately. By (5.25) and (5.26) we have

~ 1 n+ 2 B ~ 1 n+ B
Xz ngpl P'I_B_H—E, Xz ,S X4 Q’l_ﬂ_2+7
Combining these equation, w¢E ha\/e
P 1

exjxj S<X5T> (XgT";l—ﬁ—1+§)pq‘l (~§T”$1—ﬁ—2+f>m_l

L (n=1)/241/p B
se<T " a

Then, when ¢ > 0, we can take 3 < (n — 1)/2 + 1/p’ such that —o + w <0,

which means 7" can not be infinity. Now we finish the proof.
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